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 a b s t r a c t

Large eddy simulation (LES) has become a central technique for simulating turbulent flows in 
engineering and applied sciences, offering a compromise between accuracy and computational 
cost by resolving large-scale motions and modeling the effects of smaller, unresolved scales 
through a subgrid scale (SGS) model. The fidelity and robustness of LES depends critically on the 
SGS model, particularly in coarse simulations where much of the turbulence spectrum remains
unresolved.
 In this work, we extend the tau-orthogonal (TO) method, a data-driven SGS modeling frame-
work, to three-dimensional turbulent flows. The method reformulates the high-dimensional SGS 
closure problem as a low-dimensional prediction task focused on spatially-integrated, scale-aware 
quantities of interest (QoIs). We extend the model to incorporate QoI-state dependence and tem-
poral correlations by combining regularized least-squares regression with a multivariate Gaus-
sian residual model. This yields a simple yet effective stochastic time-series prediction model, 
with orders-of-magnitude fewer parameters than typical deep learning approaches which try to 
directly learn the high-dimensional SGS closure.
 We demonstrate the effectiveness of the new TO model in three-dimensional forced isotropic 
turbulence, turbulent channel flow and on a Taylor-Green vortex. The model achieves accurate 
long-term QoI distributions, robust performance across hyperparameter settings, and good repro-
duction of key flow features such as kinetic energy spectra and coherent structures, despite being 
trained solely on QoI trajectories. Comparisons against classical SGS models, including Smagorin-
sky and WALE formulations, highlight the new model’s balance of accuracy and computational 
efficiency.

1.  Introduction

Turbulent flows are everywhere. They play an important role in mixing of the Earth’s atmosphere and oceans, as well as in 
aerodynamics. These flows span a vast range of spatial and temporal scales, which are hard to fully resolve in real-world applications. 
Capturing the smallest scales would require a number of grid points far beyond current computing capabilities. To circumvent this 
problem in turbulence simulations, large eddy simulation (LES) has become a popular method [1]. In LES, only the large-scale motions 
are explicitly resolved; whereas the smaller, unresolved scales are modeled using a subgrid scale (SGS) model. The performance of 
these large eddy simulations, depends heavily on the quality of the SGS model and the portion of the turbulent scales that needs to 
be modeled.

Classical SGS models, such as the Smagorinsky model [2] and its dynamic variants [3] have been widely employed due to their 
simplicity and empirical success, especially when the majority of the turbulent scales are resolved. They model the influence of the 
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$Re_{\tau }$


$Re_{\tau }$


$\mathbf {u} = (u_1, u_2, u_3)^T$


$p$


\begin {equation}\nabla \cdot \mathbf {u} = 0, \label {Xeqn1}\end {equation}


\begin {equation}\frac {\partial \mathbf {u}}{\partial t} + \nabla \cdot (\mathbf {u} \mathbf {u}^T) = -\nabla p + \nu \nabla ^2 \mathbf {u} + \mathbf {f}, \label {Xeqn2}\end {equation}


$\nu $


$\mathbf {f}$


\begin {align}\frac {d\mathbf {u}}{dt} &= P \mathbf {F}(\mathbf {u}), \\ \mathbf {F}(\mathbf {u})&=-\mathbf {G} (\mathbf {u} \mathbf {u}^T) + \nu \mathbf {D} \mathbf {u} + \mathbf {f},\end {align}


$P$


$\mathbf {D}$


$\mathbf {G}$


$\mathbf {F}(\mathbf {u})$


$\mathbf {u}$


\begin {equation}\bar {\mathbf {u}} = \Phi \mathbf {u}, \label {Xeqn3}\end {equation}


$\mathbf {u}$


$\bar {\mathbf {u}}$


\begin {equation}\label {eq: defines c} \frac {d\bar {\mathbf {u}}}{dt} = \bar {P} \bar {\mathbf {F}}(\bar {\mathbf {u}}) + \mathbf {c}(\mathbf {u}, \bar {\mathbf {u}}),\end {equation}


$\bar {P}$


$\bar {\boldsymbol {F}}$


$\mathbf {c}(\mathbf {u}, \bar {\mathbf {u}}) = \Phi P \mathbf {F}(\mathbf {u}) - \bar {P} \bar {\mathbf {F}}(\bar {\mathbf {u}})$


$\mathbf {m}$


\begin {equation}\label {filterd equations} \frac {d\mathbf {v}}{dt} = \bar {P} (\bar {\mathbf {F}}(\mathbf {v}) + \mathbf {m}(\mathbf {v})),\end {equation}


$\mathbf {v}$


$\mathbf {v}$


\begin {equation}\mathbf {v}(t) \approx \bar {\mathbf {u}}(t). \label {Xeqn6}\end {equation}


\begin {equation}\label {eq: qoi def} Q = \int _{\Omega } q(\bar {\mathbf {u}}) \D \boldsymbol {x}.\end {equation}


$\Omega $


\begin {equation}E = \frac {1}{2} \int _\Omega \|\bar {\mathbf {u}}\|^2 \, \D \boldsymbol {x}. \label {Xeqn8}\end {equation}


\begin {equation}\hat {E} = \frac {1}{2} \frac {\lvert \Omega \rvert }{(N_xN_yN_z)^2} \sum _{\mathbf {k}} \hat {\mathbf {u}}_\mathbf {k} \cdot \text {conj}(\hat {\mathbf {u}}_\mathbf {k}), \label {Xeqn9}\end {equation}


$\lvert \Omega \rvert $


$\hat {\mathbf {u}}$


$\mathbf {k}$


$N_x$


$x$


$[l, m]$


\begin {equation}\label {eq: scale aware energy} \hat {E}[l, m] = \frac {1}{2} \frac {\lvert \Omega \rvert }{(N_xN_yN_z)^2} \sum _{\mathbf {k}} \hat {R}_{[l, m]}\hat {\mathbf {u}}_\mathbf {k} \cdot \text {conj}(\hat {R}_{[l, m]}\hat {\mathbf {u}}_\mathbf {k}).\end {equation}


$R_{[l,m]}$


\begin {align}R_{[l,m]} &= \mathcal {F}^{-1} \hat {R}_{[l,m]} \mathcal {F}, \nonumber \\ \hat {R}_{[l, m]} \,\hat {\mathbf {u}}_{\bf k} &= \begin {cases} \hat {\mathbf {u}}_{\mathbf {k}} & \mathrm {if} \quad l-\frac {1}{2} \leq \lVert {\bf k}\rVert _2 < m + \frac {1}{2} \\ 0 & \mathrm {otherwise} \end {cases}.\end {align}


\begin {equation}Z = \int _\Omega \|\bar {\boldsymbol {\omega }}\|^2 \, \D \boldsymbol {x} = \int _\Omega \|\nabla \times \bar {\mathbf {u}}\|^2 \, \D \boldsymbol {x}, \label {Xeqn11}\end {equation}


\begin {equation}\hat {Z}[l, m] = \frac {\lvert \Omega \rvert }{(N_xN_yN_z)^2} \sum _{\mathbf {k}} \hat {R}_{[l, m]}\hat {\boldsymbol {\omega }}_\mathbf {k} \cdot \text {conj}(\hat {R}_{[l, m]}\hat {\boldsymbol {\omega }}_\mathbf {k}). \label {eq: scale aware enstrophy}\end {equation}


$\hat {\boldsymbol {\omega }}$


\begin {equation}\label {eq: TO anzats} \mathbf {m}(\mathbf {v}, t) = \sum _{i=1}^{N_Q} \tau _i(t) \mathbf {O}_i(\mathbf {v}),\end {equation}


$N_Q$


$\tau _i(t)$


$i$


$\mathbf {O}_i(\mathbf {v})$


\begin {equation}\frac {\D Q_i}{\D t} = \int _\Omega \frac {{\D q_i(\mathbf {v})}}{\D t} \D \boldsymbol {x} = \int _\Omega \mathbf {V}_i \cdot \frac {{\partial R_i \mathbf {v}}}{\partial t} \D \boldsymbol {x}, \label {Xeqn14}\end {equation}


$R_i$


$i$


$\mathbf {V}_i$


$q_i$


$R_i \mathbf {v}$


$\int _\Omega q_i \frac {\partial \boldsymbol {\varphi }}{\partial R_i \mathbf {v}} \D \boldsymbol {x}=-\int _\Omega \mathbf {V}_i \boldsymbol {\varphi } \D \boldsymbol {x}$


$\boldsymbol {\varphi }$


\begin {equation}\frac {\mathrm {d} Q_i}{\mathrm {d} t} = \int _\Omega \mathbf {V}_i \cdot R_i \bar {P} (\bar {\mathbf {F}}(\mathbf {v}) + \mathbf {m}(\mathbf {v})) \D \boldsymbol {x}. \label {Xeqn15}\end {equation}


\begin {equation}\label {eq: orthogonality} \int _\Omega \mathbf {V}_i \cdot \mathbf {O}_j \, d\boldsymbol {x} = 0 \quad \text {for } i \neq j.\end {equation}


$\tau _i$


\begin {equation}\label {eq: closed ODEs} \frac {\mathrm {d} Q_i}{\mathrm {d} t} = \frac {\mathrm {d} Q_i^r}{\mathrm {d} t} + \frac {\mathrm {d} Q_i^u}{\mathrm {d} t} = \frac {\mathrm {d} Q_i^r}{\mathrm {d} t} + \tau _i(t) \int _\Omega \bar {P} \mathbf {V}_i \cdot R_i \mathbf {O}_i \D \boldsymbol {x}.\end {equation}


$\mathbf {O}_i$


$\mathbf {V}_i$


\begin {align}\frac {\D E_{[l,m]}}{\D t} &= \frac {1}{2}C\int _\Omega \sum _{\alpha =1}^3 \frac {\partial (R_{[l,m]} {v}_\alpha R_{[l,m]} {v}_\alpha )}{\partial R_{[l,m]} {v}_\alpha } \frac {\partial R_{[l,m]} {v}_\alpha }{\partial t} \D \boldsymbol {x} \nonumber \\ &= C\int _\Omega R_{[l,m]} \mathbf {v} \cdot \frac {\partial R_{[l,m]} \mathbf {v}}{\partial t} \D \boldsymbol {x},\end {align}


$C=\lvert \Omega \rvert /(N_xN_yN_z)^2$


$\mathbf {V}_i = R_{[l,m]} \mathbf {v}$


\begin {align}\frac {\D Z_{[l,m]}}{\D t} &= C \int _\Omega \sum _{\alpha =1}^3 \frac {\partial (R_{[l,m]} {\omega }_\alpha R_{[l,m]} {\omega }_\alpha )}{\partial R_{[l,m]} {\omega }_\alpha } \frac {\partial R_{[l,m]} {\omega }_\alpha }{\partial t} \D \boldsymbol {x} \nonumber \\ &= C \int _\Omega 2 R_{[l,m]} \boldsymbol {\omega } \cdot \frac {\partial R_{[l,m]} ( \nabla \times \mathbf {v})}{\partial t} \D \boldsymbol {x} \nonumber \\ &= C \int _\Omega (2 \nabla \times R_{[l,m]}\boldsymbol {\omega }) \cdot \frac {\partial R_{[l,m]} \mathbf {v}}{\partial t} \D \boldsymbol {x},\end {align}


$C=\lvert \Omega \rvert /(N_xN_yN_z)^2$


$\mathbf {V}_i = 2 \nabla \times R_{[l,m]}\boldsymbol {\omega }$


\begin {equation}\mathbf {O}_i = \sum _{j=1}^{N_Q} c_{ij}T_j(\mathbf {v}, \mathbf {x}), \quad \textrm {for}\;\;\; 1 \leq i \leq N_Q \label {Xeqn18}\end {equation}


$T_j$


$\mathbf {v}$


$c_{ij}$


$c_{ii} = 1$


$T_j = V_j$


$\mathbf {v}^{n^*}$


\begin {align}\mathbf {v}^{n^*} &= S(\mathbf {v}^{n-1}), \nonumber \\ \mathbf {v}^{n} &= \mathbf {v}^{n^*} + \int _{t^n-1}^{t^{n}} \mathbf {m}(\mathbf {v}^{n^*}) \D t, \nonumber \\ &= \mathbf {v}^{n^*} + \mathbf {M}(\mathbf {v}^{n^*}),\end {align}


$S$


$\mathbf {M}$


$\mathbf {Q}^\text {ref}(t^n)$


$Q_i(\mathbf {v}^{n^*})$


$\tau _i(t^n)$


\begin {align}\tau _i(t^n) &= \frac {\mathrm {d} Q_i^u}{\mathrm {d} t} \Big / \int _\Omega \bar {P} \mathbf {V}_i \cdot R_i \mathbf {O}_i \D \boldsymbol {x}, \nonumber \\ \frac {\mathrm {d} Q_i^u}{\mathrm {d} t} &= \frac {1}{\Delta t} \left (Q^\text {ref}_i(t^n) - Q_i(\mathbf {v}^{n^*})\right ). \label {eq: dQ from ref}\end {align}


$dQ$


$dQ^n$


$Q^n$


$dQ_i^n = \mathrm {d} Q_i^u/\mathrm {d}t \rvert _{(t=t^n)} \cdot \Delta t$


$i$


$t^n$


$\mathbf {v}^{n^*}$


$dQ_i^n$


$dQ$


\begin {align}\mathbf {LRS}(\underline {\mathbf {q}}_h) = \underline {\mathbf {q}}_h C + \boldsymbol {\eta }, \quad \boldsymbol {\eta } \sim \mathcal {N}(\boldsymbol {\mu }, \Sigma ), \nonumber \\ \underline {\mathbf {q}}_h = [\mathbf {q}^{n-1}, \dots , \mathbf {q}^{n-h}, \mathbf {q}^{n^*}, \mathbf {q}^{n-1^*}, \dots , \mathbf {q}^{n-h^*}, 1], \label {eq: Linear Regression with Stochastic Residuals}\end {align}


$\underline {\mathbf {q}}_h$


$h$


$C \in \mathbb {R}^{ len(\underline {\mathbf {q}}_h) \times N_Q}$


$\mathcal {N}$


$N_Q$


$\mathbf {q}^{n}$


$C$


$C$


\begin {equation}C = \text {arg\,min}_{X \in \mathbb {R}^{ len(\underline {\mathbf {q}}_h) \times N_Q}} \frac {1}{2} \lVert \mathbf {Q}_h X - \mathbf {Q} \rVert _F^2 + \lambda \lVert X \rVert _F, \label {Xeqn19}\end {equation}


$n$


$\mathbf {Q}_h$


$\mathbf {Q}$


$\underline {\mathbf {q}}_h^n$


$\mathbf {q}^{n}$


$\lambda $


$dQ_i$


$h$


$\lambda $


$\lVert \boldsymbol {k} \rVert \leq C_F$


$\hat {\boldsymbol {f}}_{\boldsymbol {k}}$


\begin {equation}\hat {\boldsymbol {f}}_{\boldsymbol {k}}(t+\Delta t_f) = \hat {\boldsymbol {f}}_{\boldsymbol {k}}( t)\left (1 - \frac {\Delta t_f}{T_L}\right ) + W(t)\left (2 \sigma ^2 \frac {\Delta t_f}{T_L}\right )^{1 / 2}, \label {Xeqn20}\end {equation}


$\Delta t_f$


$T_L$


$W(t)$


$\sigma ^2$


$\sigma $


$e^* = \sigma ^2 T_L$


$N = 512^3$


$\Delta t = 2.5 \cdot 10^{-4}$


$t=4$
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$512^3$
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$C_s$


$F(x)$


$G(x)$


\begin {equation}KS\Big (F(x),G(x)\Big ) = \max _x \Big \lvert F(x)-G(x) \Big \rvert . \label {eq:KS}\end {equation}


\begin {align}\mathbf {m}(\mathbf {v}, C_s) &= \nabla \cdot (2 \nu _t S_{ij}), \\ \nu _t &= C_s^2 \Delta ^2 \sqrt {2 S_{ij}S_{ij}}.\end {align}


$S_{ij} = 1/2(\partial v_i/ \partial x_j + \partial v_j/ \partial x_i)$


$\Delta $


$C_s$
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\begin {equation}\tilde {\mathbf {f}}(x,y,z) = \begin {cases} \mathbf {f}(x,y,z), &\text { if } y\leq 2, \\ -\mathbf {f}(x,4-y,z), &\text { if } y > 2. \end {cases} \label {Xeqn22}\end {equation}
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\begin {align}\mathbf {m}(\mathbf {v}, C_w) &= \nabla \cdot (2 \nu _t S_{ij}), \\ \nu _t &= C_w^2 \Delta ^2 \frac {(\mathfrak {S}^d_{ij} \mathfrak {S}^d_{ij})^{3/2}}{(S_{ij} S_{ij})^{5/2}+(\mathfrak {S}^d_{ij} \mathfrak {S}^d_{ij})^{5/4}},\end {align}


\begin {equation}\mathfrak {S}^d_{ij} = \frac {1}{2}(g_{ik}g_{kj}+g_{jk}g_{ki}). \label {Xeqn23}\end {equation}
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subgrid scales as a function of the resolved field. While these models are useful, they have notable limitations when a larger portion of 
the scales needs to be modeled. In particular, they often struggle to adapt to different flow conditions, and they tend to oversimplify 
turbulent dynamics.

At the other end of the modeling spectrum lie Reynolds averaged Navier-Stokes (RANS) models, which model all turbulent 
fluctuations. The RANS equations essentially solve none of the turbulent scales, but are computationally cheap. A wide variety 
of RANS models have been developed to handle different flow scenarios [4]. However, they cannot easily leverage the growing avail-
ability of computational power, which now makes it feasible to resolve a substantial portion of the turbulence spectrum in many
applications.

This evolving computational landscape opens the door for more flexible and expressive LES-SGS models, that can faithfully repre-
sent subgrid dynamics regardless of how much of the turbulence spectrum is resolved. This motivates our focus on test cases designed 
to emulate very coarse LES conditions.

Recent advances in data-driven modeling have offered promising tools to construct flexible SGS models for LES, particularly 
through deep learning techniques [5–10]. These models learn subgrid dynamics from training data sets, which can be obtained from 
high-resolution simulations. While these models provide greater adaptability to complex turbulent behaviors compared to classical 
SGS models, they also come with drawbacks. They are computationally more expensive and often act as “black boxes”, lacking 
interpretability and guarantees on generalization. Therefore, addressing these challenges is crucial for the wider adoption of deep 
learning in SGS modeling [11].

Over the recent years, several approaches have been explored to mitigate the drawbacks of deep learned SGS models. We mention 
some of these approaches to sketch the background for the methods introduced in this paper. Major efforts have been made on 
constraining the SGS models with known physical laws, using soft constraints or hard constraints [12,13] which do considerably 
improve the generalization of the models. Furthermore, it has turned out to be of importance that the training data, used to train the 
SGS model, is as consistent as possible with the data the model needs to process when employed in a solver. The authors of [14] and 
[15] have addressed the training-model data inconsistency in the filters of implicit LES, and explicit LES respectively.

Besides that, the community has gained insights into the advantages of a-posteriori learning compared to a-priori learning, high-
lighting a trade-off between training costs and model accuracy [16,17]. In a-priori learning, the SGS model is trained to reproduce 
subgrid terms given resolved flow snapshots, without feedback from the full simulation; whereas in a-posteriori learning, the model is 
trained in the context of a running solver, a computationally very costly procedure. A particularly promising middle ground between 
these strategies could involve implementing a nudging procedure during the learning process [18,19].

Additionally, slightly changing the framework to “ideal LES” [20] leads naturally to the concept of stochastic SGS models. This 
framework emphasizes that, given the resolved scales, the unresolved scales might still be in any configuration. Therefore, predicting 
the next state of the system should not be seen as a deterministic mapping. This perspective encourages the search for stochas-
tic closure terms, which have been developed in simple form by [21] or can be obtained by training generative deep networks 
[22]. The “ideal” LES framework has also been unified with the field of data assimilation to obtain a simple stochastic SGS model
[23].

Our research primarily addresses the high computational costs associated with training and evaluating the large deep learning 
models. Our approach, the tau-orthogonal method, is grounded in the observation that many practical applications of LES focus on 
a limited set of quantities of interest (QoIs)-such as average energy or enstrophy-rather than the full, high-dimensional flow field. 
By focusing on these QoIs, we reformulated the SGS modeling task as a low-dimensional (reduced) learning problem, significantly 
reducing the computational complexity while improving model interpretability [24].

The key to our approach lies in representing unresolved dynamics using a minimal set of scalar time series, one for each QoI. 
To obtain statistics of these time series, we use a nudging approach that forces LES simulations toward reference QoI trajectories. 
In earlier work [25], we demonstrated that this method can successfully reproduce the long-term distributions of four QoIs in a 
simple two-dimensional turbulence test case, using a random noise model for the time series, provided sufficient training data is 
available. In this formulation we enforce instantaneous matching of spatially-averaged QoIs. This choice mirrors common practice in 
deep learning based SGS models, which are typically trained on instantaneous subgrid stresses, and avoids the added complexity of 
temporal averaging. However, if fully converged long-term statistics are available, one could adopt approaches such as [26], where 
the SGS term enforces convergence to the correct invariant measure.

In this paper, we derive reduced SGS models for three-dimensional turbulent flows. Besides increasing the problem dimension, we 
move to a staggered-grid solver with a new coarse-graining procedure, demonstrating that Fourier-space-based, scale-aware QoIs can 
be coupled to solvers operating entirely in physical space. To better capture the temporal correlations of QoIs in three dimensions, 
we introduce a linear regression model, combining a small number of lagged QoI values with an additive noise term. This keeps 
the learning task low-dimensional and tractable, independent of spatial resolution. In contrast, applying conventional deep learning 
approaches to map directly from the resolved field to the SGS term becomes even less practical in three dimensions, as both input 
and output dimensions grow cubically with grid size, requiring vast datasets and significant compute resources.

The remainder of this paper is organized as follows. Section 2 introduces the coarse-grained Navier-Stokes equations and the QoIs. 
Section 3 presents our methodology in detail. Sections 4–6 validate the proposed model on three-dimensional isotropic turbulence, 
channel flow and a Taylor-Green vortex, comparing its performance to classical SGS models. After a discussion on generalization in 
Section 7, we conclude in Section 8.
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Fig. 1. Coarse-graining a two-dimensional staggered grid with face-averaging. The arrows indicate velocity components, and the dot denotes the 
location of the pressure.

2.  Governing equations

The incompressible Navier-Stokes equations describe the time evolution of the velocity field 𝐮 = (𝑢1, 𝑢2, 𝑢3)𝑇  and the pressure field 
𝑝 in three dimensions. They are given by:

∇ ⋅ 𝐮 = 0, (1)

𝜕𝐮
𝜕𝑡

+ ∇ ⋅ (𝐮𝐮𝑇 ) = −∇𝑝 + 𝜈∇2𝐮 + 𝐟 , (2)

where 𝜈 denotes the kinematic viscosity, and 𝐟 is a forcing term used to sustain turbulence.
We employ an energy-conserving, incompressible Navier-Stokes solver [27] to solve these equations. This solver discretizes the 

equations on a staggered Cartesian grid. On this grid, velocity components are defined at cell faces, whereas pressure is defined at cell 
centers. A projection method eliminates the pressure term, resulting in the discretized pressure-free evolution equation (for details, 
see [15]):

𝑑𝐮
𝑑𝑡

= 𝑃𝐅(𝐮), (3)

𝐅(𝐮) = −𝐆(𝐮𝐮𝑇 ) + 𝜈𝐃𝐮 + 𝐟 , (4)

where 𝑃  is the pressure projection operator, 𝐃 is the discretized divergence operator, 𝐆 is the discretized gradient operator, and 
𝐅(𝐮) represents the combined effects of the convective, viscous, and forcing terms. The pressure projection operator ensures that the 
velocity field 𝐮 remains divergence-free.

Direct numerical simulations (DNS) of simple turbulent flows are achievable using this solver. However, resolving all scales of 
motion requires a very fine grid resolution, rendering DNS computationally demanding. We distinguish DNS and high-fidelity (HF) 
reference simulations. Where the former resolves all turbulent scales, the latter does not fully do so, yet its resolution is sufficiently 
high to act as a trustworthy reference for our low-dimensional TO method.

2.1.  Coarse-graining and SGS term

To alleviate the computational cost of simulations on a very fine grid, we aim to solve the equations on a coarser grid. In order to 
move from the solution at high-fidelity (or DNS) resolution to a solution on a coarser grid we used a filtering operation, denoted by

𝐮̄ = Φ𝐮, (5)

where 𝐮 represents the HF velocity field, and 𝐮̄ is the coarse-grained velocity field. Following [15] we used a discrete face-averaging 
filter, which averages velocity components on the faces of coarser cells, as illustrated in Fig. 1. This filter maintains the divergence-
free property of the coarse-grained velocity field with respect to the discretized divergence operator, in contrast to standard volume 
averaging-filters, which conserve divergence of the continuous divergence operator.

Applying this filtering operation to the pressure-free evolution equation yields the filtered equation:
𝑑𝐮̄
𝑑𝑡

= 𝑃 𝐅̄(𝐮̄) + 𝐜(𝐮, 𝐮̄), (6)

where 𝑃  and 𝑭  are operators on the coarse grid, and 𝐜(𝐮, 𝐮̄) = Φ𝑃𝐅(𝐮) − 𝑃 𝐅̄(𝐮̄) is the commutator error arising from the filtering 
operation. This term, commonly referred to as the subgrid scale (SGS) term, effectively represents the influence of unresolved small 
scales on the resolved scales. Two properties of this SGS term should be noted: it depends on the specific discretization of the solver, 
and it is divergence-free with respect to the discretized divergence operator on the coarse grid.

However, the SGS term depends on the HF field, which is not available in coarse simulations. Consequently, it must be approxi-
mated by a model 𝐦 that depends solely on resolved scales. This leads to the low-fidelity model equation:

𝑑𝐯
𝑑𝑡

= 𝑃 (𝐅̄(𝐯) +𝐦(𝐯)), (7)
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where 𝐯 denotes the solution of the low-fidelity simulation. We include the SGS model within the projection to ensure 𝐯 remains 
(discretely) divergence-free.

The main challenge of LES lies in developing an SGS model and solver that satisfy the approximation:
𝐯(𝑡) ≈ 𝐮̄(𝑡). (8)

The interpretation of this approximation varies. While some models aim to replicate the filtered HF solution pointwise, a task 
rendered impractical over extended simulations due to the chaotic nature of turbulence, others focus on reproducing statistical 
properties. In this study, we focus on the time evolution of integrated quantities of the solution fields, which will be elaborated in 
the subsequent section.

2.2.  Quantities of interest and scale-awareness

Instead of reproducing the full flow field, we focus on a limited set of physically relevant quantities of interest (QoIs) that encap-
sulate the key turbulent dynamics. We select QoIs, such as kinetic energy and enstrophy, for their ability to characterize turbulence 
across different scales. By targeting these integrated quantities, our approach reduces the dimensionality of the closure problem by 
several orders of magnitude, irrespective of the number of spatial dimensions in the problem, or the degrees of freedom in the filtered 
governing equations.

A QoI is defined as an integrated function of the coarse-grained solution:

𝑄 = ∫Ω
𝑞(𝐮̄)d𝒙. (9)

In this paper we examined two well-known quantities of such form; kinetic energy and enstrophy.
The total kinetic energy in the coarse-grained solution on computational domain Ω is given by

𝐸 = 1
2 ∫Ω

‖𝐮̄‖2 d𝒙. (10)

To capture dynamics across scales, we decomposed the energy into wavenumber bins in Fourier space. To this end, we introduce 
the total energy in Fourier space as

𝐸̂ = 1
2

|Ω|
(𝑁𝑥𝑁𝑦𝑁𝑧)2

∑

𝐤
𝐮̂𝐤 ⋅ conj(𝐮̂𝐤), (11)

where |Ω| denotes the volume of the computational domain, ̂𝐮 is the Fourier-transformed coarse velocity field, 𝐤 are the wavenumber 
vectors in Fourier space, and 𝑁𝑥 denotes the number of grid points in the 𝑥-direction used for the Fourier expansion. This expression 
follows from applying quadrature in Fourier space, see Appendix A. We define the energy in wavenumber bin [𝑙, 𝑚] as follows

𝐸̂[𝑙, 𝑚] = 1
2

|Ω|
(𝑁𝑥𝑁𝑦𝑁𝑧)2

∑

𝐤
𝑅̂[𝑙,𝑚]𝐮̂𝐤 ⋅ conj(𝑅̂[𝑙,𝑚]𝐮̂𝐤). (12)

Here we introduced the scale-aware sharp Fourier filter 𝑅[𝑙,𝑚]

𝑅[𝑙,𝑚] = −1𝑅̂[𝑙,𝑚] ,

𝑅̂[𝑙,𝑚] 𝐮̂𝐤 =

{

𝐮̂𝐤 if 𝑙 − 1
2 ≤ ‖𝐤‖2 < 𝑚 + 1

2
0 otherwise

. (13)

Similarly, the enstrophy is defined as the integral over the squared vorticity

𝑍 = ∫Ω
‖𝝎̄‖2 d𝒙 = ∫Ω

‖∇ × 𝐮̄‖2 d𝒙, (14)

which has a corresponding scale-aware form:

𝑍̂[𝑙, 𝑚] =
|Ω|

(𝑁𝑥𝑁𝑦𝑁𝑧)2
∑

𝐤
𝑅̂[𝑙,𝑚]𝝎̂𝐤 ⋅ conj(𝑅̂[𝑙,𝑚]𝝎̂𝐤). (15)

where 𝝎̂ is the Fourier-transformed coarse vorticity field. This spectral decomposition of energy and enstrophy allows us to analyze 
turbulence characteristics across distinct spatial scales, improving the accuracy of the SGS model by focusing on key statistical 
properties of turbulent flow.

3.  The tau-orthogonal method for reduced SGS modeling

The tau-orthogonal (TO) method offers a computationally efficient approach to SGS modeling focusing on a limited set of QoIs. 
Instead of modeling the SGS term pointwise, the TO method approximates the SGS term as a weighted sum of spatial patterns, each 
corresponding to a QoI:

𝐦(𝐯, 𝑡) =
𝑁𝑄
∑

𝑖=1
𝜏𝑖(𝑡)𝐎𝑖(𝐯), (16)
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where 𝑁𝑄 is the number of QoIs, 𝜏𝑖(𝑡) are time-dependent scalar coefficients representing the unresolved contributions to the 𝑖th QoI, 
and 𝐎𝑖(𝐯) are spatial patterns chosen such that each QoI is independently controlled.

We derive the TO method for a periodic computational domain. By projecting the governing equations onto the selected QoIs, we 
derive a reduced system that evolves their dynamics directly. We start from the ODEs for the selected QoIs:

d𝑄𝑖
d𝑡

= ∫Ω
d𝑞𝑖(𝐯)
d𝑡

d𝒙 = ∫Ω
𝐕𝑖 ⋅

𝜕𝑅𝑖𝐯
𝜕𝑡

d𝒙, (17)

where 𝑅𝑖 is the scale-aware filter used for the 𝑖th QoI, and 𝐕𝑖 is the weak derivative of 𝑞𝑖 w.r.t. 𝑅𝑖𝐯, i.e. ∫Ω 𝑞𝑖
𝜕𝝋
𝜕𝑅𝑖𝐯

d𝒙 = − ∫Ω 𝐕𝑖𝝋d𝒙 for 
the set of test functions 𝝋. More detail on this can be found in [24,25]. We substitute the filtered Eq. (7) as expression for the time 
derivative:

d𝑄𝑖
d𝑡

= ∫Ω
𝐕𝑖 ⋅ 𝑅𝑖𝑃 (𝐅̄(𝐯) +𝐦(𝐯))d𝒙. (18)

We construct the spatial patterns in (16) such that they each affect only a single QoI. This is achieved by enforcing the following 
orthogonality conditions:

∫Ω
𝐕𝑖 ⋅𝐎𝑗 𝑑𝒙 = 0 for 𝑖 ≠ 𝑗. (19)

Decomposing the evolution of each QoI into resolved and unresolved contributions leads to a system, where only the 𝜏𝑖 time series 
are unclosed:

d𝑄𝑖
d𝑡

=
d𝑄𝑟

𝑖
d𝑡

+
d𝑄𝑢

𝑖
d𝑡

=
d𝑄𝑟

𝑖
d𝑡

+ 𝜏𝑖(𝑡)∫Ω
𝑃𝐕𝑖 ⋅ 𝑅𝑖𝐎𝑖d𝒙. (20)

This formulation allows us to model unresolved dynamics as a low-dimensional time-series problem, shifting the burden of subgrid 
modeling from high-dimensional spatial fields to a set of reduced-order coefficients.

3.1.  Constructing spatial patterns

To fulfill the orthogonality constraints (19), we construct the basis functions 𝐎𝑖 using weak derivatives 𝐕𝑖 of the QoIs. For the 
scale-aware energy we derive, using (12):

d𝐸[𝑙,𝑚]

d𝑡
= 1

2
𝐶 ∫Ω

3
∑

𝛼=1

𝜕(𝑅[𝑙,𝑚]𝑣𝛼𝑅[𝑙,𝑚]𝑣𝛼)
𝜕𝑅[𝑙,𝑚]𝑣𝛼

𝜕𝑅[𝑙,𝑚]𝑣𝛼
𝜕𝑡

d𝒙

= 𝐶 ∫Ω
𝑅[𝑙,𝑚]𝐯 ⋅

𝜕𝑅[𝑙,𝑚]𝐯
𝜕𝑡

d𝒙, (21)

where 𝐶 = |Ω|∕(𝑁𝑥𝑁𝑦𝑁𝑧)2. Therefore 𝐕𝑖 = 𝑅[𝑙,𝑚]𝐯.
Finding the weak derivative for the scale-aware enstrophy is less straightforward. Using the chain rule and integration by parts 

we find:
d𝑍[𝑙,𝑚]

d𝑡
= 𝐶 ∫Ω

3
∑

𝛼=1

𝜕(𝑅[𝑙,𝑚]𝜔𝛼𝑅[𝑙,𝑚]𝜔𝛼)
𝜕𝑅[𝑙,𝑚]𝜔𝛼

𝜕𝑅[𝑙,𝑚]𝜔𝛼

𝜕𝑡
d𝒙

= 𝐶 ∫Ω
2𝑅[𝑙,𝑚]𝝎 ⋅

𝜕𝑅[𝑙,𝑚](∇ × 𝐯)
𝜕𝑡

d𝒙

= 𝐶 ∫Ω
(2∇ × 𝑅[𝑙,𝑚]𝝎) ⋅

𝜕𝑅[𝑙,𝑚]𝐯
𝜕𝑡

d𝒙, (22)

where 𝐶 = |Ω|∕(𝑁𝑥𝑁𝑦𝑁𝑧)2. So for the enstrophy 𝐕𝑖 = 2∇ × 𝑅[𝑙,𝑚]𝝎.
Finally, the spatial patterns are constructed as:

𝐎𝑖 =
𝑁𝑄
∑

𝑗=1
𝑐𝑖𝑗𝑇𝑗 (𝐯, 𝐱), for 1 ≤ 𝑖 ≤ 𝑁𝑄 (23)

Here, the 𝑇𝑗 are user-specified resolved basis functions, depending on the resolved solution 𝐯. The 𝑐𝑖𝑗 are determined from the 
orthogonality constraints in (19), additionally requiring 𝑐𝑖𝑖 = 1. We choose 𝑇𝑗 = 𝑉𝑗 . This simple choice of basis functions has given 
good results in previous work on two-dimensional turbulence and allows to write the spatial patterns in closed form [24,25].

3.2.  Predictor-corrector setup

The TO method is implemented in a predictor-corrector framework, where the low-fidelity solver first advances the system without 
the SGS term. The intermediate state, 𝐯𝑛∗ , is then corrected using the TO model:

𝐯𝑛∗ = 𝑆(𝐯𝑛−1),
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Fig. 2. Predictor-corrector subgrid scale term setup. During tracking, the corrections, 𝑑𝑄’s, are computed using Eq. (25). We train models to predict 
either 𝑑𝑄𝑛 or 𝑄𝑛 from historical inputs.

𝐯𝑛 = 𝐯𝑛∗ + ∫

𝑡𝑛

𝑡𝑛−1
𝐦(𝐯𝑛∗ )d𝑡,

= 𝐯𝑛∗ +𝐌(𝐯𝑛∗ ), (24)

where 𝑆 denotes the low fidelity solver, and 𝐌 represents a model for the correction term.

Tracking. The predictor-corrector split allows the low-fidelity simulation to track a reference trajectory of QoIs, 𝐐ref(𝑡𝑛), obtained 
from high-fidelity data. Given the predicted QoIs, 𝑄𝑖(𝐯𝑛

∗ ), we determine 𝜏𝑖(𝑡𝑛) from (20):

𝜏𝑖(𝑡𝑛) =
d𝑄𝑢

𝑖
d𝑡

/

∫Ω
𝑃𝐕𝑖 ⋅ 𝑅𝑖𝐎𝑖d𝒙,

d𝑄𝑢
𝑖

d𝑡
= 1

Δ𝑡

(

𝑄ref
𝑖 (𝑡𝑛) −𝑄𝑖(𝐯𝑛

∗
)
)

. (25)

This nudging approach ensures that the low-fidelity solver remains dynamically consistent with the reference trajectory while 
allowing us to extract statistical properties of the SGS term.

Predicting corrections. An effective subgrid scale model should predict the SGS term without relying on reference trajectories. To this 
end, we train multivariate time-series models to predict the corrections based on historical data. These models learn the relationship 
between past QoI states and the unresolved-scale corrections.

The overall setup is summarized in Fig. 2, illustrating the correction process within the predictor-corrector framework. Here we 
introduce 𝑑𝑄𝑛

𝑖 = d𝑄𝑢
𝑖 ∕d𝑡|(𝑡=𝑡𝑛) ⋅ Δ𝑡 as the SGS correction to the 𝑖th QoI at time 𝑡𝑛.

3.3.  Time-series models for SGS correction

To model the unresolved dynamics, we adopt stochastic time-series models. Both the Mori-Zwanzig formalism [28] and the ideal 
LES framework [20] emphasize that, in a coarse-grained simulation, a single resolved state may correspond to multiple high-fidelity 
realizations. This inherent uncertainty suggests that the SGS correction should be treated probabilistically.

Thus, rather than modeling a deterministic mapping from 𝐯𝑛∗  to 𝑑𝑄𝑛
𝑖 , we construct a distribution of possible corrections. Advancing 

the simulation then involves sampling from this learned distribution, effectively introducing a stochastic SGS term.
We explore two modeling approaches for predicting the SGS correction: a simple data-driven noise model and a linear regression 

model:

• Data-driven noise model (DDM)
In previous work [25], we used a multivariate Gaussian model trained on the 𝑑𝑄 corrections obtained from tracking. At each 

time step, the SGS correction was drawn from this learned distribution. While simple, this model does not account for temporal 
correlations or even a dependence on the current state of the system.

• Linear regression with stochastic residuals (LRS)
To improve predictive accuracy, we extend the data-driven noise model with a linear regression term. This model predicts the 

corrected QoIs using a history of previous states:

𝐋𝐑𝐒(𝐪
ℎ
) = 𝐪

ℎ
𝐶 + 𝜼, 𝜼 ∼  (𝝁,Σ),

𝐪
ℎ
= [𝐪𝑛−1,… ,𝐪𝑛−ℎ,𝐪𝑛∗ ,𝐪𝑛−1∗ ,… ,𝐪𝑛−ℎ∗ , 1], (26)

where 𝐪
ℎ
 is a vector with all model inputs for history length ℎ, 𝐶 ∈ ℝ𝑙𝑒𝑛(𝐪

ℎ
)×𝑁𝑄  is a learnable regression matrix, and   is a 𝑁𝑄-

dimensional multivariate Gaussian distribution. The “1” in the model inputs allows us to learn a bias term. We fit the model to 
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Table 1 
High-fidelity parameters HIT (homogeneous isotropic turbulence).
   𝑁 Δ𝑡 1∕𝜈 𝑇𝐿 Δ𝑡𝑓 𝑒∗ 𝑘𝑓  
 5123 2.5 ⋅ 10−4 2000 0.01 2.5 ⋅ 10−3 0.1

√

2 

predict the corrected QoIs 𝐪𝑛. We solve a regularized least squares problem to find 𝐶. Where we regularize using the Frobenius-
norm of 𝐶 to promote long-term stability of the coupled LES-SGS system, since the Frobenius-norm penalizes large singular values:

𝐶 = argmin
𝑋∈ℝ𝑙𝑒𝑛(𝐪ℎ )×𝑁𝑄

1
2
‖𝐐ℎ𝑋 −𝐐‖

2
𝐹 + 𝜆‖𝑋‖𝐹 , (27)

where the 𝑛th rows of 𝐐ℎ and 𝐐 are 𝐪𝑛
ℎ
 and 𝐪𝑛 from the training data points, and 𝜆 is the regularization parameter. Before fitting 

the model, we standardize the inputs and outputs by dividing by the standard deviation of the reference trajectories.

3.4.  Final integration into LES

By replacing explicit tracking with self-generated predictions for 𝑑𝑄𝑖, the final model achieves a fully independent SGS closure. 
The TO LRS model has only two hyper parameters: the history length ℎ and the regularization strength 𝜆. We explore their influence 
in the next section. The model has between 100 and 1000 learnable parameters, depending on the number of QoIs and the history 
length. This makes it computationally cheaper than traditional deep learning based SGS models, which can easily contain many 
millions of learnable parameters. Moreover, the time series model predicts corrections to the QoIs which are more interpretable.

4.  Turbulence in a box

To evaluate the performance of our reduced SGS model and find suitable hyper parameter settings we first conduct long-term 
simulations of three-dimensional homogeneous isotropic turbulence (HIT) in a periodic box.

4.1.  Forcing

Sustaining isotropic turbulence requires external forcing. The choice of forcing scheme influences large-scale flow structures and 
the resulting turbulence spectrum. A simple choice, forcing only one wavenumber in one direction, results in Kolmogorov flow [29]. 
However, this introduces anisotropy in the large scales.

To avoid this, we adopt a stochastic forcing scheme based on Ornstein-Uhlenbeck (OU) processes [30], following the efficient 
implementation by [31]. The forcing is applied in Fourier space, where only modes with wavenumber magnitude ‖𝒌‖ ≤ 𝐶𝐹  are 
excited. Each forced Fourier coefficient 𝒇𝒌 evolves independently as:

𝒇𝒌(𝑡 + Δ𝑡𝑓 ) = 𝒇𝒌(𝑡)
(

1 −
Δ𝑡𝑓
𝑇𝐿

)

+𝑊 (𝑡)
(

2𝜎2
Δ𝑡𝑓
𝑇𝐿

)1∕2

, (28)

where Δ𝑡𝑓  is the forcing time step, 𝑇𝐿 is the characteristic timescale, 𝑊 (𝑡) denotes white noise, and 𝜎2 controls the variance. Instead 
of directly prescribing 𝜎, we specify the energy injection rate as 𝑒∗ = 𝜎2𝑇𝐿, see Table 1. The forcing field in physical space is obtained 
by an inverse Fourier transform and subsequently projected to ensure incompressibility.

4.2.  High-fidelity simulation

To generate reference data, we performed a high-fidelity simulation at 𝑁 = 5123, with a time step of Δ𝑡 = 2.5 ⋅ 10−4. The forc-
ing term was updated every 10th time step, to enable consistent forcing on low-fidelity simulations. Table 1 summarizes the key 
parameters.

The velocity field was initialized at rest. Turbulence developed over a spin-up period of four time units. Fig. 3 shows the evolution 
of kinetic energy, illustrating how energy accumulates before reaching a statistically steady state. The flow statistics at 𝑡 = 4 are 
listed in Table 2, and the corresponding energy spectrum is shown in Fig. 4. In the figure, we included the Kolmogorov length scale, 
the Taylor length scale and the grid size. We note that the Kolmogorov scale is close to the grid spacing, so this setup should be 
interpreted as a high-fidelity reference rather than a strict DNS. However, as shown in Appendix B, comparison with a fully resolved 
spin-up simulation on a 8003 grid gives nearly unchanged turbulence statistics and energy spectra. Since the focus of this work is 
on evaluating whether reduced SGS models can learn corrections relative to a HF-LF gap, the 5123 grid provides an appropriate and 
computationally tractable long-term reference simulation.

4.3.  Low-fidelity simulation

For the low-fidelity (LF) simulations, we used a solver with resolution 𝑁 = 643 and a time step ten times larger than that of the 
HF simulation, Δ𝑡LF = 2.5 ⋅ 10−3. Fig. 5 displays the energy spectrum of the coarse-grained initial velocity field, taken from the HF 
simulation at 𝑡 = 4.
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Table 2 
Turbulence statistics at the end of HF HIT spin-up: Mean velocity, 
dissipation rate, Kolmogorov length scale, Taylor length scale, in-
tegral length scale, Reynolds number, Taylor-scale Reynolds num-
ber, large-eddy turnover time.
𝑢avg 𝜖 𝜂 𝜆 𝐿 𝑅𝑒int 𝑅𝑒𝜆 𝑡int

 3.72  3.78  0.0024  0.096  0.15  1100  411  0.04

Fig. 3. Kinetic energy during spin-up of high-fidelity HIT solver.

Fig. 4. Energy spectrum at 𝑡 = 4 in high-fidelity HIT solver.

To assess the impact of different SGS models, we analyze six QoIs: scale-aware energy and enstrophy in three wavenumber bands: 
[0, 6], [7, 15], and [16, 32]. Fig. 7 shows the long-term distributions of these QoIs over 100 time units for a baseline LF simulation 
without an SGS model, compared against the HF reference data. The largest discrepancies are in the high wavenumber energy 𝐸[16,32]
and enstrophy 𝑍[16,32], where the long-term distributions shifted to the right, indicating accumulation of energy near the cutoff scale 
of the LF simulation.

To quantify such discrepancies throughout the paper, we use the Kolmogorov-Smirnov (KS) distance, which compares two distri-
butions by measuring the maximum difference between their cumulative density functions 𝐹 (𝑥) and 𝐺(𝑥):

𝐾𝑆
(

𝐹 (𝑥), 𝐺(𝑥)
)

= max
𝑥

|

|

|

𝐹 (𝑥) − 𝐺(𝑥)||
|

. (29)

The KS-distance is especially well-suited for this context because it does not require integration over the distributions’ support, 
making it robust when comparing QoIs with different magnitudes or units. This allows us to summarize discrepancies across all QoI 
distributions in one number; the summed KS-distance. Table 3 reports the KS-distances between the long-term distributions for the 
QoIs in the low-fidelity and high-fidelity solver.
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Table 3 
KS-distance between long-term distributions in HF HIT simulation and LF HIT 
simulation with or without Smagorisky model.

𝑍[0,6] 𝐸[0,6] 𝑍[7,15] 𝐸[7,15] 𝑍[16,32] 𝐸[16,32]  sum
 No model  0.16  0.047  0.17  0.29  0.87  0.80  2.34
 Smag 0.071  0.13  0.078  0.22  0.19  0.067  0.021  0.705

Fig. 5. HIT energy spectrum coarse-grained initial field.

Fig. 6. Distance between 100 time unit QoI distributions in LF HIT simulations with Smagorinsky model and reference distributions, for different 
values of 𝐶𝑠.

4.4.  Smagorinsky model

The Smagorinsky model [2] addresses the energy accumulation at high wavenumbers of the LF simulation by introducing an 
eddy-viscosity term based on the local strain rate:

𝐦(𝐯, 𝐶𝑠) = ∇ ⋅ (2𝜈𝑡𝑆𝑖𝑗 ), (30)

𝜈𝑡 = 𝐶2
𝑠Δ

2
√

2𝑆𝑖𝑗𝑆𝑖𝑗 . (31)

Here, 𝑆𝑖𝑗 = 1∕2(𝜕𝑣𝑖∕𝜕𝑥𝑗 + 𝜕𝑣𝑗∕𝜕𝑥𝑖) is the strain rate tensor, Δ is the filter width (set to the LF grid size), and 𝐶𝑠 is the Smagorinsky 
constant. We tuned 𝐶𝑠 for best agreement with the reference distributions, as shown in Fig. 6. The best agreement, in terms of the 
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Fig. 7. Long-term HIT QoI distributions LF solver without SGS term.

Fig. 8. Long-term HIT QoI distributions with Smagorinsky model.

summed KS-distance across all QoIs, was obtained with 𝐶𝑠 = 0.071, yielding a summed KS-distance of 0.705. The corresponding 
long-term distributions are plotted in Fig. 8.

4.5.  TO model

We trained the TO method using time series of the six QoIs from the HF simulation. Specifically, we used the first 10 time units 
of data to train the models and evaluated their performance over 100 time units. Training data for 𝑑𝑄 was obtained by running a 
10 time unit LF simulation that tracked the reference trajectories via Eq. (25). The effect of reducing the amount of training data is 
explored in Section 4.7.

Subsequently, we fitted linear regression models with stochastic residuals (LRS) using different history lengths. We also trained a 
data-driven noise model (DDN), which only fits a multivariate Gaussian distribution to the 𝑑𝑄 data. These models were evaluated as 
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Fig. 9. Long-term HIT QoI distributions of 5-member ensemble with TO SGS term, using LRS with history length 5.

Fig. 10. Predictive quality of SGS models on HIT, extrapolating from a 10 time unit training domain to 100 time units. DDN refers to the data-driven 
noise model, LRS refers to the linear regression with stochastic residuals, and smag is the Smagorinsky model with 𝐶𝑠 = 0.071. The plotted ranges 
are based on 5 replica simulations. The ensemble KS-distance results from aggregating the QoI data of all ensemble members. “X” markers indicate 
at least one unstable replica, their location is based on the ensemble KS-distance of the stable part of the trajectories.

subgrid scale term in LF simulations over 100 time units. Since these models are stochastic, we ran five replica simulations of each 
model with a different random seed.

Fig. 10 reports the KS-distances between the resulting long-term QoI distributions and the HF reference. We show the range 
between the KS-distance of the worst and best replica as well as the ensemble KS-distance, which results from aggregating the QoI 
data of all ensemble members in one EDF (empirical density function). Models leading to unstable trajectories in at least one replica 
are marked with an “X”. The DDN model performs slightly worse than the optimized Smagorinsky model. In contrast, the LRS models 
exhibit good performance, clearly outperforming the Smagorinsky model, and achieving near-optimal accuracy across a wide range 
of history lengths. This indicates that the method is not highly sensitive to this hyperparameter. Instabilities are observed only for 
models with zero history (i.e., relying only on 𝐪𝑛∗ ) or very long history lengths.

Fig. 9 contains the long-term distributions of one of the best performing models: LRS with history length 5. Here we plotted the 
histogram which combines the QoI trajectories of all five ensemble members.

All LRS models in this section were trained without regularization. Appendix C shows that adding L2 regularization improves 
stability for long history lengths, but at the cost of degraded long-term distribution accuracy.
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Fig. 11. HIT QoI trajectories without SGS model and with optimized Smagorinsky model.

Fig. 12. HIT QoI trajectories with TO LRS model with history length 5.

4.6.  Beyond QoI distributions

Thus far, we have shown that the TO method, combined with a linear regression model using a history length of five, accurately 
reproduces the long-term statistics of the QoIs it was trained on. In this section, we extend the analysis by examining segments of 
the resulting short-term QoI trajectories and evaluating additional turbulence characteristics; the energy spectrum and coherent flow 
structures.

Figs. 11 and 12 show short segments of the QoI trajectories for different SGS models. In Fig. 11, the no model case clearly deviates 
from the reference across most QoIs. The Smagorinsky model reduces this discrepancy, although some deviation in amplitude remains. 
Fig. 12 displays the TO model with history length five, plotted as five ensemble members. While the TO model generally follows the 
reference trajectory more closely and preserves variability in most bands, occasional underestimation of amplitudes shows remaining 
shortcomings in its predictive accuracy.
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Fig. 13. HIT energy spectrum for various SGS models.

Fig. 14. Turbulent vortices at 𝑇 = 100 in long-term HIT simulations, visualized via isocountours 𝑄 = 2000. Here 𝑄 = 1
2
(‖Ω‖2 − ‖𝑆‖2), and can be 

seen as the local balance between vorticity magnitude and shear strain rate.

Fig. 13 presents the time-averaged energy spectrum, computed over ten snapshots taken between 𝑡 = 75 and 𝑡 = 100 in the long-
term simulations. For the TO model, we show results from the first ensemble member. The LF simulation without an SGS model shows 
clear energy accumulation at high wavenumbers. The TO model achieves a slightly improved match to the HF reference spectrum 
compared to the Smagorinsky model.

Fig. 14 visualizes the turbulent structures in the final fields of the long-term simulations using isocontours of the sec-
ond invariant of the velocity gradient tensor, a standard method for identifying coherent vortices [1]. Both the TO and 
Smagorinsky models preserve these structures, while the simulation without an SGS model exhibits smaller, more numerous
vortices.
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Fig. 15. Predictive quality of the TO LRS model on HIT with less training data, for various regularization strengths. Ranges are based on 5 replica 
simulations. “X” markers indicate at least one unstable replica, their location is based on the ensemble KS-distance of the stable part of the trajectories.

4.7.  Performance of TO LRS on limited training data

To evaluate the data efficiency of the TO LRS method, we examined how model performance varies with the amount of available 
training data. Specifically, we trained models using history lengths of 5 and 10, across a range of training data sizes. We also explored 
the effect of different regularization strengths on performance.

The results of these experiments are presented in Fig. 15. We observe a decline in performance as the amount of training data 
decreases. Without regularization, models trained on 7.5 time units of data already exhibit instability in simulations. Introducing 
regularization mitigates this issue and results in a smoother dependence of performance on training data size.

A methodological note: we consistently excluded the initial unit of simulation time from the training set to avoid bias due to 
transient dynamics at the start of the low-fidelity simulations. As such, a model reported as trained on 2.5 time units effectively used 
data from 1 ≤ 𝑡 ≤ 2.5.

5.  Channel flow

To demonstrate the versatility of the TO LRS approach, we apply it to a turbulent channel flow. Channel flow is a classical 
benchmark in turbulence research due to its relatively simple geometry and the presence of well-known turbulent structures. However, 
it presents a significant modeling challenge due to the different turbulence layers. Recall that the TO LRS model relies solely on the 
history of QoIs and is largely agnostic to geometry. This makes channel flow a stringent test of its generalizability.

5.1.  Setup

We ran simulations following the general setup described in [32], who performed direct numerical simulations of turbulent channel 
flow at a friction Reynolds number of 𝑅𝑒𝜏 = 180. They compared these simulations to existing data bases, among which [33]. We will 
use the publicly available DNS data from [32] to verify our SGS models for this test case.

The channel has dimensions 𝐿𝑥 × 𝐿𝑦 × 𝐿𝑧 = 4𝜋 × 2 × 4∕3𝜋, where 𝑥, 𝑦, and 𝑧 denote the streamwise, wall-normal, and spanwise 
directions, respectively. The domain is periodic in the streamwise and spanwise directions, with no-slip boundary conditions applied 
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Table 4 
HF parameters channel flow.
𝐿𝑥 × 𝐿𝑦 × 𝐿𝑧 𝑁𝑥 ×𝑁𝑦 ×𝑁𝑧 Δ𝑡 𝑅𝑒𝜏 𝜈 𝑦+ 𝐟

4𝜋 × 2 × 4∕3𝜋 512 × 512 × 256 5 ⋅ 10−4  180  1/180 180𝑦 (1, 0, 0)𝑇

Fig. 16. Initial turbulent field for channel flow experiments, cross section of x-velocity 𝐮1 at 𝑧 = 0.

at the walls (𝑦 = 0 and 𝑦 = 2). A constant mean pressure gradient in the streamwise direction is imposed to drive the flow. We express 
𝑦 in wall units 𝑦+ = 180𝑦.

We adapted the initial conditions from [34] and used these in a 15 time unit spin-up simulation to create a turbulent initial field 
for our experiments, see Fig. 16a.

5.2.  High-fidelity simulation

To generate training data (QoI trajectories), we ran our own high-fidelity simulation, using a 512 × 512 × 256 equidistance grid. 
The setup is summarized in Table 4. We choose to use an equidistance grid to keep the coarse-graining operation and the expressions 
for the scale-aware QoIs simple. This choice yields a wall-normal cell size of approximately 0.7𝑦+, which is comparable to the smallest 
cells used in the coarsest DNS of [32], who employed a 256 × 128 × 128 grid with a tangent hyperbolic stretching in the wall-normal 
direction.

5.3.  Low-fidelity simulation

The low-fidelity simulations were performed on a 64 × 64 × 32 grid with a timestep of Δ𝑡𝐿𝐹 = 5 ⋅ 10−3. This setup results in a wall-
normal cell size of approximately 5.6𝑦+. We used face-averaging to coarsen the HF initial velocity field to the LF initial field. The 
coarse-grained initial field is plotted in Fig. 16b.

5.3.1.  Scale-aware QoIs
As in the previous test case, we define six scale-aware QoIs based on energy and enstrophy content in three Fourier bands: [0, 3], 

[4, 10], and [11, 17]. To ensure periodicity in all directions (a requirement for Fourier analysis), we symmetrically extend the solution 
field in the wall-normal direction. Specifically, a vector field 𝐟 on the domain 4𝜋 × 2 × 4∕3𝜋 is extended to a periodic vector field ̃𝐟 on 
4𝜋 × 4 × 4∕3𝜋 by mirroring in the wall at 𝑦 = 2:

𝐟 (𝑥, 𝑦, 𝑧) =
{

𝐟 (𝑥, 𝑦, 𝑧),  if 𝑦 ≤ 2,
−𝐟 (𝑥, 4 − 𝑦, 𝑧),  if 𝑦 > 2.

(32)

Due to the domain size, the resulting Fourier wavenumbers are fractional. For instance, the longest non-constant wave in the 
streamwise direction corresponds to a wavenumber of 1∕(4𝜋). To illustrate the spatial features captured by the different Fourier 
bands, we visualized the velocity and vorticity fields which result from filtering the initial field with the different scale-aware filters 
in Appendix D.
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Table 5 
Calibrated eddy-viscosity model constants for LF channel flow.
    HF  Smag  WALE  
 𝐶𝑠 = 0.13 𝐶𝑤 = 0.53 
  mean 𝑣𝑥(𝑦 = 1)  18.267  18.300  18.265  

Fig. 17. Mean x-velocity profiles over 10 time units in LF channel flow solver with tuned eddy-viscosity models compared to coarse-grained HF 
solution and reference.

5.4.  WALE model

As baseline method we use the WALE model. The WALE model is an eddy-viscosity model based on the square of the velocity 
gradient tensor [35]. It has two advantages over the Smagorinsky model in a channel flow simulation. Firstly, it takes into account both 
strain and rotation rates. And more importantly, its computed eddy-viscosity goes to zero near the channel walls. For incompressible 
flow, the model is given by

𝐦(𝐯, 𝐶𝑤) = ∇ ⋅ (2𝜈𝑡𝑆𝑖𝑗 ), (33)

𝜈𝑡 = 𝐶2
𝑤Δ

2
(𝔖𝑑

𝑖𝑗𝔖
𝑑
𝑖𝑗 )

3∕2

(𝑆𝑖𝑗𝑆𝑖𝑗 )5∕2 + (𝔖𝑑
𝑖𝑗𝔖

𝑑
𝑖𝑗 )5∕4

, (34)

where the symmetric part of the square of the velocity gradient tensor is given by

𝔖𝑑
𝑖𝑗 =

1
2
(𝑔𝑖𝑘𝑔𝑘𝑗 + 𝑔𝑗𝑘𝑔𝑘𝑖). (35)

Here, 𝑔𝑖𝑗 = 𝜕𝑣𝑖∕𝜕𝑥𝑗 is the velocity gradient tensor, 𝑆𝑖𝑗 = 1∕2(𝜕𝑣𝑖∕𝜕𝑥𝑗 + 𝜕𝑣𝑗∕𝜕𝑥𝑖) is the strain rate tensor, Δ is the filter width (again 
set to the LF grid size), and 𝐶𝑤 is the WALE constant.

5.5.  Fitting eddy-viscosity model constants

To calibrate the WALE and Smagorinsky models in the low-fidelity simulation, we adjust their constants so that the mean stream-
wise velocity at the channel center matches that of the high-fidelity simulation over the first 10 time units. Table 5 summarizes the 
tuned values. Fig. 17 compares the resulting mean x-velocity profiles, plotted against wall distance in both linear and logarithmic 
scales. Here we show the profile obtained from DNS validation data in [32], the mean profile from our 10 time unit HF simulation 
and the profiles of the calibrated Smagorinsky and WALE simulations.

5.6.  TO model

The TO LRS method was trained on the same 10 time units of the high-fidelity simulation. First, we ran a low-fidelity simulation 
which tracked the reference trajectories of the six QoIs, obtaining a series of subgrid scale corrections. Then we trained an LRS model 
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Fig. 18. Channel flow QoI trajectories for TO LRS model with history length 5 and for the HF training data.

to predict these subgrid scale corrections, see Section 3.3. We evaluated models with history lengths of 5 and 10, which previously 
performed well on the HIT test case.

On this test case these models lead to instable simulations if there is no regularization. However, introducing a small regularization 
(𝜆 = 10−4) was sufficient to get stable simulations.

5.7.  Results

All subgrid scale models were evaluated in low-fidelity simulations over 100 time units. For the TO LRS models we again ran five 
replica simulations.

Figs. 18 and 19 show the trajectories of the six scale-aware QoIs for TO LRS with history lengths of 5 and 10, respectively. These 
plots include the corresponding trajectories from the HF simulation, which served as the training data. Across all five replicas, the 
TO LRS models produced stable simulations, and the QoI trajectories remained close to the range of values seen during training. This 
indicates that the TO LRS models generalize consistently over longer time horizons, without changing the distribution of the QoIs 
much.

In contrast, Fig. 20 presents the QoI trajectories for simulations using the eddy-viscosity models (Smagorinsky and WALE) as well 
as a simulation without SGS model. The Smagorinsky model and the no model simulations both exhibit significant loss of energy 
in the largest scales. additionally, the build-up of energy in the smaller scales is apparent for the simulation without SGS model. 
Interestingly, a similar small-scale energy accumulation is observed for the WALE model. This leads to trajectories with long-term 
distributions that clearly diverge from the HF data. However, the WALE model performs well when looking at the large-scale energy.

To further assess model performance, Fig. 21 shows the mean streamwise velocity profile across the channel for various SGS 
models. The profile from the first TO LRS replica with history length 5 is shown, though other replicas yielded nearly indistinguishable 
profiles. Among all models, WALE achieves the best match to the reference profile, particularly near the wall. The TO LRS model 
also performs well, accurately capturing the velocity profile away from the wall, even though it was not explicitly trained to do so. 
However, it leads to a to low streamwise velocity in the 4 grid points closest to the wall. In contrast, the Smagorinsky model fails to 
reproduce the correct profile, reflecting its known difficulty in handling wall-bounded turbulence.
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Fig. 19. Channel flow QoI trajectories for TO LRS model with history length 10 and for the HF training data.

Finally, Fig. 22 visualizes the turbulent structures at the end of the LF simulations using isocontours of the second invariant of the 
velocity gradient tensor. These are compared against the filtered HF solution at 𝑇 = 10. The difference between the LF simulations is 
less pronounced than in the HIT test case. The LF simulation without SGS term again shows more numerous vortices. But in this test 
case the filtered HF solution also has more vortices than the LF simulations with SGS terms. Still, a notable result is that the stochastic 
corrections introduced by the TO LRS method do not break the coherent vortex structures.

6.  Taylor-Green vortex

The Taylor-Green vortex is a demanding test case for SGS models due to its laminar-turbulent transition [36]. Classical SGS models 
are known to have difficulty predicting the onset of turbulence [37]. We consider this test case to show that the TO LRS model can 
handle a flow which is not in a statistically steady state. This test case shows that the TO LRS model can reproduce transition dynamics 
if they are part of the training data, yet it offers no possibility for extrapolation in time.

In its standard three-dimensional configuration, the flow is initialized on a triple-periodic cube of side-length 2𝜋 with:
𝑢𝑥(𝑥, 𝑦, 𝑧) = sin(𝑥) cos(𝑦) sin(𝑧), 𝑢𝑦(𝑥, 𝑦, 𝑧) = − cos(𝑥) sin(𝑦) sin(𝑧), 𝑢𝑧(𝑥, 𝑦, 𝑧) = 0. (36)

We set 𝜈 = 1∕800. The initially laminar flow transitions into quasi-isotropic turbulence after 9 time units.

6.1.  High-fidelity simulation

To generate reference data, we performed a high-fidelity simulation at 𝑁 = 5123, with a time step of Δ𝑡 = 5 ⋅ 10−3. Fig. 23 shows 
the second invariant of the velocity gradient tensor at 𝑡 = 0, 𝑡 = 10 and 𝑡 = 20, illustrating the onset and development of turbulence. 
Corresponding energy spectra are provided in Appendix E.

6.2.  Low-fidelity simulation

The low-fidelity simulations were performed on a 643 grid with timestep Δ𝑡LF = 5 ⋅ 10−2. We defined again six scale-aware QoIs: 
energy and enstrophy in the wavenumber bands [0,1], [2,3] and [4,5]. Here the wavenumbers are expressed in unit length of the 
simulation, so the smallest nonzero wavenumber is 1∕(2𝜋) and the largest resolved wavenumber is 32∕(2𝜋).
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Fig. 20. Channel flow QoI trajectories for eddy-viscosity models, for the HF training data, and the first replica of the TO LRS model with history 
length 5.

Fig. 21. Mean x-velocity profiles over 100 time units in LF channel flow simulations with various subgrid scale terms compared to reference.
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Fig. 22. Turbulent vortices in long term channel flow simulations at 𝑇 = 100 compared to the filtered HF solution at 𝑇 = 10, visualized via isocon-
tours 𝑄 = 100.

Fig. 23. Flow structures in HF Taylor-Green simulation, visualized via isocountours 𝑄 = 0.5.

6.3.  Smagorinsky and WALE models

We ran low-fidelity simulations with the Smagorinsky and WALE models across a range of model coefficients. Figs. 24 and 25 
compare their QoI trajectories with those of the HF simulation and with an LF simulation without SGS model.

Without SGS model, the LF simulation shows excess energy and enstrophy at the smallest scales. Around 𝑡 = 7, energy and enstro-
phy in the mid scales grow too steeply, which suppresses the peak in large-scale enstrophy and leaves the simulation under predicting 
large-scale enstrophy later on.

For suitably chosen model constants the Smagorinsky and WALE model can dissipate the energy and enstrophy surplus in the 
smallest scales. However, neither the Smagorinsky model, nor the WALE model obtain satisfactory behavior on the mid- and large-
scale QoIs.

6.4.  TO model

The Taylor-Green vortex begins in a laminar state, with no energy or enstrophy at high wavenumbers. To avoid division by zero 
in the orthogonalization procedure, we set 𝑑𝑄 = 0 in the TO method whenever any scale-aware QoI is zero. This choice is physically 
consistent: in the absence of small-scale eddies, no subgrid scale effects are expected.

We trained the TO LRS models on the full reference trajectories. First, we tracked the reference trajectories, then we fitted the LRS 
model to predict the corrections 𝑑𝑄 on the data points where all the QoI values after the prediction step of the solver are non-zero, 
see Section 3.2.

We trained and evaluated LRS models with history lengths 5 and 10, combined with regularization strengths of 0, 0.005, and 
0.02. Each configuration was tested in ensembles of five replica simulations. Models without regularization consistently lead to 
unstable simulations, that blew up within 6 time units. The QoI trajectories of the regularized models with history length 5 are 
shown in Figs. 26 and 27. In Appendix F (Figs. F.1 and F.2) we show the trajectories of the models with history length 10. 
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Fig. 24. Taylor-Green QoI trajectories Smagorinsky model compared to HF simulation and LF simulation without SGS model.

Fig. 25. Taylor-Green QoI trajectories WALE model compared to HF simulation and LF simulation without SGS model.
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Fig. 26. Taylor-Green QoI trajectories TO LRS model with history length 5 and 𝜆 = 0.005 compared to HF simulation and LF simulation without 
SGS model.

Fig. 27. Taylor-Green QoI trajectories TO LRS model with history length 5 and 𝜆 = 0.02 compared to HF simulation and LF simulation without SGS 
model.
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All these simulations are stable and follow the reference trajectories closely. The spread between replica simulations is small 
and only noticeable near the end of the simulations. The TO LRS models with history length 10 tracked the reference trajecto-
ries slightly closer than those with history length 5. This illustrates the TO LRS method’s ability to accurately capture transition
dynamics.

7.  Extrapolation and generalization

The main strength of the tau-orthogonal method is its ability to extrapolate in time on statistically stationary turbulence. From a 
short HF trajectory, the model can produce long LF runs that recover the correct long-term distributions of selected QoIs. As shown in 
Appendix G, this provides nearly an order-of-magnitude cost reduction compared to running the HF simulation for the same duration.

It is important to distinguish between temporal extrapolation and generalization across flow configurations. The TO method, 
in its current form, does not generalize across flows: each new configuration requires fresh HF reference trajectories for train-
ing. For example, altering the geometry, boundary conditions, or Reynolds number necessitates new HF data. This limitation con-
trasts with classical SGS models, which can often be applied more broadly without retraining, albeit at the expense of reduced
accuracy.

Another aspect concerns solver dependence. The SGS term in Eq. (6) depends explicitly on the discretization of the solver. As a 
result, the TO closure is solver-specific. Switching to a different LF solver requires retraining the TO model. However, assuming the 
HF reference data as ground truth, no additional HF simulations are needed. This makes solver adaptation comparatively inexpensive.

For non-uniform grids, defining scale-aware QoIs is less straightforward than in the uniform case. The Fourier-based filtering used 
here is no longer directly applicable. One alternative is to employ localized kernels with varying widths to extract scale-dependent 
quantities in physical space. Developing such approaches would broaden the applicability of the TO framework to more complex 
discretizations and geometries, and represents an important direction for future work.

8.  Conclusion

We have shown how the tau-orthogonal method can be extended to three-dimensional flows, a challenge for many data-driven 
approaches due to cubic scaling of the number of (unclosed) degrees of freedom that need to be modeled. As in the original two-
dimensional method, we therefore reformulated the problem of modeling the high-dimensional SGS term as a closure problem for 
a small set of scale-aware QoIs: energy and enstrophy in large, mid, and small scales. Moreover, we extended the method to be 
QoI-state dependent, including history. This was achieved by combining a regularized least squares fit with a multivariate Gaussian 
distribution fitted to the residual (the LRS model). This new time-series prediction model can easily be fitted to training data obtained 
from tracking reference QoI trajectories, since it involves only two hyperparameters and a modest number of trainable parameters 
(in the order of 100 - 1000).

We conducted a hyperparameter study on three-dimensional homogeneous isotropic turbulence, from which we concluded that 
the LRS model exhibits robustness to the choice of history length, with a broad range of near-optimal values. We also saw that the 
regularization improves stability for long history lengths, but at the cost of degraded long-term distribution accuracy. The LRS model 
outperformed the Smagorinsky model in terms of obtaining correct long-term distributions for the QoIs. Furthermore, it improved on 
our previously introduced data-driven noise model, which had no dependence on QoI state.

Remarkably, despite being trained only on reproducing QoI trajectories, the TO LRS model appears to capture other salient features 
of the turbulent flow. Specifically, it reproduced the averaged kinetic energy spectrum slightly better than the Smagorinsky model. 
Moreover, it preserved coherent turbulent structures in the simulated fields.

To test the applicability of this approach to heterogeneous flows, we applied the TO LRS model to a turbulent channel flow. 
Despite being agnostic to geometry and wall-normal distance, the TO LRS model produced stable simulations with QoI trajectories 
that remained consistent with the training data. In contrast, the WALE model led to a slight energy build-up in the small-scale QoIs. 
The TO LRS model captured the mean velocity profile in the channel well, except near the wall, where its performance degraded 
slightly.

Finally, we tested the TO LRS model on a Taylor-Green vortex, a flow which is not in statistically steady state. We showed that the 
model can accurately capture transition dynamics, provided these are represented in the training data. In contrast, the Smagorinsky 
and WALE models failed to reproduce the correct evolution of mid- and large-scale QoIs.

In summary, the TO LRS method provides a simple, data-driven approach to modeling SGS effects that generalizes in time beyond 
the training domain for statistically steady state turbulence. Moreover, it can capture transient dynamics provided these are present 
in the training data. This makes it a promising alternative to classical SGS models and traditional deep learning approaches for a 
broad range of flow configurations. Main avenues for future work will involve improving the basis functions in the TO method for 
better near-wall behavior and extending the method to non-structured grids.
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Appendix A.  Quadrature in the Fourier domain

Our scale-aware QoIs are based on local energy/enstrophy density in Fourier space. In this section we show that these densities 
are related to the total energy in physical space via quadrature. We rely on the Discrete Fourier transform of the velocity field, which 
gives Fourier coefficients 𝐮̂𝐤 such that

𝐮(𝑥, 𝑦, 𝑧) ≈ 1
𝑁𝑥𝑁𝑦𝑁𝑧

𝑁𝑥−1
∑

𝑘1=0

𝑁𝑦−1
∑

𝑘2=0

𝑁𝑧−1
∑

𝑘3=0
exp

[

2𝜋𝑖
(

𝑥𝑘1
𝐿𝑥𝑁𝑥

+
𝑦𝑘2
𝐿𝑦𝑁𝑦

+
𝑧𝑘3
𝐿𝑧𝑁𝑧

)]

𝐮̂𝐤, (A.1)

where 𝑁𝑥 denotes the number of grid points in the 𝑥-direction and 𝐿𝑥 denotes the length of the computational domain in this direction.
Let us now consider the total kinetic energy of a real-valued velocity field 𝐮

𝐸 = 1
2 ∫Ω

𝐮 ⋅ 𝐮 d𝒙,

≈ 1
2 ∫Ω

1
(𝑁𝑥𝑁𝑦𝑁𝑧)2

∑

𝐤

∑

𝐥
exp

[

2𝜋𝑖
(

𝑥1(𝑘1 + 𝑙1)
𝐿𝑥𝑁𝑥

+
𝑥2(𝑘2 + 𝑙2)

𝐿𝑦𝑁𝑦
+

𝑥3(𝑘3 + 𝑙3)
𝐿𝑧𝑁𝑧

)]

𝐮̂𝐤 ⋅ 𝐮̂𝐥 d𝒙,

= 1
2

|Ω|
(𝑁𝑥𝑁𝑦𝑁𝑧)2

∑

𝐤
𝐮̂𝐤 ⋅ 𝐮̂−𝐤,

= 1
2

|Ω|
(𝑁𝑥𝑁𝑦𝑁𝑧)2

∑

𝐤
𝐮̂𝐤 ⋅ conj(𝐮̂𝐤), (A.2)

where |Ω| denotes the volume of the computational domain. Here, we used the orthogonality of Fourier modes to get from the second 
to the third expression. The last step only holds for fields that are real-valued in physical space.

Appendix B.  HIT on a finer grid

We compare the final field of the high-fidelity spin-up simulation with the final field of a DNS with higher resolution. The DNS 
is performed on an 8003 grid and covers 4 time units, see Table B.1. Table B.2 contains the turbulence statistics of the final fields 
of both simulations. Fig. B.1 shows the energy spectra of the final fields. The difference between the energy spectra and turbulence 
statistics of the simulations is small. Indicating that our high-fidelity simulation will contain most turbulence characteristics found in 
the full DNS.
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Table B.1 
DNS parameters HIT (homogeneous isotropic turbulence).
𝑁 Δ𝑡 1∕𝜈 𝑇𝐿 Δ𝑡𝑓 𝑒∗ 𝑘𝑓

8003 2.5 ⋅ 10−4 2000 0.01 2.5 ⋅ 10−3 0.1
√

2

Table B.2 
HF and DNS turbulence statistics at the end of HIT spin-up: Mean velocity, 
dissipation rate, Kolmogorov length scale, Taylor length scale, integral 
length scale, Reynolds number, Taylor-scale Reynolds number, large-eddy 
turnover time.
𝑁 𝑢avg 𝜖 𝜂 𝜆 𝐿 𝑅𝑒int 𝑅𝑒𝜆 𝑡int

5123  3.72  3.78  0.0024  0.096  0.15  1100  411  0.04
8003  3.59  3.28  0.0025  0.099  0.15  1056  411  0.04

Fig. B.1. HIT energy spectra at 𝑡 = 4, for DNS and HF simulation. The Taylor length scale, Kolmogorov length scale and gird spacing of the DNS 
(𝑁 = 8003) are plotted.

Appendix C.  Regularization in the LRS model

We examine the effect of L2-regularization on the TO LRS models in the HIT test case. Fig. C.1 shows the outcome of applying a 
mild regularization term (𝜆 = 0.01). The results indicate that regularization stabilizes models with longer history lengths. Conversely, 
it causes instability in models with shorter history.

Overall, the addition of regularization tends to degrade model performance. This is further illustrated in Fig. C.2, which compares 
the long-term QoI distributions for the regularized and non-regularized TO LRS model with a history length of 10. Regularization in 
this case results in a to low variance.

Fig. C.1. Influence of regularization on predictive quality LRS model in the HIT test case, extrapolating from a 10 time unit training domain to 100 
time units. The plotted ranges are based on 5 replica simulations. The ensemble KS-distance results from aggregating the QoI data of all ensemble 
members. “X” markers indicate at least one unstable replica, their location is based on the ensemble KS-distance of the stable part of the trajectories.
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Fig. C.2. Long-term HIT QoI distributions of 5-member ensemble TO LRS with history length 10, with and without regularization.

Appendix D.  Scale-aware filters applied to initial field channel flow

For our channel flow test case we defined six scale-aware QoIs: energy and enstrophy in three wavenumber bands: [0, 3], [4, 10], 
and [11, 17]. To get a feeling for these QoIs, we plotted the velocity and vorticity fields which result from filtering. Fig. D.1 shows the 
velocity and vorticity magnitudes of the scale-aware filtered initial field for: 𝑅[𝑙,𝑚]𝐮 and 𝑅[𝑙,𝑚]𝝎. We see that the large-scale energy is 
located in the bulk of the channel. The other QoIs are highest near the walls, as expected.

Fig. D.1. Scale-aware filters applied to initial turbulent field of channel flow test case.

Appendix E.  High-fidelity energy spectra Taylor-Green vortex

Fig. E.1 shows the energy spectra of the high-fidelity Taylor-Green simulation at 𝑡 = 10 and 𝑡 = 20. At 𝑡 = 10, just after the onset 
of turbulence, the solution field contains the most small-scale eddies. We see that our grid is just fine enough to resolve them. Later 
in the simulation the turbulent kinetic energy decreases.
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Fig. E.1. Energy spectra in HF Taylor-Green simulation.

Appendix F.  Additional TO LRS results on Taylor-Green vortex

Fig. F.1. Taylor-Green QoI trajectories TO LRS model with history length 10 and 𝜆 = 0.005 compared to HF simulation and LF simulation without 
SGS model.
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Fig. F.2. Taylor-Green QoI trajectories TO LRS model with history length 10 and 𝜆 = 0.02 compared to HF simulation and LF simulation without 
SGS model.

Appendix G.  Computational cost

In this section we report on the computational cost of the simulations presented in this paper. All simulations were performed 
on GPU-accelerated nodes of the Dutch national supercomputer Snellius. The high-fidelity simulations were performed using a single 
NVIDIA H100-SXM5-80GB GPU. The low-fidelity simulations, being computationally much lighter, were run on A100-SXM4-40GB 
GPUs which were split into two using multi-Instance GPU technology. These “half” A100 GPUs are the smallest GPUs available on 
the cluster.

Table G.1 lists the wall time and cost per simulated time unit for the HIT and the channel flow simulations. The reported wall 
times are based on the average of three simulations, where we timed 100 time steps of the solvers, excluding initialization and 
compilation. “TO track” denotes TO simulations used for generating training data by tracking reference QoIs, while “TO LRS” refers 
to runs with the trained linear regression and noise model. On the HIT test case, the LF simulation is 320 times faster than the HF 
simulation. The subgrid scale models make the LF solver up to two times slower. The Smagorinsky model adds the smallest overhead. 
For channel flow, the LF solver achieves about 190× speedup, again reduced by about a factor of two when an SGS model is applied. 
The Taylor-Green vortex case uses the same grid as HIT and differs only in forcing; we therefore omit separate timing results.

The computational costs in System Billing Units (SBUs) are reported to take into account that running on a smaller GPU for the 
same time is cheaper. On Snellius, 1 h on a H100 GPU costs 192 SBUs and 1 h on an “half” A100 GPU costs 64 SBUs.

As an illustration, consider the HIT test case where accurate long-term QoI distributions (over 100 time units) were obtained using 
an ensemble of five TO LRS runs trained on 10 time units of HF data. The required steps are:

• One 10 time unit HF simulation: 479 SBUs,
• TO tracking of QoIs in LF simulation over 10 time units: 0.9 SBUs,
• Fitting the linear regression model: negligible (a few seconds),
• Five TO LRS LF simulations (100 time units each): 50 SBUs.

The total cost is approximately 530 SBUs, compared to 4790 SBUs for a 100 time unit HF simulation. This demonstrates nearly an 
order-of-magnitude cost reduction while retaining statistical accuracy.
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Table G.1 
Time spent / cost per simulated time unit.
    Simulation  Time [s]  Cost [SBU] 
  HIT HF  897  47.9  
  HIT LF:  
  No model  2.8  0.05  
  Smag  4.6  0.08  
  TO track  5.0  0.09  
  TO-LRS  5.8  0.10  
  Channel HF  440  23.5  
  Channel LF:  
  No model  2.3  0.04  
  Smag  5.2  0.09  
  WALE  5.2  0.09  
  TO track  3.7  0.07  
  TO LRS  3.9  0.07  
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