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Abstract. We propose BLASter, a proof of concept LLL implementation
that demonstrates the practicality of multiple theoretical improvements.
The implementation uses the segmentation strategy from Neumaier–
Stehlé (ISSAC 2016), parallelism and Seysen’s reduction that was pro-
posed by Kirchner–Espitau–Fouque (CRYPTO 2021) and implemented
in OptLLL, and the BLAS library for linear algebra operations. It con-
sists of only 1000 significant lines of C++ and Python code, and is made
publicly available.
For q-ary lattices that fplll can handle without multiprecision (dimen-
sion < 180), BLASter is considerably faster than fplll, OptLLL and Ryan–
Heninger’s flatter (CRYPTO 2023), without degrading output reduction
quality. Thanks to Seysen’s reduction it can further handle larger dimen-
sion without resorting to multiprecision, making it more than 10x faster
than flatter and OptLLL, and 100x faster than fplll in dimensions 256 to
1024.
It further includes segmented BKZ and segmented deep-LLL variants.
The latter provides bases as good as BKZ-15 and has a runtime that is
only a couple of times more than our LLL baseline.
This remains a proof of concept: the effective use of higher precision —
which is needed to handle all lattices — has further obstacles and is left
for future work. Still, this work contains many lessons learned, and is
meant to motivate and guide the development of a robust and modern
lattice reduction library, which shall be much faster than fplll.

Keywords: Lattice reduction · LLL · Segmentation · Parallelism · Con-
crete performance · Divide and Conquer

1 Introduction

Implementing the LLL algorithm [39] is a notoriously hard task. A testimony
of this claim is the limited progress between 2005 and 2019, despite various
asymptotic improvements proposed in the literature [57,50,45]. This stands in
stark contrast with the other lattice algorithms such as enumeration [24,14] and
sieving [4,17], for which we have up-to-date software [68,2].

Finally in 2019, Kirchner, Espitau and Fouque proposed a faster reduction
library OptLLL [35]. This got followed-up by Ryan and Heninger with a more
robust one, flatter [53]. Still, there remain some documented ideas that are left
unimplemented up to now. Furthermore, flatter is still based on fplll [68], whose

https://orcid.org/0000-0003-2510-4829
https://orcid.org/0000-0002-8014-9221
https://orcid.org/0000-0002-7091-2924


very design dates from a different computational era. Modern computer archi-
tectures offer massive vectorization and parallelization, which are very suitable
to speed up linear algebra tasks.

Early applications of lattice reduction construct lattice bases with possibly
very large entries [39,38,9,10,15,31], motivating a line of research, lowering the
runtime dependence on the entry sizes [34,55,47,50], of which [47] is implemented
in fplll. More recent cryptosystems [62,40,51,8] base their security on the hardness
of solving a lattice problem [32,52] given a basis having completely different
characteristics: very high dimension and very small entries. This motivates us
to focus on q-ary lattices with a small q.

In this regime, the runtime dependence on the dimension is more important
and most linear algebra can be computed with machine word precision, which
can be delegated to modern optimized BLAS libraries. Although fplll and flatter
use machine word precision until numerical issues are encountered, they hardly
depend on BLAS.

To improve the runtime dependence on the dimension, Schönhage started a
line of work to let lattice reduction run recursively and repeatedly within seg-
ments until the basis is sufficiently reduced [60,66,36,37,57,45,35,53]. Although
initial works provided a weaker reduction notion than LLL, Neumaier and Stehlé
construct an algorithm outputting a basis, of which the first vector has a norm
comparable to LLL [45]. The algorithm relies on fast integer multiplication algo-
rithms, and has a runtime complexity of O(n4+ϵlog(B)

1+ϵ
) for any ϵ > 0, where

n is the dimension and B bounds the norm of all basis vectors. This algorithm
has never been implemented, and remains the fastest provable lattice reduction
algorithm thus far.

It is therefore quite plausible that LLL can still be made much faster, but this
requires starting from scratch. Admittedly, a fast and robust lattice reduction
library is a huge project, because it would require multiprecision computations
that do not degrade performance. In particular, an important missing tool is
an optimized BLAS library that effectively can handle multiprecision data. Cur-
rently, OptLLL and flatter use a naïve solution with dynamically allocated mul-
tiprecision elements inside matrices, which prevents the effective use of massive
vectorization, parallelization and CPU cache optimizations of modern optimized
BLAS libraries.

1.1 Related Work

Kirchner–Espitau–Fouque [35]. Kirchner, Espitau and Fouque give a heuristic
lattice reduction algorithm OptLLL with claimed runtime O(nωC), where C is
the logarithm of the condition number of the input basis, and ω the matrix mul-
tiplication exponent. They use Seysen’s reduction instead of size reduction. This
algorithm uses a strong heuristic, namely that the Geometric Series Assumption
(GSA) [56] holds throughout execution, and may crash or not terminate when a
lattice violates this heuristic [53, Sec. 6.3 & 6.5].

The algorithm uses a segmented recursive approach similar to [45], and sug-
gests that it is possible to reduce disjoint segments in parallel, using an idea

2



dating back to Villard [69,28]. However, it does not discuss the optimal number
of segments at any depth, when using multithreading. Moreover, when running
the software, all but one thread are idle most of the time.

Their asymptotic runtime is optimistic in practice, because it uses both fast
integer multiplication and matrix multiplication algorithms that are infeasible
in practice. For example, the Coppersmith–Winograd algorithm [16] achieves
ω ≤ 2.376, but is admittedly slower than the naive algorithm for matrices of di-
mension n ≤ 10, 000 [29]. Moreover, the GMP library prefers FFT-based integer
multiplication rather than Toom–Cook variants such as [7] for integers of 3000
machine words or more.1 As a consequence, in practice it may not be optimal to
use Schönhage’s algorithm for rank 2 lattice reduction [61], and their proposed
blockwise Cholesky decomposition.

The OptLLL software can be downloaded at the bottom of Espitau’s webpage
https://espitau.github.io/fastlll.html.

Ryan–Heninger [53]. Ryan and Heninger propose both a provable algorithm and
a heuristic algorithm to reduce lattices, called flatter. The heuristic algorithm
has a time complexity of O(nω(C + n)

1+ϵ
). The algorithm uses ideas of basis

compression [54] to reduce the basis to one with bounded so-called drop, which
is incomparable but similar to the guarantees of LLL.

The algorithm uses a recursive strategy with half-overlapping blocks of size
n/2, similar to [45]. Utilizing multithreading, flatter reduces the first half and
last half in parallel. Moreover, the matrix multiplication implementation utilizes
multiple threads.

Interestingly, during QR decomposition, Seysen’s reduction is used, but it
does not replace size reduction.

If flatter encounters a projected sublattice of rank at most 32 with a needed
bit precision of less than 120, it calls fplll to run LLL or BKZ with block size 10,
20, 28 or 35, depending on the desired root Hermite factor for this local basis.

Despite usage of the Eigen library, flatter merely uses the QR decomposi-
tion with doubles [26], and has self-written algorithms for QR decomposition of
MPFRs, and for matrix multiplication.

1.2 Our Contribution

In this work, we propose BLASter, a fast and modern implementation of LLL,
which serves as a proof of concept. Namely, our work focuses on reducing lattices
that can be handled with machine precision. By algorithmically making use of
the segmentation strategy of Neumaier–Stehlé [45], we can handle q-ary lattices
comfortably in dimensions up to 1000 with at most 30 bits. In addition, we re-
place size reduction by Seysen’s faster reduction strategy [63], and we directly
run QR decomposition instead of a block Cholesky decomposition [35]. Multi-
threading is extensively used for linear algebra, and for running LLL in parallel

1 See: https://gmplib.org/devel/thres/MUL_FFT_THRESHOLD
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on disjoint segments. Moreover, we provide a detailed description for the design
choices that were made in the implementation.

Additionally, BLASter contains a variant of deep-LLL [59], BLASterDeepLLL,
and a variant of BKZ [59], BLASterBKZ. The BKZ variant preprocesses the basis
with BLASterDeepLLL of depth d = 4, and then uses a progressive strategy from
block size 40 onwards.

We benchmark our proof of concept, and other lattice reduction algorithms,
on small lattices that fplll can handle with machine words, and lattices of di-
mension 128, 256, 512 and 1024. BLASter is an order of magnitude faster than
fplll, OptLLL and flatter. For dimensions above 200, our software is more than
100x faster than fplll. In all cases, we observe that our software reduces lattices
faster than fplll, OptLLL and flatter. Despite loose worst-case runtime bounds,
the experiments show that BLASterDeepLLL is only about 2x slower than the
plain LLL-like algorithm in dimensions up to 256, and only a factor 5 slower
than our LLL algorithm in dimension 512, while its output quality is similar to
BKZ-15 in practice. BLASterBKZ reduces a lattice of dimension 256 with 20-bit
entries using one tour of BKZ-60 in less than 2 minutes, while fplll requires more
than 5 minutes to LLL-reduce such lattice.

Library Lines of code Direct dependencies

fplll [68] 16, 445† GMP [25], MPFR [20], JSON-lib
OptLLL [35] 1, 950 GMP, MPFR, OpenBLAS, FFTW [21]

flatter [53] 11, 155 GMP, MPFR, OpenBLAS, fplll, Eigen [26]
BLASter (this work) 939 NumPy, Eigen

Table 1. Lines of code of various lattice reduction libraries, excluding comments and
blank lines. Numbers were calculated using the tool cloc, which is available at https:
//github.com/aldanial/cloc.
† Excludes precomputed data for the default pruning strategy.

The lattice basis reduction software, BLASter, is publicly available on GitHub:

https://github.com/ludopulles/BLASter

The code consists of only 1000 lines of code, and is written in Python (40%),
C++ (45%) and Cython (15%) [5]. It relies on NumPy and Eigen [26] for linear
algebra. Conveniently, these operations are multithreaded and well-optimized.
Namely, NumPy selects the most performant BLAS library available during in-
stallation, and Eigen uses OpenMP by default. Table 1 compares the lines of
code in our work with other libraries, and lists their dependencies.

Although our code is publicly available, we certainly advise not to integrate
our limited and fragile library BLASter anywhere. Still, the implementation offers
many lessons learned, and acts as motivation towards a modern and robust LLL
implementation. We believe such an implementation can be much faster than
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state of the art, even when using sufficient precision to work on all lattices. We
suggest specific directions for future works in our conclusions (Section 6).

2 Preliminaries

Notation. The natural logarithm (base e) is denoted by log and the binary
logarithm (base 2) is denoted by lg.

Matrices and vectors. We use column vectors throughout the paper, and inter-
nally in the software. Only the software’s input/output format uses row vectors
to be compatible with fplll’s and NTL’s [64] input/output format.

Matrices and vectors are written in boldface. For a vector x, we denote
diag(x) for the n×n diagonal matrix with x on the diagonal in that order. The
n× n identity matrix is denoted by idn. Given a matrix A, we write A[a,b]×[c,d]

for the contiguous submatrix of A that consists of all the Ai,j with a ≤ i ≤ b
and c ≤ j ≤ d.

The max norm of a matrix A ∈ Rn×m is ∥A∥max = maxi,j |Aij |. The ℓ2-norm
of a vector x is denoted by ∥x∥, and the Frobenius norm of a matrix A ∈ Rn×m is
the ℓ2-norm of A seen as one long vector of length nm, and is denoted by ∥A∥F.
The condition number of a nonsingular matrix A is κ(A) = ∥A∥F ·

∥∥A−1
∥∥
F
.

The matrix multiplication exponent, denoted by ω ∈ (2, 3], is the smallest
value such that two n × n matrices can be multiplied in time O(nω). While
Strassen showed ω < 2.81 [67], it is known ω < 2.38 [16].

Geometry. The n-dimensional unit ball is Bn. The volume of any n-dimensional
measurable set S is Voln(S).

2.1 Lattices

A lattice Λ ⊂ Rd is a discrete subgroup of Rd.
The R-linear span of a set S ⊆ Rd is denoted by span (S). The rank of Λ is

the R-linear dimension of span (Λ), and we say Λ is full-rank if it is of rank d.
The volume of Λ, denoted by det(Λ), is given by Voln(span (Λ) /Λ).
A vector v ∈ Rn is called primitive w.r.t. Λ if ∀t ∈ R : tv ∈ Λ ⇐⇒ t ∈ Z.
The norm of a shortest nonzero vector of a lattice Λ ⊂ Rd is denoted by

λ1(Λ). For q ∈ Z>1, a lattice Λ ⊂ Rd is q-ary if qZd ⊂ Λ ⊂ Zd.
For all n ∈ Z≥1 let

GH(n) = Voln(Bn)−1/n
=

(
Γ(n2 + 1)

)1/n
√
π

.

Any lattice Λ ⊂ Rd of rank n satisfies λ1(Λ) ≤ 2GH(n) det(Λ)
1/n due to

Minkowski’s theorem [42]. The Gaussian Heuristic states that a random lat-
tice, for example a random q-ary lattice, has λ1(Λ) ≈ GH(n) det(Λ)

1/n.

5



Lattice Bases. A basis for a lattice Λ ⊂ Rd is a matrix B ∈ Rd×n, consisting
of R-linearly independent column vectors b1, . . . , bn ∈ Rd, such that Λ = Zb1 +
· · ·+ Zbn. Note, given a basis B for Λ, we have det(Λ) =

√
det(BTB).

Given a basis B, the fundamental region P(B) is defined by

P(B) =
{
x ∈ Rd

∣∣ ∃c ∈ [−1/2, 1/2)n : x = Bc
}
.

Moreover, the Babai domain of B is defined by P(B∗), where B∗ is the Gram–
Schmidt orthogonalization of B (see below).

2.2 Lattice Basis Reduction

We assume the reader is familiar with lattice basis reduction. This can be found
in the course by Micciancio [41]. For the average behaviour of LLL, see [46].
Additionally, there is a book on LLL [48], containing a chapter on floating point
LLL [65], and one on Householder reflections and segments [58].

Gram–Schmidt orthogonalization. Given ℓ ∈ {1, 2, . . . , n} and a basis B ∈ Rd×n,
the projection orthogonally away from the basis vectors b1, . . . , bℓ−1 is denoted
by πℓ. For r ∈ {ℓ, . . . , n}, we write B[ℓ,r] for the basis consisting of the vectors
πℓ(bℓ), . . . , πℓ(br), which is a basis for a projected sublattice of Λ.

The Gram–Schmidt vectors b∗
1, . . . ,b

∗
n are given by b∗

i = πi(bi). The Gram–
Schmidt coefficients µij are given by µij = ⟨bj ,b∗

i ⟩ / ∥b∗
i ∥2 for 1 ≤ i ≤ j ≤ n

(so µii = 1). It is well-known that det(Λ) =
∏n

i=1 ∥b∗
i ∥. The Gram–Schmidt

Orthogonalization (GSO) of B is the pair (d,M) where di = ∥b∗
i ∥, and M ij =

µij for i ≤ j and zero otherwise.

QR decomposition. Given a basis B ∈ Rd×n, there exists a unique decomposition
B = QR with Q ∈ Rd×n and R ⊂ Rn×n, such that R is an upper triangular
matrix with strictly positive diagonal, and QTQ = idn. The matrix R is called
the R-factor of a basis B. Note that libraries, such as LAPACK and NumPy, do
not enforce R to have a positive diagonal.

The QR decomposition and GSO orthogonalization can both be computed
using at most O(dn2) floating point operations. Householder reflections can be
used to compute the QR decomposition or only the R-factor [30, Chapter 19].

The original L2 paper [47] does not use Householder reflections, because its
floating point accuracy was not understood at the time, even though it was
known in practice that Householder reflections are numerically more stable than
standard Gram–Schmidt orthogonalization [37,57]. The perturbation analysis of
the R-factor in [11] was instrumental in proving correctness of the “H-LLL” algo-
rithm [43], which uses Householder reflections to compute the QR decomposition.
This algorithm has been implemented in fplll thereafter.

Note that R = diag(d)M , i.e. Rii = ∥b∗
i ∥ and Rij = diµij (1 ≤ i ≤ j ≤ n).
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Size reduction. A basis B is size-reduced if its GSO (d,M) of B satisfies

∀i, j : (i < j) =⇒ |µij | ≤
1

2
.

Babai’s nearest plane (NP) algorithm [3] is an algorithm that receives as
input a basis B ∈ Rd×n and a “target” t ∈ Rd, outputs a vector c ∈ Zn, such
that t + Bc ∈ P(B∗) holds. It is well-known that NP requires O(dn) floating
point operations.

The usual way to perform size reduction is to reduce bi by calling NP with
[b1, b2, . . . , bi−1] and bi where i ranges from 2 to n. Thus, size reduction can be
done using O(dn2) floating point operations.

Seysen’s reduction. Seysen’s reduction [63], similar to size reduction, controls
the size of both the primal and dual vectors in terms of their respective Gram–
Schmidt vectors. Applying Seysen’s reduction to the R-factor instead of naïve
size reduction improves its condition number from exponential to quasi-polynomial,
and therefore allows running LLL with significantly lower precision [35,53,12].

The following is a recursive definition in terms of n, which was originally only
defined for even n [63, Proposition 5].

Definition 1 (Seysen’s reduction). A basis B ∈ Rd×n is called Seysen-
reduced if either n = 1 or its R-factor R ∈ Rn×n, parsed as

R =

[
R11 R12

0 R22

]
,

with R11 a square matrix of order ⌊n/2⌋, satisfies these three properties: R11 is
Seysen-reduced, R22 is Seysen-reduced, and

∥∥R−1
11 R12

∥∥
max
≤ 1

2 .

Algorithm 1 SeysenReduce(R)

1: if R ∈ R1×1 then
2: return

[
1
]

3: Parse
[
R11 R12

0 R22

]
← R ▷ Blocks have half the size

4: U11 ← SeysenReduce(R11)
5: U22 ← SeysenReduce(R22)
6: R12 ← R12U22

7: U ′
12 ←

⌊
−R−1

11 R12

⌉
8: R12 ← R11U

′
12 +R12 ▷ R11 is Seysen-reduced by Line 4

9: return
[
U11 U11U

′
12

0 U22

]

The definition automatically leads to an algorithm that upon input an upper
triangular matrix R ∈ Rn×n outputs a unimodular matrix U ∈ Zn×n such that
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RU is upper triangular and Seysen-reduced [63,35]. One can easily implement
the algorithm [63,35] such that R gets Seysen-reduced in situ, which we include
in Algorithm 1 for later reference. Namely, when Algorithm 1 has received R as
input, and returns U as output, the value of R is changed to, say S, such that
S = RU and S is Seysen-reduced. Although less trivial, it is also possible to
implement the algorithm without recursion.

Because inverting an upper triangular n × n-matrix takes O(nω) floating
point operations [35, Lemma 1], Seysen’s reduction requires O(nω) floating point
operations [35, Theorem 2]. Closer inspection reveals that the practical runtime
is dominated by four matrix multiplications and one matrix inversion of size n/2.

Remark 1. Both [35] and [53] use size reduction and Seysen’s reduction as syn-
onyms, but we use size reduction in its strict sense of 1

2 -size reduction [65].

LLL reduction. Given a δ ∈ ( 14 , 1), a basis B is called δ-weakly LLL-reduced if
it satisfies Lovász’ condition:

∀i ∈ [1, n− 1] : δR2
ii ≤ R2

i,i+1 +R2
i+1,i+1. (1)

A basis is δ-LLL-reduced if it is both size-reduced and δ-weakly LLL-reduced.
Given a depth d ∈ [1, n], a basis is d-deep δ-LLL-reduced if

∀i < j : (i ≤ d ∨ i ≥ j − d) =⇒ δR2
ii ≤

j∑
k=i

R2
kj , (2)

which is stronger than Equation (1).

Remark 2. It can be shown that Seysen’s reduction and size reduction give the
same superdiagonal, i.e. (Ri,i+1)

n−1
i=1 . Namely, one can check Seysen’s reduction

yields |Rm,m+1| ≤ 1
2 |Rm,m|, where m = ⌊n/2⌋, and all other entries follow by

induction. Thus, Lovász’ condition holds after size reduction iff it holds after
Seysen’s reduction.

2.3 Basis Reduction Quality

The basis profile of a basis B ∈ Rd×n is (lg ∥b∗
i ∥)ni=1. There are three ways to

quantify the quality of a basis B:

1. The n-th root Hermite factor (RHF) is given by
(
∥b1∥ /det(Λ)1/n

)1/n

. The
RHF is sometimes denoted by δ in the literature.

2. The slope, denoted by sl(B), is the slope of the line given by simple linear
regression on the graph of the basis profile. Explicitly,

sl(B) =

∑n
i=1 lg ∥b∗

i ∥
(
i− n+1

2

)∑n
i=1

(
i− n+1

2

)2 .
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3. The potential is given by:

Pot(B) =

n∏
i=1

∥b∗
i ∥2(n−i+1)

=

n∏
i=1

det(B[1,i])
2
.

If BTB ∈ Zn×n, the potential is integral [39, (1.25)]. When LLL performs
a swap, the potential is reduced by some constant fraction [39], but that is
not necessarily the case when reducing with deep-LLL or BKZ. Note that the
potential and the slope are related as follows:

lg Pot(B) +

(
n+ 1

3

)
sl(B) = (n+ 1) lg detΛ.

The goal of lattice basis reduction is to decrease the potential of a basis, or
equivalently to flatten the basis profile, i.e. make the slope less negative.

During lattice reduction, most iterations will modify the slope but not the
RHF, because b1 is seldomly replaced by a shorter vector. Thus, it is more
insightful to track the evolution of the slope during lattice reduction.

3 The BLASter LLL Algorithm

Algorithm 2 BLASter(B, δ, ℓ)

Require: δ ∈ ( 1
4
, 1), and ℓ is even

1: (U , i0)← (In, 0)
2: repeat
3: R← QRDecompose(B)
4: i0 ← ℓ/2− i0
5: I ← { (i0 + kℓ+ 1,min(n, i0 + kℓ+ ℓ)) | 0 ≤ k < (n− i0)/ℓ }
6: for all (i, j) ∈ I do in parallel
7: V (i) ← LLLReduce(R[i,j]×[i,j], δ)

8: for all (i, j) ∈ I do

9:
[
B[1,d]×[i,j]

U [1,n]×[i,j]

]
←

[
B[1,d]×[i,j]

U [1,n]×[i,j]

]
· V (i)

10: R← QRDecompose(B)
11: W ← SeysenReduce(R)

12:
[
B
U

]
←

[
B
U

]
·W

13: until R is δ-weakly LLL-reduced
14: return (B,U)

In this section, we give a detailed description of the proposed parallel, seg-
mented LLL-variant, called BLASter. See Algorithm 2 for a high-level overview
of our proposed algorithm. It is reminiscent of the algorithm RecursiveReduce
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by Neumaier and Stehlé [45], and uses a parallel reduction similar to [35, Alg. 5],
which is a block version of [69]. Contrary to the recursive designs [45,35,53] with
arbitrary depth, Algorithm 2 uses precisely r = 3 recursive layers with the fol-
lowing block sizes: n1 = 2, n2 = ℓ and n3 = n, where we reuse notation from [45].
In particular, we refer to the top level n3 as the global basis, and refer to the
middle level n2 as the local blocks or segments.

Contrary to [45]’s “rolling-pin” strategy that rolls backwards, our algorithm
leverages multithreading by reducing disjoint blocks of size ℓ concurrently, and if
we sort all segments by starting index, then during odd iterations, we reduce the
odd segments, and during even iterations the even ones, which is rather different
from the “rolling-pin” strategy of moving backwards [45].

Moreover, we deviate from [45,35,53]: the global basis gets Seysen-reduced
using matrix operation, but the local segments get size-reduced element-wise.
The rationale for this distinction is that when working on local blocks, we need
to continuously update the basis, but each update acts only on a few vectors;
applying matrix operations would be wasteful. On the contrary, when we return
to the global basis, essentially each vector of each segment has been modified,
and it is therefore worth resorting to matrix operation implemented in BLAS
software.

Remark 3. Note that the algorithm works on lattices of any rank. Moreover, the
algorithm can be trivially modified to also work on Gram matrices, G = BTB,
by replacing the QR decomposition of B by the Cholesky decomposition of G,
and updating G from left and right: G←W TGW .

If a basis B generates a lattice of low rank, say n < d/2, one could consider
reducing its n × n Gram matrix instead, because this removes the embedding
dimension d, and the Gram matrix only needs to computed once. The transfor-
mation matrix that is output, can then be applied to B.

Below, we explain in detail the design choices of various aspects of this algo-
rithm and our implementation thereof.

Line 3: QR decomposition. We make use of the function numpy.linalg.qr
to compute the R-factor of a basis B, which a BLAS library usually imple-
ments with Householder reflections. We implemented a variant of the blockwise
Cholesky decomposition algorithm [35, Algorithm 6] having asymptotic com-
plexity O(dnω−1), which can be found in Appendix B. However, in practice
this algorithm was much slower than calling QR decomposition. This should
not be too surprising: if blockwise Cholesky decomposition would be faster, a
well-optimized BLAS library would have used it.

Line 7: LLL reduction on a block. We use a segmented LLL approach to speed up
the reduction algorithm. Each segment works on a submatrix of R of dimension
at most ℓ× ℓ.

Our LLLReduce algorithm modifies the block in situ, so before calling LLLRe-
duce, a local copy of R(i) = R[i,j]×[i,j] is made that is consecutive in memory.
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The local segment only uses two ℓ× ℓ matrices: R(i) and V (i), and may fit in a
CPU cache if ℓ is not too large.

Moreover, the LLLReduce algorithm locally uses size reduction, and closely
follows the pseudocode of Algorithm 1 in [69], an adaptation of the original LLL
algorithm [39]. When Lovász’ condition is not satisfied at a position k, the kth
and (k + 1)th column of R(i), and V (i) are swapped, a Givens rotation [30,
Chapter 19] is performed on R(i).

Note that Schönhage’s algorithm [61] is asymptotically more efficient than
Lagrange reduction to reduce rank 2 lattices having large integer entries. How-
ever, our algorithm simply performs a lightweight swap because we use machine
word precision.

Because all the segments are disjoint, all the calls to LLLReduce can be per-
formed concurrently. We discuss this in more detail in Section 3.1.

Line 10: QR decomposition. Remark that we recompute the QR decomposition
of B after it was updated with the local LLL transformation matrices V (i).
Although R can be multiplied with the V (i) on the right locally, transforming
it back to an upper triangular matrix would propagate more rounding errors.
Therefore, computing the QR decomposition from B again is much more nu-
merically stable, and it does not significantly impact performance.

Line 11: Size reduction. Mainly for performance reasons, we perform Seysen’s
reduction on Line 11, which causes the algorithm to only return a δ-weakly
LLL-reduced basis.

If one desires to have a δ-LLL-reduced basis, one could size reduce the basis
just once before Line 14, which gives a negligible overhead in practice.

Alternatively, one can use size reduction as a drop-in replacement for Seysen’s
reduction. By Remark 2, this replacement does not affect Lovász’ condition, so
size reduction leads to the same number of iterations.

A naïve size reduction algorithm reduces an R-factor in O(n3) time, and
does not use matrix operations. However, this algorithm is suboptimal both
theoretically and practically. In Appendix A, we derive a size reduction algorithm
that performs O(nω) floating point operations using matrix operations, which
we could not find in the literature. Being interested in concrete performance,
this means we can use BLAS libraries for size reduction.

Line 14: Return value. Algorithm 2 reduces the basis B in situ. Moreover,
Algorithm 2, when called with input B0, has the following loop invariant:

B = B0 ·U .

Thus, Line 14 returns a pair (B,U), such that B is δ-weakly LLL-reduced, and
B = B0 ·U holds.

3.1 Multithreading

Algorithm 2 makes use of multithreading on multiple CPU cores for the local
LLL reductions, and for the matrix operations.
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LLL reduction. Line 5 splits the global basis in ⌈n/ℓ⌉ smaller disjoint blocks of
size ℓ. During the odd iterations (first, third, etc.), these blocks start with index
ℓ/2 modulo ℓ, while the even iterations split the global basis into segments with
starting index 0 modulo ℓ.

The time to perform the local lattice reductions in parallel is determined by
the slowest segment. Thus, it is best to use ⌈n/ℓ⌉ CPU cores, although it is also
possible to use fewer. The local LLL reductions cannot make use of more cores
than this number, because the local LLL reduction is single-threaded.

When reducing a q-ary lattice, there may be local segments that are either of
the form q idℓ or idℓ, which are already LLL-reduced. Those threads that reduce
these lattices will terminate instantly, and thus we cannot expect a 100% CPU
usage on all cores.

Matrix operations. Lattice reduction makes heavy use of linear algebra. If a
linear algebra library uses multithreading, Algorithm 2 can make use of it for
QR decomposition (Lines 3 and 10), updating the basis (Lines 9 and 12), and
Seysen’s reduction (Line 11).

However, note that too many threads will slow down matrix operations be-
cause this requires creating threads, and moving more memory around.

Local basis updates. Line 9 updates the matrices R and U only in the columns
[i, j]. These updates are done sequentially by iterating over all (i, j) ∈ I, but
use multithreading for the matrix multiplication. This way, the number of used
threads for parallel LLL and matrix operations is constant throughout the exe-
cution of the whole program.

Seysen’s reduction. Naïvely, one would think Seysen could easily be sped up
by computing Lines 4 and 5 in Algorithm 1 in parallel, with each one having
half of the number of threads. When these two recursive calls are finished, the
remaining matrix operations can be computed with all available threads.

However, this requires controlling carefully the number of threads available
for each call, and one needs to wait for both recursive calls to finish, before
continuing. These two reasons make this approach impractical in practice.

Alternatively, the matrix operations on the global level dominate the total
runtime, while the base cases in total have negligible runtime. Thus, we use all
the threads for matrix multiplication. Moreover, note our implementation uses
an iterative version of Seysen’s reduction in Python, to save on the cost of its
function calls.

3.2 Runtime Complexity

In this section, we roughly determine the practical runtime complexity of Al-
gorithm 2, to determine a decent value for ℓ to use in practice. This means we
assume matrix multiplication requires n3 operations, because Strassen’s algo-
rithm [67] only gets slightly faster than this naïve algorithm when n > 500 [6].

Thus, it is readily seen that one iteration of Algorithm 2 requires the following
number of floating point operations:
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– 2dn2 to run QR decomposition on Lines 3 and 10,
– (n/ℓ)(d+ n)ℓ2 for the local basis updates on Line 9,
– n3 for Seysen’s reduction on Line 11,
– and (d+ n)n2 for the global basis update on Line 12.

Note that the cost of Line 9 is at most 2dnℓ, which is negligible compared to
2dn2 when using a small segment size ℓ. Hence, the total cost is O(dn2).

Let us now estimate the number of arithmetic operations for the local LLL
reduction of a segment, although at any point a floating point may cause the
algorithm to loop forever. Since the local LLL is a naïve floating-point LLL
(in small dimension though), it performs at most O(ℓ4 lgmax(d)) arithmetic
operations [59], where d is the diagonal of the local R-factor. Note this upper
bound is worst-case, because a local segment of a q-ary lattice is sometimes of the
form q idℓ or idℓ, which is already LLL-reduced so requires at most ℓ2 operations.

The number of iterations necessary to satisfy Lovász’ condition can be bounded
from above using a dynamical system analysis [27,44]. As our algorithm is sim-
ilar to OptLLL, using [35, Section 3.5] the number of iterations is bounded by

O
(
n2

ℓ2
lg κ(B)

)
, giving a total runtime of O

(
n2

ℓ2
lg κ(B)

(
dn2 + ℓ4 lg κ(B)

))
.

Assuming sufficiently many CPU cores available, this leads in theory to an
optimal segment size

ℓ = Θ( 4
√
dn2/ lg κ(B)).

Already observed in [35, Section 3.5], one should not take ℓ too small, like
ℓ = 2 as was done in [69], because then too many iterations are needed to reach
convergence. On the other hand, if ℓ is chosen too large, not only can a single
local LLL reduction take a very long time, also there is a larger probability that
it does not terminate, or output incorrect values.

Based on experiments and the theoretical optimal value, for dimensions below
1000, we use the following segment size:

ℓ = 64.

The reason to have a single segment size is ease-of-use, while still aiming for
near-optimal performance on such dimensions. Moreover, by using this segment
size, the algorithm is cache-friendly because each thread uses roughly 16ℓ2 bytes
(64 kiB) of memory, which fits in the cache of many CPUs. Since the segment
size is not tied to a power of two, Section 5.4 contains experiments that show
the runtime of BLASter as a function of the segment size ℓ.

4 Variants of the BLASter Algorithm

In this section, we provide deep-LLL and BKZ variants of our BLASter algorithm
from Section 3, which both achieve a stronger reduction quality than BLASter
but require more time.

First, Section 4.1 discusses the deep-LLL variant, which only alters the lo-
cal LLL reduction. Then, in Section 4.2 we explain how to make a BKZ-like
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algorithm, which has an enumeration-based SVP oracle integrated into the seg-
ment framework. The BKZ-like algorithm preprocesses the global basis with the
deep-LLL variant.

4.1 BLASter with Deep Insertions

The algorithm in Section 3 can easily be adopted to support deep insertions [59]
within segments. Despite the algorithm not being able to output a deep-LLL-
reduced basis, locally running stronger lattice reduction in the leaves of the
recursion tree is beneficial for the reduction quality and the convergence speed,
as was previously observed by [35,53].

Preferring speed to quality, we still let the algorithm terminate whenever
the basis is δ-weakly LLL-reduced (Line 13), even though there may still be
a deep insertion possible globally. Hence, the algorithm has the same output
guarantees, but on average we expect the basis to be more strongly reduced.
Thus, our BLASterDeepLLL algorithm is almost the same as Algorithm 2. There
are two changes: the algorithm now also expects a depth parameter 1 ≤ d ≤ ℓ
as input, and Line 7 is changed to

V (i) ← DeepLLLReduce(R[i,j]×[i,j], δ, d),

where DeepLLLReduce is a modification of LLLReduce, that is a floating point
LLL algorithm with deep insertions.

Experimentally, we have observed that large depths make the reduction algo-
rithm slower but do not provide significantly stronger bases, so we limit ourselves
to a constant depth of d = 4.

The implementation of the DeepLLLReduce subroutine is very similar to that
of LLLReduce. Now, within a local segment R′ ∈ Rℓ×ℓ, the deep-LLL condition,
Equation (2), needs to be checked. Suppose that the deep-LLL condition is not
satisfied with respect to 1 ≤ i < j ≤ ℓ, that is,

δ(R′
ii)

2
>

j∑
k=i

(R′
kj)

2
.

Then, DeepLLLReduce applies the following permutation of basis vectors:

B[i,j] ← [bj , bi, bi+1, . . . , bj−1].

In terms of the R-factor, it is updated by iteratively applying Givens rotations
on bj , and the preceding basis vector, until bj is at position i. Givens rotations
are particularly easy to implement [30, Chapter 19]. However, when moving to
larger segment sizes ℓ, Householder reflections may well be more efficient for
updating the local R.

Note, that deep-LLL is faster if the basis is preprocessed using LLL, so
DeepLLLReduce first calls LLLReduce [19].
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Theoretic runtime and output quality. Although the authors of deep-LLL claim
it runs in polynomial time when a constant depth is supplied [59], there is no
proof known of it [19]. In our iterated local reduction strategy, potentially the
amortized cost of deep-LLL may be comparable to the amortized cost of LLL as
later iterations may have local blocks that are reduced rather quickly.

If one runs deep-LLL with maximal depth d = n, on average it gives a basis
with an RHF of 1.012 [46], which is similar to BKZ with block size roughly
20 [23]. Related, BKZ-β with block size β < 25 mostly finds as an SVP solution
the shortest vector to be one of the projected basis vectors, which deep-LLL
finds [23, Fig. 14].

4.2 A BKZ-like BLASter Algorithm

Algorithm 3 BLASterBKZ(B, δ, ℓ, ℓ′, β, t, P )

Require: δ ∈ ( 1
4
, 1), β ≤ ℓ′, and ℓ is even

1: if β < 40 then
2: return BLASterDeepLLL (B, δ, ℓ, 4) ▷ preprocess with depth-4 deep-LLL
3: (B,U)← BLASterBKZ (B, δ, ℓ, ℓ′, β − P, 1, P ) ▷ progressive BKZ
4: i0 ← 0
5: while t > 0 do
6: R← QRDecompose(B)
7: i′0 ← i0 mod ℓ′

8: I ← { (i′0 + kℓ′ + 1,min(n, i′0 + kℓ′ + ℓ′)) | 0 ≤ k < (n− i′0)/ℓ
′ }

9: for all (i, j) ∈ I do in parallel
10: V (i) ← BKZReduce(R[i,j]×[i,j], δ, β)

11: for all (i, j) ∈ I do

12:
[
B[1,d]×[i,j]

U [1,n]×[i,j]

]
←

[
B[1,d]×[i,j]

U [1,n]×[i,j]

]
· V (i)

13: if i0 + β > n then
14: (i0, t)← (0, t− 1) ▷ one tour is complete
15: else
16: i0 ← i0 + (ℓ′ − β + 1)

17: (B,V )← BLASterDeepLLL (B, δ, ℓ, 4) ▷ run deep-LLL in between SVP calls
18: U ← UV
19: return (B,U)

Algorithm 3 lists our BKZ-like algorithm, which makes use of BLASter-
DeepLLL from Section 4.1. Algorithm 3 provides strong lattice reduction by
repeatedly calling an SVP oracle on a projected sublattice of R, of a lower di-
mension β, called the BKZ block size. In practice the SVP oracle is faster, when
the basis B is preprocessed with LLL, deep-LLL, or even BKZ-β′ (β′ < β). This
SVP oracle can be instantiated either by enumeration [24] or sieving [49,4]. We
limit ourselves to a block size of at most β ≤ 80, because sieving is not only
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asymptotically more efficient than enumeration (i.e. exponential versus super-
exponential), but also in practice due to recent improvements [17,2]. Namely,
the latter provides a sieve implementation, G6K, that solves SVP-β faster than
fplll’s pruned enumeration for block sizes β ≥ 70 when using a single thread.

We stress that it may in fact be sufficient only to run the BLASterDeepLLL
with depth d = 4 when a basis of intermediate reduction quality is needed.

BKZ strategy. The BKZ-like algorithm is inspired by BKZ 2.0 [14], and uses
techniques such as early-aborting, sound pruning, preprocessing local blocks and
optimizing the enumeration radius. However, no extreme pruning [24] with basis
rerandomization is used, so the reduction quality of this algorithm may be less
than that of BKZ 2.0 for the same block size [14].

1. We decide beforehand on a fixed number of tours, t, instead of terminat-
ing when no shorter vector is found during a whole tour. While drastically
reducing the runtime cost, this still achieves a well reduced basis [27].

2. In the algorithm we use pruning parameters to speed up the enumeration
subroutine [24], such that the success probability is at least 24%. These
pruning parameters can be found using the Pruning class in FPyLLL, which
searches for parameters given a success probability. Because fplll uses an
even dimension internally when searching for pruning parameters, we only
determine pruning parameters for even block sizes.2 Odd block sizes β use
the pruning parameters of β + 1 with the last entry removed.

3. Moreover, we choose to preprocess the basis with BLASterDeepLLL from
Section 4.1, as it reduces a basis to a slope of −0.043 ± 0.002 in a time
comparable to that of Algorithm 2. Such a slope corresponds to an RHF of
1.015± 0.001, which is worse than what BKZ-20 gives [13, Table 2.1].
Then, we use a progressive BKZ strategy, with increments of P = 2. Block
sizes β′ < β perform only one tour. Still, we start progressive BKZ from a
block size of at least 40, because enumeration is very fast in dimension 40.
Note if BKZ is called with an even block size, then only even block sizes are
progressively used, which is convenient by the above comment.

4. The enumeration radius for solving SVP on a dimension-β projected sublat-
tice Λ′ of R is:

(1 + ϵ(β))GH(β) det(Λ′)
1/β

,

where ϵ(β) = max(4/β, 0.05). But we also pick the enumeration radius to
be slightly smaller than the norm of the first basis vector of Λ′, to ensure a
strictly shorter vector is found.

Enumeration. For the enumeration subroutine, we use a well-optimized C++
header file, which is a simplification of the file lib/enumeration.hpp from the
following repository:

https://github.com/cr-marcstevens/fplll-extenum
2 See https://github.com/fplll/fplll/blob/a8dedce384689047daba154bd50d6215e35bf03b/
fplll/pruner/pruner.h#L253.
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Namely, the enumeration code uses a single thread, and does not find subsolu-
tions. Our enumeration file supports pruning and consists of 151 lines of code.

When given a local R-factor R ∈ Rβ×β and enumeration radius r, the sub-
routine will output a solution vector c ∈ Zβ such that

∑β
i=1 Rici is the shortest

vector in the lattice generated by the columns of R, and its norm is strictly
smaller than r.

Insertion. Suppose we look at the local BKZ block with basis [v1, . . . ,vβ ] =
R[i,i+β−1]×[i,i+β−1], and the enumeration subroutine has found the shortest vec-
tor v′ =

∑β
j=1 cjvj with cj ∈ Z. Then necessarily, there is some cj ̸= 0, and

gcd(c) = 1 because v′ is primitive w.r.t. the lattice generated by [v1, . . . ,vβ ].
To insert

∑β
j=1 cjbi+j−1 into the global basis, one linear relation between the

β + 1 vectors needs to be found. The LLL algorithm can be used for this, but
this requires a different memory layout to store the β× (β+1) matrix, it is more
difficult to implement, and may even be slower in practice.

Instead, we propose a strategy similar to G6K [2, Sec. 3.2].3 We find the largest
j ≤ β such that cj ̸= 0 holds, and we require cj = ±1 for insertion. If this is
not satisfied, we do not perform the insertion. Otherwise, we update R and U
as follows:

Ri+j−1 ←
β∑

k=1

ckRi+k−1, U i+j−1 ←
β∑

k=1

ckU i+k−1,

and apply repeated Givens rotations to move this new vector from position
i+j−1 to position i, which keeps R upper triangular. When using a progressive
strategy, often the last nonzero cj is ±1, so this is a rather mild condition.

Multithreading in BKZ. Similar to the implementations of LLL and deep-LLL,
multithreading can also be used within the BKZ-like algorithm for linear algebra,
and for running lattice enumeration in parallel segments.

There are two approaches possible for ℓ′, the segment size in which SVP calls
are made. Either ℓ′ = β and one SVP call is done in a segment, or ℓ′ > β and
multiple SVP calls are done within one segment. If ℓ′ > β, the cost of updating
the global basis and its transformation matrix U is amortized lower, and much
more progress is made during one call (Line 16). However, there are no global
deep-LLL calls made in between those calls (only a call to DeepLLLReduce on
the segment), and that may impact the reduction quality. Although this may
lead one to believe it is best to take ℓ′ = β, Algorithm 3 is in practice much
quicker with ℓ′ > β, and it turns out that the reduction quality is even better.
Tacitly, we take ℓ′ = 64 in the experiments with BKZ-60.

When the block size is at least 80 at some point sieving [2] is faster than
enumeration [17]. Thus, it is then better to replace the local SVP oracle with
a sieving-based one. This would make the codebase of our proof of concept
3 See https://github.com/fplll/g6k/blob/88fdac1775585ef2a0269ef29cebf158cd5719d0/
g6k/siever.pyx#L1479
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much larger, so we did not implement sieving. It may be more efficient to have
a multithreaded sieve in one segment, rather than sieving single-threaded in
disjoint segments. Indeed, it seems easier for larger block sizes to use G6K, which
may call a fast, robust version of BLASter.

5 Experiments

In this section, we show the results of multiple experiments that were performed.
There are two regimes that we have experimented with: low dimension and high
dimension. In dimensions up to 170, fplll can use double precision throughout
lattice reduction [65]. Similarly, flatter uses double precision when possible.

For the larger dimensions, however, fplll requires multiprecision and becomes
much slower. Because the goal of OptLLL and flatter was to perform much better
on these instances, it is interesting to compare its performance to BLASter. To
carefully keep track of the progress made during lattice reduction, we plot the
slope as a function of wall time whenever possible.

First, we explain the used setup in Section 5.1. Second, we benchmark BLASter
on low and high dimensional lattices in Section 5.2 and Section 5.2 respectively.
Last, in Section 5.4 we experiment with the segment size ℓ to find the optimal
runtime, and we investigate which n-dimensional q-ary lattices BLASter is able
to reduce.

5.1 Setup

All lattice reduction software was run with the default command line parameters
unless otherwise specified, e.g. δ = 0.99, and the segment size was ℓ = 64.

Lattice generation. Generating a q-ary lattice in even dimension n consists of
generating a matrix A uniformly at random from the set (Z/qZ)n/2×n/2, and

then constructing the basis B =

(
q idn/2 A

0 idn/2

)
. We generate a set of lattices

by invoking the command-line tool ‘latticegen’ from fplll [68], with a seed ranging
from 0 to 9. Specifically, we run the following command:

latticegen -randseed [seed] q [n] [n/2] [q] q.

Note that this command line tool, in fact, puts the q-vectors at the end of the
basis, so BLASter reverses all the basis vectors when reading such a basis.

Workstation. All experiments were run on a workstation with an Intel(R) Xeon(R)
Gold 6248 CPU @ 2.50GHz, which has 40 physical cores (so 80 logical cores with
hyperthreading) spread over 2 CPU nodes. All the computations were performed
on a single CPU node to have fast memory access on this NUMA system. More-
over, we ran OptLLL and flatter with all 20 threads, while our software used less.
In particular, after reading the input lattice, our software automatically uses
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min(j/2, n/ℓ) threads, where j is the number of logical threads. This means, in
dimension 128, 256, 512 and 1024, it uses 2, 4, 8 and 16 threads respectively.

The experiments ran in a virtual environment where NumPy has the com-
mon BLAS library OpenBLAS (or specifically: scipy_openblas64) as a build
dependency.

Slope evolution. For BLASter, BLASterDeepLLL and BLASterBKZ, we are able to
track the evolution of the slope in between each iteration, because this can be
computed easily from the R-factor. Moreover, we use the environment variable
FLATTER_LOG=[file] to let flatter report all changes to the basis into a log file.
Because we could not find any logging function in fplll and OptLLL, we only
report the final slope of the output basis for these.

5.2 Low Dimension
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Fig. 1. Slope of various reduction algorithms as a function of dimension. A flatter
profile, i.e. a slope closer to zero, corresponds to stronger lattice reduction.

First, we construct various low dimensional q-ary lattices of dimension n =
48, 64, . . . up to dimension 240 where q is the smallest prime above 2n/8. With
q > 2n/8, we expect on average that LLL reduces the whole basis [46], i.e. the
first basis vector is reduced to a norm smaller than q, and the last Gram–Schmidt
norm is expected to not equal 1. Note while OptLLL and flatter used 20 CPU
cores, our algorithm used at most 4 CPU cores.
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Fig. 2. Used wall time as a function of dimension. The y-axis is logarithmic.

Reduction of this lattice is extensively benchmarked with: BLASter, BLAS-
terDeepLLL with depth d = 4, fplll, OptLLL and flatter. The results in terms of
the slope and the measured wall time are in Figures 1 and 2 respectively.

Results. While fplll, flatter and our LLL algorithm all achieve a slope of around
−0.060, the deep-LLL reduces much stronger to a slope of around −0.043.
OptLLL gives a wide range of slopes, all of which are much weaker reduced
than average-case LLL.

In dimension 192 and higher, fplll becomes more than a factor 10 slower
because it cannot use single-precision doubles and requires multiprecision arith-
metic, using Bailey’s double-double/quad-double or MPFR data types. Both
BLASter and BLASterDeepLLL are more than 10 times faster than flatter. Fig-
ure 2 shows that flatter and BLASter handle these larger lattices much better.

Combining Figure 1 with Figure 2, we conclude that doing deep-LLL locally
using BLASterDeepLLL only doubles the runtime, whereas the reduction quality
improves significantly. Indeed, it is faster than flatter by a factor > 10, and
achieves an average slope of −0.043 while flatter achieves a slope of −0.058.

5.3 High Dimension

We ran experiments on lattices in the following dimensions: n = 128, 256, 512
and 1024. The value for q is respectively, 631, 829561, 968665207 and 968665207,
which consist of 10, 20, 30 and 30 bits respectively.4 Assuming LLL reduction
4 fplll [68] generates these values for q when running the command ‘latticegen q [n]

[n/2] [b] p’ with b = 10, 20, 30, 30 respectively.
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Fig. 3. Evolution of the slope as a function of used wall time for 10 random 631-ary
128-dimensional lattices.
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Fig. 4. Evolution of the slope as a function of used wall time for 10 random 829561-ary
256-dimensional lattices.
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Fig. 5. Evolution of the slope as a function of used wall time for 10 random 968665207-
ary 512-dimensional lattices.
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Fig. 6. Evolution of the slope as a function of used wall time for 10 random 968665207-
ary 1024-dimensional lattices. flatter was called with argument α = 0.043, as with the
default parameters, flatter returns without performing any reduction due to the rather
small value of q compared to the dimension n.
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yields an RHF of 1.0219 [46], the lattices in dimension 128 and 256 will be fully
reduced by LLL-like algorithms, whereas a dimension 512 or 1024 basis will keep
a couple q-ary vectors at the beginning. We expect BLASterDeepLLL fully reduces
the dimension 512 instances, as a slope of −0.058 would already be sufficient.

Moreover, we ran BLASterBKZ with the following arguments: a block size
β = 60, segment sizes ℓ = ℓ′ = 64, one tour (t = 1) and progressive increments
of P = 2 in dimensions 128, 256, 512.

In dimension 1024, the value of q is relatively small, and all algorithms leave
some of the initial q-vectors untouched after reduction. Moreover, we did not
run fplll to save the extremely long computation. Instead of BLASterBKZ, we
ran BLASterDeepLLL as it is still relatively fast.

The Figures 3, 4, 5 and 6 show how the slope evolves as a function of the
wall time.

Results. Except for flatter being slower than fplll in dimension 128, we observe
that flatter performs better lattice reduction faster than fplll and OptLLL in all
high dimensions.

However, flatter is multiple factors slower than BLASter, even though flatter
uses more CPU cores than BLASter. In dimensions 128, 256, 512 the reduction
quality is very comparable. In dimension 1024, we forced flatter to reduce to a
slope of at least −0.043, which explains why flatter achieves stronger reduction
quality as BLASter. Note, however, that BLASterDeepLLL reduces stronger and
faster than flatter.

CPU usage. We observed that flatter reaches 100% CPU usage on all assigned
cores most of the time, whereas OptLLL runs in fact mostly on a single thread,
while all other threads are idle. On the other hand, BLASter is at 100% CPU
usage if the full basis is modified. Indeed, if the initial block of the basis contains
only q vectors, the local LLL/deep-LLL/BKZ call is immediately done.

In conclusion, it appears that OptLLL does not fully make use of parallelism,
whereas flatter seems to be overdoing it.

5.4 Additional Experiments

We conducted two additional experiments using BLASter. First, we experimented
with the segment size ℓ used to locally run LLL of this given size. Second,
we experimented with the value of q to see whether BLASter, currently not
supporting multiprecision, is able to terminate and return a LLL-reduced lattice.

Optimal segment size. Figure 7 depicts the runtime of BLASter, as a function
of the segment size ℓ. In dimension n = 128 and n = 256, the choice for ℓ = 64
is almost optimal, and there is even a wide range for ℓ that give an optimal
runtime. The runtime is much longer for ℓ = 128 because BLASter uses less CPU
cores than for ℓ < 128, making linear algebra a bottleneck. Forcing a specific
number of threads is an easy remedy for this.
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Fig. 7. Wall time of BLASter as a function of the segment size ℓ, averaged over 10
lattices. Each n from a dataset corresponds to the set of 10 lattices of dimension n
from Section 5.3.

In dimension n = 512 and n = 1024, we see that the optimal segment size ℓ is
larger than 64, which is in line with the theoretical prediction in Section 3.2. In
particular, using ℓ = 96 instead of ℓ = 64 reduces the runtime by 13% and 26%
respectively in dimension n = 512 and n = 1024. For segment sizes ℓ > 102
and ℓ > 112 in dimension 512 and 1024 respectively, BLASter did not terminate
presumably because a local LLL reduction encountered floating point issues,
which is more likely for larger segment sizes.

Admissible lattices. The set of q-ary lattices that BLASter is able to reduce, can
be found in Figure 8. Experiments ran on 10 lattices that were generated with
the following command:

latticegen -randseed [seed] q [n] [n/2] [b] p,

where seed ∈ {0, 1, . . . , 9}, and b = lg(q) ∈ {10, 11, . . . , 64}.
In some experiments BLASter did not terminate, mainly because a local LLL

reduction never terminated, presumably caused by floating point issues. There-
fore, we automatically killed BLASter if it did not terminate within reasonable
time, and reported it as a failure.

In addition, BLASter crashed on some instances, which mostly happened
during Seysen’s reduction. Specifically, most of the errors are thrown on Line 7
of Algorithm 1 because the value of U ′

12 cannot be stored as a signed 64-bit
integer. Note that other errors are not reported, such as overflowing a 64-bit
integer while updating the basis in Lines 9 and 12 of Algorithm 2.
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Fig. 8. The set of n-dimensional, q-ary lattices that BLASter is able to reduce.
The markers { , , , , , , , , , , } indicate that BLASter is able to reduce
{0, 1, . . . , 10} respectively out of 10 randomly sampled n-dimensional q-ary lattices.
The prediction is based on an analysis of Seysen’s reduction. On average, the first
couple basis vectors remain unaltered during LLL reduction of an n-dimensional q-ary
lattice basis if n > 512 and lg q ≤ 35.

The worst-case bound on a Seysen-reduced matrix R with unit diagonal [63,
Proposition 5] can be generalized to any upper triangular R. Namely, for n a
power of two, a Seysen-reduced upper triangular matrix R ∈ Rn×n with diagonal
bounded by q in absolute value satisfies

∥R∥max ≤ q
(n
2
· n
4
· · · 1

)
= q · 2 1

2 lg(n
2 ) lg(

n
4 ). (3)

If ∥R∥max > 263 holds after Seysen’s reduction, then updating B may overflow
one of the 64-bit integer entries of B in Line 12 of Algorithm 2. For example,
an 64-bit integer entry of B overflows if b1 is a q-vector and the first column
of R has an entry with an absolute value exceeding 263. After such an integer
overflow in B, the subsequent local LLL reduction and the local basis update on
Line 9 of Algorithm 2 may not throw errors, and Seysen’s reduction will throw
an error. This rough calculation yields the prediction in Figure 8, by rewriting
it such that the right hand side in Equation (3) is at most 263.

Being below the prediction curve of Figure 8 is neither a necessary nor a
sufficient condition for single-precision BLASter to successfully reduce a q-ary
lattice. Still, this prediction roughly approximates the set of q-ary lattices that
BLASter can reduce. A more detailed analysis is needed to build a multiprecision
variant of BLASter, which may leverage the work of [43] and [12] to determine the
required precision for its QR decomposition and Seysen’s reduction respectively,
and [45] to determine the required precision for storing U .
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6 Conclusion

In this work, we have implemented an LLL-like algorithm using parallelism, seg-
mentation, Seysen’s reduction, and a linear algebra library. This implementation
demonstrates that lattice reduction as is can still be drastically improved. It is
much faster than fplll, OptLLL, and flatter in low dimensions when double pre-
cision suffices. Moreover, it can LLL-reduce q-ary lattices in dimension < 1000
with relatively small entries in a matter of seconds.

This implementation is just a proof of concept, serving as inspiration and
motivation for the development of a robust lattice reduction library that will be
significantly faster than fplll. Section 6.1 discusses the speed of a library that uses
multiprecision. Section 6.2 shows how this proof of concept is already helpful for
a field of experiments that was currently infeasible. Lastly, we mention how low-
dimensional slide reduction may benefit from parallelism and Seysen’s reduction.

6.1 Support for Multiprecision

The software needs to be extended to support multiprecision, such that all lat-
tices can be reduced. For the robustness, delicate care should be given to the
required precision throughout execution, using a strategy that may be similar
to fplll and flatter.

Looking at the performance in small dimensions found in Figure 2, we can
still expect a huge speed-up over competitors. A heuristic version can be used
that increases the precision when encountering numerical stability issues, see §
Implementing the L2 Algorithm [65].

Our main suggestion toward multiprecision while still benefiting from the
performance of BLAS would be to completely change the data types. Libraries
fplll or flatter construct matrices over GMP [25] and MPFR [20]. Instead, high-
precision matrices could be constructed by stacking low-precision matrices as
e.g. A =

∑p−1
i=0 232iAi, and applying BLAS on the Ai components.

More detailed implementation considerations are as follows. One could ad-
just the exponent 32 to allow accumulation of carries before they have to be
propagated. Multiprecision multiplication algorithm such as Karatsuba would
also pay off much quicker than when applied over integers, because there is a
much larger gap between the cost of matrix addition and matrix multiplication.
Such a piece of software is a significant task and deserves to be a standalone
library, as it could be of use outside of lattice reduction algorithms.

In some sense, the library OptLLL [35] may have gone too far in that di-
rection, using an FFT transform of the above representation for even faster
multiplication. Among other drawbacks, we note that such representation does
not natively allow to perform the rounding steps of size reduction or Seysen’s
reduction.

6.2 A New Field for Experimentation

Reducing high-dimensional lattices fast opens up a whole new field of exper-
iments. For cryptanalyzing lattice-based cryptographic schemes, a huge effort
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has decreased the time needed to run BKZ with high block size. Namely, GPUs
can sieve in dimension 100 in a matter of seconds [18] to solve SVP-120 or so.
However, the initial lattice reduction would take over 4 hours if it is a projected
sublattice of a 1000-dimensional lattice!

Currently, experiments on the profile of BKZ-reduced bases with a large
block size are limited to lattices of a dimension slightly higher than the block
size. However, the HKZ-reduced tail forms a large portion of the whole basis
profile, and causes a ripple effect earlier in the basis profile [1]. Thus, integrating
(a robust version of) our software with G6K [2,18] allows experimenting with
high-dimensional high-block size BKZ reductions.

While BLASterBKZ works efficiently for block sizes up to 60, larger block
sizes should use a sieving-based SVP oracle, considering the dimensions for free
speed-up [17]. There is merit in incorporating G6K with our project. As removing
the complete dependency on fplll is nontrivial, we leave this integration step as
future work.

6.3 Slide Reduction

The slide reduction algorithm [22] could additionally benefit from a segment
strategy. One could reduce disjoint primal segments during even iterations in
parallel, and disjoint dual segments during odd iterations.

With the strong duality apparent in the slide reduction algorithm, it may be
performing well with Seysen’s reduction, which controls the size of both primal
and dual basis vectors equally. Note however, that sieving is better for large
block sizes, so the sieving routine should use parallelism, not the segments.
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A Nearest Plane and Size Reduction

In this section, we show an algorithm that on input n targets, computes Babai’s
NP on all of them in time O(nω), leading to an amortized time of O(nω−1)
per target. This directly leads to an algorithm that size reduces a basis using
O(nω) floating point operations. As the time needed to check whether n targets
are in P(B∗) and whether a basis is size-reduced most likely requires a matrix
multiplication, these two time complexities are plausibly optimal in a theoretical
sense.

This section focuses more on theoretical asymptotic runtimes, but still has
potential practical implications. Using this size reduction algorithm in practice,
may be faster because it allows one to use fast matrix operations.

Although Seysen’s reduction and size reduction have the same runtime com-
plexity, Seysen’s reduction was experimentally faster despite the necessary ma-
trix inversion.

A.1 Batch Nearest Plane

Algorithm 4 BatchNearestPlane
(
R =

[
R11 R12

0 R22

]
, T =

[
T 1

T 2

])
1: if R ∈ R1×1 then
2: C ← ⌊−T /R⌉
3: T ← T +RC
4: return C
5: else
6: C2 ← BatchNearestPlane(R22,T 2)
7: T 1 ← T 1 +R12C2

8: C1 ← BatchNearestPlane(R11,T 1)

9: return
[
C1

C2

]

Proposition 1. Algorithm 4, on input an upper triangular matrix R ∈ Rn×n

and targets T ∈ Rn×N , outputs a transformation matrix C ∈ Zn×N and modifies
T in-place to, say T ′, such that T ′ = T+RC and each column of T ′ is in P(R∗).
If N ≥ n, its runtime is O(Nnω−1) as n→∞.

For proving the last line of this proposition, note that multiplication of an
n× n matrix and an n×N matrix can be done in time O(Nnω−1) by splitting
the latter matrix in N/n square matrices.

Corollary 1. Babai’s nearest plane runs in amortized time O(nω−1) = O(n1.38)
per target, when called with at least n targets.
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The total number of recursive calls in Algorithm 4 is equal to 2n − 2. This
can either be proved by induction, or by observing that a rooted, binary tree
with n leaves has n− 1 internal nodes and 2n− 2 edges.

When implementing such an algorithm in practice, the cost of going into a
recursive call is noticeable, especially in the deeper layers.

Fortunately, we have written an implemention of Algorithm 4 for the software
that is nonrecursive. The idea is to compute the coefficients of Cjk (1 ≤ j ≤
n, 1 ≤ k ≤ N) by decreasing j, and “lazily” updating T . A naïve algorithm
will apply the transformation T [j,1:N ] ← T [j,1:N ]+Rj [Cj1 . . .CjN ] directly, but
that will not give an O(Nnω−1) complexity. Instead, note that each of the n− 1
recursive calls on submatrices of the form R[i,k)×[i,k) (1 ≤ i < k ≤ n), recursively
call themselves on the submatrices R[i,j)×[i,j) and R[j,k)×[j,k), where j is halfway
i and k. Conversely, for all 1 < j ≤ n, there is a unique pair (i, k) such that the
above holds, and by determining these (i, k) for all j, we can now lazily update
T as follows.

T [i,j)×[1,N ] ← T [i,j)×[1,N ] +R[i,j)×[j,k)C [j,k)×[1,N ].

A.2 Size Reduction

Algorithm 5 SizeReduce(R)

1: if R ∈ R1×1 then
2: return

[
1
]

3: Parse
[
R11 R12

0 R22

]
← R ▷ Blocks have half the size

4: U11 ← SizeReduce(R11)
5: U22 ← SizeReduce(R22)
6: R12 ← R12U22

7: U12 ← BatchNearestPlane(R11,R12)

8: return
[
U11 U12

0 U22

]

Now, using Babai’s NP algorithm, we can build a recursive block variant
of size reduction, which is listed in Algorithm 5. We want to remark that it is
surprisingly similar to Seysen’s reduction, Algorithm 1. Indeed, the first 5 lines
are the same, but the more preciseful size reduction of R12 is done differently.
Instead of adding R11

⌊
−R−1

11 R12

⌉
to R12, NP is called.

Proposition 2. There exists an O(nω)-time algorithm that, on input an upper
triangular basis R ∈ Rn×n, outputs an upper triangular unimodular matrix
U ∈ Zn×n and modifies R in-place to, say S, such that S = RU and S is
size-reduced.

Proof. The proof is easily proven by induction. To prove S is size-reduced, note
that the columns of S12 lie in P(S∗

11).
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We have implemented a version Algorithm 5 that does not use recursion.

Practicality. Similar to [35], the runtime complexity of these algorithms cannot
be reached in practice, because theoretically fast matrix multiplication algo-
rithms are not fast in practice. These algorithms require more workspace, are
generally not cache-friendly [33], and may also be numerically less stable.

Still, using practically fast matrix multiplication from the BLAS library will
give good performance. Experimentally, we did not see large numerical issues
when using the size reduction of Algorithm 5 instead of Seysen’s reduction,
when reducing the lattices in Section 5.

B Block Cholesky Decomposition

In this section, we provide an optimization to [35, Algorithm 6] that instead of 4
matrix multiplications (and more recursively) only uses 2 matrix multiplications.

Note [35, Algorithm 6] contains a typo: Line 5 should read A′ = R′
A(R

′
A)

T,
making A′ = A−1.

Algorithm 6 is based on [35, Algorithm 6]. Similarly, we do not provide details
of the numerical precision required for correctness.

Algorithm 6 BlockCholesky(G)

1: if dim(G) = 1 then
2: return

√
G

3: Parse
(

A B

BT C

)
← G ▷ Blocks have half the size

4: RA ← BlockCholesky(A)

5: S ← (RT
A)

−1
B

6: RC ← BlockCholesky(C − STS)

7: return
(
RA S
0 RC

)
.

Proposition 3. Algorithm 6 on input a positive-definite symmetric G ∈ Rn×n,
outputs an upper triangular R such that G = RTR in time O(nω).

Proof. Let us consider the nontrivial case n > 1. By induction, RA satisfies
RT

ARA = A. Moreover, we have RT
AS = RT

A(R
T
A)

−1
B = B, and

STS +RT
CRC = STS +

(
C − STS

)
= C,

so the return value, say R, satisfies RTR = G.
The runtime is clearly bounded by the matrix multiplication on matrices of

size n/2, and inverting the upper triangular RA, which takes time O(nω) [35,
Lemma 1].
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