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Distinguishing graph states by the properties of their marginals
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Graph states are a class of multipartite entangled quantum states that are ubiquitous in quantum information.
We study equivalence relations between graph states under local unitaries (LU) to obtain distinguishing methods
both in local and in networked settings. Based on the marginal structure of graph states, we introduce a family
of easy-to-compute LU invariants. We show that these invariants uniquely identify the entanglement classes of
every graph state up to eight qubits and discuss their reliability for larger numbers of qubits. To handle larger
graphs, we generalize tools to test for local Clifford (LC) equivalence of graph states that work by condensing
large graphs into smaller graphs. In turn, we show that statements on the equivalence of these smaller graphs
(which are easier to compute) can be used to infer statements on the equivalence of the original, larger graphs.
We analyze LU equivalence in two key settings, with and without allowing for the permutation of qubits. We
identify entanglement classes, whose marginal structure does not allow us to distinguish them. As a result, we
increase the bound on the number of qubits where the LU-LC conjecture holds from 8 to 10 qubits in the setting
where qubit permutations are allowed.
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I. INTRODUCTION

Multipartite entanglement plays an important role in many
applications of quantum information; it is used, for example,
to generate secret keys between multiple parties in quan-
tum networks [1] and as a resource for measurement-based
quantum computing [2] and error-correction [3] schemes.
However, characterizing entanglement between more than
three parties is not at all straightforward [4,5]. A fundamental
challenge is that the size of the density matrix increases ex-
ponentially with the number of parties, making it difficult to
simulate large entangled states on classical computers.

Graph states [6] are a subset of multipartite entangled states
with useful properties. They have a convenient graphical rep-
resentation, and, even though they are not as computationally
hard to classically simulate as general entangled states, they
are used in many of the above-mentioned applications. Graph
states can be treated with respect to associated graphs; the
association between graphs and graph states (Fig. 1) will be
analyzed later.

In general, the protocols that use entangled states imple-
ment specific operations that can be classified as either local or
global. Local operations affect single qubits and are easier to
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perform. In contrast, global operations target multiple qubits.
They are more involved and especially require them to be
in close proximity to be feasible. In scenarios such as key
generation, where participants are separated by distance, one
is typically limited to local operations. In such remote settings,
it is relevant to determine whether a given entangled state
can be transformed into a different state by applying local
operations, possibly assisted by classical communication, a
setting commonly known as LOCC, or SLOCC when stochas-
tic transformations are considered that succeed with a nonunit
probability. In a first approximation, one can consider merely
the set of local unitary (LU) operations, which do not make
use of communication between the parties, neither quantum
nor classical. In scenarios such as quantum computing, which
are carried out at one location, the set of operations may still
be limited. Single-qubit gates in general have a much better
fidelity than multiqubit gates [7]. Furthermore, unitary oper-
ations on single qubits preserve the entanglement properties.
In contrast to network scenarios, the permutations of qubits
may not be of interest. In such scenarios, determining whether
a given entangled state can be transformed into a different
state up to qubit permutations by applying LU operations is
of relevance.

For checking equivalence of two pure multiqubit states
under LU operations a constructive algorithm exists, where
LU equivalence can be decided by solving a finite set of equa-
tions [8]. A minimal number of polynomial equations needed
to decide LU equivalence of n-qubit states is discussed in [9].

Perhaps surprisingly, the equivalences of graph states un-
der SLOCC and LU operations coincide [6], so that only
LU operations need to be considered in determining the
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equivalence of two graph states. Moreover, in many cases it
is interesting to look at a specific subset of LU operations,
known as local Clifford (LC) operations. These are the subset
of LU transformations that map the set of multiqubit Pauli
eigenstates to itself and, more importantly, have a clear graph-
ical representation [10], providing a powerful tool in the study
of equivalence of graph states.

By applying LU or LC operations, a given graph state can
be transformed into several other graph states. The collection
of all the graph states that can be reached from a given starting
state, with or without the permutation of qubits, is called
the LU (LC) orbit of the starting state. Graph states in the
same LU (LC) orbit are called LU (LC) equivalent. It was
once conjectured that LU and LC orbits with permutations
for graph states coincide [11], but this conjecture has been
refuted by discovering counterexamples with 27 and more
qubits [12,13].

Nevertheless, for states with 8 or fewer qubits, LU- and
LC orbits with permutations do coincide [14]. We increase
this bound to 10. Further, we consider LU and LC operations
without qubit permutations. Here, we demonstrate that the LU
and LC orbits for up to 8 qubits coincide.

Determining the orbit of a given graph state is a hard
problem, even when restricting to just LC operations: even
counting the number of graph states in an LC orbit is shown
to be #P-complete [15] and therefore at least as hard as an
NP-complete problem. Still, an efficient polynomial algorithm
capable of determining LC equivalence between two input
graphs was discovered by Bouchet [16] and popularized in
the physics community in Ref. [17].

Despite the mentioned general methods for demonstrat-
ing the LU equivalence of generic states [8], devising an
efficient algorithm for this task remains an unresolved chal-
lenge. Earlier works [18,19] explored the connection between
multipartite entanglement of graph states and specific graph-
theoretical properties. Following these investigations, studies
have been performed [20,21] on how to distinguish some non-
LU-equivalent states based on the entanglement properties of
higher-order marginals, while a recent paper [22] provided
polynomial invariants to negatively answer questions about
both LC and LU equivalence in certain cases based on two-
body marginal properties.

In this paper, we present a systematic approach to charac-
terize LU equivalence of graph states based on properties of
their marginals. We consider both cases, LU (LC)-equivalence
with and without qubit permutations. Our methods contribute
to a better visual understanding of entanglement properties
in graph states. Furthermore, they help to detect and ex-
clude potential counterexamples of the LU-LC conjecture.
Our methods scale polynomially in the number of nodes and
linearly in the number of graphs we wish to compare.

The article is structured as follows. In Sec. II we intro-
duce graphs, graph states, LU and LC equivalence as well
as marginal states. In Sec. III we explain tools that can be
used to decide LU equivalence and show that the LU-LC
conjecture is also true for graph states with up to 8 qubits
without permutation. In Sec. IV we discuss how to detect LU
inequivalence when our methods cannot be applied and in-
crease the bound of the LU-LC conjecture with permutations
to 10. We continue by introducing graph simplification tools

which are invariant under LC transformations in Sec. V. In
Sec. VI we discuss the computational equivalence of our tools
and we conclude our work with a summary in Sec. VII.

II. PRELIMINARIES

A. Graphs and metagraphs

Definition 1. A graph G = (V, E ) is a set of nodes V and
edges E ⊆ V × V connecting two nodes.

In this paper we only consider simple connected graphs.
Graphs are connected if for any two nodes i, j ∈ V we can
find a path, i.e., a sequence of adjacent edges, that connects
them. Graphs are simple if they contain neither self-loops
of nodes nor multiple edges between two different nodes.
Finally, we note that our methods easily generalize to discon-
nected graphs.

Graphs can also be represented by their adjacency ma-
trices; for a graph with n = |V | nodes, this would be the
symmetric n × n matrix �G that encodes the edges as

�G(i, j) =
{

1 if (i, j) ∈ E ,

0 otherwise. (1)

When context permits, the subscript will be omitted, and just
� will be written. The ith column ηi of �G indicates node
i’s neighbors, with ηi( j) = 1 if node j is a neighbor, and 0
otherwise. The neighborhood Ni of a node i is the collection
of all other nodes of the graph that share an edge with it:

Ni := { j ∈ V | (i, j) ∈ E}.
In the same way, we define the neighborhood of a set M � V
as the set of nodes adjacent to at least one node in M:

NM := {v ∈ V \ M | ∃ m ∈ M : (v, m) ∈ E}. (2)

In some cases, we are interested in the structure of a set
M ⊂ V of nodes and its neighborhood, but not in the entire
graph G. For that purpose, we define a metagraph GM , which
depends on a given graph G = (V, E ) and a subset of its
nodes M ⊂ V . Such a metagraph consists of two types of
nodes. Type-1 nodes are simply the nodes in M. For every
nonempty subset M ′ ⊆ M, there exists a type-2 node labeled
by that subset between square brackets, i.e., [M ′]. The rules
for connecting the nodes of the metagraph are as follows:
Type-1 nodes are connected to each other if and only if they
are connected in the original graph G. A type-2 node with
label [M ′] is connected to all the type-1 nodes in M that appear
in their label [M ′] if and only if the following condition is
met: There exists at least one node v in the original graph G,
but outside of M such that the intersection of its neighborhood
with M equals M ′. If there is no v with this property, the type-2
node [M ′] remains isolated.

Note that there are never edges between two type-2 nodes
in a metagraph. Finally, we are also ignorant as to how many
nodes in V \ M of the original graph are adjacent to nodes
in M. We formalize this definition as follows, where we de-
note with P (M ) the power set of M, i.e., the set P (M ) =
{N : N ⊆ M} of all subsets of M.

Definition 2 (Metagraph). For a graph G = (V, E ) and a
set M � V , the metagraph of M is defined as the graph GM =
(M ∪ [P (M ) \ ∅], EM ), where each node v of GM is of one of
two types: either v ∈ M or v ∈ P (M ) \ ∅. The edge set EM
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FIG. 1. Graph states are a certain kind of multipartite entangled
states where qubits are represented by nodes of a graph, and the
graphs’ edges represent entangling gates. We are interested in finding
out which graphs correspond to states that share the same entangle-
ment properties, or more precise, if they are equivalent under local
unitary operations. In our methods of determining equivalence an
integer number d can be assigned to every subset of nodes, which
is necessarily the same if the corresponding states have the same
entanglement properties. The subsets highlighted in purple have the
same number d{4,5} for both graphs in the figure, so no conclusion
can be drawn yet. However, the two graphs have different number
d{1,2,3} for the subsets highlighted in red. Thus, the two associated
graph states cannot be equivalent under local unitary operations.

contains all edges of the induced subgraph on M. Further-
more, if in the initial graph G there exists a node v′ ∈ V \ M
such that Nv′ ∩ M = w, the node w ∈ P (M ) \ ∅ is connected
to all nodes v ∈ w. Otherwise, the node w ∈ P (M ) \ ∅ re-
mains isolated.

Let us consider the explicit example in Fig. 2, and specif-
ically the upper right (red) metagraph (b). The metagraph
G{1,2,3} has type-1 nodes M = {1, 2, 3}, as well as type-2

FIG. 2. (a) A graph G = (V, E ) with three different highlighted
sets M, of sizes 2 and 3. (b)–(d) The metagraphs that rise from the
different highlighted sets.

FIG. 3. (a) The star graph, whose corresponding graph state is
equivalent to the |GHZ〉 state. (b) Local operations on the qubits of
the GHZ state result in a different (albeit locally equivalent) graph
state, which is represented by the complete graph.

nodes P (M ) \ ∅ = {{1}, {1, 2}, {1, 2, 3}, . . . }. Between nodes
in M, the metagraph has the same edges as G. Edges between
nodes in M and {{2}, {1, 2}, {1, 2, 3}} can be explained as
follows: There is an edge between node 2 ∈ M and node
{2} ∈ P (M ) since for node 5 ∈ V of the original graph, we
have N5 ∩ M = {2}. We further find edges between nodes
1, 2 ∈ M and node {1, 2} ∈ P (M ) since for node 6 ∈ V of the
original graph, we have N6 ∩ M = {1, 2}. Since N4 ∩ M =
{1, 2, 3}, we also have edges between nodes 1, 2, 3 ∈ M and
node {1, 2, 3} ∈ P (M ).

B. Graph states

Graph states are quantum states composed of multiple
qubits and related to a graph G = (V, E ), where nodes and
edges represent qubits and entangling gates, respectively.

Definition 3. The graph state corresponding to a graph
G = (V, E ) is defined as

|G〉 :=
∏
e∈E

CZe|+〉⊗|V |, (3)

where CZe is a CZ gate, acting on qubits in the edge e.
There is an equivalent definition using stabilizer operators.

For each node i ∈ V we can define a generator

gi := Xi

⊗
j∈Ni

Z j, (4)

where Xi, Yi, and Zi are the Pauli matrices acting on the ith
qubit and Ni is the neighborhood of i. The products of the
generators gi form the stabilizer S (G), a commutative group
with 2n elements. The graph state |G〉 is then defined as the
unique n-qubit +1 eigenstate of all generators gi or simply by

|G〉〈G| = 1

2n

∑
s∈S(G)

s. (5)

A prominent example of a graph state is the Greenberger-
Horne-Zeilinger (GHZ) state [23], used in quantum commu-
nication protocols to establish secret keys [24,25], share quan-
tum secrets [26], and communicate anonymously [27,28]. An
n-qubit GHZ state can be represented by a fully connected
graph or a star graph of n nodes, as shown in Fig. 3. Another
noteworthy example of graph states are cluster states; these
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are represented by gridlike graphs and play an important role
in measurement-based quantum computing [29,30].

In this paper we consider labeled and unlabeled graphs. We
use unlabeled graphs when all permutations of the vertices
are considered equivalent. Labeled graphs are used when we
are interested in a specific assignment of qubit indices where
index permutations in general result in a different state.

C. Equivalence under local operations

In this section, we first define the problem of LU equiva-
lence. We then discuss a well-known subset of local unitaries,
the local Clifford (LC) unitaries, and the equivalence of graph
states under such LC operations. Finally, we emphasize the
distinction between LU (LC) equivalence of graph states with
and without allowing for permutation of qubits, corresponding
to unlabeled and labeled graphs, respectively.

Graph states naturally arise in network scenarios, where
each node in the network represents a single qubit. Since the
nodes are usually spatially distant from each other, studying
the effect of local operations on graph states is of practical
interest.

1. LU equivalence

Local operations can transform one graph state into an-
other, which leads to the question whether two graph states
are equal up to local operations. More specifically, two graph
states |G1〉 and |G2〉 are local unitary or LU equivalent if
and only if |G1〉 = U |G2〉 and the n-qubit unitary operator
U ∈ U (2n) allows a decomposition into a tensor product of
single-qubit operations

U =
n⊗

i=1

Ui | Ui ∈ U (2). (6)

For example, the graph states corresponding to the star
graph and the fully connected graph are local unitary equiv-
alent to the GHZ state in its standard form. For n qubits this
would be

|GHZn〉 = 1√
2

(|0102 . . . 0n〉 + |1112 . . . 1n〉). (7)

For the n-node star graph with the first node as central node
(as shown in Fig. 3), one finds

|Gstar,n〉 = 1√
2

(|01 +2 · · · +n〉 + |11 −2 · · · −n〉). (8)

Applying local, unitary Hadamard gates on all qubits except
the first, we get |GHZn〉. In a similar way, the equivalence with
the fully connected graph can also be shown.

In general, it is hard to decide whether two graph states are
LU equivalent. There exists a constructive algorithm, where
LU equivalence of general states can be decided by solving
a finite set of equations [8]. However, the number of polyno-
mials grows exponentially with the number of qubits n [9]. It
is therefore of interest to find efficient tools that can decide
LU equivalence. In this paper we discuss a necessary but
not sufficient method to determine LU equivalence of graph
states.

2. LC equivalence and local complementation

From the local unitaries we can turn our attention to one
of their subsets. The Clifford group is the normalizer of the
n-qubit Pauli group Pn in the unitary group U (2n):

Cn = {C ∈ U (2n)|CPnC
† = Pn}. (9)

In practice, this means that Clifford unitaries map strings of
Pauli matrices to strings of Pauli matrices.

The Clifford matrices that decompose into single-qubit ten-
sor products form the local Clifford group C l

n. Two graph states
|G1〉 and |G2〉 are local Clifford or LC equivalent if and only if
|G1〉 = C|G2〉 for some C ∈ C l

n. The local Clifford group has
24 elements and is generated by the Hadamard gate H , the
phase gate S, and the Pauli matrix X . As a group with finite
number of elements, it is a proper subgroup of the group of
local unitaries. Remarkably, there is a simple relationship be-
tween local Clifford operations on graph states and so-called
local complementations on their associated graphs [10].

Definition 4. For each node i ∈ V of a graph G = (V, E ),
we can define a locally complemented graph LCi(G) with
adjacency matrix �LCi (G) := �G + �Ni (mod 2), where

�Ni ( j, k) =
{

1 if j, k ∈ Ni, j �= k
0 otherwise. (10)

is the adjacency matrix of the complete graph on the neigh-
borhood Ni of i and empty on all other nodes and �G.

In other words, local complementation “flips” the adja-
cency relations between the neighbors of i: if two nodes in
Ni are connected by an edge in G, they are not connected
in LCi(G), and vice versa. Each LCi operation only affects
the edges in the neighborhood of i; all other edges remain
unchanged.

There is a one-to-one correspondence between the local
complementation orbit of a given graph and the orbit under lo-
cal Clifford operations of the corresponding graph state [10].
The explicit local Clifford operation LCi ∈ C l

n corresponding
to a local complementation is given by

LCi = √−iXi

⊗
j∈Ni

√
iZ j . (11)

An example of local complementation is shown in Fig. 3.
If we perform local complementation on the central node of
the star graph, all other nodes get pairwise connected, which
results in the fully connected graph. Local complementation
in, for example, node 2 of the star graph does not change
the graph. Local complementation on any node i of the fully
connected graph leads to a star graph with node i as the
center. We previously showed that the star graph state is LU
equivalent to the GHZ state in its common form. Applying a
local complementation shows that the fully connected graph
state is LC (and therefore LU) equivalent to the GHZ state as
well.

Note that the effect of an arbitrary local Clifford on a
graph state does not have to result in a graph state again. In
general, the effect of local Cliffords on graph states will result
in different stabilizer states.

Fortunately, every stabilizer state is itself LC equivalent
to some graph state, and such graph states can be found
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efficiently [10]. Since this relation is not unique, we say that a
stabilizer state is LC equivalent to a graph state orbit.

Combining this insight with the efficient algorithm for
determining whether two graphs are in each other’s local
complementation orbit [16] results in an efficient method for
determining whether two stabilizer states are LC equivalent
[17].

It turns out that for unlabeled graphs of up to eight qubits,
LU-equivalent graph states are also LC equivalent [14,18].
In this regime it therefore is sufficient to use the efficient
methods of LC equivalence checking to decide the in principle
hard question of LU equivalence. The hope that the same
applies to graph states with an arbitrary number of qubits was
formulated as the LU-LC conjecture [11]. However, the con-
jecture was falsified by finding counterexamples of 27 node
graphs [12,13]. Therefore, different methods for deciding LU
and LC equivalence of graph states are needed.

3. Distinction between local equivalence of labeled
and unlabeled graphs

As mentioned earlier, we differentiate between labeled and
unlabeled graphs. On the one hand, our definition of LU and
LC equivalence is from a network point of view, where a
labeling of the nodes of the graph corresponds to the qubit
locations of the respective graph state.

On the other hand, previous work in entanglement theory
mostly considered unlabeled graphs [11,14,31], where it is not
relevant whether certain qubits of a graph state are at a fixed
location and have a corresponding label. In other words, com-
paring unlabeled graph states under local operations amounts
to studying so-called entanglement classes. Two graph states
belong to the same entanglement class if there exists an ar-
bitrary permutation of the qubits of the first graph state that
results in a graph state that is in the (LU or LC) orbit of the
second graph state.

In this article, we discuss both cases. An example that
illustrates why both cases should be considered separately is
shown in Fig. 4.

As another example of the difference between the two
cases, consider the 6 unlabeled 4-node connected graphs, and
the 38 labeled 4-node connected graphs. They can either be
(in the case of unlabeled graphs) considered as two separate
entanglement classes, or (in the case of labeled graphs) as four
separate LU orbits. One of these entanglement classes and one
of these orbits are those associated with the GHZ state. The
other entanglement class and three LU orbits are associated
with the linear cluster state and are detailed in Appendix A.

D. Marginal states

In the following section we discuss how structural prop-
erties of graphs are related to properties of reduced density
matrices (i.e., marginals) of graph states,

Definition 5. The marginal state ρM on a proper subset of
nodes M � V is defined as

ρM (G) := TrV \M (|G〉〈G|) = 1

2n

∑
S∈S(G)

TrV \M (S), (12)

where TrV \M is the trace over all systems in V \ M.

FIG. 4. Examples of labeled and unlabeled graphs of four nodes.
(a) In a network scenario, the qubits of a state are distributed among
distant parties and particles cannot be exchanged. Due to the labeling,
the shown graphs are different and the corresponding graph states
cannot be transformed into each other by applying local operations.
(b) If the state is not distributed, it is easy to relabel qubits and
it is interesting whether two states share the same entanglement
properties. The two graphs which both have three edges are equal. It
is interesting to know whether the third graph is LU or LC equivalent
to the others for some labeling.

Since Pauli matrices are traceless, for sufficiently small M
we have TrV \M (S) = 0 in many cases. There are two special
cases where the partial trace of a stabilizer element is not zero.
First, for the trivial stabilizer element 1V ∈ S (G) we have
TrV \M (1V ) = 2|V \M|1M , where the index of 1 indicates the
size of the identity matrix. Second, depending on the choice of
M, there may be stabilizer elements whose nontrivial supports
are contained in M, i.e., all indices of Pauli matrices are
contained in M. In this case, the partial trace of the stabilizer
element is also different from zero.

The reduced stabilizer is the subgroup SM ⊆ S defined

SM := {S ∈ S (G) : TrV \M (S) �= 0} (13)

= {S ∈ S (G) : supp(S) ⊂ M}, (14)

where supp(S), the support of a Pauli operator S, is the collec-
tion of tensor subspaces on which it acts nontrivially. Directly
from the definition, it follows that SM forms a group. Every
element of SM squares to the identity and commutes with any
other element, and therefore the order of the group SM is a
power of 2. Consequently, we can define the following integer
number

dM := log2(|SM |) (15)

as the rank of the group SM , i.e., the minimum number of
elements in a generating set of SM .

SM is an Abelian subgroup of S with at most 2|M| elements.
Therefore, when M is a proper subset of V , we have the
equation

0 � dM < |M|, (16)
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FIG. 5. Example for marginal states on a six-node graph. State
ρ{1,2} is stabilized by S{1,2} = {1, g1}, while ρ{1,2,6} is stabilized by
S{1,2,6} = {1, g1, g2g6, g1g2g6} and ρ{5,6} is stabilized by S{5,6} = {1}.
The stabilizer elements are given by g1 = X1Z2, g2g6 = −Z1Y2Y6, and
g1g2g6 = Y1X2Y6.

where the last inequality is strict because we only consider
connected graphs. This also allows for a straightforward check
of connectedness: dM = |M| if and only if a graph is discon-
nected over the partition M : M ′.

Notice that the group SM defines the respective marginal
state ρM (G). Indeed, by Eq. (12), we have

ρM (G) = 1

2n

∑
S∈SM

TrV \M (S). (17)

Note that the normalization factor is 2n instead of 2|M| because
TrV \M (S) is only an |M|-qubit Pauli operator up to a factor
2n−|M|.

An example for marginal states is given in Fig. 5. Comput-
ing one- and two-body marginals of graph states is discussed
in details in Ref. [32].

III. TOOLS FOR CHARACTERIZING LU EQUIVALENCE

We are interested in which graph states can or cannot be
transformed into other graph states using local unitary oper-
ations. LU-equivalent graph states have in general different
reduced states, but certain properties stay invariant under lo-
cal unitary operations. For example, the number of stabilizer
elements in |SM | or the rank of the reduced state are invariant
under LU transformations. In the following we utilize these in-
variant properties to distinguish between graph states that are
not LU equivalent. We begin by outlining alternative methods
for computing the stabilizer dimension dM .

The stabilizer dimension can be computed from the rank
of the marginal state. Equation (17) allows us to compute
the rank of a marginal state ρM . Indeed, the group structure
of the reduced stabilizer implies that ρ2

M = 2dM

2|M| ρM . It fol-
lows that ρM is a projection operator �M up to a scaling
factor of 2dM−|M|: ρM = 2dM−|M|�M . Note that rank(ρM ) =
rank(�M ) = Tr[�M], where the last equality holds because
�M is a projection operator. Combining these insights, it
follows that

1 = Tr[ρM] = 2dM−|M|rank(ρM ). (18)

This allows us to compute rank(ρM ) in terms of the marginal
dimension dM :

rank(ρM ) = 2|M|−dM . (19)

The rank of a reduced density matrix is invariant under LU
operations, thereby ensuring that the dimension dM also is
invariant under such operations.

Sometimes it will be useful to calculate the marginal di-
mension dM from the adjacency matrix �. Without loss of
generality, we assume that the nodes in M are the first |M|
indices of �; the rest is indexed by M⊥ = V \ M. We can then
write the adjacency matrix in block form:

� =
[

�M,M �M,M⊥

�M⊥,M �M⊥,M⊥

]
, (20)

where �A,B denotes the submatrix of the adjacency matrix �

with rows and columns indexed by subsets A and B, respec-
tively. We can calculate the dimension of dM as follows [6]:

dM = Null(�M⊥,M ) = |M| − rank(�M,M⊥ ), (21)

where Null(A) denotes the nullity of a matrix A, i.e., the
dimension of its kernel, calculated over the binary field.

In order to determine the dimension dM , we can also use the
adjacency matrix �GM of the corresponding metagraph GM .
Indeed, we have

rank(�M,M⊥ ) = rank �
GM
M,P (M ), (22)

where �
GM
M,P (M ) denotes the submatrix of the adjacency matrix

�GM with rows and columns indexed by nodes in M and
columns indexed by subsets of M. This can be easily seen,
as the matrix �

GM
M,P (M ) is obtained from �M,M⊥ by deleting

repetitive columns (see Definition 2).
We conclude this section with outlining the following rela-

tion between the marginal dimension dM and the entanglement
entropy EM (|G〉) with respect to the bipartition M|M⊥:

EM (|G〉) := −Tr(ρM log2 ρM ) = |M| − dM . (23)

From the fact that EM (|G〉) = EM⊥ (|G〉) we get the equality

dM⊥ = dM + |M⊥| − |M|. (24)

A. Characterizing LU orbits by their rank invariants

In this section, we discuss how we can use the mentioned
invariant measures to distinguish between different LU orbits
of graph states. For a given graph G = (V, E ), we denote by

Lk,G
i = {M ⊆ V | |M| = k, dM = i} (25)

the collection of all subsets M ⊆ V of nodes of size |M| =
k such that the corresponding marginal ρM is of dimension
dM = i. Furthermore, for a given value k, we define

lG
k = (∣∣Lk,G

0

∣∣, . . . , ∣∣Lk,G
k

∣∣), (26)

which is a vector of dimensions of sets Lk,G
i for all values 0 �

i � k. Moreover, for any graph G = (V, E ) and number k, 0 �
k � n, we define the k-dimensional tensor

T G
k = (

ti1...ik
)

i1,...,ik∈V
(27)

with entries determined by the dimensions of the correspond-
ing marginals, i.e.,

ti1...ik := d{i1,...,ik}. (28)

Notice that elements i1, . . . , ik are not necessarily pairwise
different, hence, the set M = {i1, . . . , ik} might be of any size
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FIG. 6. The graph on the left and in the middle have the same
two-body marginal dimensions d|M|=2; they also belong to the same
LU orbit [more specifically, they are related by a local complemen-
tation on node 6 (brown), followed by a local complementation on
node 3 (green)]. The graph on the right has certain marginals with
a different dimension from the other two graphs: the highlighted
two-body marginals M1 = {1, 3} and M2 = {2, 3} have dM = 0 for
the right graph, instead of dM = 1 for the other two graphs.

1 � |M| � k. Therefore, T G
k contains the information about

the size of dimensions of all marginal states ρM correspond-
ing to the subsets M ⊆ V of size |M| � k. Notice that for
any k, the tensor T G

k−1 is embedded into the (generalized)
diagonals of T G

k , and that T G
k is supersymmetric, i.e., ti1...ik =

tσ (i1 )...σ (ik ) for any arbitrary permutation σ . Moreover, because
of Eq. (24), any T G

k for k > � n
2� can be directly computed

from T G
n−k .

For distinguishing LU orbits, we have the following
lemma:

Lemma 1. Consider two labeled graphs G = (V, E ) and
G′ = (V, E ′) defined on the same node set V . If the corre-
sponding graph states |G〉 and |G′〉 are LU equivalent, we have

Lk,G
i = Lk,G′

i (29)

for all marginal sizes k ∈ {0, . . . , n} and marginal dimensions
i ∈ {0, . . . , k − 1}. Similarly, we have

T G
k = T G′

k . (30)

Note that Lemma 1 gives only a necessary condition for LU
equivalence, but not a sufficient one. Note further that comput-
ing Lk,G

i for all i ∈ {0, . . . , k − 1} and computing T G
k provides

the same information. When the graphs have a marginal state
with different dimensions, we can conclude they do not belong
to the same LU orbit. The converse is not true: two graphs
with exactly the same marginal ranks are not necessarily LU
equivalent. The smallest counterexample are two graphs of
nine nodes; we refer to Sec. IV for more details.

As an example of the usage of Lemma 1, the left and mid-
dle graphs in Fig. 6 belong to the same LU orbit, and thus have
the same marginal ranks. The right graph is not LU equiv-
alent: the two highlighted marginals have d{1,3} = d{2,3} = 0,
whereas the other two graphs have d{1,3} = d{2,3} = 1.

It can happen that two different orbits give the same
two-body marginal ranks, but that higher-order marginals are
different. In telling apart different LU orbits, it is therefore
sometimes necessary to increase the marginal size. For in-
stance, the dimensions of all the two-body marginals from
both graphs in Fig. 1 are the same. However, some of the
three-body marginals have different dimensions; the left graph
has dM = 1 on the highlighted three-body set, whereas the
right graph (corresponding to the absolutely maximally en-
tangled state of six qubits) has dM = 0 for the same set.

FIG. 7. The unlabeled graphs G (left) and G′ (right) belong
to different entanglement classes. The left graph has lG

2 = [21, 0],
whereas the right graph has lG′

2 = [19, 2]; the two marginals with
d = 1 have been highlighted. Note that purely the inequality lG

2 �= lG′
2

is enough to conclude that G and G′ do not belong to the same
entanglement class.

Lemma 1 is considerably easier to check for labeled
graphs; for unlabeled graphs we additionally need to verify
that we are comparing sets of associated nodes; there are
generally a superexponential number of these. However, there
are ways to relax Lemma 1 so that it becomes more suitable
for unlabeled graphs. We already have that lk is invariant under
permutations of the nodes of the underlying graph, and as such
constant when evaluated over elements in an entanglement
class. However, Tk will generally not be invariant under these
permutations. We first derive a permutation-invariant measure
from the tensor Tk:

Definition 6. Consider a marginal tensor T G
k as defined in

Eq. (27). Let {λ1, . . . , λk} be the (real) eigenvalues of the
Hermitian matrix we get after summing over k − 2 arbitrary
axes of the tensor. Then we define tG

k as the product of nonzero
eigenvalues λi:

tG
k = �λi �=0λi. (31)

Note that the eigenvalues are invariant under permutation of
the marginal tensor T G

k .
We are now ready to state a corollary of Lemma 1

containing two LU-invariant measures that are equal up to
permutations of the nodes, i.e., constant over elements of an
entanglement class.

Corollary 1. Consider two unlabeled graphs G = (V, E )
and G′ = (V, E ′) defined on the same node set V . If the
corresponding graph states |G〉 and |G′〉 are LU equivalent,
we have

lG
k = lG′

k , (32)

tG
k = tG′

k . (33)

Note that condition (32) is easier to check in principle
because it is sufficient to compute all marginal dimensions.
However, checking condition (33) provides stronger results.
Corollary 1 can be used to test if two unlabeled graph states
belong to the same entanglement class. Figure 7 contains two
unlabeled graphs that do not belong to the same entanglement
class: they have a differently valued l2, and thus cannot belong
to the same class.

We now investigate to which extent the knowledge of the
dimensions of the complete set of k-body marginals of a
labeled or unlabeled LU orbit allows to characterize that orbit
(or class). For a given labeled graph state, does its marginal
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TABLE I. For labeled graphs of size n � 3 and marginal size
k � � n

2 �, we compute r(Tk ) and p(Tk ). If r(Tk ) = 1, each LU orbit
uniquely corresponds to a specific Tk , serving as its identifier. Simi-
larly, if p(Tk ) = 0, any two LU-inequivalent graph states will have a
different Tk .

n r(T2) r(T3) r(T4) p(T2) p(T3) p(T4)

3 1 0
4 1 0
5 1 0
6 0.52 1 0.05 0
7 0.13 1 0.12 0
8 0.02 0.88 1 0.22 0.0001 0
9 0.001 0.48 0.999 0.37 0.0004 3e-10

tensor Tk uniquely correspond to its own LU orbit, so that any
graph state from another LU orbit has a different Tk? Similarly,
for an unlabeled graph state, does its (permutation-invariant)
measure lG or tG correspond uniquely to its own entanglement
class?

To test how well the presented invariants perform in distin-
guishing different LU orbits (for Tk) or classes (for lk and tk),
and comparing graphs for equivalence, we introduce two fig-
ures of merit; these can be computed for the aforementioned
invariants, for any graph size n and marginal size k:

(i) The ratio of different invariants, divided by the total
number of LU orbits (for Tk) or entanglement classes (for lk
and tk). We denote this r(Tk ), r(lk ), or r(tk ).

(ii) The probability that, given two random graph states
|G〉 and |G′〉, their invariants are evaluated at the same value,
even though they do not belong to the same LU orbit (for Tk)
or entanglement class (for lk and tk). We denote these p(Tk ),
p(lk ), and p(tk ).

We compute the marginal tensors of a representative
of every LU orbit for k ∈ {2, . . . � n

2�}, up to nine qubits.
Entanglement class representatives are sourced from the
Supplemental Material of [33]; the representatives of the as-
sociated orbits are computed from these by exhaustive search
through all permutations.

Subsequently, we compute the figures of merit r(Tk ) and
p(Tk ). If r(Tk ) = 1, it means that every LU orbit has a unique
tensor Tk to identify it, whereas it is one divided by the number
of orbits when all different LU orbits have the same marginal
tensor Tk . Similarly, if p(Tk ) = 0 it means that two random
LU-inequivalent graph states will always have a different Tk ,
while when p(Tk ) is close to one, it is very likely that the two
graph states will have the same Tk . See Table I for the results.

Similarly to the LU orbits, we compute lk and tk for a
representative of every entanglement class, and compute the
figures of merit r(lk ), r(tk ), p(lk ), and p(tk ). These results are
given in Table II for lk and in Table III for tk .

We see that for labeled graphs, our methods can perfectly
distinguish all LU orbits up to eight qubits, provided that
marginals of a large enough size are used. At the same time,
the number of different invariants versus the number of differ-
ent orbits [i.e., r(Tk )] diverge fast: e.g., r(T2) equals 1 for up
to five qubits, but becomes 0.001 for eight qubits.

For nine qubits and more, the methods provide necessary
but not sufficient criteria. This is a direct consequence of the

TABLE II. The table details the computation of r(lk ) and p(lk )
for unlabeled graphs with sizes n � 3 and marginal sizes k � � n

2 �,
applying prior definitions for r and p. It identifies entanglement
classes using lk as unique markers or distinctions between classes.
The R and P columns show the aggregated ratios r and probabilities
p for class identification.

n r(l2) r(l3) r(l4) R p(l2) p(l3) p(l4) P

3 1 1 0 0
4 1 1 0 0
5 1 1 0 0
6 0.73 0.82 1 0.01 0.01 0
7 0.42 0.85 0.92 0.17 0.03 0.03
8 0.15 0.54 0.56 0.94 0.30 0.05 0.03 0.01
9 0.04 0.34 0.70 0.83 0.44 0.05 0.01 0.01

fact that for nine qubits there are (up to permutations) two
separate orbits that have the exact same marginal structure.

Comparing the marginal structure allows us to identify
counterexample candidates for the LU-LC conjecture. While
there are 440 classes of unlabeled 9-node graphs, our method
filters out 2 different classes, which are not LC equivalent
but might be LU equivalent. These classes are discussed in
more detail in Sec. IV, where it is proven that for up to 10
qubits they are in fact LU inequivalent in addition to being
LC inequivalent.

Turning to the second figure of merit (i.e., the right side of
Table I), we also see that for up to eight qubits there is always
a marginal size such that the probability of a false positive
becomes zero. This is a direct consequence of the left side of
the table, more specifically that r(Tk ) can equal 1 for all these
cases. Here, a false positive is the case that two (randomly
chosen) graphs are identified as belonging to the same orbit,
without that being the case. The results differ, however, when
the ratios and probabilities are not zero. For instance, for
seven qubits r(T2) is only 0.13, but still there is only a 12%
probability that two random but non-LU-equivalent graphs
have the same T2. This disparity is explained by the fact that
the orbits differ in size: the smallest orbit is the GHZ orbit
with eight graphs, of which two elements are shown in Fig. 3.
The largest orbit, of which there are 105 permutational copies,

TABLE III. The table calculates r(tk ) and p(tk ) for unlabeled
graphs of size n � 3 with marginal size k � � n

2 �, leveraging earlier
definitions for r and p. It distinguishes entanglement classes using
eigenvalues tk as unique identifiers or indicators of different classes.
Columns R and P present combined ratios r and probabilities p for
class identification.

n r(t2) r(t3) r(t4) R p(t2) p(t3) p(t4) P

3 1 1 0 0
4 1 1 0 0
5 1 1 0 0
6 0.73 1 1 0.01 0 0
7 0.46 1 1 0.16 0 0
8 0.19 0.89 1 1 0.30 0.0001 0 0
9 0.06 0.73 0.998 0.998 0.44 0.01 1e-06 1e-06
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contains 1096 graphs. This effect seems to get stronger with
larger graphs. For nine qubits, the number of different T2’s is
only 0.1% of the total number of orbits. Still, the probability
of a false positive is less than half. Similarly, r(T3) is roughly
half, but the chance of a false positive is negligible.

For unlabeled graphs (i.e., entanglement classes) we see
a similar behavior. First considering lk , we see similar scaling
as for labeled graphs: the number of different invariants versus
the number of different classes diverge fast, and the probabil-
ities for a false positive increase slower. Only classes up to
six qubits can be perfectly distinguished, which is less than
for the orbits. Nevertheless, the same behavior as for labeled
graphs is obtained when considering tk instead: here, again
all classes up to and including eight qubits can be perfectly
distinguished.

There is one surprising property that exists when com-
paring lists (lk). We note that the reliability of our methods
increases, if we consider lists of several marginal set sizes k
together at the same time. For example, for eight-node graphs,
the ratio rk is below 60% for each k equal to 2, 3, and 4.
However, combining all three lists gives a ratio of 94%. One
reason is that the information given in a list lk can only be
partly estimated by a list of higher k′ > k. This behavior
is not apparent in Tk (and by extension tk) because Tk−1 is
“embedded” into the (higher-dimensional) diagonal of Tk .

B. Characterizing LU orbits by their graph structures

A visual tool to distinguish graph states are metagraphs.
We can directly derive the set SM of a marginal set M from its
metagraph. We can further group metagraphs into metaorbits
to see which graph structures transform into each other. In this
section we discuss how to derive SM for general sets M. We
further present the metagraph orbits of sets of size two and
three and discuss how our observations are connected to the
results of the previous section.

1. Computing the marginal dimension graphically

A metagraph of a set M = {1, 2} has three type-2 nodes:
P ({1, 2}) \ ∅ = {{1}, {2}, {1, 2}}. The marginal ρM can at
most get stabilized by 1, g1, g2, and g1g2 since all other sta-
bilizer elements g j for j /∈ M vanish in the partial trace. We
determine which of the stabilizer elements do not vanish from
the nonempty neighbor sets. The stabilizer element g1 does
not vanish if the type-2 nodes [1] and [1,2] are not connected
to type-1 nodes in M. This is the only case where g1 has
support on M and no support outside, that is, g1 = X1Z2. An
equivalent argumentation can be done for g2. The stabilizer el-
ement g1g2 does not vanish if the type-2 nodes [1] and [2] are
not connected to type-1 nodes in M. Depending on whether
type-1 nodes 1 and 2 are connected or not, g1g2 is given
by Y1Y2 or X1X2, respectively, which has support on M. The
case of two node sets was already discussed in Ref. [32]. An
example is shown in Fig. 2(d) where the lower right (yellow)
metagraph has [5,7] as only type-2 node connected to type-1
nodes in M = {5, 7}. This indicates that the marginal ρ{5,7} is
stabilized by S{5,7} = {1, g5g7}. It follows that d{5,7} = 1.

This concept can get generalized to an arbitrary set M. The
marginal state ρM can in principle get stabilized by stabilizer
elements {gL | L ⊆ M}, where gL := ∏

i∈L gi. A stabilizer

FIG. 8. Example of new structures detected by marginals. (a) We
have S{1,2,3} = {1, g2}, while SN�{1,2,3} = {1} for all proper subsets
N . Therefore, we can detect this structure with three-marginals, but
not with two-marginals. (b) We have S{1,2,3} = {1, g1g2g3}, while
SN�{1,2,3} = {1} for all proper subsets N . Also, here we can de-
tect this structure with three-marginals, but not with two-marginals.
(c) We have S{1,2,3,4} = {1, g1, g4, g1g4}, S{1,4} = {1, g1g4} and
SN�{1,2,3,4} = {1} for all other proper subsets N . Therefore, we can
detect some details of the structure with four-marginals, but not with
lower number marginals.

element gL has support on M if and only if all type-2 nodes
which are connected to M are either connected to an even
number of type-1 nodes in L or are not connected to nodes
in L. That is gL is in SM if and only if all type-2 nodes
w ∈ P (M )k�0 for which |w ∩ L| is an odd number are not
connected to type-1 nodes in M. Note that a similar definition
was given in Ref. [34].

For example, the metagraph in Fig. 8(b) has two type-
2 nodes {[1, 2], [2, 3]} connected to the set M = {1, 2, 3}.
This graph gets stabilized by gL={1,2,3} = g1g2g3 since
|{1, 2} ∩ {1, 2, 3}| = |{2, 3} ∩ {1, 2, 3}| = 2. All other subsets
L ⊆ M, which are not the empty set have an odd number of
elements in the intersection with {1, 2} or {2, 3} and therefore
there are no other stabilizers than 1.

An alternative definition of the stabilizer set [already de-
fined in Eqs. (13) and (14)] is given by

SM :=
{

gL⊆M

∣∣∣∣∀ w ∈ P (M )k�0 connected to M :
|L ∩ w| is even

}
. (34)

Therefore, we can reproduce the results discussed in the pre-
vious chapter from metagraphs.

2. Marginal orbits

A deeper look into graph structures can be taken by con-
sidering marginal orbits.

Definition 7 (Marginal orbit). Two metagraphs GM and
G′

M belong to the same marginal orbit, if there are LU-
equivalent graphs G and G′ and a set M such that GM and
G′

M are their marginal graphs.
Note that a marginal orbit is less restrictive than a graph

orbit. Two LU-inequivalent graphs might have the same meta-
graph.

Corollary 2. Consider two graphs G = (V, E ) and
G′ = (V, E ′) defined on the same node set V . If the
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corresponding graph states |G〉 and |G′〉 are LU equivalent,
all pairs of metagraphs belong to the same marginal orbit.

Marginal orbits of two node sets as well as clustering
of two node sets with certain properties were discussed in
Ref. [22] (in this reference, it was called the foliage partition).
It was shown that metagraphs of sets M of two nodes and
dM = 1 belong to the same marginal orbit. It was further
shown that metagraphs of general sets M and dN = 1 for all
N ⊆ M, |N | = 2, belong to the same marginal orbit.

While the metaorbit of two-node metagraph states GM can
be decided by computing dM , this is not the case in general.
For example, for |M| = 3, dM can be 0, 1, or 2, but there are
more than three orbits. We can have dM = 1 in two cases:
either because we found a two-marginal and added one node,
that is dN = 1 for one N � M, or because we found a new
structure, that is dN = 0 for all N � M. The two cases clearly
belong to different marginal orbits. Also, we can have dM = 2
in two cases: either because we found a two-marginal and a
new structure in three nodes, that is dN = 1 for one N � M, or
because all subsets of two nodes have an interesting structure,
that is dN = 1 for all N � M. Also here the two cases clearly
belong to different marginal orbits.

We can determine whether dM > 0 indicates a new struc-
ture on the whole set M or whether all structures were already
detected in subsets of M by comparing stabilizers. We find
something new, if and only if the following relation holds:

|SM | >

∣∣∣∣∣
〈 ⋃

N�M

SN

〉∣∣∣∣∣, (35)

where 〈S〉 denotes the group generated by elements in S . In
the case |M| = 3, an equivalent condition is given by

dM >
∑

N⊂M,|N |=2

dN . (36)

In Fig. 8 there appear examples of structures which fulfill this
condition.

An observation about Eq. (35) is stated in the follow-
ing lemma. It is closely related to Lemma 1 from [11] and
mostly follows from it. For completeness we still give a self-
contained proof.

Lemma 2. For any set M, the relation between the di-
mensions of a stabilizer set of a marginal state ρM and its
submarginals obey the following relation:

|SM | = 2�

∣∣∣∣∣
〈 ⋃

N�M

SN

〉∣∣∣∣∣, (37)

where � ∈ {0, 1, 2}. Furthermore, if Eq. (37) is satisfied for
� = 2, then the size of M is an even number, 〈⋃N�M SN 〉 =
{I} and it holds that |SM | = 4.

Appendix B contains a proof of the statement. Notice that
this relation was recently observed in Ref. [34] for the special
case when |〈⋃N�M SN 〉| = 1.

A straightforward partition into orbits can be done by com-
puting the stabilizer dimension of the set M and all subsets. A
finer partition might be found numerically. Interestingly, for
three-node metagraphs the finest numerical partition coincides
with the partition found by stabilizer dimensions. We might
see a finer partition for larger sets.

FIG. 9. Two nine-qubit graph states L (left) and R (right) that
are not LU equivalent. The marginals ρ{1,2,3,5} and ρ{1,4,5,7} are high-
lighted in blue and orange, respectively.

IV. DISTINGUISHING LU ORBITS BEYOND THE TOOL
OF MARGINAL DIMENSIONS

Our methods can distinguish LU orbits and classes of
graphs with up to eight nodes. The first example where all
signatures are identical but the graphs are not LU equivalent
are two classes of graphs with nine nodes. Representatives of
these are shown in Fig. 9. The Bouchet algorithm shows that
these two graphs are not LC equivalent [16]. In the following
lemma we show that they are not LU equivalent either.

Lemma 3. The graphs L and R are not LU equivalent.
Proof. Let us compare the stabilizer of marginal ρ{1,2,3,5}

for both L and R. We find them to be stabilized by

SL
{1,2,3,5} = {

1, gL
2

} = {1, Z1X2Z3Z5}, (38)

SR
{1,2,3,5} = {

1, gR
1gR

2gR
3gR

5

} = {1,−Y1Y2Y3Y5}, (39)

for L and R, respectively; the last equality holds since
XZ = −iY .

Assume now that there exists a local unitary operation U =
U1U2U3 . . .Un such that U |L〉 = |R〉. Notice that

U1U2U3U5 ρL
{1,2,3,5} U †

1 U †
2 U †

3 U †
5 = ρR

{1,2,3,5},

and by Eq. (17) and comparing Eqs. (38) and (39), we then
know that U1ZU †

1 = Y up to a phase. On the other hand, for
the stabilizer of the marginal ρ{1,4,5,7} we find

SL
{1,4,5,7} = {

1, gL
4

} = {1, Z1X4Z5Z7},
SR

{1,4,5,7} = {
1, gR

4

} = {1, Z1X4Z5Z7}.

Hence, U1ZU †
1 = Z up to a phase. This is a contradiction to

U1ZU †
1 = Y up to a phase. �

We have found other examples of graphs that have the
same signatures but are not LC-equivalent e.g. those shown
in Fig. 10. Notably, the example in that figure shows that
elements from different LU-orbits but the same LU-class can
have the exact same marginal structure. These are potential
candidates for counterexamples to the LC-LU conjecture with
a relatively low number of qubits. However, checking all
equivalence classes of isomorphic LC orbits, there are no
other examples of 9 nodes, and all examples of 10 nodes
can be shown to be LU inequivalent using the method de-
scribed in this section. Thereby, we increased the bound for
the maximum number of nodes for which the LU equivalence
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FIG. 10. The graph on the left, known as the Peterson graph,
and the graph on the right have the same Tk for all k. The graphs
are related by permutation of the “inner” and “outer” nodes, so they
belong to the same class. However, they do not belong to the same
LC orbit.

of unlabeled graphs is identical to the LC equivalence from 8
to 10.

V. TOOLS FOR CHARACTERIZING LC ORBITS:
CONDENSED GRAPHS

With the tools introduced in the previous section, we can
detect many structures in graphs. However, due to limits in
computational power, we are restricted to certain marginal
orders. In this section we discuss how to condense graphs such
that we can detect some of the structures with marginals of
lower order. Condensed graphs were introduced in Ref. [22]
as foliage graphs together with a specific condensation rule.
Reference [35] showed that the condensation rule can get re-
laxed for labeled graphs. After discussing the previous results,
we present a generalization of condensing graphs for labeled
and unlabeled graphs. It should be stressed that the tools
derived in this section can only prove inequivalence under LC
operations, and not under more general LU operations.

By a condensed graph, we mean a graph where we combine
a set of nodes of the initial graph into one node. The adjacency
between the new node and the rest of the graph is derived by
the adjacency of the set of nodes that got condensed into one
node and the rest of the graph. We define a condensed graph
as follows:

Definition 8. Consider a graph G = (V, E ) and a set
C ⊆ V . The condensed graph GC = (VC, EC ) consists of the
node set VC = {c} ∪ (V \ C) and edge set EC defined in the
following way: (i, j) ∈ EC if either i, j ∈ V \ C and (i, j) ∈
E , or j = c and there exists s ∈ C such that (i, s) ∈ E .

The definition of a condensed graph with respect to multi-
ple sets C = {C} can be formulated analogously. Some choices
of condensation sets C preserve LC equivalence of graphs:

Lemma 4. Consider two graphs G and G′ and a two-node
condensation set C such that dC = 1. If G and G′ are LC
equivalent, it follows that Gc and G′

c are LC equivalent.
Recall that dC is the marginal dimension of the marginal

set C as defined in Eq. (15). This statement was proven for
the special case C = {C|dC = 1} in Ref. [22] and for general
two-node sets in Ref. [35]. Note that we can use the negated
statement to exclude LC equivalence: If the condensed graphs
Gc and G′

c are LC inequivalent, also the initial graphs G and
G′ are LC inequivalent.

While on labeled graphs, the condensation can be done
on specific sets, for unlabeled graphs it is challenging to find

FIG. 11. (a), (b) Two 12-node graphs which have all marginal
dimensions of two and three node sets equal, that is, L2,G

i = L2,G′
i

and L3,G
i = L3,G′

i for all i < 2 and 3, respectively. (c), (d) After
condensation of sets {1, 12} and {3, 4, 5, 6, 7}, we see that the con-
densed seven-node graphs differ by their marginal dimension d2,c2 .
Therefore, the two initial graphs are not LC equivalent.

the same sets on two nodes. Therefore, one has to find extra
conditions like condensing all sets with a certain property.
Practical properties can be “all sets C of size two and dC = 1,”
as in [22] or “all sets C of size two and dC = 1 which belong
to a cluster of size k.” An example is shown in Fig. 11.

We show that the condensation sets can be chosen more
generally.

Lemma 5. Given two graphs G and G′ and a condensation
set C such that dC = |C| − 1. If G and G′ are LC equivalent,
it follows that Gc and G′

c are LC equivalent.
Note that Lemma 4 is a special case of Lemma 5, where

|C| = 2. In the following we present a proof idea. For the
complete proof, see Appendix C.

Proof idea. We first show that every set C with dC =
|C| − 1 has exactly one neighborhood. That is, there is a
neighborhood NC of nodes connected to nodes in C such that
C can be composed into two disjoint sets of isolated nodes CI

and nodes which are connected to the neighborhood CN such
that for all i ∈ CN and all n ∈ NC we have that (i, n) ∈ E . We
then show that for two graphs which are LC equivalent, also
the condensed graphs are LC equivalent.

There might be further conditions for condensation graphs,
which we present in the following conjecture.

Conjecture 1. Given two graphs G and G′ and a conden-
sation set C such that each node in C is connected to at most
one node in the neighborhood in V \ C. If G and G′ are LC
equivalent, it follows that Gc and G′

c are LC equivalent.
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It would be interesting to find more condensation rules.
In Appendix C we show a list of some trials together with
counterexamples which show that they do not work.

VI. COMPUTATIONAL COMPLEXITY

In this section we compare the presented methods to ex-
isting algorithms and discuss their computational complexity.
Note that we compute the complexity of the algorithms we
used, which is in general an upper bound to the complexity of
the best algorithm.

It is possible to decide LU equivalence by solving a finite
set of polynomial equations [9,36]. However, there is no ef-
ficient algorithm known. The Bouchet algorithm which can
be used to determine LC equivalence of two graphs has a
computational complexity of O(n4). Deciding pairwise LC
equivalence using Bouchet’s algorithm scales quadratically
in the number of graphs. The presented methods to decide
LU equivalence scale linearly in the number of graphs. The
complexity of our methods for k � 2 is upper bounded by
O(k

3
2 −knk+1). However, for graphs of nine or more nodes, our

methods are only approximations.
In Sec. III, we presented the marginal dimension dM of a

subset of nodes M. Although calculating any marginal state of
an arbitrary quantum state takes exponentially many steps, the
complexity to compute dM for a given set |M| = k on a graph
of n nodes is O[(n − k)k2]. There are

(n
k

)
subsets M ⊆ V of

size k, so by using the Stirling approximation we find that the
complexity to compute dM for all subsets |M| = k on a graph
of n nodes is O(k

3
2 −knk+1).

In Sec. III A, we introduced the measures Lk,G
i , lG

k , and T G
k .

Their computational complexity is the same as computing dM

for all subsets |M| = k. For the measure tk , additionally the
eigenvalues of an n × n Hermitian matrix need to be com-
puted, which in practice take O(n3). Therefore, to calculate tk
given T G

k takes O(n3), while calculating tk without T G
k takes

O(n3) for k = 1 and O(k
3
2 −knk+1) for k � 2.

In Sec. V, we discussed graph condensation. For the con-
densation rule given in Lemma 5, we computed the marginal
dimensions dM of all sets M of a certain size k � 2. Then, we
condense the graph, which can be done with a loop over the
adjacency matrix in O(n2) steps. Therefore, also for conden-

sation, the complexity is O(k
3
2 −knk+1). Note that condensed

graphs have fewer nodes and are therefore computation-
ally easier to compare. Condensed graphs can get compared
using the other methods presented in this paper or get further
condensed.

In practice, different methods should be combined. To de-
cide LU equivalence of two graphs, given the complexity of
the methods, it is reasonable to first test for LC equivalence
using the Bouchet algorithm. If the graphs are LC equivalent,
LU equivalence follows immediately. If the graphs are not
LC equivalent, LU equivalence can be tested by computing
marginal dimensions. Only if the graphs are not LC equiv-
alent and LU equivalence cannot be excluded by comparing
the marginal dimension, more advanced techniques have to
be applied. Options are graph condensation as introduced
in Sec. V, comparing stabilizer operators as discussed in
Sec. IV, or solving the set of polynomial equations from
Ref. [8]. For deciding LU equivalence of a sufficiently large
set of graphs, it is, however, recommendable to first com-
pute the marginal dimensions of all graphs and test for
LC equivalence only if LU equivalence cannot be excluded.
This is due to the fact that our methods scale linearly
in the number of graphs while Bouchet’s algorithm scales
quadratically.

VII. SUMMARY AND OUTLOOK

This paper aims at advancing the understanding of the
relationship between the marginal state properties and the LU
equivalence of graph states. For that, we introduced an invari-
ant under local unitaries related to the entanglement entropy.
We showed how the invariant can be computed in several
ways: from the adjacency matrix, the rank of marginal states,
stabilizer properties, and also from geometric graph proper-
ties. We then demonstrated how it can be used to distinguish
LU orbits of graph states.

We have shown that the methods to distinguish LU orbits
work perfectly up to 8 qubits. There exist graphs of 9 or
10 qubits for which our methods fail to distinguish graphs,
even though they are known to be in different LC orbits. For
unlabeled graphs, we have shown their LU inequivalence by
another method, concluding that up to 10 qubits no graphs

FIG. 12. The three separate LU orbits associated with the four-qubit labeled linear cluster state. Each row depicts a distinct LU orbit, which
is the collection of graph states that can be obtained by local unitary operations. Note that this includes the graph states that are associated with
those graphs that are obtained after a permutation of the nodes of the original graph. Not all permutations lead to graph states that are in the
same LU orbit.
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from different isomorphic LC orbits are LU equivalent. It was
previously known that there are no counterexamples to the
LU-LC conjecture for unlabeled graph states of 8 qubits or
smaller [14]. Our computations prove the LU-LC conjecture
holds at least up to 10 qubits for unlabeled graphs. Further-
more, we found out that the bound of 8 is true for labeled
graphs, which were not considered previously, as well. Most
likely the LU-LC conjecture is even true up to 10 qubits in the
labeled graphs, as the only possible counterexamples of that
size would have to be isomorphic but LC inequivalent, which
is extremely unlikely.

Based on our results, it is both possible to distinguish graph
state orbits by computer-implemented algorithms and (often)
intuitively by visual inspection of their graphs. We further
showed how the problem of deciding LC equivalence can
be mapped to condensed graphs with fewer nodes than the
original graphs.

The methods that we have presented make use of the con-
cept of tensors T G

k . However, it is worth mentioning some
alternative concepts such as the sector length [37] and cut rank
[38,39] of a graph.

Further research could focus on gaining a better under-
standing of marginal orbits, particularly in terms of their
advantages over computing marginal dimensions of sets with
more than three nodes. Additionally, it would be interesting to
discover more general condensation rules.

In this paper, we restricted ourselves to local operations
being unitary. In general, local operations may include both
unitary operations and measurements. Although the problem
is addressed in several works [40–44], the structural relation-
ship between which orbits of states can be transformed into
which other orbits of states is not yet well understood. It
would be interesting to investigate whether our methods can
be extended to this more general case.
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APPENDIX A: ORBITS OF LABELED
AND UNLABELED GRAPHS

To illustrate the differences between labeled and unlabeled
graphs, we present the four-qubit linear cluster state |L1234〉,

shown in the upper left corner of Fig. 12, as an example. For
denoting line graphs, we use the notation L1234, where the
index indicates the order of labels in the graph. That is, L1234

is a four-node graph with edge set {(1, 2), (2, 3), (3, 4)}. In
total, there are 33 different graphs that are associated with
the line graph through local complementations and permu-
tations of the nodes shown in Fig. 12. Indeed, there are 12
distinct permutations of the line graph, and 21 other connected
four-qubit graphs that can be obtained by a series of local
complementations on at least one of these 12 distinct permu-
tations. Depending on whether the graphs are considered as
labeled or unlabeled graphs, they can be grouped differently
into LU orbits. The two different groupings are shown in
Figs. 12 and 13 and described in detail below.

When the 33 graphs are considered as labeled graphs, they
fall into three distinct sets of LU orbits, shown in Fig. 12.
We note that certain permutations of the line graph, although
distinct graphs, can be obtained from the graph L1234 by local
complementations. Indeed, consider the graph L1243, shown
on the seventh position of the first row in Fig. 12. The graph
L1243 is related to L1234 by a local complementation on node 4
followed by a local complementation on node 3, showing that
the two associated graph states are in each others LU orbit.

Not all permutations of L1243 fall into its associated LU
orbit. Indeed, the graph state |L1432〉 is not LU equivalent to
|L1243〉. This follows, e.g., from the fact that the LU-invariant
stabilizer dimension d{1,2}, defined in Eq. (15), is not the same
for the two states. Hence, the graph state |L1432〉 gives rise to
its own LU orbit, which is equally large as the LU orbit of
|L1234〉 (a fact that follows from a symmetry argument). This
results in three separate LU orbits, that each contain some
permutations of the linear cluster state |L1234〉. These three LU
orbits of labeled graphs are shown in Fig. 12.

When the graphs are considered as unlabeled, there are
effectively only four distinct graphs left out of the 33. These
four graphs together form the LU orbit of the unlabeled linear
cluster state, and are shown on the left in Fig. 13. With each
of these graphs there are a selection of the other 29 graphs
associated; those that are associated with the same graph are
grouped together in the same figure.

APPENDIX B: PROOF OF LEMMA 2

In this Appendix we prove Lemma 2, which establishes
the following relation between the stabilizer set of a marginal
state ρM and its submarginals:

|SM | = 2�

∣∣∣∣∣
〈 ⋃

N�M

SN

〉∣∣∣∣∣, (B1)

where � ∈ {0, 1, 2}. Furthermore, if Eq. (B1) is satisfied for
� = 2, then the size of M is an even number and we have
|SM | = 4.

Proof of Lemma 2. Notice that both sets 〈⋃N�M SN 〉 and
SM are subgroups of the Pauli group and hence their order
is a power of 2. Moreover, 〈⋃N�M SN 〉 is a subgroup of SM ,
hence, |SM | = 2�|〈⋃N�M SN 〉| for some natural number � ∈
N0. We show in Fig. 14 by example that � can take all values
in {0, 1, 2}. We first show that � � 3 is not possible in general.
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FIG. 13. The orbit of the unlabeled line graph consists of only four graphs, shown in color on the left. Each of these unlabeled graphs has
several other graphs associated with it, which are the permutations of the unlabeled graph and are therefore counted as the same. Note that
each of the 33 labeled graphs from Fig. 12 can be identified with either one of the four unlabeled colored graphs on the left, or one of the 29
permutations in the gray boxes.

We continue by proving conditions on M and SM for � = 2.
We proof all statements by contradiction.

We now show that � � 3 is impossible in general. First,
assume � � 1. Therefore, there is a Pauli string σ1 ∈ SM for
which σ1 �∈ 〈⋃N�M SN 〉 and thus σ1 has full support on the
marginal M. The set σ1〈

⋃
N�M SN 〉 forms a coset of the

subgroup 〈⋃N�M SN 〉 ∈ SM . Now assume that � � 2. This
implies the existence of some Pauli string σ2 ∈ SM that is
neither contained in 〈⋃N�M SN 〉 nor in σ1〈

⋃
N�M SN 〉 (i.e.,

the coset of σ1). In particular, this implies the following: First,

FIG. 14. A graph with subsets M such that � in Eq. (B1) takes
values 0, 1, and 2. We can find many sets M0 for which � = 0, for
example, M0 = {5, 6} for which both sides of Eq. (B1) are equal to
1. The set Meven

1 = {1, 8} has a stabilizer of two elements. All proper
subsets of Meven

1 have only one stabilizer element which is the iden-
tity and therefore we get � = 1. For Modd

1 = {1, 2, 8} we get � = 1
as well since the stabilizers S{1,2,8} = {1, X1Z8, −Z1Y2Y8, −Y1Y2X8},
S{1,8} = {1, X1Z8}, and SN = {1} for all other proper subsets N �
Modd

1 . An example where � = 2 is shown on the marginal set M2 =
{3, 4, 6, 7}. We have S{3,4,6,7} = {1, X3Z4Z6X7, Z3X4X6Z7,Y3Y4Y6Y7}
and SN = {1} for all subsets N � M2.

let σ1 = ⊗
i∈V Pi and σ2 = ⊗

i∈V Qi for Pi, Qi ∈ {X,Y, Z}.
The above implies that Qi �= Pi for every i ∈ V , for other-
wise we would have σ1σ2 ∈ SN for some N � M, which is a
contradiction.

Finally, assume � � 3. By the same reasoning as before,
this implies the existence of a Pauli string σ3 ∈ SM that is
not in the sets 〈⋃N�M SN 〉 ∈ SM , σ1〈

⋃
N�M SN 〉 ∈ SM , or

σ2〈
⋃

N�M SN 〉 ∈ SM . Similarly as before, σ3 has full support
on M and has to be different from σ1 and σ2 on every position.
Because of product relations of Pauli matrices, it follows that
σ3 = ±σ1σ2, which is in contradiction with the assumption
that σ1, σ2, and σ3 are independent. Therefore, � = 3 is not
possible.

We continue by showing that if |M| is odd, we cannot
have � = 2. We see that because of commutation relations
of the Paulis, if |M| is odd, we have σ1σ2 = −σ2σ1 which
contradicts the Abelian structure of SM . Therefore, for odd
sets M, we cannot find different stabilizers σ1 and σ2 with full
support on M and therefore � = 2 is not possible.

We finally show that if � = 2, we have 〈⋃N�M SN 〉 = {1}.
Suppose that there exists an element τ ∈ 〈⋃N�M SN 〉 where
τ �= I . As stated before, when � = 2 there exist elements
σ1, σ2, and σ3 = σ1σ2 that have all different Pauli operators
on all nodes. Since τ �= I , there is at least one node on which
τ has nontrivial support. But then, at least τσ1, τσ2, or τσ3

does not have full support; without loss of generality assume
this is so for τσ1. However, then τ and τσ1 are both in
〈⋃N�M SN 〉, which is in direct contradiction with the fact that
σ1 = τ 2σ1 �∈ 〈⋃N�M SN 〉. Therefore, no such τ can exist and
it must be that 〈⋃N�M SN 〉 = {1}. �

APPENDIX C: CONDENSATION RULES

1. Proof of Lemma 5

In this Appendix, we prove Lemma 5 which states that
given two graphs G and G′ and a condensation set C such that
dC = |C| − 1 then, if G and G′ are LC equivalent, it follows
that Gc and G′

c are LC equivalent. We first introduce notation.
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Consider a graph G = (V, E ) and a set C � V such that
dC = |C| − 1. We earlier defined the neighborhood of a set
NC as the set of nodes adjacent to nodes in C. In Definition 2,
we defined metagraphs. For a graph G and a set C, we defined
the metagraph GC which has two types of nodes. Type-1 nodes
are those from set C, while type-2 nodes represent some nodes
outside of C and tell whether they are connected to a certain
subset B of C. Here, we are interested in the set of nodes in
V \ C which get represented by type-2 nodes. We denote this
set N̂B and define it such that all nodes in B ∈ P (C) \ ∅ are
adjacent with all nodes in N̂B and B is the largest subset of C
for which this is true:

N̂B :=
{
v ∈ V \ C

∣∣∣∣ ∀ b ∈ B : (v, b) ∈ E and
∀ c ∈ C \ B : (v, c) /∈ E

}
. (C1)

We call such subset of the complete neighborhood a neighbor
set of B. By definition, we have

NC =
⋃̇

B∈P (C)\∅N̂B. (C2)

Note that for most B ⊆ C, N̂B = ∅. We count how many
sets N̂B are nonempty and call this number the amount of
nonempty neighborhoods of C.

The proof is divided into two parts. (i) We first show that
every set C with dC = |C| − 1 has exactly one nonempty
neighborhood. That is, there is a B ⊆ C, B �= ∅, such that
NC = N̂B if and only if dC = |C| − 1. (ii) We then show that
for two graphs which are LC equivalent also the condensed
graphs are LC equivalent.

Proof. (i) ∃ B ⊆ C, B �= ∅: NC = N̂B ⇔ dC = |C| − 1.
⇒ Consider a set C ⊆ V with a neighborhood NC and a set

B ⊆ C with B �= ∅ such that N̂B = NC . We count the number
of elements in the stabilizer set SC and compute dC from this
number. The stabilizer set is a subset of the set generated by
all generators gi for i ∈ C:

SC ⊆ 〈{gi | i ∈ C}〉, (C3)

and therefore the number of elements in SC is upper bounded
by 2|C|.

Consider the case where B = {b}, that is, B contains only
one element. We have that trV \B(gc) = gc for all c ∈ C \
B. Therefore, 〈gc | c ∈ C \ B〉 ⊆ SC and therefore SC has at
least 2|C|−1 elements. Further, we have trV \B(gb) = 0 and
therefore gb /∈ SC . Also all products containing gb are not
in Sb, which are 2|C|−1 terms. Therefore, SC has at most
2|C| − 2|C|−1 = 2|C|−1 elements. It follows that SC has exactly
2|C|−1 elements, which corresponds to dC = |C| − 1.

For |B| > 1 a similar argumentation can be made. We
have that trV \B(gc) = gc for all c ∈ C \ B, which are |C| − |B|
elements. Also, gbgb′ ∈ SC for all b, b′ ∈ B, b �= b′, which
are |B| − 1 (algebraically) independent elements. Therefore,
SC has at least 2(|C|−|B|)+(|B|−1) = 2|C|−1 elements. Further,
all products of generators which contain an odd number of
generators gb, b ∈ B are not in SC . These are 2|C|−1 elements.
Therefore, SC contains exactly 2|C|−1 elements, which corre-
sponds to dC = |C| − 1.

⇐ Proof by contradiction. Assume that C has more
than one nonempty neighborhood. That is, there are two
sets B1, B2 ∈ C, both not empty and B1 �= B2 which have a
nonempty neighborhood: N̂B1 ∪̇N̂B2 ⊆ NC . This is the case if

C has at least two nonempty neighborhoods. There are three
relevant relations between B1 and B2. We show that in all cases
dC < |C| − 1.

(1) B1 ∩ B2 = ∅: All products of stabilizer elements which
contain odd numbers of generators gb, b ∈ B1 are not in SC ,
which are 2|C|−1 elements. There is at least one more product
of generators which contains an odd number of generators
gb, b ∈ B2. Therefore, |SC | � 2|C|−1 − 1 and therefore dC <

|C| − 1.
(2) B1 � B2: (B2 � B1 equivalent.) Same argumentation

as in (a) for the disjoint sets B1 and B2 \ B1.
(3) B1 ∩ B2 �= ∅, B1 � B2, B2 � B1: Same argumentation

as in (a) for the disjoint sets B1 \ B2 and B2 \ B1.
Therefore, if C has more than one nonempty neighborhood,

we have dC < |C| − 1. It follows that it is equivalent that C
has exactly one nonempty neighborhood and dC = |C| − 1.

(ii) We show that for two graphs G and G′ which are
LC equivalent the condensed graphs GC and G′

C are also
equivalent where C is chosen such that dC = |C| − 1. Without
loss of generality we assume that there is a j ∈ V such that
G′ = LC j (G), otherwise the argumentation has to be applied
multiple times. We divide the node set V into four disjoint
sets:

V = B ∪̇ (C \ B) ∪̇ NC ∪̇ [V \ (C ∪ NC )]. (C4)

As shown in (i), for the chosen set C we have NC = N̂B.
We show that for local complementation on any node in one
of the sets, the statement is true.

(1) j ∈ V \ (C ∪ NC ): Local complementation on a node
which is not adjacent to C, does not change the structure of
the graph in the set C, and therefore has the same effect on a
graph before and after condensation. That is G′

C = LC j (GC ).
(2) j ∈ C \ B: Local complementation can only change

the connectivity structure in C, what we do not see after
condensation. That is G′

C = GC .
(3) j ∈ B: Local complementation can change the edge

structure of C, of NC as well as the set B to another set
B′ �= ∅. Changes in C have no effect. Changes in NC are the
same as local complementation on node c on GC . The change
of B is such that N̂B = N̂B′ , that is C still has exactly one
nonempty neighborhood which is the same as before. That is
G′

C = LCc(GC ).
(4) j ∈ NC : Local complementation can change the edge

structure in C, which does not matter for condensation. It
further can change the neighborhood of C in the same way
as it changes the neighborhood of c in the condensed graph.
It can also change other edges which are not affected by
condensation in C. That is G′

C = LC j (GC ).
Therefore, in all cases GC and G′

C are LC equivalent after
condensation. �

2. Not working condensation rules

Below we give a list of condensation rules which are
not sufficient to help deciding LC equivalence of the initial
graphs.

Observation C1. We give a list of condensation rules
which preserve LC equivalence in some cases but do not hold
in full generality.
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(a) (b)

FIG. 15. Counterexamples for not working condensation rules, presented in Observation C1. In both (a) and (b) we chose a condensation
set C such that dC = 1 and Eq. (35) is fulfilled. In (b) we have additionally that the neighbor sets N̂3 = {1, 2}, N̂5 = {6, 7} are not adjacent by
a path outside C and that {3} and {5} are disjoint.

(1) It is not correct that a set C can be condensed whenever
|SC | > |〈⋃B�C SB〉| is fulfilled.

(2) A condensation set C with a neighborhood which
can get composed into neighbor sets which are not ad-
jacent by a path outside C cannot be condensed in
general.

(3) It is not true that a set C such that the neighborhood can
get composed into nonempty neighbor sets N̂D for some D ∈
D where all D ∈ D are pairwise disjoint can be condensed in
general. D is the set of D ⊆ C for which the neighbor set is
not empty.

Counterexamples are shown in Fig. 15.
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