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—— Abstract

We introduce an object called a subspace graph that formalizes the technique of multidimensional

quantum walks. Composing subspace graphs allows one to seamlessly combine quantum and classical
reasoning, keeping a classical structure in mind, while abstracting quantum parts into subgraphs
with simple boundaries as needed. As an example, we show how to combine a switching network
with arbitrary quantum subroutines, to compute a composed function. As another application,
we give a time-efficient implementation of quantum Divide & Conquer when the sub-problems are
combined via a Boolean formula. We use this to quadratically speed up Savitch’s algorithm for
directed st-connectivity.
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1 Introduction

There are a number of graphical ways of reasoning about how the steps or subroutines of
a classical algorithm fit together. For example, it is natural to think of a (randomized)
classical algorithm as a (randomized) decision tree (or branching program), where different
paths are chosen depending on the input, as well as random choices made by the algorithm.
A deterministic algorithm gives rise to a computation path, a randomized algorithm to a
computation tree. The edges of a path or tree, representing steps of computation, might be
implemented by some subroutine that is also realized by a path (or tree) — we can abstract the
subroutine’s details by viewing it as an edge, or zoom in and see those details, as convenient.
More generally, we often think of a classical randomized algorithm as a random walk on a
(possibly directed) graph, where there may be multiple parallel paths from point a to point
b, with the cost of getting from a to b being derived from the expected length of these paths.

This picture appears to break down for quantum algorithms, at least in the standard
circuit model. A quantum circuit can be thought of as a path, with edges representing its
steps, but it is unclear how to augment this reasoning with subroutines. Consider calling
subroutines with varying time complexities {7;}; in superposition. Even if the subroutines
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are all classical deterministic, in the standard quantum circuit model, we tend to incur a
cost of max; T; if we call a superposition of subroutines, since we must wait for the slowest
subroutine to finish before we can apply the next step of the computation. This problem was
addressed in [13], where the technique of multidimensional quantum walks [15] was used to
show how to get an average in place of a max in several settings where a quantum algorithm
calls subroutines in superposition: a general setting, as well as the setting of quantum walks.
The intuition behind [13] is that a quantum walk does keep the classical intuition of parallel
paths representing a superposition of possible computations, and any quantum algorithm
can be viewed as some sort of a quantum walk on a simple underlying graph (something like
a path), but with some additional structure associated with it.

Multidimensional quantum walks, which we study more formally in this paper as an object
than has been done previously, are valuable as a way of combining quantum and classical
reasoning. A quantum algorithm can be abstracted as a graph with perhaps complicated
internal structure, but a simple boundary with an “in” and an “out” terminal (called “s” and
“t”), that can be seamlessly hooked into other graph-like structures, perhaps representing
simple classical reasoning, such as a quantum random walk, or perhaps with their own
complicated very quantum parts.

Subspace Graphs

While [15] and [13] use similar techniques, it is not formally defined what a multidimensional
quantum walk is. We formally define an object called a subspace graph (Definition 2) that
abstracts the structures in [15] and [13]. A subspace graph is simply a graph with some
subspaces associated with each edge and vertex, where the structure of the graph constrains
how the spaces can overlap. Defining what we mean, precisely, by a multidimensional
quantum walk (i.e. subspace graph) is the first step to developing a general theory of
recursive constructions of subspace graphs.

The recursive structure of subspace graphs is useful for composing quantum algorithms,
but as a design tool, it is also convenient to be able to view a subspace graph in varying
levels of abstraction. We can “zoom out” and view a complicated process as just a special
“edge”, or zoom in on that edge and understand its structure as an involved graph with
additional structure.

We cannot hope to be able to understand all quantum algorithms using purely classical
ideas — quantum computing is not classical computing. But perhaps the next best thing is a
way to seamlessly combine classical and quantum ideas, extending the classical intuition to
its limits, and then employing quantum reasoning when needed, but with the possibility of
abstracting out from it when needed as well, using a fully quantum form of abstraction.

In this work, we consider one specific kind of composition of subspace graphs called switch
composition — another type is implicit in [13] — but we would like to emphasize the potential
for more general types of recursion, which we leave for future work.

Time-Efficient Quantum Divide & Conquer

A particular type of recursive algorithm is divide € conquer, in which a problem is broken
into multiple smaller sub-problems, whose solutions, obtained by recursive calls, are combined
into a solution for the original problem. As a motivating example, consider the recursively
defined nand-tree function. Let fi 4 : {0, 1}dk — {0,1} be defined fy 4(z) = z, and for k > 1,

fr.a(z) = NAND (fk—l,d($(1)), ce fk—l,d(x(d))) =1 fr_ral@®) ... fr1.a(z D),
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where each 2@ € {0,1}4" " and 2 = (2, ..., (). There is a natural way to break an
instance x of fy 4 into d sub-problems M (@D of fr—1,d4, and combine the solutions
by taking the NAND (negated AND) of the d sub-problem solutions. Grover’s algorithm
computes this NAND in O(\/&) queries, so we might hope for a speedup by recursive calls to
this quantum algorithm. Unfortunately, since we recurse to depth k, the constant in front
of v/d is raised to the k-th power. This kills the quantum speedup completely when d is
constant (for example, the most common setting of d = 2), and that is not even touching on
the fact that we would seem to need to amplify the success probability of the subroutine,
turning those constants into log factors. On the other hand, it is known [20] that fi 4
can be evaluated in O(\/cﬁ) quantum queries, even though our attempt to use classical
divide-&-conquer reasoning combined with the basic Grover speedup failed.

More recently, [9] showed how to employ divide-&-conquer reasoning in the study of
quantum query complexity, in which one only counts the number of queries to the input.
They obtained their query upper bounds by composing dual adversary solutions. The key to
their results is that dual adversary solutions exhibit perfect composition: no error, no log
factors, not even constant overhead. However, their result were not constructive, as dual
adversary solutions do not fully specify algorithms, and in particular, the time complexity
analysis of their results was unknown. In this work, we use the framework of subspace graphs
to give a time-complexity version of some of the query complexity results obtained in [9]. In
particular, we show (see Theorem 16):

» Theorem 1 (Informal). Let {fon : Dey — {0,1}}o.n be a family of functions. Let ¢ be a
symmetric Boolean formula on a variables, and suppose fon = ©(fo/pns- s fespn) V fau,tn,
for some b > 1 and some auxiliary function fousen with quantum time complexity Taux (¢, n).
Then the quantum time complexity of fen is 6(T(f, n)) for T(¢,n) satisfying:

T(,n) <aT(l/b,n) + Toux(,n).

Our framework also handles the case where fi,, = ©(fo/pns- - - fo/b,ns faux,e,n) for any formula
@ on a + 1 variables, but then some extra, somewhat complicated looking costs need to be
accounted for, and there is also a scaling in the depth, although this is not an issue if the
formula has been preprocessed to be balanced [8].

Comparing this with the analogous classical statement, which would have a instead of v/a,

we get an up to quadratic speedup over a large class of classical divide-&-conquer algorithms.

As an application, we show a quadratic speedup of Savitch’s divide-&-conquer algorithm for
directed st-connectivity [22].

To achieve these results, it is essential that we compose subspace graphs, rather than
algorithms. When we convert a subspace graph to a quantum algorithm, we get constant
factors in the complexity, and these seem necessary without at least specifying what gateset
we are working in. By first composing in the more abstract model of subspace graphs,
and then only converting to a quantum algorithm at the end, we ensure these factors only
come into the complexity once. This is similar to compositions done with other abstract
models, such as span programs (of which dual adversary solutions are a special case) [19],
and transducers [6].

Switching Networks

A switching network is a graph with Boolean variables associated with the edges that can
switch the edges on or off. Originally used to model certain hardware systems, including
automatic telephone exchanges, and industrial control equipment [23], a switching network
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has an associated function f that is 1 if and only if two special vertices, s and ¢, are connected
by a path of “on” edges. Shannon [23, 24] showed that series-parallel switching networks
are equivalent to Boolean formulas, and Lee [16] showed that switching networks can model
branching programs. These theoretical results have given this model a place in classical
complexity theory, where they can be used to study classical space complexity and circuit
depth (see [18]).

Quantum algorithms for evaluating switching networks' given query access to the edge
variables were given in [14], using a span program construction based heavily on [7]. Let
R, (G(x)) be the effective resistance in the subgraph of “on” edges whenever f(z) =1, and
whenever f(z) =0, let F, C E be the minimum weight st-cut-set consisting of only edges
that are “off”. Then there is a quantum algorithm evaluating the switching network using

max Re:(G(x max W,
%ﬂef % Rad(Gle)) max S

queries, with matching time complexity assuming we can implement a certain reflection
related to the particular switching network in unit time. From this it follows that if we
can query the variable associated with an edge e in time 7., we can evaluate the switching
network in time

\/max Rst(G(x)) max Zwe.gleaécTe.

zef (1) zef=10) 45

Here we improve this to:

ax Rs:(G a T2
\/“I}llxm (@) e 1X<0>ZWe

This is analogous to results of [13], which showed a similar statement, but for quantum
walks rather than switching networks?. Because switching networks perfectly model Boolean
formulas, without the constant overhead we get when we convert to a quantum algorithm,
they can be used as a building block for our divide-&-conquer results.

Application to DSTCON

Quantum algorithms for st-connectivity on undirected graphs, which are closely related
to evaluating switching networks, are well studied [10, 7, 14, 12, 3], including quantum
algorithms that achieve optimal time- and space-complexity simultaneously, in both the
edge-list access model, and the adjacency matrix access model.? In contrast, quantum
algorithms for directed st-connectivity (DSTCON) — the problem of deciding if there is a
directed path from s to t in a directed graph — is less well understood. The algorithm
of [10] also applies to directed graphs, deciding connectivity in 6( ) time and space?. This
algorithm has optimal time complexity, whereas its space complexity is far from optimal.

Switching networks have never been directly referred to in prior work on quantum algorithms, as far as
we are aware, but the “st-connectivity problems” referred to in [14] are, in fact, switching networks.
Both our result, and the one for quantum walks in [13] include variable-time quantum search [2] as a
special case.

We do not make a distinction between various access models, because they can simulate one another in
poly(n) time and log(n) space, so our result, which includes a 2°0°8™) term, is the same in all models.
In the edge-list access model.
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Directed st-connectivity, also called reachability, is a fundamental problem in classical
space complexity. In particular, understanding if this problem can be solved in log(n) space
by a quantum algorithm would resolve the relationship between quantum logspace complexity
and NL, as DSTCON is NL-complete.

The best known classical (deterministic) space complexity of DSTCON is O(log?(n)), using
Savitch’s algorithm. We apply quantum divide & conquer (Theorem 1) to give a quadratic
speedup to Savitch’s algorithm, achieving 273 log”(n)+0(log(n)) time, while still maintaining
O(log?(n)) space (see Theorem 18).

Model of Computation

We work in the same model as [15], where we allow not only arbitrary quantum gates, but
also assume subroutines are given via access to a unitary that applies the subroutine’s ¢-th
gate controlled on the value t in some time register. This is possible, for example, with
quantum random access gates.

Related Work

While writing this manuscript, we became aware of an independent work that also achieves
time-efficient quantum divide & conquer [1] when either (1) ¢ is an OR (equivalently, an AND)
or (2) ¢ is a minimum or maximum. OR is a Boolean formula, while minimum/maximum is
not. In that sense, our results are incomparable. Ref. [1] applies their framework to problems
that are distinct from ours. The framework of [1] also differs from our work in that they
explicitly treat the complexity of computing sub-instances (the cost of the “create” step),
whereas we assume sub-instances are computable in unit cost. In one of the applications
of [1], this cost is not negligible, and is even the dominating cost, so our framework, as stated,
would not handle this application. This is not an inherent limitation of our techniques — it
would be possible to take this cost into account in our framework as well.

We also mention that Ref. [9] analyzes the quantum query complexity of divide & conquer
where ¢ is an arbitrary Boolean formula, as well as in settings where the function combining
the sub-problems is more general. While our techniques do apply to composing quantum
algorithms for arbitrary functions (already studied in [13]), an issue is a poor scaling in
the error of subroutines. If we start with a bounded-error quantum algorithm for some
function, we need to amplify the success probability, as it will be called many times, incurring
logarithmic factors. This becomes a serious problem if the function is called recursively to
depth more than constant. We get around this in the case of Boolean formulas by using a
switching network construction (from which a quantum algorithm could be derived) rather
than a bounded-error quantum algorithm for evaluating the formula. Our techniques would
thus also readily apply to functions for which there is an efficient quantum algorithm derived
from a switching network.

2  Technical Overview

Here we give a technical overview of our results, with full details available in the full version
of the paper.

2.1 Subspace Graphs

Multidimensional quantum walks were introduced as such in [15], although they generalize
various quantum algorithms that have appeared previously, including [25, 21, 4, 5, 11]. We
wish to consider very general kinds of composition of multidimensional quantum walks, and
in order to be clear about the precise types of objects we are composing, we give a more
formal definition than has appeared previously.
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» Definition 2 (Subspace Graph). A subspace graph consists of a (undirected) graph G =

(V, E), a boundary B CV, and the following subspaces of a space H = Hg:

Edge and Boundary Spaces We assume H can be decomposed into a direct sum of spaces
as follows: H =P, cpEc ©® P cpEu-

Edge and Boundary Subspaces For each e € EU B, let = and =8 be subspaces of ..
These need not be orthogonal, and they may each be {0}, all of E., or something in
between.

Vertex Spaces and Boundary Space For each u € V, let V, C @eeE(u) Ze be pairwise
orthogonal spaces. Let Vp C @, Eu-

Then we define

Ac= P =l and Bo=EPV.+Vs+ P E5.

ecEUB ueV ecEUB

To motivate this perhaps complicated-looking definition, we mention some concrete
examples of subspace graphs that already exist in the quantum algorithms literature:

1. A discrete-time quantum walk in Szegedy’s framework [25], or the more general electric
network framework [4] is a subspace graph.

2. The span programs for st-connectivity in [14], based on [7], are subspace graphs. These
are actually precisely switching networks, which we will discuss more shortly (although
the basis constructions for Boolean switching networks in this work are new).

3. In [13], certain subspaces are defined from any quantum algorithm, and these actually
make up a subspace graph (see Section 2.2.3).

We will allow subspace graphs to implicitly depend on some input, and associate them
with a computation. Specifically, if we fix some initial state |1g) € Hg, then this, along
with Ag and Bg, define a phase estimation algorithm that decides if |1g) € Ag + Bg by
doing phase estimation of (2I1 4, — I)(2Ilg, — I), where II 4, is the orthogonal projector
onto Ag, and similarly for Bg. With this in mind, we say a subspace graph that depends
on some input z, computes a function f (with respect to |¢)) if f(x) = 0 if and only if
[o) € Ag + Bg. Let us give some intuition. The quantum algorithm corresponding to a
subspace graph described above distinguishes between two cases:

Negative Case: |1g) € Ag + Ba
Positive Case: |1)p) has a (large) component, called a positive witness in (Ag + Bg)*t =

AL N BE
Then we can see all the vectors in Ag and Bg as linear constraints on the initial state — it
must have a large component orthogonal to all of them in the positive case. Ag and Bg are
each decomposed into sums of subspaces, representing subsets of constraints. The graph
structure of G restricts how the different sets of constraints are allowed to overlap — the
constraints associated with vertex v only overlap constraints associated with edges that are
incident to v. This graph structure can then be used to help analyse the algorithm. For
example, a positive witness is related to a flow on G.

Though it is possible to consider more general states |1)g), throughout this paper, we will
assume G has a pair of special “terminal” vertices s and ¢, and let |¢g) = %(|5> —[t)).

To implement the phase estimation algorithm, we need a pair of orthogonal bases for
Ag and Bg that are easily generated, in order to implement their respective reflections. We
therefore always assume we have such a basis pair associated with G, which we call the
working bases.
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To analyze a phase estimation algorithm, we need to exhibit positive and negative
witnesses, which have a particular form in the case G has a property called canonical
st-boundary (see Definition 8), as will always be the case in this paper. In particular,
st-boundary implies that @, . 5 E, = Zs © Z; has four degrees of freedom, which we denote
[5), [ 4= 8), [£), | =)

» Definition 3 (Positive Witness for a Graph). We say |®) € Eg is a positive witness for G if
|s) = | <= 8) + @) + | =, 1) — |t) € ASNBE.

We let W (G) be an upper bound (over some implicit input) on the minimum |||®)||> of any
positive witness for G.

A negative witness for a phase estimation algorithm is a vector |w4) € A such that
lwg) == |vo) — |wa) € B, which exists if and only if |¢g) € Ag + Bg. For a subspace graph,
a negative witness is defined as follows.

» Definition 4 (Negative Witness for a Graph). We say |tw4) € Ag is a negative witness for
Gif |{Wa) + | <,s) — | —,t) € Bg. We let W_(G) be an upper bound (over some implicit
input) on the minimum |||w.4)||*> of any negative witness for G.

This leads to the following theorem associating a quantum algorithm to a subspace graph.

» Theorem 5. Let G be a subspace graph that computes f : {0,1}" — {0, 1}, with working
bases that can be generated in time T. Then there exists a quantum algorithm that decides f

in time complexity O <T\ JW (G)YW_ (G)> and space O(log dim Hg + log(W, (G)W_(Q))).
This justifies defining C(G) := /W, (G)W_(G) as the complexity of a subspace graph.

Switches and Switching Networks

Next, we introduce switching networks. In the classical model of switching networks, a
switching network is a graph with a literal (variable or negated variable) p(e) associated
with each edge e, and two terminals s,z € V. A switching network computes a function
f:{0,1}F — {0,1} if for any = € {0,1}¥, f(x) =1 if and only if s and ¢ are connected in
G(z), the subgraph consisting only of edges e such that z, = 1 if p(e) is a positive literal,
and z. = 0 otherwise — that is, edges labelled by literals that are true when the variables
are set according to x. Here, we let “switching network” refer to a special kind of subspace
graph, but this subspace graph implements the switching network, in the sense that the
algorithm referred to in Theorem 5 decides if s and t are connected in G(x).

We first define what it means for an edge to be a switch. For a vertex u € V, we let E(u)
denote the edges incident to u, which we divide into E~ (u) — edges “coming out of” v — and
E* (u) — edges “going into” u. As G is an undirected graph, these edge directions can be
chosen arbitrarily.

» Definition 6 (Switch Edge). Fiz a subspace graph G. We call an edge e € E a switch
(or switch edge) if there is some value p(e) € {0,1} associated with that edge (implicitly
depending on the input), such that

E. =span{| —,e),| <€)},

24 = span{| —,e) — (—1)?©)] . e)} and ZB =span{| —,e) + |, e)},
and moreover, if e € E7 (u) NE* (v), (that is, e = (u,v)), then V,, NE, = span{| —, e)} and
Vy N Ze = span{| <, ¢e)}.
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The idea behind a switch edge is that if p(e) = 0, 22! +Z5 = =, and so ZF = {0}. Recall
that a positive witness is some |) such that [w) := [s) —| =, s)+|D) +| —, ) —[t) € AENBE.
If =% = {0}, then |w) can have no overlap with Z., so e is essentially blocked from use, so
we say the edge is switched off. In switching networks, defined shortly, the positive witness
is an st-flow, and it is restricted to edges in the subgraph G(z) of edges that are switched
on. Even in subspace graphs that are not switching networks, we can often think of |w)
intuitively as a kind of flow.

We next define simple vertices, which are the type of vertices of switching networks, and
also quantum walks.

» Definition 7 (Simple Vertex). Fix a subspace graph G with associated edge weights {we}cck.
Foru eV, define

Vu(w)) = D VW o)+ Y VW] e,

e€E~ (u) e€EE+ (u)

A vertex w € V is simple if for alle € E7 (u), | —,€) € E, for alle € E¥ (u), | ¢, e) € E,,
and if u € V' \ B V,, = span{|y.(u))}; and if u € B, either | —,u) € E, and V,, = span{| —
Ju) + [e(u))} or | <=, u) € B, and V,, = span{| <, u) + |t (u))}.

Let us motivate this definition. In a random walk on a weighted graph, in order to take
a step from a vertex u € V to a neighbour, the random walker chooses an edge e € F(u)
to traverse, with probability we /(3 . ¢ p(,) Wer)- This is precisely the distribution obtained
by measuring |t (u))/ |[|t)«(w))]]. The states |14 (u)) correspond to quantum walk states —
alternating a reflection around these with a reflection around the states {| —,e) +| <, €)}ecr
implements a discrete-time quantum walk, as in [25, 17, 4].5

Another important notion is that of canonical st-boundary for which we require the
boundary to consist only of two vertices s and t with additional requirements on their
subspaces.

» Definition 8 (Canonical st-boundary). We say a subspace graph G has canonical st-boundary
if B ={s,t}, where:
Z, = span{|s), | <, 8)}, Z& = span{|s) + | <, s)} and =B = {0}, where V, only overlaps
| <, s).
Z¢ = span{| —,1), [t)}, Zf = span{| —,t) + |t)} and =B = {0}, where V; only overlaps
| =, 1).
| =, 8)+| =, 1) € Ba.

» Definition 9 (Switching Network). A switching network is a subspace graph with canonical
st-boundary in which all edges are switches (Definition 6), and all vertices are simple
(Definition 7).

Two more important definitions for the composition results are those of composable bases
and st-composable subspace graph (Definition 10). The first one specifies conditions on
working bases so that they can be smoothly composed with each other. We leave the rigorous
definition to the full version of the paper since it is quite technical.

5 In some previous works, it is assumed that the graph is bipartite, and then the walk is implemented by
alternating reflections around the states |1« (u)) of the two parts of the bipartition. We are actually
doing the same thing here, we have just ensured the graph is bipartite by inserting a vertex in the
middle of each edge.
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€d

Figure 1 The graph Gor. The dashed lines represent dangling boundary “edges”.

» Definition 10. We say a subspace graph G is st-composable if:

1. G has canonical st-boundary (Definition 8);

2. G is equipped with composable working bases;

3. for each e € E\ E, Z8 = {0}, where E is the set of edges that are switches.

An st-composable subspace graph is a generalization of a switching network to allow for
more complicated structures, such as arbitrary quantum algorithms. The main technical
contribution of this paper (the composition theorem in Section 2.3) is to generalize a natural
way that switching networks compose, as graphs, to any st-composable subspace graph.

2.2 Examples

We first give two examples of switching networks — one for computing the OR of d bits
(Section 2.2.1) and one for the AND of d bits (Section 2.2.2) — which are also important

building blocks for our later results. At a high level, these are quite simple to understand.

The switching network for OR is just d parallel edges from s to t (see Figure 1) — s and
t are connected if at least one of the edges is present. The switching network for AND is
just a path of length d from s to t (see Figure 2) — s and ¢ are connected if all of the edges
are present. One can build up a graph that represents any formula by compositions where
an edge is replaced by a graph whose terminals s and t are identified with the endpoints
of the replaced edge (see also Figure 4). Our main composition theorem (see Section 2.3)
generalizes this type of composition to apply to any st-composable subspace graph.

2.2.1 Switching network for OR

A switching network that computes the OR of d Boolean variables consists of two vertices
connected by d parallel switch edges. The idea is that there is no flow if all the edges are
blocked, that is all the variables take value 0, an there is a flow otherwise. Therefore, a
negative witness corresponds to a cut in the graph, and a positive witness corresponds to a
flow.

» Lemma 11. For any d > 1, and positive weights {w;}ic[q), there is a switching network

Gor,a that computes \/?:1 w(e;) with dim Hg,, , = 2d + 4 such that:

1. Goga has st-composable working bases that can be generated in O(logd) time, assuming
the state proportional to Z?Zl VWi|i) can be generated in time O(logd);

2. if p(e;) =1 for some i € [d], Gon,a has positive witness |) = \/%Njﬂ —,4) — | «-,1)); and

3. if (e;) =0 for alli € [d], Gor,a has negative witness |4) = Z?zl Wi (| =, ) — | =, 14)).

We remark that if w; = 1 for all 4, then Lemma 11 implies W+(GOR,d) = 2 and
W_(Gor.d) = 2d, so by Theorem 5, there is a quantum algorithm for evaluating d-bit
OR with time complexity O(v/d), which is optimal. This is a good sanity check, but we will
mostly be interested in this construction as a building block, rather than in its own right.
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Let G = Gog,q be defined, as shown in Figure 1 by:
V={s,t} and E = {e; : i € [d]}

where each e; has endpoints s and ¢, so E(s) = E7(s) = E and E(t) = E* (¢t) = E. Since G
is a switching network, it has boundary B =V = {s,t}. We will let the graph be weighted,
with weights we, = w;. The only reason to let these vary in ¢ is for later when we replace an
edge with a gadget by composition, but for the sake of intuition, the reader may wish to
imagine w; = 1 for all 7. Since G is a switching network, every edge is a switch, which fixes
the following spaces (we simplify notation by using i to label the edge e;):

Vi € [d], E¢; = span{| —,1),| <)},

=4 = span{| —, i) — (—1)#(¢)

e;

+,i)}, and Efi = span{| —,1) + | <)}

Furthermore, as a switching network has canonical st-boundary, the following spaces are
fixed:

Es = span{|s),| +, s)}, E;‘\ = span{|s) + | +, s)}, and Ef = {0}
=t = span{| —, 1), |t)}, Ef‘ = span{| —,t) + [t)}, and Ef = {0}.

Finally, since all vertices are simple, the following spaces are fixed:

d d
Vs :span{| —,s) +Z\/VTZ| —>,i>} and V; = span{ Z\/VTZ| —, 1) +| —>,t)}.

i=1 i=1

19+ () [« (2))

Then we have:

Aa= @B = =span{| =) = (17| i) ri € [dIU{ls) + | <), [6) + | =, )}
ecEUB
and Bo =V, & Vi + D EE = V. @ Vi + span{| —,i) +| i) : i € [d]}. (1)
ecE

We prove the second and the third items of Lemma 11 in the full version of the paper. It
remains to find working bases that can be generated efficiently. We show in the full version
that there is an st-composable working basis for Ag that can be generated in unit time and
there is a st-composable working basis for Bg that can be generated in O(logd) time.

2.2.2 Switching network for AND

In this section, we describe a switching network that computes the AND of d Boolean
variables. This switching network consists of two boundary vertices connected by a path of
switch-edges of length d. If at least one edge is blocked, that is at least one of the variables
takes value 0, then there is no flow, and there is a flow otherwise.

» Lemma 12. For any d > 1, and positive weights {w;}icq, there is a switching network

Ganp,d that computes /\Zl:1 @(e;) with dim Hg,, , = 2d + 4 such that:

1. Ganp,a has st-composable working bases that can be generated in O(logd) time, assuming
the state proportional to Z?zl ﬁ|z> can be generated in time O(logd);

2. if p(e;) =1 for alli € [d], Ganp,a has positive witness |0) = Z?:l \/%Niﬂ =,y — | +,1));
and
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Figure 2 The graph G,p. The dashed lines represent dangling boundary “edges”.
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Figure 3 The graph representing a quantum computation with T steps. The top part should be

thought of as computing a bit into the phase, and the bottom should be thought of as uncomputing.

The dashed lines represent dangling boundary “edges”.

3. if p(e;) =0 for some i € [d], Ganp,a has negative witness |W4) = /W;(| —=,1) — | <, 1)).
As with the OR switching network, a corollary of this lemma is that there is a quantum
algorithm for evaluating AND in optimal time 6(\/&)

Let G = Gaxp,q be the graph in Figure 2, defined by

V ={s=wup,u1,...,uqg =t} and E = {e; = (u;—1,u;) : i € [d]},

so E(s) =E7(s) ={e1}, E(t) = E* (t) = {eq}, and for all ¢ € [d — 1], E* (u;) = {e;} and
E7(u;) = {ei+1}. Since G is a switching network, it has boundary B = {s,t}. We will let
the graph be weighted, with weights w., = w;. Since G is a switching network: every edge

2 and 8 for all i € [d]; G has canonical st-boundary, which
fixes Z,, =2, 28, =4, 24, and =P; and every vertex is simple, which fixes the spaces V,, for
i €40,...,d}. In particular, letting wog =wgi1 =1, s=0,t =d+ 1, and i € [d] label e;, we
must have:

Vi € {0,...,d}, Vy, = span {\/w;| <, i) + /Wir1| —, 5+ 1)}.
This fully defines

d
Ag = @ =4 and BG:@VW—%@E?.
=0

ec EUB ecE

is a switch, which fixes =.,, =

We prove the second and the third items of Lemma 12 in the full version of the paper. It
remains to find working bases that can be generated efficiently. We show in the full version
that there is an st-composable working basis for Ag that can be generated in unit time and
there is a st-composable working basis for Bg that can be generated in O(logd) time.

2.2.3 Any Quantum Algorithm

Ref. [13] deals with composing arbitrary quantum algorithms, implicitly using subspace
graphs for the task. It is shown how to define certain subspaces from an arbitrary quantum

algorithm, where the overlap between these various spaces gives rise to a graph as in Figure 3.

In the full version of the paper, we show that these subspaces are precisely a subspace graph,
so that the following follows from [13].

» Lemma 13. From any quantum algorithm computing some f : {0,1}" — {0,1} in time T
with S qubits, we can derive an st-composable subspace graph (Definition 10) G that computes
f with dim Hg = O(25T), W (G) < 2T and W_(G) < 2T; with st-composable working
bases that can be generated in time O(log(T)).
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Ge2

Figure 4 An example of replacing edges e; and ez in G with graphs G** and G°? to obtain G°.
Boundary “edges” are represented by dashed lines. Switching networks already lend themselves
to this type of recursion: we can replace an edge with a 2-terminal graph, and then the “edge” is
traversable if and only if the terminals are connected. The difference with the more general recursion
in Theorem 14 is that the subspace graphs used to replace edges (as well as other parts of G) might
have more complicated structure than just their graph structure; for example, they might encode
quantum algorithms like in Section 2.2.3.

2.3 Composition

Subspace graphs lend themselves well to very general kinds of recursion. We can compose
subspace graphs by identifying some of the vertices on their boundaries. In full generality,
this may result in a subspace graph that is difficult to analyze. For example, if we replace
two parallel edges with subspace graphs derived from quantum algorithms, “flow” along these
edges may have complex phases that interfere on the other side. Our nice classical intuition of
flows breaks down in the fully general case, which is not surprising, since quantum algorithms
are not classical. However, an important question is in which special cases, and to what
extent, we can compose subspace graphs and keep enough classical intuition to analyze them.

One special case is implicit in [13], and here we present another special case, which we
call switch composition. Switch composition generalizes a very simple kind of recursion that
can be done in switching networks. Since an st-path (or more generally, flow) is allowed
to use an edge if and only if p(e) = 1, we can replace it with a switching network G¢ for
some function f., which will have an st-path from one endpoint to the other if and only if
fe(x) = 1. We can view this as removing e from the graph, and then adding its endpoints to
the boundary, to then be identified with the boundary {s¢,¢¢} of G¢. By applying this type
of composition, the OR and AND switching networks in Section 2.2.1 and Section 2.2.2 can
be combined to make switching networks for any Boolean formula [14].

Here we investigate how to compose subspace graphs with specific properties that gener-
alize switching networks — st-composable subspace graphs (Definition 10) — into the switches
of a graph G. Specifically, if E is the set of edges of G that are switches, we will replace
e € E with an st-composable graph G¢. We can assume without loss of generality that we
replace every e € E with some G*, since letting G¢ be the graph consisting of a single edge
from s¢ to t¢ is just like not replacing e.
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» Theorem 14. Let G be an st-composable subspace graph with st-composable working bases
that can be generated in time T. For each e € E, the set of switches of G, let G¢ be an
st-composable subspace graph with st-composable working bases that can be generated in
time at most T'. Then there exists an st-composable subspace graph G° with dim Hgo <
dim Hg — 2[E| + Y, g dim Hge such that:

G° has st-composable working bases that can be generated in time T +T' 4+ O(1).

If | is a positive witness for G (Definition 3), and for each e € E such that ( —, e|) # 0,

[@°) is a positive witness for G¢, then

[@°) =Y (=, eld)|b°) + I, |1b)
e€E
is a positive witness for G°.
If |4) is a negative witness for G (Definition 4), and for each e € E such that
(—,elwa) #0, [0%) is a negative witness for G¢, then

0% = 37 (el 0) + T pliia)
eef
s a megative witness for G°.

Informally, we obtain G° from G by, for each e € E, removing the edge e, and identifying
its endpoints with the vertices s = s® and ¢t = t° of the graph G°. This is illustrated in
Figure 4. The subspaces associated with G° are mostly inherited from G and G*¢, except for
those on the glued boundaries. There, intuitively, we replace | —, e) with the edges incident
to s = s in G, and | <, e) with the edges incident to ¢ = ¢¢ in G°.

Note that the witnesses in the composed subspace graph have a very logical form. We
obtain a positive witness |@°) by taking a positive witness for G, and replacing the edge
| =, €e) + | <, e) with a positive witness, and similarly for negative witnesses.

Next, we apply the composition construction of Theorem 14 to compose the switching
networks for AND and OR in Section 2.2.2 and Section 2.2.1 with other st-composable
subspace graphs computing some functions f, to get a subspace graph computing the
composed function ¢ o (f,),ex when ¢ is a Boolean formula on {0, 1}*. This is the function
obtained by computing the value of each variable z, of the formula ¢ as f, of some input.
Subspace graphs for ¢ can be obtained simply by composing the switching networks for OR
and AND (see [14]). Our composition theorem, Theorem 14, generalizes this simple switching
network composition.

A formula is a rooted tree, where each internal node represents an AND or an OR gate,
and each leaf represents a literal. We let X \ ¥ denote the set of internal nodes, and for each
o € X\ Y, d, is the number of children of o.

A family of formulas is balanced if there is a constant ¢ such that for every internal node
o, if its subtree has N leaves, then the sub-tree of each of its d, children has at most ¢cN/d,

leaves.

» Lemma 15. Let o be a balanced formula on {0,1}*. Let {f,},ex be Boolean functions,
and for each o € X, let G, be an st-composable subspace graph (Definition 10) computing f,
with working bases that can be generated in time at most T', and logdim Hg, < S.

For each o € X3, let C, be a known upper bound on é(GU). Then there is an st-composable
subspace graph G° computing ¢ o (f»)sex with logdim Hge = S + O(log |2|) and

ey <y e,

oEX
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as long as for each o € L\, a superposition proportional to Zie[dc,} Cfl|z> can be generated

in O(logd,) complexity, for certain values Cii related to the bounds {Cy}oex. Furthermore,

the working bases of G° can be generated in time T + O(log |X).

2.4 Quantum Divide & Conquer

In this section, we state our time-efficient quantum divide & conquer results. The following
is a time-efficient version of Strategy 1 in [9], restricted to symmetric formulas.

» Theorem 16. Fiz a function family fe, : D¢n — {0,1}. Fiz unit-time-computable
functions A1, A2 : N — N, and a formula ¢ on {0,1}%F1 such that ¢ = ¢'(21,...,24) V Za41
for some symmetric formula ¢'. Suppose {Paux.e,n te,nen 15 a family of quantum algorithms
such that:

Paux,o,n decides some faux,o.n @ Dopn — {0, 1} with time and space complexities Toux (€, 1)

and Saux (€, 1);

if £ < L, fl,n(l') = faux,é,n(x);

if £ > Lo, fen(x) = @ o (fi)icjasr) where each f; for i € [a] is such that fi(x) =

@ xa(n) (@) for some unit-time-computable instance x* of fx, () xn), and far1 =

faux,é,n-
Then there is a bounded-error quantum algorithm that decides fo, with time complexity

O(T(¢,n)), and space complezity O(Saux(€,n) + logT(¢,n)), where for all £ > ly:

T(l,n) == /aT(A(£), xa(n))2 4 4Toux (£, )2 < VaT (A1 (£), Xa(n)) + 2Tnux (€, 1)
and for £ < £y, T(,n) = 2Toux (¢, n).

To prove Theorem 16, we make a subspace graph that computes f;,, = ¢ o (f;); using
Lemma 15, which allows us to combine subspace graphs for fy, (s),x,(n) — built up inductively
—and faux,¢,n — built by turning the quantum algorithm P,yx ¢, into a subspace graph using
Lemma 13. Note that Lemma 15 applies to any balanced formula ¢, but in the special case
we consider in Theorem 16, the values Cii referred to in Lemma 15 are well behaved.

2.5 Application to DSTCON

In this section we consider the directed st-connectivity problem.

» Problem 17 (DSTCON). Given access to a directed graph G = (V, E) via the oracle Og,
and two vertices s,t € V, decide whether there is a directed path from s tot in G.

There is a classical recursive algorithm for DSTCON that operates in the low-space regime
due to Savitch [22] that decides DSTCON in time O((2n)8" = 9log” +0(logn)) and space
O(log® n). The algorithm recursively calls a subroutine that decides a function fon(G,u,v),
which is 1 if and only if there is a path of length at most £ from u to v in G. We can express
fen recursively, in terms of a symmetric formula ¢’ in a = 2n variables:

fZ,n(G7u7v) = \/ (fZ/Q,n(G7u7w) A fl/?,n(G7w7v)) .

weV

@’
We show a quantum speedup for Savitch’s algorithm via application of Theorem 16, which
gives us the recursion

T(¢,n) = V2nT(€/2,n) + O(1)
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from which we get:

T(n,n) =+2n

logn

+ O(logn) = 23 log*(n)+0(log n)

which is the complexity of computing f, »(G, s,t) = DSTCON(G). This yields the following.

» Theorem 18. Let G = (V, E) be a directed graph, |V| =n. Then there exists a recursive
quantum algorithm that decides DSTCON on G with bounded error in time O((v/2n)'°8") =
23 log”n+0(logn) gnd space O(log? n).
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