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MOMENT-SOS AND SPECTRAL HIERARCHIES FOR
POLYNOMIAL OPTIMIZATION ON THE SPHERE AND
QUANTUM DE FINETTI THEOREMS

ALEXANDER TAVEIRA BLOMENHOFER AND MONIQUE LAURENT

ABSTRACT. We revisit the convergence analysis of two approximation hierar-
chies for polynomial optimization on the unit sphere. The first one is based on
the moment-sos approach and gives semidefinite bounds for which Fang and
Fawzi (2021) showed an analysis in O(1/72) for the rth level bound, using the
polynomial kernel method. The second hierarchy was recently proposed by
Lovitz and Johnston (2023) and gives spectral bounds for which they show a
convergence rate in O(1/r), using a quantum de Finetti theorem of Christandl
et al. (2007) that applies to complex Hermitian matrices with a “double”
symmetry. We investigate links between these approaches, in particular, via
duality of moments and sums of squares.

Our main results include showing that the spectral bounds cannot have a
convergence rate better than O(1/r?) and that they do not enjoy generic finite
convergence. In addition, we propose alternative performance analyses that
involve explicit constants depending on intrinsic parameters of the optimiza-
tion problem. For this we develop a novel “banded” real de Finetti theorem
that applies to real matrices with “double” symmetry. We also show how to
use the polynomial kernel method to obtain a de Finetti type result in O(1/r2)
for real maximally symmetric matrices, improving an earlier result in O(1/r)
of Doherty and Wehner (2012).

1. INTRODUCTION

Throughout we consider the polynomial optimization problem, asking to mini-
mize a polynomial p over the unit sphere S* 71, i.e., to compute
(1) Pmin = min p(z) = min{p(z) : z €R", |22 = 1}.
xr

S§n—1

Therein, p € Rlz] = R[zy,...,z,] is an n-variate polynomial of degree 2d. In other
words, pmin is the largest scalar A for which the polynomial p — A\ is nonnnegative
on the unit sphere S*~!. Replacing this nonnegativity condition by existence of
a sum-of-squares representation leads to the well-known sum-of-squares (sos, for
short) bounds: for an integer r > d,

(2) sosy(p) = Iilgﬂ%({)\ cp—A=0+u(l—|z||3), o € Rz]<a, s0s, u € R[x]ar_2}.

The parameters sos,(p) provide a hierarchy of lower bounds that converge asymp-
totically to pmin (Lasserre [26]). They are also often referred to as the moment-sos
bounds (see Lemma for their ‘moment’ reformulation).

An alternative hierarchy of lower bounds sp,.(p) on pmin has been recently in-
troduced by Lovitz and Johnston [29] for homogeneous polynomials p, that are
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based on a (generalized) eigenvalue computation. Roughly speaking, these spectral
bounds rely on very specific sums of squares representations of p — A on the sphere,
based on doubly symmetric representing matrices. We refer to Section [f for the
precise definition of the spectral bounds. We have sp,.(p) < $08,(p) < Pmin. S0,
the sos bounds are stronger, but they are also more costly to compute than sp,.(p);
indeed the latter boil down to an eigenvalue computation while the former rely on
semidefinite programming.

Convergence analysis has been carried out for both hierarchies. Interestingly,
there are common ingredients to both cases, like the the use of the polynomial
kernel method and the relevance to Quantum de Finetti type results. We discuss
the polynomial kernel method in Section [3] and introduce the relevant Quantum de
Finetti theorems in Section[2:4 However, there are also some important differences,
as we now briefly sketch.

Convergence analysis. Lovitz and Johnston [29] show the following convergence
rate pmin — sp,.(p) = O(1/r) for their spectral bounds (see Theorem [5.1)). A crucial
ingredient in their proof is the Quantum de Finetti (abbreviated as QdF) theorem
of Christandl et al. [9] for doubly symmetric complex Hermitian matrices (see
Theorem . Since this result is stated for complex matrices, additional work is
needed to be able to reach a conclusion for the spectral bounds, which deal with real
polynomials. The strategy adopted in [29] is to establish a relation between the real
optimization problem and its complex analog (asking to minimize a polynomial
on the complex unit sphere) to which one can then apply the above mentioned QdF
theorem. The O(1/r) rate in the QdF theorem results in the O(1/r) convergence
rate for the spectral bounds sp,.(p).

The convergence rate of the sos bounds in has been analyzed by Fang and
Fawzi [I8] who show puin — 508, (p) = O(1/r?) when p is homogeneous (see Theo-
rem [3.2). This improves the earlier convergence analyses in O(1/r) by Reznick [3§]
and Doherty and Wehner [17].

These results follow roughly a similar approach, but there are some subtle dif-
ferences. A common ingredient in both proofs is the use of the polynomial kernel
method, a well-known method for constructing good approximations of a given
function via convolution by a given polynomial kernel. The difference lies in the
selection of the polynomial kernel, which relies on a kernel of the form (z7)?" in
[38, [I7] and on a suitably optimized kernel in [I8]. Fang and Fawzi [I8] use their
polynomial kernel to construct a sos polynomial representation that yields a feasible
solution for the program , leading to their convergence analysis.

On the other hand, Doherty and Wehner [17] work in the symmetric tensor
setting. Additionally, they use their kernel to derive a result on the dual moment
side that leads to a ‘real Quantum de Finetti’ type result (see Theorem7 which
they then exploit to show their convergence analysis for the sos bounds. However,
their real QdF theorem applies to real mazimally symmetric matrices, a symmetry
property that is much stronger than being doubly symmetric (see Definition .

Our contributions. As sketched above, there are similarities and differences be-
tween the sos and spectral bounds and their analyses. This raises several questions
that we address in this paper.

A first question is whether the QdF theorem of [9] (Theorem admits an
analog for real doubly symmetric matrices. A positive answer would immediately
imply a simple proof of the Doherty-Wehner real QdF (Theorem . As a first
minor contribution, we give a negative answer: it is not possible to approximate a
sequence of real r-doubly symmetric matrices (in fact, their partial traces) by real
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separable ones (see Theorem for the precise statement). We show this using a
family of counterexamples inspired by Caves et al. [0].

A second question that we address in Section [3| is whether one can improve the
analysis in the real QdF theorem (Theorem [2.19) of [17]. We give a positive answer
(see Theorem [3.1)). For this, we make the simple but important observation that
the polynomial kernel method can also be used to show approximation results on
the dual moment side, by considering adjoint kernel operators: we indicate how the
kernel operator of Fang and Fawzi [I8] can be used to strengthen the analysis of
Doherty and Wehner [17] from O(1/7) to O(1/r?).

As a third contribution, we further investigate the spectral bounds. We show in
Section that, unlike the moment-sos bounds, they do not enjoy generic finite
convergence (Theorem . Another natural question is whether the analysis of
[29] in O(1/r) for the spectral parameters can possibly be improved and what is
a lower bound on their exact convergence rate. As our fourth and main technical
contribution, we show in Section that pumin — sp,.(p) = Q(1/r?) for a suitably
crafted 5-variate form of degree 4 (that we construct from the Choi-Lam form, well-
known to be nonnegative but not sos). So, there is still a gap between the lower
bound Q(1/r?) and the upper bound O(1/r) and it would be very interesting to
close this gap. In addition, at this moment, we are not aware of any lower bound
for the convergence rate of the sos bounds; showing such a lower bound would also
be very interesting.

In addition, we revisit in Section {4| the convergence analysis in O(1/r) for the
spectral bounds from [29]. Rather than going via optimization on the complex unit
sphere, we propose to directly use the QdF theorem to derive a ‘banded’ real QdF
theorem (see Theorem [4.2). Roughly, this result approximates the symmetrized
partial trace of a real doubly symmetric positive semidefinite matrix by a scaled
real separable matrix. So, in a nutshell, the banded real QdF theorem interpo-
lates between the QdF theorem (Theorem that applies to complex Hermitian,
doubly symmetric matrices) and the real QdF (Theorem that applies to real
maximally symmetric matrices). It thus falls within the realm of real quantum
theory, where physical phenomena are modelled using real numbers that to many
physicists appear more natural than complex ones. Whether real numbers suffice to
model quantum theory is debated. In some settings they do, but Renou et al. [37]
show that different predictions may be obtained when restricting to real numbers
in certain (so-called entanglement-swapping) network scenarios.

The new banded real QdF theorem (Theorem can then be directly used to
recover the convergence rate in O(1/r) of [29] (recalled in Theorem|5.1]) for the spec-
tral bounds sp,.(p), albeit with other constants than in [29]. First, in Theorem
our error analysis involves an explicit constant depending on n and d, instead of
the unknown parameter k(M) (the condition number of the maximally symmetric
matrix representing s¢) used in [29]. Second, in Theorem our analysis involves
the range pmax — Pmin Of values that the polynomial p takes on the sphere, instead of
other constants of p. This dependency on the range of values is used, e.g., in the er-
ror analysis of the moment-sos bounds (see Theorem , and it is commonly used
in continuous optimization (see, e.g., [45] [14]). Note that it is well-behaved under
translating p by a scalar multiple of s%: The value range does not change while the

constant ||Q(p)|lo (used in [29, Theorem 4.1], see Theorem [5.1)) or v(Q(p)) (from
Theorem grows with the scaling factor (see Appendix [DJ).

Some background on existing literature. Problem is computationally hard
already for homogeneous polynomials of degree 4. Indeed, it contains some known
hard optimization problems, such as the maximum stable set graph problem (due
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to a reformulation of Motzkin and Straus [30]), or deciding convexity of a quartic
homogeneous polynomial, shown to be NP-hard in [I]. See, e.g., [II] for more about
complexity issues. Huang [21] shows that the sos hierarchy has finite convergence
for generic polynomials. Polynomial optimization on the unit sphere is relevant
to a broad range of applications, e.g., for modelling matrix norms || - ||2—p, for
computing eigenvalues of tensors (see, e.g., [28]), for capturing entanglement versus
separability of states in quantum information theory (see, e.g., [17], [18], [19], and
further references therein).

Prior to the spectral lower bounds sp,.(p) < pmin of [29] for optimization on the
sphere, another spectral approach had been introduced earlier for minimization over
a general compact set S by Lasserre [25]. He defines upper bounds ub,(p) > Pmin,
obtained by minimizing the expected value | s Pqdp of p on S, taken over all sos
polynomials g of degree at most 2r such that f ¢ qdp =1, where p is a given measure
supported on S. Computing ub,(g) boils down to an eigenvalue computation [25].
These spectral upper bounds have been analyzed: a convergence rate in O(1/r?)
for ub,(p) — Pmin is shown for the interval S = [—1,1] in [12] (by establishing links
to extremal roots of orthogonal polynomials), for the sphere in [I3], and for many
more sets S in [42]. Interestingly, there is an intimate connection between the
spectral upper bounds and the sos lower bounds, which is (implicitly) exploited in
the analysis of the sos lower bounds for the sphere in [I§] and, more explicitly, for
the boolean cube in [43] and the ball and the simplex in [41].

Finally, let us briefly mention some background on (quantum) de Finetti type
results. De Finetti’s theorem is a classical result about infinite sequences of ran-
dom variables. In its original form [I0], it roughly says the following: Assume the
joint probability distribution of an infinite sequence of random variables X7, Xo, ...
is invariant under permutations, in the sense that X (1), Xo(2),... has the same
joint distribution for any bijective map o: N — N (also known as being ezchange-
able). Then, the joint distribution of X;, Xa, X3,... is a convex sum of product
distributions.

Diaconis and Freedman [16] showed a finite version of this theorem: If X7, ..., X,
is an exchangeable sequence of r random variables with joint density p,(z1,...,2,),
then, for any d < r, the joint density pq(z1,...,zq) of the first d random variables
may be approximated in a suitable norm by a convex combination of product den-
sities g(x1) - ... q(xq), where the ¢’s are univariate density functions. The error in
the approximation is of the form O(1) for constant d. See, e.g., [IT, Section 6].

There exist “quantum” versions of de Finetti’s theorem, both for the infinite
and finite settings. In Theorem we will present a finite quantum de Finetti
theorem due to Christandl et al. [9]. It allows to approximate the partial trace of a
complex density matrix M: (C")®" — (C™)®" with row and column permutation
invariance (i.e., double symmetry) by a convex combination of product states. The
approximation error is O(4), just as for the Diaconis-Freedman result [I6], and O(%)
is known to be optimal for both results. An explanation of the philosophical aspects
behind the classical and the quantum de Finetti theorem and its significance for
quantum information is given by Caves, Fuchs and Schack [6]. The paper by Caves,
Fuchs and Schack also serves as a friendly introduction to de Finetti theorems in
quantum information.

Finally, let us mention the work of Navascués, Owari and Plenio [32] who show
a finite quantum de Finetti result with an improved rate in O(1/r?) for quantum
bipartite states with a positive semidefinite partial transpose (aka the PPT condi-
tion).

We will mention in Section [f] some close connections between de Finetti type
results and the classical moment problem.



CONVERGENCE ANALYSIS VIA DE FINETTI THEOREMS 5

Organization of the paper. In Section[2] we gather definitions and preliminaries
needed for the paper, about polynomials, symmetric tensors, linear functionals,
quantum de Finetti theorems, and harmonic polynomials. In Section [3] we show
an improved real quantum de Finetti theorem for maximally symmetric matrices.
We present a new ‘banded’ analog for real doubly symmetric matrices in Section [4]
which we use to provide alternative analyses of the spectral bounds in Section
In the same section, we also prove a lower bound on the convergence rate of the
spectral hierarchy and we show that the spectral hierarchy does not enjoy generic
finite convergence. We close the paper with some discussion in Section [6]

2. PRELIMINARIES

We begin with some notation that is used throughout the paper. N = {0,1,2,...}
is the set of nonnegative integers. For an integer d € N, N/} denotes the set of
sequences o € N" with |a| :== a1 + ...+ a, = d. We let &4 denote the set
of permutations of the d-element set [d] = {1,...,d}. We let eq,...,e, denote
the standard unit vectors in C”, where all entries of e; are 0 except 1 at the ith
coordinate. For a vector u € C", |luls = vu*u denote its Euclidean norm. The
unit sphere in R” is denoted "' = {z € R" : [jz|s = Y;_, 27 = 1}. We let
conv(S) denote the convex hull of a set S and cone(S) is its conic hull.

For K =R or C, we use the trace inner product on the space K™*" of matrices:
(A, B) = Tr(A*B) for A, B € K™*". Here, A* = AT denotes the complex conjugate
transpose of A; A is Hermitian if A* = A. For a Hermitian matrix A, Apax(A) and
Amin(A) denote, respectively, its largest and smallest eigenvalues. The matrix A is
positive semidefinite, written as A = 0, if Apin(A) > 0. For Hermitian matrices
A, B, we write A < B if B — A is positive semidefinite. Throughout, I,, denotes
the n x n identity matrix.

Let A be an n x n Hermitian matrix with eigenvalues A1, ..., \,. Its Schatten-p
norm is ||A[, = />, [\i|P. Hence, ||All; = Tr(A) if A = 0. The dual norm
of ||All1 is the Schatten oo-norm ||A||e, which is the largest absolute value of an
eigenvalue, i.e., [|Alcc = max{Amax(A4), —Amin(A4)}. Note also that the Schatten
2-norm coincides with the Frobenius norm, so ||A||2 = /(A4,A). We record the
following relation for later use: if A has r nonzero eigenvalues, then

3) Al < VrllAll2 < V7l Al

In what follows we group definitions and preliminary facts needed for this paper
about tensors, (homogeneous) polynomials and linear functionals on polynomials,
Bose symmetric and maximally symmetric matrices, quantum de Finetti type re-
sults, and harmonic polynomials. These are somewhat scattered notions, so we give
pointers to the literature throughout the text. In addition, for general background,
we refer, e.g., to the survey about tensors by Kolda and Bader [22] and to the
monographs by Lasserre [27] or Nie [34] about polynomials and moment theory, by
Nielsen and Chuang [35] or Watrous [46] about quantum information theory, and
by Miiller [31] about harmonic polynomials.

2.1. Symmetric tensors, doubly symmetric matrices and maximally sym-
metric matrices. Let K = R or C be the real or complex field. For integers
r,n > 1, (K")®" denotes the space of r-tensors on K", with elements v = (v;) ;e
Here, we use the notation ¢ = (41,...,%,) € [n|” (or simply ¢;...4,) for an r-
sequence in [n]”. Given two integers 1 < d < r, it may also be convenient to denote
r-sequences as the concatenation jk of a d-sequence j € [n]¢ and an (r —d)-sequence
k € [n]"~%. TFor vectors u; € K", i = 1,2, their tensor product is the vector
u; Qug € K" @ K™ with entries (u3 ®usa)iyi, = (u1)i, (ug)s, for (i1,42) € [n1] X [na].
For u € K", u®" = u ® --- ® u (taking the tensor product of r copies).
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We now recall several notions of symmetry for tensors. In Appendix [A] we illus-
trate some of these notions on examples.

Permutations o € &, act on [n]” and thus on r-tensors, in the following way.
For i € [n]", set i = (ip(1), .-, iq()) and, for v € (K™)®", define v as the r-tensor
with entries (v7); = v;o for ¢ € [n]”. Then, v is said to be a symmetric tensor if
v? =wv forall 0 € &,, and S"(K"™) denotes the space of symmetric r-tensors on K.
We let I1, denote the projection from the space (K™)®" to the symmetric subspace
ST(K™). Concretely, we have

(@ m=- 3 P,

’ gES,

where P, is the square matrix indexed by [n]” x [n]”, with entries (P);; = 1 if
j =17 and 0 otherwise, for i,7 € [n]". N

"~ Consider a matrix M indexed by the set [n]” x [n]", so that M represents an
endomorphism from (K™)®" to (K™)®". Then, any permutation o € &, induces
naturally a permutation of the columns (and rows) of M.

Definition 2.1 (Doubly symmetric matrix). A matriz M € KM ™><M" s called
r-column symmetric (resp., r-row symmetric) if MII,, = M (resp., II,M = M ). If
M is complex Hermitian or real symmetric, then M is r-column symmetric if and
only if it is r-row symmetric, or equivalently if 11, MII,. = M, in which case M is
called r-doubly symmetric (or just doubly symmetric if r is clear from the context).

Hermitian doubly symmetric matrices are also known as Bose symmetric ma-
trices in the quantum information literature. The following stronger symmetry
property is sometimes needed (it is considered, e.g., in [I7]).

Definition 2.2 (Maximally symmetric matrix). A matric M € K™ cqn
be viewed as a 2r-tensor vec(M) € (K™)®2"  with entries vec(M);; = M, ; for
i,j € [n]". Then, M is said to be maximally symmetric when vec(M) is a symmetric
2r-tensor.

Note that a Hermitian matrix that is maximally symmetric is in fact real-valued
(see also Lemma below). Let Iyaxsym denote the projection from the space
KIM™x[M" onto MaxSym,.(K™), the space of maximally symmetric matrices. Con-
cretely, the projection Ilnaxsym (M) is obtained by first constructing the symmetric
2r-tensor Iy, (vec(M)) and then reshaping it as a square matrix indexed by [n]"
(by splitting the 2r indices into two classes of size r, which can be done arbitrarily
as the tensor is 2r-symmetric).

Example 2.3. As an illustration, for n =r = 2, we have

1 0 0 1/3
0 1/3 1/3 0
®2) _
(5) HMaxSym(I2 >_ O 1/3 1/3 0 ’
/3 0 0 1

ordering the index set [2]? as 11,12,21,22 (corresponding to the standard basis
elements ordered as e; ® e1,e1 ® 2,63 @ e1,e2 @ e3). See Appendia:for details.

Example 2.4. Given two vectors a,b € R™, one can check that
Mytaxsym ((aa” +067)%?) = aa” @ aa” + bb" @ bb” +

1
g(aaT @ bb! + ab” @ ab” + ab” @ ba’ + ba” @ ab” + ba” @ ba’ + bbT @ aa’)
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We now examine what happens if we project an element of the form (uu*)®d to
the maximally symmetric subspace. The next result is shown in [29], but we give
a proof in order to provide some insight.

Lemma 2.5. [29] Let u € C". Write u = a + ib, with a,b € R™. Then,
HMaxSym((uu*)®d) = HMaXSym((aaT + bbT)®d)~
In particular, the mazimal symmetrization of (uu*)®? is real valued for complex u.

The expansion of HMaxsym((aaT + bb7)®4) for d = 2 is given in Theorem As
a tool to show Lemma [2.5] we use the notion of partial transpose. For a matrix M
indexed by [n]? x [n]?, taking the partial transpose w.r.t. the first register yields the
matrix M with entries Mi1i2-..id,j1j2~.jd = Mj1i2...id,i1j2-.-jd for 7:17.7.17 N ,id,jd S [n]
This corresponds to applying to vec(M) the permutation o € Gq4 that flips 1 and
d+ 1. Taking the partial transpose w.r.t. to any subset of the d registers is defined
analogously. Note ITyiaxsym (M) = HMaxSym(M ) for any partial transpose M of M.

Proof of Lemma[2.8. Note that uu* + (uu*)? = uu* + wi* = 2aa” + 2bb. Hence,
taking the average of (uu*)®? and its first partial transpose gives the matrix

1 1 1
5(uu*)w + 5 () @ (uu*)®d—1 = 5" + ') ® (uu*) @1

= (aa” + ") @ (uu*)@Y,

Taking iteratively the average of the partial transposes at all other registers yields
the matrix (aa® + bb7)®?. Hence, Iyaxsym ((ut*)®?) = Iyaxsym ((aa® + bbT)®9)
by the above observation. O

We will also use the notion of partial trace.

Definition 2.6 (Partial trace). Consider a matriz M indexed by [n]” x [n]" and
an integer 1 < d < r. Then, the partial trace Tr,_q(M) is the matriz indexed by
[n]? x [n]? obtained by ‘tracing out the last r — d registers’ of (K™)®", i.e., with
entries (Tr,—a(M))i,; = X pepnyr—a Min,jr for i,j € [n]. In other words,

(M, A® I®"=Dy = (Tr,_4y(M), A) for any A € KI*x[n",

2.2. Polynomials and linear functionals on polynomials. Throughout, let
R :=Rz] = R[zy,...,z,] denote the polynomial ring in variables z = (z1,...,z,).
For an integer d € N, Ry denotes its d-th graded component, which consists of the
homogeneous polynomials (aka forms) with degree d, and R<g = Roy®@R1P...® Ry
consists of the polynomials with degree at most d. We let [z]q = (7%)aenn denote
the vector of all monomials with degree d. Throughout we use the notation

5:x%+...+xi.
Definition 2.7 (Representing matrix of a polynomial). A symmetric matric G
indezed by N} is said to be a representing matrix of a polynomial f € Raq if the
polynomial identity f = [z]}G[z]q holds.

A polynomial f € R is a sum of squares (abbreviated as sos) if f = p?+...+p%
for some N € N and py,...,pn € R. Then, all p; lie in Ry (resp., R<q) if f € Raq
(resp., f € R<2q4). The following characterization is well-known (see [8| [36]).

Lemma 2.8. A polynomial f is a sum of squares if and only if it admits a positive
semidefinite representing matriz (then, often called a Gram matrix of f).
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Let X denote the cone of sos polynomials and set X5 = X N Ryq. Let P denote
the cone of globally nonnegative polynomials and set Py = P N Rog. So, X4g C Py
are convex cones in Rog.

Let P(S"~!) denote the cone of polynomials that are nonnegative on the sphere
S~ and set Py(S*71) = P(S"1) N Raq. Note that Py(S"~!) = Py (since nonneg-
ativity on the sphere implies global nonnegativity for a homogeneous polynomial).

The dual cones ¥} and P live in the dual vector space R;;, which consists of
the linear functionals L : Ryy — R. The following notion of moment matrix is
useful to characterize membership in the dual cones.

Definition 2.9 (Moment matrix). The moment matriz of L € R}, is the matriz
My(L) = L([x]a[z]}), where L is applied entry-wise.

We refer to Lemma and Proposition below for a characterization of the
dual cones ¥% and P in terms of properties of moment matrices.

2.3. Homogeneous polynomials and symmetric tensors. Let f € Ry be ho-

mogeneous of degree d in n variables x1,...,x,. It is most common to write
(6) f= 3 far® = {(fa)aeny, [2]a)
a€eNYy

in the (usual) monomial basis, for some scalars f, (o € N7); we call this multiplicity
indexing or multi-indexing of f. For a sequence i = (i1,...,iq) € [n]¢, set at =
Ti, -+ %;,. Then, one can alternatively write

(7) f: Z Ui'ri: <Uam®d>7

i€[n]?

for some (uniquely determined) symmetric d-tensor v € S4(R™); we call this tensor-
indexing of f. To see this, for i = (iy,...,iq) € [n]¢, define a(i) € N with (i)
being the number of occurrences of the symbol k € [n] in the multiset {i1,...,i4}.
Then, 2t = 2*@ and v; = v; if a(i) = a(j) (since v is a symmetric tensor).

For a given 8 € N", the number of sequences i € [n]¢ with a(i) = 8 equals the
mu.ltinomial coefficient (Z) = Bl'dilﬁ' Comparing and gives fg = (g)vi if
a(i) = B.

As a consequence, moment matrices and representing matrices of polynomials
may also be defined in tensor-indexing, as analogs of Definitions and

Definition 2.10. Let f € Ryq. A symmetric matriz G indexed by [n]? is called a
tensor-indexed representing matrix of f if the following polynomial identity holds:

f=(®HTGz® = (G, (xxT)®d>.

Then, any polynomial f € Ry admits a (unique) tensor-indexed representing
matrix that is maximally symmetric, denoted by MaxSym(f). Namely, we have
MaxSym(f) = Inaxsym(G), where G is any tensor-indexed representing matrix of
f. Moreover, in analogy with Theorem [2.8] a polynomial f is a sum of squares if
and only if it has a tensor-indexed positive semidefinite representing matrix.

Definition 2.11. Let L € R;;. Then, the tensor-indexed moment matrix of L is
L@®!(@®)T) = (L") jefne-

Note that the tensor-indexed moment matrix L(x®¥(z®4)T) of L € R}, arises
from its multi-indexed moment matrix My(L) = L([z]4([z]a)T) by repetitions of
its rows/columns (with two rows/columns indexed by i, j € [n]* being equal when
a(i) = a(j)). It is easy but important to realize that maximally symmetric matrices

and tensor-indexed moment matrices are in fact equivalent notions (see [17]).
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Lemma 2.12. Let M be a real matriz indexed by [n]®. The following are equivalent:

(i) M is the tensor-indexed moment matriz of some linear functional L € R} .
(ii) M is mazimally symmetric.

Proof. (i) = (ii) follows since z®¢(2®%)T is maximally symmetric, which implies
M = L(z®4(z®)T) is maximally symmetric. Conversely, assume M is maximally
symmetric. Then, one can define L € Rj,; as follows. For v € N, pick k € [n]*?
such that a(k) = v, i.e., ¥ = z& Then, write k = ij as the concatenation of
two sequences i,j € [n]? and set L(z7) = M, ;. Note that this definition does not
depend on the choice of k since M is maximally symmetric. By construction, M is

the tensor-indexed moment matrix of L, as desired. [l

We now characterize the dual cones X% and P = Py(S"!)*, both in terms of
the (usual) moment matrices My(L) and their tensor analogs L(z®%(z®%)T). The
following is well-known and easy to see.

Lemma 2.13. For L € R};, L € 3 <= My(L) = 0 < L(z®%(2®4)T) » 0.

Given L € R;,, recall that a (Borel positive) measure p is called a representing
measure of L if L(z*) = [2*du(x) holds for all « € N3,. Clearly, L € P} if it
has a representing measure. Classical results of Haviland [20] and Tchakaloft [44]
show that linear functionals that are nonnegative on nonnegative polynomials of a
given degree have a representing measure that can be chosen to be finite atomic.
We need the following variant of these results for linear functionals on homogeneous
polynomials, which may be found, e.g., in [40, Lemma 4.2].

Proposition 2.14. Let L € R},;. The following assertions are equivalent.
(i) L € P; (equivalently, L € P(S"~1)*).
(ii) Mq(L) € cone{[u]g[u]} : u € R", ||ul| = 1}.
(iil) L(z®4(2®)T) € cone{u®d(u®)T : u € R"}.
Throughout, we will use the norm || - ||oc on the polynomial space R, its dual

norm || - ||; on the dual space R}, and (following [17]) the associated norm || - || p1
for maximally symmetric matrices, defined as follows.

Definition 2.15. For f € Ry, ||f|lcc = max{|f(z)|: x € S"'} and, for L € R},
IL|l1 = max{L(f) : f € Ra, ||flloc = 1}. For a mazimally symmetric matrix M
indexed by [n]?, we set | M| p1 = ||L||l1, where L € R}, is the linear functional
whose moment matriz is M, i.e., such that L(z®%(x®)7T) = M.

Lemma 2.16. If f € Royq and G is a (tensor-indexed) matriz representing f, then

(8) 1fllso < G loo-
If M is a real mazimally symmetric matriz indeved by [n]¢, then
9) Ml < [[M]| 71

Here, |Glls and | M|y are the Schatten norms.

Proof. We first show . By definition, we have f(z) = (G, (zzT)®?). Hence, for
any unit vector z € R”, | f(z)| < max{Amax(G), —Amin(G)} = [|G||, showing (8).
Now, we show @ By duality of the Schatten 1- and oo-norms, ||M]|; = (M, G), for
some matrix G with ||G||oc = 1. Let L € R}, be the linear functional with tensor-
indexed moment matrix M, i.e., M = L((zzT)®?), and consider the polynomial
f(z) = (G, (z2T)®4), with representing matrix G. Then, we have

(M,G) = (L((227)®"),G) = L({(227)®", G)) = L(f).

Hence, ||M][y = (M, G) = L(f) < [|ILI1[[fllcc < [IM|[p1]|Gllosc = [M]| 1, where in
the last inequality we use ||L||; = ||M||p1 and (§). So, (9) holds. O
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2.4. Quantum de Finetti theorems. We now have all tools in hand to introduce
the Quantum de Finetti type theorems that are relevant to our treatment.

We first present the Quantum de Finetti theorem, due to Christandl, Konig,
Mitchison and Renner [9]; we also refer to the exposition by Watrous [46, Theo-
rem 7.26] and Konig and Renner [23]. We first state it for matrices M = vv* with
v € 8"(C™), as is customary in the literature. The result easily extends to the case
when M is a positive semidefinite r-doubly symmetric Hermitian matrix.

Theorem 2.17 (Christandl et al. [9], Quantum de Finetti, abbreviated as QdF).
Let v € S™(C™) be a unit vector. Then, for any integer 1 < d < r, there exists

(10) 7 € Cq(C") = conv(u®(u®h)* :u € C", ||ulls = 1)
such that
4d(n —1)
*\ G SV
(1) ITe,—a(oe”) = 7l < 2902

Corollary 2.18 (Quantum de Finetti, for doubly symmetric Hermitian matrices).
Let M be a Hermitian matriz indezed by [n]". Assume M is doubly symmetric,
positive semidefinite and Tr(M) = 1. Then, for any integer 1 < d < r, there exists
7 € C4(C™) (as defined in (10])) such that

4d(n —1)
(12) ITrr-a(M) =l < 522,
Proof. Consider the spectral decomposition M =, \jvv], where the eigenvalues
A, are nonnegative and the eigenvectors v; are unit vectors in S™(C™) (since M
is doubly symmetric). By Theorem for each [ there exists 7, € Cq(C™) that
satisfies w.r.t. v. For 7 := ), \y7; one can easily see that holds, since
| Tr,—a(M) — 7|1 < (32, M) max; || Tr,—g(vivy) — 7lly and >0, N = Te(M) =1. O

The above results are stated for complex Hermitian matrices. One may wonder
whether they extend to real doubly symmetric matrices, now achieving membership
in the set

(13) Ca(R™) = conv(u®(u®)T | u e R, |jull> = 1),

(compare with the cone in Proposition [2.14fiii)), instead of the set Cq(C™) from
(10). The answer is negative, as we will show later in Theorem by giving a
family of counterexamples.

On the other hand, a real analog of Corollary has been shown by Doherty
and Wehner [I7] when making a stronger assumption on the matrix M, namely
assuming M is maximally symmetric instead of just doubly symmetric.

Theorem 2.19 (Doherty and Wehner [I7], Real QdF, for maximally symmetric
matrices). Let n,d,r € N with n > 3 and r > d. Let M be a real symmetric
matriz indezed by [n|". Assume M is mazimally symmetric, positive semidefinite
and Tr(M) = 1. Then, there exists a matriz 7 € C4(R™) such that

I a(M) = il < 22,

where ¢y g is a constant depending on n,d, and ||-||p1 is defined in Definition [2.13,

Finally, we recall some useful facts about harmonic polynomials, that we will use
later to show an improved analysis for the above theorem (see Theorem [3.1)).
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2.5. Harmonic polynomials. A polynomial f € R is called harmonic if it van-
2

ishes under the Laplace operator, ie., if Af = " | gTi; = 0. Forr > 1, let

H. = {f € R. : Af = 0} denote the set of harmonic polynomials of degree r.

Then, the space R, of homogeneous polynomials of degree r decomposes as the

direct sum R, = H, ® sR,_5, where s = 22 + ... + 22 (see Remark [2.20). In

particular, this gives the decomposition of Ry, into harmonic subspaces:
(14) RQT = ng () SHQT_Q ) SQHQT_4 b...P SrHo.

This decomposition arises from the irreducible O(R™)-submodules of the polynomial
space. Concretely, this means that every f € Rg, has a unique decomposition

(15) f= Zsrfkfzk,
k=0

where for, € Hoy is harmonic of degree 2k. As the polynomial s equals the constant
1 on the sphere, many authors prefer to write the harmonic decomposition as

-
(16) f= Zfzk on S"1.
k=0

Remark 2.20. For the irreducibility of the spaces H, as O(R™)-modules, we refer
to [I7, Section 2.4] and the references therein. For the reader’s convenience we give
a brief argument for the identity R, = H, ® sR,_s, the decompositions and
are then an immediate consequence. Observe that R, may be endowed with the
well-known apolar inner product (see, e.g., |2, eq. (8)]): (f,g9) = f(D1,...,0n)g
for f,g € R,., where f(01,...,0,) is a polynomial expression in partial derivatives.
1t follows directly from the definition that (f,sg) = (Af,g) for any f € R, and
g € R._o. Hence, H, is the orthogonal complement of sR,._o and both spaces are
O(R™)-invariant.

3. IMPROVED REAL QDF THEOREM FOR MAXIMALLY SYMMETRIC MATRICES

In this section, we revisit the real QdF theorem (Theorem of Doherty and
Wehner [I7] for maximally symmetric matrices, and show an improved convergence
rate in O(1/r?) instead of O(1/r). For this, we use the analysis of the sos bounds by
Fang and Fawzi [I§], who design a tailored linear operator K,., which approximates
nonnegative polynomials on the sphere by sums of squares of degree 2r. This linear
operator K, is constructed from a polynomial integration kernel. We go one step
further and use the adjoint polynomial kernel operator to show the following result.

Theorem 3.1. Let M be a real symmetric matriz indexed by [n]” and consider an
integer d € {1,...,r}. Assume M is mazimally symmetric, positive semidefinite
and Tr(M) = 1. Then, there exists T € C4(R™) such that

2
n
(17) ITr,—q(M) — 7)1 < || Trr—qg(M) — 7]|p1 < ch—Q for all r > ¢,

Here, cq and ¢, are the constants depending only on d from Theorem below,

|| - |F1 is as in Definition Il - |l1 is the Schatten 1-norm, and C4(R™) is as
defined in .
3.1. Key ingredients. Let us denote s = 2% + ... + 22 and

Qor = {o+u(l—s):0sos, deg(o) < 2r, u € R[z]<2,—2},

known as the quadratic module of the sphere, truncated at degree 2r.

The above improved real QdF theorem for maximally symmetric matrices (The-
orem can be obtained as a consequence of the following result of Fang and
Fawzi, more precisely, from their proof technique.



12 BLOMENHOFER AND LAURENT

Theorem 3.2 (Fang and Fawzi [I8]). Let p be an n-variate homogeneous polyno-
mial of degree 2d with d > 1,n > 3. Then, there exist constants c¢q and ¢, only
depending on d, such that, for all r > cin, it holds that

n\ 2
(18) P — Pmin + cd(pmax - pmin) (;) S QQT',
n\ 2
(19) Pmin — SOST(P) S Cd(pmax - pmin) (;) .

So, the above result shows that any homogeneous polynomial that is nonnegative
on the sphere can be well approximated by a higher degree sum of squares and it
gives a quantitative analysis for the quality of the approximation. As recalled
earlier in Section [2[ (Theorem , the cone of nonnegative polynomials on the
sphere is in conic duality with the cone of linear functionals having a representing
measure on the sphere. A natural question is whether there is an analog on the dual
side of the quantitative result of Fang and Fawzi [I8]. So, one may ask whether
a linear functional that is nonnegative on sums of squares on the sphere can be
approximated in “lower degree” by one that has a representing measure on the
sphere. Informally, such a linear functional is given by its positive semidefinite
moment matrix and lowering the degree will correspond to taking the partial trace.

As we explain below, one can derive such a result. A crucial reason why such
a derivation is possible is that Fang and Fawzi [I8] use a linear operator K, to
approximate a nonnegative polynomial function on the sphere by a sum of squares.

Fang and Fawzi use the harmonic expansion , which was introduced in Sec-
tion They define an operator @irzo Hop — @iio H,y,, which is invertible,
O(n)-equivariant and acts on sums of harmonic polynomials of even degree. For
technical reasons, we prefer to work with the formulation of the harmonic ex-
pansion. This way, we stay within the framework of homogeneous polynomials and
we obtain an operator K, : Ry, — Ra,, simply by replacing @iio Hoy;, with the
isomorphic space Ra,., as in . The operator K,.: Ry, — Ra, has the following
properties:

(P1) K,s" =s".

(P2) If f € Py, then K,.f € ...

(P3) 1K f = flloo < erllflloc for any f € s~ Raq.

Ideally, one aims for an operator K,, where ¢, is as small as possible. Fang
and Fawzi [18] show that for every n,d and r, there exists an operator K, with
e < cd(%)z, if r > ¢,n. Here, ¢4 and ¢/, are some constants, which only depend
on d. The following lemma shows that Theorem follows immediately from the
existence of a “good” linear operator.

Lemma 3.3. Assume that K, satisfies (P1), (P2) and (P3). Forp € Raq, we have

P — Pmin + 67”(prna,x - pmin) S QQ7‘~

Proof. Define the polynomial g = (5" ~p— puins”)/ (Pmax — Pmin) € 8"~ Raa C Ro,

which satisfies gmin = 0, gmax = 1, and ||¢|lec = 1. Set q. := q + &,.5" € 5" 9 Ryg.
It suffices to show that ¢. € ¥, since this implies that gq. € Qs (by [14]), which
in turn implies the desired relation in the lemma. We have ||K;*(g.) — gelloc =
1K1 (q) — qlloo <&, using (P1) for the equality and both (P3) and |/g||s = 1 for
the inequality. Therefore, K, 1(g.) > ¢ — &,8" = ¢ > 0 on the unit sphere S"~1.
Thus, K 1(ge) € Py, since K !(ge) is homogeneous. Using (P2), this implies
¢ = K, (K '(g.)) € . O

3.2. The adjoint polynomial kernel operator. Let K, : Ro. — Rs,- be the
kernel operator from the previous section. We now consider the adjoint operator
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K;: R;. — R5.. It maps L € R;. to KL € R;, defined by
(KFL)(f) = L(K,.f) for f€ Ry,

For L € R3, and d < r, we let Lj5q € R, denote the “restriction” to Rag, defined
by Ljoq(f) = L(s"~9f) for any f € Ryy. Before we prove Theorem 3.1} we need the
following lemmas.

Lemma 3.4. Let L € R5, and M = L(2®"(2®")T) its (tensor-indeved) moment
matriz. For d <r, the moment matriz of Ljaq equals the partial trace Tr,._q M.

Proof. Indeed, Tr,_qg M = Tr,_4(L(z®"(z®")7T)) = L(Tr,_q(z®"(2®")T)) (by lin-
earity of ). Combining with Tr,_4(z®"(2®")7T)) = s"~92%4(299)T we obtain that
Trr—g M = L(s" 2% 7T) = Ljoq(z®4(x®%)T), where the last identity follows
by the definition of Lyq. O

Lemma 3.5. The adjoint operator K satisfies the following properties: for any
LcR;,

(P1¥) (K7L)(s") = L(s").

(P2*) If L > 0 on X, then KL has a representing measure on S~ 1.

(P3%) (K7)7'L — L)jzall < e[| L1

Proof. (P1*) follows from (P1). We show (P2*). For this, assume L > 0 on %,.
For f € P,, we have K, f € X, by (P2), and thus L(K,f) > 0, which gives
(K:L)(f) > 0. Hence, KL > 0 on P,.. By Proposition we conclude that
K’ L has a representing measure on S*~'. We now show (P3*). Let f € s"9Ry,.
Then,

(KL= L)) = [L(K) " f = O < Ll - 1K) ™ = Flloos
using duality of the norms for the inequality. Combining with (P3) gives (P3*). O

We now prove Theorem

Proof of Theorem[3.1] Assume M is a matrix indexed by [n]” that is maximally
symmetric and positive semidefinite, with Tr(M) = 1. Let L € R, be the associ-
ated linear functional, defined via L(2®"(z®")T) = M (recall Lemma [2.12). Then,
L(s") = Tr M = 1 and, by Proposition[2.14, L > 0 on %,.

Using properties (P1*) and (P2*), we can conclude that the linear functional
KL has a representing probability measure on S?~!. This implies |K}L|[; < 1.
Indeed, if f € Ry, satisfies || f]|oo < 1, 1€, =1 < f <1onS" !, then [K;L(f)| <1
and thus |K?L|; < 1. Moreover, applying property (P3*%) to L := K*L yields

(20) (L = K:L)pall = (K2 'L — L) jpalhi < &/ l|Lj2ally < -

Recall that if we choose K, to be the operator of Fang and Fawzi, we have ¢, <
cq(2)? for all r > ¢)n. Define the following matrix

7= (K7 L)jpa(a®(a®)T).

Then, 7 € C4(R"), since KL has a representing probability measure on S*~1. Note
also that Tr,_q(M) is the tensor-indexed moment matrix of L|oq, by Theorem |3.4
Hence, we have

% n
ITry—a(M) = 7llp1 = I(L = K7 L)pall < er < ca(-)%

using the definition of the norm || - || 71 in Definition for the equality, and
for the inequality. This shows the bound for the F1-norm in . Combining with
relation @D in Lemma gives the first inequality on the 1-norm in , which
completes the proof. O
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4. A BANDED REAL QDF THEOREM FOR DOUBLY SYMMETRIC MATRICES

A natural question is whether the quantum de Finetti theorem (Theorem
extends to real doubly symmetric matrices. In view of the description of P} from
Theorem [2.14] one would like to approximate the partial trace of a real doubly
symmetric matrix by an element of the set C4(R™) from . Unfortunately, this
is in general not possible, as we show in Section However, in Section we
present a variation of the QdF theorem that does hold for real doubly symmetric
matrices.

4.1. A counterexample for a real analog of the QdF theorem. Here, we
show that the quantum de Finetti theorem (Theorem does not extend to real
doubly symmetric matrices. For this, we present a counterexample (for the case
n = d = 2), which is adapted from the example in [0 p. 21, Eq. (5.2) and the text
thereafter] (for infinite QdF representations) to our setting.

For r > 2, define the matrices

1 1 1
(21) pr = §(uu*)®r + i(m*)w, where u = ﬁ <1> € C2
Then, p, is r-doubly symmetric, real valued and positive semidefinite, with trace
1. However, as we now show, there cannot exist elements 7,. € C3(R™) that are

asymptotically ‘close’ to the partial traces Tr,._a(p;).

Proposition 4.1. For any r > 2, consider the matrices p, from , that are real,
r-doubly symmetric, positive semidefinite, with trace 1. There do not exist elements
T € Co(R™) (r > 2) for which lim, o || Trr—2(pr) — 7|[1 = 0.

Proof. First, observe that Tr._2(p,) = p2 (since w is a unit vector). Assume for
contradiction that such 7 € Co(R™) would exist. As the set Co(R™) is compact, the
sequence (7,),>2 admits a converging subsequence, converging to 7 € Co(R™). At
the limit, we obtain that ps = 7 € Co(R™). This yields a contradiction, since any
element of Co(R™) is maximally symmetric, while ps is not maximally symmetric
since it is not real-valued. (]

4.2. A banded real QdF theorem. So, no analog of the QdF theorem exists,
for approximating partial traces of real doubly symmetric matrices by elements of
Ca(R™). On the other hand, the assumption of Theorem requiring a maximally
symmetric matrix is very strong. We now state an approximation result that ap-
plies to real doubly symmetric matrices, but reaches a weaker conclusion, namely
approximation of the maximal symmetrization of the partial trace of M by a scaled
element of C4(R™) and a weaker approximation rate. So, the assumption of The-
orem is weaker than in Theorem but the approximation guarantee is also
weaker. Hence, the two results are incomparable.

Theorem 4.2 (Banded real QdF for real doubly symmetric matrices). Let M be
a real symmetric matriz indexed by [n]". Assume M is doubly symmetric, positive
semidefinite and Tr(M) = 1. Then, for any integer 1 < d < r, there exist a scalar
a € [ag, 1] and an element 7 € C4(R™) such that

4d(n —1)
(22) ||HMaxSym(Tr7“—d M) - 047'||1 S Nn,dﬁ.
Here, Ny,q = ("*jfl) is the dimension of SY(R™) and agq = Qd/(Qdd)_

The following result is a crucial ingredient in the proof of Theorem[4.2} we extract
it from the proof of [29, Theorem 4.1] and adapt it to our needs. For clarity and
completeness, we give a sketch of proof in Appendix
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Lemma 4.3 (adapted from [29]). Assume 7 € C4(C™) with Tr(r) = 1, and define
g = 2‘1/(2;), a = Tr(Iyaxsym (7). Then, éHMaxsym(T) € Cy(R™), and ag < a <
1.

Lovitz and Johnson [29] use this result (within the proof of their Theorem 4.1,
recalled later as Theorem to reduce the analysis of the real polynomial op-
timization problem to its complex analog, for which there is a well-established
spectral hierarchy based on the QdF theorem. We will use these same ingredients
in a different way in order to show the above banded real QdF theorem (Theo-
rem , which is then used in Section |5 to recover the analysis of the spectral
bounds, however with different more explicit constants and better dependency on
the polynomial.

Proof of Theorem[].3 First, we use the quantum de Finetti theorem, in the form
of Theorem to pick 7 € C4(C™) such that

4d(n —1)
23 T, M|, < 2T
(23) I~ T gy < 240~

We claim:

(24) ||HMaxSym(Trr7d M) - HMaxSym(T)”l < V Nn,dHTr'r‘fd(M) - 7—||1~

Indeed, for the Hermitian matrix A = Tr,_4 M — 7, we have

[MMaxsym (A) 1 < /Nia [[Hnvaxsym(A) 2 < v/ Noa [[All2 < v/ Noa A1

The first inequality follows from relation applied to the matrix IInaxsym(A),
which has at most N,, 4 nonzero eigenvalues since it is maximally symmetric. The
second inequality follows from the fact that the Schatten 2-norm coincides with the
Frobenius norm and thus it can only decrease under projection on a subspace. The
last inequality follows using relation for A.

Define the matrix 7/ := IIpaxsym(7) and set a := Tr(7’). Then, by Lemma
7= ér’ € C4(R") and ay < o < 1. Combining and , we obtain

4d(n —1)
r+1
which completes the proof. O

||HMaxSym(Trr—d M) - aT”Hl S Nn,d

)

Remark 4.4. Note that in order to reach a good approximation of the matriz
A = Ivaxsym (Trr—q M) by (o, 7) in Theorem the scalar o must be very close
to the trace of A. To see this, use the following inequality:

|A—arl|y = ”g’ﬂax 1<A —ar,B) > (A —ar,£I%2% = |TrA — a|.

Hence, if a and T satisfy relation @, then

4d(n —1
|TrA — o < y/ Nn,d% <g,
r

where the last inequality holds for any € > 0 and any r large enough. By Theo-
rem there exists a scalar o' satisfying ag < o <1 and |[TrA — o'| < e. This
implies ag — e < TrA < 14+ ¢€. In turn, it now follows that any scalar a with
|A—ar|h < Nn,d% must satisfy ag — 2 < a < 1+ 2. This shows that
it is not possible to improve the approzimation of A in Theorem[{.4 by making the

“band” larger.
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5. THE SPECTRAL HIERARCHY OF LOVITZ AND JOHNSTON

Lovitz and Johnston [29] proposed recently a hierarchy of spectral bounds sp,.(p)
for the minimum value py,;, of a homogeneous polynomial p over the unit SphereE|
see Section[5.1]below for their definition and relationship to the moment-sos bounds.
Throughout, let p € Rog, s = 2% + - + 22, and let

(25) Q(p) = MaxSym(p), M = MaXSym(sd)

denote the maximally symmetric matrices representing the polynomials p and s,
respectively (as in Definition [2.10). They show the following convergence rate.

Theorem 5.1. [29, Theorem 4.3] Let p € Raq, let Q(p) (resp., M ) be the maximally
symmetric matriz representing p (resp., s%), and ag = 2‘1/(2;). Forr >d,

Do (M), 1 4d(n 1)
)\min(M) ag r+1

Pmin — 8P, (p) < QD)oo (1 + :
Several questions arise that we will address in this section.

e Is it possible to show an improved rate, better than O(1/r)? We cannot answer

this, but what we can do is show that one cannot hope for a better rate than

O(1/r?). For this, we construct an instance whose rate is in (1/r?) (see Theorem

.8).

e The constant in the error estimate of Theorem [5.1] involves the condition number
k(M) = ’)\\ma"((]\]\g)) whose exact value is not known (see [29] and Remark 5.6 below).
Is it possible to have another constant with explicit dependency in terms of n,d?
This is what we offer in Theorem where we replace k(M) by N, 4 = ("+d_1 .
For this, we use the banded real QdF (Theorem instead of the QdF (Theorem

2.17)) used by Lovitz and Johnston [29] for showing Theorem

e Can one show an error estimate in terms of the range of values ppax — Pmin taken
by p over the unit sphere? Such estimate would be in line with the analysis of
the moment-sos bounds (in Theorem and fit with what is customary in the
optimization literature. We offer such an analysis in Theorem

e Does the spectral hierarchy have generic finite convergence, as is the case for the
moment-sos bounds? We give a negative answer (for degree 4) in Theorem

5.1. The spectral bounds. We introduce the spectral hierarchy of Lovitz and
Johnston [29]. Let p € Roq and recall the matrices Q(p) and M from (25)). For an
integer r > d, define the matrices

(26) Q+(p) = T(Q(p) ® IZ"~ L,
(27) M, = (M @ I2"~)II,..

So, Q,(p) and M, are r-doubly symmetric matrices representing s"~%p and s", re-
spectively. That is, (Q,(p), 2" (2®")T) = s"~4p and (M,.,2®"(z®")T) = s hold.
Then, the spectral bound sp,.(p) at the r-th level is defined as the smallest general-
ized eigenvalue of the matrix @, (p) with respect to M,.. We gather some equivalent
formulations for sp,.(p).

ITheir hierarchy applies more generally to optimization of a multivariate tensor over a spherical
Segre-Veronese variety. We only focus here on their hierarchy for polynomials on the sphere.
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Definition 5.2. The spectral bound sp,.(p) is defined by any of the following equiv-
alent programs:

(28)  sp,(p) = max{v: Q;(p) — vM; = 0},

(29) = min {7Q,(p)v: v Myw =1},
veST(R™)
(30) = H}}n{(@r( p), X) : X r-doubly symmetric, X =0, (M,,X) =1}.

Lovitz and Johnston [29] show that the parameters sp, (p) provide lower bounds
for pmin that are at most as strong as the sos parameters sos,.(p) from .

Proposition 5.3. [29] We have sp,.(p) < sp,,1(p) and sp,.(p) < 508,(p) < Pmin for
r>dandp € Rog.

For completeness and clarity, we give the proof in Appendix [C} To ease com-
parison between the spectral and sos bounds, we recall some analogous equivalent
formulations of the parameters sos,(p).

Lemma 5.4. The sos bound sos,(p) can be equivalently defined by any of the fol-
lowing programs:

(31) s0s,(p) = max{\: A € R, s"Ip — \s" is s0s},
(32) =min{L(ps""¢): L€ R}, L(s") =1, L>0 on%,},
(33) = min{(Q(p) ® IV, A) : A € MaxSym, (R"), A = 0, Tr(A) = 1}.

Proof. For the equivalence between and , see, e.g., [14]. The equivalence of
and (32]) follows from conic duality, and use Proposition for the equivalence
between (32) and (33). O

5.2. Convergence analysis of the spectral bounds. Lovitz and Johnston [29]
show their convergence analysis in O(1/r) (recall Theorem using the QdF
theorem (Theorem . In this section, we use our new banded real QdF theorem
(Theorem to give an alternative proof of this fact. First, in Theorem [5.5] we
replace the (unknown) constant Apax (M) /Amin (M) appearing in the O(-) notation,
by the explicit constant N, 4. The dependence on p in both results is via the
eigenvalues of the representation matrix Q(p) (via ||Q(p)||s in Theorem and
via the parameter v(Q(p)) from in Theorem [5.5)). Second, in Theorem we
replace this dependence on the spectrum of Q(p) by the value range pmax — Pmin Of
p.

Theorem 5.5. Let p € Ragq. For any r > d, we have

\/ nd 4d(n — 1)

Pmin — Spr( ) 'Y

)

og r+1
where ag = 2d/(2dd) is the constant from Theorem Nya= (”Jrg*l), and
(34) Y(Q(p)) = max{Amax(Q(p)) — 5P4(P), Prmin — Amin (Q(P))}-

Proof. To simplify notation, set @ := Q(p). Let v € S"(R™) be an optimal solution
of the program (29). The following identity (taken from [29]) holds, useful for later
use:
(35) Q. ( ) —sp, M, v0T) = ((Q — sp, M) @ I®"~ vuT)
Q — sp, M, Tr,_4(vovT))

HMaxSym( - SPTM) Tr,_q U’UT>

=
=
=
= (Q — sp, M, Myaxsym (Tr,—q vo™)).
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Here, we use the fact that vv” is doubly r-symmetric in the first line (to eliminate

the projections II, in Q,(p) — sp,M,), the definition of the partial trace in the

second line and, in the third line, the fact that @ —sp,. M is maximally symmetric.
By Theorem there exist 7 € C4(R™) and a scalar o € [ag, 2] such that

_ V/Nn,add(n —1)
(36) Im — « 1HMaxSym<’I‘rr7d vl < .
aq r+1
By definition, pmin = min,cc,®wn)(Q(p), p) < (Q(p), 7). We proceed to evaluate
the range pmin — sp,.(p), setting sp,. = sp,.(p) for simpler notation:

Pmin — 5P, < (Q,T) — sp,.
=(Q —sp,M,T)
(37) =(Q — sp, M, 7 — & ' Mpaxsym (Trr—q vv"))
=(Q —sp, I% 1 — " Maxsym (Trr—a vT))

< Q- Sp'r[;?dHOO : ||T - a_lﬂMaxsym(Trr—d UUT)HI
The first equality goes as follows: (M, 7) = (MaxSym(s?), 1) = (I®4, ) = 1, since

7 is maximally symmetric with trace 1. For the second equality, use to see
that we added a zero term. For the third equality, use again that 7 is maximally
symmetric, so we can replace Q —sp, M by Q —sp, I®?. Finally, the last inequality
uses Holder’s inequality (for the Schatten 1-norm and co-norm).

In view of , there remains only to show

(38) 1Q = sp, 17l < Y(Q)-
By definition, [|Q — sp,. I®%||c = max{Amax(Q) — SP,.,SP, — Amin(Q)}. Note that

SPyg S Sp,. S Pmin S Pmax S )\max(Q)'

For the right most inequality, say pmax = p(z) with € S"~!; then, ppax =
p(z) = (Q, (wa)®d> < Amax(Q). Hence, Apax(Q) — sp, < Amax(Q) — spy and
SP; — Amin (@) < Pmin — Amin (Q), which shows , as desired. O

Remark 5.6. In comparison to the factor v(Q(p)) - ¥ NV, appearing in Theo-

aa
rem . the corresponding error term in Theorem ! is ||Q( )HOOHZdM), where
k(M) = ﬁ((MM)) and M = MaxSym(s?). Compared to Nn’/d2 = ("+g 1)1/2, the
constant k(M) is not known explicitly. Lovitz and Johnston [29] observe that nu-
merics suggest k(M) = ("/ﬁ;;gfl), which, if true, would imply that both /Ny q and
k(M) are in the same order O(n%?) for fized d.

We next revisit the proof of Theorem [5.5] and replace the dependency on p by
the value range pypax — Pmin- Such a dependency is indeed preferable compared to
the parameters ||Q(p)]|c and v(Q(p)), which do not behave well under shifting p
by a scalar multiple of s¢ (as mentioned in Appendix @)

Theorem 5.7. There exist constants c,.q > 0, only depending on n and d, and
ro € N such that

Cn.,d

(39) Pmin — Spr (p) S (pmax - pmin) R fOT’ all r 2 Tro.

Proof. We begin with observing that both pmin — sp,.(p) and pmax — Pmin remain
invariant under shifting p by a scalar multiple of s?. Hence, the inequality
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holds for p if and only if it holds for p 4+ as® for any scalar a € R. So, we may
assume

d
(40) JS @SdikHZk-
k=1

Indeed, if p = es? + ZZ: sd*kpgk with por, € Hop and ¢ € R, is the harmonic
decomposition of p (as in ), then we may replace p by p — c¢s?. Hence, we have
Pmin < 0< Pmax-

Indeed, in view of ([40)), p is orthogonal to the constant polynomial in Hy. That
is, [sn 1 p(z)dp(x) = 0, where p is the Haar measure on the sphere (recall Remark

- Since Amin(Q(P)) < Pmin < 0 < Pmax < Amax(Q(p)), this implies
1Q(P)[loo < Amax(Q(P)) — Amin(Q(P))-

Next, we show that the spectral range of Q(p) can be bounded in terms of the value
range of p: there exists a constant c;,d (depending only on n and d) such that

(41) )‘max(Q(Q)) - Amin(Q(Q)) < C;L,d(Qmax - Qmin)

for all ¢ € @i:l s?=F. For this, consider the function

B @) Ha — R, grs (@0 ~ A Q@)

k=1 Gmax — Gmin

Observe that ® is well-defined, since its domain does not contain constant functions,
and we have ® > 1. Since ® is continuous and homogeneous of degree zero, it
attains its maximum value, denoted ¢/, ;, and the inequality (41) follows. We can
now conclude the proof.

For this, we use the last line of Equation . So, it suffices to upper bound each
of the two terms |7 — & MyMaxsym (Trr—q voT)||1 and ||Q — sp, I¥?|| (With Q =

Q(p)). The first term involving the 1-norm can be upper bounded by 7”1;{1 . %

as in (36). For the second term involving the co-norm, we use the triangle inequality
combined with the fact that ||I||cc =1 and |sp,.| < |spy| (since sp; < sp, < Pmin <
0), to obtain

||Q - Sp'rIHOO < ||Q||oo + |Spd|~
Observe that %(M) =Tand I > —ﬁ (since ||Q|loo = —Amin(@)). This implies

Q+ %M = 0, and thus |sp,| < /\ILQnil‘(T\/I) by the definition of the parameter

spg = spu(p). Putting things together and combining with , we obtain

1 , 1
1Q = sp, 1|0 < [|Qloo (1 + )\7(]\4)) <ea(l+ m)(pmax — Pmin)

min

. . 3 \/ Nnv
gIVINg Pmin — SP, (p) S Cn,d(pmax *pmin)y with Cn,d = C;z,d (1 + 7An1ixil(M) ) T 4 4d(n —

1). O

5.3. A complexity lower bound for the spectral hierarchy. As seen ear-
lier, one can show a convergence rate in O(1/r) for the spectral hierarchy sp,.(p).
Whether one can show a sharper analysis in O(1/r*) for some k > 1 is not known.
In this section we show that the best one can hope for is k = 2. For this, we
are going to construct an explicit form p of degree 4 in five variables for which

sp.(p) = Q(1/7?).
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We start by picking a quartic form in four variables that is nonnegative but not
a sum of squares. A concrete example is given by the Choi-Lam form pcr,

(42) per(z) = xia3 + aiw; + x3a3 + 2y — 4r1T2w374.

For simpler notation, denote by sp, = sp,(pcr) the spectral bounds, as defined
in , and by sos, = sos,(pcr) the moment-sos lower bounds, as in . Then,
sp, < s08; < (por)min = 0 for any integer r > 2.

The Choi-Lam form p¢p is famously known to be a nonnegative polynomial,
which is not a sum of squares (see [7]). Hence, no matrix representation of poy, is
positive semidefinite. This property is stronger than necessary. As it will turn out,
our strategy for proving the lower bound Q(1/r?) for the spectral hierarchy works
with any nonnegative quartic form whose maximally symmetric representation is
not positive semidefinite.

We use one small trick, which is to choose an unnatural representation of pcy .
While pe, is intrinsically a polynomial in four variables « = (21, z2, ©3, 24), one can
artificially view it as a polynomial p in five variables = := (x1, x2, 3, x4, u), where
u is an additional variable, by setting p(z) = pcor(x). If, as a 4-variate polynomial,
por is represented by a matrix Q4 € REX4 then, as a 5-variate polynomial in
x = (x,u), it is represented by the matrix

(4) 2. (512
(43) (%T g) € RIPXI5)?
Note that the same holds for the maximally symmetric representations of pcy, in
four variables and of p as a polynomial in five variables:

(44) MaxSym(p) = <Maxs}(l)r;l(pCL) 8) .

The reason is again that p is only supported on monomials, which do not depend

on the fifth variable u.

Theorem 5.8. Let sp,.(p) denote the spectral bound of order r for the Choi-Lam
form p € Rlz1,z2, 23,74, u]. Then, we have pmin = 0 and sp,.(p) = Q(1/r?).

Proof. Let the variables be ordered as x = (x,u), where = (z1,...,24) and u is
the fifth variable. Let r > 2. Set s = 2% + 23 + 2% + 23 + u? and

Q := MaxSym(p), M := MaxSym(s?),

QT = H”‘(Q ® IE()X)(T72))HT7 Mr = HT(M ® ‘[5®(7”*2))HT.

So, @ has the block-form as in , , where Q¥ := MaxSym(pcy,) € RUI*[4°
and the remaining blocks are filled by zeros. As in , I, € RE*X51” denotes the
projection onto the symmetric subspace S2(R®). The space R

(45)

can be seen as
a subspace of R corresponding to the first four variable indices. Let us write
Hgg € RUPXI4® for the restriction of IIy to the subspace R4
Recall sp,. = sp,.(p) for short. By the definition, we have sp,. < ppin = 0 and
Qr + Isp, M, = TL((Q + Isp, | M) @ I ~*)IL, = 0.
By using M = )\max(M)Ig@2, we obtain that
Gy = TL((Q + Amax(M)[sp, | I®?) ® I NIL, = 0.

In particular, every principal submatrix of G, is positive semidefinite. We will now
examine in detail the following principal submatrix

2 2
(46) H = ((Gr)(i,i2.5015),(5r.d2,51.s5) Vi simsin a1, € R
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of G, where the first two row indices 41,45 and the first two column indices j1, jo
each range from 1 to 4, while the other r — 2 row and column indices are set equal
to 5.

Recall the notation i7 := (ig(1), ..., i) for any o € &,. For i,j € [5]", using
, we may expand

<Gr>i,j=() S ST (QEIE 4 A (M), 1€ )i 5

cc6,. 76,
In order to compute the submatrix H, we set the last 7 — 2 indices of both i and j
equal to 5 and the other two indices not equal to 5. Hence, on the right hand side,
we have to count how many permutations “survive” when we do this, in the sense
of giving a nonzero contribution to H. We may write

(47) H = A+ Aax(M)|sp,| B,

where A is the contribution arising from @ ® Ig@ (=2) and B is the contribution
from I?T. Since Igz’r is diagonal, the only nonzero entries of B are at indices of
the form (i1492,4142) and (i142,4291). For later use, notice that (Il2);iyi1in = % if
i1 # ig € [4], and (I13)iy4, 414, = 1 for i1 € [4]. We now calculate the matrix B: for

11,19 € [4],

Bijisivia = Bijig,izi, = B E E ") (i11i2,5,0045)7 (i1 4i2,55.0,5)T
c€S, TEG,
(r -2)!
_ Qr
= 2(M2)iiz,414s oz D IS (11,10,50005)7 (i1 i2.51005)°
: ceS,

(r—2)! [\
= 2()iizinia 3 = ) M2)iiziinia-

Here, in the second line, we used the fact that I®" is diagonal and that the row
and column indices are equal if and only if (iy(1),i0(2)) = (ir(1),ir(2)). Given any
permutation o € &, there are (r — 2)! permutations 7 € &, with this property if
i1 # 49, and 2(r — 2)! permutations 7 with this property if i1 = i5. Hence, there
are 2(r — 2)/(I12)iy4,,i,4, Permutations 7 with this property for any given o. In the
third line, we used the fact that all diagonal entries of I®" are equal to 1, so the
sum evaluates to r!. Summarized, we conclude that B = (2)711_124). Now, let us
calculate A: for il,ig,jl,jg € [4],

Ailimjljz = 2 Z Z QeI (11,12, 1ee38) 7, (41,52,5,..-,5) T *
o€, TES,
Recall that Q;5 = 0 if ¢ € {1,...,4}. Therefore, the only nonzero contributions
come from permutations ¢ and 7, which keep all 5-indices ‘to the right’, i.e., at the
last 7 — 2 positions. There are 2(r — 2)! permutations o and 2(r — 2)! permutations
7 with this property. They may be written as ¢ = 02 0 0,_9 and 7 = 73 0 T,._9,
respectively, with oo, 79 € &5 and 0,_9,7_2 € &,_5. So, we obtain

((r—2)H?

I S S AV E ®r—2y ) ) )
A11127J1J2 = (7“!)2 QeI )(202(1)7202(2)75,--475),(]72(1)7172(2)757~--,5)'
02, T2€G
2
[ (r—2)! 0; ' _ _
- r! Z Yog(1)¥an(2)1Jra(1)Ir2(2) "
02, T2€G

r —2
= (2> Qi1i2aj1j2'
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In the first line, we used the fact that the (r — 2)!? permutations of the 5-indices
all yield the same indices. In the second line, we used that (I?T_2)5__575m5 =1.In
the third line, we used that () is maximally symmetric, hence in particular doubly
symmetric. Thus, the 22 = 4 permutations of the non-5 indices all yield the same
entry. Summarizing, we have shown

-2 -1
(" (4) (" (4)
A (2) 0w, B (2> .

We conclude that the matrix H from (46)-([47) can be expressed as
2
() 7=+ a3

(4)
Now, we use that H > 0 and (%QT 8) < 1?2 < mM to obtain

T 2 H 0 AmaX(M) r
0=(3) (7 o) =or bRz ()

By definition, |sp,| is the smallest value such that
Q + |spy|M = 0.

Hence, it follows that

)\max(M) r AInln(Z\4) r -t 1
|SpT\m 5 > |spy|, and thus |sp,|> mpr\ 5 =0 3 )
using the fact that M > 0 [29] and [spy| > 0 as p is not sos. O

As an application, we also obtain a complexity lower bound for the approximation
result in Theorem

Corollary 5.9 (Complexity lower bound for the banded real QdF). There exists
a unit vector v € S"(R™) such that, for all scalars o € R and 7 € C4(R™), one has

(48) a7 — Maxsym (Trr—2 vv7)|j1 = Q(1/7?).
In other words, the convergence rate in Theorem is lower bounded by Q(1/r?).

Proof. We may assume that %ad < « < 2. For, if not, then Theoremshows that
laT — Myaxsym (Trr—a(vvT))||1 is lower bounded by a constant and thus, holds
trivially. Hence, a is bounded by constants, which only depend on d. Consider the
Choi-Lam form in 7 viewed as a 5-variate polynomial p (so n =5, d = 2), and
let v € S?(R%) be an optimal solution to the program defining the spectral
bound sp,.(p). Consider relation applied to it, whose last line reads

5Py | = Pmin — 5P, < [|Q(P) — 50,150 - |7 — @™ Mtaxsym (Trr—2(vv™)) 1
<9QM) - lo™' - lor — Myaxsym (Trr—2(v0™)) 1,

using for the last inequality. By Theorem we know that |sp,| = Q(1/r?),
which concludes the proof. O

5.4. The spectral hierarchy does not have generic finite convergence. A
nice property of the moment-sos hierarchy is that it has generic finite convergence,
as shown by Huang [2I] (and by Nie [33] for generic semialgebraic sets). That is,
the property: 808, (p) = Pmin for some r > d, holds for “almost all” polynomials p.
More precisely, given n,d € N, the set of polynomials p € R[x1, ..., x,]2q for which
this property holds is Zariski-open.

Recall that the Zariski topology for a finite-dimensional vector space R has as
closed sets the sets {y € RY : Fi(y) = --- = F,,,(y) = 0} for some polynomials
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Fi,...,Fp €Rlyy,...,yn] and m € N. We will need the well-known fact that each
nonempty Zariski-open set is open and dense with respect to both the Euclidean
and the Zariski topology.

On the other hand, we now show that the spectral hierarchy sp,(p) does not
have generic finite convergence. For this, consider the set

(49) Apa={p € Rog : 8P, (p) < Pmin for all r > d}

consisting of the n-variate degree 2d forms for which the spectral hierarchy does not
have finite convergence. So, showing generic finite convergence amounts to showing
that the set A,, 4 is Zariski-closed. We will use later the following easy fact: for any
p € Rygand A € R, p € A, 4 if and only if p + As? € Ay a.

We will show that in the case d = 2 the set A, 4 is not Zariski-closed, by
exhibiting a Euclidean ball that is contained in it. We will show the result first for
the case n = 2 (Theorem and then extend it to n > 2 (Theorem . For
this, we first establish a necessary condition for finite convergence, that depends
only on the maximally symmetric matrix Q(p) representing p (and holds for any
n,d).

Proposition 5.10. Let p € Roy. Assume that sp,.(p) = Pmin for some r > d.
Then, for each minimizer a € S"~! of p, we have (Q(p) — PminQ(5?))a®? = 0.

Proof. Assume sp,.(p) = pmin for some r > d. Then, Q,(p) — pminM, = 0 holds.
For each minimizer ¢ € S*~!, we have

(a®T)T(Q7’(p) - pminMr)GJ@T = P(a) — Pmin = 0.

Since Q- (p) — pmin M, is positive semidefinite, it follows that a®" lies in the kernel
of @Qr(p) — PminM,-. From the definition of Q,(p), we conclude that

0 =TL((Q(P) = PminQ(s)) ® 7"~ )a®" = IL.((Q(p) — PminQ(s"))a® © a® 7).

Setting v = (Q(p) — PminQ(5%))a®?, we have I, (v®a® =) = 0. As we now observe,
this implies v = 0. Indeed, for any = € R™, we have

0= (I, (v®a® "), 2%7) = (v ® a® =% 2®7) = (v, 2% (a,z)" .

Hence, (v,z®?) = 0 for any = that is not orthogonal to a and thus for all z € R”
(by continuity). Since v is a symmetric tensor, this implies in turn that v = 0,
which concludes the proof. O

This motivates introducing the following sets
Sn,d = {p S R2d * Pmin = 0}7
Tha=4p€ Sna: a®? € ker Q(p) for some a € S"~! such that p(a) = 0}.

By Proposition if the spectral hierarchy has finite convergence for p € S, 4,
then p € T,, 4. In fact, p belongs to the smaller set, where one would require
a®? € ker Q(p) for all zeros a € S"~1 of p. However, with the chosen definition of

the set T}, q, one can show that it is a closed set, a crucial property used later to
show Theorem [5.121

Lemma 5.11. The set T, 4 is closed with respect to the Euclidean topology on Raq.

Proof. Consider a sequence of polynomials py € T}, ¢ that has a limit p € Ryq. As
each py is nonnegative it follows that p is nonnegative. For each k there exists
ar € S"~! such that px(ax) = 0 and Q(pk)a%d = 0. By compactness of the sphere,
the sequence (ay)x has an accumulation point a € S"~!; replacing the sequence by
a subsequence we may assume a is the limit of (ag)r. Then, 0 = pg(ay) converges
to p(a), showing p(a) = 0 and thus p € S,, 4. As the matrices Q(py) depend linearly
on the coefficients of the polynomials py, it follows that 0 = Q(pk)agd converges
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to Q(p)a®?. Hence, Q(p)a®? = 0, which shows p € T}, 4, which concludes the
proof. O

Theorem 5.12. Forn =d = 2, the set A, 4 from @ is not Zariski-closed. That
18, the spectral hierarchy does not have generic finite convergence.

Proof. Consider the bivariate polynomial
(50) f=at+ 2z — 2322 — 22125 = (21200 — 22)* + (27 — 22)? € Ry.

S0, fmin = 0 and f has two minimizers i%(l, 1) in the sphere S*. Hence, f € Sa5.
Moreover, f & T5 5. Indeed, its maximally symmetric matrix representation reads

10 0  —1/6
0 —1/6 —1/6 —1/2
Q=1 o 16 —1/6 -1,
“1/6 —1/2 —1/2 2

(indexing it by 22, x1x2, 1221, 23), and we have Q(f)a®? # 0 for a = (1,1). Hence,
f € 822\ Ts 2. Since the set T5  is closed (by Lemma, there exists € > 0 such
that the ball By(¢) is contained in the complement of 155, i.e., B(e) NTa 2 = 0.
Here, Bf(e) = {p € R4 : ||p — f|| < €} denotes the open ball with center f and
radius €, with respect to the co-norm on the sphere. Hence, in view of Proposition
we have By (g) N S22 C Az . We now claim that

(51) By(e/2) C By(e) N S0+ Rs? C Ay,

where Bj(¢/2) is the ball in R4 centered at f with radius £/2. From this follows
immediately that the set Ay o is not Zariski-closed, which concludes the proof of
the theorem.

The right most inclusion in follows from the fact (observed earlier) that
finite convergence of the spectral hierarchy is preserved under shifting by a scalar
multiple of the constant polynomial s?. We now verify the left most inclusion. For
this, let p € Bf(g/2), i.e., [[p — f|| < £/2. By evaluating at a minimizer a € S' of
f, we get |p(a)| < &/2, implying pmin < p(a) < /2. By evaluating at a minimizer
b € St of p, we get —pmin < f(b) — p(b) < £/2, and thus |pyin| < £/2. Using the
triangle inequality, we have ||p — pmins® — fI| < [|p = fIl + [Pmin] < &/2+¢/2 = &.
This shows that p—pmins® € By(€), and thus p € B¢(e)NS2,2+Rs?, as desired. O

Remark 5.13. Observe that the proof of Theorem[5.19 relies on the existence of
a polynomial f € Soo \ Taa. In other words, in order to show that the spectral
hierarchy does not have generic finite convergence for n-variate forms of degree 2d,
it suffices to exhibit one concrete form F € Sy, 4\ Tna. As we next observe, one
can easily construct such a form of degree 4 for any n > 2, simply by viewing the
bivariate form f from (@) as an n-variate form. We expect that one can construct
such F' € Spq\ Tn,a and thus show non-genericity of finite convergence of the
spectral bounds for any d > 2, we leave showing this to further research.

Theorem 5.14. Forn > 2 and d = 2, the set A, q from @) is not Zariski-closed.
That is, the spectral hierarchy does not have generic finite convergence.

Proof. Let F denote the n-variate degree 4 form obtained by viewing the bivariate
form f from as an n-variate form. Then, its maximally matrix representation

has a block-form
MaxSym(F) = (Mangm(f) 8> ,

where MaxSym( f) is indexed by the pairs (i, ) € [2]? and the zero columns and rows
are indexed by the pairs (i, j) € [n]? with i > 3 or j > 3 (thus the analog situation
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as for the matrices in ) Clearly, Finin = fmin = 0 and thus F' € S,, 2. Moreover,
F & T, 5. For this, let b € S"™! be a zero of F; we show that b¥? & ker MaxSym/(F).
For the vector a = (b1, b2)T, we have f(a) = F(b) = 0 and thus a is a scalar multiple
of (1,1)T. Hence, MaxSym(f)a®? # 0, which implies MaxSym(F)b®? # 0.

As observed in Remark the proof of Theorem [5.12] can now be followed
mutadis mutandis to show that the set A, is not Zariski-closed, showing that
the spectral bounds do not have generic finite convergence for n-variate degree 4
forms. U

6. FURTHER DISCUSSION

Connections to the moment problem and polynomial optimization. Real
de Finetti representations are elements of the set C4(R") from (13), i.e., convex
combinations of matrices (u;ul)®¢, where all u; are real unit vectors. Elements
of C4(R™) are maximally symmetric matrices, whereas elements of C;(C™) are in
general not maximally symmetric. Therefore, the quantum de Finetti theorem
cannot be transferred verbatim to real doubly symmetric matrices, as we saw in
Theorem {4.1l Nevertheless, we saw that it is possible to make statements about
maximally symmetric matrices (Theorem and about real doubly symmetric ma-
trices (Theorem . The relevance of such results to polynomial optimization on
the sphere should be clear: Doherty and Wehner [I7] use their real QdF (Theorem
2.19)) to analyze the sos bounds; Lovitz and Johnston [29] use the QdF (Theorem
ﬂ to analyze their spectral bounds; we saw how to analyze these spectral bounds
using our real banded QdF (Theorem [4.2)).

The moment problem addresses a fundamental question in real algebraic geom-
etry and functional analysis (see [24]), namely, when a linear functional on the
polynomial space has an (exact or approximate) representing measure, possibly
with a given support. Real de Finetti representations address the approximate mo-
ment problem for the space of homogeneous polynomials and measures supported
on the sphere. So, the result of Theorem can be roughly paraphrased as follows
(by combining with Theorem : If L is a linear functional acting on degree 2r
forms that is nonnegative on sums of squares and satisfies L(s") = 1, then for d < r
there exists a measure p on the sphere whose (low degree) moments approximate
well the ‘pseudo-moments’ of L up to degree 2d, with an error term in O(1/7?). In
other words, real de Finetti theorems permit to show quantitative results for the
approximate moment problem on the sphere. This question has been addressed re-
cently for the moment problem on general compact semi-algebraic sets by Baldi and
Mourrain [3] (see also [4]), who show quantitative results with polynomial depen-
dency of the form O(1/r¢), for some unknown constant ¢ > 0. Showing an explicit
polynomial dependency of the form O(1/r?) for some highly symmetric sets like
the ball or the simplex is the subject of further research.
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Result Scope complexity ub | complexity b
Diaconis-Freedman [16] | probability distr. O(1/r) Q(1/r)
Christandl et. al. [9] | doubly sym. (C) O(1/r) Q(1/r)
Doherty-Wehner [17] max. sym. (R) O(1/r) none
Theorem |3.1 max. sym. (R) o(1/r?) none
Theorem [4.2 doubly sym. (R) O(1/r) Q(1/r%)

TABLE 1. Convergence rate for de Finetti approximation results:
in rows 2-4, the second column concerns a matrix M, which is
positive semidefinite with trace 1, and has additional symmetry
and entries in C or R as indicated. The last two columns give
upper and lower bounds for the complexity of the convergence rate.

Complexity questions. In Table |I| we gather known results on the convergence
rate of the various de Finetti type results. As indicated there, no complexity lower
bound is known for the result of Theorem [3.1] and it would also be interesting
to close the gap between O(1/r) and (1/r?) for Theorem Accordingly, it
is also an open question to settle what is the exact convergence rate for the sos
lower bounds sos,(p) and the spectral bounds sp,.(p). For the spectral bounds, a
complexity upper bound in O(1/r) is known [29] and a complexity lower bound
in (1/r?) is shown in this paper. For the sos bounds, only an upper bound in
O(1/r?) is known from [I8], but no complexity lower bound is known as of today.
A notable result is for polynomial optimization on the hypercube [—1,1]", where
Baldi and Slot [5] show a convergence analysis for the sos bounds in O(1/r) and a
complexity lower bound in Q(1/r8).
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APPENDIX A. SOME EXAMPLES

We give here a few small examples to illustrate the tensor notions that have been
introduced in Section [2] First, we give an example to illustrate how permutations
work on tensors: consider v € (R?)®2? and the transposition ¢ = (12), then, with
respect to the ordering of [2]? as 11,12, 21,22 (corresponding to the standard basis
e1 ®ep,e1 @ ea, e ® e, en @ ey of (R?)®2) we have

V11 V11 V11
_ | ve (12) _ | v21 1 a2y _ | (viz +v21)/2
v = , v = , Ix(v)==(v+wv =
V21 V12 2(v) 2( ) (v12 4+ v21)/2
V22 V22 V22
Indeed, we have vi(lli) = v;,;, for any iy,is € [2], which gives USQ) =11, vgf) = Va9,
(12) _ (12) _
Uiy = V21, and vy, = Vja.

As another example, for the tensor v = e; ® e; ® ea ® e € (R?)®4, its projection
I14(v) onto the symmetric subspace S*(R?) reads

(52)
1
H4(61®€1®€2®62):6(61®€1®€2®€2+61®€2®€1®62+
€1®82®62®€1+62®61®€1®€2+€2®61®62®61+€2®€2®81®€1),

which can be checked by enumerating the permutations of [4] and their action on
v.

Consider the matrix I$? € R <2 acting on (R2)®2. It is not doubly symmet-
ric (since, e.g., its (12, 12)-entry equals 1 while its (21, 12)-entry equals 0). Hence,
it is also not maximally symmetric. For illustration, we show below its projection
HQISZ)QHQ = I, onto the space of doubly symmetric matrices and its projection

]2
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HMaXsym(Igm) onto the space of maximally symmetric matrices (as given in rela-

tion (2.3)):

1 0 0 0 10 0 1/3
o 12 12 0 o [0 13 13 0
03) To=10 19 175 of Mwwsml=1 0 13 13 o |
0 0 0 1 13 0 0 1

where entries are indexed by 11,12,21,22. To obtain the projection HMaXsym(Ig)z)
onto the space of maximally symmetric matrices, one can proceed as follows:

158’2 = (6161T + egeQT) ® (elelT + egeg) =(e1®ep)(e1 ® el)T + (e2 ®ez)(e2 ® eg)T
+ (1 ®er)(e1 ® 62)T + (e2®eq)(e2 ® 61)T-

Then, the matrix (e; ® e;)(e; ® ¢;)T is maximally symmetric for 4 = 1,2. To obtain
Haxsym ((€1 ® €2)(e1 @ e2)T), consider the associated tensor e; @ e3 @ €1 ® eg €
(R%)®4 whose projection onto the symmetric subspace S*(R?) satisfies I14(e1 ®ea®
e1®ez) = Ili(e1 ®e; @ ea ® e2), whose explicit value is given in (52)). By reshaping
this tensor as a matrix we get

= o
O O =

1
HMaXSym((el & 62)(61 ® 62)T) = 6

=N
O = = O

0

(=]

Clearly, Iyiaxsym((€2 ® €1)(e2 ® e1)T) = Hyaxsym((e1 ® e2)(e1 ® e2)T), and from
this one gets the desired expression for ITnraxsym (15 82 ) in . and .
To illustrate the partial trace operation, consider a matrix
All . Aln
M=\ : .. | e where Ay € KM
Apr ... Apn
and the entries of M are indexed by 11,12,...,1n,...,n1,n2,...,nn. Then, we

have
Tr(A411) ... Tr(Ai,)
Tri(M) = : : € KM<",
Tr(An) ... Tr(Ann)
where we ‘trace out the second subsystem’ to get Tri(M). Recall that the index

k in Tr; denotes the number of subsystems from the right, which are traced out.
Hence, Trao(M) = Tr(M) is a scalar.

APPENDIX B. PROOF OF LEMMA

The result from Lemma is essentially extracted from the proof of [29, The-
orem 4.1]. Since it plays a crucial role to show Theorem we give a sketch
of proof for clarity of exposition. Assume T € Cd((C”) with Tr(7) = 1, and set
a = Tr(IMaxsym (7)) and og = ( d) We show that HMaxsym(T) € C4(R™) and
ag <a<l. ‘

Clearly, it suffices to show the result for 7 = (uu*)®?, where u € C" is a unit
vector. Write u = a + ib, where a,b € R" with ||al|? + ||b]|> = 1. By Lemma
Maxsym (T) = Hnaxsym ((@a® +0b7)®4) and thus o = Tr(Hpjaxsym ((aaT +6b7)#4)).
The next step is to exploit a result of Reznick [39, Corollary 5.6] for showing that
éHMaxsym((aaT + bbT)®d)> S Cd(R)
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Reznick [39] shows that the bivariate homogeneous polynomial (2 +¢3)? in vari-
ables t1,t2 can be written as a sum of powers of linear forms. More precisely, he
gives explicit real unit vectors v, € R? (k =0,1,...,d) such that

9d 4 t1\ \2d
2 442 d_ Qd 1 .
(t7 +t3) VIR kZ:O@Iu t )

By plugging in t; = a”« and t5 = bTy, one obtains that the degree 2d n-variate
form ((aTz)? + (bT2)2)¢ = {((aa” + bbT)®?, (22T)®4) is a sum of 2d-th pow-
ers of linear forms in z, of the form Eizo(cgaj)m = ZZ:()((ckc{)@d, (z2T)®d)
for some ¢; € R™ (obtained from vy, a,b). So, {(aTx)? + (bTx)?)d), (x2T)®?) =
((Zzzo(ckcip)®d7 (z2T)®4). Hence, the maximally symmetric representation of the
form ((aTz)? + (bTz)?)? is equal to ZZ:O(ckcf)@’d. Therefore, Myraxsym ((aa +
bpT)@d) = ZZ=O(CkC£)®d, which thus belongs to the cone generated by Cq(R™).
So, after normalizing by the trace «, one obtains that Inaxsym(7)/c € Ca(R™).

To show the lower bound « > ay, the authors of [29] use the eigenvalue decom-
position to write aa® + bbT = tvv? + (1 — t)ww? with ¢t € [0,1] and orthogonal
unit vectors v and w. They consider the function ¢4(t) = Tr(Hyaxsym ((tvvT +
(1 — HywwT)®?)), a polynomial in ¢, so that a = p4(ty) for some ty € [0,1].
They show that it can be written as a sum ¢q(t) = Z,Li/gj ar(t — 1/2)%* of even
powers of (¢t — 1/2) with nonnegative coefficients ar > 0. From this, it read-
ily follows that the minimum of ¢4(¢) for ¢ € [0,1] is attained at t = 1/2, with
©a(1/2) = Tr(TMyraxsym (I£)) = 224 (Zj)_l = ag - 2% (which also follows from [39]).
In the same way, the maximum value of ¢4(t) is attained at t € {0,1} and is equal
to ¢4(1) = 1. The desired bounds ay < a < 1 follow directly.

APPENDIX C. PROOF OF PROPOSITION [5.3]

Let p € Rogy. Recall the definitions in for the matrices @, (p) and M, that
represent, respectively, the polynomials ps”~% and s".

First, we show that sp,.(p) < sos,(p). The matrix Q,(p) — sp,(p)M, represents
the polynomial s"~%p — sp,.(p)s” and it is positive semidefinite (by definition of
sp,.(p)). Hence, the polynomial s"~9p — sp,.(p)s” is sos, and thus sp,.(p) < sos,.(p),
by .

We now show that sp,.(p) < sp,,1(p). For this, we use the formulation (30). Let
Y be an optimal solution for the formulation of the parameter sp,.,;(p); so Y’
is (r + 1)-doubly symmetric, Y = 0 and (M, 4+1,Y) = 1. Set X = Tr;(Y). Then,
X is r-doubly symmetric and positive semidefinite. We claim that (M,, X) = 1.
Indeed,

1= <MT+17Y> = <HT+1(M ® Ig(r+1_d))nr+1a Y> =(M® I§(T+1_d)a HT+1YHT+1>
= (M @I vy = (M @ 120D Try(Y)) = (M,, X),

where, in the second line, we use the fact that Y is doubly symmetric for the first
equality, the definition of the partial trace for the second equality, and the fact that
X =Tr1(Y) is doubly symmetric for the last equality. In the same way, we have

(Qr1(p),Y) = (Q(p) @ ITTT DY) = (Q(p) @ [0, Tri (V) = (Qr(p), X).
Hence, X is a feasible solution for the formulation of sp,.(p) with objective
value sp,.1(p), which shows sp,.(p) < sp,..;(p).
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APPENDIX D. THE CONSTANT 7(Q(p)) IS NOT WELL-BEHAVED

First, we discuss the relevance of establishing a performance analysis in terms
of the range of values pmax — Pmin as is done in Theorem @ This is indeed the
common practice in continuous optimization, as discussed, e.g., in [45] [15]: given
€ > 0, a value val, is called an e-approximation for the problem of minimizing a
function p on a compact set S if it satisfies [pmin — vale| < €(Pmax —Pmin), Where pmin
and ppax are the minimum and maximum values taken by p on S. Such definition
is motivated by the fact that it enjoys nice invariance properties, like translating
the function by an (appropriate) constant or scaling by a positive constant. When
S is the sphere, it would thus be desirable to have an error analysis that depends
on the range of values pmax — Pmin- This is precisely what we do in Theorem
Note that the error analysis for the sos bounds in Theorem does indeed involve
the range pmax — Pmin-

With this in mind, we investigate the parameter

Y(Q(p)) = max{)\max(@(p)) - Spd(p)apmin - Amiﬂ(Q(p))}?

which enters the error analysis in Theorem We show that this parameter does
not behave well under translating p by a multiple of s?: there does not exist a
constant C), 4 (depending only on n and d) such that

(54) Y(Q(P)) < Cpa(Pmax — Pmin) ~ for all p € Rag.
Hence, one cannot directly derive Theorem [5.7] from Theorem

For this, given p € Ry and a € R, consider the polynomial p(a) := p+as? € Rog.
Then, we have p(a)max — P(@)min = Pmax — pmln» spq(p(a)) = spy(p) — a, and
Q(p(a)) = Q(p) + aM, where M = Tpaxsym (I£4). We disprove the existence of a
constant C), 4 satisfying (54]) by showing a lower bound on the parameter v(Q(p(a)))
that is linear and monotone increasing in a (for all large enough a).

We first consider the term Apax(Q(p(a))) —spy(p(a)). Let v be a unit eigenvector
of M for Apax(M). Then, A\pax(Q(p(a))) > vTQ(p(a)))v = vTQ(p)v + aAmax(M).
Therefore,

Amax (Q(P(a))) = sp4(p(a)) = Amax(Q(p(a))) — spa(p) — a
> a(Amax (M) — )+UTQ( )v —spu(p)-

We now consider the term p(a)min — mm( (p(a))). By takmg a unit eigenvector w
of M for Amin(M), Amin(Q(p(a))) < w?Q(p(a))w TQ(p)w + armin (M) holds,
and

(55)

p(a)rnin - /\min(Q(p(a))) = Pmin — @ — )\min(Q(p(a)))
2 a(l = Amin(M)) + prmin — wTQ(p)'w.

Therefore, 7(Q(p(a))) = ¢(a), where
(p(CL) = maX{a<)\max(M> - 1) +'UTQ(p)U_Spd<p)7 a(l _)‘min (M)) +pmin —wTQ<p)’LU}
is the maximum of the lower bounds in —. Since Apin (M) < 1 < Apax(M)
with Apax(M) — Amin(M) > 0, we obtain that ¢(a) is linear monotone increasing
in a for all large enough a, which concludes the proof.

Note that one can analogously show that the parameter ||Q(p(a))||s, which

appears in Theorem also has this undesirable feature that it is monotone in-
creasing for large enough a; the proof is the same (even simpler).

(56)
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