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Abstract

We investigate the phase equilibrium problem for multicomponent mixtures under specified in-
ternal energy (U), volume (V ), and mole numbers (N1, N2, . . . , Nn), commonly known as the
UVN-flash problem. While conventional phase equilibrium calculations typically use pressure-
temperature-mole number (PTN) specifications, the UVN formulation is essential for dynamic
simulations of closed systems and energy balance computations. Existing approaches, including
those based on iterative pressure-temperature updates and direct entropy maximization, suffer
from computational inefficiencies due to nested iterations and reliance on inner Newton solvers.

In this work, we present a novel reformulation of the UVN-flash problem as a direct entropy
maximization problem that eliminates the need for inner Newton iterations, addressing key
computational bottlenecks. We derive two new novel formulations: 1) a formulation based on
entropy and internal energy and (2) an alternative formulation based on Helmholtz free energy.
We begin with a stability analysis framework, followed by a reformulation of the UVN flash
problem in natural variables. We then introduce our novel approach and discuss the numerical
methods used, including gradient and Hessian computations. The proposed method is validated
against benchmark cases, demonstrating improved efficiency and robustness.

Keywords: UV-Flash, UVN reformulation, Flash, Entropy maximization, Stability Analysis,
Phase equilibrium calculations

1. Introduction

We investigate the phase equilibrium calculations for multicomponent mixtures under spec-
ified internal energy (U), volume (V ), and mole numbers (N1, N2, . . . , Nn), commonly referred
to in the literature as the UVN stability test or the UVN-flash problem. Compared to the more
conventional PTN flash (e.g., [9, 10, 12]) (where pressure, temperature, and mole numbers are
specified), the UVN specification is less commonly addressed. However, it plays a crucial role
in various thermodynamic applications where energy and volume are conserved, such as in the
dynamic simulation of closed systems and energy balance calculations in process design. Notably,
the UVN-flash formulation proves to be particularly valuable in non-isothermal problems, such
as those encountered in the dynamic simulation of tanks and CO2 injection in geological storage.
Key contributions in this area include [1, 4, 6, 8, 14].
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Additionally, the UVN-flash problem has also been explored in the work of some researchers,
albeit not as the primary focus. For instance, Lipovac et al. [7] developed a unified flash procedure
for isenthalpic (PHN) and isochoric (UVN) flash calculations, where a persistent set of unknowns
and equations is solved during equilibrium calculations, enabling simultaneous phase stability and
split calculations. Fathi [5] examined flash calculations using volume functions and reduction
methods, which can be extended to UVN scenarios.

Michelsen [11] proposed a general framework to address flash problems under various speci-
fications, including UVN. His approach utilizes the PTN-flash in an inner loop while iteratively
updating pressure and temperature in an outer loop. The advantage of this method is that it
leverages existing PTN-flash solvers, but the nested iterations quickly render it computationally
expensive.

One of the earliest works addressing the UVN-flash problem is by Saha et al. [18]. In this
paper, the authors develop heuristics to estimate pressure and temperature corresponding to
specified UVN conditions. Their approach combines successive substitution (fixed-point itera-
tion) for updating equilibrium K-values with Newton’s method for pressure and temperature
updates. However, they often encountered convergence to trivial solutions, limiting the robust-
ness of their method.

Bi et al. [2] reformulate the UVN-flash problem using the Rachford-Rice equation while ensur-
ing pressure equilibrium and enforcing internal energy and volume constraints. Their approach
employs fixed-point iteration with soft tolerance, followed by Newton’s method for refinement.
However, Nichita [15] has highlighted certain limitations in its robustness.

A significant contribution on UVN flash is found in the work of Castier [3], who proposed
direct entropy maximization as an alternative approach. In his method, the algorithm adap-
tively adds or removes phases as needed during the computation. However, obtaining a good
initial phase split requires a reasonable estimate of pressure and temperature, which has to be
determined using heuristics. In cases of numerical difficulties, Castier’s method switches to a
PTN-flash solver for the inner loop while adjusting pressure and temperature in the outer loop,
ensuring that U and V approach their specified values. Once sufficient estimates for P and T
are found, the algorithm returns to direct entropy maximization.

Another important contribution is by Smejkal et al [19], who also applied direct entropy
maximization for both stability and flash calculations. They used the results of stability analysis
as initial guesses for the flash calculations, demonstrating the utility of entropy-based methods in
UVN-flash scenarios. This approach requires an inner Newton iteration to determine temperature
by solving U(T, V,N) = U for given U, V,N which poses an additional computational burden.

In this work, we revisit the UVN-flash problem as direct entropy maximization problem and
propose a novel reformulation that eliminates the need for inner Newton iterations, thus re-
moving the computational bottleneck encountered in the traditional UVN approach via entropy
maximization. The structure of the paper is as follows. We begin with a precursor to stability
analysis in Section 3, where we present the relevant formulations and the generation of initial
guesses for both stability and flash calculations. This is followed by a recap of the UVN flash
formulation in natural variables in Section 4. Next, in Section 5, we introduce our novel contri-
butions by reformulating the UVN-flash problem. Building on this framework, we develop two
novel formulations: (1) a formulation based on entropy and internal energy and (2) an alternative
formulation based on Helmholtz free energy in Section 6. We also discuss the numerical approach
in Section 6, including the necessary gradient and Hessian computations (derived in Appendix
A). Finally, we present the results in Section 7 and conclude with key findings and implications
in Section 8.
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2. Preliminaries

For sake of clarity, in this section, we define the following concepts in the context of UVN-
flash.

2.1. Trial Phase:

The trial phase is an incipient phase introduced to assess the thermodynamic stability of
a system. It involves perturbing the composition of the system and evaluating whether the
introduction of this new phase leads to an increase in entropy (for UVN flash calculations). If
the entropy increases, the system is unstable as a single phase, and phase separation is favorable.

2.2. Reference Phase:

The reference phase (⋆) represents a hypothetical single-phase system characterized by the
total internal energy U⋆, volume V ⋆ and total mole numbers N⋆ = (N⋆

1 , . . . , N
⋆
n). Introducing

a trial phase forms a two-phase system. Stability is assessed by comparing the entropy of the
two-phase system with the reference phase. If the two-phase system has more entropy than the
reference phase, then the reference phase is deemed unstable, and phase separation occurs.

2.3. Stability Analysis:

Stability analysis is the first step in flash calculations, as it determines the stability of a
multicomponent mixture across p phases, where p represents the number of phases in the system.
The primary objective of this analysis is to establish whether the mixture will remain stable as
a single phase or if it will separate into p+1 phases. In most cases, we focus on systems with at
most two phases, typically a vapor-liquid mixture. In such cases, stability analysis determines
whether the mixture can remain as a single phase or will separate into a vapor-liquid equilibrium.

A crucial aspect of stability analysis is its role in providing an initial guess for subsequent
flash calculations. If instability is detected, the analysis often yields valuable information about
the incipient phase, such as its temperature, concentration, and internal energy density, which
can significantly aid in the convergence of the flash calculation algorithm.

2.4. Flash Calculation

When a stability test indicates that a mixture is thermodynamically unstable, a flash cal-
culation is performed to determine the phase equilibrium of the multicomponent mixture under
specified conditions, such as pressure and temperature, internal energy and volume, or entropy
and volume. The flash calculation predicts the amounts and compositions of each phase, assum-
ing the system reaches equilibrium.

Consider a mixture of n components at a given internal energy U , volume V and the com-
position N = {N1, . . . , Nn}, where Ni is the mole number of the ith component. Assuming
the mixture exists in vapor-liquid equilibrium, the objective of the flash problem is to deter-
mine the phase split, i.e., the number of moles of each component in the vapor and liquid phases,
along with the thermodynamic properties (such as the temperature, internal energy and enthalpy
etc.) of each phase. Flash calculations are also referred to as phase split or phase equilibrium
calculations.

In this study, the UVN flash problem is addressed using an equation of state derived from
the Helmholtz energy function. Specifically, we will use Peng-Robinson [17] Equation of State
(EOS) for all our results. This EOS enables the computation of thermodynamic properties for
given T , V , and N. For specified values of internal energy U , volume V , and mole numbers N,
the phase split calculations proceed as follows:
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1. Perform a stability analysis to determine whether the mixture is stable or if phase separation
occurs. If the mixture is unstable, the results from the stability analysis provide an initial
guess for the flash calculations.

2. If the mixture is unstable, initiate flash calculations to determine the equilibrium temper-
ature T , the phase volumes V (1), V (2) . . . V (p) (where the superscripts refer to the phase
index), and the mole numbers of each component in each phase.

Accordingly, we begin with stability analysis in the next section, followed by the flash procedure
in the subsequent section.

3. Stability Analysis

Stability analysis is a fundamental step in assessing the thermodynamic stability of a mixture
and determining whether phase separation occurs. In this section, we present the formulation of
the UVN stability problem, discuss initialization strategies, and outline an algorithm to generate
initial guesses for flash calculations based on stability analysis results.

The UVN stability problem can be reduced to the VTN stability problem as follows. For
given U⋆, V ⋆ and N⋆, we can solve

U(T, V ⋆,N⋆) = U⋆, (1)

for T , as discussed by Mikyska [13] and Nichita [16]. Therefore, we provide the formulation of
VTN stability analysis in the following subsection.

3.1. VTN Stability Formulation

In this section, we briefly discuss the formulation of VTN stability as UVN stability can be
reduced to VTN stability [15]. For a detailed derivation of the VTN stability formulation, we
refer to the work of Mikyska et al. [13]. Mikyska introduced the volume function Φ to express
the VTN stability condition, which is formulated as follows:

ln
c′xi

czi
+ lnΦi(cz)− lnΦi(c

′x) = 0, ∀i ∈ {1, . . . , n} (2)

where n is the number of components, c′ = N ′

V ′ is the molar concentration in the trial phase,

zi =
Ni

N and xi =
N ′

i

N ′ are the mole fractions of component i in the reference and trial phases,
respectively. Here, cz = {cz1, cz2, . . . , czn} and c′x = {c′x1, c

′x2, . . . , c
′xn} are the molar con-

centration vector in the reference phase and the the trial phase respectively. The volume function
of the component i, Φi is related to the fugacity coefficient of the component i, ϕi via

Φi =
1

Zϕi
, (3)

where Z = PV
nRT is the compressibility factor, R is the universal gas constant, P is the pressure,

T is the temperature, and V is the volume.
To perform the stability analysis, the system of n equations in (2) must be solved for the

trial-phase molar concentrations, c′x. These concentrations are used to evaluate the tangent
plane distance (TPD), denoted by D, as given by:

D = u′
(

1

T ′ −
1

T ⋆

)
+

(
P ′

T ′ −
P ⋆

T ⋆

)
−

n∑
i=1

(
µ′
i

T ′ −
µ⋆
i

T ⋆

)
c′i. (4)
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where u′ is the internal energy density of the trial phase, T ′ and T ⋆ are the temperatures in the
trial and reference phases, respectively, P ′ and P ⋆ are the pressures in the trial and reference
phases, respectively, µ′

i and µ⋆
i represent the chemical potentials of component i in the trial

phase and the reference phase, respectively and c′i is the molar concentration of component i
in the trial phase. A positive value of D indicates that the initial phase is thermodynamically
unstable, implying that phase splitting will occur (see [19] for more details). The convergence
of the stability test strongly depends on the choice of an appropriate initial guess for c′x. A
judicious choice of initialization is crucial for ensuring numerical stability and enhancing the
robustness of the analysis. We continue in the next section with the initialization strategy.

3.2. Initialization For Stability Analysis

In this section, we discuss the initialization strategy for VTN stability analysis. We adopt the
simplex-based initialization method proposed by Smejkal et al. [19], which leverages the geometric
properties of the feasibility domain of admissible molar concentrations. In this approach, the
feasible domain is represented as an n-simplex, where n denotes the number of components in
the mixture. Initial guesses are generated by computing the barycenter of the simplex and the
midpoints between the barycenter and each of the n + 1 vertices. This procedure yields n + 2
initial estimates, ensuring a well-distributed set of starting points for the stability analysis.

V0 (0, 0) V1 (1/b1, 0)

V2 (0, 1/b2)

M2

M1M0

C

Figure 1: Depiction of the initial guesses for c′ in a binary mixture where the two components have molar volumes
b1 and b2, respectively.(Adapted from [2])

The admissible molar concentrations c′i must satisfy the following conditions:

n∑
i=1

c′ibi < 1, c′i ≥ 0, bi > 0, ∀i ∈ {1, . . . , n}, (5)

where bi denotes the co-volume of the component i from the Peng-Robinson EOS. Figure 1
(adapted from [2]) illustrates the initial concentration guesses for a binary mixture. These
initial guesses correspond to four distinct points marked with circles: the barycenter C and
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the midpoints M0,M1, and M2. These initial guesses serve as starting points for the stability
analysis. The results of the stability analysis then are used to generate the initial guess for phase
split calculations. These results, however, are in the form of concentration and temperature of
the trial phase. A procedure is needed to convert the stability analysis results into the initial
guess for phase split calculations, which is addressed in the following subsection.

3.3. Initial Guess for Flash from Stability Analysis

The results of the stability analysis provide the initial guess required for phase split calcu-
lations. A good initial guess is crucial for ensuring convergence in the numerical optimization
procedures used in phase split calculations, as discussed in Section 6. However, the results from
stability analysis are not immediately suitable as initial guesses for flash calculations. Stability
analysis provides the concentrations of the incipient phase along with the specific internal en-
ergy; but an additional parameter - the volume of the trial phase is needed to initiate phase split
calculations.

We begin by assuming that the trial phase occupies half of the total system volume. The mole
numbers of each phase are determined by multiplying the phase volume with the species concen-
trations obtained from the stability test. The internal energy of each phase is then computed
using the internal energy density and phase volume. Next, the phase temperature is determined
by solving Equation (1) and finding a temperature consistent with the given internal energy,
volume, and mole numbers. This provides a complete initial estimate.

This initial estimate is then iteratively refined by maximizing entropy while simultaneously
satisfying the feasibility conditions (5). At each step, the total entropy of the two-phase system is
evaluated. If the entropy increases and all feasibility conditions are met, the solution is accepted.
If these criteria are not satisfied, the trial phase volume is further halved, and the internal energy
and mole numbers are adjusted accordingly. This iterative process continues until a feasible phase
split is achieved or until the predefined iteration limit is reached. This algorithm is outlined in
Algorithm 1.

The final feasible solution obtained from the stability analysis serves as the initial guess for
phase split calculations. In the following section, we review the phase split calculation method
presented by Castier [3] and Smejkal et al. [19], which serves as the foundational framework for
our work.
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Algorithm 1 Initial Guess Generation and Feasibility Check for Phase Equilibrium

Require: Total internal energy U⋆ [J], volume V ⋆ [m3], and mole numbers N⋆ = [N⋆
1 , . . . , N

⋆
n],

the trial phase concentration vector c [mol/m3] and the trial phase internal energy density
u [J/m3].

Ensure: Feasible initial guess for phase split or termination if no solution exists
1: Compute temperature T ⋆ = for given U⋆, V ⋆,N⋆ of the reference phase by solving Equa-

tion (1).
2: Compute entropy S⋆ = S(T ⋆, V ⋆,N⋆) of the reference phase using the equation of state

(EOS)
3: Initialize the trial phase I as follows:

V I = 0.5 · V ⋆

NI = V I · c
U I = u · V I

4: Initialize iteration count: niters ← 0
5: while niters < maxiters do
6: Compute total entropy for the two-phase system:

Stwo-phase = S(U I , V I ,NI) + S(U⋆ − U I , V ⋆ − V I ,N⋆ −NI)

7: Compute entropy difference: ∆S = Stwo-phase − S⋆

8: Update phase properties vector x for the trial phase:

x =
[
NI , V I , U I

]
9: Check feasibility of x using equations (5).

10: if ∆S > 0 and x is feasible then
11: Return feasible initial guess x

12: if V I/V ⋆ < 10−8 then
13: Terminate: No feasible solution found
14: Update phase properties:

V I ← V I/2

U I ← u · V I

NI ← V I · c

15: Increment iteration count: niters ← niters + 1

16: Return failure: No feasible solution found

4. Direct Entropy Maximization Formulation for UVN Flash Calculations

The UVN flash problem can be formulated as a direct entropy maximization problem, con-
strained by specified system properties as discussed by Castier [3] and Smejkal et al. [19]. Con-
sider a multicomponent mixture composed of n species, distributed across p phases and a total
energy U⋆, total volume V ⋆ and the mole numbers vector N⋆. The total entropy of the system,
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denoted as S(UVN), can be expressed as:

S(UVN) =

p∑
k=1

S(Uk, V k,Nk), (6)

where Uk, V k, and Nk = {N (k)
1 , . . . , N

(k)
n } represent the internal energy, volume, and mole

numbers of each component in phase k, respectively. The superscript (UVN) highlights the fact
that entropy here is expressed as a function of U, V,N. Additionally, the problem is subject to
the following constraints:

U⋆ =

p∑
k=1

Uk, V ⋆ =

p∑
k=1

V k, N⋆
i =

p∑
k=1

N
(k)
i , i = 1, . . . , n. (7)

To simplify the problem, we can apply these constraints and reformulate the problem as an
unconstrained optimization problem. This is done by writing the properties of phase p as a
function of the properties in the other phases. For the entropy function, this reads:

S
(UVN)
red =

[
p−1∑
k=1

S(Uk, V k,Nk)

]
+ S(x(ξ)), (8)

where

x(ξ) :=

(
U⋆ −

p−1∑
k=1

Uk, V ⋆ −
p−1∑
k=1

V k,N(ξ)

)
, (9)

where N(ξ) := {N⋆
1 −

∑p−1
k=1 N

(k)
1 , . . . , N⋆

n−
∑p−1

k=1 N
(k)
n }. Throughout this text, the subscript red

is used to denote the reduced quantity and the superscript (ξ) is used to denote the remaining
phase, specifically referring to phase p.

The unconstrained optimization problem now involves solving for the (p−1)(n+2) unknowns:
Uk, V k, and Nk for each phase k ∈ {1, 2, . . . , p − 1}. Formally, we want to solve the following
unconstrained optimization problem:

x = argmax
y

S
(UVN)
red (y), (10)

where y now entails all the (p− 1)(n+ 2) unknowns. The solution to this optimization problem
will be discussed in detail in Section 6. We will refer to this approach as the UVN approach
throughout the rest of the paper.

Before proceeding further, we highlight a difficulty inherent to this approach. Given that
the equation of state is in the form f(T, V,N), Equation (8) requires writing the entropy S as
function of U , V and N. Therefore, the approach requires determining the temperature T by
solving the equation:

U(T, V,N) = U

for given U, V andN. Once T is determined, the equation of state can then be used to compute the
corresponding entropy. This process results in a nested Newton’s method where each iteration
of the outer optimization problem requires multiple iterations of the inner solver to achieve
convergence, thereby increasing the computational complexity of the solution procedure. We
refer to this process as EOS inversion throughout the paper.

To circumvent this difficulty, we reformulate the optimization problem directly in terms of
T, V, and N. This reformulation avoids the need to perform multiple EOS inversions and will
be discussed in the next section.
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5. Reformulation of Direct Entropy Maximization: Transition from Unconstrained
UVN to Constrained VTN Space

This section presents our novel contribution, which relies on the strategy of reformulating the
optimization problem in terms of the variables inherent to the Helmholtz energy-based equation
of state (EOS), specifically in the TV N -space. This reformulation circumvents the need to
repeatedly invert the EOS to determine the temperature at each iteration.

The objective function in this new formulation is given by:

S
(TVN)
red =

[
p−1∑
k=1

S
(
T, V (k),Nk

)]
+ S

(
T, V ⋆ −

p−1∑
k=1

V k,N(ξ)

)
, (11)

subject to the constraint U⋆ =
∑p

k=1 U
(
T, V (k),Nk

)
. This approach allows for the computation

of entropy without the need to explicitly invert the relation U(T, V,N) = U to determine the
temperature T . Note that the constraints for the total volume V ⋆ and total moles N⋆ are directly
incorporated in the arguments of the entropy of phase p. However, the constraint of internal
energy has not yet been incorporated. Rewriting this constraint in functional form yields

C(x) :=

[
p−1∑
k=1

U
(
T, V (k),Nk

)]
+ U

(
T, V ⋆ −

p−1∑
k=1

V k,N(ξ)

)
− U⋆ (12)

The solution x̂ satisfies the following constrained optimization problem:

max
x

S
(TVN)
red (x) subject to C(x) = 0. (13)

where the optimization variable x :=
(
T, V (1),N1, . . . , V (p−2),Np−2, . . . , V (p−1),Np−1

)
is a vec-

tor of (p− 1)(n+ 1) + 1 unknowns. This constrained optimization problem can be reformulated
as an unconstrained one using the method of Lagrange multipliers (see Appendix B). The
Lagrangian function is defined as:

L(x, λ) = Sred(x) + λ C(x) (14)

where λ is the Lagrange multiplier. For convenience, where possible we omit the superscript
(TVN) from the objective function. However, it is included when needed to ensure clarity. To
find the optimum, we solve the following system of equations:

∇x,λL = 0

where ∇x,λL =
(
∇xL, ∂L

∂λ

)
. The gradient ∇xL of the Lagrangian with respect to x is given by:

∇xL =

(
∂L
∂x1

,
∂L
∂x2

, . . . ,
∂L

∂x(p−1)(n+1)+1

)
The condition ∇x,λL = 0 leads to two sets of equations.

1. Stationarity Condition:
∇Sred(x) = −λ∇C(x) (15)

This ensures that the gradient of the objective function Sred is parallel to the gradient of
the constraint C.
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2. Primal Feasibility Condition:
C(x) = 0 (16)

This ensures that the constraint is satisfied.

This formulation leads to a system of (p − 1)(n + 1) + 2 equations. Specifically, for p = 2, the
system contains one additional equation compared to the approach of Smejkal et al. [19]. For
p = 3, the number of equations is the same in both approaches. However, for ( p ≥ 4 ), our
approach requires solving (p− 3) fewer equations as compared to Smejkal et al. [19].

In summary, this section has outlined the framework of our novel approach. The next section
begins with a discussion of the numerical optimization procedure, followed by a simplification of
the Lagrangian and the introduction of two new formulations.

6. Numerical Optimization

This section outlines the optimization of the objective function, as defined in Equation (8)
for Smejkal’s approach and Equation (14) for our method. Additionally, we derive an explicit
expression for the Lagrange multiplier and use it to simplify the Lagrangian in our approach,
making the implementation more straightforward. Finally, we conclude this section by perform-
ing a consistency check of our new formulation. For simplicity, we assume the number of phases
is known a priori, as determined by a stability analysis.

6.1. Optimization of the objective function

Formally, we seek to solve the following unconstrained optimization problem:

x = argmax
y
F(y) (17)

where F is the objective function. To solve this, we need to find the critical points of the gradient
of the objective function, denoted as g(x). This gradient is expressed as:

g(x) =


∇S(UVN)

red (x), UVN

∇S(TVN)
red (x) + λ ∇C(x), Ours

(18)

We will revisit the alternate forms of g(x) for our approach in the next section where we derive
the Lagrange Multiplier λ. The specific forms of the optimizer x are given by:

x =


(N1, V (1), U (1), . . . ,Np−1, V (p−1), U (p−1)), UVN

(N1, V (1), . . . ,Np−2, V (p−2),Np−1, V (p−1), T ), Ours

(19)

Here, N
(k)
i represents the mole number of component i in phase k, while U (k) and V (k) correspond

to the internal energy and volume of phase k, respectively.
The optimization problem can now be written as solving g(x) = 0. This is a nonlinear system,

and it can be solved using a nonlinear solver, such as Newton-Raphson or a variant. To apply
the Newton-Raphson method, we need the gradient of g(x). The gradient of g(x) is the Hessian
of the objective function F , given by:

10



H(x) =

[
∂2F

∂xi∂xj

]
.

In this context, the Hessian for both optimization approaches is expressed as:

H(x) =



∂2S
(UVN)
red (x)

∂xi∂xj
, UVN

∂2S
(TVN)
red (x)

∂xi∂xj
+ λ

∂2C(x)
∂xi∂xj

, Ours

(20)

where x is defined as per Equation (19), and the entropy function Sred(x) is given by Equation (8)
in Smejkal’s formulation and by Equation (11) in our approach. The additional term in our
formulation accounts for the contribution of the constraint function C(x) through the Lagrange
multiplier λ, ensuring that the optimization respects the imposed constraints.

Equation (18) can be solved using a non-linear solver. We employ Newton’s method, which
updates the solution iteratively as follows:

xk+1 = xk + αk∆xk (21)

where αk is the step size and the update direction ∆xk satisfies:

H(xk)∆xk = −g(xk) (22)

where H(xk) is the Hessian and g(xk) is the gradient. Direct inversion of H(xk) is avoided
for numerical stability. If H(xk) is singular or ill-conditioned, alternative approaches such as
Levenberg-Marquardt regularization, modified Cholesky decomposition, or quasi-Newton meth-
ods (e.g., BFGS) can be employed [19, 15]. However, no such issues were encountered in our test
cases. For implementation, we use Newton’s method from NLsolve.jl in Julia, with third-order
backtracking Line Search and Trust Region. The gradients and hessian can be computed using
automatic differentiation (AD). However, we provide the derivations of the gradients for our
approach in Appendix A along with the outline of the Hessian matrix, as we intend to use these
gradients (of entropy and the constraint function) to compute the Lagrange multiplier, which is
further discussed in the following section.

6.2. Computation of the Lagrange Multiplier

In this section, we discuss the computation of the Lagrange multiplier λ. Expanding the
stationarity condition (15), we get

∂Sred

∂N
(k)
1

= −λ ∂C
∂N

(k)
1

, . . . ,
∂Sred

∂N
(k)
n

= −λ ∂C
∂N

(k)
n

, (23a)

∂Sred

∂V (k)
= −λ ∂C

∂V (k)
, (23b)

∂Sred

∂T
= −λ ∂C

∂T
. (23c)

From equation (23c), we isolate λ as:
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λ = −∂Sred/∂T

∂C/∂T
(24)

Substituting the expressions from equations (A.3) and (A.10) into equation (24), we get

λ = − 1

T
. (25)

The explicit dependence of the Lagrange multiplier λ on temperature T removes the need to
treat λ as an independent optimization variable. This simplification reduces the dimensionality
of the problem, as λ is no longer an unknown but is instead directly determined by T . By
substituting (25) into the stationarity condition (15), the optimization process becomes more
efficient, as we discuss in detail in the following section.

6.3. Lagrangian Simplification

With this choice of the Lagrange multiplier λ, the Lagrangian is defined as

L(x) = Sred(x)−
1

T
C(x), (26)

where x is given by (19). Substituting the expressions for the reduced entropy Sred(x) from (11)
and the constraint C(x) from (12), we get

L(x) =
p−1∑
k=1

S
(
T, V (k),Nk

)
+ S

(
T, V ⋆ −

p−1∑
k=1

V k,N(ξ)

)

− 1

T

(
p−1∑
k=1

U
(
T, V (k),Nk

)
+ U

(
T, V ⋆ −

p−1∑
k=1

V k,N(ξ)

)
− U⋆

)
.

(27)

We refer to this form of the Lagrangian as the Entropy based Lagrangian (SCL for short)
throughout the paper. Rearranging terms and combining the entropy and internal energy con-
tributions, we obtain

L(x) =
p∑

k=1

[
S
(
T, V (k),Nk

)
−

U
(
T, V (k),Nk

)
T

]
+

U⋆

T
. (28)

Next, recalling the thermodynamic relation A = U − TS, where A is the Helmholtz free energy,
we get

L(x) =
p∑

k=1

[
S
(
T, V (k),Nk

)
−

A
(
T, V (k),Nk

)
+ TS

(
T, V (k),Nk

)
T

]
+

U⋆

T
. (29)

Upon simplifying the terms involving entropy and Helmholtz energy, we arrive at

L(x) = −
p∑

k=1

A
(
T, V (k),Nk

)
T

+
U⋆

T
. (30)

This can be further simplified to

L(x) = U⋆

T
−

p∑
k=1

A
(
T, V (k),Nk

)
T

. (31)
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Finally, segregating the residual terms corresponding to the pth phase, we get

L(x) =
U⋆ −

(∑p−1
k=1 A

(
T, V (k),Nk

)
+A

(
T, V ⋆ −

∑p−1
k=1 V

k,N(ξ)
))

T
.

(32)

We refer to this form of the Lagrangian as the Helmholtz energy-based Lagrangian (ACL
for short). Both equations (27) and (32) represent our novel contribution and provide equivalent
formulations for flash calculations. In (18), the Lagrange multiplier λ is treated as an additional
unknown, whereas in SCL and ACL approaches, λ is explicitly determined, reducing the number
of unknowns by one. Additionally, SCL approach requires more function evaluations compared
to ACL. Specifically, SCL involves evaluating both the entropy and the internal energy of each
phase, while ACL requires only the evaluation of the Helmholtz energy. This suggests that the
ACL formulation is computationally more efficient than SCL. We would examine this numerically
in Section 7. To maximize the entropy, the saddle point of the Lagrangian L(x) must be found
by solving the system of equations ∇L(x) = 0. Additionally, the Hessian matrix in the new
formulation simplifies significantly as below:

H(x) =

[
∂2L(x)
∂xi∂xj

]
. (33)

This system can be solved using Newton’s method, as discussed in Section 6.1. The thermody-
namic consistency of the proposed formulation will be verified in the next subsection.

6.4. Thermodynamic consistency check of the new formulation

In this subsection, we verify the consistency of our new formulation in two key aspects:
(1) constraint satisfaction and (2) adherence to thermodynamic equilibrium. To demonstrate
consistency, we first show that the formulation with Lagrangian defined as per Equation (26)
inherently satisfies the constraint of the total internal energy. The gradient of the Lagrangian
with respect to temperature T is given by:

∂L
∂T

=
∂Sred

∂T
− 1

T

∂C
∂T

+
C
T 2

(34)

Substituting expressions from (A.3) and (A.10), we get

∂L
∂T

=
1

T

p∑
k=1

Cv

(
T, V (k),N(k)

)
− 1

T

p∑
k=1

Cv

(
T, V (k),N(k)

)
+
C
T 2

=
C
T 2

, (35)

where Cv represents the heat capacity at constant volume. Using the optimality condition,
∂L
∂T = 0 yields:

C
T 2

= 0 =⇒ C = 0. (36)

This condition ensures that the constraint C = 0 is automatically satisfied, thereby validating
the consistency of the formulation. Next, we verify consistency with respect to thermodynamic
equilibrium by computing the gradinets wit respect to the volume and the mole numbers. The
gradient of the Lagrangian with respect to the volume V (k):
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∂L
∂V (k)

=
∂Sred

∂V (k)
− 1

T

∂C
∂V (k)

. (37)

Substituting the expressions from equations (A.6) and (A.14), we obtain

∂L
∂V (k)

=
∂P (k)

∂T
− ∂P (ξ)

∂T
− 1

T

(
T

(
∂P (k)

∂T

)
V (k),N

− P (k) −

(
T

(
∂P (ξ)

∂T

)
V (ξ),N

− P (ξ)

))
.

Here the superscript (ξ) denotes evaluation at x(ξ). After simplification, this reduces to

∂L
∂V (k)

=
P (k)

T
− P (ξ)

T
. (38)

Similarly, the gradient of the Lagrangian with respect to the mole number N
(k)
1 is:

∂L
∂N

(k)
1

= −∂µ
(k)
1

∂T
+

∂µ
(ξ)
1

∂T
− 1

T

(
µ
(k)
1 − T

∂µ
(k)
1

∂T
−

(
µ
(ξ)
1 − T

∂µ
(ξ)
1

∂T

))

= −µ
(k)
1

T
+

µ
(ξ)
1

T
. (39)

Combining these results, the full gradient of the Lagrangian ∇xL(x) is:

∇xL(x) =



∇xL(1)

...

∇xL(p−2)

∇xL(p−1)

∂L
∂T


, (40)

where the individual entry

∇xL(k) =



−µ
(k)
1

T
+

µ
(ξ)
1

T

...

−µ
(k)
n

T
+

µ
(ξ)
n

T

P (k)

T
− P (ξ)

T


. (41)

and ∂L
∂T is given by Equation (35). The final gradients of the Lagrangian are structurally identical

to those reported by Smejkal et al. [19], with the key distinction that our formulation allows all
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functions to be evaluated directly as a function of T, V and N, whereas, Smejkal’s formulation
requires an inner Newton iteration to first determine the temperature. The optimality condition
∇xL(x) = 0 leads to the following system of equations.

µ
(1)
1 = µ

(2)
1 = · · · = µ

(ξ)
1 (42a)

µ
(1)
2 = µ

(2)
2 = · · · = µ

(ξ)
2 (42b)

... (42c)

µ(1)
n = µ(2)

n = · · · = µ(ξ)
n (42d)

P (1) = P (2) = · · · = P (ξ) (42e)

i.e. the chemical potential of each component is equal across all coexisting phases and the pressure
of each phase is equal. This is consistent with the principles of thermodynamic equilibrium.

With the theoretical framework established, we now proceed to the results section, where
we present numerical results obtained using the proposed methodology which leverages the La-
grangians defined in Equations (27) and (32).

7. Results

In this section, we present the results obtained using our proposed approach and compare
them with existing literature. Our treatment focuses exclusively on the two-phase test cases
examined by Castier [3], Smejkal et al. [19], and Bi et al. [2]. These problems have also been dis-
cussed by Nichita [15] in the context of VT stability analysis. Specifically, we consider Problems
1–6 from these studies, along with a pure component test case introduced by Smejkal. These
problems are defined in Table 1, 2 and 3. Notably, no variable scaling was employed during the
optimization process. In contrast, Smejkal et al. did not explicitly state whether variable scaling
was used in their approach.

We begin by discussing the outcomes of the stability analysis, which serve as the foundation for
determining the initial phase split. These results are then used to perform flash calculations, the
details of which are presented subsequently. First, we validate our results with literature followed
by a discussion of the speedup gains. Finally, we conclude this section with a comparison of the
two forms of Lagrangian derived in this work.

Property Problem 1 Problem 2 Problem 3 Problem 4
U [J] -756500.8 -1511407.6 -331083.7 -636468
V [cm3] 52869 4268.1 80258.1 9926.71
Nc1 [mol] 10 0.95 15.1 10
NH2S [mol] 90 99.05 84.9 90

Table 1: Specification : Problems 1–4
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Property Problem 5 Problem 6
U [J] -16272506.4 24858.2
V [cm3] 479845 289380.3
NC2

[mol/m3] 10.8 10.8
NC3H6

[mol/m3] 360.8 360.8
NC3 [mol/m3] 146.5 146.5
NiC4 [mol/m3] 233 233
NnC4

[mol/m3] 233 233
NC5

[mol/m3] 15.9 15.9

Table 2: Specification : Problems 5-6

Property U [J] V [m3] NCO2
[mol]

Value -87211375.744478 1 10000

Table 3: Specification: Pure component CO2

For all calculations, the Peng-Robinson equation of state (EOS) [17], based on Helmholtz
energy, is employed. Additional details regarding this EOS can be found in Appendix C.

7.1. Stability Analysis

While the primary focus of this paper is on phase split calculations, we first present the results
of the stability analysis, as these results provide the initial guesses for the phase split calculations.
We have obtained these results using the methodology discussed in Section 3. Our study reports
the local minimum for each problem, with the results summarized in Tables 4, 5 and 6. For
each case, we report the computed values of temperature, component concentrations, and the
tangent plane distance function D, as defined in Equation (4), with the results reported to two
significant digits. However, for values smaller than 1, the results are reported to four significant
digits. In all cases, our local minima are in close agreement with the values (either global or
local) reported by Nichita [15] for the multicomponent case and Smejkal et al. [19] for the single
component case. The stability analysis reveals minimal discrepancies in concentration values,
with errors remaining below 0.085%. The largest errors occur in Problem 6, with the highest
being 0.085% for c′C5

. In the following section, we utilize these stability results to initialize the
phase split calculations.

Problem 1 Problem 2 Problem 3 Problem 4
Property Nichita Current Nichita Current Nichita Current Nichita Current
T [K] 151.83 151.83 291.91 291.91 297.84 297.84 361.80 361.80

c′c1 [mol/m3] 104.13 104.12 146.11 146.18 188.14 188.14 1011.37 1011.36
c′H2S

[mol/m3] 564.39 564.35 736.15 736.58 1057.84 1057.84 10056.7 10037.91
D [Pa/K] 875.34 875.45 26771.1 26722 0.0 2.08e-12 0.5063 0.467

Table 4: Results of stability analysis: Nichita [15] vs Our Results
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Problem 5 Problem 6
Property Nichita Current Nichita Current
T [K] 122.97 122.97 394.54 394.54
c′C2

[mol] 0.3294 0.3294 46.41 46.41
c′C3H6

[mol] 3.10 3.10 1739.38 1738.53
c′C3

[mol] 0.9066 0.9066 719.16 718.79
c′iC4

[mol] 0.3860 0.3860 1262.45 1261.59
c′nC4

[mol] 0.2934 0.2934 1305.65 1304.69
c′C5

[mol] 0.0038 0.0038 101.09 101.00
D[Pa/K] 35298.75 35298.74 16.3045 16.10

Table 5: Results of stability analysis Nichita [15] vs Our Results

Property Smejkal Current
T [K] 280.0 280.0

c′ [mol/m3] 19469.17 19487.12
D [Pa/K] 4608.22 4608.27

Table 6: Results for pure CO2 from stability analysis. Smejkal et al. [19] vs Our Results

7.2. Flash calculations

In this section, we present the initial guesses derived from stability analysis, generated using
the Algorithm 1 described in Section 3.3. While Smejkal et al. [19] highlight the use of stability
analysis to obtain initial guesses for flash calculations, their work does not explicitly provide
these values for all the test cases, limiting the reproducibility of their results. To bridge this gap,
we report the detailed initial guesses obtained from our stability analysis, followed by the results
of the corresponding flash calculations. The initial guesses are comprehensively summarized in
Tables 7, 8 and 9, with the results reported to four significant digits.

Using these initial guesses, we perform flash calculations using our proposed approach. For all
results presented here, we have used the entropy-based Lagrangian defined as per Equation (27).
The results with the Helmholtz energy-based Lagrangian formulation are essentially the same
and are therefore not included here. Tables 10, 11 and 12 present the results using Netwon’s
method with a third order backtracking linesearch. The stopping criterion is set to a relative
tolerance of 1×10−8. The results are reported to six significant digits. In addition to the internal
energy, volume and mole numbers, we also report the entropy of the reference phase and the two
phase system, denoted as SI and SII , respectively. A reasonable agreement is observed with the
results reported by Smejkal et al. [19] for problems 1-6.

Property Problem 1 Problem 2 Problem 3 Problem 4
Phase 1 Phase 2 Phase 1 Phase 2 Phase 1 Phase 2 Phase 1 Phase 2

Nc1 [mol] 0.0003 9.9997 0.0195 0.9305 0.0005 15.0995 1.2549 8.7451
NH2S [mol] 28.5304 61.4696 0.0982 98.9518 0.0583 84.8417 12.4787 77.5213
V [cm3] 0.0008 0.0520 0.0001 0.0041 2.45e-6 0.08026 0.0012 0.0087
U [J] -717694 -38806 -379.56 -1.511e6 -891.17 -330193 -94307.8 -542160

Table 7: Initial guesses obtained from stability analysis for Problems 1, 2, 3, and 4
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Property Problem 5 Problem 6
Phase 1 Phase 2 Phase 1 Phase 2

NC2
[mol] 0.6328 10.2672 0.8394 9.9624

NC3H6
[mol] 84.6926 276.1074 31.4435 329.3565

NC3
[mol] 22.4028 124.0972 13.0002 133.4998

NiC4 [mol] 26.3615 206.6385 22.8175 210.1825
NnC4 [mol] 82.5333 150.4667 23.5972 209.4028
NC5

[mol] 9.1875 6.7125 1.8268 14.0732
V [cm3] 0.0150 0.4648 0.0181 0.2713
U [J] -8.2275e6 -8.0450e6 -211881.92 236740.12

Table 8: Initial guesses from stability analysis for Problems 5 and 6

Property Phase 1
NCO2 [mol] 2435.89
V [cm3] 0.125
U [J] −3.129× 107

Table 9: Initial guesses obtained from stability analysis for pure component (CO2)

Problem 1 Problem 2
Smejkal Current Smejkal Current

U [J] –211544.585681 -211544.596326 –1510985.753624 -1510985.755666
V [cm3] 51366.638771 51366.638597 4165.673900 4165.674425
Nc1 [mol] 9.664320 9.664319 0.930730 0.930730
NH2S [mol] 54.315978 54.315976 98.941685 98.941685
SI [J K−1] –4847.824318 -4847.824867 –7391.709463 -7391.709647
SII [J K−1] –4335.499136 -4335.499558 –7390.326639 -7390.326837

Table 10: Comparison of Flash Results for Problems 1 and 2: Smejkal et al. [19] vs. Our Results

Problem 3 Problem 4
Smejkal Current Smejkal Current

U [J] –330516.922985 -330516.953672 –390660.034825 -390689.64236
V [cm3] 80256.537494 80256.537579 6414.083981 6414.415486
Nc1 [mol] 15.099651 15.099651 6.448582 6.448928
NH2S [mol] 84.862887 84.862889 56.390527 56.394270
SI [J K−1] –2613.988230 -2613.988418 –4579.402758 -4579.403289
SII [J K−1] –2613.987835 -2613.988023 –4579.402147 -4579.402679

Table 11: Comparison of Flash Results for Problems 3 and 4: Smejkal et al. [19] vs. Our Results
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Problem 5 Problem 6
Smejkal Current Smejkal Current

U [J] –379886.931385 -380012.963119 174870.975415 174842.436972
V [cm3] 401197.390420 401192.630291 273147.423428 273150.189814
NC2

[mol] 4.203436 4.242459 10.064693 10.066498
NC3H6

[mol] 68.225832 68.231202 333.710698 333.715455
NC3 [mol] 24.416960 24.419097 135.325654 135.327702
NiC4 [mol] 18.529159 18.531724 213.665513 213.668936
NnC4

[mol] 13.885437 13.887650 213.118914 213.122442
NC5

[mol] 0.325600 0.325674 14.391190 14.391459
SI [J K−1] –73647.697512 -73640.643944 –9052.552759 -9052.541673
SII [J K−1] –54939.068244 -54937.804163 –9052.431373 -9052.420341

Table 12: Comparison of Flash Results for Problems 5 and 6: Smejkal et al. [19] vs. Our Results

To further evaluate the generality and robustness of our method, we also consider a single-
component test case, as discussed by Smejkal et al. [19], with specifications defined in Table 3.
The stability analysis (see Table 6) reveals that the fluid is unstable as a single-phase fluid. Based
on this analysis, an initial phase split was obtained, as shown in Table 9. Flash calculations are
subsequently performed using this initial phase split, and the results are presented in Table 13.
Our findings show excellent agreement with the results reported in the literature [19]. Following
this validation, we proceed to evaluate the computational efficiency of our method, comparing
the speedup relative to the approach of Smejkal et al.

Property Smejkal Current
U [J] -16873789.390417 -16873791.656255
V [cm3] 481283.619636 481283.486064
NCO2

[mol] 2818.038884 2818.038719
SI [J/K] -584388.217059 -584388.23982
SII [J/K] -583476.321606 -583476.346351

Table 13: Comparison of Flash Results for pure CO2: Smejkal vs. Our Results

7.2.1. Speedup and Robustness

We now turn our attention to the computational speedup achieved by our TVN approach
compared to the UVN formulation. Both formulations are compared by directly using the same
nonlinear solver in Julia without employing any variable scaling. The results, obtained with a
relative tolerance of 1× 10−6, are summarized in Tables 14 and 15.

The TVN approach consistently requires fewer or equal outer iterations compared to the UVN
method across all test problems. For instance, in Problem P1, both methods require 9 outer
iterations. In contrast, in Problem P4, the TVN approach converges with 7 outer iterations,
whereas the UVN approach fails to converge when using Line Search. However, when Trust
Region method is used, the UVN formulation requires 15 outer iterations, whereas the TVN
formulation requires only 7 iterations for the same problem. This demonstrates the robustness
of the TVN formulation, which reliably converges for all problems using both Line Search and
Trust Region methods.

A key advantage of the TVN approach is the elimination of inner iterations, which are com-
putational bottleneck in the UVN method. While UVN requires 20 to 987 inner iterations, TVN
bypasses this overhead entirely, significantly reducing computational costs in the current imple-
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mentation. This difference is evident in the single-component test case (PCO2), where TVN
completes with 32 outer iterations (Line Search) and 117 (Trust Region), compared to UVN’s 77
and 175 outer iterations plus 964–987 inner iterations. Clearly this is reflected in the execution
time, for example for Problem P1, TVN requires 0.52 ms (Line Search) and 0.41 ms (Trust Re-
gion), whereas UVN takes 3.15 ms and 2.78 ms, respectively. In the PCO2 case, TVN achieves
0.69 ms (Line Search) and 1.18 ms (Trust Region), compared to UVN’s 263.24 ms and 481.01 ms.
This performance underscores the scalability of the TVN approach for practical applications.

Line Search Trust Region
TVN UVN TVN UVN

Problem Outer Inner Outer Inner
P1 9 9 65 9 9 64
P2 4 4 20 4 4 20
P3 4 4 30 4 5 30
P4 7 x x 7 15 81
P5 10 10 71 10 10 68
P6 4 5 60 5 5 60
PCO2 32 77 964 117 175 987

Table 14: Iteration counts for TVN (SCL) and UVN formulations. Cases that did not converge are marked with
x

Line Search Trust Region
UVN UVN

Problem TVN (ms) No Scale (ms) Scaled (ms) TVN (ms) No Scale (ms) Scaled(ms)
P1 0.52 3.15 3.66 0.41 2.78 3.67
P2 0.28 1.86 2.09 0.22 1.22 1.33
P3 0.17 1.09 1.23 0.22 1.48 2.08
P4 0.47 x 12.14 0.38 3.66 4.23
P5 4.59 42.47 40.3 5.29 42.86 41.48
P6 2.37 26.67 26.73 3.16 32.54 31.46
PCO2 0.69 263.24 45.69 1.18 481.01 1.86

Table 15: Execution time comparison (in milliseconds) for TVN (SCL) and UVN formulations. The execution
time reported is the average calculation time after solving each problem 100 times. Cases that did not converge
are marked with x.

It is worthwhile noting that the convergence challenges observed in the UVN method under
Line Search can be mitigated by applying variable scaling, where all variables are normalized by
their respective total specified quantities. This approach has been tested and confirmed effective,
as illustrated in Table 15. For instance, in Problem PCO2, scaling reduces UVN’s execution time
from 263.24 ms to 45.69 ms with Line Search and from 481.01 ms to 1.86 ms with the Trust
Region method. These results emphasize the importance of variable scaling in improving the
performance and robustness of the UVN method.

We further point out that the TVN approach benefits from having better-scaled variables
from the start, for example, temperature typically varies within a narrow range of a few hun-
dred kelvins, unlike internal energy, which spans a wide range of large negative and positive
values. This enhances the numerical stability and contributes to the robustness of the TVN
approach. Overall, the robustness combined with reduced computational time positions of the
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TVN approach establishes it as a superior alternative to the conventional UVN method for
thermodynamic flash calculations.

7.2.2. Comparison of Two Lagrangian Formulations

This section compares two novel Lagrangian formulations, defined in equations (27) and (32),
using the iteration counts and the execution times presented in Tables 16 and 17 respectively. The
first formulation, which employs entropy based Lagrangian (SCL), while the second formulation,
which utilizes the Helmholtz energy-based Lagrangian (ACL).

The iteration counts for both approaches are similar, however, the ACL formulation consis-
tently outperforms the SCL formulation in execution time across all problems and methods (Line
Search and Trust Region). This efficiency is attributed to the fewer function evaluations required
by ACL approach, as discussed in 6.3. For instance, in P5 using Newton with Line Search, ACL
takes only 1.32 ms whereas SCL takes 4.59 ms. Additionally, the Trust Region method generally
exhibits longer execution times compared to the Line Search method, particularly for the SCL
formulation, as observed in problems P5 and P6. It is important to note that the execution time
comparisons for problems P1–P4 are less meaningful, as these problems already require minimal
computational time, rendering execution time an unreliable metric these specific cases. Overall,
these results demonstrate the computational efficiency of the Helmholtz-based Lagrangian and
highlight the significant impact of optimization method selection (Line Search vs. Trust Region)
on performance.

Line Search Trust Region
Problem SCL (ms) ACL (ms) SCL (ms) ACL (ms)
P1 9 10 9 10
P2 4 4 4 4
P3 4 4 4 4
P4 7 8 7 8
P5 10 10 10 10
P6 4 5 5 5
PCO2 32 33 117 117

Table 16: Iteration counts comparison for SCL and ACL formulations.

Line Search Trust Region
Problem SCL (ms) ACL (ms) SCL (ms) ACL (ms)
P1 0.52 0.24 0.41 0.21
P2 0.28 0.15 0.22 0.13
P3 0.17 0.11 0.22 0.14
P4 0.47 0.23 0.38 0.23
P5 4.59 1.32 5.29 2.53
P6 2.37 0.7 3.16 0.68
PCO2 0.69 0.51 1.18 0.92

Table 17: Execution time comparison (in milliseconds) for SCL and ACL formulations. The reported calculation
time is the average time after repeating 100 calculations for each problem.
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8. Conclusion

In this work, we propose a novel reformulation of the UVN flash problem that eliminates
the need to invert the equation of state (EOS) during the optimization process, significantly
improving the efficiency of flash calculations. By transitioning from the unconstrained UVN space
to the constrained TVN space, we simplify the numerical approach, enhancing its robustness and
facilitating faster convergence. This TVN reformulation addresses a key limitation in previous
methods, which requires costly EOS inversions as part of the optimization procedure.

We applied the method of Lagrange multipliers to transform the constrained optimization
problem into an unconstrained one. By deriving the necessary gradients and Hessian, we obtained
an explicit expression for the Lagrange multiplier in terms of temperature, eliminating the need
to treat it as an independent variable. This simplification led to two Lagrangian formulations,
namely, the entropy-based Lagrangian (SCL) and the Helmholtz energy-based Lagrangian (ACL).

We also provided an explicit algorithm for generating high-quality initial guesses directly
from stability analysis results. This critical step greatly facilitates the convergence of the flash
algorithm. We subsequently applied our novel reformulation of the UVN flash and validated the
results against literature data. To evaluate the performance of our method, we employed two
variants of Newton’s: Line Search and Trust Region. Our TVN reformulation demonstrated suc-
cessful convergence with both approaches, highlighting its robustness and reliability. We tested
our approach on a single-component system, that further demonstrates its wide applicability.

Finally, a comparison of our entropy-based Lagrangian formulation against the traditional
UVN approach was performed. The computational results show significant performance improve-
ments, including: avoiding the need to perform EOS inversions and a reduction in the number
of outer loop iterations. These improvements led to a reduction in execution time without sac-
rificing accuracy. Additionally, both of the proposed Lagrangian formulations were compared in
terms of execution time. The results indicate that the Helmholtz-based formulation consistently
outperforms the entropy-based formulation in computational efficiency across all test cases.
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Appendix A. Gradient and Hessian Computation in new Formulation

In this section, we present the methodology for computing the gradient and Hessian of the
entropy and the constraint functions in the proposed formulation. These derivatives are critical
for solving the optimization problem using Newton’s method, as outlined in the preceding section.
The discussion is structured as follows: we first present the computation of the gradient, followed
by the derivation of the Hessian.

Appendix A.1. Gradients computation

In this subsection, we discuss the evaluation of the gradients of the the entropy function
defined by Equation (11) and the constraint function defined by Equation (12). Using these
gradients, we then compute the value of the Lagrange multiplier λ. The gradient ∇Sred(x) of
the reduced entropy function Sred(x) is defined as:

∇Sred(x) =



∇S(1)
red
...

∇S(p−2)
red

∇S(p−1)
red

∂Sred

∂T


(A.1)

∀k ∈ {1, . . . , p−1}, ∇S(k)
red ∈ Rn+1, and

∂Sred
∂T =

∑p
k=1

∂S(k)

∂T ∈ R, where S(k) = S
(
T, V (k),Nk

)
is the entropy of the phase k. The individual entries of ∇S(k)

red are given as below.
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∇S(k)
red =



∂Sred

∂N (k)

...

∂Sred

∂N (n)

∂Sred

∂V (k)


=



∂S
(k)
red

∂N
(k)
1

−
∂S

(ξ)
red

∂N
(k)
1

...

∂S
(k)
red

∂N
(k)
n

−
∂S

(ξ)
red

∂N
(k)
n

∂S
(k)
red

∂V (k)
−

∂S
(ξ)
red

∂V (k)


. (A.2)

We can simplify the partial derivatives using thermodynamic identities as follows:

∂Sred

∂T
=

p−1∑
k=1

∂S
(
T, V (k),N(k)

)
∂T

+
∂S
(
T, V ⋆ −

∑p−1
k=1 V

(k),N(ξ)
)

∂T

=
1

T

p∑
k=1

Cv

(
T, V (k),N(k)

)
. (A.3)

Furthermore, the thermodynamic identity for the volume derivative of entropy is given by:(
∂S

∂V

)
T,N

=

(
∂P

∂T

)
V,N

. (A.4)

Next, for the derivative with respect to N , we can substitute S in terms of Helmholtz energy A
as follows: (

∂S

∂N

)
T,V

=

(
∂
(
−∂A

∂T

)
V,N

∂N

)
T,V

. (A.5)

Since V is constant, we consider only T and N as variables, yielding:(
∂S

∂N

)
T

=

(
∂
(
−∂A

∂T

)
N

∂N

)
T

= − ∂µ

∂T
.

Finally, the gradient of the reduced entropy for phase k is given by:

∇S(k)
red =



∂Sred

∂N
(k)
1

...

∂Sred

∂N
(n)
n

∂Sred

∂V (k)


=



−∂µ1(T, V
(k),Nk)

∂T
+

∂µ1

∂T
(x(ξ))

...

−∂µn(T, V
(k),Nk)

∂T
+

∂µn

∂T
(x(ξ))

∂P (T, V (k),Nk)

∂T
− ∂P

∂T
(x(ξ))


. (A.6)
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It is interesting to note that, while Smejkal’s approach expresses the gradient of Sred using the
terms of the form a

b , our formulation instead involves partial derivatives of the form ∂a
∂b . For

instance, in our approach, the derivative of Sred with respect to N
(k)
1 is expressed as

∂Sred

∂N
(k)
1

= −∂µ1(T, V
(k),Nk)

∂T
+

∂µ1(x
(ξ))

∂T
,

whereas in Smejkal’s approach, it is given by

∂Sred

∂N
(k)
1

= −µ1(U
(k), V (k),Nk)

T
+

µ1(x
(ξ))

T
.

This pattern persists across other derivatives as well, underscoring a fundamental difference in
the treatment of thermodynamic variable dependencies between the two methodologies. We
remark here that U (k) is defined differently for both the approaches. For Smejkal’s approach, it
is the unknown of the optimization problem whereas for our approach it is defined as U (k) :=
U(T, V (k),Nk). Now, having computed the gradients of the entropy function, we now turn our
attention to the computation of the gradient of the constraint function C.

∇C(x) =



∇C(1)
...

∇C(p−2)

∇C(p−1)

∂C
∂T


, (A.7)

∀k ∈ {1, . . . , p− 1},∇C(k) ∈ Rn+1 and ∂C
∂T =

∑p
k=1

∂U(k)

∂T ∈ R, U (k) := U(T, V (k),Nk).

∇C(k) =



∂C
∂N

(k)
1

...

∂C
∂N

(k)
n

∂C
∂V (k)


=



∂C(k)

∂N
(k)
1

− ∂C(ξ)

∂N
(k)
1

...

∂C(k)

∂N
(k)
n

− ∂C(ξ)

∂N
(k)
n

∂C(k)

∂V (k)
− ∂C(ξ)

∂V (k)


, (A.8)

We can simplify these gradients further using standard thermodynamic identities. First, recall
that the heat capacity at constant volume, Cv, is given by the following thermodynamic relation:

Cv =

(
∂U

∂T

)
V,N

. (A.9)

Consequently, the partial derivative of the constraint with respect to temperature becomes:

∂C
∂T

=

p∑
k=1

C(k)
v . (A.10)
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Next, utilizing the thermodynamic identity:(
∂U

∂V

)
T,N

= T

(
∂P

∂T

)
V,N

− P. (A.11)

we obtain the following expression for the partial derivative of the constraint with respect to
volume:

∂C(k)

∂V (k)
=

(
∂U (k)

∂V (k)

)
T,N

= T

(
∂P

∂T

)
V (k),N

− P. (A.12)

For the partial derivative of the constraint with respect to the mole number of component 1 in
phase k, we proceed as follows:

∂C(k)

∂N
(k)
1

=

(
∂U (k)

∂N
(k)
1

)
T,V (k)

=

(
∂A(k) + TS(k)

∂N
(k)
1

)
T,V (k)

=

(
∂A(k)

∂N
(k)
1

)
T,V (k)

+ T

(
∂S(k)

∂N
(k)
1

)
T,V (k)

= µ
(k)
1 − T

(
∂µ

(k)
1

∂T

)
, (A.13)

where µ
(k)
1 is the chemical potential of component 1 in phase k. Similar expressions hold for

components 2, . . . , p− 1. Finally, we can summarize the gradient of the constraint with respect
to the generalized state variables:

∇C(k)(x) =



µ
(k)
1 − T

∂µ
(k)
1

∂T
−

(
µ
(ξ)
1 − T

∂µ
(ξ)
1

∂T

)

...

µ(k)
n − T

∂µ
(k)
n

∂T
−

(
µ(ξ)
n − T

∂µ
(ξ)
n

∂T

)

T

(
∂P (k)

∂T

)
V (k),N

− P (k) −

(
T

(
∂P (ξ)

∂T

)
V (ξ),N

− P (ξ)

)



. (A.14)

With the gradient of the entropy and constraint fully defined, we now proceed to the computation
of the Lagrange multiplier. This multiplier plays a crucial role in enforcing the constraint and is
directly determined by the relationship between these gradients.

Appendix A.2. Hessian computation

The Hessian matrix H(x) ∈ R(p−1)(n+1)+1,(p−1)(n+1)+1 is given in block form as:

H(x) =

HN,N HN,V HN,T

HV,N HV,V HV,T

HT,N HT,V HT,T


27



Each block has the following structure:
HN,N ((p− 1)n× (p− 1)n):

H(k,ℓ)
N,N =


∂2S

∂N
(k)
1 ∂N

(ℓ)
1

· · · ∂2S

∂N
(k)
1 ∂N

(ℓ)
n

...
. . .

...
∂2S

∂N
(k)
n ∂N

(ℓ)
1

· · · ∂2S

∂N
(k)
n ∂N

(ℓ)
n


HN,V ((p− 1)n× (p− 1)) and HN,T ((p− 1)n× 1):

H(k,ℓ)
N,V =


∂2S

∂N
(k)
1 ∂V (ℓ)

...
∂2S

∂N
(k)
n ∂V (ℓ)

 , H(k)
N,T =


∂2S

∂N
(k)
1 ∂T
...

∂2S

∂N
(k)
n ∂T


HV,V ((p− 1)× (p− 1)) and HV,T ((p− 1)× 1):

H(k,ℓ)
V,V =

∂2S

∂V (k)∂V (ℓ)
, H(k)

V,T =
∂2S

∂V (k)∂T

HT,T (1× 1):

HT,T =
∂2S

∂T 2

Similarly, the Hessian of the constraint function can be derived using the same methodology. In
practice, however, we leverage state-of-the-art automatic differentiation (AD) tools to compute
these derivatives accurately. While AD provides a robust and reliable framework for evaluating
gradients and Hessians, manual derivations remain invaluable for verifying the correctness of
AD-generated results. Additionally, although AD is generally efficient, computing higher-order
derivatives can become computationally intensive. In such scenarios, manually derived expres-
sions for derivatives may offer a more computationally efficient alternative. In this work, we
primarily rely on the ForwardDiff.jl package for AD to compute the gradient and the Hessian,
and use manual derivations for verification purposes.

Appendix B. Lagrange Multiplier

The Lagrange multiplier method is used to find the extrema of a function subject to
constraints. Given an objective function f(x1, x2, . . . , xn) and a constraint

g(x1, x2, . . . , xn) = 0,

we define the Lagrangian function:

L(x1, x2, . . . , xn, λ) = f(x1, x2, . . . , xn) + λg(x1, x2, . . . , xn).

The necessary conditions for an extremum are obtained by setting the gradient of L to zero:

∇L = 0 ⇒ ∇f = −λ∇g.
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Additionally, the constraint equation must be satisfied:

g(x1, x2, . . . , xn) = 0.

These conditions ensure that the gradient of f is parallel to the gradient of g, meaning the
constraint surface is tangent to the level curves of f .

Appendix C. Peng-Robinson Equation of State

We employ the Peng-Robinson equation of state (EOS) [19], which is formulated as follows:

P (EOS)(T, V,N1, . . . , Nn) =
NRT

V −Nb
− a(T )N2

V 2 + 2bNV −N2b2
, (C.1)

where T is the temperature, V is the volume, Ni represents the number of moles of component i
in the system, R is the universal gas constant and N is the total number of moles in the system.
The parameters a(T ) and b characterize intermolecular forces and volume exclusion, respectively.
The parameters a(T ) and b are defined as follows:

a =
n∑

i=1

n∑
j=1

xixjaij , (C.2a)

aij = (1− δij)
√
aiaj , (C.2b)

ai(T ) = 0.45724
R2T 2

crit,i

Pcrit,i

[
1 +mi

(
1−

√
Tr,i

)]2
, (C.2c)

b =

n∑
i=1

xibi, (C.2d)

bi = 0.0778
RTcrit,i

Pcrit,i
, (C.2e)

where xi is the mole fraction of component i, Tcrit,i and Pcrit,i are the critical temperature and
pressure of component i, and δij is the Kronecker delta. The parameter mi accounts for the
acentric factor ωi as:

mi =

{
0.37464 + 1.54226ωi − 0.26992ω2

i , ωi < 0.5,

0.3796 + 1.485ωi − 0.1644ω2
i + 0.01667ω3

i , ωi ≥ 0.5.
(C.3)

The internal energy, U (EOS), and entropy, S(EOS), in the context of the Peng-Robinson EOS
are expressed as follows:

The internal energy:

U (EOS)(T, V,N1, . . . , Nn) = N
T∂T (a)− a

2
√
2b

ln

∣∣∣∣∣V + (1 +
√
2)bN

V + (1−
√
2)bN

∣∣∣∣∣
−NR(T − T0) +

n∑
i=1

Ni

3∑
k=0

αik
T k+1 − T k+1

0

k + 1
+Nu0, (C.4)

where ∂T (a) is the temperature derivative of a(T ), T0 is a reference temperature, and αik are
empirical constants.
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The entropy:

S(EOS)(T, V,N1, . . . , Nn) = NR ln

∣∣∣∣V − bN

V

∣∣∣∣+N
∂T (a)

2
√
2b

ln

∣∣∣∣∣V + (1 +
√
2)bN

V + (1−
√
2)bN

∣∣∣∣∣
+R

n∑
i=1

Ni ln
V P0

NiRT
+

n∑
i=1

Ni

∫ T

T0

cigp,i(ξ)

ξ
dξ, (C.5)

where cigp,i(T ) is the ideal gas heat capacity of component i and P0 is a reference pressure. The

heat capacity cigp,i(T ) can be written as:

cigp,i(T ) =

3∑
k=0

αikT
k. (C.6)
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