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ABSTRACT

In this paper, we investigate the distribution of zeros of the independence polynomial of hypergraphs of max-
imum degree A. For graphs, the largest zero-free disk around zero was described by Shearer as having radius
A,(A) = (A —1)21/A%. Recently, it was shown by Galvin et al. that for hypergraphs the disk of radius A (A + 1)
is zero-free; however, it was conjectured that the actual truth should be 4,(A). We show that this is indeed the case.
We also show that there exists an open region around the interval [0, (A — 1)1 /(A — 2)2) that is zero-free for hyper-
graphs of maximum degree A, which extends the result of Peters and Regts from graphs to hypergraphs. Finally, we
determine the radius of the largest zero-free disk for the family of bounded degree k-uniform linear hypertrees in
terms of k and A.

1 | Introduction

Let H = (V, E) be a hypergraph, where V' denotes a finite set of vertices and E is a set of nonempty subsets of V. An inde-
pendent set is a subset of the vertices U C V such thate ¢ U for any e € E. We let T(H) denote the set of independent sets
of H. If we assign to every vertex v € V' a complex variable 1,, we can define the multivariate independence polynomial

of H as
z:n= Y [JA
UeI(H) velU
We let Z(H; 1) denote the univariate specialization, that is, where all 4, are set to A.
The location of the zeros of the independence polynomial in the complex plane within the class of bounded degree graphs

has been a topic gleaning a lot of interest [1-3]. Recently, this interest has been extended to the study of bounded degree
hypergraphs [4]. The following two theorems contain our main contribution.
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(A-1)1

The first result concerns the largest zero-free disk around zero. Let 4(A) = =—

Theorem 1.1. Let A > 2. For any hypergraph H with maximum degree at most A and A € C"D with |1,| < A,(A) for
allu € V(H)we have Z(H; 1) # 0.

For graphs this bound was proved by Shearer [5]; see also [6]. For hypergraphs our result improves the bound from [4]
from A,(A + 1) to A,(A). This bound is the best possible since it is proved in [5, 6] that zeros of truncated (A — 1)-ary trees
accumulate on —A,(A).

(A=1)A1

The second result concerns the largest possible open zero-free region around the positive real axis. Let 4,(A) = ST

Theorem 1.2. Let A > 3. There exists an open neighborhood U of the interval (0, 1,(A)) such that for any hypergraph H
of maximum degree A and A € U we have Z(H; A) # 0.

For graphs this was conjectured by Sokal [7] and subsequently proved by Peters and Regts [8]. It is also proved in [8] that
zeros of truncated (A — 1)-ary trees accumulate on A.(A). In fact, it is proved in [9], using results from [10], that zeros of
graphs of maximum degree at most A accumulate on any real parameter in (—oco, —4,(A)] U [4,(A), o0). Therefore, if we
let U, , € C denote the maximal open zero-free set for graphs with maximum degree at most A and we let U}, ,, € C
denote the analogous set for hypergraphs with maximum degree at most A, we can conclude the following corollary.

Corollary 1.3. Let A > 3. We have
Vs NR =Ty 5 NR = (=A,(A), 4,(D))

In [4, Conjecture 6] it is conjectured that the connected component of U, , containing 0 is equal to the connected com-
ponent of U , containing 0. This conjecture is false for A = 1,2 because graphs of maximum degree at most two are
real-rooted, while the independence polynomial of the hypergraph consisting of a single hyperedge with three vertices is
34% + 34 + 1, which has non-real roots. The conjecture is also false for A = 3; see Corollary 6.9. We will however show
that the conjecture is true in the A — oo limit.

Theorem 1.4. The rescaled zero-free regions converge to the same limit object in terms of Hausdorff distance', that is,

limA-Vy, = Alim A-Ups,

A-o0

A priori it is not clear that either limit is well defined. In [11], the two authors of the present paper together with Han
Peters investigated the left-hand limit and showed that it does indeed converge to a non-trivial limit set.

1.1 | Uniform Linear Hypertrees

A hypergraph is called linear if for any pair of distinct edges e, e,, we have |e; N e,| < 1. A path from vertex v, to vertex
v, in a linear hypergraph is a tuple (v, = uy, e, uy, €5, ... ,e,_;,u, = U,), Whereu,, ... ,u, is a sequence of distinct vertices
and ey, ... ,e,_; is a sequence of distinct edges such that {u;,u;,,} Ce;, forall i =1, ... ,n— 1. A linear hypergraph is
called a linear hypertree if there is a unique path between any pair of vertices. A hypergraph is called k-uniform if every
hyperedge has size k.

In [4], the largest possible zero-free disk for bounded degree uniform linear hypertrees is investigated. They give an explicit
radius r, , such that for any b + 1 uniform linear hypertree 7 with maximum degree at most d + 1 and fugacities 1 with
|4,| < ry, itis the case that Z(7'; ) # 0; see [4, Theorem 4]. As d — oo one has that r, , = e~'d~1/> + O(d=%/*). They also
show that a disk of radius O((log(d)/d)'/?) is not zero-free; see [4, Proposition 5]. In this paper, we determine the exact
maximal zero-free disk for uniform bounded degree linear hypertrees.

Theorem 1.5. Letd > 2, b > 1 and define the function f,(z) = f,,4(z) as

z %\’
i (552))
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Let p, , be the largest p > 0, such that there exists a disk By of radius R around 0 that is mapped into itself by f,. To be precise,
Pap =max{p >0 | there exists an R > 0 such that f,(Bg) C By}

Zero-freeness If T is a (b + 1)-uniform linear hypertree with maximum degree at most d + 1 and A € CY7) is such that
[A,] < pgp forallv € V(T), then Z(T ;1) # 0.

Maximality There is a sequence of (b + 1)-uniform linear hypertrees {T,} with maximum degree at most d + 1 and a
sequence of parameters { A} such that |,| converges to p, , and Z(7,; A,) = 0 for all n.

Formula

b1 —
w_|. e cwith _bdwzl}
1-w) (1 — wh)

Pap = min { ’(1 —wh)™
Asymptotics For fixed b
pay = (ebd)™* + Od~*")

asd — oo.

Contrary to the proof of Theorem 1.1, where we use the explicit formula for 4,(A), we will not prove Theorem 1.5 using
the formula. Instead, we will show that if a natural sufficient zero-freeness condition, namely forward invariance of the
map f,, is not met this implies that there is a A’ of the same magnitude as A for which f, has neutral fixed point. This
will allow us to prove that zeros accumulate on A’ and to give an explicit formula for A’ and its magnitude.

Question 1.6. A few days before appearance of the present paper it was shown by Zhang [12] that for each k > 3 there
exists a sequence of k-uniform linear hypergraphs with zeros of magnitude O(log(A)/A). It follows that in general the
disk of radius p, , does not remain zero-free if one moves from uniform linear hypertrees to uniform linear hypergraphs.
Describing the true asymptotics of the maximal zero-free disk for uniform bounded degree linear hypergraphs remains
an open problem. The Shearer disk [5] shows that it is at least of size A,(A) = (eA)™ + O(A™?).

1.2 | Algorithmic Consequence

Let 7, , be the family of hypergraph of maximum degree at most A and of hyperedge size at most k. In the paper [4], an
FPTAS? was established for computing Z(H; 4) for the family 7, , and |4| < A,(A + 1). The proof of [4, Theorem 10] is
based on 3 ingredients: Barvinok’s interpolation method [13], the work of Liu, Sinclair and Srivastava [14] and Patel and
Regts [15], and the zero-free region given in [4, Theorem 1]. In generality, they proved the following.

Theorem 1.7 ([4]). Let A > 2 and k > 2. Assume that there is a connected open set 0 € U C C, such that for any H €
Fax and A € U we have Z(H; A) # 0. Then for any A € U there is an algorithm of running time (n/e)°® such that it
computes an e-relative approximation to Z(H; A) for any hypergraph H € F, ; on n vertices.

There are several works on the complexity of counting independent sets in hypergraphs, that is, calculating Z(H; 1); see
[4, 16-20]. By combining the previous theorem with Theorems 1.2 and 1.1 we obtain the following corollary.

Corollary 1.8. Let A >2andk > 2. Let A € C, such that either || < A,(A)or0 < A < 4,(A). Then there is an algorithm
of running time (n/€)?+® such that it computes an e-relative approximation to Z(H; 4) for any hypergraph H € F , on n
vertices.

This result recovers the result of Liu and Lu [19], where they give an FPTAS for the number of independent sets (i.e., A = 1)
for the class of hypergraphs of maximum degree at most 5. More generally, this corollary extends the well-known result of
the existence of an FPTAS for 4 € (0, 1.(A)) by Weitz [21] from bounded degree graphs to bounded degree hypergraphs.
Itis known that for 4 < —4,(A) and 4 > 1,(A) approximating the independent set polynomial for bounded degree graphs
is NP-hard; see [10] and [22] for the two regimes. We thus show that the computational dichotomy for real A that was
known for bounded degree graphs extends to bounded degree hypergraphs.

Question 1.9. Let U, ., denote the maximal open zero-free set for hypergraphs with maximum degree at most A with
hyperedges of size at least k and let U, ,, C U, 5, denote the component containing 0.
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In [17], it is shown that there is an FPTAS for calculating the number of independent sets among hypergraphs of degree
at most 6 and minimum hyperedge size 3. Is it possible to recover this result using zero-freeness? Concretely, do we have
1 € Uy 3?7 More generally: whatisR n U, ,, for k > 3 and isitstrictly increasing in k? See also [20] for recent zero-freeness
results involving uniform bounded degree hypergraphs.

A different consequence of our zero-freeness result concerns the mixing time of a Markov chain known as Glauber
dynamics. For positive real 4 Glauber dynamics are used to approximately sample from the Gibbs distribution, that is, the
distribution on Z(}) where the probability of sampling U is proportional to AY!. Anari et al. [23] proposed a sufficient
condition for the rapid mixing of the Glauber dynamics known as spectral independence, which was investigated for spe-
cial Gibbs distributions [24, 25]. Furthermore, it was shown in [26, Theorem 11] that zero-freeness in a neighborhood of
A implies spectral independence for a large class of models on bounded degree (hyper)graphs, including the hard-core
model on hypergraphs. These results together with Theorem 1.2 prove rapid mixing of the Glauber dynamics for bounded
degree hypergraphs for 4 € (0, 1.(A)).

1.3 | Overview of the Paper

The proofs of the main theorems rely on the dynamical behavior of ratios associated to the independence polynomials.
For a hypergraph H and a vertex v € V (H), we can define the ratio as

R,(H, A 2701 Y
v( > ) - W

where Zl"}“(H, A) is the sum of the terms of the partition function of Z(#; A) with v contained in the independent set and

ZMH; ) = Z(H; ) — Z;“(H; A).

In Section 2, we build on the reduction of Weitz [21] to reduce the analysis of the ratios of hypergraphs to the analysis
of ratios of linear hypertrees. It turns out that the ratios of linear hypertrees can be calculated recursively from smaller
subhypertrees using appropriate multivariate functions.

In Section 3, we use this reduction to show that establishing forward invariant sets in the complex plane for these (multi-
variate) functions is a sufficient condition for zero-freeness. We gather results of this form for both the univariate and the
multivariate case. This section also contains the proof of Theorem 1.1.

In Section 4, we show that we can satisfy the sufficient conditions for zero-freeness in the univariate case laid out in
Lemma 3.5 for A4 € (0, 4,(A)). This leads to a proof of Theorem 1.2.

In Section 2, we use a characterization of the limit set V" = lim,_, , A - U}y , given in [11]. This allows us to show that for
A € U and A large enough there exists a region A, satisfying the conditions of Lemma 3.5 for the parameter A/A. This
leads to a proof of Theorem 1.4.

In Section 6, we use Lemma 3.3 to establish a zero-free disk for k-uniform linear hypertrees. In fact, we show that the
smallest disk to which we cannot apply Lemma 3.3 implies that the map f, given in Equation (9) has a neutral fixed point.
This will allow us both to prove that zeros accumulate on 4, following the method in [27], and to establish a formula for
A, proving Theorem 1.5. In this section, we rely on methods from the field of complex dynamics; in particular, we use the
theory of normal families and holomorphic motion.

2 | Preliminaries
2.1 | Independence Polynomial of Hypergraphs

For a hypergraph H and its vertex v € V' (H) let us define the ratio of R,(H, 1) as the multivariate rational function

Zn(H; )

RO A = o
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where Z,i)“(H; A) (resp. Z,‘j‘“(H; A)) is the sum of those terms of the partition function of Z(#; 1) where v is in (resp. out)
the independent set of U. To be precise,

([spispace| ZR(H:; = D []A

veUeI(H) uel

and Z;’“‘(H; AN=Z(H; 1) - Zi“(H; A). In general, for .S C V' we can define

zitin= Y JJ

SCUEeI(H) ueU

Before establishing basic recursions, we need the following notations and conventions for the rest of this section.

Definition 2.1. Let H be a hypergraph on the vertex set V. We can then consider the following ways to obtain subhy-
pergraphs of H.

« If S CV,then H — S is the induced subhypergraph on V' \ S. That is, a hypergraph with vertex set V' \ S and with
hyperedges
{e€e E|lensS =0}

« IfS C V,then H © S is the hypergraph obtained by removing all vertices of .S from each hyperedge. If the hypergraph
obtains empty hyperedges, then we delete those. Formally, H © S is a hypergraph on V' \ S with hyperedges

{e\S|e€Est.enS #e}

« If F C E, then H — F is the hypergraph obtained by removing the hyperedges F from the hypergraph. That is, a
hypergraph with vertex set V' and with hyperedges

{ee E|eé¢ F}

A hypergraph H’ is a subhypergraph of H if H’ can be obtained from H by applying any of the previous operations and/or
their combinations. We will use the convention in this case that Z(H’; 1) denotes Z (H’ ; /I|V(H/)>.

Now, let us collect basic relations following from the definition of independent sets. We refer to [28] for their proofs.
Lemma 2.2. Let H = (V, E) be a hypergraph and v € V such that {v} ¢ E. Then

« ZNH, Q) = 4, Z(H © v, 4).

« ZOH,A) = Z(H —v,2) = Z(H — E(v) — v, A), where E(v) = {e € E | v € e}.

« ZHM;2) = Z(H — {e}; 1) = ZN(H — {e}; M.

A short observation of the previous lemma is that the independence polynomial of a hypergraph is actually a product
of independence polynomials of connected hypergraphs where no hyperedge is contained in an other, moreover each
hyperedge has size at least 2.

Lemma 2.3. Let H = (V,E)beahypergraphandletV,={veV |{v} € E}andE' ={e€ E|3f € Es.t. f Ce}U
{e € E | |e| = 1}. Then the hypergraph H — E' — V; is disjoint union of hypergraphs of hyperedge size at least 2 and there is
no hyperedge that contains an other one, moreover

ZMH;A)=Z(H - E' =V 4)
The next lemma is the generalized form of the tree recursion of the independence polynomial of trees for hypertrees.

Lemma 2.4. LetT = (V,E) be a linear hypertree and v a vertex. Suppose that E(v) = {e,, ... ,e;} C E is the set of the
incident edges at v and e; = {v, v(l’), ,ué’_)}fori =1, ....,d. Let Ti’j be the connected component of u;’) inT —v. Then we
have '
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d b (’)( ij° A)
R (T;A) =4 1- _
o ) UH l_!1+R<z>( T A
i= J i.j
Proof. Letusrecall that Z(T;4) = Z™(T; ) + Z°°Y(T; A). If {v} € E(T), then R,(T; 1) = 0 by definition.
Thus for the rest let us assume that {v} ¢ E. Then by Lemma 2.2 we have

ZNT30)  2,Z(T 6 {v):A)
ZOW(T;2)  Z(T — E(v)—v; A)

R(T:; 1) =

Observe that the hypergraphs 7; = 7 © {v} and 7, = T — E(v) — v are defined on the same vertex set and their edge set
differs only in E' = {e \ {v} | e € E(v)}. Since T is a linear hypertree each connected component of 7; and 7 is a linear

hypertree. The hyperforest 7, is isomorphic to the disjoint union of the hypertrees 7; ; fori =1, ... ,dand j =1, ... , b;.
Thus, 7; has exactly d connected components, that is, for every i = 1, ... ,d we can obtaln the Connected component as
the disjoint union of 7; ; for j = 1, ... , b, and adding the edge e} = ¢; \ {v}. Let us call these connected components 7;.
Thus, we have that
d d Z(T, = {€]},A) = ZNT; = {e;}, 4)
Z i el N i
R,(T,A) =4, :
EZ< {e} Do H VAUSSTARYS)
To finish the proof let us observe that foreachi =1, ... ,d, we have
ZT ) )= ZNT —{e) ) Z0(T — (e} d)
Z(T,~ )i d) T ZT -
H, 125 T )
H i Z(Ti 3 A)
bH (')( ljv )
= = 1+ R (,)( ijo l)
O

2.2 | Reduction to Hypertrees

In the next definition, we propose a hypergraph version of Weitz self-avoiding path tree [21] that allows us to reduce the
problem of understanding zeros of hypergraphs to linear hypertrees. This idea was implicitly used in [19].

Definition 2.5 (Weitz-hypertrees). Let H be a hypergraph and v € V(H). We will define the set W(H, v) whose
elements are tuples (7, r, z), such that 7 is a linear hypertree with root r € V(7) and = : V(T) — V(H) is a labeling
function with z(r) = v. The set is defined inductively as follows.

« If the connected component H’ of v consists of a single vertex, then W(H, v) = {(H’, v, idV(H,))}.

« Otherwise, each element of W(H, v) is constructed as
1. Choose an ordering {es, ... ey} of E(v).
2. Foreachi =1, ... ,d choose an ordering {U(’) ,vi’,)} of e; with ug’) = 0.
3. For each i=1,...,d and j=1,...,b; let ng) be the connected component of Uj.i) of H—{e;,....e;} ©
{U(l) . (l) }
4. For eachz =1,...,dand j =1, ... , b, choose (Tj(i),rj.i),zrj(.i)) € W(HJ(,i), Uﬁ.i)).

5. Take disjoint union of the hypertrees 7;@, then add a new vertex r and add the hyperedges e] := {r, (’), ,rf)}
foreveryi =1, ... ,d. Denote the constructed graph by 7. Let z : V(T) — V (H) be defined as
6 of 32 Random Structures & Algorithms, 2025
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@ v ifu=r
) = . .

ﬂ;')(u) ifue V(Tj(’))

Any possible choice in steps 1, 2, and 4 yields an element (7, r, ) € W(H, v).
Remark 2.6.  Given a rooted hypergraph (M, v) we will sometimes refer to its Weitz-hypertree 7 whenever we refer to
an arbitrary element (7, r, ) € W(H, v). If H has degree at most A and edge-size at most b + 1, then the same is true for
its Weitz-hypertree. If H is a linear hypertree, then its Weitz-hypertree is equal to H itself, that is, W(H, v) = {(H, v,id)}.

We also note that W(H, v) = W (H', v), where H' is the connected component of H containing v.

Definition 2.5 gives a recursive way to obtain elements of W(H, v). In Section 2.3, we will describe an explicit element of
W(H, v) whose vertices (and hyperedges) correspond to stable-paths in the bipartite representation of ; see also Figure 1.

Theorem 2.7. Let H be a hypergraph with vertex v € V (H), then for any (T ,r, x) € W(H, v) we have

ZhM: A ZNTL )
ZOWH; A Zow(T, ')

as rational functions, where for any u € V(T) we let ! = 4

w(u)*

Proof.  Proof by induction on the number of vertices of H.

First of all we may assume that H is connected, since otherwise we could take 7’ to be the connected component of v for
which the ratio is the same function allowing us to conclude the theorem by induction.

If |V (H)| = 1 the theorem holds because H is isomorphic to 7.

€1 €2 €3
[ ]

U5 @

FIGURE1 | The top left containsanexample of a hypergraph H. The top right contains its bipartite representation G;,. The bottom
left the stable-path tree of G, rooted at v, if we order the vertices of G, as v; < v, < v; < v, < vs < e; < e, < e;. The bottom right
represents the hypergraph corresponding to this bipartite representation. This is an element (7, r, z) of W(H, v). In this case, if we let
A, = 4;, then Z(T; Y= ZH; V) + A)(A + Ay + A1+ Ay + As).
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Now let us assume that for any connected hypergraph on n > 1 vertices the statement holds. Let H be a connected hyper-
graph on n + 1 vertices where v has degree d > 1 and let (7, r, ) € W(H, v). Using the same notation as in items 1 and 5
of Definition 2.5 we define the sets E; = {e), ... ,e;} C E(v) C E(H)and E] = {¢}, ... ,e/} C E(r) C E(T).

Then

ZH—-E,_,©uv;k)
Z(H—-E , ©u;h)

20060 AZOeud
ZWH; 1)  Z(H-E@weuvl

d
i=1

and similarly we have
zZNT; 1) S Z(T -E_oul)

LAY
Zow(T 1 2) Az E Qv 1)

i=1

Thus it is sufficient to prove that for each i =1, ... ,d we have

ZMH-E_©v:)) Z(T-E_ 6rl)

ZM-E©uv:d)  Z(T -E oernl)

Let us further reduce this formula by using the same notations as the Definition 2.5, thus let us define the sets §; =

(W, o Y forj=1, ... b +1.LetH' = H — E,_, © v, then
Z(H-E,_ ©v;4) ZH': ) Z(H' —{e;};4) - Zi?(H/ —{e}: )
ZH-E©vid) ZMH —{e}:d) Z(H' = {e;}, 4)

ZnH' — (e}, 1)
ZOU = (e}, )

and similarly we have
i (] '
20 -EL ond) 20U - fe. 4)
Z(T - Ejerl) 2" = (e}, )

This means that it is sufficient to prove that

ZH — (e}, h)  ZRT = (e} 1)

ZOU =Tl )~z (&) 2)

Now we claim that foranyi =1, ... ,d we have

oD
J

ZH ~{er.hy U Z(H": )

. i @).
Zn — (e}, a) b Lot

as rational functions. If H’ does not have a hyperedge f such that f C e, then it holds, because in this case for any S C e,
we have ZN(H' — {¢;}; 1) = Z(H' — {¢;} © S) and thus

ZOH — (e} 1) b ZROU —(ey:h) b ZHOGD)
ZGU = (e;1, A)

j=1 Zg;_l(H’ — {ei};/l) B =1 Z(Hj(l),ll)

as rational functions. Otherwise, if there is a hyperedge contained in e;, then the left-hand side is 0. But in this case the
right-hand side is 0 as well. To see this, let us choose j to be the smallest integer such that S; contains a hyperedge of

H' — {e;}. Then by construction HJ(.i) contains the hyperedge {U;i) }, which means that

i @).
7 ;)
J —_—
@).
V4 (Hj 3 A)
proving the claim.
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To finish the proof observe that by definition and the induction hypothesis foranyi =1, ... ,dand j =1, ... , b, we have

zin (H(l) ) zin (7'(1) )

(l) (:)

Zout(Hj(i); 2) Zout(Tj(l); l/)

(@) (i)

thus
. @. (). . .
Z;?(H’ - {ei},/l) b Zn<l'>(Hj s 4) b ZIE)(T A4 Z:,f‘(Tj(’) - {e;},/l')

Z(H' —{e;}, ) <l Z(Hj(.i); A) /l:! Z(Tj(l); ) Z(Tj(i) _ {el/_}’ ) .
Remark 2.8. During the construction of the Weitz-hypertree, it could occur that there are hyperedges of size 1 in 7. We
claim that the theorem remains valid for some linear hypertree 7’ where each hyperedge has size at least 2 if {v} ¢ E(H).
To see this let (7, r) be a Weitz-hypertree of H with starting vertex v € V(H). Let V, = {v € V(T) | {v} € E(T)} and let
E, ={e€ E(T) | enV, # o}. By definition any independent set of 7 has to avoid V;, thus Z(T;1) = Z(T — E, — V;; A).
The hypergraph 7 — E, — V is disjoint union of linear hypertrees 7; of hyperedge size at least 2 fori =1, ... , k. Assume
that 7 is the connected component of r in 7 — E; — V;. Now as rational functions we have that

R,(H;1)=R.(T;A)=R.(T —E, = Vy;4) = R.(T}; 1)

In the next theorem, we will reveal a useful algebraic property of the Weitz-hypertree. It is an extension of an analogous
divisibility relation for graphs by the first author of the present paper [29, Proposition 2.7].

Theorem 2.9. Let H be a connected hypergraph with vertex v and let (T ,r, z) € W(H, v). Then
ZMH ) | Z(T; 1)
where 2/ = A, for u € V(T). In particular, if Z(H; A) = 0 for some A € CV0, then Z(T;4') =0

Moreover, there exists subhypergraphs {HJ}§'=1 of H with vertex set contained in V(M) \ {v} and integers k; > 1 for j =

,1, such that
1

AUVSEFACT | EAGRRIE
j=1
Proof.  'We know that Z9"(H) is the independence polynomial of the hypergraph H' = H — v. Let H;, ... , H| be the

connected components of H'. For each connected component of H, let e, be the incident edge at v with the smallest

(lk) (lk)

index such that e, share a common vertex with H’ The edge €, = = {v, v} } and let j, denote the smallest index

such that uﬁik) € V(H,’(). By construction we know that H;;k) from Definition 2.5is 1somorphlc to M, . Now by induction we
have that Z(H’; A)lZ(?}iik); A') foreach k =1, ... ,I and therefore

ZOH; A) = Z(H'3 4) = HZ(H’,/l) | HZ(T(”‘) ) | ZOT ;A

On the other hand, we know that as rational functions

Z(T:\) = M Z(H; 2)
’ Zow(H )T
and thus Z(H; 1)| Z(T; 1) because ?; ui((;i’; is a polynomial.

The second part follows by induction from the previous equation. O

Remark 2.10. Ttisnothard to see that if H is a connected hypergraph and there is no hyperedge e € E, that is contained
in an other hyperedge of H, then the rooted hypertree (7', r) obtained in Remark 2.8 also satisfies the divisibility relation
of the previous theorem, that is,

ZMH;4) | Z(T'5 1)

In particular, 7’ is a linear hypertree of hyperedge size at least 2.

90f32
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2.3 | An Explicit Construction of a Weitz-Hypertree via Stable-Paths

In this section, we give an example of an element of W(H, v) that reveals a connection to the tree construction given in
[21, 29] by unfolding the recursive nature of Definition 2.5. One could derive a complete description of W(H, v) using
o-stable-path trees from [29], however, the most general proof would be notationally cumbersome. Instead, we present
the following example that captures the essential idea. It is not necessary to read this section to understand the rest of
the paper.

For the rest of this section, let us fix an ordering of the disjoint union of vertices and hyperedges of H. Any hyper-
graph H has a bipartite representation G,,, that is, the bipartite graph with bipartition (V' (H), E(H)), and edge set
{(v,e) € V(H)x E(H) | v € e}. Observe that the ordering of the vertices and hyperedges of H induces an ordering on the
vertices of G,.

For an arbitrary graph G with an ordering on the vertices of G (e.g., as in G;,) a stable-path from v is a path (v, vy, ... ,v,)
such that v = v, and if v; ~ v; for j > i, then v; > v;,;. We can obtain a tree structure on the stable-paths starting from
v by connecting two paths if their length differs by 1 and one is a subpath of the other. Let us denote this tree by T ..
Also, let us assign a root vertex to T ,, that is, (v) and a labeling = : V(T ) — V(G), which maps any stable path to its
last vertex.

This tree also has a recursive definition: if v is a singleton of G, then T;; , = {v}. Otherwise, let N;(v) = {vy, ... ,v,} the
neighborsin order. Foreachi =1, ... , d let G, be the connected componentof v; in G — {v, vy, ... ,v;_;} andletT, =T ,
with root r;. Now the tree Tj; , is obtained by the disjoint union of the trees 77, ... , T, and then adding a new vertex r and
edges {(r,ry), ... ,(r,r,))}.

Proposition 2.11.  The stable-path tree of G,, from v is a bipartite representation of a Weitz hypertree of H from v.
Proof. Let us prove the statement by induction on the number of vertices.

If |V (H)| = 1, then the statement holds trivially. Now, let us assume that the statement holds for hypergraphs of size at
most n and let H be a hypergraph on n vertices. If H is not connected, then let H’ be the connected component of v,
that has size at most n. Thus, by induction, the stable-path tree of G,,, is a bipartite representation of a Weitz hyper-
tree of H’ from v. On the other hand, the stable-path tree of G;, from v is exactly the stable-path tree of G,,, from
v and the Weitz hypertree of H from v is the same as the Weitz hypertree of H’ from v, thus proving the statement
in this case.

Now let us assume that H is connected. Using the global ordering on the vertices of G, we enumerate the incident

hyperedges at v as E(v) = {ey, ... ,e;},and foreachi =1, ... ,d, we enumerate ¢; \ {v} = {v(li), ,vg_)}. Let us expand

the definition of Ty, .- By definition, T, G0 consists of a new vertex r, trees T, and additional edges {(r,r;,) | i =1, ... ,d},
where T is the stable-path tree of G;; — {v, ey, ... ,e;,_; } from e, with root r,. (Note that e;, ... ,e, correspond to vertices
in Gy,;.)

Now, for each i = 1, ... ,d, let us apply the definition for T again. Thus, T® consists of a new vertex r; and trees TJ@,

where Tj(” is the stable-path tree of G;i) =Gy —{v.eq, ... ,e;} — {v(li), ,v;’zl} from vﬁ.i) forj=1,...,b

-

Observe that the connected component of v;i) in Gﬁ” is isomorphic to G, as defined in Definition 2.5.
J

()

i which we

Thus, by induction, TJ@ is a bipartite representation of a Weitz-hypertree of Hj@ from v
denote by Tj(i).

(i) ()

Foreachi =1, ... ,d, thevertex r, is connected to r, Fls wee sy Therefore, T is a bipartite representation of a hypergraph
that consists of the disjoint union of Tj(i) foralli=1,...,dand j =1, ... , b, together with hyperedges {r, r(li), ,r(i_)}
foreachi =1, ... ,d. By Definition 2.5, this hypergraph is indeed a Weitz hypertree as claimed. O

Remark 2.12.  One might wonder: what is the Weitz hypertree of a graph? This is a hypertree with hyperedges of size
1 and 2. As we saw in Remark 2.8 we can reduce this tree by deleting vertices contained in hyperedges of size 1. The
resulting tree is the stable-path tree of the graph.
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3 | Ratios and Conditions for Zero-Freeness

In the previous section, we saw that a zero of a hypergraph yields a zero for a corresponding linear hypertree. In this
section, we will show that in fact a zero of a hypergraph implies that there is a rooted linear hypertree with ratio equal
to —1. It follows from Lemma 2.4 that the ratios of linear hypertrees can be calculated recursively. Roughly, to show
zero-freeness for hypergraphs, it is therefore sufficient to show that the ratios of an appropriate class of rooted linear
hypertrees stay trapped in a region of the complex plane under application of the appropriate set of maps. We will make
this more precise for the multivariate case in Section 3.2, where we will also prove Theorem 1.1, and for the univariate
case in Section 3.3.

The key relation between zeros of hypergraphs and —1 values of ratios of linear hypertrees is given by the following lemma.
This lemma is a generalization of [9, Lemma 2.1], which contains a similar statement for graphs.

Lemma 3.1. Let A C C\ {-1} be fixed. Then the following are equivalent:

o There exists a hypergraph H of degree at most A and hyperedge size at most b+ 1 and A € A0 such that Z(H; 1) = 0.

« There exists a linear hypertree T of degree at most A and hyperedge size at most b+1 and A € AY7) such that
Z(T;A)=0.

« There exists a linear hypertree T of degree at most A and hyperedge size at most b+ 1, A € AY7) and a vertex r € V(T
of degree 1 such that R.(T; A) = —1.

Moreover, if H is a (b + 1)—uniform linear hypertree, then T can be chosen to be (b + 1)-uniform as well.

Proof. (1 = 2) Assume H has the stated properties and let v be any vertex of H. By Theorem 2.9 we know that the rooted
hypertree 7 given by Definition 2.5 satisfies that
Z(T;2)=0

where 4/ = 4, € A. By construction this is a linear hypertree that has degree at most A and hyperedge size at most b + 1.

7(u

If H is a linear uniform hypertree, this implication is trivial.

(2 = 3) Now let 7’ be a linear hypertree on a minimal number of vertices such that it has degree at most A and hyperedge
size at most b + 1 and there exists 4 € AY7" such that Z(7’, 1) = 0. Let r be a leaf vertex of 7’ and let e be the unique
incident hyperedge at r. Since

0=Z(T"0)=Z"T"; M)+ ZT"; 1)

and Z°(T"; 4) = Z(T' — {e} — {r}; A) is not zero by the choice of 7", therefore
R.(T'; 1) = -1

Observe that if 7/ would be a uniform linear hypertree, then 7" = 7/ — {e} — r would consist of isolated vertices and a
uniform linear hypertree, thus Z(7"; 1) is again not zero similarly implying R.(T'; 1) = —1.

(3= 1) Let T be a linear hypertree that satisfies the properties in (3). We claim that Z(7; 1) = 0. If Zr"“t(T ;A) =0, then
Z™(T; ) has to be 0 as well, thus

Z(T ) =ZNT 0+ Z"(T;1) =0
If Z°U(T; 1) # 0, then

< zin(r;1)>
Z(T;0) = ZT: M| 1+ —= =

ZoW(T 5 A)

3.1 | Notation and the Grace-Walsh-Szeg6é Theorem

Fix d € Z,, for the remainder of this section. Let by, ... ,b; € Z,, and fori =1, ... ,d let v e (C\ {—1})". We define
the map F, by
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b

d D
F0Y, ..., vH=41- 1- L
W= 1Tl

Jj=1

We say that a closed region A C C \ {—1} is strictly forward invariant for F; if there exists a closed subset A C int(A) such
that for any b,, ... , b, and any V' € Ab we have that

F,(v', ... ,vH) eA
We denote by f, , the following univariate specialization of F,

f,Lb(Z) = F,{(U(Z)s <, 0(2)

where v(z) = z - (1, ... ,1) € C*. We will usually drop the subscript b and, unless some other b is specified, £, will denote
f;.1- These maps are rational maps, which we will consider as a holomorphic map from the Riemann sphere C=Cu{w)
to itself. Since we will be using it often, we also define the Mdobius transformation

z
1+z

u(z) =
We say that a closed region A C Cis strictly forward invariant for a rational map g if g(A) C int(A).

A generalized circle is a circle in €, that is, either a circle or a straight line in C. A circular region is a subset of either
€ or C bounded by a generalized circle that is either open or closed. A circular region in C is thus either a disk, the
complement of a disk or a half-plane. We recall that M&bius transformation are comformal maps that send generalized
circles to generalized circles and thus also circular regions to circular regions. We will denote the closed disk centered
around 0 of radius r by B, and the open unit disk by D. The following theorem by Grace, Walsh and Szeg6 [30-32] will
be used multiple times throughout the remainder of this paper. Its formulation was taken from [33].

Theorem 3.2 (Grace—-Walsh-Szeg06). Let f € Clz,, ... , z,] be a multiaffine polynomial that is invariant under all
permutations of the variables. Let A C C be a convex circular region. For any ({y, ... ,(,) € A" thereisa { € A such that

f(Cl’ ’Cn)zf(c’ 7{)

3.2 | Zero-Free Disks for the Multivariate Independence Polynomial

Let us recall the notation from the introduction

(A _ l)A—l

A = =5

Now we will establish one of our main theorems.

Theorem 1.1. Let A > 2. For any hypergraph H with maximum degree at most A and 1 € C¥ % with |1, < A,(A) for
allu € V(H)we have Z(H; A) # 0.

V(T)

()’ such that

Proof. By Lemma 3.1 it is sufficient to prove that there is no rooted linear hypertree (7,r) and A € B
R(T:2)=-1

where 7 has of degree at most A and hyperedge size at most b + 1, and the degree of r is 1. By Lemma 2.3 and Remark 2.10
it is sufficient to further restrict to linear hypertrees with hyperedge size at least 2. Thus for the rest of the proof we will
consider hypertrees to have hyperedge size at least 2.

We claim that for any rooted linear hypertree (7, r) of down degree at most A — 1 we have that R.(T, 1) is well-defined
and is an element of B,,,. We will prove this by induction on the number of vertices of the hypertree. If [V(7)| =1
then R.(T,4,) = 4, € B, (5 € By;s. Now let us assume that we know that any ratio of hypertrees on n > 1 vertices with
fugacities from B, (4, is well-defined and an element of B, /5. Let (7', r) be a hypertree on n + 1 vertices with down-degree

at most d and let A € BY")

(A Then by Lemma 2.4 we know that
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R,(T,; 2)
Rﬂ;”ﬂrH(l- 1 1+R—(Ti)>

e:ree vee\{r}

where 7, is the connected component of v in 7 — E(r). By induction, we know that R, (7,; ) # —1, thus R.(T; 1) is
well-defined. Also we know by induction that for any neighbor v of r

. 1
[R.(T; M| < %

thus

R,(T; A) <1
'1+RU(TU;,1) “A-1

therefore for any edge e that is incident to v we have

R,(T,; ) 1
1+R,(T, A)|~ A-1

vee\{r}

since 1/(A — 1) < 1. Thus,

1 A-1
< A(l —) <
(BT T

1— H RU(TUVD

IR0 = 141 [ TR, D

e.ree

A-1

vee\{r} O

Let us remark that in the previous argument we actually proved thatforany 4 € B, ,, thedisk B, /, is F; forward invariant
(where A = d + 1). In the next lemma we have a similar statement, but for (b + 1) uniform hypertrees.

Lemma 3.3. Let b > 1. Suppose there exists an 0 < R < 1 such that f, ,(Bg) C Bg. Then for any (b + 1)-uniform hyper-

tree T of maximum degree A = d + 1 and forany A € Bll;?r) we have Z(T ; A) # 0.

Proof.  As in the previous proof, it is sufficient to prove that R,(7; 1) is well-defined and not —1 for some r € V(T
leaf. To be more precise we claim that all the ratios of (b + 1)-uniform hypertrees of maximum degree A and for any leaf
r the corresponding ratio is contained in By. To prove this we show that the one vertex hypertree has ratio in By and

Bg X -+ X Bg is mapped by F,, into By for any A’ € By, This is sufficient, since now by induction on the number of
——

b
vertices it follows that any ratio is well-defined and contained in Bg.

If 7 is an isolated vertex, then R,(T; 1) = 4, € By;. To prove the second part let us consider the product
i
J

b v
i
j:11+vj

where Uj. € By. Since u(z) = 1+Lz is a Mobius transformation, therefore M(vj.) is an element of the disk u(By) for j =
1, ...,bandi=1, ... ,d. As the map g(zy, ... ,2p) = Z; ... 2, is a symmetric polynomial, therefore by Theorem 3.2 we
know that there exists w; € u(By) such that

b U;.
1+ 0 = (w,)’
IRy

that is,

d
F,', ...,0") = /I’H(l —uwh)
i=1

Now let w € u(By) be chosen such that it maximizes |1 — z°| over u(Bpg). Thus, if v = u~!(w) € By, then

d d
F,', ... ,Ud)| <1XN[[Ja-wh| <14l H<1_ <1iv)”> =/, <R
i=1

i=1

]
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3.3 | A Zero-Freeness Condition for the Univariate Independence Polynomial

In this section we describe a sufficient condition for showing that A cannot be a zero of a bounded degree hypergraph. We
recall that d € Z,, is assumed to be fixed and that the maps F and f are defined in Section 3.1.

Lemma 3.4. Suppose there is a closed strictly forward invariant region A C {z € C : R(z) > —% } for F, forsome A, €
C\ {0}. Then there is a neighborhood U of A, such that A is strictly forward invariant for F, forall A € U.

Proof. Observe that u({z € C : R(z) > —% }) is equal to the closed unit disk D. Therefore, if we let gw) =24y (1 —w),
we see that _
F, @', ... ,v") € g(D)

for every choice v' € A%. This is a bounded region, which implies that the region A, described in Equation (3.1), can be
chosen to be bounded. It follows that there is an open neighborhood V of 1 such that ¢ - A is strictly contained in A for
everyt € V. Thus, ifwelet U = A, - V', we see that for every A € U

A A
F, Y ...,0H=2F0 ... ,vHhe ZA
2 1= 1B e
which is a strict subset of A because ai ev. |
0

We say that aset A C C \ R_, is log-convex if log(A \ {0}) is convex, where log is taken to be the principle branch of the
logarithm defined on C \ R,

A set B C Cis called a multiplicative semigroup if for every w,, w, € B also w, - w, € B.
Lemma 3.5. Let A, € C and suppose a closed set A C C \ R__, satisfies the following properties:

e 1+ A islog-convex;
o u(A) is a multiplicative semigroup;

« Adisstrictly forward invariant for the univariate map f
Then A is strictly forward invariant for F; .

Proof. Letv' € A% fori=1, ... ,d.By the second property, we know that there exists w, € A fori =1, ... ,d such that

b; i
o+ 1+ w;

By the first property, we know that there exists a &0 € A such that

d
A+ =JJa+uw)
i=1

Therefore
d b i d 1 A
F, (' ..., v =4 1- L[ =2 = = £, (i
w(® v OE gl + 0! Ogl +w, A+ T3 ()
And thus any Fio(vl, ..., v¥)liesin f 5, (A), which is a strict subset of A by the third property. O

Corollary 3.6. Suppose Ay € CandAC {z€ C : R(z) > —% } satisfy the properties of Lemma 3.5 and 0 € A. Then there
is an open neighborhood U of 4 such that for any hypergraph H of maximum degree d + 1 and A € U we have Z(H; A) # 0.

Proof. By Lemmas 3.6 and 3.5, we know that there is an open neighborhood U of A, such that A is strictly forward
invariant for F, forany A € U. Now let us fixa A € U. Let 7 be an arbitrary hypertree of maximum degree at most d + 1
and let r be a leaf. Then by the forward invariance of A and the fact that —1 ¢ A we see by Lemma 2.4 that R.(7, 4) # —1.
Thus, by Lemma 3.1, we see that there is no hypergraph of degree at most d + 1 such that Z(H, 1) = 0. O
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4 | The Maximal Zero-Free Region for Hypergraphs Around the Positive Real Axis
This section is dedicated to proving Theorem 1.2. Again we will always fix d € Z, and let f,(z) = 1/(1 + z)*. We let

dd

A i=Ad+1)= ———
¢ C( ) (d—l)‘“’l

We can relate A, to the dynamical behaviour of f,. The following lemma can also be found in [8].

Lemmad4.1. Forany > 0themap f, has a unique positive fixed point p,.If 0 < A < A, then this fixed point is attracting,
thatis, | f1(p,)| < 1.

Proof.  Suppose f, has a fixed point p € Ry. Then it follows that 1 = A, =p(+ p)¢. The map p — 4, is increasing on
R, and therefore invertible with inverse p,.

‘We calculate that f /’1 (p,) = —dp,/(1 + p,). It, therefore, follows that the fixed point p, of f A, is attracting if 0 < p, < 1/
(d — 1), thatis,if 0 < 4, < 4,. ]

To prove Theorem 1.2, we will define a family of regions A(x, x,, €) depending on three parameters, and we will show that
for 0 < 4 < A, the parameters can be chosen in such a way that the region satisfies the conditions of Lemma 3.5.

4.1 | Defining the Relevant Regions

For any x € R and ¢ € (0, #) we define C(x, €) as the closed cone with vertex x that is symmetric around the real axis and
has internal angle 2e, that is,
Cx,e)={z€C: |Arg(z—x)| < e} U {x}

Let x, x, € R with —1 < x < x, and let ¢ € (0, z/2). Let € be such that the intersections of the boundaries of C(x, ¢) and

C(-1, é) have real part x,, that is, € = tan‘l(j‘c":lC tan(e)). We define
0

A(x, xp,€) = C(x,e) N C(—1, €)
For y < 1 let a, be the circular arc between y and 1 with internal angle e. And let D(y, ¢) be the closed region in between

a, and a,. For y, € (»,1) let 77 be such that the real part of the intersections of the boundary between the cone —C(—1, #})
and D(y, ) is y,. We define

B(ya yOa €) = D(y’ €) N (_C(_ls ﬁ))
See Figure 2 for an example.
Recall that u(z) = z/(1 + z).

Lemma 4.2. For -1 < x < x, we have

H(A(X, x, €)) = B(u(x), u(xq) + o(1), €) \ {1}
where o(1) denotes some function that converges to 0 as e converges to 0.
Proof.  The map p is a Mobius transformation that sends R U {oo} to itself with u(—1) = co and u(co) = 1. A Mdbius
transformation is a conformal map that sends generalized circles to generalized circles and therefore, for any —1 < x, we

have that u(C(x,€)) = D(u(x),e) \ {1}. Moreover, it follows that 4(C(—1,¢)) = —C(-1,¢é) \ {1}. If we let I, be the point
on the boundary of A(x, x,, €) in the upper half-plane with real part x, we can thus conclude that

H(A(x, xg, €)) = B(u(x), R(u(l,)), €) \ {1}

As e — 0 the point I, converges to x,, and thus, by continuity, x(I,) converges to u(x,). o
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FIGURE2 | Example of the regions A(x, x,, €) and B(y, y,, €).

4.2 | Logarithmic Convexity
In this section we prove that A(x, x,, €) satisfies the first condition of Lemma 3.5.
Lemma4.3. Forany x,x, with —1 < x < x, and € € (0, 7 /2) the region 1 + A(x, x,, €) is log-convex.

Proof. Because A(x, x,, €) is the intersection of two cones it is sufficient to show that any cone of the form C(y, ¢) with
y > 0and e € (0, 7/2) is log-convex. Furthermore, such a cone is the intersection of the two closed half-planes y — e“H.,,
and y + e~'“H, where H denotes the closed upper half-plane. It is thus sufficient to show that the half-plane H(y,¢) :=
y + e7“H is log-convex.

If y = 0 then
log(H(y,€) \ {0}) =log(e “Hyo \ {0 ={weC : —e < J(w) <7 — ¢}

which is convex.

Now suppose y > 0 and take w,, w, € log(H (y,¢)). By Theorem 3.2, there exists a z € H(y, €) such that e1e®2 = z2, It
follows that (w, + w,)/2 = log(z) + ikx for some k € Z. Note that for any w € log(H (y,€)) we have —e < S(w) < 7 —
e and thus both —e¢ < F((w, + w,)/2) < 7 — € and —e < J(log(z)) < = — e. It follows that k = 0, that is, (w, + w,)/2 =
log(z), which shows that log(H (y, €)) is midpoint convex. Because log(H (y, €)) is also closed we can conclude that H(y, ¢)
is convex. O

4.3 | Multiplicative Invariance

In this section we prove that for the right choice of parameters the set A(x,x,,€) satisfies the second condition of
Lemma 3.5.

Lemmad4.4. Lety € (0,1), and let r be a real-valued function such that lim__, r(e) = y, with y, € (), \/}). Then for €
sufficiently small B(—y, r(¢), €) is a multiplicative semigroup.

Proof. Let B, = B(—y,r(e),€). We have to show that for e sufficiently small and z,, z, € B, the product z,z, € B,.
Because B, is convex and contains 0 we can assume that z;, z, € d/3,. The boundary of B, is the union of the closed
circular arcs a, and a, and the closed straight line segments b, and b_e We claim that we can assume that either z,,z, € a,
orz; €a.and z, € a,.

To show this let us denote the unique element of the intersection a, N b, by I,. Assume that z, is an element of either b,
orb,,say z; € b.. Theset z, - b, is a straight line segment between z, and I, z, containing z, z,. Because z, € B, and B, is
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convex it follows that z,z, € B, if Iz, € B,.. We can thus assume that z, is either an element of a, or of a,. Analogously,
we can conclude the same for z,. By symmetry of 3, under complex conjugation it suffices to only consider the two cases
Z,,2Z, € a, O z; € a, and z, € a, as indicated in the claim.

We will now focus on the case where z; and z, are both an element of a,. The curve a, is a circular arc and can thus be
writtenas {t + f,(t)i : t € [-y, r(e)]} for areal valued function f, depending on e. Note that this function naturally extends
to the whole interval [—y, 1] and that f,(f) € O(e) uniformly over all t € [—y, 1]. Fix y, € (y,, ﬁ) such that yﬁ < y,andin
what follows let e be sufficiently small such that yi < r(e) < y,. We will show that for e sufficiently small the product of
two elements on the curve {t + f,(t)i : t € [-y,y,]} lies in B,. This implies that z,z, € B,. Consider the product of two
such arbitrary elements

(ty + F(0)) - (ty + [o(1)D) = 11, + (1, (1) + 1, £.(1,))i + O(€?)

We will show that there is a constant C € (0, 1) such that for e sufficiently small 1,1, + (¢, f.(¢,) + ¢, f.(t;))i is an element of
S.={a+bi: —yy,<a<y’ and |b| <C- f.(a)}

for every 11,1, € [-y, y,]. This is sufficient because S, C B, and the distance between 9.5, and dB, is lower bounded by a
constant times e. We will first argue why this is the case.

As we will see below the function x — f,(x)/e on the interval [y, 1] converges to a non-zero quadratic function that has
zeros at y and 1 and is strictly positive in between. It follows that there is a constant K; > Osuch that, forall x,, x, € [-y,1]
and e sufficiently small we have that | f,(x;) — f.(x,)| < K e - |x; — x,|. It also follows that there is a constant K, > 0 such
that f,(x) > K,e forall x € [-yy,, y2]. We find that the distance of a z, € 0B, of the form z; = x, +if.(x;)and a z, € 95,
of the form x, +iCf,(x,) with x, € [-yy,, yi] is lower bounded by max{|R(z;) — R(z,)|, |S(z;) — S(z,)|} which is at
least

max{|x; — x|, f(x)(1 — C) — Kje|x; — x5|} > max{|x; — x,[, (Ky(1 — C) — Kj|x; — x,])e}

For e sufficiently small, this is lower bounded by a constant times e.

For t,,1, € [-y. y,] we have that 1, is an element of [-yy,, y’] U [-yy,, ¥*] = [-yy,. ¥?]. What remains to be shown is
that there exists a constant C € (0, 1) such that for small ¢ we have

[t fo(ty) + 1, f (1)) £ C - fo(ty1) (1)

To prove this inequality, we may replace the function r — f,(¢) by a function 7 — y, f.(¢), where y, is any positive valued

function of €. Let y, = A=0039)  and define g.(t) =y.f.(t). Now the curve t +ig.(t) for t € [-y, 1] defines part of an

4f((1+y)/2))
ellipse that passes through —y, 1 and %(1 +y)+ %i(l — »(1 + 3y) for every e. As € goes to zero the eccentricity of this

ellipse converges to 1. It follows that the elliptical arcs converge uniformly to the arc of a parabola. Because this parabola
has to go through the same three points, it must be given by the equation ¢ + ig(¢), where g(¢) = —(¢ + y)(t — 1). We claim
that, to obtain Equation (1), it is now sufficient to prove that

|t1g(t2)+lzg(tl)| < g(ﬁtz) (2)

forallt,,7, € [-y,y,]. Indeed, if this inequality holds then, because [y, y,] is compact, there is also some C € (0, 1) such
that |t,g(z,) + 1,8(t;)| < C - g(#,1,). By uniform continuity the same will then hold for g, for e sufficiently small and thus
also for f..

At this point, we recall that we arrived at the inequality in Equation (2) by assuming that z; and z, are both elements of a,.
If we assume the other case, that is, where z, € a, and z, € a_, then, instead of considering (¢, + f.(t,)i) - (t, + f.(t,)i),
we consider (1, + f.(t,)i) - (t, — f.(t,)i). In a completely analogous way it then follows that it is sufficient to prove the
following inequality

| —1,8(1,) + 1,8(1))] < g(t41,) (3)

for all t;,¢, € [-y, y,]. To prove the inequalities in both Equations (2) and (3) we will prove that
7,18t + |1;18(t)) < g(1,1,)

for all t;,¢, € [-y, y,]. We distinguish three cases.
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« If7, and 7, are both positive then
g(tity) — |t1lg(ty) — |t,1g(ty) = g(t1t,) — t18(ty) — t,8(t) = (A — 1A — 1)y — 111,)

This is strictly positive because 7,7, < y2 < y.

« If7, and 7, have opposite signs, say 7, < 0, then
g(ty1y) — |t11g(ty) — |1,|8(t,) = g(t11,) — 1,8(1,) + 1,8(1) = (1 — 1)L + 1)(y + 1;1,)

which is again strictly positive because #,¢, > —yy, > —.

 If7, and t, are both strictly negative then

g(tyty) — |t11g(ty) — |t,|g(t)) = g(tyt,) + 1,8(t,) + 1,8(1)
=1,1,3 =1, —t, —t11;) + YA + 1, + 1, = 31,1,)

Note that #,1,(3 — t; — t, — 1,1,) is strictly positive and thus if (1 + ¢, + 1, — 3¢,¢,) is also positive the whole quantity is
strictly positive. Otherwise we have

03—t —t, —tt) + YL+t + 1, = 3,1,) 2 111,(3— 1, —t, —t11,) + (1 + 1, + 1, — 3t;1,)
= (1 +1)A + 1)1 —1,1,)

which is strictly positive.
This concludes the proof. o
Corollary 4.5. Letx e (—%, 0) and x, such that
H () < X < HTH (V=) )
Then for e sufficiently small u(A(x, x,, €)) is a multiplicative semigroup.
Proof. Lemma 4.2 states that u(A(x, xo,€)) = B(u(x), u(x,) + o(1),€) \ {1}. Note that —u(x) € (0,1) and thus, by

Lemma 4.4, it is sufficient to have
(—pu(x))* < p(xg) < V/=p(x)

Because u~! is orientation preserving this condition is equivalent to the condition of Equation (4). O

4.4 | Forward Invariance
In this section, we prove that for the right choice of parameters the set A(x, x,, ) satisfies the third condition of Lemma 3.5.
Lemmad4.6. Let A>0,x>—-1andé < n/d,then f,(C(x,5)) C C(0,d - 6).
Proof. Themap z — z + 1sends the cone C(x, §) to C(x + 1, §), which is a subset of C(0, §) \ {0}. Subsequently, the map
z+ z~% sends C(0,6) \ {0} to C(0,d - 6)\ {0} C C(0,d - §). Finally, because 4 is a positive real number, multiplication
with A sends C(0, d - §) to itself. This concludes the proof. O
Lemmad4.7. Let0 < A < A,. For e sufficiently small the cone C(—diﬂ, €) is strictly forward invariant for f,.
Proof. For any 6 > 0 define the open strip

Ss=1{z€C:|S(2)| <6}

and let S_; be its closure. We define the map

1
¢ : C\Rg—l/(d+1) - S_. zr—>10g(z+d—+1>
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This is a biholomorphism with ¢~!(w) = e* — L Note that for any 6 € (0, ) we have that ¢‘1(S55) =C(-1/(d +
1),6)\ {——} Now fix 6 € (0, z/d), it follows from Lemma 4.6 that the map g, := ¢po f, o ¢! is well-defined as a map
Ses = Ssms

We claim that there exist constants ¢ € (0,1) and ¢, € (0, §) such that | g;(w)l <cforallz e See, If we assume that this
claim is true, then it follows that for any w € S, with 0 < e < ¢, we have that

[S(g,(w))| = 13V(g,(w) — g,(Rw))| < 1g;(w) — g,(Rw)| <c-lw—-Rw)| <c-e
Therefore, g,(S.,.) € S.., and thus, by conjugation, f,(C(-=1/(d + 1),¢)) € C(=1/(d + 1), ce). By Lemma 4.6, we also
have that f,(C(-1/(d + 1), ¢)) C C(0, de) and thus we can conclude that f, maps C(—— €) strictly into itself.
‘We now prove the claim. We calculate

Ad(d + 1)e”

L e 4 ety 4 Ad + 1)

gi(w) =

This is a rational function in e*, say h(e'), with the property that 4(0) = h(co0) = 0. If we take w € S5 we can let |e*| get
arbitrarily close to either 0 or co by adding the requirement that |R(w)| > B for some large B > 0. From now on fix B
such that it guarantees that |g;(w)| < % ifw e S_; with [R(w)| > B.

It remains to be shown that there is a neighborhood of the real interval [—B, B] on which |g;| is strictly less than 1. To
prove this, we will show that there is a « € (0, 1) such that | g;(w)l < a for all w € R. Note that g;(w) < 0 for all real w.

We calculate the second derivative.
2 1
Ad (d + 1)€ [(ew d+l> ( w— d_+l> - ﬂ:|

g, (w) = 5
d+1 < — + eW + Ad + 1)>
The sign of g "(w) is the same as that of <e + —) <ew - ﬁ) A. This is a monotonically increasing function in w

that is negative as w — —oo and pos1t1ve as w — oo, therefore g’/ (w) has a unique sign change at some w,,. It follows that
g’ (w,,) is the global minimum of g’ on the real line and that w,, satisfies

h= (et L)d(ewm - ) = (¢ )+ 1) ¢ w,)
d+1 d+1 " "

Observe that it follows that ¢~'(w,,) is a positive fixed point of f, and thus w,, is a fixed point of g,. Because 0 < 4 < 4,

the unique positive fixed point of f is attracting, that s, | f/’l(qb‘l(wm))l < 1; see Lemma 4.1. The derivative of a fixed point

is invariant under coordinate transformation and thus |g’(w,,)| < 1.

We conclude that for a := |g’(w,,)| we have |g’(w)| < a for all w € R. Because [—B, B] is compact, there is an ¢, neigh-
borhood of [- B, B] such that |g’(w)| < (1 + a)/2 for all w in this neighborhood. It follows that |g’(w)| < (1 + «)/2 for all
w € S_, . This proves the claim and therefore concludes the proof of the lemma. O

Remark 4.8.  We remark here that this shows that for 0 < 4 < 4, and e sufficiently small C(—1/(d + 1), ¢) satisfies the
third condition of Lemma 3.5. Showing that it also satisfies the first is not difficult. This is sufficient to prove zero-freeness
for graphs. Lemma 4.7 therefore essentially gives an alternative proof to that of [8] of the zero-freeness of a neighborhood
of (0, 4,) for graphs. Unfortunately, u(C(—1/(d + 1)), €) is not a multiplicative semigroup for small e which is why we had
to define A(x, x, €).

Lemma4.9. LetO< A< i andxy>Ai—-— - Fore sufficiently small the region A(—— =5 X, €) IS strictly forward invari-
ant for f,.
Proof. Leta, and b, be the line-segments of the boundary of A, = A(—— 75 X, €) in the upper-half plane with intersec-

tion I, with g, being the bounded line segment. Let us denote the 1mag1nary part of I, with h(e), that is

h(e) = S(,) = <x0 + dLH) tan(e) = (xo = i - )e + 0@
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First, we will prove that for sufficiently small e the region A, is mapped into S_j,. It is sufficient to prove that the
line-segments a,, b, are mapped into S_y-

The line segment b, is part of the half-line defined by —1 + te where 7 € [0, 00). Under £, it is injectively mapped into
a straight line segment. Therefore, f,(b,) is the straight line segment between f,(I,) and f,(c0) = 0. As S_y,, is convex

and contains 0, it is sufficient to show that f,(1,) € Sy, that is, what remains is to show that f,(a,) C S_y).

Let us consider the line segment a,, that is, parametrized by the curve y.(t) = —(1 — t)dL+1 +tI,, wheret € [0,1]. Then

1 —d
Lo =(1- =0 +11,)
=/1(dL+1 +t(x0 + ﬁ))ﬂi — Adt <x0 + dL-i-l) <dL+1 +1 (xo + ﬁ))_d_lei+(9(€2)

where the O(e?) is uniform over all ¢ € [0, 1]. It therefore sufficient to show that

/1dt<x +L) (L+t(x +L))_H<limh(e)/e—x +L (5)
T d+1/\d+1 O d+1 =0 R |
for all7 € [0, 1]. We find
1
’ld’<x°+d_+1> Adi d
< max =
d 1 d+1 >0 d \d+1 d+1
(m+t<x0+d—+l)> <d_+1+t>

The inequality in (5) immediately follows and thus we conclude that f,(A,) C S_, if € is sufficiently small.

To finish the proof observe that A, C C(—d%l, €). Let T be the closure of f A(C(_d%l’ €)), which by Lemma 4.7 is a proper

subset of the interior of C(—d—}rl, ¢) for e sufficiently small. Therefore, if € is sufficiently small, then

Fi(A) ET NS e
is a proper subset of the interior of 4,. O

The condition in Lemma 4.9 will unfortunately not be sufficient for d = 2 and d = 3. For those two cases, we have a
separate stronger lemma using explicit values of x,. The proof is very similar to the proof of the previous lemma.

Lemma 4.10.

« Let A € (0,4). For e sufficiently small the region A(—%, 2, €) is strictly forward invariant for the map z — A/(1 + z)%.

o Let 4 € (0, i—g). For e sufficiently small the region A(—i, 1, €) is strictly forward invariant for the map z — /(1 + z)3.
Proof. Define f, ,(z) = A/(1+2)%, A, = A(—%, 2,¢)and A, 5 = A(—i, 1,¢). Furthermore let &, = tan—l(g tan(e)) and
€y = tan‘l(g tan(e)). By definition we have

A, =C(=1/3,6)nC(=1,&,) and A, =C(=1/4,¢)nC(~1,&,)

It follows from Lemma 4.7 that to prove forward invariance of A, , it is sufficient to prove that f, ,(A, ;) is a strict subset
of C(-1,¢é,) for e sufficiently small. The boundary of A, , consists of two finite straight line segments, a, , and a,, and
two infinite line segments b, ;, and E. These line segments intersect in I, ;, and td, where I, =2+ % tan(e)iand I ; =
1+ i tan(e)i. To prove that A, , gets mapped into C(-1,€,) it is sufficient to prove that the segments a, ;, and b, , get
mapped into C(-1, €,). Furthermore, because f, ,(b, ) is a straight line segment from f, ;,(1,) to 0, it is in fact sufficient
to prove that a, , is mapped strictly inside C(-1,¢€,) by f, ;.

We parameterize a, 4 as y, 4(¢) for t € [0, 1] where

Yeo () = —%(1 -N+Q2+ %tan(e)i)t and y.5(1) = —i(l -N+@0+ ‘—Sltan(e)i)t
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Write f; ;(7.q4®) = g.4(t) + ih, 4(t), where g, and h, , are real valued functions. We need to show that for e sufficiently
small |h, ,(1)/(g.4() + 1)| < tan(é,) for all 7 € [0, 1]. We can explicitly calculate® that

h,,(t
B,(4;1) :=lim 2 _ 1621t
e—0 (ge,Z(t) + 1) tan(ez) 9(7t + 2) + ;(71‘ + 2)3

and

h_ (¢
B;(4;1) :=lim Y _ 153611
e—0 (85,3(0 + 1) tan(€3) 64(St + 3) + ;(St T 3)4

Clearly B,(4;1) is negative for all t > 0 and | B,(4; 1)| is increasing in 4. It therefore suffices to prove that B,(4;7) > —1 and
B3(%; t) > —1. We calculate explicitly

d 1296(491%(7t + 3) — 40) d <27' ) 7776(51*(25¢* + 401 + 18) — 27)

—B,(4;1) = an —B; | —:t) =
dt (7t + 2)2(7t(7t + 4) + 40)2 dt 16 5(5t + 3)2(2513 + 4512 + 27t + 27)?

Both these derivatives have a unique positive real zero and thus B,(4; 7) and B3(%; t) have a unique global minimum. These

can be calculated numerically yielding B,(4,1) > —0.916 and Bs( %, t) > —0.891 for all 7 € [0, 1]. Because the interval [0, 1]
is compact, it follows that the inequality |A, ,(2)/(g. 4(?) + 1)| < tan(€,) holds for all e sufficiently small, which concludes
the proof. O

4.5 | Proof of the Main Theorem
We are now ready to prove Theorem 1.2, which we will restate here for convenience.

Theorem 1.2. Let A > 3. There exists an open neighborhood U of the interval (0, A.(A)) such that for any hypergraph H
of maximum degree A and A € U we have Z(H; A) # 0.

Proof. Let d =A-1 and fix 4, € (0,4.(d +1)). We claim that we can choose x,(d) such that 4, and A4, :=

A(—d%l, xo(d), €) satisfy the properties of Lemma 3.5. The theorem can then be concluded by Corollary 3.6.

By Lemma 4.3 the set 1 + A, . is log-convex for any choice of x,(d) > 0 and e € (0, z/2). It follows from Corollary 4.5that
u(A, ) is a multiplicative semigroup for small e if

< xo(d) < 1

1
s 7 ©)

If we choose x,(2) = 2 and x,(3) = 1, we see that inequality (6) is satisfied. Moreover, it follows from Lemma 4.10 that

A, is strictly forward invariant for f 4o for small € in these two cases. This proves the claim for d € {2,3}.

Now we assume d > 4. It follows from Lemma 4.9 that A, is strictly forward invariant for f, for small e if

1
Ao — 711 < xo(d) 7

We can thus prove the claim if we can show that we can simultaneously satisfy inequalities (6) and (7). Because 4, <
A.(d + 1) it is sufficient to show that for d > 4

d? 1 1
@—D d+1
Vd -1

For d = 4 the inequality reads % < 1, which is true. Otherwise we observe that
d? 1 d (
- = 1+
d-1)4+1  d+1 (d-1)? d-1

1 )d-l 1 d 1
— < e_
d+1 (d-1? d+1
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It is thus sufficient to prove that for d > 5

d_,_ 1 __1
@-17  d+1  \f5_4

(®)

As d — oo the left-hand side of (8) decreases as 1/d and the right-hand side as 1/ \/E and thus the inequality is certainly
true for large d. Moreover, both sides are rational functions in \/E and thus they can be equal for only finitely many real
values. We can accurately approximate the solutions to the resulting polynomial equation to find that the largest d for
which both sides are equal is at d ~ 4.0389. This shows that for d > 5 inequality (8) is true, which concludes the proof of
the claim. O

5 | The Large Degree Limit

For every d > 1 we let U}, , be the maximal open zero-free region for graphs of maximum degree at most d + 1, formally

U,,=C\ {4 €C : there exists a graph G with A(G) < d + 1 such that Z(G; 4) = 0}

We let U, ,, denote the analogous region for hypergraphs. To conform with notation from [11], we shifted the index by
one with respect to the introduction. In the previous two sections, we showed that for d > 2

Vo NR=V, 5, NR = (=4,(d +1),A(d +1))

However, we will show in Lemma 6.9 that U, , # U, and thus in general these sets are not equal. In this section we
show that in the large degree limit they are in fact equal.

As d increases the sets U, , become arbitrarily small, for example, both 4.(d + 1) and A (d + 1) converge to 0. However,
as d — oo it is not hard to see that d - 4.(d + 1) and d - A,(d + 1) converge to e and 1/e, respectively. In fact, in [11] it is
proved that there is a set U7, such that the sequence of rescaled regions d - U, , converges to U,,. This limit set is bounded
and contains an open neighborhood of (—1/e, e).

Theorem 5.1 (Theorem 1.1.in [11]). Thesetsd - U, converge to U, in terms of the Hausdorff distance.

This means that for every closed K, C int(V,,) and open K, D U, for d sufficiently large K, C d - Uy, € K,. We will
show that the same is true for the rescaled regions d - U, ,,.

To show this we define the map E,(Z) = Ae~Z. It is shown in [11] that A € U’ if and only if there is a compact convex
set containing 0 that is forward invariant for E,. We will show that, after doing the proper rescaling, this implies that
there exists a set A such that A/d and A/d satisfy the conditions of Lemma 3.5 for sufficiently large d. More precisely, we
prove the following.

Lemma5.2. Let A, € C and A C C convex, compact and with 0 € A such that E AO(A) C int(A). Then there is a neigh-
borhood U of A, aregion Aandad, € Z, such that forall A € U and d > d,, the pair A/d and A/d satisfy the conditions
of Lemma 3.5, that is,

« 1+ A/d is log-convex;

o u(A/d) is a multiplicative semi-group;

AJd
(14z)¢ "

« A/d is strictly forward invariant for z ~

Proof.  We need to slightly alter A to define A. For e > 0 let A, denote the convex hull of the union of A with the closed
ball B,. For e sufficiently small we still have E, (A,) C int(4,); from now on fix such an e.

We recall that D denotes the open unit disk. By the Riemann mapping theorem, there is a conformal bijection
h : D — int(A,). Note that ~~X(E A, (Ac)) and h~1({0}) are closed in D and thus we can choose § < 1 such that B, contains
them both in the interior. We let A = h(Bj;). Note that 0 € int(4) and E Ay A CE A (A0 € int(A).
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Observe that, because A is compact, for d sufficiently large 1 + A/d is contained in the right half-plane and thus log(1 +
A/d) is well defined. The interior of log(1 + A/d) is the image of D under the map g(z) = log(1 + h(6z)/d). It is a result
from complex analysis (see e.g., [34], §2.5) that the image g(D) of a conformal map g is convex if and only if for all z € D
we have R(1 + zg”(z)/g'(z)) > 0. We apply this to g:

) zg"(z)\ _ . 6zh"(6z) | 6zh'(6z) \ _ . zh"(2) zh'(2)
%m(u 2(2) ) = ;gﬂgm<1+ oD h(éz)+d> = ?ég:m<1+ W) h(z)+d>

Because h(D) = A, is convex there is a strictly positive lower bound on R(1 + zh”(z)/h(z)) for z € B;. For d sufficiently
large, say d > d,, it thus follows that the above infimum is strictly positive and thus g(D) = log(1 + A/d) is convex.

Because A is compact and contains 0 in its interior there are 0 < m < M such that B, C A C B,,. For 0 < r < 1, we have
B, a4y C u(B,) C B, _,. Thus, for d sufficiently large,

B, jam € uA/d) c By -

For w,, w, € A/d we have
M 2
o2 (25
lw, w, | Y

which, for say d > d,, is less than Hlm. We can conclude that w,w, € u(A/d) and thus u(A/d) is a multiplicative
semi-group for d > d,.

LetG, (A, Z) = (1+; T The set A/d being strictly forward invariant for z — (1/\+/2d
forward invariant for Z — G,(A, Z). Let K be a compact set containing A, in its interior. The maps (A, Z) — G,(A, Z)
converge uniformly on K X A to (A, Z) — Ae~Z. Therefore, there is a neighborhood U of A, and a d; such that for A € U
and d > d, we have that G,(A, A) C int(A). We conclude the proof by letting d, = max{d,, d,,d;}. o

is equivalent to saying that A is strictly

This allows us to prove Theorem 1.4, which we state in the following form.

Theorem 5.3. Thesetsd - U, converge to U, in terms of the Hausdor(f distance.

Proof. Take aclosed K, C int(V.,,) and open K, 2 V..

It follows from Theorem 5.1 that for d sufficiently large d - U, , C K,. Because U, ., C U, by definition, the same is true
for U, .

Take a A, € K. It follows from [11, Corollary 4.2 and Lemma 4.4] that there is a compact convex set containing 0 that is
strictly forward invariant for E, . It follows from Lemma 5.2that there is a neighborhood U (A) of A, a region A(A,) and
a dy(A,) such that for A € U(A,) and d > d,(A,) the pair A/d and A(A)/d satisfy the conditions of Lemma 3.5. It follows
then from Corollary 3.6 that for those d we have A/d € U, ,,, thatis, U(Ayg) € d - Uy ,.

The sets {U(A)} sek, form an open cover of K;. Because U7, is bounded the set K, is compact and thus there is a finite
I C K, such that {U(A)} ¢, is a cover of K. Then for d > max,; dy(A) we can conclude that K; C d - U, ,,. o

6 | The Maximal Zero-Free Disk for Bounded Degree Uniform Linear Hypertrees

In this section, we will prove Theorem 1.5. Because b, d will be more or less fixed we will drop the subscripts and write

- z bd
fl(z)—»[l—( )] ©)

for the remainder of this section.
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6.1 | Preliminaries on Complex Dynamics

In this section, we gather the required background on the theory of dynamics of rational maps. The definitions and general
results from this section can be found in [35, 36]. We recall that C = C U {0} denotes the Riemann sphere.

6.1.1 | Critical Points and Holomorphic Families of Rational Maps

A point z € € is called a critical point of a rational map g : C — C if g is not locally injective around z, that is, if there
does not exist a neighborhood U of z such that g|,, is injective. A holomorphic family of rational maps parameterized by
an open set X C C is a holomorphic map g : X x C — C such that for any fixed Ay € X the map z — g(4,, z) is rational.
We usually denote g(4, z) by g,(z). Note that f as defined in (9) is a holomorphic family of rational maps for any open
X c C. We say that the critical points of a holomorphic family of rational maps move holomorphically around A, if there
is a neighborhood U C X of 4, and holomorphic mapsc;, ... ,cy from U — € such that for any 4 € U the critical points
of g, are {c;(4), ... ,ey(D}.

For any map g : C — C we denote by g” the map that applies g successively n times. The set { g"(zy)},»1 is called the
forward orbit of z,. We shall see that the forward orbits of the critical points play an important role in understanding the
dynamic behavior of g. We first prove a lemma about the critical orbits of our map f (as defined in (9)). The lemma says
that there is essentially a unique critical orbit.

Lemma 6.1. Around any A, € C\ {0} the critical points of f, move holomorphically. In fact there are holomorphic
functions ¢, ... ,cy parameterizing the critical points on C \ {0}. Moreover, for any critical point c,

[ () =2
forsomen; € {1,2,3}.
Proof. The maps z — Az, z+— 1—z and z ~ z/(1 + z) are locally injective on the whole Riemann sphere. The maps

z = zPand z — z¢ are locally injective anywhere except for z € {0, co}. Therefore, the critical points of f,, as long as 4 is
nonzero, are given by those z for which either

z z \?

—— € {0,00} or 1—(—) € {0, 0}
1+z 1+z

Since these do not depend on A, we can conclude that the critical points do indeed move holomorphically on C \ {0};

they are in fact constant. Moreover observe that

. ifﬁ =0then f,(z) = 4;

. z b
o if1— (1+_z> = 0then f7(2) = 4

z

b
. ifl—frz = o0, equivalently if 1 — <l+_z> = oo, then fj(z) = A O

6.1.2 | Normality

Let U be an open subset of C and let F be a set of holomorphic maps g : U — C. In this context,  is usually referred to
as a family of holomorphic maps. The family 7 is called a normal family if every sequence {g,},»; € F has a subsequence
that converges uniformly on compact subsets of U. Given a particular parameter 4, € U, we say that F is normal at A if
there exists an open neighborhood of 4, on which F is a normal family.

Theorem 6.2 (Montel’s Theorem). Let F be a family of holomorphic maps U ~ C for some open U C € and let
hy, h,, h; be holomorphic maps U — € such that hy(A), hy(A) and hy(A) are pairwise distinct for all A€ U. If g(4) ¢
{hy(A), hy(A), h5(A)} forall g € F and A € U then F is a normal family.

Remark 6.3. This theorem is usually stated with h,, h, and h, being constant, say 0,1 and co. By considering the family
F' ={A (u;og)(A) : g € F},where u, is a Mobius tranformation sending (4 (4), h,(4), hy(4)) to (0, 1, o), we see that F
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is a normal family if and only if 7’ is a normal family. Furthermore, 7 avoids {h,(4), h,(4), h;(4)} if and only if 7’ avoids
{0,1, o }. The two statements are therefore equivalent.

6.1.3 | Periodic Points

A point z, € € is called a periodic fixed point of a rational map g : € — C if there is an n > 1 such that g"(z,) =
z,. The least n for which this is the case is called the period of z,. If n =1, then z, is called a fixed point
of g. The multiplier of a periodic point z, with period n is defined as (g")(z,), that is, the derivative of f”
evaluated at z,.*

Lemma 6.4. The map f, has a fixed point with multiplier « if and only if A= (1 —w")~?- 1_L where w# 1 is a

w’
solution to
wh(1—w)

—bd
1—wb

Proof. Note that z is a fixed point of f, if and only if

z \¢]™
f=z o A=z-[1—< )]

1+z
Furthermore, this fixed point has multiplier « if and only if

b
Z
zb-1 ( 14z )

< fi(z)=—db
A+o(a+ayr-2) <1+z><1—(i)b>
1+z

Note that f,(o0) = 0 irregardless of 4 and thus oo is never a fixed point. Therefore, for any fixed point z, we can write
z = — for some w # —1. The result follows by making this substitution. i

a=f(z)=—bd

A periodic fixed point with multiplier « is called either attracting, indifferent, or repelling according to
whether |a| <1, |a|=1 or |a|]>1, respectively. A periodic point z, of 8y where g is a holomorphic
family of rational maps, is called persistently indifferent if there is a neighborhood U of A4, and a holo-
morphic map w : U — C such that w(4y) =z, and w(A) is an indifferent periodic fixed point of g, for
every A€ U.

Lemma 6.5. The map f, has no persistently indifferent periodic points for any 4 € C.

Proof. 1t follows from Lemma 6.4 that there is a nonempty open set U C C such that f, has an attracting fixed point for
all 2 € U. Fixany nonzero 4, € U, let p denote an attracting fixed point of f Ao andletey, ... ,cy denote the critical points
of f 5 At least one of the critical orbits { f ;’0(6[) } =1 converges to p; see for example, [36, Theorem 8.6]. It then follows from
Lemma 6.1 that the orbit of any critical point converges to p. This means that f, is a hyperbolic map; see for example,
([36], §19). One property of hyperbolic maps is that every periodic orbit must be either attracting or repelling, that is, not
indifferent. It is not hard to see that if f, were to have a persistently indifferent fixed point for some 4, then it has to have
an indifferent fixed point for all but finitely many A € C; this is proved, for example, in [27, Lemma 9]. Because we just
observed that f, is hyperbolic for 4 in an open set, we can conclude that f, cannot have a persistently indifferent fixed
point for any A. O

Theorem 6.6 (Part of Theorem 4.2 in [35]). Let g be a holomorphic family of rational maps parameterized by U.
Suppose there exist holomorphic maps c; : U — C parameterizing the critical points of g. Let A, € U and suppose that for
all i the families of maps given by

Fi={4r gic (D)},

are normal at A,. Then there is a neighborhood V' C U of A, such that for all A € V' every periodic point of g, is either
attracting, repelling, or persistently indifferent.
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6.2 | Accumulation of Roots

We will use the results gathered in the previous section to show that parameters A for which f, (as defined in (9)) has an
indifferent fixed point are accumulation points of zeros.

Lemma 6.7. Suppose A, € Candn € Z, are such that [ (A) = —1, then there is a (b + 1)-uniform linear hypertree T
- 0
with degree at most d + 1 and Z;(4,) = 0.

Proof. 'We inductively define a sequence {(7,,,v,,)},so of rooted (b + 1)-uniform linear hypertrees whose maximum
degrees are at most d + 1. We let 7, consist of a single vertex v,. For m > 1 we let 7,, consist of the vertex v,, that is
contained in d hyperedges of size b + 1 only intersecting in v,,. For all vertices u # v,, sharing a hyperedge with v,,, we
attach a disjoint copy of (7,,_,, v,,_;) by identifying u with v,,_,.

It follows from Lemma 2.4 that
R, (T,;4) = f7'(D)

for all m > 0 and A € C. Therefore, R, (T,; 4y) = —1 and thus it follows from Lemma 3.1 that there is a (b + 1)-uniform
linear hypertree 7 with degree at most d + 1 and Z,(4,) = 0 (in fact, one can take 7 = T,). O

We remark that for graphs, that is, for b = 1, the trees defined in the proof of the lemma above are often refered to as d-ary
trees of finite depth.

Lemma 6.8. Let 4, € C\ {-1,0} and suppose f, has an indifferent fixed point. Then, given a neighborhood U of 4,
thereisa A, € U and a (b + 1)-uniform linear hypertree T with degree at most d + 1 such that Z(4;) = 0.

Proof. Take p, € Csuch that fi,(Po) = 1.1t follows that ffo(po) = oo and f;o(po) = 0and thus because 4, ¢ {—1,0, 00},
it follows from Lemma 6.1 that p, is not a critical point of f; . We can therefore apply the Implicit Function Theorem to
obtain a neighborhood V of 4, and a holomorphic mapp : V — € such that p(4y) = pyand f,(p(A)) = —1forall A e V.
Note that this implies that p(1) ¢ {—1,00} forall 1 € V.

Let U C V be an arbitrary neighborhood of 4. By Lemma 6.1, there are holomorphic functions ¢;, ... , ¢, parameterizing
the critical points of f, on U. Because f, has an indifferent fixed point that, by Lemma 6.5, is not persistently indifferent
it follows from Theorem 6.6 that at least one of the families 7; = {4 = f7(c;(4))},; is not normal on U. It then follows
from Lemma 6.1 that the family {4 — f7(4)},5; is not normal on U. By Theorem 6.2, there must be a 4; € U such that
f/’fl(/ll) € {-1,00,p(4)}. If f;’l(/ll) = oo then ffl‘l(/ll) = —1 and if f/’fl(/ll) = p(4,) then f;:“(ﬂl) = —1. In all three cases,
we can apply Lemma 6.7 to conclude that there is a (b + 1)-uniform linear hypertree 7 with degree at most d + 1 such
that Z,(4,) = 0. ]

Using Lemma 6.4 we can calculate parameters A for which f, has an indifferent fixed point. Figure 3 shows examples of
such parameters, which, by the previous lemma, are accumulation points of zeros of (b + 1)-uniform hypertrees.

Let U}, , be the maximal connected zero-free region containing 0 for graphs of maximum degree at most A (shifting the
index back from the one used in Section 2 to the one in the introduction). In [4, Conjecture 6], it is conjectured that this
region is zero-free for hypergraphs of maximum degree at most A as well. Using Lemma 6.8, we can show that, at least
for A = 3, this is not the case.

Corollary 6.9. The region Uy, is not zero-free for hypergraphs of maximum degree at most 3.

Proof. Leti,=(1- wg)‘zl'_”—‘ib, where w, ~ 0.3540 + 0.5331i is a solution to

wg(l — W) _

(1-w)

We find that 4, ~ 0.0665 + 0.6015i; see also Figure 3. By Lemmas 6.4 and 6.8, zeros of 5-uniform linear hypertrees with
maximum degree at most 3 accumulate on 4.
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FIGURE3 | Parameters A for which f; , has an indifferent fixed point for d = 2 and b ranging from 1 to 5. The regions enclosed by
the curves get increasingly larger.

On the other hand, it is shown in [37] that U, , contains the intersection of the disc centered at 0 of radius g tan(%)
and the right half-plane. Because ;7; tan(%) = 0.875 and |4y| = 0.6052 we can conclude that 4, € U ,. O

6.3 | Dynamics on Disks

To prove the zero-freeness part of Theorem 1.5, we will apply Lemma 3.3. We will thus show that thereisa Awith [A| = p,,
such that f,(Bg) C By for some R > 0. Instead of using the value of p, ,, we will do this by letting 4, be maximal in norm
for which we can apply Lemma 3.3. It will follow that there must be a 4 of the same norm as 4, for which f, has a fixed
point of multiplier 1. We must first prove some lemmas about disks.

Lemma 6.10. Let D C C be a closed disk with 0 € int(D) whose center lies in R_, and let z, be the intersection of 0D
with the negative real axis. Then

e foroddne Z,,

argmax|z" — 1| = {z,};
zeD

« foreven n € Z., either
21
argmax|z” — 1| = {z,} or argmax|z"—1|={z,,2zy}.

zeD zeD

where z,, is a nonreal value in 0D.

Proof.  Assume first that n is odd. Let z, be the intersection of 0D with the negative real axis. For any r > 0 let B,
denote the closed disk centered at 0 with radius r. For aset Alet A" = {z" . z € A}. Observe that D C B, and therefore
D" C Bl"z0| = B, »- The unique maximizer of |z—1|withz € By » is —|zy|" = z;. Because D \ {z,} C int(B, )it follows
that z is the unique maximizer for |z” — 1| with z € D.

Now assume that #n is even. Let —x and r be the center and the radius of D, respectively, and note that x > r. The disk
D is the image of the closed unit disk D under the map z — rz — x. Because n is even and D is symmetric under z = —z
we see that D" is the image of D under the map p(z) := (rz + x)". We want to determine the values in D that maximize
|p(z) — 1]. These values have to lie on the boundary oD.

We define y(r) = p(e™)fort € [0, 1], which parameterizes the image under p of the part of D that is contained in the upper
half-plane. It is sufficient to show that there is a unique ¢, € [0, 1) maximizing |y(t) — 1|. Note that either 0 < y(1) < 1 or
1 <y(1) < y(0)so ¢ =11is never a maximizer of |y(¢) — 1].
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The curvature of the curve y is given by

1 em'tp//(erzit)
1) = —ER 1+ ——
K( ) |p/(emt)| < p/(emt) >

We will show that « is strictly increasing.

We have that p’(e™) = nr(re™ + x)"~1. As t increases re™ + x travels along a circle of radius r centered at x from the
positive real axis to the negative real axis. Since x > 0 we see that |re”™ + x| is decreasing and therefore 1/|p’(e™")| is
increasing.

We calculate ) ) . .
1 N emtpll(emt) _ N emt(n _ 1)’. _ nremt + x
pl(em't) rem’t + x rezrit + X

The map z — (nrz + x)/(rz + x) is a Mobius transformation that maps the real line to the real line. Because a Mobius
transformation is conformal and sends generalized circles to generalized circles, it must map 0D to a circle crossing the
real line transversely at (nr + x)/(r + x) and (—nr + x)/(—r + x). Observe that

nr+x < —nr+x
r+x —r+x

0<

which implies that as 7 increases from 0 to 1 the real part of (nre™ + x)/(re™ + x) increases. It follows that « is increasing.

Let C, be the osculating circle of y at y(¢). This is the circle that locally approximates y the best; see for example, [38].
A theorem by Tait and later rediscovered by Kneser [39, 40] states that if a curve has strictly increasing curvature then
1, > t, implies that C, strictly contains C, . This implies that for any 7, € [0,1) the circle C, strictly contains y((z,, 1)).
Moreover, by the definition of curvature, any circle touching the curve y at y(¢,) of smaller radius must have the property
that there are t > 7, with y(¢) lying outside of it.

Now let#, € [0, 1) be the minimal 7 for which |y(¢) — 1| is maximized. Let C,, be the circle with radius |y(z,) — 1| centered
at 1. The circle C), touches the curve y at y(¢,) and also contains the whole curve y([0, 1]). Therefore, its radius is at least
that of C, and thus C), contains C, . It follows that C,, strictly contains the curve y((7,, 1)) and thus we conclude that 7,
is the unique maximizer of |y(r) — 1| for ¢ € [0, 1]. See Figure 4 for an example.

It follows that z,, := —x — re™" is the unique maximizer of |z” — 1| for z in the intersection of D with the closed lower
half-plane. By symmetry z,, is the unique maximizer for z in the intersection of D with the closed upper half-plane. If
t, =0then z,, =7z, = z,. ]

Lemma 6.11. Let f : C — € be a rational function and R > 0 for which

» f(Bg) C Bg;
« there does not exist any R > 0 such that f(By) C int(By);

e forany z,,z, € argmaxzeBle(z)l we have | f'(z)| = |f'(z,)].
Then |f'(z)| = 1forall z € argmaxzeBR|f(z)|.

Proof. Suppose first | f’(z)| < 1 for all z € argmax,_ Bkl f(2)|. Note that argmax,_ . BRl f(z)] is closed and contained in
0By. 1t follows that there exist 6;,6, > 0 and # < 1 such that | f/(z)| <y forall z € S5, where

S5, =1r- e?.z:1<r<1+46,,/0<é,and z € arggaxmz)n
R

The set 0By \ .S, is a closed subset of 0 B whose forward image under f is contained in int(By). Therefore, by con-
tinuity, there exists an € € (0,6;) such that the forward image of 0By, \ S5 5, is contained in int(Bg). Now take an
element z € QB(I +eor NS5 5 and let 6, = arg(z). By construction the whole straight line segment between Re': and
z = (1+¢)Re’ liesin S; ; . Therefore
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v(to)

FIGURE4 | An example accompanying the proof of Lemma 6.10. Here, x = % r= § and n = 6. The curve y is drawn in blue, the
osculating circle at y(#,) is drawn in red and the circle touching y(#,) with center 1 is drawn in black.

|f(2)] < |f(Re")| + | f(z) — f(Re)| < R+ n|Re' — z| = (1 + ne)R

Here we have used that f(Bg) C Bg. We see that z gets mapped into int(Bg,. ) by f. We can thus conclude that
F(Ba4er) € int(B, ) g), Which is a contradiction.

Now suppose that | f'(z)| > 1for all z € argmax, By |f(z)|. LetU = {z : |f’(z)| > 1}, which is an open neighborhood of

argmax| f(z)|. Because f(Bg) C By we can use the Schwarz-Pick theorem which states that for all z € int(By)
zEBy

|f'(2)] <1
—1/@P T R —|z]?

It follows that for all z € U nint(By) we have | f(z)| < |z|. The image of B, \ U under f is mapped into int(By), and
thus, by continuity, there is an e > 0 such that f(dB;_,z \ U) C int(B(;_ ). It follows that f(B_.g) C int(B_ e)R),
which is a contradiction.

6.4 | Proofof Theorem1.5
We will now prove Theorem 1.5, which we restate for convenience.

Theorem 1.5. Letd > 2, b > 1 and define the function f,(z) = f,,4(z) as

z \2\*
(- (2))

Let p, , be the largest p > 0, such that there exists a disk By of radius R around 0 that is mapped into itself by f,. To be precise,

pqp =max{p > 0| there exists an R > 0 such that f,(Bg) C By}

Zero-freeness If T is a (b + 1)-uniform linear hypertree with maximum degree at most d + 1 and A € CV7) is such that
[A,] < pypforallv € V(T), then Z(T ;1) # 0.
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Maximality There is a sequence of (b + 1)-uniform linear hypertrees {T,} with maximum degree at most d + 1 and a
sequence of parameters { A} such that | A,| converges to p, , and Z(T,; 4,) = 0 for all n.

Formula

b1 _
: w € Cwith —bdw=1}

— mi _ob—d W
pd,b—mln{‘(l w’) i-wl )

Asymptotics For fixed b
pay = (ebd)™* + O@™*")

asd — oo.

Proof. Define

wo=[1- ()]

so that f,(z) = 4 - g(z). Consider the set
S ={1eC: f,(Bg) C By forsome R > 0}

For any 4 with [4] < (max{|g(z)| iz € Bl/z})_l, we see that f,(B,,,) C By, and thus S is not empty. Moreover, S
is closed and if 2 € S then a- 1 € S for every a € D. If f1(Bg) € By then A = f,(0) € B; and thus R > |1]. Because
f,(1) = it follows that |A| < R < 1forall A € S. We can thus conclude that S = B, . Thus, zero-freeness follows from
Lemma 3.3. ’

For the rest, letus denote p = p, ,. Because {R > 0 : f,(Bg) C B} C Risclosed we can take R, to be the largest possible
radius for which f ,(Bg,) € B, Clearly, there is no R’ > 0 such that f ,(Br) C int(Bg) because that would imply that
fa+ep(Br) C By for some e > 0 contradicting the maximality of p. Recall that we defined u(z) = z/(1 + z). We see that

H(Bg, ) is a disk containing p(0) = 0, whose center is (4(R,,) + u(—R;;))/2 = — :1“;2 . This center is negative because
R,, < 1. We have "

argmax| f,(z)| = argmax|g(z)| = argmax|1 — u(z)’| = /4‘1<argmax 11— wb|)

zE€Bg,, z€Bg,, z€Bg,, weu(Bg, )

So, by Lemma 6.10, there is either a unique z € B R, maximizing | f,(z)| or a conjugate pair. In both cases | f ; (2)| is the
same for all z € argmax_. B, |f,(2)].
M

Fix z € argmax.cp, |f,(2)| then, by Lemma 6.11, |f;(z)| = 1. By the maximum modulus principle |z| = | f,(2)| = Ry,.
Let A = pz/f,(2), then f,(z) = z and |f/{(z)| = 1. Thus it follows from Lemma 6.8 that for any » > 1 integer there is a
A, € Cand a (b + 1)-uniform linear hypertree 7, with degree at most d + 1 such that Z(7,; 4,) =0and |4, — 4| < 1/n.In
particular lim,,_, . [4,] = |A| = p, which proves the maximality part.
Because z is a fixed point on the boundary of a disk that is forward invariant for f,, its derivative must be positive real at
z. Therefore, we can conclude that f](z) = 1. From Lemma 6.4 it follows that 4 is of the form 4 = (1 — wh)= . ﬁ where
w # 1 is a solution to
wh(1—w)

—bd
1—wb

Thus, we can conclude that | 4| = p is at least as large as the smallest in absolute value of such 4. If p were strictly larger
than this minimum, then by Lemma 6.8 we would conclude that there is a (b + 1)-uniform tree 7 of degree at most
(d +1)and 4; € Csuch that |4,| < pand Z(T; 4;) = 0. But this contradicts the zero-freeness part. Thus p is equal to the
minimum, which concludes the proof of the formula part.

All that remains is to prove the asymptotics. Fix b and define A(w) = wi(_l—‘:f) Consider the multivariate function F(w, ) =
h(qnw)/n® — 1. We have F(w,0) = w” — 1, which has zeros ¢* for k =0, ... ,k — 1 and ¢ = €27/, By the implicit func-
tion theorem, there are holomorphic functions «, defined in a neighborhood of # = 0 with «,(n) = ¢¥ + O(|5|) and
F(a;(n),n) = 0. The functions «, parameterize the solutions to F(w, n) = 0 for # sufficiently small.
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For each d > 2 let w, be a solution to A(w) = —1/bd for which |(1 — w’)~? - %l = py.,- Moreover, let n, = (=1/bd)"/*,
making an arbitrary choice of b-th root. Observe that F(w,/n,,n,) = 0, and thus, for sufficiently large d, there is a k, such
that w, = n,a (n,)- 1t follows that

wb — _é + (D(d_l_l/b) and del — (bd)—l/b + O(d—Z/b)

‘We conclude that

Wy

= 11— w).
Pap ( d) 1-w,

—d
- |wd + (9(w§)|

1 ~1-1/b
~l1+ L +ou
‘ Lt 0@

= (P +Od™")) - ((bd)™" + O@d~*"))
= (ebd)™® + O@d™")
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Endnotes
1 A sequence of sets A, converges to A if for every closed K, C int(A) and open K, D A for n sufficiently large K, C A, C K,.

2 An FPTAS for a graph polynomial Z,; is an algorithm that on an input G and e > 0 outputs an Z in polynomial time |V (G)| and 1/e
such that it is an e-relative approximation of Z;, that is, | Z; — Z| < eZ;.

3Which we did with the computer-algebra system Mathematica.

41f the orbit of z, passes through oo the multiplier can be calculated by conjugating g with a chart that moves the orbit to C.
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