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Abstract
Joint inverse problems occur in many practical situations, where different modalities are
used to image the same object. Structural similarity is a way to regularize such joint inverse
problems by imposing similarity between the images. While structural similarity has found
widespread use in many practical settings, its theoretical foundations remain underexplored.
This study develops an over-arching formulation for these types of problems and studies
their well-posedness via the Direct Method from the calculus of variations. We focus in
particular on lower semi-continuity and coerciveness as essential properties for the well-
posedness of the variational problem in Wm,p and SBV . Here quasiconvexity and growth
properties of the structural similarity quantifier turns out to be essential. We find that the use
of gradient-difference, cross-gradient or Schatten norms as structural similarity quantifiers
is theoretically justified. A generalized form of the cross-gradient that inherently works on
N coupled problems is introduced.

Keywords Inverse problems · Structural similarity · Regularization · Cross-gradient

Mathematics Subject Classification 86A22 · 49K40

1 Introduction

In an inverse problem we are given data, d , and the is aim to find a corresponding image, u,
that satisfies the informal equation

K(u) = d,

with K a given operator. There are many situations where multiple measurements via similar
or different data-gathering techniques are performed of the same object. This naturally leads
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to a number of distinct inverse problems where data d1, . . . , dN are measured from the same
object. In the applications envisioned here, ui : Ω → ℝ represent images defined on a given
(Lipschitz) domain Ω ⊂ ℝ

n, and the data di are related to them via given operators Ki .
Naively, one can solve the N inverse problems separately for the best solutions u1, . . . , uN ,
but this approach fails to capture the fact that u1, . . . , uN all describe the same underlying
object.

In joint inversion [21], we couple the N separate inverse problems by exploiting the fact
that u1, . . . , uN share some underlying structure. This idea has found many practical applica-
tions in geophysical reconnaissance [1, 15–18, 20, 21, 23, 30, 31, 34–36], medical imaging
[4, 5, 7, 12, 13, 24, 25, 37] and image enhancement [9, 22, 27]. There are some theoretical
indications for why joint inversion improves on separate inversion, but a complete theory
does not exist. In [14], for example, the authors prove that for self-adjoint compact opera-
tors, the joint problem is at most as ill-posed as the worst separate problem, and often less
ill-posed.

In broad terms there are two approaches to joint inverse problems; Model Fusion (MF)
and Structural Similarity (SS). Mathematically, MF [4, 5, 24] (sometimes referred to as
Mutual Information [37]) is based on an explicit coupling of the individual images u1, . . . uN

and therefore relies heavily on explicit domain knowledge. The focus of this paper is on the
latter approach, in which joint structure is captured by devising a regularization functional
that promotes joint structures of the images (e.g., shared edges). Examples include inverting
MRI anatomical information together with PET-scan functional information [6, 10, 12, 13,
28], multi-channel imaging, where we can regard RGB-valued images as three quantities
d1, d2, d3 corresponding to the same image [9, 22], or joint inversion of a low resolution
gray-value image along with a high resolution pan-chromatic image [3, 29]

Intuitively, the added information of similar structure, when applicable, should lead to a
better solution to the coupled inverse problem compared to the solutions of the individual
inverse problems. This has been shown through numerical experiments for many applica-
tions (for examples, see [17, 20, 35]). The practical details of how structural similarity of
parameter fields are measured can be completely different within disciplines and across ap-
plications, for example comparison of gradient fields in an analytic framework, or relative
entropy (Kullback-Leibler divergence) in statistics. Moreover, the published results mainly
focus on numerical results and do not present general mathematical analysis of the underly-
ing variational problems.

The aim of this paper is to define a general variational framework which encapsulates
these different joint formulations of the inverse problem, and determine criteria which leads
to the well-posedness of the resulting variational problem. Additionally, we introduce new
regularization functionals that take into account the assumed structural similarity present in
the problem and investigate the theoretical properties (quasi-convexity, coercivity, and Cp

growth conditions) of these and previously used structural regularizers. We show explicitly
which regularization functions lead to well-posed problems in Wm,p(Ω) and SBV (Ω) and
give reasons why other previously used regularization functionals might lead to ill-posed
problems.

The variational formulation of the joint inverse problem that we study consists of a data
and a regularization term and is given by

arg min
u∈ℬ

∥Ku − d∥2
ℋ + αJ (u), (1)

where u = (u1, . . . , uN) denotes a multi-channel image, d = (d1, . . . , dN) denotes the cor-
responding data, ℬ = ℬ1

⨁︁
1 · · ·⨁︁1 ℬN where ℬi ∈ {Wm,p(Ω),SBV (Ω)} are Banach, ℋ
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Hilbert, K : ℬ → ℋ is a bounded linear operator, α > 0 the regularization parameter, and
J : ℬ → ℝ∞ the regularization term. We focus in particular on functionals J of the form

J (u) :=
∫︂

Ω

f (∇u(x))dx + ε

N∑︂

i=1

TV(ui) (2)

where ∇u(x) = (∇u1(x), . . . ,∇uN(x)) ∈ ℝ
n×N , ε ≥ 0 and TV denoting the total variation

functional. Many variations of (1) are possible, not limited to considering c∥ · ∥s
ℋ for general

c > 0, s > 1 or adding additional regularization terms in J . We have chosen the squared
Hilbert norm as this is the natural generalization of a least-squares data-fit from Euclidean
space to general Hilbert spaces and for ease of notation. Additionally, the focus of the new
results is the specific form of J (u) incorporating structural similarity and we implicitly
assume well-posedness of the data fit. As we only concern about the well-posedness of the
inverse problem, the exact form of the data fitting term is largely irrelevant as long as a
ℋ-norm is used and the lower semi-continuity of the norm w.r.t. the topology on ℋ (see
Theorem 1). Algorithmic considerations such as the choice of α and optimization methods
are of practical importance but fall outside the scope of this work. The integrand is defined
by a proper f : ℝn×N → ℝ

+∞ = [0,∞]. Note that this assumption on f implies properness
of J . The exact meaning of the ∇ operator is dependent on the space ℬ, being either a weak
derivative for Wm,p(Ω) or the approximate differential for SBV (Ω). BV (Ω) would be an
additional natural choice as ℬ. However, to get weak-∗ compactness of BV (Ω), a singular
part would have to be included in J to have any hope of l.s.c. This is due to difficulties
with approximations of the Cantor part of ∇b, b ∈ BV (Ω) by Sobolev functions. Assuming
the Cantor part to be zero leads to the SBV (Ω) formulation. The main aim of the paper
is to prove the well-posedness of the variational problem given in (1) for various choices
of f and the underlying function space. Progressive conditions are established regarding
existence, uniqueness, and stability of a minimizer. This is accomplished using a result on
the existence of minimizers in variational problems and methods from the multi-variable
Direct Method of the Calculus of Variations.

The paper is organized as follows. In Sect. 2 we set the stage for the main results by
introducing notation and reviewing some known results from calculus of variations that we
need later on. In Sect. 3 we present the regularizers that we treat in this paper. The main
results are presented in Sect. 4. Finally, Sect. 5 concludes the paper.

2 Prerequisites

Our joint (complete) spaces ℬ,ℋ are constructed from the individual Banach and Hilbert
spaces ℬi ,ℋi , i = 1, . . .N , with N ∈ℕ as follows.

∥u∥ℬ :=
N∑︂

i=1

∥ui∥ℬi
, (3)

⟨h1, h2⟩ℋ :=
N∑︂

i=1

⟨hi
1, h

i
2⟩ℋi

. (4)

In this paper we assume similarity of all Banach components and only look at the special
cases where they are either a Sobolev space or the space of special functions of bounded
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variation, i.e., we let ℬ1 = · · · = ℬN ∈ {Wm,p(Ω),SBV (Ω)}. There are no additional as-
sumptions on ℋ. There are natural choices for τℬi

as weak topologies and τℋi
as norm

topologies but other options are available. Whenever a ℋi is infinite-dimensional, one might
want to fit against the weak topology on ℋi or a more restricted class of solutions ℬ′ ⊂ ℬ is
desired, whose properties can be embedded into τℬi

. Note that this leads to a large class of
possible K as there are many linear continuous operators over these spaces (see any of the
previously linked papers for examples).

To prove the existence of minimizers of the variational problem given in (1) the standard
result below will be applied.

Theorem 1 (Existence of a minimizer [11]) Let ℬ a Banach space and ℋ a Hilbert space as-
sociated with the topologies τℬ, τℋ. Assume the pair (ℬ, τℬ) has the property that bounded
sequences have τℬ-convergent subsequences. Moreover, assume the norm on ℋ is τℋ-l.s.c.
and that the operator K : ℬ → ℋ is linear and sequentially continuous with respect to the
topologies τℬ and τℋ. Let d ∈ ℋ, α > 0. Furthermore, let J : ℬ → ℝ

+∞ satisfy the following
properties

• J is lower-bounded and proper,
• J is coercive or (K,J ) is (mean) coercive in the sense of Lemma 2.
• J is τℬ-l.s.c.,

If all these conditions are met, then the functional defined in (1) has a minimizer.

Lemma 2 (Mean coercivity [11]) Let K : ℬ → ℋ linear, J : ℬ →ℝ
+∞ and d ∈ ℋ. Let p0 ∈ ℬ∗

(the topological dual), and b0 ∈ ℬ, such that ⟨p0, b0⟩ = 1, and b0 /∈ 𝒩 (K) (the null space of
K), chosen such that J is coercive on

ℬ0 := {b ∈ ℬ | ⟨p0, b⟩ = 0},
in the sense that for b ∈ ℬ

∥b − ⟨p0, b⟩b0∥ℬ → ∞ =⇒ J (b) → ∞.

If these choices can be made we say that the pair (K,J ) is mean coercive.

We define a set of assumptions defining our optimization setting and which we refer
throughout.

Assumption 3 (Minimal Setting) We make the following blanket assumptions

• Ω ⊂ ℝ
n open, bounded and Lipschitz.

• ℋ := ⊕N
i=1ℋi , with ℋi , i = 1, . . .N Hilbert with τℋi

l.s.c. norms.
• K : ℬ → ℋ a (K,J ) mean coercive bounded linear operator that is sequentially continu-

ous w.r.t. τℬ, τℋ.

To apply Theorem 1 we shift the necessary requirements from the joint versions K,ℬ,ℋ
to properties on the components Ki,ℬi ,ℋi , i = 1, . . . ,N .

Corollary 4 (Joint construction) Let N ∈ ℕ. Take ℬ,ℋ constructed via (3) and (4). Let
K1, . . . ,KN be bounded linear operators that are sequentially continuous with respect
to topologies on (ℬ1,ℋ1), . . . , (ℬN,ℋN) respectively. Let the norms on ℋ1, . . . ,ℋN be
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τℋ1 , . . . , τℋN
lower semi-continuous. Let (ℬ1, τℬ1), . . . , (ℬN, τℬN

) have the property that
bounded sequences have convergent sub-sequences. Let K : ℬ ↦→ ℋ, (u1, . . . , uN) ↦→
(K1u1, . . . ,KNuN) be an operator that is linear and sequentially continuous w.r.t. τℬ, τℋ.
Then the existence of a minimizer of the Tikhonov-type regularization is only dependent on
the properties of J and on whether (K,J ) is mean coercive.

Proof Let τℬ be the product topology of τℬ1 , . . . , τℬN
. We have assumed that ℬ1, . . . ,ℬN

are compact spaces (w.r.t. the respective topologies), since the finite direct sum of compact
spaces is compact we have that ℬ is compact wrt τℬ . Since l.s.c. works piece-wise also
the norm on ℋ is l.s.c. w.r.t. to the product topology τℋ. By construction, K is linear and
sequentially continuous w.r.t. the topologies. All other necessary conditions in Theorem 1
are related to J and the result follows. □

Remark 1 For uniqueness of the minimizer of (1) injectivity of K together with convexity
of J or strict convexity of J is sufficient. We also consider the stability of the minimizer,
i.e. where continuous perturbations in the data d ∈ ℬ lead to continuous changes in the
minimizer. The τℬ-l.s.c. of both J and the data term provide continuous dependence as long
as dj → d strongly implies dj → d in τℋ [11].

In order to apply Theorem 1 we first observe that J as defined in (2) is proper and
bounded from below by construction. Furthermore, for ϵ > 0 it is coercive. The remaining
ingredient is to establish lower semi-continuity of functionals of the form (2) in Wm,p(Ω)

and SBV (Ω). These are included below in Theorems 6 and 7. Here the notions of a function
being Carathéodory, quasiconvex or satisfying certain growth conditions come into play and
are defined below.

First, as compactness of the topology τℬ on ℬ is necessary in Theorem 1 and SBV (Ω)

with the weak-∗ topology is not compact, a technical result about the subset of SBV (Ω)

that is compact (w.r.t. to the weak-∗ topology) is included in Theorem 5. Note that Wm,p(Ω)

is compact (w.r.t. to the weak topology) for p ∈ (1,∞),m ∈ℕ and Ω Lipschitz, so there are
no complications in this case.

To apply Theorem 1 in the case of optimizing over SBV (Ω) the sizes of the jump sets
need to be curtailed in the weak limit for there to be a minimizer.

Theorem 5 (Compactness of SBV (Ω) [2]) Let Ω ⊂ ℝ
n be open, bounded with ∂Ω Lips-

chitz. Let φ : [0,∞) → [0,∞], θ : (0,∞) → (0,∞] be lower semi-continuous increasing
functions with

lim
t→∞

φ(t)

t
= ∞, lim

t→0

θ(t)

t
= ∞.

Let (uh)h ⊂ SBV (Ω), with ∥uh∥∞ uniformly bounded in h. Additionally,

sup
h

{︄∫︂

Ω

φ(|∇uh|)dx +
∫︂

Juh

θ(|u+
h − u−

h |)dHn−1

}︄

< ∞,

where the jump set Juh
is the set where Djuh ≠ 0 and we integrate against the n − 1-

dimensional Hausdorff measure Hn−1. Then there exists a subsequence (uh(k))k weakly−∗
converging in BV (Ω) to u ∈ SBV (Ω). Additionally, the approximate gradients ∇(uh)h

weakly converge to ∇u in [L1(Ω)]N and (Djuh)h weakly−∗ converge to Dju in Ω.
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So any subset (uh)h ⊂ SBV (Ω) that is uniformly bounded in ∞-norm with corre-
sponding functions φ, θ that satisfy the conditions above is an admissible component
ℬi , i = 1, . . . ,N with the weak-∗ topology. As φ, θ respectively relate to the two separate
parts of the weak gradient Da,Dj . Theorem 5 can be used solely using one of the functions
φ, θ to determine convergence in their respective parts.

Next, we need a few definitions to help us define conditions under which functionals of
the form (2) are l.s.c.

Definition 1 (Carathéodory functions [2]) Let f : S ⊆ ℝ
N ×ℝ

N×n → ℝ be a function. We
say that f is Carathéodory if f is ℒN ×𝔹(ℝN×n) measurable and s → f (x, s) is continuous
in ℝ

N×n for ℒN almost every x ∈ S. Here ℒ denotes the Lebesgue measure and ℬ the Borel
σ -algebra.

Remark 2 S = ∅ is also allowed and since the functions considered depend only on ∇u = ξ

the definition above naturally includes functions of type f :ℝN×n → ℝ.

Definition 2 (Joint convexity [8]) A function f :ℝN×n →ℝ
+∞ is said to be jointly convex if

f (λξ + (1 − λ)η) ≤ λf (ξ) + (1 − λ)f (η),

for every λ ∈ [0,1], ξ, η ∈ ℝ
N×n.

Note that this is the usual formulation of convexity with N = 1 or n = 1, in this case
Definitions 2, 3, and 4 are all equivalent.

Definition 3 (Polyconvexity [8]) A function f : ℝN×n → ℝ
+∞ is said to be polyconvex if

there exists F :ℝτ(n,N) →ℝ
+∞ jointly convex, such that

f (ξ) = F(T (ξ)),

where T :ℝN×n →ℝ
τ(n,N) is such that

T (ξ) := (︁ξ, adj2 ξ, . . . , adjn∧N ξ
)︁
. (5)

Here adjs ξ stands for the matrix of all s × s minors of the matrix ξ ∈ ℝ
N×n (See Defini-

tion 6), 2 ≤ s ≤ n ∧ N := min{n,N} and

τ(n,N) :=
n∧N∑︂

s=1

σ(s), where σ(s) :=
(︃

N

s

)︃(︃
n

s

)︃

= N !n!
(s!)2(N − s)!(n − s)! . (6)

Definition 4 (Quasiconvexity [8]) A Borel measurable and locally bounded function f :
ℝ

N×n →ℝ
+∞ is said to be quasiconvex if

f (ξ) ≤ 1

ℒn(Θ)

∫︂

Θ

f (ξ + ∇φ(x))dx, (7)

for every bounded open set Θ ⊂ ℝ
n, for every ξ ∈ℝ

N×n and for every φ ∈ W
1,∞
0 (Θ).
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Polyconvexity is more general than joint convexity but stricter than quasiconvexity. Poly-
convexity is often easier to prove as only a valid F has to be found instead of providing
estimates of the “energy” functional in (7). A notable example of a polyconvex function that
is not jointly convex are determinants of square matrices. Quasiconvexity turns out to be
the right generalization of usual convexity if one wants to preserve correspondence with the
l.s.c. of integral functionals(see Theorems 6 and 7).

Definition 5 (Growth conditions [8]) Let f : ℝN×n → ℝ
+∞ and 1 ≤ p ≤ ∞. Then f is said

to satisfy growth condition
(︁
Cp

)︁
for 1 < p < ∞ if

−α (1 + |ξ |q) ≤ f (ξ) ≤ α (1 + |ξ |p) ∀ξ ∈ℝ
N×n,

for some α ≥ 0,1 ≤ q < p.
For p = ∞, the condition is

|f (ξ)| ≤ η(|ξ |) ∀ξ ∈ℝ
N×n,

where η : [0,∞) →ℝ is a continuous and increasing function.
For p = 1, the condition is

|f (ξ)| ≤ α(1 + |ξ |) ∀ξ ∈ℝ
N×n

where α ≥ 0.

Theorem 6 (l.s.c. in W 1,p [8]) Let p ∈ [1,∞]. Let f : ℝN×n → ℝ
+∞ be Carathéodory, quasi-

convex and satisfying growth condition
(︁
Cp

)︁
. Let Ω ⊂ℝ

n be a bounded open set and

J (u) :=
∫︂

Ω

f (∇u(x))dx.

Then J is weakly lower semi-continuous in
[︁
W 1,p (Ω)

]︁N
(weak-∗ lower semi-continuous

if p = ∞), i.e.

lim inf
uν→u

J (uν) ≥ J (u).

Note the minor conditions on Ω, namely it being bounded and open. There are results
that also hold for unbounded Ω but the growth restrictions become more cumbersome in this
case [8]. For Sobolev spaces with higher order m > 1, we can apply the same result because
of the compact embeddings Wm,p ↪→ W 1,p .

The requirements for l.s.c. in SBV (Ω) are a bit more complicated, with an additional
bound on the size of the jump sets.

Theorem 7 (l.s.c. in SBV [2]) Let f :ℝN×n → [0,∞) be Carathéodory with

c|ξ |p ≤ f (ξ) ≤ C(1 + |ξ |p), (8)

for all ξ ∈ℝ
N×n for some p > 1, c,C > 0. If f is quasiconvex with respect to ξ then

J (u) :=
∫︂

Ω

f (∇u(x))dx

is weakly lower semi-continuous for sequences uh ∈ [SBV (Ω)]N converging to u ∈
[SBV (Ω)]N with Hausdorff measure suph HN−1(Juh

) < ∞.
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Remark 3 For functions f only depending on the gradient ξ the upper bound in (8) is equiv-
alent to the upper bound of the Cp growth condition. Whereas when working in Wm,p , for
Cp we can have negative q-growth with q < p, for functions in SBV the lower bound in the
equation above is much more strict. However, applying Theorem 7 to

fε(x,u, ξ) := ε|ξ |r + f (x,u, ξ) (9)

and then taking the limit ε ↓ 0 we get the equivalent lower bound

0 ≤ f (x,u, ξ).

So for non-negative functions f only depending on the gradient, we have Cp =⇒ (8) with
the given p.

Lemma 8 shows that including the TV term preserves l.s.c. in W 1,p and SBV .

Lemma 8 (TV contribution preserves l.s.c.) Let p ∈ [1,∞],Ω ⊂ ℝ
n be open and bounded.

Let f :ℝN×n → ℝ
+∞ be as in Theorem 6 such that

J (u) :=
∫︂

Ω

f (∇u(x))dx.

is l.s.c. in W 1,p(Ω;ℝN). Then the functional given by

J (u) :=
∫︂

Ω

f (∇u(x))dx + ε

N∑︂

i=1

TV(ui)

with ε ≥ 0 is also l.s.c in W 1,p(Ω). In addition, the same is true when we replace
W 1,p(Ω;ℝN) by SBV (Ω).

Proof In Appendix A □

Remark 4 There is a straightforward extension for the lower semi-continuity (l.s.c.) results
Theorems 6, 7 and Lemma 8 to include f also being dependent on x,u(x), see [8, 33].

3 Structural Regularisation

Now that we have established generic conditions under which functionals of the type (2)
are l.s.c. in either Wm,p(Ω) or SBV (Ω), we will give an overview of specific choices for
f :ℝN×n → ℝ

+. In this paper only the choices for the structural regularizer f that lead to a
well-posed problem are included (Although an extended list of regularizers investigated that
do not give well-posedness is included in Appendix C). The variable ξ ∈ ℝ

N×n is indexed
over both components with superscripts ξ j , j = 1, . . . ,N denoting the column vector and
subscripts ξi, i = 1, . . . , n denoting the row vector.

We first define the Total Variation-based regularizers (Total Nuclear Variation, Total Vec-
torial Variation, and Total Spectral Variation):

fT NV (ξ) := ∥ξ∥1, (10)
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fV T V (ξ) := ∥ξ∥2, (11)

fT SV (ξ) := ∥ξ∥∞, (12)

where

∥G∥ℓp :=
(︄

min{n,N}∑︂

i=1

σ
p

i

)︄1/p

(13)

is the Schatten-p norm. These have been used before mainly in image enhancement [9, 19,
22, 32].

Next, we define the Gradient Difference, Cross-Gradient, and Nambu functionals, which
are only defined for N = 2.

fGD(ξ) :=
n∑︂

i=1

⃓
⃓ξ 1

i − ξ 2
i

⃓
⃓2 =

n∑︂

i=1

∥ξ 1
i ∥2 + ∥ξ 2

i ∥2 − 2⟨ξ 1
i , ξ 2

i ⟩ (14)

fCG(ξ) := (ξ 1 × ξ 2)2 := ∥ξ 1∥2∥ξ 2∥2 − ⟨ξ 1, ξ 2⟩2, (15)

fNambu(ξ) := |ξ 1 × ξ 2|. (16)

We can readily extend these for N ≥ 2 by applying them pair-wise:

fjGD := 1

2

∑︂

i=1,...,N

∑︂

j=1,...,i

fGD(ξ i, ξ j ), (17)

fjCG(ξ) := 1

2

∑︂

i=1,...,N

∑︂

j=1,...,i

fCG(ξ i, ξ j ), (18)

fjNambu(ξ) := 1

2

∑︂

i=1,...,N

∑︂

j=1,...,i

fNambu(ξ
i, ξ j ). (19)

Finally, we present the following generalizations of the Cross Gradient and Nambu func-
tionals for N ≥ 2

fgCG(ξ) :=
∑︂

β∈IN
min{N,n}

∑︂

α∈In
min{N,n}

(︁
(adjmin{N,n}ξ)β

α

)︁2
, (20)

fgNambu(ξ) :=√︁fgCG(ξ), (21)

where

I a
b := {(α1, . . . , αb) ∈ℕ

b : 1 ≤ α1 < α2 < · · · < αb ≤ a},
is the set of all increasing b-tuples up to a and we have the following definition.

Definition 6 (Adjugate matrices) The adjugate matrix of order s, adjsξ ∈ℝ

(︁N
s

)︁×(︁ns
)︁

is defined
to be

adjsξ =

⎛

⎜
⎜
⎜
⎝

(︁
adjsξ
)︁1

1
. . .
(︁
adjsξ
)︁1
(︁n
s

)︁

...
. . .

...
(︁
adjsξ
)︁(︁N

s

)︁

1
. . .
(︁
adjsξ
)︁(︁N

s

)︁

(︁n
s

)︁

⎞

⎟
⎟
⎟
⎠

.
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Where

(︁
adjsξ
)︁i
α

= (−1)i+α det

⎛

⎜
⎝

ξ i1
α1

. . . ξ i1
αs

...
. . .

...

ξ is
α1

. . . ξ is
αs

⎞

⎟
⎠ ,

and (i1, . . . , is), (α1, . . . , αs) are such that φN
s (i) = (i1, . . . , is), φ

n
s (α) = (α1, . . . , αs).

The cross-gradient and Nambu functional (also fjGD to a lesser extent) have been widely
used before in medical imaging and geosciences [1, 13, 15, 17, 18, 20, 23] but only in the
case N = 2 where only two coupled inverse problems are considered at a time and a sum
over all pairs is used as cost function (see definition of fjCG,fjNambu). There have also been
investigations for N = 3 using RGB-images, [9, 26] via the Nambu functional and parallel
level sets. The parallel level sets and other widely used structural quantifiers unfortunately
do not lead to jointly convex f and hence should be tackled with other methods (See Ap-
pendix C). The generalized definitions for fgCG and fgNambu that preserve quasi-convexity
are novel to the knowledge of the authors.

The necessary properties for the integrand functions f are proven in the lemma below.
Note that these functions can be seen to be Carathéodory from the definitions.

Lemma 9 Let N,n ∈ℕ, then

1. fT NV ,fT SV , fV T V satisfy growth condition C1 and are jointly convex.
2. fjGD satisfies growth condition C2 and is jointly convex.
3. fjCG satisfies growth condition C4 and is polyconvex.
4. fjNambu satisfies growth condition C2 and is polyconvex.
5. fgCG satisfies growth condition Cmin{N,n}2 and is polyconvex.
6. fgNambu satisfies growth condition Cmin{N,n} and is polyconvex.

Note that polyconvexity or joint convexity imply separate convexity for the functions
above.

Proof See Appendix B □

4 Main Results

Theorem 10 (Well-posedness in W 1,p(Ω)) Assume 3. Take as Banach space
ℬ =⨁︁N

i=1 Wm,p(Ω),p ∈ (1,∞) with the corresponding weak topology on each compo-
nent. d ∈ ℋ, u = (u1, . . . , uN) ∈ ℬ, α > 0, ϵ > 0. Let J : ℬ →ℝ

+∞ be given by

J (u) :=
∫︂

Ω

f (∇u(x))dx + ϵ

N∑︂

i=1

T V (ui),

with f ∈ {fV T V , fT NV , fT SV , fjGD,fjCG,fjNambu, fgCG,fgNambu}. Then

arg min
u∈ℬ

∥Ku − d∥2
ℋ + αJ (u)

admits a solution.
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Secondly, this minimizer is unique if K is injective and f ∈ {fT NV ,fT SV , fV T V }.
Furthermore, if τℋi

is weaker than the norm topology in ℋ for all i = 1, . . .N then the
problem is stable. In the sense that if dj → d in ℬ, then

arg min
u∈ℬ

(︁∥Ku − dj∥2
ℋ + αJ (u)

)︁→ arg min
u∈ℬ

(︁∥Ku − d∥2
ℋ + αJ (u)

)︁

in τℬ .

Remark 5 As fV T V , fT NV and fT SV are themselves coercive the result still holds for ϵ = 0.
For the other f strict positivity of ϵ is necessary.

Proof The core argument rests on Theorem 1. It is necessary to check all conditions in this
statement. Via Corollary 4 we can transport our properties on the components of

⨁︁N

i=1 ℬi

and
⨁︁N

i=1 ℋi to properties of ℬ and ℋ. The combination of Banach space Wm,p(Ω),p >

1,m ∈ ℕ with the weak topology and the assumptions 3 result in the required properties of
Theorem 1 regarding Ω,ℋ, and K .

Note that by construction all f are real-valued and continuous on Ω̄ and since Ω is
bounded, J is proper (and non-negative by non-negativity of f ).

All f ∈ {fV T V , fT NV , fT SV } satisfy the necessary properties for weak l.s.c. in W 1,p(Ω)

in Theorem 6 from Lemma 9 as joint convexity or polyconvexity imply quasiconvexity. Here
we can directly decide mean coercivity of (K,J ) depending on 𝒩 (K) since J (u) is coercive
in ∇u.

For f ∈ {fjGD,fgCG,fgNambu}, weak l.s.c. in W 1,p(Ω) comes from Lemma 8. Since
there is no way to get mean coercivity from the structural part f the mean coercive TV part
is required such that f̄ ≠ f . Now we can decide mean coercivity depending on 𝒩 (K) since
then J (u) is coercive in ∇u.

For uniqueness of the minimizer, we need strict convexity of either ∥Kb − d∥2
ℋ or J (b).

Since in all particular choices for f there is no strict convexity of J (b) in either b or ∇b,
we only have to look at the first term. Taking into account the remark after Corollary 4 there
is uniqueness of the minimizer if K is injective and J is jointly convex, this is true iff f ∈
{fT NV ,fT SV , fV T V }. In the same remark, if each component topology τℋi

is weaker than
the norm on ℋi , then the topologies on ℋ have the same. This gives by definition dj → d

strongly in ℋ implies dj → d in τℋ. Stability in the sense described follows automatically.
□

Remark 6 Noteworthy is the fact that if K is injective, we can easily prove mean coercivity
of (K,J ) in the cases above as then 𝒩 (K) = {0} and b0 = bΩ as the mean over our domain
is a valid choice in Lemma 2. We have chosen here for the more general case, as K is not
always injective and it is sometimes worth the effort to prove mean coercivity of (K,J )

explicitly.

Theorem 11 (Well-posedness in SBV (Ω)) Assume 3. Take as Banach space ℬ a subspace
of the Banach space [SBV (Ω)]N,N ∈ ℕ with the corresponding weak−∗ topology. Addi-
tionally, assume there is some l.s.c. increasing θ : (0,∞) → (0,∞] with

lim
t→0

θ(t)

t
= ∞,

where

sup
b∈ℬ

{︃∫︂

Ju

θ
(︁|u+ − u−|)︁dHn−1

}︃

< ∞. (22)
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d ∈ ℋ, u = (u1, . . . , uN) ∈ ℬ, α > 0, ϵ > 0. Let J : ℬ →ℝ∪ {∞} be given by

J (u) :=
∫︂

Ω

f (∇u(x))dx + ϵ

N∑︂

i=1

T V (ui), ε > 0

for f ∈ {fjGD,fjCG,fjNambu, fgCG,fgNambu}. Then

arg min
u∈ℬ

∥Ku − d∥2
ℋ + αJ (u)

admits a solution.

Proof The proof follows the same line of reasoning as the proof of the second J in Theo-
rem 10 with f + T V . The only difference being the additional functional conditions of ℬ
and l.s.c. in SBV (Ω) instead of W 1,p(Ω). Here taking as integrands fV T V , fT NV , fT SV do
not lead to well-posed problems as these have linear growth and subsequently cannot satisfy
the lower bound c|ξ |p ≤ f (ξ) with p > 1 for some c > 0.

Instead of Theorem 10 for l.s.c in W 1,p(Ω) for f we now use Theorem 7 and Lemma 8
to get weak l.s.c. in [SBV (Ω)]N .

Compactness of ℬ is necessary with respect to the weak−∗ topology. This is the case
when we satisfy the conditions of Theorem 5. In the assumptions above, a satisfactory θ

provides two things; a bound on both the size of the jump set Jb, b ∈ ℬ and magnitude of
the jumps |b+ − b−| in Jb . We still need to prove existence of a suitable φ. The claim is that
the growth condition necessary for the l.s.c. in SBV (Ω) provides us with a φ. By the l.s.c.
in SBV (Ω) there is some p > 1 such that

0 ≤ f (ξ) ≤ α(1 + |ξ |p).

Take φ : [0,∞) → [0,∞] as φ(x) = α(1 + |x|p). Then this is easily seen to be lower semi-
continuous and increasing in x. Also

lim
t→∞

α(1 + |t |p)

t
= ∞,

since α > 0,p > 1. Finally, let uh ∈ SBV (Ω) be a uniformly bounded sequences with
∥uh∥∞ < C for all h. Then since Ω is bounded,

sup
h

{︃∫︂

Ω

φ(|∇bh|)dx

}︃

= sup
h

{︃∫︂

Ω

α(1 + |∇bh|p)dx

}︃

≤
∫︂

Ω

α(1 + Cp)dx ≤ α(1 + Cp)|Ω| < ∞.

Hence we can dispense of the need to provide adequate φ for compactness of ℬ. For the rest
of the argument we lead to reader towards the proof of Theorem 10. □

5 Summary

Theorems 10 and 11 give necessary conditions required for well-posedness of the studied
variational problem. To be guaranteed existence (and uniqueness) of a minimizer to in-
verse problem when using a given structural quantifier f (∇u1, . . . ,∇uN) several properties
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need to hold. Firstly, it is necessary for f to be Carathéodory, quasiconvex and satisfy-
ing a Cp growth condition as in Definition 5. This together with the standard assumptions
of non-negativity, properness and (mean) coercivity are enough to apply Theorem 10 for
well-posedness in W 1,p(Ω). If additionally, if f has super-linear growth, Theorem 11 is
also applicable. Note that for ε > 0 there is automatic (mean) coercivity. Using the meth-
ods discussed, it is possible to extend the results to any admissible structural integrand
f (x,u(x),∇u) given f satisfies the extended criteria for l.s.c. of J in W 1,p and SBV for
such functions. On the theoretical side, further investigation of extensions of Theorem 1 for
non-linear operators K or different Banach spaces ℬ could lead to interesting results. On the
practical side, it is the hope that researchers in mathematically adjacent disciplines can adapt
the results to their own specific optimization problems and structural similarity quantifiers.

Appendix A: Proof Lemma 8

Proof Lemma 8
The total variation can also be written as an integral over Ω via

TV(ui) =
∫︂

Ω

|∇ui(x)|dx,

or

TV(ui) =
∫︂

Ω

|ξi |dx,

So the conclusion follows if we can apply Theorem 6 to the function f̄ := f + fc := f +
ϵ
∑︁N

i=1 |ξi |. f̄ needs to be Carathéodory, quasiconvex and satisfy Cp .
W 1,p(Ω) ⊂ BV (Ω), and as TV quantifies the variation, it follows from definition of

bounded variation functions that TV(ui) < ∞ for all i = 1, . . . ,N and the sum 0 ≤
ϵ
∑︁N

i=1 T V [ui] < ∞. So f (ξ) ≤ f̄ (ξ) < ∞ for all ξ ∈ ℝ
N×n, in particular it is real-valued.

From the explicit form of the continuous contribution
∑︁N

i=1 |ξi | we can easily see f̄ to be
ℒN ×𝔹(ℝN×n) measurable and continuous. Together this implies f to be Carathéodory.

The new contribution fc is affine in ξ , this implies that it is convex and in particular
quasiconvex. Now, the sum of quasiconvex functions is quasiconvex via

f̄ (ξ) = f (ξ) + fc(ξ) ≤ 1

|D|
∫︂

D

f (ξ + ∇φ)dx + 1

|D|
∫︂

D

fc(ξ + ∇φ)dx

= 1

|D|
∫︂

D

f̄ (ξ + ∇φ)dx

for all D ⊂ ℝ
n bounded and open, ξ ∈ℝ

N×n and φ ∈ W
1,∞
0 (D). So f̄ is quasiconvex.

We prove that fc satisfies C1.

0 ≤ fc(ξ) = ϵ

N∑︂

i=1

|ξi | ≤ ϵ ·
N∑︂

i=1

⌜
⃓
⃓
⎷

n∑︂

j=1

(ξ
j

i )2.
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Note that
√· is a concave function, then applying Jensen’s inequality for concave functions

with ϕ(x) = √
x with xi =∑︁n

j=1(ξ
j

i )2 we have

ϕ

(︄∑︁N

i=1 xi

N

)︄

≥
∑︁N

i=1 ϕ(xi)

N
.

Substitution gives

√︄
∑︁N

i=1

∑︁n

j=1(ξ
j

i )2

N
≥
∑︁N

i=1 |ξi |
N

.

Writing this as a norm we get for all ξ ∈ℝ
N×n

√
N |ξ | ≥ fc(ξ).

Such that with ϵC1 := √
Nϵ ≥ 0 we have C1 for fc.

Let f satisfy Cp,p ∈ (1,∞). Then

f (ξ) + fc(ξ) ≤ α(1 + |ξ |p) + ᾱ|ξ | ≤ max{α, ᾱ,1}(1 + |ξ |p + |ξ |),

for some α ≥ 0, ᾱ = √
Nϵ. For all ξ with |ξ | > 1 we have |ξ |p > |ξ | so

f̄ (ξ) ≤ max{α, ᾱ,1}(1 + |ξ |p).

The set of all ξ with |ξ | ≤ 1 is compact in ℝ
N×n. Since f̄ is continuous it is bounded on this

set, denote the upper bound by C > 0 ∈ℝ
+. Then for all ξ we have

f̄ (ξ) ≤ max{C,max{α, ᾱ,1}(1 + |ξ |p)} ≤ a(1 + |ξ |p)

with a = max{C,α, ᾱ,1} and f̄ satisfies the upper bound of Cp . For the lower bound we
notice that fc ≥ 0 such that the same q lower bound holds for f̄ as for f . Together we have
that f̄ satisfies Cp .

If f satisfies C1 we have easily

|f̄ (ξ)| ≤ |f (ξ) + fc(ξ)| = (α + ᾱ)(1 + |ξ |),

such that f̄ satisfies C1. If f satisfies C∞, then the new η̄(|ξ |) := η(|ξ |)+ ᾱ(1+|ξ |) implies
C∞ for f̄ . We have all necessary properties for Theorem 6. Apply Theorem 6 to f̄ and the
lemma follows in W 1,p(Ω).

The conditions for l.s.c. of SBV (Ω) are also Carathéodory, quasiconvexity and a growth
condition as described in Theorem 7. The same arguments can be used to conclude the result
for SBV (Ω) instead of W 1,p(Ω) since the growth condition necessary is a special case of
Cp as discussed in the remark after Theorem 7. □

Appendix B: Proof Lemma 9

Proof Lemma 9
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1. Since fGD is a sum of squares, it is non-negative. The lower bound Cp is then trivially
true for any α ≥ 0, q ≥ 1. For the upper p-bound, the highest order terms in fGD(ξ) are
of order 2, hence

fGD(ξ) ≤
∑︂

j=1,2

n∑︂

i=1

(︂
ξ

j

i

)︂2 = |ξ |2.

Take α = 1, then fGD satisfies C2.
We can successively unpack fjGD to get an easy convexity condition. As addition of

convex functions preserves convexity, fjGD is convex for a given n,N iff fGD is convex
for a given n. Again by the addition property of convexity, we can look only at one term
in the summation over i in fGD , which is the function |ξ 1

i − ξ 2
i |2 for a fixed i = 1, . . . , n.

Since x → x2 and x → |x| are both convex mappings we can consider only ξ 1
i − ξ 2

j . This
is a linear mapping in two variables and clearly convex. Following this reasoning in the
opposite direction concludes the joint convexity of fjGD .

2. From Lagrange’s identity, given by

k∑︂

i=1

a2
i

k∑︂

i=1

b2
i −
(︄

k∑︂

i=1

aibi

)︄2

=
∑︂

1≤i<j≤k

(aibj − biaj )
2, (23)

for two sets (a1, . . . , ak), (b1, . . . , bk), k ∈ ℕ it can be seen that fCG can be written as a
sum of squares, and thus is always non-negative. Any lower bound for Cp is satisfied.
We have

|ξ |4 =
(︄

n∑︂

i=1

|ξ 1
i |2 + |ξ 2

i |2
)︄2

=
n∑︂

i=1

(︁|ξ 1
i |2 + |ξ 2

i |2)︁2 +
n∑︂

i,j=1,i≠j

(︁|ξ 1
i |2 + |ξ 2

i |2)︁ (︁|ξ 1
j |2 + |ξ 2

j |2)︁

≥
n∑︂

i,j=1

∥ξ 1∥2∥ξ 2∥2 ≥ fCG(ξ).

Hence taking into account the upper bound, we have Cp for p ≥ 4. Since implicitly
N = 2, n > 1, we get s = min{N,n} = 2 and τ(n,2) = (︁21

)︁(︁
n

1

)︁+ (︁22
)︁(︁

n

2

)︁= 2n + n(n−1)

2 . In
particular we only need to worry about the minors adj2ξ of order 2. We have variables

T (ξ) =
(︂
ξ, (adj2ξ)1

1, . . . , (adj2ξ)1(︁n
2
)︁

)︂
∈ℝ

2n+ n(n−1)
2 .

From Definition 6 we have in particular I 2
2 = {(1,2)} with |I 2

2 | = 1 and I n
2 the set of all(︁

n

2

)︁
increasing 2-tuples up to n. Hence the upper indices of our 2×2 minors are fixed and

equal to (1,2). Let α ∈ {1, . . . ,
(︁
n

2

)︁} such that φn
2 (α) = (α1, α2) with (α1, α2) ∈ I n

2 . Then

(︁
adj2ξ
)︁1
α

= (−1)1+α det

(︃
ξ 1
α1

ξ 1
α2

ξ 2
α1

ξ 2
α2

)︃

,

and
(︂(︁

adj2ξ
)︁1
α

)︂2 = (︁ξ 1
α1

ξ 2
α2

)︁2 + (︁ξ 1
α2

ξ 2
α1

)︁2 − 2ξ 1
α1

ξ 1
α2

ξ 2
α1

ξ 2
α2
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= (︁ξ 1
α1

ξ 2
α2

− ξ 1
α2

ξ 2
α1

)︁2
.

Note that this is the same form as in Lagrange’s Identity (23). It can be seen that the
terms under the sum in the RHS of (23) are the adjugate minors of the matrix

(︃
a1 . . . an

b1 . . . bn

)︃

.

Our claim is that we can take F : ℝτ(n,2) → ℝ ∪ {∞} as F(T (ξ)) =∑︁α∈In
2

(︂(︁
adj2ξ
)︁1
α

)︂2
.

It is a sum of squares of some of our variables (ξ, adj2ξ). Since x ↦→ x2 is convex and a
sum of convex function is convex we have that F is a convex function in T (ξ). The only
difference between (23) and F(T (ξ)) is the summation over α ∈ I n

s on the one hand and
summation over 1 ≤ i < j ≤ n on the other hand. From the definition of I n

2 we have an
equivalent index set as

I n
2 = {(i, j) ∈ ℕ

2,1 ≤ i < j ≤ n}.

From Definition 3 we have that fCG is polyconvex. Addition of convex functions pre-
serves convexity, so via summation over pairs also fjCG is polyconvex.

3. We can write

fNambu =√︁fCG,

and fCG satisfies C4 from (ii), so after taking roots on the lower and upper bound of fCG

fNambu satisfies C√
4 = C2 immediately. Plugging in,

fNambu(ξ) =
⌜
⃓
⃓
⎷
∑︂

α∈In
2

(︂(︁
adj2

)︁1
α

)︂2
.

This can be rephrased in terms of a norm. Define ∥ · ∥M to be the Euclidean norm on
(adj2ξ) ∈ ℝ

(︁n
2
)︁

. Now extend this function via the standard embedding to ℝ
2n ×ℝ

(︁n
2
)︁

. Then

fNambu(ξ) = ∥T (ξ)∥M, where T (ξ) ∈ℝ
2n ×ℝ

(︁n
2
)︁

.

We can take FNambu = ∥ · ∥M , which is a convex function since it is a (projected) norm.
So directly from the definition we have fNambu polyconvex. Addition of convex functions
preserves convexity, so via summation over pairs also fjNambu is polyconvex.

4. The definition of adjugate matrices (adjsξ )β
α gives that it is (−1)β+α times the deter-

minant of a s × s matrix. From a function-based perspective we can see (adjsξ )β
α as a

polynomial of variables ξ i
j , i = 1, . . . ,N, j = 1, . . . n of order s as we know how to com-

pute determinants. Now in fgCG we have that each term is a square of a multi-variable
polynomials of order min{N,n}. Hence fgCG is a multi-variable polynomial of order
min{N,n}2. From each variable ξ i

j having

ξ i
j ≤ |ξ |,
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we get for any arbitrary product of length min{N,n}2 of coefficients of ξ denoted by
xk, k = 1, . . . ,min{N,n} where every xk is equal to some coefficient ξ i

j the following
bound.

∏︂

k=1,...,min{N,n}2

xk ≤ |ξ | · · · · · |ξ | = |ξ |min{N,n}2
.

So each polynomial is bounded from above by |ξ |min{N,n}2
and adding up all contributions

we get that fgCG satisfies Cmin{N,n}2 with α = |IN
minN,n||I n

minN,n|.
By construction this is a sum of squares over (adjminN,nξ)β

α . By the definition of
adjugate matrices these variables above are the coefficients of adjminN,nξ with β =
1, . . . ,

(︁
N

min{N,n}
)︁
, α = 1, . . . ,

(︁
n

min{N,n}
)︁
. By the definition of polyconvexity we have a con-

vex function F : ℝτ(n,N) → ℝ in T (ξ) = (ξ, . . . , adjmin{N,n}ξ). Hence fgCG is polyconvex.
5. The proof is along the same lines as (iii). Namely, we can regard the square root of

the double sum over IN
s , I n

s with s = min{N,n} as a norm over (adjsξ ) ∈ ℝ

(︁N
s

)︁(︁n
s

)︁

. Then
extend it to the entire space T (ξ) ∈ ℝ

τ {N,n} as projected norm. Then fgNambu is a norm
over this Euclidean space and hence convex. Since the variables are given in terms of the
coefficients of the adjugate minors this gives polyconvexity of fgNambu. Polyconvexity
implies separate convexity. In addition, the order of fgNambu is given by a square root of
the order of fgCG. So via a similar reasoning as in (iii) of each term under the square
root, fgNambu satisfies Cmin{N,n}.

6. By definition |ξ | :=
√︂∑︁

i,j |ξ i
j |2 = ∥ξ∥l2 . The C1 condition in this case asks for existence

of an α ≥ 0 such that for all G ∈ℝ
N×n the following holds.

|∥G∥lp | ≤ α(1 + |G|).
Note that both |G| and ∥G∥lp are matrix norms on a finite dimensional vector space,
hence there is equivalence between them. By non-negativity of the norm, we automati-
cally satisfy all lower bounds for Cp . The equivalence of matrix norms gives a constant
cp ≥ 0 such that

∥G∥lp ≤ cp|G|,∀G ∈ℝ
N×n.

Picking α = cp implies that condition C1 holds. ∥ξ∥lp is trivially jointly convex, since
any norm on a vector space is convex. □

Appendix C: Other Quantifiers of Similarity

Included in Table 1 is a list of integrands f : ξ ∈ℝ
2n →ℝ

+ that quantify structural regular-
ization that were previously used in the literature and that could not give well-posedness of
the variational problem via Theorem 1. The structural quantifiers that give well-posedness
are laid out explicitly in Theorems 10 and 11. The critical difference between functions
that do and do not give well-posedness is the property of quasiconvexity. For completeness
sake and as help for researchers that are interested in other structural regularizers there is
included a list below of the integrands studied that are not quasiconvex. This can be done by
using the Legendre-Hadamard conditions to disprove rank one convexity (and subsequently
quasiconvexity) [8]. Noteworthy are the expressions based on the dot-product as these are
often used in geoscience [18].
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Table 1 Investigated structural quantifiers

Name Formula

Matched Difference min
w∈ℝ2 ∥w1ξ1 − ξ2∥2

2 + ∥ξ1 − w2ξ2∥2
2

Dot Product ⟨ξ1, ξ2⟩2

Adapted Dot Product |⟨ξ1, ξ2⟩|
Normalised Dot Product

⃓
⃓
⃓
⃓

⟨︃
ξ1

|ξ1| ,
ξ2

|ξ2|

⟩︃⃓
⃓
⃓
⃓

2

Linear Parallel Level Sets |ξ1||ξ2| − ⟨ξ1, ξ2⟩
Quadratic Parallel Level Sets

√︁
1 + |ξ1|2|ξ2|2 − ⟨ξ1, ξ2⟩2
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