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Quantum states that are symmetric under particle exchange play a crucial role in fields such as quantum
metrology and quantum error correction. We use a variational circuit composed of global one-axis twisting and
global rotations to efficiently prepare arbitrary symmetric states, i.e., any superposition of Dicke states. The
circuit does not require local addressability or ancilla qubits and thus can be readily implemented in a variety of
experimental platforms including trapped-ion quantum simulators and cavity QED systems. We provide analytic
and numerical evidence that any N-qubit symmetric state can be prepared in 2N/3 steps. We demonstrate the
utility of our protocol by preparing (i) metrologically useful N-qubit Dicke states of up to N = 300 qubits in
O(1) gate steps with theoretical infidelities 1 − F < 10−3, (ii) the N = 9 Ruskai codewords in P = 4 gate steps
with 1 − F < 10−4, and (iii) the N = 13 Gross codewords in P = 7 gate steps with 1 − F < 10−4. Focusing on
trapped-ion platforms, for the N = 9 Ruskai and N = 13 Gross codewords we estimate that the protocol achieves
fidelities �95% in the presence of typical experimental noise levels, thus providing a pathway to the preparation
of a wide range of useful highly entangled quantum states.

DOI: 10.1103/PhysRevResearch.7.L022072

Introduction. The operation of a quantum computer relies
on our ability to prepare highly entangled quantum states,
both as a step for quantum algorithms, and as codewords for
quantum error correction (QEC). Despite recent remarkable
experimental progress toward fault-tolerant quantum comput-
ing [1–3], the fragility of multipartite entanglement to noise
limits the fidelity of state preparation. Furthermore, the lack
of single-site addressing in some experimental platforms has
typically limited the variety of states that can be prepared to,
e.g., squeezed states. In light of these limitations, the choice
of QEC scheme is important. Depending on its properties,
certain QEC schemes may offer advantages both in terms
of the types of errors that they can protect against [4], as
well as their suitability of implementation to the particular
hardware. One promising approach utilizes codewords which
are symmetric states, i.e., superpositions of Dicke states [5–7].
The Dicke states are also relevant for quantum metrology
[8], including error-corrected quantum sensing [9], quantum
storage [10,11], and quantum networking [12]. The need to
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overcome the intrinsic noise in NISQ devices has motivated
the design of symmetric state preparation protocols that min-
imize the circuit depth. In particular, symmetric states have
been prepared using one- and two-qubit gate circuits with
depth O(N ) [13,14], and specific Dicke states with constant
depth using measurements and classical computation [15].

In this article, we demonstrate that arbitrary superpositions
of Dicke states can be engineered using linear depth circuits
with only global control. Specifically, we utilize a variational
quantum circuit consisting of only global one-axis twisting
and global rotations, and thus do not demand local address-
ability nor ancilla qubits. We provide analytic and numerical
evidence that the number of steps to synthesize an arbitrary
N-qubit symmetric state scales as 2N/3. Focusing on appli-
cations to QEC codewords, we show that only P = 4 and
P = 7 steps are required to prepare QEC codewords of the
N = 9 Ruskai [6] and N = 13 Gross [7] codes with infidelity
1 − F < 10−4, respectively. We discuss the possible imple-
mentation in trapped ions, including a detailed analysis of
expected sources of error. The limited resources required by
our protocol make it immediately realizable on a broad range
of experimental quantum simulation platforms.

Dicke states. We consider an ensemble of N qubits. The
collective spin operators are defined as Jα = (1/2)

∑N
j=1 σα

j
where α ∈ {x, y, z} and σα

j is the Pauli operator acting on
the jth qubit. Dicke states, denoted |J, M〉, are simultaneous
eigenstates of the total spin operator J2 = J2

x + J2
y + J2

z and
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FIG. 1. (a) The protocol Eq. (2) utilizes operations that act globally on a collection of N qubits. (b) The Dicke states are symmetric, i.e.,
any two qubits i and j can be interchanged without changing the quantum state. (c) Schematic representation of the protocol. The system is
initialized in a coherent spin state (CSS) |ψ0〉 = |θ̄ , φ̄〉. Next, one-axis twisting UOAT generates spin squeezing. For relatively small φk the CSS
is spin squeezed; for larger φk the probability distribution separates across the Bloch sphere, as is the case sketched here. Next, the state is
rotated about an arbitrary axis. These two operations are repeated P times, with parameters numerically optimized to minimize the infidelity
1 − F . Above the Bloch spheres, to highlight the connection to amplitude amplification, we sketch the N + 1 basis state amplitudes with
coloring representing complex phase. In this perspective, UOAT applies a phase that depends nonlinearly on the excitation number M, with the
rotation then amplifying or attenuating the amplitude conditioned on the phase that was applied. Repeated application of UOAT and R with
optimized parameters can therefore maximize the amplitude of a target state.

Jz. The quantum numbers J and M are defined by J2|J, M〉 =
J (J + 1)|J, M〉, Jz|J, M〉 = M|J, M〉 with J ∈ {0, . . . , N/2},
and M ∈ {−J, . . . , J}. We focus on the N + 1 symmetric J ≡
N/2 Dicke states, which in the single-particle σz basis are

|J = N/2, M〉 = 1√
λ

∑

P
(|1〉J+M ⊗ |0〉J−M ), (1)

where the normalization factor is λ = ( 2J
J + M), and where the

summation is over all permutations P of the ordering of the
spins [16]. Dicke states feature entanglement that is persistent
[17] and robust to particle loss [18–20] which makes them
attractive for experimental realization, while also demon-
strating useful sensing capabilities [21,22]. Specifically, the
N-qubit W-state |N/2,−N/2 + 1〉 is maximally pairwise en-
tangled [23,24], while the Dicke state with N/2 excitations
|N/2, 0〉 saturates the quantum Cramér-Rao bound when sens-
ing global rotations about the x-y axis [25]. There are many
existing deterministic preparation protocols for Dicke states,
including quantum circuit approaches that use one- and two-
qubit gates [13–15], global pulse schemes [25–28], and others
[29–31].

In addition to bare Dicke states, superpositions of
Dicke states are of key interest. For example, the
Greenberger–Horne–Zeilinger (GHZ) state |GHZ〉 =
|N/2,−N/2〉 + |N/2, N/2〉 is maximally entangled,
represents a distinct class of multipartite entanglement,
exhibits phase sensing sensitivity below the standard
quantum limit (SQL) [32,33], and has been prepared in
many experimental platforms [34–36]. More generally,
superpositions over more of the Dicke states form the logical
basis states of various QEC codes including Pauli exchange
error correcting codes [6] and large spin codes [7]. The
weighting of individual Dicke states in each of these logical
basis states are chosen to satisfy the Knill-Laflamme QEC
conditions [37]. Existing protocols to prepare such specific,
highly entangled superpositions of Dicke states typically
require single-site addressability [38] or a large detuning limit
[39]. Below, we alleviate these constraints and propose to

prepare Dicke state superpositions using a global variational
quantum circuit.

State preparation protocol. Global variational quantum
circuits have been previously proposed [40–43] and demon-
strated experimentally [44] for the preparation of squeezed
quantum states for quantum metrology. Here, instead of op-
timizing the variational parameters to maximize a property
of the target state (such as the squeezing amplitude or phase
sensitivity), we employ such circuits to prepare target sym-
metric quantum states by minimizing the infidelity 1 − F =
1 − |〈ψt|ψf〉|2, where |ψt〉 is a chosen target state, |ψf〉 =
Utot|ψ0〉 the final state, and |ψ0〉 the initial state. As sketched
in Fig. 1, the circuit of P layers is

Utot =
P∏

k=1

[R(θk, ξk )UOAT(φk )], (2)

and consists of (i) global rotations R(θk, ξk ) = Rz(θk )Ry(ξk ),
and (ii) global one-axis twisting UOAT(φ) = eiφJ2

z , where φ =
gt with g the coupling strength and t the evolution time
[45]. Because Rz commutes with UOAT, for P � 2 the global
rotation R is about an arbitrary axis. Although the fidelity
can be efficiently computed classically because the symmetric
space dimension is N + 1, in the Supplemental Material we
discuss how an upper bound on the infidelity can be efficiently
computed on quantum devices for a hybrid classical-quantum
algorithm approach, which may be a preferred option to miti-
gate certain hardware errors [46].

The capability of the protocol to prepare superpositions of
Dicke states can be understood using amplitude amplification,
as sketched in Fig. 1. To emphasize the versatility of the
variational circuit, we note that UOAT and R provide univer-
sal control over the symmetric subspace [43,47]. Although
a general explicit expression for the optimal parameters for
arbitrary symmetric state synthesis is a complicated task, a
simple consistency argument for the minimum number of
gates P∗ to prepare a general symmetric state can be made
as follows: accounting for the coefficients and normalization
of the N + 1 basis states, a general state in the symmetric
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FIG. 2. Infidelity 1 − F = 1 − |〈ψt|ψf〉|2 vs circuit depth P for
various N . Each data point is a Haar random target state; we
draw NHaar = 200 targets for each N . The variational parameters
are classically optimized using a local optimization algorithm. As
the system becomes controllable, all local minima become global
minima, which corresponds for each N to the sharp decrease in
infidelity as P increases (marked with vertical dashed lines). Inset:
location of the transition as a function of N (black points) for up
to N = 250, demonstrating excellent agreement with the scaling
prediction P∗ = 2N/3 (gray dashed).

J = N/2 subspace is described by 2N real parameters. As
each protocol step is characterized by three free parameters
θ, ξ , φ, the preparation of an arbitrary symmetric state re-
quires P∗ = 2N/3 steps.

We numerically verify the scaling relation for P∗ by gen-
erating NHaar = 200 Haar random states as target states and
optimizing the protocol’s variational parameters to minimize
1 − F . Obtaining (and verifying) a global minima is chal-
lenging, as in general the optimization landscape can contain
many local minima. However, if the system is controllable
[48], then every local minima is a global minima [49]. As
such, performing only local optimization of the parameters,
we expect a sharp transition in target state infidelity at some
P � P∗ as the system becomes controllable.

In Fig. 2 we plot the infidelity 1 − F as a function of P
for various N up to N = 50. We perform local gradient-based
optimization using BFGS [50] in JULIA [51] with OPTIM.JL

and LINESEARCHES.JL [52], and terminate the optimization
once the infidelity passes below a threshold ε = 10−12. As
expected, as P increases the infidelity decreases, with a rel-
atively sharp transition as the system becomes controllable. In
the inset of Fig. 2 we plot the location of the transition as a
function of N , showing excellent agreement with the scaling
obtained from counting, P∗ = 2N/3. As shown in the inset
we further verify this prediction by optimizing the parameters
for NHaar = 200 Haar random states using P = 	2N/3
 + c
gates with a small constant offset c [53] for N = 100, N =
150, N = 200, and N = 250, verifying that all states can be
prepared with infidelities below the optimization termination
threshold ε = 10−12. Therefore the protocol Eq. (2) is an
efficient preparation protocol for synthesizing arbitrary sym-

FIG. 3. (a) Theoretical infidelity 1 − F = 1 − |〈ψt|ψf〉|2 to pre-
pare: the the W state |N/2, −N/2 + 1〉 (solid blue) and N/2
excitation state |N/2, 0〉 (dashed orange) using the protocol Utot

Eq. (2) for P = 2 (dots), P = 3 (diamonds), and P = 4 (squares).
The lines show a power law fit, with excellent agreement. Both target
states can be prepared with small theoretical infidelities 1 − F <

10−3 in P = 3 and P = 4 gate steps, respectively, in systems as large
as N = 300 qubits. (b) The su(2) Husimi Q representation for the
P = 3 solution that prepares |N/2, 0〉 with N = 300. The optimized
initial coherent spin state starts along x, with the subsequent in-
terleaving of one-axis twisting and global rotations leading to the
preparation of |ψt 〉 with 1 − F ∼ 10−2.

metric states. To the best of our knowledge this improves upon
previous global control protocols, which required N steps only
in a large detuning limit [39] or using excited Rydberg states
[54], and O(N4) steps for arbitrary unitary synthesis [43].

Dicke state preparation. Next, we demonstrate the prepa-
ration of specific states, beginning with bare Dicke states.
Because the gate sequence Eq. (2) starts with the application
of UOAT, for the initial state we choose a global rotation
acting on |N/2,−N/2〉, which is a coherent spin state (CSS)
|ψ0〉 = |θ̄ , φ̄〉, i.e., an eigenstate of the spin component in the
(θ̄ , φ̄) direction. The parameters (θ̄ , φ̄) are also numerically
optimized, and thus the total number of free parameters is
3P + 2. Both here and in the next section, the numerical
optimization uses a multistart Monte Carlo search, with local
optimization using L-BFGS [55].

First, we prepare the Dicke state with N/2 excitations,
|ψt〉 = |N/2, 0〉. This state is metrologically useful: when the
state used for sensing is |N/2, 0〉, the uncertainty in the mea-
sured angle ε of a rotation e−iεJy saturates the Cramer-Rao
bound, (
ε)2 = 2/[N (N + 2)] and features entanglement that
is robust to particle loss [18–20,56,57]. In Fig. 3(a) we plot
(dashed orange) 1 − F as a function of N for P = 2 (circles),
P = 3 (diamonds), and P = 4 (squares). The infidelity is re-
markably robust to increasing qubit number, with P = 4 gates
sufficient to prepare the target state in up to N = 300 qubits
with 1 − F � 10−3. The dashed lines show a power law fit
with excellent agreement, emphasizing the slow increase of
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infidelity with N for N � 50. In Fig. 3(b) we plot the evo-
lution of the N = 300 state under the P = 3 gate sequence
solution using the su(2) Husimi Q representation Q(θ, φ) =
〈θ, φ|ρ|θ, φ〉 of a state ρ where |θ, φ〉 is a CSS. Clearly visible
is the effect of spin squeezing, whose repeated application
combined with global rotations results in the preparation of
|N/2, 0〉.

Second, we prepare the N-qubit W state, |N/2,−N/2 + 1〉.
In Fig. 3(a), we plot (solid blue) the infidelity to prepare the
W state with P = 2 (circles) and P = 3 (diamonds) [58]. We
find that the W state can be prepared in systems of up to N =
300 qubits with small infidelities 1 − F < 10−4 in only P =
3. Thus, our protocol can be used to prepare these two Dicke
states in up to N = 300 qubits in O(1) gate steps.

Quantum error correction codewords. Next, we prepare
specific superpositions of Dicke states for QEC. Pauli ex-
change errors are two-qubit errors that arise due to interactions
between qubits, for example due to dipole-dipole interactions.
Physically, exchange errors are similar to bit flip errors, with
the additional constraint that a qubit will flip if and only if
its neighbor is different. Codes such as the nine-qubit Shor
code [59] cannot distinguish between exchange errors and
phase errors. The Ruskai code [6] exploits the permutation
invariance of Dicke states to correct all one-qubit errors and
Pauli exchange errors. The explicit codewords for N = 9 are

|R0〉 = |9/2,−9/2〉/2 +
√

3/4|9/2, 3/2〉, (3a)

|R1〉 = |9/2, 9/2〉/2 +
√

3/4|9/2,−3/2〉. (3b)

As a second example, we consider the Gross codes [7].
Designed such that the logical single-qubit Clifford operations
are global rotations, the Gross code is immune, to first order,
to errors that correspond to global rotations. As such, the
code utilizes interactions that are native to many experimental
platforms, and protects against the typically most deleterious
sources of noise, including both T1-type relaxation and T2-type
dephasing errors. The smallest collective spin for which this
code can be constructed is N = 13. It utilizes the two
following states: |G̃0,1〉 = c1|13/2, 13/2〉 + c2|13/2, 5/2〉 +
c3|13/2,−3/2〉 + c4|13/2,−11/2〉, where the coeffi-
cients for |G̃0〉 are c1 = √

910/56, c2 = −3
√

154/56,
c3 = −√

770/56, and c4 = √
70/56; and for |G̃1〉 are

c1 = √
231/84, c2 = √

1365/84, c3 = −√
273/28, and

c4 = −√
3003/84. The explicit codewords are then

|G0〉 =
√

105

14
|G̃0〉 +

√
91

14
|G̃1〉, (4)

where |G1〉 follows from |G0〉 by a global spin flip.
In Fig. (4) we plot the infidelity of the state |ψf〉 prepared

using the optimized gate protocol Eq. (2) with target states
|ψt〉 = |R1〉 (blue with dots) and |ψt〉 = |G0〉 (orange with
stars). We find solutions that prepare the codewords with
infidelities 1 − F < 10−4 in only P = 4 and P = 7 gate steps,
respectively. Therefore, our protocol provides a pathway to-
ward the implementation of large N-qubit QEC codes utilizing
only global addressability of the qubits constituting the code-
word.

Realization in trapped ions. UOAT can be realized in trapped
ions by off-resonantly driving the center of mass (COM) mode
[34,60–63]. Considering N ions in a linear Paul trap, two

FIG. 4. Infidelity to prepare the N = 9 Ruskai |R1〉 and N = 13
Gross |G0〉 codewords using the optimized gate sequence as a func-
tion of P. Despite being highly specific superpositions of Dicke
states, we numerically find solutions that can prepare both target
states with infidelities 1 − F < 10−4 in P = 4 and P = 7 gate steps
for |R1〉 and |G0〉, respectively.

global Raman beams detuned from the red and blue sidebands
by δ leads to the following Hamiltonian in the interaction
picture:

HI = 
η(ae−iδt + a†eiδt )Jz, (5)

where we have assumed the Lamb-Dicke regime, and where
a (a†) are the annihilation (creation) operators of the COM
mode, η the Lamb-Dicke parameter, and 
 the Rabi fre-
quency. Note that although we require the Lamb-Dicke
regime, our protocol is otherwise insensitive to temperature
and therefore does not require ground state cooling [60,64].
Evolving for time t f = 2π/δ results in a closed loop in phase
space such that the motion decouples from the spin degree
of freedom. The effective evolution is described by one-axis
twisting, UOAT = exp(iφJ2

z ) with φ = 2πη2
2/δ2 the area
enclosed [65]. Our optimized solutions are typically φ ∼ 1.
Setting η
 = 2π × 20 kHz and δ = 2π × 20 kHz results in
tf = 50 μs and φ = 2π . The total protocol duration T is there-
fore T = Ptf, and thus for all the gate sequences we present
T � 350 μs.

Here we study the effects of off-resonant driving and
dephasing, with laser intensity fluctuations and nonglobal
beams further analyzed in the Supplemental Material [46].
Off-resonant driving of the other modes leads to nonuniform
spin-dependent phases. Assuming a typical trap frequency
ω = 2π × 2 MHz, the stretch mode, which is the leading
order correction, is detuned by (

√
3 − 1)ω + δ. The area en-

closed by the stretch mode is ∼10−2 times smaller than the
area enclosed by the COM mode, and thus for realistic param-
eters unwanted off-resonant driving of the collective modes
is negligible compared to the effects of dephasing, which we
consider below.

We use a realistic dephasing rate γ = 2π × 5 Hz. The off-
diagonal coherences of the GHZ state decay as ∼e−γ Nt , such
that the fidelity can be roughly estimated as F ∼ 1/2(1 +
e−γ Nt ). We assume that the rotations are noise free, as they can
be performed fast relative to the spin squeezing. For the N = 9
Ruskai and N = 13 Gross protocols, using the P = 4 and
P = 7 gate sequences, respectively, assuming the ideal proto-
col prepares the state with perfect fidelity, we estimate noisy
fidelities F ∼ 97% and F ∼ 93%, respectively. Reducing the
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dephasing rate to γ = 2π × 1Hz increases the Ruskai and
Gross codeword fidelities to F ∼ 99% and F ∼ 98%, respec-
tively. Furthermore, parametric amplification can increase the
squeezing amplitude achieved in a given tf [66], whilst multi-
ple Raman beatnotes can reduce off-resonant driving enabling
a larger δ [67,68]. Such techniques, when combined with
achievable reductions in dephasing noise, could bring state
preparation infidelities of the Gross and Ruskai codewords
below QEC thresholds in the near term.

Outlook. We showed that global variational circuits of
linear depth can prepare arbitrary superpositions of Dicke
states. The circuit can be easily realized across a variety
of experimental platforms. Its implementation could lead to
the preparation of interesting and useful entangled states,
with applications in quantum metrology and quantum error
correction.

Finally, we note that the set of realizable interactions
depends on the experimental platform, e.g., in cavity QED

experiments dispersive interactions can be used to engi-
neer the generator sin(Jz + ϕ) [25], whilst addressing the
second red and blue sidebands in trapped ions can pro-
duce cosh(rJz ) + cos(ϕ) sinh(rJz ). These Hamiltonians can
replace UOAT; or the inclusion of more than one flavor of
phase gate in the protocol could provide additional geometric
control, potentially reducing the total number of gate steps
required.
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Endres, M. Greiner, V. Vuletić, and M. D. Lukin, Generation
and manipulation of schrödinger cat states in Rydberg atom
arrays, Science 365, 570 (2019).

[36] C. Song, K. Xu, H. Li, Y.-R. Zhang, X. Zhang, W. Liu, Q. Guo,
Z. Wang, W. Ren, J. Hao, H. Feng, H. Fan, D. Zheng, D.-W.
Wang, H. Wang, and S.-Y. Zhu, Generation of multicomponent
atomic schrödinger cat states of up to 20 qubits, Science 365,
574 (2019).

[37] E. Knill and R. Laflamme, A theory of quantum error-correcting
codes, Phys. Rev. Lett. 84, 2525 (2000).

[38] A. Bärtschi and S. Eidenbenz, Deterministic preparation of
dicke states, in Fundamentals of Computation Theory, edited
by L. A. Gasieniec, J. Jansson, and C. Levcopoulos (Springer
International Publishing, Cham, 2019), pp. 126–139.

[39] X. Zou, K. Pahlke, and W. Mathis, Generation of arbitrary
superpositions of the dicke states of excitons in optically driven
quantum dots, Phys. Rev. A 68, 034306 (2003).

[40] S. C. Carrasco, M. H. Goerz, Z. Li, S. Colombo, V. Vuletić,
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