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Abstract
We consider the problems of testing and learning an unknown

𝑛-qubit quantum Hamiltonian 𝐻 =
∑

𝑥 𝜆𝑥𝜎𝑥 expressed in its Pauli

basis, from queries to its evolution operator 𝑒−𝑖𝐻𝑡
under the nor-

malized Frobenius norm. To this end, we prove the following results

(with and without quantummemory) for Hamiltonians whose Pauli

spectrum involves only 𝑘-local terms or has sparsity at most 𝑠:

(1) Local Hamiltonians: We give a tolerant testing protocol to

decide if a Hamiltonian is 𝜀1-close to 𝑘-local or 𝜀2-far from 𝑘-local,

with 𝑂 (1/(𝜀2 − 𝜀1)4) queries, thereby solving two open questions

posed in a recent work by Bluhm, Caro and Oufkir [8]. For learn-

ing a 𝑘-local Hamiltonian up to error 𝜀, we give a protocol with

query complexity and total time evolution exp(𝑂 (𝑘2 +𝑘 log(1/𝜀))).
Our algorithm leverages the non-commutative Bohnenblust-Hille

inequality in order to get a complexity independent of 𝑛.

(2) SparseHamiltonians:We give a protocol for testingwhether

a Hamiltonian is 𝜀1-close to being 𝑠-sparse or 𝜀2-far from being 𝑠-

sparse, with𝑂 (𝑠6/(𝜀2
2
− 𝜀2

1
)6) queries. For learning up to error 𝜀, we

show that 𝑂 (𝑠4/𝜀8) queries suffices.

(3) Learning without quantummemory: The learning results
stated above have no dependence on the system size 𝑛, but require

𝑛-qubit quantum memory. We give subroutines that allow us to

reproduce all the above learning results without quantum memory;

increasing the query complexity by a (log𝑛)-factor in the local case

and an 𝑛-factor in the sparse case.

(4) Testing without quantum memory: We give a new sub-

routine called Pauli hashing, which allows one to tolerantly test

𝑠-sparse Hamiltonians using 𝑂̃ (𝑠14/(𝜀2
2
− 𝜀2

1
)18) query complexity.

A key ingredient is showing that 𝑠-sparse Pauli channels can be

tested in a tolerant fashion as being 𝜀1-close to being 𝑠-sparse or

𝜀2-far under the diamond norm, using 𝑂̃ (𝑠2/(𝜀2 − 𝜀1)6) queries via
Pauli hashing.

In order to prove these results, we prove new structural the-

orems for local Hamiltonians, sparse Pauli channels and sparse

Hamiltonians. We complement our learning algorithms with lower

bounds that are polynomially weaker. Furthermore, our algorithms
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use short time evolutions and do not assume prior knowledge of

the terms on which the Pauli spectrum is supported on, i.e., we do

not require prior knowledge about the support of the Hamiltonian

terms.
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1 Introduction
A fundamental and important challenge with building quantum

devices is being able to characterize and calibrate its behavior. One

approach to do so is Hamiltonian learning which seeks to learn the

Hamiltonian governing the dynamics of a quantum system given

finite classical and quantum resources. Beyond system characteriza-

tion, it is also carried out during validation of physical systems and

designing control strategies for implementing quantum gates [34].

However, learning an 𝑛-qubit Hamiltonian is known to be diffi-

cult [12], requiring complexity that scales exponentially in the

number of qubits.

In practice, however, prior knowledge on the structure of Hamil-

tonians is available e.g., those of engineered quantum devices [44]

where the underlying Hamiltonians primarily involve local interac-

tions with few non-local interactions, and even naturally occurring

physical quantum systems such as those with translationally invari-

ant Hamiltonians. To highlight these structural properties, consider

an 𝑛-qubit Hamiltonian 𝐻 (which is a self-adjoint operator acting

on (C2)⊗𝑛) expanded in terms of the 𝑛-qubit Pauli operators:

𝐻 =
∑︁

𝑥∈{0,1}2𝑛
𝜆𝑥𝜎𝑥 ,

where 𝜆𝑥 are real-valued coefficients (also called interaction strengths)
to the Pauli operators 𝜎𝑥 denoted by the string 𝑥 = (𝑎, 𝑏) ∈ F2𝑛

2
with

𝜎 (𝑎,𝑏 ) = 𝑖𝑎 ·𝑏 ⊗𝑛
𝑖=1 𝑋

𝑎𝑖𝑍𝑏𝑖
. We call the set of Paulis with non-zero

coefficients 𝜆𝑥 as the Pauli spectrum of the Hamiltonian denoted

by S = {𝑥 ∈ {0, 1}2𝑛 : 𝜆𝑥 ≠ 0}. Of particular relevance are 𝑘-local
Hamiltonians which involve Pauli operators that act non-trivially

on all but at most 𝑘 qubits and 𝑠-sparse Hamiltonians whose Pauli

expansion contains at most 𝑠 non-zero Pauli operators i.e., |S| ≤ 𝑠 .
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There has been a growing suite of Hamiltonian learning results

that have shown that when the underlying 𝑛-qubit Hamiltonian

𝐻 satisfies these structural properties, learning can be performed

with only poly(𝑛) query complexity, either by making “queries"

to the unitary evolution operator 𝑈 (𝑡) = exp(−𝑖𝐻𝑡) [20, 21, 29–
31, 33, 37, 45, 50, 51], or by assuming one has access to Gibbs

state [2, 5, 29, 30, 41, 42]. Notably, [6] considered the problem

of learning Hamiltonians that are both local and sparse, without

prior knowledge of the support. Several of the learning algorithms

mentioned above, however require assumptions on the support of

the Hamiltonian beyond locality or sparsity, such as [33] which

considers geometrically-local Hamiltonians (a subset of local Hamil-

tonians) and [50] which requires assumptions on the support.

But, before learning, it might be desirable to uncover what is the
structure of an unknown Hamiltonian in order to choose specialized

learning algorithms. Even deciding if a Hamiltonian has a particular

structure is a fundamental challenge and constitutes the problem

of testing if an unknown Hamiltonian satisfies a certain structural

property. As far as we know, this line of investigation is nascent

with only a few works on Hamiltonian property testing [1, 36, 43]

with Bluhm, Caro and Oufkir [9] having considered the problem of

testing local Hamiltonians. This leads us to the motivating question:

What is the query complexity of learning and testing
structured Hamiltonians?

1.1 Problem Statement
Before we state our results answering the question above, we

clearly mention our learning and testing problems first. If 𝐻 is the

Hamiltonian describing the dynamics of a certain physical system,

then the state of that system evolves according to the time evolution
operator 𝑈 (𝑡) = 𝑒−𝑖𝐻𝑡

. This means that if 𝜌 (0) is the state at time

0, at time 𝑡 the state would have evolved to 𝜌 (𝑡) =𝑈 (𝑡)𝜌 (0)𝑈 † (𝑡).
Hence, to test and learn a Hamiltonian one can do the following:

prepare a desired state, apply𝑈 (𝑡) or tensor products of 𝑈 (𝑡) with
identity to the state, and finally measure in a chosen basis. From

here onwards, this is what we mean by querying the unitary 𝑈 (𝑡).
It is usual to impose the normalization condition ∥𝐻 ∥∞ ≤ 1 (i.e.,

that the eigenvalues of 𝐻 are bounded in absolute value by 1), as

otherwise the complexities scale with the norm of the Hamiltonian.

Throughout this paper, we will consider the normalized Frobenius

norm as the distance between Hamiltonians, namely

𝑑 (𝐻,𝐻 ′) = ∥𝐻 − 𝐻 ′∥2 =
√︂

Tr[(𝐻 − 𝐻 ′)2]
2
𝑛

,

which equals the 2-norm of the Pauli spectrum,

√︁∑ |𝜆𝑥 − 𝜆′𝑥 |2. We

choose the Frobenius norm here since it’s natural to want to ap-

proximate the action of a Hamiltonian on most states, rather than

all states [9, Appendix A].
A property of a Hamiltonian, denoted H is a class of Hamiltoni-

ans that satisfy the property (here we will be interested in sparse

and local properties). We say that 𝐻 is 𝜀-far from having a property

H if 𝑑 (𝐻,𝐻 ′) > 𝜀 for every 𝐻 ′ ∈ H , and otherwise is 𝜀-close. Now,

we are ready to state the testing and learning problems.

Let H be a property and let 𝐻 be an unknown Hamiltonian

with ∥𝐻 ∥∞ ≤ 1 and Tr[𝐻 ] = 0.

Problem 1.1 (Tolerant testing). Promised 𝐻 is either 𝜀1-
close or 𝜀2-far from satisfying propertyH , decide which is the
case by making queries to𝑈 (𝑡).

Problem 1.2 (Hamiltonian learning). Promised 𝐻 ∈ H ,
output a classical description of𝐻 ∈ H such that ∥𝐻−𝐻 ∥2 ≤ 𝜀

by making queries to𝑈 (𝑡).

1.2 Summary of Results
The main results of this submission are query-efficient algo-

rithms for testing and learning Hamiltonians that are local and/or

sparse. We can reproduce these results without using quantum

memory by increasing the number of queries. We summarize our

results in the table below (for simplicity we state our results for

constant accuracy).

Before we discuss our results in more detail, we make a few

remarks about our main results.

(𝑖) As far as we know, this is the first work: (𝑎) with complexities

that are independent of 𝑛 (with memory)
1
, and (𝑏) that does

not assume knowledge of the support.

(𝑖𝑖) We give the first learning algorithm for Hamiltonians that

are only promised to be sparse, and not necessarily local.

Similarly, our local Hamiltonian learning algorithm does not

further assume geometric locality which has been assumed

in several prior works.

(𝑖𝑖𝑖) As far as we know, this is one of the the first polynomial-

time tolerant testers for quantum objects. Prior tolerant al-

gorithms [3, 26] require a multiplicative gap between 𝜀1, 𝜀2,

whereas we have runtime that depends only on 𝜀2 − 𝜀1.

(𝑖𝑣) We show that all our learning protocols with quantum mem-

ory can be translated to ones which require no quantum

memory. In the case of learning structured Hamiltonians,

we obtain a protocol with only a factor log𝑛 overhead for

local Hamiltonians and a protocol with a factor 𝑛 overhead

for sparse Hamiltonians.

(𝑣) We also give a tolerant testing algorithm for 𝑠-sparse Hamil-

tonians that requires no quantum memory based on a new

subroutine called Pauli hashing. The query complexity is

𝑂 (poly(𝑠)) and is notably independent of dimension 𝑛.

We remark that most previous work on Hamiltonian learning (that

we highlighted earlier) are done under the distance induced by the

supremum norm of the Pauli spectrum and with extra constraints

apart from locality [12, 20, 21, 29–31, 33, 37, 39, 45, 47, 50, 51]. When

transformed into learning algorithms under the finer distance in-

duced by the 2-norm of the Pauli spectrum, these proposals yield

complexities that depend polynomially on 𝑛𝑘 and only work for a

restricted family of 𝑘-local Hamiltonians. The works that explicitly

consider the problem of learning under the 2-norm have complexi-

ties depending on 𝑛 and assume a stronger access model [6, 13].

1
There are a few works that achieve 𝑛-independent complexities for learning local

Hamiltonians in the ∞-norm of the Pauli coefficients, but when transformed into

2-norm learners they yield complexities depending on 𝑛𝑘 .
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Table 1: Query complexity for learning and testing 𝑛-qubit structured Hamiltonians. Dependence on 𝑛 and the structural
property is shown for constant accuracy. Results are indicated with quantum memory (i.e., an 𝑛-qubit ancillary system is
available) and without quantum memory.

Testing Learning

with memory w/o memory with memory w/o memory

𝑠-sparse poly(𝑠 ) poly(𝑠 ) poly(𝑠 ) 𝑛 · poly(𝑠 )
𝑘-local 𝑂 (1) 𝑂 (1) [9] exp(𝑘2 ) (log𝑛) · exp(𝑘2 )

𝑘-local & 𝑠-sparse poly(𝑠 ) poly(𝑠 ) min{exp(𝑘2 ), poly(𝑠 ) } (log𝑛) · min{exp(𝑘2 ), poly(𝑠𝑘 ) }

In the next few sections we present the proof sketches of our

main results. We describe four results: testing as well as learning of

sparse and local Hamiltonians in separate sections, first highlighting

the technical contribution before discussing the algorithms. See the

full version of the paper [4] for more details.

1.3 Result 1: Learning with Quantum Memory
1.3.1 Analytic Operator Inequalities. Taylor series. Conceptually,
the high-level idea of accessing the Hamiltonian 𝐻 via the time-

dependent unitary evolution operator 𝑒−𝑖𝐻𝑡
is pretty simple: con-

sider short times 𝑡 and use Taylor expansion to treat𝑈 (𝑡) = 𝑒−𝑖𝑡𝐻

as Id−𝑖𝑡𝐻 . However, analyzing the propagation of the error of this

approximation requires some delicate calculations. For instance, for

testing sparsity we need to estimate the sum of the squares of the

smallest Pauli coefficients of 𝐻 , but due to the error in the Taylor

expansion we do not have that the smallest Pauli coefficients of 𝐻

correspond to the smallest coefficients of 𝑈 (𝑡) even for short time

steps. Similar issues occur for learning. Overcoming these to obtain

our testing and learning algorithm involves technical calculations

in the error analysis of the algorithms.

BH inequalities.The Bohnenblust-Hille inequality is well-known
since the 1930s in analysis and has become popular more recently

in theoretical computer science and quantum computing [10, 32, 46].

Our locality learning algorithm alsomakes crucial use of Bohnenblust-

Hille inequality to attain a complexity independent of 𝑛. To see

why, consider the problem of learning an 𝑛-qubit 𝑘-local Hamil-

tonian with ∥𝐻 ∥2 ≤ 1, an 𝜀-packing argument suggests that one

would expect Ω((3𝑛)𝑘 ) lower bound just information theoretically.

Even though we additionally have the restriction that the Hamil-

tonians satisfy ∥𝐻 ∥∞ ≤ 1, we have the sometimes-tight inequal-

ity ∥𝐻 ∥2 ≤ ∥𝐻 ∥∞, which makes the suspected lower bound of

Ω((3𝑛)𝑘 ) plausible. But the non-commutative Bohnenblust-Hille

inequality [32, 46] ensures that for Hamiltonians with ∥𝐻 ∥∞ ≤ 1

only 𝑂𝑘 (1) Pauli coefficients are non-negligible, so it suffices to

only find these and estimate them. This surprisingly allows one to

obtain 𝑛-independent complexity for learning.

1.3.2 Learning Protocols.

Local Hamiltonians. We now present our learning result for local

Hamiltonians.

Result 1.3. There is an algorithm that solves Theorem 1.2 for
𝑘-local Hamiltonians by making exp(𝑘2 + 𝑘 log(1/𝜀)) queries to the
evolution operator with exp(𝑘2 + 𝑘 log(1/𝜀)) total evolution time.

Our learning protocol for local Hamiltonians consists on two

steps. In the first, we sample from the Pauli spectrum of the short-

time evolution operator, which can be done by measuring the cor-

respondent Choi state in the Bell basis. Then, we store the big
coefficients, which are those that are sampled with frequency larger

than a certain threshold. In the second step we learn these big coef-

ficients one by one. Thanks to the non-commutative Bohnenblust-

Hille inequality, the threshold that defines what coefficients are big

can be taken to be independent of 𝑛, which results in complexities

independent of 𝑛. A bit more formally, in the first step we find the

big coefficients, those that

|𝜆𝑥 | = Ω𝑘,𝜀 (1) .
Since

∑
𝑥 |𝜆𝑥 |2 ≤ 1, there is at most 𝑂𝑘,𝜀 (1) big coefficients, so by

using the protocol of Montanaro and Osborne [38] 𝑂𝑘,𝜀 (1) times

we can obtain estimates
˜𝜆𝑥 such that∑︁

|𝜆𝑥 |=Ω𝑘,𝜀 (1)
| ˜𝜆𝑥 − 𝜆𝑥 |2 ≤ 𝜀2 . (1)

Bohnenblust-Hille inequality ensures that the small coefficients are

negligible, meaning that ∑︁
|𝜆𝑥 |=𝑂𝑘,𝜀 (1)

|𝜆𝑥 |2 ≤ 𝜀2 . (2)

Putting Eqs. (1) and (2) together, it follows that

∑
|𝜆𝑥 |=Ω𝑘,𝜀 (1)

˜𝜆𝑥𝜎𝑥

is 𝑂 (𝜀)-close to 𝐻 .

Sparse Hamiltonians. For learning sparse Hamiltonians, we have

the following result, which, as far as we know, is the first result for

learning sparse, and non-necessarily local, Hamiltonians.

Result 1.4. There is an algorithm that solves Theorem 1.2 for
𝑠-local Hamiltonians by making poly(𝑠/(𝜀2 − 𝜀1)) queries to the
evolution operator and with poly(𝑠/(𝜀2 − 𝜀1)) total evolution time.

Our learning protocol for sparse Hamiltonians is similar to the

one for local Hamiltonians. The difference is the threshold that

defines what is a big coefficient. Here, we can take it to be 𝜀2/𝑠 , as∑︁
|𝜆𝑥 | ≤𝜀2/𝑠

|𝜆𝑥 |2 = 𝜀2

because 𝐻 has at most 𝑠 non-zero Pauli coefficients.

1.4 Result 2: Testing with Quantum Memory
So far, we saw how to use Pauli-analytical tools in order for

learning. In this section we move to testing these Hamiltonians.

Before talking about the testing results themselves, we present a
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few structural lemmas about sparse and local Hamiltonians which

will be useful for tolerant testing.

1.4.1 Structural Lemmas. As we can only access a Hamiltonian 𝐻

through its time evolution operator𝑈 (𝑡), in order to test whether

𝐻 satisfies a property, we first need to show that the property is

preserved by 𝑈 (𝑡). To this end we prove quantitative structural

lemmas that ensure that the properties of being local and sparse

are preserved by𝑈 (𝑡).

Local Hamiltonians. For 𝑘-locality, one can show that the dis-

tance of 𝐻 to the space of 𝑘-local Hamiltonians is

∑
|𝑥 |>𝑘 |𝜆𝑥 |2.

Motivated by this, we introduce the 𝑘-non-local energy of 𝑈 (𝑡),
given by

NonLocalEnergy(𝑘, 𝑡) =
∑︁
|𝑥 |>𝑘

|𝑈𝑥 (𝑡) |2 .

By carefully analyzing Taylor expansion, we show that for short

timesNonLocalEnergy(𝑘, 𝑡) is small if and only if𝐻 is close to local.

Sparse Hamiltonians. For 𝑠-sparsity, one can show that the dis-

tance of a Hamiltonian 𝐻 to the set of 𝑠-sparse Hamiltonians is

given by

𝑑 (𝐻, 𝑠-sparse) =
√︄∑︁

𝑖>𝑠

|𝜆𝑥𝑖 |2,

where 𝑥1, . . . , 𝑥4𝑛 are labels to {0, 1}2𝑛 that satisfy |𝜆𝑥1 | ≥ |𝜆𝑥2 | ≥
· · · ≥ |𝜆𝑥

4
𝑛 |. Then, one would be tempted to define the s-non-sparse

energy of 𝑈 (𝑡) as the sum of the squares of its 4
𝑛 − 𝑠 smallest Pauli

coefficients. However, it is not clear how to efficiently compute

this tentative quantity. This is because the way we access the Pauli

distribution of𝑈 (𝑡) is by sampling, which may incur in an estima-

tion error for every of the 4
𝑛 − 𝑠 coefficients, which would imply a

dependence on 𝑛. To circumvent this we introduce the top-𝑠 energy
of𝑈 (𝑡), which is given by

TopEnergy(𝑠, 𝑡) = |𝑈0
𝑛 |2 +

∑︁
𝑖≤𝑠

|𝑈𝑦𝑖 (𝑡) |2, (3)

where 𝑦1, . . . , 𝑦4𝑛−1 are labels of {0, 1}2𝑛 − {0𝑛} such that |𝑈𝑦1 | ≥
· · · ≥ |𝑈𝑦

4
𝑛−1 |. The top-𝑠 energy can be approximated efficiently, as

it is the sum of just 𝑠 +1 squared coefficients of𝑈 (𝑡). Our structural
lemma for sparse Hamiltonians establishes that for short times the

top-𝑠 energy is close to 1 if and only if 𝐻 is close to sparse. To

give intuition of why this is true, consider for a moment the Taylor

expansion of 𝑈 (𝑡) disregarding the higher-order error terms above

the second-order term, i.e., treat𝑈 (𝑡) as

𝑈 (𝑡) ≈ Id−𝑖𝑡𝐻 − 𝑡2

2

𝐻 2 .

Then, as𝐻 is traceless, we would have𝑈0
𝑛 ≈ 1− 𝑡2

2

∑
𝑥 𝜆

2

𝑥 . Ignoring

higher order terms suggests

|𝑈0
𝑛 |2 ≈ 1 − 𝑡2

∑︁
𝑥∈{0,1}2𝑛

𝜆2𝑥 . (4)

Similarly, by ignoring higher order terms for 𝑥 ≠ 0
𝑛
we would get

|𝑈𝑥 |2 ≈ 𝑡2𝜆2𝑥 . If we further assume that the largest Pauli coefficients

of𝑈 (𝑡) correspond to the largest Pauli coefficients of 𝐻 , it would

follow from Eq. (4) that

TopEnergy(𝑠, 𝑡) ≈ 1 − 𝑡2
∑︁
𝑖>𝑠

|𝜆𝑥𝑖 |2 = 1 − 𝑡2 · 𝑑 (𝐻, 𝑠-sparse).

1.4.2 Testing Protocols.

Testing locality. Recently, Bluhm, Caro and Oufkir proposed a

non-tolerant testing algorithm, meaning that it only works for the

case 𝜀1 = 0, whose query complexity is 𝑂 (𝑛2𝑘+2/(𝜀2 − 𝜀1)4) and
with total evolution time 𝑂 (𝑛𝑘+1/(𝜀2 − 𝜀1)3). They posed as open

questions whether the dependence on 𝑛 could be removed and

whether an efficient tolerant-tester was possible [8, Section 1.5].

Our first result gives a positive answer to both questions.

Result 1.5. There is an algorithm that solves Theorem 1.1 for
𝑘-local Hamiltonians by making poly(1/(𝜀2 − 𝜀1)) queries to the
evolution operator and with poly(1/(𝜀2 − 𝜀1)) total evolution time.

Thanks to our structural lemma, to test for locality it suffices

to estimate NonLocalEnergy(𝑘, 𝑡) for some short time 𝑡 . To do that

we sample from {|𝑈𝑥 |2}𝑥 a number of poly(1/(𝜀2 − 𝜀1)) times and

compute the empirical frequency of the event {|𝑥 | > 𝑘}. This
frequency equals NonLocalEnergy(𝑘, 𝑡) on expectation.

Testing sparsity. Despite numerous papers in the classical liter-

ature studying problems of testing and learning sparse Boolean

functions [23, 27, 40, 48], there have not been many results on

learning Hamiltonians that are sparse (and not necessarily local)

and the only testing result that we are aware of requires 𝑂 (𝑠𝑛)
queries [9, Remark B.2]. Here, we present the first sparsity testing

algorithm whose complexity does not depend on 𝑛 and the first

learning algorithm for sparse Hamiltonians which does not require

assumptions regarding the support.

Result 1.6. There is an algorithm that solves Theorem 1.1 for
𝑠-local Hamiltonians by making poly(𝑠/(𝜀2 − 𝜀1)) queries to the
evolution operator and with poly(𝑠/(𝜀2 − 𝜀1)) total evolution time.

Thanks to our structural lemma, to test for sparsity it suffices

to estimate TopEnergy(𝑠, 𝑡) for some short time 𝑡 . As we do not

know which are the largest coefficients of𝑈 (𝑡), we cannot compute

TopEnergy(𝑠, 𝑡) as the expectation of a random variable. Instead,

we obtain an empirical estimate |𝛼𝑥 |2 of |𝑈𝑥 |2, and use the sum

of |𝛼0𝑛 |2 and the 𝑠 largest |𝛼𝑥 |2 as a proxy for TopEnergy(𝑠, 𝑡). To
ensure that this is a good proxy, we need to sample from {|𝑈𝑥 (𝑡) |2}
a number of poly(𝑠/(𝜀2 − 𝜀1)) times.

1.5 Result 3: Learning Without Quantum
Memory

Motivated by the limitations of current devices, there has been

a series of recent works aiming to understand the power of quan-

tum memory in testing and learning tasks, exhibiting exponential

separations in some cases [14, 16, 17]. A natural question is, if the

problems that we mentioned above become harder without quan-

tum memory? We surprisingly show that the learning protocols

that we mention above, can be implemented efficiently when one

has no quantum memory. To this end, we provide two subroutines

for: (𝑖) estimating the Pauli spectrum of a unitary, (𝑖𝑖) estimat-

ing a single Pauli coefficient to make our protocols work in the

memory-less setting. Subroutine (𝑖𝑖) incurs in no extra query-cost,

and subroutine (𝑖) only incurs in a factor-𝑛 overhead in the case of

learning 𝑠-sparse Hamiltonians and a factor log(𝑛) in the case of

learning 𝑘-local Hamiltonians. Hence, we have the following result.
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Result 1.7. There are memory-less algorithms to learn 𝑛-qubit
Hamiltonians 𝐻 such that

• if 𝐻 is 𝑘-local, require just exp(𝑘2) · log(𝑛) queries.
• if 𝐻 is 𝑠-sparse, require just 𝑂 (𝑠4𝑛) queries.
• if𝐻 is𝑘-local and 𝑠-sparse, require justmin{exp(𝑘2),𝑂 (𝑠4𝑘))}·
log(𝑛) queries.

Now, we describe these subroutines and in Section 1.7 we show

that they can also be useful in other contexts.

Estimating the Pauli spectrum of a unitary without memory. In
order to substitute sampling from the Pauli spectrum of unitaries

in our learning algorithms, we propose a memory-less protocol

to estimate the Pauli distribution of a unitary. We use the same

protocol as other works, but with different post-processing [9, 24,

25, 49]. To describe it, consider 2
𝑛 + 1 mutually unbiased bases

B𝑖 = {
��𝜙𝑖, 𝑗 〉} 𝑗∈[2𝑛 ] of stabilizer states. One iteration of this protocol

consists on picking 𝑖 ∈ [2𝑛 + 1] and 𝑗 ∈ [2𝑛] uniformly at random,

preparing

��𝜙𝑖, 𝑗 〉, applying𝑈 , and finally measuring on B𝑖 . Let

��𝜙𝑖,𝑙 〉
is the outcome of this measurement. For every 𝑥 ∈ {0, 1}2𝑛 , we
define a random variable 𝑀𝑥 that takes value 1 if

��𝜙𝑖,𝑙 〉 〈𝜙𝑖,𝑙 �� =

𝜎𝑥
��𝜙𝑖, 𝑗 〉 〈𝜙𝑖, 𝑗 ��𝜎𝑥 and 0 otherwise. In other words, 𝑀𝑥 takes value

1 if the change from

��𝜙𝑖, 𝑗 〉 to ��𝜙𝑖,𝑙 〉 can be attributed to the weight

of 𝜎𝑥 in𝑈 . Hence, on expectation,𝑀𝑥 roughly equals |𝑈𝑥 |2. By an

union bound, repeating this iteration 𝑂 (log(𝑀)) times allows one

to estimate𝑀 squares of Pauli coefficients of𝑈 .

Estimating one Pauli coefficient We also propose a protocol to

estimate one Pauli coefficient of a Hamiltonian that requires no

quantummemory. Additionally, it only involves querying𝑈 (𝑡) with
inputs of Pauli eigenstates and performing Pauli measurements.

1.6 Result 4: Testing Without QuantumMemory
We provide a testing algorithm for 𝑠-sparse Hamiltonians which

does not use any quantum memory and only requires poly(𝑠/𝜀)
queries and total evolution time, notably avoiding any dependence

on 𝑛. To obtain this tester, we introduce a new subroutine called

Pauli hashing which allows us to construct random partitions of

the Pauli operators and requires no quantum memory.

We first discuss Pauli hashing in the context of the following

testing problem for Pauli channels:

Problem 1.8. Given query access to a Pauli channel E : 𝜌 ↦→∑
𝑥 𝑝 (𝑥)𝜎𝑥𝜌𝜎𝑥 , decide if E is 𝜀1-close to being 𝑠-sparse or 𝜀2-far away

from all such Pauli channels, under the diamond norm.

We call a Pauli channel E : 𝜌 ↦→ ∑
𝑥 𝑝 (𝑥)𝜎𝑥𝜌𝜎𝑥 as 𝑠-sparse if E

has at most 𝑠 many non-zero error rates 𝑝 (𝑥). Of relevance is the
Pauli fidelity 𝜆 : F2𝑛

2
→ [−1, 1] defined as 𝜆(𝑥) = 1

2
𝑛 Tr(𝜎𝑥E(𝜎𝑥 ))

and which has the symplectic Fourier transform

𝜆(𝑥) =
∑︁

𝛼∈F2𝑛
2

𝑝 (𝛼) (−1) [𝑥,𝛼 ] ,

where [𝑥, 𝛼] is the symplectic inner product that equals 0 iff 𝜎𝑥 and

𝜎𝛼 commute, and one otherwise. Note that the symplectic Fourier

coefficients of 𝜆 are the error rates {𝑝 (𝑥)}. Testing sparsity of E
is then equivalent to testing sparsity of the symplectic Fourier

spectrum of 𝜆.

We prove a simple structural lemma regarding sparse Pauli chan-

nels to aid us. Let us define the energy of the top 𝑠 error rates of E as

Energy(E; 𝑠) := max𝑇 ⊆F2𝑛
2

:

|𝑇 |=𝑠

{ ∑
𝑥∈𝑇 𝑝 (𝑥)

}
. We show if E is 𝜀1-close

to being 𝑠-sparse under the total variation distance (which is same

as the diamond norm up to a factor of 2) then Energy(E; 𝑠) ≥ 1−2𝜀1
and if 𝜀2-far away then Energy(E; 𝑠) ≤ 1 − 𝜀2.

1.6.1 Pauli Hashing. The high-level idea behind our testing algo-

rithm (as well as that of testing sparse Hamiltonians) is that of

hashing or isolating the 𝑛-qubit Pauli operators (i.e., symplectic

Fourier coefficients of 𝜆) into different buckets. These buckets are
defined by the commutation relations of the 𝑛-qubit Pauli opera-

tors with an appropriately defined subgroup 𝐺 of Paulis. This is

analogous to Fourier hashing developed by Gopalan, O’Donnell,

Servedio, Shpilka, and Wimmer [27] for testing sparsity of the

Fourier spectrum of Boolean functions. There, they utilized inner

product relations of the standard Fourier characters with a particu-

lar subspace. Our Pauli hashing can thus be equivalently described

as symplectic Fourier hashing. We now describe the Pauli hashing

process.

Bucketting.We start off by choosing a random subspace 𝐺 of

F2𝑛
2

of dimension 𝑡 (to be specified later). Note that the elements

of 𝐺 correspond to a subgroup of Pauli operators, which we will

also denote by 𝐺 in a slight abuse of notation. Consider a set of

𝑡 Pauli generators 𝑔1, . . . , 𝑔𝑡 such that 𝐺 = span{𝑔1, . . . , 𝑔𝑡 }. To
describe the commutation relations of an arbitrary 𝑛-qubit Pauli

operator 𝑃 with the elements in 𝐺 , it is enough to note down a

vector𝑏 ∈ F𝑡
2
containing the 𝑡 commutation relations of 𝑃 with each

of the generators 𝑔𝑖 for 𝑖 ∈ [𝑡]. Particularly, we can then partition

all the 𝑛-qubit Pauli operators into 2𝑡 buckets of the following form

for each 𝑏 ∈ F𝑡
2

𝐶 (𝑏) := {𝛼 ∈ F2𝑛
2

: [𝛼,𝑔 𝑗 ] = 𝑏 𝑗 ∀𝑗 ∈ [𝑡]},

where we have denoted the Paulis by their corresponding 2𝑛-bit

strings. These buckets {𝐶 (𝑏)}𝑏∈F𝑡
2

are the cosets of the commutant

or centralizer of𝐺 , denoted by C(𝐺), constituted by the Paulis that

commute with all the elements in 𝐺 . Our first observation is that

for a random subgroup 𝐺 , defining buckets as above corresponds

to a pairwise random hashing process.

Energy of buckets.We then define the energy 𝐸 (𝑏) of a bucket
𝐶 (𝑏) as the sum of all the error rates in 𝐶 (𝑏), 𝐸 (𝑏) =∑

𝑥∈𝐶 (𝑏 ) 𝑝 (𝑥).
We show 𝐸 (𝑏) can be efficiently estimated with queries to the Pauli

channel E involving simple Pauli eigenstate preparation and Pauli

measurements, requiring query complexity 𝑂 (2𝑡/𝜀2) for accuracy
𝜀. If 𝑡 ≥ 2 log 𝑠 (i.e., |𝐺 | =𝑂 (𝑠2)), and E was exactly 𝑠-sparse, then

each of the error rates 𝑝 (𝑥) of E would likely land in a distinct

bucket i.e., coset of C(𝐺). One approach would then be to check

if top 𝑠 buckets (ordered by energy) out of the total 𝑂 (𝑠2) buckets,
have energies summing up to one. However, it turns out one can do

better requiring a lower value 𝑡 ≥ log(2𝑠) (or 𝑂 (𝑠) many buckets)

by leveraging the structural lemma regarding sparse Pauli channels

noted earlier, combined with careful error analysis.

Correctness. We earlier noted that Energy(E; 𝑠) or the sum

of the top 𝑠 error rates of E was a good proxy for checking spar-

sity. Our main technical contribution is to show that the total en-

ergy of the top 𝑠 buckets i.e., max𝑏∈𝑆, |𝑆 |=𝑠 𝐸 (𝑏) is a good estimate
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of Energy(E; 𝑠) for 𝑡 ≥ log(2𝑠). This requires a careful analysis

of two sources of error: (𝑖) hashing error which is the error be-

tween the total energy of the top 𝑠 buckets and top 𝑠 error rates

i.e.,

(
max𝑏∈𝑆, |𝑆 |=𝑠 𝐸 (𝑏)

)
−Energy(E; 𝑠), and the (𝑖𝑖) estimation error

committed when estimating 𝐸 (𝑏). To bound the hashing error, we

bound the collision error or 𝐸 (𝑏) −max𝑥∈𝐶 (𝑏 ) 𝑝 (𝑥) which accounts

for the energy mismatch due to two or more error rates colliding

in the same bucket, and show this can be made sufficiently small

for 𝑡 ≥ log(2𝑠). The estimation error can be controlled as a con-

sequence of the guarantees of our energy estimation algorithm.

Putting everything together, we obtain the following result.

Result 1.9. There is an algorithm requiring no quantum memory
that tests if a Pauli channel E is 𝜀1-close to or 𝜀2-far from being
𝑠-sparse in diamond norm, using 𝑂 (𝑠2/(𝜀2 − 𝜀1)6) queries to E.

We remark that Pauli hashing only requires inputs of Pauli eigen-

states to E and Pauli measurements, making it suitable for the

near-term. We expect Pauli hashing to be useful for testing other

quantum objects. We emphasize that the key ingredients were (𝑖)
converting the testing problem to testing sparsity of the symplectic

Fourier spectrum of a function 𝑓 that is easy to compute via queries,

and (𝑖𝑖) a structural lemma commenting on sparsity of the quantum

object in terms of 𝑓 .

1.6.2 Testing Sparse Hamiltonians via Pauli Hashing. We reduce

the problem of testing sparse Hamiltonian to testing the sparsity

of an associated Pauli channel. The Hamiltonian evolution channel

H𝑡 : 𝜌 → 𝑈 (𝑡)𝜌𝑈 † (𝑡) can be transformed into a Pauli channel by

applying Pauli twirling [7, 11]. We denote the Pauli-twirled Hamil-

tonian evolution channel as H T
𝑡 (𝜌) = E𝑥 [𝜎𝑥H𝑡 (𝜎𝑥𝜌𝜎𝑥 )𝜎𝑥 ]. Our

first observation is that the error rates of H T
𝑡 are the squares of

the Pauli coefficients {|𝑈 (𝑡) |2} of the unitary 𝑈 (𝑡) = exp(−𝑖𝐻𝑡).
Combined with the structural lemma regarding 𝑠-sparse Hamilto-

nians (Eq. 3), we can thus test sparsity of 𝐻 by testing sparsity of

the Pauli channel H T
𝑡 , whose error rates we denote by {𝑝T

𝑡 (𝑥)}.
The goal of the testing algorithm is approximating TopEnergy(𝑠, 𝑡)

of 𝐻 by estimating 𝑝T
𝑡 (02𝑛) + Energy(E; 𝑠), where Energy(E; 𝑠) is

the energy of the top 𝑠 error rates not including 𝑝T
𝑡 (02𝑛). This is

done due to the form of TopEnergy(𝑠, 𝑡) which requires the esti-

mation of |𝑈 (02𝑛) |2. We then show that 𝑝T
𝑡 (02𝑛) + Energy(E; 𝑠)

can be obtained efficiently via Pauli hashing with dimension of the

random group 𝐺 being 𝑑 ≥ log(2𝑠) (denoting as 𝑑 here so as not to

be confuse with time 𝑡) and estimation of total energy across bucket

𝐶 (0𝑑 ) and the top 𝑠 buckets excluding 𝐶 (0𝑑 ). We further give an

efficient energy estimation algorithm which does not require query

access toH T
𝑡 but simply queries the Hamiltonian evolution chan-

nel H𝑡 with inputs of Pauli eigenstates, interleaved applications

of random Pauli gates and Pauli measurements. The analysis of

the hashing and estimation error then follows similar to what we

described for testing Pauli channels via Pauli hashing. This leads

to the following result.

Result 1.10. There is an algorithm requiring no quantum mem-
ory that solves Theorem 1.2 for 𝑠-sparse Hamiltonians by making
poly(𝑠/𝜀) queries to the evolution operator with poly(𝑠/𝜀) total evo-
lution time.

1.7 Other Results
Tolerant junta unitary testing. Additionally in this work we

obtain a tolerant testing algorithm to decide if an unknown unitary

is a𝑘-junta that makes𝑂 (4𝑘 ) queries making progress on a question

of Chen, Nadimpalli and Yuen [19, Section 1.3], and then we use

subroutine (𝑖) to turn it into a memory-less tester that only makes

𝑂 (4𝑘𝑛) queries.
Lower bounds. One drawback of our learning and testing al-

gorithms is the exponent of the sparsity parameter 𝑠 , locality pa-

rameter 𝑘 and the tolerance (𝜀2 − 𝜀1). Reducing to classical Boolean
functions, we show lower bounds without memory that cerfity that

the dependence on these parameters cannot be completely avoided.

1.8 Discussion and Open Questions
Our work opens up several interesting directions which we state

here and leave for future work.

(1) Dependence on parameters 𝜀1, 𝜀2. Our main objective in

this work was to obtain query complexities for testing and

learning with good dependence on the structural parameters.

It is natural to ask if we could improve the dependence on the

error parameters and perhaps achieve Heisenberg limited

scaling as has been shown to be possible in some particular

cases for Hamiltonian learning [6, 33].

(2) Robustness to SPAM noise. It would be desirable to make

the protocols introduced in this work to be robust to SPAM

noise. A potential approach is to adapt strategies in [25].

(3) Adaptivity. For learning structured Hamiltonians, adaptive

strategies [22, 28] can improve query complexity by shedding

constant factors over baseline learning algorithms, thereby

improving performance in practice. Another direction is

to then explore adaptive protocols for testing structured

Hamiltonians and the performance gains they may bring.

(4) Testing and learning with limited quantum memory.
For estimating properties of quantum states, Chen, Cotler,

Huang, and Li [14] showcased the utility of the resource

of quantum memory or a 𝑘-qubit ancillary system (𝑘 <

𝑛). Large separations in query complexity when learning

with memory (even for 𝑘 ≪ 𝑛) and without any have been

reported for learning Pauli channels [15, 18] and shadow

tomography [16, 35]. We could thus imagine having access

to only limited quantum memory during learning or testing

structured Hamiltonians as well. However, it should be noted

that given the separation between the query complexities

(see Table 1) with access to 𝑛-qubit quantum memory and

without any, only marginal gains in complexity are expected

with access to limited memory.

(5) Testing and learning Hamiltonians from Gibbs states.
Another natural learning model is that of having access

to copies of the Gibbs state of a quantum Hamiltonian at

a certain inverse temperature. There has been a suite of

work investigating learning local Hamiltonians from Gibbs

states [2, 5] but answering the question of testing structured

Hamiltonians given access to copies of the Gibbs state re-

mains wide open.
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