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In this work, we introduce a method to construct fault-tolerant measurement-based quantum
computation (MBQC) architectures and numerically estimate their performance over various types
of networks. A possible application of such a paradigm is distributed quantum computation, where
separate computing nodes work together on a fault-tolerant computation through entanglement.
We gauge error thresholds of the architectures with an efficient stabilizer simulator to investigate
the resilience against both circuit-level and network noise. We show that, for both monolithic (i.e.,
non-distributed) and distributed implementations, an architecture based on the diamond lattice
may outperform the conventional cubic lattice. Moreover, the high erasure thresholds of non-cubic
lattices may be exploited further in a distributed context, as their performance may be boosted
through entanglement distillation by trading in entanglement success rates against erasure errors
during the error-decoding process. These results highlight the significance of lattice geometry in
the design of fault-tolerant measurement-based quantum computing on a network, emphasizing the

potential for constructing robust and scalable distributed quantum computers.

I. INTRODUCTION

Large-scale quantum computation with low error
rates requires handling noise in a correct and efficient
manner—one would like to fault-tolerantly transmit,
store, and process quantum information with quantum
computing hardware. Quantum error-correction encom-
passes methods to achieve fault tolerance from faulty
hardware. Topological error-correction codes, including
surface codes, are a promising avenue to achieve this goal,
as these codes have high error thresholds against local er-
rors, and only require nearest-neighbor interactions be-
tween qubits in a two-dimensional layout.

Surface codes achieve fault-tolerance by repeatedly
combining measurement outcomes of consecutive rounds
of stabilizer measurements [I]. Geometrically, the addi-
tion of a time dimension to a two-dimensional decoding
(i.e., syndrome) graph creates a three-dimensional struc-
ture, that may be interpreted as a noisy quantum channel
where logical information is propagated in the direction
of time. For example, the conventional planar or toric
surface code may be constructed from qubits on a square
lattice, but its corresponding decoding graphs are three-
dimensional cubic lattices.

Foliation [2] is a method to transform any surface
code to a three-dimensional cluster state that forms the
resource for fault-tolerant measurement-based quantum
computation (MBQC), with the same geometry as the
corresponding logical quantum channel of the surface
code [3, 4]. Although foliated codes can be interpreted
as having replaced time with another spatial dimension,
the resulting cluster states can be initialized and con-
sumed in arbitrary directions over time, lifting the rigid
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duality of time and space of surface codes. A concrete ex-
ample is so-called interleaving in fusion-based quantum
computation [5], which bears many resemblances to the
measurement-based architectures considered here.

However, foliation does not exhaust all possible fault-
tolerant cluster states—i.e., there are non-foliated three-
dimensional cluster states that cannot be constructed
from a two-dimensional surface code. We study these
types of lattices because they may produce higher fault-
tolerant error thresholds than conventional surface codes,
at least when assuming simple combinations of inde-
pendent and identically distributed (i.i.d.) single-qubit
and measurement errors [6]. In practice though, non-
foliated lattices will not necessarily produce higher er-
ror thresholds, because faulty operations during clus-
ter state preparation and measurement typically intro-
duce highly coupled and non-identically distributed er-
rors. Both the complexity of the error decoder (through
the syndrome graph) and the complexity of the error
model (through the quantum circuit) eventually deter-
mine the error threshold.

Because state-of-the-art hardware is currently not ca-
pable of realizing large cluster states that can achieve
sufficiently low logical error rates, some research has fo-
cused its attention to modular implementations of fault-
tolerant MBQC states [TH9]. The entire cluster state
is prepared from resource states that are generated by
small, separate devices, and entangling operations be-
tween devices create the entanglement to encode the
entire cluster state. Several physical systems are suit-
able for modular MBQC architectures via optical inter-
faces [10].

In this paper, we explore fault-tolerant cluster states
under more realistic noise models compared to previous
investigations [6]. This brings their realization in MBQC
closer to reality. We numerically estimate fault-tolerant
thresholds of previously proposed cluster states [6] for
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both monolithic (i.e., non-distributed) and distributed
implementations. We use an efficient stabilizer simula-
tor and the Union-Find decoder [I1] to evaluate the per-
formance of our architectures. In our distributed noise
models, we consider circuit-level noise during state prepa-
ration, measurement noise of single-qubit measurements,
and metwork noise between nodes introduced by qubits
prepared in the Greenberger-Horne-Zeilinger (GHZ) ba-
sis.

We investigate the first step towards including en-
tanglement distillation for one of the distributed clus-
ter states considered and find that including distillation
is particularly effective in the context of measurement-
based fault tolerance. This is due to the high erasure-
type error thresholds of non-foliated lattices that may
shield against probabilistic entanglement generation re-
sulting from distillation.

II. CLUSTER STATE CONSTRUCTION

In this section, we briefly summarize the mathematical
description of cluster states used throughout this paper
along the same lines as Fujii [I]. We assume that the
reader is already familiar with definitions of the Pauli
group, the Clifford group and the stabilizer group, which
may be found in detail in Nielsen and Chuang [12].

In Sec. [[TA] we introduce relevant concepts of a Zs
chain complex. In Sec. [[TB| we define a fault-tolerant
three-dimensional cluster state using such a chain com-
plex. In Sec.[ITC] we describe the error correction process
for three-dimensional cluster states.

A. Z> chain complex

A Zs chain complex starts with a definition of wvec-
tor spaces C;, each constructed over the field Zs and in-
dexed with the dimension i € {0,1,..., D}. These vector
spaces form a sequence Cp — Cp_1 — -+ — Cy, where
subsequent pairs are connected by homomorphisms 0; :
C; — C;_1 called boundary operators.

In this work, we construct chain complexes over a
three-dimensional set S = (Q, F, E, V) of cells (i.e. vol-
umes) @ = {q}, faces F' = {f;}, edges F = {ex} and
vertices V' = {vy}. Cells, faces, edges and vertices form
the basis elements of the vector spaces C3, Cy, C7 and
Cy, respectively:
03
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An element of C; is called an i-chain and notated as c;.
Such a chain can be considered a linear combination of
basis elements of C; with Zs coefficients. For example, a

1-chain ¢; € (1 is a combination of edges:

c1 :szek = |20 2 }T

k

where 2z, € Zy. (1)

Here, we take the vector representation with respect to
the basis E = {e;}. Analogous definitions hold for the
remaining vector spaces and their basis elements.

Boundary operators 0; : C; — C;_1 are linear opera-
tors:

81' (Ci + C{L) = aiCi + &c; (2)

For chain complexes defined on S, boundary operators
have an intuitive geometric interpretation. A cell qy is
mapped to the faces {f;} that enclose it, a face fj is
mapped to the edges {e;} that form its boundary and
an edge ey is mapped to its endpoints {v;}, which will
always be a pair of vertices on the graph (E,V). By
definition, two boundary maps applied in succession on
a chain c; produce the zero map

81;181' = 0, (3)

no matter the choice of c;. We equip vector spaces C;
with the standard inner product

ci-ci=clc (4)

i AR 3]

that is, a dot product with addition modulo 2 over the
pairwise multiplied coefficients. The inner product may
be geometrically interpreted as a basis-independent par-
ity measurement of the “overlap” of two i-chains. An
i-chain c¢; with a zero boundary (i.e., 9;c; = 0) is called
an i-cycle (or simply, cycle). Note that i-cycles form a
group under element-wise addition. A cycle ¢; is called
trivial whenever there exists some chain c;y1 € Citq,
such that ¢; = 9;y1¢;41. Cycles that cannot be formed
in this way are called non-trivial. Trivial cycles form
a normal subgroup of all cycles, such that the quotient
groups

H; =ker9;/Im ;14 (5)

divide cycles into equivalence classes that are trivially
related. The groups H; are called homology groups, where
two chains ¢; and ¢} belong to the same class whenever
C; = C; + 8i+1ci+1. . .

The dual complex is another sequence Cp — Cp_1 —
... — (), where each C; shares the structure of Cp_;.
Associated with the dual complex are the dual bound-
aries 9; : C; — C;_1. Chains in the dual complex are
called dual chains or cochains, whereas those referring
to the original complex are primal chains or, more suc-
cinctly, chains. For the three-dimensional lattice S, ver-
tices map to dual cells (V — Q), edges map to dual faces

(E — F), faces map to dual edges (F — E), and cells
map to dual vertices (Q — V), such that:
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FIG. 1. A primal and dual stabilizer generator for a three-
dimensional cluster state as defined in Sec. @ The primal
generator X (fi,) Z(02f1) is associated with the highlighted face
on the left of the figure. The dual generator X (e;)Z(d2ex)
is associated with the highlighted edge on the right of the
figure. Stabilizer generators associated with the other faces
and edges are not shown explicitly.

The dual boundaries on S = (V, E, F, Q) behave simi-
larly to their primal counterparts. With a slight abuse of
notation, a dual cell g, = vy, is mapped to the faces {f;}
that enclose it, which correspond to the primal edges {e; }
incident to vi. A dual edge €, = fi is mapped to the
endpoints {V;}, which are the cells {q,} adjacent to fj.
Similar to cycles, i-cocycles are dual chains €; that have
no coboundary. Dual boundaries share a similar concept
as homology, called cohomology. Cohomology groups are
formed in the same way as homology groups (Eq. , by
replacing cycles ker 0; and trivial cycles Im 0;41 by the
dualized versions ker 9; and Im 9,1, such that

H;=kerd;/Tmd; . (6)

B. Three-dimensional cluster states

We now make use of chain complexes C3 — Cy —
C1 — Cy to construct a fault-tolerant cluster state on a
three-dimensional lattice S, given the following recipe:

1. Place qubits on all basis elements of Co and Co,
i.e., on all faces f, and edges ey, of the lattice. Pauli
operators on the qubits of an i-chain ¢; are denoted
as o(c;) = [[, 0%, where 0 € {X,Y,Z}. Qubits
with zp = 0 carry identity, and 2, = 1 carry o.

2. For each face fj, define a primal stabilizer genera-
tor gr = X (fx)Z(02f;). These operators generate
stabilizers X (c2)Z(02¢2) for all 2-chains co € Cs.

3. For each edge ey, define a dual stabilizer g, =
X(ex)Z(02ex). These operators generate stabiliz-
ers X (€2)Z(02C2) for all 2-cochains €, € Cs.

We depict an example of a primal and dual stabilizer
generator associated with a single face f;, and edge ey

in Fig. Note that each stabilizer generator carries a
Pauli-X operator on some face (edge) qubit and Pauli-Z
operators on its direct neighbors on the (dual) bound-
ary. This stabilizer composition is commonly associated
with cluster or graph states [13]. Logical operators are
derived from elements of the (co)homology groups of the
underlying chain complex. For the logical identity chan-
nel, logical X-type operators correspond with elements
of the homology group Hj, and logical Z-type opera-
tors correspond with elements of the cohomology group
H;. The construction of a fault-tolerant channel from
a cluster state that carries logical information is subtle:
for details we refer the reader to Ref. [1]. We note that
logical qubits are usually introduced by creating lattice
boundaries—such as holes inside the bulk—by switching
off stabilizers on these boundaries.

C. Error correction

For the cluster states described above, we can con-
struct the primal (dual) error syndrome by measuring
out the qubits on the faces (edges) in the Pauli-X basis.
For each face fj, (edge ey), this leads to a measurement
outcome pi € {+1,—-1} (g, € {+1,-1}). Error syn-
dromes are constructed from measurement outcomes in
the following way:

1. For each cell qix, we produce a primal error syn-
drome my as the product of measurement out-
comes of the qubits that lie on its boundary: my =
Hfje 9sqy, M- Note that my represents the measure-

ment outcome of the stabilizer s, = Hf]_ cosan 95 =
X(03ak)Z(9203qk) = X (93qy).

2. For each dual cell g, (i.e., vertex vi), we produce
a dual error syndrome my = e, €Bavy, Hj- The
syndrome represents the measurement outcome of
the stabilizer 5 = Hej gy, J5 = X(3v).

Note that in the absence of errors, all error syndromes
produce outcomes my = +1 and My = +1. Since all clus-
ter state qubits are measured out in the Pauli-X basis,
we can restrict ourselves to probabilistic Pauli-Z errors—
i.e., phase-flips—on the qubits prior to syndrome mea-
surement. These errors can appear phenomenologically
as a result of i.i.d. sampling, or for example as a result
of depolarizing or dephasing noise after a circuit or net-
work operation. This model also includes measurement
errors, because such an error is equivalent to a probabilis-
tic Z gate before an X basis measurement. Measurement
outcomes are then fully described by (anti)commutation
relations of Pauli operators.

For notational convenience, let a particular set of pri-
mal error syndromes be described by a vector m over the
field Zso, where the kth element mj; maps measurement
outcomes {+1,—1} — {0,1}. Given a set of Pauli-Z
errors on dual edges (primal faces) described by a dual



chain Z(€), the entire error syndrome takes the conve-
nient form

m — 5161. (7)

That is, the primal error syndrome corresponds to the
boundary of all the Z-type errors on face qubits f. Sim-
ilarly, the dual syndrome m = 0;c; is the boundary of
Pauli-Z errors described by the chain Z(cy).

The decoding problem may now be stated as follows.
Given a pair of primal and dual syndrome outcomes
{m, m}, we identify recovery chains ¥; and r; such that
91(F1 +¢;) =0 and 9;(r; +c1) = 0—i.e., the sum of re-
covery and error chains form cycles in the corresponding
chain complex. We identify a logical failure whenever de-
coding introduces a logical X-type and/or Z-type error
across the channel, which occurs whenever the sum of a
recovery and error chain forms a non-trivial cycle.

We emphasize that we only evaluate fault tolerance of
the cluster state as a pure quantum memory. That is,
the noise thresholds that we determine exclusively assess
the state’s ability to protect logical information and do
not, e.g., include the operations required to encode this
logical information or operate on it.

III. METHODS

In the current work, we are interested in crystalline
cluster states that are built from cellulations of flat three-
dimensional space. There are various methods to find
such structures. Two approaches that have previously
been used are the splitting procedures on a known (foli-
ated) structure, such as the cubic cluster state [6], and
an algebraic approach based on combinatorial tiling the-
ory [14]. We briefly discuss the former method below
and show some of the lattices that were found through
this method in Fig.[2] Although we have not used the lat-
ter method to construct new cluster states, we emphasize
that the zoo of fault-tolerant cluster states merits further
investigation under noise models considered here.

Below, we first discuss an extension of the concepts of
the chain complex as discussed in Sec. [TA] By adding
indices that describe translational symmetry, we can use
the chain complex to describe unit cells of a lattice
that generate a full lattice. We discuss this method in
Sec. [[ITA] In Sec. [T B} we describe the cell-vertex split-
ting operation of Nickerson and Bombin [0] in the con-
text of this unit cell complex—this allows us to trans-
form unit cells that describe three-dimensional lattices.
In Sec. [[IIC] we define a face-edge splitting operation
that allows us to replace cluster state qubits with entan-
gled states or Bell measurements. In Sec. [[ITD] we intro-
duce the noise models used for monolithic (i.e., circuit-
level) and network noise, and describe our method for
generating entanglement in a distributed cluster state.
In Sec. [[ITE] we discuss how we use the stabilizer for-
malism to model and transfer Pauli errors in the circuits
that we use to construct and measure cluster states, and

lattice guideline
lattice edge
ee qubit on edge
e e qubit on face
CZ gate
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FIG. 2. Cluster states obtained through splitting. The cubic
cluster state can be created by foliating the standard toric
surface code. The diamond cluster state is obtained through
two splits of the primal and dual vertex in the cubic unit cell.
The complex is regular and self-dual, with each face connected
to six edges. The double-edge cubic cluster state is obtained
through multiple simple splits of primal and dual vertices.
Fach face is “double”-sided, supporting two different qubit
that are connected to eight surrounding edges.

we elaborate on the numerical aspects of our model and
simulations.

A. Unit cell complex

The wunit cell complex is the set of basis elements
(atoms) together with their boundary relations (bonds)
in the crystal that forms a block with translation sym-
metry along the sides of the unit cell. We use the Miller
index notation with square brackets [abc] or (slightly un-
orthodox yet succinct) [r] for a translation r = ax + by +
cz along the lattice vectors x, y and z that form the sides
of the unit cell. Negative indices are denoted in the usual
way as [abc| or [f] for a translation T = —ax — by — cz.

The construction of the unit cell complex follows from
the choice of lattice vectors. The subset of basis ele-
ments {b;} in C; that are equivalent under translations
r is mapped to a single quotient element q;, which serves
as a basis vector for a new vector space @); over Zy. Sim-
ilarly, the boundary relation between elements (b;),, and
(b;—1),, is mapped to a relation to their quotient ele-
ments (q;),, and (q;—1),,, in the form of a quotient bound-
ary map @m : Q; — @Q;_1. Because some of the bound-
ary relations are present between elements across two
unit cells (such as a face with boundary edges from adja-
cent unit cells), quotient boundaries have a Miller index
[r] that represents the translation r required to jump to
its neighboring unit cell. Intracellular boundaries are en-
coded by 81[01, whilst intercellular boundaries are encoded

by 3Z[abc] for a non-zero translation r = ax + by + cz. A



more detailed description of the quotient boundaries in
the unit cell complex can be found in App. [A]

Given a unit cell complex, an embedding is a map that
takes each @); and the quotient maps a}f] to a crystalline
chain complex C3 — Cy — Cy — Cy, with lattice dimen-
sions given by the embedding. For a periodic lattice of
N = Ny x Ny x N, unit cells along the x, y, and z lattice
directions, respectively, vector spaces of chains take the
form

Ci:Ql@N:Qi@L- (8)

Here, L = Z?N is an N-dimensional vector space over Zs.
The N basis vectors of L represent N lattice points, such
that linear combinations in L may be associated with the
subset of lattice points that have non-zero coefficients.
Intuitively, the embedding is realized by repeating the
unit cell elements @); over each lattice point given by
a displacement vector r. We formalize this process in

App. E

B. Cell-vertex splitting

The splitting procedure of Nickerson and Bombin [6]
may be phrased in terms of the unit cell complex intro-
duced in Sec. [[ITA] A visual example of a split in two
dimensions can be seen in App. [B] Fig. [[4h and b; split-
ting each face of a square lattice diagonally results in
the triangular lattice shown adjacently. Here, we review
the general case of an m-split in three dimensions, with
a simple split following from the case n = 1. Impor-
tantly, the splitting number n alone is not sufficient to
uniquely characterize a split: one should also specify the
new boundary relations between split vertices and edges.
Denote the split vertex with vg. The recipe for an n-split
is then as follows:

1. Let E' = {(vj,vo) | v; € N} be the set of inci-
dent edges on vy with neighborhood Ny. Choose n
disjoint subsets E! € E’' (i = 1...n) that will each
connect to a new vertex.

2. Create n new vertices v;, and connect each v; to
the incident edges E!. The vy vertex connects to
the remaining edges E, = E’ \ |J; E!, which might
be the empty set.

3. Create n new edges e; = (v;,vp). The correspond-

ing boundary relations are encoded in 8%0] of the
unit cell complex with Miller index [0].

4. Fix the remaining boundary maps 854. That is,
for each v; and Vr, calculate the dual boundary
o= 5[2"]52“"’] v;. By the zero map conditions
(Eq. (A9) in App. [A), the right-hand side should
be zero. That is, we connect faces f; € cy to the
newly created edge e; with Miller index T.

1 1’ 2 2! n—1 n—-1 n
oA O - Ao
My My My

FIG. 3. A subgraph of 2n — 1 qubits. Qubits marked primed
indices are measured in the X basis. Unmeasured qubits are
connected arbitrarily to the rest of the graph. If one assumes
that every measurement outcome m = 0, the unmeasured
qubits can be initialized in an n-partite Bell/GHZ state.

C. Face-edge splitting

The cell-vertex splitting procedure described before in
Sec. [[IT B| changes both the number of syndromes and the
connectivity between syndromes in the syndrome graph.
We can define an additional splitting operation on faces
(dual edges) of such a complex. We discuss this operation
in this section.

Usually, a cluster state as described in Sec. [[TBlis con-
structed with the aid of CZ gates on qubits initialized in
the |[+) state. Alternatively, one may replace CZ gates
with other entangling operations that lead to the same
stabilizer states.

Consider the subgraph of a graph state as in Fig. [3]
Qubits at odd positions are marked with integers i €
{1,2,...,n} and their right neighbors at even positions
with a primed index 7" # n’. In this graph state, odd
qubits have an arbitrary number of neighbors, whereas
even qubits only neighbor the two odd qubits on either
side. After measuring the even qubits ¢/ in the Pauli-X
basis, the post-measurement m;; = 0 graph state stabi-
lizers are

Spost = <X1’a X2/7 s 7Xn71/7
n

I I1 20, (9)

i=1 JEN(3)

7175, 2073y o s i 1Zp).
Here, N(i) = {j | (4,j) € E'} are the qubits connected
to the odd qubit ¢ outside the subgraph depicted in
Fig. The disentangled measured qubits play no fur-
ther role in the graph state stabilizers. In practice,
one may replace these “virtual” qubits with measure-
ment outcomes m = 0 and initialize the unmeasured
qubits in the state stabilized by Eq. @—the result-
ing state is the same. In constructing graph states,
CZ gates transform an X-type stabilizer []_, X; —
I, (X, [T;ene) Z;), whilst leaving the Z-type stabi-
lizers untouched. This means that we can alternatively
initialize the odd qubits ¢ as an n-qubit |GHZ,) state
stabilized by (1}, Xi, Z122, 2275, . .., Zn_1Zy), before
applying the CZ gates to qubits outside the subgraph.
If n = 2, one can initialize with the bipartite Bell state
(X1X2,2175).

The above procedure shows how the subgraph in Fig.



need not be initialized through CZ gates, so long as there
is a protocol that can create |GHZ,,). Our new splitting
procedure on faces produces subgraphs like Fig. [3] in a
systematic way. Importantly, the closed-cell stabilizers
of the cluster state stay intact on the split geometry.

FIG. 4. Face splitting on a square. (a) Without a split,
the square represents a monolithic cluster state without dis-
tributed entanglement. The corresponding circuit of |+) state
initialization, CZ gates, and Pauli-X basis measurement is
also drawn. (b) A hybrid approach. The distributed face
qubit is split over two parties represented by two faces, form-
ing a bipartite GHZ or Bell state. The parity check is per-
formed through two bilocal CZ gates of each face to its neigh-
boring qubits and two local measurements. (¢) A fully dis-
tributed approach. A face is split into four parties that share
a GHZ state. Each party performs a single CZ gate to its
neighbor and performs a measurement.

Like a cell-vertex split, a face-edge split subdivides an
existing face into two or more parts, adding new edges to
separate the newly created faces. We give an example of
this procedure on a square in Fig. [d The newly created
edges each support an additional qubit, always laying ad-
jacent to two faces. Therefore, the subgraph supported
by split edges and faces is a chain in the form of Fig.
We may replace the cluster state supported by the n con-
nected faces with an n-partite GHZ state. Because the
removed qubits correspond to “virtual” m = 0 measure-
ment outcomes, their even parity plays no further role in
the evaluation of error syndromes.

We may extend this procedure to both the primal and
dual complex, producing GHZ states on both faces and
edges. An example based on the cubic cluster state is
given in Fig. [5l Starting from a monolithic architecture,
a full 4-partite split of primal faces produces an architec-
ture with nodes containing five qubits on a single edge
and each of the adjacent split faces. Nodes are entan-
gled with one another by GHZ states on every face. We
may perform the same procedure for dual faces (primal
edges), further reducing the number of qubits in each
node to two.

We do not consider this in the rest of the paper but
note that, instead of initializing the qubits introduced

rimal and

No face splitting dual I
ual face split

4% primal 4x
face split

FIG. 5. Face-edge splitting on a cubic cell. Starting from
the left, a monolithic cluster state is transformed into a dis-
tributed cluster state by a four-partite split for each of its
faces (see also Fig. |4). Performing the same procedure for
dual faces (primal edges) produces a cluster state that is fully
distributed, where each network node contains two cluster
state qubits.

by a face-edge split as an entangled state and measur-
ing them out individually, one can alternatively initial-
ize these qubits regularly in |+) and measure them out
with a joint (Type-II) fusion measurement [I5HI7]. This
provides one with a method to transform (fault-tolerant)
cluster states into so-called fusion networks that form the
basis of fusion-based quantum computing [9].

D. Circuit-level and network noise

In this section, we describe the noise models used for
monolithic and distributed threshold calculations. For
the monolithic simulations, the entire cluster state is
built from |+) state preparation, followed by CZ gates
between every connected face-edge pair in the cluster
state, concluded with a Pauli-X basis measurement of
every qubit. In this model, we do not consider the ef-
fects of memory decoherence. For circuit-level noise, the
following noise sources are included:

1. Noisy state preparation as a classical mixture (1 —
Pp) |+X+|+pp | =)} —|. That is, with probability p,,
apply a phase-flip error on |+).

2. Two-qubit depolarizing noise following every CZ
gate. That is, apply the channel D(p) = (1 —
Pg)p+pe/15 ZAyB(A®B)p(A®B)T, where (A, B) €
{I,X,Y,Z}?\ (I]) is a pair of Pauli matrices ex-
cluding identity.

3. Classical bit-flips following every Pauli-X basis
measurement. That is, a measurement outcome m
is flipped to 1 —m with probability pn,. The corre-
sponding noise channel takes on the form P¥(p) =
(1 —pm)P*p P* + p,, PTp P, where P* = |+ )|
are the desired projectors in the Pauli-X basis.

For the entangled states used in the distributed sim-
ulations, we assume that parties have shared access to



Bell states in the Werner or isotropic form

P = (L= pu) [@FX@T| + B |27 Y@

Pn Pn _ _
P | 2 o],

where [F) = (|00) + [11))/V2, |[7) = Z |&), [W+) =
X |®T), and |[¥7) = X ® Z|®T). We refer to p, as the
parameter that describes “network noise”. In this paper,
we do not take into account specific physical systems. We
justify using Werner states by noting that a depolarizing
channel (i.e., the most general noise channel) converts a
perfect Bell state to a Werner state. Additionally, Werner
states can be considered a general proxy for non-perfect
Bell states, because every Bell state can be twirled [18§]
into a Werner state using local operations and classical
communication.

To generate GHZ states from these Bell states, we use
the very straightforward method based on local parity
measurements [19]. Fundamentally, a GHZ state may be
created from Bell pairs by a local projective measurement
of the ZZ parity between two halves of two pairs shared
by multiple parties. The circuits to create a 3-partite
GHZ from 2 Bell states and a 4-partite GHZ state from
3 Bell states are drawn schematically in Fig. [6]

GHZ-3

GHZ-4

H
L Bell pair

FIG. 6. Fusion circuits for 3- and 4-partite GHZ states. In
each of the circuits, Bell states are fused through the applica-
tion of local CX gates and a subsequent Z basis measurement
of the target bits. The conditional bit-flips ensure that GHZ
states have the desired form [0...0) +|1...1).

We note that the circuits in Fig. [f] do not include dis-
tillation. Better quality GHZ states can be generated if
the Bell states used to carry out the projective measure-
ment are pre-distilled, or if GHZ states are distilled after
creation. This, however, introduces a probabilistic fac-
tor to the GHZ creation protocols, which leads to higher
numerical complexity in simulating the circuits.

E. Numerical tools and considerations

To decode error syndrome graphs, we have imple-
mented a version of the Union-Find (UF) decoder [I1].
This decoder is particularly attractive given its almost-
linear time complexity and ease of implementation for
both Pauli and erasure errors. Despite being a sub-
optimal decoder, the phenomenological threshold for the
cubic cluster state (2.6%) is very close to that of the
Minimum-Weight Perfect-Matching (MWPM) decoder
(2.9%) [6], which is in turn not far from the optimal
threshold (3.3%) [20]. Furthermore, since the Union-Find
decoder is maximum-likelihood over the erasure chan-
nel (due to its built-in peeling decoder [21]), we expect
this performance gap to shrink further over noisy chan-
nels that are a combination of Pauli and erasure errors.
We have specifically implemented the “weighted-growth”
version of the Union-Find decoder, as introduced in the
original Union-Find manuscript [II]. Our implementa-
tion can be found in the repository of Ref. [22].

Error models per unit cell are constructed with a cir-
cuit simulator. Unit cells are defined according to the
description in Sec. [[ITA] together with the splitting meth-
ods of Secs. [[ITBland [[ITC|] The simulator is implemented
as a classical efficient stabilizer simulator. Per operation,
the simulator applies a full error channel as a series of
Pauli operators, ending with a measurement in the n-
qubit Pauli basis. The choice for Pauli noise is justified
in these simulations because the input states are (convex
combinations of) stabilizer states, the operation noise is
typically Pauli noise and measurement noise is described
by classical bit-flips. In App. [C| we describe the details
of constructing an error channel. Pauli twirling a state
at the end of a series of non-Clifford operations is equiv-
alent to Pauli twirling the individual operations before
applying them. This allows us to also use the simulator
in situations where one is interested in the Pauli-twirled
version of the full error channel—in that case, it suffices
to twirl the individual channel components before apply-
ing them.

The calculated error models are used to sample errors
in Monte Carlo style on qubits of the full crystalline clus-
ter state. These cluster states are constructed from the
associated unit cell complex according to the crystal em-
bedding procedure described in App.[B] Per Monte Carlo
sample, we decode the syndrome graph and assign a log-
ical failure whenever there is a logical error for a single
pair of logical X and Z operators of the channel—see
Sec. [Tl for more details.

IV. RESULTS

The results are organized into three parts, where the
noise models become increasingly complex. A summary
of the most important thresholds found can be found in
Fig.[1

Secs. [[VA] and [[V B] provide thresholds for various ge-



ometries under a phenomenological noise model. In these
sections, we reproduce earlier-known results and investi-
gate the influence of a lattice boundary. For the phe-
nomenological noise model, cluster states based on lat-
tices that have a lower vertex degree are more resilient
against errors. However, these cluster states typically re-
quire more two-qubit gates to construct. This aspect is
not regarded by the phenomenological noise model.

To investigate the trade-off between noise resilience
and noise introduced by constructing the cluster state, we
investigate scenarios with circuit-level and network noise
in Secs. [V.C] and Sec. [V.{ discusses numerical
thresholds for monolithic (i.e., non-distributed) architec-
tures. These results are compared with the circuit-based
error models for cluster states on a distributed network
in Sec.

In the last part of this section, in Sec. [VE] we in-
vestigate how the GHZ success probability of distributed
networks can be traded off against a higher erasure prob-
ability to achieve fault-tolerance against larger infidelity
of the entangled states used.

A. Phenomenological thresholds

Before considering more realistic noise models, we
first numerically evaluate erasure and phenomenological
thresholds for several known lattices, which were con-
structed using cell-vertex splitting. These are the cubic,
diamond, triamond, and so-called double-edge cubic clus-
ter states. We go beyond the results in Ref. [6] by de-
termining fault-tolerant regions against erasure and phe-
nomenological errors. The results are depicted in Fig.
We consider a phenomenological error model. It corre-
sponds to perfect state preparation of the cluster state
followed by measurements that fail to report (i.e., erase)
an outcome with probability p. or flip the outcome with
probability p,, both of which are i.i.d. In Fig. 8, we es-
timate a fault-tolerant region for the erasure probability
and bit-flip probability. Data points of the fault-tolerant
regions are calculated by sweeping over both error prob-
abilities while keeping their ratio fixed. We use a differ-
ent constant of proportionality at each data point on the
fault-tolerant boundary.

The isolated thresholds found for both types of noise
can be found in Fig. [fh. The thresholds reported are
slightly higher than those reported in Ref. [6]. This can
be attributed to a slightly different implementation of
the Union-Find decoder—see Sec. [ILEl for more details.
Because phenomenological noise does not take into ac-
count higher error rates that arise with increasingly com-
plex preparations of a cluster state, a fairer comparison
is made by weighing each qubit error probability with
the cluster state valency z, producing i.i.d. noise with
probabilities zp. and zp, instead. Such a model is called
weighted phenomenological error model in Ref. [6]. Be-
cause the cubic, diamond, triamond, and double-edge cu-
bic lattices are regular with valency z € {4,6,8,10} on

all qubits respectively, weighted thresholds may be cal-
culated from unweighted thresholds by simply dividing
by z.

B. Phenomenological thresholds with boundaries

The lattices considered above repeat periodically in all
three spatial directions. It may be difficult to prepare
such a cluster state if we take into account the connec-
tivity of the qubits. We gauged how the performance of
a cluster state is affected by the introduction of bound-
aries, under the same phenomenological noise model of
both bit-flips with probability p, and erasure errors with
probability p.. Each lattice is introduced to a smooth
boundary along the z = 0 plane, and a rough boundary
along the y = 0 plane. For the smooth boundary, we
remove elements of the correlation surface defined by a
dual logical membrane and its closure and introduce a
boundary on the remaining dangling edges in the dual
complex. The rough boundary is introduced in the same
way, by swapping primal and dual notions.

In Figs. [7b and [8p-e, we show how the threshold val-
ues for the phenomenological and erasure noise models
change with the introduction of the boundaries. The re-
sults show that differences in the phenomenological bit-
flip threshold values are insignificant. For the erasure
thresholds, only the cubic and double-edge cubic lattices
are slightly affected. The results indicate that the intro-
duction of boundaries affects the thresholds only mini-
mally, at least for the lattices and noise models consid-
ered here. However, we found that boundaries do im-
pose significantly weaker sub-threshold scaling. The sub-
threshold scaling is the rate at which the logical error
rate is suppressed below the threshold. Fig.[9shows that
boundaryless architectures have a favorable error prob-
ability suppression that is about 50 — 100% as effective
as the same architecture with boundaries. These results
are consistent with recent work, where it was also shown
that the introduction of boundaries leaves the threshold
nearly invariant, but negatively impacts error rate scaling
by roughly the same factor [23].

C. DMonolithic thresholds

To compare distributed thresholds against monolithic
implementations of the same geometry, we first bench-
mark monolithic architectures with the circuit-level noise
models from Sec. [[ITD] In the results that follow, we set
all probabilities p, = py = pm = po equal (see Sec.
for the definition of the parameters), and sweep a thresh-
old over the value of p,. What remains is a specification
of the ordering of CZ gates in the circuits, since pure
CZ gates all commute with one another, whereas their
noisy versions do not. Because no qubit can interact
with two CZ gates simultaneously, a valid ordering may
be extracted from an edge coloring of the correspond-
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FIG. 7. Overview of the threshold values found in our study, for different lattices and noise models considered. (a) Summary
of numerical thresholds for bit-flip and erasure-type phenomenological noise models of the four lattices described in this work.
(b) Differences of estimated threshold values for the same lattices and error models as in (a) with boundaries, expressed in
percentage points (p.p.). (¢) Monolithic thresholds are gauged against circuit-level errors with a common error rate as defined
in Secs. [ITD] and [VC] and similarly for distributed thresholds gauged under only circuit-level noise. Network thresholds are
obtained from the model as defined in Sec. [[II D] For the monolithic thresholds, we show only the highest threshold value found
with alternative gate orderings (see Sec. n the main text for details). Numbers above the bars indicate the threshold,
with 95% confidence intervals around the value indicated as error bars and as decimals in parentheses.
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ing 0o boundary map of the cluster state. This graph
is bipartite by definition. Therefore, the chromatic in-
dex (i.e., the minimum number of colors needed for an
edge-coloring) equals the maximum degree of any vertex
in the graph—i.e., the maximum valency of the cluster
state [24]. The cubic, diamond, double-edge cubic, and
triamond lattices are all regular, and so their chromatic
indices are 4, 6, 8, and 10, respectively.

For a chromatic index ¢ and a given coloring, there
are 4! different ways to order the edges and thus the
CZ gates. Rotational and reflection symmetries of the
cubic cluster state imply that there are only two col-
orings that correspond to a unique sequence of gates:
a “(counter)clockwise” sequence going around a face,
and a “zigzag” sequence jumping to opposite sides first.
For diamond, double-edge-cubic and triamond lattices,
the number of orderings quickly explode as 6! = 720,
8! ~ 4 x 10* and 10! ~ 3.6 x 10° (not taking into account
symmetries). We have not included an exhaustive search
of all orderings and their corresponding thresholds up to
symmetries, but only investigate a subset of orderings.

Monolithic thresholds with the (counter)clockwise or-
derings are shown in Fig. An overview of all mono-
lithic thresholds is included in Fig. [fk. For the cubic lat-
tice, a zigzag ordering of CZ gates slightly outperforms
the (counter)clockwise ordering. The diamond lattice
outperforms a cubic cluster state, whereas the double-
edge cubic lattice drops in performance for the orderings
we considered. In all cases, (counter)clockwise orderings
of the gates (at least in the primal complex) tend to pro-
duce lower thresholds than orderings that skip multiple
edges at a time. We can intuitively understand this re-
sult by considering that a single Pauli-X error on a face
qubit spreads through all subsequent CZ gates as cor-
related Pauli-Z errors to neighboring edge qubits. In a
(counter)clockwise ordering, the Pauli-Z errors produce
a single strand that wraps around the face. In a zigzag
orientation, Z error strings can form disconnected chains,
such that a single Pauli-X error produces multiple pairs
of syndromes on different sides of the face. Initial nu-
merical analysis shows that (counter)clockwise orderings
indeed seem to result in, on average, longer error strings.
The triamond lattice was gauged for a single ordering due
to its complexity and performed poorly.

In the limiting case that all gate errors are Pauli-Z
errors, the relative impact of gate order disappears, and
thresholds coincide with the weighted phenomenological
thresholds considered above. In Ref. [I4], Newman et
al. consider an error model that, after each CZ gate,
applies an X-type error on a (primal) face qubit with
probability px and a Z-type error on a (primal) edge
qubit with probability pz. Their results show that the
best-performing lattice in terms of threshold moves from
higher to lower valency as Pauli-X errors start to domi-
nate. Our results show a similar tendency under depolar-
izing gate noise for the higher valent double-edge cubic
lattice and triamond lattices when compared to the lower
valent cubic and diamond lattices. We can summarize
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this finding by stating that as the cluster state valency
increases, depolarizing noise incurs a larger cost on the
threshold value. Under these noise models, there exists
an optimal threshold resulting from a trade-off between
the complexity of the geometry of the cluster state, and
the structure of the noise created by the circuit. Noise
bias is one example where this trade-off may be abused,
by taking advantage of the architecture of the cluster
state in either primal or dual lattice structures.

The monolithic cluster state thresholds do not com-
pete with surface code monolithic thresholds, which are
estimated at 0.90% and 0.95% under the same noise
model [25]. It should be noted that the numbers for all
non-cubic lattices provided here are likely sub-optimal,
as we have only gauged the performance for a subset of
CZ gate orderings. Nevertheless, estimates show that
cluster states defined on the diamond lattice can outper-
form the cubic cluster state in the presence of circuit-
level noise. For cluster states with even higher valencies,
the cost of initialization negatively impacts the value of
the threshold, consistent with the results under weighted
phenomenological noise models. These results warrant
further optimizations of the gate orderings and compar-
isons with other lattices.

D. Distributed thresholds

In this section, we investigate thresholds for dis-
tributed implementations of the cluster states. We use
the face-edge splitting operation of Sec.[[TIC|to split faces
of the cubic, diamond, and double-edge cubic lattices.
The cubic lattice was gauged for two different splits: one
along the diagonals, producing network nodes with six
cluster qubits in a ring and entangled through Bell states,
and one on the entire face, producing 2-qubit nodes that
are entangled through 4-partite GHZ states. Both these
architectures also appear in the context of fusion-based
quantum computation in Bartolucci et al. [9]. The struc-
ture of the diamond lattice is more intricate, and we
produce two different architectures that contain only 3-
partite GHZ states (the 4-ring) and an architecture with
a mixture of Bell states and 3-partite GHZ states. Ar-
chitectures for the double-edge cubic lattice resemble the
cubic lattice: the first contains only Bell states, whilst
the other shares 4-partite GHZ states. All architectures
are drawn schematically in Fig. [I1] We present an inves-
tigation on the stabilizer fidelity of the distributed unit
cell implementations of Fig. [I1]in App. [E]

In the distributed model, we set p, = py = p,. On top
of that, we use entangled states to connect the cluster
states that are separated by the splits. For these states,
we assume that nodes can prepare Werner states with
fidelity 1 — p, and that GHZ states are generated with
the protocols of Fig. [6] In the absence of network links,
this circuit-level model reduces to the model discussed in

Sec. VA

Using this physical model, we numerically establish
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FIG. 10. Monolithic thresholds p, ¢n for specific gate orderings. The thresholds are calculated with, for the cubic and diamond
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thresholds for the distributed lattices introduced above.
In the same way as phenomenological bit-flip and erasure
thresholds, we estimate fault-tolerant regions for error
probabilities p, and p,. The results are shown in Fig.
and in the overview of Fig. [Tk.

These results show that network error rate thresholds
for both the 2-node and 6-ring cubic designs are simi-
lar. Even though higher-valent GHZ states tend to pro-
duce lower-quality stabilizers, we suspect that the supe-
rior performance of the 2-node design may be due to the
size of its node. Because the 2-node architecture has
only a single CZ gate per node, errors spread to only
one adjacent qubit, as opposed to the 6-ring architec-
ture that moves such an error to two adjacent qubits.
Despite the more significant propagation of errors, the 6-
ring architecture has a higher threshold against gate and
measurement errors (the probability p,) than the 2-node
design. Most likely, this is because measurement errors
have a higher influence in the 2-node architecture, which
has more qubits. Both diamond architectures outperform
the cubic lattice by a factor of roughly two. This result
is promising, especially considering that the depolarizing
thresholds also outperform cubic architectures, as was
already the case for the monolithic thresholds discussed
above.

For the double-edge cubic architectures, network er-
ror rate thresholds drop again. Nevertheless, the 4-ring
design with GHZ states outperforms the bigger 12-node
design, which we may explain in the same way as in the
cubic case: in the 4-ring lattice, errors propagate to fewer

neighboring qubits compared to the 12-node architecture.
An important difference with the cubic lattices is that the
4-ring design benefits enough from the lower error spread-
ing to keep outperforming the 12-node design under pure
gate and measurement noise, despite the additional qubit
measurements in the 4-ring implementation.

Thresholds for the circuit-level noise rate p, ¢ of these
architectures are not optimal, due to the way that the
ordering of CZ gates affects the threshold. We find
that, for all architectures considered, the values found
for po tn without network noise are similar to the mono-
lithic thresholds. Similar to the earlier analysis of dis-
tributed designs, comparing distributed to monolithic ar-
chitectures involves trading off less error propagation in
the distributed architectures versus fewer measurement
errors in the monolithic architecture.

E. Trade-off GHZ success rate and erasure
probability

The results in the previous sections indicate that fault
tolerance can be achieved with network error probabil-
ities below ~ 2%—i.e., with Bell state fidelities above
~ 98%. This condition can be challenging from an exper-
imental perspective. Fortunately, it is possible to boost
the fidelity of entanglement before cluster state prepara-
tion through entanglement distillation. In this process,
we can model distillation failures as erasures on the corre-
sponding qubit(s), and use a suitable decoder, such as the
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Union-Find decoder, to deal with these qubit erasures. A
suitable decoder can jointly correct errors and erasures.
Phenomenological erasure thresholds can be roughly one
order of magnitude higher than bit-flip error thresholds,
so one may reasonably expect that trading in failed dis-
tillation attempts for higher-quality links will be worth
the cost.

We make this argument more quantitative in Fig. [I3]
using the cubic 6-ring architecture as an example. In this
architecture, every Bell pair is successfully heralded with
probability 1 — p. and network error rate p,, and dis-
carded with probability p.. The fault-tolerant region is
simulated in the same way as before, this time sweeping
over the network and erasure error rates, where circuit-
level noise is not taken into account—i.e., p, is set to
Po = 0. We can apply an entanglement distillation pro-
tocol to distill each Bell state used in the cluster state
by consuming multiple Bell states with initial fidelity
F, = 1 — p,. Distillation protocols that we consider
are (concatenated versions of) the DEJMPS protocol [26]
and the 5-to-1 protocol [27] of Fig. . The output fi-
delities and failure rates of these distillation protocols
are shown in the graph for two different values of the ini-
tial fidelity F},. For these protocols, there is a trade-off
between fidelity and failure rate. Importantly, we can di-
rectly link this trade-off to the trade-off between erasure
and network error rate—this makes it possible to move
the state inside the fault-tolerant region. For the distil-
lation protocols considered, the first crossing with this
region happens for an initial network error probability
of p, ~ 5%, which is a five-fold increase of the approx-
imate 6-ring threshold value of 1% without distillation.
These results are particularly promising for the diamond
architecture, where both the network error threshold of
roughly 2% and the erasure threshold of 40% are higher
than the cubic lattice.

V. CONCLUSION

In this paper, we have provided several tools and nu-
merical analyses to explore fault-tolerant measurement-
based quantum computing architectures built from
smaller units, in the context of modular, distributed,
or networked computing. This was achieved with a
method that allows us to distribute a fault-tolerant clus-
ter state over multiple parties. This method augments
the splitting procedure of previous work by Nickerson
and Bombin [6]. In the distributed context, the result-
ing states will lead to entanglement in the form of a Bell
or GHZ state, such that existing methods for state gen-
eration and distillation may be used to design such a
fault-tolerant architecture.

The performance of various three-dimensional cluster
state architectures was studied through numerical eval-
uation of their fault-tolerant thresholds, which quantify
the rate of specific sources of error below which fault-
tolerant computation is possible. We find that the di-
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amond lattice outperforms the traditional cubic cluster
state for monolithic architectures suffering standard noise
models—i.e., the noise models described in Sec. [[ITD]
It should be mentioned that even better results may be
achieved with different permutations of the entangling
CZ gates during cluster state preparation. In the cases
we have considered, (counter)clockwise orderings of CZ
gates tend to produce lower thresholds.

Furthermore, we have gauged the performance of the
same lattices in a distributed setting. For designs based
on the cubic lattice, error thresholds of the network noise
are around 1%. We consider two different designs of dis-
tributed cluster states defined on top of a diamond lat-
tice, which outperform cubic thresholds roughly by a fac-
tor of two. Using a cubic architecture, we show how en-
tanglement distillation may bring a non-fault-tolerant de-
sign into the fault-tolerant regime by trading in network
noise for erasure errors in the cluster state. Combined
with favorable erasure thresholds of the diamond lattice,
these results indicate that distributed fault-tolerant clus-
ter states may outperform topological error-correction
codes, and warrant additional numerical simulations of
these distributed networks in the presence of entangle-
ment distillation.

There are several potential avenues for further inves-
tigation. On the one hand, our circuit-based qubit er-
ror models are limited to depolarizing and erasure-type
noise, but one may estimate fault-tolerant thresholds for
models that more accurately represent errors in present-
day quantum hardware. Furthermore, it would be inter-
esting to consider protocols that cannot be described as a
simple sequence of instructions but contain dependencies
and branches that split based on intermediate decisions—
as, e.g., protocols that contain entanglement distillation.
Previous results in the field apply pre-calculated error
models (i.e., quantum channels) on a unit cell level, and
randomly sample from the error model during Monte
Carlo threshold calculations [25, 28]. This is possible
because the fault-tolerant protocol consists of identical
rounds that are applied over time, where each round is
split up and grouped into multiple sub-rounds that act
on disjoint subsets of qubits, so that the entire protocol
may be simulated as distinct sections that are separated
in both space and time. This is not necessarily the case
for the three-dimensional cluster states that we consider
here, in which case the entire cluster state should be sim-
ulated at a global level, i.e. without pre-calculating error
models of individual sections [29].

As an alternative to measurement-based quantum
computation, one may consider so-called fusion-based
quantum computation [9]. It combines a low circuit
depth with the topological features of cluster states. The
fundamental operations in fusion-based quantum compu-
tation are resource-state generation and fusions. Fault-
tolerant fusion-based architectures rely heavily on re-
silience against erasure, and the structures considered in
this work are a natural candidate to consider in this al-
ternative framework of computation.
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Appendix A: Quotient boundaries in unit cell
complex

By the prescription of Sec. [[ITA] the unit cell complex
is described as a sequence of vector spaces

8["] 3["] 8[“]
Qs —— Q2 —— Q1 —— Qu,
with each @Q; over the field Z5 and with quotient bound-
aries a}” : Q; — Q;—1. Similar to the equivalence be-
tween C; and Cp_;, we define Q; = @p_;. One may

: @z — @i—l

verify that the dual quotient boundaries EET]
are related to primal boundaries as

égr] = (‘9g]+17i)T :

Importantly, the translation vector r is also reversed to T.
By dualizing boundary maps of unit cell complex directly,
one may construct a representation of the dual unit cell
without redefining it from the dual crystal. The zero map
conditions 0;_10; = 0 take the form of

Za[p o Pl=0 wr.

(A1)

(A2)

The proof is given in App. [B]

It is convenient to represent the underlying unit cell
complex as a labeled graph, which is essentially a sparse
representation of its boundaries as arcs and basis ele-
ments as nodes. (We use nomenclature nodes and arcs
for such a graph, to make the distinction between ver-
tices and edges of the chain complex.) Every basis el-
ement (q;),, € @Q; is mapped to a node g;, with two
nodes ¢; n, —[x] ¢i—1,m connected by an [r]-labelled arc if

the mnth matrix element of the quotient boundary Q[r]

equals one. The maps Ol[r] thus form the biadjacency ma-
trices between the nodes of Q; and Q;_1. We note that
this description, including its labeling, resembles the vec-
tor method for describing three-periodic networks as a
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quotient graph [30], except that the nodes of our quo-
tient graph also represent higher-dimensional elements
in a chain complex, such as edges, faces, and cells for
a three-dimensional complex. Examples of the square,
triangular, and cubic lattice are given in Fig.

Appendix B: Crystal embeddings

In Fig. we show an intuitive interpretation of how
the vector spaces C; of the full crystalline chain complex
are constructed with the vector spaces ); of the unit cell
complex of App. [A] To construct the boundary maps 9;

of the full crystal from the quotient boundary maps Bi[r],
we let ai(“’“’) : C; — C;_1 be the boundary map that
applies 81[n_m] from cell ng) to cell ng)l
everywhere else:

and is zero

o™ = o™ g e,

7

(B1)

Here, epy, : L — L is a matriz unit, i.e., an N X N matrix
with a one at indices n, m and zero elsewhere. Then the
boundary maps of the embedding are given as a sum

0= 30 = 2 (0 ).

m,n

(B2)

m]

n— .
Because most 81[ are zero, we can substitute

r = n —m and sum r only over the non-zero maps 81-[r],
leading to

0; = Z (3,@ ® emem) = Z 61[‘“] ® (Z emw’m) )

m,r

(B3)
In the second equality, the sum over m may be carried
over to the right by distributivity of the tensor product
over addition. This last term is a permutation matrix
with a single one in each row and column; it represents
a translation of a lattice point m to m + r. Denote this
term as T, = Zm €m+r,m, such that the embedding is
given as

9 =Y o e, (B4)

Intuitively, the crystal boundary is formed by “gluing”
the boundaries between the unit cells Q(m) and Q(m'H)

at lattice points m and m + r according to the map 81-[ ],
and repeating this process for every non-trivial quotient
boundary map. The zero map conditions for quotient
boundaries (Eq. (A2)) follow trivially. Because matrix
units multiply as e;jer; = djreq, the multiplication of
two permutation matrices

= Z Om,ntq€m-+p,n

1Ty :§ €m+p,mCn+q,n
m,n

= E €ntptan = Iptq

(B5)
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FIG. 14. Unit cell complexes as a labeled graph. Unlabelled edges correspond to a Miller index containing only zeros. (a) A
square lattice. There is one face, two edges, and one vertex. The face f is connected twice to both e, and e, within the unit cell
([00]) and outside of it ([01] and [10], respectively). Because the complex is self-dual, similar relationships hold for its vertex
v. (b) A triangular lattice. This lattice can be created by splitting the faces of the square lattice: per unit cell, the triangular
lattice has one extra face and one extra edge compared to the square lattice. From the asymmetry in the quotient boundary
maps it is clear that this lattice is not self-dual. (c) A cubic lattice. Per unit cell, there is one cell q; three faces f, f,, and f.;

three edges e, ey, and e.; and one vertex v.

represents the sum of their translations. Combining this
result with the embedded boundaries (Eq. (B4)) directly,
the composition of two maps equals

SRR WY AT ol P U B
p

p.q T
(B6)
where we have substituted r = p 4+ q in the last equality.
This map is the zero map if and only if the term in brack-
ets is zero for all r, which is exactly the result stated in
Eq. .
The above recipe for a crystal embedding may be ex-
pressed as a composition of direct products between two
graphs, given the following correspondences:

1. The matrix Gz[r] is the biadjacency matrix of the
subgraph G [Qm] of the unit cell complex induced

by edges with label [r]. This definition is consistent
with the graph description given in Sec. [A]

2. The matrix Ty is the biadjacency matrix of the sub-
graph of the lattice H[T}] induced by edges that
translate each lattice point by r. That is, each lat-

tice point is represented by a node m and connected
by an arc to the translated node m + r.

The tensor products a}'] ® T, inside the embedding
(Eq. (B4)) are direct products of the corresponding edge-

induced subgraphs G [@m] x H[Ty]. The sum over labelsr,
which adds together adjacency matrices of the products
modulo 2, composes the edge sets of the corresponding
graphs as a disjunctive union. In this way, the entire
crystal complex may be constructed directly as a graph
from a given unit cell and a lattice of arbitrary size.

Appendix C: Characterization of noisy channels

The general process in our simulations can be described
as an n-qubit quantum circuit C composed of Clifford op-
erations, ending in a projective Pauli basis measurement
P™ with outcomes m = {m1,ma, ..., m;} of (part) of the
evolved state. For the sake of completeness, we also as-
sume that the circuit operates on an ancillary input sys-
tem A with a stabilizer state |1)p). Such a circuit might
represent an entanglement distillation circuit, operating
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Unit cell complex:

Lattice positions L:  Crystalline chain complex:

Co=Qo® L:
V3
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FIG. 15. Abstract interpretation of how the full crystalline
chain complex is created out of the unit cell complex intro-
duced in App.|A]l (a) We use the example of the unit cell of the
square lattice—see Fig. [14] for more details. (b) As described
in Sec. [[ITA]of the main text, we use an N-dimensional vector
space L = ZEGN with as basis vectors the N lattice positions
of the lattice. (c) The vector spaces C; of the full crystalline
chain complex are realized with the graph product between L
and the vector spaces Q; of the unit cell complex. The full
boundary maps 0; are constructed from the quotient bound-

ary maps 81[1"] according to Eq. (B3)).

on a mixed Bell pair p and an ancillary Bell pair to distill
it with. Alternatively, it may represent the action of a
measurement-based fault-tolerant channel, where p is the
input code space, |¢)g) is the state of all ancillary qubits
in the channel, C' represents the CZ gates of the cluster
state and P™ is the final X-basis measurement of every
ancillary qubit. The output code space is then (up to
normalization) given by Em(p).

We consider three sources of noise, depicted schemati-
cally in Fig. First of all, noisy ancillary input may not
be a pure stabilizer state |1)p), but a mixture p4 of possi-
bly non-stabilizer states. Secondly, the circuit C' consists
of imperfect operations, which we assume as ideal op-
erations followed by a mixture of Pauli gates. Lastly,
the projectors P™ may produce a “wrong” outcome m,
which we model as a perfect operation P™ followed by
classical bit-flips on m.

Arbitrary noisy ancillary input states pa that differ
from the noiseless input |1g) cannot be simulated effi-
ciently. If, on the other hand, p4 may be approximated
as a Pauli channel P acting on |¢)y), the Pauli operators
may be pushed through the circuit in the same way as
Pauli noise coming from imperfect gates. The key idea
is to pre-process p4 by twirling [18] with the stabilizers
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sk € Sp, where Sy is the stabilizer group describing the
state |w0>, i.e., to apply a trace-preserving channel T as

1
T (pa) = 150 Z SkPASK-

sk €S0

(C1)

In the context of Pauli twirling the input state, 7 corre-
sponds to a Pauli channel P acting on the noiseless input
state |t0g), with elements of a destabilizer group Dy of Sy
acting as the Pauli operators of the channel. A desta-
bilizer group Dy associated with a stabilizer group Sy is
a subgroup of the full Pauli group. It has the same size
as Sp and is generated with a set of operators that each
anti-commute with a different generator of Sy and com-
mute with all other generators of Sy [31]. A destabilizer
group Dy of Sy can be used to decompose p4 in a basis
of states { di [¢0) }4, cp, and write

pPA = Z Am,pdm |1/J0><1/)0| dp' (02)

dpm,dp€Dg

We can now use this to write 7 (p4) as

T (pa)= > prdx [to)tbo| dx = P ([o)o]). (C3)

dr€Do

Here, the prefactors py are given by pr = Mg =
(Yo | dxpady | o). The trace Tr [T (pa)l = Y 4, cp, Pk =
1 is preserved, such that prefactors p; that sum to unity
may be interpreted as the probability of applying some pj
in the Pauli channel P. We see that twirling p4 over the
group Sy removes all off-diagonal elements of the state in
the { d |v0) }4,cp, basis.

This shows how we may approximate noisy ancillary
input state p4 as a mixture of the ideal state |t¢g) that is
depolarized by a Pauli channel P. In the same way, we
may twirl non-Pauli noisy processes occurring during the
application of the Clifford circuit C' to a Pauli form. Op-
erators P; can now be propagated through the circuit C,
forming another set of Pauli strings P; = CP;Ct. Pauli
operators P; now appearing after C' may each be split

up into a string PJ.(B) = P]( appearing on the ancillary B

A B
/XA% — Pm i m:{mlvmb'“:ml}
C
p—>— > &
in out

FIG. 16. A noisy channel that can be characterized efficiently,
given that pa is a convex combination of stabilizer states, C
is the ideal circuit C' with Pauli noise, and P™ are ideal pro-
jectors followed by classical bit-flips of the outcome m. Under
suitable assumptions of the noise models, the Em operation
may be expressed as a mixture of ideal &y and Pauli opera-
tions.



system and a string Pj(out) = P} appearing on the out-

put system as P; = P/® P;'. The string P} will commute
with some projectors P™* P! = P/P™* (where my € m),
but anticommute with others as P™ P! = P]’-P(mk/“).
The addition of two classical bits a + b here is under-
stood modulo 2, i.e., a + 1 represents a bit-flip of a.
We summarize both cases as a commutation relation
P™P; = P/P™™ where m; is a string of errors that
represents the bit-flips due to the individual commuta-
tion relations above.

On~e can now derive an expression for the noisy opera-
tion &y, as a mixture of ideal operations with the addition
of probabilistic Pauli strings:

gm(p) = ijpgl'/ngrmj (P)Pg{/~ (C4)
J

The noisy channel Em is a mixture of ideal operations
Emim,; and Pauli noise, with the mixture arising due to
classical bit-flips m; that act on m. Because we assumed
each operation &, to be efficiently simulatable, the mix-
ture may also be simulated efficiently.

On top of this, to account for faulty measurements, we
assume that each projector P™* has a fixed probability
pm of reporting the wrong outcome my = my+1 (modulo
2), such that the noisy measurement channel Pk is given
by a mixture

P (p) = (1= pm) P™ p P™ 4 pr P+ p P
(C5)
For all measurement outcomes m = {my,ma,...,m;}
this corresponds to the channel

]Sm(p) _ prPermprermf’
7 (C6)

pr = (Pw)"™I (1 — pp) 0,

where h(my) is the Hamming weight of the binary string
my with measurement errors. The additional mixing of
measurement outcomes does not change the form of the
noisy channel as in Eq. (C4)) but introduces additional
terms Emym;+m, With prefactors that reflect the proba-
bility of applying a particular configuration of measure-
ment errors:

5m(P) = ijpfpj(lgmemﬁ»mf (p)Pj/I
Jf

(C7)

Appendix D: Statistical error in threshold values

To fit the thresholds, we assume a second-order poly-
nomial model of the logical error probability p;, around
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the threshold crossing py, of the form [32]

pL(p, L) = pLam + c1 (p— p) LMY + 2 (p — pn)* L,

(D1)
where L corresponds to the lattice size used with the
error probability p, and prth, P, c1, c2, and v are
fitting parameters. The fit is obtained through non-
linear least-squares minimization of the residuals R; =
(pr(p, L) — p;) /6; for every data point ¢ with the ob-
served logical error rate p; and the associated standard
deviation &;. Confidence intervals for threshold crossings
pih are taken from the standard errors of the least-squares
approximation.

In the results of Sec. [[V] error bars of the logical error
rate are given as 95% confidence intervals. Sometimes,
they are too small to be discernible. The threshold value
is highlighted with a 95% confidence interval based on
its least-squares estimate of a second-order polynomial
of the logical error rate around the threshold value.

Appendix E: Stabilizer fidelities for distributed
setting

In this appendix, we gauge the fidelity of the
stabilizer operator supported by each face, for sev-
eral face splittings in the distributed setting.  For
these results, we model the entangled states as
Bell and GHZ states that are depolarized to a
diagonal form. For these states, the primary
component So = (Xo...Xn-1,%2021,...,20Zn-1)
has probability 1 — pl, and all off-diagonal terms
(£Xo... Xn1,£2021,...,£ 207, 1) with at least one
negative sign are uniformly distributed with probabili-
ties pl /(2" — 1). With n = 2, this state corresponds to
the Werner state of Eq. . Furthermore, just as in
Sec. [VD] we assume that state preparation and mea-
surements invert the state with probability p,, = p,, and
that CZ gates are followed by a depolarizing channel with
probability ps = po.

For each of the geometries, the stabilizer fidelity of one
of the faces is calculated under this circuit-based noise
model. Fidelities are calculated as the overlap of the
resulting mixed state with the ideal cluster state stabi-
lizer. A strong simulation for each of the circuits provides
an exact closed-form expression of the fidelity. We show
these results for each of the lattices and the three different
protocols (monolithic, Bell, and GHZ) corresponding to
the three columns of Fig. [I7} Based on these results, we
see that an increase in the number of splittings produces
worse stabilizer fidelities. These differences are more pro-
nounced for the 4-partite GHZ states when compared to
the 3-partite GHZ state in diamond. Distributed archi-
tectures are likely unable to compete with monolithic
protocols, unless we combine entanglement generation
protocols with better-quality GHZ states through entan-
glement distillation.
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FIG. 17. Stabilizer fidelities of monolithic and distributed protocols for various architectures. The three protocols per archi-
tecture correspond to the three columns of Fig. [TT} where the GHZ state is defined as weight-4 for cubic and double-edge cubic
architectures and weight-3 for the diamond lattice, and a face with a Bell pair split is chosen for the diamond 7-node lattice.
The noise probability p, describes both depolarizing gate noise with probability p, and faulty measurements with probability
pm- The quality of the network link is parameterized by pl, (see main text for details). Since we are only looking at the errors
arising on a single face, the ordering of CZ gates is not relevant for the stabilizer fidelity of that same face.
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