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Abstract. Is module-lattice reduction better than unstructured lattice
reduction? This question was highlighted as ‘Q8’ in the Kyber NIST
standardization submission (Avanzi et al., 2021), as potentially affecting
the concrete security of Kyber and other module-lattice-based schemes.
Foundational works on module-lattice reduction (Lee, Pellet-Mary, Stehlé,
and Wallet, ASIACRYPT 2019; Mukherjee and Stephens-Davidowitz,
CRYPTO 2020) confirmed the existence of such module variants of LLL
and block-reduction algorithms, but focus only on provable worst-case
asymptotic behavior.

In this work, we present a concrete average-case analysis of module-
lattice reduction. Specifically, we address the question of the expected
slope after running module-BKZ, and pinpoint the discriminant ∆K of
the number field at hand as the main quantity driving this slope. We
convert this back into a gain or loss on the blocksize β: module-BKZ
in a number field K of degree d requires an SVP oracle of dimension
β ` lnp|∆K |{ddqβ{pd lnβq ` opβ{ lnβq to reach the same slope as un-
structured BKZ with blocksize β. This asymptotic summary hides further
terms that we predict concretely using experimentally verified heuristics.
Incidentally, we provide the first open-source implementation of module-
BKZ for some cyclotomic fields.

For power-of-two cyclotomic fields, we have |∆K | “ dd, and conclude that
module-BKZ requires a blocksize larger than its unstructured counter-
part by d´1`op1q. On the contrary, for all other cyclotomic fields we have
|∆K | ă dd, so module-BKZ provides a sublinear Θpβ{ lnβq gain on the
required blocksize, yielding a subexponential speedup of exppΘpβ{ lnβqq.

1 Introduction

Module lattices were introduced in cryptography in 1996 with the NTRU cryp-
tosystem [HPS98], and have since seen increasing interest driven by foundational
results on their average-case hardness [SSTX09, LPR10, SS11, LS15]. In partic-
ular, they now underlie the security of three NIST post-quantum standards,
ML-KEM, ML-DSA, and FN-DSA [NIS22], as well as a plethora of variants.

The central cryptanalytic tool to attack those cryptosystems is block lattice re-
duction, a term covering a variety of algorithms (including BKZ [Sch87,GN08b],
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slide [GN08a], and DBKZ [MW16]) that generalize LLL [LLL82] and offer a
time-quality trade-off: roughly, block lattice reduction finds the shortest vec-
tor in a lattice in dimension n up to an approximation factor of Θp?

βqn{β in
time 2Θpβq. It operates by finding the shortest vector in blocks of dimension β,
corresponding to projected sublattices of the n-dimensional lattice.

Until recently, lattice-reduction attacks were mostly oblivious to the module
structure of the lattice, yet the potential of module variants of such algorithms
was addressed in the documentation [ABD`21, Section 5.3, Q8] of Kyber (now
standardized as ML-KEM) as part of its submission to the NIST standardization
process. Specifically, question Q8 arises from the concern that the shortest-vector
subroutine could benefit from a d to d2 speedup factor when applied to a module
lattice over a cyclotomic field of degree d [BNP17].

The discussion of Q8 [ABD`21, Sec 5.3, Q8] remarks that one could work over
any subfield of the 512-th cyclotomic field used in Kyber, allowing to tune d
to any power of 2 between 1 and 256. The choice of a large d is however high-
lighted as being at odds with various other speedups [AWHT16,LM18,Duc18].
More fundamentally, Q8 notes that such a module-BKZ algorithm, even when
using the same blocksize as BKZ, may lead to a basis of slightly worse quality
when applied to module lattices over cyclotomic fields of power-of-two conduc-
tors. Given that module-lattice analogs of block lattice reduction have now been
developed [LPSW19,MS20], the following question can – and should – finally be
addressed:

Given the same shortest-vector oracle for lattices in dimension β, is module-BKZ
better or worse than unstructured BKZ, and by how much?

This question, relevant to all module-lattice-based schemes and not just Kyber,
has not been fully answered in [LPSW19,MS20]: they study worst-case behavior
of module-lattice analogs of LLL [LLL82] and slide reduction [GN08a], and are
more concerned with the consequences of the existence of a fast short-vector
oracle for module lattices of small rank over large number fields. Namely, these
theoretical works present a worst-case to worst-case reduction from finding an
approximately short vector in a module lattice to finding approximately short
vectors in module lattices of smaller rank, up to some appropriate trade-off in
the approximation factor that depends on the rank and quantities related to the
number field. However, there is often a significant gap between the theoretical,
worst-case understanding of block-reduction algorithms and their practical per-
formance. This work therefore focuses on the average-case behavior of module-
BKZ compared to BKZ, using a heuristic-based analysis. While [KK24] already
experimented with module-LLL (β “ 2) on the NTRU problem over power-
of-two cyclotomic fields, they reported a negative result without providing a
predictive analysis.
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Fig. 1: Module-BKZ Q-slope for several cyclotomic fields K. The case K “ Q serves as
a baseline for comparison with unstructured BKZ, under the general belief that BKZ
is oblivious to the algebraic structure of module lattices. Experimentally measured
slopes [.py] are represented by thin lines with large marks, and were averaged over
5 random lattices of dimension rd “ 240. We progressively ran 5d tours for each
multiple-of-d blocksize β to be close to convergence. Predictions [.py] consist of under-
and overestimations, represented by thick lines with small marks and a filled region in
between. For Q and Qpω3q, both predictions are too close to be distinguished.

1.1 Contributions

We propose a quantitative study of the practical performance of module-lattice
analogs of block reduction. Specifically, we answer the aforementioned question
using a heuristic analysis supported by extensive experiments, providing predic-
tions on the quality of the output basis of module-BKZ as a function of the block-
size β, measured by the slope of the so-called basis profile. As visible in Figure 1,
these predictions seem to fit reasonably well with our experiments.4 A small gap
remains, which may be in part due to head and tail phenomena [YD17,BSW18]
unaccounted for by the slope model (the Geometric Series Assumption).

More precisely, we show that the ‘equivalent’ blocksize5 βeq of module-BKZ,
required to achieve the same slope as BKZ with blocksize β, is asymptotically [.py]
(see Heuristic Claim 3 for the more refined expression used to generate Figure 2):

βeq “ β ` ln

ˆ |∆K |
dd

˙
β

d lnβ
p1 ` op1qq ` d´ 1 ` op1q (1)

4 We also conducted experiments confirming the belief that BKZ is oblivious to the
structure of the embedded module lattices [.py].

5 For easier comparison, blocksize is measured as the dimension (or Q-rank) of the
lattice, not the K-rank.
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Fig. 2: Predictions for the difference βeq ´ β of blocksizes for mBKZ
βeq{d

K to reach
the same slope as unstructured BKZβ for several cyclotomic fields K. Concrete pre-
dictions [.py] are represented by lines with large marks and a filled region in between.
Asymptotic predictions from Heuristic Claim 3 [.py] are represented by dashed lines.

where d denotes the degree of the underlying number field K and ∆K its dis-
criminant. The d ´ 1 ` op1q term of the asymptotic formula plays a role in
the |∆K | “ dd case, which for cyclotomic fields corresponds to power-of-two
conductors. These asymptotic results are merely intended as a summary of our
analysis, as we also provide concrete predictions using explicit formulas and pre-
diction scripts in Python. Equation (1) shows that, for a fixed number field, the
gain or loss on the blocksize is barely sublinear with a constant depending on
the discriminant ∆K , and our concrete estimates show it is quite substantial in
practice, see Figure 2. This figure also shows that the asymptotic summary is not
precise enough to be used as an approximation for concrete security estimates.

Incidentally, we provide an implementation of module-BKZ based on fplll [dt23]
and G6K [ADH`19] for cyclotomic fields, at least up to conductor 16. While it
is in principle more general, it fails in certain cases due to technical limitations
that we discuss later on. While our implementation is far from optimized, it
already allows experimentation with the behavior of module-BKZ beyond the
strict focus of this paper, and should be useful for answering some of the open
questions listed below. It is available at https://github.com/lducas/mBKZ/,
and our paper systematically points to the relevant bits of our code using the
symbol [.py].
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1.2 Cryptanalytic Impact

Let us now outline the potential implications of this study for cryptographic
schemes based on module lattices. First of all, our observations are not bound
to the scheme’s underlying field, and apply to an arbitrary subfield of it. In
particular, for a scheme over a cyclotomic field Qpωsq of conductor s, an attacker
can work over any Qpωcq for c dividing s. For example, for Kyber, an attacker
has the freedom to work over cyclotomic fields of degree d “ 2k for k ď 8. A
larger d should allow them to obtain speedups in the shortest-vector oracle, but
also restricts them to use a blocksize multiple of this larger value of d.

In the case of power-of-two cyclotomic fields, which are relevant to the new NIST
standards ML-KEM, ML-DSA, and FN-DSA [NIS22], the main asymptotic term
lnp|∆K |{ddqβ{pd lnβq disappears as the discriminant of such a field K satisfies
|∆K | “ dd. The remaining term is d´ 1` op1q, and Figure 2 shows a slow6 con-
vergence from above. This explains the disappointing performance of Karenin
and Kirshanova’s module-LLL implementation for overstretched NTRU param-
eters [KK24]. More importantly, this confirms and quantifies the discussion of
Kyber’s Q8 [ABD`21, Sec 5.3, Q8], which already suggested module-BKZ might
need an increased blocksize in order to match the output quality of unstructured
BKZ. Nevertheless, quite a bit of work remains to settle the question of whether
module-BKZ can slightly outperform BKZ in this context, see the following Open
Questions 1, 2, and 3.

On the contrary, for other cyclotomic fields, especially those whose conductor
has one or more small odd prime factors, we predict a rather substantial gain
on the slope, as illustrated in Figure 2. In fact, we predict that each additional
odd prime factor leads to a further slope gain: for instance, compare Qpω15q to
Qpω3q and Qpω5q in Figure 2. The slope gain induced by odd prime factors is
relevant as popular alternatives to power-of-two conductors are conductors of
the form 2i ¨ 3j [BDF18,EFG`22,EWY23]. In that case, module-BKZ over the
third cyclotomic field is predicted to gain 20 more dimensions on the blocksize
at NIST security level 1 (β « 380).

There are more schemes using conductors of the form 2i ¨ 3j [PFH`17, LS19,
HWK`25,Kpq25]. These include an intermediate parameter set of Falcon when
it was submitted to the first round of the NIST PQC standardization process, and
one of the two selected Korean post-quantum PKE/KEM standards NTRU+.
The Homomorphic Encryption library HElib also supports general conductors,
and a set of parameters with a multiple-of-5 conductor was highlighted in [HS14].
However, these schemes use the Euclidean norm defined by the coefficient embed-
ding rather than the canonical embedding, and the impact of our observations
would require special consideration (see Open Question 5).

Lastly, our analysis might narrow down avenues to construct more efficient
schemes based on module-LIP [DPPvW22]. The LIP framework [DvW22] was

6 For example, for Qpω16q, we have d ´ 1 “ 7, but βeq ´ β P r11.2, 12.6s at β “ 400.
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designed to harness the decoding capabilities of dense lattices in cryptography,
but competitive proposals likely require a module structure. One would naturally
turn to the algebraic construction of remarkable lattices, such as the construc-
tion [BF00] of the Leech lattice as an ideal in a cyclotomic field of conductor
35, 39, 52, 56, or 84. Worse, one could be tempted to use Martinet’s construc-
tion [Mar78] of asymptotically dense lattices based on towers of number fields
of bounded discriminants.

1.3 Open Questions

Although the prediction and experimental analysis of the module-BKZ slope
highlight its potential advantages, this study alone does not suffice to precisely
quantify the cost of attacks based on module-BKZ. We list several future direc-
tions, including continued investigation of Q8 [ABD`21, Sec 5.3, Q8]. While our
implementation may help answering some of those questions, a proper API for
module-lattice reduction would be beneficial.

1. HKZ Profile, Tails, and Dimensions for Free. Just as the module
structure affects the BKZ slope, we expect it to affect the profile of module-
HKZ reduction as well. Predicting HKZ shapes in a similar manner would
allow replacing the Geometric Series Assumption by its tail-adapted refine-
ment [AD21]. Perhaps more critically, this change of shape should also affect
the number of dimensions for free in the shortest-vector subroutine [Duc18],
thereby slowing down or accelerating the shortest-vector oracle, in addition
to altering the slope.

2. Profile Simulation. This study is limited to the slope of BKZ after conver-
gence, i.e., after many tours. In practice, cryptanalysts are more aggressive
and run only a single or a few tours, progressively increasing the block-
size [AWHT16]. The fine-tuning of attacks and security estimates then re-
sorts to BKZ simulators [CN11,BSW18,XWW`24], which should be adapted
to module-BKZ. In particular, one may question how fast module-BKZ con-
verges compared to unstructured BKZ.

3. Advanced Lattice Sieving with Cyclotomic Symmetries. Although
our results suggest that module-BKZ performs worse than BKZ for power-
of-two cyclotomic fields, the part that we model as shortest-vector oracle
calls relies in practice on subroutines that may benefit from a cyclotomic
structure. Indeed, speedups and memory savings have been demonstrated for
sieving over cyclotomic ideal lattices [BNP17]. However, these results were
obtained for a rather naive sieving algorithm [MV10], and it is far from clear
whether the same methods would combine well in practice with improved
sieving techniques based on locality-sensitive hashing [Laa16,BDGL16] and
other practical tricks used by the fastest known sieving implementations,
such as progressive sieving and the dimensions-for-free technique [LM18,
Duc18,ADH`19,DSvW21].
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4. Solving Cryptographic Module-Lattice Problems. Another important
open question is whether the observed slope gain translates into faster al-
gorithms for solving module-SIS, module-LWE, module-LIP, and NTRU. A
preliminary proof of concept (see Appendix C) answers this question posi-
tively, but precise predictions would require profile simulation (Open Ques-
tion 2) and a probabilistic analysis of secret recovery [DDGR20,PV21].

5. Coefficient Embedding. Our predicted and observed slope gains are ob-
tained using the canonical embedding to define the geometry of cyclotomic
fields. While it is algebraically more natural to use the canonical embedding,
some schemes [HS14,PFH`17,LS19,HWK`25] use the coefficient embedding
instead. We note that the distortion to go from one embedding to the other
depends only on the number field (in fact, no distortion occurs for power-of-
two cyclotomic fields), and is constant with growing module rank r. On the
contrary, our slope gain leads to a gain on the first basis vector’s length that
grows exponentially with r for a fixed blocksize. Hence, if r is large enough,
it will eventually be beneficial to apply module-BKZ using the canonical
embedding even when the targeted scheme uses a different embedding. Nev-
ertheless, some study is required to determine the exact break-even point
and make concrete predictions for this setup.

6. Shortest-Vector versus Densest-Ideal Oracle. From a theoretic per-
spective [MS20,KK24], it would be more natural for module-BKZ to use an
oracle for finding a densest ideal rather than a shortest vector. This raises two
questions: to what extent the slope would improve, and how such an oracle
could be realized reasonably efficiently compared to the best shortest-vector
oracles [BDGL16,Duc18]. The former question boils down to establishing a
Gaussian Heuristic for the algebraic norm.

1.4 Technical Overview

We start by briefly recalling notions from lattice reduction: the quality of a
lattice basis pz1, . . . , znq Ď Rnˆn is measured by its profile, namely the sequence
ln }z1̊ }, . . . , ln }zn̊} of logarithmic norms of its Gram-Schmidt vectors. The sum
of those logarithms is an invariant of the lattice, the logarithm of its determinant.
This profile is typically decreasing in i, and the flatter it is, the better. Since
z1̊ “ z1, a reduced basis provides in particular a short nonzero lattice vector.
Note that a vector b P Kr can naturally be viewed as a vector z P Rrd through
the canonical embedding, allowing us to refer to its length }b} as the Euclidean
norm of z. See Section 2 for more details.

Two Enlightening Cases. Consider an OK-module lattice over the fourth cy-
clotomic field K “ Qpıq, for OK its ring of integers. Having found a somewhat
short vector b1, we want to use it to perform module-structured lattice reduction.
Naturally, one would set b2 :“ ıb1.

7 It is always the case that b1 is orthogo-
nal to ıb1, hence }b1̊ } “ }b2̊ }. The profile may look perfectly flat locally, but

7 Other valid choices are b2 :“ pk ` ıqb1 for k P Z, but will not change b˚
2 .
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this constraint actually makes the global profile less flat: because }b2̊ } is a bit
larger than it would have been for an unstructured reduction, more of the de-
terminant has been consumed, lowering the rest of the profile. This discussion
implicitely assumes that the length of b1 would be the same in the structured
and unstructured cases, a matter we will discuss below.

If we instead consider the third cyclotomic, Qpω3q, the situation is rather dif-
ferent. In this case, b1 and b2 :“ ω3b1 always form an angle of π{3, so }b1̊ } “a
4{3 ¨ }b2̊ }, and b2̊ is significantly shorter than what it would be in an unstruc-

tured reduction, making the profile locally more inclined, but globally flatter.

The General Case. Consider an OK-module lattice M for some number field
K. Writing b1 for the first vector in a basis of M, its length is predicted by the
Gaussian Heuristic in the unstructured case, and backed by more formal theo-
rems [Rog56, Söd11,Che13, LN20] using a careful definition of random lattices.
Fortunately, an adaptation of those theorems has recently been proven for mod-
ule lattices [GSVV24], which we use as a module-lattice Gaussian Heuristic in
our analysis. It predicts that the shortest vector of a random cyclotomic module
lattice is only barely larger than in a random unstructured lattice.

If K is an imaginary quadratic number field, we further observe that the rank-1
module lattice b1OK is always a scaled rotation of OK itself, and the quality of
the first part of this basis is therefore directly related to the density of OK as a
lattice, or, in algebraic terms, to the absolute discriminant |∆K |.
The situation is a bit more complex beyond imaginary quadratics, where b1OK

need not be a scaled rotation of OK : it gets skewed. Yet, our heuristic analy-
sis below (adapted from [DvW21, Lemma 4.4]) shows that as we model b1 as
following a spherical distribution, the skewness quickly decreases as the rank
increases, making this concern asymptotically irrelevant, and concretely con-
trolled. We observe less average skewness experimentally than predicted by our
model, and provide an explanation of why this model is not perfectly accurate.
As we have no better model to offer, we translate this into an interval with one
end corresponding to no skewness and the other corresponding to the spherical-
model estimate. Luckily, the consequence of that uncertainty is quantitatively
mild, fading away as the blocksize grows.

Another complication can happen, namely that b1OK does not capture all the
module-lattice points in b1K. What we really want to construct as the first
rank-1 module is b1KXM, where M is the module lattice at hand. Here again,
a heuristic analysis involving the Dedekind zeta function (in a fashion similar
to [ABD16,DPPvW22,DvW21]) allows modeling the distribution of the index of
b1OK in b1K XM. Again, this model appears to be an overestimate compared
to the index encountered experimentally, for an explainable reason, without an
obvious fix, but luckily again the uncertainty it leaves is inconsequential.

This gives us four terms driving the slope of module-BKZ: the module-lattice
Gaussian Heuristic, the discriminant, the skewness, and the index. Putting it
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all together, we conclude with a concrete slope prediction, and an asymptotic
analysis of the gain or loss in terms of the blocksize.

Dense Sublattices. From the discussion above, we see that what can make
module-BKZ more performant than vanilla BKZ is its ability to find not just
short vectors, but dense sublattices (which happen to be ideals). Interestingly,
this advantage is not only about the ability to find them, but also about their
mere existence. Indeed, a recent work [DL25] predicted the slope of a variant
of BKZ based on a densest-sublattice oracle for unstructured lattices, and con-
cluded that the densest sublattices of random unstructured lattices are not dense
enough to significantly improve upon vanilla BKZ.

2 Preliminaries

Notation. The set of positive (rational) integers is denoted by N. For integers
x, x1 P Z, we define vx;x1w :“ tx, x`1, . . . , x1u. We denote Euler’s totient function
by ϕ: for x P N, ϕpxq equals the number of integers in v1;xw coprime to x.

We write x „ D to denote that x is sampled from the distribution D. We will
use Ex„Drfpxqs to denote the expected value of fpxq for x „ D. Whenever we do
not specify the distribution, we implicitly refer to the (unknown) distributions
encountered during the BKZ or module-BKZ algorithms (see Remark 1).

Throughout this paper, we use the symbol [.py] for external (clickable) links to
the corresponding part of our code where available.

2.1 Lattice Background

A (Euclidean) lattice in Rn is a set of the form L “ LpBq :“ BZk for some
B P Rnˆk with linearly independent columns. We call B a basis for L, and say
that L has dimension k. Given a basis B, we refer to its GSO as the set of
vectors obtained through Gram-Schmidt orthogonalization.

An important invariant of a lattice L is its first minimum, denoted by λ1pLq
and defined as λ1pLq :“ inft∥x∥ : x P Lzt0uu, where ∥¨∥ is the Euclidean norm.
The task of finding a nonzero lattice vector of minimal length is known as the
Shortest Vector Problem (SVP). In this work, we will assume that we have an
SVP oracle at our disposal, i.e., an algorithm that gives us a shortest nonzero
lattice vector when given a basis of a lattice.

Another important invariant of a lattice L is its determinant detQpLq, also often
called its volume (or, more accurately, its covolume). It is defined as detQpLq :“a| detpBTBq| for a basis B of L; yet its value is independent of the basis in
consideration. When L has dimension k, we define the normalized lattice Lp1q “
L{detQpLq1{k, so that Lp1q has determinant equal to 1.

Remark 1 (On random lattices). Our work studies the performance of module-
BKZ on random lattices, which involves analyzing various related random lattices
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encountered during the algorithm. It is therefore worth mentioning what we
mean with ‘random’ here. It is well known that using the Haar measure, one
can formally define a uniform distribution over the set of n-dimensional lattices
of unit determinant [Sie45]. However, as is the case for unstructured BKZ, the
distribution of the random lattices encountered in our analysis of module-BKZ
is not well understood. The notion of random lattice in this work is therefore not
always explicitly defined, and refers to its actual distribution induced by module-
BKZ. Nevertheless, we circumvent this lack of understanding in a similar manner
as is done in analysis of unstructured BKZ: we approximate these distributions
using heuristics that we verify experimentally.

2.2 Algebraic Background

Let K be a number field of degree d “ rK : Qs, i.e., K – QrXs{P pXq for some
irreducible polynomial P P QrXs of degree d. K admits d distinct embeddings
into C, i.e., injective field homomorphisms from K to C. Each of these embed-
dings corresponds to evaluating elements of K at one of the roots of P in C.
We have d “ dR ` 2dC, where dR denotes the number of real embeddings (corre-
sponding to the roots of P in R) and dC the number of complex embeddings, up
to conjugation. We denote the set of real embeddings by ER, the dC embeddings
corresponding to roots with strictly positive imaginary part by E`

C , and their

conjugates by E`
C . Altogether, the set E of all d embeddings of K decomposes

as E “ ER Z E`
C Z E`

C .

We define the ring KR as K bQ R. Note that we have a ring isomorphism KR –
RdR ˆ CdC . We define the field trace by Tr: KR Ñ R, x ÞÑ řd

j“1 σjpxq, inducing
an inner product on KR given by xx, yy :“ Trpxyq for x, y P KR. This trace inner
product is extended toKm

R by defining xx,yy :“ řm
i“1xxi, yiy “ řm

i“1 Trpxiyiq for
x “ px1, . . . , xmq,y “ py1, . . . , ymq P Km

R . In particular, this yields a geometric
norm ∥¨∥ : x ÞÑ axx,xy. We also define xx,yyK :“ řm

i“1 xiyi P KR.

Besides the trace norm }x} “ axx, xy of x P KR, we consider the algebraic

norm Npxq :“ śd
j“1 σjpxq. By the arithmetic-geometric inequality, we have?

dNpxq1{d ď }x}. For x P Km
R , we write Npxq as shorthand for Npxx,xyKq1{2.

We write OK for the ring of integers of K, which consists of the elements x P K
such that Qpxq “ 0 for some monic polynomial Q P ZrXs. In particular, OK

is a free Z-module of rank d, i.e., it is the set of all Z-linear combinations of a
basis px1, . . . , xdq in OK (called a Z-basis or integral basis of OK); for instance,
p1, x, . . . , xd´1q is such a basis if OK “ Zrxs for some x P K. The ring of integers
OK together with the embeddings σ1, . . . , σd allow us to define the discriminant
∆K of the number field K, which is given by ∆K :“ |detppσipxjqqi,jq|2. Finally,
we denote by µK the number of roots of unity in K.

Cyclotomic Fields. The main class of number fields we consider in this work is
the class of cyclotomic fields [.py], which are number fields of the form K “ Qpωcq
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for c P N, where ωc is a primitive c-th root of unity (i.e., ωc P C and satisfies ωcc
= 1 and ωjc ‰ 1 for all 1 ď j ă c). The conductor of K is the minimal c P N
such that K “ Qpωcq. If c P N is odd, then Qpωcq – Qpω2cq, and this criterion
captures all isomorphic cyclotomic fields: the conductor c of a cyclotomic field
K is either odd (in which case K – Qpω2cq) or a multiple of 4. The number of
roots of unity in a cyclotomic field K of conductor c equals µK “ c when c is
even, and µK “ 2c when c is odd.

A cyclotomic field K “ Qpωcq satisfies K – QrXs{ΦcpXq for the c-th cyclotomic
polynomial Φc. The degree of K “ Qpωcq equals ϕpcq, and its ring of integers is
Zrωcs, which is isomorphic to ZrXs{ΦcpXq. When c ą 2, all of K’s embeddings
are complex: dR “ 0 and dC “ d{2.

Ideals, Modules, and Module Lattices. A fractional ideal of OK is an OK-
submodule I Ď K (i.e., it is closed under addition and under multiplication
by elements of OK) for which there exists x P Kzt0u satisfying xI Ď OK . The
algebraic norm NpIq of a fractional ideal I is defined as NpIq :“ rOK : xIs{|Npxq|
for any x P Kzt0u satisfying xI Ď OK .

An OK-module (or module) is a set of the form M “ řr
i“1 biIi for nonzero

fractional OK-ideals I1, . . . ,Ir and KR-linearly independent vectors b1, . . . ,br P
Km

R (for some m ą 0). We say that M is a free module if the Ii’s are all equal
to OK . We refer to the set pbi, Iiqri“1 as a pseudobasis for M, and remark that
another way to represent module lattices is using module filtrations (see [MS20]).
Such a pseudobasis is said to be unital if 1 P Ii for all i (equivalently, if OK Ď Ii
for all i).8 We remark that OK Ď Ii implies that NpIiq ď 1.

The rank ofM is defined to be rankKRpMq :“ dimKR spanKR
pMq. For simplicity,

we take m “ r “ rankKRpMq in the remainder of this work. Denoting by B
the matrix with columns b1, . . . ,br, the determinant of M in KR is defined as

detKRpMq “ detpBT
Bq1{2 śr

i“1 Ii.

Through the embeddings of K, we can view M as an rd-dimensional Euclidean
lattice. More precisely, writing σ : K Ñ Cd for the canonical embedding of K,
defined by σpxq “ pσpxqqσPE , each px1, . . . , xrq P M Ď Kr

R gets mapped to a
vector pσpx1q, . . . ,σpxrqq P pRdR ˆ C2dCqr. Since the complex embeddings come
in conjugate pairs and C – R2, the canonical embedding allows us to map M to
an rd-dimensional Euclidean lattice in Rrd that preserves the geometry: the trace
inner product of the module vectors inKr

R is exactly equal to the Euclidean inner
product of the corresponding embedded vectors. (For example, taking K “ Q
and thus OK “ Z, the canonical embedding is trivial and we recover the usual
notion of Euclidean lattices in Qr.) It can be shown that the determinant of the

module lattice M equals detQpMq :“ |∆K |r{2
NpdetKRpMqq.9

8 Any pseudobasis can be turned into a unital pseudobasis using [LPSW19, Alg. 3.2].
9 Sometimes a different normalization of embeddings is used (e.g., [PM19]), resulting
in an additional factor of 2´rdC .
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2.3 GSO over KR

Two vectors are said to be KR-linearly independent if and only if the zero vector
cannot be expressed as a non-trivial KR-linear combination of them. This notion
allows us to extend Gram-Schmidt orthogonalization to matricesB P Kmˆr

R with
KR-linearly independent columns. (For instance, see [FS10,LPSW19].)

Definition 2 (GSO over KR). Given B “ pb1, . . . ,brq such that the bi are
KR-linearly independent, we define its GSO as B˚ “ pb1̊ , . . . ,br̊ q, where b1̊ “
b1 and, for all 1 ă i ď r,

bi̊ :“ bi ´
i´1ÿ

j“1

µi,jbj̊ with µi,j “ xbi,bj̊ yK
xbj̊ ,bj̊ yK for all 1 ď j ă i.

More generally, we define the projection πi : x ÞÑ x ´ ři´1
j“1

xx,b˚
j yK

xb˚
j ,b

˚
j yK bj̊ for all i,

so bi̊ “ πipbiq. Note that xbi̊ ,bj̊ yK “ 0 for all i ‰ j.

Given a rank-r module lattice M with pseudobasis B “ ppbi, Iiqqri“1, we define
the projected module lattices MpBvi;jwq “ πipbiqIi ` . . . ` πipbjqIj for 1 ď i ď
j ď r. Note that MpBvi;jwq has rank j ´ i` 1, and depends on B.

The determinant of M and of its projected module lattices can be expressed in
terms of the GSO of the pseudobasis. Namely, for all 1 ď i ď j ď r, we have:

detQpMpBvi;jwqq “ |∆K |pj´i`1q{2 ¨
jź

k“i
Npb˚

kqNpIkq.

3 Module-BKZ

After reviewing BKZ for arbitrary lattices and its corresponding slope prediction,
we describe the modified BKZ algorithm for module lattices, module-BKZ, and
present the specifics of our implementation.

3.1 BKZ and Corresponding Slope Prediction

Given a basis of an n-dimensional (Euclidean) lattice with GSO pb1̊ , . . . ,bn̊q,
we define its Q-profile10 as the sequence pℓQ1 , . . . , ℓQnq, where ℓQi :“ ln∥bi̊ ∥. As
aforementioned, the more balanced the profile is, the better.

Turning a basis into a basis of better quality is the task of lattice reduction algo-
rithms, such as the BKZ algorithm [Sch87, SE94]. In short, for blocksize β, the

10 This is usually simply called the (log-)profile, but as we will generalize this notion
to other number fields we explicit the number field for unambiguous discussions.
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BKZ algorithm aims to return a lattice basis B such that its GSO pb1̊ , . . . ,bn̊q
is BKZβ-reduced, i.e., it satisfies

∥bi̊ ∥ “ λ1pLpBvi;minpi`β´1,nqwqq @ 1 ď i ď n,

where LpBvi;jwq is the lattice generated by pπipbiq, . . . , πipbjqq and πi is the
linear projection orthogonal to the span of b1, . . . ,bi´1. Approximation variants
of BKZ exist as well, but are beyond the scope of this paper.

Slope Prediction under the Geometric Series Assumption. One can
predict the slope of the Q-profile of a BKZβ-reduced basis. Such predictions are
often based on the empirical observation that the Q-profile of a BKZβ-reduced
basis tends to resemble a descending straight line for sufficiently large β ! n
(say β ě 50). This is formalized by the Geometric Series Assumption (GSA), as
first proposed by Schnorr [Sch03].

Heuristic 1 (Euclidean-Lattice GSA). Let β ! n be sufficiently large.
There is a constant αQ ą 1 (depending only on β) such that the Q-profile of
a BKZβ-reduced basis of a random n-dimensional Euclidean lattice of fixed de-
terminant satisfies:

ErℓQi s “ ErℓQ1 s ´ pi´ 1q lnαQ @ 1 ď i ď n. (GSA)

Due to the lattice invariant ln detQpLq “ řn
i“1 ℓ

Q
i and the definition of BKZ

reduction, the GSA is equivalent to the following prediction of the expected Q-
slope, defined as slopeQpBKZβq :“ ´ lnαQ. (See, for example, [AD21,dBvW25].)

Heuristic Claim 1 (Q-Profile of BKZβ under GSA). Let L be a random n-
dimensional Euclidean lattice of fixed determinant, and let B be a BKZβ-reduced
basis of L for some sufficiently large β ! n. Then the GSA predicts

ErℓQi s “ n` 1 ´ 2i

2
lnαQ ` 1

n
ln detQpLq

for all 1 ď i ď n, where:

lnαQ “ 2

β ´ 1
Esrln }s}s

where s is a shortest vector in one of the random normalized projected lattices
LpBvj;j`β´1wqp1q for 1 ď j ă n´ β.

Further Prediction using the Gaussian Heuristic. In the analysis of BKZ
algorithms, it is standard to go one step further in the slope prediction by as-
suming that the normalized projected lattices LpBvj;j`β´1wqp1q behave as ran-
dom β-dimensional lattices of unit determinant, allowing to invoke the Gaussian
Heuristic to estimate Esrln }s}s.
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More precisely, the Gaussian Heuristic states that, for an n-dimensional Eu-
clidean lattice L and a measurable set B Ď spanpLq, the number of nonzero
lattice vectors in L X B approximately equals volpBq{detQpLq. Applying this
heuristic to the n-dimensional Euclidean unit ball Bn gives a prediction of
λ1pLq « pdetQpLq{volpBnqq1{n for the first minimum of L.
For a well-defined notion of random lattices of unit determinant, there exists
a more precise and formal result regarding the expectation of λ1pLq, namely
λ1pLqn ¨ volpBnq converges in distribution to the exponential distribution of pa-
rameter 1{2 [BSW18, Theorem 1] (attributed to [Söd11, Che13]). As we study
the (log-)profile, we are more interested in Erlnλ1pLqs, but this value can also
be predicted by the aforementioned theorem. Indeed, the logarithm of an expo-
nential distribution can be expressed in terms of a Gumbel distribution, whose
mean is known. Note that this formal result still downgrades to the following
heuristic when applied to the lattices appearing in BKZ, as their distributions
are not yet well understood.

Heuristic 2 (lnλ1 under the Euclidean-Lattice Gaussian Heuristic [.py]).
Let L be a random n-dimensional lattice of unit determinant. Its expected loga-
rithmic first minimum under the Gaussian Heuristic is given by

Erlnλ1pLqs “ lghQpnq (GH)

where lghQpnq :“ 1
n plnp2{volpBnqq ´ γq, with γ « 0.57721 denoting the Euler-

Mascheroni constant.

It is therefore common to heuristically predict the slope of the Q-profile as

slopeQpBKZβq “ ´ 2

β ´ 1
lghQpβq.

Remark 3 (Gaussian Heuristic for Lattices of Arbitrary Determinants). This
heuristic extends to lattices of arbitrary determinant after appropriate scaling.
Namely, given a random n-dimensional lattice L of fixed determinant D, the
Gaussian Heuristic predicts: Erlnλ1pLqs “ lghQpnq ` 1

n lnD.

3.2 Module-BKZ

The BKZ algorithm merely treats a rank-r moduleM Ď Kr
R as an rd-dimensional

Euclidean lattice, where d “ degpKq, thereby ignoring the underlying module

structure. Instead, we consider a generalization of BKZ, which we call mBKZβK

K

for a parameter 2 ď βK ď r. This module-BKZ algorithm is presented in Al-
gorithm 1 and finds short vectors in the rank-r module using an SVP oracle
on rank-βK projected modules, thereby generalizing module-LLL [LPSW19] to
βK ě 2. These projected modules correspond to Euclidean lattices of dimen-
sion βKd, which makes it natural to compare mBKZβK

K to BKZβKd. The output

of Algorithm 1 is an mBKZβK

K -reduced pseudobasis of M, defined as follows.
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Definition 4 (mBKZβK

K -Reduced). For 2 ď βK ď r, we say that a pseudoba-

sis B of a rank-r module M is mBKZβK

K -reduced if

∥bi̊ ∥ “ λ1pMpBvi;minpi`βK´1,rqwqq @ 1 ď i ď r.

Algorithm 1: Module-BKZ algorithm (high-level)

Input: Unital pseudobasis B of a rank-r module M; parameter βK
Output: Unital mBKZβK

K -reduced pseudobasis

1 while B is not mBKZβK

K -reduced do
2 for i “ 1, . . . , r do
3 Let v “ SVPpMpBvi;minpi`βK´1,rqwqq
4 Let I be such that vI “ vK X MpBvi;minpi`βK´1,rqwq
5 Lift vI to wI Ď M satisfying πipwq “ v
6 Insert pw,Iq into B at position i and remove linear dependencies

7 return B

We refer to a single execution of the while-loop as an mBKZ tour. Note that
Line 5 is essentially Babai lifting [Bab86], and Line 6 can be achieved using
(e.g.) the algorithm from [FS10, Theorem 4]. While Algorithm 1 may encounter
non-unital pseudobases during an mBKZ tour, the final output is always unital
by construction. We remark that formal variants of LLL and BKZ typically
consider an approximate SVP oracle to enforce significant improvement at each
insertion step. As we are not concerned with guaranteed termination, our model
instead uses an exact SVP oracle in Line 3. This approach assumes approximate
convergence after sufficiently many mBKZ tours, which is at least heuristically
supported by [HPS11].

Remark 5. Note that the fractional ideal I considered in Line 4 contains OK and
is the ideal of minimal norm that satisfies vI Ď MpBvi;minpi`βK´1,nqwq. Indeed,
consider a vector v P M1 for some module M1, and let I be the fractional ideal
such that vI “ vK X M1. Then I “ tx P K : xv P M1u. Since xv P M1 for all
x P OK , we have that OK Ď I, so N pIq ď 1. Moreover, for all fractional ideals
I1 such that vI1 Ď M1, we have I1 Ď I, and thus N pIq ď N pI1q.

3.3 Implementation

For our experiments, we developed a Python implementation of module-BKZ for
cyclotomic fields, which is publicly available, together with the experiment and
prediction scripts, and the generated data. Instead of redeveloping the entire
lattice-reduction stack to obtain one specialized to module lattices, we rely on
existing libraries fplll/fpylll [dt23] and G6K [ADH`19]. When implementing
the SVP oracle from G6K [.py], we choose less aggressive strategies than typi-
cally done to be almost certain to really solve SVP, as our purpose is more to
understand and predict than to fine-tune for speed.
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The module lattices considered in our experiments are natural OK-analogs of q-
ary lattices, namely lattices defined by random linear equations modulo qOK [.py],
though we remark that our implementation is not restricted to those.

The choice of using existing lattice-reduction libraries raises two technical dif-
ficulties: protecting the module structure from the whims of libraries that are
designed to only consider Z-bases, and having a geometrically faithful embed-
ding of the cyclotomic rings that remains integral. We discuss our solutions to
both issues.

Restructured Z-bases. Our objective is to represent a module lattice M by a
Z-basis, while maintaining enough of its structure. Let pb1, . . . ,brdq P Krˆrd

R be
a Z-basis of M at some stage of the algorithm. Naively, one would be tempted to
enforce that, for all blocks i, the corresponding vectors bpi´1qd`1, . . . ,bpi´1qd`d
Z-generate a rank-1 module. This constraint may be broken when applying size
reduction, the most frequent basis maintenance task of the lattice-reduction li-
brary. Size reduction can hardly be avoided for reasons of numerical stability, and
replacing it by a module-lattice-analog of size reduction would require significant
modifications in fplll.

Instead, it suffices to impose the constraint that pb1, . . . ,bdq is indeed the Z-basis
of a rank-1 module [.py], and that this property holds recursively for the rest of the
basis (i.e., bd`1, . . . ,brd) projected orthogonally to b1, . . . ,bd. This property is
not affected by size reduction, and is sufficient to implement module-BKZ.

This structure is going to be broken whenever we solve SVP on a block by G6K.
We now want a procedure to repair the module structure; more precisely, given
a certain first vector b1, we would like to enforce that pb1, . . . ,bdq is a Z-basis
of b1K X M [.py], which is a rank-1 module containing b1OK . Hence, we first
insert a Z-basis of b1OK into the current Z-basis of M, and would then like to
run LLL to eliminate linear dependencies [.py].

Yet, LLL may find shorter vectors for this block and thus re-break the module
structure of the first block: the first d vectors may not Z-generate b1K XM. In
principle, one can prevent LLL from doing just that while still eliminating linear
dependencies, simply by running LLL (in Line 6) with parameter δ very close to
0, so that vectors are less likely to be swapped.

Unfortunately, the fplll API forbids setting δ ď 1{4; the reason might be that
there is no absolute guarantee in term of basis quality for such small δ. Yet, for
such parameters LLL still guarantees that the potential does not increase and
that linear dependencies are eliminated. We argue that it would be desirable to
relax the API.

Fortunately, we do not have to resort to patching fplll to get our prototype
running, at least for some cyclotomic rings of interest (say with conductor ď
16); we found out experimentally that repeated attempts to restructure, with
decreasing δ from 0.99 would eventually succeed before reaching 1{4 [.py]. Running
BKZ progressively with increasing blocksize also seems to help avoiding the issue.
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Cyclic Embedding. A second technical difficulty with our approach comes from
the definition of inner products. We are working in the cyclotomic ring Zrωcs with
the trace inner product. However, the fplll library requires the input lattice
to be represented with integer coefficients, and considers the standard inner
product over Rn. If we represent Zrωcs – ZrXs{ΦcpXq using the coefficients

of a polynomial
řc´1
i“0 aiX

i, then the inner product does not correspond to the
desired trace inner product. We could represent a vector by its embeddings to
have the correct inner product, but those values are defined over C and thus
may be irrational. The following cyclic embedding solves this conundrum; an
idea that already underpins several existing works [DD12,BDF18,DP16].

Consider the cyclic ring Cc “ QrXs{pXc ´ 1q, and view it as a Euclidean vector

space in the obvious way. That is, elements of Cc are polynomials
řc´1
i“0 aiX

i

represented by their coefficients ai, naturally leading to the coefficient inner
product xřc´1

i“0 aiX
i,

řc´1
i“0 biX

iycoef :“ řc´1
i“0 aibi. The discrete Fourier transform

Fc sends such a polynomial P pXq “ řc´1
i“0 aiX

i (more precisely, its coefficients)
to the vector pP pωjcqqc´1

j“0 P Cc. It is well known that Fc is a scaled isometry;

more precisely, its scaling 1?
c
Fc is an isometry.

Similarly, the trace inner product of Qpωcq is isometric to the standard inner
product of Cϕpnq via the canonical embedding. The latter Hermitian space is
trivially embedded into Cc by padding c ´ ϕpcq many zero coordinates at posi-
tions corresponding to the non-primitive c-th roots of unity. This allows us to
define the cyclic embedding by completing a commutative diagram, as depicted
in Figure 3 [.py].

Cc, x¨, ¨ycoef Cc, x¨, ¨y

Cϕpcq, x¨, ¨yQpωcq, x¨, ¨yTr
canonical

embedding

scaled

Fourier transform

zero padding at
non-primitive c-th
roots of unity

cyclic
embedding

Fig. 3: Commutative diagram defining the cyclic embedding.

Being a bit more explicit in those calculations, one further notices that the inte-
gers Zrωcs are represented by elements in 1

cZrXs{pXc ´ 1q; following [DvW18],
this is easy to show for prime conductor c and the general case follows by direct-
sum and tensor structures. Hence, scaling the representation by a factor c results
in a scaled isometric embedding of Zrωcs in Zc. Note that the embedding dimen-
sion c is strictly larger than the degree ϕpcq of the number field, but this is not an
issue as the lattice-reduction library is perfectly capable of working with lattices
embedded in a field of larger dimension.
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4 Prediction of the Module-BKZ Profile

In this section, we present a slope prediction for (structured) module-BKZ, mo-
tivated by numerical observations and supported by theoretical analysis, which
makes use of a module-lattice analog of the Geometric Series Assumption (GSA).

Let K be a number field of degree d and discriminant ∆K . Consider a random
rank-r module M over K of fixed determinant, and a sufficiently large βK sat-
isfying 2 ď βK ! r. Viewing M as an rd-dimensional Euclidean lattice L, the
analysis from Section 3.1 (using the GSA) implies that the unstructured BKZβKd

algorithm results in a slope prediction of

slopeQpBKZβKdq “ ´ 2

βKd´ 1
Esrln∥s∥s (2)

where the random variable s P RβKd reflects the behavior of BKZ. Specifically, s
is a shortest vector in a random βKd-dimensional lattice of unit determinant. We
recall from Section 3.1 that by invoking the Gaussian Heuristic one can predict
Esrln∥s∥s as lghQpβKdq, as is common in BKZ-slope analysis.

In Section 4.1, we use a module-lattice analog of the GSA to derive the following
slope prediction [.py] for the mBKZβK

K algorithm:

slopeQpmBKZβK

K q “ ´ 2

βKd´ d

˜
Esrln∥s∥s
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

t1

` 1

2d
ln

|∆K |
dd

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
t2

` Es

«
ln

?
dNpsq1{d

∥s∥

ff

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
t3

` 1

d
EIrlnNpIqs
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

t4

¸
(3)

where the random variables s P KβK

R and I Ě OK reflect the behavior of module-
BKZ. Specifically, s is a shortest vector in a random rank-βK module lattice
of unit determinant, and I is a fractional ideal in the random mBKZ-reduced
pseudobasis.11

Apart from the terms t1, t2, t3, t4, the slope predictions of unstructured BKZ
in Equation (2) and structured module-BKZ in Equation (3) also differ in the
denominator, changing from βKd´ 1 to βKd´ d.

After deriving this slope prediction, we dive into the four main terms t1, t2, t3, t4,
enabling us to compare with the usual BKZ slope prediction from Equation (2).
We refer to these four terms as:

t1: the module-lattice analog of lghQpβKdq,
11 As is standard in the analysis of BKZ algorithms, these distributions are not formally

defined, which is why most of our analysis remains heuristic (recall Remark 1).
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t2: the discriminant gap,

t3: the skewness gap,

t4: the index gap.

Note that t2 is fully determined by K. The other terms have an upper bound
independent of the pseudobasis: for t1 there is Minkowski’s bound, while t3 ď 0
by the arithmetic-geometric inequality, and t4 ď 0 since the pseudobasis is unital.
Sections 4.2 up to 4.5 are aimed at providing an estimate for those terms, rather
than just a generic bound.

In Section 4.6, we use our analysis of the four terms in order to conclude with an
upper and lower bound on the module-BKZ Q-slope prediction (Equation (3)),
yielding the prediction interval shown in Figure 1.

Remark 6 (Terminology). As t3 “ 0 if and only if |σpsq|2 has the same value
for all embeddings σ, t3 measures how skewed these values are. Moreover, t4 is
defined by the norm of ideals I Ě OK , which satisfy NpIq “ 1{NpI´1q where
NpI´1q equals the index of I´1 as a subgroup of OK .

4.1 Module-Lattice GSA and Corresponding Slope Prediction

Consider a pseudobasis ppbi, Iiqqri“1 of a rank-r moduleM overK. Let z1̊ , . . . , z
˚
rd

denote the GSO of a Z-basis obtained by embedding K into Rd and successively
mapping each of the r components of the pseudobasis. Recall from Section 3.1
that the corresponding Q-profile is defined as the sequence pℓQi qrdi“1 where:

ℓQi :“ ln∥zi̊ ∥ @ 1 ď i ď rd.

In addition, we define the correspondingK-profile as the sequence pℓKi qri“1 where:

ℓKi :“ ln detQpbi̊ ¨ Iiq “
dÿ

j“1

ℓQpi´1qd`j @ 1 ď i ď r.

In particular,
řr
i“1 ℓ

K
i “ ln detQpMq, and each ℓKi {d denotes the average log-

norm of the GSO vectors corresponding to the ideal biIi.

Geometric Series Assumption for Module Lattices. Figure 4a illustrates
the K-profile of mBKZ-reduced bases of module lattices over the cyclotomic
fieldsQpω3q,Qpω4q,Qpω15q, and Qpω16q. It is compared withQ, the unstructured
case. A first observation is that the GSA seems to generalize to the K-profile of
mBKZ-reduced bases, up to a tail phenomenon that is well known for regular
BKZ [AD21, Def. 9]. However, we notice that the module-BKZ slope varies: it
is better (flatter) for Qpω3q and Qpω15q, and worse for Qpω4q and Qpω16q.12
12 This discrepancy can be explained by the difference in discriminant gap: cyclotomic

fields K with a power-of-two conductor c have |∆K | “ ϕpcq
ϕpcq, whereas a strict

inequality holds for conductors c “ 3 and c “ 15, contributing to a flatter profile.
(See Section 4.3.)
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(a) Plot of the normalized K-profile pℓKi q
r
i“1, averaged over 5 bases.
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(b) Plot of Q-profiles pℓQi q
rd
i“1, zoomed in.

Fig. 4: The profiles resulting from mBKZβK
K in dimension rd “ 160 with blocksize

βKd “ 64 after 30 tours, where d “ degpKq and K “ Qpωcq for c “ 1, 3, 4, 15, 16 [.py].
The respective degrees are d “ 1, 2, 2, 8, 8.

Moreover, we observe various periodic patterns in the corresponding Q-profiles
shown in Figure 4b. These repeated patterns correspond to the profile of a
(reduced) Z-basis of OK , or a small distortion thereof. In the case of Qpω4q,
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OK – Z2 (up to scaling), and we have ∥b1∥ “ ∥b2̊∥ “ 1: the pattern is per-
fectly flat on each period. For Qpω3q, OK is a scaled hexagonal lattice, with

∥b1∥ “ 1, ∥b2̊∥ “
?
3
2 . For Qpω16q, we have OK – Z8, but the pattern is not

exactly flat nor perfectly periodic: OK seems to be slightly and randomly skewed.

These observations regarding Figure 4a motivate the following module-lattice
analog of the GSA, as already proposed for module-LLL in [KK24, Heuristic 3].13

Heuristic 3 (Module-Lattice GSA). Let K be a number field and let βK ! r
be sufficiently large. There is a constant αK ą 1 (depending on βK) such that

the K-profile of an mBKZβK

K -reduced pseudobasis of a random rank-r module M
over K of fixed determinant satisfies:

ErℓKi s “ ErℓK1 s ´ pi´ 1q lnαK @ 1 ď i ď r. (mGSA)

We recall that ℓKi “ ln detQpbi̊ ¨ Iiq “ 1
2 ln |∆K | ` lnNpbi̊ qNpIiq for 1 ď i ď r.

Slope Prediction. Similar to the unstructured case (Section 3.1), the module
invariant detQpMq and the definition of mBKZ reduction allow us to trans-
late Heuristic 3 into the following prediction of the expected K-slope, defined as
slopeKpmBKZβK

K q :“ ´ lnαK [.py].

Heuristic Claim 2 (K-Profile of mBKZβK

K under mGSA). Let K be a
number field of degree d. Let M be a random rank-r module over K of fixed
determinant, and let B be an mBKZβK

K -reduced pseudobasis of M for some suf-
ficiently large βK ! r. Then the module-lattice GSA predicts

ErℓKi s “ r ` 1 ´ 2i

2
lnαK ` 1

r
ln detQpMq

for all 1 ď i ď r, where:

lnαK “ 2d

βK ´ 1

´
Esrln∥s∥s ` 1

2d
ln

|∆K |
dd

` Es

”
ln

?
dNpsq 1

d

∥s∥
ı

` 1

d
EIrlnNpIqs

¯
(4)

where s is a shortest vector in one of the random normalized projected module
lattices MpBvj;j`βK´1wqp1q for 1 ď j ă r´βK , and I Ě OK is a fractional ideal
in the random pseudobasis B.

Remark 7 (Prediction of the Q-Slope). While the Euclidean-lattice GSA (Heuris-
tic 1) may not hold locally, it is globally plausible and allows us to translate the

13 Technically, the heuristic in [KK24] considers module-LLL using an algebraic SVP
oracle, minimizing the algebraic norm of the basis vectors, whereas our definition of
module-BKZ deals with minimizing the Euclidean norm (recall Open Question 6).
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slope of the K-profile back to that of the corresponding Q-profile. Namely, we
predict:

slopeQpmBKZβK

K q “ 1

d2
slopeKpmBKZβK

K q “ ´ 1

d2
lnαK

resulting in the slope prediction given in Equation (3). Note that the first equality

holds under Heuristic 1: lnαK “ ℓK1 ´ ℓK2 “ řd
j“1 ℓ

Q
j ´ řd

j“1 ℓ
Q
d`j “ d2 lnαQ,

where we use Equation (mGSA), the definition of the ℓKi ’s, and Equation (GSA).

Justification of Heuristic Claim 2. Let B :“ ppbi, Iiqqri“1 be the random pseu-
dobasis output by module-BKZ. We first show that Heuristic 3 implies Equa-
tion (4). Let Dj :“ detQpMpBvj;j`βK´1wqq for some 1 ď j ă r ´ βK . By defini-
tion of the K-profile and by applying Equation (mGSA) to all i P t1, . . . , βKu,
we have ErlnpDjqs “ řβK´1

i“0 ErℓKj`is “ βKpErℓKj s ´ βK´1
2 lnαKq, so we obtain

lnαK “ 2
βK´1 pErℓKj s ´ 1

βK
ErlnpDjqsq.

Moreover, ℓKj “ 1
2 ln |∆K | ` lnNpbjq ` lnNpIjq, which can be rewritten as ℓKj “

d lnp∥bj∥q ` 1
2 ln

|∆K |
dd

` d ln
?
dNpbjq1{d

∥bj∥ ` lnNpIjq. Hence, 1
d pℓKj ´ 1

βK
lnpDjqq “

ln
∥bj∥
D

1{βKd

j

` 1
2d ln

|∆K |
dd

` ln
?
dNpbjq1{d

∥bj∥ ` 1
d lnNpIjq. By definition of mBKZ reduc-

tion, bj{D1{βKd
j is a shortest vector in the normalized projected module lattice

MpBvj;j`βK´1wqp1q. In other words, we have shown Equation (4).

To conclude, we apply Equation (mGSA) to all i P t1, . . . , ru, giving ln detQpMq “řr
i“1 ErℓKi s “ rErℓK1 s ´ rpr´1q

2 lnαK . Hence, ErℓK1 s “ r´1
2 lnαK ` 1

r ln detQpMq,
so ErℓKi s “ r`1´2i

2 lnαK ` 1
r ln detQpMq by Equation (mGSA), as desired. [\

4.2 Module-Lattice Analog of the Gaussian Heuristic

We approximate the first term t1 “ Esrln∥s∥s in Equation (3) by extending
the Gaussian Heuristic to module lattices. This is justified if the first projected
module lattice of an mBKZβK

K -reduced pseudobasis behaves like a random rank-
βK module lattice (of the same volume).

Specifically, let K be a number field of degree d. For a positive integer r, we write
lghKprq for the expected logarithmic first minimum of a random rank-r module
lattice overK of unit determinant. In the general case, Minkowski’s bound allows
us to prove lghKprq ď lnp2q ` lghQprdq for any number field K. In the case of
a cyclotomic field K “ Qpωcq of conductor c and degree d “ ϕpcq, a recent
study [GSVV24, Theorem 38] proved that the first minimum of a (formally well-
defined) random rank-r module lattice of unit determinant is asymptotically
concentrated around pµK{ volpBrdqq1{rd, where we recall that µK denotes the
number of roots of unity in K, and Brd the rd-dimensional Euclidean unit ball.14

14 We also considered the simpler, specialized Theorem 3 of [GSVV24], but found that
it yields poor predictions for even conductors c. Recall µK “ 2c for odd c and µK “ c
otherwise.
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While this does not predict the exact average, we can attempt to make such
a prediction by heuristically ‘merging’ [GSVV24, Theorem 38] and Heuristic 2.
Namely, we use the latter as a baseline for Q, and the former to estimate the
gap between Q and K. Because µQ “ 2, one reaches the following heuristic.

Heuristic 4 (lnλ1 under the Module-Lattice Gaussian Heuristic [.py]).
Let M be a random rank-r module lattice of unit determinant over a number
field K of degree d. Its expected logarithmic first minimum under the Gaussian
Heuristic is given by

E rlnλ1pMqs “ lghQprdq ` 1

rd
ln
µK
2
. (mGH)

Hence, lghKprq “ lghQprdq ` 1
rd ln

µK

2 .

Remark 8. Similar to Heuristic 2, the module-lattice Gaussian Heuristic extends
to random module lattices of arbitrary fixed determinant by appropriate scaling.

This results in the following heuristic estimate:

t1 “ lghKpβKq “ lghQpβKdq ` 1

βKd
ln
µK
2

“ 1

βKd

ˆ
ln

µK
volpBβKdq ´ γ

˙

where γ denotes the Euler-Mascheroni constant.

We verify this prediction experimentally in Figure 5, and note it to be rather
accurate even for relatively small module rank r, and increasingly accurate as
r grows. We note that even for K “ Q the average is slightly underestimated,
but the theorem on which we base the module-lattice Gaussian Heuristic only
provides a concentration bound, not an expectation. ForK “ Q, there also exists
a refined estimate for the average [Che13,BSW18], and it would be interesting
to extend it to other number fields.

4.3 Discriminant Gap

The next term in the formula for slopeQpmBKZβKq is the discriminant gap t2 “
1
2d ln

´ |∆K |
dd

¯
. Ignoring other terms, a smaller discriminant brings the predicted

slope closer to 0, thereby contributing to a flatter module-BKZ profile. In the
case that K is a cyclotomic field, we have the following explicit formula for its
discriminant ∆K , allowing us to compute the discriminant gap. For c P N, we
write Pc for the set of distinct prime factors dividing c.

Theorem 9 (Discriminant of Cyclotomic Fields [Was82, Prop. 2.7] [.py]).
For c P N, let ωc be a primitive c-th root of unity. The discriminant ∆K of

K “ Qpωcq equals ∆K “ p´1qϕpcq

2 cϕpcqś
pPPc

p´ ϕpcq

p´1 .
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Fig. 5: Logarithmic gap to the Gaussian Heuristic over Q (lghQpβKdq). Thick lines with
small marks are predictions (lghKpβKq), thin lines with large marks are experimental
average, taken over 1000 samples [.py].

We obtain the following formula for the discriminant gap t2 of cyclotomic fields,
revealing that t2 merely depends on the set Pc for the field’s conductor c.

Lemma 10 (Discriminant Gap Formula). For c P N, let ωc be a primitive
c-th root of unity. Then the discriminant gap t2 of K “ Qpωcq is independent of
the exponents in the prime decomposition of c, and equals:

t2 “ 1

2

ÿ

pPPc

´p´ 2

p´ 1
lnppq ´ lnpp´ 1q

¯
.

Proof. For c P N, let ωc be a primitive c-th root of unity, and define K :“ Qpωcq
and d :“ ϕpcq. By Theorem 9, lnp|∆K |q “ dplnpcq ´ ř

pPPc

1
p´1 lnppqq, so by

definition the discriminant gap t2 of K equals t2 “ 1
2d lnp|∆K |q ´ 1

2 lnpdq “
1
2

´
lnpcq´lnpdq´ř

pPPc

1
p´1 lnppq

¯
. By definition of ϕ, d “ ϕpcq “ c

ś
pPPc

p1´ 1
p q,

so lnpcq ´ lnpdq “ ř
pPPc

plnppq ´ lnpp´ 1qq. The result immediately follows. [\

In other words, for cyclotomic fields of conductor c, we have t2 “ 0 if c is
a power of 2, and t2 ă 0 if c has an odd prime factor. In particular, for a
composite conductor c, each distinct odd prime factor contributes to decreasing
the discriminant gap t2, thereby flattening the predicted module-BKZ profile.
However, we remark that the quantity p´2

p´1 lnppq ´ lnpp´ 1q is minimal for p “ 5
and is increasing for p ě 5. This is illustrated in Figure 6, where we provide
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Fig. 6: Discriminant gap t2 for cyclotomic fields of conductor c “ pn, where p is a
prime and n P N [.py].

the respective values of t2 for prime conductors c “ 5, 7, 11, 3, 13, 17, 19, listed in
increasing order with respect to t2. Asymptotically, for p Ñ `8, the contribution

of a prime factor p is 1´lnppq
2p `Op 1

p2 q.
We also numerically checked in sage whether subfields of cyclotomic fields could
give good values of t2 up to conductor 105 [.py]. They turned out to always be
equal or larger than for the original cyclotomic.

4.4 Skewness Gap

Next, we consider the skewness gap t3 “ E
“
lnp

?
dNpsq1{d

}s} q‰
, where s is a shortest

vector in one of the random projected lattices encountered by module-BKZ. We
recall that t3 measures how skewed the values |σpsq|2 are for the embeddings
σ. By construction, this quantity is invariant by scaling the value }s}, so we
only need to model its direction. Quite naturally, we are tempted to model the
direction as being uniform over the pβK ´ 1q-dimensional unit sphere SpKβK

R q,
forgetting about the fact that s should be a shortest vector of a module (which

certainly constraints its direction [CDPR16]). Conveniently, we model s P KβK

R
itself as a spherical Gaussian, and denote this modeled skewness gap by rt3.
This makes our analysis similar to that of [DvW21, Lemma 4.4], generalized to
arbitrary number fields and module ranks.

Let us first express the independent real Gaussian variables more explicitly using
the definition of the Euclidean norm. For s “ ps1, . . . , sβK

q, we have ∥s∥2 “
Tr pxs, syKq “ ř

σPE
řβK

j“1 σpsjqσpsjq. For each j P v1;βKw , σR P ER, and σC P
E`
C , we define AσR,j :“ σRpsjq, BσC,j :“ ?

2 ¨ ℜpσCpsjqq, and CσC,j :“ ?
2 ¨
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ℑpσCpsjqq, giving:

∥s∥2 “
βKÿ

j“1

´ ÿ

σPER

A2
σ,j `

ÿ

σPE`
C

pB2
σ,j ` C2

σ,jq
¯
. (5)

On the other hand, we have:

Npsq2 “
ź

σPE

βKÿ

j“1

σpsjqσpsjq “
˜ ź

σPER

βKÿ

j“1

A2
σ,j

¸ ¨
˝ ź

σPE`
C

1

2

βKÿ

j“1

pB2
σ,j ` C2

σ,jq
˛
‚
2

.

It is therefore Aσ,j , Bσ,j , and Cσ,j in Equation (5) that we model as indepen-

dent Gaussian variables, say of variance 1. The terms
řβK

j“1A
2
σ,j ,

řβK

j“1B
2
σ,j , andřβK

j“1 C
2
σ,j in the above formulas then follow a χ2 distribution, and so does }s}2.

The expected logarithm of a χ2 distribution relates to the digamma function,
denoted ψ, via Erlnχ2

as “ ψpa{2q ` ln 2, where a is the number of degrees of
freedom. We proceed with the calculation [.py], where we use d “ dR ` 2dC to

cancel some ln 2 terms and write U for the uniform distribution over SpKβK

R q:

rt3 :“Es„U
”
ln

´?
dNpsq 1

d

∥s∥
¯ı

“ ln d

2
` dRErlnχ2

βK
s ` 2dCpErlnχ2

2βK
s ´ ln 2q

2d
´ Erlnχ2

βKd
s

2

“ ln d

2
` dRψpβK{2q ` 2dCpψpβKq ´ ln 2q

2d
´ ψpβKd{2q

2
. (6)

When K is a totally imaginary field, such as a cyclotomic field of conductor
c ą 2, we have dR “ 0 and 2dC “ d. In fact, Equation (6) equals 0 when K is an
imaginary quadratic field (d “ 2). Moreover, for K “ Q, our model adequately
predicts no skewness as well.

Figure 7 suggests that the model and experiments converge for large values of
βK , but rt3 significantly underestimates the skewness term t3 for smaller βK .
This means that our model is not exactly accurate. In particular, it does not
account for the fact that s must be a shortest vector of a module lattice, and
therefore of sOK .

Let us fix }s} “ 1 by rescaling. In our model, Npsq1{d, has a small probability
of being arbitrarily small, for example if the Ai,σ are small enough for a fixed σ
and all i (think of points on a sphere of dimension βKd close to a hyperplane of
dimension βK). However, such a situation is forbidden by Minkowski’s bound: if
Npsq1{d gets arbitrarly small, detQpsOKq does as well, putting an arbitrary small
upper bound on the first minimum of the lattice.
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Fig. 7: Skewness gap (term t3). Thick translucide lines with small marks correspond
to the prediction rt3 of our model in Equation (6), thin lines with large marks are the
experimental average, taken over 1000 samples [.py]. We remark that as the prediction
depends only on dR and dC, predictions for different rings can overlap.

4.5 Index Gap

Finally, we consider the index gap t4 “ 1
dErlnpNpIqqs. By construction, the

pseudobasis is unital, so OK Ď I and thus lnpNpIqq ď 0. Let us first clarify
that lnpNpIqq ă 0 does not require OK to have non-principal ideals: the short-
est vector of a principal ideal may not be a generator. In fact, there are cases
where the shortest generator is subexponentially larger than the shortest vec-
tor [CDPR16, Lemma 6.2].

We provide a lower bound rt4 on t4 using a density-based argument based on the
Dedekind zeta function ζK , in a similar way as [ABD16, Sec 2.2], [DPPvW22,
App. A], and [DvW21, Claim 4.2]. We assume here that the random rank-βK
modules admit a K-basis B rather than a pseudobasis, and let v “ Bx be a
shortest vector. The ideal I constructed in the module-BKZ algorithm is then
equal to gcdptxiOKuiq´1.

Following standard analysis, and assuming that the xi’s are random large ele-
ments of OK , the probability that this gcd is a multiple of an ideal a Ď OK is
Npaq´βK . Writing D for the distribution of the I under our model, and decom-
posing I over the prime ideals of OK , we obtain [.py]:

rt4 :“ 1

d
EI„D rlnNpIqs

“ ´ 1

d

ÿ

p

ÿ

iPN
i ¨ pPrrI´1 Ă pis ´ PrrI´1 Ă pi`1sq ¨ lnNppq
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“ ´ 1

d

ÿ

p

ÿ

iPN
i ¨ pNppq´iβK ´ Nppq´pi`1qβK q ¨ lnNppq

“ ´ 1

d

ÿ

p

ÿ

iPN
Nppq´iβK lnNppq

“ ´ 1

d

ÿ

p

lnNppq
NppqβK ´ 1

“ 1

d

ζ 1
KpβKq
ζKpβKq (7)

where ζK denotes the Dedekind zeta function of K, and ζ 1
K{ζK is its logarithmic

derivative [.py]. Here, we used a telescoping identity
ř8
i“1 i ¨pxi´xi`1q “ ř8

i“1 x
i.

However, over Q, Qpω3q, and Qpω4q, the algebraic norm is an increasing function
of the Euclidean norm, so shortest vectors and generators of rank-1 ideals always
coincide: it can never be that NpIq ă 1 despite the above analysis saying it
happens with nonzero probability. The previous analysis fails to capture that v
is short, which lowers the probability of finding divisors in this gcd.

The failure of the modeled index gap rt4 is blatant in Figure 8: for small rank
βK , the model predicts a significant index gap, while for a cyclotomic field of
conductor c P t1, 3, 4, 5, 8, 15u the index gap was always trivial over 1000 samples.
On the other hand, we did encounter NpIq ă 1 for conductor 16, but still much
less often than predicted. Overall, it seems better to treat this model as a lower
bound on the index gap.
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Fig. 8: Index gap (term t4). Thick translucide lines with small marks correspond to
the prediction rt4 of our model in Equation (7), thin lines with large marks are the
experimental average, taken over 1000 samples [.py].
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Yet, as we discuss in Section 5.1, the modeled index gap rt4 converges exponen-
tially fast to 0 as a function of βK anyway, so this term is actually rather well
controlled for large blocksizes.

4.6 Conclusion on the Module-BKZ Slope

We now bring together our analysis of the terms t1, t2, t3, t4 and conclude with
prediction bounds for the Q-slope of module-BKZ, as illustrated in Figure 1. We
have shown that for a degree-d number field K the module-BKZ slope satisfies

slopeQpmBKZβK

K q “ ´ 2

βKd´ d
pt1 ` t2 ` t3 ` t4q

for t1 “ lghQpβKdq` 1
βKd

ln µK

2 , t2 “ 1
2d ln

|∆K |
dd

, ln d
2 ` dRψpβK{2q`2dCpψpβKq´ln 2q

2d ´
ψpβKd{2q

2 ď t3 ď 0, and 1
d
ζ1
KpβKq
ζKpβKq ď t4 ď 0. Here, we rely on the module-lattice

Gaussian Heuristic for t1, while the lower bounds for t3 and t4 are based on the
spherical model and the density-based argument (respectively). In contrast, the
formula for t2 does not rely on any heuristic and depends only on K.

We implemented these formulas for some cyclotomic fields to predict the module-
BKZ Q-slope interval, and compared it against the results from our module-BKZ
implementation. This prediction interval and its comparison with practice are
shown in Figure 1 in Section 1. Looking at the plots, our prediction interval seems
accurate for a rather large range of blocksizes, showing a significant gain for
Qpω3q and Qpω15q, and a significant loss for Qpω8q, compared to Q. We observe
a minor quantitative misfit for Q and Qpω3q, which might be due to head and
tail phenomena that the module-lattice GSA does not account for, but at least
qualitatively the gain for Qpω3q is experimentally confirmed. Such a misfit also
appears in unstructured BKZ [YD17,BSW18], and can possibly be overcome by
a tail-adapted refinement and simulation (recall Open Questions 1, 2).

5 Asymptotic Analysis of the Blocksize Gain

LetM be a random rank-r module lattice over a degree-d number fieldK. In this
section, we compare the predicted BKZ and module-BKZ slopes by determining

the blocksize βeq for which slopeQpBKZβq “ slopeQpmBKZ
βeq{d
K q, and analyse

how it behaves as β Ñ `8. Concretely, this allows us to quantify the gain or loss
of module-BKZ as the difference βeq ´ β, as illustrated in Figure 2 in Section 1.

We recall that given an SVP oracle for (unstructured) lattices of dimension β,
the predicted BKZ slope and module-BKZ slope are respectively:

slopeQpBKZβq “ ´ 2

β ´ 1
lghQpβq,

slopeQpmBKZ
β{d
K q “ ´ 2

β ´ d
pt1 ` t2 ` t3 ` t4q,

where the terms t1, t2, t3, t4 are defined with respect to the K-rank βK :“ β{d.
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5.1 Asymptotic Behavior of Each Term

First, we detail the asymptotic contribution of each ti in order to identify the
leading asymptotic terms.

Module-Lattice Gaussian Heuristic t1. To analyze the first term t1, which
is given by t1 “ lghQpβq ` 1

β ln µK

2 under Heuristic 4, we recall that lghQpβq “
1
β

`
lnp2q ´ γ´ lnpvolpBβqq˘

where γ denotes the Euler-Mascheroni constant, and
Bβ the β-dimensional Euclidean unit ball. Denoting the Gamma function by Γ ,

we have lnpvolpBβqq “ β
2 lnpπq ´ lnΓ p1` β

2 q, which implies lghQpβq “ 1
β

`
lnp2q ´

γ ` lnΓ p1 ` β
2 q˘ ´ 1

2 lnpπq. Since lnΓ pzq “ z lnpzq ´ z ´ ln z
2 ` lnp2πq

2 ` op1q as z

grows, we have lghQpβq “ lnpβq
2 ´ lnp2πeq

2 ` lnpβq
2β ` lnp4πq´2γ

2β ` o
´

1
β

¯
, and obtain:

t1 “ lnpβq
2

´ lnp2πeq
2

` lnβ

2β
` lnpπµ2

Kq ´ 2γ

2β
` o

ˆ
1

β

˙
.

Discriminant Gap t2. The second term, t2 “ 1
2d ln

|∆K |
dd

, depends only on K,
and is therefore constant in β.

Skewness Gap t3. Following our analysis in Section 4.4, we assume that t3
converges to rt3 as β Ñ `8, where rt3 “ ln d

2 ` dRψpβ{2dq`2dCpψpβ{dq´ln 2q
2d ´ ψpβ{2q

2
for the digamma function ψ. Since the digamma function behaves asymptotically
as ψpzq “ lnpzq ´ 1

2z ` o
`
1
z

˘
, we obtain:

t3 “ 1 ´ dR ´ dC
2β

` o

ˆ
1

β

˙
“ o

ˆ
lnβ

β

˙
.

Index Gap t4. Following our analysis in Section 4.5, we assume that t4 con-

verges to rt4 as β Ñ `8, where rt4 “ ´ 1
d

ř
p

lnNppq
NppqβK ´1

with p ranging over the

prime ideals of OK and βK :“ β{d. Combining both lemmas in Appendix A

then yields t4 ě ´ ř
p

lnppq
pβK ´1

, where p ranges over the prime integers p P N such

that p | pOK for some prime ideal p Ă OK . Thus, writing P for the set of prime

integers in N, we obtain t4 ě ´ ř
pPP

lnppq
pβK ´1

ě ´ ř
pPP

2 lnppq
pβK

ě ´ ř
pPP

1
pβK´1 ě

´ 1
2βK´1 ´ ş8

2
du

uβK´1 . In particular, for βK ě 3, we have ´ 1
2βK´1 ´ 1

pβK´2q2βK´2 ď
t4 ď 0, so we conclude:

t4 “ ´ 1

2βK´1
` o

ˆ
1

2βK

˙
“ o

ˆ
1

β

˙
.

5.2 Asymptotic Gain Compared to Unstructured BKZ

Finally, we use the previous analysis to show the asymptotic relation between β

and βeq, when βeq is chosen such that slopeQpBKZβq “ slopeQpmBKZ
βeq{d
K q.
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Heuristic Claim 3. Let K be a field of degree d, and βeq “ βeqpβq be such that

slopeQpmBKZ
βeq{d
K q “ slopeQpBKZβq. Then, as β Ñ `8, our heuristic analysis

predicts:

βeq “ β ` ln

ˆ |∆K |
dd

˙
β

d lnβ

ˆ
1 ` lnp2πe2q

lnβ
` o

ˆ
1

lnβ

˙˙
` d´ 1 ` op1q.

A justification can be found in Appendix B. Note that, in particular, the claim
gives:

βeq “ β ` ln

ˆ |∆K |
dd

˙
β

d lnβ
` o

ˆ
β

lnβ

˙

and when |∆K | “ dd:

βeq “ β ` d´ 1 ` op1q.
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nombres de Bordeaux, 12(2):273–280, 2000.

BNP17. Joppe W Bos, Michael Naehrig, and Joop Van De Pol. Sieving for shortest
vectors in ideal lattices: a practical perspective. International Journal of
Applied Cryptography, 3(4):313–329, 2017.
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DP16. Léo Ducas and Thomas Prest. Fast fourier orthogonalization. In Proceed-
ings of the 2016 ACM International Symposium on Symbolic and Algebraic
Computation, pages 191–198, 2016.
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A Decomposition of Prime Integers over Number Fields

The following facts are fairly standard, and are presented in different form
in [Neu92,Sam13].

Lemma 11. Let p P N be a prime integer, and K a field of degree d. Then, pOK

may be decomposed in a product of at most d prime ideals p such that Nppq “ pk

for some integer k in v1; dw.

Proof. Let pOK “ ś
iPI pνii be the unique decomposition of pOK in a product

of prime ideals of OK . Then: NppOKq “ N pś
iPI pνii q “ ś

iPI Nppiqνi , and as
NppOKq “ pd, one has:

ś
kPI Nppiqνi “ pd. Hence, for each i P I, there exists

ki P v1; dw such that Nppiq “ pki , and
ř
iPI kiνi “ d.

Lemma 12. For every prime ideal p of OK , there exists a unique prime integer
p P N such that p|pOK , and moreover Nppq “ pk for some k P v1; dw.

Proof. Let p be a prime ideal of OK . Then, p X Z is a prime ideal xpy in Z (cf.
proof of Theorem 3.1 in [Neu92]). Hence pOK Ă p, and p|pOK . Then, Lemma
11 states that Nppq “ pk for some k P v1; dw, and there may be no other prime
q P N, q ‰ p such that p|qOK , as then one would have Nppq “ qκ, κ P v1; dw,
which would contradict Nppq “ pk.

B Justification of Heuristic Claim 3

In this section, we show how Heuristic Claim 3 is derived from the GSA, the
module-lattice Gaussian Heuristic, and our models for the skewness gap and
index gap.

Justification. By definition of βeq, we have:

lghQpβq
β ´ 1

“ t1 ` t2 ` t3 ` t4
βeq ´ d

(8)

where the ti are functions of βeq. Our asymptotic analysis from Section 5.1

implies that t1 “ lghQpβeqq ` o
´

ln βeq

βeq

¯
, that t2 “ 1

2d ln
|∆K |
dd

is constant, and

that t3 and t4 are both o
´

ln βeq

βeq

¯
. Section 5.1 also yields 2 lghQpβq “ lnpβq ´

lnp2πeq ` ln β
β ` o

´
ln β
β

¯
. Considering the dominant terms of Equation (8), we

obtain
ln βeq

βeq
„ ln β

β , and in particular o
´

ln βeq

βeq

¯
“ o

´
ln β
β

¯
. Therefore:

βeq “ d` pβ ´ 1q ¨Apβq (9)
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where:

Apβq “
2 lghQpβeqq ` 2t2 ` o

´
ln β
β

¯

2 lghQpβq

“ 1 `
ln

´
βeq

β

¯
` 2t2 ` o

´
ln β
β

¯

lnpβq ´ lnp2πeq ` ln β
β ` o

´
ln β
β

¯ .

As ´ ln βeq

βeq
“ ´ ln β

β `o
´

ln β
β

¯
, applying the W´1 branch of the Lambert W func-

tion, for βeq ě 3, gives: ´ lnβeq “ W´1

´
´ ln β

β ` o
´

ln β
β

¯¯
“ ´ lnβ ` o plnβq.

Thus, ln
βeq

β “ oplnβq, and:

Apβq “ 1 `
ln

´
βeq

β

¯
` 2t2

δpβq ` o

ˆ
1

β

˙
“ 1 ` op1q

for δ “ δpβq :“ lnpβq ´ lnp2πeq ` ln β
β . Replacing Apβq in the expression of

Equation (9) yields:

βeq
β

“ 1 `
ln

´
βeq

β

¯
` 2t2

δpβq ` d´ 1

β
` o

ˆ
1

β

˙
.

Hence:

´δpβqβeq
β
e´δpβq βeq

β “ ´δpβq e´δpβq´εpβq (10)

where ε “ εpβq :“ 2t2 ` pd ´ 1q ln β
β ` o

´
ln β
β

¯
. We are looking for E “ Epβq

such that ´δ βeq

β “ ´δ´E. Taking logarithms of Equation (10), and considering

β large enough for δ
βeq

β and δ to be positive, such an E verifies:

´δ ´ E ` ln pδ ` Eq “ ´δ ´ ε` ln δ

which implies:

E ´ ln

ˆ
1 ` E

δ

˙
“ ε. (11)

Additionally, as W´1

´
´δ βeq

β e´δ βeq
β

¯
“ ´δ βeq

β “ ´δ ´E, Equation (10) yields:

´δ ´ E “ W´1

`´δe´δ´ε˘, and with a first order expansion of W´1 in 0´:
´δ ´ E “ ´δ ´ ε ` ln δ ` o plnβq which in turn provides E

δ “ op1q. Then,
expanding Equation (11) gives:

E ´ E

δ
` o

ˆ
E

lnβ

˙
“ ε
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which yields:

E “ ε

1 ´ 1
ln β ` o

´
1

ln β

¯ “ ε

ˆ
1 ` 1

lnβ
` o

ˆ
1

lnβ

˙˙
.

Hence:

E “ 2t2 ` 2t2
lnβ

` o

ˆ
1

lnβ

˙
.

When t2 “ 0, we have:

E “ pd´ 1q lnβ

β
` o

ˆ
lnβ

β

˙
.

Finally, replacing the expression of E “ 2t2

´
1 ` 1

ln β ` o
´

1
ln β

¯¯
` pd´1q ln β

β `
o

´
ln β
β

¯
in its definition provides:

βeq
β

“ 1 `
2t2

´
1 ` 1

ln β ` o
´

1
ln β

¯¯
` pd´ 1q ln β

β ` o
´

ln β
β

¯

δpβq

and expanding 1

1´ lnp2πeq`op1q

ln β

“ 1 ` lnp2πeq
ln β ` o

´
1

ln β

¯
gives:

βeq “ β ` 2t2
β

lnβ

ˆ
1 ` lnp2πe2q

lnβ
` o

ˆ
1

lnβ

˙˙
` d´ 1 ` op1q.

[\

C BKZ versus mBKZ on module-LWE

While this work is solely focused on the analysis of the slope, its general moti-
vation is cryptanalysis, namely solving module-SIS, module-LWE, module-LIP,
and NTRU. A precise quantitative analysis of module-BKZ to solve such prob-
lems is left to future work (Open Question 4); yet, we provide experimental
evidence that a better slope indeed translates into solving module-LWE more
efficiently, at least in some parameter regimes.

More precisely, we constructed a module-LWE instance with small secrets over
Qpω15q (degree d “ 8), with secret and error dimension 136, and compared
two attacks. The first one (BKZ) [.py] constructs a unique-SVP lattice instance
of dimension 273 “ 2 ¨ 136 ` 1 using the Kannan embedding, and then runs
progressive BKZ until success. The second one [.py] uses a module version of
Kannan embedding, leading to a dimension of 280 “ 2 ¨ 136 ` d, and runs
progressive module-BKZ until success. The results are presented in Figure 9, and
show that module-BKZ indeed appears to solve the problem with a significantly
smaller average blocksize (53.6 versus 64.1).
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Fig. 9: Counts of successful blocksizes of (m)BKZ to solve a module-LWE problem over
Qpω15q, based on 30 experiments [.py].

Beyond the change of slope, one notes that the module-BKZ attack requires
a slightly larger dimension, which may make a small difference. On the other
hand, the number of unusually short vectors is now 15 as opposed to 1, which
should increase the probability of finding one of them [DDGR20,PV21]. Precise
predictions should certainly pay attention to those details.

Furthermore, beyond measuring blocksizes, it should also be noted that each
mBKZ tour performs fewer SVP calls than BKZ, by a factor of d.
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