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1
Introduction

1.1 Motivation and outline
1.1.1 Biological Motivation: From molecules to strings, from

strings to pangenomes
This thesis focuses on theoretical aspects of sequence analysis for pangenomes, hence
we start with a brief motivation on the importance of strings in bioinformatics and
the paradigm shift towards pangenomes.

A possible starting point is 1871, when Friedrich Miescher first discovered the
DNA molecule [113, 166]. However, the first accurate description of the DNA struc-
ture was published in 1953 by James Watson and Francis Crick [211], building on the
earlier work of Rosalind Franklin. Present in the cells of every living organism, DNA
is a molecule composed of two complementary strands of successive nucleotides.
These nucleotides belong to one of four types: cytosine (C), guanine (G), adenine (A),
or thymine (T). Hence, each DNA molecule can be abstracted to the sequence of its
nucleotides, seen as letters. This allowed abstracting DNA molecules to a simple
string over a 4 letter alphabet, disregarding its molecular complexity. The central
importance of DNA in biology stems from its role as the template (via the genetic
code) for the synthesis of proteins (through various complex molecular interactions),
which in turn determine most of an organism’s characteristics. Similarly, other
molecules such as RNA, or proteins themselves, can be described as sequences of
letters over a finite alphabet. This abstraction motivates the importance of strings,
and of sequences algorithms, for bioinformatics.

Genomic data analysis has been facing important challenges that include analyz-
ing an ever-increasing number of genome sequences and choosing which genome
should be used as a reference. In recent years, these two challenges were merged
into the powerful opportunity of using a pangenome – rather than a single genome
– as a reference. According to [70], a pangenome is “any collection of genomic se-
quences to be analyzed jointly or to be used as a reference”. As a consequence, the
new -omics science pangenomics imposed a paradigm shift: in several analysis tasks,
and in particular for species like humans that enjoy a widespread availability of
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sequencing data as well as a growing awareness of genomic variants, the simple
linear genomic sequence is being replaced by more complex graph-like structures
[89, 172]. As opposed to a linear reference, a pangenome reference allows a simulta-
neous representation, in a compact manner, of variations and commonalities among
the underlying sequences.

When shifting to pangenomes, a natural theoretical challenge is raised: how
can we adapt well-known problems and algorithms, that were studied on classical
strings, to those nonlinear sequences? In this thesis, we will focus on those problems.
In particular, we will study generalization of 3 classical tasks of sequence analysis:
pattern matching, comparison, and indexing.

1.1.2 Classical tasks of sequence analysis
Pattern matching String matching (or pattern matching) is a fundamental task in
computer science. Given a longer string (the text) and a shorter string (the pattern),
one asks whether the pattern occurs at least once in the text (in the decision version),
to report the number of occurrences of the pattern (counting version), or to list all the
positions of the text where the pattern occurs (reporting version). Several algorithms
have been designed since the late 1970s, starting with the most standard task of
finding a single standard pattern in a single standard string, which can be done in
linear time [72]. This was only the starting point of a line of research that extended to,
for example, approximate matching [22, 55, 56, 66, 103, 150, 151], pattern matching
on different data structures [24, 42, 43, 109, 122, 125, 192]...

In particular, we will study exact and approximate (when occurrences of string
at a small distance from the input pattern are accepted) pattern matching, on data
structures that can be used to model pangenomes.

Comparison Sequence (or string) comparison is a fundamental task in computer
science, with numerous applications in computational biology [112], signal process-
ing [80], information retrieval [33], file comparison [114], pattern recognition [27],
security [164], and elsewhere [170]. Given two or more sequences and a distance
function, the task is to compare the sequences in order to infer or visualize their
(dis)similarities [72].

Among classical ways of comparing sequences, one might use the Hamming
distance, that is the number of mismatches between two string having a same length,
or the edit distance, that is the minimum number of deletions, insertions or letter
replacements needed to turn one given string into another. Hamming distance
can be easily computed in linear time, but edit distance, often more fitting real life
models, requires quadratic time under a well-established plausible hypothesis [48],
which can be inefficient in some applications.

We also mention the matching statistics [112] between two strings, which has
some sensitivity to local similarities and detects shared arbitrary-length fragments -
which is an important property of edit distance, while being much faster to compute,
making it widely used in practice, particularly in bioinformatics [154, 204, 206]. The
matching statistics between two strings T1, T2 is an array that, for each possible



1.1 Motivation and outline

1

3

starting position i in T1, gives the length of the longest fragment of T1 starting at
position i that appears anywhere in T2.

Indexing Given the ever increasing size of string data, it is crucial to represent
them compactly but also to simultaneously allow efficient pattern searches. This goal
is formalized by the classic text indexing problem [72]: preprocess a text into a data
structure that supports pattern matching queries.

In text indexing we are interested in four efficiency measures [28, 138]: (i) How
much space does the final index occupy for a text T of length n (the index size)? (ii)
How fast can we search for a query pattern P of length m (the query time)? (iii) How
much working space do we need to construct the index (the construction space)? (iv)
How fast can we construct the index (the construction time)?

The classic indexing solution for standard strings is the suffix tree [212]. Given a
text T having length n, its suffix tree (written ST(T )) is defined as the compacted trie1
of all the suffixes of T . The suffix tree occupiesO(n) space and it can be constructed in
O(n) time [91, 212]. It supports queries of a pattern of length m inO(m+ |Occ|) time,
where Occ is the set of all the occurrences of the pattern in T . The suffix array [163]
of T is the lexicographically ordered list of leaf nodes in ST(T ). The suffix array of
T can also be computed in O(n) time.

1.1.3 Data structure for pangenomes
In the following, we will describe informally the different data structure that we
consider in this thesis to encode pangenomes. Among this thesis, we will use the
general term variable string to mention any of such a data structure.

The most straighforward representation is the Multiple Sequence Alignment
(MSA). It comprises a collection of strings, potentially containing gaps introduced to
maintain the alignment of similar segments (see Figure 1.1).

While MSAs accurately store pangenomes by preserving each string, they are
not space-efficient. Since pangenome strings are typically highly similar, storing
multiple copies of the same segments is often undesirable. Thus, we need data
structures to efficiently store multiple similar string.

A first simple type of variable strings is obtained by collapsing MSA columns,
only keeping the set of letters occurring in each of them. This results in a sequence
of sets of letters, that we call a degenerate string (1-D) (see Figure 1.1), also known
as indeterminate strings in the bioinformatics literature. They have been extensively
employed and investigated [8, 13, 20, 23, 46, 73, 76, 77, 81, 102, 116, 124, 125, 160,
173, 174, 187, 188, 197], and can be used to encode single-gene mutations, known as
SNPs (Single Nucleotide Polymorphisms). In practice, they are often implemented
via the IUPAC encoding [127] for DNA and RNA, that encodes each possible subset
of the alphabet as a special letter.

To accommodate mutations across entire genome segments, generalized degenerate
strings (GD) are defined as sequences of sets, each containing strings of a specified
1A trie is compacted if every internal node has at least 2 children. Any trie can be compacted in linear time
by merging each internal node that has a single child to its child, and updating the labels acordingly. In
particular, a compacted trie having n leaf nodes has O(n) nodes in total.



1

4 1 Introduction

length k. If this length k remains constant across all sets within a GD string, we
call it a k-degenerate string (k-D). Notably, the case where k = 1 corresponds to the
definition of a degenerate string.

While those data structures allow compact representations for multiple similar
strings, elastic degenerate strings (ED strings) [109, 122] provide additional flexibility
by allowing representation of strings having varying lengths, and gaps within the
alignment. An ED string is a sequence of finite sets of strings having any arbitrary
finite length. Additionally, sets can also contain the empty string ε . ED strings are
the main focus of the present thesis.

We also mention Weighted sequences [130], that are studied in Chapter 4. A
weighted sequences is a string in which, at each position, several letters can occur
with a given probability, depending on the letter and the position. They are also
known as position weight matrices in bioinformatics [136].

Finally, many other very important (and more general) types of variable strings
are graph-based [30], such as the variation graphs [82, 83, 195] and sequence graphs [180].
In this thesis, we will only focus on the graph versions of the variable strings we
described, namely Elastic Founder graphs [181] (EF graphs), that is an ED string
with an additional graph data structure: each pair of strings from adjacent sets
can be connected by an edge, meaning that the corresponding variants can occur
simultaneously in a given genome. Note that, in the literature, the convention is that
EF graphs do not contain the empty string ε . In addition, the described taxonomy
of special cases for ED strings gives us a symmetric taxonomy for EF graphs: A EF
graph is called a 1-F , k-F , F if its underlying string is, respectively, a 1-D, k-D, GD.

GTTCAGTTTAC--AA

GTTCAGTTTACACAA

GTTGAGATT----AA

MSA

GTT

{
C

G

}
AG

{
T

A

}
TTACAA

Degenerate string

GTT

{
CAGT

GAGA

}
TTACAA

GD string

Elastic founder graph

{GTT}
{

CAGTT

GAGAT

}  TAC

TACAC

T

 {AA}

GTT

{
C

G

}
AG

{
T

A

}
TT

 AC

ACAC

ε

 AA

ED string

Figure 1.1: An example of an MSA (top left), its (non-unique) corresponding 1-D string (top middle), GD
string (top right), ED string (middle row), and EF graph (bottom row). For sets containing a single string,
the set notation is lifted for simplicity.

Observe Figure 1.1: from the MSA are constructed corresponding 1-D string,
GD string, ED string and EF graph. Note that only the ED string and EF graph
can represent the gaps in the first and third string of the MSA, since every string
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represented by a given 1-D or a given GD must have the same length. Additionally,
observe that in the MSA, the letter G occurs at the 4th position only in strings where
the letter A occurs at the 7th position, and in this case, the substring AC does not
occur. This information is lost in the 1-D string, GD string, or ED string: for example,
observe that one can read GTTGAGTTTACAA in the ED string, which does not
belong to the MSA. This models mutations happening independently, in which case
unobserved recombinations of observed mutations are considered to be biologically
relevant. For a more flexible description of the compatibility between mutations that
occur at close range, one can use EF graphs: in Figure 1.1, the EF graph does not
encode any recombination that does not occur in the MSA.

In contrast with more general representations, ED strings support both theoreti-
cally [24, 42, 43] and practically [49, 63, 109, 175, 175, 177] fast online exact pattern
matching [44, 45] when the pattern is a solid (i.e. non-variable) string. Moreover,
it can be efficiently decided whether two ED strings share a string [95] Finally, GD
strings support fast dynamic-programming-based alignment [167, 168] for approxi-
mate matching with a solid string, and linear-time answer to standard comparison
tasks [15, 16]. On the other hand, ED strings cannot be indexed efficiently [105].

For EF graphs, efficient off-line pattern matching algorithms are known under
specific conditions which can be ensured with a linear-time construction from a
gapless MSA (for F graphs), or a parameterized linear-time construction from a
general MSA (for EF graphs) [87, 88, 161, 182, 183, 202].

While supporting provably efficient methods, both ED strings and EF graphs are
acyclic structures that impose a global alignment allowing onlymatches, mismatches,
and short insertions and deletions as variants: they cannot adequately represent
structural variations such as repetitions, translocations, or inversions.

Computational pangenomics must balance efficiency, accuracy, and the complex-
ity of representing variable strings as graphs [70].

1.1.4 Outline of the thesis
• Chapter 2 is structured in two sections:

Section 2.1 is based on [26] and studies exact pattern matching on variable
string. We investigate a clear taxonomy of the computational complexity of
finding the occurences of a pattern P in a text T , where P and T range through
all types of variable strings. In particular, for each possible configuration, our
aim is to either find a strongly subquadratic algorithm, either prove that no
such algorithm can exist, under standard assumptions.

Section 2.2 is based on [40], and focuses on approximate pattern matching
on ED text. When given a pattern and a ED text, one wants to find occurences
of the pattern with at most k edits, or at most k mismatches, for a fixed k. While
algorithms were already known ([45]), our aim was to design, for the case
k = 1, an algorithm that depends linearly on the total size of the ED string. We
present such an algorithm that, after preprocessing the pattern, allows to find
its approximate occurences in an ED text by reading it linearly.

• Chapter 3 is based on [95, 96, 98], and is dedicated to pangenomes comparison.
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Given two pangenomes, represented as ED strings, we ask to find whether a
single string is encoded by both ED strings. After giving conditional lower
bounds on the complexity of this problem, we introduce intersection graph, that
encode in a compacted way the shared information of both ED strings, and
can be used to compute their intersection efficiently. We show that intersection
graphs can be used for other, more elaborate comparison tasks: in particular,
we generalize the notion of matching statistics, which is heavily employed on
standard strings for practical applications, to ED strings, and we show that it
can be computed efficiently using intersection graphs.

• Chapter 4 focuses on indexing, and is based on [94]. We study here a different
type of data structure, called weighted sequences. A weighted sequence encodes
uncertainty in strings: at each position, several letters can occur with a given
probability. Our goal is to, given a fixed threshold, preprocess such a sequence
into a data structure that can efficiently answer to the following queries: does
a pattern P occurs with a probability larger than the threshold? While such
index were already known, they require large construction and storing spaces
for long texts and small probability thresholds. We were thus motivated to
design a space-efficient index at the expense of slower yet competitive pattern
matching queries. We describe such an index, that answer queries for patterns
larger than a fixed lower bound. We have implemented and evaluated several
versions of our index.

1.2 Preliminaries
In this section, we give the main definitions that are relevant to this thesis.

1.2.1 Strings and variable strings
We start with some arithmetical notations: Given two rational numbers p,q, we
denote by [p,q] the interval of rationals between p and q, namely [p,q] = {r ∈ Q, p≤
r ≤ q}. Given two integers i, j we denote by [i . . j] the interval of integers between i
and j, namely [i . . j] = [i, j]∩Z. In particular, one has [i . . j] = /0 if j < i.

We now give some basic definitions and notation on solid strings following [72].
Given an ordered alphabet Σ whose elements are called letters, we denote by Σn the
set of strings T = T [1] . . .T [n] (also called standard or solid strings) of length |T |= n
over Σ. The empty string is the string of length 0; we denote it by ε . We write Σ∗ for
the set of strings of arbitrary length (including 0) on Σ.

By T1T2 or T1 ·T2 we denote the concatenation of two strings T1 and T2, i.e., T1T2 =
T1[1] . . .T1[|T1|]T2[1] . . .T2[|T2|]. Given p strings T1, . .Tp wewrite ∏

p
i=1 Ti for the concate-

nation T1 ·T2 · . . ·Tp. Given a string T and an integer p we write T p = ∏
p
i=1 T for the

pth power of T , and T R = T [|T |] . . .T [1] for the reverse of T .
For any two positions i and j ≥ i of T , T [i . . j] is the fragment of T starting at

position i and ending at position j. The fragment T [i . . j] is an occurrence of the
underlying substring P = T [i] . . .T [ j]; we say that P occurs at position i in T , and that
P is a factor of T . As a convention, we set T [ /0] = ε . A prefix of T is a fragment of the
form T [1 . . j] and a suffix of T is a fragment of the form T [i . .n]. Given two strings T1
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and T2 we write LCP(T1,T2) for the length of their longest common prefix, namely for
the integer max({i, T1[1 . . i] = T2[1 . . i]}∪{0}}). We will make use of the following
result in several chapters:

Theorem 1 ([72]). Given a string T over an integer alphabet, we can construct a data
structure over T in O(|T |) time, so that when i, j ∈ [1 . . |T |] are given to us online, we can
determine LCP(T [i . . |T |],T [ j . . |T |]) in O(1) time.

Given a string T over Σ, we call suffix tree of T the compacted trie ST(T ) of all
suffixes of T ·$ where $ 6∈ Σ is an extra letter.

Theorem 2 ([91, 212]). The suffix tree of a string T [1 . .n] occupies O(n) space and it can
be constructed in O(n) time.

Given two strings T1 and T2 over an alphabet Σ, we define the edit distance dE(T1,T2)
between T1 and T2 as the length ` of a shortest sequence of string operations π1, . . . ,π`

such that T2 = (Π`
i=1πi)(T1), where each πi (for 1≤ i≤ `) is one of the following type:

• Replacement: There is j ∈ [1 . . |T1|] and σ 6= T1[ j] ∈ Σ s.t. πi(T1)[ j] = σ and
πi(T1)[ j′] = T1[ j′] for j′ 6= j.

• Deletion: One has |πi(T1)|= |T1|−1 and there is j ∈ [1 . . |T1|] s.t. πi(T1)[ j′] = T1[ j′]
for 1≤ j′ ≤ j−1 and πi(T1)[ j′] = T1[ j′+1] for j ≤ j′ ≤ |T1|−1.

• Insertion: One has |πi(T1)|= |T1|+1 and there is j ∈ [1 . . |T1|+1] s.t. πi(T1)[ j′] =
T1[ j′] for 1≤ j′ ≤ j−1 and πi(T1)[ j′] = T1[ j′−1] for j+1≤ j′ ≤ |T1|+1.

Lemma 3 ([72]). The function dE is a distance on Σ∗.

The following lemma is a simple reformulation of the definition:

Lemma 4. If T1, T2 are two strings with dE(T1,T2) = 1, then T1 = π(T2) where π is a single
replacement, deletion, or insertion.

We now give the formal definitions on variable strings introduced in Subsec-
tion 1.1.3:

An elastic-degenerate string (ED string) [121] T̃ = T̃ [1] . . . T̃ [n] having length n over
an alphabet Σ is a sequence of n = |T̃ | finite sets, called segments, such that for every
position i of T̃ we have that T̃ [i] ⊂ Σ∗. By N = ||T̃ || we denote the total length of
all strings in all segments of T̃ , which we call the size of T̃ ; more formally, N =

∑
n
i=1 ∑

|T̃ [i]|
j=1 |T̃ [i][ j]|, where by T̃ [i][ j] we denote the jth string of T̃ [i] (to consider the

practical data structure size, we also add 1 to account for empty strings: if T̃ [i][ j] = ε ,
then we have that |T̃ [i][ j]|= 1). For a given segment T̃ [i] of T , we denote by Bi its
cardinality Bi = |Ti|, and by B we denote the cardinality of T̃ , namely the total number
of strings in all segments, i.e., B = ∑

n
i=1 Bi.

If for every i the strings in T̃ [i] have all the same length ki (called the width of T̃ [i]),
we say that T̃ is a generalised degenerate (GD) string. If in addition all segments T̃ [i]
have the same width k, T̃ is a k-degenerate string (k-D, in short). In the special case
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k = 1, then T̃ is known in the literature as a degenerate or indeterminate string. Finally,
if for every i it holds that Bi = 1, then we have a solid string.

Given two sets of strings S1 and S2, their concatenation is S1 · S2 = {T1T2 | T1 ∈
S1,T2 ∈ S2}. For an ED string T̃ = T̃ [1 . .n], we define the language of T̃ as L(T̃ ) =
T̃ [1] · . . . · T̃ [n], that is, the set of all strings that can be obtained by picking one string
in each segment of T and concatenating them from left to right. Given a set S of
strings, we write SR for the set {T R | T ∈ S}. For an ED string T̃ = T̃ [1 . .n] we write
T̃ R for the ED string T̃ [n]R . . . T̃ [1]R.

Given a string P and an ED string T̃ , we say that P matches the fragment T̃ [ j . . j′] =
T̃ [ j] . . . T̃ [ j′] of T̃ , or that an occurrence of P starts at position j and ends at position j′

in T̃ if there exist two strings U,V , each of them possibly empty, such that U ·P ·V =

Pj · . . . ·Pj′ , with Pi ∈ T̃ [i], for every j ≤ i ≤ j′, where Pj = U ·P ·V ∈ T̃ [ j] if j = j′, or
Pj = U ·Pp, and Pj′ = Ps ·V for some prefix Pp (resp. suffix Ps) of P if i < j. If U is
nonempty (resp. if V is nonempty) we also require Pp (resp. Ps) to be nonempty.

Strings Pi, for every j ≤ i≤ j′, specify an alignment of P with T̃ [ j . . j′]. For each
occurrence of P in T̃ , the alignment is, in general, not unique. We call |U | and |V |
the starting and ending offset of the alignment, respectively. In Figure 1.1, P = TTA
matches T̃ [5 . .6] with two alignments: both have U = ε , P5 = TT, and P6 is either AC
(with V = C) or ACAC (with V = CAC).

An elastic founder (EF) graph is a pair G = (T̃ ,E), where T̃ is an ED string s.t. the
empty string ε is not an element of any of its segments, and E =

⋃n−1
i=1 Ei, where Ei

is the set of edges from T̃ [i] to T̃ [i+1], which can be identified with a subset of the
Cartesian product [1 . .Bi]× [1 . .Bi+1] (where Bi = |T [i]| for each 1 ≤ i ≤ n). We say
that G is a founder graph, F graph in short (resp. a k-founder graph, k-F in short) if
T̃ is a GD (resp a k-D) string. We write G[i . . j] = (T̃ [i . . j],

⋃ j−1
`=i E`) for the fragment

of G between T̃ [i] and T̃ [ j]. The size of G is N + |E|, i.e. the sum of the size of the
underlying ED string T̃ and the total number of edges of G.

Given a string P and a EF graph G = (T̃ ,E) we say that P matches the fragment
T̃ [ j . . j′] of G, or that an occurrence of P starts at position j and ends at position j′ in G
if P matches T̃ [ j . . j′] in T̃ with an alignment Pj . .Pj′ , and that (Pi,Pi+1) ∈ Ei for every
j ≤ i≤ j′−1.

Figure 1.1 shows an ED string of length n = 7 and size N = 20, and an EF graph
with n = 4, N = 24, |E|= 8, and hence size 32.

1.2.2 Useful techniques
Computational geometry
Some problems from computational geometry have a key role in our solutions.
We assume the word RAM model with coordinates on the integer grid [1 . .n]d =
{1,2, . . . ,n}d for d = 2. In the 2d rectangle stabbing problem, we are given a set
R of n axis-aligned rectangles to be preprocessed, so that when one gives a point
as a query, we report YES if and only if there exists a rectangle fromR containing
the point. In the “dual” 2d rectangle emptiness problem, we are given a set P of
n points to be preprocessed, so that when one gives an axis-aligned rectangle as a
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query, we report YES if and only if the rectangle contains a point from P ; in the 2d
range reporting problem, we report the number of points from P contained in the
rectangle.

Lemma 5 ([57, 191]). After O(n logn)-time preprocessing, we can answer 2d rectangle
stabbing queries in O(logn) time.

Lemma 6 ([52, 101]). Assume that the points from P are obtained from pairing two
permutations of [1 . .N]. AfterO(n

√
logn)-time preprocessing, we can answer 2d rectangle

emptiness queries in O(log logn) time.

Lemma 7 (Section 2 of [162]). After a O(n)-time preprocessing, we can answer 2d range
reporting queries in O((1+ k) logn) time using O(Nn) space, where k is the number of
points from P enclosed by the query rectangle.

Active Prefixes Extension
For several problems on variable strings, we want to be able to process strings online,
segment by segment. To do this, we need a way to extend partial matches with new sets
that arrive online. This problem is formalized as follows:

Problem 1. Active Prefixes Extension (APE) [43]
Input: A string P of length m, a bit vector W of size m, and a set S of strings of
total length N.
Output: A bit vector V of size m with V [ j] = 1 if and only if there exists S ∈ S and
i ∈ [1 . .m], such that P[1 . . i] ·S = P[1 . . j] and W [i] = 1.

Example 8. Let m = 9, P = ACAGGTCAGG, W = 0110110010, and S = {GTCA,GGT,
TCA,AGG,CA}. Then, we have V = 0000100100.

Intuitively, the vector W represents the ending position of previous partial
matches with P, and one wants to extend those partial matches with strings from S .
The vector returned by APE gives the ending positions of such partial matches.

A first approach is to solve APE is to search for occurrences in P of each string
from S, one by one, using an efficient pattern matching algorithm, and report a
bit vector obtained from a conjunction of the starting position of those occurrences
with W . In general, this would take O(N +m+ |Occ|), where Occ is the set of all the
occurrences of a string from S in P. However, in the general setting, |Occ| can be as
large as O(m2) in general.

The problem was formalized by Grossi et al. [109], followed by a first improve-
ment by Aoyama et al. [24]. Finally, Bernardini et al. proved the following [43]:

Lemma 9 ([43]). The APE problem can be solved in Õ(mω−1)+O(N) time, where ω is the
matrix multiplication exponent2.

Surprisingly, the key improvement relies on algebraic techniques, namely fast
matrix multiplication (FMM). This was also the case in [24], which used fast Fourier
transform (FFT).
2In the current state of the art, the matrix multiplication exponent ω is at most 2.371553 [215].
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Conditional lower bounds
We introduce here the main tools that we use to prove lower bounds for several
of the studied problems. They are based on two problems, namely Orthogonal
Vectors (OV), and Boolean Matrix Multiplication (BMM).
Definition 10 (Orthogonal Vectors (OV)). Given two sets X ,Y ⊆ {0,1}d such that
|X |= |Y |= n and d = ω(logn), determine whether there exists x ∈ X and y ∈ Y such
that x and y are orthogonal, namely, x · y = ∑

d
i=1 x[i] · y[i] = 0.

The OV conjecture states the following:
Conjecture 11 (OV hypothesis [214] (OVH)). No (deterministic or randomized) algorithm
can solve OV on vector sets X ,Y ⊆ {0,1}d , |X |= |Y |= n, in time O(n2−εpoly(d)).

In fact, the OV hypothesis is based on SETH [126], a popular conjecture in com-
puter science, stating that the sequence sk of smallest integers such that the k-SAT
problem 3 can be solved in 2skn+o(n) tends toward infinity as k increases. The following
was shown by Williams:
Lemma 12 ([214]). SETH implies OVH.

Consider the APE problem. As described above, important improvements over
the standard algorithm were made (Lemma 9), but they all rely on non-combinatorial
techniques, namely, they make use of involved algebraic operations such as FMM
or FFT. One natural question is the following: can one design a more efficient
algorithm, using only combinatorial techniques? This idea is formalized in the
following conjecture:
Conjecture 13 (BMM conjecture [7]). There is no combinatorial algorithm to compute the
product of two D×D Boolean matrices, working in O(D3−ε) time, for any constant ε > 0.

Instead of reducing problems to BMM directly, the following problem is often
used4:

Problem 2. Triangle Detection (TD)
Input: Three D×D Boolean matrices A, B, C
Output: YES if there are three indices i, j,k ∈ [1 . .D−1] such that A[i, j] = B[ j,k] =
C[k, i] = 1.

Indeed, the two problems are related as follows:
Lemma 14 ([208]). Problems BMM and TD either both have truly sub-cubic combinatorial
algorithms or none of them do.

In the case of APE, Bernardini et al [43] showed that the existence of a combi-
natorial O(m1.5−ε +N)-time algorithm would contradict the BMM conjecture. In
particular, an algorithm which is competitive with the algorithm from [43] cannot
rely only on combinatorial operations, unless the BMM conjecture is false.
3The problem k-SAT asks, given a boolean expression that is written as a sequence of k-clauses (namely,
disjunctions of k variables or their negation), separated by And operators, whether there exist a truth
assignment of each variable that satisfies the expression.

4This is a generalization of triangle detection in a graph, which can be seen by considering A, B, and C as
adjacency matrices.
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1.3 Inventory of the main contributions
We give here a summary of the main results presented in this thesis.

1.3.1 Pattern matching
The Chapter 2 is dedicated to patternmatching. In Section 2.1, we study exact pattern
matching for various types of variable strings. Formally, we define the following
problem:

Problem 3. Pattern Matching on Variable Text (PvarT(X ,Y ))
Input: A solid or variable pattern P of type X and a variable text T̃ of type Y
Output: All positions j such that a string in L(P) occurs in T̃ ending at T̃ [ j]

Where X and Y can be any of the string types we defined in Subsection 1.2.1.
In Section 2.1.3 and Section 2.1.4, we give two sub-quadratic upper bounds for

PvarT(X ,Y ) when X=solid (solid pattern) and Y is either a k-D string or a k-F graph:

Theorem 17. PvarT(solid,k-D) can be solved inO(N +kn log2(m
k )) =O(N +N log2 m)

time.

Theorem 18. PvarT(solid,k-F) can be solved in O(
√

m(|E|+N log2 m)) time.

When the segments of the text do not have a fixed number k of characters, a
quadratic term appears in our time complexities, that remain sub-quadratic only
when N/n = ω(1).

Theorem 19. PvarT(solid,GD) can be solved in O(nm+N) time.

Theorem 20. PvarT(solid,F) can be solved in O(nm+N + |E|logm) time.

In Section 2.1.4.2, we show the following lower bounds:

Theorem 21. Noalgorithm can solve PvarT(1-D,k-D) on constant alphabet inO(M1−ε N)
nor in O(MN1−ε) time for ε > 0, unless OVH is false.

Theorem 22. Noalgorithm can solve PvarT(k-D,1-D) on constant alphabet inO(M1−ε N)
nor in O(MN1−ε) time for ε > 0, unless OVH is false.

Theorem 23. Noalgorithm can solve PvarT(1-D,1-F) on constant alphabet inO(M1−ε N)
nor in O(MN1−ε) time for ε > 0, unless OVH is false.

Theorem 24. Noalgorithm can solve PvarT(1-F ,1-D) on constant alphabet inO(M1−ε N)
nor in O(MN1−ε) time for ε > 0, unless OVH is false.

Theorem 25. Noalgorithm can solve PvarT(1-F ,1-F) on constant alphabet inO(M1−ε N)
nor in O(MN1−ε) time for ε > 0, unless OVH is false.

Since a pattern of type 1-D is a special case of k-D, GD or ED (and k-D is a special
case of GD or ED), and since 1-F is a special case of k-F , F , and EF , the lower bounds
above propagate along the taxonomies for P and/or T̃ .
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In Section 2.2, we focus on approximate pattern matching on ED text. In particular,
we study the following problem, based on the edit distance:

Problem 4. 1-Error EDSM
Input: A string P of length m and an ED string T̃ of length n and size N.
Output: All positions j′ in T̃ such that there is at least one string P′ with an
occurrence ending at position j′ in T̃ , and with dE(P,P′)≤ 1 (reporting version);
or YES if and only if there is at least one string P′ with an occurrence in T̃ , and
with dE(P,P′)≤ 1 (decision version).

We also define an alternative version, this time based on Hamming distance:

Problem 5. 1-Mismatch EDSM
Input: A string P of length m and an ED string T̃ of length n and size N.
Output: All positions j′ in T̃ such that there is at least one string P′ with an
occurrence ending at position j′ in T̃ , and with dH(P,P′)≤ 1.

We show the following theorems:

Theorem 39. Given a pattern P of length m and an ED text T̃ of length n and size N,
the reporting version of 1-Error EDSM can be solved online inO(nm2 logm+N logm)
or O(nm3 +N) time. The decision version of 1-Error EDSM can be solved off-line in
O(nm2√logm+N log logm) time.

Theorem 40. Given a pattern P of length m and an ED text T̃ of length n and size N,
1-Mismatch EDSM can be solved online in O(nm2 +N logm) or O(nm3 +N) time.

1.3.2 Comparison
Chapter 3 is dedicated to comparison. The main problem we consider is the follow-
ing:

Problem 6. ED String Intersection (EDSI)
Input: Two ED strings, T̃1 of length n1, cardinality B1 and size N1, and T̃2 of length
n2, cardinality B2 and size N2.
Output: YES if L(T̃1) and L(T̃2) have a nonempty intersection, NO otherwise.

In Section 3.2, we give several conditional lower bounds. In particular, we show
the following results:

Corollary 57. For any constant ε > 0, there exists no

• O((N1N2)
1−ε)-time

• O ((N1B2 +N2B1)
1−ε)-time

• O ((N1n2 +N2n1)
1−ε)-time

algorithm for the EDSI problem, unless the OV conjecture is false.
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Corollary 58. If EDSI over a binary alphabet can be solved inO((N1+N2)
1.2−ε f (n1,n2))

time, for any constant ε > 0 and any function f , then there exists a truly subcubic
combinatorial algorithm for TD.

In Section 3.3, we study EDSI in the special case where the alphabet contains a
single letter. In that case, ED strings have a compact representation where every string
in each segment is replaced by its length. We prove the following:

Theorem 61. If T̃1 and T̃2 are unary ED strings and each is given in a compact
representation, the problem of deciding whether L(T̃1)∩L(T̃2) is nonempty is NP-
complete.

Theorem 64. If T̃1 and T̃2 are unary ED strings, then L(T̃1)∩L(T̃2) can be computed
in O(N1 logN1 logn1 +N2 logN2 logn2) time.

In Section 3.4, we study the general case of EDSI, and introduce intersection graphs.
We first give a combinatorial algorithm solving EDSI in O(N1B2 +N2B1) time, and
then show a Õ(Nω−1

1 n2 +Nω−1
2 n1) time algorithm, based on FMM:

Theorem 69. EDSI can be solved in O(N1B2 +N2B1) time. If the answer is YES, a
witness can be reported within the same time complexity.

Theorem 74. We can solve EDSI in Õ(Nω−1
1 n2 +Nω−1

2 n1) time, where ω is the matrix
multiplication exponent. If the answer is YES, we can output a witness within the
same time complexity.

In Section 3.5 and Section 3.6, we show several theoretical applications for the
techniques that we develop. In particular, we show that intersection graphs can be
used to compute acronyms (Theorem 76), compute a shortest/longest wintness of
the intersection of L(T̃1) and L(T̃2) (Lemma 78), compute the size of the intersection
(Lemma 81), the longest common substring and subsequences (Lemma 84 and
Lemma 85). We generalize matching statistics for ED strings and show that it can be
computed using the intersection graph (Lemma 83). In Section 3.7, we show that
the intersection graph can be used for the approximate version of EDSI:

Theorem 87. Given a pair T̃1, T̃2 of ED strings, we can find the pair T1 ∈ L(T̃1),T2 ∈
L(T̃2) minimizing the distance dH(T1,T2) or dE(T1,T2) in O(N1N2) time.

Theorem 88. Given a pair T̃1, T̃2 of ED strings and an integer k > 0, we can check
whether a pair T1 ∈ L(T̃1),T2 ∈ L(T̃2) with dH(T1,T2)≤ k (resp. dE(T1,T2)≤ k) exists
in O(k(N1B2 +N2B1)) time (resp. in O(k2(N1B2 +N2B1)) time) and, if that is the case,
return the pair with the smallest distance.

In Section 3.8, we define breakpoint matching statistics, a restriction of matching
statistics for practical pangenome comparison. We show that it can still be com-
puted efficiently using intersection graphs (Theorem 90). Finally, in Section 3.9, we
experimentally evaluate the efficiency of our algorithms.
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1.3.3 Indexing
In Chapter 4, we study indexing of a different type of variable string, namely weighted
strings. Weighted strings model character-level uncertainty, and are defined as a
sequence of probability vectors over a given alphabet Σ. The occurence probability of
a pattern P at a certain position i in a weighted string X is obtained by multiplying
for each j the probability of the letter P[ j] in X [i+ j−1]. In general, we are given a
probability threshold 1

z and we want to report occurences of a pattern only when
the occurence probability is at least 1

z . Our problem is formalized as follows:

Problem 7. `-Weighted Indexing
Input: A weighted string X of length n over an alphabet Σ, a weight threshold
1
z ∈ (0,1], and an integer ` > 0
Output: A compact data structure (the index) supporting efficient patternmatching
queries; i.e., report all positions in X where P occurs with probability at least 1

z .

Other than the index size and the query time, we seek to minimize the construction
time and the construction space. We make the following three main contributions:

Theorem 106. Let X be a weighted string of length n over an alphabet of size σ , 1
z

be a weight threshold, and ` > 0 be an integer. After O(nz) construction time and
usingO(nz) construction space, we can construct an index ofO(n+ nz

` logz) expected
size answering `-Weighted indexing queries of length m≥ ` inO(m+(1+ nz

σm ) log nz
` )

expected time.

Theorem 110. For any weighted string X of length n, any weight threshold 1
z , and

any integer ` > 0, we can construct the minimizer solid factor tree in expected time
O(nz log`+ nz

` log nz
` logz) and space O(n+ nz

` logz).
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2
Pattern matching

2.1 Exact pattern matching
2.1.1 Introduction
In this section, we focus on several exact pattern-matching problems on variable
texts. The section is entirely based on [26].

Problem 3. Pattern Matching on Variable Text (PvarT(X ,Y ))
Input: A solid or variable pattern P of type X and a variable text T̃ of type Y
Output: All positions j such that a string in L(P) occurs in T̃ ending at T̃ [ j]

Where X and Y can be any of the string types we defined in Subsection 1.2.1.
Following the existing literature [109], the output of PvarT only specifies the

ending segments of the occurrences, and gives no information about the specific po-
sition within the segment. Note that reporting the starting positions is an equivalent
problem, up to text and pattern reversal. We say that PvarT has constant alphabet if
the alphabet Σ of the strings in both the pattern and the text is of constant size.

For the problem of matching a solid pattern of size M into an ED or EF text
of size N, it is known that an algorithm with complexity O(M1−ε N) or O(MN1−ε)
with ε > 0 would contradict SETH [32, 42, 43, 87, 106], and the contradiction holds
even if such complexity is achieved at query time after a polynomial-time indexing
step [84, 85, 105], while quadratic-time algorithms are known. Moreover, strongly
sub-quadratic algorithms are known for PvarT(solid,1-D):

Theorem 15 ([67]). PvarT(solid,1-D) can be solved in O(n log2 m) time.

The case where both P and T̃ are 1-D is well-studied in the literature. In [125], the
definition of indeterminate string coincides with our definition of 1-D string and an
O(n logm)-time algorithm for PvarT(1-D,1-D) for the case of constant-size alphabets
is given [125, Lemma 17]. A similar algorithm for constant-size alphabets has also
been proposed in [192].

Theorem 16 ([125]). PvarT(1-D,1-D) can be solved in O(n logm) time on a constant-
size alphabet.
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These results are complemented in [125, Theorem22]with a quadratic conditional
lower bound for the cases in which the alphabet size is not bounded by a constant.

In this section, we analyze the complexity of the problem, denoted PvarT(X ,Y ),
of matching a pattern of type X in a text of type Y , where both X and Y can be any
of the types of variable strings described above: for instance, PvarT(1-D,k-F) is the
problem of finding occurrences of a 1-D pattern within a k-F graph.

As a consequence, our reference bound is quadratic: given two types X and Y
of strings (variable or solid), either this is proved as a lower bound for PvarT(X ,Y ),
or a better algorithm – an upper bound – should be exhibited. For the purpose
of exhaustively performing this task for all types X of patterns, and all types Y of
variable texts, our contribution is to complete Table 2.1, where columns correspond
to the pattern and rows correspond to the text.

All our results are presented in Subsection 2.1.2 and summarized in Table 2.1.
Note that, due to space constraints, in Table 2.1 we write Ω((MN)1−ε), for every ε > 0,
to denote the quadratic lower bound, but in fact, all our lower bound results prove
both bounds Ω(M1−ε N) and Ω(MN1−ε) (for every ε > 0).

2.1.2 Definitions and summary of the results
Here we present the results that we will prove in Sections 2.1.3 and 2.1.4, consisting
of upper and lower bounds for the problem PvarT(X ,Y ) for several choices of pattern

Pattern
Text

1-D 1-F k-D k-F GD F ED EF

solid Thm. 15
O(n log2m)

Thm. 18
O(
√

m ·
(|E|+N ·
log2 m))

Thm. 17
O(N +N ·

log2 m)

Thm. 18
O(
√

m ·
(|E|+N ·
log2 m))

Thm. 19‡

O(nm+N)
Thm. 20‡

O(nm+N+
|E|logm)

[32]
Ω((mN)1−ε )

[87]
Ω((m|E|)1−ε )

1-D Thm. 16
O(n logm)†

Thm. 23
Ω((MN)1−ε )

Thm. 21
Ω((MN)1−ε )

Cor. 28
Ω((MN)1−ε )

Cor. 26
Ω((MN)1−ε )

Cor. 28
Ω((MN)1−ε )

Cor. 26
Ω((MN)1−ε )

Cor. 28
Ω((MN)1−ε )

1-F Thm. 24
Ω((MN)1−ε )

Thm. 25
Ω((MN)1−ε )

Cor. 29
Ω((MN)1−ε )

Cor. 30
Ω((MN)1−ε )

Cor. 29
Ω((MN)1−ε )

Cor. 30
Ω((MN)1−ε )

Cor. 29
Ω((MN)1−ε )

Cor. 30
Ω((MN)1−ε )

k-D Thm. 22
Ω((MN)1−ε )

Cor. 28
Ω((MN)1−ε )

Cor. 26
Ω((MN)1−ε )

Cor. 28
Ω((MN)1−ε )

Cor. 26
Ω((MN)1−ε )

Cor. 28
Ω((MN)1−ε )

Cor. 26
Ω((MN)1−ε )

Cor. 28
Ω((MN)1−ε )

k-F ,
F ,EF

Cor. 29
Ω((MN)1−ε )

Cor. 30
Ω((MN)1−ε )

Cor. 29
Ω((MN)1−ε )

Cor. 30
Ω((MN)1−ε )

Cor. 29
Ω((MN)1−ε )

Cor. 30
Ω((MN)1−ε )

Cor. 29
Ω((MN)1−ε )

Cor. 30
Ω((MN)1−ε )

GD,ED Cor. 27
Ω((MN)1−ε )

Cor. 28
Ω((MN)1−ε )

Cor. 26
Ω((MN)1−ε )

Cor. 28
Ω((MN)1−ε )

Cor. 26
Ω((MN)1−ε )

Cor. 28
Ω((MN)1−ε )

Cor. 26
Ω((MN)1−ε )

Cor. 28
Ω((MN)1−ε )

Table 2.1: Complexity chart for problem PvarT(X ,Y ), where X ranges over rows and Y over columns.
Green cells are for truly sub-quadratic O(NM1−ε ) (for some ε > 0) upper bounds, yellow cells are for
sub-quadratic upper bounds under special conditions, and red cells are for a quadratic lower bound
Ω((MN)1−ε ) (for every ε > 0) conditioned on SETH, even with a constant-size alphabet (our bounds are
even tighter, check the referred results for details). Capital M and N denote the total size of the pattern
and the text, respectively, while m and n denote the respective number of segments (see Subsection 2.1.2).
Note that the reduction for EF [87] implies also a Ω((mN)1−ε ) bound. Symbol † indicates that the bound
holds only for constant-size alphabets, as it has an exponential dependency on the alphabet size; symbol
‡ indicates that the bound is sub-quadratic whenever N/n = ω(1). The sub-quadratic upper bounds for
PvarT(solid,1-D), PvarT(1-D,1-D) and the quadratic lower bounds for PvarT(solid,ED), PvarT(solid,EF)
were known in the literature; the other results are proven in this section.
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type X and text type Y where: m and M are, respectively, the length and the size of
the pattern; n, N are, respectively, the length and the size of the text; and finally, E
refers to the edges of the text when this is a founder graph.

Upper bounds We give two sub-quadratic upper bounds for PvarT(X ,Y ) when
X=solid (solid pattern) and Y is either a k-D string or a k-F graph.

Theorem 17. PvarT(solid,k-D) can be solved inO(N +kn log2(m
k )) =O(N +N log2 m)

time.

Theorem 18. PvarT(solid,k-F) can be solved in O(
√

m(|E|+N log2 m)) time.

When the segments of the text do not have a fixed number k of characters, a
quadratic term appears in our time complexities, that remain sub-quadratic only
when N/n = ω(1).

Theorem 19. PvarT(solid,GD) can be solved in O(nm+N) time.

Theorem 20. PvarT(solid,F) can be solved in O(nm+N + |E|logm) time.

Lower bounds When both the pattern and the text are variable strings, we show
conditional lower bounds for PvarT(X ,Y ), which all hold even for constant alphabets
(except for PvarT(1-D,1-D)). In Subsection 2.1.4.2 we discuss more in detail the case
PvarT(1-D,1-D), forwhich a quadratic conditional lower bound exists in the literature
for non-constant alphabets.

Theorem 21. Noalgorithm can solve PvarT(1-D,k-D) on constant alphabet inO(M1−ε N)
nor in O(MN1−ε) time for ε > 0, unless OVH is false.

Theorem 22. Noalgorithm can solve PvarT(k-D,1-D) on constant alphabet inO(M1−ε N)
nor in O(MN1−ε) time for ε > 0, unless OVH is false.

Theorem 23. Noalgorithm can solve PvarT(1-D,1-F) on constant alphabet inO(M1−ε N)
nor in O(MN1−ε) time for ε > 0, unless OVH is false.

Theorem 24. Noalgorithm can solve PvarT(1-F ,1-D) on constant alphabet inO(M1−ε N)
nor in O(MN1−ε) time for ε > 0, unless OVH is false.

Theorem 25. Noalgorithm can solve PvarT(1-F ,1-F) on constant alphabet inO(M1−ε N)
nor in O(MN1−ε) time for ε > 0, unless OVH is false.

Since a pattern of type 1-D is a special case of k-D, GD or ED (and k-D is a special
case of GD or ED), and since 1-F is a special case of k-F , F , and EF , the lower bounds
above propagate along the taxonomies for P and/or T̃ . Therefore, we have the
following corollaries. The first one directly follows from Theorem 21.
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Corollary 26. No algorithm can solve PvarT(X ,Y ) for X = 1-D, k-D, GD, ED and
Y = k-D, GD, ED on constant alphabet in O(M1−ε N) nor in O(MN1−ε) time for ε > 0,
unless OVH is false.

Corollary 27. No algorithm can solve PvarT(X ,1-D) for X= k-D, GD, ED on constant
alphabet in O(M1−ε N) nor in O(MN1−ε) time for ε > 0, unless OVH is false.

Corollary 27 above follows from Theorem 22, while Corollary 28, 29 and 30 below
are from Theorems 23, 24 and 25, respectively.

Corollary 28. No algorithm can solve PvarT(X ,Y ) for X = 1-D, k-D, GD, ED and Y =
1-F , k-F , F , EF on constant alphabet in O(M1−ε N) nor in O(MN1−ε) time for ε > 0,
unless OVH is false.

Corollary 29. No algorithm can solve PvarT(X ,Y ) for X =1-F , k-F , F , EF and Y =
1-D, k-D, GD, ED on constant alphabet inO(M1−ε N) nor inO(MN1−ε) time for ε > 0,
unless OVH is false.

Corollary 30. No algorithm can solve PvarT(X ,Y ) for X =1-F , k-F , F , EF and Y =
1-F , k-F , F , EF on constant alphabet in O(M1−ε N) nor in O(MN1−ε) time for ε > 0,
unless OVH is false.

2.1.3 Matching a solid pattern in GD and F
In Theorem 19, we show that the onlineO(m2n+N)-time algorithmproposed in [109]
for pattern matching in ED texts requires only O(mn+N) time when applied to GD
texts.

Theorem 19. PvarT(solid,GD) can be solved in O(nm+N) time.

Proof. Consider the pattern-matching algorithm of [109] for ED texts. The algorithm
consists of reading the text T̃ segment by segment, from left to right, after construct-
ing the suffix tree ST(P) of the pattern P in a preprocessing step. Given a segment
T̃ [i] of width ki, the 4 following sub-problems are solved: (i) If ki ≥ |m|, does P occur
in a string from T̃ [i]? (easy case) (ii) Compute every suffix of a string t ∈ T̃ [i] that
matches a prefix of P (suffix case); (iii) Compute every prefix of a string t ∈ T̃ [i] that
matches a suffix of P (prefix case); (iv) Find the strings t ∈ T̃ [i] that are factors of P
(anchor case). All occurrences of P are then computed from the solutions to these
four problems: it is straightforward to solve the easy and the suffix/prefix case in
O(N+m) time using any standard pattern-matching algorithm (e.g. KMP [141]) and
using ST(P), respectively (see [109] for details).

We now focus on the anchor case for a segment T̃ [i], which is a special case of
APE (Problem 1) and show that, in the case of GD texts, it can be solved in time
O(Ni +m).

To solve APE it suffices to compute all the occurrences in P of all the strings from
T̃ [i] and check whether they extend some active prefixes W stored before. Since the
strings in T̃ [i] are all of the same length ki, thus no two distinct such strings can occur
at the same position in P, we have the following crucial observation.
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Observation 31. The cumulative number of occurrences in P of all the strings from a GD
segment T̃ [i] is bounded by m.

Observation 31 implies that all starting positions of such occurrences can be
computed and stored in an auxiliary bit-vector OCC of size m inO(Ni+m) time using
ST(P). The output vectorV can then be obtained by left-shifting OCC by one position,
taking its bit-wise AND with W , and shifting the resulting vector by ki positions
to the right. Solving the anchor case for every segment thus takes O(N +nm) time.
Note that the difference in the time complexities of APE for GD texts and ED texts
is because, in the latter case, Observation 31 does not hold, and the number of
occurrences of the strings from T̃ [i] in P can only be bounded by m2.

We next adapt the algorithm of Theorem 19 to solve pattern matching on founder
graphs.

Theorem 20. PvarT(solid,F) can be solved in O(nm+N + |E|logm) time.

Proof. Let G = (T̃ ,E) be a founder graph of length n, size N and cardinality B, and let
P be a solid pattern of length m. We denote by T̃ [i][ j] the j-th string of T̃ [i], j ∈ [1 . .Bi],
assuming any fixed order; an edge ( j, j′) ∈ Ei−1 thus connects string T̃ [i− 1][ j] to
T̃ [i][ j′]. We process separately the occurrences of P that span only one segment (easy
case), only two segments, or more. The easy case is trivially solved in O(m+N) time
using any linear-time pattern-matching algorithm. Let us now focus on the other
two cases.

Analogously to the suffix and prefix subproblems listed in the proof of Theo-
rem 19, we precompute all proper suffix/prefix and prefix/suffix overlaps between
P and each string from each segment, i.e., for each string, we compute the length of
all suffixes that are equal to prefixes of P, and of all prefixes that are equal to suffixes
of P. While in the case of GD text, it suffices to store the length of all such overlaps
cumulatively for each segment, in the case of founder graphs, due to the presence of
edges, we need to retain this information separately for each string in each segment.
We thus compute two binary arrays bi, j and ei, j for each string T̃ [i][ j], each of the
same length ki, s.t. bi, j[`] = 1 if and only if T̃ [i][ j] has a suffix/prefix overlap of length
` with P, and ei, j[`] = 1 if and only if T̃ [i][ j] has a prefix/suffix overlap of length `
with P. All such arrays can be constructed inO(m+N) total time using e.g. the suffix
trees of P and of its reversal, and occupy total space O(N).

Occurrences spanning only two segments. We consider all pairs of consecutive
segments T̃ [i], T̃ [i+ 1] such that ki + ki+1 ≥ m (the only candidates for occurrences
of this kind). For each edge ( j, j′) ∈ Ei, let p j be the length of the longest suffix of
T̃ [i][ j] that overlaps a prefix of P, i.e. the largest index of bi, j set to 1, and let s j′ be the
length of the longest prefix of T̃ [i+1][ j′] that overlaps a suffix of P, i.e. the largest
index of ei+1, j′ set to 1. The following observation characterises the occurrences of P
spanning T̃ [i], T̃ [i+1].
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Observation 32. P has an occurrence spanning T̃ [i], T̃ [i+1] iff there exists an edge ( j, j′)∈
Ei such that P occurs in the concatenation of the suffix of length p j of T̃ [i][ j] and the prefix
of length s j′ of T̃ [i+1][ j′], which are equal, respectively, to P[1 . . p j] and P[m− s j′ +1 . .m].

The main tool we use to spot these occurrences is the border tree [110] of P, a
data structure that, given any pair of positions 1≤ s≤ p≤ m, returns the set Occ of
occurrences of P in the concatenation P[1 . . p]P[s . .m] of its prefix of length p and suffix
of length m− s+1. The border tree can be constructed in O(m) time and answers
queries in O(logm+ |Occ|) time [110]. After constructing the border tree of P, we
thus process each pair T̃ [i], T̃ [i+1] such that ki + ki+1 ≥ m, and apply the following
algorithm, whose correctness follows fromObservation 32: for each ( j, j′)∈ Ei, query
the border tree of P with indices p j,m− s j′ +1. If the returned set Occ is nonempty,
break and return an occurrence of P in G ending at position i+1. Each such query
takes O(logm+ |Occ|) time [110], and |Occ|≤ m for a given query. Since we stop
asking queries as soon as we find a nonempty set of occurrences, the total time for
T̃ [i], T̃ [i+1] is O(|Ei|logm+m), implying time O(|E|logm+mn) to process the whole
G.

Occurrences spanning at least three segments. This case is analogous to the anchor
case of Theorem 19, and can only happen when the second of the (at least three)
segments has a width smaller than m. We process the segments of G from left to
right and maintain an array V of size m that keeps track of the prefixes of P that
match up to a certain segment (partial occurrences): however, now V is an array of
integers, rather than a simple bit-vector, and it only keeps track of partial occurrences
that span at least one full segment (thus excluding prefixes of P that match a proper
suffix of some string from some segment: these shorter partial occurrences will be
treated differently, as we explain in the following).

Let Vi−1 denote the state of V after processing a segment T̃ [i− 1] (Vi−1 = 0m if
ki−1 > m). When processing segment T̃ [i] (assuming ki < m), our task is to compute
the next state Vi s.t. Vi[`] = j iff P[1 . . `] is a suffix of some string from L(G[1 . . i]) that
ends with the whole string T̃ [i][ j], and Vi[`] = 0 otherwise. Note that the values of Vi
are uniquely defined: see Observation 33. In particular, this implies that the first
ki− 1 positions of Vi, corresponding to partial occurrences that do not contain an
entire string from T̃ [i], are always 0. Further, note that positions between ki and
min{ki + ki−1− 1,m} of Vi correspond to partial occurrences of P that contain an
entire string from T̃ [i] but not from T̃ [i− 1]. We compute Vi[ki . .ki + ki−1− 1] and
Vi[ki + ki−1 . .m] using two different procedures (the second sub-array is empty in the
case ki + ki−1 > m).

To process T̃ [i], we first compute an array OCC of size m such that OCC[`] = j
iff T̃ [i][ j] occurs in P starting at position `; by Observation 31, OCC is well defined
and can be computed in O(Ni +m) time using the suffix tree ST(P). Note that OCC
contains all potential extensions of partial occurrences of P with whole strings from
T̃ [i]. We use the following crucial observation, which is a direct consequence of
Observation 31.
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Observation 33. Any partial occurrence of P ending at T̃ [i−1] can be extended by at most
one string from T̃ [i].

In particular, the partial occurrence represented by Vi−1[`] = j can only be ex-
tended by the unique string from T̃ [i] occurring in P at position `+1, if any. This
implies that it suffices to check the following necessary and sufficient conditions
to compute Vi[ki + ki−1 . .m]: for each position ` ∈ [ki + ki−1,m], we set Vi[`] = j′ iff
OCC[`− ki + 1] = j′, Vi−1[`− ki] = j and ( j, j′) ∈ Ei−1. To verify these conditions,
collect all triplets ( j, j′, `) such that Vi−1[`− ki] = j and OCC[`− ki + 1] = j′, for all
` ∈ [ki + ki−1,m], and sort them lexicographically together with all the pairs from
Ei, using radix sort [71]. Then, scan the resulting sorted list and set Vi[`] = j′ iff a
triplet ( j, j′, `) is immediately preceded by the pair ( j, j′). Since there is at most one
triplet for each value of `, this requires O(m+ |Ei|) total time per segment and thus
O(nm+ |E|) time over the whole G.

Let us now focus on computingVi[ki . .ki+ki−1−1]. This portion ofVi corresponds
to partial occurrences of P matching a proper suffix of some string from T̃ [i−1] and
extended with an occurrence of some string from T̃ [i] stored in OCC[2 . .ki−1]. Note
thatwe cannot use the same technique as forVi[ki+ki−1 . .m], because two strings from
T̃ [i− 1] can have equal suffixes. Instead, we scan OCC[2 . .ki−1]: if OCC[`] = j′ 6= 0,
we check whether bi−1, j[`−1] = 1 for all ( j, j′) ∈ Ei−1, and set Vi[`+ ki−1] = j′ if this
is the case. In other words, we check, for each occurrence of T̃ [i][ j′] starting at P[`],
whether the suffix of length `−1 of some of the strings from T̃ [i−1] connected to
T̃ [i][ j′] is equal to P[1 . . `−1]. This procedure has a total cost O(Ni−1 +m) because
each position of each bi−1, j is accessed at most once; and each time we read an edge,
we access exactly one position of one array b, thus we read at most Ni−1 edges. This
implies a total time O(N) over all segments.

Finally, to check whether some partial occurrence represented by Vi−1[`] = j for
` ∈ [m− ki + 2 . .m] can be extended to a full occurrence of P with a proper prefix
of some string from T̃ [i], it suffices to check, for each edge ( j, j′) ∈ Ei−1, whether
ei, j′ [m− `+1] = 1. This requires O(N +mn) total time because each position of each
array e is accessed at most once.

We obtain a total time complexity of O(N +mn+ |E|logm).

2.1.4 Pattern matching in k-D and k-F texts
In this section, we investigate the complexity of the pattern-matching problem in
cases where the text is either a k-D string or a k-F graph. In Subsection 2.1.4.1 we
consider the cases where the pattern is solid; in Subsection 2.1.4.2, the pattern is a
k-D string or a k-F graph.

Solid pattern
The problem of finding all the occurrences of a solid pattern of length m in a 1-D
string of length n > m and size N can be seen as a special case of PvarT(1-D,1-D),
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(known as the Subset Matching problem, defined by Cole and Hariharan [65]), for
which an O(n log2 m)-time deterministic algorithm exists [67]1.

In this section, we leverage this result to prove sub-quadratic upper bounds for
PvarT(solid,1-F), PvarT(solid,k-D) and PvarT(solid,k-F) by reducing each of these
problems to several instances of PvarT(solid,1-D).

Theorem 17. PvarT(solid,k-D) can be solved inO(N +kn log2(m
k )) =O(N +N log2 m)

time.

Proof. Let P be a solid pattern of length m and T̃ a k-D string of length n, cardinality
B and total size N. In a preprocessing step, we compute all suffix/prefix and prefix/-
suffix overlaps of P and each string in the union of all segments of T̃ . More precisely,
for each segment T̃ [i] we compute two binary arrays bi and ei of length k such that
bi[ j] = 1 if and only if there is a suffix/prefix overlap of length j between one of the
strings in T̃ [i] and P, and ei[ j] = 1 if and only if there is a prefix/suffix overlap of
length j between a string in T̃ [i] and P. The arrays bi and ei occupy O(kn) =O(N)
words of space and can be computed in O(N) time by e.g. building the generalized
suffix tree of all the strings in all segments of T̃ .

Consider the case m≥ 2k−1, which implies that each occurrence of P contains
at least 1 full string from some T̃ [i]. Let Pk denote the set of length-k substrings of P
and let h(s) denote the lexicographic rank of s ∈ Pk, to be used as a unique ID for s.
The values h(s) can be computed and stored in O(m) time and space by constructing
the suffix tree of P and annotating the nodes at string depth k (possibly making them
explicit) with their rank, obtained with a lexicographic traversal of the tree.

Using these values, we construct k instances of PvarT(solid,1-D), one for each
possible starting offset of occurrences of P in T̃ . The pattern P(`) of the `-th instance,
`∈ [0,k−1], is obtained from P by replacing each non-overlapping fragment of length
k by its ID, starting from position `+1 and ignoring the possible remaining suffix of
length m− `− kbm−`

k c. The length of P(`) is thus bm−`
k c, and they collectively occupy

O(m) space. The text T̃ (`) of the `-th instance is obtained from T̃ by replacing each
string s ∈ T̃ [i], ∀ i ∈ [1,n], by its ID, as follows. If s ∈ Pk and h(s) occurs in P(`), then s
is replaced by h(s). Otherwise, thus if h(s) does not occur in P(`) or s does not occur
in P, s is discarded2. Each T̃ (`) has length n and total size O(min{B,n m

k }), therefore
they collectively occupy O(kB) =O(N) space. See Figure 2.1 for an example of this
construction.

The k patterns can be constructed all at the same time by traversing the suffix tree
of P in O(m) total time. The k texts can be constructed simultaneously by using the
suffix tree of P, further annotated as follows. At each node at string depth k (which
are all and only the nodes annotated with some ID h(s)), we store the list of values `
1The upper bound explicitly proved by the authors in the cited paper is O(N log2 N); however, some
observations made by the same authors in [65, Section 4] that lead to better bounds apply, and indeed
the authors state that Subset Matching can be solved deterministically in O(n log2 m) time both in the
abstract of [67] and in their later work [68].

2Note that, applying this procedure, some of the segments of T̃ (`) might be empty. To avoid so, one can
use a special symbol $ different from all the IDs h(s) and place it in the otherwise empty segments of
T̃ (`).
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such that `= i mod k for some leaf i descending from the node. Since these nodes
partition the leaves, and the number of descending leaves bounds the size of each
list, such lists collectively occupy O(m) space and can be computed in O(m) space
with a single tree traversal. Armed with this annotated suffix tree, to construct the k
texts we simply search each string of T̃ in the tree and write the value h(s) (if any) in
the corresponding segment of all texts T̃ (`) such that ` is in the list of the reached
node. This procedure thus requires O(N) total time.

Figure 2.1: Illustration of the reduction described in the proof of Theorem 17. Note that P occurs
twice in T , ending at T [3] with starting offset 0, and ending at T [4] with starting offset 2. The first
occurrence corresponds to an occurrence of P(0) in T (0) ending at T (0)[3]. The second can be retrieved by
the occurrence of P(1) in T (1) ending at T (1)[3] using the pre-computed arrays b1 = [1,0,1] and e4 = [0,1,0]:
indeed, b1[1] = 1 and e4[2] = 1, indicating that there is a suffix-prefix overlap of some string from T [1]
and P of length 1 and a prefix-suffix overlap of some string from T [4] and P, respectively, which complete
the occurrence.

We now show that each occurrence of P in T̃ (that fully contains at least a string
from a segment of T̃ ) corresponds to an occurrence of some P(`) in T̃ ′(`) for some
` ∈ [0 . .k−1]. The key observation is that if an occurrence of P in T̃ starts at offset
q = k−`+1 in T̃ [i] and ends at offset r in T̃ [ j], then a string from each of the segments
T̃ [i+1], . . . , T̃ [ j−1] occurs consecutively in P starting from position `+1; a prefix of
length ` of P must match a suffix of some string in T̃ [i]; and a suffix of length r must
match a prefix of some string in T̃ [ j]. This implies, by construction, an occurrence of
P(`) in T̃ ′(`) starting at position i+1; moreover, it must be bi[`] = e j[r] = 1. This gives
us the following algorithm. For each possible offset `= 0,1, . . . ,k−1:

1. Find the occurrences of P(`) in T̃ ′(`)



2

26 2 Pattern matching

2. For each occurrence T̃ ′(`)[i . . j] (note that j = i− 1+ bm−`
k c), check if it corre-

sponds to an occurrence of P in T̃ by checking whether bi−1[`] = e j+1[r] = 1
and report an occurrence T̃ [i−1 . . j+1] if this condition holds.

Note that when `= 0 we only need to check whether e j+1[r] = 1 and the correspond-
ing occurrence is T̃ [i . . j+1]; and symmetrically, if r = 0, we only check if bi−1[`] = 1,
the occurrence being T̃ [i−1 . . j]. For a fixed `, Step (1) can be done in O(n log2(m

k ))
time using Theorem 15; and Step (2) requires O(1) time per occurrence. Since each
P(`) can occur in at most n positions, the total time for step (2) over all `= 0,1, . . . ,k−1
is O(kn) =O(N); and the total time for Step (1) is k ·O(n log2(m

k )).
Finally, for the cases k < 2k−1, we can find all the occurrences of P in T̃ that do not

fully contain a string from some segment inO(N) total time. These occurrences either
(i) span exactly two consecutive segments of T̃ , or (ii) are entirely contained in some
string of some segment. To find all occurrences of type (ii) in O(N) time it suffices to
run e.g. KMP [141]. To find the occurrences of type (i), we scan each array bi: for each
j ∈ [1 . .k] s.t. bi[ j] = 1, we check whether ei+1[m− j] = 1 and report an occurrence if
this is the case. This requires O(kn) =O(N) total time for all i ∈ [1 . .n−1].

Overall, the preprocessing (constructing arrays bi and ei, computing the IDs of
the length k substrings of P, and replacing them accordingly in T̃ ) takes O(N) time,
and finding all the matches takes O(N + kn log2 m

k ), hence we obtain the claimed
result.

Let us now consider the case where the text is a k-F graph. Let P be a solid string
of length m over an alphabet Σ, let ` < m be an integer which divides m, and let us
write P = P1 . .Pd where |Pi|= ` for i = 1 . .d. We define the `th spread of P as the string
spr`(P) = ∏

d−1
i=1 Pi ·$ ·Pi+1, where $ 6∈ Σ. In other words, each fragment Pi of length `

is repeated, separated from the other fragments by a gadget letter $, except for the
first and last one, which are repeated once only.

Example 34. Let P = GTTCGTTATATG. One has spr3(P) = GTT ·$ ·CGT CGT ·
$ ·TAT TAT ·$ ·ATG.

Let P′ = CGTATTATT. One has spr3(P′) = CGT ·$ ·ATTATT ·$ ·ATT

Given a k-F graph G = (T̃ ,
⋃n

i=1 Ei) of length n, we define its disentanglement as the
(2k+1)-D string D(G) = D1 . .Dn−1 where for every i = 1 . .n−1, the set Di contains
every string t ·$ · t ′ such that (t, t ′) ∈ Ei. An example is shown in Figure 2.2

We prove the following lemma:

Lemma 35. Given a k-F graph G = (T̃ ,E) and a solid string P of length m > k such
that k divides m, the string sprk(P) occurs in D(G) if and only if there exists i, j with
P ∈ L(G[i . . j]), namely P occurs in G with starting and ending offset 0.

Proof. If P ∈ L(G[i . . j]) and P = P1 . .Pd is a factorisation of P in substrings of length
k, then for every `= 1 . .d−1 one has P̀ ∈ T̃ [i+ `−1], P̀ +1 ∈ T̃ [i+ `] and (P̀ , P̀ +1) ∈
Ei+`−1, which means that the setD(G)[i+`−1] contains the string P̀ ·$ · P̀ +1, and the
concatenation of those strings for each ` is equal to sprk(P). Conversely, observe that
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D(G) =


CGT · $ · ATT
CGT · $ · CGT
GTT · $ · CGT
GTT · $ · CCG

 ·

 ATT · $ · ATT
CGT · $ · TAT
CCG · $ · TAT

 ·

 ATT · $ · ATG
TAT · $ · ATG
TAT · $ · TAT

 ·
{

ATG · $ · TAG
TAT · $ · TAG

}
G =

{
CGT

GTT

}  ATT

CGT

CCG


{

ATT

TAT

} {
ATG

TAT

} {
TAG

}

Figure 2.2: A k-F graph G (top) and its disentanglementD(G) (bottom). Pattern P = GTTCGTTATATG
occurs once in G (underlined), and pattern spr3(P) = GTT ·$ ·CGT CGT ·$ ·TAT TAT ·$ ·ATG occurs
once inD(G) (also underlined). PatternP=CGTATTATT occurs twice inG (in red and blue respectively),
and both occurrences be detected in D(G) as in Theorem 18, from the strings highlighted in red and blue
respectively.

for every `= 1 . .d−1, one has sprk(P)[(`−1)(2k+1)+ k+1] = $. If sprk(P) occurs
in D(G), since by construction the letter $ occurs only at position k+1 of each set
in D(G), the occurrence has to start at the first position of a set, and since k divides
m that means that sprk(P) ∈ L(D(G)[i . . j]) for some 1≤ i≤ j ≤ n. This implies that
for such i, j and for each 0 ≤ ` ≤ d− 1 one has sprk(P)[(2k+ 1)(`− 1) . .(2k+ 1)`] ∈
D(G)[i + `− 1]. But one notices that sprk(P)[(2k + 1)(`− 1) . .(2k + 1)`] = P̀ $P̀ +1,
which means that P̀ ∈ T̃ [i+ `−1], P̀ +1 ∈ T̃ [i+ `], and (P̀ , P̀ +1) ∈ Ei+`−1. Since this
holds for every 1≤ `≤ d−1, we deduce that P ∈ L(G[i . . j]).

Example 36. Let P = GTTCGTTATATG, and P′ = CGTATTATT as in Example 34,
and let G=(T̃ ,E) andD(G) be as in Figure 2.2. The pattern P occurs once in G, ending
in the fourth segment (underlined occurrence on the figure). This corresponds to
a unique occurrence of spr3(P) = GTT ·$ ·CGTCGT ·$ ·TATTAT ·$ ·ATG in D(G),
ending in the third segment. The string P′ occurs twice in G (in red and in blue
on the figure). However, the string spr3(P′) = CGT · $ ·ATTATT · $ ·ATT occurs
only once in D(G) (in red). This is because the blue occurrence has nonzero starting
and ending offsets. It can, however, be detected in D(G), by reading the string
CG ·$ ·TATTAT ·$ ·TATTAT ·$ ·T (also in blue on the figure), as explained in the
following.

As illustrated in the above example, Lemma 35 allows us, given a k-F G and a
pattern P whose length is a multiple of k, to use a (2k+ 1)-D string to detect the
occurrences of P in G having starting and ending offset 0. We now extend this result
to arbitrary pattern length and starting position, in order to prove Theorem 18.

Theorem 18. PvarT(solid,k-F) can be solved in O(
√

m(|E|+N log2 m)) time.

Proof. Let G = (T̃ ,E) be a k-F graph of length n and P = P[1 . .m] be a solid pattern.
Let us first assume that k <

√
m. We construct the disentanglement of G, which is a

(2k+1)-D string D(G). Let us assume that P occurs in G starting at position i and
ending at position j (we have i < j since k <

√
m). This means, by definition, that

there exist two (possibly empty) strings s, t and P1, . . ,Pj−i+1 such that s ·P1 ∈ T̃ [i],
Pj−i+1 · t ∈ T̃ [ j] and P̀ −i+1 ∈ T̃ [`] for every i < ` < j, and such that P1 · · ·Pj−i+1 = P.
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We notice that one necessarily has |s|+m+ |t|= 0 mod k, hence the string P1 ·$ ·P2 ·
sprk(P2 . .Pj−i) ·Pj−i ·$ ·Pj−i+1 is uniquely determined by |s|, and we call it sprk

|s|(P).
Writing P̂ = s ·P · t, we have that P̂∈L(G[i . . j]), which, by Lemma 35, means precisely
that sprk(P̂) occurs in D(G). We can rewrite sprk(P̂) = s · sprk

|s|(P) · t, and we deduce
that P occurs in G with starting offset |s| in some segment if and only if sprk

|s|(P)
occurs in D(G) (observing the occurrences of $ in the constructed strings, every
occurrence of sprk

|s|(P) is always part of an occurrence of s · sprk
|s|(P) · t, for some pair

s, t having suitable lengths). To find every occurrence of P in G, we can then search
for the k patterns sprk

0(P), . . ,sprk
k−1(P) in D(G).

Notice that D(G) has size O(k|E|). To search for sprk
0(P), . . ,sprk

k−1(P) we can
apply a modified version of the algorithm from Theorem 17: while in Theorem 17,
we need k searches for each pattern (one for each offset), here we are already given k
distinct patterns that we each need to search with a known given offset. Hence, we
can first compute IDs only for the length 2k+1 substrings of sprk

0(P), . . ,sprk
k−1(P)

that contain a $ at their k+1th position (as they are the only ones that can match a
full string from a segment of D(G)). This can be done simultaneously for all strings
in O(m), by using the suffix tree of P, as such strings are constructed from a 2k
length substring of P, with an extra central dollar. We then construct arrays ei and bi
in O(k|E|) time, as in Theorem 17. Since each of the patterns are searched with a
unique offset, the search takes O(n log2(m

k )) for each of them. We obtain a total time
of O(k|E|+kn log2(m

k )) =O(
√

m|E|+N log2 m) for the cases k <
√

m.
Now consider the case k ≥

√
m. Observe that, in this case, we have n ≤ N√

m
,

because it always holds that n≤ N
k . By simply applying the algorithm of Theorem 20

in this special case we obtain a time complexity in O(N
√

m+ |E|logm). Combining
the two cases, the total time becomes O(

√
m(|E|+N log2 m)).

Example 37. Consider again our running example P′ = CGTATTATT, as in Exam-
ple 34. We can now detect its blue occurrence in G (as in Figure 2.2) by searching
for spr3

1(P
′) = CG · $ ·TATTAT · $ ·TATTAT · $ ·T, that occurs in D(G) (in blue on

Figure 2.2).

Variable pattern
In this section, we study the complexity of finding all the occurrences of non-solid
patterns in a k-D or k-F text.

Pattern 1-D and Text 1-D In [125], a O(n logm)-time algorithm is given for
PvarT(1-D,1-D) when the alphabet size is constant - as we described in Theorem 16.
Moreover, a quadratic conditional lower bounds is shown when the alphabet size is
not bounded by a constant.

This lower bound clearly applies also to both PvarT(1-D,k-D), PvarT(k-D,1-D)
when the alphabet size is not constant. In Subsection 2.1.4.2, we prove that, in these
cases, a quadratic lower bound holds even when the alphabet has only three letters.

In Subsection 2.1.4.2, we consider the pattern-matching problem where at least
one between the pattern and the text is in 1-F and the other is in 1-D. In every
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possible case, i.e. PvarT(1-D,1-F), PvarT(1-F ,1-D), PvarT(1-F ,1-F), we prove a
quadratic conditional lower bound for constant-size alphabets. This implies that
whenever we are considering the PvarT(X ,Y ) problem with variable patterns, if at
least one between pattern and text is a founder, the best that we can hope to achieve
is a quadratic-time algorithm.

All the conditional lower bounds here rely on the Orthogonal Vectors Hypothesis
(Conjecture 11).

Throughout this chapter, we will use the instance X = {x1 = 010,x2 = 100,x3 =
011}, Y = {y1 = 001,y2 = 010,y3 = 110} of OV as our running example. Note that
x2 = 100, y2 = 010 is a valid solution since x2 · y2 = 0.

Here we summarize the general idea used in the following proofs. We will start
with an instance of OV: X ,Y ⊆ {0,1}d such that |X |= |Y |= n. Then we construct in
O(nd) time a pattern P and a text T̃ such that there is a match of P in T̃ if and only if
there exists a pair of orthogonal vectors between X and Y . We will ensure that the
size of both P and T̃ is O(nd). In this way, a sub-quadratic algorithm for matching P
in T̃ would imply anO((nd)(nd)1−ε) =O(n2−εpoly(d)) time algorithm for OV, which
contradicts OVH.

Matching 1-D and k-D We start by introducing a gadget that will be used in several
reductions. Given a vector y ∈ {0,1}d , let Q(y) be a 1-D string given by d segments
Q(y)[h], 1≤ h≤ d, defined as

Q(y)[h] =
{

0
1

}
if y[h] = 0; Q(y)[h] =

{
0
}

if y[h] = 1.

The key property, which is clear by construction, is that a string x matches in Q(y)
only if it encodes a vector orthogonal to y.

Lemma 38. Let x,y ∈ {0,1}d , then the string x[1]x[2] · · ·x[d] occurs in Q(y) if and only if
x · y = 0.

Theorem 21. Noalgorithm can solve PvarT(1-D,k-D) on constant alphabet inO(M1−ε N)
nor in O(MN1−ε) time for ε > 0, unless OVH is false.

Proof. Let X ,Y ⊆ {0,1}d , |X |= |Y |= n be an instance of OV. We define a 1-D pattern
P and a k-D text T̃ such that P occurs in T̃ if and only if ∃x ∈ X ,y ∈ Y, x · y = 0. We
start by constructing pattern gadgets Q(yi), for each yi ∈ Y . We then concatenate
such gadgets into a single 1-D pattern using an extra character $ that will force
synchronisation with T̃ :

P =
{

$
}

Q(y1)
{

$
}
· · ·

{
$
}

Q(yn).

We remark that the size of P is M =O(nd). To build the text T̃ , we list all the vectors
from X in one segment W , surrounded by n−1 segments of the form Z = {$0d} on
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Figure 2.3: Example of the pattern and text constructed from X = {010,100,011} and Y = {001,010,110}
in the proof of Theorem 21. The highlighted paths represent an occurrence of P in T̃ , which identifies
two orthogonal vectors: x2 = 100 ∈ X and y2 = 010 ∈ Y . The dashed lines are drawn to emphasise the
synchronisation forced by the symbol $.

both sides:

T̃ = {$
d times︷  ︸︸  ︷
0 · · ·0}· · ·{$0 · · ·0}︸                         ︷︷                         ︸

n−1 times


$x1[1] · · ·x1[d]

...
$xn[1] · · ·xn[d]


W

Z

{$0 · · ·0}· · ·{$0 · · ·0}︸                         ︷︷                         ︸
n−1 times

ra Clearly, T̃ is a (d +1)-D string of size N =O(nd). The idea is that Z can match
any gadget Q(yi), while W allows matches only from gadgets encoding vectors that
are orthogonal to a vector in X (Lemma 38). Since P has n gadgets of length d, any
match of P in T̃ must span a string in W (see Figure 2.3). Summing up, if P has
a match in T̃ starting at T̃ [i], then it must start at the first position of T̃ [i] because
the $ symbol matches nowhere else. Then i must be less or equal than n, and the
intersection of L(Q(yn−i+1)) and L(W ) must be non empty, implying that vector
yn−i+1 is orthogonal to some vector of X . Therefore, deciding if there exists a pair of
orthogonal vectors between X and Y can be reduced in O(nd) time to an instance
of matching a 1-D pattern P of size O(nd) in a k-D text T̃ of size O(nd). If we could
find a match for P in T̃ in O(N1−ε M) or O(NM1−ε) time, then we could solve OV in
O((nd)(nd)1−ε) =O(n2−ε poly(d)) time, which contradicts OVH.

Theorem 22. Noalgorithm can solve PvarT(k-D,1-D) on constant alphabet inO(M1−ε N)
nor in O(MN1−ε) time for ε > 0, unless OVH is false.

Proof. The reduction is entirely analogous to that of Theorem 21, except now we
define a 1-D text T̃ =

{
$
}

Q(y1)
{

$
}
· · ·

{
$
}

Q(yn) and (d+1)-D pattern P=W of length
1 containing all the vectors from X . We can conclude as before.

Matching 1-F and 1-D In the following proofs we will use a three-level strategy
first introduced in [86, 88].

We start by defining the two underlying 1-D strings P and T̃ (one for the pattern
and one for the text) common to all the 1-F graphs in the reductions of this section.
Let X ,Y ⊆ {0,1}d , |X |= |Y |= n be any instance of OV. T̃ and P are over the alphabet
Σ = {0,1,u,b,$}. The role of the letters u and b is to identify parts of the segments
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that we will call their upper and bottom level, respectively. We build P as the
concatenations of n 1-D string gadgets, one for each vector of X : given xi ∈ X , we
define

p(xi) =

 u
xi[1]

b

 · · ·
 u

xi[d]
b

 .

We add the symbol $ at the beginning and end of the pattern to force the occurrences
to start/end in some specific parts of the text. The complete 1-D pattern then is

P = {$}p(x1)p(x2) · · · p(xn){$}, (2.1)

thus |P|= nd +2 =O(nd) and ‖P‖= 3nd +2 =O(nd) (see Figure 2.4 for an example).
To build text T̃ , we consider three different 1-D strings: Tleft, T̃⊥ and Tright. The

1-D string Tleft consists of a single segment {$} followed by n− 1 gadgets Uleft =

{u}d−1
{

$
u

}
. In a symmetric way, Tright consists of n−1 gadgets Uright =

{
b
$

}
{b}d−1

followed by {$}.
The 1-D string T̃⊥ is built using a slight variation of the gadgets Q(yi) (see proof of

Theorem 21) extended with a three-level structure. Given y j ∈ Y , we define T⊥j [1] =
{u} ∪Q(y j)[1]∪ {b,$}, T⊥j [h] = {u} ∪Q(y j)[h]∪ {b} for 2 ≤ h ≤ d − 1 and T⊥j [d] =
{u,$}∪Q(y j)[d]∪{b}. We define T̃⊥ as the concatenation of T⊥1 · · ·T⊥n . Finally, the
full 1-D text T̃ is the concatenation of Tleft, T̃⊥ and Tright (see Figure 2.5 for an example):

T̃ = {$}Un−1
left T⊥1 · · ·T⊥n Un−1

right{$} (2.2)

We remark that the size of T̃ is O(nd), since it is built from three 1-D strings of size
O(nd).

Theorem 23. Noalgorithm can solve PvarT(1-D,1-F) on constant alphabet inO(M1−ε N)
nor in O(MN1−ε) time for ε > 0, unless OVH is false.

Proof. Let X ,Y ⊆ {0,1}d , |X |= |Y |= n and Σ = {0,1,u,b,$}. We build the pattern P
as in Equation (2.1). To build text GT , we consider T̃ as in Equation (2.2) and we
first separately construct three different 1-F graphs: Gleft =(Tleft,Eleft), G⊥ =(T̃⊥,E⊥)
and Gright =(Tright,Eright). The set of edges Eleft of Gleft contains every possible edge
between consecutive segments except for that of type (u,$), which has no incoming
edge to $. Symmetrically, the set Eright of Gright contains every possible edge between
consecutive segments except for the one of the form ($,b), which has no outgoing
edge from $.

To define E⊥, we first define the edges for each T⊥j . For these gadgets, we allow
all the edges of the form (u,u), (b,b) and (x,y) for any x,y ∈ {0,1}. In this way, any
matching string inL(P)passing through T⊥j must follow the upper level identified by
letters u, the bottom level identified by letters b or the orthogonal level corresponding
to Q(y j) (recall that any string x ∈ {0,1}d matches Q(y j) if and only if x · y j = 0). To
complete E⊥, for all consecutive segments T̃⊥i [d] and T̃⊥i+1[1] we build two sets of
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Figure 2.4: Example of a 1-D pattern P and 1-F text GT constructed from X = {010,100,011} and Y =
{001,010,110} following the proof of Theorem 23. Highlighted paths show some occurrences of P in
T̃ , given by the string $uuu100bbb$ ∈ L(P) which belongs also to L(T̃ [4 . . .14]) and L(T̃ [7 . . .17]). This
corresponds to the fact that x2 = 100 is orthogonal to y1 = 100 and y2 = 010.

edges: the first connects the upper level of T̃⊥i [d] (i.e. u and $) to the upper and
orthogonal level of T̃⊥i+1[1]; the second connects the orthogonal and bottom level
of T̃⊥i [d] with the bottom level of T̃⊥i+1[1] (i.e. b and $). Finally, GT = (T̃ ,ET ) is the
union of Gleft, G⊥ and Gright where we add to ET all the edges from the last segment
of Tleft to the upper level and orthogonal level of T⊥1 [1] and all the edges from the
orthogonal and bottom level of T⊥n [d] to the first segment of Tright. We remark that
|ET |=O(nd), thus since ‖T̃‖=O(nd), the size of GT is O(nd).

From the construction of the edges, we have that the only allowed edges from $
are ($,u), ($,0) and ($,1) and the only allowed edges to $ are (0,$), (1,$) and (b,$).
Hence, the pattern must start either on the upper level or in Gleft and finish either on
the bottom level or in Gright. Since the bottom level (thus also Gright) can be reached
only after reading the orthogonal level, we deduce by Lemma 38 that the pattern
has a match in GT if and only if xi matches with Q(y j) for some i, j, namely xi · y j = 0.
See Figure 2.4 for an example.

Theorem 24. Noalgorithm can solve PvarT(1-F ,1-D) on constant alphabet inO(M1−ε N)
nor in O(MN1−ε) time for ε > 0, unless OVH is false.

Proof. Let X ,Y ⊆ {0,1}d , |X |= |Y |= n and Σ = {0,1,u,b,$}. We build the text T̃ as in
Equation (2.2). To build the pattern GP = (P,EP), we consider P as in Equation (2.1)
and we construct the set of edges EP with the same criteria used for GT in the proof
of Theorem 23. At the beginning of the pattern, we add the edges ($,u), ($,x1[1]),
and at the end we add the edges (xn[d],$) and (b,$). For each xi ∈ X , we add to
p(xi) all the edges of the form (u,u), (b,b) and (x,y) for any x,y ∈ {0,1}. Instead,
from p(xi) to p(xi+1) we add the edges: (u,u), (u,xi+1[1]), (xi[d],b), (b,b). Clearly,
|EP|≤ 4nd = O(nd), thus the size of GP is ‖P‖+|EP|= O(nd). Furthermore, we can
deduce that the language of GP isL(GP) = {$u(i−1)d ·xi ·b(n−i)d$ : i = 1, . . . ,n}. Remark
that each xi is over the alphabet {0,1}. Thus, because of the position of the symbol $,
Lemma 38 applies, that is, there is an occurrence of P in T̃ if and only if xi matches
with Q(y j) for some i, j, namely xi · y j = 0. See Figure 2.5 for an example of this
reduction.
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Figure 2.5: Example of a 1-F pattern GP and a 1-D text T̃ constructed from X = {010,100,011} and
Y = {001,010,110} following the proof of Theorem 24, with occurrences of GP in T̃ highlighted.

Finally, the following result directly follows from a reduction that uses GT as in
the proof of Theorem 23 and GP as in the proof of Theorem 24.

Theorem 25. Noalgorithm can solve PvarT(1-F ,1-F) on constant alphabet inO(M1−ε N)
nor in O(MN1−ε) time for ε > 0, unless OVH is false.

2.2 Approximate pattern matching
2.2.1 Introduction
This section is based on [40] (which has been extended in [41]). We define the main
problem, which is the approximate version of PvarT(solid,ED), as follows :

Problem 4. 1-Error EDSM
Input: A string P of length m and an ED string T̃ of length n and size N.
Output: All positions j′ in T̃ such that there is at least one string P′ with an
occurrence ending at position j′ in T̃ , and with dE(P,P′)≤ 1 (reporting version);
or YES if and only if there is at least one string P′ with an occurrence in T̃ , and
with dE(P,P′)≤ 1 (decision version).

An occurrence of a string P′ as in the problem definition is called an occurrence of
P with 1 error (or a 1-error occurrence).

We also define an alternative version, this time based on Hamming distance:

Problem 5. 1-Mismatch EDSM
Input: A string P of length m and an ED string T̃ of length n and size N.
Output: All positions j′ in T̃ such that there is at least one string P′ with an
occurrence ending at position j′ in T̃ , and with dH(P,P′)≤ 1.

An occurrence of a string P′ as in the problem definition is called an occurrence of
P with 1 mismatch (or a 1-mismatch occurrence). We call mismatch the single position i
with P[i] 6= P′[i].
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Approximate EDSM Features Running time

Bernardini et al. [45] k errors O(k2mB+ kN)
This work 1 error O(nm3 +N)
This work 1 error O((nm2 +N) logm)
This work 1 error (decision) O(nm2√logm+N log logm)

Bernardini et al. [45] k mismatches O(kmB+ kN)
This work 1 mismatch O(nm3 +N)
This work 1 mismatch O(nm2 +N logm)

Table 2.2: The state of the art results for approximate EDSM and our new results for k = 1. Note that
n≤ B≤ N. All algorithms underlying these results are combinatorial and all the reporting algorithms are
online.

Our Results and Techniques In string matching, a single extra or missing letter
in the pattern or in a potential occurrence results in missing (many or all) occur-
rences. Hence, manyworks are focused on approximate stringmatching for standard
strings [22, 55, 66, 103, 150, 151]. For approximate k-EDSM, Bernardini et al. [45]
presented an onlineO(k2mB+kN)-time algorithm under edit distance and an online
O(kmB+ kN)-time algorithm under Hamming distance, where k is the maximum
allowed number of errors (edits) or mismatches, respectively. Unfortunately, B is
only bounded by N, and so even for k = 1, the existing algorithms run in Ω(mN) time
in the worst case.

Let us remark that the special case of k = 1 is not interesting for approximate
string matching on standard strings: the existing algorithms have a polynomial
dependency on k and a linear dependency on the length n of the text, and thus for
k = 1 we trivially obtain O(n)-time algorithms under edit or Hamming distance.
However, this is not the case for other string problems, such as text indexing with
errors, where the first step was to design a data structure for 1 error [21]. The next
step, extending it to k errors, required the development of new highly non-trivial
techniques and incurred some exponential factor with respect to k [64]. Interestingly,
k-EDSM seems to be the same case, which highlights the main theoretical motivation
of this work. In Table 2.2, we summarize the state of the art for approximate EDSM
and our new results for k = 1. Note that the reporting algorithms underlying our
results are also online.

Indeed, to arrive at our main results, we design a rich non-trivial combination
of algorithmic techniques. Our algorithms for edit distance rely on non-trivial
reductions from 1-EDSM to special instances of classic computational geometry
problems (2d rectangle stabbing or 2d range emptiness), which we show how to
solve efficiently. In order to obtain an even faster algorithm for Hamming distance,
we also rely on employing and adapting the k-errata trees of Cole et al. for text
indexing with k errors [64].

The combinatorial algorithms we develop here for approximate EDSM are good
in the following sense. First, the running times of our algorithms do not depend on B,
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a highly desirable property. Specifically, all of our results replace m ·B by an n ·poly(m)

factor. Second, our Õ(nm2 +N)-time algorithms are at most one logm factor slower
thanO(nm2 +N), the best-known bound obtained by a combinatorial algorithm (not
employing fast Fourier transforms) for exact EDSM [109]. Notably, for Hamming
distance, we show an O(nm2 +N logm)-time algorithm. Last, our O(nm3 +N)-time
algorithms have a linear dependency on N, another highly desirable property (at
the expense of an extra m-factor).

2.2.2 Preliminaries
Let P′ be an occurrence of P with 1 error starting at position j and ending at position
j′ in an ED string T̃ , equivalently, we say that P matches T̃ [ j . . j′] with 1 error. Let
UP′j, . . . ,P

′
j′V be an alignment of P′ with T̃ [ j . . j′] and i∈ [ j . . j′] be an integer such that

the single replacement, insertion, or deletion required to obtain P from P′ = P′j · . . . ·P′j′
occurs on P′i . We then say that the alignment (and the occurrence) has the 1 error in
T̃ [i] (it should be clear that for one alignment we may have multiple different i). We
show the following theorem.

Theorem 39. Given a pattern P of length m and an ED text T̃ of length n and size N,
the reporting version of 1-Error EDSM can be solved online inO(nm2 logm+N logm)
or O(nm3 +N) time. The decision version of 1-Error EDSM can be solved off-line in
O(nm2√logm+N log logm) time.

Theorem 40. Given a pattern P of length m and an ED text T̃ of length n and size N,
1-Mismatch EDSM can be solved online in O(nm2 +N logm) or O(nm3 +N) time.
Definition 41. For a string P = P[1 . .m], an ED string T̃ = T̃ [1 . .n], a position 1≤ i≤ n,
and a distance on Σ∗, we define three sets:

• APi ⊆ [1 . .m], such that j ∈ APi if and only if P[1 . . j] is an active prefix of P in T̃
ending in the segment T̃ [i], that is, a prefix of P which is also a suffix of a string
in L(T̃ [1 . . i]).

• ASi ⊆ [1 . .m], such that j ∈ ASi if and only if P[ j . .m] is an active suffix of P in
T̃ starting in the segment T̃ [i], that is, a suffix of P which is also a prefix of a
string in L(T̃ [i . .n]).

• 1-APi ⊆ [1 . .m], such that j ∈ 1-APi if and only if P[1 . . j] is an active prefix with 1
error of P in T̃ ending in the segment T̃ [i], that is, a prefix of P which is also at
distance at most 1 from a suffix of a string in L(T̃ [1 . . i]).

For convenience, we also define AP0 = ASn+1 = 1-AP0 = /0.
Computing the sets 1-AP plays the key role in the reporting version of our algo-

rithm for 1-Error EDSM (see Figure 2.6). Finding active prefixes (and, up to string
reversal, suffixes) reduces to the APE problem (Problem 1)

Given an algorithm for the APE problem working in f (m)+N time, we can find
all active prefixes for a pattern P of length m in an ED text T̃ = T̃ [1 . .n] of size N in
O(n f (m)+N) total time. Lemma 9 implies the following:
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Prefix Case
(Section 2.2.6)

Anchor Case
(Section 2.2.5)

Suffix Case
(Section 2.2.6)

Easy Case
(Section 2.2.4)

APi−1 APi

1-APi−1 1-APi

∗

∗

∗

∗

Figure 2.6: The layout of the algorithms for computing APi, 1-APi, and reporting occurrences. The green
areas correspond to the (partial) matches in T̃ [i], and the symbol ∗ indicates the position of an error. The
vertical bold lines indicate the beginning/the end of an occurrence or a 1-error occurrence. The cases
without a label allow only exact matches and were already solved by Grossi et al. in [109].

Corollary 42 ([109]). For a pattern P of length m and an ED text T̃ = T̃ [1 . .n] of total size
N, computing the sets APi for all i ∈ [1 . .n] takes O(nmω−1 +N) time.

As depicted in Figure 2.6, the computation of active prefixes with 1 error (1-APi)
and the reporting of occurrences with 1 error reduce to a problem where the error
can only occur in a single, fixed T̃ [i]. In particular, this problem decomposes into 4
cases, which we formalize in the following proposition.

Proposition 43. Let T̃ = T̃ [1 . .n] be an ED text and P be a pattern that has an occurrence
with 1 error (resp. 1 mismatch) in T̃ . For each alignment corresponding to such occurrence,
at least one of the following is true:

Easy Case: P matches T̃ [i] with 1 error (resp. 1 mismatch) for some 1≤ i≤ n.

Anchor Case: P matches T̃ [ j . . j′] with 1 error (resp. 1 mismatch) in T̃ [i] for some 1≤ j <
i < j′ ≤ n. T̃ [i] is called the anchor of the alignment.

Prefix Case: P matches T̃ [ j . . i] with 1 error (resp. 1 mismatch) in T̃ [i] for some 1≤ j <
i≤ n, implying an active prefix of P which is a suffix of a string in L(T̃ [ j . . i−1]).
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Suffix Case: P matches T̃ [i . . j′] with 1 error (resp. 1 mismatch) in T̃ [i] for some 1≤ i <
j′ ≤ n, implying an active suffix of P which is a prefix of a string in L(T̃ [i+1 . . j′]).

Proof. Suppose P has a 1-error (resp. 1 mismatch) occurrence matching T̃ [ j . . j′]with
1≤ j ≤ j′ ≤ n. If j = j′ we are in the Easy Case. Otherwise, each alignment has an
error in some T̃ [i] for j ≤ i≤ j′. If j < i < j′, we are in the Anchor Case; if j < i = j′,
we are in the Prefix Case; and if j = i < j′, we are in the Suffix Case.

2.2.3 1-Error EDSM
In this section, we present algorithms for finding all 1-error occurrences of P given
by each type of possible alignment described by Proposition 43 (inspect Figure 2.7).
The Prefix and Suffix cases are analogous up to string reversal; the only difference is
in that, while the Suffix Case computes new 1-AP, the Prefix Case is used to actually
report occurrences. They are jointly considered in Subsection 2.2.6.

We follow two different procedures for the decision and reporting versions.
For the decision version, we precompute sets APi and ASi, for all i ∈ [1 . .n], using
Corollary 42, and we simultaneously compute possible exact occurrences of P. Then
we compute 1-error occurrences of P by grouping the alignments depending on
the segment i in which the error occurs, and using APi and ASi. For the reporting
version, we consider one segment T̃ [i] at a time (online) and extend partial exact
or 1-error occurrences of P to compute sets APi and 1-APi using just sets APi−1 and
1-APi−1 computed at the previous step. We design different procedures for the 4
cases of Proposition 43. We can sort all letters of P, assign them rank values from
[1 . .m], and construct a perfect hash table over these letters supporting O(1)-time
look-up queries in O(m logm) time [186]. Any letter of T̃ not occurring in P can be
replaced by the same special letter in O(1) time. In the rest we thus assume that the
input strings are over [1 . .m+1].

In Subsection 2.2.7, we note that the 2d rectangle stabbing instances arising
from 1-Error EDSM have a special structure. We show how to solve them efficiently
thus shaving logarithmic factors from the time complexity.

2.2.4 Easy case
The Easy Case can be reduced to approximate string matching with at most 1 error
(1-SM):

Problem 8. 1-SM
Input: A string P of length m and a standard string T of length n.
Output: All positions j in T such that there is at least one string P′ ending at
position j in T with dE(P,P′)≤ 1.

We have the following well-known results.

Lemma 44 ([66, 151]). Given a pattern P of length m, a text T of length n, and an integer
k > 0, all positions j in T such that the edit distance of T [i . . j] and P, for some position i≤ j
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on T , is at most k, can be found in O(kn) time or in O( nk4

m +n) time.3 In particular, 1-SM
can be solved in O(n) time.

We find occurrences of P with at most 1 error that are in the Easy Case for
segment T̃ [i] in the following way: we apply Lemma 44 for k = 1 and every string of
T̃ [i] whose length is at least m−1 (any shorter string is clearly not relevant for this
case) as text. If, for any of those strings, we find an occurrence of P, we report an
occurrence at position i (inspect Figure 2.7a). The time for processing a segment T̃ [i]
is O(Ni), where Ni is the total length of all the strings in T̃ [i].

2.2.5 Anchor case
Let T̃ be an ED text and P be a pattern with a 1-error occurrence and an alignment
in the Anchor Case with anchor T̃ [i]. Further let L = P[1 . . `]S′ and Q = S′′P[q . .m] be
a prefix and a suffix of P, respectively, for some ` ∈ APi−1,q ∈ ASi+1, where S′,S′′ are
a prefix and a suffix of some S ∈ T̃ [i], respectively (strings S′,S′′ can be empty). By
Lemma 4, a pair L,Q gives a 1-error occurrence of P if one of the following holds:

1 mismatch: |L|+|Q|+1 = m and |S′|+|S′′|+1 = |S| (inspect Figure 2.7b).

1 deletion in P: |L|+|Q|= m−1 and |S′|+|S′′|= |S|.

1 insertion in P: |L|+|Q|= m and |S′|+|S′′|+1 = |S|.

We show how to find such pairs with the use of a geometric approach. For
convenience, we only present the Hamming distance (1 mismatch) case. The other
cases are handled similarly.

Let λ ∈ APi−1 be the length of an active prefix, and let ρ be the length of an active
suffix, that is, m−ρ+1∈ASi+1. Note that APi−1 and ASi+1 can be precomputed, for all
i, in O(nmω−1 +N) =O(nm2 +N) total time by means of Corollary 42. (In particular,
ASi+1 is required only for the decision version; for the reporting version, we explain
later on how to avoid the precomputation of ASi+1 to obtain an online algorithm.)
We will exhaustively consider all pairs (λ ,ρ) such that λ +ρ < m. Clearly, there are
O(m2) such pairs.

Consider the length µ = m− (λ +ρ)> 0 of the substring of P still to be matched
for some prefix and suffix of P of lengths (λ ,ρ), respectively. We group together all
pairs (λ ,ρ) such that m− (λ +ρ) = µ by sorting them in O(m2) time. We construct,
for each such group µ , the compacted trie Tµ of the fragments P[λ + 1 . .m− ρ],
for all (λ ,ρ) such that m− (λ +ρ) = µ , and analogously the compacted trie T̃ R

µ of
all fragments PR[ρ + 1 . .m−λ ]. For each group µ , this takes O(m) time [169]. We
enhance all nodes with a perfect hash table in O(m) total time to access edges by the
first letter of their label in O(1) time [93].

We also group all strings in segment T̃ [i] of length less than m by their length µ .
The group for length µ is denoted by Gµ . This takes O(Ni) time. Clearly, the strings
3Charalampopoulos et al. have announced an improvement on the exponent of k from 4 to 3.5; specifically,

they presented an O(
nk3.5
√

logm logk
m +n)-time algorithm [56].
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in Gµ are the only candidates to extend pairs (λ ,ρ) such that m− (λ +ρ) = µ . Note
that themismatch can be at any position of any string of Gµ : its position determines a
prefix S′ of length h and a suffix S′′ of length k of the same string S, with h+k = µ−1,
thatmustmatch a prefix and a suffix of P[λ +1 . .m−ρ], respectively. Wewill consider
all such pairs of positions (h,k) whose sum is µ − 1 (intuitively, the minus one is
for the mismatch). This guarantees that L = P[1 . .λ ]S′ and Q = S′′P[m−ρ + 1 . .m]
are such that |L|+|Q|+1 = m. The pairs are (0,µ − 1),(1,µ − 2), . . . ,(µ − 1,0). This
guarantees that L and Q are one position apart (|S′|+|S′′|+1 = |S|).

The number of these pairs is O(µ) = O(m). Consider one such pair (h,k) and
a string S ∈ Gµ . We treat every such string S separately. We spell S[1 . .h] in Tµ . If
the whole S[1 . .h] is successfully spelled ending at a node u, this implies that all the
fragments of P corresponding to nodes descending from u share S[1 . .h] as a prefix.
We also spell SR[1 . .k] in T̃ R

µ . If the whole of SR[1 . .k] is successfully spelled ending
at a node v, then all the fragments of P corresponding to nodes descending from v
share (SR[1 . .k])R as a suffix. Nodes u and v identify an interval of leaves in Tµ and T̃ R

µ ,
respectively. We need to check if these intervals both contain a leaf corresponding
to the same fragment of P. If they do, then we obtain an occurrence of P with 1
mismatch (see Figure 2.8). We now have two different ways to proceed, depending
on whether we need to solve the off-line decision version or the online reporting
version.

Decision Version Let us recall that Tµ , T̃ R
µ by construction are ordered based on

lexicographic ranks. For every pair (Tµ , T̃ R
µ ), we construct a data structure for 2d

range emptiness queries on the grid [1 . . `]2, where ` is the number of leaves of Tµ

(and of T R
µ ), for the set of points (x,y) such that x is the lexicographic rank of the leaf

of Tµ representing P[λ +1 . .m−ρ] and y is the rank of the leaf of T R
µ representing

PR[ρ+1 . .m−λ ] for the same pair (λ ,ρ). This denotes that the two leaves correspond
to the same fragment of P. For every (Tµ , T̃ R

µ ), this preprocessing takes O(m
√

logm)
time by Lemma 6, since ` is O(µ) =O(m). For all µ groups (they are at most m), the
whole preprocessing thus takes O(m2√logm) time.

We then ask 2d range emptiness queries that take O(log logm) time each by
Lemma 6. Note that all rectangles for S can be collected in O(|S|) =O(µ) time by
spelling S through Tµ and SR through T̃ R

µ , one letter at a time. Thus the total time
for processing all Gµ groups of segment i is O(m2√logm+Ni log logm). If any of the
queried ranges turns out to be non-empty, then P′ such that dH(P,P′)≤ 1 appears in
L(T̃ ) with anchor in T̃ [i]; we do not have sufficient information to output its ending
position however.

Reporting Version For this version, we do the dual. We construct a data structure
for 2d rectangle stabbing queries on the grid [1 . . `]2 for the set of rectangles collected
for all strings S ∈ Gµ . By Lemma 5, for all µ groups, the whole preprocessing thus
takes O(Ni logNi) time.

For every (Tµ , T̃ R
µ ), we then ask the following queries: (x,y) is queried if and

only if x is the rank of a leaf representing P[λ + 1 . .m− ρ] and y is the rank of a
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leaf representing PR[ρ +1 . .m−λ ]. For every (Tµ , T̃ R
µ ), this takes O(m logNi) time by

Lemma 5 and by the fact that for each group Gµ there are O(m) pairs (λ ,ρ) such
that m− (λ +ρ) = µ . For all groups Gµ (they are at most m), all the queries thus take
O(m2 logNi) time. Thus the total time for processing all Gµ groups of segment i is
O((m2 +Ni) logNi).

We are not done yet. By performing the above algorithm for active prefixes and
active suffixes, we find out which pairs can be completed to a full occurrence of P
with at most 1 error. This information is not sufficient to compute where such an
occurrence ends (and storing additional information together with the active suffixes
may prove costly). To overcome this, we use some ideas from the decision algorithm,
appropriately modified to preserve the online nature of the reporting algorithm.
Instead of iterating ρ over the lengths of precomputed active suffixes, we iterate it
over all possible lengths in [0 . .m] (including 0 because we may want to include m
in 1-APi). A suffix of P of length ρ completes a partial occurrence computed up to
segment i exactly when m−ρ ∈ 1-APi (a pair x ∈ 1-APi,x+1 ∈ ASi+1 corresponds to
an occurrence). We thus use the reporting algorithm to compute the part of 1-APi
coming from the extension of APi−1 (see Figure 2.6), and defer the reporting to the
no-error version of the Prefix Case for the right j′; which was solved by Grossi et
al. [109] in linear time.

2.2.6 Prefix case
Let T̃ be an ED text and P be a pattern with a 1-error occurrence and an alignment in
the Prefix Case with active prefix ending at T̃ [i−1]. Let L = P[1 . . `]S′, with ` ∈ APi−1,
be a prefix of P that is extended in T̃ [i] by S′; and Q be a suffix of P occurring in some
string of T̃ [i] (strings S′,Q can be empty). By Lemma 4, we have 3 possibilities for
any alignment of a 1-error occurrence of P in the Prefix Case:

1 mismatch: |L|+|Q|+1 = m, S′ is a prefix of the same string in which Q occurs, and
they are one position apart (inspect Figure 2.7c).

1 deletion in P: |L|+|Q|= m−1, S′ is a prefix of the same string in which Q occurs,
and they are consecutive.

1 insertion in P: |L|+|Q|= m, S′ is a prefix of the same string in which Q occurs, and
they are one position apart.

For convenience, we only present themethod forHamming distance (1mismatch).
The other possibilities are handled similarly.

The techniques are similar to those for the Anchor Case (Subsection 2.2.5). We
group the prefixes of all strings in T̃ [i] according to their length µ ∈ [1 . .m−1]. The
total number of these prefixes is O(Ni). The group for length µ is denoted by Gµ .
We construct the compacted trie TGµ

of the strings in Gµ , and the compacted trie T̃ R
Gµ

of the reversed strings in Gµ . This can be done in O(Ni) total time for all compacted
tries. To achieve this, we employ the following lemma by Charalampopoulos et
al. [53]. (Recall that we have already sorted all letters of P. In what follows, we
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assume that Ni ≥ m; if this is not the case, we can sort all letters of T̃ [i] in O(m+Ni)
time.)

Lemma 45 ([53]). Let X be a string of length n over an integer alphabet of size nO(1). Let
I be a collection of intervals [i . . j] ⊆ [1 . .n]. We can lexicographically sort the substrings
X [i . . j] of X , for all intervals [i . . j] ∈ I, in O(n+ |I|) time.

We concatenate all the strings of T̃ [i] to obtain a single string X of length Ni, to
which we apply, for each µ , Lemma 45, with a set I consisting of the intervals over
X corresponding to the strings in Gµ . By sorting, in this way, all strings in Gµ (for
all µ), and by constructing [91] and preprocessing [37] the generalized suffix tree
of the strings in T̃ [i] in O(Ni) time to support answering lowest common ancestor
(LCA) queries in O(1) time, we can construct all TGµ

in O(Ni) total time. We handle
T̃ R

Gµ
, for all µ , analogously. Similar to the Anchor Case we enhance all nodes with a

perfect hash table within the same complexities [93].
In contrast to the Anchor Case, we now only consider the set APi−1: namely, we

do not consider ASi+1. Let λ ∈ APi−1 be the length of an active prefix. We treat every
such element separately, and they are O(m) in total. Let µ = m−λ > 0 and consider
the group Gµ whose strings are all of length µ . The mismatch being at position h+1
in one such string S determines a prefix S′ of S of length h that must extend the active
prefix of P of length λ , and a fragment Q of S of length k = µ−h−1 that must match
a suffix of P. We will consider all such pairs (h,k) whose sum is µ−1. The pairs are
again (0,µ−1),(1,µ−2), . . . ,(µ−1,0), and there are clearly O(µ) =O(m) of them.

Consider (h,k) as one such pair. We spell P[λ + 1 . .λ + h] in TGµ
. If the whole

P[λ +1 . .λ +h] is spelled successfully, this implies an interval of leaves of TGµ
corre-

sponding to strings from T̃ [i] that share P[λ +1 . .λ +h] as a prefix. We spell PR[1 . .k]
in T̃ R

Gµ
. If the whole PR[1 . .k] is spelled successfully, this implies an interval of leaves

of T R
Gµ

corresponding to strings from T̃ [i] that have the same fragment (PR[1 . .k])R.
These two intervals form a rectangle in the grid implied by the leaves of TGµ

and T̃ R
Gµ

.
We need to check if these intervals both contain a leaf corresponding to the same
prefix of length µ of a string in T̃ [i]. If they do, then we have obtained an occurrence
with 1 mismatch in T̃ [i].

To do this we construct, for every (TGµ
, T̃ R

Gµ
), a 2d range data structure for the set

of points (x,y) such that x is the rank of a leaf of TGµ
, y is the rank of a leaf of T̃ R

Gµ
,

and the two leaves correspond to the same prefix of length µ of a string in T̃ [i]. For
every (TGµ

, T̃ R
Gµ

), this takes O(|Gµ |
√

log|Gµ |) time by Lemma 6. For all Gµ groups,
the whole preprocessing takes O(Ni

√
logNi) time.

We then ask 2d range emptiness queries each taking O(log log|Gµ |) time by
Lemma 6. Note that all rectangles for λ can be collected in O(m) time by spelling
P[λ +1 . .λ +µ−1] through TGµ

and PR[1 . .µ−1] through T̃ R
Gµ

, one letter at a time.
This gives a total of O(m2 log logNi +Ni

√
logNi) time for processing all Gµ groups of

T̃ [i], because ∑µ |Gµ |≤ Ni.
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To solve the Suffix Case (compute active prefixes with 1 error starting in T̃ [i]) we
employ the mirror version of the algorithm, but iterating λ over the whole [0 . .m]
instead of ASi+1 (like in the reporting version of the Anchor Case).

2.2.7 Shaving logs using special cases of geometric problems
Anchor case: simple 2d rectangle stabbing
Lemma 46. We can solve the Anchor Case (i.e., extend APi−1 into 1-APi) in O(m3 +Ni)
time.

Proof. By Lemma 5, 2d rectangle stabbing queries can be answered inO(logn) time
using O(n logn) space after O(n logn)-time preprocessing.

Notice that in the case of the 2d rectangle stabbing used in Subsection 2.2.5
the rectangles and points are all in a predefined [1 . .m]× [1 . .m] grid. In such a
case we can also use an easy folklore data structure of size O(m2), which after an
O(m2 + |rectangles|)-time preprocessing answers such queries in O(1) time.

Namely, the data structure consists of a [1 . .m+1]2 grid Γ (a 2d-array of integers)
in which for every rectangle [u . .v]× [w . .x]we add 1 to Γ[u][w] and Γ[v+1][x+1] and
−1 to Γ[u][x+ 1] and Γ[v+ 1][w]. Then we modify Γ to contain the 2d prefix sums
of its original values (we first compute prefix sums of each row, and then prefix
sums of each column of the result). After these modifications, Γ[x][y] stores the
number of rectangles containing point (x,y), and hence after O(m2 + |rectangles|)-
time preprocessing we can answer 2d rectangle stabbing queries in O(1) time.

In our case we have a total of O(m) such grid structures, each of O(m2) size, and
ask O(m2) queries, and hence obtain an O(m3 +Ni)-time and O(m2)-space solution
for computing 1-APi from APi−1.

Prefix case: a special case of 2d rectangle stabbing
Inspect the example of Figure 2.8 for the Anchor Case. Note that the groups of
rectangles for each string have the special property of being composed of nested
intervals: for each dimension, the interval corresponding to a given node is included
in the one corresponding to any of its ancestors. Thus for the Prefix Case, where we
only spell fragments of the same string P in both compacted tries, we consider the
following special case of off-line 2d rectangle stabbing.

Lemma 47. Let p1, . . . , ph and q1, . . . ,qh be two permutations of [1 . .h]. We denote by Π

the set of h points (p1,q1),(p2,q2), . . . ,(ph,qh) on [1 . .h]2.
Further let R be a collection of r axis-aligned rectangles

([u1,v1], [w1,x1]), . . . ,([ur,vr], [wr,xr]),

such that [ur,vr]⊆ [ur−1,vr−1]⊆ ·· · ⊆ [u1,v1] and [w1,x1]⊆ [w2,x2]⊆ ·· · ⊆ [wr,xr]. Then
we can find out, for every point from Π, if it stabs any rectangle from R in O(h+ r) total
time.

Proof. Let H be a bit vector consisting of h bits, initially all set to zero. We process
one rectangle at a time. We start with ([u1,v1], [w1,x1]). We set H[p] = 1 if and only if
(p,q)∈Π for p∈ [u1,v1] and any q. We collect all p such that (p,q)∈Π and q∈ [w1,x1],
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and then search for these p in H: if for any p, H[p] = 1, then the answer is positive
for p. Otherwise, we remove from H every p such that p ∈ [u1,v1] and p /∈ [u2,v2] by
setting H[p] = 0. We proceed by collecting all p such that (p,q) ∈Π, q ∈ [w2,x2] and
q /∈ [w1,x1], and then search for them in H: if for any p, H[p] = 1, then the answer is
positive for p. We repeat this until H is empty or until there are no other rectangles
to process.

The whole procedure takes O(h+ r) time, because we set at most h bits on in H,
we set at most h bits back off in H, we search for at most h points in H, and then
we process r rectangles. Note that we can efficiently scan (p1,q1),(p2,q2), . . . ,(ph,qh)
to update and query the bit vector H, because we can maintain set Π sorted in two
copies: one by the first dimension and another one by the second dimension.

Lemma 48. We can solve the Prefix (resp. Suffix) Case, that is, report 1-error occurrences
ending in T̃ [i] (resp. compute active prefixes with 1 error starting in T̃ [i]) in O(m2 +Ni)
time.

Proof. We employ Lemma 47 to get rid of the 2d range data structure. The key is that
for every length-µ suffix P[λ +1 . .m] of the pattern we can afford to pay O(µ + |Gµ |)
time plus the time to construct TGµ

and T̃ R
Gµ

for set Gµ . Because the grid is [1 . . |Gµ |]2,
we exploit the fact that the intervals found by spelling P[λ +1 . .λ +µ−1] through
TGµ

and PR[1 . .µ−1] through T̃ R
Gµ

, one letter at a time, are subset of each other, and
querying µ such rectangles is done in O(µ + |Gµ |) time by employing Lemma 47.
Since we process at most m distinct length-µ suffixes of P, the total time isO(m2+Ni),
because ∑µ |Gµ |≤ Ni.

2.2.8 Wrapping-up
To obtain Theorem 39 for the decision version of the problemwefirst compute APi and
ASi, for all i ∈ [1 . .n], in O(nmω−1 +N) total time (Corollary 42). We then compute all
the occurrences in the Easy Cases usingO(N) time in total (Subsection 2.2.4); and we
finally compute all the occurrences in the Prefix and Suffix Cases in ∑iO(m2 +Ni) =
O(nm2 +N) total time (Lemma 48).

Now, to solve the decision version of the problem, we solve theAnchor Caseswith
the use of the precomputed APi−1 and ASi+1 for each i ∈ [2 . .n−1] in O(m2√logm+
Ni log logm) time (Subsection 2.2.5), which givesO(nm2√logm+N log logm) total time
for the whole algorithm.

For the reporting version we proceed differently to obtain an online algorithm;
note that this is possible because we can proceed without ASi (see Figure 2.6). We
thus consider one segment T̃ [i] at the time, for each i ∈ [1 . .n], and do the following.
We compute 1-APi, as the union of three sets obtained from:

• The Suffix Case for T̃ [i], computed in O(m2 +Ni) time (Lemma 48).

• Standard APE with 1-APi−1 as the input bit vector, computed in O(m2 +Ni)
time (Lemma 9).

• Anchor Case computed from APi−1 in O((m2 +Ni) logNi) (Subsection 2.2.5) or
O(m3 +Ni) time (Lemma 46).
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If Ni ≥ m3, the algorithm of Lemma 46 works in the optimal O(m3 +Ni) = O(Ni)
time, hence we can assume that the O((m2 +Ni) logNi)-time algorithm is only used
when Ni ≤ m3, and thus it runs in O((m2 +Ni) logm) time. Therefore over all i the
computations requireO((nm2+N) logm) orO(nm3+N) total time. For every segment
i we can also check whether an active prefix from 1-APi−1 or from APi−1 can be
completed to a full match in T̃ [i] using the algorithms of Grossi et al. from [109] and
Prefix Case, respectively, in O(m2 +Ni) extra time.

By summing up all these we obtain Theorem 39.

2.2.9 1-Mismatch EDSM
In this section, we give an alternative to the construction presented in Subsection 2.2.5,
in the case of 1-Mismatch EDSM. We do so by finding matches in a tree containing
both suffixes of P and elements from the segment T̃ [i], as well as modified versions of
those strings. The number of additional strings is bounded by using the heavy-light
decomposition of Sleator and Tarjan [196]. The construction is directly inspired by the
one presented by Thankachan et al. in [203], which is itself inspired by the k-errata
tree construction introduced by Cole et al. in [64] for indexing with errors. We give
an algorithm to find all occurrences of P in T̃ with 1 mismatch by computing sets
1-APi under Hamming distance, which, combined with the previously developed
techniques, results in solving the 1-Mismatch EDSM problem in O(nm2 +N logm)
time.

Let us start with the following basic definition.

Definition 49 ([196]). Let T̃ be a rooted tree. The heavy path of T̃ is the path that
starts at the root and at each node descends to the child (called heavy node) with
the largest number of leaf nodes in its subtree (ties are broken arbitrarily). The
heavy-light decomposition of T̃ is defined recursively as a union of the heavy path of T̃
and the heavy path decompositions of the off-path subtrees of the heavy path. The
nodes that are not heavy nodes are called light nodes (the root of T̃ is always a light
node). An edge on a heavy path is called heavy; and the other edges are called light.

A crucial well-known property following from Definition 49 is that any root-to-
leaf path crosses O(log|T̃ |) heavy paths. Each light edge on a path from the root
decreases the size of the descending subtree by at least half. Thus the number of
light edges on a path from any node to the root is O(log|T̃ |).

We use the above properties to efficiently construct a tree T̃1(P, T̃ [i]) (for a given
ED text T̃ [1 . .n] of size N, a pattern P[1 . .m] and an index 1≤ i≤ n with ||T̃ [i]||= Ni)
in the following three steps (inspect also Figure 2.9):

Step 1 We construct the compacted trie containing the strings in T̃ [i] and suffixes
P[ j+1 . .m] of P for each j ∈ APi−1. We call this set of suffixes of P acti−1(P). We
also add labels (ι(X),#) to each node in the tree corresponding to a string X in
acti−1(P)∪ T̃ [i], where ι(X) is a pointer to X and # is a special label. This takes
O(m+Ni) time and space [91] (we add the suffixes of P in O(m) total time by
constructing the suffix tree of P and truncating the superfluous suffixes). We
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call T̃0(P, T̃ [i]) the tree we obtain from this step. In the next steps, T̃0(P, T̃ [i])
will be extended with new nodes and labels to obtain T̃1(P, T̃ [i]).

Step 2 We compute a heavy-light decomposition [196] of T̃0(P, T̃ [i]), which takes
time linear in its size, namely O(m+Ni).

Step 3 For each light node u of T̃0(P, T̃ [i]) let u′ be the leaf on the heavy path starting
at u. Leaf u′ corresponds to a string X , and for each labeled descendant v
of u outside of the heavy path u . . .u′, if Y is the string corresponding to v,
we compute p = 1+LCP(X ,Y ) (in O(1) time after linear-time preprocessing
of the tree, see Theorem 1) and add to T̃1(P, T̃ [i]) the string obtained from
Y by replacing Y [p] with X [p], with a label (ι(Y ), p) (a given node can store
multiple labels). Intuitively, p is the position of a mismatch between (a prefix
of) X and (a prefix of) Y . Since the tree T̃0(P, T̃ [i]) has O(m+Ni) nodes and
each of them has O(log(m+Ni)) light node ancestors, there are no more than
O((m+Ni) log(m+Ni)) additional nodes and labels. Also the construction of
new nodes can be done each time in O(1) time, because we in fact just copy a
subtree of a light node and merge it with the subtree of its heavy sibling.

We have thus arrived at the following lemma.

Lemma 50. The construction of T̃1(P, T̃ [i]) takes O((m+Ni) log(m+Ni)) time and space.

We now prove that the tree T̃1(P, T̃ [i]) satisfies the following property.

Lemma 51. Let X ∈ acti−1(P). A string Y ∈ T̃ [i] is at Hamming distance at most 1 from a
prefix of X having length |Y | if and only if T̃1(P, T̃ [i]) contains two nodes u, v respectively
labeled by (ι(X), p) and (ι(Y ), p′), for some p, p′ ∈ N∪{#}, such that u is a descendant of v,
and one of the following is satisfied:

• p = p′ ∈ N

• p = # or p′ = #.

Proof. For the forward implication, if Y is a prefix of X then the claim is trivial since
T̃0(P, T̃ [i]) contains nodes with labels (ι(X),#) and (ι(Y ),#), and thus the first node is
a descendant of the second one. Now, we assume that Y has one mismatch with X ′ =
X [1 . . |Y |] at a position p. Let u, v be nodes in T̃0(P, T̃ [i]) respectively corresponding
to X and Y , and let w be their lowest common light ancestor. Let Z be the string
corresponding to the leaf on the heavy path starting at w. Since X and Y have a
mismatch at position p, at least one of them has a mismatch with Z at position p and
there are nomismatches to the left of p. Indeed, suppose towards a contradiction that
there exists some p′ < p such that Z[p′] 6= X [p′](=Y [p′]): then the node corresponding
to X [1 . . p′](=Y [1 . . p′])would not be on the heavy path corresponding to Z, butwould
be a common ancestor of u and v, and thus w would not be the lowest common light
ancestor of u and v, a contradiction.

Assume first that X [p] 6= Z[p]. Then, there is a node with a label (ι(X), p) in the
tree, which is a descendant of either v, having label (ι(Y ),#) (ifY [p] = Z[p]), or a node
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having label (ι(Y ), p) (if Y [p] 6= Z[p]), because we assumed that X and Y do not have
any other mismatch. Finally, if X [p] = Z[p], then Y [p] 6= Z[p] and the node with label
(ι(Y ), p) is an ancestor of u, having label (ι(X),#).

To prove the reverse implication, let us assume that the consequences are satisfied.
Let u be the node whose label contains (ι(X), p) and v the node whose label contains
(ι(Y ), p′). We first assume p = p′ ∈ N. Note that, by the construction of T̃1(P, T̃ [i]),
the node u (resp. v) corresponds to a string obtained by one letter modification on X
(resp. on Y ) at the same position p. We denote the resulting string X̂ (resp Ŷ ). Since
v is an ancestor of u in T̃1(P, T̃ [i]), Ŷ is a prefix of X̂ . But this exactly means that Y is
at Hamming distance 1 to the length-|Y | prefix of X (or Hamming distance 0 if both
replacements replaced the same letter). If the second condition is satisfied, namely
if p = # or p′ = #, then it means that one replacement in Y gives Ŷ which is a prefix
of X , or that Y is a prefix of X̂ , which is one replacement away from X , therefore we
have the claimed result.

We next formalize (Algorithm 1) how to find nodes satisfying one of the condi-
tions from Lemma 51 and deduce the approximate active prefixes corresponding to
the Anchor Case for segment T̃ [i]. Let v1 OR v2 denote a bit-wise OR of two vectors,
and v1⊕x denote vector v1 shifted by x positions to the right (the first x positions are
set to 0).

Algorithm 1 Search(T̃ )

1: Global variables: the set acti−1(P), a segment T̃ [i], and bit vectors V#, V1, . . ., Vm,
VANY , Vres all of size |P|+1, and initially set to all 0’s

2: Input: T̃ - a subtree of T̃1(P, T̃ [i]) with root r
3: Output: represented by global bit vector Vres

4: for each label (ι(X), p) with X ∈ T̃ [i] on r do
5: set Vp[|X |] and VANY [|X |] to 1
6: end for
7: for each label (ι(X), p) with X ∈ acti−1(P) on r do
8: if p = # then
9: update Vres to Vres OR (VANY ⊕ (m−|X |)).

10: else update Vres to Vres OR ((Vp OR V#)⊕ (m−|X |))
11: end if
12: end for
13: for each T̃ ′ a subtree of T̃ rooted at a child of r do
14: run Search(T̃ ′)
15: end for
16: for each label (ι(X), p) with X ∈ T̃ [i] on r do
17: set Vp[|X |] and VANY [|X |] to 0
18: end for
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Proposition 52. Algorithm 1 with input T̃1(P, T̃ [i]) returns Vres such that Vres[p] = 1 if
and only if p is an element of 1-APi corresponding to the Anchor Case for segment T̃ [i].
Algorithm 1 runs in O((m+Ni) log(m+Ni)+m2) time.

Proof. We first need the following remark: if P[1 . .k] extends into P[1 . .k′] in T̃ [i], that
means that some Y ∈ T̃ [i] is at Hamming distance 1 from the prefix P[k+1 . .k′] of
P[k+ 1 . . |P|]. Therefore, we are looking for the pairs described in Lemma 51. We
show that Vres[k′] = 1 after the end of the procedure if and only if there is a pair of
nodes u,v in T̃1(P, T̃ [i]) satisfying the conditions of Lemma 51 for X = P[k+1 . . |P|],
Y ∈ T̃ [i], and |Y |= k′− k.

Let us assume the existence of such a pair (u,v). Since the tree is traversed in a
DFS [71], the node v (with a label (ι(Y ), p′), p′ ∈ N∪{#}) is traversed before u, which
is its descendant; and at this moment, Vp′ [|Y |] is set to 1, as well as VANY [|Y |]. Since u
is a descendant of v, the vectors are not modified at position |Y | until u is visited: that
would mean that v has a strict descendant representing a string of the same length
as the string represented by v. When the label (ι(X), p) for X ∈ acti−1(P) is visited on
u, we set the position (m−|X |)+ |Y |= k′ of Vres to 1 if Vp[|Y |] = 1 or V#[|Y |] = 1 (which
happens if p = p′ ∈ N∪{#} or if p′ = #) and when p = # if VANY [|Y |] = 1.

Vice versa, if after the processing one hasVres[k′] = 1, thismeans that at some point
in the DFS a node u having a label (ι(X), p) with X ∈ acti−1(P) and p ∈ N∪{#}was
visited, and that at this point, for k = m−|X |, one hadVANY [k′−k] = 1 orVp′ [k′−k] = 1
for (p, p′) satisfying the conditions from Lemma 51. This one had to be set previously
in the DFS at a node v having label (ι(Y ), p′) for Y ∈ T̃ [i] with |Y |= k′− k. Finally,
only an ancestor of u can be chosen as such v, because otherwise, from the DFS
traversal order, the corresponding component of the vectors would have been set to
0. Now, the pair of nodes (u,v) satisfy the conditions of Lemma 51, and from our
observations that means that there is an active prefix with 1 error of P having length
k, extending up to T̃ [i].

The running time follows from the fact that the algorithm visits only O((m+
Ni) log(m+Ni)) labels by Lemma 50, and from the fact that the tree is traversed in a
DFS. The analysis of each label consists in reading it and doing a constant number
of bit modifications in the stored vectors, and, for O(m log(m+Ni)) of them (the one
corresponding to a suffix of P), doing an OR operation which takes O( m

log(N+m) ) time
in the word RAM model. This gives us the required running time.

Corollary 53. 1-Mismatch EDSM can be solved in O(nm2 +N logm) time.

Proof. We proceed in the same way as in the reporting version of Subsection 2.2.8;
the only difference is that, when Ni ≤ m3, to extend APi−1 into 1-APi, instead of
using the O((m2 +Ni) logm)-time algorithm, we use the one from Proposition 52.
Due to this change, the algorithm runs in the desired time. Indeed, notice that
when Ni ≤ m3, O((Ni +m) log(m+Ni)+m2) = O(Ni logm+m2), and when Ni ≥ m3,
O(m3 +Ni) =O(Ni). The total time is thus O(nm2 +N logm).



2

48 2 Pattern matching

P =
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string from set T̃ [i]

(a) Easy Case: j = i = j′.

. . .

. . . . . .

. . .

string from set T̃ [j] string from set T̃ [i] string from set T̃ [j′]

P =
error

L Q

(b) Anchor Case: j 6= i, i 6= j′.

. . .

. . .
string from set T̃ [j] string from set T̃ [i]

P =
error

L Q

(c) Prefix Case: j 6= i, i = j′.

. . .

. . .
string from set T̃ [j′]string from set T̃ [i]

P =
error

(d) Suffix Case: i = j, i 6= j′.

Figure 2.7: Possible alignments of 1-error occurrences of P in T̃ . Each occurrence starts at segment T̃ [ j],
ends at T̃ [ j′], and the error occurs at T̃ [i].
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Figure 2.8: An example of points and rectangles (solid shapes) for the decision version of the Anchor
Case with 1 mismatch. Here P = GGAAAAGAGAGG, APi−1 = {1,2,4,7,8,9}, ASi+1 = {5,6,9,11,12}, µ = 3,
and T̃ [i] = {AAA,GGA}.T3 and T̃ R

3 are built for 4 strings: P[2 . .4] = GAA, P[3 . .5] = AAA, P[8 . .10] = AGA,
P[9 . .11] = GAG; the 5 rectangles correspond to pairs (ε,AA),(A,A),(AA,ε),(ε,AG),(G,A), namely, the
pairs of prefixes and reversed suffixes of AAA and GGA (rectangle (GG,ε) does not exist as T3 contains no
node GG).
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Figure 2.9: T̃0(P, T̃ [i]) (top) and T̃1(P, T̃ [i]) (bottom) for the example from Figure 2.8 (P = GGAAAAGAGAGG,
APi−1 = {1,2,4,7,8,9}, T̃ [i] = {AAA,GGA}) with labels (p j = ι(P[ j . .m]), t j = ι(T̃ [i][ j])) and heavy paths.



2.3 Conclusion and future work

2

51

2.3 Conclusion and future work
In this Chapter, we discussed exact and approximate pattern matching on degenerate
texts.

In Section 2.1, for almost all combinations of variable strings X and Y , we showed
that problem PvarT(X ,Y ) admits either a truly sub-quadratic upper bound or a
quadratic lower bound conditioned on SETH. Notably, two cases are left open: when
X = solid andY =GD, andwhen X = solid andY =F . In these cases, our algorithms,
although sub-quadratic in some cases, are quadratic in the worst case and no lower
bound is known. These problems correspond to the yellow cells in the first row
of Table 2.1. Notice that the other yellow cell, that is X = 1-D and Y = 1-D, is a
completely solved case for which all bounds are known.

Other open problems are the following:

• The bounds of Theorem 19 and 20 are only sub-quadratic when N/n = ω(1);
whether there exist sub-quadratic algorithms for the case N/n=O(1) is an open
problem, as no conditional lower bound for PvarT(solid,GD) or PvarT(solid,F)
is known yet.

• In both Theorems 21 and 22 we assume that k = ω(logn); it remains open
whether there exist sub-quadratic algorithms when k = O(logn).

In Section 2.2, we showed that 1-EDSM can be solved in O((nm2 +N) logm) or
O(nm3 +N) time under edit distance. For the decision version of the problem, we
presented a faster O(nm2√logm+N log logm)-time algorithm. We also showed that
1-EDSM can be solved in O(nm2 +N logm) time under Hamming distance.

While our techniques (Sections 2.2.3 and 2.2.9) seem to generalize relatively easily
to k errors, they would incur some exponential factor with respect to k.

We leave the following basic questions open:

1. Can we design a combinatorial O(nm2 +N)-time algorithm for 1-EDSM under
edit or Hamming distance?

2. Can our techniques be efficiently generalized for k > 1 errors or mismatches?

3. Can our Hamming distance improvement for 1 mismatch (Subsection 2.2.9) be
extended to edit distance for 1 error?

4. Can one more generally adapt the results from Section 2.1 to the approximate
case, and draw a taxonomy of approximate pattern matching on degenerate
texts?
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3
Comparison

3.1 Introduction
This chapter is based on [95, 96, 98].

Our main goal here is to give the first algorithms and lower bounds for compar-
ing two pangenomes represented by two ED strings. We consider the most basic
notion of matching, namely, to decide whether two ED strings, each encoding a
language, have a nonempty intersection. Like with standard strings, algorithms
for pairwise ED string comparison can serve as computational primitives for many
analysis tasks (e.g., phylogeny reconstruction); lower bounds for pairwise ED string
comparison can serve as meaningful lower bounds for the comparison of more
powerful pangenome representations such as, for instance, variation graphs [51].

We next define the main problem in scope; inspect also Figure 3.1 for an example.

Problem 9. ED String Intersection (EDSI)
Input: Two ED strings, T̃1 of length n1, cardinality B1 and size N1, and T̃2 of length
n2, cardinality B2 and size N2.
Output: YES if L(T̃1) and L(T̃2) have a nonempty intersection, NO otherwise.

{
A

}
·

{ }
·

{ }
·

{ }
ε

G

ε

C
GCT

TC

CTC

{
A

}
·

{ }
·

{ }
T C

GCT
CC TC

T1 =

T2 =

ED strings Parameters

n1 = 4

B1 = 8

N1 = 13

n2 = 3

B2 = 6

N2 = 10

L(T1) ∩ L(T2)

AGCTC

ACCTC

ATC

AGCTTC

Figure 3.1: An example of two ED strings T̃1 and T̃2 with their parameters and the intersection of their
languages. In this instance, we see that L(T̃1) and L(T̃2) have a nonempty intersection.
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In this chapter, we will use classical techniques from formal languages and
automata theory:

Definition 54 (NFA). A nondeterministic finite automaton (NFA) is a 5-tuple (Q,Σ,δ ,q0,F),
where Q is a finite set of states; Σ is an alphabet; δ : Q× (Σ∪{ε})→P(Q) is a tran-
sition function, where P(Q) is the power set of Q; q0 ∈ Q is the starting state; and
F ⊆ Q is the set of accepting states.

Using the folklore product automaton construction, one can check whether two
NFA have a nonempty intersection in O(N1 ·N2) time, where N1 and N2 are the sizes
of the two NFA [153].

We use a different, compacted representation of automata, which in some special
cases allows a more efficient algorithm for computing and representing the intersec-
tion. In general, we call intersection graph (identifying states to nodes and transitions
to directed labeled edges) the underlying graph of any automaton representing
L(T̃1)∩L(T̃2).

Our Results We assume that the ED strings are over an integer alphabet
[1 . .(N1 +N2)

O(1)]. We make the following specific contributions:

1. In Subsection 3.2.1, we give several conditional lower bounds. In particular, we
show that there is noO((N1N2)

1−ε)-time algorithm, thus noO ((N1B2 +N2B1)
1−ε)-

time algorithm and no O ((N1n2 +N2n1)
1−ε)-time algorithm, for any constant

ε > 0, for EDSI even when T̃1 and T̃2 are over a binary alphabet, unless the
Strong Exponential-Time Hypothesis (SETH) [50] is false.

2. In Subsection 3.2.2, we present other conditional lower bounds. In particular,
we show that there is no combinatorial O((N1 +N2)

1.2−ε f (n1,n2))-time algo-
rithm, for any constant ε > 0 and any function f , for EDSI even when T̃1 and
T̃2 are over a binary alphabet, unless the BMM conjecture (Conjecture 13 [7]) is
false.

3. In Section 3.3, we show an O(N1 logN1 logn1 +N2 logN2 logn2)-time algorithm
for outputting a compact representation of the intersection language of two
unary ED strings. In the case when T̃1 and T̃2 are given in a compact represen-
tation, we show that the problem is NP-complete.

4. In Subsection 3.4.1, we show an O(N1B2 +N2B1)-time algorithm for EDSI, by
introducing their intersection graph.

5. In Subsection 3.4.2, we show an Õ(Nω−1
1 n2 +Nω−1

2 n1)-time algorithm for EDSI,
where ω is the matrix multiplication exponent.

6. We show, in Section 3.5, Section 3.7, Section 3.6, and Section 3.8 that the tech-
niques we develop here have many applications, both theoretical and practical.

7. In Section 3.9 we experimentally evaluate the efficiency of our algorithms.
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Related Work Apart from its applications to pangenome comparison, EDSI is
interesting theoretically on its own as a special case of regular expression (regex)
matching. Regex is a basic notion in formal languages and automata theory. Regular
expressions are commonly used in practical applications to define search patterns.
Regex matching and membership testing are widely used as computational primi-
tives in programming languages and text processing utilities (e.g., the widely-used
agrep). The classic algorithm for solving these problems constructs and simulates an
NFA corresponding to the regex, which gives an O(MN) running time, where M is
the length of the pattern and N is the length of the text. Unfortunately, significantly
faster solutions are unknown and unlikely [32]. However, much faster algorithms
exist for many special cases of the problem: dictionarymatching; wildcardmatching;
subset matching; and the word break problem; see [32] and references therein.

Special cases of EDSI have also been studied. First, let us consider the case when
both T̃1 and T̃2 are 1-D strings. In this case, the problem is trivial: EDSI has a positive
answer if and only if for every i, T̃1[i]∩ T̃2[i] is nonempty. Alzamel et al. [15, 16]
studied the case when T̃1 and T̃2 are GD strings: in that case, they showed that
deciding if L(T̃1) and L(T̃2) have a nonempty intersection can be done in O(N1 +N2)

time. If T̃2 is a standard string, i.e., an ED string with B2 = n2 = 1, then we can
resort to the results of Bernardini et al. [43] for ED string matching. In particular:
there is no combinatorial algorithm for EDSI working in O(n1N1.5−ε

2 + N1) time
unless the BMM conjecture is false; and we can solve EDSI in Õ(n1Nω−1

2 +N1) time.
Moreover, Gawrychowski et al. [102] provided a systematic study of the complexity
of degenerate string comparison under different notions of matching: Cartesian tree
matching; order-preserving matching; and parameterized matching.

3.2 Conditional lower bounds
In this section, we show several conditional lower bounds for the EDSI problem.
Bounds in the first group (see Section 3.2.1) are based on OVH (Conjecture 11) [50],
; the second group of bounds (see Section 3.2.2) is based, instead, on the Boolean
Matrix Multiplication (BMM) conjecture (Conjecture 13) [7].

3.2.1 Lower bounds based on SETH
We are going to reduce the Orthogonal Vectors problem (Problem 10) to the EDSI
problem.

We show the following reduction.

Theorem 55. Given two sets X = {x1, . . . ,xk}, Y = {y1, . . . ,yk} of k binary vectors of length
d, we can construct in linear time two ED strings T̃1 and T̃2 over a binary alphabet such that:

• T̃1 has length, cardinality, and size Θ(kd);

• T̃2 has length Θ(logk), cardinality Θ(k) and size Θ(kd); and

• There is a pair (xa,yb) ∈ X ×Y of orthogonal vectors if and only if T̃1 and T̃2 have a
nonempty intersection.
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Proof. Let ui = 1d−xi for all i ∈ [1 . .k], where 1d is the d-dimensional all-1 vector. We
construct T̃1 and T̃2 as follows (see Example 56):

T̃1 =
k

∏
i=1

d

∏
j=1
{0,ui[ j]} , T̃2 =

blog2 kc

∏
i=0

{
0d·2i

,ε
}
·Y ·

blog2 kc

∏
i=0

{
0d·2i

,ε
}
.

We now show that L(T̃1) and L(T̃2) have a nonempty intersection if and only if
there exists a pair of orthogonal vectors (xa,yb) ∈ X×Y .

• Suppose that xa and yb are orthogonal. Then for all j ∈ [1 . .d], yb[ j] ∈ {0,ua[ j]}
and hence yb ∈∏ j {0,ua[ j]}. It follows that

0(a−1)dyb0(k−a)d ∈ 0(a−1)d
∏

j
{0,ua[ j]}0(k−a)d ⊆ L(T̃1).

By decomposing a−1 = ∑i∈Sa−1
2i and k−a = ∑i∈Sk−a

2i, where for any integer
p, the set Sp contains the positions with a 1 in the binary representation of p,
we find that

0(a−1)dyb0(k−a)d ∈ ∏
i∈Sa−1

0d·2i ·Y · ∏
i∈Sk−a

0d·2i ⊆ L(T̃2).

We conclude that 0(a−1)dyb0(k−a)d ∈ L(T̃1)∩L(T̃2).

• Conversely, suppose that L(T̃1) and L(T̃2) have a nonempty intersection and
consider a string S ∈ L(T̃1)∩L(T̃2). Let yb be the vector from Y which is chosen
in T̃2 when constructing S. The strings in the sets of T̃2 all have length divisible
by d. Thus yb starts at an index (a− 1)d + 1 of string S for some integer a.
Since S ∈ L(T̃1), we have yb ∈∏

d
j=1 {0,ua[ j]}. This implies that xa and yb are

orthogonal.

Therefore, solving the orthogonal vectors problem for X ,Y is equivalent to checking
whether L(T̃1) and L(T̃2) have a nonempty intersection.

Example 56. Let k = 3, d = 3, X = {x1 = 010, x2 = 100, x3 = 011} and Y = {y1 =
001, y2 = 010 ,y3 = 110 }.

We have that

T̃1 =

{
0
1

}
·
{

0
}
·
{

0
1

}
·
{

0
}
·
{

0
1

}
·
{

0
1

}
·
{

0
1

}
·
{

0
}
·
{

0
}

and

T̃2 =

{
000
ε

}
·
{

000000
ε

}
·

001
010
110

 ·
{

000
ε

}
·
{

000000
ε

}
.
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One can observe that each string from L(T̃1)∩L(T̃2) corresponds to a pair of
orthogonal vectors from X and Y . For example, the string 000010000 is in L(T̃2)
because y2 = 010 ∈ Y . Since the vector x2 = 100 ∈ X is orthogonal to y2, one also has
000010000 ∈ L(T̃1). This is because the 3 middle segments of T̃1 are constructed to
encode any vector which is orthogonal to x2.

Note that when d = Θ(logk), the length n1, the cardinality B1 and the size N1

of T̃1 are O(k logk), whereas T̃2 has length n2 =O(logk), cardinality B2 =O(k) and
size N2 =O(k logk). Moreover, both ED strings are over a binary alphabet Σ = {0,1}.
This implies various hardness results for EDSI. For example, we can see that, for any
constant ε > 0, and an alphabet Σ of size at least 2 the problem cannot be solved in

O ((N1 +N2 +n1 +n2)
2−ε ·poly(n2))

time, conditional on the OV conjecture. By using the fact that n1 ≤ B1 ≤ N1 and
n2 ≤ B2 ≤ N2, we obtain the following bounds.

Corollary 57. For any constant ε > 0, there exists no

• O((N1N2)
1−ε)-time

• O ((N1B2 +N2B1)
1−ε)-time

• O ((N1n2 +N2n1)
1−ε)-time

algorithm for the EDSI problem, unless the OV conjecture is false.

3.2.2 Combinatorial lower bounds based on the BMM conjec-
ture

In this subsection, we give a reduction from TD (Problem 2) to apply the BMM
conjecture (Conjecture 13) and prove combinatorial lower bounds on EDSI. Our
reduction from TD to EDSI is based on the construction of Bernardini et al. from [43]
for ED string matching.

Corollary 58. If EDSI over a binary alphabet can be solved inO((N1+N2)
1.2−ε f (n1,n2))

time, for any constant ε > 0 and any function f , then there exists a truly subcubic
combinatorial algorithm for TD.

Proof. Let D be a positive integer and let A, B, and C be three D×D Boolean matrices.
Further let s ≤ D be a positive integer to be set later. In the rest of the proof, we
can assume that s divides D, up to adding α rows and columns containing only
0’s to all three matrices, where α is the smallest non-negative representative of the
equivalence class −D mod s.

Let us first construct an ED string T̃1 = X1X2X3 over a large alphabet with n1 = 3,
where each Xp, p ∈ [1 . .n1], contains a string for each occurrence of value 1 in A, B
and C, respectively. Below i iterates over [1 . .D], j and k over [0 . . D

s −1], and x and
y iterate over [1 . .s]. Moreover, x,y ∈ [1 . .s], vi for i ∈ [1 . .D], and a, $ are all distinct
letters.
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• If A[i . .x · D
s + j] = 1, then X1 contains the string vixa j;

• If B[x · D
s + j,y · D

s + k] = 1, then X2 contains the string a
D
s − jx$$ya

D
s −k;

• If C[y · D
s + k, i] = 1, then X3 contains the string akyvi;

The length of each string in each Xp is O(D/s) and the total number B1 of strings is
up to 3D2. Overall, N1 =O(D3/s).

We construct an ED string T̃2 with n2 = 1 containing the following strings:

P(i,x,y) = vixa
D
s x$$ya

D
s yvi for every x,y ∈ [1 . .s] and i ∈ [1 . .D].

Each string has length O(D/s) and there are B2 = Ds2 strings, so N2 =O(D2s).
We use the following fact.

Fact 59 ([43]). P(i,x,y) ∈ L(T̃1) if and only if the following holds for some j,k ∈ [1 . .D/s]:

A[i . .x · D
s
+ j] = B[x · D

s
+ j,y · D

s
+ k] =C[y · D

s
+ k, i] = 1.

We choose s = b
√

Dc; then N1,N2 =O(D2.5) and n1,n2 =O(1). Then indeed an
O((N1 +N2)

1.2−ε f (n1,n2))-time algorithm for EDSI would yield an O(D3−2.5ε)-time
algorithm for the TD problem.

Note also that even though the size of the alphabet used above is Θ(s+D) = Θ(D),
we can encode all letters by equal-length binary strings blowing N1 and N2 up
only by a factor of Θ(logD) and, hence, obtain the same lower bound for a binary
alphabet.

Both B1 and B2 in the reduction are O(D2), thus an O((B1 +B2)
1.5−ε f (n1,n2))-

time algorithm would yield an O(D3−2ε)-time algorithm for TD; hence we obtain
the following.

Corollary 60. If EDSI over a binary alphabet can be solved in O((N1.2
1 +N1.2

2 +B1.5
1 +

B1.5
2 )1−ε f (n1,n2)) time, for any constant ε > 0 and any function f , then there exists a truly

subcubic combinatorial algorithm for TD.

3.3 EDSI: The unary case
An ED string is called unary if it is over an alphabet of size 1. In this special case,
if both T̃1 and T̃2 are over the same alphabet Σ = {A}, EDSI boils down to checking
whether there exists any b≥ 0 such that Ab belongs to both L(T̃1) and L(T̃2).

Let T̃ be a unary ED string of length n over alphabet Σ = {A}. We define the
compact representation R(T̃ ) of T̃ as the following sequence of sets of integers:

∀i ∈ [1 . .n], R(T̃ )[i] = {bi,1,bi,2, . . . ,bi,Bi} ⇐⇒ T̃ [i] = {Abi,1 ,Abi,2 , . . . ,Abi,Bi},

where bi, j ≥ 0 for all i ∈ [1 . .n] and j ∈ [1 . .Bi], the cardinality of T̃ is B = ∑
n
i=1 Bi, and

its size is N = Nε +∑
n
i=1 ∑

Bi
j=1 bi, j, where Nε is the total number of empty strings in T̃ .
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Theorem 61. If T̃1 and T̃2 are unary ED strings and each is given in a compact
representation, the problem of deciding whether L(T̃1)∩L(T̃2) is nonempty is NP-
complete.

Proof. The problem is clearly in NP, as it is enough to guess a single element for each
set in both T̃1 and T̃2, and then simply check if the sums match in linear time. We
show the NP-hardness through a reduction from the Subset Sum problem, which
takes n integers b1,b2, . . . ,bn and an integer c, and asks whether there exist xi ∈ {0,1},
for all i ∈ [1 . .n], such that ∑

n
i=1 xibi = c. Subset Sum is NP-complete [140] also for

non-negative integers. For any instance of Subset Sum, we set R(T̃1)[i] = {bi,0} for
all i ∈ [1 . .n], n2 = 1 and R(T̃2)[1] = {c}. Then the answer to the Subset Sum instance
is YES if and only if L(T̃1)∩L(T̃2) is nonempty.

In what follows, we provide an algorithm which runs in polynomial time in the
size of the two unary ED strings when the latter are given uncompacted.

The setL(T̃ ) can be represented as a set L(T̃ )⊂N such thatL(T̃ ) = {A` : `∈ L(T̃ )}.
The set L(T̃ ) will be stored as a list (without repetitions). We will show how to
efficiently compute L(T̃1) and L(T̃2). Then one can compute L(T̃1)∩L(T̃2) inO(N1+N2)

time, which allows, in particular, to check if L(T̃1)∩L(T̃2) = /0 (which is equivalent to
L(T̃1)∩L(T̃2) = /0).

We show the computation for L(T̃1). The workhorse is an algorithm from the
following Lemma 62 that allows to compute the set L(X1X2) of concatenation of two
ED strings based on their sets L(X1),L(X2).

Lemma 62. Let X1 and X2 be ED strings. Given L(X1) and L(X2) such that t1 = maxL(X1)
and t2 = maxL(X2), we can compute L(X1X2) in O((t1 + t2) log(t1 + t2)) time.

Proof. For two sets A,B ⊂ N, by A+B we denote the set {a+ b : a ∈ A, b ∈ B}. We
then have L(X1X2) = L(X1)+L(X2). Fast Fourier Transform (FFT) [71] can be used
directly to compute L(X1)+L(X2) in O((t1 + t2) log(t1 + t2)) time.

Lemma 63. L(T̃1) can be computed in O(N1 logN1 logn1) time.

Proof. We apply the recursive algorithm described in Algorithm 2 to T̃1.

Algorithm 2 Compute-L(T̃ [1 . .k]
if k = 1 then

Compute L(T̃ [1]) naïvely
else

i← bk/2c
L1←Compute-L(T̃ [1 . . i])
L2←Compute-L(T̃ [i+1 . .k]
return L1 +L2

end if

Let N1,i = ∑x∈L(T̃1)[i]
x and t1,i = maxL(T̃1[i]) for i ∈ [1 . .n1]. Obviously, t1,i ≤ N1,i.
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We analyze the complexity of the recursion by levels. For the bottom level, L(T̃1[i])
can be computed in O(N1,i) time for each i ∈ [1 . .n1], which sums up to O(N1). For
the remaining levels, we notice that maxL(T̃1[i dd j]) = t1,i + · · ·+ t1, j. On each level,
the fragments of T̃1 that are considered are disjoint. Thus, the complexity on each
level via Lemma 62 isO((∑n1

i=1 t1,i) log(∑n1
i=1 t1,i)) =O(N1 logN1). The number of levels

of recursion is O(logn1); the complexity follows.

Theorem 64. If T̃1 and T̃2 are unary ED strings, then L(T̃1)∩L(T̃2) can be computed
in O(N1 logN1 logn1 +N2 logN2 logn2) time.

Proof. We use Lemma 63 to compute L(T̃1) and L(T̃2) in the required complexity.
Then L(T̃1)∩L(T̃2) can be computed via bucket sort [71].

3.4 EDSI: General case
In this section, we give an algorithm to solve EDSI for two general ED strings. We
start with an introductory remark:

Assuming that the two ED strings, T̃1 and T̃2, of total size N1 +N2 are over an
integer alphabet [1 . .(N1 +N2)

O(1)], we can sort the suffixes of all strings in T̃1[i], for
all i ∈ [1 . .n1], and the suffixes of all strings in T̃2[ j], for all j ∈ [1 . .n2], in O(N1 +N2)
time [91].

3.4.1 Compacted NFA intersection
In this section we show an algorithm for computing a representation of the inter-
section of the languages of two ED strings using techniques from formal languages
and automata theory.

Definition 65 (Compacted NFA). An extended transition is a transition function of
the form δ ext : Q×Σ∗→P(Q), where Q is a finite set of states, Σ∗ is the set of strings
over alphabet Σ, and P(Q) is the power set of Q. A compacted NFA is an NFA in
which we allow extended transitions. Such an NFA can also be represented by a
standard (uncompacted) NFA, where each extended transition is subdivided into
standard one-letter transitions (and ε-transitions), δ : Q× (Σ∪{ε})→ P(Q). The
states of the compacted NFA are called explicit, while the states obtained due to these
subdivisions are called implicit.

Given a compacted NFA A with V explicit states and E extended transitions,
we denote by V u and Eu the number of states and transitions, respectively, of its
uncompacted version Au. Henceforth we assume that in the given NFA every state
is reachable, and hence we have V u =O(Eu) and V =O(E).

Lemma 66. Given two compacted NFA A1 and A2, with V1 and V2 explicit states and E1
and E2 extended transitions, respectively, a compacted NFA representing the intersection of
A1 and A2 with O(V u

1 V2 +V1V u
2 ) explicit states and O(Eu

1 E2 +E1Eu
2 ) extended transitions

can be computed in O(Eu
1 E2 +E1Eu

2 ) time.
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Proof. We start by constructing an LCPdata structure over the concatenation of all the
labels of extended transitions of both NFA of total sizeO(Eu

1 +Eu
2 ). It requiresO(Eu

1 +
Eu

2 )-time preprocessing and allows answering LCP queries on any two substrings of
such labels in O(1) time (Theorem 1).

We construct A, a compacted NFA representing the intersection of A1 and A2.
Every state of A is composed of a pair: an explicit state of one automaton and

any explicit or implicit state of the other automaton (or equivalently a state of the
uncompacted version of the automaton). Thus the total number of explicit states of
A is O(V u

1 V2 +V1V u
2 ).

We need to compute the extended transitions of A. For a state (u,v) we check
every string pair (T1,T2), where T1 iterates over all extended transitions going out of
u and T2 iterates over all extended transitions going out of v (a transition going out of
an implicit state is represented by a suffix of the transition it belongs to). For every
pair (T1,T2) we ask an LCP(T1,T2) query. If LCP(T1,T2) is equal to one of |T1|, |T2|
(possibly both), we create an extended transition between (u,v) and the pair of states
reachable through those transitions (if one of the transitions is strictly longer, we
prune it to the right length, ending it at an implicit state of its input NFA). Otherwise
such a transition does not lead to any explicit state of A and thus cannot be used to
reach the accepting state; hence we ignore it.

Finally, the starting (resp. accepting) state of A corresponds to a pair of starting
(resp. accepting) states of A1 and A2.

Since any pair representing an explicit state of A contains an explicit state of
A1 or A2, the number of such transition pair checks (and hence also the number
of the extended transitions of A) is O(Eu

1 E2 +E1Eu
2 ). Since each such check takes

O(1) time, the construction complexity follows. Note that NFA A may contain
unreachable states; such states can be removed afterwards in linear time. The
algorithms’ correctness follows from the observation that Au is in fact the standard
intersection automaton of Au

1 and Au
2 with some states, that do not belong to any path

between the starting and the accepting states, removed.

We next define the path-automaton of an ED string (inspect Figure 3.2 for an
example).

Definition 67 (Path-automaton). Let T̃ be an ED string of length n, cardinality B,
and size N. The path-automaton of T̃ is the compacted NFA consisting of:

• V = n+1 explicit states, numbered from 1 through n+1. State 1 is the starting
state and state n+1 is the accepting state. State i ∈ [2 . .n] is the state in-between
T̃ [i−1] and T̃ [i].

• Bi extended transitions from state i to state i+1 labeled with the strings in T̃ [i],
for all i ∈ [1 . .n], where E = B = ∑i Bi.

The path-automaton of T̃ accepts exactly L(T̃ ). The uncompacted version of this
path-automaton has V u =O(N) states and Eu = N transitions.

An example is constructed in Figure 3.2.

Lemma 66 thus implies the following result.
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A

AT T C
G C

C ε

A
A

A

T
G

C

C
ε

Figure 3.2: The path automatons A1 and A2 for ED strings T̃1 =

 A
AC

TGCT

 ·
{

ε

CA

}
and T̃2 ={

ε

T

}
·
{

GCA
AC

}
. The filled black nodes are explicit states, while the orange empty nodes are implicit

states.

Corollary 68. The compacted NFA representing the intersection of two path-automata with
O(N1n2+N2n1) explicit states andO(N1B2+N2B1) extended transitions can be constructed
in O(N1B2 +N2B1) time.

Theorem 69. EDSI can be solved in O(N1B2 +N2B1) time. If the answer is YES, a
witness can be reported within the same time complexity.

Proof. The path-automaton of an ED string of size N can be constructed in O(N)
time. Given two ED strings, we can construct their path-automata in linear time
and apply Corollary 68. By finding any path from the starting to the accepting state
in linear time (if it exists), we obtain the result. The construction is detailed on an
example in Figure 3.3

Notice that the path-automata representing ED strings, as well as their inter-
section, are always acyclic, but may contain ε-transitions. In the following we are
only interested in the graph underlying the path-automaton, that is the directed
acyclic graph (DAG), where every node represents an explicit state and every la-
beled directed edge represents an extended transition of the path-automaton (inspect
also Figure 3.2).

3.4.2 An Õ(Nω−1
1 n2 +Nω−1

2 n1)-time algorithm for EDSI
In this section, we start by showing a construction of the intersection graph computed
by means of Lemma 66 in the case when the input is a pair of path-automata that
allows an easier andmore efficient implementation. The construction is then adapted
to obtain an Õ(Nω−1

1 n2 +Nω−1
2 n1)-time algorithm for solving the EDSI problem.

For x ∈ {1,2} by Ax we denote the compacted NFA (henceforth, graph Ax) rep-
resenting the ED string T̃x. By Ix[i] we denote the set of implicit states (henceforth,
implicit nodes) appearing on the extended transitions (henceforth, edges) between
explicit states (henceforth, explicit nodes) i and i+1. For convenience, the implicit
nodes in the sets Ix[1], . . . , Ix[nx] can be numbered consecutively starting from nx +2.

LetUi, j = {(i,k) : k ∈ { j}∪ I2[ j]} andU ′i, j = {(k, j) : k ∈ {i}∪ I1[i]}, for all i∈ [1 . .n1+
1] and j ∈ [1 . .n2 +1]. As in the construction of Lemma 66, the union of all Ui, j and
U ′i, j is the set of explicit nodes of the intersection graph that we construct; this
can be represented graphically by a grid, where the horizontal and vertical lines
correspond toUi, j andU ′i, j, respectively (inspect Figure 3.4a). In particular, we would
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like to compute the edges between these explicit nodes (inspect Figure 3.4b) in
O(N1B2 +N2B1) time.

Consider an explicit node of the intersection graph; this node is represented
by a pair of nodes: one from A1 and one from A2. We need to consider two cases:
explicit vs explicit node; or explicit vs implicit node. Without loss of generality, we
consider the first node to be explicit. Let us denote this pair by (i,k) ∈Ui, j, where i is
an explicit node of A1 and k is a node of A2. Let us further denote by `1 the label of
one of the edges going from node i to node i+1. For k, we have two cases. If k is
explicit (i.e., k = j) then we denote by `2 the label of one of the edges going from k
to k+1. Otherwise (k is implicit), we denote by `2 the path label (concatenation of
labels) from node k to node j+1.

As noted in the proof of Lemma 66, an edge is constructed only if LCP(`1, `2) =

min(|`1|, |`2|). If LCP(`1, `2) = |`2|< |`1| (a prefix of a string in T̃1[i] is equal to the
suffix of a string in T̃2[ j] starting at the position corresponding to node k ∈ { j}∪ I2[ j]),
the edge ends in a node from U ′i, j+1 (Figure 3.4c). If LCP(`1, `2) = |`1|< |`2| (a whole
string from T̃1[i] occurs in a string from T̃2[ j] starting at the position corresponding
to node k ∈ { j}∪ I2[ j]), the edge ends in a node from Ui+1, j (Figure 3.4d). Otherwise
(LCP(`1, `2) = |`1|= |`2|; the two strings are equal) the edge ends in (i+ 1, j + 1).
Symmetrically (i.e., the second node is explicit), the edge going out of a node fromU ′i, j
ends at a node from the same set U ′i, j+1∪Ui+1, j ∪{(i+1, j+1)} (inspect Figure 3.4b).

We next show how to construct the intersection graph by computing all such
edges going out of Ui, j or U ′i, j in a single batch using suffix trees (inspect Figure 3.5
for an example). This construction allows an easier and more efficient implementa-
tion in comparison to the LCP data structure used in the general NFA intersection
construction. Let us recall that ||T || denotes the size of the ED string T̃ .

Lemma 70. For any i∈ [1 . .n1+1] and j ∈ [1 . .n2+1], we can construct all Ki, j edges going
out of nodes in Ui, j in O(N1,i +N2, j +Ki, j) time, where N1,i = ||T̃1[i]|| and N2, j = ||T̃2[ j]||,
using the generalized suffix tree of the strings in T̃2[ j].

Proof. We first construct the generalized suffix tree of the strings in T̃2[ j] in O(N2, j)

time [91]. We also mark each node corresponding to a suffix of a string in T̃2[ j] with
a T̃2-label. Each such node is also decorated with one or multiple starting positions,
respectively, from one or multiple elements of T̃2[ j] sharing the same suffix. For
each branching node of the suffix tree, we construct a hash table, to ensure that any
outgoing edge can be retrieved in constant time based on the first letter (the key) of
its label. This can be done in O(N2, j) time with perfect hashing [93]. We next spell
each string from T̃1[i] from the root of the suffix tree making implicit nodes explicit
or adding new ones if necessary to create the compacted trie of all those strings;
and, finally, we mark the reached nodes of the suffix tree with a T̃1-label. Spelling all
strings from T̃1[i] takes O(N1,i) time.

Every pair of different labels marking two nodes in an ancestor-descendant
relationship corresponds to exactly one outgoing edge of the nodes in Ui, j: (i) if a
node marked with a T̃2-label is an ancestor of a node marked with a T̃1-label, then
the suffix of a string from T̃2[ j]matches a prefix of a string from T̃1[i] forming an edge
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ending in U ′i, j+1; (ii) if a node marked with a T̃1-label is an ancestor of a node marked
with a T̃2-label, then a string from T̃1[i] occurs in a string from T̃2[ j] extending its
prefix and forming an edge ending in Ui+1, j; (iii) if a node is marked with a T̃1-label
and with a T̃2-label, then the suffix of a string from T̃2[ j] matches a string from T̃1[i]
forming an edge ending in (i+1, j+1). After constructing the generalized suffix
tree of T̃2[ j] and spelling the strings from T̃1[i], it suffices to make a DFS traversal on
the annotated tree to output all Ki, j such pairs of nodes.

Theorem 71. We can construct the intersection graph of T̃1 and T̃2 in O(N1B2 +N2B1)
time using the suffix tree data structure and tree search traversals.1

Proof. We apply Lemma 70 for Ui, j and U ′i, j, for all i ∈ [1 . . ,n1 +1] and j ∈ [1 . . ,n2 +1].
We have that the total number of nodes is ∑i, jO(N1,i +N2, j) =O(N1n2 +N2n1), and
then the sum of all output edges is bounded byO(N1B2 +N2B1) by Corollary 68.

Note that ifwe are interested only in checkingwhether the intersection is nonempty,
and not in the computation of its graph representation, it suffices to check which of
the nodes are reachable from the starting node, which may be more efficient as there
are O(N1n2 +N2n1) explicit nodes in this graph.

Let X be the set of nodes of Ui, j that are reachable from the starting node. From
this set of nodes we need to compute two types of edges (inspect Figure 3.4b). The
first type of edges, namely, the ones from X to U ′i, j+1∪{(i+1, j+1)} (green edges
in Figure 3.4b) are computed by means of Lemma 72, which is similar to Lemma 70.
For the second type of edges, namely, the ones from X to Ui+1, j∪{(i+1, j+1)} (blue
edges in Figure 3.4b), we use a reduction to APE (Problem 1 [43]) (Lemma 73).

Lemma 72. For any given X ⊆Ui, j, we can compute the subset of U ′i, j+1∪{(i+1, j+1)}
containing all and only the nodes that are reachable from the nodes of X in O(N1,i +N2, j)
time.

Proof. In Lemma 70, the edges from nodes of Ui, j to nodes of U ′i, j+1 come from a pair
of nodes in the generalized suffix tree of T̃2[ j]: one marked with a T̃1-label and its
ancestor marked with a T̃2-label. Notice that the T̃2-labels are in a correspondence
with the elements of Ui, j (the labels on a proper suffix of a string in T̃2 are in a one-
to-one correspondence with Ui, j\{(i, j)}, and (i, j) corresponds to whole strings in
T̃2[ j]), and hence we can trivially remove the T̃2-labels that do not correspond to the
elements of X . Furthermore, we are not interested in the set of starting positions
decorating a node with a T̃2-label; we are interested only in whether a node is T̃2-
labeled or not (i.e., we do not care from which node of X the edge originates). Since
the nodes marked with a T̃1-label have in total N1,i ancestors (including duplicates),
we can compute the result of this case inO(N1,i +N2, j) time in total. Finally, the node
(i+1, j+1) is reachable when a single node is marked with both a T̃1-label and a
T̃2-label. This can be checked within the same time complexity.

1Our implementation of this algorithm can be found at https://github.com/urbanslug/junctions.

https://github.com/urbanslug/junctions
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The remaining edges (blue edges in Figure 3.4b) are dealt with via a reduction to
APE.

Lemma 73. For any given X ⊆Ui, j, we can compute the subset of Ui+1, j ∪{(i+1, j+1)}
containing all and only the nodes that are reachable from the nodes of X in Õ(N1,i +Nω−1

2, j )
time.

Proof. The problems of computing the subset of Ui+1, j reachable from X and the
APE problem can be reduced to one another in linear time.

For the forward reduction, let us set S = T̃1[i] and P = ∏S∈T̃2[ j]
$S, where $ is a

letter outside of the alphabet of T̃1. This means that we order the strings in T̃2[ j],
in an arbitrary but fixed way. For a single string $S (where S ∈ T̃2[ j]), the positions
from S[1 . . |S|−1] correspond to the implicit nodes (along the path spelling S) of
I2[ j], while the position with $ corresponds to the explicit node j of A2 and the one
with S[|S|] to the explicit node j+ 1 of A2. Through this correspondence, we can
construct two bit vectors W and V , each of them of size |P|, and whose positions are
in correspondence with { j}∪ I2[ j]∪{ j+1} (note that this correspondence is not a
bijection, as the explicit nodes j and j+1 have several preimages when |T̃2[ j]|≥ 2).
As Ui, j ∪{(i, j+1)} and Ui+1, j ∪{(i+1, j+1)} are copies of { j}∪ I2[ j]∪{ j+1}, we
use the same correspondence to match positions between W and Ui, j ∪{(i, j+1)}
and between V and Ui+1, j ∪{(i+1, j+1)}. Finally, we set W [k+1] = 1 if and only if
the corresponding node of Ui, j belongs to X (for k corresponding to (i, j+1), we set
W [k] = 0 as such a node cannot belong to X). After solving APE with W as input
vector, we haveV [k] = 1 for some2 k corresponding to a node ofUi+1, j∪{(i+1, j+1)}
if and only if this node is reachable from X .

Inmore detail, observe that since $ does not belong to the alphabet of T̃1, a string S
from T̃1[i] has to match a fragment of a string from T̃2[ j] to set V [k] to 1. This happens
only if additionallyW [k−|S|] = 1; both things happen at the same time exactly when:
(i) there exists a node (i, `) ∈ X ; (ii) there exists an edge from (i, `) to (i+1, `′); and
(iii) the positions k−|S| and k in P correspond to `,`′, respectively.

In the above reductionwe have |P|=∑S∈T̃2[ j]
|S|+1=O(N2, j), and ||S||=N1, j, hence

the lemma statement follows by Lemma 9.
For the reverse reduction, given an instance P, W , S of APE, we encode it by

setting T̃1[i] = S, T̃2[ j] = {P} (N1,i = ||S||, N2, j = |P|) and X containing the nodes cor-
responding to positions k where W [k] = 1 (the last element of such X is potentially
(i+1, j), but we do not care about this corner case of extending the prefix which is
already the full string P).

This reduction shows that a more efficient solution to the problem of finding
the endpoints of edges originating in X would result in a more efficient solution to
APE.

2Here, note that if the node is (i+1, j) or (i+1, j+1), then a corresponding k is not unique, but at least
one of them must satisfy V [k] = 1.
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Theorem 74. We can solve EDSI in Õ(Nω−1
1 n2 +Nω−1

2 n1) time, where ω is the matrix
multiplication exponent. If the answer is YES, we can output a witness within the
same time complexity.

Proof. It suffices to set the starting node (1,1) as reachable, apply Lemmas 72 and 73,
and their symmetric versions forU ′i, j, for each value of (i, j)∈ [1 . . ,n1+1]× [1 . . ,n2+1]
in lexicographical order, with X equal to the set of reachable nodes ofUi, j (respectively
ofU ′i, j); and, finally, check whether node (n1+1,n2+1) is set as reachable. We bound
the total time complexity of the algorithm by:

∑
i, j
Õ(Nω−1

1,i +Nω−1
2, j ) = Õ(n2 ∑

i
Nω−1

1,i +n1 ∑
j

Nω−1
2, j )≤ Õ(Nω−1

1 n2 +Nω−1
2 n1).

If L(T̃1)∩L(T̃2) is nonempty, that is, if the node (n1 +1,n2 +1) is set as reachable
from node (1,1), then we can additionally output a witness of the intersection – a
single string from L(T̃1)∩L(T̃2) – within the same time complexity. To do that we
mimic the algorithm on the graph with reversed edges. This time, however, we do
not mark all of the reachable nodes; we rather choose a single one that was also
reachable from (1,1) in the forward direction. This way, the marked nodes form
a single path from (1,1) to (n1 +1,n2 +1). The witness is obtained by reading the
labels on the edges of this path.

Observe that if n2 = 1, that is simply a set of standard strings no node in U ′i,1
other than (i,1) ∈Ui,1 is reachable – nodes (i,1) can be reached from (1,1) through
ε-transitions from T̃1, but reaching other nodes would require reading a letter, that is
also a change in the state of T̃2, and the only explicit state other than 1 in T̃2 is 2 (and
(i,2) ∈Ui,2). Due to this Lemma 73 never needs to be used to compute transitions
between U ′i,1 and U ′i+1,2, this allows for a more efficient solution in this case:

Corollary 75. If n2 = 1 then the running time of Theorem 69 is O(N1 +N2B1) and the
running time of Theorem 74 is Õ(N1 +Nω−1

2 n1).

This observation is themost interesting in case of the generalized versions of EDSI
showed in Section 3.7, where we can compare the running time of our algorithms
with the running time of the existing solutions solving special cases of those EDSI
generalizations.
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Figure 3.3: Intersection graph G for T̃1 and T̃2 as in Figure 3.2 where the string AC in L(T̃1)∩L(T̃2) that
determines a positive answer to the EDSI can be spelled in the path from the starting state to the accepting
state. The path automatons A1 and A2 are shown on the left and on the top, respectively, and nodes
of the intersection graph are arranged along dotted lines that correspond to copies of the layout of A1
and A2, to simplify the understanding of G. The dashed edges of the intersection automata correspond
to ε-transitions (namely, transitions such that no letter is read when traversed), while the solid edges
correspond to the other extended transitions. A string in L(T̃1)∩L(T̃2) corresponds to a path from the
starting node of G to the accepting node. Here the intersection is nonempty and contains a single string
AC, which can be read on the red path.
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I2[1] I2[2] I2[3]

(a) The grid of Ui, j and U ′i, j .
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(3, k) ∈ U3,3

(`, 3) ∈ U ′
3,3 U ′

3,4

U4,3

(b) The edges.

U3,3 → U ′
3,4

(3, k) → (k′, 4)

3 4

3 4k

`2

`1

k′
LCP(`1, `2) = |`2|

(c) The green edge denotes a prefix-suffix match.

U3,3 → U4,3

(3, k) → (4, k′′)

3 4

3 4k

`2

`1

LCP(`1, `2) = |`1|

k′′

(d) The blue edge denotes a full match.

Figure 3.4: An overview of the edges computed by the algorithm.
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Figure 3.5: The annotated compacted trie constructed for T̃1[i] =


AGGA
AAA
GG
A

 and T̃2[ j] =

 GA
AAAG

G


in Lemma 70. The node corresponding to G has two T̃2 labels and is an ancestor of the node corresponding
to GG with a T̃1 label; hence two corresponding edges to U ′i, j+1 are constructed. The node corresponding
to AAA has a T̃1 label and is an ancestor of the node corresponding to AAAG with a T̃2 label; hence a
corresponding edge to Ui+1, j is constructed. The node corresponding to a has both a T̃1 and a T̃2 label;
hence a corresponding edge to (i+1, j+1) is constructed.
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3.5 Acronym generation
In this section, we study a problem on standard strings. Given a sequence P =
P1, . . . ,Pn of n strings we define an acronym of P as a string A = A1 · · ·An, where Ai is a
(possibly empty) prefix of Pi, i∈ [1 . . ,n]. We next formalize the AcronymGeneration
problem.

Problem 10. Acronym Generation (AG)
Input: A set D of k strings of total length K and a sequence P = P1, . . . ,Pn of n
strings of total length N.
Output: YES if some acronym of P is an element of D, NO otherwise.

The AG problem is underlying real-world information systems (e.g., see https:
//acronymify.com/ or https://acronym-generator.com/) and existing approaches
rely on brute-force algorithms or heuristics to address different variants of the
problem [128, 139, 146, 147, 156, 190, 199, 209]. These algorithms usually accept a
sequence P of n ≤ nmax strings, for some small integer nmax, which highlights the
lack of efficient exact algorithms for generating acronyms. Here we show an exact
polynomial-time algorithm to solve AG for any n.

We can encode AG by means of EDSI and modify the developed methods. Let
T̃1[i], i ∈ [1 . . ,n], be the set of all prefixes of Pi and further let T̃2[1] = D. By using
Theorem 69 or Corollary 68 we obtain an O(∑i|Pi|2k+KN) =O(N2k+KN)-time al-
gorithm, while using Theorem 74 we obtain an Õ(N2ω−2 +Kω−1n)-time algorithm,
for solving the AG problem (O(N2 +KN) and Õ(N2 +Kω−1n) respectively by Corol-
lary Corollary 75 since n2 = 1).

Since, however, all elements of set T̃1[i] are prefixes of a single string (Pi), we can
obtain a more efficient graph representation of T̃1 by joining nodes i and i+1 with a
single path labeled with Pi, with an additional ε edge between every (implicit) node
of the path and node i+1. As the size of the graph for T̃1 is smaller (O(N) nodes
and edges), by using Lemma 66 we obtain an O(Nk+KN) =O(NK)-time algorithm
for solving the AG problem.

The considered ED strings have additional strong properties however. The sets
T̃1[i]’s are not just sets of prefixes of single strings, but sets of all their prefixes, while
the length n2 of T̃2 is equal to 1. By employing these two properties we obtain the
following improved result.

Theorem 76. AG can be solved in O(nK +N) time.

Proof. The algorithm of Theorem 74 is based on finding out which elements of sets
Ui, j,U ′i, j are reachable; however, since n2 = 1, the sets U ′i, j are trivialized: T̃2 has only
two explicit nodes - each can only be matched with explicit nodes of T̃1 on any path
that starts at node (1,1) and ends at node (n1 +1,2) (a node (k,1) for implicit node k
has no ingoing edge, while a node (k,2) for implicit node k has no outgoing edge).
Thus it is enough to focus on the transitions between Ui, j and Ui+1, j ∪ (i+1,2).

In Lemma 73, to compute the reachable nodes of Ui+1, j knowing the reachable
nodes of Ui, j, fast matrix multiplication is employed (Lemma 9), but in this special

https://acronymify.com/
https://acronymify.com/
https://acronym-generator.com/
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{
ℓ = lcp(Wk, Pi)

} Wk

} Pi

Ui,1 ∪ {(i, 2)} Ui+1,1 ∪ {(i + 1, 2)}

k

Figure 3.6: For the AG problem, the automaton for the prefixes of Pi can be represented as the one on
top of the figure. The sets Ui,1 ∪{(i,2)} and Ui+1,1 ∪{(i+1,2)} can be represented as copies of the path
automaton of D, as in the general case. A green node k in Ui,1 ∪{(i,2)} is specified. The red segments are
path reading the LCP string between Wk and Pi. The nodes that are reachable from k in Ui+1,1∪{(i+1,2)}
are highlighted in blue.

case a simpler method will be more effective. Let Wk be the string read between
nodes k and 2 in the path-graph of T̃2. The crucial observation is: the edges going
out of node (i,k) ∈Ui,1 ∪{(i,2)} for k 6= 1 end in nodes (i+ 1,k′) for k′ ∈ [k . .k+ l],
where l = LCP(Pi,Wk) as the strings from T̃1[i] matching the prefix of Wk are exactly
all the prefixes of Pi of length at most l (see Figure 3.6).

Hence to compute the reachable subset of Ui+1,1∪{(i+1,2)}, we can handle the
edges going out of (i,1) separately in O(K + |Pi|) time by letter comparisons, then
compute the LCP(Pi,Wk) for all the reachable nodes (i,k) either using the LCP data
structure, or with the use of the generalized suffix tree of T̃2[1] = D inO(K+ |Pi|) total
time, and finally, using a sweep line approach, compute the union of the obtained
intervals in O(K) time. We answer YES if and only if node (n+1,2) is reachable.

Over all i values this gives an algorithm running in ∑iO(K + |Pi|) =O(nK +N)
total time. Furthermore one is allowed to choose, for each i ∈ [1 . . ,n], the minimal
length xi of the prefix of Pi (including length xi = 0 if one wants to allow empty
prefixes) used in the acronym (some strings should not be completely excluded from
the acronym). The only modification to the algorithm in such a generalized case is
replacing intervals [k . .k+ l] by [k+ xi,k+ l], which does not influence the claimed
complexity.

Corollary 77. If the answer to the instance of the AG problem is YES, we can output all
strings in D which are acronyms of P within O(nK +N) time.

Proof. We want to find out which paths of T̃2 represent acronyms of P. In the algo-
rithm employed by Theorem 76 the reachable nodes of Ui,1∪{(i+1,2)} are found. If
there exists an edge from a reachable node (i,k) for k /∈ {1,2} to (i+1,2) for some
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i ∈ [1 . . ,n1], then the path of the path-graph of T̃2 containing node k represents an
acronym of P. If node (i+1,2) is reached directly from reachable node (i,1), then
the whole prefix of Pi used to do that is in D, and hence is a standalone acronym
of P. If for a path neither of the two cases qualifies, then it cannot be used to reach
node (n+1,2), and hence is not an acronym of P.

If the generalization with minimal lengths of prefixes is applied, then the values
of i used here are restricted to [i′,n], where i′ is the largest value of i with a restriction
xi > 0: node (i′−1,2) does not have an edge to node (i′,2), and hence does not belong
to any path from (1,1) to (n+1,2).

Let us remark that although the main focus of real-world acronym generation
systems is on the natural language parsing and interpretation of acronyms, our new
algorithmic solution may inspire practical improvements in such systems or further
algorithmic work.

3.6 ED string comparison tasks
In this section, we show some more applications of our techniques from Section 3.4
to solve different ED string comparison tasks.

We consider two ED strings, T̃1 of length n1, cardinality B1 and size N1, and T̃2 of
length n2, cardinality B2 and size N2. We call intersection graph the underlying graph
of an automaton representing L(T̃1)∩L(T̃2). By Corollary 68 such an automaton
(and therefore the corresponding intersection graph) can be constructed inO(N1B2 +

N2B1) time. In Section 3.4, such a graph was used to check whether L(T̃1)∩L(T̃2) is
nonempty.

In the following, we present other applications of intersection graphs (computed
bymeans of Corollary 68 or Lemma 70) to tackle several naturalED string comparison
tasks with no additional time complexity. Let us start with the most basic such task.

Problem 11. EDSI Shortest/Longest Witness
Input: Two ED strings, T̃1 of length n1, cardinality B1 and size N1, and T̃2 of length
n2, cardinality B2 and size N2.
Output: A shortest (resp. longest) element of L(T̃1)∩L(T̃2) if it is a nonempty set,
FAIL otherwise.

Lemma 78. The EDSI Shortest/Longest Witness problem can be solved in O(N1B2 +

N2B1) time by using an intersection graph of T̃1 and T̃2.

Proof. We compute the intersection graph G as the underlying graph of the au-
tomaton computed in Corollary 68. Given an edge (k,k′) in G, we assign a weight
w(k,k′) equal to the length of its string label (the string ε has length 0). Note that,
by construction, G is a directed acyclic graph, hence we can sort its nodes topo-
logically. In this topological order we define Lmin((1,1)) = 0 (resp. Lmax((1,1)) = 0),
where (1,1) is the starting node, and we compute inductively, via the topolog-
ical order, the values Lmin(k) = min{k′ predecessor of k}L(k′) +w(k′,k) (resp. Lmax(k) =
max{k′ predecessor of k}L(k′)+w(k′,k)) for each node k in G. Then, we backtrack from
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the accepting node to find the path of lengthO(n1+n2) from (1,1) to (n1+1,n2+1) of
minimal (resp. maximal) total weight. By reading the labels on the path inO(N1+N2)

time, we can output the shortest (resp. longest) element of L(T̃1)∩L(T̃2).3

In the next task, we would like to compute the size of L(T̃1)∩L(T̃2) and, in par-
ticular, by considering multiplicities in L(T̃1)∩L(T̃2). Let us start with the following
definition.

Definition 79. We equip L(T̃1)∩L(T̃2) with a multiset structure, inherited from the
multiset structure of L(T̃1) (resp. L(T̃2)), in which the multiplicity of a string T is
the number of sequences T1 ∈ T̃1[1], . . . ,Tn1 ∈ T̃1[n1] such that T1 · · ·Tn1 = T (resp. the
number of sequences T1 ∈ T̃2[1], . . . ,Tn2 ∈ T̃2[n2] such that T1 · · ·Tn2 = T ). If a string
T has multiplicity µ1 in L(T̃1) and multiplicity µ2 in L(T̃2), then it has multiplicity
µ1 ·µ2 in L(T̃1)∩L(T̃2).

Problem 12. EDSI Multiset Size
Input: Two ED strings, T̃1 of length n1, cardinality B1 and size N1, and T̃2 of length
n2, cardinality B2 and size N2.
Output: The cardinality of the multiset L(T̃1)∩L(T̃2).

Each element of the multiset L(T̃1)∩L(T̃2) can be represented by a pair of align-
ments: the sequence of n1 + n2 choices of a single Si ∈ T̃1[i] and S′j ∈ T̃2[ j] for each
i ∈ [1 . . ,n1] and j ∈ [1 . . ,n2], such that the resulting standard string is the same. Such
a pair of alignments can in turn be represented by a path in the intersection graph
of T̃1 and T̃2 as the edges correspond to (parts of) a string in some T̃1[i] and in some
T̃2[ j].

The representation is almost unique; the only reason this does not need to be the
case iswhen a node (i+1, j+1) is reached fromanode (i, j) for i∈ [1 . . ,n1], j∈ [1 . . ,n2]
using only ε-edges. In this case, the three subpaths (i, j)→ (i+ 1, j + 1),(i, j)→
(i, j + 1)→ (i+ 1, j + 1) and (i, j)→ (i+ 1, j)→ (i+ 1, j + 1), all correspond to the
choice of ε ∈ T̃1[i] and ε ∈ T̃2[ j], even though this choice should be counted as 1.

To fix the notation, we call an ε-edge: vertical, when it leads from a node (i,k) to
(i+ 1,k) for some explicit node i of A1; horizontal, when it leads from a node (k, j)
to (k, j+1) for some explicit node j of A2; and diagonal if it leads from a node (i, j)
to (i+1, j+1), where both i and j are explicit nodes (see Figure 3.4b, where such
ε-edges correspond to the vertical, horizontal, and diagonal – from the top-left
corner to the bottom-right one – arrows).

The problem may gets more difficult when a few such ε are used in a row in both
ED strings (a node (i+ x, j+ y) is reached from (i, j) using only ε-edges), as a single
alignment would correspond to all the “down, right or diagonal” paths in the x× y
grid (see Figure 3.4a). The number of such paths can be large, and even if we remove
all such diagonal ε-edges (those can be always simulated with a single horizontal
3In the case of a shortest witness, we can obtain an equally efficient algorithm by employing Dijkstra’s
algorithmusing bucket queue since the boundO(N1+N2) on theweight of the path is known beforehand.
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and a single vertical one), we cannot remove the horizontal or vertical ones, as those
can be traversed by other paths independently. We are still left with (x+y

x ) equivalent
subpaths from (i, j) to (i+ x, j+ y). In order to mitigate this problem we will restrict
the usage of such subpaths of many ε-edges to a single, regular one.

We call a path ε-regular, if it does not use diagonal ε-edges, and if two ε-edges
are used sequentially, then they either have the same direction, or the latter one is
horizontal.

Lemma 80. There is a one-to-one correspondence between pairs of alignments that produce
the same string and ε-regular paths from the starting to the accepting node in the intersection
graph of T̃1 and T̃2.

Proof. Consider a pair of alignments – it can be represented by the produced string
together with some positions in-between letters marked with (n1 +1) T̃1-labels and
(n2 +1) T̃2-labels in total specifying the beginning and ending of the productions
used in T̃1[i] and T̃2[ j], for i ∈ [1 . . ,n1], j ∈ [1 . . ,n2]. A single position can be marked
with both types of label and even many labels of the same type (when ε-productions
are used). Each position corresponds to a pair of states in the path-automata: those
pairs of states with at least one label read from left to right form a path in the
intersection graph, as the T̃i-label shows that the state is explicit in T̃i. If two labels
of a different type appear in the same place, this corresponds to a node composed of
two explicit states. When a single position contains multiple labels from both types,
the exact ordering between those labels represents the actual path in the graph. At
the same time from the point of view of T̃1 and T̃2 separately all those orderings
correspond to exactly the same pair of alignments - this is, where ε-regularity plays
its role and only one subpath is created (all T̃1-labels are placed before the T̃2-labels).
This way we have defined an injection from the pairs of alignments to the paths of
the intersection graph (each pair of alignments corresponds to only one ε-regular
path).

On the other hand the labels of the edges in the path represent (the parts of) the
transitions used in each automaton, and hence also a pair of alignments, thus the
function is also surjective.

We have thus shown that the function relating a pair of alignments to a path is
both injective and surjective, and hence a bijection (the one-to-one correspondence
from the statement).

The main result then follows.

Lemma 81. The EDSI Multiset Size problem can be solved in O(N1B2 +N2B1) time by
using an intersection graph of T̃1 and T̃2.

Proof. We compute the intersection graph as the underlying graph of the automaton
computed in Corollary 68 or Lemma 70. We are counting the number of distinct
ε-regular paths from the starting node to the accepting one, that is by Lemma 80,
the number of elements of the multiset. As previously, we can sort the nodes
topologically. If we wanted to compute all the paths it would be enough to compute
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for each node k the value S(k) = ∑{(k′,k)}∈E(G) S(k′), over all edges (k′,k) (including
parallel edgeswith different labels) and setting S((1,1))= 1 where (1,1) is the starting
node. This time however, we apply a little more complicated formulas, which count
the paths ending with the ε-edges separately from the other ones, and among those
separately depending on the direction of the ε-edge.

• S(k) = ∑{(k′,k) positive length edges} S(k′)+Sh(k′)+Sv(k′)

• Sh(k) = ∑{(k′,k) horizontal ε-edges} S(k′)+Sh(k′)+Sv(k′)

• Sv(k) = ∑{(k′,k) vertical ε-edges} S(k′)+Sv(k′)

By induction, for the accepting node (n1 +1,n2 +1), the number of distinct ε-regular
paths from the starting to the accepting node is equal to the sum of the values
computed for node (n1 +1,n2 +1).

Asking whether L(T̃1)∩L(T̃2) is not nonempty, as a way to tell if two ED strings
share something, can be too restrictive in practical applications. Wewill thus consider
two more elaborate ED string comparison tasks that consider local matches rather
than a match that necessarily involves the entire ED strings from beginning to end.
Both notions are heavily employed on standard strings for practical applications –
especially in bioinformatics: Matching Statistics and Longest Common Substring.

We start by extending the classic Matching Statistics problem [112] from the
standard string setting to the ED string setting.

Further discussion and implementations4 on this solution can be found in [96].

Problem 13. ED Matching Statistics
Input: Two ED strings, T̃1 of length n1, cardinality B1 and size N1, and T̃2 of length
n2, cardinality B2 and size N2.
Output: For each i ∈ [1 . . ,n1], the length MST̃1,T̃2

[i] of the longest prefix of a string
in L(T̃1[i . .n1]), which is a substring of a string in L(T̃2).

Example 82. Let us consider again T̃1 =

 A
AC

TGCT

 ·
{

ε

CA

}
and T̃2 =

{
ε

T

}
·{

GCA
AC

}
of our running example. We have that MST̃1,T̃2

[1] = 3 and MST̃1,T̃2
[2] = 2. Indeed, the

longest prefix of a string in L(T̃1) that occurs in L(T̃2) is TGC, having length 3, and
the longest prefix of a string in L(T̃1[2]) that occurs in L(T̃2) is CA, having length 2.

Lemma 83. The ED Matching Statistics problem can be solved in O(N1B2 +N2B1) time
by using an intersection graph of T̃1 and T̃2.
4Our implementation of this algorithm can be found at https://github.com/urbanslug/junctions.

https://github.com/urbanslug/junctions
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Proof. This time, we will use a slightly augmented version of the intersection graph
coming from the unpruned intersection automaton. Namely, we construct the
automaton as in Corollary 68, but do not remove the unreachable parts or the
“partial transitions”. That is, when we process an explicit state corresponding to
a pair (u,v) of states in the path automata A1 and A2, and a pair (s, t) of transitions
going out of u and v, we construct the corresponding transition to the pair of states
that can be reached through s and t, even if this transition finishes in a pair of
implicit states, namely when 0 < LCP(`1, `2)< min(|`1|, |`2|), where `1 and `2 are the
respective labels of s and t. Even in that case, the number of transition pair checks
remains the same, and therefore the total size of the constructed underlying graph
G stays O(N1B2 +N2B1).

Once again we assign to each edge the weight w storing the length of their string
label and process the nodes in the reversed topological order to compute for each
node k the value M(k) = maxk′M(k′)+w(k,k′) where k′ iterates over all successors
of k. One has M(k) = 0 for the nodes that do not have successors (for example the
accepting node or nodes corresponding to a pair of implicit states).

By construction, we have M((i,v)) = `, for an explicit state i of A1 and a state v of
A2, if and only if ` is equal to the maximal LCP between a pair (T1,T2), where T1 a
string in L(T̃1[i . .n]) and T2 is a string read starting at (explicit or implicit) state v in
A2.

For every explicit state i of A1 we can compute MST̃1,T̃2
[i] = maxv M((i,v)) over all

(explicit or implicit) states v of A2 to obtain the output.

An example of this construction is shown in Figure 3.7.
We nowmove to extending the classic Longest Common Substring problem [112]

from the standard string setting to the ED string setting.

Problem 14. ED Longest Common Substring
Input: Two ED strings, T̃1 of length n1, cardinality B1 and size N1, and T̃2 of length
n2, cardinality B2 and size N2.
Output: A longest string that occurs in a string of L(T̃1) and a string of L(T̃2)

In the ED Matching Statistics problem only strings starting in explicit nodes of
A1 were considered; here we want to lift this restriction. Computing the value of M
(as in the proof of Lemma 83) for all pairs of nodes of A1 and A2 would take Θ(N1N2)
time; we are only interested in the globally maximal value of M however, and hence
we can focus only on the computation of those values for a certain subset of those
pairs.

Lemma 84. The ED Longest Common Substring problem can be solved in O(N1B2 +

N2B1) time by using an intersection graph of T̃1 and T̃2.

Proof. We start from the augmented graph G, as defined in the proof of Lemma 83,
and computed inO(N1B2+N2B1) time. In addition to the standard edges between the
explicit nodes, the graph contains edges from a pair containing at least one explicit
state to a pair of implicit states, that are inclusion-wise maximal, that is cannot be
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Figure 3.7: Matching Statistics of T̃1 and T̃2 of our running example on their intersection graph G, where,
again - to simplify the understanding - we also draw A1 and A2 at the left and on the top, respectively.
Note that this time, the pairs of implicit nodes that are reachable in a single extended transition from a
pair that was previously computed are added. In the figure, there is only one such extra node, which is
represented by a green open circle at the right of the graph. Here we highlight the paths that are relevant
for computing the Matching Statistics array MST̃1 ,T̃2

. To compute MST̃1 ,T̃2
[1], we look at the paths starting

at nodes (i, j) where i is the explicit state 1 in the path-automaton of T̃1, and return the length of the
longest label of such a path. These are the paths starting in one of the blue nodes (these are the nodes
that correspond to the uppermost explicit node of A1 paired with any node of A2, that is, they correspond
to the uppermost dotted copy of A2). The longest one of such paths (also drawn in blue) corresponds to
the string TGC having length 3; therefore, MST̃1 ,T̃2

[1] = 3. For MST̃1,T̃2
[2] we do the same but using as

starting nodes those in red that correspond to the internal explicit node of A1 paired with any node of A2
(i.e. the nodes of the middle dotted copy of A2). Here the longest path is drawn in red and it spells the
string CA, and therefore we set MST̃1 ,T̃2

[2] = 2. Computing MST̃2 ,T̃1
can be performed in a dual manner

on the same graph, but using as starting nodes those of the left dotted copy of A1 for MST̃2,T̃1
[1], and those

of the middle dotted copy of A1 for MST̃2 ,T̃1
[2].
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extended to obtain a longer edge. For the ED Longest Common Substring problem,
we additionally need edges symmetric to those – the (inclusion-wise maximal) edges
starting in pairs of implicit states that end in pairs containing at least one explicit
state. By a symmetric argument (argument for the reversed automata), there are
O(N1B2 +N2B1) such edges and all can be computed together with the rest of the
graph within the same time complexity. We compute the values M(k) for each node
k as previously, and find their global maximum. Notice that we do not need to
compute the value M for the pairs of implicit nodes lying in the middle of an edge
as its predecessor on the edge always has a bigger value of M.

We are left with the nodes that are not (weakly) connected to any explicit node
– the isolated edges containing such nodes were not computed at all. Those edges
correspond to strings that, in both ED strings, are fully contained in a single set,
hence it is enough to compute the longest common substring between sets

⋃
i T̃1[i] and⋃

j T̃2[ j]. This can be done inO(N1+N2) time after constructing the generalized suffix
tree of all these strings, and finding the deepest nodes with descendants of both
types: a descendant originating from a suffix of a string in

⋃
i T̃1[i] and a descendant

originating from a suffix of a string in
⋃

j T̃2[ j].
The method of obtaining the witness is the same as in the previous problems

(after computing both endpoints of the optimal path using the algorithm described
above).

Finally, we show how to extend the classic Longest Common Subsequence (LCS)
problem [112] from the standard string setting to the ED string setting. We remark
that, unlike the previous problems, in the standard string setting, LCS is not solvable
in linear time: there exists a conditional lower bound saying that no algorithm with
running time O(n2−ε), for any ε > 0, can solve LCS unless SETH fails [48].

Problem 15. ED Longest Common Subsequence
Input: Two ED strings, T̃1 of size N1, and T̃2 of size N2.
Output: A longest string that occurs in a string of L(T̃1) and a string of L(T̃2) as
a subsequence.

Lemma 85. The ED Longest Common Subsequence problem can be solved in O(N1 ·N2)

time by using an uncompacted intersection graph of T̃1 and T̃2.

Proof. Consider the uncompacted path automata for T̃1 and T̃2, having respective
sizes O(N1), O(N2). For every single transition in those graphs (that is a single letter
transition since they are uncompacted), we add a parallel ε-transition (that is we
allow to skip the letter). The sizes of the automata remainO(N1) andO(N2), and the
intersection has size O(N1 ·N2). We can then find the longest witness (Lemma 78)
of this intersection in time linear in the size of the automaton, that is in O(N1 ·N2).
Notice that when T̃1 and T̃2 are standard strings, then n1 = B1 = n2 = B2 = 1, hence
O(N1 ·N2) running time matches the lower bound for standard strings, and no Ni
can be replaced by Bi or ni - in particular an O(N1B2 +N2B1)-time algorithm would
contradict the lower bound [48].
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Remark 86. In all the solutions presented in this section (as well as in the previous
ones) the algorithm can be slightly modified to achieve space complexity O(N1 +N2)
without any increase in the running time.

Proof. Notice that all the problems are solved through computing a certain value
(reachability, L(k),S(k),M((i,v))) for all the explicit nodes of the intersection graph in
a topological order. Each time this order is compatible with the order of sets of T̃1 and
T̃2, and the recurrent formulas refer only to nodes from a single set Ui, j or U ′i, j that is
the basic computation is enclosed in a single cell of the grid (inspect Figure 3.4a).
For a single cell of the grid the space used for computation is Θ(N1,i +N2, j), while
globally the information passed between the cells is bounded byO(N1+N2) by going
through the cells (i, j) in a lexicographical (or reversed lexicographical) order (it is
enough to store information for nodes of Ui, j,U ′i, j only for the next two values of
i). Finally the size of the input as well as of all the generalized suffix trees is also
bounded by O(N1 +N2).

3.7 Approximate EDSI
Another popular extension of string equality is sequence alignment, where one wants
to find the distance between two strings: the minimal number of operations that
modify one string into the other one, or decide whether this number is at most k, for
a given integer k > 0.

We denote by dH(T1,T2) (resp. dE(T1,T2)) the Hamming distance (resp. edit dis-
tance) of two standard strings T1,T2. The problem of finding the Hamming distance
of two standard strings is easily solvable in O(N1 +N2) time, while for edit distance
the time increases toO(N1 ·N2) time in general case [210] orO(N1 +N2 +k2) [149] for
a given upper bound k.

Approximate EDSI gives another measure of similarity when the normal inter-
section turns out to be empty.

Theorem 87. Given a pair T̃1, T̃2 of ED strings, we can find the pair T1 ∈ L(T̃1),T2 ∈
L(T̃2) minimizing the distance dH(T1,T2) or dE(T1,T2) in O(N1N2) time.

Proof. Weadapt the classicWagner–Fischer algorithm [210] to our case –we construct
the standard (uncompacted) NFA intersection of the two path-automata for T̃1 and
T̃2, set the weight of all its edges to 0, and then add extra edges with weight 1 that
represent edit operations.

In case of Hamming distance, when a pair of transitions u
e1−→ u′, v

e2−→ v′ does
not match (e1 6= e2) we still add the weight-1 edge between (u,v) and (u′,v′) (e1 is
substituted with e2).

In case of edit distance we additionally construct weight-1 edges from (u,v) to
(u′,v) for every transition u

e1−→ u′ (corresponding to deletion of the letter e1), and to
(u,v′) for every transition v

e2−→ v′ (corresponding to insertion of letter e2).
Now all we need to do is to find the minimum cost path from the starting node

to the accepting one (in case of Hamming distance only if such a path exists), which
can be done in linear time using Dial’s implementation of Dijkstra’s algorithm [78].
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By simply spelling the labels of the found path we obtain strings T1 and T2 (the
difference between them is encoded through the labels of the weight-1 edges).

Without having a threshold k, even when T̃1, T̃2 are standard strings (n1 = n2 =
B1 = B2 = 1), we cannot obtain an algorithm running inO((N1N2)

1−ε) time, for a con-
stant ε > 0, (unless SETH fails [31]) or a faster algorithm through parameterization
with n1,n2,B1,B2.

On the other hand, if we are given a threshold k, we can adapt another classic
algorithm, given by Landau and Vishkin [152], to obtain the following theorem.

Theorem 88. Given a pair T̃1, T̃2 of ED strings and an integer k > 0, we can check
whether a pair T1 ∈ L(T̃1),T2 ∈ L(T̃2) with dH(T1,T2)≤ k (resp. dE(T1,T2)≤ k) exists
in O(k(N1B2 +N2B1)) time (resp. in O(k2(N1B2 +N2B1)) time) and, if that is the case,
return the pair with the smallest distance.

Proof. This timewemakeuse of the compacted intersection automaton fromLemma66.
In addition to standardweight-0 edges, which are constructedwhen for LCP(l1, l2) =
min(|l1|, |l2|) for l1, l2 the labels of extended transitions in the two path-automata, we
also add new edges when one of the strings is at distance at most k from a prefix of
the other one. More formally, for a pair of extended transitions u

l1−→ u′, v
l2−→ v′, if l1 is

at distance k′ from the length x prefix of l2, we produce a weight-k′ edge from (u,v)
to (u′,vx), where vx is the implicit state between v and v′ representing the length x
prefix of l2 (symmetrically for l2 at distance at most k from a prefix of l1). All the
smallest values of k′ ≤ k can be found with the use of standard LCP queries data
structure and kangaroo jumps [100] inO(k) time for Hamming distance and inO(k2)
for edit distance [152].

In case of Hamming distance, the total number of extended transitions is still
O(N1B2 +N2B1) (the number of transition checks does not change). In case of edit
distance, it can increase by a factor of k – for a single pair of transitions l1, l2, we can
produce up to 2k+1 weighted transitions.

After that, once again, we can use Dial’s implementation of Dijkstra’s algo-
rithm [78] to find the smallest weight path in this graph obtaining the claimed
result.

One may notice that the modifications to the standard intersection algorithms
from this section and the previous one are independent – in the previous section
those consisted of marking additional nodes as starting/accepting, while in this
section those consisted of adding edges.

3.8 Practical pangenome comparison
3.8.1 Breakpoint matching statistics
The Breakpoint Matching Statistics between two ED strings T̃1 and T̃2 is a restriction
of the Matching Statistics that refers to the notion of breakpoint in the genome rear-
rangement literature; see [36]. An ED string T̃ representing a pangenome results
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from a multiple sequence alignment of several genomes with the length n of T̃ corre-
sponding to the loci from where either multiple variants or a conserved fragment
begin: these are the breakpoints that the alignment has detected. The assumption
underlying Breakpoint Matching Statistics is that biologically relevant fragments in
pangenomes are those that begin at a breakpoint. The Breakpoint Matching Statistics
between T̃1 of length n1 and T̃2 of length n2, is an array BMST̃1,T̃2

of length n1 storing,
for each i ∈ [1 . . ,n1], the length of the longest local match between T̃1 and T̃2 that is
a prefix of a string in L(T̃1[i . .n1]) and hence starts at a breakpoint in T̃1, with the
additional constraint that this must be part of a match that starts at a breakpoint in
both T̃1 and T̃2 and ends at a breakpoint in at least one of the two ED strings.

Formally, for any two ED strings, T̃1 and T̃2, a breakpoint match (b-match) of T̃1 and
T̃2, for some 1≤ i1≤ i2≤ n1 and 1≤ j1≤ j2≤ n2, is a string S such that S∈L(T̃1[i1 . . i2])
and S ∈ L(T̃2[ j1 . . j2]). Intuitively, S starts and ends at a breakpoint in both T̃1 and T̃2.

A string S is a left-breakpoint match (lb-match) if (i) S ∈ L(T̃1[i1 . . i2]) and S is a
prefix of a string in L(T̃2[ j1 . .n2]) or (ii) S is a prefix of a string in L(T̃1[i1 . .n1]) and
S ∈ L(T̃2[ j1 . . j2]). Intuitively, S begins at a breakpoint in both ED strings and ends at
a breakpoint in at least one of the two ED strings. We denote this specific alignment
of S by Si2, j2

i1, j1
. Note that any b-match is also an lb-match.

Let us now formalize the problem of computing the Breakpoint Matching Statis-
tics that we solve in this section.

Problem 16. Breakpoint Matching Statistics
Input: Two ED strings, T̃1 of length n1, cardinality B1 and size N1, and T̃2 of length
n2, cardinality B2 and size N2.
Output: For each i ∈ [1 . . ,n1], the length BMST̃1,T̃2

[i] of a longest prefix P of a
string in L(T̃1[i . .n1]) that can be left-extended with a string from L(T̃1[i1 . . i−1])
into an lb-match Si2, j2

i1, j1
, for some i1, i2, j1, j2.

The motivation for allowing a left-extension to an lb-match and not forcing P to
be an lb-match is to maintain the property of the Matching Statistics on standard
strings of not decreasing rapidly from MST1,T2 [i] to MST1,T2 [i+1].

Example 89. Let T̃1 =

 A
AC

TGCT

 ·
{

ε

CA

}
and T̃2 =

{
ε

T

}
·
{

GCA
AC

}
as in

Example 82. We have that BMST̃1,T̃2
[1] = 2, because P = AC starting at position i = 1

is equal to S = AC, which is a b-match (for i1 = i2 = 1 and j1 = j2 = 2) and hence an
lb-match. We also have BMST̃1,T̃2

[2] = 1, because P = C starting at position i = 2 is
left-extended to S = AC, which is an lb-match (for i1 = 1, i2 = 2 and j1 = j2 = 2). For
both cases (i = 1 and i = 2), we have that P is the longest possible such prefix.

We now show that the intersection graph G of T̃1 and T̃2 can also be used to
efficiently compute their Breakpoint Matching Statistics. Indeed, the local matches
that the Breakpoint Matching Statistics account for can be characterized in the
intersection graph G of T̃1 and T̃2 as the common substrings that start at a node
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(i, j) where i is an explicit state of T̃1, and j can be either explicit or implicit in T̃2.
Additionally, (i, j) must be reachable in G from a node (i1, j1) where i1 and j1 are
both explicit: they correspond to a common breakpoint of the two pangenomes.
Moreover, if such a substring ends at node (i2, j2), then at least one state among i2 and
j2 must be explicit. Notice that, should j be an explicit node, then the reachability
condition above can be fulfilled by j = j1 itself; in that case we also have i = i1. On
the other hand, if j is implicit, then it must be that i1 6= i and j1 6= j.

Figure 3.8 shows the computation of the Breakpoint Matching Statistics in the
intersection graph G of our running example. For example, for BMST̃1,T̃2

[1], we use
the occurrence of AC (blue edge) starting at a node that corresponds to a pair of
explicit states and ending at a node that also corresponds to a pair of explicit states
(a breakpoint for both T̃1 and T̃2). No longer match satisfies these conditions; hence,
we set BMST̃1,T̃2

[1] = 2.
Notice that the Breakpoint Matching Statistics require more restricted matches

than ED Matching Statistics. Indeed we have that for any two ED strings T̃1 and T̃2, it
holds that BMST̃1,T̃2

[i]≤MST̃1,T̃2
[i] for all 1≤ i≤ n1. It should be clear that Breakpoint

Matching Statistics can be computed within the same complexities as the ones
described in Lemma 83. We thus obtain the following:

Theorem 90. The Breakpoint Matching Statistics problem can be solved in
O(N1B2 +N2B1) time by using an intersection graph of T̃1 and T̃2, which can be constructed
within the same complexity.

3.8.2 Our measures for comparing pangenomes
In this section we describe a similarity and a distance measure for pangenome
comparison. These measures can be derived from either the MS or the BMS array.
We assume that these have been pre-computed.

We consider both arrays MST̃1,T̃2
and MST̃2,T̃1

(resp. BMST̃1,T̃2
and BMST̃2,T̃1

) as the
Matching Statistics is not per se a symmetric notion: the two arrays do not even need
to have the same size (when n1 6= n2). A simple solution for a similarity measure is
to consider the sum of the two averages: each array is turned into a number being
the average of its values, and the sum makes everything symmetric. Thus, we define
the similarity measureMS(T̃1, T̃2) (resp. BMS(T̃1, T̃2)) between T̃1 and T̃2 as follows:

MS(T̃1, T̃2) =MS(T̃2, T̃1) =
∑i∈[1. .,n1]MST̃1,T̃2

[i]

n1
+

∑ j∈[1. .,n2]MST̃2,T̃1
[ j]

n2

and

BMS(T̃1, T̃2) = BMS(T̃2, T̃1) =
∑i∈[1. .,n1]BMST̃1,T̃2

[i]

n1
+

∑ j∈[1. .,n2]BMST̃2,T̃1
[ j]

n2

We nowmove further in order to design a notion of distance between pangenomes
based onMS(T̃1, T̃2) (resp. BMS(T̃1, T̃2)). Unlike the notion of similarity, the dis-
tance has to decrease when the two pangenomes get more similar; hence, following
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Figure 3.8: Breakpoint Matching Statistics computation in the intersection graph G of T̃1 and T̃2. To
compute BMST̃1 ,T̃2

[1], the candidate starting nodes of the match in G are those in blue: nodes (i, j) where
i is an explicit state of T̃1 in the uppermost dotted copy of A2, and j is either an explicit state of T̃2 (squared
blue nodes) or an implicit one (circled blue nodes). Note that TGC is the longest match that starts at the
first set of T̃1 but it does not fulfill the conditions for the Breakpoint Matching Statistics because it does
not end at any breakpoint; for the same reason, TG is also not a good candidate match. The occurrence
of AC corresponding to the blue edge starts at a blue square node; hence it is reachable from the node
itself that corresponds to a pair of explicit states, and it ends at a node that is again a pair of explicit
states, and hence a breakpoint for both T̃1 and T̃2. There is no longer match satisfying these conditions;
therefore we set BMST̃1 ,T̃2

[1] = 2. For BMST̃1 ,T̃2
[2] we do the same but use as starting nodes those in red

that correspond to the internal explicit node of A1 paired with any node of A2 (i.e. the nodes of the middle
dotted copy of A2). The red path spelling C: (i) is a prefix in T̃1[2] starting at an explicit node of T̃1; (ii) is
reachable from a square node in G by spelling A in both strings (curved brown red edge labeled with A);
and (iii) ends where T̃2[2] does, that is, at a breakpoint. Since this is the longest such path in G, we set
BMST̃1,T̃2

[2] = 1. Note, for example, that the match CA that occurs in T̃1[2] and inside T̃2[2] cannot be used
for BMST̃1 ,T̃2

[2] because it starts at a node that is not reachable from a pair of explicit nodes, meaning
that it is not upperbounded by a breakpoint in T̃2. Computing BMST̃2 ,T̃1

, which is of size n2 = 2, can be
done in a dual manner on the very same graph, using as starting nodes those of the leftmost dotted copy
of A1 for BMST̃2 ,T̃1

[1] = 2 (obtained by traversing an ε-transition and then AC), and those of the middle
dotted copy of A1 for BMST̃2 ,T̃1

[2] = 2 (AC again).
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a standard procedure, we invert the similarity measure while normalizing over the
logarithm of the size of the pangenome. The reason for the normalization is that the
values inside arrays MST̃1,T̃2

and BMST̃1,T̃2
are affected by the sizes of both strings – a

very short ED string cannot contain a longmatch. Therefore, for a given T̃1, to account
for the size N2 of T̃2, we normalizeMS(T̃1, T̃2) (resp. BMS(T̃1, T̃2)) by logN2 and then
invert5, thus obtaining logN2/MS(T̃1, T̃2) (resp. logN2/BMS(T̃1, T̃2)). Again, this
gives rise to a non-symmetric notion, while symmetry is a desired property for a
distance. Another desired property is reflexivity, requiring any pangenome to have
distance zero from itself. The latter can be ensured by subtracting6 a “correction
term” as follows:

d(T̃1, T̃2) =
logN2

MS(T̃1, T̃2)
− logN1

MS(T̃1, T̃1)
.

and

bd(T̃1, T̃2) =
logN2

BMS(T̃1, T̃2)
− logN1

BMS(T̃1, T̃1)
.

thus guaranteeing that d(T̃1, T̃1) = bd(T̃1, T̃1) = 0 for any nonempty T̃1. However, both
d and bd are not symmetric yet, and hence, we finally ensure that our distance is
symmetric resorting again to the sum. Therefore, we set:

d(T̃1, T̃2) = d(T̃2, T̃1) = d(T̃1, T̃2)+d(T̃2, T̃1).

and

bd(T̃1, T̃2) = bd(T̃2, T̃1) = bd(T̃1, T̃2)+bd(T̃2, T̃1).

Our d and bd distances resemble an analogous widely used distance measure
for standard sequences often referred to as kmacs ([154, 204, 206]) that is based on
standard string Matching Statistics.

The practical applications of the notions from this sections are tested on real data
and discussed in [96].

3.9 Experiments
We implemented the O(N1B2 +N2B1)-time algorithm for solving EDSI as well as
an O(N1N2)-time algorithm for EDSI based on the classic product automaton con-
struction. We also implemented theO(N1B2+N2B1)-time algorithm computing both
Matching Statistics notions as well as the downstream similarities and distance
measures for any two ED strings. All implementations were written in C++ and
the source code is freely available at https://github.com/urbanslug/junctions. We
compiled all implementations with gcc version 12.2.0 at optimization level (-O3).

5We assume that MS(T̃1, T̃2),BMS(T̃1, T̃2)> 0.
6For a nonempty T̃1, the quantities MS(T̃1, T̃1) and BMS(T̃1, T̃1) are always greater than zero.

https://github.com/urbanslug/junctions
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3.9.1 Efficiency on simulated data
In this section, we compare the running time of our EDSI with that of the naïve
method andwith the parameters that define the characteristics of the inputED strings,
with the purpose of validating the time efficiency of our algorithm and show how it
actually improves in practice with respect to the baseline quadratic running time. In
order to do that, we use synthetic data generated on the alphabet {A,C,G,T}.

The synthetic ED strings were generated using another tool of ours named SimED
(https://github.com/urbanslug/simed). The tool starts by generating a random stan-
dard string of length W over the DNA alphabet, assuming a uniform distribution of
letters. This is considered to be an initial sequence. We can view this as an ED string
with N = W and n = B = 1. The SimED tool assumes a very simple evolutionary
model (where each position has an equal chance of mutating, and each letter has
the same probability of occurring at any position) and generates an ED string from
the initial sequence based on the following input parameters:

• W as the length of the initial random (not ED yet) string;

• d as the number of positions where a set of multiple strings occurs, given as a
percentage of W (that is, d is the fraction of degenerate positions);

• S as the maximum number of strings in any set of the resulting ED string;

• L as the maximum length of the strings in any set of the resulting ED string.

As aforementioned, the tool first generates a standard string uniformly at ran-
dom, which we denote by X (|X |=W ). It then samples δ = ddWe non-overlapping
length-L substrings of X uniformly at random. We denote these by X [i1 . . i1 +L−
1], . . . ,X [iδ . . iδ +L−1], where i j +L ≤ i j+1 for j ∈ [1 . . ,δ −1]. For every j ∈ [1 . . ,δ ],
it picks a uniformly random integer s from [1 . . ,S] and produces s− 1 strings of
uniformly random lengths from [0 . .L], each string generated uniformly at ran-
dom; these s−1 strings and the original fragment X [i j . . i j +L−1] form a set Di j of
strings. Finally it sets T̃ as X [1 . . i1−1] ·Di1 ·X [i1 +L . . i2−1] ·Di2 · · ·Diδ ·X [iδ +L . .W ].
Note that T̃ is indeed an ED string; we denote its length, cardinality, and size by
n,B,N, respectively. If we choose d,S,W such that (δ +δ ·S)�W then we have that
B≤ (δ +δ ·S)�W ≤ N =⇒ B� N. It is worth noting that if the same initial string
X is used to generate two distinct ED strings, then X will appear in their (nonempty)
intersection.

Starting from the same base sequence X of length W , in each experiment de-
scribed in this section, we used the same parameters d,L and S to generate both
T̃1 and T̃2. Thus, X guarantees a nonempty intersection between T̃1 and T̃2, and
both implementations always answered YES (as expected) without a premature
ending (hence, detecting their worst-case running time). As expected, the improved
O(N1B2 +N2B1)-time implementation of EDSI was faster than the naïve O(N1N2)-
time implementation in all datasets, especially with longer variants and/or with
short widely interspersed variants, that is for ED strings where B� N. Results are
shown below.

https://github.com/urbanslug/simed
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We report a table for each set of parameters, and in each table, we show the data
for different starting synthetic string lengths W , up to |W |= 100k bases. The data
reported in the columns of Tables 3.1-3.2 are: the lengthW of the initial string, the size
N1 and cardinality B1 of the first synthetic ED string, the size N2 and cardinality B2 of
the second synthetic ED string, and the time taken by the Naïvemethod and by EDSI,
both measured in seconds. The parameters d (frequency of positions with multiple
variants), S (maximum number of variants in such positions), and L (maximum
length of such variants) determine the degree of degeneracy of the ED strings. As
shown below, we have G� N because (i) wherever the sequence is not degenerate,
N grows linearly with W while G is constant, and (ii) wherever there is a degenerate
position, N ∈ O(S×L) while G ∈ O(S). This explains why our O(N1B2 +N2B1)-time
algorithm is much faster than the O(N1N2)-time one.

Table 3.1: Results with simulation parameters: d = 0.1% with S = 3, L = 3 and with S = 5, L = 5.

W N1 B1 N2 B2 Naïve (s) EDSI (s)
S = 3 L = 3

10k 10019 36 10023 38 0.69 0.04
30k 30062 107 30071 107 6.20 0.14
50k 50106 173 50110 172 17.57 0.29
100k 100225 354 100203 344 72.81 0.47

S = 5 and L = 5
10k 10084 49 10066 50 0.68 0.06
30k 30198 144 30212 148 6.21 0.16
50k 50381 244 50358 250 18.00 0.29
100k 100837 515 100776 500 74.04 0.65

The tables show that the Naïve scales quadratically in the size of the ED strings
while EDSI is much faster as B� N. A comparison of the second and third experi-
ments reported in Tables 3.2 highlights how, when only L grows (it doubles from 5
to 10 while d and S remain 1% and 5, respectively), our tool has basically the same
performance whereas the Naïve becomes slower. The explanation is that when L
grows, only N grows while B does not (as we can see), and hence B and N diverge
even more. Finally, we remark that the parameter that most affects B/N (i.e. the
ratio of our asymptotic gain with respect to the Naïve) is d, as the comparison of
Tables 3.1 and 3.2 shows for the corresponding values of S and L.

These experiments were conducted on a laptop with a 64 bit 11th Gen Intel(R)
Core(TM) i7-11800H 8 core processor and 16 GB of RAM. Timings were recorded
using std::chrono from the C++ standard library.

3.9.2 Efficiency on human genome data
In this section, we present some experiments for the running time of EDSI on real
human genome data with variants. The goal is to show that our tool is fast even on
real data, as the ratio between B and N is not too large for real pangenomes built out
of real human genome fragments and their Variant Call Format (VCF) data. We built
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Table 3.2: Simulation parameters: d = 1% with S = 3, L = 3, with S = 5, L = 5, and with S = 5, L = 10.

W N1 B1 N2 B2 Naïve (s) EDSI (s)
S = 3 L = 3

10k 10218 346 10232 348 0.70 0.05
30k 30688 1064 30659 1040 6.46 0.21
50k 51155 1758 51104 1752 18.84 0.48
100k 102227 3469 102258 3497 77.86 1.71

S = 5 L = 5
10k 10838 504 10796 494 0.80 0.06
30k 32362 1479 32415 1505 7.36 0.25
50k 54098 2508 54146 2525 20.84 0.56
100k 108071 4987 107947 4986 84.62 1.89

S = 5 L = 10
10k 11696 498 11803 500 0.96 0.06
30k 35405 1531 35140 1495 8.83 0.25
50k 58745 2503 58659 2484 25.22 0.59
100k 117444 4985 117417 4989 101.10 1.97

ED strings for human genome data from the GRCh38.p13 dataset, specifically from
HLA-B in chromosome VI as well as the actin beta (ACTB) gene in chromosome VII.
We used human genomic sequence data in the FASTA format and variation data in
the Variant Call Format (.vcf file) from the following three databases: 1000G [119],
TOPmed [118], and gnomAD [117].

The human leukocyte antigen (HLA) gene is contained in the major histocom-
patibility complex on the p arm (chromosomal region 6p21.33) of Chromosome VI
which is known to be one of the most polymorphic regions of the human genome.
The HLA gene is involved in immune system regulation ([74, 185]) and is found
in the region between positions 31,353,872 and 31,367,067 (hence it is 13kb long).
ACTB is a highly conserved gene in humans that codes for several proteins in-
volved in cell structure and integrity. For each genome fragment (HLA and ACTB
data), and for each database (out of the three 1000G, TOPmed, and gnomAD),
we selected from the .vcf file only the variants that are recorded in that specific
database, and we updated the regions containing variation, as denoted in the .vcf
file into sets containing both the original in the reference and the variants con-
tained in .vcf, thus creating an ED string. We performed this in two ways: one for
all variants of that database for that genome fragment, and one by selecting the
SNPs variants only. We then used AEDSO (https://github.com/urbanslug/aedso)
to build the ED strings. Data download links and commands used are available at
https://github.com/urbanslug/junctions/blob/master/test_data/human.org.

In summary, we have two ED strings (one with all variants and one with SNPs
only) per each database, and each genome fragment. We remark that all of these
ED strings include the original non-mutated string in the language; hence for each
pair the intersection is nonempty. This ensures detecting a running time of EDSI

https://github.com/urbanslug/aedso
https://github.com/urbanslug/junctions/blob/master/test_data/human.org
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without a premature ending due to empty intersection: we ran EDSI for all pairs. For
the HLA data, table 3.3 shows the sizes (and types) of the ED strings and the running
times of a few of these experiments. Table 3.4 shows results for the ACTB data. We
observe that EDSI improves over Naïve by one order of magnitude whenever B� N
(1000G and gNomad variants datasets), and still improves over the Naïve even when
N/B is a small constant, like with TOPMed data.

Table 3.3: ED strings with databases and VCF and sizes, and time (in seconds) required by Naïve and by
EDSI for HLA data.

DB1 VCF1 N1 B1 DB2 VCF2 N2 B2 Naïve (s) EDSI (s)
1000G all 13332 224 1000G SNP 13247 161 1.25 0.05
TOPMed all 15090 3452 gNomad SNP 13941 1785 2.11 1.06
gNomad all 14436 2044 TOPMed SNP 14355 3170 2.10 1.13

Table 3.4: ED strings with databases and VCF and sizes, and time (in seconds) required by Naïve and by
EDSI for ACTB data.

DB1 VCF1 N1 B1 DB2 VCF2 N2 B2 Naïve (s) EDSI (s)
1000G all 37019 644 gNomad SNP 37876 3146 9.82 0.53

Finally, to conduct an experiment on these data with larger inputs, we picked a
larger fragment of reference from Chromosome VI (spanning over the HLA region)
of length 100Kb, and we repeated the same procedure as above. Table 3.5 presents
the results of the experiment. We observe that even for these longer ED strings, EDSI
is generally significantly faster than the Naïve method, especially on data such as
that of the 1000G variants dataset – therein the ratio between N and B is larger than
in the other data.

Table 3.5: ED strings with databases and VCF and sizes, and time (in seconds) required by Naïve and by
EDSI for a fragment of data.

DB1 VCF1 N1 B1 DB2 VCF2 N2 B2 Naïve (s) EDSI (s)
1000G all 100951 3730 1000G SNP 101252 2753 73 1.12
TOPMed all 113111 21253 TOPMed SNP 108669 18931 99.04 21.44
gNomad all 130918 42572 gNomad SNP 117793 38877 150.72 109.83

These experiments were conducted on a laptop with a 64 bit 11th Gen Intel(R)
Core(TM) i7-11800H 8 core processor and 16 GB of RAM. Timings were recorded
using std::chrono from the C++ standard library.

3.10 Conclusion and future work
In this chapter, we focused on ED string comparison. We gave conditional lower
bounds and introduced intersection-graph as a tool to compute the intersection of the
languages from two ED strings. Then, we showed that those graphs can be used for
several more practical comparison metrics. The main open questions are:
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• We showed an Õ(n2Nω−1
1 +n1Nω−1

2 )-time algorithm for EDSI. Can one design
an O(n2Nω−1−ε

1 +n1Nω−1−ε

2 )-time (perhaps not combinatorial) algorithm for
EDSI, for some ε > 0?

• We showed that there is no combinatorial O((N1 +N2)
1.2−ε f (n1,n2))-time algo-

rithm for EDSI. Can one show a stronger conditional lower bound for combi-
natorial algorithms?

• We showed anO(N1 logN1 logn1+N2 logN2 logn2)-time algorithm for outputting
a representation of the intersection language of two unary ED strings. Can
one design an o(N1 logN1 logn1 +N2 logN2 logn2)-time algorithm?
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4
Indexing

4.1 Introduction
This chapter is based on [94].

In the real world, strings are often encoded with some level of uncertainty; for
example, due to: (i) imprecise, incomplete or unreliable data measurements, such
as sensor measurements, RFID measurements or trajectory measurements [12]; (ii)
deliberate flexible sequence modeling, such as the representation of a pangenome,
that is, a collection of closely-related genomes to be analyzed together [70]; or (iii) the
existence of confidential information in a dataset that has been distorted deliberately
for privacy protection [11].

While there aremany practical solutions for text indexing [28, 92, 99, 108, 163] and
also for answering different types of queries on various types of uncertain data (see
Section 4.6), practical indexing schemes for uncertain strings are rather undeveloped.
In response, our work makes an important step towards developing such practical
space-efficient indexes.

4.1.1 Our data model and motivation
We use the standard character-level uncertainty model [130]. An uncertain string (or
weighted string) X of length n on an alphabet Σ is a sequence of n sets. Every X [i],
for all i ∈ [1 . .n], is a set of |Σ| ordered pairs (α, pi(α)), where α ∈ Σ and pi(α) is the
probability that letter α occurs at position i. In bioinformatics, weighted strings are
known as position weight matrices [136].

Example 91. The table below shows a weighted string X , with n = 6 and Σ = {A,G},
represented as a |Σ|×n matrix.

1 2 3 4 5 6
A 1 1/2 3/4 4/5 1/2 1/4
G 0 1/2 1/4 1/5 1/2 3/4
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The data model of [130] has been employed by many works [18, 104, 142, 144,
155, 176]. As in these works, we define the occurrence probability of pattern P = AGG
at position 3 in X of Example 91 as 3/4×1/5×1/2 = 3/40 (shown in bold).
Weighted Indexing. The Weighted Indexing problem is defined as follows [19]: Given
a weighted string X of length n on an alphabet Σ of size σ and a weight threshold
1
z ∈ (0,1], preprocess X into a compact data structure (the index) that supports effi-
cient pattern matching queries; i.e., report all positions in X where P occurs with
probability at least 1

z .
State of the Art. The indexing problem on weighted strings has attracted a lot
of attention by the theory community [19, 34, 35, 47, 53, 123], culminating in the
following bounds [34, 35]: there exists an index of O(nz) size supporting optimal
O(m+ |Occ|)-time queries for any pattern of length m; it can be constructed in O(nz)
time using O(nz) space. We call this index the weighted suffix tree (WST).
Our Motivation. Although these bounds are very appealing from a theoretical
perspective, from a practical perspective, O(nz) size and construction space are
prohibitive for large-scale datasets. Saywe have an input weighted string of length n=
109 bytes, that z= 100, and that the constant inO(nz) is something small, like 20 bytes.
Thenwe need around 2TBs of RAM to store the index for an input of 1GB!We were thus
motivated to seek space-query time trade-offs for indexing weighted strings. In particular, we
seek a parameterized version of Weighted Indexing for which we can have indexes of
size smaller thanO(nz). Ideally, wewould also like to construct these smaller indexes
using less than O(nz) space. A good such input parameter is a lower bound ` on the
length m of any queried pattern. It is arguably a reasonable assumption to know `
in advance. For instance, in bioinformatics [129, 157, 213], the length of sequencing
reads (patterns) ranges from a few hundreds to 30,000 [157]. Even when at most
k errors must be accommodated for matching, at least one out of k+1 fragments
must be matched exactly. In natural language processing, the queried patterns can
also be long [207]. Examples of such patterns are queries in question answering
systems [111], description queries in TREC datasets [25, 38], and representative phrases
in documents [165]. Similarly, a query pattern can be long when it encodes an
entire document (e.g., a webpage in the context of deduplication [115]), or machine-
generated messages [131].

4.1.2 Our techniques and results
Let us first recall WST, the state-of-the-art index. In [35], Barton et al. showed that,
for any weight threshold 1

z , a weighted string X of length n can be transformed
into a family S of z standard strings (each of length n), so that a pattern P occurs
in X at position i with probability p only if P occurs at position i in bp · zc strings
from S . The authors have also shown how to index S using (a modified version of)
suffix trees [212] resulting in WST: an index of total size O(nz) supporting pattern
matching queries in the optimal O(m+ |Occ|) time. A more space-efficient, array-
based version was also presented in [53]; it is known as the weighted suffix array
(WSA).

Here we make the following three main contributions (see Figure 4.1 for an
informal overview of our techniques):
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. . .

. . .
(B) Sample suffixes

based on integer `

One of the z strings of length n

n suffixes

O(n/`) sampled suffixes

O(n/`) sampled reversed suffixes

(C) Indexing the sample

minimizer

Pattern P of length m ≥ `

minimizer

trie of suffixes

suffixes
trie of reversed

(D) Query

All z-valid

occurrences ofIndex

P in X

(E) Output

σ × n matrix of prob. distributions
(A) Transformation to

z standard strings

each of length n

Input: A weighted string X, 1
z , and ` Family S of z standard strings

Figure 4.1: An informal overview of our techniques: Given a weighted string X of length n over an
alphabet of size σ , a weight threshold 1

z , and an integer `, we (A) use the algorithm from [35] to construct
a family S of z standard strings, each of length n. (B) For each such string, we consider all of its n suffixes
and sample them for the given integer ` using the minimizers mechanism [184, 189]. These suffixes imply
a set of O(n/`) suffixes and a set of O(n/`) reversed suffixes in expectation. (C) We then index these
suffixes in two suffix trees [212], which we link using a 2D grid, so as to answer pattern matching queries
for patterns of length at least `. (D) When such a pattern P of length m is given, we find its leftmost
minimizer, which implies a suffix and a reversed suffix of P, and query those using our index. Our index
efficiently merges the partial results (i.e., occurrences of suffixes and reversed suffixes); and (E) outputs
all z-valid occurrences of P in X . The size of the resulting index is O( nz

` logz). The extra multiplicative
logz factor comes from our representation of the edge labels in the suffix trees.

1. We show how to slash the size of both WST and WSA roughly by `, while
still supporting very fast queries in expectation for any pattern P of length
m ≥ `, by combining the minimizers sampling mechanism [184, 189], suffix
trees [212], several combinatorial and probabilistic arguments, and a geometric
data structure (2D grid) [162]. The size of the resulting index is O( nz

` logz). The
extra multiplicative logz factor comes from a new way to encode the edge
labels in the suffix trees. The main novelty of our approach is the combination
of minimizers and the new edge encoding allowing us to delete the z strings
after the construction, thus resulting in a significantly smaller index size for
large ` values.

2. Our technique still requires us to first construct the family S of the z strings,
which in any case gives an index withO(nz) construction space. The challenge
is how to construct the index without constructing the z strings. To achieve
this, we develop a fast, highly non-trivial, algorithm for constructing the same
index without generating S explicitly. Our new algorithm samples an implicit
representation of S using minimizers outputting the final index directly. The
construction space of the resulting index matches its size: O( nz

` logz). This is
the most technically involved result of our work.
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3. Following the different paradigms of suffix trees [212] and suffix arrays [133]
in the classic setting of standard strings, we have implemented tree and array-
based versions of our index underlying Contributions 1 and 2. The results
show that our indexes are up to two orders of magnitude smaller than the state
of the art in terms of both index size and construction space. For instance,
for indexing 1,432 bacterial samples, with ` = 1024 and z = 128, which are
reasonable in applications, our space-efficient index has size 640MBs and
needs only 772MBs of memory to be constructed, while WSA has size 7GBs
and needs 32GBs of memory to be constructed and WST has size 126GBs and
needs 241GBs of memory to be constructed! Our results also show that our
array-based indexes outperform the tree-based ones, offering very competitive
query times and construction times to those of the state of the art.

4.1.3 Chapter organization
In Section 4.2, we provide the necessary background. In Section 4.3, we present our
index. In Section 4.4, we present the space-efficient algorithm for constructing our
index. In Section 4.5, we present a more practical algorithm for querying our index.
In Section 4.6, we discuss related work. In Section 4.7, we provide an extensive
experimental evaluation of our algorithms. We conclude in Section 4.8 with a
discussion on limitations and future work.

4.2 Preliminaries and problem definition
Sampling. Given a fixed pair of positive integers (`,k) s.t. `≥ k, we call a function
f : Σ`→ [1 . . `−k+1] that selects the starting position of a length-k fragment, for any
string of length `, an (`,k)-local scheme. We call the setM f (S) = {i+ f (S[i . . i+ `−
1])−1 | 1 ≤ i ≤ |S|−`+1}, for an (`,k)-local scheme f on a string S, the set of selected
indices. An (`,k)-minimizer scheme is an (`,k)-local scheme that selects the position
of the leftmost occurrence of the smallest length-k substring, for a fixed k and a
fixed order on Σk. In that case, we call minimizers the selected indices [184, 189]. The
minimizer scheme can be based on a lexicographic order.

Example 92. Let S = AGAAGG, and f be the (4,2)-minimizer scheme for the stan-
dard lexicographical order. We obtainM f (S) = {3} because S[3 . .4] = AA is the
lexicographically smallest length-2 substring in all length-4 fragment of S.

The minimizer scheme can also be specified by a hash function, e.g., Karp-Rabin
fingerprints [134].

Definition 93. Let f be an (`,k)-minimizer scheme. The specific density of f on S is the
value |M f (S)|/|S|. The density of f is the expected specific density on a sufficiently
long random string (with letters chosen independently at random).

Lemma 94 ([219]). The density of an (`,k)-minimizer scheme on alphabet Σ with k ≥
log|Σ| `+ c is O( 1

` ), for some c =O(1).

Weighted Strings. A weighted string X of length n on an alphabet Σ is a sequence of n
sets X [1], . . . ,X [n]. Every X [i], for all 1≤ i≤ n, is a set of |Σ| ordered pairs (α, pi(α)),
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where α ∈ Σ is a letter and pi(α) is the probability of having α at position i of X .
Formally, X [i] = {(α, pi(α)) | α ∈ Σ}, where for every α ∈ Σ we have pi(α)∈ [0,1], and
∑α∈Σ pi(α)= 1. A letter α occurs at position i of aweighted string X if and only if pi(α),
the occurrence probability of α at position i, pi(α), is greater than 0. A stringU of length
m is a factor of a weighted string X if and only if it occurs at some starting position
i with occurrence probability P(X [i . . i+m−1] = U) = Πm

j=1 p j+i−1(U [ j]) > 0. Given a
weight threshold 1/z ∈ (0,1], we say that factor U is z-solid (or z-valid) or equivalently
that factor U has a z-solid occurrence in X at some position i, if P(X [i . . i+m−1] =
U)≥ 1/z. When the context is clear we may simply say solid (or valid). We say that
factor U is (right-)maximal at position i of X if U has a solid occurrence at position i of
X and no string U ′ =Uα , for any α ∈ Σ, has a solid occurrence at position i of X . For
a weighted string X , a pattern P, and a weight threshold 1/z ∈ (0,1], Occ1/z(P,X) is
the set of starting positions of valid occurrences of P in X . A property Π of a string S
is a hereditary collection (namely, a collection that contains all the subintervals of its
elements) of integer intervals contained in [1 . .n]. For simplicity, we represent every
property Π with an array π[1 . . |S|] such that the longest interval I ∈ Π starting at
position i is [i . .π[i]]. Observe that π can be an arbitrary array satisfying π[i]∈ [i−1,n],
and π[1]≤ π[2]≤ ·· · ≤ π[n] (where π[i] = i−1 means that i is not contained in any
interval I ∈Π). For a string P, by Occπ(P,S) we denote the set of occurrences of P in
S such that i+ |P|−1≤ π[i].

Example 95. Consider the string-property pair (S2,π2) in Figure 4.2. The pattern
P = AAA occurs at position i = 3 because i+ |P|−1 = 3+3−1≤ π2[3] = 5.

Let us consider an indexed family S = (S j,π j)
k
j=1 of strings S j with properties

π j. For a string P and an index i, by CountS(P, i) = |{ j ∈ [1 . .k] | i ∈ Occπ j(P,S j)}|
we denote the total number of occurrences of P at position i in the strings S1, . . . ,Sk

of S that respect the properties. We say that an indexed family S = (S j,π j)
bzc
j=1 is a

z-estimation of a weighted string X of length n if and only if, for every string P and
position i ∈ [1 . .n], CountS(P, i) = bP(X [i . . i+ |P|−1] = P) · zc. The following result
has been shown by Barton et al.:

Theorem 96 ([34]). For any weighted string X of length n and any weight threshold 1
z , X

has a z-estimation of size O(nz) constructible in O(nz) time using O(nz) space.

Example 97. For 1
z =

1
4 , the weighted string X in Example 91 admits the 4-estimation

S in Table 4.2, given by Theorem 96.
For pattern P = AG and S3, we have that Occπ3(P,S3) = {1,4} because P occurs at

position 1, with 1+ |P|−1≤ π3[1] = 4, and at position 4, with 4+ |P|−1≤ π3[4] = 6.
For pattern P = AG and i = 1, we have that P(X [i . . i+ |P|−1] = P) = 1 ·1/2 = 1/2

and so P occurs in CountS(P, i) = bP(X [i . . i+ |P|−1] = P) · zc= b(1/2) ·4c= 2 strings
of the 4-estimation at position 1 (namely, strings S3 and S4).

We construct the set of (lexicographic) minimizers that respect the property,
for `= 3 and k = 2, for every S j, j ∈ [1 . .4], from S; namely for S j ∈ S we compute
f (S j[i . . i+2]) if and only if i+2≤ π j[i]. We underline the positions of the minimizers.
Note that we have selected no minimizer in S1 or S4 as they have no solid factor of
length 3.
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i 1 2 3 4 5 6
S1 A A A A A A
π1 2 2 3 4 5 6
S2 A A A A A G
π2 4 4 5 6 6 6
S3 A G A A G G
π3 4 4 5 6 6 6
S4 A G G G G G
π4 2 2 3 3 5 6

Figure 4.2: A 4-estimation S of X from Example 91.

Problem Definition. In our `-Weighted Indexing problem, we are given a weighted
string X of length n over an alphabet Σ, a weight threshold 1

z ∈ (0,1], and an integer
` > 0, and we are asked to preprocess them in a compact data structure (the index)
to support the following queries efficiently: For any string P of length m≥ `, report
all elements of Occ 1

z
(P,X). Other than the index size and the query time, we seek to

minimize the construction time and the construction space.

4.3 The new index: minimizer-based WST
In this section, we describe our index for solving `-Weighted indexing. We assume
random access to X (we can discard X at the end of the construction). To simplify
the analysis we assume X is over an alphabet of size σ =O(1).
Main Idea. We start the index construction by building a z-estimation of X , whose
total size is Θ(nz) (Theorem 96). We then use minimizers sampling to select O( nz

` )
positions (Lemma 94) of the z-estimation, where ` is a predetermined lower bound
on the length of the supported queries. Next, we construct two suffix trees, called
minimizer solid factor trees: (1) the compacted trie of all suffixes of the solid factors in
the z-estimation starting at the minimizer positions, and (2) the compacted trie of all
the reversed prefixes of the solid factors in the z-estimation ending at the minimizer
positions. To reduce the size of both trees, we discard the z-estimation using a
combinatorial observation (Lemma 100 and Corollary 102) that allows us to store
only O(logz) information to label a suffix tree edge. This concludes the construction
of the minimizer solid factor trees (Lemma 103). After that, we pair up the leaf nodes
corresponding to the same minimizer position, from one of these trees to the other,
using a 2D grid for range reporting [52] (Lemmas 7 and 104). This results in an index of
expected total sizeO(n+ nz

` logz). Finally, we show how to query the index efficiently
by using a probabilistic argument on the number of expected points returned by the
2D grid (Lemma 105). We thus arrive to Contribution 1 (Theorem 106).
Minimizer Solid Factor Trees. Let us fix aweighted string X of length n over an alpha-
bet Σ and aweight threshold 1

z . We first define a forward solid factor tree (resp. backward
solid factor tree) for X as the suffix tree for the set of maximal solid factors (resp. the
set of reversed solid factors) in X . By Theorem 96, we know that each such solid
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factor appears in a z-estimation of size O(nz), and therefore both solid factor trees
have size O(nz) as well. This argument also gives a method to construct the solid
factor trees [34].

We adapt the solid factor trees to make them more space-efficient for `-Weighted
indexing by employing minimizer schemes. Let us fix `, k and an (`,k)-minimizer
scheme f . We can assume throughout, from Lemma 94, that ` and k are chosen
so that the density of f (see Def. 93) is O( 1

` ). We then construct a z-estimation
S = (S j,π j)

bzc
j=1 of X using Theorem 96 and compute the setMX of minimizers from

S respecting the property; namely for S j ∈ S we compute f (S j[i . . i+ `−1]) if and
only if i+ `−1≤ π j[i].

We represent each minimizer inMX by a pair (i, j), where i is the minimizer
position in the string S j ∈ S. In the following, we considerMX fixed with |MX |=
O( nz

` ), as by Lemma 94 there are in expectation O( nz
` ) minimizers in S.

Based onMX , we define a minimizer forward (resp. backward) solid factor tree as
a compacted trie containing suffixes of solid factors (resp. of reversed solid factors)
starting at position i from a string S j ∈ S with (i, j) ∈MX . Each leaf has a minimizer
label (i, j) ∈MX associated to the corresponding suffix. If one same suffix corre-
sponds to several such labels (it occurs at several minimizers from S), we add one
copy of the leaf for each such label. Since |MX |=O( nz

` ), the minimizer solid factor
trees contain O( nz

` ) leaves, and therefore nodes.
Still the size of the z-estimation S is, by definition, always Θ(nz), which makes

the total size of the index O( nz
` )+Θ(nz) = Θ(nz). We avoid this by employing the

following crucial combinatorial observation on heavy strings [143]:

Definition 98. For any weighted string X , we call a heavy string HX of X a string such
that HX [i] is the letter having a largest probability in X [i] (ties are broken arbitrarily).

Example 99. Let X be the weighted string of Example 91; a heavy string of X is
HX = AGAAAG (the tie at position 2 is broken for G and the tie at position 5 is
broken for A).

Lemma 100 ([143]). Let HX be a heavy string of X . For a weight threshold 1
z and any z-solid

factor U starting at position i and ending at position j of X , dH(U,HX [i . . j])≤ log2 z holds.

Example 101. Let X be the weighted string of Example 91; with HX = AGAAAG.
If z = 4, log2 z = 2, so no solid factor has more than 2 mismatches with HX at its
occurrence position. The string AAGG is not valid at position 1 as it has 3 mismatches
with HX ; indeed, its probability is 1

40 < 1
4 . The string AAAA is valid at position 1 with

probability 3
10 > 1

4 , and has only one mismatch with HX . The condition is however
not sufficient: AGAG is not valid at position 1 (its probability is 3

40 < 1
4 ), even if it

has only one mismatch with HX .

We directly get the following result, which allows us to avoid storing the z-
estimation S explicitly.

Corollary 102. Every solid factor of a weighted string X for a weight threshold 1
z can be

characterized by an interval of the heavy string HX plus the information of at most log2 z
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single mismatches. The minimizer solid factor tree can be implemented as a compacted trie
whose edges store only that information, which takes O(logz) extra space per edge.

We apply Corollary 102 to obtain Lemma 103. Based on this lemma, we construct
the minimizer solid factor trees for X .

Lemma 103. The (forward and backward) minimizer solid factor trees can be constructed in
O(nz) time using O(nz) space. Each tree has O( nz

` ) expected nodes and its expected total
size is O( nz

` logz). 1

Proof. We apply Theorem 96 to construct a z-estimation for X in O(nz) time and
space. The set of minimizers of any string can be computed in linear time [159].
Thus, computingMX for the z-estimation takes O(nz) time. The compacted trie of
any collection of substrings of a string can be constructed in linear time in the length
of the string [53, 135], and thus the minimizer solid factor trees can be constructed
in O(nz) time using O(nz) space. The number of nodes and the total size of the trees
follow from Lemma 94 and Corollary 102.

Exploiting 2D Range Reporting. We explain how to employ a geometric data struc-
ture to pair up the leaf nodes corresponding to the same minimizer position from
one of the minimizer solid factor tree that we have constructed above to the other.

Let us write Tsuff (resp. Tpref) for the forward (resp. backward) minimizer solid
factor tree. We fix an order on the leaves of both Tpref and Tsuff, such that for any node
in one of the trees, the set of its descendant leaves forms an interval. This is possible,
for example, by sorting the strings corresponding to the leaves in lexicographical
order. Via this ordering, we can consider a pair of leaves from Tsuff and Tpref as a
point of a 2D data structure, which we call the grid.

We start by somedefinitions: (1)Given a stringP, we denote by Isuff(P) (resp. Ipref(P))
the (possibly empty) interval of leaves in the subtree obtained by reading P in Tsuff
(resp. Tpref). (2) We denote by N the set of all those points corresponding to pairs
of leaves from Tsuff and Tpref with identical minimizer labels. Each point in N cor-
responds to a given minimizer (i, j) ∈MX , and a pair of maximal solid factors in
X that can be read from i, both right-wise and left-wise. (3) Given a pair P1, P2
of strings, we denote by N (P1,P2) the intersection of the set N with the rectangle
Isuff(P1)×Ipref(P2). (4) Given a string P of length m≥ `, such that f (P[1 . . `]) = µ , we
denote N (P[µ . .m],(P[1 . .µ])r) by N (P).

Lemma 104. For any pattern P of length m, with n≥ m≥ `, if P is a solid factor in X , then
N (P) is nonempty. In particular, if P has a valid occurrence in X starting at position k then
N (P) contains at least one point having label (k−1+ f (P[1 . . `]), j) for some j ∈ [1 . .bzc].

Proof. Let P be such a pattern, which is a solid factor in X at position k. By definition
of a z-estimation, we know that P occurs at position k in some S j ∈ S . The minimizer
computed for position k of S is i= k−1+µ with µ = f (P[1 . . `]), since S j[k . .k+`−1] =
P[1 . . `]. Therefore, the tree Tsuff (resp. Tpref) contains a leaf k1 (resp. k2) corresponding

1We claimO(nz) time and space during our construction because if logz > `, we can abort the construction
and resort to O(nz) size.
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to the longest substring of S j starting at position i respecting the property Π, which
starts with P[µ . .m] (resp. the longest reversed substring of S j ending at position i
respecting the property, which starts with P[1 . .µ]r). Those leaf nodes both have a
label (i, j) = (k−1+µ, j), hence the corresponding point is in N (P), which proves
the result.

Our index (i.e., Tsuff, Tpref, and the grid) solves `-Weighted indexing by answering
2D range reporting queries [52]. In particular, we use Lemma 7.

Note that, even if each occurrence of a pattern can be detected with 2D range
reporting queries, the converse is not true: if a pattern U has a minimizer at po-
sition µ and both U [1 . .µ] and U [µ . . |U |] are solid factors occurring at respective
positions k and k+µ−1, then a corresponding point will be detected with the 2D
range reporting queries, even if U is not a solid factor itself. In that case, U is by
definition a substring of some S j ∈ S, but does not respect the property. We can
simply compute all the points by 2D range reporting, and check naively for false
positives by comparing the pattern with X at the positions corresponding to these
points. Conversely, one can have several points corresponding to a single occurrence,
if the pattern appears in multiple strings in S at a same position, which could also
increase the running time. To control the number of such additional checks (both
for false positives and duplicate ones), we give a bound on the expected number of
occurrences of a given pattern in the z-estimation S:

Lemma 105. For any string P chosen uniformly at random from Σm, there are O(nz/σm)
points expected in N (P).

Proof. Tsuff and Tpref are constructed from a z-estimation S, therefore each point in
N (P) corresponds to an occurrence of P in S (it might not respect property Π how-
ever). Since S has (n−m+1)bzc ≤ nz substrings of length m, we have ∑P∈Σm |N (P)|≤
nz, and hence if P is chosen uniformly at random we obtain no more than nz

σm points
in expectation.

Main Result. We arrive at the main result of the section:

Theorem 106. Let X be a weighted string of length n over an alphabet of size σ , 1
z

be a weight threshold, and ` > 0 be an integer. After O(nz) construction time and
usingO(nz) construction space, we can construct an index ofO(n+ nz

` logz) expected
size answering `-Weighted indexing queries of length m≥ ` inO(m+(1+ nz

σm ) log nz
` )

expected time.

Proof. Wefirst construct theminimizer solid factor trees of X inO(nz) time and space;
the trees have size O( nz

` logz) (Lemma 103). We preprocess the pairs of leaves for
2D range reporting queries in O( nz

` ) time (Lemma 7). When a pattern P of length
m≥ ` is given, we compute its leftmost minimizer µ in O(`) time [159], compute the
sides of the rectangle inO(m) time by spelling P[µ . .m] in Tsuff and (P[1 . .µ])r in Tpref,
and answer a 2D range reporting query in O(log nz

` (1+ |N (P)|)) time (Lemma 7).
Finally, we must check, for every output point (i, j), for a valid occurrence around
the ith minimizer of the jth string of the z-estimation. To do this efficiently (i.e., in
O(logz) time per point) without storing the z-estimation of X , we store only the log2 z
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(1, 2)

(1, 3)

(2, 2)

(4, 2)

(3, 2)

(4, 3)

(3, 3)

(2, 2) (3, 2) (1, 2) (4, 2) (3, 3) (1, 3) (4, 3)

A A A A

GA

GA

A

A

A

A AA

G

G

G

Tsuff

Tpref

• Points from N

⊏⊐ Rectangle enclosing N (AAAA)

⊏⊐ Rectangle enclosing N (GAAG)

⊏⊐ Rectangle enclosing N (GAGA)

(minimizer positions are
underlined in the strings)

Figure 4.3: Our minimizer-based index for the weighted string from Example 91, 1
z = 1

4 , and the minimiz-
ers from Example 107. The tree Tsuff is the forward minimizer solid factor tree and Tpref is the backward
one. Edges without labels are constructed for readability and mean that the parent and the children
nodes correspond to the same string. Each leaf node representing the minimizer position i in string S j is
decorated with (i, j).

closest mismatching positions to the left and to the right of every minimizer in
MX (Lemma 100). The total verification time is thus O((logz+ log(nz/`))(|N (P)|)+
1) = O(log nz

` (|N (P)|+1)). By Lemma 105, we know that in expectation we have
|N (P)|= nz

|Σ|m . We obtain an expected query time of O(m+(1+ nz
|Σ|m ) log nz

` ). The total
size is O(n+ nz

` logz), to store HX plus the index.

Example 107. Let X be theweighted string from Example 91 and 1
z =

1
4 . The construc-

tion of our index is detailed in Figure 4.3, and query rectanglesN (P) (resp.N (P′) and
N (P′′)) are constructed for patterns P = AAAA (resp. P′ = GAAG and P′′ = GAGA)
whose minimizer positions are underlined. The blue rectangleN (P) contains exactly
one point which corresponds to a substring AAAA in S2 that respects the property.
This substring corresponds to an occurrence of P at position 1 with probability
1 · 1

2 ·
3
4 ·

4
5 = 0.3 > 1

4 in X . The green rectangle N (P′) contains one point, which cor-
responds to an occurrence of P′ in S3. However, this occurrence does not respect
the property Π (because i+ |P′|−1 = 2+4−1 = 5 > π3[2] = 4) and therefore is a false
positive in X (it occurs with probability 0.15 < 1

4 ). Finally, the orange rectangleN (P′′)
does not contain any point, because the pattern does not occur in the z-estimation.
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4.4 Space-efficient construction of the index
Recall that to construct the index in Section 4.3, we first construct a z-estimation,
which temporarily takes Θ(nz) space during construction. In this section, we improve
the space required for the construction of the index by designing a space-efficient
algorithm for constructing aminimizer solid factor treewith only amoderate increase
in the construction time.
Main Idea. We start the index construction by simulating the construction of an
extended solid factor tree. This is a trie of the solid factors ofX extended byHX , the heavy
string of X . In particular, we maintain the subtree induced by the solid factors that
start at minimizer positions but discard the nodes that we do not need upon returning
to their parents. We achieve this via traversing the full tree in a DFS order. Thus,
even though the full tree size isO(nz) (Lemma 108), at any moment, we store only the
current leaf-to-root path plus the actual output. Therefore, we use onlyO(n+ nz

` logz)
expected space at a cost ofO(nz log`) time (Lemma 109). We next reverse this tree (the
solid factors are read from leaf to root there, while in the minimizer solid factor tree
those are read from root to leaf), in O( nz

` log nz
` logz) expected time, using O( nz

` logz)
expected space (Theorem 110). Our approach thus trades construction time for less space:
in total, it adds up to O(nz log`+ nz

` log nz
` logz) expected construction time (instead

of O(nz)) but O(n+ nz
` logz) expected construction space (instead of O(nz)). We thus

arrive to Contribution 2.
Key Concepts. The string U ·HX [ j+1 . .n] (resp. (HX [1 . . i−1] ·U)r) is called the right
extension of the solid factor U (resp. left extension of the solid factor U), if U is a solid
factor of X starting at position i and ending at position j ≥ i−1.

For such a U , we define a forward extended solid factor tree of X as a trie of all the
reversals of U ·HX [ j+1 . .n], and a backward extended solid factor tree of X as a trie of
all HX [1 . . i−1] ·U . These trees can be constructed by looking only at the extensions
of maximal solid factors, namely those that cannot be extended into a longer solid
factor [35]. We make use of the following lemma to bound the size of the trees:
Lemma 108 ([35]). The extended solid factor trees have O(nz) nodes.

We next describe our algorithm (see Figure 4.4 for pseudocode).
Construction. We start by constructing the minimizer versions of the extended solid
factor trees – that is for the solid factors trimmed to their parts starting (resp. end-
ing) at the position of their minimizer. In particular, we show how to construct
the forward extended solid factor tree (see Fig. 4.5) – the backward one can be con-
structed by simply doing the same operations on the reversed string, except that the
minimizers will be computed on the reversed substrings.
Initialization. We construct the tree with a DFS traversal of the full (non-minimizer)
extended solid factor tree, starting from the root, which corresponds to ε , the empty
string. Each node corresponds to the right extension of a solid factor U of X starting
at a position i (recall thatU can be empty, in which case its right extension is HX [i . .n]).
We assume that HX and PPH are computed before running the main algorithm and
can be accessed just like X and n = |X |.
First Visit to a Node. When a node u that corresponds to a solid factor U starting
at position i of X and ending at position j is created, we keep a pair of labels (i,
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Algorithm 3 Construct-T
1: Global variables: j = n, p = 1.0, string

S = ε , set Diff= /0, set Minimizers= /0.
2: create a node root
3: run Augment-T (n+1,root)
4: return root . The minimizer extended

solid factor tree

Algorithm 4 DOWN(i,u,α)

1: S← αS
2: if α 6= HX [i] then add (i,α) to Diff
3: end if
4: if |S|≥ ` and p ·PPH [i−1+ `]/PPH [ j]≥ 1

z
then . S[1 . . `] is solid

5: Minimizers ← Minimizers ∪ {i +
f (S[1 . . `])−1}

6: end if
7: add a node v as a child of u
8: run Augment-T (i,v)

Algorithm 5 Augment-T (i,u)
1: for α ∈ Σ do
2: if p = 1 and α = HX [i−1] then . If

U is empty
3: j← j−1
4: run DOWN(i−1,u,α)
5: j← j+1
6: else if p · pi−1[α]≥ 1

z then
7: p← p · pi−1[α]
8: run DOWN(i−1,u,α)
9: end if

10: end for
11: if i < n+1 then run UP(i,u)
12: end if

Algorithm 6 UP(i,u):
1: if i ∈Minimizers then
2: remove i from Minimizers
3: set label of u to (i,Diff)
4: else if u has at most one child then merge

u with parent(u)
5: end if
6: p←min(1, p · pi[S[1]]−1)
7: if (i,S[1])∈Diff then remove (i,S[1]) from

Diff
8: end if
9: remove the first letter from S

Figure 4.4: The space-efficient algorithm for constructing the minimizer extended solid factor tree of a
weighted string X .

Diff), where Diff is the sequence (list) of mismatches between U and HX [i . . j]. By
Lemma 100, the label of a given node has size O(logz). Note, also, that for any
ancestor of a node u its list of mismatches will be a suffix of Diff.

A single node and equivalently such a pair of labels can still represent multiple
solid factors (for different values of j – if the suffix of the solid factor matches the
heavy string); henceforth, byU wemean the shortest such solid factor: j is the largest
element of Diff or j = i−1 if Diff is empty.

Additionally, given a node u representing S = U ·HX [ j+ 1 . .n], we check if the
longest solid prefix of S has length at least `; we check this in O(1) time using value
p – a global variable that denotes the probability of the current node – that is the
weight of U and the precomputed array PPH of prefix products of HX for the heavy
part. If this is the case, we ask for the minimizer µ of this solid factor, and mark the
(µ−1)th ancestor of u as a minimizer node. Such minimizer can be found in O(1)
time using a heap data structure [71], which stores information about the length-k
substrings of the length-` prefix of S = U ·HX [ j+ 1 . .n] and is updated in O(log`)
time in each step of the traversal.
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Figure 4.5: (a) The forward extended solid factor tree with X from Example 91. The blue edges correspond
to the heavy string HX = AGAAAG (reversed). The minimizer positions are underlined. (b) The mini-
mizer extended solid factor tree. The edges without any minimizer descendant nodes are pruned and the
non-minimizer nodes are made implicit. (c) The lexicographically sorted strings corresponding to each
path from a minimizer node to a root. (d) The minimizer solid factor tree constructed by Theorem 110.
It contains the forward (top) tree from Figure 4.3 as a red subtree. The edge with no label is added
in the figure to stress that AAG also has a corresponding leaf. In the algorithm, we simply make the
corresponding internal node explicit and treat it as a leaf node.

Stepping Down to a Child Node. If U is empty, then the node u corresponds to a
string HX [i . .n]. In this case, p is not updated when creating its child v corresponding
to HX [i−1 . .n]. This way, we ensure by induction that p = 1 at the creation of each
such node, and only for such a node, so that this can be checked in O(1) time. We
now assume that the created child does not correspond to HX [i− 1 . .n]. To create
a child v of the node u, corresponding to the right extension of the string α ·U for
some letter α ∈ Σ, one needs to check if α ·U is valid by computing its probability (U
is nonempty, or the letter α is different from HX [i−1]). This is done using p, which
we multiply by pi−1[α]. In any case, the labels of v are computed from the labels of u
by decreasing the starting position and potentially adding a new label to Diff.
Returning to the Parent Node. In the DFS we traverse the full extended solid factor
tree, but we are only interested in the strings that start in those minimizer nodes.
Thus, we remove the nodes which correspond to letters of the solid factors that
appear before the position of the first minimizer and recursively compactify the tree
during the traversal.

After all descendants of u are created, we keep u explicit if it is a minimizer
node or if it has more than one (not removed) child. Otherwise, the node u is made
implicit by merging it with its parent. Finally, upon returning to the parent of u we
update p by dividing it by pi[U [1]] (if p < 1) and the list of differences by removing
position i if i ∈Diff.
Complexity Analysis. By Lemma 103 the final tree has O( nz

` ) nodes in expectation.
As for the construction space, observe that while a node u is being processed, only
the path between u and the root is uncompacted, and contains at most n nodes. All
the other global variables also have size O(n), therefore the total expected work
space needed is O( nz

` logz+ n). As for the construction time, note that the set of
created nodes is exactly the set of nodes from the original extended solid factor tree
(namely, without minimizers), which has size O(nz) by Lemma 108. Reading X and
creating HX costs nσ =O(n) time [54]; after that the total number of probabilities
read is bounded by the number of tree nodes as for a single position we can read
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those in the order of non-increasing probabilities.
During the construction, all the operations cost O(1) time with the exception of

updating the minimizer heap which takes O(log`) time and storing a copy of the
list of differences for each minimizer node in O(logz) time. Note that the last type of
the operation does not influence the worst-case running time as we can abandon the
computation upon learning that the total size of those lists reaches nz – in which case
the classic (non-minimizer) data structure is more efficient. We have thus proved
the following lemma.

Lemma 109. For any weighted string of length n, any weight threshold 1
z , and any integer

` > 0, we can construct a representation of the minimizer extended solid factor trees in
O(nz log`) time using O(n+ nz logz

` ) expected space.

Main Result. Theminimizer solid factors tree can be constructed from theminimizer
extended solid factor tree in O( nz

` log nz
` logz) expected time and O( nz

` logz) expected
space (as proven below), hence we arrive at the main result of the section:

Theorem 110. For any weighted string X of length n, any weight threshold 1
z , and

any integer ` > 0, we can construct the minimizer solid factor tree in expected time
O(nz log`+ nz

` log nz
` logz) and space O(n+ nz

` logz).

Proof. As stated above it remains to show how to construct the minimizer solid factor
tree from the minimizer extended solid factor tree. We achieve that by reversing the
tree, that is, by creating the trie of all the strings from the minimizer extended solid
factor tree read from leaf to root (corresponding to strings U ·HX [ j+ 1 . .n]). Note
that for two such strings we can find their longest common prefix (LCP), and hence
also compare them in O(logz) time with a use of an LCP data structure for HX [150]
(comparison of O(logz) intervals of HX and O(logz) differences).

We first sort those strings in lexicographic order. Since there are in expectation
O( nz

` ) of them, and a single comparison takesO(logz) time, this takesO( nz
` log nz

` logz)
time in total using any optimal comparison-based sorting algorithm [71]. Now we
construct the compacted trie of those strings node by node in the order of a DFS.
Each edge will be labeled with an interval of HX and a list of at most log2 z differences.

We start from creating a single edge from root to a leaf representing the first
string. Now we iterate over all remaining strings in lexicographic order – we first
compute the length of the LCP of this string, and the previous one, next starting
from the leaf representing the previous string we move up the tree node by node to
find its ancestor at depth equal to the length of this LCP. If this node turns out to be
an implicit one, then we make it explicit by dividing the edge (and hence also the
interval of HX and the list of differences). We finish by creating a new child of the
reached node – this child becomes the leaf representing the new string.

Unlike the construction from [35] we do not need to trim the HX parts after
constructing the tree, as in our query algorithm we must verify the weight for each
match anyway.
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4.5 Practically fast querying without a grid
In this section, we describe a simple and fast querying algorithm that does not
require the grid to be constructed on top of the trees. This querying algorithm has
worse guarantee than that in Theorem 106 but performs much better in practice, due
to its simplicity, as we show in the experimental evaluation.

Like in the previous construction let µ = f (P[1 . . `]). Without loss of generality
we assume that µ ≤ m

2 (otherwise we swap the roles of the parts of P and of trees Tsuff
and Tpref). Let u be the node reached by reading P[µ . .m] in Tsuff. We can separately
check each leaf in the subtree of u as a potential candidate in O(m) time: we can
do this assuming we have random access to X . This time we cannot use the nz

σm

bound on the expected number of candidates from Lemma 105. However, P[µ . .m]
has length at least m/2, and hence the expected number of candidates can still be
bounded by ∑

m
k=dm/2e

nz
σ k ≤ 2 nz

σm/2 using a similar argument. Thus we can answer a
query in O(m · (1+ nz

σm/2 )) expected time.

Example 111. For the weighted string from Example 91 and pattern P′ = BAAB the
grid based construction finds a single candidate (3,3) to check (see Figure 4.3 and
Example 107). In case of the simpler querying algorithm we only locate one part of
the pattern in one of the trees, in this case |GA|< |AAB|, hence we locate AAB in Tsuff.
We find two leaves with labels (3,3) and (4,2), that is candidate occurrences starting
at positions 2= 3−|GA|+1 and 3= 4−|GA|+1. Each of those can be checked naively
to get the occurrence probabilities 3/20 and 3/40 respectively; each probability is
smaller than 1/4.

4.6 Related work
The Weighted Indexing problem was introduced by the work of Iliopoulos et al. [123];
the authors gave a tree-based index supporting O(m+ |Occ|)-time queries. The
construction time, space, and size of the index was, however, O(nσ z logz). Their
index is essentially a compacted trie of all the solid factors of X . Amir et al. [18]
then reduced the Weighted Indexing problem to the so-called Property Indexing
problem in a standard string of length O(nz2 logz). For the latter problem, Amir et
al. proposed a super-linear-time construction and O(m+ |Occ|)-time queries. Later,
it was shown that Property Indexing can be performed in linear time [34]. This
directly gives a solution to the Weighted Indexing problem with construction time,
space, and size O(nz2 logz), preserving the optimal query time. The state-of-the-art
indexes for Weighted Indexing are the weighted suffix tree (WST) [34, 35] and the
weighted suffix array (WSA) [53]; see the Introduction for more details. To conclude,
there are currently no practical indexing schemes for Weighted Indexing mainly due to their
prohibitive size and space requirements.

There is substantial work on practical indexing schemes for probabilistic/uncer-
tain data; e.g., for range queries [10, 58, 61, 200, 201], top-k queries [120, 179, 217, 218],
nearest neighbor queries [9, 59, 60], sql-like queries [178], inference queries [132],
and probabilistic equality threshold queries [193]. These indexes were developed
for different uncertainty data models, such as tuple uncertainty and attribute un-
certainty [194]. Under tuple uncertainty, the presence of a tuple in a relation is
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probabilistic, while under attribute uncertainty a tuple is certainly present in a
database but one or more of its attributes are not known with certainty. Several
indexes are built on R-trees or inverted indexes (e.g., [75, 193]), while others are
built on R∗-trees [200]. There are also specialized indexes, e.g., for probabilistic XML
queries [107] or uncertain graphs [198, 216]. Our work differs substantially from the
above in the supported data model and query type.

4.7 Experimental evaluation
4.7.1 Data and setup
Data. We used three real weighted strings which model variations found in the
DNA (σ = 4) of different samples of the same species. The chromosomal or genomic
location of a gene or any other genetic element is called a locus and alternative DNA
sequences at a locus are called alleles. Allele frequency, or gene frequency, is the
relative frequency of an allele at a particular locus in a population, expressed as
a fraction or percentage. Thus, alleles have a natural representation as weighted
strings: we model the probability pi(α) in these strings as the relative frequency of
letter α at position i among the different samples.

We next describe the datasets we used (see also Table 4.1):

• SARS: The full genome of SARS-CoV-2 (isolate Wuhan-Hu-1) [1] combined
with a set of single nucleotide polymorphisms (SNPs) [2] taken from 1,181
samples [205].

• EFM: The full chromosomeofEnterococcus faeciumAus0004 strain (CP003351) [3]
combined with a set of SNPs [4] taken from 1,432 samples [69].

• HUMAN: The full chromosome 22 of the Homo sapiens genome (v. GRCh37) [5]
combinedwith a set of SNPs [6] taken from the final phase of the 1000 Genomes
Project (phase 3) representing 2,504 samples [90].

The percentage of positions where more than one letter has a probability of
occurrence larger than 0 is denoted by ∆.

We also used another real weighted string comprised of Received Signal Strength
Indicator (RSSI) (i.e., signal strength) values of sensors; pi(α), i ∈ [1 . .n], corresponds
to the ratio of IEEE 802.15.4 channels that received an RSSI value α at time i, and
σ = 91 [171]. Its characteristics are in Table 4.1. Furthermore, we used a family
of weighted strings, generated from RSSI. Each such string is denoted by RSSIn,σ ,
where n ∈ {2,4,6,8} is the number of times the length of this string is larger than
that of RSSI and σ ∈ {16,32,64} is its alphabet size. To increase n, we appended
RSSI to itself. To reduce σ , we replaced each RSSI value (integer) v with v mod y,
where y ∈ {16,32,64} is the desired alphabet size. For all these datasets, ∆ = 100%.
Parameters. For every weighted string of length n, every pattern length
m ∈ {64,128,256,512,1024}, and every z we used, we selected bnz/200c patterns
from the z-estimation of the weighted string, uniformly at random, to account for the
different n and z values. For example, for HUMAN whose length is n = 35,194,566,
and for z = 32, we have selected 5,631,130 patterns uniformly at random from its
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Figure 4.6: Index size (log scale, MB) vs. `.
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Figure 4.7: Index size (log scale, MB) vs. z. The tree-based indexes for HUMAN (Fig. 4.7e) needed >
252GB of space when z≥ 16 and hence could not be constructed.
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Table 4.1: Characteristics of the real datasets we used.

Dataset # of Length ∆ Size of z-estimation
samples n as percentage of n for the default z (MBs)

SARS 1,181 29,903 3.6% 31
EFM 1,432 2,955,294 6% 378

HUMAN 2,504 35,194,566 3.2% 282
RSSI N/A 6,053,462 100% 96.9

0

61250

122500

183750

245000

64 12
8

25
6

51
2

10
24

ℓ

C
o

n
st

ru
ct

io
n

 S
p
a

c
e

 (
M

B
)

WST MWST MWST-G

(a) EFM

0

10000

20000

30000

40000

64 12
8

25
6

51
2

10
24

ℓ

C
o

n
s
tr

u
ct

io
n

 S
p
a

ce
 (

M
B

) WSA MWSA MWSA-G

(b) EFM

0

60000

120000

180000

64 12
8

25
6

51
2

10
24

ℓ

C
o

n
s
tr

u
ct

io
n

 S
p
a

ce
 (

M
B

) WST MWST MWST-G

(c) HUMAN

0

10000

20000

30000

64 12
8

25
6

51
2

10
24

ℓ

C
o

n
s
tr

u
ct

io
n

 S
p
a

ce
 (

M
B

) WSA MWSA MWSA-G

(d) HUMAN

Figure 4.8: Construction space (MB) vs. `.

0

61250

122500

183750

245000

8 16 32 64 12
8

z

C
o
n
st

ru
ct

io
n
 S

p
a
ce

 (
M

B
) WST MWST MWST-G

(a) EFM

0

7000

14000

21000

28000

35000

8 16 32 64 12
8

z

C
o

n
st

ru
ct

io
n

 S
p
a

ce
 (

M
B

)

WSA MWSA MWSA-G

(b) EFM

0

60000

120000

180000

2 4 8 16 32

z

C
o
n
st

ru
ct

io
n
 S

p
a
ce

 (
M

B
) WST MWST MWST-G

(c) HUMAN

0

25000

50000

75000

100000

2 4 8 16 32

z

C
o

n
st

ru
ct

io
n

 S
p
a

c
e

 (
M

B
)

WSA MWSA MWSA-G

(d) HUMAN

Figure 4.9: Construction space (MB) vs. z. The tree-based indexes for HUMAN (Fig. 4.9c) needed >
252GB when z≥ 16 and hence could not be constructed.

32-estimation. The default z for SARS, EFM, HUMAN, RSSI, and RSSIn,σ was 1024,
128, 8, 16, and 16, and led to z-estimations with sizes of several MBs; see Table 4.1.
The parameter ` was set to m, and the default m value was 256.
Implementations. We used the implementations of the state-of-the-art indexes
WST and WSA from [34] and [53], respectively. We implemented: (1) MWST-G,
the algorithm underlying our Theorem 106. (2) MWST, a simplified version of
MWST-G that drops the 2D grid and performs pattern matching as described in
Section 4.5. (3) MWSA and MWSA-G, the array-based versions of MWST and MWST-
G, respectively. Note that an in-order DFS traversal of the tree gives the array. (4)
MWST-SE, the space-efficient construction of MWST underlying Theorem 110. In all
implementations, we used Karp-Rabin fingerprints [134] to compute the minimizers.
Measures. We used all four relevant measures of efficiency (see Introduction): index
size; query time; construction space; and construction time. To measure the query
and construction time, we used the chrono C++ library. To measure the index size,
we used the malloc2 C++ function. To measure the construction space, we recorded
the maximum resident set size using the /usr/bin/time -v command.
Environment. All experiments ran using a single AMD EPYC 7282 CPU at 2.8GHz
with 252GB RAM under GNU/Linux. All methods were implemented in C++ and
compiled with g++ (v. 12.2.1) at optimization level -O3.
Code and Datasets. The code and all datasets are available at https://github.com/

https://github.com/solonas13/ius
https://github.com/solonas13/ius
https://github.com/solonas13/ius
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Figure 4.10: Average query time (log scale, µs) vs. `.
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Figure 4.11: Average query time (log scale, µs) vs. z. The tree-based indexes for HUMAN (Fig. 4.11e)
needed > 252GB when z≥ 16 and hence could not be constructed.
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Figure 4.12: (a, b) Construction time (s) vs. ` for EFM. (c, d) Construction time (s) vs. z for EFM. The
results for SARS and HUMAN were analogous.

https://github.com/solonas13/ius
https://github.com/solonas13/ius
https://github.com/solonas13/ius
https://github.com/solonas13/ius
https://github.com/solonas13/ius
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Figure 4.13: Construction space (log scale, MB) vs: (a, b) `. (c, d) z. WST and MWST for HUMAN
(Fig. 4.13d) needed > 252GB when z≥ 16 and hence could not be constructed. The results for SARS were
analogous.
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Figure 4.14: Construction space (MBs) vs. (a) `, (b) z, (c) σ , and (d) n (and dataset size).
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Figure 4.15: Construction time (log scale, s) vs: (a, b) `. (c, d) z. WST and MWST for HUMAN (Fig. 4.15d)
needed > 252GB when z≥ 16 and hence could not be constructed. The results for SARS were analogous.

solonas13/ius under GNU GPL v3.0.

4.7.2 Evaluating our minimizer-based indexes
Index Size. Figs. 4.6 and 4.7 show that our tree-based (resp. array-based) indexes
occupy up to two orders of magnitude less space than WST (resp. WSA). The size of
our indexes decreases with ` and increases with z (see Theorem 106). Furthermore,
the array-based indexes occupy several times less space than the tree-based ones,
as it is widely known [133]. For example, note from Figs. 4.6c and 4.6d that for
`= 1024, WST occupied 126GB of space, whereas our MWST 900MB and MWSA
only 204MB! As expected, our grid-based indexes MWST-G and MWSA-G occupy
a slight amount of extra space compared to MWST and MWSA, respectively.
Construction Space. Figs. 4.8 and 4.9 show that our tree-based (resp. array-based)
indexes outperform WST (resp. WSA) by 27% (resp. 61%) on average; the results for
SARS are analogous to those for EFM. Although our construction algorithm (see
Theorem 106) takes Θ(nz) space in any case, it carries lower constant factors than
that of WST. That is, in practice, the index construction space for our tree-based
indexes decreases as ` increases and increases with z – see Lemmas 103 and 7, which
show a clear dependency on the number O( nz

` ) of sampled minimizers. The same
explanation holds for WSA and our array-based indexes. Again, as it is widely

https://github.com/solonas13/ius
https://github.com/solonas13/ius
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Figure 4.16: Construction time (s) vs. (a) `, (b) z, (c) σ , and (d) n (and dataset size).

known [133], the array-based indexes outperform the tree-based ones in terms
of space; and, as expected, MWST-G and MWSA-G need a very slightly larger
construction space than MWST and MWSA, respectively.
Query Time. Figs. 4.10 and 4.11 show that MWST is generally slower than WST
because its search operation is more costly than that of WST (see Theorem 106).
However, MWSA is competitive to WSA since, due to the smaller size of the former,
the binary search operation used in query answering (pattern matching) [163] be-
comes faster. This is very encouraging given its substantially smaller index size and
index construction space across all z and ` values. Furthermore, MWST and MWSA
outperform MWST-G and MWSA-G, respectively. This is in line with the findings
of [28, 159], which show that simple verification schemes like the one developed by
us in Section 4.5, are faster than grid approaches, even if the theoretical guarantees
provided by the former are weaker. Note in Fig. 4.10 that the query time of the grid-
based indexes is not negatively affected by increasing `, unlike MWST and MWSA.
In particular, Fig. 4.10 shows that, although the grid-based indexes are slower, the
difference in performance decreases as ` grows. This is because, as ` grows, the grid
becomes smaller and the simple verification schemes becomemore expensive, which
highlights the benefit of Theorem 106. The query time of all indexes increases with
z, as expected by their time complexities. The query time of WST and WSA does
not depend on `, as expected by their time complexities.
Construction Time. Fig. 4.12 shows that WST and WSA can be constructed in less
time than our tree-based and array-based indexes, respectively. This is expected
as our construction is much more complex than that of WST and WSA [34, 53].
In particular, although our construction algorithm (see Theorem 106) takes Θ(nz)
time in any case, it carries higher constant factors than those of WST and WSA.
This is expected as, in some sense, our construction largely follows the one of WST
and WSA but it does additional work implied by the sampling mechanism. In
practice, the construction time decreases as ` increases and increases with z – see
Lemmas 103 and 7, which show a clear dependency on the numberO( nz

` ) of sampled
minimizers. On average, MWST requires 70% (resp. MWSA requires 32%) more
time to be constructed than WST (resp. WSA). MWST-G and MWSA-G have similar
construction time to MWST and MWSA, respectively.

4.7.3 Evaluating our space-efficient index construction
Construction Space. Fig. 4.13 shows that the construction space ofMWST-SE is up to
one order of magnitude smaller than that of WSA and 52 times smaller than that of MWST
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on average. The construction space of MWST-SE decreases with ` and increases
with z, as expected by Theorem 110. For example, in Fig. 4.13a MWST-SE needs
only 772MB of memory to be constructed when `= 1024, while WSA and MWST
need over 32GBs and 183GBs, respectively. Even for `= 64, the construction space of
MWST-SE is 4 times smaller than that of WSA and more than 25 times smaller than
that of MWST. On the RSSI datasets, MWST-SE substantially outperformed all other
indexes. Fig. 4.14 shows the results against the best competitor, WSA. MWST-SE
needed 4 times less space than WSA on average. Although z and ` appear in the
space bound of Theorem 110, and σ does not, the impact of the latter is larger on the
construction space. The reason is that the maximum resident set size we measure
includes the memory for reading the dataset file, which increases with σ for all
indexes. Note that the construction space for both indexes scaled linearly with n, as
can be seen in Fig. 4.14d.
Construction Time. Fig. 4.15 shows that the construction time of MWST-SE is on
average 53% smaller than that of WSA, the next fastest index. This is very encouraging,
as MWST-SE is quite complex. The construction time of MWST-SE decreases with
` and increases with z, as expected by Theorem 110. For example, for `= 1024 and
z = 128 in Fig. 4.15a, the construction time of MWST-SE is smaller by 31% (resp. 16
times smaller) compared to that of WSA (resp. MWST). This faster construction is a
consequence of WSA and WST being always of Θ(nz) size (producing copies of solid
factors), while in the extended solid factor trees each solid factor is considered only
once. The extra O(log`) cost for heap operations is very optimized and in practice
comparable with the large constants of the other constructions for reasonable `
values.

On the RSSI datasets, MWST-SE substantially outperformed all other indexes.
Fig. 4.16 shows the results against the best competitor, WSA. Now the term nσ =O(n)
prevails in the construction time bound of Theorem 110. Thus, the construction
time increased linearly with σ (Fig. 4.16c), while the impact of ` and z was smaller.
MWST-SE scaled linearly with n (Fig. 4.16d). The input datasets we used are in the
order of GBs, thus their reading takes much of the construction time.

4.7.4 Conclusion of our experimental evaluation
The most practical solution to `-Weighted Indexing is to use the MWST-SE al-
gorithm, which requires the smallest construction space and time (see Figs. 4.13,
4.14, 4.15, and 4.16) to construct MWST and then infer MWSA, the array-based ver-
sion of MWST via a standard in-order DFS traversal on MWST [163], as MWSA has
the smallest index size and a competitive query time to WSA (see Figs. 4.6, 4.7, 4.10,
and 4.11).

4.8 Conclusion and future work
The size of our indexes isO( nz

` logz) in expectation because minimizers have no worst-
case guarantees; e.g., in string abcdefg . . ., every position is a minimizer. This could
be avoided by using difference covers [133] instead. Difference covers are practical to
construct, but slash the set of positions by

√
` instead of ` (the factor that minimizers
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slash by in real-world datasets). As our focus is on practical schemes for reducing the
space, we have resorted to minimizers. There are other sampling schemes slashing
the set of positions by ` in the worst case [137], such as string synchronizing sets;
these are however impractical to construct (see [79], for example) and not directly
applicable to the uncertain setting. Recently, partitioning sets [145] were used to give
worst case guarantees on indexes for standard texts [29]. It remains to be investigated
whether this could be adapted to the uncertain case. This result would unlikely be
relevant for practical applications, as authors claim that partitioning sets are already
unpractical for standard texts. However, it would be interesting on a theoretical
aspect.

Our methods do not explicitly take advantage of the n probability distributions.
The following may be explored to improve our indexes: (i) use the percentage ∆ of
positions where more than one letter has a probability of occurrence larger than 0 as
a complexity parameter; (ii) use lower or upper bounds on the letter probabilities
depending on the underlying application. For instance, in sequencing data, a quality
score is assigned to a single nucleotide in every position i, which is then translated
to a probability p. The other 3 nucleotides can be assigned to probability (1− p)/3.
However, based on the vicinity of the ith position or on domain knowledge, we
could rather use upper or lower bounds for the remaining letters.

Our indexes rely explicitly or implicitly on the z-estimation of the input weighted
string. This is a family S of bzc strings of length n. Although the construction of
S is combinatorially correct [34] it is oblivious to domain knowledge. It may thus
generate solid factors that are completely impossible to occur in a real-world dataset.
For instance, in biology, such implausible factors are termed absent or avoided [14].
If one had this knowledge, they could easily trim these factors from the index by
first querying them during a post-processing step. It seems much more challenging
though to amend our data model to include this knowledge while constructing the
index.
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5
Conclusion

Pattern matching, comparison, and indexing are three core tasks in sequence analysis.
This thesis investigates generalizations of these tasks for data structures that model
collections of related sequences—such as pangenomes—rather than individual strings.
In addition to the general summary in introduction, and to chapter-specific open
problems that can be found in the end of each chapter, we conclude with some more
general future research directions.

Beyond these three tasks, sequence analysis often involves identifying regular-
ities or structural properties in texts, such as periods, symmetries, repetitions, or
palindromes [158]. Those structural properties often have crucial applications, for
example to pattern matching [112]. While structural properties have been studied
for degenerate strings (e.g., [17, 23, 77, 97, 125]), their generalization to more general
variable strings are still, for a large part, open. Though recent work has begun
exploring their extension to more general variable strings [148], this direction is for
a large part open.

The work of classification started in Section 2.1 could be extended to many differ-
ent problems presented in this thesis, for example approximate patternmatching and
comparison. In particular, the generalization of our works on approximate pattern
matching and comparison to graph-based representations could be investigated.

Indexing variable texts is also a crucial task. Despite a first discouraging result
for ED strings [105], one could hope to design indexes for more restricted variable
strings, or that, despite theoretical limitations, have good practical value. A recent
work in that direction generalized the Burrows-Wheeler transform, a widely-used
practical compression scheme, to ED strings [62].

Finally, a major open question involves the construction of ED strings. Given a
set of sequences, formalizing criteria for a ”good” ED string representation—and
developing algorithms to compute it—remains unresolved. Current methods rely
on simple heuristics, leaving room for theoretical or practical improvement.
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