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One limitation of current quantum hardware is the restricted connectivity between qubits, as described by
the hardware’s coupling graph. To overcome this limitation, efficient qubit routing strategies are necessary.
We introduce line-graph qubit routing, which routes circuits defined on line graphs to hardware with a heavy
coupling graph. We implement line-graph qubit routing and demonstrate its effectiveness in mapping quan-
tum circuits defined kagome, checkerboard, and shuriken lattices to hardware with heavy-hex, heavy-square,
and heavy-square-octagon coupling graphs, respectively. Benchmarking shows the ability of line-graph qubit
routing to outperform established general-purpose methods in a fraction of the computational time, while
offering a depth reduction by up to a factor of 5. Line-graph qubit routing has direct applications in the quan-
tum simulation of lattice-based models, serves as a suitable benchmark for other routing methods, and aids
the exploration of the capabilities of near-term quantum hardware.
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1 Introduction

Quantum computing offers potential to revolutionize a wide range of domains by efficiently solv-
ing problems that are intractable for classical computers [9, 36]. To run any quantum algorithm,
it must be compiled into a quantum circuit that can be executed on the quantum hardware. The
hardware coupling graph of a quantum computer, which defines adjacency between qubits based
on the ability to perform two-qubit gates between them, plays a crucial role in this process. The
problem of ensuring that a quantum circuit is compatible with the hardware coupling graph is
referred to as the qubit routing problem [12, 14]. While generalized methods exist for qubit rout-
ing [1], a standard approach to implement two-qubit gates between non-adjacent qubits is to insert
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SWAP gates, making the qubits effectively adjacent [12, 14, 27, 33, 54, 58]. To obtain a practical
quantum advantage on noisy intermediate-scale quantum (NISQ) [45] devices, it is imperative
that overhead arising from compilation is kept to a minimum [17, 32]. However, finding the swap-
ping strategy that requires the least number of SWAP gates is NP-hard [5, 12, 21, 33, 56]. Heuristic,
probabilistic methods have been developed, but their classical runtime may become problematic
for large circuits, and the solution they find may be far from optimal [14, 27, 54, 58]. Striking the
right balance between the classical resources required for routing and minimizing the circuit depth
of the routed quantum circuit is crucial in maximizing the performance of NISQ devices.

The qubit routing problem is particularly evident in the quantum simulation of lattice-based
spin models. One of the first areas in which it was realized that quantum computers could out-
perform classical computers was that of quantum simulation [15]. When applied specifically to
lattice-based spin systems with two-body interactions, quantum simulation by Trotterization [31]
approximates the overall time evolution operator of the quantum-mechanical system by a sequence
of two-qubit gates, where each two-qubit gate corresponds to the time evolution according to one
two-body term in the Hamiltonian (dynamic quantum simulation) [8, 24]. Additionally, by intro-
ducing variable parameters for the per-term evolution times, these circuits are transformed to cir-
cuits that prepare ansatz states for the variational quantum eigensolver (VQE) [57], designed
to variationally find the ground state of the quantum-mechanical system (static quantum simu-
lation). Before any routing, these circuits for dynamic and static quantum simulation naturally
require hardware with a coupling graph that is equal to the lattice graph of the lattice-based spin
system [57]. However, there will generally be a mismatch between the lattice graph of the spin
system and the hardware coupling graph. Efficient qubit routing plays a crucial role in overcoming
this mismatch.

In this article, we develop a qubit routing strategy, which we call line-graph qubit routing, or
line-graph routing for short. Let G = (V(G), E(G)) be a simple graph. Line-graph routing maps
any circuit on a line graph L(G), the virtual graph, to hardware with coupling graph heavy(G).
Here, heavy(G) is obtained from the graph G by placing a node on every edge of G. We call these
added nodes the heavy nodes of heavy(G). By definition, the nodes of the line graph L(G) consist
of the heavy nodes of heavy(G). In L(G), two nodes are adjacent if the associated edges in G are
incident on the same node of G. Line-graph routing is well-defined for infinite graphs G, although
in practice G will be finite.

As a rudimentary example of a graph, its heavy graph and its line graph, take the graph G
to be a path graph with three nodes, e.g., the graph with nodes V(G) = {1,3,5} and the edges
E(G) = {{1,3},{3,5}}. Then, the graph heavy(G) has nodes V(heavy(G)) = {1,...,5} and edges
{{1,2},{2,3},{3,4},{4,5}}. The graph L(G) has nodes V(L(G)) = {2,4} and edges E(L(G)) =
{{2,4}}. Some nontrivial examples of line graphs and heavy graphs are given in Table 1. For more
information on line graphs, we refer the reader to References [3, 19].

Line-graph routing is efficient, deterministic and provides high-quality solutions. For these rea-
sons, its applicability goes beyond the routing of quantum circuits in practical use cases. First, it
provides a suitable benchmark solution against which general-purpose routing algorithms can be
tested. Second, given hardware with a fixed coupling graph, line-graph routing naturally defines
a class of circuits that be run on that hardware with low overhead. Thereby, it provides means of
exploring the capability of noisy, near-term quantum hardware beyond circuits that can be imple-
mented on that hardware natively.

The remainder of this article is organized as follows. We first introduce line-graph routing by
example, mapping circuits for the quantum simulation of the kagome heisenberg antiferromag-
net (kagome HAFM) to hardware with a heavy-hex coupling graph (Section 2). We formalize and
generalize this approach to arbitrary circuits and arbitrary line graphs in Section 3. We benchmark
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Table 1. Examples of Line-Graph Routing

NN
v
N
7
shuriken/
L(G) complete square-kagome checkerboard
) heavy-square/
heavy(G) (heavy)-star heavy-hex heavy-square-octagon | . |3ttice [29]
(model) material | spin glasses [43, 51] | herbertsmithite [42] | atlasovite-like [18, 52] pla“f‘: ﬁzr‘;f;]llore

Line-graph routing maps any circuit with coupling graph L(G) (blue edges) to circuits with coupling graph heavy(G)
(black and light gray edges). The light gray edges and nodes need not be available on the hardware the circuit is
mapped to. Line-graph routing finds direct application in the quantum simulation of the magnetic properties of some
(model) materials (last row) with coupling graph L(G) on hardware with coupling graph heavy(G).

our software implementation of the general algorithm against existing qubit routing approaches
in Section 4, to conclude with a discussion and outlook in Section 5.

2 Kagome to Heavy-Hex

Line-graph routing is arguably most clearly explained with an example, which we do in this section
by mapping circuits for the quantum simulation of the kagome HAFM to quantum hardware with
a heavy-hex coupling graph. First, we use this example due to the relevance of the kagome spin
model in exploring quantum phenomena like topological states of matter and quantum spin lig-
uids [42, 49]. The kagome lattice’s significance extends to chemistry, as it is frequently observed
in transition metal compounds and metal organic frameworks [10, 41]. The ground state of the
kagome HAFM is a long-standing open problem in quantum magnetism [26] that can potentially
be solved on NISQ devices [24]. By classical emulation of noiseless quantum computers, it was pre-
viously demonstrated that the ground-state energy found by a VQE approaches the true ground-
state energy exponentially as a function of the circuit depth [24].

Second, the heavy-hex coupling graph is the coupling graph of IBM’s current and future super-
conducting hardware [6, 39]. Among the emerging quantum hardware platforms, IBM’s supercon-
ducting qubits have gained significant attention due to their rapid development and scalability in
the NISQ era. To optimize this superconducting qubit hardware and mitigate the occurrence of
frequency collisions and crosstalk [7, 20, 48], error correcting codes are designed on low-degree
graphs such as heavy-hex and heavy-square lattices, preventing errors during program execu-
tion [6, 11, 39]. This motivates the further development of hardware with these types of coupling
graphs.

The relevance of the kagome-to-heavy-hex mapping was further highlighted by the IBM Quan-
tum’s Open Science Prize 2022, where the challenge was to prepare the ground state of the kagome
HAFM using a VQE and implement it on a 16-qubit IBM Quantum Falcon device with a heavy-hex
coupling graph [25]. It is important to note that, also within the context of quantum simulation,
the routing problem is not unique to the quantum simulation of spin problems on the kagome
lattice. Other lattice-based spin models, such the HAFM on the shuriken lattice, are also known
for their geometric frustration and challenging simulation [59].

2.1 Application: Quantum Simulation

One immediate application of the kagome-to-heavy-hex mapping is in the quantum simulation
of the kagome HAFM on heavy-hex quantum hardware. In units where /2 = 1, the HAFM has a
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Hamiltonian

H =" Hy, Hyj = XiX; + YiY; + Z,2;, (1)
(i.7)

where the sum is over all edges (i, j) of a given graph. In the current section, this graph could be
any patch of the kagome lattice. Here, X; denotes the Pauli-X operator acting on qubit i (similarly
for Y;, Z;). This Hamiltonian is straightforwardly generalized to arbitrary two-spin interactions
along the edges of a graph,! which would conceptually not change the constructions that follows.
The goal of dynamic quantum simulation is to compute expectation values of observables with
respect to the time-evolved state |i/(t)) = e |/(0)), given some initial state |¢/(0)). On a quan-
tum computer, this can be achieved by applying the unitary [];; e Hij(t/1) to |/(0)) (the latter of

which is assumed to be easy to prepare) a total of r times. That is,

-

—i LHi.

(1)) ~ (]_[e i ) [(0)) . )
ij

The error in this approximation is of the order t?/r [31], assuming a perfect quantum computer.

After the preparation of |(/(t)), expectation values can be extracted by repeated preparation and

measurements. Note that H;; acts on two qubits, so that e Hii(t/7) is a two-qubit unitary that can

be decomposed into a few one and two-qubit gates that act on qubits i, j only. In the case of the
HAFM, e Hii(t/7) js called the HEIS gate [24]

HEIS; () = e '*/4e7ie i/t 3)

where, in anticipation of static simulation, we have set « = 4t/r, and where the physically ir-
relevant prefactor e'*/4 and a factor of 1/4 in the exponent are included for consistency with
Reference [24].

We can go from the circuit for dynamical simulation [Equation (2)] to the circuits needed for
static quantum simulation by a VQE [9, 34, 44] by considering « as a free parameter in every occur-
rence of the HEIS gate. VQEs form are a promising method for computing ground state energies
of various many-body systems in the NISQ era [9, 34, 44]. In VQEs, a parameterized quantum state
is prepared with a parameterized circuit. The energy of this state is measured and optimized us-
ing a classical heuristic optimization routine. By the variational principle, the lowest energy that
is found in this way provides an upper bound on the ground-state energy. In principle, there are
no a priori restrictions on the structure of the ansatz circuit [44]. In the subclass of VQEs using
the so-called Hamiltonian variational ansatz (HVA), however, each gate in the parameterized
circuit is either formed by parameterized time evolution along a term in the Hamiltonian, or by
parameterized time evolution according to some reference Hamiltonian [57]. The initial state of
the circuit is the (known and easy-to-prepare) ground state of the reference Hamiltonian.

One possible quantum circuit following from the above considerations is depicted in Figure 1
(colored edges). This circuit can both be used for the dynamic quantum simulation (fixed param-
eters ) or for static quantum simulation using the HVA (free parameters «, to be optimized by a
classical optimization routine). Here, every color depicts a different layer of the circuit. In the first
layer, singlet states (|01) — |10))//2 are placed along the blue edges. This provides the initial state
of either the circuit for dynamical or static quantum simulation. It is the ground state of a reference
Hamiltonian ) ; ;) H;j, where the sum is over the blue edges (i, j). After preparation of the initial

!These are described by H = 3(; ;) Pij + X; Pi, with two-spin terms P;; = Y, yf]’.d)afk)crj(.l) and single-spin terms
k) (k k
Pi :Zk Yl( )O'l( ),Where {O'l( )}SkZO = {]1,Xi, Yi, Zi}.
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Hardware
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W
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Fig. 1. The kagome lattice (colored edges) is the line graph of the hexagonal lattice (black edges). As shown
in the figure, the nodes of the kagome lattice can be identified with the heavy nodes of the heavy-hex lattice.
The colored edges represent one possible circuit with a kagome coupling graph. Every color represents a
layer in this circuit. In the first layer, singlet states are created along the blue lines. Thereafter, HEIS gates
[Equation (3)] are applied along all colored edges in sequence, defining one circuit cycle. This cycle is repeated
to obtain the complete circuit. Figure adapted from Reference [24].

Singlet Cycle

Fig. 2. The line-graph routed quantum circuit for the quantum simulation of the kagome HAFM (Figure 1),
focusing on one triangle. The circuits involving the other triangles are similar. Empty colored boxes indicate
subcircuits coming in from other triangles. The white SWAP gates can be omitted by a relabeling of the qubits
(first SWAP gate) and the cancellation of double SWAP gates [other white SWAP gates, cf. Equation (5)].

state, HEIS gates are placed along all orange, green, red, and blue edges. This combination of HEIS
gates defines one cycle of the circuit. The cycle is repeated r times. (The color blue defines both
the initial state and the last layer of the cycle.) Alternative circuits for dynamic or static quantum
simulation (using the HVA) may be achieved by changing the initial state or the order of the HEIS
gates.

Line-graph routing maps the kagome circuit from Figure 1 to a circuit on the heavy-hex lattice
by first identifying nodes of the respective lattices, as in Figure 1. Subsequently, Equation (4) is
applied to all gates, after which superfluous SWAP gates are removed [Equation (5)]. The routed
circuit thus obtained is shown in Figure 2.

2.2 Line-Graph Routing

The first step in line-graph routing is establishing a one-to-one correspondence between the nodes
of the virtual graph (in this section, the kagome lattice) and the hardware coupling graph (in
this section, the heavy-hex lattice). This correspondence is achieved by aligning the nodes of the
kagome lattice with the heavy nodes of the heavy-hex lattice, as shown in Figure 1. Subsequently,
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the light (non-heavy) nodes of the heavy-hex lattice are used to mediate two-qubit gates between
the spins on the nodes of the kagome lattice.

To see this in more detail, assume a kagome quantum circuit, that is, a circuit composed of
single-qubit gates on qubits i and two-qubit gates along the edges (i, j) of a patch of the kagome
lattice. To map the circuit from the kagome to the heavy-hex lattice, we label the heavy qubits on
the heavy-hex lattice with the labels i of the congruent qubits on the kagome lattice, as shown in
Figure 1. Under this identification, any single-qubit gate in the kagome circuit is trivially mapped
to a single-qubit gate on the heavy-hex lattice.

To map the two-qubit gates, let us label the {th two-qubit gate in the kagome circuit, acting on
qubits (i, j), by Ul.i.. Any such gate can be performed on the heavy-hex lattice by mapping it to the
three-qubit mediated two-qubit gate MU

Uf; > MU,

imj

= SWAP,,,;Uys, SWAP; ., )

where qubit m = m;; mediates the interaction between qubits i and j. This map provides the
cornerstone of line-graph routing. The key point of line-graph routing is that for every pair of
qubits (i, j) the existence and uniqueness of the mediating qubit m = m;; is guaranteed by the
definition of L(G) and heavy(G) (see Section 1).

Equation (4) introduces many SWAP gates that need not be performed physically. First, SWAP
gates occurring at the beginning and end of the routed circuit can be accounted for by a relabeling
of the qubits. Second, any two consecutive SWAP gates can be cancelled. These double SWAP
gates are introduced by Equation (4) if there are two consecutive two-qubit gates acting on the
same two qubits (possibly with additional single-qubit gates on those qubits in between). Double
SWAP gates are also introduced by Equation (4) in the case of two consecutive two-qubit gates
that have a single qubit in common and where the two resulting mediated gates have a mediating
qubit in common. That is, if m = m;; = m;, we have by Equation (4) that

UL UL+ (SWAP UL SWAP; ) (SWAP,,; U, SWAP )
= SWAP,,,;U’,, Uf, SWAP; .. )

In summary, line-graph routing first associates the nodes of L(G) with the heavy nodes of
heavy(G), applies the map of Equation (4) to all two-qubit gates, and finally removes superfluous
SWAP gates as described above.

3 General Case

Here, we formalize and generalize the routing strategy from the previous section, which leads to
our main results, Theorem 3.1 and Algorithm 2. To introduce notation, we now define line- and
heavy graphs more formally. The graph heavy(G) is obtained from G by defining a node i and
edges (m, i), (i, m’) for each edge (m, m’) in G. The nodes i are referred to as the heavy nodes.

A minor and subtle point is that this construction may lead to fully inactive mediating nodes.
Consider an induced subgraph P of heavy(G) with edges of the form E(P) = {(m, i), (i, m")}, where
m and m’ are mediating qubits and i a program qubit. For example, in the star graph (Table 1), all
paths emanating from the center node (i.e., the “rays” of the star) are of the form of P. Line-graph
routing [previewed in Equation (4)] will never use mediating qubits associated with nodes locally
equivalent (i.e., including neighbors and next-nearest neighbors) to node m in P and can therefore
be discarded without affecting the routed circuit. We call such nodes the inactive mediating nodes.
In the example of the star graph (Table 1), this means the qubits associated with the gray nodes may
be removed from the routed circuit. To avoid frequent mention of this minor but subtle point, in
this article we also refer to heavy graphs where the nodes locally equivalent (including neighbors
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and next-nearest neighbors) to node m in P are removed as heavy graphs. After these removals,
we still refer to nodes locally equivalent (only including neighbors) to node i in P as heavy nodes.
The line graph of G, L(G), is defined in terms of heavy(G) as follows: construct heavy(G) from G
and let the node set of L(G) be equal to the set of heavy nodes i of heavy(G). An edge (i, j) is added
to L(G) if and only if there exists a node m in G such that (i, m) and (m, j) are edges in heavy(G).
We say that a quantum circuit C, consisting of one- and two-qubit gates by assumption, has
coupling graph G = (V, E) if V is equal to the set of qubit labels in C and if (i, j) € E if and only if
there exists a two-qubit gate U;; in C. If a quantum computer has coupling graph G = (V, E), then it
can perform arbitrary single-qubit gates on the qubits associated with each node in V and arbitrary
two-qubit gates along each edge in E. By Equation (4), we then have the following theorem.

THEOREM 3.1 (LINE-GRAPH ROUTING). Every quantum circuit C with coupling graph L(G) can be
performed on quantum hardware with coupling graph heavy(G) with a SWAP overhead of at most
two times the number of two-qubit gates in C.

Proor. By definition, there is a one-to-one correspondence between the nodes of L(G) and the
heavy nodes i of heavy(G). Therefore, the single-qubit gates of C can be mapped directly to hard-
ware with coupling graph heavy(G). Furthermore, for every edge (i, j) in L(G), there are edges
(i, m) and (m, j) in heavy(G), where m = m;; can be determined uniquely from i and j. Thus, every
two-qubit gate U;; in C can be mapped to the three-qubit gate MUj,,; := SWAP,;; Uy, jSWAP; 1,
leading to an overhead of 21 SWAP gates, with A the total number of two-qubit gates in C. O

We note this theorem is theoretically simple. Its strength lies in the fact that it considers the most
general type of input circuit in our work (an arbitrary circuit on a line graph) and nevertheless
provides a bound of the SWAP-overhead that is constant in any of the properties of L(G), heavy(G),
and G. Moreover, the bound is trivial to compute. Also note that the theorem provides a hierarchy
of mappings, as heavy(G) itself may be a line graph. For example, invoking the above theorem
twice gives a routing from L(L(G)) to heavy(L(G)).

Theorem 3.1 bounds the number of SWAP gates in the routed circuit, but not the depth of the
routed circuit. To obtain a bound on the depth, we consider specifically the quantum simulation
task of Section 2.1. Formally, in quantum simulation by trotterization [Equation (2)], the circuit
cycle [];; ei7Hij contains exactly one two-qubit gate per edge (i, j) on the graph on which H is
defined, which, in the context of this article, is a line graph L(G). We call circuits with this property
a quantum simulation circuit cycle on L(G). We bound the depth by y(G), the chromatic number
of G (i.e., the minimum number of colors needed to color the nodes of G so that no two nodes of
the same color are adjacent in G), and A(G), the maximum degree of G (i.e., the maximum number
of edges incident on any node in G).

THEOREM 3.2. For any line graph L(G), there exists a quantum simulation circuit cycle on L(G) so
that the line-graph routed circuit cycle on heavy(G) has a depth no more than

~HOMGHAG) - 1) ©

Proor. Consider any node m in G. Its neighbors N,, in heavy(G) are all program qubits i and
the induced subgraph of N, in L(G) is the complete graph on N,,. Since this graph has no more
than n := %A(G)(A(G) — 1) edges, a gate can be placed along each of these edges by a circuit with
a depth no more than n. This circuit is routed to (a subgraph of) the graph heavy(G) by line graph
routing. By Equation (4), this routed circuit has a depth no more than 3n.

Now, consider a minimal node coloring of G with colors 0, ..., y(G) — 1. For all m € V(G) with
color 0, use the above construction to create a routed circuit effectively implementing gates along
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all edges in the induced subgraph of N, in L(G), with N, the neighbors of m in heavy(G). All
these routed circuits can be performed in parallel since, by the minimal vertex coloring of G, no
node in N, is also in N,y for m,m’ € V(G), m # m’, and m, m’ both having color 0.

Repeating the above process for all y(G) vertex colors creates the line-graph routed circuit
on heavy(G) that effectively implements gates along all edges of L(G) in a depth no more than

3nx(9) = $x(G)AGHA(G) - 1). u!

Naturally, p quantum simulation circuit cycles on L(G) can thus be performed in depth
% px(G)A(G)(A(G) — 1) on heavy(G). Assume the quantum simulation circuit can be prepared with
line graph routing in depth Djn; on heavy(G). Furthermore, note that we can remove the initial
and final layer of SWAPs by a relabeling of the qubits, giving a depth reduction of 2. Then, a bound
for the full quantum simulation task, including state preparation and p circuit cycles, is

Diount = SPH(GIAGNAG) = 1) + Dy = 2. )

In practice, one may be given hardware with a coupling graph H' and asked to find the class of
circuits that can be run on this hardware using the line-graph construction. (For an overview of the
graphs that follow, please see Figure 3.) This task may arise if one has specific but limited quantum
hardware available and wants to explore its capabilities by looking at quantum circuits that can be
routed to this hardware with low overhead. The most immediate class of such quantum circuits is
obviously formed by circuits with coupling graph H’. In case H' is a heavy graph, H' = heavy(G),
line-graph routing extends the possibilities to the class of circuits with coupling graph L(G). If H’
is a heavy graph, it is trivial to find G such that H" = heavy(G). It is also trivial to construct the
line graph L(G) from G. Therefore, given a heavy hardware coupling graph, it is trivial to find the
class of circuits that can be run on it by line-graph routing. For example, given hardware with a
heavy-hex coupling graph, it is trivial to find that line-graph routing yields the class of kagome
circuits.

The task can also be reversed: given a circuit with a coupling graph G’, find the hardware on
which it can be run with low overhead (cf. Figure 3). Again, the first place to look would be hard-
ware with coupling graph G’. Line-graph routing extends the possibilities by adding hardware
with a coupling graph of heavy(G) with G such that G’ = L(G).

But how to find G from the circuit coupling graph G’? This is less straightforward, first because
it is not possible to find G from G’ if G’ is not a line graph. In this case, line-graph routing cannot
be applied. There are numerous straightforward ways of checking whether a graph is a line graph.
For example, Beineke’s theorem states that a graph is a line graph if and only if it does not contain
an induced subgraph out of a set of nine forbidden subgraphs [2]. One of these forbidden graphs is
the claw ( 'y ). For example, since the heavy-hex and hexagonal lattices consist entirely of claws,
they are themselves not line graphs. Second, even if G’ is a line graph, it is nontrivial to find the
graph G such that G’ = L(G). Nevertheless, Roussopoulos’ algorithm [47] finds G from G’, or
reports that G’ is not a line graph, in time O(max{n, |E¢c|}), with n the number of nodes and |E¢|
the number of edges of G.

We briefly introduce the concepts from Roussopoulos’ algorithm that are useful to us later. If
G’ is a line graph, Roussopoulos’ algorithm partitions the edges of G’ into complete subgraphs in
such a way that no node lies in more than two of the subgraphs (which is possible if and only if
G’ is a line graph). Then, the nodes of G correspond to the sets in the partition. Additionally, the
nodes that lie in only one of the sets in the partition are added as nodes of G as sets of length one.
Two nodes in G are adjacent if their corresponding sets have a nonempty overlap. For example, in
Figure 1, each triangle of colored edges forms a set in the partition of the kagome lattice because
triangles are fully connected subgraphs of the kagome lattice and no node of the kagome lattice
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g _
Rouss. Alg.1 H VF2 =
L(—G) — — = ™ | Hardware (8)
virtual - ' | heavy(G) | | coupling
graph graph

Fig. 3. Anoverview of the graphs related to line-graph routing. All maps from the right to the left are trivial
given that H’ is a heavy graph.

is in more than two triangles. Defining the partitions as the nodes of L(G) and putting an edge
between two nodes in L(G) whenever the corresponding sets have a nonempty intersection results
in the hexagonal lattice (open nodes in Figure 1).

For line-graph routing [as previewed in Equation (4)], L(G) must be mapped to heavy(G) in
such a way that the labels of the heavy nodes of heavy(G) are identical to the labels of the nodes
of L(G). The output of Roussopoulos’ algorithm provides a convenient way to achieve this labeling
through the following algorithm. It takes a graph G, as generated by Roussopoulos’ algorithm, as
input and returns H = heavy(G), a heavy graph where the set of heavy nodes is equal to the set
of nodes (i.e., with equal labels) of G’ = L(G). This generalizes and automatizes the identification
of nodes made in Figure 1.

Algorithm 1 (Congruent Heavy Labels). Consider the edges (a, b) of G for which both a and b
contain more than one node. (The nodes in a and b are from G’, the latter of which need not be
provided explicitly to the current algorithm.) For all such edges (a, b), add (a, c) and (c, b) to an
empty graph H. Because a and c are distinct sets in a partition of the edges of G’ into complete
subgraphs and a and ¢ have a nonempty overlap, ¢ contains a single entry and this entry is a node
from G’. Now, consider the edge cases, that is, the edges (a, b) in G where either a or b is a set of
length one. For every such edge, add (a, b) to H.

Everything is now in place for the succinct presentation of line-graph routing. It maps any
circuit C, with unknown coupling graph G’, to a circuit with coupling graph H whenever G’ is a
line graph, G’ = L(G), and where H = heavy(G).

Algorithm 2 (Line-graph Routing). Construct the coupling graph G’ of the circuit C. Run Rous-
sopoulos’ algorithm on G’ to obtain G = L™!(G’). Construct heavy(G) using Algorithm 1. For
each two-qubit gate U;; in C, let m = m;; be the node in heavy(G) that is in between nodes i, j of
heavy(G) and replace U;; by MU ,j := SWAP 1, jU;1,, SWAP .

Note the existence and uniqueness of mediating qubit m are guaranteed by the definition of line
graphs. In some cases, some qubits, related to the so-called lone leaf nodes in the coupling graph of
the output circuit of line-graph routing, can be removed from that circuit, reducing the SWAP and
qubit count of line-graph routed circuits. This removal leads to a marginal improvement, which
may nevertheless be crucial given hardware with few qubits, but arguably obfuscates the general
idea of line-graph routing. The definition of lone leaf nodes and the method for their removal
is presented in Appendix A. We note these nodes are distinct from the inactive mediating nodes
introduced in the beginning of this section. The lone leaf nodes can be removed from the circuit
after the removal of the inactive mediating nodes.

As opposed to heuristic methods [27], line-graph routing is deterministic, allowing rigorous
performance guarantees. Given the time complexity of Roussopoulos’ algorithm [47], it is straight-
forward to show that the time complexity of line-graph routing is O(A?), with A the number of
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gates in the input circuit C. A tighter bound on the time complexity can possibly obtained, but
this requires a more sophisticated analysis. Such an analysis is unnecessary for the current pur-
poses because a nonoptimized implementation of line-graph routing already routes circuits with
thousands of qubits and hundred thousands of gates within a minute on a standard laptop [23].

To utilize line-graph routing in practice, one additional step may be required. Quantum hard-
ware providers use a certain labeling of the qubits on their hardware, leading to a hardware cou-
pling graph H’. This labeling generally differs from the labeling of H = heavy(G) obtained through
Algorithm 1. So, as a final step of line-graph routing, a map is required from the nodes of H to the
nodes of H’. Such a relabeling step is typically already performed by quantum hardware providers
by default [46], so in the rest of this article, we refer to H as the hardware coupling graph and in
this wording leave the possible mapping to the fixed qubit labels provided by a hardware provider
implicit.

Let us, nevertheless, discuss the relabeling step for the case of line-graph routing in more detail.
Typically, H and H’ are both patches of the same lattices depicted in Table 1, so that a relabeling
can be found straightforwardly and efficiently by “overlaying” the two patches and identifying
overlapping nodes. However, also general-propose algorithms for this task may be used. For gen-
eral graphs, mathematically, the relabeling amounts to finding is a subgraph isomorphism, which
can be performed by algorithms such as VF2 [13]. The subgraph isomorphism problem is NP-
complete [13]. However, we find this not to pose a problem in practice [23].

The VF2 algorithm generates a list of isomorphic subgraphs. Thus, some noise-awareness can be
achieved in line-graph routing in the last step by choosing the best subgraph out of the isomorphic
subgraphs according to a performance metric, such as the average two-qubit gate fidelity on that
subgraph.

4 Implementation and Benchmarking

In the Supplemental Material,” we implement, showcase, and benchmark line-graph routing,
Algorithm 2, together with the removal of lone leafs (Appendix A). The implementation takes any
Qiskit [46] quantum circuit consisting of one- and two-qubit gates, constructs its coupling graph
L(G) or reports that the coupling graph is not a line graph, finds G and heavy(G), and outputs
the routed circuit with coupling graph heavy(G). The implementation does not rely heavily on
Qiskit’s methods and can hence straightforwardly be transformed to an implementation in other
quantum software development kits.

Line-graph routing is benchmarked against all routing methods available in Qiskit (version
0.42.1) by default [23, 46]. In this section, we show line-graph confidently outperforms these de-
fault methods on relevant problem instances. There are also problem instances where line-graph
routing does not outperform the default methods. In the end of this section, we discuss for which
types of instances we expect line-graph routing to be superior. We consider two types of circuits.

(i) Random. With probability 2/5, a CNOT gate is placed along a randomly chosen edge of a
given virtual graph. With a probability 3/5 a gate from the set {H,S, T} is chosen uniformly at
random and placed at a random node.

(ii) Quantum simulation. As described in detail for the kagome lattice (Section 2.1), circuits for
the dynamical and static quantum simulation of the HAFM on any lattice can be defined by an
edge-coloring of that lattice [8, 24]. An edge coloring of a graph is an assignment of colors to
the edges such that no two edges with the same color are incident on the same node. This edge

2Supplemental Material available at https://github.com/kattemolle/LIGRAR. In the Supplemental Material, we implement,
showcase, and benchmark line-graph routing for various graphs. The Supplemental Material is also available at Refer-
ence [23].
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Table 2. Excerpt of the Benchmarking Data Available in the Supplemental Material [23]

L(G) ROlltiTlg method Dopt NISWAP Nqubit Lot (S) t (S) ‘ Dhound nls)%‘;zg
Complete line-graph 1036 650 10 <1 <1 N.A. 720
SABRE 720 146 9 3 <1
Kagome line-graph 226 7968 300 43 43 289 10626
SABRE 790 8486 200 886 55=+1
Shuriken line-graph 209 13600 476 77 77 289 19404
SABRE 1099 17064 323 2520 157 + 4
Checkerboard line-graph 435 18521 393 67 67 580 23298
SABRE 2121 23060 282 1750 109 +1

The column headers are defined in the main text. In case of the complete graph, a random circuit was routed. For the
kagome, shuriken and checkerboard graphs, a quantum-simulation circuit was routed. Both types are detailed in the
main text.

coloring is called minimal if it uses the least possible number of colors. We perform edge coloring
of the virtual lattices by an automatic method that generally finds an edge coloring that is not
minimal. The benefit of this coloring method is that it does not require a manual assignment of
edge colors. The downside is that we expect line-graph routing to work best (compared to other
methods) for circuits derived from a minimal edge coloring. This does not pose a problem because,
as we show in this section, line-graph routing is already able to outperform the default methods
in Qiskit in routing circuits derived from a nonminimal edge coloring.

We found SABRE [27] to outperform the other methods in Qiskit and therefore we focus on a
comparison between line-graph routing and SABRE in what follows. Unlike line-graph routing,
SABRE is a probabilistic routing method that obtains a different qubit routing with each run. Addi-
tionally, the intensity of the optimization that is part of SABRE can be varied, leading to a tradeoff
between the classical resources required and the performance characteristics of the routed circuits.
We address these issues by running SABRE 16 times (at fixed optimization level) and comparing
the performance against one run of line-graph routing. We do this separately for every optimiza-
tion level available by default in Qiskit, which range from optimization level 0 (“no optimization”)
to optimization level 3 (“heavy-weight optimization”) in integer steps [46].

In Table 2, we show an excerpt of the benchmarking data, which includes problem instances on
which line-graph routing does and does not perform well. The following performance character-
istics are listed.

(i) Dopt The lowest number of quantum circuit layers in the output of the routing method among
all runs. (Line-graph routing is run once per virtual graph, SABRE is run 16 times per virtual graph).
Routed circuits are obtained by inserting SWAP gates (as dictated by line-graph routing or SABRE)
and no further gate identities are used to simplify the resulting circuits. So, in the case of random
input circuits, the routed circuits consist of gates from the set {CNOT, H, S, T} U {SWAP}. The
routed circuits contain, for example, double H gates if those were present in the input circuit. In
the case of quantum simulation input circuits, the routed circuits consist of gates from the set
{SINGLET, HEIS(a)} U {SWAP}.

(ii) nswap. The number of SWAP gates of the routed circuit that achieved the lowest depth.

(iii) nqubit- The number of active qubits in the routed circuit that achieved the lowest depth.

(iv) tior. The total wall-clock time needed to run all runs of the routing method. For line-graph
routing, this includes the time needed to find heavy(G) from L(G). The implementation of line-
graph routing repeatedly loops through all gates using (slow) Python loops and can likely be sped
up considerably, if needed. We use Qiskit’s standard implementation of SABRE. SABRE is given
the target graph heavy(G) as input and hence finding heavy(G) from L(G) is not included in its
wall-clock time. The benchmarks for different methods are always run on the same hardware.
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(v)t. The average wall-clock time for a single run of the routing method. The error bars are calcu-
lated by bootstrapping the individual wall-clock times and represent symmetrized 95% confidence
intervals.

(vi) Dpound- The upper bound on the depth of the line-graph routed circuit achieving the same
quantum simulation task as given by Equation (7).

(vii) ng&‘/‘\‘g. The upper bound on the number of SWAP gates as given by Theorem 3.1

The first two data lines of Table 2 show the performance characteristics of line-graph routing
and SABRE when applied to a random circuit containing 900 gates on the complete graph with 9
nodes. SABRE was run with optimization level 1. (Passing a higher optimization level to Qiskit’s
transpiler will trigger the usage of gate identities.) Already at an optimization level of 1 SABRE
outperforms line-graph routing on all performance characteristics considered except the total wall-
clock time.

We now consider the ensuing data lines of Table 2. They show benchmarking results when
routing circuits for the quantum simulation of the HAFM defined on the kagome, shuriken, and
checkerboard lattices. The circuits are 16 circuit cycles deep and cover patches measuring 7 X7 unit
cells. SABRE was run at Qiskit’s transpiler optimization level 3, the highest optimization level avail-
able. (No gate identities are used in the transpilation because the gates {SWAP, SINGLET, HEIS}
have unknown properties to Qiskit’s transpiler [46].) Line-graph routing confidently outperforms
SABRE when it comes to the optimal depth, by factors of about 3.5, 5.3, and 4.9, while at the same
time using considerably less computational time. Line-graph routing also achieves fewer SWAP
gates, but for this performance metric the gain is not so pronounced. On the other hand, line-
graph routing uses more qubits than SABRE. Nevertheless, the total space-time volume of the
routed circuits remains less for line-graph routing.

Line-graph routing was conceived while keeping in mind its application in mapping quantum
circuits to hardware with a lattice-like low-degree coupling graph. It is therefore not expected to
perform well in mapping quantum circuits to hardware with a high-degree coupling graph without
lattice-like structure. In fact, the benchmarking results show that line-graph routing is not well-
suited for mapping circuits on the complete coupling graph to hardware with a star coupling graph.
One property of line-graph routing that leads to its low effectivity on unstructured, high-degree
graphs is that in the output circuit of line-graph routing, the qubits are assigned a base location
where they return to after they are acted on by one [Equation (4)] or multiple [Equation (5)] gates
from the input circuit. This is likely advantageous for input quantum circuits with a structured,
low-degree coupling graph. For example, in Figure 2, in the third layer of the cycle (red gates), all
qubits are still close to where they are needed, leading to the insertion of few SWAP gates to get
them there.

However, on high-degree coupling graphs, the property of a base location need not be advan-
tageous since any qubit can be routed to any other qubit in relatively few steps and regularly
returning qubits to their base location leads to the insertion of unnecessary SWAP gates. As an
extreme example, let us look at the action of line-graph routing on a circuit C with a complete
coupling graph, where at one point in C a cascade of CNOT gates, [];_, CNOT; ;;1, is prescribed.
Line-graph routing maps the circuit C to a circuit on the star graph (Table 1). To perform CNOT; ;11
on star-graph hardware, line-graph routing first swaps qubit i to the center of the star, performs
a CNOT between the center qubit and qubit i + 1, and swaps qubit i back to its original position
[Equation (4)]. Not insisting that the qubits eventually return to their original position leads to the
possibility of more efficient routing strategy. To perform the CNOT; ;,;, swap qubit i to the center,
perform the CNOT between the center qubit and qubit i + 1, and leave qubit i in the center. After
repeating this procedure for the subsequent CNOT in the circuit, qubit i will end up at the initial
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location of qubit i + 1. The latter approach uses half of the number of SWAP gates compared to
line-graph routing.

A second situation in which line-graph routing is not expected to perform well is when there
are subgraphs of the virtual graph L(G) that are isomorphic to subgraphs of heavy(G). In that case,
unnecessary mediating qubits may be inserted. For example, let L(G) be the path graph on n nodes.
When applied to circuits on this graph, line-graph routing introduces mediating qubits between all
qubits of L(G), leading to a circuit on a path graph with n—1 added mediating qubits. This happens
despite the fact that no routing is needed at all. If needed, line-graph routing can be enhanced such
that it detects and prevents this behavior.

5 Discussion and Outlook

In this article, we developed line-graph routing, a qubit routing strategy that efficiently and de-
terministically maps any quantum circuit on a line graph L(G) to a circuit on the heavy graph
heavy(G). By software implementation and benchmarking, we showed its ability to outperform
standard, general-purpose methods on input quantum circuits, circuit sizes, and hardware cou-
pling graphs of practical relevance.

Line-graph routing showed not to perform well in mapping circuits on the complete graph to
the star graph. We attribute this to the high degree and absence of a lattice-like structure of the
complete graph. Based on our benchmarking results, we expect line-graph routing to outperform
general-purpose methods in routing circuits with a line-graph coupling graph to low-degree hard-
ware coupling graphs. For superconducting qubits, these are exactly the hardware coupling graphs
preferable from an engineering standpoint [6, 11, 39].

Line-graph routing is limited in its applicability because it is only defined for pairs of graphs
(L(G), heavy(G)). General-purpose methods are able to map any circuit on any graph to a circuit on
any other graph (given that the latter graph is connected and has at least the same number of nodes
as the former graph). However, in general, finding the optimal routing strategy is NP-hard. It is
therefore unlikely that general-purpose methods can find the optimal or close-to-optimal routing
strategy. Routing strategies that are defined on a subset of possible input circuits can nevertheless
be highly efficient and effective, and indeed line-graph routing is shown to have the ability to out-
perform standard-purpose methods on the subset of problem instances for which it is defined. The
set of pairs of graphs (L(G), heavy(G)) is still infinitely large and contains pairs of practical rele-
vance. Additionally, line-graph routing provides a lower bound for the number of swap gates that
need to be inserted. Therefore, it provides a well-defined and efficiently computable benchmark
for general-purpose methods.

The routed circuit for the simulation of a nearest-neighbor model on L(G) can be reinterpreted
as a circuit for the quantum simulation of a next-nearest-neighbor model on heavy(G). This is
evident from Table 1 and Figure 1 and follows directly from the definition of line graphs as given
in Section 3. This routed circuit for the simulation of a nearest-neighbor model on L(G) can be
lifted to a circuit for the quantum simulation of a model containing both nearest- and next-nearest-
neighbor interactions on heavy(G) by adding the gates arising from nearest-neighbor interactions
on heavy(G) to the routed circuit. These gates naturally satisfy the heavy(G) coupling graph and
can thus be added to the circuit without any routing. This further enlarges the range of applicability
of line-graph routing.

The effectiveness of line-graph routing may be improved further by leveraging the freedom of
which qubit is swapped with the mediating qubit. In line-graph routing, for the implementation of
the gate Ué’ it is qubit i that is swapped with the mediating qubit [Equation (4)]. However, in some
cases, it is only when swapping qubit j with the mediating qubit that a cancellation of SWAP gates
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from consecutive mediated two-qubit gates MU [Equation (4), Figure 2] occurs. Thus, line-graph
routing may be improved by letting the decision of which qubit to swap with the mediating qubit
depend on the ensuing gates in the input quantum circuit.

Although we showed the ability of line-graph routing to outperform general-purpose methods,
we did not prove it gives the optimal routing. In fact, it was shown to be suboptimal in cases
where the input circuit is a circuit on the complete graph. A proof or refutation for the optimality
of line-graph routing (possibly after including the improvement of the previous paragraph) would
therefore require careful consideration of the allowed input circuits and performance characteristic
for which optimality is considered. Such a proof may inspire even stronger methods that build on
or generalize line-graph routing,.

One method for studying the optimality of line-graph routing is to compare it against solvers
that find the optimal qubit routing strategy [30, 35, 38, 50, 55]. However, as supported by data
in the Supplemental Material [23], running these optimal methods for relevant system sizes of
on the order of hundreds of qubits is computationally infeasible. At the same time, the optimal
swapping strategy for small input circuits and small target coupling graphs gives little information
about the optimal solution on large patches. It is perhaps possible to amend the optimal routing
methods so that, if present, they leverage the spatial periodicity of the input circuit and the target
coupling graph, which provides an interesting route for further research by itself. Also a direct
comparison between line-graph qubit routing and application-specific compilation frameworks
such as Paulihedral [28] or Tetris [22] is not meaningful as the latter two achieve a task of which
qubit routing is a relatively unimportant subroutine.

Error rates in quantum devices typically vary over time, from qubit to qubit (for single-qubit
gates), and from qubit pair to qubit pair (for two-qubit gates). Noise-aware routing strategies take
this noise variability into account, preferring the use of high fidelity qubits and qubit pairs over
low fidelity qubits and qubit pairs [37, 40]. In the last step of line-graph routing, the routed circuit
must be placed on a patch of the hardware coupling graph (Figure 3). This step can be made noise-
aware by selecting the best patch of the hardware coupling graph according to some selection
criterion, like the highest average two-gate fidelity. However, apart from this placement step, line-
graph routing is noise-unaware. It is an open question whether the depth reduction offered by
line-graph routing outweighs its limited noise awareness. To answer this question either requires
a comparison between line-graph routing and noise-aware routing strategies on a case-by-case
basis, or a broader and extensive study taking into account various levels of noise variability, input
circuits and target coupling graphs, which is outside the scope of the current article.

A straightforward but exciting way to carry on the work in the current article is to run our routed
circuits on actual quantum hardware. The circuits available in the Supplemental Material [23]
can be executed as-is on hardware with the appropriate hardware coupling graphs. Remaining
challenges therein are the extraction of useful physical quantities from the generated quantum
states. To obtain results that go beyond anything that can be obtained classically requires further
improvements of error mitigation techniques and quantum hardware.

All code and data used to generate the results in this article are available as Supplemental Ma-
terial and at Reference [23].
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Appendix
A Removal of Lone Leaf Nodes

In some cases, line-graph routing produces circuits containing qubits i that are swapped with
only one corresponding mediating qubit m; during the course of the entire circuit. In these cases,
the mediating qubits m; can be removed and replaced by the corresponding qubits i, leading to a
reduction in the qubit and SWAP count of the routed circuit.

We define a lone leaf i as anode in a coupling graph heavy(G) that is of degree one and shares its
only edge with a node that has no other neighbors of degree one. We do not assume the coupling
graph is a tree. As an example, consider the triangle graph with an extra node i connected to one
of the nodes m; of the triangle. The node i is a lone leaf.

If a node i is a lone leaf in a coupling graph heavy(G), by the construction of line-graph routing
its neighbor m must be a mediating node. For every two-qubit gate that is performed between
qubit i and any other neighbor j of m, qubits i and m first need to be swapped. So, as far as the
interactions with qubit i are concerned, qubit m may be fully eliminated by simply removing qubit
m and reverting mediated two-qubit gates MUj,,; to the original gates U;;. Physically, qubit i can
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be put on the place of qubit m. After the removal of m and the relocation of qubit i, inspection
of Equation (4) reveals that qubit i may in fact act as a mediating node for any two-qubit gates
between any two neighbors j, k of m unequal to i; after a mediated gate MUj;x, qubit i returns to
its starting position unaffected.
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