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Extended non-local games are a generalization of monogamy-of-entanglement games,
played by two quantum parties and a quantum referee that performs a measurement on
their local quantum system. Along the lines of the NPA hierarchy, the optimal winning
probability of those games can be upper bounded by a hierarchy of semidefinite pro-
grams (SDPs) converging to the optimal value. Here, we show that if one extends such
games by considering constraints and loss, motivated by experimental errors and loss
through quantum communication, the convergence of the SDPs to the optimal value
still holds. We give applications of this result, and we compute SDPs that show tighter
security of protocols for relativistic bit commitment, quantum key distribution, and
quantum position verification.
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1 Introduction

The study of quantum correlations attainable by distant parties, known as non-local correlations,
has been a broad and well-studied topic in quantum information theory. They are not only inter-
esting from a fundamental point of view, given that it is well-known that quantum distant parties
can attain correlations that classical physics is not able to describe [1], but also lead to many
applications such as secure key distribution [2], certified randomness [3], reduced communication
complexity [4], self-testing [5, 6], and computation [7].

Non-local correlations are often studied in the literature as non-local games, which provide an
operational framework for understanding them. Usually, a classical referee sends classical questions
to the two distant parties, namely Alice and Bob, who have to respond classical answers. The game
is defined according to a predicate that accepts the answers as correct if they fulfill a previously
agreed relation with the questions. One of the most well-known examples in the literature is given
by the CHSH game [8].

The usage of semidefinite programming (SDP) techniques to bound correlations of non-local
games was initiated by Cleve, Hgyer, Toner and Watrous [9], Wehner [10], and Liang and Do-
herty [11]. Later on, Navascués, Pironio and Acin introduced an infinite hierarchy of conditions,
the so-called NPA hierarchy, necessarily satisfied by any set of quantum correlations, each of them
testable with SDPs [12], with the subsequent result showing that this hierarchy is complete [13].

Non-local correlations have also been investigated beyond the classical questions and answers
scenario, e.g. in a quantum XOR game [14], a quantum referee who sends quantum questions
to Alice and Bob, who have to respond with classical answers —classical-quantum games—, or
in a rank-one quantum game [15], both the questions and the answers are quantum. In this
work, we consider a slightly different scenario. In terms of games, the referee is quantum and
performs a measurement on their local register of a tripartite system shared together with the two
collaborative parties Alice and Bob. These type of games are known in the literature as extended
non-local games, introduced by [16]. They are a generalization of monogamy-of-entanglement
games [17], where the referee, Alice and Bob pre-share a joint quantum state, the referee performs
a local measurement on their local register, chosen from a given set of measurements, then, the
referee announces the chosen measurement, and the task of Alice and Bob is to guess the outcome.
These types of games have applications to quantum cryptography tasks, such as quantum position
verification and device-independent quantum key distribution [17], and have been studied in the
context of quantum steering [18]. Using similar ideas as in [13], it was shown [16] that there exists
a hierarchy of SDPs that bound the optimal winning probability of an extended non-local game,
and it is such that converges to its optimal value.

When analyzing the applications of such games, for example in quantum communication tasks,
one has to take into account experimental parameters such as errors and loss of the quantum
information, and treating these two separately can give significant improvements in the analysis,
see e.g. [19], where a loss-tolerance of up to 50% is shown for a given protocol with only around
15% error-tolerance [17], which is impossible if naively treating loss as error. Moreover, besides
errors and loss, when executing a protocol it can be the case that certain answers are expected
to be observed with a given frequency, for example: a certain number of correct answers; some
wrong answers (caused e.g. by errors); some ‘empty’ answers, if the quantum information got lost
when transmitted. Additionally, in some protocols there are answer combinations that are simply
inconsistent with the setting, and are never expected to be observed: including such constraints
in the analysis of extended non-local games could enable improved bounds in practical applications.

Contributions. We introduce a modification of extended non-local games, which we call lossy-
and-constrained extended non-local games, that takes into account errors, loss and the fact that
certain answers are expected to be observed with a given frequency. These games are inspired by
practical considerations, describing scenarios where honest parties receive quantum states over a
lossy channel, and we aim to prevent security issues that can occur because of such transmission
loss. We show that similar results as in [16] can be applied to the lossy-and-constrained version,
and that there exists a hierarchy of SDPs converging to the optimal value that can be attained by
the quantum parties Alice and Bob.

We consider different monogamy-of-entanglement and extended non-local games and we an-
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alyze them in their lossy-and-constrained version. By computing the corresponding semidefinite
programs, we show a way to verify some previously known results by solely computing an SDP.
Moreover, we find new tighter and new tight results for those games. It is worth to highlight that
for most of the games that we analyze with loss or constraints, we obtain tight values by using the
first level of the hierarchy — showing that resulting SDPs are numerically solvable in practice and
going to higher levels is not required. We created Python codes to compute these values via SDP
[20], using cvxpy [7]. These programs can be modified and adapted to analyze other games.

Finally, we study applications to quantum cryptography, showing that (lossy-and-constrained)
non-local games can be used to prove security for certain protocols in a simpler way, with a method
that can executed using only the description of the game. Using our analysis, we provide tighter
security bounds. First, we study a relativistic bit commitment protocol originally introduced by
Kent [21], where n-BB84 states [22]| are used in the protocol. In [23], security was shown for large
n, a result that was tightened in [24] that applied for every n. Here, we show that the security
of this protocol can be reduced to an extended non-local game, and we provide tighter bounds by
computing the corresponding SDPs for small values of n. Second, we use a constrained extended
non-local game to show security of device-independent quantum key distribution [22], solving SDPs
for small n, where n is the number qubits used in the protocol. Third, we use lossy-and-constrained
extended non-local games to study security for certain protocols in quantum position verification
(QPV) in the presence of photon loss. For the QPVgpg, protocol with loss, we obtain, in an easier
way, the results shown in [19], where it was necessary to prove a relation between certain operator
norms and error and then use it in the NPA hierarchy to obtain the values. The advantage is
that by considering the corresponding game with loss and constraints, it is enough to have the
description to compute the SDP providing the optimal values. We improve the bounds found in
[19] for an extension of the above protocol, and we show that they are tight. We finally apply our
results to show security of the 2-fold parallel repetition of QPVgpg, with loss.

2 Preliminaries

For n € N, we will denote [n] := {0,...,n — 1}. Let H, H' be finite-dimensional Hilbert spaces,
we denote by B(H,H’) the set of bounded operators from H to H' and B(H) = B(H,H). For
A,B € B(H), we denote A = B if A — B is positive semidefinite. Denote by S(H) the set of
quantum states on H, i.e. S(H) = {p € B(H) | p > 0, Tr[p] = 1)}. A pure state will be denoted
by a ket ) € H. A maximally entangled state or EPR pair is the state |®) = %(|00> + |11)).
We will refer to basis 0 and 1 to denote the computational and Hadamard basis, respectively. The

Hadamard transformation will be denoted by H = % (} _11) For bit strings z,a € {0,1}" we

denote
|a®)(a”| = lag*){ag’| @ - ® lay 7" ){an 3", (1)
where |a;?)(a]'| = H"|a;){a;|H". The Hamming distance dy between two bit strings z,y €
{0,1}" is the number of positions at which they differ, i.e.
d(z,y) :=={i € [n] | zi # yi}- (2)

For a set X', we denote X*" := X x --- x X, where the Cartesian product is taken n times.

3 Lossy-and-constrained extended non-local games

Following [16], we describe extended non-local games. Let Z, X, Y, V, A and B be finite non-empty
alphabets, let ¢ be a probability distribution over Z x X x Y, let V.7 be a square Hermitian matrix
of dimension m € N for all (z,v) € Z xV and let V := {V,?}.,. Three parties will play a role in
the extended non-local games: a referee, Alice and Bob, whose associated Hilbert spaces will be
denoted by Hg,Ha and Hp, respectively.

Definition 3.1. An extended non-local game G, played by a referee R and two collaborative parties
Alice (A) and Bob (B), denoted by the tuple

G=(q,V,W), (3)
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where W = {(z,z,y,v,a,b) | pred(v,a,blz,x,y) = 1} (winning set), for a certain predicate function
pred(v,a,blz, x,y) € {0,1}, is described as follows:

1. Alice and Bob prepare a tripartite state prap where the dimension of the register R is m,
i.e. the reduced state pr € S(HR), for Hr = C™.

2. They send the register R of the tripartite state to the referee. The two parties are no longer
allowed to communicate.

3. The referee sends questions x € X and y € Y to Alice and Bob and picks z € Z according to
the probability distribution q(z,x,y). Then, Alice and Bob have to answer a € A and b € B,
respectively. Denote by pf%’f’b € S(HR) the resulting quantum state held by R after Alice and
Bob send a and b. The average pay-off for the players is given by

> dzmyTr [Wﬂ%’jb]- (4)

z,x,y,v,a,bEW

See Fig. 1 for a schematic representation of an extended non-local game.
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Figure 1: Schematic representation of an extended non-local game. The undulated line represents the tripartite
quantum state prap shared amongst the three parties.

Definition 3.2. A monogamy-of-entanglement game [17] is an extended non-local game where
x =1y = z, i.e. all the parties get the same question, and the referee performs the measurement
{VZ*}. The winning set is given by W = {(x,v,a,b) | v = a = b}. Then, a monogamy-of-
entanglement game will be denoted by the tuple

G=1(qg,V). (5)

To illustrate the concept of extended non-local games, consider the following example introduced
in [17].

Example 3.3. The BB84 monogamy-of-entanglement game s described as follows. Alice and
Bob prepare a quantum state and give a qubit to the referee, who, uniformly at random, choses to
measure it either in the computational or the Hadamard basis. Upon knowing the choice of basis,
the task of Alice and Bob is to guess the measurement outcome. Using the above terminology, the
game is given by

gooss— () -

with X =V = A= B = {0,1}.

1
m,V ={VZ =H"a)(a|H }3,0, W = {(z,v,0,b) |[v=0a = b}z,v,a,b); (6)

The most general thing that Alice and Bob can do using quantum mechanics is to perform
POVMs {AZ} and {B}} on their local registers to answer a and b, respectively. A quantum
strategy Sq is defined by the tuple {prap, AZ, B} }2,y,a,6, and the quantum winning probability of
the extended non-local game G is defined as

we(G)=sup > q(z,2,9)Tx[(V; @ AL @ BY)pras), (7)
(z,z,y,v,a,b)EW
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where the supremum (sup) is taken over all quantum states prap, all POVMs {AZ} and {B}/}
over all possible dimensions of H4 and Hp. All the supremums in this work will be taken over
the same conditions. A particular case of quantum strategies that will appear in this work are
the unentangled strategies. These correspond to quantum strategies Sg for which Alice and Bob
prepare an unentangled initial state, i.e. of the form prap =3, p/\pf‘z ® Pﬁ ® p%, where py > 0
are such that ), pyx = 1. Notice that the winning probability of unentangled strategies can be
attained by Alice and Bob acting only classically (using shared randomness), since the following
holds:

T(VE © A2 © B)pras] = 3 pyTe[Vioh] T (A2 Te[BYp}). -
A

Therefore, we will refer to unentangled strategies as those where Alice and Bob send a quantum
state to the referee but only perform local operations based on shared classical randomness, reduc-
ing to prap = pr- Note that, since in this case the winning probability will be given by a convex
combination, the optimal values will be obtained by extremal points and thus, by the proper choice
of a pure state |¢){¢|r, we have that

>z y) Y paTr[Vipn| Te[AZpA | T [Blpy] < D alz 2, 9) e[V [6)(llp(alz)p(bly),
(z,z,y,v,a,b)EW A (z,z,y,v,a,b)EW

where p(alxz) and p(bly) are the (classical) probabilities to output a and b, given x and y, re-
spectively. For GBB# it was shown [17] that wq(GBB¥) = COSQ(%), which is attained by the
unentangled strategy S57% = {|¢)(¢], AL = dao, BY = ba0}, where [¢) = cos Z|0) 4 sin F[1).

A broader class of strategies, encompassing quantum strategies as a special case, is given by
the so-called commuting strategies which consist of POVMs {AZ} and {B}'} on Alice’s and Bob’s
joint system H such that [AZ, B] = 0, i.e. they commute, and a joint tripartite state prap. The

respective commuting winning probability of a non-local game G is defined as

wcomm(g) = sup Z q(Z, z, y)Tr[(VvZ & Ang)pRAB]~ (9)
(z,x,y,v,a,b)eW

By extending Alice’s and Bob’s Hilbert spaces, if necessary, prap can be taken as a pure state,
and {AZ} and {B}'} projective measurements. Since the quantum strategies are a subset of the
commuting strategies, we have that, for all extended non-local games G,

wq(G) < weomm(9)- (10)

A particularly interesting case arises when an extended non-local game is sequentially played
many times so that one can extract statistics from the answers of the players. Such a case arises, for
example, when monogamy-of-entanglement games are used to analyze security of certain quantum
protocols [17], where the two collaborative parties play the role of attackers/dishonest implementers
of the protocol who want to emulate the behavior of an honest party towards the referee.

In a realistic implementation of those protocols, the honest party will not perform them with
perfect correctness, and one might expect a certain distribution over the possible outcomes. For
example, there will be answers that will be wrong with a certain probability due to e.g. experimental
measurement errors or noisy quantum channels. However, we can find other types of answers that
are wrong and that are simply inconsistent with the behavior of an honest executor of the protocol,
for instance if she broadcasts classical information and this information is received differently in
different locations. Moreover, in communication tasks, a sizable fraction of qubits get lost and,
therefore, we expect a certain ratio of ‘empty’ answers (L). Thus, it is natural to ask whether
Alice and Bob’s winning probability of a certain extended non-local game decreases if they not
only have to answer correctly, but they have to emulate the distribution of the other (different)
incorrect answers and the transmission rate. In order to analyze these games where Alice and
Bob are expected to answer certain answers with a certain probability, we introduce the concept of
lossy-and-constrained extended non-local games. To clarify these ideas, we now present an example
before introducing the formal definitions of constrained and lossy extended non-local games.

gBBS4

Example 3.4. Consider the game, described in Example 3.3.
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1. Constrained version (see Section 4.1 for more details): Motivated by security of quantum
cryptographic protocols, this game is used to reduce their security where Alice and Bob pretend
to mimic the action of an honest prover in a given protocol, see Section 5 for more details. In
such a case, Alice and Bob have to coordinate their actions, and a natural imposition is given
by forbidding them to answer differently. This is done by imposing that for every strategy
SQ = {pRAB, Aza Bg}.'t,y,a,b}

Z q(x)Tx[(Vy © AG ® By)pras] = 0. (11)
x,a,a’ #b’

2. Lossy version (see Section 4.4 for more details): Motivated by losses in quantum communi-
cation, assume that Alice and Bob have the option to answer "inconclusive answer” (L) with
probability 1 — n. This can be viewed as Alice and Bob claiming at will that the quantum
messages have been lost, even if that was not the case. In this scenario, if they have to
coordinately mimic a response rate m, this can be done by imposing that for every strategy
SQ = {PRAB, sz Bg}ac,y,a,b;

Y a(@)Tr[(Ig ® AT ® BY )prap] =1 -1. (12)

xT
We now formalize these concepts with the following definitions.

Definition 3.5. Let L € N, for all ¢ € {1,...,L}, let C = {ozg(v,a,b\z,x,y),cg,c%}(g’z’w,y’v,a,b)
(set of constraints) for ay: Zx X x Y xVx AxB — R and let ¢),c; € R be such that ¢) < cj. We
say that an extended non-local game is constrained, and we denote it by Go, if for every strategy
SQ = {pRA37 Ag? Bé}}z’yvavb’

A< Z ar(v,a,bz,2,9)Tr[(VZ ® AL @ BY)prap) <c; VL€ {l,...,L}. (13)

Z,2,Y,0,a,b
See Section 4 for examples of how to encode other problems as such a game.

Definition 3.6. We say that an extended non-local game G is lossy with parameter n € [0,1], and
we denote it by Gy, if the players are allowed to respond a € AU{L} and b € BU{L} in such a
way that for every strategy Sg = {prap, A%, B/ }a,yap, forac AU{L} andbe BU{L},

> a(z,y)Tr[(Ip ® AT ® BY)pras] =1 —1. (14)
z,Y

See more examples in Section 4. We define a lossy extended non-local game by imposing that
the average probability of the answers ‘1’ is 1 — 7. We stress that depending on the case to be
considered, one can vary the definition and (i) impose that the probability for every input z,y is
1 —n, ie, Tr[(Izg ® A% BY )prap] = 1 —n Va,y € X x Y instead of on average, or (ii) impose
different loss rates for Alice and Bob, which includes the case where one party answers L, while
the other party does not. Although we stick to the above definition, the results presented in this
work still apply if these alternative definitions are considered.

Remark 3.7. (The guessing strategy). Consider a monogamy-of-entanglement game where the
referee performs projective measurements {VF}. If the distribution of the questions © € X is
uniform, Alice and Bob can make a guess T for x that will be correct with probability ﬁ They

can pick a fized answer a # L and send a state |1b) € Hp that lives in the subspace that V2 projects
onto, i.e. VE[p) = |). Then, if they receive x = %, they answer a and otherwise, they answer
L. This strategy based on guessing x is such that Alice and Bob are going to be correct with
probability ﬁ and will answer 1 with probability 1 — ﬁ; they will never give a wrong answer.

If the distribution is not uniform, then Alice and Bob guess & with the highest probability, which
will be at least ﬁ, and then they will be correct with probability at least ﬁ

Because of the general strategy described in Remark 3.7, throughout this paper we will consider
the range n > ﬁ, unless explicitly stated otherwise.

If an extended non-local game G is both lossy and constrained, we say that it is lossy-and-
constrained, and we denote it by G¢ . The quantum and commuting winning probabilities of G¢
will be denoted by wg(Ge,n) and weomm (Ge,y), respectively.
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3.1 Convergence of Weomm(Geyy) via SDPs

In [16], it was shown that similar ideas as in [13] could be applied to construct a hierarchy of
SDPs that upper bound the average winning probability of a given extended non-local game,
which converges to its optimal value. Here, we show that when slightly modifying these games, by
considering their lossy-and-constrained versions, the results still apply. For completeness, in this
section we reproduce the proof in [16] to show that it applies in our case whenever the games that
are considered are modified by their constraints and the loss.

Following Section 3 in [16], consider the set

S =(Xx AU xB), (15)

where LI denoted the disjoint union. The set of strings of length at most & over the alphabet X
will be denoted by =F, the set of all strings of finite length over ¥ will be denoted by ¥*. Finally,
the reverse of a string s will be denoted by s, and the empty string will be denoted by e. For
example,

n=0 = (e},
2= = 950U {(z,a), (4,0)} r.a.y.0)e X x Ax VX Bs

2 =5y {(x, a, ', al)v (y,b, y/a b/)a (mv a,y,b),(y,b,x, a)}(z,m/,a,a/,y,y’,b,b’)eXX2><AX2><37X2><BX2-
(16)

For later purposes, we will consider the set defined for k = ‘1 + AB’, which is given by
REHAR = 9 U {(2,0,9,0) i eaxaxyxs C 5 (17)
Consider the equivalence relation ~ on ¥* defined by:
1. For every s,t € ¥*, and o in ¥, sot ~ soot,
2. For every s,t € ¥*, 04 € X X A, and og € Y X B, scaopt ~ sopo at.

Definition 3.8. (Admissible function [16]). A function ¢ : 3* — C is said to be admissible if and
only if the following conditions are satisfied:

1. For every s,t € ¥*, and every (z,y) € X X Y,

D Hs(@,a)t) = d(s,t) = > d(s(y, b)) (18)

acA beB
2. For every s,t € ¥*, every (z,y) € X x Y, and everya #a’ € A, b#V € B,
¢(s(x,a)(z,a')t) = 0= ¢(s(y, b)(y,b)t). (19)
3. For every s,t € ¥* such that s ~ t,
P(s) = ¢(1). (20)

A function ¢ : ©=F — C is said to be admissible if and only if (18)-(20) hold, given that the
arguments’ length is such that ¢ is defined.

We extend the definition of kth order admissible matrices in [16].

Definition 3.9. For every 1 < k € Z, let M®) be a block matriz of the form

k k

My M
ME = (21)

M) M¥,

where Ml(];) : XSk x BSF 5 C for every i,j € {1,...,m}. The matriz M*(s,t) is defined as the

matriz with entries Mi(f;)(& t). We say that M*¥) is a lossy-and-extended kth order admissible ma-
triz for Go,, with constraints C = {ay(v,a,b|z,z,y), Y, C%}(g,z,%yw’a’b), if the following conditions
are satisfied:

Accepted in {Yuantum 2025-03-24, click title to verify. Published under CC-BY 4.0. 7



1. For every i,j € {1,...,m}, there exists an admissible function ¢; ; : ¥2* — C such that for
every s,t € =k,

k
M (s,8) = ¢y 5 (s70). (22)
2. The following holds
Tr[M(k)(s,s)] =1. (23)
3. Forallle{l,...,L},
&< Z ag(v,a7b|z7x7y)’I‘r[VU2M(k)((sc,a), (y,b))} <, (24)

Z,Z,Y,0,a,b

and
> ala )T [MP (@, 1), (5, L)] =1 -n. (25)

T,y
4. The matriz M%) is positive semidefinite.

The definition of a kth order admissible matrix defined in [16] is the same, except without
condition 3.

For a lossy-and-extended kth order admissible matrix for G¢,, with constraints
C = {ay(z,2z,y|v,a, b),cg,c}}(g’z’x}y,v’a’b), consider

iz Gen) =swp S0 gz )T [VEMB (2,a), (3,5))]. (26)
(z,z,y,v,a,b)EW

Here the supremum is taken over all the strategies that fulfill the constraints given by C' and are
consistent with n in the sense of (14).

Remark 3.10. The value w((l’;lmss(gcm) can be computed by the following SDP:

max > q(zz,y)Tr|VEM® ((2,0), (y,)))
(z,z,y,v,a,b)EW o7
subject to the linear constraints given by (22)-(25), (27)

and M*) = 0.

Recall that semidefinite programs (SDPs) can be solved in polynomial time to any fixed pre-
scribed precision, see e.g. [25, 26].

Lemma 3.11. Forall k> k' > 1,

W iss(Gen) = W) (Gen) > Weomm (Ge.n)- (28)

Proof. The function K defined as K (a,blz,y) = Trap[(Ir ® AZB})prap) is said to be a commuting
measurement assemblage. Then, (7) can be rewritten as

Weomm(G) =sup > q(z2,y)Tr[V7K (a, bz, y)]. (29)
(z,z,y,v,a,b)EW

We will show that given a commuting measurement assemblage K, for every integer k > 1, there
exists a lossy-and-extended kth order admissible matrix for G¢ , with constraints C'

Consider a commuting strategy Scomm = {|1), AL, B} } for Ge,y, with [¢)) € Hr@H 4 @ Hp and
A2, B} projective measurements (recall that a strategy can be taken as a pure state and projective
measurements). Consider a Schmidt decomposition of [¢) given by |[¢) = Y7 Aili) r|ti) B,
where {[i)} is the standard basis of Hpr and [;)ap € Ha @ Hp. Let 1)) := Ai|¢i).

Define
- {AE i.f (c,2) € Ax X, (30)

B if (¢,z) e Bx ).
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Consider M(¥) defined by
Mi(,];)(sat) = ¢i;(s™t) Vi, j € {1,...,m}, (31)
where ¢; ; are defined as

$i((21,1) . (21, 00)) = (G [1E - TIE [aby). (32)
The functions ¢, ; fulfill (18)-(20), and thus they are admissible functions. Notice that

m

Tel|) (v]] = Zl ) W1 G| = D (il (Wil ds)
i,j=1 i,j=1 (33)
= Z<1/~Ji|7/~/z'> = Z%z‘@ 5 ZM(k) (e,6) = Tr[M"(e, )],

and therefore (23) is fulfilled. Moreover, Scomm is such that equations (24) and (25) hold. Finally,
since M®) is a Gram matrix by construction, it is positive semidefinite. Thus, M*) is a lossy-
and-extended kth order admissible matrix for G¢ , with constraints C'

It remains to see that M) corresponds to K. Since

K(a,blz,y) = Trap | (Tn ® AZBY) > Xidjld)|w;) (¢l (i)

i,j=1
dim H m
= " (l(Ir ® AZBY) Z NN Wil D) = 3 1) G (0| AZBY ey A (34)
k=1 i,j=1 i,j=1
= " Gl AZBY ) = 3 D GIME (@,a), (4,0)),
i,j=1 i,5=1

we have that K (a,b|z,y) = M*) ((x,a), (y,b)).
Finally, the inequality wil;)miss(gcm) > wSZT)niss for k > k' comes from the fact that both are

obtained with an SDP with the same objective function but the latter is obtained with more
constraints. O

Lemma 3.12. (Lemma 5.2. in [27]). Let M¥) be as in (21). Then, for alli,j € {1,...,m},s,t €
n<k,
k
M (s, 1)] < 1. (35)

Lemma 3.13. (Banach—Alaoglu theorem for separable spaces [28]). Let X be a separable normed
space. Then, the closed unit ball in X* is sequentially weak*-compact. That is, for every sequence
{tn}nen in X* with ||u,]] < 1 Vn € N, there exists a subsequence {pn, }ren such that weak*
converges to p € X*: limy_yo0 fn,, = K-

Theorem 3.14. The following holds

. k
lim wz(zd)miss(gcvn) = wcomm(gc,n)- (36)
— 00

In summary, for a given game G, ¢, Lemma 3.11 shows us that computing the SDP (27) will
provide an upper bound to the value wg (G, ¢). Moreover, Theorem 3.14 tells us that the upper
bounds will actually converge to the optimal value of Weomm (Gy,c)-

Proof. From Lemma 3.11 we have a non-increasing sequence {wa dmlss(gc,n)} that for every k,
(k) (Ge,n) = Weomm (Ge,n). We will first show the convergence of wk) (Ge,n), and finally that

o‘)admiss admiss
it converges t0 Weomm (Ge,n)-
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By Lemma 3.12, we have that |Mi(§)(s,t)| <1Vi,je{l,...,m}, st e X5 By the Banach-

Alaoglu theorem for separable spaces (Lemma 3.13), there exists a subsequence {Mi(f;’)(s,t)}leN
and M; ;(s,t) such that lim;_,o, = M, ;(s,t). Let

My - Mg
M={ (37)
Mm,l e Mm,m
then, by construction M%) — M. The M; ; are such that

1. For every i,j € {1,...,m}, there exists an admissible function ¢; ; : ¥* — C such that for
every s,t € y<k

MM (s,t) = ¢; (Tt 38

ij (5,t) = ¢i,i(s71). (38)

2. Equation (23) holds,
3. Forall £ € {1,..., L}, equations (24), and (25) hold.
4. The matrix M is positive semidefinite.

We want to see that M defines a commuting measurement strategy Scomm = {|¢), A%, B{'}.

Since M is positive semidefinite, there exists vectors |¢; ;) € H for ¢ € {1,...,m} and s € ¥*, for
a separable Hilbert space H, such that
M; (s, 1) = (j,s0ie). (39)

Assume H is spanned by {|¢; s)}, otherwise let H = span{|u; s)}.

« Consider the state .

= |)lje) € Hr®H, (40)

=1
which is normalized, since

m

)1 = @) = (i Weltbie) =D (Weltje) = > Mjj(e,e) =1,  (41)
j=1 j=1 J

=1
where we used (39) and (23).
o For all (z,¢) € 3, let IIZ be the projection operator onto the following space
span{ |y (z.¢)s) 1 J € {1,...,m}, s € ¥} (42)

We want to see that these operators are projective measurements, and that the ones cor-
responding to Alice commute with the ones corresponding to Bob. Notice that (42) is the
image of ITZ, which we denote by Im(IIZ). For all j € {1,...,m} and s € ¥,

<w] (2, c)tW]] S> = My J((Za C)tv 8) = ¢i7j(tR(Z’C)s) = ¢i7j(tR(Z,C)(Z,C)S)

(43)
- Miv]((za C)t7 (Z7 C)S) = <’¢)j,(z,c)t|wi7(z70)s>'
By linearity, for every |p1) € Im(IIZ),
(01|¥j.s) = (P11¥5,(2,0)s) - (44)

Let (II?)* denote the projection onto Im(II?)* (orthogonal complement), so that I1% +
(I12)*+ = 1. Then,

(prlts) = (@r(TZ + (TI2) 1 )ebjs) = (@1 |TZ[5,6) + (1| (L) bjs) = (1 [T [56),  (45)
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where we used that (I12)1]¢; 5) € Im(IIZ)* and therefore, (pq|(I12)*|¢;5) = 0. Using (44),
we have that

<901|Hi‘wj’5> = <(p1|¢j,(z,c)s>' (46)

Take an arbitrary |p) € H, then |¢) = |p1) + |7 ), for [p1) € Im(I1?) and |¢i) € Im(T12)+.
Then,

(PIE j.s) = (@1lTIZ[5,s) + (i MENss) = (01|TE]W5s), (47)

<‘p|¢j,(z,c)s> = <901|'(/}j,(z,c)5> + <901l|¢j,(Z,C)S> = <‘p1|"/}j,(z70)5>7 (48)

where we used (o7 |IIZ[); ;) = 0 and (@1 |1 (»,c)s) = 0. Then, we have that, because of (47),
for all |¢) € H, and for all [} ), (p|lZ|¢;s) = (p[Yj,(z,e)s), and therefore,

H§|¢j,5> = |¢j,(z,c)s>' (49)
Then, for all i,5 € {1,...,m}, s,t € ¥*, for (z,¢1), (2,¢c2) € ¥ with ¢1 # cq,
(¢ T TI2, [hiss) = (U5, oot (ze)s) = Mg (20 )t (2, e2)) = 615 (47 (2, 1) (2, ¢2)8) =

Therefore, we have that
IT7 117, = 0. (51)

Moreover, for all 4,j € {1,...,m}, s,t € X%,z € X,

Z<¢i,s|ﬂﬁ\¢j,t> = Z(¢z‘,s|¢j,(w,a)t> = Z i (™ (2, a)t) = i (™) = (Wi slje),  (52)

acA acA acA
and thus,
dom=1 (53)
acA

Analogously, one finds that for all y € ),

> Iy =1 (54)

beB
Foralli,j € {1,...,m},s,teX*z e X,ye Y,a€ A be B,

(s S| IETT 15 ) = (Wi (0)s| V) (wbye) = Big (87, @) (y, b)) = ¢4, (T (y, b) (2, a)t)

55
Wyl ee) = ([T ), (%)
and therefore
I, II;] = 0. (56)
Lastly, we see that, from (49),
Ml}j((xv a)v (yv b)) = <wj,(x,a)|wi,(y,b)> = <wj,6|AiBg|¢i,6>a (57)
and, thus,
K(a,b|z,y) = Try[(Ir @ ALBY) @] = > (k| (Tr @ AZBY) Y [i) i) (15| Gl 1 1.1)
I,k 4,7
(58)
= (Wil ALBY i) i) (G| = > M j((2,a), (y, b)) (j| = M((z,a), (y,b)).
i, %]
O
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4 Concrete games

In this section, we consider particular extended non-local games, and we analyze lossy and con-
strained versions of these games, inspired by experimental considerations computing the SDPs that
give the values of wff;fmss- We show that our results are consistent with previously known results,
for some cases with a simpler proof, and we show new results, and tight results in Section 4.4. For
a reader interested in applications in quantum cryptography, the games analyzed in this section

will be used in Section 5 to prove security for cryptographic primitives.

4.1 Constrained BB84 monogamy-of-entanglement game

In [17], the following extended non-local game (the BB84 monogamy-of-entanglement game) was
introduced

1
GgBB3: — (q(x) = m,v ={V? =H"a){(a|H }3,0. W = {(z,v,0,b) |[v =a = b}%q,,a,b), (59)

with X =V = A =B = {0,1}. In this game, Alice and Bob prepare a quantum state and
give a qubit to the referee, who measures it either in the computational or the Hadamard basis.
The task of Alice and Bob is to guess the measurement outcome. In [17], it was shown that
wq(GBP#) = cos?(%), which is attained by the strategy 55384 = {|) (|, AZ = 40, B = 0a0},
where [¢) = cos §|0) + sin Z|1).

We will consider the constrained version of GBB%* given by imposing that Alice and Bob never
answer differently, i.e. imposing that their probability of answering different is 0. There are settings
in quantum cryptography, for example in bit-commitment and quantum-position verification, where
this constraint can be added naturally — see Section 5.1 and Section 5.3. In this case, the set of
constraints C' is given by: for every strategy Sq = {pran, A%, By }z.y.a.b:

Y @) TY(VF @ AZ © B )pras) = 0. (60)
z,a,a’ #b’

From Section 3.1, we have that

wQ(GEP™) < weomm(GEP™) < w1 (GEP™). (61)
Solving the SDP (27) to obtain the value of wg’;;ﬂls(gBBS‘*) see code [20], we find
wk=1) (GBB81) _ () 8535533905 ~ cos? (g) (62)

and therefore we see that constraining Alice and Bob by forbidding them to answer inconsistently
does not lower their average winning probability. This is not surprising, since in [17] it was shown
that the strategy 55384, see above, gives the optimal value for GBB84. This strategy fulfills the
constraints C, and therefore it is also optimal for GEP84.

Moreover, we see that for this game giving inconsistent answers precludes attaining the optimal

value. For instance, if we impose the constraints C. given by

> q@)Te[(VF ® A% @ By)pras] > ¢, (63)
z,a,a’ #b’

for ¢ > 0, thus imposing that the probability that Alice and Bob answer inconsistently is at least ¢,
the upper bounds obtained by wézzli)ss (G5P®) for different values of € > 0 are lower than cos®(§),
see Fig. 2 (black dots) for 0 < & < 0.25. This fact is consistent with the rigidity results for the
GPPB84 game shown in [29)].

A numerical optimization over states |¢)y ap of dimension 23 with real coefficients, where each
register is 2-dimensional (3-qubit states), and 2-dimensional projective measurements for both Alice
and Bob, shows that the results obtained with the first level of the hierarchy (wfl’;jji)ss(gBB%))
are tight, up to numerical precision. See the continuous black line in Fig. 2 for the values of the
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Figure 2: Values of wi];fnlils(gng) (black dots), optimal winning probability using unentangled strategies

(light gray continuous line), 2-qubit state (dark gray continuous line) and 3-qubit state (black continuous line)
for different values of ¢.

numerical optimization, which match the values of wg’;fnlils(ggf 84) (black dots), and see [20] for the

explicit states |¢)vap and the 2-dimensional projective measurements { A%} and {B}'} for different
. . . k=1
values of ¢ fulfilling the constraint (63) and matching the upper bounds wédmils (GEP™).
In addition, the optimal values for £ > 0, unlike for ¢ = 0 (strategy S’g B84) " cannot be obtained
by unentangled strategies, i.e. by just preparing a single qubit and sending it to the referee. A

numerical optimization over unentangled strategies fulfilling the constraint (63), see [20], shows
that the optimal values are significantly lower than wfl];fnli)ss (ggEBM), see light gray line in Fig. 2.
Numerically optimizing over all states |¢)yap of dimension 22, with the referee’s and Alice’s
registers being both 2-dimensional and Alice performing projective measurements, shows that
the optimal value increases, being tight (only) for small values of e, see the dark gray line in
Fig. 2. Therefore, we see that imposing certain constraints forces Alice and Bob to utilize higher
dimensional quantum systems to achieve the optimal winning probability. We would like to stress

that we do not have an understanding of the fundamental reason behind this requirement.

Remark 4.1. In order to analyze optimal strategies, if one is able to find an optimal strategy for
an extended non-local game (or monogamy-of-entanglement game), one can constrain the game and
see if certain restrictions on the strategies affect the optimal winning value. Finding a still-optimal
perturbation of an optimal strategy in such way is a way to exclude possible rigidity results.

4.2 Alice guessing game with constraints

We consider a slight variation of the GZZ# monogamy-of-entanglement game where only Alice has
to guess the measurement outcome of the referee, described as follows:

1
Gh s (q<x> =V =V = N e W = {(z0,0.0) 0 = }b> (64)

with X =V =A=B={0,1}". Then,

n guess 1
wg(GA ™ Buess) = 2le:Tr

z,a

b

1
(Vf @Az (Y Bff))pRAB] = oo STV @ AL © Dpras).

z,a

(65)
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Notice that this game can be won with probability 1 if Alice and Bob send to the referee the
maximally entangled state |<I>+>%Z7 Alice performs the same measurement as the referee and Bob
answers at random:

UJQ(gA n guess) =1

Now, consider its constrained version given by imposing that Bob also has to guess the referee’s
measurement outcome up to an error pe.. per bit, but does not have to coordinate his answers
with Alice. This variant will be motivated by device-independent QKD, see Section 5.2. In such a
case, the set of constraints Cy,,, is described as: for every strategy Sg = {pran, A%, B{ }2.y.a,b,

(66)

> q(@)Te[(Vy @ AL ® By )pras) < pii*?

x,a

Yo, b. (67)

In order to find an upper bound on the winning probability, we find the values of w,(l’fh:nlzl <(Ge

for n = 1,2 computing the corresponding SDPs, see Fig. 3 for their values. Notice that we obtain
tight bounds for pe, = 0 and perr > %, since for pe,. = 0, i.e. if Bob’s outcome has to perfectly
match the referee’s outcome, the optimal values are upper bounded by 0.5 and 0.25, for n = 1
and n = 2, respectively, which can be obtained by the strategy where Alice and Bob send |®+)%7,
Bob measures V;* and Alice and makes the random guess a = 0...0, which will be correct with
probability 2% On the other hand, if pe,. > %, Bob can answer randomly and Alice can share
|<I>+>%z with the referee and perform the same measurement, in which case Alice’s outcomes will

be perfectly correlated with the referee’s outcomes.

1.0 A .“‘..:..-..W.
."".“. v
0.9 L o .__.x"
o~ el
0.8 1 .g‘ »
P o’
0.7 A > Pl
¢ ,’
3 ’ ‘
0.6 4 V.
¢ e
/
0544 i
’
0.4 - &
v
’
034,/
¢
0.0 0.1 0.2 0.3 0.4 0.5
perr/qubit
A n guess

(k=1) (gA n gueSS)

admiss\JC

Figure 3: Upper bounds for UJQ(ng ) obtained from solving the SDP giving the value of w

for n =1 (in grey) and n = 2 (in black).

4.3 Local guessing game

Let n € N, and consider the extended non-local game where Alice and Bob receive input « € {0,1}
and the referee chooses z € {0,1}", all uniformly at random. The referee’s measurements (on a
system of n qubits) are V7 = [vi°)(vi°| @ ... ® v, ) (v, 7], for v € {0,1}". Alice and Bob
have to answer a,b € {0,1}", and they win the game if and only if both answers are the same
and, for every ¢ such that z; = x, then a; = b; = v;, i.e. whenever R measures qubit 4 in basis x,

Alice and Bob have to guess correctly the measurement outcome. This game will be denoted by
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Gn—local guessing  and in the above notation,

Gn—local guessing . _ (q(z,x,y) = 59;’9 2%, V={Vi}.o, W={(2,2,v,a,b) |[a=band Vist. z, =z,a; = vz}>
(68)
Proposition 4.2. The optimal average winning probability of Gn—1ecal guessing for n =1 is given
by
WQ(gl_local guessing) _ 1+ 60282(%) . (69)

Moreover, this value is attained by the strategy S5384 = {|p) (@], AZ = 040, B = a0}, where
|¢) = cos g|0) + sin g |1).

Proof. The strategy 55384 = {|9){(9|, AX = 640, BE = 040} is such that its winning average

a
2(m
probability is HLQ(S) On the other hand, consider an arbitrary strategy S = {prap, A%, By},

then

—local guessin, 1 z z v
wq(GhIowal suesing) | - = > (Vi ® AL @ BY)pras]
(z,z,v,a,b)eW

1 . . . 1 T o AT x
=55 > TV © A" @ By ")pras] + 5 ) (Vi © A7 © BY)pras)

z,v,a z,a

1
=5 Z”ﬁ
T,
< Q%TY [(Z Vf)PRAB

where we split the first sum in = 2z and @ # z, then we used >, A" ® BL™® < I and that
%Zw)a Tr[(VE ® AT ® B2 )prap] < wo(GPP8), and finally, that Y, V¥ = 2I and Tr[prap] = 1.
' O

(70)

(Vi () Ay @B ™)) pras

1 xT T xr
+ 5 > TH[(VP ® AL @ BE)pras]
x,a

1 + cos? (%)

1 1 1
4 5w(gBB84) _ *Tr[2pRAB} 4 5w(gBB84) — 5 ,

=%

The n-fold parallel repetition of the strategy S57**, denoted by (S5784)*™ does not provide
the optimal value for Gn—local guessing for 3]l n. To see this, notice that on the one hand, this
strategy has average winning probability

‘ 1 1V
w(gn—local guessmg)‘(SgBS‘l)X" — (4(3 + ﬂ)) . (71)

On the other hand, consider the strategy S,,—o = {|0)®", AZ = 8,.0...0, Bf = b,0..0}. This strategy
is such that

n—local guessin 1 173 "
w(gnlocal s g)|5n02+2(4>. (72)

To see this, let T, := {i | z; = z}, let t = |T,.|, denote by T, its complement, and, abusing
of notation, we will write Zveny for a bit string v € {0,1} to sum the indices ¢ of v such that
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i € Tz». Then,

gnflocal guessing)

1 n z z
= S N 1 (D) R LR IR
(z,2,v,a,b)EW

w(

z

gt 30T (07,0007, 1 @ [072) (07 N(0E) (057 © 37 o) w177
Z,x

vETE,
= vt O (107 )(07,..05::7)(05::7] © |07, {07 I
1
= S ( > (07 )07 0. )07+ D TT[(|OTM><OTM|0%i;1><01r;;1|]>
z,x—0 z,x=1

1 "\ ) 1, 1/3\"
2n+1<§1+;<t>2 )2+2<4),

where we used that Tr[(|07, ) (07, [0%1)(0%1] = [(07,.]0%1)] = 27" Similarly, one can sce
(71).

We see that for n > 8, the strategy S, outperforms (S57%*)*™. Not only this, but the
strategy (85384)X" decays exponentially in n, whereas S,,_o has an average winning value of at

(73)

least % Therefore, we can conclude that

. 1 1/3\"
(,UQ (gn,]()cal guesslng) Z 5 + 5 <4) . (74)

In [24] an upper bound was shown that can be directly transformed in an upper bound for
Gn—local guessing  which we state in the below proposition:

Proposition 4.3. For every n € N, the following bound holds

- ‘ 1 1/14+1/v2\"
n—Ilocal guessing < = (- —rv-=

The proof in [24] is based on similar techniques as in the proof of Theorem 3. in [17]. For
completeness, we show the proof in terms of extended non-local games in the Appendix.

In order to verify tightness of (75), we compute the SDPs providing the values of wF=1) (Gn—local guessing)

admiss

for n = 1,2,3,4,5, see Fig. 4. We see that using SDPs, we obtain tighter upper bounds for the
above mentioned values of n.

4.4 Lossy monogamy-of-entanglement games

Consider the lossy-and-constrained version of GBB84  denoted by gCB’E;M, where the set of con-

straints C' is given as in the previous case by imposing that Alice and Bob never answer differently,
i.e. imposing that their probability of answering different is 0. In this case, the set of constraints
C is given by: for every strategy So = {pran, A%, B} }z.y,a,b,

> a@T((Vy ® AL @ By)pras] = 0. (76)
z,a,a’ #£b’

In [19] tight results for the optimal winning probability of this lossy-and-constrained game were
found by an ad hoc method combining the ‘1 + AB’ level of the NPA hierarchy [13] with extra
linear constraints derived from bounding operator norms. We show that solving the SDP (27) for
k= ‘1+AB’ for G54, see code [20], it confirms the results in [19], showing that the optimal value
is achieved by the strategy given by the convex combination of S5%%* and S%*“** = {]0)(0], A} =

8a0, AL = 641, B = 040, Bl = 0,1}, which is the strategy where Alice and Bob make the guess
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Figure 4: Upper bounds in Proposition 4.3, given by (75), (gray dots) and upper bounds obtained by
w(kiil) (gnflocal guessing) (black dOtS).

admiss

x = 0 for the referee’s measurement, and they answer 0 if the guess was right, and they answer L
if their guess was wrong. See Fig. 5 for a plot of the results. We see that level 1, w;ﬁ;}ils, provides
a good approximation, whereas level 1 in [19] is far from the optimal value. The main advantage
is that it is enough to have the description of the game to find the value and there is no need to
derive extra linear constraints. Moreover, we know that wé@mss will converge to the true value,
whereas it was not necessarily the case in the ad hoc method in [19]. This becomes more clear in
the following case.

Consider the extended non-local game G3~%5¢ described by

1

3—bases ,__
gt (s =y

JV ={VE = laz)ag|tee, W ={(z,v,a,b) |[v=a= b}xw,a,b), (77)
with X = {0,1,2} and A = {0,1}, where |ag) = |a), |a1) = H|a), and |az) = [i) if a = 0 and
lag) = | —4) if a = 1. This game is similar to GBP8* but the referee, instead of measuring his local
register in either the computational or the Hadamard basis, can also measure in the basis {| £1)}.
The lossy-and-constrained version of this game, ggjn‘m“, where C' is given by forbidding different
answers from Alice and Bob, was analyzed in [19] with the ad hoc method providing upper bounds

on wgq (gf;—baseS) for Vi € [0,1]. Nevertheless, it was open if those were tight. Here we show that

3—bases

solving the SDPs for wsdmis s (gc’n ) gives better upper bounds, see Fig. 6. In addition, we will

see that they are tight. Moreover, we computed the values for wf;j,}nss(ggfb“%), i.e. without the
constraint of imposing same answers for Alice and Bob, and we obtained the same value. In search
of optimal strategies for every n, this fact lead us to think of strategies that always coordinate the
answers of Alice and Bob, consisting on preparing a concrete qubit and pre-agreeding a fix answer
regardless the question they receive.

Consider the strategies
Sgy 9% = {[0)(0], A = a0, A} = A2 = 041, B) = da0, By = By = 6a. }, (78)
which consists on guessing z = 0 and answering | (photon loss) if the guess was wrong,

SEEB = {|6)(¢], A = A}, = 840, A2 = 641, B) = B} = 040, B2 = 6,1}, (79)

a

if z € {0,1} and claiming photon loss if = 2, and

consisting on using 53384

S%—bases = {|d3)(P3], A% = 40, By = a0}, (80)
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Figure 5: Solutions of wadmm(gCBﬁM) and wé’;:n;;AB ’(QCB}ES“), represented by dark grey continuous line and

black dots, respectively, together with the winning probability of the strategy given by the convex combination
of the strategies S5”** and 54", represented by a light grey continuous line.

where |¢3) = cos(tan (f))\0> + el sin(w)ﬂy Notice that |¢3) is the state that has

simultaneous maximum overlap with |0), |+) and |¢), i.e.

rﬁl;X{KOIw)IQ +(Hl)? + i) P} = [(0lgs)* + [{+]¢s)|* + [(ilds)|*. (81)

Result 4.4. The strategy Sg" consisting of Alice and Bob playing:
e the convexr combination of ngg“ess and Sg_BBs‘l, Jorme[3,2),
o the convex combination of 55_3384 and Sg‘b“ses, form e [%, 1]

s optimal for Qf’]_b““s with

z L(’r] - 7) an € [ ) )
3—bases\ __ 3 V2 373
CETIE Q) e -

The strategy S /" matches the upper bound obtained by the SDP giving the value of wa dmzss (Qg’_b“ses)

where k = ‘1 + AB' for n € [5,2) and k =1 for n € [%,1]. We want to highlight that k& = 1 for
n e [3, 3) has solutions that are almost equal for k = ‘1—|—AB’ and just diverge in the third decimal.

b

Notice that SQ” slightly outperforms the strategy given by the convex combination of Sg guess and

Sgﬁbases, see blue line in Fig. 6.

Unlike for g,?BSQ the optimal strategy for Qi’*bases for every n is not just given by simply
playing the optimal strategy (for n = 1) with a certain frequency and combining it with the
guessing strategy, claiming photon loss enough times to be consistent with 7. This is summarized
in the below observation:

Observation 4.5. The optimal winning probability of a lossy extended non-local game is not always
given by the conver combination of the optimal strategy for n =1 and the guessing attack.
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Figure 6: The dotted and continuous lines correspond to the upper bounds obtained in [19] with the ad hoc
method using the 1st and 2nd levels of the NPA hierarchy, respectively. The black dots correspond to the
values of wi’é%ms(gg’b“”), where k = ‘1 + AB' for n € [3,%) and k = 1 for n € [2,1] , the gray line
correspond to the winning values of the strategy 8632", the blue line corresponds to the winning value of the
strategy given by the convex combination of S279%¢*¢ and §27%9%¢5 and the big black dots correspond to the

winning probabilities of the strategies S%_g"ess, 82’{3384 and Si’;bases, respectively.

5 Applications to quantum cryptography

5.1 Application to relativistic Bit Commitment (with loss)

Bit commitment (BC) is a cryptographic two-party primitive where a party Charlie commits to a
bit « € {0,1} relative to another party R in a way that is both binding, in the sense that Charlie
can not change the value of x afterward, and hiding, in the sense that R cannot know the value of
x before Charlie unveils it. The standard description of bit commitment protocols consist of the
following phases: commit (Charlie commits to x), wait (no information is shared between parties),
and open (Charlie unveils z to R). In [30, 31] the impossibility of unconditional security of bit
commitment was shown, even for protocols constructed using quantum information.

In [21], Kent introduced a BC protocol, which we denote by BC" =888 in which Charlie is
forced by the spacetime constraints in a Minkowski spacetime to commit x at a given spacetime
point. Unconditional security in the asymptotic limit (in n, see below) was proven in [23], with
tighter results for every n in [24]. In this section, we show that security of this protocol can be
reduced to an extended non-local game and, by computing upper bounds as in Section 3.1, we find
tighter results (for small values of n). We show security for small instances of n when loss is taken
into consideration.

The BC"~B884 protocol is described as follows: let (s,t) be a set of coordinates for (1 + 1)-
dimensional Minkowski spacetime and consider the points P = (0,0), Qo = (—1,1) and @, = (1, 1).
Notice no information sent from P, = (0,¢) for ¢ > 0 can reach both Qg and @;. The referee R
prepares the state [¢0) = |11) ® ... ® |1, ), where |¢;) € {|0),|1),|+),|—)} are BB84 states, and
sends |1) to Charlie, who, at P, commits the bit z by measuring each qubit he received in basis
x € {0,1}, obtaining b € {0,1}". Charlie sends z,b to two agents, Alice and Bob, who unveil z
(and b) at Qo and @1, respectively. The referee checks if both z,b from @Qy and Q; are the same
and are consistent with the states he prepared.

Security for dishonest referee and honest Charlie follows from the fact that the referee cannot
learn anything about x by no-signalling.
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In order to study security for honest referee and dishonest Charlie (and his agents), we introduce
a purified version of BC" =558 in a similar way as in [23], described as follows:

1. R prepares n EPR pairs ®7_,|®1)g,c, and sends one half of each pair to Charlie (C), i.e.
registers C ... C,, and keeps the other halves (registers Ry ... Ry).

2. Charlie (C) commits to a bit x by measuring the qubits he received in basis x € {0,1},
obtaining b € {0,1}" (committing phase), and broadcasts x and b to two non-communicating
agents Alice (A) and Bob (B).

3. Alice and Bob send x and b to R (opening phase).

4. R picks a uniformly random bit string z € {0,1}" and measures the qubit in register R; in
the basis z; for all 7 € [n], obtaining r € {0,1}".

5. R checks if

e he received the same x and b from Alice and Bob,

e for all i such that z; = z, it should hold that r; = b;. We will denote (z, z,7,b) such
that the above hold as W, the winning set.

If the checks pass, the opening is accepted.

The only difference with the purification of BC?~BB84 in [23] is that, in our case, the referee
measures each qubit in a uniformly random basis z; € {0,1} instead of measuring half of the n
qubits in the computational basis and the other half in the Hadamard basis. Our purification
corresponds to Kent’s protocol [21], since all the BB84 states are in a uniformly random basis,
instead of half in computational and half in Hadamard as in the variation in [23].

The average probability of accepting the commitment is given by

1
Waccept = i(pO +p1)a (83)

where py and p; denote the probability of accepting the commitment z = 0 and x = 1, respectively.
For an honest (and perfect) implementation of the protocol,

1

Pe=1o Y, Tr[(%? @ @Vim) @ (Ve @@ Vi )(|2T)(@F)*"|, for z € {0,1},
(z,z,r7,b)EW

(84)

where V¥ = HY|a){a|HY for a,y € {0,1}. Then, the average probability of accepting is
1
Wt = 1S pe= 1 (85)
x

See Fig. 7 (a) for a schematic representation of BC" 8584 In Fig. 7, we place R in the same
location as B’ in the past, but R can be anywhere in the past of C.

Accepted in {Yuantum 2025-03-24, click title to verify. Published under CC-BY 4.0. 20



R
position
|¥)
time )
c(p)
o(P)
z,b z,b T T
A(Qo) B(Q1) A(Qo) B(Q1)
(a) Honest implementation (b) Dishonest implementation

Figure 7: Scheme of an honest (a) and dishonest (committer) implementation (b) of the BC™?58 protocol.

When transmitting the quantum information from R to C, for example, by sending it through
a quantum channel connecting R to C, or by R ‘delivering’ it to C' such that C' has to keep it
in a quantum memory till the committing phase, a certain fraction of qubits might be lost. Let
1 denote the transmission rate per qubit, then with probability 1 — 7, in the commitment phase
Charlie will obtain b; =1 for all ¢ € [n]. We introduce BCZ*BB84 as the lossy version of BCn— 5584
with transmission rate per qubit 7, where the difference is that b € {0,1, L}™ and the check that
R performs consists of

e verifying that he received the same x and b from Alice and Bob,
e verifying consistency with the measurement outcomes, i.e.

for all 4 such that z; = z, and b; #L, r; = b;, (86)

e verifying consistency with the transmission rate, i.e.
{i | b # L} € [nn — oy, nn + o), (87)
for a certain o, > 0.

If the checks pass, the opening is accepted. The set of tuples (x, z,7,b) that pass the test (winning
set) is given by

W, = {(z,z,r,b) € {0,1} x {0,1}" x {0,1}" x {0,1, L}" | egs. (86) and (87) hold.},  (88)

i.e., if the answers she received are such that (x,z,r,b) € W,,, the bit = is accepted.

For an honest execution of the protocol, we consider the lossy channel that acts on each qubit
by leaving it invariant with probability n, and losing it with probability 1 —n. The honest average
winning probability can be expressed as

honest _ 11 Z Tr[(VTZ ®M§)(|@+><¢+|)®n], (89)

accept 527
(x,z,r,b)eW,
where le’:le;@n-@Mg’ for

n—1"

1_ Vi € [n], (90)

@ =)l ifb=1.

i.e. in each qubit Charlie either performs the same measurement as the referee with probability 7,
or the photon is lost with probability 1 — 7. For n large enough, by the central limit theorem, the
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commitment will be accepted with probability arbitrarily close to 1 (with the value determined by
on).

Moreover, in an experimental implementation, an honest Charlie will have a certain error. Let
€ be the error per qubit that he is assumed to have. Then, taking this into account, we introduce
the loss-and-error version of BC"~ 5584 as BC!~ P58 where the check that R performs consists of
the same check as in the lossy version and, in addition, she verifies the consistency with the error,
ie.,

{i |z =« and b; AL and b; # r; }|
[{i | zi =« and b; #L}|

€_Ug§ S€+UE7 (91)

for a certain o, > 0.

5.1.1 Security for dishonest Charlie

We analyze security in the global command model [23], where an external agent dictates the bit that
should be unveiled to Alice and Bob at latest at t = 1. The most general thing a dishonest Charlie
can do is, during the commit phase, to apply an arbitrary completely positive trace-preserving
(CPTP) map to his halves of EPR pairs and possibly some ancillary qubits and send a register to
Alice and another register to Bob. Then, upon receiving the bit x dictated by an external agent,
Alice and Bob perform POVMs {A?} and {B}} to answer z,a and x, b, respectively.

Security of BCZ’BB84 can be reduced to the winning probability of the extended non-local
game ‘Local guessing game’ Gn—local suessing - qegeribed in Section 4.3, where the referee, Alice and
Bob share a tripartite state prap, and Alice and Bob answer z,a and x,b such that a = b. Upon
the choice of measurement z € {0,1}" with outcome r € {0,1}", they win the game if the tuple
(x,z,7,b) € W,,. The optimal winning probability is given by

wo=swpios S TV © AT @ Bi)pmas] = 5 (1t + pi0H) = wiltesh,  (92)
(z,z,r,b)eW,

where V7 = [rg®)(rg°|®- - @[ry" 5" ) (r '], and pgtet = 5 57y ew TH(VE ® AY @ BY)pras]

denotes the probability that R accepts the commit x (sent by the attackers).

Notice that a dishonest implementation of the protocol will always have average winning prob-
ability of at least %, since a dishonest Charlie can pick x, measure all the qubits he received at P
in basis = (as in an honest implementation) and broadcast the outcome to Alice and Bob. If the
external agent picks the same value x, the commitment will be accepted, thus,

1
Waceent = 5 T & (93)

for a certain bias £ > 0. Phrasing the attack in terms of an extended non-local game, the strategy
Sn—o = {|0)®™, AL = 64,0..0, B = 0p0...0} introduced in Section 4.3 is such that

1 1 1/3\"
attack _ attack attack\ __
waccept |5n70 - g(pmg +p1—z0 ) - 5 5 <4> . (94)
Therefore, we have that
attack 1 173 "
waccept > 5 + 5 i : (95)
In [23], security was shown with
attac 1 : —n(1—h(d —1ns?
wattiph S g+ uf 27O e (96)
)

which decays exponentially for n — oo. This result was tightened in [24], showing that, from

Proposition 4.3,
1 1/1+1/v2\"
attack o — - )

waccept =9 + 2 ( 9 ) (97)
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We analyze security for small values of n by computing upper bounds of (92) solving the SDP
that gives us the upper bound wéz)mi 55 for fixed values of n, see code [20].

For the lossless and error-free case, we have the bounds plotted in Fig. 4, where we find tighter
bounds than in [24] for small values of n.

Now, for small n, we consider the scenario where a certain number of photon loss answers
are accepted. Since the acceptance criterion will be based on a few qubits, we only consider the

error-free case. We analyze the following cases:

(i) n = 1. The referee has to either accept or reject the commitment based on a single bit. In
such a case, we consider the error-free case where only non no-photon answers are accepted,

ie. W={(z,z,nb)| if z=u, then r =b#L}. Then,

(1) 1 + cos?

Wehartic = 1) and w = 0.926776695 ~ % (98)

admiss

From Section 4.3, we know that the result w((lz)miss is tight. In this case, an honest Char-

lie would pass the test with higher probability than potential attackers as long as n >
0.926776695. There is no point in considering accepting photon loss as a valid answer for
n = 1, since the attackers can then always claim photon loss and be accepted with probabil-
ity 1.

(#i) n = 2. The referee has to either accept or reject the commitment based on two bits. In such
a case, we consider two possible winning sets W given by

e the set of two answers such that do not contain L (no photon loss answers accepted),
then
Wehartie =1 and W) =0.8607577. (99)

admiss

In this case, an honest Charlie would pass the test with higher probability than potential
attackers as long as n > 0.92777.

e the set of two answers such that at least one is not L. In such a case, wib)miss = 1.000
provides a trivial upper bound.

(#ii) n = 3. The referee has to either accept or reject the commitment based on three bits. In
such a case, we consider two possible winning sets W given by

e the set of two answers such that do not contain L (no photon loss answers accepted),
then
Wehartie = 1° and W) =0.8014794 (100)

admiss

In this case, an honest Charlie would pass the test with higher probability than potential
attackers as long as n > 0.928892.

e the set of two answers such that at least one is not L, then

Wenartic = (3 — 201 and Wi . = 0.927699 (101)
In this case, an honest Charlie would pass the test with higher probability than potential
attackers as long as n > 0.835472.

5.2 Application to device-independent quantum key distribution

In [17], security of one-sided device-independent quantum key distribution (DIQKD) BB84 [22]
was proven using a monogamy-of-entanglement game. In order to reduce an attack on the protocol
to a monogamy-of-entanglement game, we consider an entanglement-based variant of the original
BB8&4 protocol, which implies security of the latter [32].

We consider a simplified version omitting information reconciliation and privacy amplification,
in which two parties, a referee (usually in the literature, Alice) and Bob want to establish a secret
key, tolerating a measurement error pe,, per qubit:
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e The referee prepares n EPR pairs, keeps one half and sends the other half to Bob from each
EPR pair. Bob confirms he received the n qubits.

e The referee picks a random basis x;, either computational or Hadamard, to measure each
qubit, sends zg,...,z,—1 to Bob and both measure, obtaining a = ag...a,—1 and b =
bg ...by_1, respectively.

The key is successfully generated, up to information reconciliation and privacy amplification, if
dH(a7 b) < NPerr-

The security of this protocol for untrusted Bob’s measurement device, which could behave
maliciously, can be reduced to the monogamy-of-entanglement game where Alice’s goal is to guess
the value of the referee’s raw key a [17], where it is proven that the protocol can tolerate a noise
up to 1.5% asymptotically.

Here we consider a similar approach by first fixing the error p..,, and then seeing what is the
probability that Alice guesses x, with the condition that Bob’s answers must be at a relative
Hamming distance at most pe,,. from x. This security can be reduced to the constrained extended
non-local game gépjf“e” described in Section 4.2.

Obtaining the values of wiﬁfnli)ss(gngKD) for n = 1,2, see Fig. 3, we find nontrivial upper

bounds for the winning probability Qé; 8495 which translate to security for QKD. Notice that

if the error per qubit is at least %, the eavesdropper can use the strategy consisting of sharing n
EPR pairs with the referee, performing the same measurement, and manipulating Bob’s device so
that it answers random bits (which each are going to be correct with probability %)7 therefore,
the eavesdropper’s outcomes will be perfectly correlateg :Vglcisthe referee’s outcomes so that she

guesses perfectly the raw key and for pe,,. > %, WQ(gcp”r ) = 1, this confirms the that the

results for pe,, > % obtained via wézzli)ss(ggpﬁ‘g‘ueSS) are tight, sce Fig. 3.

In order to prove security for an arbitrary n and a given laboratory error pe,,, one would need
to solve the corresponding SDP w((llflfnli)ss (ggp" 8195%) (or larger k). However, the downside is that

larger values of n take considerably more computational resources.

5.3 Application to quantum position verification

Securely finding out a party’s location (position verification) or writing messages that can only
be read at a certain location are potentially-impactful tasks part of the field of position-based
cryptography (PBC). An important building block for PBC is so-called Position Verification (PV),
where, in a 1-dimensional setup, an untrusted prover P wants to convince verifiers Vj, and Vi,
placed left and right of P, respectively, that she is at a certain given position. In [33] it was proven
that no secure classical protocol for position verification can exist, since there exists a general
attack based on copying classical information.

Due to the no-cloning theorem [34] the general classical attack does not apply if quantum
information is used instead [35, 36|, however, a general quantum attack exists which requires
exponential entanglement [37, 38]. This means that hope for protocols secure against reasonable
amounts of entanglement is alive, and indeed there has been much analysis on attacks on specific
protocols [39, 35, 40, 41, 42, 43, 44, 45, 46, 47]. Also of note is recent work performing the first
experiment that implements QPV in a lab setting [48].

One of the simplest and best-studied QPV protocols [39, 35] is based on BB84 states, denoted by
QPVgpss- The protocol consists of one verifier (Vy) sending a BB84 state [¢) € {]0),]1),]|+),|—)}
to the prover, and the other verifier (V;) sending classical information = € {0,1} describing in
which basis the prover has to measure, either the computational basis (x = 0) or the Hadamard
basis (x = 1). The prover then has to broadcast the measurement outcome a € {0,1} to both
verifiers, with all communication happening at the speed of light.

The most general attack on any 1-dimensional QPV protocol is to place an adversary between
Vo and the prover, Alice, and another adversary between the prover and V7, Bob, such that the ad-
versaries intercept the messages coming from their closest verifiers, have one round of simultaneous
communication, and reply to their closest verifier.

For security analysis, we will consider the purified version of QPVgpggs, which is equivalent to
the defined version above. In the purified version, Vj, instead of sending a BB84 state, prepares
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the EPR pair [®1) = IO(D% and sends one qubit to P and at some later point, V; measures their
register in basis x. In particular, it makes it easy to delay the choice of basis x to a later point in
time, which makes it clear that the attackers’ actions are independent of the basis choice.

In [37] it was proven that QPVpps, is secure if the attackers do not pre-share entanglement
before to intercept the information. They did so by upper bounding the probability that both
Alice and Bob can guess the outcome of Vj’s measurement (which they use to answer in the last
step of the attack). In [17], it was shown that security of QPVypgs can be reduced to the GBB84
game.

In an experimental implementation, one might expect the prover to answer incorrectly with
a certain probability. However, since P broadcasts classical information, it is not expected that
she ever sends different answers (inconsistent answers) to the two verifiers. Therefore, if in any
round the verifiers receive an inconsistent answer, they can abort the entire protocol since they
have observed something that will never happen in an honest execution of the protocol. Therefore,
it is natural to study security adding related constraints to the attackers, which might lower their
probability to win the extended non-local game, and thereby provide a tighter bound on the best
attack of the protocol. A natural constraint to GBP8* would be to forbid inconsistent answers, i.e.
to impose the set of constraints C' for every strategy Sq = {pran, A%, B} }2,y.0,b given by

Z q(x)Tx[(Vy © AG @ By)pras] = 0. (102)
z,a,a’ #b’
This corresponds to the constrained GZ528* game analyzed in Section 4.1, showing that unentangled
attackers cannot win it with probability greater than cosz(%), corresponding to the optimal winning
probability without constraining the game.

In a practical application, not only errors arise, but also a sizable fraction sent from the verifiers
to the prover is lost. In the case of QPVypgy, if the transmission rate from the channel connecting
Vo and P is 7, the prover is expected to answer either 0, 1 or that she did not receive the qubit
(with probability 1 — n). The lossy version of QPVgpg, will be denoted by QPV{Le,. In [19] it
was shown that the security of QPV{ye, could be reduced to the lossy-and- constralned extended
non-local game 93384 which we analyzed in Section 4.4, with wQ(gBBs4) fn + sin ( ) We

therefore see that for an honest prover without error, the protocol remalns secure for n > smce
the honest prover will answer correctly with probability  and n > fn + sin ( ) for all n > 5
Moreover, for a given n, the protocol tolerates a total error pe,, as long as

n(1 = perr) > %n + sin’ (%)- (103)

Since the results were tight, the above inequality provides the optimal relation with the error. We
saw that using our new methodology, the results of [19] are verified in a simplified way, since there
it was necessary to derive inequalities using the norms of the verifier’s measurements but just the
description of the protocol.

The application of Section 4.4 in QPV not only verifies in a different way preveously known
results but improves some providing tight results. Consider the extension of QPVyzpg, consisting
on Vj sending a uniformly random state from the set {|0), [1), |[+), |—),|+%),|—¢)} and V; sending in
which basis to measure (Hadamard, computational or {| +=4)}), introduced in [35]. The security of
this protocol can be reduced to the winning probability of the extended non-local game G3~b%5¢5  as

e

shown in [19]. This game was analyzed in Section 4.4, and it has optimal value % 5, therefore,

attackers can spoof the verifiers with at most a probability 3 1 @ ~ (.788675 per round. In
addition, if loss is considered, security reduced to the winning probablhty of QS nbases where the
set of constraints is such that different answers are forbidden, whose optimal winning probability
is given in Result 4.4. Notice that we have that wQ(Q3 b“”“’) = wo(gy bases) " since the optimal
strategy given in Result 4.4 is such that C is fulfilled. Then, for an error-free prover, one expects
correct answers with probability n and the protocol is secure for n > %, since for this range,
n > wg (Q3 b‘““) Then, given a transmission rate 7, the tight relation with the error pe,, is given
by:
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(i) ifn € [3,3),

77(1 _perr) > (77 - *), (104)

(i) it n € [3,1],
(1 = perr) > (\1[ — f) 41z ¢;+ Vi, (105)

5.3.1 Security for 2-fold parallel repetition of QPV{ye,

The security of the n-fold parallel repetition of QPV}] e, given that the attackers do not pre-share
entanglement, can can be reduced to the n-fold parallel repetition of the lossy extended non-local
game GEBS™ with X =¥ = {0,1}" and A= B ={0,1, L}".

In this section, we analyze the case n = 2 and we show security for the 2-fold parallel repetition
of QPVile,, given that the attackers do not pre-share entanglement. Imposing the same loss rate
for both qubits, i.e.,

3 oz Tr(Ip © I ® AT BY ) pras) = (1 - 1)°, (106)

o1

for all ag, aj € {0,1},

rox rox 1
Z Q(ﬂﬁoxl)Tr{(HR ®@Ip® Aang ; l)pRAB} = 577(1 - 1), (107)

o1

and for all a;,a] € {0,1},

S aleoma) T [(In © Tn © AT B pras] = (1~ ), (108)
ToT1
we obtain an upper bound solving the SDP that gives the value w((l’;mws(QBBg‘lXQ) The obtained
values, see [20] for the code, are plotted in Fig. 8, together with the winning value of the parallel
repetition of the optimal strategy for QTJIBBS‘*. We see that the upper bounds are slightly grater
than the values corresponding to the parallel repetition of the optimal strategy, and thus it remains
open if strong parallel repetition holds when there is loss.

An error-free honest prover will answer correctly with probability n2, which is strictly larger
than the upper bounds found for wq (91175’384“), for all n > % In addition, if the the total error
of the prover is pe,., we have security for 2-fold parallel repetition as long as the probability of
answering correctly, given by 7?(1 — pe,), is such that

(1= Perr) > Whominy (GEPH2). (109)

Security for the n-fold parallel repetition for a given n can be computed analogously. Since our
techniques do run into a practical limit when increasing n, we leave the open problem to create a
more efficient program that computes the parallel repetition faster.
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Figure 8: Values of wéZTHIZ.)SS (GP2P34%2) (black dots) and winning values for the parallel repetition of the optimal

strategy for GZP®* (gray continuous line).

6 Discussion and open problems

We give an approach using SDP hierarchies to extend security proofs of quantum cryptographic
protocols to realistic scenarios. A first natural extension of this work, could be to apply our
techniques to other problems in quantum cryptography, especially when proving security of near-
term experimental setups. A possible future task could be optimizing the code provided in this
work, making it feasible to compute SDP solutions for larger instances of n in some of the above
analyzed games. In addition, since the solutions of the solved SDPs provide tighter results than
Proposition 4.3, it would be interesting to find either a tighter version of that proposition or the
optimal value for all n. In our application to relativistic bit commitment, we show partial loss
tolerance of the protocol without having to adjust the communication pattern. A different way to
make the protocol loss tolerant could be to introduce an extra round of communication, where the
committer announces immediately which qubits arrived successfully.
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Appendix A Proof of Proposition 4.3

We show the proof of Proposition 4.3 [24]. For that, we need the following Definition and Lemmas.

Definition A.1. Let n € N. Two permutations w, 7' : [n] — [n] are said to be orthogonal if

7(i) # 7' (i) for alli € [n].

Lemma A.2. (Lemma 2 in [17]) Let II',... II" be projectors acting on a Hilbert space H. Let
{7k} ke be a set of mutually orthogonal permutations. Then,

DI

i€[n]

< max |[TFFTT™+ @] (110)
paprtl

Remark A.3. There always exists a set of n permutations of [n] that are mutually orthogonal, an
example is the n cyclic shifts.

Lemma A.4. (Lemma 1 in [17]) Let A, B, L € B(H) such that AAT = BTB. Then it holds that
|AL| = || BL]|.

Now, we are in position to prove Proposition 4.3, which uses similar ideas as in the proof of
Theorem 3 in [17]. Let & = {prap,AZ, Bf} be an arbitrary strategy. As above, let T, := {i |
z; = x}, and denote by T its complement, and, abusing of notation, we will write Zven . for a
bit string v € {0,1} to sum the indices i of v such that i € T,,. Then '

wQ(gn—local guessing)|5 _ TEs] Z Tr[(vvz ® A ® Bg)pRAB]
(z,z,v,a,b)EW
1 —x...1l—x —Z...l—x
= ot > Tf[(Ia%;x}(a%;x\ ® [o ™ T o T @ Aerare ® BfanaTz%)pRAB}

z,x vETS,,a

1 e —z. -
Tt 2 30 IR @ N N8 A, © Bl

z,x vVETS,,a

IN

1
= oot || 2 2 1OEINeET @ @ AL o ® BYp oy

z,x vETS,,a

1 2z
= 2n+1 Z I

1
goerr e [T )
k

<

(111)

where we used >, . |52 " ) (I 7P| = Iy where I7¢ is the identity in the systems T

zZx)

in the last equality we defined IT** := 3", lag#) (a7 @ e, @ AG ® BZ and we

AT, 07E, AT, a7e,’
used Lemma A.2 in the last inequality, for a set of mutually orthogonal permutations {7m}. Fix

Accepted in {Yuantum 2025-03-24, click title to verify. Published under CC-BY 4.0. 30


http://arxiv.org/abs/2203.10106
https://dx.doi.org/10.1109/tit.2019.2950190
https://dx.doi.org/10.22331/q-2023-08-09-1079
https://dx.doi.org/10.22331/q-2023-08-09-1079
http://arxiv.org/abs/2502.04125

k, let 2'z" = mp(2x), let T := T,u N Ty, let @ = |Z| and denote Z¢ = [n] \ Z. We define

P o= "|ag ") ah 7| @ Ire @ A2 ® I,

r_ ! ¢ ’ ! ! ’ (112)
Q7" = | " WaF 7| © Iz @14 @ By,

Note that II1** < P** and II*'*" < Q%' then, by Lemma A.4, ||[II**II¥'%|| < ||P7*Q**| =
| P72 Q%' @'« p*||z = || P=*Q*'* P>*||2. We compute the last product of matrices:

Pszz/w/Pzg; — Z |a%1><a%1|a/zl’L/><a%/l/|a%¢z><a%ul| ® Ize ® AZ:A@/ ® B;E//

’ 1
a,a’,a

z..x| tr’ .’ \ (2| T2 x..T x x’ (113)
= ag“lag ) Plag ") ag | @ Iz ® AL ® By,

where we used that AZ A%, = §,. AZ. We distinguish two cases:

(i) if x # 2/, we have that |(a%*|a%"~*")|> = 277, and then,

Pszzlw’Pza; _ 22_1‘a%l><a%z|®HIC®A2®Z B(:;// — Z 2_l|a%I><a%l|®HIC®A2®H3,
a a’ a

therefore . .
||PZxQZ T Pzac” S 2—1. (114)

’

(ii) If © = 2/, then |(a%*|aZ*"~*")|2 = 6,4 and we use the trivial bound

|P=Q7 e P < 1. (115)
Therefore, we have that
r_! 2_2 .f !
e < g VAT A (116)
1 if v =2’

In order to apply it in the bound (111), consider the set of permutations given by mx(zz) = zx Dk,
where zz,k € {0,1}"! (they are such that they have the same Hamming distance). Notice that
exactly half of the permutations (i.e. 2™) are such that = 2/ and the other half are such that
x # x’. For the latter case, there are (”) permutations with Hamming distance . Then,
1
o S e
k

Zz; T%* o

<p (e () =5 ()

1
S — 2n+1

wQ (gn—local guessing)| <

(117)
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