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Abstract

Statistical methods within the Bayesian framework have been widely used to address inverse imag-
ing problems, such as computed tomography (CT) image reconstruction. These methods offer a
probabilistic approach that is able to enhance the reconstruction quality by employing regulariza-
tion methods while enabling uncertainty quantification of the result, providing valuable insights into
the reliability of the reconstructed images. However, despite the flexibility and range of techniques
within this framework, the computational intensity of this class of approaches is still impractical
for large-scale datasets like those in CT. In this manuscript, we introduce a concept for determining
the uncertainty in CT-based dimensional measurement using a rapid, regularized, Markov Chain
Monte Carlo reconstruction technique. This method provides a volumetric model where each voxel
is represented by a distribution, which is then transformed into a triplet of gray value models: one
for the central value and one each for the upper and lower bound of the confidence interval. Bi-
directional and uni-directional length measurements on results derived from each single-gray-value
model, for real CT data, provide a task-specific measurement uncertainty. This method requires
significantly less computation and storage capacity compared to classic Monte Carlo simulations
by reducing the number of needed simulations for approximating a distribution while incorporat-
ing regularization techniques. The results are compared to the conventional non-regularized and
regularized reconstruction methods such as Feldkamp-David—Kress (FDK) and gradient descent,
followed by validating the determined uncertainty in real CT data.

Keywords: X-ray Computed Tomography, Uncertainty Quantification, Markov Chain Monte
Carlo Simulations, Dimensional Metrology

1. Introduction

Computed tomography (CT) is a non-destructive imaging technique that has various industrial
applications due to its ability to provide detailed insights into the internal parts of the object,
allowing for the inspection of structures and dimensions of industrial components. CT scanning
involves exposing an object to X-ray radiation from various angles and determining the reduction
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in radiation intensity caused by absorption by the object. After capturing numerous projections,
mathematical methods are used to reconstruct a three-dimensional (3D) representation of the
object, showcasing its internal structure [T}, 2].

Various methodologies have been developed for CT reconstruction [3], including analytical
methods, e.g. Filtered Back Projection (FBP), and Feldkamp-David—Kress (FDK) [4], iterative
methods like Simultaneous Iterative Reconstruction Technique (SIRT) [5], and statistical methods.
For instance, Markov Chain Monte Carlo (MCMC) family of techniques [6]. Each methodology of-
fers some advantages and limitations concerning factors such as accuracy, computational efficiency,
and performance under conditions of data limitation and noise, for instance, regularized iterative
methods are more suitable for handling limited data [7, [§]. Despite many advancements in each
class of reconstruction method, there is still a need for a computationally efficient approach that
can provide enough information to determine the uncertainty of the reconstruction result.

Multiple sources of error contribute to the final uncertainty of the reconstruction results [2, [9].
These sources, including the scanning system, numerical methods in reconstruction, and surface
determination, are summarized in Table

Table 1: Influence factors in CT

Source Uncertainty Contributors
CT system X-ray source
Detector

Kinematic system

Geometrical misalignment

Data processing | 3D reconstruction

Data preprocessing and postprocessing.
Segmentation and surface determination

Environment Temperature
Vibrations
Humidity
Operator Workpiece fixturing and orientation

X-ray source settings
Number of projections
Measurement strategy

1.1. Related work

Considering the various sources of error in CT, uncertainty quantification (UQ) is an important
task for industrial CT reconstruction and conducting dimensional measurements, which affects
decision-making, and reliability of the measurement result [9].

UQ in dimensional measurements has long been focused on through standards such as the
Guide to the Expression of Uncertainty in Measurement (GUM) [10], which provides a framework
for evaluating and expressing measurement uncertainty in a standardized way. While GUM-based
approaches are well-suited for analytical or model-based uncertainty evaluations, they often become
less manageable for complex measurement systems like CT, where multiple sources of error are
present. In such cases, simulation-based approaches such as Monte Carlo methods have gained
popularity due to their flexibility in capturing these factors.



Various methods have been developed to address this challenge, such as statistical approaches
based on Monte Carlo simulation [I1, 12, 13]. In this family of techniques for determining the
uncertainty, Monte Carlo simulations are used to approximate the distribution of the solution and
assess the uncertainty of the result.

Although these methods have proven effective in the determination of the uncertainty, their
application remains limited due to the computational load of the Monte Carlo simulations in dealing
with high-resolution real data.

Recent research in the statistical imaging literature with an emphasis on the Bayesian frame-
work [14], [15] 16] employs robust mathematical methods to ensure stability facing noisy data and
support computationally feasible uncertainty quantification.

In this family of approaches, the underlying data observation process can be combined with
prior knowledge, forming a realistic model of the scanning process while promoting the expected
properties for the result, e.g., regularity or smoothness. In this methodology, the CT reconstruction
problem can be solved via statistical inference techniques, such as maximum likelihood or Bayesian
strategies [I7]. Contrary to the analytical and iterative techniques, which provide a single gray
value for each voxel, statistical methods yield a distribution for each voxel, which represents the
distribution of the volume with respect to the observed data. In the Bayesian framework, this
distribution is known as the posterior distribution, which combines the data observation process
with the prior knowledge.

In [I8], a joint posterior distribution is defined for both the reconstruction result and the geo-
metrical parameters, and then suitable methods are used to analyze the distribution for determining
the uncertainty of the result.

The approach presented in [19] introduces a model-discrepancy term into the CT model to
account for uncertainties resulting from discrepancies between the assumed and actual geometric
parameters.

The method outlined in [20] showed that by using the highest posterior density intervals,
the uncertainty of specific features of the reconstruction result can be determined. For instance,
quantifying the uncertainty in the estimated boundaries of inclusions within a CT image, which
represents the most credible regions for the true boundary location, given the observed data and
chosen prior distributions.

For addressing uncertainty quantification in X-ray CT reconstruction with uncertain view an-
gles in [21I], a comprehensive Bayesian model was defined that treats the unknown attenuation
coefficients, the view angles, and the associated hyperparameters as random variables, determines
the uncertainties in the reconstruction.

Despite the significant advancements in Bayesian methodologies for UQ in CT reconstruction,
which address various sources of uncertainty in the results, there is still a need for further devel-
opment in this methodology. A downside of these models is their computational demands, making
them impractical for high-dimensional CT data without requiring data reduction. When the data
size exceeds the computational capacity of these methods, we are forced either to switch to a less
computationally demanding method or to subsample the data. This data reduction, however, in-
troduces additional uncertainty into the analysis and complicates the analysis of results, potentially
undermining the robustness of the uncertainty quantification process.

1.2. Contribution

In this manuscript, we focus on determining the uncertainty caused by noise in CT-based
dimensional measurements using computationally efficient Bayesian techniques. We define two



posterior distribution models, each associated with a specific regularization method (Tikhonov
and a smooth approximation of the total variation), that are used to estimate the gray-value
uncertainty for each voxel via a computationally feasible sampling algorithm.

To this end, we explore two Bayesian inference approaches: the Maximum A Posteriori (MAP)
estimate, obtained via convex optimization algorithms [22, 23], and the Markov Chain Monte Carlo
(MCMC) [24), 25] sampling method, specifically the Metropolis-adjusted Langevin Algorithm with
adaptive step size (LipMALA). This combination enables both efficient reconstruction and detailed
posterior uncertainty analysis on real CT data.

We also demonstrate the propagation of this uncertainty to dimensional measurements, vali-
dating our approach through repeating the experiment on industrial parts.

The rest of the manuscript is organized as follows: in Section [2] we describe the problem formu-
lation, focusing on the CT inverse problem and defining the Bayesian model for the reconstruction
problem. In Section |3 the Bayesian framework will be presented in more detail, and a computa-
tional method to obtain a solution from the model will be discussed. In section 4] the details about
the implementation of the discussed methods are presented, along with parameter selection and
the data used in this manuscript, followed by the results obtained from applying Bayesian tech-
niques on real CT data from two objects: an aluminum cylindrical step gauge and a 3D printed
titanium part will be presented. This is followed by bi-directional length measurements on the
reconstruction results, and then determining the related uncertainty in dimensional measurements
performed from the reconstructed data. The paper is concluded in section [5] with suggestions for
expanding this research.

2. Statistical formulation of the CT reconstruction problem

Image reconstruction is an inverse problem, a process of calculating the causal factors that
produced a set of observations [17], which can be mathematically formulated as:

Az =D, (1)

where A is a linear operator, which in the context of CT is the forward projection model, z
is the unknown image object, and b is the noisy observed data [I7]. Therefore, by solving the
CT inverse problem we aim to reconstruct the image object x, a 3D representation of the scanned
object, from the projections b.

Inverse problems, especially CT image reconstruction, are generally ill-posed in the sense defined
by Hadamard [26], meaning they are highly sensitive to input errors and are not guaranteed a unique
solution. This makes them sensitive to errors and noise in the input data, mentioned in Table
posing a significant challenge for reliable image reconstruction.

Regularization techniques can be used to mitigate these issues by imposing prior knowledge on
the solution, ensuring a meaningful and stable answer while dealing with noisy or limited data,
which is critical in CT reconstruction.

In the Bayesian framework, an inverse problem can be formulated as a statistical inference
problem, where the solution to the problem is the distribution of the parameter x, given the
observed data b. This distribution is called the posterior distribution. In Bayes’ theorem, we can
obtain the posterior probability density by combining the data and prior distributions:

Tpost (37|b) X Tikelihood (b‘ﬂ?) Trprior (I‘) s (2)



where the likelihood function mjikelinood (b|2) describes the conditional probability density for the
data which was produced from scanning the object x, and mpyior () encodes the prior information
of the image object x before observing the data. Therefore, to form the Bayesian model for the
CT reconstruction problem, a likelihood and prior distribution need to be defined.

2.1. Likelihood Function

The likelihood function miikelihood (b|z) models the relationship between the projections b and
the image object . The average behavior of the x-ray attenuation process is described by the
Lambert-Beer law [27]

I = Iyexp A%,

where Iy is the number of the x-ray photons that enter the object and I is the number of
photons that reach the detector, hence b = —log(—1/Iy) The x-ray attenuation process in high-
dose CT scans can be statistically modeled with a wide distribution, such as a Gaussian (normal)
distribution, using the forward operator A, such that [1]:

b~ N(Az, 1), (3)

where o is the standard deviation of the data. In Section [4, we will discuss the estimation of o
from the observed data.

For lower I, low-dose scans, or photon-limited settings leading to narrower distributions for I,
a Poisson distribution might be more appropriate, though they introduce additional complexity in
inference.

With this simplification, the likelihood distribution becomes [28]:

—1
Trlikelihood (b]T) o< exp [%2|Aaz - b|§] . (4)

2.2. Prior distribution

When solving an inverse problem, the prior distribution reflects the prior assumptions about
the solution, which helps to regularize the reconstruction process in our problem, incorporating
additional information or constraints about the expected parameter values and penalizing heavy
oscillations in pixel values to force smoothness in the image. In this manuscript, two prior dis-
tributions will be used: a Gaussian prior and a combination of Gaussian with Laplacian prior,
which respectively correspond to two regularization techniques: Tikhonov regularization [29] and
the smooth total variation (sTV) regularization [30], which will be discussed in detail.

2.2.1. Gaussian prior: Tikhonov regularization

Gaussian prior enforces global smoothness on the result, suppressing the large noise components
by controlling the norm of u. This prior information corresponds to the Tikhonov regularization
and is defined as:

71'pri()r(x) X exp [_)‘HL'ZH%L

where A controls the influence of the prior distribution on the reconstruction compared to the
likelihood, and L is a linear operator, e.g., a finite difference approximation of the gradient operator.



In the context of Tikhonov regularization, A is called the regularization constant, which controls
the trade-off between fitting the data and applying the regularization penalty. If the operator L = I,
we obtain the standard Tikhonov regularization, and if L is an operator, the generalized Tikhonov
regularization is obtained.

Therefore, the posterior distribution that utilizes the Tikhonov regularization can be formulated
as:

7Tpost(x’b) X eXp(_Jtikh(wa b)), Jtikh('fC? b) - %HA% — b”% + /\HL'IH%v (5)
2.2.2. Hybrid Gaussian-Laplacian prior: Smooth TV regularization

By considering a Laplacian prior on the gradient of the image, the total variation (TV) regu-
larization is derived. This distribution promotes sparsity in the gradient, which encourages edge
preservation by minimizing the TV of the changes in the image intensity [30]. TV measures the
rate of change between neighboring pixels, penalizing large changes (noise) while allowing for sharp
transitions (edges). Unlike methods that use a squared norm as a penalty term, such as Gaus-
sian priors, the Laplacian prior can tolerate sharp transitions, making it an excellent choice for
preserving edges in images that include discontinuities.

The standard form of TV is not smooth, and while algorithms for non-smooth optimization
do exist, they generally suffer from slow convergence. Therefore, a combination of Laplacian and
Gaussian distributions is used on the gradient of the image object, yielding a smooth approximation
of TV regularization. This approach is commonly achieved through the Huber approximation of
TV norm [31] defined as follows:

Tprior () o< exp [-AH(Lx)],
with
He(Lz) =Y he([(La)ijkll2),
i,k

where € is the smoothing constant, (Lx); ;x is a finite difference approximation to the gradient at
pixel 7, j, k and the Huber function h¢(t) is defined as

t? :
52 ft<
he(t) = {26 BE=6

[t| — e else.

Therefore, the posterior distribution for the smooth TV (sTV) will be of the form:

1
Tpost (2]0) o< exp(—Jsev(2,0)),  Jgpy (2, b) = ﬁHAac — bH% + AH.(Lx). (6)

With this definition of J(z,b) in (f)) and (6], two log-concave posterior distributions mpest(z|b)
are formed, and suitable Bayesian methods used on this distribution are discussed in detail in the
next section.



3. CT reconstruction and uncertainty: Algorithmic approaches

As mentioned in the introduction, there are two main approaches within the Bayesian method-
ology. While we first determine the MAP estimate using convex optimization techniques for an
initial analysis of the reconstruction result, our primary focus in this work is on the MCMC meth-
ods, which provide UQ for the MAP estimate and are subsequently introduced.

3.1. MAP estimate

The Maximum A Posteriori, or MAP estimator, is a point & which maximizes the posterior
probability distribution function mpest:

TMAP = argmax, Tpost (2|b) .

In section [2| two posterior distributions were introduced in and @ Here, we will discuss
the optimization algorithms used to obtain x, and g, in detail.

3.1.1. MAP with Tikhonov reqularization: conjugate gradient descent
The MAP estimate zypap computed related to will be denoted by xijkn, and is calculated
from solving the following minimization problem:

Ttikh = mmin Jiikn (2, b). (7)

The gradient of the objective function Jyxp(z,b) is

1
V Jiikn (2, b) = ﬁA*(Ax —b) 4+ 2)\L* Lz, (8)

where we denoted by M™* adjoint of a bounded linear operator M.

It can be simply verified that V.Jxp(z,b) is Lipschitz-continuous with parameter lipixn, =
|All2/0? + M| L||?, where ||L||* < 12 is the operator norm of L [32], and the norm of the operator
A is the largest singular value of A which can be computed using the power method [33].

In solving the Tikhonov regularization problem, gradient-based methods, such as the Conjugate
gradient (CG), could be used [22]. The first order optimality condition to solve (8| requires the
gradient to be zero, then we have

1 1

which can be rewritten as Rx = f with R = (%A*A + AL*L) and f = %A*b. For computing
the regularized reconstruction result from @, we are using the CG method, which is suitable for
solving large-scale linear systems of the form Rz = f. CG iteratively updates the estimate of u by
minimizing the quadratic objective function Jyy(z,b) from , at each iteration aiming to reduce
the residual error r, = b — (A + AL*L)x.



3.1.2. MAP with smooth TV reqularization: accelerated gradient descent
Computing the MAP estimate form (), denoted by @y, is similar to the Tikhonov problem
in minimizing the corresponding objective function:

Tsty = min Jstv(-ra b) (10)

and the gradient of the Huber approximation of the TV regularization is

1
Vst (2, 0) = ﬁA*(Aa: —b)+ AL*VH(Lx), (11)
where
A Lx)

(VHLw) = e TRy

(12)

The function Jgv(x,b) is continuously differentiable, and its gradient is Lipschitz-continuous
with Lipschitz constant lipsi, = ||All2/0% + (M| L]|?)/e€ [34]. This property ensures that all gradient-
based algorithms (e.g. optimization or sampling algorithms) are well defined [35]. The most
commonly used methods for this model are Accelerated gradient descent (AGD), quasi-Newton
method (I-BFGS) and gradient descent (GD). AGD is competitive with BFGS and simpler to
implement in this problem [34], therefore the AGD method with fixed step size depending on the
Lipschitz constant[36] is used to solve the problem (10). The outline of this method is presented
in Algorithm

Algorithm 1 Accelerated gradient descent (AGD) with fixed step.

Initialize: xg = x_1 = yo (initial guess), 7 < 1/lipsty, and to = 1
for k=1,...,N do
1+4/1+4t2

Compute tx 11 = 5
Compute y, = xi + i’z: (zr — Tp-1)
Update zi11 =y — 7V Jsto(Yk, b)
k=k+1

end for

Output: reconstruction result =

3.2. MCMC sampling

As was briefly mentioned in the previous section, the MCMC class of sampling methods within
the Bayesian inference can be computationally demanding in cases like CT data, due to the large
dimensions of the data, despite being highly effective in estimating complex distributions such as
the posterior distributions defined in the previous section. Since we are interested in an in-depth
investigation of the posterior distribution, a sampling method that rapidly converges to the solution
is needed, which reduces the computation demand and storage need.

The Langevin dynamic family of sampling algorithms [37] offers numerous advantages over
other methods, which makes them appealing for our application. Among these advantages, we
can mention the incorporation of gradient information which prevents random walk behavior and
guides the proposal steps toward regions of higher probability [38]. This property reduces the
number of samples needed for approximating the distribution.



Proposing samples from the target distribution m(x), which in our case is Tpost(|b), with this
family of methods is as follows:

2’ =z — TEV log Tpost (1 | b) + \/?EI/QQ, (13)

where (; ~ N(0, I5xq) is a vector of d-dimensional standard Gaussian random variables; X is a
symmetric positive definite matrix, and 7 is a step size which can be fixed or varied for all steps.

Adjusting the proposed samples in each step to filter them for our desired distribution with the
Metropolis-Hastings acceptance/rejection step, results in the MALA sampling algorithm [39]. The
accept-reject probability for the proposed sample 2’ can be calculated by:

Tpost (2" | D)N (2 | & — TEV log mpost (¢ | D), 272))
Tpost (Tt | )N (z¢|2! — 75V log mpest (2 | b),278) 7

After calculation of v(z' | x¢), a random number r ~ U(0,1) is drawn and in case of r <
v(z' | x¢), the proposed sample 2’ can be accepted to be stored, xy11 = 2/, and the next sample
be proposed based on it. In case of rejection, the proposed sample will be discarded and another
sample will be proposed based on the previous step.

This filtering of the samples reduces the storage need for storing all the proposed samples and
will lead to a more precise approximation of the posterior distribution.

Although the MALA sampling technique offers various properties that make it suitable for CT
reconstruction, the performance of this approach relies on selecting the appropriate step size, 7,
which is a challenge in dealing with high-dimensional data. The step size governs the extent to
which the drift of the Langevin dynamics can change. Step size 7 can be tuned such that the
method achieves better performance; however, this is non-trivial and problem-dependent. To have
a rapid convergence to the posterior distribution and the desired answer, we need to tune the step
size based on the problem and the data.

Therefore, variants of the MALA method with adaptive step size are more appealing in CT
reconstruction. We will be using the method proposed in [40], which offers an adaptive step size
mechanism that adjusts the step size during the sampling process based on local Lipschitz constants
L; and the gradient of the target distribution:

y(2'|z¢) = min(1,

|| — 41| )
|2V 1og Tpost (x4 | b) — XV 1og Tpost (x1—1 | b)|] "

7 = min{(1 + o4—1)74—1, Ly

where a4 represents the ratio between two consecutive step sizes, and L is the inverse Lipschitz
constant of the log-posterior distribution, corresponding to lipyk, and lipst,, depending on the
chosen posterior model.

Lipschitz-MALA (Lip-MALA) effectively mitigates the need for manual tuning, by adapting
the step size which enhances the robustness and convergence properties of the algorithm, making
it a promising choice for reconstruction and uncertainty quantification in CT applications, and to
the best of our knowledge, this method has not been tested on CT reconstruction applications.

Algorithm [2] describes the pseudocode for implementing the LipMALA method and shows
the algorithmic steps involved in its execution. The proposal of new samples in the LipMALA
method is based on the gradient of the log of the posterior distribution, similar to the classical
MALA. Although this method has an additional step compared to MALA, it requires no additional
computation by reusing the values that have been calculated in previous steps. Therefore, there is
no additional complexity or computation cost to the algorithm.



Algorithm 2 Metropolis-adjusted Langevin algorithm with locally Lipschitz adaptive step size

(Lip-MALA MCMC)

Require: xo, 79 > 0,0 = +00, L = 1/lip;, ¥ = Ppxn
Ensure: xg,...,TN

fort=1,..,N do
Draw vector ¢ ~ N (0, Iyxn)

Propose a sample 2’/ = z; — XV log mpost (¢ | b) + V 2r31/2¢,

Calculate the acceptance ratio v =

Tpost (z']b)

q(we|z’)

Tpost ('[0)

Generate a random number u ~ (0, 1)

if u < v then

Accept the candidate state: z;,1 = 2’

Update the step size: 7w = min{(1 + ay—1)7—1, Ly TSV Toa o

Update ay = 7¢/7—1

else

Reject the proposed sample: x;411 = oy

end if
end for

Q(l"|1’t) ’

[|lzt+1—¢]|

211]b) =XV log mpost (xt]b

The MCMC CT reconstruction process based on the LipMALA method is shown in Figure
which takes the scanned projections as an input, and the output is a volumetric model x, where

each voxel z; ;5 within this volume is assigned a distribution of gray values mpost(z; 5% | b)-

Projections

No

Propose
a sample
object x;

adapt
step size
T+ 1

yes

store
pixel-wise
gray value
Tt (ia Js k)

upper
confidence
interval

gray value
distribution
T 5.k ()

central
gray value

while h < N

lower
confidence
interval

Figure 1: Ilustration of LipMALA sampling method, incorporating adaptive step size adjustment upon acceptance
of proposed samples. Upon completion of the sampling process, the mean and variance are calculated, with the mean

representing the constructed volume and the voxel-wise uncertainty.

With the definitions of the two forms of the posterior distribution for Tikhonov and sTV
regularization, and with both being Lipschitz continuous, we can use the MALA sampling method
for accruing an approximation of the posterior distributions and @, which will give us adequate
information to compute a lower and upper confidence interval for the MAP estimates ;. and

Tsty -

In section [2| two methods were defined and in section [3| two optimization algorithms and one
sampling technique were introduced. In the next section, the results of applying these methods on




real CT data will be presented and compared.

4. Numerical results

In this section, we outline the implementation details of the methods described in the previous
sections, including the setup for regularization, optimization algorithms, and uncertainty quantifi-
cation. We begin by a description of the data acquisition process and the reconstruction algorithms
employed, followed by discussing the parameter selection for both the Tikhonov and sTV regu-
larization methods. Additionally, we present the numerical results from applying the discussed
methods to real CT data for reconstruction, followed by uncertainty determination around the
result and dimensional measurements on the parts.

4.1. Data

The data used in this manuscript are real XCT projections. Scans are acquired using a Nikon
XTH 225 ST computed tomography system. This system is equipped with a 2000 by 2000 X-ray
detector with a pixel pitch of 0.2mm.

We applied the methods on two objects: a cylindrical step gauge made out of aluminum [41] and
a 3D printed Titanium manifold part, presented in Figure 2] The step gauge block is a reference
object for dimensional measurements that is suitable for validation of the results and the manifold
is a representation of a real-life application of the method.

The lab CT system employed a cone-beam setup with N = 360 equidistant projections for the
step gauge block acquired over 360° and N = 3600 projections for the printed manifold, which was
then subsampled to N = 360 projections to create a moderate few-view data. The source-to-center
distance and source-to-detector distance were measured as 307.8mm and 1091.9mm, respectively,
for the step gauge block and 129.4mm and 1091.9mm for the manifold.

Figure 2: The aluminum cylindrical step gauge on the left, the Titanium 3D printed manifold on the right

A procedure described in [42] is used to determine the precise geometry of the XCT system. This
method involves scanning a reference object containing high X-ray absorption spheres, extracting
their projected centers in 2D detector images, and optimizing a ray-tracing model to fit the observed
data. Since a highly precise estimation of the geometrical parameters is not required for our
proposed method, alternative techniques, such as the approach presented in [43], can be employed
for parameter estimation.

We use the ASTRA toolbox [44] and Tomosipo [45] to perform forward and backward projec-
tions, as well as the FDK reconstruction.



Tikhonov sTV
standard generalise

Step gauge 0.19 0.12 0.009

Manifold 0.51 0.43 0.011

Table 2: regularization values for each method and object

4.1.1. Ground truth

To create a ground truth for a quantitative comparison between the results acquired from
different methods, we are using a high-resolution scan, denoted as b. The high-resolution scan for
the step gauge block was acquired under identical settings to the data, with the sole difference
being the number of projections. The scan was done with N = 3600 projections. The ground
truth for the printed manifold is the hight resolution original scan.

4.2. Registration

To accurately compare the reconstructed results to each other and to the ground truth, it was
essential to perform image registration for the results acquired from the step gauge block. Given
that slight misalignment between the reconstructions can occur, subpixel image translation regis-
tration was employed to ensure precise alignment [46]. Translation offset and rotation differences
between pairs of reconstruction results were calculated using the Python library scikit-image [47].
This method first estimates the cross-correlation peak using the Fast Fourier Transform, then re-
fines the shift estimation by upsampling the Discrete Fourier Transform in a small neighborhood
of the initial estimate through a matrix-multiplication approach.

This process was not necessary for the comparisons between the results from the printed man-
ifold, as the ground truth and the data is from the same scan.

4.8. Parameters

4.3.1. Noise level

The standard deviation of the likelihood distribution , o, is determined using the Python
function restoration.estimate_sigma from the library Skimage applied on the data b. This function
assumes that the noise follows a Gaussian distribution, and the estimation algorithm is based on
the median absolute deviation of the wavelet detail coefficients, as described in Section 4.2 of [48§].

4.8.2. Regularization parameter

As mentioned in section [2] the regularization parameter A controls the balance between the
regularization and the data fidelity term. The best parameter will reduce the effect of the noise in
the data while keeping the valuable features in the image. In this paper, we will use the A that
minimizes the normalized mean squared error (NMSE) computed by ||z) — 2|/3/||zx]|3 between the
regularized solution x) (which in this paper we note as g, Tstw) and the ground truth . The
ground truth 2 is the FDK reconstruction of the high-resolution scan b.

Using a grid search over a range of A values, we selected those that minimized the NMSE between
the reconstruction and the ground truth scan. Through this approach, the best-performing A values
for the step gauge block were found which are shown in Table 2]
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4.8.83. Smoothing parameter

Given the problem specification, the Huber smoothing parameter that is used for our data
is set at € = 107° for the step gauge block and ¢ = 1077 for the manifold. A smaller value
results in less smoothing, which provides a closer approximation to the standard TV regularization
problem (e = 0). However, reducing e also slows the algorithm’s convergence [23]. For a good
approximation to the TV regularization, it is sufficient for € to be small compared to the smallest
difference between neighboring pixel values, which in this study was found to be around 10~ to
1072 for the step gauge and 1076 to 1077 for the manifold. Additionally, we evaluated the effect of
¢ by comparing reconstructions at € € {1072,1073, 1074,..., 10710 }. For e <107° and € < 1077,
no substantial differences were observed for the step gauge block and the manifold, respectively.

4.4. Reconstruction results

As the first step, it is essential to establish a ground truth or benchmark against which to
compare the reconstruction results. For this purpose, we present the FDK reconstruction of the
moderate few-view data b, and also the ground truth . The reconstruction results for both parts
are shown in Figure [3] and the high-resolution scan will serve as a reference point for evaluating
the accuracy of all the other reconstruction methods.

The amount of projection data available for reconstruction indicates the difference between
the reconstruction results of the high-resolution scan b and the moderate few-view scan b. The
high-resolution scan provides much denser data, capturing more angular information and object
detail, resulting in a more accurate, higher-quality reconstruction. The lower-resolution scan, on
the other hand, has limited angular sampling, artifacts, and reduced resolution. This disparity in
the projection data leads to a noticeable difference in the reconstruction quality.

(a) Ground truth: step gauge block, high-resolution (b) FDK reconstruction: step gauge block, 360 projection

(¢) Ground truth: manifold, high-resolution (d) FDK reconstruction: manifold, 360 projection

Figure 3: Reconstruction results with FDK for the two scanned objects, high-resolution and moderate few-view

It should be noted that each time the NMSE is used for comparing a reconstruction result
with the ground truth, we perform image registration to account for any translation and rotation



differences between the two scans. By adding this step we ensure that the reconstruction and the
ground truth are aligned properly, allowing for an accurate comparison. By fixing any misalign-
ment, we avoid artificial errors in the NMSE calculation and ensure that the differences reflect only
the reconstruction quality.

As was mentioned in section [2| the generalized Tikhonov regularization outperforms the stan-
dard Tikhonov regularization, as demonstrated in Figures [4a] [AD] [5a] and Additionally, the
NMSE comparison between the standard and generalized Tikhonov methods in Table [3|and Table
[ relative to the ground truth, further highlights the superior performance of the generalized form.

The performance of the sTV regularization method surpasses that of generalized Tikhonov
in terms of reconstruction quality, as illustrated in Figure and and the comparison of the
gray value profiles in Figure [Ad] and This is further supported by the NMSE values for each
reconstruction, calculated with respect to the ground truth and presented in Table [3|and Table 4
The superior performance of sTV in preserving fine details in the object is highlighted by preserving
an artifact in the manifold, as shown in Figure [5¢] and
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Figure 4: Reconstruction results from different regularization methods on the step gauge block

Table 3: NMSE between reconstruction results and the ground truth for the step gauge block

FDK CG AGD MALA LipMALA
Unregularized 0.0219 - - - -
Standard Tikhonov - 0.0155 - - -
Generalized Tikhonov - 0.0085 - 0.0096 0.0089
Smooth TV - - 0.0050 0.0077 0.0054

Although the sTV method achieves better reconstruction results, the convergence speed of the
AGD algorithm for solving the sTV regularization is slower than the CG method used for solving
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Figure 5: Reconstruction results from different regularization methods on the 3D printed titanium manifold

Table 4: NMSE between reconstruction results and the ground truth for the manifold

FDK CG AGD MALA LipMALA
Unregularized 0.0286 - - - -
Standard Tikhonov - 0.0128 - - -
Generalized Tikhonov - 0.0101 - 0.0108 0.0104
Smooth TV - - 0.0092 0.0096 0.0094

the Tikhonov regularization, as illustrated in the residual logplot Figure [6] which compares the
rate at which the residuals of the two methods decrease for each object. This difference is due to
the fact that Tikhonov regularization is a quadratic form, while sTV is a smooth approximation
of a non-differentiable term. As we can see in Figure [} CG converges faster than AGD, with the
residuals approaching zero more rapidly. This is consistent with the known behavior of CG for
quadratic problems, where it typically converges in fewer iterations compared to gradient-based
methods like AGD. However, despite the slower convergence of AGD, the regularized sTV method
still yields superior reconstruction results due to its ability to preserve edges.

Following this, we will delve deeper into the uncertainty determination for each result, exam-
ining the voxel-wise distributions generated from the LipMALA sampling method. This analysis
will provide insights into the reliability of the reconstructed images by quantifying the uncertainty
associated with both the Tikhonov and sTV reconstructions.
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4.5. Bayesian Uncertainty Quantification

For the MALA and LipMALA methods, we performed N = 1000 and N = 500 sampling
iterations respectively, for both posterior distributions and @ for both objects, discarding
the first half as the burn-in. We observed that the MALA method required more samples for
estimating the posterior distribution. Hence, the number of samples is higher than LipMALA.
Each sampling process was initialized from the MAP estimate obtained from and . The
decision to warm-start the sampling from the MAP estimate was made to provide the algorithm
with a favorable starting point, thus minimizing the time required for the samples to converge to
the expected value, as well as reducing the storage space needed for keeping the samples. For the
MALA method, the step size is fixed on the Lipschitz constant 7ijn = lipiikn and 7ty = lipsty, for
Tikhonov and sTV regularization, respectively.

Following the sampling process, the mean u. and standard deviation w of the samples were
computed for each voxel, which we then determined a triplet of gray values: one for the central
value pc and one each for the upper uyor, and lower bound of the confidence interval urcr .

In section [2 the posterior distributions and @ were defined which both form a Gaussian
distribution. Therefore, the central value uc can be obtained by the mean gray value of the
samples drawn with the LipMALA method. Lower and upper confidence limits are given by
wucr = pe + k-uwand prorp = po — k - u, where k is the coverage factor and u is the standard
deviation of the samples. Different values for k£ can offer different confidence limits, for instance,
k = 2 provides a 0.9545 confidence limit. The mean is an approximation of the MAP estimate
Taprap, which is the reconstruction result from the sampling method, as discussed previously.

The mean of the samples for both distributions (5)) and @ representing the Tikhonov and
sTV regularization, respectively, are compared in Table |3| and Table and the corresponding
reconstruction results are shown in Figure[7] Lower NMSE values indicate that the reconstruction
result is closer to the ground truth, reflecting a more accurate reconstruction from the LipMALA
method compared to the MALA algorithm. Therefore, we will focus on the results from the
LipMALA method in the rest of this section.

In Figure[8 and [0 we plot the prcor, central value uc, and pyeyr, along two profile lines located
at the edges of the parts. These profile lines highlight the boundaries, allowing us to assess the
uncertainty in edge preservation and the accuracy of the reconstruction, particularly in regions
where sharp transitions are expected.

4.6. Dimensional measurements

Dimensional measurements are performed on the mean of the LipMALA samples and the upper
and lower confidence intervals for each object for both the Tikhonov and smooth TV methods,



(a) peo, Tikhonov regularization, step gauge block

) pe, sTV regularization, step gauge block

(¢) pe, Tikhonov regularization, manifold

(d) pe, sTV regularization, manifold

Figure 7: Mean of the LipMALA samples for the posterior distribution representing the Tikhonov and sTV regular-
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(a) 3D representation of the step gauge block (b) 3D representation of the manifold

Figure 10: VGStuido max representation of the FDK reconstruction for both objects and the measured lengths

resulting in confidence limits for the dimensional measurements.

Each volumetric reconstruction model was imported into VGStudio MAX 2024.2.1 (Volume
Graphics GmbH, Germany), and the segmentation was done on the volume with the advanced
(classic) surface determination tool with automatic material definition. The measurement was
repeated 3 times for each reconstruction and the average value of the three measurement results is
reported. The 3D reconstruction result from the FDK method rendered in VGStudio is shown in
Figure [10] for both objects, with indications of the lengths that are measured.

The dimensional measurements of the reconstructed parts are presented in Tables [5] and [6 for
the mean, upper, and lower confidence intervals for the measurements on the results from the
LipMALA sampling method for both the generalized Tikhonov and sTV regularization.

Table 5: Dimensional measurements on the mean, upper, and lower confidence limits of the step gauge block

Ground Truth Tikhonov sTV
ULCL uc UyCL UrLcrL uc UyCL
Li(mm) 3.538 3.538 3.540 3.542 3.536 3.538 3.540
Lo(mm) 3.472 3.470 3.471 3.472 3.469 3.471 3.473
L3(mm) 7.010 7.009 7.010 7.011 7.010 7.011 7.012

4.6.1. Validation of the UQ

In the previous section, we mentioned that using the coverage factor k = 2 provides a 95%
confidence interval around the mean of the distribution. This means that if the experiment is
repeated, 95% of the results are expected to fall within this interval.

We conducted an experiment by repeating the CT scan for both parts. The step gauge block
was scanned 50 times under identical settings, the manifold was scanned twice with N = 3600
projections, and 20 subsamples with N = 360 projections were created. Each scan was then



Table 6: Dimensional measurements on the mean, upper, and lower confidence limits of the manifold

Ground Truth Tikhonov sTV
ULCL uc UyCL ULCL uc uyCL
Li(mm) 4.038 3.907 3.990 4.074 3.899 3.984 4.069
Lo(mm) 26.492 26.487 26.525 26.563 26.484 26.524 26.564
L3(mm) 13.106 12.997 13.083 13.169 12.961 13.050 13.139
R (mm) 6.527 6.501 6.553 6.605 6.515 6.573 6.631

reconstructed using both the AGD and CG methods, resulting in 50 reconstructions for each
regularization method for the step gauge block and 20 reconstructions for each method for the
manifold.

Using the standard deviation of the samples from LipMALA, we calculated the 95% confidence
interval around the reconstruction. Therefore, we expect that 95% of the reconstructed results
from the experiments lie within the confidence interval provided by the LipMALA method for
both Tikhonov and sTV regularization of the corresponding object.

Since the UQ is voxel-wise, we assessed the percentage of the voxels from the 50 reconstructions
inside the scanned object and excluded the background that fell within the 95% confidence interval
generated by the LipMALA method for each method. The result showed that 86% and 87% of
the voxels of the Tikhonv and sTV regularization for the step gauge and 84% and 85% for the
manifold fell within this range, respectively, which is slightly lower than the expected 95% for both
methods.

To further visualize the UQ results, we plotted the confidence intervals around the mean of
the LipMALA samples puc for both the Tikhonov and sTV methods for both parts, focusing on a
subset of voxels in the object, as well as the voxel values of the reconstruction of the scans for the
same voxel.

For the step gauge block, we analyzed the aluminum part and the plastic compartment sepa-
rately. Five voxels from each component were randomly chosen. Therefore, there are five confidence
intervals for the aluminum part and five for the plastic compartment around it, and the intervals
from the LipMALA method are plotted in red. The same voxels were chosen from the 50 scans
as well, meaning there are 50 values for the same voxels plotted in green dots. These confidence
interval plots are presented in Figure for Tikhonov regularization and Figure and
presenting the results from the sTV method, providing a clearer insight into the uncertainty across
different regions of the object.

For the manifold, five voxels from the object were randomly chosen and, with the same principle
as the step gauge block, are presented in Figure and for the generalized Tikhonov and sTV,
respectively.

To achieve additional insight into the voxel-wise UQ attained by the LipMALA method, Figure
presents the chains of the samples after discarding the burn-in samples for selected voxels within
the reconstructed volume for both posterior distributions and @ For the step gauge block,
two voxels were chosen: one from the plastic compartment and one from the aluminum apart,
while for the manifold, a single voxel within the object was selected. The plots show the sample
trajectories over the iterations of the MCMC process. The dashed horizontal lines indicate the
95% credibility intervals based on the empirical standard deviation of the samples for each voxel.
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Figure 13: Comparison between voxel-wise distributions obtained from repeated scans and LipMALA sampling for
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row: manifold. Blue histograms: LipMALA sample distributions; blue curves: observed distributions from repeated
scans. Red dashed lines indicate the 95% credibility intervals from LipMALA, and red dashed lines show the 95%
confidence intervals from the repeated scans.

In addition to the chain traces, histograms of the corresponding sample distributions provide a
visual approximation of the posterior distributions estimated by the LipMALA samples. Overlaid
in red curve is the distribution of voxel values observed across repeated scans, representing a
benchmark for evaluating the performance of the sampling method. As can be seen, the red
distributions are consistently wider than the posterior approximations obtained from the LipMALA
samples. This is more highlighted by the green dashed lines showing the 95% confidence limit from
the repeated scans compared to the red dashed line representing the 95% confidence limit from the
LipMALA method. This suggests that the observed voxel variability observed in repeated scans
captures additional sources of uncertainty not fully accounted for by the posterior models used in
this study, having a bigger confidence limit showing more sources of uncertainty.

The dimensional measurements on the reconstruction of both objects are validated by a similar
principle, using the mean, upper, and lower confidence intervals of the measurements done on
the repeated 50 scans reconstructed with both regularization methods. The measurement results
are presented in Tables [7] and [§ for the step gauge block, and Tables [J] and [I0] for the manifold,
present measurements with their confidence limit for a clear comparison between the performance
of the LipMALA sampling method and repeating the experiment for determining the measurement
uncertainty. It is expected that 95% of the dimensional measurements on the 50 reconstruction
results from each method should lie within the confidence interval calculated from the LipMALA



samples. However, when calculating the actual percentage, we observed that only 85% and 86% of
the measurements on reconstructions of the step gauge block and 83% and 84% of the measurements
on the reconstruction of the manifold, from Tikhonov and sTV regularization, fell within the
corresponding intervals, respectively.

This discrepancy is reasonable for several reasons. First, only 50 scans may not be sufficient to
approximate the true distribution of the reconstructions. Second, the UQ calculations primarily
account for noise, but other factors, such as geometrical variations or limited focal spot size or
spectrum, can also influence the reconstructions. Although we took measures to minimize the
geometrical factors by aligning the reconstruction results through image registration and ensuring
accurate geometric parameters, their effect was still present. Despite these challenges, achieving
this accuracy in a real-data experiment demonstrates the capability of our UQ method to address
practical uncertainties in CT reconstruction effectively.

Table 7: Dimensional measurements on the repeated scans, lower and upper confidence limits, step gauge block

Tikhonov sTV
ULCL uc UyCL UrLCL uc UyCL
Li(mm) 3.537 3.539 3.541 3.536 3.538 3.540
Lo(mm) 3.469 3.471 3.473 3.469 3.471 3.473
L3(mm) 7.009 7.010 7.011 7.010 7.011 7.012

Table 8: Comparison of the dimensional measurements and their confidence limits between the sampling results and

the repeated scans for the step gauge block

Tikhonov sTV
samples repeated scans samples repeated scans
Li(mm) 3.540 £+ 0.002 3.539 + 0.002 3.538 £ 0.002 3.538 +£0.002
Lo(mm) 3.471 £ 0.001 3.471 4+ 0.002 3.471 +0.002 3.471 £ 0.002
L3(mm) 7.010 £ 0.001 7.010 £ 0.001 7.011 £ 0.001 7.011 £ 0.001

Table 9: Dimensional measurements on the repeated scans, lower and upper confidence limits, manifold

Tikhonov sTV
UrLCcrL uc uyCcL ULCL uc uyCL
Li(mm) 3.919 4.014 4.109 3.904 4.001 4.098
Lo(mm) 26.466 26.524 26.582 26.451 26.512 26.573
L3(mm) 12.978 13.074 13.171 12.940 13.037 13.134
R(mm) 6.473 6.539 6.605 6.498 6.576 6.652



Table 10: Comparison of the dimensional measurements and their confidence limits between the sampling results
and the repeated scans for the manifold

Tikhonov sTV
samples repeated scans samples repeated scans
Li(mm) 3.990 £ 0.083 4.014 + 0.095 3.984 + 0.085 4.001 £+ 0.097
Lo(mm) 26.525 + 0.038 26.524 + 0.058 26.524 £+ 0.04 26.512 £+ 0.061
L3(mm) 13.083 + 0.086 13.074 + 0.096 13.050 + 0.089 13.037 + 0.097
R(mm) 6.553 + 0.052 6.539 + 0.066 6.573 + 0.058 6.576 + 0.076

4.7. Discussion

In this study, the primary aim was to determine the measurement uncertainty caused by noise
with computationally feasible techniques that are practical in facing real industrial CT data. We fo-
cused on two common prior distributions, the Gaussian and Laplacian, which lead to the Tikhonov
and sTV regularization methods, which are differentiable and effective for achieving reliable results
while maintaining edge features. These methods were chosen for their simplicity and robustness,
as well as their compatibility with the Bayesian framework employed in this work. Advanced reg-
ularization techniques designed for better preservation of fine details could be considered in future
studies. While such techniques may change the form of the posterior distribution, the flexibility of
MCMC methods makes them adaptable to these changes. In case the posterior is differentiable,
the LipMALA method is a suitable and efficient option, as shown in this study. In cases where the
posterior distribution is non-differentiable, alternative MCMC sampling techniques are available.

The Bayesian framework offers considerable flexibility to tailor the posterior distribution to spe-
cific needs or the characteristics of the object being scanned. For instance, a model can be adapted
to preserve intricate details in more complex objects. In this work, we selected a well-manufactured
object for validation of the results, designed for dimensional measurements, minimizing the effects
of defects, artifacts, and pores on the final uncertainty quantification. The manifold is selected as
a real-life example of the applications of the method.

In choosing the MCMC method, we focused on the Langevin family of techniques adapted by
the Metropolis acceptance/rejection step. The choice of the Langevin family is due to employing
the gradient information of the posterior distribution, which guides the samples to the parts with
a higher probability, resulting in a more efficient sampling process. Additionally, each sample is
checked by the acceptance probability from the Metropolis method, which again reduces the number
of samples needed to be stored for further analysis. With a fixed step size for this sampling method,
we have the MALA method. Although the MALA method offers various benefits, the manual tuning
of the step size for the CT reconstruction problem requires effort. The LipMALA method offers
an adaptive step size property, which not only eliminates manual step size tuning but also reduces
the number of samples needed for a reliable estimation of the posterior distribution.

The choice of the prior distribution also affects the uncertainty introduced by the numerical
algorithms used to calculate the MAP estimate. The CG method, which finds the MAP from
the Gaussian distribution, and the AGD method, which calculates the MAP from the Laplacian
distribution, differ in their convergence properties. This leads to variations in the confidence
intervals around dimensional measurements. This highlights the interplay between regularization,
optimization algorithms, and the resulting uncertainty.



Overall, the Bayesian framework demonstrated in this work is adaptable and versatile, capable
of addressing multiple error sources. By focusing on UQ caused by noise, we showcased how the
LipMALA method can efficiently handle real CT data, providing a strong foundation for extending
this approach to include systematic errors or more sophisticated model assumptions in the future.

5. Conclusion

In this paper, we demonstrated the superior performance of sTV regularization over Tikhonov
regularization in the context of CT image reconstruction. sTV regularization proved to be more
effective in preserving edges and structural details, making it suitable for applications requiring
high accuracy in details. In contrast, Tikhonov regularization produced smoother but less detailed
reconstructions.

For the determination of the uncertainty around the result, we employed the Bayesian approach
with Langevin sampling techniques, specifically the Metropolis-adjusted Langevin methods. By
automating the step size tuning process with respect to the Lipschitz constant of the distribution,
the LipMALA method overcame a key limitation of standard MALA by eliminating the manual
adjustment of the step size, facilitating the sampling process while improving efficiency. This
adaptive approach significantly reduced the number of samples needed to estimate the posterior
distribution, enabling computationally feasible and robust UQ for real CT data.

Furthermore, the efficiency of LipMALA, compared to traditional methods like Monte Carlo
simulations, allowed us to handle real-world data and provide detailed UQ in the form of upper
and lower confidence intervals derived from the posterior distribution. These confidence intervals
proved valuable for conducting dimensional measurements on the reconstructed images, ensuring
reliable and practical results.

Our method combines regularization techniques with an optimized sampling approach to offer
a comprehensive UQ framework for industrial CT applications. By addressing the complexities of
real data while maintaining computational efficiency, this framework demonstrates its potential for
accurate and practical UQ in a variety of settings.

Future work could extend this approach to incorporate additional sources of uncertainty, such
as geometrical parameters, into the Bayesian framework. This would further enhance the method’s
versatility and its ability to handle a broader range of applications.
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