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Abstract

We prove a conjecture of Arunachalam & Dutt [3] on the existence
of a tolerant stabilizer testing algorithm, and achieve an exponential
improvement in the parameters of the tester. Key to our argument is
a generalized uncertainty relation for sets of Pauli operators, based
on the Lovasz theta function.
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1 Introduction

We consider the problem of stabilizer testing: given copies of a
state |{f) with the promise that it is either €;-close to a stabilizer
state (as measured by state fidelity) or ez-far away, decide which
one is the case. This problem has garnered significant interest in
recent years following the introduction of the Bell difference sam-
pling algorithm in [12]. There it was proven that Bell difference
sampling gives rise to a one-sided tester (i.e. setting ¢ = 1 and
€2 < 1). Their analysis was improved by [11], who proved that Bell
difference sampling gives rise to a tester provided that e; < Ce?.
However, they also required that e; was larger than some critical
threshold. This latter requirement was relaxed by [3], allowing
for arbitrary e (this regime is called tolerant testing). However,
their argument only obtained a weaker gap relation of the form

€ < exp{—O(l/ 6;‘)} , and furthermore it turned out their argu-

ment relied on an unproven statement in additive combinatorics,
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making their ultimate result conjectural (see Conjecture 1.2 in [3]%).

In this paper we both sidestep their need for a conjecture, and
improve their gap relation to a polynomial one. This is the polyno-
mial gap mentioned in the title. Concretely we prove the following
result:

Theorem 1. Let ey, ez € [0,1] and let /) be a state with stabilizer
fidelity

Fs = S 2, 1
s(ly)) |S>215%r)§§Bn Ky1S)| (1)
either (1) larger than € or (2) smaller than €. If ey < C'e for

some constant C’, then 0(61—12) rounds of Bell difference sampling

can distinguish between case (1) and case (2) with probability greater
than 2/3.

The polynomial degree we achieve is likely highly suboptimal. We
aim to improve it in future work. To achieve this result we build on
the work of [3], combined with a generalized uncertainty relation
involving the Lovasz theta function, which we derive from a result
on Hamiltonian optimization due to Hastings & O’Donnell [13],
which we think may be of independent interest.

Remark: After we showed the authors of [3] a summary of our
result, they derived their own version of our result based on an
earlier note by Sergey Bravyi. Their argument, which uses different
techniques, but proceeds essentially along the same lines, is given
in [2]. A third, independent, proof of our result was also posted [18]
shortly after we posted a first version of this paper on the arXiv.
This argument proceeds along different lines from ours, achieving
a slightly worse polynomial degree.

2 Preliminaries

In this section we quote some background facts on graph theory
(in particular on the Lovasz theta) and Bell difference sampling.

2.1 Graph Theoretic Notions

Notations: Given a (simple) graph I' = (V(T'), E(T')) we denote its
vertex set by V(T') and its edge set by E(T'). We use K}, to denote the
complete graph on n vertices and I' to represent the complement
graph of I, which shares the same vertex set of I', but has comple-
mentary edges, i.e. E(f) NE(T) =@ and E(f) UE(T) = E(K|V(F) |).
For graphs Il and I, say I C I} if and only if V(I1) = V(I2) and
More specifically the second version currently on the arXiv. The first version (lemma

4.17) contains contains a misstatement of a result from [21], leading to the requirement
of Conjecture 1.2 in the second version.
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E(I1) € E(T).

Disjoint union: Graphs Iy = (V3,E;) and I, = (V3, E2), have a
disjoint union, denoted by I U Iy. It is defined as the graph with
V(I uTy) = Vi UV, where we assume V; and V; are disjoint and
E(Ty uTy) = E(T7) U E(T).

Strong product: Graphs I = (V1,E1) and I = (V3, E2), have a
strong product, denoted by Ty ®I. It is defined as a graph with vertex
set V(I'1 ® Iy) = Vi x V5. Distinct vertices (u1,v1), (ug,02) € V1 XV,
are connected by an edge if and only if:

(1) u1 = up and v; is connected with vy in Iy, or

(2) v1 = vy and uy is connected with uy in I, or

(3) u; is connected with uz in Iy and v1 is connected with vy in I.

Lovasz theta function: Lovasz [17] introduced the following
graph parameter in the context of classical Shannon theory:

Definition 2 (Lovasz theta function). For any graph T = ([n], E),
the Lovasz theta is the number

o) = max {Tr(pJ) |p > 0,Te(p) = Lpj = 0Vj k € E} @)
pe nxn
where J denotes the all-1’s matrix.

We will not need anything particularly sophisticated regarding
the Lovasz theta function in our proofs, merely the following facts:

Fact 3 (Theorem 7 of [17]). For graphs T; and Iy, $(T1 & Ip) =
(I) - 9(L2).
Fact 4 (Section 18 of [15]). For graphs I} and Iy, (T3 UTy) =
3T1) + H(I2).

Fact 5 (Monotonicity of Lovasz theta function). For graphs T and
Ty such that Ty C Iy, we have that 3(Ty) > 3(I2).

The last fact follows directly from the definition, as more edges
will result in more constraints in the maximization.

2.2 Weyl Operators and Distributions
We recall some standard concepts related to stabilizer states and
stabilizer testing. We will consistently refer to Hermitian (unsigned)
n-qubit Pauli operators as Weyl operators:
Definition 6 (Weyl operator). For x = (x1,x2) € F} xF} = IF%”,
the Weyl operator Wy is defined as
n
Wy = 1172 () X1z 3)
i=1
We will occasionally intentionally identify (i.e. confuse) binary
vector spaces and sets of Weyl operators.

If we want to know whether two Weyl operators commute, we
calculate their symplectic inner product (which is a genuine sym-
plectic form on F%"):

Definition 7. The symplectic inner product between two vectors
X,y € Fg” is the bilinear form

[x,y] = (x1,y2) + {x2, 1), 4

where x = (x1,%2), y = (y1,y2) and x1, X2, y1, y2 € F}
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The following fact is easily verified:
Proposition 8. Forx,y € IF%”,

WiWy = (1) =¥ w,w,. (5)

Definition 9. An isotropic subspace of IF%” is a subspace V of F%n
such that for all x,y € V, [x,y] = 0. If in addition |V| = 2", we call
the subspace Lagrangian.

Lagrangian subspaces (which can be directly identified with
the stabilizer groups of stabilizer states) are of importance to us,
because they allow us to lower bound the stabilizer fidelity:

Proposition 10 (Proof of Theorem 3.3 of [12], Corollary 7.4 of
(11]). LetV be a Lagrangian subspace of Fa". Then,

Fs(19) = D py(x).
xeV
where py (x) = 27 (Y| Wy [$)|? is the characteristic distribution of
[Y) (see below).

For completeness, we give a proof of this proposition in Appen-
dix B.

(6)

2.3 Bell Difference Sampling

In this section we briefly discuss Bell difference sampling. The key
objects are the characteristic and Weyl distributions of a state |¢/):

Definition 11 (Characteristic and Weyl distributions). We define
the characteristic distribution of |i/) as

Py () = 27 [P Wil 2. (7)
Furthermore, we define the Weyl distribution gy, as
gy () =4"(py P () = Y pypy(x+y). ()

ye]F;"

We gather some properties of these distributions in the following
proposition. Two of these are straightforward, and the third is a
core result of [3] (lemma 3.3):

Proposition 12 (Properties of py). The characteristic distribution
Py has the following properties:

. er]F%” pw(x) =1,

e Forallx € Fg", pylx) <277,

© Exepy [27Py (0] 2 Exqy [27py (0] = (Exep, 279y ()]

Finally we briefly discuss Bell difference sampling. Bell difference
sampling is a surprisingly straightforward procedure that allows
us to estimate Ex~q,, [|{(¢/|Wx|¢) 2] in the following way [12]:

2

(1) Measure [1/)®? in the Bell basis twice. This gives us two
independent samples x, y from py. We set a = x + .

(2) Measure the Weyl operator W, twice. We accept the sample
a if the measurements agree, and reject otherwise.

Repeating this many times and calculating the average number of
accepts we can compute the expectation value Ex~q,, [[{¢/|Wi|y) 12].
In particular (as can be seen in the proof of Theorem 3.3 in [12]),
the probability of acceptance paccept is equal to

3 Davta 1+ W) =

1
=-+
2

25 Wl o)
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This expectation value is the core quantity in stabilizer testing. It
provides an upper bound for the stabilizer fidelity as follows:

Fact 13 (Lemma 3.1 of [10]). Let |/) be an n-qubit pure quantum
state. Then,

1/6

Fs(y) < | E [IW1wxIpP]| (10)
x~q¢

This upper bound is enough to prove that Bell difference sam-

pling provides a one-sided stabilizer tester. The rest of this note is

concerned with providing a corresponding lower bound.

3 A Generalized Uncertainty Relation

In this section we introduce a generalized uncertainty relation,
which we will use to prove our main result. Roughly speaking, we
aim to generalize the following folklore relation for sets of mutually
anti-commuting Weyl operators to arbitrary sets of Weyl operators:

Fact 14 (Folklore, Lemma 4.23 of [3]). Let {A,‘}ﬁ\i1 be a set of mutu-
ally anti-commuting Weyl operators. For any pure state = |y X/,
we have that 294:1 Tr(lﬁAj)2 <1.

Let us now construct a generalization. Given an arbitrary set A
of Weyl operators, define I'4 as the anti-commutation graph of A.
To be more specific, the vertex set of I'4 is exactly A, and for any
Aj, Aj € A, they are connected by an edge if and only if A; and A;
anti-commute.

Taking a slight detour, we can also define the set of “normalized
Hamiltonians” associated with a set of Weyl operators A. We will be
interested in the operator norm of these Hamiltonians, maximized
over all possible Hamiltonians. For a set A = {Ai}?il of Weyl
operators, we define

} (11)

. Our key

M

Ha(a) = ) @i, llall =1

¥y(A) = max {||HA(a>2||
aeRM ‘=

o=

where ||HA(a)2|| = Amax(HA(a)z), llall 5
observation is as follows:

(Z?;Il al?)

Lemma 15. Let {Ai}?;ll be a set of Weyl operators. For any pure
state = |y X¢|, we have that

M
D, Tr(A)? < %o(A). (12)
i=1

Proor. Consider the vector w € RM where w; := Tr(yA;) =
(Y| A; ). Notice that

M M M
DITr(AD = Y WIAPXYI A ly) = @1 Y widilg) . (13)
i=1 i=1 i=1

Let Ha(w) = Z?ﬁl w;jA;, we have

M M
D ITr(AD? = (@1 Y widil) < [Ha(w)ll.  (14)
i=1 i=1
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w
[

||W|2)
w
a2 )| < VB, a9
2
since ||lw/[[wll5]l, = 1. Combining that Zf\il Tr(YA;)? = ||wl| g, we

can rearrange and square the above to obtain the lemma statement.
u]

Since ||[Hg(w)]| = ||W||2HHA(

, we conclude that

M
DI Tr(AD? < llwll,
i=1

We note that this quantity was also studied by [1] under the
name "commutation index". The uncertainty relation we are about
to show was also discovered independently (and earlier) in [6].
Next, we want to relate the quantity ¥y (A) to a property of the anti-
commutation graph I'4. To do this, we leverage a result by Hastings
& O’Donnell [13], derived in the context of fermionic Hamiltonian
optimization. Concretely, we need the following definition and
proposition.

Definition 16 (Definition 4.6 of [13]). For a graph T = ([M], E),
_ 2
¥(I) = argﬂa@[{Opt(l )

we define
}, (16)
1
)E

Here, €(T') is any matrix representation of the anti-commutation
relations encoded by the graph I'. Note that in particular, any set
of Weyl operators A is a representation of its anti-commutation
graph I'4 (this is discussed in greater detail in Section 2.6 of [13]).
Furthermore, this implies that ¥(I') < ¥(T') and the following
graph-theoretic characterization is also provided:

M

I=>"aixi € &(T), llall =1

i=1

where ||a|| 5 = (Z?ﬁl a?

Proposition 17 (Proposition 4.8 from [13]). For any graphT, we
have ¥(T) < 3(T).

With this we can show our generalized uncertainty relation.
Lemma 18 (Generalized uncertainty relation). Let {Ai}?il be a set

of Weyl operators with an associated anti-commutation graphT 4. For

any pure state y = |y Xy|, we have that

M
DI Tr(y A < Wo(A) < ¥(Ty) < H(Ta). (17)

i=1
Proor. The first inequality is directly from Lemma 15. By def-
inition, we have ¥y (T4) < ¥(T4), which is the second inequality.
The last inequality follows from Proposition 17. O

4 A Tolerant Testing Algorithm

In this section we prove our main theorem. We start from the
core fact derived in [3], namely that if Bell difference sampling
succeeds with high probability, there exists a subspace V' C F%”
of Weyl operators with high expected probability mass under the
characteristic distribution py:

Theorem 19. Let |{) be an n-qubit quantum state such that
Ex~qy [2"p¢(x)] >y fory € [0,1] and 2™ > w with C”’,

C’"” some constants. Then there exists a subspace V of Fg" such that:

DWW 9 = Cuy®|v),

xeV

(18)
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and
D I We [ = Gy, (19)

xeV
with C1 and Cy some constants.

We prove this theorem in the appendix. A version of this theorem,
that does not include the mild n dependence, can also be proven
by following the logic of [3] through their Section 4 towards Corol-
lary 4.11, and Claims 4.12 and 4.13 (together with Lemma 3.3), and
taking care to tally up all powers of y (which is not done explicitly
in [3]). This yields a similar theorem but with powers of y equal to
361 and 368 instead of 49 and 51.

Our goal will now be to find an isotropic subspace Vj of the
subspace V that also has a large probability mass. We will do this by
providing an upper bound and a lower bound on the Lovasz theta
of the anti-commutation graph Iy of (Weyl operators associated
to) the subspace V. To do this we note that for the Weyl operators
associated to a subspace V there exist integers m, k (with k + m <
n) and an n-qubit Clifford unitary U such that (abusing notation
somewhat):

def

Zk+m> =

where P; is a Pauli operator on the i’th qubit. With this struc-
ture, and the uncertainty relation we derived above we can control
d(Tw) = 9(Iy) from both above and below.

Lemma 20. Let W, k, m be defined as above, with associated anti-
commutation graph Tyy. For any pure state y = |y Xy|, we have
that

CiyIwl < )" Tr(yWi)? < 9(Tw) < —
xeW

UVUT = (Z1, X1, .. Z3o X, Zigsn, - - (20)

IWI

Proor. The lower bound is given by Lemma 18 and Theorem 19.

It is thus sufficient to show (I ) < |2ﬂk|
see that

. It is straightforward to
Ty 2 Ip, ® Ky, (22)
where I'p,_ is the anti-commutation graph of the (Weyl operators
in the) k-fold Pauli group, and Kam is the complement graph of the
complete graph with 2" vertices. According to properties of the
Lovéasz theta (Fact 5, Fact 3), we have

() < 19(rpk m(z_m) =9(Tp,) - S(I(Z_m).

Note that I'p, is actually the complement graph of the symplec-
tic graph Sp(2k, 2) defined in [20] with one extra isolated vertex
(corresponding to the identity operator). According to Fact 4 we

have 9(Tp, ) = 3(sp(zk, z)) + 1. With .9(sp(zk, z)) = 2% _ 1 (from

(23)

Theorem 3.29 of [20]), & (I@) = 2™ (directly from the definition
of 9), and |W| = 2%+™ we conclude that

Wi

k+m _
9(Tw) < 25 = .

(24)
o

As a conclusion of this section, We have the following corol-
lary, which will be used to prove a polynomial gap tolerant testing
theorem for stabilizer states.
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Corollary 21. Let |{/) be a pure state, and let V be the subspace
given in Theorem 19, with associated anti-commutation graph Ty .
There exists an isotropic subspace Vo C V, such that

2 2
D, Tryw? = — C — Z Tr(yWi)*. (25)
x€Vy
ProoF. By Lemma 20 and Equation (18), we have that
\%
Pl Y Tt <o < DL o

xeV
which implies 2k < Clly"”. As a direct consequence of Lemma 12

from [16], we can thus cover V with 2K + 1 isotropic subspaces of
V. Therefore there must exist a specific isotropic Vo €V, such that

> Ty = Z Tr(yP)*.

PeV,
(27)
m]

T+ O v49
PEV C

Note that the existence of Vj lower bounds the stabilizer fidelity
of |¢), since we can always extend this isotropic subspace to a
Lagrangian subspace, which gives rise to a stabilizer state. This
leads to the main theorem.

Theorem 22. Let ) be a state and let y = Ex~q,, [anl/, (x)]. Then
there exists some constant C, such that

Cr'® < F(lyy) <y

Proor. The second inequality is exactly Fact 13. We will prove
the first inequality. We begin by padding |) with |0) states such
that 2" > w Note that this leaves the stabilizer fidelity
unchanged (this follows from the contraction identity in App. G of
[14]). Also note that y > Fs(|¢))® > 27", so this never requires
more that cn qubits to do?. From Theorem 19 and Corollary 21,
there exists a subspace V, an isotropic subspace Vj and constants
Cq, Co, such that:

(28)

C
2 l}’ 2
2, TrYWo" 2 oo D, Tr(yW) (29)
x€eVy xeV
Cryt 51
Coy>2m 30
1+Ciy® 2y (30)
c.C 100
=2 _on (31)
1+C )/49
We can extend Vp to a Lagrangian subspace V' such that
Tr(t//Wx C1Coy'°
IRIGEDY = (32)
er XEV R C1)/
Following Proposition 10, we conclude that
C1Cy 1% 1 Cypt%0 100
¥ > > = s 33
S 2 T i s 2 T (33)
where C = figf O

This padding procedure is a technical trick to overcome the large-n requirement in
the proof of Theorem 19. We believe this is a proof artifact. In fact it can be removed by
using the version of Theorem 19 from [3], at the cost of a substantially higher power
of y.
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From this we can obtain a tolerant testing algorithm. The argu-
ment is standard, but we include it for completeness, and to get an
explicit value for the polynomial degree in the gap. For the proof
of Theorem 1 we need a standard Chernoff bound:

Lemma 23 (Chernoff-Hoeffding). Let X1, ..., X, be independent
random variables such that a < X; < b almost surely for all i. Then,

P(|— Xi—E
m i=1

Theorem 1. Leteq, ez € [0,1] and let |) be a state with stabilizer
fidelity

_ 25%m
(b-a)?

1o
E Xi (34)
—

25)S2e

WIS)I2,

either (1) larger than €; or (2) smaller than e;. If e < C’E?OO for
some constant C’, then 0(61_12) rounds of Bell difference sampling

can distinguish between case (1) and case (2) with probability greater
than 2/3.

Fs(y)) = 5y 1

€STAB,

ProOF. Let y = Ex~q, [|(1//|Wx|1//>|2]. We choose D1, Dy such
that

Dy = E?,
€211/100 (35)
D2=(Z)"
where C is the constant from Theorem 22. We define D := w

The algorithm now does the following: We perform Bell sampling
m times, obtaining samples x1, . .., X, to compute an estimate y of
the expectation value. The x1, . . ., xp, are Bernoulli distributed with
mean paccept = % + %y (see Equation (9)). We will set our estimate

Y to be
m
Z (2x; — 1).
i=1

Note that E[y] = y. We make the following decisions based on this
data:

e Ify > D, we output Fs(|¢)) > €1,
o Ify < D, we output Fs(|¢)) < e.

From the promise we know that either Fs(|¢)) > ej, or that
Fs(1¢)) < €. Suppose that (1) Fs(|¢/)) > €1, then by Theorem 22:

Yo = Fs(ly)) = e (37)

Thus y > D;. On the other hand, if (2) Fs(|¢)) < ez, then, again
by Theorem 22,

v= (36)

' < Fs (1) < e (38)
Thus y < Dj. This tells us that
Yy<DyorD; <y. (39)

Now suppose that F5(|/)) > €1, but y < D. Then the true value of

y is greater than or equal to D;. Therefore, the difference [y —y| > a,
D,-D,
3

where we define a = . We set C' = 21—(;,0 By assumption we

= )7 < e
%Dl. Therefore, it holds that D1 — Dy > %DI, soa > %Dl. Similarly,
suppose that Fs(|¢/)) < ez, buty > D. Then the true value of y is
less than or equal to D;. Therefore, the difference |y — y| > a. So
using the a Chernoff-Hoeffding bound (Lemma 23) witha = -1,b =

have that €5 < so Dy <

€890 Equivalently, (
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1, we can upper bound the probability that the algorithm makes a
mistake by

P(7 -yl 2 @) < 207797 < 2”7 (40)
. log(3)72 ., . e
Now assuming that m > ===, this probability is lower than
1
1/3. O
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A AnImproved Bound on the Polynomial
Degree

In this section we present an improvement to the degree of the
polynomial gap of the tester, beyond what can be achieved by
directly relying on the work of [3] (summarized below Theorem 19).
We will almost entirely retrace their argument but obtain various
parametric improvements and simplifications. The main bottleneck
in obtaining a lower degree polynomial relationship is the black
box use of theorems from additive combinatorics. It is unclear how
this can be fully avoided.

A.1 Obtaining a Large Nearly Linear Subset

The main contribution of this appendix is a sharply refined version
of Theorem 4.5 of [3], which shows the existence of a large set
Sc F%" that is nearly linear (in a precise probabilistic sense) and
has large point-wise probability mass under the characteristic dis-
tribution py. We believe that our version of this result is optimal (at
least with respect to its scaling with y). We note that the techniques
in this theorem could also be used to parametrically improve the
landmark result on low degree testing from Samorodnitsky[19]. We
have the following:

Theorem 24. Let |/) be an n-qubit quantum state. Then if
Ex~ql/,[|(l//|Wx|¢)|2] >y, and2" > % with C"”", C"” some
constants, there exists a set S C IF‘%" such that

(1) IS = L2,

(2) Forallx € S,2"py (x) 2 %,

(3) Psyesls+s €8] > L.

Proor. We begin by defining the set:

X = {x € B2 1 My, (x) > %} (41)
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We prove that this set is large, and then construct S as a random sub-
set of X.Itis clear that %|X| < Dxex 2”p¢(x) < erﬂ:;gn Z”pl/, (x) =
2" This implies that |X| < %2”. Furthermore, we can lower bound
|X| using Markov’s inequality:

<

=

E [2"py(x)] (42)

x~q¢

n Y
sxgw[z py(0) = 7|+

Y

Since gy (x) < 27" for all x, we have

P

xX~q

= > qy(x) < X2 (43)

o= ]
v x€X
Combining the above we obtain a lower bound:

3
x| > Z}"Zn- (44)

Next we construct the set S. This is done through a sampling process
on X. We take every x € X, and independently randomly decide to
include x € S with probability 2" py, (x). We will now prove that S
satisfies the three properties of the theorem statement with non-
zero probability. Note that the second property is automatically
satisfied, since S C X.

The rest of the argument is probabilistic (over the random choice
of S). We begin by calculating the expected size of S. It’s easy to
see that

BlIsl] :,;(2 py(x)=2" B [xeX] (45)
_on n )4
=2 x%[z py(x) 2 4]. (46)

Furthermore, from Proposition 12 we know that Ex~4 ” [ 2"p y (x)] <
Ex~py [2" Py (x)]. According to Markov’s inequality, we have

ysxg%w[z Py (0)] sxg,w[z Py ()] (47)
S IR I

Therefore Eg[|S|] > %y - 2", Next we compute the expected “lin-
earity” of S. In this argument we will need an upper bound on the
size of S, which we will indirectly obtain from its expected size. Let
A be a constant, which we will choose later, and define A to be the
event {|S| < (1+A) Es[|S|]}.

Now we can compute the linearity. Define

LSy = P [s+5 €S|

s,s’eS

(49)
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We calculate the expected linearity Eg[L(S)] as follows:

E[L(S)] (50)
S

=E||S] 2 Z I[x+ye€S] (51)
S_ x,y€S

=E N Z L[x € S]l[y € S]L[x+y € S] (52)
| x,yeX

22 N Z 1[x € S]1[y € S]L[x +y € S]1[A] (53)
| x,yeX
2—21’1

zmg > dlxesiiyes]ix+yeSI[A]l| (59

x,yeX

where the last inequality follows from |S| < (1+ A) Eg[|S]] and
Es[ISI] = 2" Px~p, [x € X] < 2". We can continue this calculation:

E Z 1[x € S]1[y € S]1[x +y € S]1[A] (55)
S x,yeX

= > BlllxeSI[yeSIi[x+yeS]L[A]] (56)
x,yeXx

zx’;x(]g[]l[x eS|l[yeS|l[x+ye S]] - ]E[A] (57)

= > Ell[xesli[yesli[x+yes]]-IX*B[A]. (58)
x,yEXS S

Let us now compute Ps [A] From Hoeftding’s inequality, and the
bounds Eg[|S|] = %y -2"and |X| < %2", we have that

o 242 SI1)?
P[A] =P|IS| > E[ISI] +)LE[|S|]] < exp{—M} (59)
s s S S X1
2/122 2, 22n
< exp{—%} (60)
)—/2
= exp{—9/12y32"_5}. (61)
Next we address the other term in Equation (58):
> E[Llxes]ilyesilx+ye S]] (62)
x,yeX s
= > E[tlxes|iyesii[x+yes]] (63)
x,yeX; S
x+yeX
> > 2py(x)py (h)py (x+y) (64)
x,yeX;
x+yeX
=22 3 2"y (x)py (W)py (x + ). (65)
x,yeX;
x+yeX

To evaluate this last sum, we relate it to the related sum over ]F%"
(as opposed to X). Note that we have

2, Poy@pypy e+ = E [IGIWKIE] 2 v (60
x,yeFan



Tolerant Testing of Stabilizer States with a Polynomial Gap via a Generalized Uncertainty Relation

Relating this sum to the summation in Equation (65) requires bound-
ing three residual sums:

2

x,yeFam;xgX

2"py (X)py (Y py (x +y)

<L Y @y =L 67
x,yeFn
D 2y (Mpy (W)py(x +y)
x,yeFamy¢X
<L Y ppyrrn =L 69)
x,yeFan
Z 2"py (x)py (Y)py (x +y)
x,ye]F%";xéX
<L pywpyren =L ()
x,yeFa"

Combining these and working out we obtain the lower bound:

3 _ _)2,39n-5
L) 2 (v = Fr- 2 PR o
S 1 1)/— E —9A2y3gn=5 . (71)
T a+n%\4t 2
Fix A = 0.01, for n such that 2" > 3209000 . 3ln(l/Y)3+ln1600 =

Y

w with C” and C”” some constants, we have Es[L(S)]

\

%. Using the Chernoff bound, Markov’s inequality, and the union
bound, we conclude that there exists S, such that |S| > % - 2" and
Pssesls+s €8] > %. |

A.2 Proof of Theorem 19

Using Theorem 24 we can prove Theorem 19. This argument is
exactly that of [3], chaining together the Balog-Szemeredi-Gowers
and polynomial Freiman-Rusza theorems to obtain a subspace V' C
FS” with appropriate parameters. We include it here in the interest
of presenting a self-contained narrative.

Theorem 19. Let |yy) be an n-qubit quantum state such that
Ex~qy [2"p¢(x)] >y fory € [0,1] and 2™ > w with C”,

C""" some constants. Then there exists a subspace V of Fa" such that:

D W We 9 = Ciy®|v, (18)
xeV

and
DWW )P = Gy, (19)

xeV
with C1 and Cy some constants.

Proor. We use Theorem 24 to guarantee the existence of a set
S (with the properties given in Theorem 24. As we disussed there,
this set is nearly linear. We can apply the Balog-Szemeredi-Gowers
theorem to S, to give us another set §” which is of similar size and
has small doubling (meaning the set S’ + 5’ := {s+§ : 5,§€ 5"}
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is not much bigger than S’. Concretely the BSG theorem (adapted
from [21]) is stated as follows:

Theorem 25 (Balog-Szemeredi-Gowers, modified form [4, 5, 7]).
Let S C ]Fg" such that Ps ¢ cs[s+s’ € S] = e, then there exists a
subset S’ C S, such that

/> €
1512 55515,
[S"+S| 1
@ S <s(2)
The proof for this form of BSG theorem is based on [5], is post-
poned to Appendix C. We apply this theorem with € = % to obtain

|S"+S7|
45T

36

aset S’ with |§/| > %|S| an v

6
< (%)
The next step is to argue that a set of small doubling can be

covered by a few translates of a subspace V. This is the content of
the polynomial Freiman-Ruzsa theorem.

Theorem 26 (Polynomial Freiman-Ruzsa [8, 9]). Ifa set S’ C F%"
has doubling constant at most K, then there exists a subspace V of
F%” with the follwing properties:

() IVl <15’

(2) S’ is covered by at most (2K)® translates of V.

We apply the Polynomial Freiman-Ruzsa theorem to S’, with

9

K= (%) , yielding a subspace V C IF%”. Now by the pigeonhole

principle, there must exist a translate of V, say V + y, that contains

at least @Lﬂ members of S”. Each element x € S’ has py (x) >
2_”%, )
1 _
D z— > 2Ty/a (1)
|V +y| xeV+ |V| ’
y xe(V+y)NS
1 - -nY
> —(2K) 788’27 73
S BN )
> (21()‘82‘"2. (74)
So we have
B py(x) 2 2K) 2L = oy, (75)
xeV+y 4

for some constant C;. Through a clever little argument in [3] (Corol-
lary 4.11), we have that this value is even larger on V:

E py(x) = E x) > Cry’%27", 76
xeva( ) xewyplp( ) = Cry (76)
If we rewrite this equation we get
DWW )P = Cry v, (77)
xeV
Besides,
DWW P = K78 Y (I we [P (78)
xeV xeS’
> (2K)’8§|S’|. (79)
Note that [S"| > £ -S| = § - %2”, we conclude that
_ &
DI = @) tE 2 Lan— oy Tan (s0)
xeV
O
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B Proof of Proposition 10

Proposition 10 (Proof of Theorem 3.3 of [12], Corollary 7.4 of
[11]). LetV be a Lagrangian subspace ong". Then,

Fs (1) = D py(x).

xeV

(©)

where py (x) = 277 (|Wy|$)|? is the characteristic distribution of
[y (see below).

PrOOF. Let V be Lagrangian subspace of ;. Then let {|¢q) } acFn
be the basis of eigenstates of the matrices {Wy : x € V'}. For each
a, |Pq) is a stabilizer state. Every x € V corresponds to a unique
linear function fy : Fj} — F2 such that

W = 3" (=15 g0 Xl (81)
Now we have, setting ¥ = [/ X¢/|,
Fs (1)) = max (gl ¥ |$a) (82)
= max (al ¥ Ida) ) (#5l¥ |¢p) (83)
P
2 D (dplv ) (849
7
We show that 2" 35 |¢ﬁ><¢ﬁ| 4 i¢ﬁ><¢ﬁ| = Yrev W W :
DWWl =3 3 (DD g0 Xbal v |gpXdpl (85)
xeV xeV oc,ﬁEJFg'
= > 2"[a=plIgaXdel ¥ IopXspl  (86)
a,BeFy
= >, 2" opXepl v |85 X5l (87)
BeFy
Now
2
r (21 3 woyw ) (88)
xeV
2
=Tr ( >, [#sXgslv |¢ﬁ><¢’/3|) (89)
BeF]
=> {pplv|0p)° (90)
b
and
( > wepw ) (91)
xeV
== Tr| > yWIW g (wiw,)’ (92)
x,yev
- zin Te| S ywwi| = S py o). (93)
yev yev
]
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C Proof of Modified BSG Theorem

Theorem 25 (Balog-Szemeredi-Gowers, modified form [4, 5, 7]).
LetS C Fg" such that Pscs[s+s" €S] > e, then there exists a
subset S’ C S, such that

@18z ;%
)’

€
255151
(2) < 8(1
Proor. The proof is based on [5]. For x € S+ S, let r(x) =
|{(a, b)eS?:a+b= x}| Note that

B
Z r(x)=1S12 P [s+s €S| =elS
xeS s,s’eS

We uniformly randomly choose Z from S. Let B=SN (S + Z). Let
S= {(a, b) €S :r(a+b) < 082|S|}.We have

|S"+S’ |
[S’]

(94)

1 1
E[IB] = = YIS0 (S+2)| == > r(2) 2 &lsl,  (95)
|S| z€S |S| z€S
and
E[[B2ns||= ) PrlacBAbe Bl (96)
(ab)eS
= Prlae S+ZAbeS+Z] (97)
(ab)eS
+b
< r(a 5 ) (98)
(ab)esS 151
< ce? (99)
(ab)eS
< ce?|S|%. (100)
To conclude,
E[2c|BJ* - [B2 n S]] > ce?|S|. (101)
Therefore there exists z and B, such that [B| > % |S | and \Bz N S| <
2¢|B|?. Fix ¢ = 16, then we have B such that |B| v |S| . Besides,
let I' = (B X B, E) be the bipartite graph with edge set
&2
:{(a,b) €eB?:r(a+b) > 1—6|5|}. (102)

Then |E| > %|B| 2 Let S’ C B be the set of vertices with degree
at least %|B| . Since |E| = Yy epdeg(x), we have |S’| > %|B| >
\LE|S| . Furthermore, for every pair a,b € §’, they share at least
%|B| common neighbors. We will show S’ has small doubling num-
ber as follows. For each u € S’ + 5/, let (ay,by) € S" X S" be a
pair such that a, + by, = u. Then, the numbmer of quadruples
(a,b,c,d) € S* satistying (a +b) + (c +d) € S’ — S is at least
1 £ 2
> rau+x)r(by +x) 2 |8+ S’|(5|B| )(E|5|) (103)

ueS’+S’ xeB

1 5|c’ ’ 3
> — |5 + 8|S (104)
2V2 | |
Since this number is at most |S|#, we conclude that
|+ 8| < 2V2e7°|S| < 8e76|S]. (105)
O
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