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ARTICLE INFO ABSTRACT

Keywords: The t-statistic is a widely-used scale-invariant statistic for testing the null hypothesis that the
Sequential t-test mean is zero. Martingale methods enable sequential testing with the t-statistic at every sample
Supermartingales size, while controlling the probability of falsely rejecting the null. For one-sided sequential tests,

e-variables
Group invariance
Monotone likelihood ratio

which reject when the t-statistic is too positive, a natural question is whether they also control
false rejection when the true mean is negative. We prove that this is the case using monotone
likelihood ratios and sufficient statistics. We develop applications to the scale-invariant t-test,
the location-invariant y?-test and sequential linear regression with nuisance covariates.

1. The problem

Over the last few years, it has become abundantly clear that e-variables are of fundamental importance for multiple testing (Goe-
man et al., 2025; Ignatiadis et al., 2024). The latter paper employed the standard t-test e-variable (Pérez-Ortiz et al., 2024) in a
multiple testing context. Moreover, recently researchers have started to explore e-processes and their special cases, test martingales,
for anytime-valid testing in combination with multiple testing as well (Fischer et al., 2024, 2025), and we expect that the t-test
martingale, an extension of the t-test variable that is a standard tool in anytime-valid testing, will be used in such anytime-valid-
multiple testing combinations as well. Surprisingly, it has not been known whether the t-test martingale for testing a zero mean is
still suitable for one-sided testing when the mean can be negative (Wang and Ramdas, 2025). In this paper we develop a generic
argument based on sufficiency showing that it is suitable. The argument turns out to apply to many other cases of interest as
well, including the location-invariant y?-test and sequential linear regression with nuisance covariates. From a practical stance (see
Section 3), this means that in all such settings, we may employ test martingales that have strong (growth-) optimality properties.

The set-up. We start by reviewing the setting of the one-sided sequential testing problem. Let U;, U,, ... be a stochastic process. Each
U; is a random variable with support U; C R and we abbreviate the sequence of outcomes by U" = (U, ...,U,) and its domain by
U™ =V X - x U,,. The underlying filtration is (c(U")),cy- Let {P; : 5 € A} be a 1-parameter statistical model for such a process,
where the parameter domain 4 C R is an interval. We restrict attention to models in which we are allowed to condition just as in
elementary probability. While we make this assumption precise later, for now we note that it implies the following: for all i, § € 4,

w1 € U1, the conditional distributions P;(U; = - | U'™! = &~1) have a density f6U (U, | w1y relative to a common underlying
measure v; on U;; in all our examples this will be either counting or Lebesgue measure. This further allows us to fix any element
8y € 4 and re-represent the conditional distributions PEU U := Py(U; = - | U™) by their conditional densities pgi(Ui | U1
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relative to P;; | U'-'. Here, following Pérez-Ortiz et al. (2024), we denote the distribution and density of a measurable random
quantity ¥ under P; by P(SV and P}s/’ respectively. We shall reserve the symbol p; for the density of P; relative to Py, — these may
also be thought of as likelihood ratios. When using densities relative to the underlying measures v; we use the symbol f; instead.

Simple null. We first consider testing a point null H;_; = {P; } against an alternative Py, where W is an arbitrary prior measure
on A and Py, has density p%‘(U mo=f Py "(UMdW (5). We allow W to be degenerate, i.e. put all its mass on a single point. We
may think of (plv’[,"),,eN as a likelihood ratio process. As is well known, this likelihood ratio process is a test martingale (non-negative
and starting from 1) relative to null Hs_; = {P;} (Ramdas et al., 2023). Therefore, it handles optional stopping and anytime-
validity. Specifically, under any stopping time 7, the test which rejects Hy_ if pﬁ,’(U ™) > a~! has Type-I error bounded by a. The
(super)-martingale property requires that for all n, all «"~! € U/, the conditional one-step likelihood ratios p%(Un | w1y are
past-conditional e-variables, i.e.

E;, [p;;(Un |1 u"-‘] <1 )

This, in turn, readily follows from the standard cancellation argument:

nl] /dpzlu::(u)d< nlnl)zl. @)

One-sided tests. Now fix 6t > §, and consider the one-sided null hypothesis

Es, [P U, 1)

Hses, :={P5; 1 6 € 4,6 < §}.

As alternative we may take either the Bayesian point alternative H, = {Py,} with W a prior on {§ € 4 : § > §*} or a composite
alternative H, C {P; : 6 € 4,6 > 6*}. For simplicity we concentrate on the case with H, = { P;+ } for now, returning to the general
case in Section 3.

The question we aim to answer is: does the likelihood ratio process (p(‘Sf:1 )nen Still constitute a test supermartingale for the enlarged null
hypothesis H;s ? In other words, does (1) still hold with the expectation taken over P; instead of P;  (while the §, hidden by the
density notation py, remains fixed)?

In applications, the parameter § often represents a notion of effect size and one would then expect that, at least under some
further conditions, (1) still holds in this case — indeed, for some special cases such as the test supermartingales appearing in Turner
et al. (2024) (k x 2 tables) and ter Schure et al. (2024) (logrank test), the test supermartingale property (1) was shown to hold.
But how general is this phenomenon? Below we first indicate why existing results do not directly tell us either way; Our main result,
Lemma 3, provides a condition under which the supermartingale property does hold. To state it and earlier results, we need the
following property.

Definition 1 (Monotone Likelihood Ratio Property). Let T be a random variable with common support 7 under all P; with § € A.
We say that T satisfies the Monotone Likelihood Ratio (MLR) Property if for all §,,6% € A with §, < §, the likelihood ratio p; (@) is
increasing’ as a function of r € 7.

(Griinwald et al., 2024, Proposition 3) implies the following:

Proposition 2. Suppose that T satisfies the MLR Property and fix § < 5, < 6t with 8, 6,57 € A. Then E; [p; ()] £ 1, i.e. the likelihood
ratio pl, (T) is an e-variable for H; .

Appendix A includes a direct proof, building on Brown et al. (1981), Lehmann and Romano (1986). This proposition can and
has been used to show that some likelihood ratios p:j’r (T, at fixed sample size n, of statistic T, = ¢,(U") set to some fixed function

of U", provide e-variables. Yet, it tells us nothing about whether the sequence (pZi(T,,)),,eN is a supermartingale.

Example 1 (t-test). Let us illustrate this using the standard anytime-valid t-test as presented by both (Griinwald et al., 2024; Pérez-
Ortiz et al., 2024). Here 4 = R and Pgm expresses that the data Y,,Y,,... are i.i.d. ~ N(u,0) for some (u,c) such that § = u/o.
Thus 6 is not sufficient to determine the distribution of the data Y;,Y, ... Yet the sequence of maximal invariants (Pérez-Ortiz et al.,

2024) U,,U,, ... with U; ‘: T has the same distribution Per under all N(u,o) with given effect size u/c = §. It is invariant to
rescaling, e.g. changing the unit of measurement of the Y; (note that the support U; = {+1} is discrete whereas U; = R for i > 1).
The standard anytime-valid t-test is defined in terms of the likelihood ratio process (p§ /ey With P as above. By the argument (2)
above, it provides a test-martingale in the filtration (¢(U")),cy relative to the null Hs—s,- Yet, as Wang and Ramdas (2025, Section

4.5) write for the case 5, = 0 (notation adapted):

.. Pérez-Ortiz et al. (2024, Corollary 8) show that at any fixed sample size n the scale- invariant t-likelihood ratio pg: is
actually an e-value for the larger one-sided null H;, if 6* > 0 [...] meaning that one can non-sequentially test that null using
this statistic. However, it is unclear if this t-likelihood ratio process is an e-process for H;,. We leave this question open for
future investigation.

1 throughout, increasing will be used in the non-strict sense.
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...an observation which prompted nervousness among some members of the e-community, who had simply assumed the t-likelihood
ratio to be a super-martingale for H;., , and now discovered that this was not straightforward to prove.

The difficulty. At first sight, the problem might seem easy to solve: if we could show that for every sample size n and past
w1 € "D, the conditional likelihood ratio

Py u'h) ®)

is monotone in the next outcome u, then we could still apply Proposition 2 above pointwise, for each » and conditional on each u"~!,
and we would be done. This is how (Turner et al., 2024; ter Schure et al., 2024) proceed: in their settings, the U; are (in essence)
i.i.d. making it easy to employ Proposition 2 pointwise.

The t-test setting is more complicated, as the maximal invariants U; are not i.i.d. One might be tempted to exploit that the
original, uncoarsened data Y; are i.i.d., but unfortunately the t-likelihood ratio simply is not an e-process relative to the corresponding
filtration (6(Y")),cn, leading to trouble when optional stopping is desired. This subtle point is discussed in detail by Pérez-Ortiz et al.
(2024). It reflects the more general fact that in group-invariant testing, of which the t-test is merely a very special case, even when
the raw data are i.i.d. we often need to deal with U, that are not i.i.d.. This is further illustrated by all examples in Appendix B. One
might then directly set to prove that the conditional likelihood ratio (3) is monotone in U,. However, Wang (2024) showed via
numerical experiments that for the t-test it is not.

So what to do? In Theorem 4 below we show the following: if for all n, there exists a sufficient statistic T, = t,(U") for the
model P,sU " such that the MLR Property holds for 7,,, then (pg: Jnen Is @ test supermartingale relative to H,; after all. We will see
that within the t-test setting, the t-statistic provides just such a sufficient statistic. Thus, our result resolves the issue for the t-test
likelihood ratio but also, as we will show in Appendix B, for several other cases of interest.

2. The solution

Let T, be a sufficient statistic for model {P; : 6 € 4} and data U". Recall that this means that, with f(;r” and f b” " the densities of

P(;r " and P;J" relative to some background measures v/» and vU", there exist functions 7, : U'®> = R and ¢, : U™ — R* such that

T, =1,(U") and for all § € 4, all v € U™, we have
FUY = W) - g, &)

To state our main results we first need to make precise the assumption that we ‘can condition as in elementary probability’: formally,
we call measurable random quantities (G, G,), elementary if there exist sets G,, G, and measures v, on G, and v, on G, respectively,
such that, for all § € 4, there exist joint densities f, ;Gl'Gz) relative to v; X v, and versions of the conditional distributions Pf ' G,
and sz | G, with densities féGlle(gl | &) (relative to v;) and ffZlGl (g, | g1) (relative to v,) such that for all g, € G, g, € G,, we
have

G116, G GG G G1.G;
NP6 18 1@ = 1719 @ 180 17 81 = £ (61,80
This assumption will automatically hold if for all §, it holds that f §G 102 exists relative to a v; X v, such that v, is either Lebesgue or

counting measure; v, is either Lebesgue or counting measure; and f 50 162 (81,8) > 0 for all (g;,8,) € G; XG, — under these conditions,
we can take the f¢1192, 02101 to be ‘elementary’ conditional densities (Williams, 1991, Section 9.6) implying that (G,,G,) are
elementary in the above sense. This will be the case in all our examples, for all G,, G, for which we will require the assumption.
We henceforth write fC instead of fCil% the conditioning random variable always being clear from context. With that, we are
ready to state our main results, both proved further below:

Lemma 3. Assume that for all n, the pair (U,, U""") is elementary and let T, be a sufficient statistic such that (T,, U""') is elementary and
such that the MLR Property (Definition 1) holds with T set to T,. Then for any &,,56* € A with §, < 6*, and dll n > 1, for all u" € U'™,
we have

U, _ T, _
Psi (™" = Psl(fn(u”)lu" b.
and the conditional likelihood ratio pZﬁ (t|lu"=") is increasing in 1.
Importantly, the likelihood ratio pgf (u | u"~') need not be monotone in « and indeed it is not in the t-test setting; this caused the

perceived difficulty of the problem. Combining the lemma with Proposition 2 gives:

Theorem 4. Under the assumptions of Lemma 3, the process ([]_, pz‘ (T; | U'=Y),.en is identical to the likelihood ratio process (pg"),,eN
and both are test supermartingales relative to Hss .

Example 2 (t-test, Continued). Here are three well-known facts: (a) if data Y}, Y,, ... are sampled i.i.d. from a normal N(u,s) with
effect size § = u/o, then the t-statistic

\/L; ZiaU
T, = 1,U") = with U, = —. ®)

\/ﬁ (Zy:l Ut - %(Zle Ui)2>

|:<

=
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at sample size n has a noncentral t-distribution with v := n — 1 degrees of freedom and noncentrality parameter 4 := ﬁ&. Let us
denote the (Lebesgue) density of this distribution by fT(V o (b) Also, as easily established, for each n, the t-statistic T, is sufficient

for the coarsening (U, ..., U,), see also Pérez-Ortiz et al. (2024, Example 1). That is, for each », as an instance of (4), we can write
(with 1 = 1/nd; and A* = \/né*):
U fT(V.m(t,,(u"))
Py (") = —f ) (6)
T(vaag) FnH

Finally, (c) for fixed v, the family of noncentral t-distributions has the MLR property (Kruskal, 1954). That is, the ratio
fT(V ; +)(t)/ fT(v An)(t) is increasing in  when 6* > §,. Taken together, facts (a)-(c) imply via Lemma 3 and Theorem 4 that the
likelihood ratio process (pg: (UM)yen is a test supermartingale relative to the one-sided composite null ;. , answering (Wang and

Ramdas, 2025)’s question in the affirmative.

A collection of examples, including the y?-test, linear regression and label agnostic Bernoulli are presented in Appendix B. Our
linear regression treatment extends Bhowmik and King (2007), Lindon et al. (2024). We now proceed with the proofs of Lemma 3
and Theorem 4. The proofs are embarrassingly simple once one realizes that to establish the supermartingale property one should
consider the conditional density of 7, rather than U, — that realization is the real contribution of this note.

Proof of Lemma 3. Let us fix u"~! € U~V throughout the argument. By sufficiency (4), the likelihood ratio of u, € U, conditioned
on u"! is

Py (1, (™)

n—1 1N
Py @

(7)

n —
Py, ") =

and given «"~! this is a function of u, only through #,(u"). For any possible ¢ € {t,(""',u,) | u, € V,} the conditional likelihood
ratio, using (7), equals

T,,U"! _ n=1_ T, T,

P Dty U W ) - pr (o) PA0)

ey = 2 = R ®)
b - —1 - n—1 - n—1 .

* @ Py, @h Py @h

Here we used the elementary probability assumption for (7, U""!) in the first two equations. () follows because, as a consequence
of sufficiency (4), for any random quantity G that is determined by U", i.e. G = y(U") for some function y, there exist versions of
the conditional distributions Pf | T, such that for all ¢ € {t,(" ', u,) | u, € U,}, it holds that the density f 50 | T,, =t is the same for
all 6 € 4 so that pg+ (g | T, =1) = 1; in particular this then holds for G = U""!.

Now note that the right-hand side of (8) is increasing in ¢ for fixed u"~! by assumption, showing the second claim. The first claim
follows from combining (8) for r =7, (") with (7), giving

Tn n
Y CO)

T, _ o n n _

Pyt (@™ = e = p ). O
ps, @)

Proof of Theorem 4. We apply Proposition 2 for each n and each u"~! € U1, with T replaced by T, and p:sﬂ replaced by
péTi | w'~!. By Lemma 3, the MLR property holds for these conditional densities, so the proposition can be applied and gives that for

each n and "', it holds that péT'jr(T,, | u"~1) is an e-variable on domain U'" conditional on past data U"~! = u""!, i.e. for all § < &,
we have:

T, _
E; p5+(Tn | u" l)

o) <1 ©)

and hence the products ([]7_, psTi (T; | U1)),en of these past-conditional e-variables constitute a supermartingale (see Proposition
2 of Griinwald et al. (2024)). But from the first claim of Lemma 3 we know that for all » and u"~! € /D, we have for each
factor in the product: pg'jr(Tn | w1y = Pfsjl(Un | u1). Since also for each n, it holds that pl "wn =11, p;j'(U,. | U'-1), the processes

T: i n . .
(T, p5 (T; | U)),en and (" (U,)),en must coincide. []
3. Further discussion and future work

Priors on alternative and growth-rate optimality considerations. What if we put a general prior W on {6 € 4 : 6 > §,} instead of the
point-mass on 6* > §, that we implicitly used in Lemma 3 and Theorem 4 above? Following exactly the same steps as above we see
that both results still hold with p;, replaced everywhere by p,, for an arbitrary such prior W. What can we say about the quality
of the general supermartingale (P;],”)neN, measured in the standard sense of e-power or, equivalently, log-optimality (Ramdas et al.,
2023)? First, note that for every stopping time 7z, we have that p‘éf is an e-variable. Following standard definitions, we call this
e-variable GRO (growth-rate optimal) or equivalently log-optimal or numéraire (Larsson et al., 2025) for alternative { P, } on sample
space U'(") against null X, if it achieves
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sefitiur P (S0 a0
where E(H,; U") is the set of all e-variables relative to null hypothesis H,,, that can be written as a function of U*. We first note that
the likelihood ratio p‘V{,T is clearly GRO (growth-rate-optimal) for { Py, } against null H, := H;_s = { Py}, i.e. it achieves (10) with H,
replaced by H;_s . This follows from the general fact that likelihood ratios are growth-rate optimal for simple nulls (Griinwald et al.,
2024; Ramdas et al., 2023). But it turns out that pUWT is also GRO (growth-rate-optimal) for { Py, } against one-sided null H,, := H;, .
To see this, note that, for any e-variable S, if S € £(H,;U") and S € E(H,;U") with H, C H,, and S is growth-optimal relative
to H,, then it must also be growth-optimal relative to H, with the same alternative (the maximum in (10) is taken over a smaller
set if we set H, = H, rather than H, = H,). Since this holds for every stopping time 7, we can in fact infer the much stronger
conclusion that the process (plv{," )uen has the LOAVEV (log-optimal anytime-valid e-value) property for alternative Py, against null
Hj<s,» meaning that it is growth-optimal in the strongest possible sense (Koolen and Griinwald, 2022). In a similar manner one can
show that Theorem 4 also implies that, for any stopping time 7, we have that pg’: is GROW (growth-rate optimal in the worst case)
for the one-sided composite alternative H;, 5+ against Hys , i.e. it achieves (10) with Ey-_p,, replaced by infsy s+ Eyep,.

What does this imply for practice? As explained by Wang and Ramdas (2025), in the one-sided t-test setting, one may obtain
an e-process by the method of universal inference (UI); their reasoning extends to all settings we cover in Appendix B. Prior to the
results we just presented, UI would have been the method of choice to obtain tests that remain valid under optional stopping. Our
result shows that one may replace UI by a test supermartingale that has the log-optimality property. Indeed, in terms of e-power,
log-optimal e-values tend to beat UI by an amount that is logarithmic (yet nonnegligible in practice) in the sample size: Hao and
Griinwald (2024) provide many examples of this phenomenon. While their results do not cover the t-test, they do (see the remarks
underneath their Theorem 2) include the y?-test treated in Appendix B.

Future work. In several classical testing scenarios that are closely related to the ones we present here, the minimal sufficient statistic
is multivariate — a case in point is the setting of Hotelling’s T test, or the 2 x 2 tables considered by Turner et al. (2024). It would
be interesting (but certainly challenging) to see if our arguments can be extended to such cases.
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