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Abstract
We consider the problem of testing whether an unknown 𝑛-qubit

quantum state is a stabilizer state, with only single-copy access.

We give an algorithm solving this problem using 𝑂 (𝑛) copies, and
conversely prove that Ω(

√
𝑛) copies are required for any algorithm.

The main observation behind our algorithm is that when repeat-

edly measuring in a randomly chosen stabilizer basis, stabilizer

states are the most likely among the set of all pure states to ex-

hibit linear dependencies in measurement outcomes. Our algorithm

is designed to probe deviations from this extremal behavior. For

the lower bound, we first reduce stabilizer testing to the task of

distinguishing random stabilizer states from the maximally mixed

state. We then argue that, without loss of generality, it is sufficient

to consider measurement strategies that a) lie in the commutant

of the tensor action of the Clifford group and b) satisfy a Positive

Partial Transpose (PPT) condition. By leveraging these constraints,

together with novel results on the partial transposes of the genera-

tors of the Clifford commutant, we derive the lower bound on the

sample complexity.
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1 Introduction
Understanding properties of unknown quantum systems is cru-

cial for applications ranging from benchmarking quantum devices

to exploring fundamental physics. One key property of quantum

states is their non-stabilizerness which quantifies their deviation

from the set of stabilizer states. This property is intricately linked

to the ability to enhance Clifford operations, ultimately enabling
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universal quantum computation. In this work, we are concerned

with characterizing this property. Specifically, we study stabilizer
testing, which has been extensively studied recently within the field

of quantum property testing [3, 4, 8, 15, 21, 23, 41, 43].

Definition 1.1 (Stabilizer testing). Given access to copies of an

unknown 𝑛-qubit pure state |𝜓 ⟩, decide if |𝜓 ⟩ is a stabilizer states
or at least 𝜖-far from all stabilizer states.

Motivated by practical feasibility considerations, recent research

has made significant progress in understanding the statistical over-

heads associated with restricted quantum learning and testing pro-

tocols [9–11, 13, 14, 25, 29, 32, 38, 40, 45]. In particular, one often

considers restricting the quantum learning/testing algorithm to

process only one copy of the unknown state at a time. We refer to

such algorithms as single-copy algorithms. This in contrast tomulti-
copy algorithms that can jointly operate across multiple copies at

once. In practice, this limitation may arise due to a lack of quan-

tum memory to store multiple copies which is why in some works

single-copy algorithms are referred to as learning algorithms with-

out quantum memory [12, 29]. It may however also arise due to the

difficulty of implementing joint operations across multiple copies.

The restriction to single-copy algorithms has been shown to lead

to large, often even exponential, increases in the number of copies

necessary for certain learning or testing tasks when compared to

general multi-copy algorithms.

In the context of learning stabilizer states, this separation has

been tightly characterized (c.f. Table 1). However, for stabilizer

testing, an understanding of the separation between single- and

multi-copy algorithms is still missing. While Ref. [23] gave a 2-copy

algorithm using in total 6 copies of the unknown state (in the case of

qubits), thereby settling the multi-copy complexity, the single-copy

complexity remained open.

1.1 Results
In this work, we address this gap: First, we give a single-copy

stabilizer testing algorithm using𝑂 (𝑛) copies, based on the compu-

tational difference sampling primitive introduced in [20].

Informal Theorem 1.2 (Upper bound). There exists a non-
adaptive single-copy algorithm for stabilizer testing that uses 𝑡 =

𝑂 (𝑛) copies running in time 𝑂 (𝑛3).

We note that sample complexity of this algorithm beats a brute-

force approach using classical shadows [30]. This approach would

consist of estimating the fidelity with all 2
𝑂 (𝑛2 )

many 𝑛-qubit sta-

bilizer states and would require 𝑡 = 𝑂 (𝑛2) many copies (as well as

exponential time complexity).
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Table 1: Upper and lower bounds on the number of copies 𝑡
required for learning and testing stabilizer states with single-
copy and multi-copy access, respectively.

Single-copy Multi-copy

Learning Θ(𝑛2 ) [1, 2, 20] Θ(𝑛) [42]
Testing Ω (

√
𝑛) ≤ 𝑡 ≤ 𝑂 (𝑛) (This work) Θ(1) [23]

Secondly, we provide a lower bound of Ω(
√
𝑛) copies on the

sample complexity of any single-copy algorithm, using the repre-

sentation theory of the Clifford group [23] and a Positive Partial

Transpose (PPT) relaxation technique due to Harrow [25]:

Informal Theorem 1.3 (Lower bound). Any single-copy algo-
rithm for stabilizer testing requires at least 𝑡 = Ω(

√
𝑛) copies.

As far as we know, this is the first work showing such a fine-

grained single-copy/multi-copy separation for a property testing

problem, as opposed to the exponential separations usually seen

in the literature. We remark that establishing this lower bound for

stabilizer testing requires tools well beyond those used to show the

lower bounds for stabilizer state learning. The latter bounds follow

from the Holevo bound in the multi-copy case [42] or require com-

puting only second moments in the single-copy case, see Theorem

5 in [2]. In contrast, we use 𝑡 = Ω(
√
𝑛)-th moments of the Clifford

group.

Extension to Qudits and Mixed State Inputs. For simplicity, we

focus on 𝑛-qubit (𝑑 = 2) pure states throughout the manuscript.

However, our single-copy stabilizer testing algorithm extends natu-

rally to the case where the local dimension 𝑑 is prime, maintaining

the same time- and sample complexity as stated in Informal The-

orem 1.2. Furthermore, the algorithm also directly applies to the

case of mixed state inputs 𝜌 as considered recently in [31]. That

is, when applied to mixed states, the algorithm tests if 𝜌 is at least

𝜖-far from all pure stabilizer states. We further comment on these

extensions in the full version of the paper [28].

1.2 Technical Overview
Upper Bound. The single-copy stabilizer testing algorithm we

present is very much inspired by the learning algorithms for sta-

bilizer states from [1, 16, 20]. In particular, in our algorithm, we

utilize the computational difference sampling primitive introduced

by [20]. It involves two copies of the unknown state |𝜓 ⟩, sampling

each in the computational basis, and adding the outcome bitstrings

mod 2 during classical post-processing (see Section 2.4 for more

details).

Letting |𝜓 ⟩ be the unknown state wewant to test, our single-copy
algorithm proceeds as follows:

(1) Sample a uniformly random Clifford 𝐶 from the Clifford

group Cl (𝑛).
(2) Use 2𝐾 = 𝑂 (𝑛) (but 𝐾 > 𝑛) copies of |𝜓 ⟩ to repeatedly mea-

sure 𝐶 |𝜓 ⟩ via computational difference sampling obtaining

samples v1, . . . , v𝐾 .
(3) Taking the samples as rows of a matrix, compute the rank

of the 𝐾 × 𝑛 binary matrix in order to check if the samples

span F𝑛
2
or only a proper subspace of F𝑛

2
. In the former case,

output 1, in the latter case output 0.

We refer to the expectation value (over the choice of random Clif-

ford) of this random process as the average spanning probability:

P𝐾 ( |𝜓 ⟩) := E
𝐶∼Cl(𝑛)

[
Pr

v1,...,v𝐾∼𝑟𝐶 |𝜓 ⟩
span{v1, . . . , v𝐾 } = F𝑛

2

]
(1)

Here, 𝑟𝐶 |𝜓 ⟩ denotes the computational difference sampling distribu-

tion corresponding to the state𝐶 |𝜓 ⟩. By repeating the above 3-step
process 𝑂 (1/𝜖2) many times, our algorithm estimates P𝐾 ( |𝜓 ⟩) up
to additive precision 𝜖 .

As we demonstrate, the average spanning probability P𝐾 ( |𝜓 ⟩) is
extremal for stabilizer states, taking a value of roughly P𝐾 ( |𝑆⟩) ≈
0.42 (for any 𝑛 ≥ 10) and increases beyond this value for non-

stabilizer states. Our key technical contribution is to show that for

a state that is 𝜖-far from all stabilizer states, this increase is suffi-

ciently large, namely of the order Ω(𝜖). Hence, this increase can be

detected sample-efficiently by estimating P𝐾 ( |𝜓 ⟩) and comparing

to the value for stabilizer states which can be efficiently computed

exactly analytically. This gives rise to a single-copy stabilizer testing

algorithm.

Understanding P𝐾 for stabilizer states is easy because their out-

put distributions in the computational basis are well-known to be

uniform over affine subspaces of F𝑛
2
(c.f. Eq. (16)). The key chal-

lenge is to analyze and bound the average spanning probability

for non-stabilizer states |𝜓 ⟩ because their output distributions in
the computational basis are no longer uniform over a subspace. To

overcome this challenge, we make use of a key relation between

the computational difference sampling distribution 𝑟𝜓 and the so-

called characteristic distribution 𝑝𝜓 . The characteristic distribution
𝑝𝜓 associated to a pure 𝑛-qubit state is the distribution over F2𝑛

2

given by

𝑝𝜓 (x) = 1

2
𝑛
|⟨𝜓 | 𝑃x |𝜓 ⟩|2 , (2)

where we identify Pauli operators in {𝐼 , 𝑋,𝑌 , 𝑍 }𝑛 with bitstrings

x = (a, b) via 𝑃x = 𝑖a·b𝑋 a𝑍b
. The relation was established in [20]

and posits that the computational difference sampling distribution

𝑟𝜓 can be written in terms of 𝑝𝜓 as follows:

𝑟𝜓 (a) =
∑︁
b∈F𝑛

2

𝑝𝜓 (a, b) . (3)

Using this relation, we are able to rewrite P𝐾 ( |𝜓 ⟩) in terms of 𝑝𝜓 .

Lastly, to connect back to stabilizer testing, we use the fact that the

weight of 𝑝𝜓 on any commuting subgroup of {𝐼 , 𝑋,𝑌 , 𝑍 }𝑛 relates

to the stabilizer fidelity of |𝜓 ⟩, defined as max |𝑆 ⟩∈Stab(𝑛) |⟨𝑆 |𝜓 ⟩|2,
where Stab (𝑛) denotes the set of all 𝑛-qubit stabilizer states. In par-

ticular, for any such stabilizer group corresponding to an isotropic

subspace𝑀 ⊂ F2𝑛
2
, it holds that [21, 23],

max

|𝑆 ⟩∈Stab(𝑛)
|⟨𝑆 |𝜓 ⟩|2 ≥

∑︁
x∈𝑀

𝑝𝜓 (x) . (4)

Lower Bound. For the lower bound, we first establish a reduction

between stabilizer testing and the task of distinguishing uniformly

random stabilizer states from the maximally mixed state. This re-

duction is analogous to the reduction between purity testing and

the task of distinguishing Haar random states from the maximally
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mixed state, whichwas previously considered in [12, 14, 25]. The dif-

ference is that the unitary group𝑈 (𝑛) is replaced with the Clifford

group Cl (𝑛). Based on this analogy, we adapt the proof strategy

due to Harrow [25] to the Clifford group. We now outline the main

ideas behind this proof strategy in more detail.

Consider a single-copy algorithm with access to 𝑡 copies of ei-

ther a random stabilizer state |𝑆⟩ or the maximally mixed state. The

first main insight is that since the states E |𝑆 ⟩∼Stab(𝑛)
[
|𝑆⟩⟨𝑆 |⊗𝑡

]
and

𝐼⊗𝑡/2
𝑛𝑡
, which the algorithm is supposed to distinguish, both com-

mute with all 𝐶⊗𝑡
where 𝐶 ∈ Cl (𝑛), we can restrict our attention

to measurements in the commutant of the 𝑡-fold tensor action of

the Clifford group, defined as

{𝐴 ∈ L((C2)⊗𝑛)⊗𝑡 ) | [𝐴,𝐶⊗𝑡 ] = 0,∀𝐶 ∈ Cl (𝑛)} . (5)

This commutant was fully characterized in the seminal work [23]. In

particular, it is spanned by operators𝑅(𝑇 ) which are associatedwith
certain subspaces 𝑇 ⊂ F2𝑡

2
. Similar to the permutation operators

spanning the commutant of the tensor action 𝑈 ⊗𝑡
of the unitary

group, these operators 𝑅(𝑇 ) are also approximately orthogonal

with respect to the Hilbert-Schmidt inner product in the regime

where 𝑡 ≪ 𝑛.

The second main insight is that any distinguishing two-outcome

POVM {𝑀0, 𝑀1} corresponding to a single-copymeasurement strat-

egy is also Positive Partial Transpose (PPT), i.e., it satisfies

0 ⪯ 𝑀
Γ𝑆
𝑖

⪯ 𝐼 ∀𝑆 ⊆ [𝑡] . (6)

Here,
Γ𝑆

denotes taking the partial transpose with respect to the

subset of copies indexed by some 𝑆 ⊆ {1, . . . , 𝑡}. Motivated by this

insight, we study the partial transposes of the unitary operators

𝑅(𝑂) which form an important subgroup of the commutant (see

Section 4.2 in [23]). In particular, we are able to characterize the

singular values of the partial transposes 𝑅(𝑂)Γ𝑆 .
Finally, using our insights about the partial transposes, we are

able to leverage both the PPT constraint in Eq. (6) and the approx-

imate orthogonality of the operators 𝑅(𝑇 ) to derive the sample

complexity lower bound.

1.3 Related Work
Learning Stabilizer States and Their Generalizations. Our work

is closely related to a line of work exploring the learnability in a

tomographic sense of stabilizer states and their generalizations. This

line started with [1, 42] giving single- and multi-copy algorithms

for learning stabilizer states, respectively. Since then, these works

were generalized to learning states with large stabilizer dimension

[16, 20, 35, 37], meaning states stabilized by a non-maximal abelian

subgroup of Pauli operators, and to higher degree binary phase

states [2], where degree 2 corresponds to stabilizer states. In all of

these works, the underlying assumption is that the unknown state

|𝜓 ⟩ belongs to the restricted class of states that is to be learned. This
assumption sets these works apart from a testing scenario where

the very goal is to test the validity of such an assumption.

Agnostic Tomography of Stabilizer States. Recent works have
shifted towards agnostic learning of states (also called agnostic

tomography) where |𝜓 ⟩ can be arbitrary and the goal is to learn the

best approximation from a given class of states. This agnostic learn-

ing framework naturally also gives rise to testing algorithms. For

instance, [21] addressed agnostic tomography of stabilizer states,

[19] focused on stabilizer product states, and [15] extended the

approach to stabilizer states, states with large stabilizer dimensions,

and product states.

Tolerant Stabilizer Testing. Another exciting direction is tolerant
stabilizer testing, where the goal is to determine if an unknown

state |𝜓 ⟩ is approximately a stabilizer state, rather than exactly

one or far from it. Recent work [3, 4, 21, 41], building on [23], has

shown that by repeatedly running the algorithm from [23], one can

achieve tolerant testing across a broad range of parameters.

Measuring Non-Stabilizerness. Characterizing the amount of non-

stabilizerness in a quantum state is also an active topic of research

in a more physics-oriented literature. In particular, [26, 27] showed

how to use 2-copy Bell measurements to quantify non-stabilizer-

ness in quantum states. However, to the best of our knowledge,

there is to date no efficient single-copy protocol for measuring

non-stabilizerness. While it has been realized that the so-called

stabilizer entropies [36] can also be measured via single-copy proto-

cols [36, 44], the proposed protocols feature an exponential sample

complexity.

1.4 Open Problems
As a result of this work, we identified multiple interesting open

problems:

Matching Upper and Lower bounds. Currently, our Ω(
√
𝑛) lower

bound and our𝑂 (𝑛) upper bound on the sample complexity are not

quite matching. The lower bound can potentially be tightened by a

sharper analysis of the orthogonality of the operators 𝑅(𝑇 ) span-
ning the commutant as well as an even more refined understanding

of their partial transposes.

Lower Bound via the Tree Representation Framework. As men-

tioned before, [12] obtains a lower bound for purity testing by con-

sidering an analogous distinguishing task to the one we consider.

However, they bound the sample complexity of this distinguish-

ing task via the so-called tree representation framework instead

of the PPT relaxation. We discuss obstacles to this approach in

our case in the full version of our paper [28]. It remains an open

question, if our lower bound can also be obtained by means of the

tree representation framework.

Tolerant Single-Copy Stabilizer Testing, Efficiently Measuring Non-
Stabilizerness. Can our single-copy stabilizer testing algorithm be

made tolerant? A related open question is: Are there efficient single-

copy algorithms for measuring somemeasure of non-stabilizerness?

Multi-Copy Access but Restricted Memory. Ref. [14] considers
an intermediate scenario between single- and multi-copy access.

Therein, multi-copy access is allowed, however the overall quantum

memory is only 𝑘 < 2𝑛 qubits, so one cannot operate across two

full copies of the unknown state |𝜓 ⟩. In this setting, they establish

a phase transition for the sample complexity of purity testing. Due

to the structural similarities between purity testing and stabilizer

testing, it is interesting to try to generalize their result to stabilizer

testing.
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Full Version. Due to space constraints, most proofs have been

omitted. These can be found in the full version of this manuscript

[28].

2 Preliminaries
We begin by setting some notation. We often denote pure states by

𝜓 = |𝜓 ⟩ ⟨𝜓 |. For a positive integer 𝑛, we define [𝑛] := {1, . . . , 𝑛}. For
a set of vectors {v1, . . . , v𝐾 }, we denote their span by ⟨v1, . . . , v𝐾 ⟩.
We denote by F2 the finite field of 2 elements and by F𝑛

2
the 𝑛-

dimensional vector space over this field. We denote by 0𝑛 ∈ F𝑛
2
the

zero-vector in this vector space. For 𝑝 a distribution over a set 𝑆 ,

we denote drawing a sample 𝑥 ∈ 𝑆 according to 𝑝 by 𝑥 ∼ 𝑝 . For 𝑝 a

distribution over F𝑛
2
and 𝐻 ⊆ F𝑛

2
a subset, we denote the weight of

𝑝 on the set 𝐻 by 𝑝 (𝐻 ) :=
∑
x∈𝐻 𝑝 (x).

We will make extensive use of the following standard fact of

probability theory on linear spaces.

Lemma 2.1. Let 𝑝 be a distribution over F𝑛
2
and let𝐻 be a subspace

of F𝑛
2
and let 𝑝 (𝐻 ) be the probability weight of 𝑝 on 𝐻 . Then, for i.i.d.

x1, . . . , x𝐾 ∼ 𝑝 ,

Pr

x1,...,x𝐾∼𝑝
(⟨x1, . . . , x𝐾 ⟩ ⊆ 𝐻 ) = (𝑝 (𝐻 ))𝐾 . (7)

2.1 Vector Spaces Over F2

In this work, we will deal repeatedly with the vector spaces F𝑛
2
and

F2𝑛
2

and two different inner products on them:

Definition 2.2 (Standard inner product). For a, b ∈ F𝑛
2
, we define

their standard inner product as

a · b = 𝑎1𝑏1 + · · · + 𝑎𝑛𝑏𝑛 (8)

where operations are performed over F2.

Note that the standard inner product is also defined on F2𝑛
2
. For

instance, for x = (a, b) , y = (v,w) ∈ F2𝑛
2

we have x ·y = a ·v+b ·w.

Definition 2.3 (Orthogonal complement). Let 𝐻 ⊆ F𝑛
2
be a sub-

space. The orthogonal complement of 𝐻 , denoted by 𝐻⊥
, is defined

by

𝐻⊥
:=

{
𝑎 ∈ F𝑛

2
: a · b = 0 , ∀b ∈ 𝐻

}
. (9)

Fact 2.4. Let 𝐻 be a subspace of F𝑛
2
. Then:

• 𝐻⊥
is a subspace.

•
(
𝐻⊥)⊥ = 𝐻 .

• dim (𝐻 ) + dim

(
𝐻⊥) = 𝑛

For elements of F2𝑛
2
, we additionally also introduce the symplectic

inner product.

Definition 2.5 (Symplectic inner product). For x, y ∈ F2𝑛
2
, we

define their symplectic inner product as

[x, y] = 𝑥1𝑦𝑛+1 + 𝑥2𝑦𝑛+2 + · · · + 𝑥2𝑛𝑦𝑛 (10)

where operations are performed over F2.

A subspace 𝑇 ⊂ F2𝑛
2

is said to be isotropic when for all x, y ∈ 𝑇 ,
[x, y] = 0. A Lagrangian subspace𝑀 ⊂ F2𝑛

2
is an isotropic subspace

of maximal dimension, namely of dimension dim (𝑀) = 𝑛.

2.2 Phaseless Pauli Operators and the
Characteristic Distribution

In this section we recall some well-known facts about the Pauli

group. The single-qubit Pauli matrices are denoted by {𝐼 , 𝑋,𝑌 , 𝑍 }.
The 𝑛-qubit Pauli group P𝑛 is the set {±1,±𝑖} × {𝐼 , 𝑋,𝑌 , 𝑍 }⊗𝑛 . The
Clifford group is the normalizer of the Pauli group. We denote the

𝑛-qubit Clifford group by Cl (𝑛).
In this work, we will deal almost exclusively with phaseless Pauli

operators (also often referred to as Weyl operators, c.f. [20, 23]), i.e.,

elements of the set {𝐼 , 𝑋,𝑌 , 𝑍 }⊗𝑛 . Hence, whenever we refer to a

Pauli operator, we refer to its phaseless version unless explicitly

stated otherwise. Since {𝐼 , 𝑋,𝑌 , 𝑍 }⊗𝑛 is one-to-one with F2𝑛
2
, we

can label elements of this set by bitstrings of length 2𝑛 as follows.

Let x = (a, b) = (𝑎1, 𝑎2, . . . , 𝑎𝑛, 𝑏1, 𝑏2 . . . , 𝑏𝑛) ∈ F2𝑛
2
. We then define

𝑃x = 𝑖a·b
(
𝑋𝑎1𝑍𝑏1

)
⊗ · · · ⊗

(
𝑋𝑎𝑛𝑍𝑏𝑛

)
= 𝑖a·b𝑋 a𝑍b . (11)

Here, as an exception, the inner product a · b on the phase in front

is understood as being an integer rather than mod 2. Throughout

this work, we will often identify bitstrings in x ∈ F2𝑛
2

with their

corresponding (phaseless) Pauli operator 𝑃x. For instance, we will
identify Z := {𝐼 , 𝑍 }⊗𝑛 with 0𝑛 × F𝑛

2
.

The commutation relations between Pauli operators are captured

by the symplectic inner product of their corresponding bitstrings. In

particular, for x, y ∈ F2𝑛
2
, the corresponding Pauli operators 𝑃x, 𝑃y

commute if [x, y] = 0 and anticommute if [x, y] = 1.

Any 𝑛-qubit state 𝜌 can be expanded in the Pauli basis as

𝜌 =
1

2
𝑛

∑︁
x∈F𝑛

2

tr (𝜌𝑃x) 𝑃x . (12)

The squared coefficients of this expansion form a probability distri-

bution known as the characteristic distribution:

Definition 2.6 (Characteristic distribution [20, 23]). Let |𝜓 ⟩ be an
𝑛-qubit pure state, then its characteristic distribution 𝑝𝜓 is defined

via

𝑝𝜓 (x) = 1

2
𝑛

tr (𝜓𝑃x)2 . (13)

Note that this distribution is automatically normalized because

1

2
𝑛

∑
x tr (𝜓𝑃x)2 = tr

(
𝜓2

)
= 1.

2.3 Single-Copy Algorithms
This work characterizes the complexity of stabilizer testing under

the restriction to single-copy algorithms. Here, we provide a formal

definition of such algorithms and note that similar definitions can

be found in [12, 14] under the term learning algorithms without
quantum memory. In general, a quantum learning algorithm ac-

cesses multiple identical copies of an unknown state 𝜌 and uses

quantum measurements and classical post-processing to predict

its properties. Throughout the paper, we take the total number of

copies of the unknown state to be 𝑡 . Single-copy algorithms form a

restricted class of quantum learning algorithms defined as follows:

Definition 2.7 (Single-copy algorithm). Let 𝜌 be an 𝑛-qubit quan-

tum state. A single-copy learning/testing algorithm using in total 𝑡

copies of 𝜌 operates in 𝑡 sequential rounds. In each round, the algo-

rithm measures a fresh copy of 𝜌 using a POVM in C2
𝑛×2

𝑛
which

could be chosen adaptively, i.e., it could depend on the measurement
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results of previous rounds. After all 𝑡 rounds, the algorithm predicts

the desired properties of 𝜌 based on the measurement results of all

𝑡 rounds.

In contrast, general quantum learning algorithms are allowed to

process all 𝑡 copies simultaneously by applying a global POVM in

C2
𝑛𝑡×2

𝑛𝑡
.

2.4 Computational Difference Sampling
The core measurement routine of the testing algorithm introduced

in this paper (Theorem 1.2) relies on computational difference sam-
pling. This primitive was introduced in [20] and refers to measuring

two copies of a state in the computational basis and adding the

obtained outcomes via bit-wise addition mod 2 in classical post-

processing. More formally, we have the following definition:

Definition 2.8 (Computational difference sampling). Computa-

tional difference sampling a quantum state |𝜓 ⟩ corresponds to the

following quantum measurement. (1) Measure |𝜓 ⟩ in the computa-

tional basis to get outcome a ∈ F𝑛
2
. (2) Measure an additional copy

of |𝜓 ⟩ in the computational basis to get another outcome b ∈ F𝑛
2
. (3)

Output a+b ∈ F𝑛
2
(addition mod 2). Let 𝑟𝜓 (a) denote the probability

of sampling a ∈ F𝑛
2
through this process.

Importantly, computational difference sampling only uses single-

copy measurements. In this work, we will repeatedly make use

of the following key correspondence between subspace weights

of the computational difference sampling distribution 𝑟𝜓 and the

characteristic distribution 𝑝𝜓 :

Lemma 2.9 (Subspace weight correspondence between 𝑟𝜓
and 𝑝𝜓 ). Let |𝜓 ⟩ be a pure 𝑛-qubit quantum state. Given a subspace
𝐻 ⊆ F𝑛

2
, consider its orthogonal complement 𝐻⊥ (with respect to the

standard inner product on F𝑛
2
). Then,

𝑟𝜓 (𝐻 ) = |𝐻 | 𝑝𝜓
(
0𝑛 × 𝐻⊥) , (14)

where 0𝑛 × 𝐻⊥ ⊆ Z.

Importantly, Lemma 2.9 says that the weight of 𝑟𝜓 on any sub-

space only depends on the weight of 𝑝𝜓 on a corresponding sub-

space of Paulis in Z. We note that Lemma 2.9 is already implicit in

Corollary 8.5. in [20]. However, their statement is presented with

respect to the symplectic complement since they work throughout

with the symplectic inner product on F2𝑛
2

instead of the standard

inner product on F𝑛
2
. Here, we find it more convenient to state this

relationship in terms of the orthogonal complement.

2.5 Stabilizer States and Isotropic Subspaces
A pure 𝑛-qubit state is a stabilizer state if there exists an Abelian

group 𝑆 ⊂ P𝑛 of 2
𝑛
Pauli operators 𝑃 ∈ P𝑛 (with phase of +1 or

−1) such that

𝑆 = {𝑃 ∈ P𝑛 : 𝑃 |𝜓 ⟩ = |𝜓 ⟩} . (15)

This abelian group is the stabilizer group of the stabilizer state and

determines it uniquely. Henceforth, we denote stabilizer states by

|𝑆⟩ and denote the set of all pure𝑛-qubit stabilizer states by Stab (𝑛).
By considering the phaseless (or unsigned) versions of the Pauli

operators forming a stabilizer group, every stabilizer group can be

associated to a Lagrangian subspace 𝑀 . That is, Lagrangian sub-

spaces are in a one-to-one correspondence with unsigned stabilizer

groups. There are 2
𝑛
many different stabilizer states correspond-

ing to the same Lagrangian subspace𝑀 , with each stabilizer state

corresponding to a different choice of signs of the Pauli operators

making up the unsigned stabilizer group. For more background

on the connection between symplectic geometry and the stabilizer

formalism, see [22, 23].

Every 𝑛-qubit pure stabilizer state can (up to a global phase) be

written in the form

1

|𝐴|
∑︁
𝑥∈𝐴

(−1)𝑞 (𝑥 ) 𝑖𝑙 (𝑥 ) |𝑥⟩ , (16)

where𝐴 is an affine subspace of F𝑛
2
and 𝑙, 𝑞 : F𝑛

2
→ F2 are linear and

quadratic (respectively) polynomials over F2 [18, 46]. This implies

that when measured in the computational basis, the output distribu-

tions of stabilizer states are uniform over affine subspaces. Further-

more, computational difference sampling is convenient precisely

because it removes any affine shift and hence leads to distributions

that are uniform over linear subspaces of F𝑛
2
.

2.6 Stabilizer Fidelity and Stabilizer Testing
We denote the set of all pure 𝑛-qubit stabilizer states by Stab (𝑛). A
rich topic in quantum information is concerned with determining

the non-stabilizerness of quantum states, also commonly referred

to as magic. For more background on a range of magic measures,

see e.g. [39].

Here, we will specifically focus on the so-called stabilizer fidelity:

Definition 2.10 (Stabilizer fidelity, [6]). Let |𝜓 ⟩ be a pure 𝑛-qubit
quantum state. The stabilizer fidelity of |𝜓 ⟩ is defined as

𝐹
Stab

( |𝜓 ⟩) := max

|𝑆 ⟩∈Stab(𝑛)
|⟨𝑆 |𝜓 ⟩|2 . (17)

The stabilizer (in-)fidelity serves as a magic measure for pure states.

Arguably, a simpler problem than trying to determine or estimate

the non-stabilizerness of an unknown quantum state |𝜓 ⟩, is simply

to decide if |𝜓 ⟩ is a stabilizer state or has at least a bit of magic

without necessarily quantifying how much magic. This task is

known as stabilizer testing, and it has received attention in the past

in the context of quantum property testing [3, 8, 20, 23]. Formally,

the task is the following:

Definition 2.11 (Stabilizer testing). Given 𝜖 > 0 and access to

copies of an unknown 𝑛-qubit pure state |𝜓 ⟩, decide if |𝜓 ⟩ is
(1) either a stabilizer state, i.e., 𝐹

Stab
( |𝜓 ⟩) = 1,

(2) or at least 𝜖 far from all stabilizer states, i.e.,

𝐹
Stab

( |𝜓 ⟩) ≤ 1 − 𝜖 .
It is promised that |𝜓 ⟩ satisfies one of the two cases.

In this work, we propose and analyze a single-copy algorithm for

stabilizer testing. Our analysis relies on the fact that the stabilizer

fidelity can be related to the characteristic distribution. To state

this relation, we start by defining the following set:

Definition 2.12 (𝑀𝜓 ). Let |𝜓 ⟩ be a pure 𝑛-qubit quantum state.

Then define 𝑀𝜓 as the following subset of F2𝑛
2

corresponding to

|𝜓 ⟩.
𝑀𝜓 := {y ∈ F2𝑛

2
: tr

(
𝜓𝑃y

)
2

> 1

2
} . (18)

We have the following fact for𝑀𝜓 .
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Fact 2.13 ([20, 23]). For all |𝜓 ⟩, the set 𝑀𝜓 is isotropic. That is,
for all x, y ∈ 𝑀𝜓 , [x, y] = 0. Furthermore,

��𝑀𝜓 �� ≤ 2
𝑛 .

Note that, in general, the set𝑀𝜓 is not necessarily a subspace, in

particular, it need not be closed under addition. However, for a

stabilizer state |𝑆⟩, its corresponding set𝑀𝑆 corresponds precisely

to the Lagrangian subspace associated with the stabilizer state. We

now state a lower bound on the stabilizer fidelity 𝐹
Stab

( |𝜓 ⟩) of
a state |𝜓 ⟩ in terms of its characteristic distribution 𝑝𝜓 and the

corresponding set𝑀𝜓 :

Fact 2.14 (Proof of Theorem 3.3 in [23], Corollary 7.4. in

[21]). Let |𝜓 ⟩ be an 𝑛-qubit pure state and𝑀 be a Lagrangian sub-
space of F2𝑛

2
, then

𝐹
Stab

( |𝜓 ⟩) ≥ 𝑝𝜓 (𝑀) . (19)

In particular, it follows that

𝐹
Stab

( |𝜓 ⟩) ≥ 𝑝𝜓

(
𝑀𝜓

)
, (20)

since𝑀𝜓 can always be completed to a Lagrangian subspace.

2.7 The Action of (Random) Cliffords on F2𝑛
2

Clifford circuits map Pauli operators to Pauli operators under conju-

gation. In particular, when applying a Clifford circuit 𝐶 to a phase-

less Pauli operator 𝑃x, the resulting Pauli is not necessarily a phase-
less one. However, when identifying Pauli operators with their

phaseless versions, we can define the Clifford action on F2𝑛
2
: We

have that 𝐶 (x) = y if

𝐶𝑃x𝐶
† = ±𝑃y . (21)

Similarly, for a subset 𝑆 ⊆ F2𝑛
2
, we write 𝐶 (𝑆) to denote 𝐶 (𝑆) =

{𝐶 (x) : x ∈ 𝑆}. In fact, the action of the Clifford group on F2𝑛
2

is

precisely that of the symplectic group Sp (2𝑛, F2). Hence, in par-

ticular, the Clifford action preserves the symplectic inner product,

[𝐶 (x) ,𝐶 (y)] = [x, y].
When we apply a Clifford unitary to a state |𝜓 ⟩, we shuffle the

individual probabilities of the characteristic distribution 𝑝𝜓 around.

In particular, the mapping is precisely described by the Clifford

action on F2𝑛
2

since the characteristic distribution 𝑝𝜓 only depends

on the phaseless Pauli operators. Formally, we have:

Fact 2.15. Let |𝜓 ⟩ be an 𝑛-qubit pure state, let 𝐶 ∈ Cl (𝑛) be a
Clifford unitary, then for all x ∈ F2𝑛

2

𝑝𝐶 |𝜓 ⟩ (x) = 𝑝𝜓
(
𝐶† (x)

)
. (22)

Random Cliffords. In this paper, we are mainly interested in ap-

plying uniformly random Clifford unitaries to pure states. In partic-

ular, a core part of the analysis of our algorithm relies on the action

of random Cliffords, and hence random symplectic transformations,

on isotropic or even Lagrangian subspaces of F2𝑛
2
. As demonstrated

in several works [5, 7, 33], random Clifford unitaries can be sampled

and compiled into Clifford circuits efficiently:

Fact 2.16. There is a classical algorithm that samples a uniformly
random element 𝐶 of the 𝑛-qubit Clifford group Cl (𝑛) and outputs a
Clifford circuit implementation of 𝐶 in time 𝑂

(
𝑛2

)
.

A uniformly random Clifford 𝐶 corresponds to a uniformly ran-

dom symplectic transformation. When such a transformation acts

on an isotropic subspace 𝑇 of F2𝑛
2
, it results in a uniformly random

isotropic subspace of the same dimension. In particular, a random

Clifford𝐶 acting on a Lagrangian subspace𝑀 results in a uniformly

random Lagrangian subspace 𝐶 (𝑀). In this work, the Lagrangian

subspace Z = 0𝑛 × F𝑛
2
plays a distinguished role because of its

relation to computational difference sampling. In particular, let us

now answer the following question: What is the probability that a

uniformly random Lagrangian subspace𝐶 (𝑀) has a 𝑘-dimensional

intersectionwith the fixed Lagrangian subspaceZ? This is captured

by the following definition:

Definition 2.17 (Probability of 𝑘-dimensional intersection). Let𝑀
be a Lagrangian subspace of F2𝑛

2
and let 0 ≤ 𝑘 ≤ 𝑛. Then, we define

𝑄 (𝑛, 𝑘) := Pr

𝐶∼Cl(𝑛)
(dim (𝐶 (𝑀) ∩ Z) = 𝑘) . (23)

This probability can be expressed as follows,

𝑄 (𝑛, 𝑘) = |Cl (𝑛, 𝑘) |
|Cl (𝑛) | , (24)

where we introduced

Cl (𝑛, 𝑘) := {𝐶 ∈ Cl (𝑛) : dim (𝐶 (𝑀) ∩ Z) = 𝑘} . (25)

To characterize 𝑄 (𝑛, 𝑘), we can count the relevant sets of La-

grangian subspaces. First, we start with the total number of them:

Fact 2.18. The total number of Lagrangian subspaces of F2𝑛
2

is
given by

T (𝑛) =
𝑛∏
𝑖=1

(
2
𝑖 + 1

)
= 2

1

2
𝑛 (𝑛+1)

𝑛∏
𝑖=1

(
1 + 1

2
𝑖

)
. (26)

Next, the number of Lagrangian subspaces whose intersection

withZ is 𝑘-dimensional was obtained already in Corollary 2 in Ref.

[34]:

Lemma 2.19 (Corollary 2 in [34]). Let𝑀 be a fixed Lagrangian
subspace of F2𝑛

2
. The number of Lagrangian subspaces 𝑁 whose in-

tersection with𝑀 is 𝑘-dimensional is given by

𝜅 (𝑛, 𝑘) :=

(
𝑛

𝑘

)
2

· 2

1

2
(𝑛−𝑘 ) (𝑛−𝑘+1) , (27)

where
(𝑛
𝑘

)
2
is the Gaussian binomial coefficient given by (for 𝑘 ≤ 𝑛)(

𝑛

𝑘

)
2

=

𝑘−1∏
𝑖=0

2
𝑛−𝑖 − 1

2
𝑘−𝑖 − 1

. (28)

In particular, for 𝑘 = 0, 1, 2, we have

𝜅 (𝑛, 0) = 2

1

2
𝑛 (𝑛+1) , (29)

𝜅 (𝑛, 1) =
(
2
𝑛 − 1

)
2

1

2
(𝑛−1)𝑛 , (30)

𝜅 (𝑛, 2) =
(2𝑛 − 1)

(
2
𝑛−1 − 1

)
3

2

1

2
(𝑛−1) (𝑛−2) . (31)

Hence, we can characterize 𝑄 (𝑛, 𝑘) as follows:

Corollary 2.20. Let 0 ≤ 𝑘 ≤ 𝑛. Then,

𝑄 (𝑛, 𝑘) = 𝜅 (𝑛, 𝑘)
T (𝑛) . (32)
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In particular, for 𝑘 = 0, 1, 2, we have

𝑄 (𝑛, 0) =
𝑛∏
𝑖=1

(
1

1 + 2
−𝑖

)
, (33)

𝑄 (𝑛, 1) = 2
𝑛 − 1

2
𝑛

𝑄 (𝑛, 0) , (34)

𝑄 (𝑛, 2) = 1

3

(2𝑛 − 1) (2𝑛 − 2)
2

2𝑛
𝑄 (𝑛, 0) . (35)

Note that for fixed 𝑛, 𝑄 (𝑛, 𝑘) forms a probability distribution

over 𝑘 ∈ {0, . . . , 𝑛} and is normalized as

∑𝑛
𝑘=0

𝑄 (𝑛, 𝑘) = 1. We

remark two important aspects about the distribution 𝑄 (𝑛, 𝑘): First,
the distribution converges quickly for increasing 𝑛, so that the val-

ues of 𝑄 (𝑛, 𝑘) do not change significantly above 𝑛 = 10. Secondly,

the distribution decays very quickly and, regardless of the value of

𝑛, the primary contributions come from 𝑘 = 0, 1, 2, 3 . The largest

contribution is always 𝑄 (𝑛, 0) whose limiting value is given by

𝑄 (𝑛, 0) 𝑛→∞→ 0.41942244... (36)

It approaches this valuemonotonously from above. For large enough

𝑛, say 𝑛 ≥ 7, it is useful to keep the following approximate values in

mind 𝑄 (𝑛, 0) ≈ 0.42 and 𝑄 (𝑛, 1) ≈ 𝑄 (𝑛, 0) and 𝑄 (𝑛, 2) ≈ 𝑄 (𝑛,1)
3

.

2.8 Commutant of Clifford Tensor Powers
A key ingredient for deriving our lower bound is the commutant of

the 𝑡-fold tensor power action of the Clifford group Cl (𝑛), i.e., the
linear space of operators on (C2)⊗𝑛)⊗𝑡 that commute with𝐶⊗𝑡

for

all 𝐶 ∈ Cl (𝑛). Formally, we define it as follows:

Definition 2.21 (Commutant of 𝑡-th Clifford tensor power action).
We define Comm(Cl (𝑛) , 𝑡) as follows

Comm(Cl (𝑛) , 𝑡) :=

{𝐴 ∈ L((C2)⊗𝑛)⊗𝑡 ) | [𝐴,𝐶⊗𝑡 ] = 0,∀𝐶 ∈ Cl (𝑛)}.
(37)

The seminal work [23] fully characterized this commutant in

terms of so-called stochastic Lagrangian subspaces defined as fol-

lows:

Definition 2.22 (Stochastic Lagrangian subspaces). The set Σ𝑡,𝑡
denotes the set of all subspaces 𝑇 ⊆ F2𝑡

2
with the following proper-

ties:

(1) x · x = y · y mod 4 for all (x, y) ∈ 𝑇 ,
(2) dim(𝑇 ) = 𝑡 ,
(3) 12𝑡 = (1, . . . , 1) ∈ 𝑇 .

We refer to elements in Σ𝑡,𝑡 as stochastic Lagrangian subspaces.

In particular, the key result of [23] is that Comm(Cl (𝑛) , 𝑡) is
spanned by operators𝑅(𝑇 ) associatedwith the stochastic Lagrangian
subspaces 𝑇 ∈ Σ𝑡,𝑡 .

Theorem 2.23 (Theorem 4.3 in [23]). If 𝑛 ≥ 𝑡 − 1, then
Comm(Cl (𝑛) , 𝑡) is spanned by the linearly independent operators
𝑅(𝑇 ) := 𝑟 (𝑇 )⊗𝑛 , where 𝑇 ∈ Σ𝑡,𝑡 and

𝑟 (𝑇 ) :=
∑︁

(x,y) ∈𝑇
|𝑥⟩ ⟨𝑦 | . (38)

Alongside this central characterization, [23] proved several re-

sults about the operators 𝑅(𝑇 ):

Fact 2.24 (Eq. (4.10) in [23]). For all 𝑇 ∈ Σ𝑡,𝑡 and all stabilizer
states |𝑆⟩, it holds that

⟨𝑆 |⊗𝑡 𝑅(𝑇 ) |𝑆⟩⊗𝑡 = 1 . (39)

Fact 2.25 (Traces of 𝑅(𝑇 ), Remark 5.1 in [23]). Let 𝑇 ∈ Σ𝑡,𝑡
and let Δ = {(x, x) | x ∈ F𝑡

2
} be the diagonal subspace. Let 𝑙 =

𝑡 − dim(𝑇 ∩ Δ), then
tr𝑅(𝑇 ) = (tr 𝑟 (𝑇 ))𝑛 = 2

𝑛 (𝑡−𝑙 ) . (40)

Furthermore, ∑︁
𝑇 ∈Σ𝑡,𝑡

tr𝑅(𝑇 ) = 2
𝑛𝑡 (−2

−𝑛
; 2)𝑡−1 , (41)

where the 𝑞-Pochhammer symbol (−2
−𝑛

; 2)𝑡−1 is given by
(−2

−𝑛
; 2)𝑡−1 =

∏𝑡−2

𝑘=0
(1 + 2

−𝑛+𝑘 ).

We note that tr (𝑅 (𝑇 )) = 2
𝑛𝑡
, i.e. 𝑙 = 0, only for the identity

element 𝑇 = 𝑒 .

Fact 2.26 (Cardinality of Σ𝑡,𝑡 , Theorem 4.10 in [23]).��Σ𝑡,𝑡 �� = 𝑡−2∏
𝑘=0

(
2
𝑘 + 1

)
≤ 2

1

2
(𝑡2+5𝑡 ) . (42)

Ref. [23] also characterized the commutant further by uncovering

an important group structure within. To this end, need the following

definition.

Definition 2.27 (Stochastic orthogonal group). The stochastic or-
thogonal group, denoted 𝑂𝑡 , is defined as the group of 𝑡 × 𝑡 binary
matrices 𝑂 such that

𝑂x ·𝑂x = x · x mod 4 ∀x ∈ F𝑡
2
. (43)

Note that, for any 𝑂 ∈ 𝑂𝑡 , the subspace 𝑇𝑂 = {(𝑂x, x) | x ∈
F𝑡

2
} is a stochastic Lagrangian subspace. That is, 𝑇𝑂 ∈ Σ𝑡,𝑡 for all

𝑂 ∈ 𝑂𝑡 . In the following, we will thus view 𝑂𝑡 as a subset of Σ𝑡,𝑡 ,
i.e., 𝑂𝑡 ⊂ Σ𝑡,𝑡 . We will denote the identity element in 𝑂𝑡 by 𝑒 , it

corresponds to the diagonal subspace Δ = {(x, x) | x ∈ F𝑡
2
}. Notice

also that the symmetric group on 𝑡 elements, denoted S𝑡 , can be

viewed as a subgroup of𝑂𝑡 by considering its matrix representation

on F𝑡
2
.

While for𝑂 ∈ 𝑂𝑡 , the corresponding operators 𝑅(𝑂) are unitary,
this is not the case for the operators 𝑅(𝑇 ) for 𝑇 ∈ Σ𝑡,𝑡 \𝑂𝑡 . Here,
we record a bound on the trace-norm of these operators which we

will require later.

Fact 2.28 (c.f. Lemma 1 in [24]). Let 𝑇 ∈ Σ𝑡,𝑡 \𝑂𝑡 , then

∥𝑅 (𝑇 )∥
1
≤ 2

𝑛 (𝑡−1) . (44)

Lastly, similar to [25], we want to quantify the orthogonality of

the operators 𝑅(𝑇 ) spanning the commutant Comm(Cl (𝑛) , 𝑡). To
this end, we define their corresponding Gram matrix as follows:

Definition 2.29 (Gram matrix𝐺 corresponding to Σ𝑡,𝑡 ). We define

the Grammatrix corresponding to {𝑅(𝑇 )}𝑇 ∈Σ𝑡,𝑡 as the |Σ𝑡,𝑡 |× |Σ𝑡,𝑡 |-
matrix with entries given by

𝐺
(𝑛,𝑡 )
𝑇,𝑇 ′ := tr

(
𝑅(𝑇 )†𝑅(𝑇 ′)

)
for 𝑇,𝑇 ′ ∈ Σ𝑡,𝑡 . (45)

For convenience, we will often drop the superscript (𝑛, 𝑡) on
𝐺 (𝑛,𝑡 )

. Next, we state a straightforward bound on the off-diagonal

row-sums of the Gram matrix:
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Fact 2.30 (Bound on the off-diagonal row-sum of the Gram

matrix). Let 𝑇 ∈ Σ𝑡,𝑡 , then∑︁
𝑇 ′∈Σ𝑡,𝑡 \{𝑇 }

𝐺𝑇,𝑇 ′ ≤ |Σ𝑡,𝑡 | · 2
𝑛 (𝑡−1) ≤ 2

𝑛 (𝑡−1)+ 1

2
(𝑡2+5𝑡 ) . (46)

3 Single-Copy Algorithm for Stabilizer Testing
In this section, we will prove the following theorem:

Theorem 3.1 (Upper bound for single-copy testing). Let
𝑛 ≥ 3, 𝜖 > 3 · 2

−𝑛 and let |𝜓 ⟩ be an 𝑛-qubit pure state. There exists
a single-copy algorithm for stabilizer testing an unknown state |𝜓 ⟩
that uses 𝑡 = 𝑂

(
𝑛/𝜖2

)
copies of |𝜓 ⟩, runs in time𝑂 (𝑛3), and succeeds

with high probability.

This section is organized as follows: In Section 3.1, we introduce

the main quantity of interest P𝐾 ( |𝜓 ⟩), which we call average span-
ning probability, alongside a single-copy algorithm for estimating

P𝐾 ( |𝜓 ⟩) to additive precision 𝜖 . The average spanning probability

P𝐾 ( |𝜓 ⟩) captures the probability that 𝐾 = 𝑂 (𝑛) samples drawn

randomly according to the computational difference sampling distri-

bution 𝑟𝐶 |𝜓 ⟩ of 𝐶 |𝜓 ⟩ span the full space F𝑛
2
for 𝐶 drawn uniformly

randomly from the Clifford group. The movation behind this quan-

tity is that the stabilizer states are extremal with respect to this

quantity. In Section 3.2, we derive an exact expression for this ex-

tremal value of the average spanning probability for stabilizer states.

In Section 3.3, we discuss how the relation between 𝑟𝜓 and 𝑝𝜓 from

Lemma 2.9 allows us to extend these calculations to non-stabilizer

states. Lastly, in Section 3.4, we show that for a state |𝜓 ⟩ that is
𝜖-far from all stabilizer states, the value of P𝐾 ( |𝜓 ⟩) deviates by at

least Ω(𝜖) from the extremal value attained by the stabilizer states.

This immediately implies the main result Theorem 3.1, because we

have an algorithm to estimate P𝐾 ( |𝜓 ⟩) and can efficiently compute

the exact extremal stabilizer value.

3.1 Average Spanning Probability
Definition 3.2 (Spanning probability). Let |𝜓 ⟩ be an 𝑛-qubit pure

state and let 𝑟𝜓 be its computational difference sampling distribu-

tion. Let v1, . . . , v𝐾 ∼ 𝑟𝜓 and consider the event that v1, . . . , v𝐾 ∈
F𝑛

2
span the full space F𝑛

2
, in short ⟨v1, . . . , v𝐾 ⟩ = F𝑛

2
. The 𝐾-

spanning probability of |𝜓 ⟩, denoted P𝐾 ( |𝜓 ⟩) is defined as the prob-
ability of this event, i.e.,

P𝐾 ( |𝜓 ⟩) := Pr

v1,...,v𝐾∼𝑟𝜓

(
⟨v1, . . . , v𝐾 ⟩ = F𝑛

2

)
. (47)

Note that P𝐾 ( |𝜓 ⟩) depends on the (positive integer) parameter𝐾

and we have that P𝐾 ( |𝜓 ⟩) = 0 for𝐾 < 𝑛. Throughout this work, we

will choose𝐾 such that𝐾 ≥ 𝑛 but also𝐾 = 𝑂 (𝑛). For this canonical
choice, we will sometimes drop the 𝐾 and refer to P𝐾 ( |𝜓 ⟩) simply

as the spanning probability of |𝜓 ⟩.

Definition 3.3 (Average spanning probability). Let |𝜓 ⟩ be an 𝑛-

qubit pure state. The average spanning probability P𝐾 ( |𝜓 ⟩) of |𝜓 ⟩
is defined as

P𝐾 ( |𝜓 ⟩) := E
𝐶∼Cl(𝑛)

[P𝐾 (𝐶 |𝜓 ⟩)] . (48)

The motivation for defining the average spanning probability

is that it precisely captures the expectation value of the following

simple random process consuming single copies of an 𝑛-qubit pure

state |𝜓 ⟩.
(1) Draw a uniformly random Clifford 𝐶 ∼ Cl (𝑛).
(2) Sample v1, . . . , v𝐾 ∼ 𝑟𝐶 |𝜓 ⟩ by performing computational

difference sampling on 𝐶 |𝜓 ⟩.
(3) If ⟨v1, . . . , v𝐾 ⟩ = F𝑛

2
, output 1, else output 0.

Note that the third step involves computing the rank of the 𝐾 ×𝑛
binarymatrix𝑀 constructed by taking the samples v1, . . . , v𝐾 as the

rows. We have that ⟨v1, . . . , v𝐾 ⟩ = F𝑛
2
is equivalent to rank (𝑀) = 𝑛.

By repeating the above 3-step process and averaging the outcomes,

one can estimate P𝐾 ( |𝜓 ⟩). Hence, we record the following lemma:

Lemma 3.4 (Estimating P𝐾 ( |𝜓 ⟩) with single copies). Let |𝜓 ⟩
be an 𝑛-qubit pure state and let𝐾 ≥ 𝑛. Then, there exists a single-copy
algorithm that, with probability 1 − 𝛿 , produces an estimate 𝑟 such
that ���𝑟 − P𝐾 (𝜓 )

��� ≤ 𝜖. (49)

The algorithm consumes𝑂
(
𝐾 log(1/𝛿 )

𝜖2

)
copies of |𝜓 ⟩ and runs in time

𝑂
(
𝐾𝑛2

)
.

As we will demonstrate through the course of this section, tak-

ing 𝐾 = 𝑂 (𝑛) and estimating P𝐾 ( |𝜓 ⟩) to additive precision 𝜖 is

sufficient for stabilizer testing. In particular, the time and sample

complexities stated in Theorem 3.1 follow directly from Lemma 3.4.

3.2 The Stabilizer Value of P𝐾 ( |𝜓 ⟩)
Because of the average over the Clifford group Cl (𝑛) in Defi-

nition 3.3, P𝐾 ( |𝜓 ⟩) takes the same value for all stabilizer states

|𝑆⟩ ∈ Stab (𝑛). We call this value the stabilizer value, and define it

formally as follows:

Definition 3.5 (Stabilizer value). Let |𝑆⟩ ∈ Stab (𝑛) be an 𝑛-qubit
pure stabilizer state. We define the stabilizer value of the average

spanning probability as

P𝐾 (Stab (𝑛)) := P𝐾 ( |𝑆⟩) . (50)

Next, we derive an expression for the stabilizer value in terms

of 𝑛, 𝐾 which can be efficiently computed exactly. To this end, we

first characterize the 𝐾-spanning probability for stabilizer states.

Lemma 3.6 (Spanning probability for stabilizer states). Let
𝐾 ≥ 𝑛 and let |𝑆⟩ be a stabilizer state. Furthermore, let 𝑀𝑆 be the
Lagrangian subspace corresponding to the stabilizer group of |𝑆⟩.
Then, the 𝐾-spanning probability is given by

P𝐾 ( |𝑆⟩) =
{∏𝑛−1

𝑗=0

(
1 − 2

𝑗−𝐾
)

dim (𝑀𝑆 ∩Z) = 0,

0 otherwise.
(51)

With Lemma 3.6 established, we can now obtain the stabilizer

value for any combination of 𝐾 and 𝑛. Recall, that for 𝐾 < 𝑛, the

spanning probability is always trivially zero, hence the following

theorem focuses on the case 𝐾 ≥ 𝑛. For convenience, we point the
reader to the definition of 𝑄 (𝑛, 𝑘) given in Definition 2.17.

Theorem 3.7 (Stabilizer value in terms of 𝑛, 𝐾). Let 𝐾 ≥ 𝑛,
then

P𝐾 (Stab (𝑛)) = 𝑄 (𝑛, 0) ×
𝑛−1∏
𝑗=0

(
1 − 2

𝑗−𝐾
)
. (52)
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Proof. Let |𝑆⟩ be any n-qubit pure stabilizer state and let 𝑀𝑆
be the Lagrangian subspace corresponding to the stabilizer group

of |𝑆⟩. We partition the Clifford group as Cl (𝑛) = ⋃𝑛
𝑘=0

Cl (𝑛, 𝑘)
where

Cl (𝑛, 𝑘) := {𝐶 ∈ Cl (𝑛) : dim (𝐶 (𝑀𝑆 ) ∩ Z) = 𝑘} . (53)

Then,

E
𝐶∼Cl(𝑛)

[P𝐾 (𝐶 |𝑆⟩)] = 1

|Cl (𝑛) |

𝑛∑︁
𝑘=0

∑︁
𝐶∈Cl(𝑛,𝑘 )

P𝐾 (𝐶 |𝑆⟩) , (54)

=
|Cl (𝑛, 0) |
|Cl (𝑛) |︸      ︷︷      ︸
=𝑄 (𝑛,0)

×
𝑛−1∏
𝑗=0

(
1 − 2

𝑗−𝐾
)
. (55)

□

3.3 Going Beyond Stabilizer States
In the previous subsection, we found that the 𝐾-spanning probabil-

ity P𝐾 ( |𝜓 ⟩) for a state |𝜓 ⟩ is easy to treat in the case of stabilizer

states |𝑆⟩ because the distribution 𝑟 |𝑆 ⟩ is either uniform over F𝑛
2

or confined to some proper subspace of F𝑛
2
. However, how can we

obtain P𝐾 ( |𝜓 ⟩) for general pure states |𝜓 ⟩ where 𝑟𝜓 does not take

such a simple form?

Instead of calculating P𝐾 ( |𝜓 ⟩) exactly, in this section, we outline
our approach for obtaining bounds on P𝐾 ( |𝜓 ⟩). Firstly, note that
we can rewrite the 𝐾-spanning probability as follows,

P𝐾 ( |𝜓 ⟩) = 1 − Pr

v1,...,v𝐾∼𝑟𝜓

©­­«
⋃

𝐿∈L\{F𝑛
2
}
(⟨v1, . . . , v𝐾 ⟩ = 𝐿)

ª®®¬ , (56)

where the union goes over all subspaces 𝐿 ∈ L \
{
F𝑛

2

}
and L is the

set of all subspaces of F𝑛
2
. Note that we can restrict the union in

Eq. (56) to range only over the (𝑛 − 1)-dimensional subspaces of

F𝑛
2
because these contain all other smaller subspaces in L. So, let

us define L𝑛−1
to be the set of all 2

𝑛 − 1 many (𝑛 − 1)-dimensional

subspaces of F𝑛
2
. Then, we can rewrite P𝐾 ( |𝜓 ⟩) as

P𝐾 ( |𝜓 ⟩) = 1 − Pr

v1,...,v𝐾∼𝑟𝜓
©­«

⋃
𝐿∈L𝑛−1

(⟨v1, . . . , v𝐾 ⟩ ⊆ 𝐿)ª®¬ . (57)

Using a union bound and the general relation between 𝑟𝜓 and 𝑝𝜓
from Lemma 2.9, we find the following lower bound to the spanning

probability:

Lemma 3.8 (Lower bound on the spanning probability from

union bound). Let |𝜓 ⟩ be an 𝑛-qubit pure state. Then, the spanning
probability P𝐾 ( |𝜓 ⟩) can be lower bounded as follows,

P𝐾 ( |𝜓 ⟩) ≥ 1 −
∑︁

y∈Z\{𝐼 ⊗𝑛 }

[
1 + tr

(
𝜓𝑃y

)
2

2

]𝐾
. (58)

In the next section, we will make use of Lemma 3.8 in order to

lower bound the average spanning probability for arbitrary states.

3.4 Bound in Terms of Stabilizer Fidelity
Below, we will prove our main technical theorem establishing a

lower bound on P𝐾 ( |𝜓 ⟩) in terms of 𝑝𝜓 . However, let us briefly

remark that the following direct approach fails: Apply the union

bound from Lemma 3.8 and take the average over all Cliffords to

obtain

P𝐾 ( |𝜓 ⟩) = E
𝐶∼Cl(𝑛)

[P𝐾 (𝐶 |𝜓 ⟩)] ,

≥ 1 −
∑︁

y∈Z\{𝐼 ⊗𝑛 }
E

𝐶∼Cl(𝑛)


1 + tr

(
|𝜓 ⟩ ⟨𝜓 |𝐶†𝑃y𝐶

)
2

2


𝐾

,

= 1 − 2
𝑛 − 1

4
𝑛 − 1

∑︁
y∈F2𝑛

2
\{02𝑛 }

[
1 + tr

(
|𝜓 ⟩ ⟨𝜓 | 𝑃y

)
2

2

]𝐾
.

Here, in the second line, we used that for a random Clifford 𝐶 , the

rotated Pauli 𝐶†𝑃y𝐶 is just a uniformly random Pauli operator.

To see that this bound is not useful, we can e.g. evaluate it for

any stabilizer state which, after some calculation, yields an expo-

nentially small lower bound. This bound would not at all capture

the stabilizer value which we know is the correct bound from Sec-

tion 3.2 for any stabilizer state. The underlying issue is that the

union bound from Lemma 3.8 is far too loose to be useful when

applied like this.

Instead, to circumvent this issue, our approach is to again first

partition the Clifford group similar to Eq. (53). Crucially, after condi-

tioning on 𝐶 belonging to Cl (𝑛, 𝑘), the union bound actually gives

rise to sharp bounds.

Theorem 3.9 (Lower bound on P𝐾 ( |𝜓 ⟩) in terms of 𝑝𝜓 ). Let
𝑛 ≥ 3, 𝐾 ≥ 5𝑛 and let |𝜓 ⟩ be an 𝑛-qubit pure state. Furthermore,
let 𝑀𝜓 = {y ∈ F2𝑛

2
: tr

(
𝜓𝑃y

)
2

> 1

2
} and let 𝑀 be any Lagrangian

subspace of F2𝑛
2

such that 𝑀𝜓 ⊆ 𝑀 . Note that such an 𝑀 always
exists. Then,

P𝐾 (𝜓 ) − P𝐾 (Stab (𝑛)) ≥ 𝑄 (𝑛, 1)
[
1 − 𝑝𝜓 (𝑀)

]
− 2

−𝑛 . (59)

From Fact 2.14, we have that for any Lagrangian subspace𝑀 , the

stabilizer fidelity is lower bounded via 𝐹
Stab

(𝜓 ) ≥ 𝑝𝜓 (𝑀). Hence,
we immediately obtain the following corollary:

Corollary 3.10 (Difference from stabilizer value). Let 𝑛 ≥
3, 𝐾 ≥ 5𝑛 and let |𝜓 ⟩ be an 𝑛-qubit pure state with stabilizer fidelity
𝐹

Stab
( |𝜓 ⟩), then

P𝐾 ( |𝜓 ⟩) − P𝐾 (Stab (𝑛)) ≥ 𝑄 (𝑛, 1) [1 − 𝐹
Stab

( |𝜓 ⟩)] − 2
−𝑛 . (60)

Recall from Corollary 2.20 that𝑄 (𝑛, 1) is a large constant. Hence,
Corollary 3.10 implies that for state |𝜓 ⟩ with stabilizer infidelity of

at least 𝜖 , P𝐾 ( |𝜓 ⟩) differs from the stabilizer value by Ω(𝜖). This
difference will hence be detected upon estimating P𝐾 ( |𝜓 ⟩) to preci-
sion 𝜖 . Combining this insight with Lemma 3.4 yields Theorem 3.1.

4 Lower Bound for Single-Copy Stabilizer
Testing

In this section, we will prove the following theorem:

Theorem 4.1 (Lower bound for single-copy stabilizer test-

ing). Any single-copy algorithm for stabilizer testing to accuracy
0 < 𝜖 < 1 − 𝑛2/2

𝑛 requires at least 𝑡 = Ω(
√
𝑛) copies.
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This section is organized as follows: Firstly, in Section 4.1, we

will argue that the sample complexity lower bound stated in Theo-

rem 4.1 can be derived from the many-versus-one distinguishing

task of distinguishing uniformly random stabilizer states from the

maximally mixed state. This task is analogous to the reduction of

purity testing to the task of distinguishing Haar random states from

the maximally mixed state, which was previously considered in

[12, 14, 25]. The main difference is that the unitary group is replaced

with the Clifford group. Based on this observation, in Section 4.2,

we adapt the proof strategy of [25] to the Clifford group. In partic-

ular, we use the fact that the operators spanning the commutant

Comm(Cl (𝑛) , 𝑡) are approximately orthogonal with respect to the

Hilbert-Schmidt inner product in the regime where 𝑡 ≪ 𝑛 and

combine this with new insights about partial transposes of the op-

erators 𝑅(𝑂) for 𝑂 ∈ 𝑂𝑡 to derive lower bounds on distinguishing

uniformly random states from the maximally mixed state. In Sec-

tion 4.3, we collect our results about partial transposes of 𝑅(𝑂) for
𝑂 ∈ 𝑂𝑡 . This subsection is modular and might be of independent

interest.

4.1 Reduction to Distinguishing Random
Stabilizer States From the Maximally Mixed
State

Our starting point is Le Cam’s two-point method, that is, we con-

sider distinguishing tasks between ensembles of states:

Definition 4.2 (𝑡-copy distinguishing task). Let 𝜇 and 𝜈 be two

ensembles of 𝑛-qubit quantum states. We consider the following

two events to happen with equal probability of 1/2:

• The unknown state 𝜌 is sampled according to 𝜇.

• The unknown state 𝜌 is sampled according to 𝜈 .

Given 𝑡 copies of 𝜌 , the goal is to give a quantum algorithm that

correctly distinguishes between these two events with probability

≥ 2/3.

Throughout, we fix the number of copies to be 𝑡 so that the

algorithm has access to E[𝜌⊗𝑡 ] where the expectation is taken with

respect to one of the ensembles 𝜇, 𝜈 . For the purpose of this work, we

consider the following three ensembles of states and corresponding

states that the algorithm has access to:

(H) Haar random 𝑛-qubit states, 𝜌𝐻 := E |𝜓 ⟩∼𝜇𝐻
[
|𝜓 ⟩⟨𝜓 |⊗𝑡

]
(S) uniformly random 𝑛-qubit stabilizer states,

𝜌𝑆 := E |𝑆 ⟩∼Stab(𝑛)
[
|𝑆⟩⟨𝑆 |⊗𝑡

]
(I) the maximally mixed 𝑛-qubit state, 𝜌𝐼 := 𝐼⊗𝑡/2

𝑛𝑡
.

For each pair of ensembles, we can consider an associated distin-

guishing task. For instance, the pair (𝐻, 𝑆) corresponds to distin-

guishing Haar random states from uniformly random stabilizer

states. This task is also the natural starting point for proving a

lower bound on the sample complexity of stabilizer testing since

it can be reduced to stabilizer testing: With overwhelming prob-

ability, a Haar random state is far from all stabilizer states, so a

stabilizer testing algorithm would likely reject it but accept a uni-

formly random stabilizer state. This observation is formalized via

the following lemma:

Lemma 4.3. Let 0 < 𝜖 < 1 − 𝑛2/2
𝑛 . Then, any algorithm for

stabilizer testing to accuracy 𝜖 using 𝑡 copies can solve the 𝑡-copy

distinguishing task of Haar random states versus uniformly random
stabilizer states with probability 1 − 2

−𝑂 (𝑛2 ) .

This reduction, i.e., applying a stabilizer testing algorithm to

distinguish between the Haar random ensemble and uniformly

random stabilizer ensemble, may fail with a small probability, as

indicated in Lemma 4.3, namely when the Haar randomly sampled

state happens to be 𝜖-close to a stabilizer state. In this event, it is

not guaranteed that a stabilizer testing algorithm correctly distin-

guishes the two ensembles. To prove Lemma 4.3, we hence bound

the probability of this event as follows:

Fact 4.4. Let 0 < 𝜖 < 1−𝑛2/2
𝑛 . Then, for a Haar random 𝑛-qubit

state |𝜓 ⟩,

Pr

|𝜓 ⟩

[
max

|𝑆 ⟩∈Stab(𝑛)
|⟨𝑆 |𝜓 ⟩|2 ≥ 1 − 𝜖

]
≤ 2

−𝑂 (𝑛2 ) . (61)

Next, we argue that, when considering single-copy algorithms,

any sample complexity lower bound for distinguishing uniformly

random stabilizer states versus the maximally mixed state (the pair

(𝑆, 𝐼 )) leads to a lower bound for the pair (𝐻, 𝑆). This essentially
follows from a triangle inequality between the three pairs as we

now explain: Consider a single-copy distinguishing algorithm for

the pair (𝐻, 𝑆) using 𝑡 copies of the unknown state 𝜌 guessing 0 or 1,

corresponding to the case (𝐻 ) and (𝑆), respectively. We can model

this distinguishing algorithm via a two-outcome POVM {𝑀0, 𝑀1}
acting on 𝜌𝐻 or 𝜌𝑆 , respectively. Letting 𝑀 = 𝑀0 − 𝑀1, the bias

achieved by the algorithm is given by |tr (𝑀 (𝜌𝐻 − 𝜌𝑆 )) |. In order

to correctly distinguish between case (𝐻 ) and (𝑆) with probability

≥ 2/3, the bias needs to be at least 2/3. Our goal is to upper bound

the bias |tr (𝑀 (𝜌𝐻 − 𝜌𝑆 )) | in terms of the number of copies 𝑡 .

By the triangle inequality, we have

|tr
(
𝑀
(
𝜌𝐻 − 𝜌𝑆

) )
| ≤ |tr

(
𝑀
(
𝜌𝐻 − 𝜌𝐼

) )
| + |tr

(
𝑀
(
𝜌𝑆 − 𝜌𝐼

) )
| . (62)

For the pair (𝐻, 𝐼 ), it is shown in [25] that any single-copy algo-

rithm using at most 𝑡 copies of 𝜌 can achieve a bias of at most

|tr (𝑀 (𝜌𝐻 − 𝜌𝐼 )) | = 𝑂
(
𝑡2 2

−𝑛/2
)
. For the regime of 𝑡 ≤ 𝑛, this con-

tribution to the RHS is hence exponentially small in 𝑛. As we will

show |tr (𝑀 (𝜌𝑆 − 𝜌𝐼 )) | will be the dominant contribution to the

RHS. Hence, for our purposes, it suffices to focus on bounding the

bias for the pair (𝑆, 𝐼 ), corresponding to distinguishing a uniformly

random stabilizer state from the maximally mixed state.

We note that [12] proved an even stronger lower bound of

𝑡 = Ω(2𝑛/2) on the number of copies for distinguishing Haar ran-

dom states from the maximally mixed state (the pair (𝐻, 𝐼 )). This
translates to a bound |tr (𝑀 (𝜌𝐻 − 𝜌𝐼 )) | = 𝑂

(
𝑡 2

−𝑛/2
)
on the bias.

4.2 Lower Bound via the Commutant of the
Clifford Tensor Action

In this section, we focus on bounding the bias |tr (𝑀 (𝜌𝑆 − 𝜌𝐼 )) |
where 𝜌𝑆 = E |𝑆 ⟩

[
|𝑆⟩ ⟨𝑆 |⊗𝑡

]
and 𝜌𝐼 = 𝐼⊗𝑡/2

𝑛𝑡
. That is we focus

on the task of distinguishing uniformly random stabilizer states

from the maximally mixed state given 𝑡 copies of the unknown

state. Our proof strategy closely resembles that of Ref. [25]. The

key observation that we will use is that any measurement POVM

{𝑀0, 𝑀1} implementable by an LOCC protocol [17] (correspond-

ing to a single-copy measurement strategy), is also Positive Partial
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Transpose (PPT), i.e.

0 ⪯ 𝑀
Γ𝑆
𝑖

⪯ 𝐼 ∀𝑆 ⊆ [𝑡] . (63)

This implies that the difference𝑀 = 𝑀0−𝑀1 satisfies−𝐼 ⪯ 𝑀Γ𝑆 ⪯ 𝐼 .

Here, the superscript
Γ𝑆

denotes taking a partial transpose with

respect to a subset 𝑆 ⊂ [𝑡]. Furthermore, note that 𝜌𝑆 , 𝜌𝐼 both com-

mute with all 𝐶⊗𝑡
for all 𝐶 ∈ Cl (𝑛), i.e., 𝜌𝑆 , 𝜌𝐼 ∈ Comm(Cl (𝑛) , 𝑡).

The second key insight is that, hence, WLOG we can restrict our-

selves to consider 𝑀 such that

[
𝑀,𝐶⊗𝑡 ] = 0 as well. To see this,

consider

tr (𝑀 (𝜌𝑆 − 𝜌𝐼 )) = E
𝐶

[
tr

(
𝑀𝐶⊗𝑡 (𝜌𝑆 − 𝜌𝐼 )𝐶†⊗𝑡

)]
, (64)

= tr

(
E
𝐶

[
𝐶†⊗𝑡𝑀𝐶⊗𝑡

] (
𝜌𝑆 − 𝜌𝐼

) )
, (65)

where E𝐶
[
𝐶†⊗𝑡 (·)𝐶⊗𝑡 ]

projects onto Comm(Cl (𝑛) , 𝑡). Hence, we
will henceforth assume that𝑀 ∈ Comm(Cl (𝑛) , 𝑡) and so𝑀 can be

expanded as𝑀 =
∑
𝑇 ∈Σ𝑡,𝑡 𝑚𝑇𝑅 (𝑇 ), where 𝑅(𝑇 ) are the operators

spanning the commutant of the Clifford group, as discussed in

Section 2.8.

We will now begin by showing an upper bound on |tr (𝑅 (𝑇 )𝑀) |
for all 𝑇 ≠ 𝑒 . To do so, we use an upper bound on ∥𝑅 (𝑂)Γ𝑆 ∥1 ≤
2
𝑛 (𝑡−1)

established in Corollary 4.11 in the next subsection, namely

Section 4.3. This is ultimately also how we make use of the PPT

constraint on the measurement.

Lemma 4.5 (Upper bound on |tr (𝑅 (𝑇 )𝑀) |). Let
𝑀 =

∑
𝑇 ∈Σ𝑡,𝑡 𝑚𝑇 𝑅(𝑇 ) be such that it satisfies the condition

−𝐼 ⪯ 𝑀Γ𝑆 ⪯ 𝐼 ∀𝑆 ⊆ [𝑡] . (66)

Then, for all 𝑇 ∈ Σ𝑡,𝑡 such that 𝑇 ≠ 𝑒 ,

|tr (𝑅 (𝑇 )𝑀) | ≤ 2
𝑛 (𝑡−1) . (67)

Next, we establish a bound on the magnitudes |𝑚𝑇 | for all 𝑇 ≠ 𝑒

when𝑀 is traceless and PPT:

Lemma 4.6 (Upper bound on |𝑚𝑇 |). Let 𝑀 =
∑
𝑇 ∈Σ𝑡,𝑡 𝑚𝑇 𝑅(𝑇 )

be such that tr(𝑀) = 0 and it satisfies the condition

−𝐼 ⪯ 𝑀Γ𝑆 ⪯ 𝐼 ∀𝑆 ⊆ [𝑡] . (68)

Provided that 1

2
(𝑡2 + 5𝑡) + 1 ≤ 𝑛 we have that |𝑚𝑇 | ≤ 2

−𝑛+1 for all
𝑇 ∈ Σ𝑡,𝑡 \ {𝑒}.

We are now in the position to prove our main result of this

section, the bound on the bias |tr (𝑀 (𝜌𝑆 − 𝜌𝐼 )) |.

Theorem 4.7 (Bound on bias). Let {𝑀0, 𝑀1} be a PPT mea-
surement, let 𝑀 = 𝑀0 − 𝑀1 and 1

2
(𝑡2 + 5𝑡) + 2 ≤ 𝑛/2, and let

𝜌𝑆 = E |𝑆 ⟩
[
|𝑆⟩ ⟨𝑆 |⊗𝑡

]
and 𝜌𝐼 = 𝐼⊗𝑡/2

𝑛𝑡 , then

|tr (𝑀 (𝜌𝑆 − 𝜌𝐼 )) | ≤ 2
−𝑛/2 . (69)

As we explained in Section 4.1, this bound on the bias immedi-

ately implies the following corollary:

Corollary 4.8 (Single-copy lower bound for random stabi-

lizer vs. maximally mixed). Any single-copy algorithm for distin-
guishing the maximally mixed state 𝐼/2

𝑛 from random 𝑛-qubit stabi-
lizer states, with probability at least 2/3, requires at least 𝑡 = Ω(

√
𝑛)

many copies of the unknown state.

Furthermore, by virtue of Lemma 4.3 and the triangle inequality

in Eq. (62) between the three ensembles (𝐻, 𝑆, 𝐼 ), Theorem 4.7 also

implies our main result, Theorem 4.1.

4.3 Partial Transposes of 𝑅(𝑂)
In this section, we study partial transposes of 𝑅(𝑂) for 𝑂 ∈ 𝑂𝑡 . Let
𝑆 ⊂ [𝑡], then 𝑆 and its complement 𝑆 in [𝑡] form a partition of [𝑡].
The operators 𝑅(𝑂) act on 𝑡 subsystems. We consider taking partial

transposes with respect to a subset 𝑆 ⊂ [𝑡] of subsystems and will

denote this operation by
Γ𝑆
. Concretely, for 𝑆 ⊂ [𝑡], we denote

by 𝑅(𝑂)Γ𝑆 its partial transpose with the respect to the subsystems

indexed by 𝑆 .

The next lemma is a generalization of [25, Lemma 4] from the

permutation operators to the operators 𝑅(𝑂) (which include the

permutation operators since S𝑡 ⊆ 𝑂𝑡 ).

Lemma 4.9 (Singular values of partial transposes of 𝑅(𝑂)).
Choose a set 𝑆 ⊂ [𝑡]. For any 𝑂 ∈ 𝑂𝑡 , let 𝑘 = dim

(
ker 𝑂𝑆,𝑆

)
. Then

𝑅 (𝑂)Γ𝑆 has 2
𝑛 (𝑡−2𝑘 ) non-zero singular values each equal to 2

𝑘𝑛 .
Consequently we have

𝑅 (𝑂)Γ𝑆




1
= 2

𝑛 (𝑡−𝑘 ) . (70)

Lemma 4.9 provides a characterization of the singular values of

𝑅(𝑂)Γ𝑆 and the trace-norm ∥𝑅 (𝑂)Γ𝑆 ∥1 in terms of dim

(
ker𝑂𝑆,𝑆

)
.

For our purposes, we are interested in proving upper bounds on

∥𝑅 (𝑂)Γ𝑆 ∥1 for all𝑂 ∈ 𝑂𝑡 except the identity𝑂 = 𝑒 . Hence, we will

now show that for all 𝑂 ≠ 𝑒 one can always choose the set 𝑆 on

which the partial transpose is applied, such that dim

(
ker𝑂𝑆,𝑆

)
is

non-zero, i.e., ker𝑂𝑆,𝑆 is non-trivial. To prove this, it is sufficient

to show that 𝑂 has at least a single zero principal minor, i.e., there

exists 𝑆 ⊂ [𝑡] such that det

(
𝑂𝑆,𝑆

)
= 0. The following proposition

implies this sufficient condition as a corollary:

Proposition 4.10 (All principal minors eqal 1 implies con-

jugate to upper triangular). For any binary matrix 𝐴 ∈ F𝑡×𝑡
2

such that det

(
𝐴𝑆,𝑆

)
= 1 for all 𝑆 ⊂ [𝑡], there exists 𝜋 ∈ S𝑡 such that

𝜋𝐴𝜋−1 is upper triangular.

Note that for orthogonal matrices𝑂 such that𝑂𝑇𝑂 = 𝐼 ,𝑂 being

upper triangular implies that 𝑂 is the identity, i.e., 𝑂 = 𝑒 . Hence,

we obtain the following corollary:

Corollary 4.11. For all 𝑂 ∈ 𝑂𝑡 \ {𝑒}, there exists 𝑆 ⊂ [𝑡] such
that ∥𝑅 (𝑂)Γ𝑆 ∥1 ≤ 2

𝑛 (𝑡−1) .
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