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Chapter 1

Introduction

This chapter describes the emerging technology of quantum computers, by re-
lating them to more general computational devices and problems. We also dis-
cuss advances in quantum algorithms and the search for a (provable) quantum
advantage. Afterwards, the special role Fourier analysis plays in many quantum
algorithms is discussed. Next, we consider some practicalities that arise when im-
plementing quantum algorithms on quantum hardware. This chapter concludes
with the contributions of this work.

1.1 Computational devices

For centuries, humans have used tools to perform computations. For a long time,
we only had relatively simple tools: Our hands for counting or an abacus to
perform arithmetic operations. With the advent of computers, we gained access
to a new tool. These computers could carry out similar operations as we have
long performed, but with the benefit of doing so automatically.

In the 19th century, Babbage was the first to propose a steam-engine powered
computer-like device [Bab82]. Others later also proposed and even built devices to
perform computations. It was not until the 1930s that Turing laid the theoretical
foundation for a universal computer [Tur37|. Von Neumann later introduced the
von Neumann architecture, where the data and the programs are both stored in
the same memory [Neud5|. This architecture enables users to easily reprogram
the computers and use them for different applications.

Modern computers still heavily rely on the foundational work of Turing and von
Neumann. Today, computers work by manipulating computational units called
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bits in a precise order. The speed at which bits are manipulated largely deter-
mines a computer’s computational power. Modern day computers use transistors
to manipulate bits. The number of transistors roughly translates to the compu-
tational power of the whole device. Moore first noted an apparent exponential
growth in the number of transistors on a chip, which he then predicted as a trend
for future growth [Moo65].

Moore’s law, as this predicted growth was quickly called, effectively states that the
number of transistors per integrated circuit roughly doubles every two years. As
a result, the size of the transistors decreases by roughly the same factor. This size
decrease implies a limit to the scaling of the computational power resulting from
the number of transistor per chip [Spel8|. At some point, the transistors become
so small that they no longer obey the laws of conventional physics. Instead,
quantum physics must be used to describe their behavior [Lan12].

Quantum physics extends the laws of conventional physics as developed by New-
ton and others |[New78|. With quantum physics, events can happen with certain
probability, instead of with certainty. As an undesirable effect, electrons in tran-
sistors can ‘tunnel’ through barriers, thereby resulting in unpredictable behavior
of the transistors.

1.2 Computational problems

As computers can be programmed to automatically perform operations and thus
solve problems, it is natural to ask what problems these computers can solve.
The field of computer science tries to group problems based on the asymptotic
computational resources required to solve them. We call these groups complexity
classes.

The most well-known class is P, the class of decision problems solvable in poly-
nomial time'. We call problems in P efficiently solvable and we call algorithms
that solve a problem in P efficient. For an algorithm f to be of polynomial time
means that there exist positive constants A and ¢ such that on binary input x of
length n, the algorithm computes f(x) in at most An® steps.

As both A and ¢ can be any nonzero positive constant, the total number of
operations required can vary widely. It might therefore seem counterintuitive
to call all polynomial-time algorithms efficient. The practical applicability of
algorithms significantly depends on the exact value of the constant. Luckily, the
constants for most polynomial-time algorithms used in practice are small [Wigl9,
Section 3.

!Formally, the class P is defined in terms of languages that decide a decision problem in
polynomial time. We will instead follow the definition in terms of polynomial-time algorithms.
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Polynomial-time algorithms have the added benefit that their sum, product, and
composition remain polynomial. This property is desired as it allows an efficient
algorithm to call another efficient algorithm as subroutine. Their composition
remains efficient. Subroutines are extensively used in programming languages.

The best known algorithms for problems without known efficient solutions typi-
cally have running times that are exponential in the input length. As exponential
functions grow significantly faster than polynomials, even for small input sizes,
the running times of these inefficient algorithms become too large.

Examples of problems that admit efficient solutions are finding the shortest route
between different stops [Dij59| and testing the primality of integers [AKSO04|.
Yet, we have not yet found efficient algorithms for the closely related problems of
finding the shortest cycle between different stops (the Traveling Salesman Prob-
lem) [Rob49] and finding the prime factors of an integer. Many believe no efficient
algorithm exists for these problems. However, these two problems have efficiently
verifiable solutions; Computing the product of different primes is simple, as is
comparing it with the original integer. This gives the complexity class NP, con-
sisting of problems that can be verified efficiently (that is, in polynomial time).

Naturally, every problem in P is also in NP, as finding a solution is more difficult
than verifying one. However, it is still unknown whether there are any problems
in NP that are not in P. Many believe this to be the case, but it remains one of
the main open questions in the field.

As one might expect, there are problems that admit no efficiently verifiable solu-
tion and are outside of NP. A prime example is the Halting problem, which tries
to decide if a computer program terminates or run indefinitely. Turing proved
that this problem is in fact undecidable [Tur37|, meaning that no single algorithm
can decide for every program if it will ever terminate. Aaronson, Kuperberg, and
Granade provide an extensive overview of many complexity classes, including
known inclusions and separations between certain classes, as well as well-known
extensions [AKGO5|.

If we have a complexity class, we can often associate it with a class of circuits.
Figure 1.1 gives a graphical example of a circuit. The input of length n is shown
at the bottom, and time flows from the bottom to the top. Each square represents
an elementary operation, often referred to as a gate. We call the number of inputs
to a gate the fan-in and the number of outputs the fan-out of a gate. Examples
of these operations include the AND-gate, which outputs 1 precisely if all inputs
are 1, and the OR-gate, which outputs 1 precisely if at least one of the inputs is 1.
We can group the gates in layers, such that every gate in a layer is independent
of the other gates in the layer. In the figure, the dotted box denotes a layer.
The width of a single layer equals the number of operations in that layer and the
width of the circuit as a whole equals the maximum width across all layers. The
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depth d

xl xz ann xn_l xn

Figure 1.1: An example of a circuit. The n inputs are shown at the
bottom and every square box represents an elementary operation.
Time flows from the bottom to the top. The dotted box denotes a
layer and the number of numbers equals the depth of the circuit.

depth of a circuit is defined as the minimum number of layers required.

In terms of circuits, the class P consists of circuits where both the width and depth
of the circuit are polynomial in n. In the remainder of this work we will mainly
focus on circuits. For a complexity class X, we refer to the corresponding circuits
as X-circuits. In the remainder of this work, we will interpret the complexity
classes in terms of these circuits. Differences between complexity classes translate
into differences in the allowed gates, the fan-in or fan-out of gates, or the depth
or width of the circuits.

An example of a complexity class we will revisit in this work is the class NC*. This
class consists of all circuits of polynomial size in the input length n and depth
O((logn)*¥) using only bounded-fan-in AND- and OR-gates?. The closely related
class AC* consists of circuits of the same depth and size, but uses unbounded-fan-
in AND- and OR-gates. The class TC® consists of circuits that additionally have
access to unbounded-fan-in Threshold;-gates. These gates evaluate to 1 precisely
if the inputs sum to at least t. These three classes admit a natural hierarchy:

NCk C ACk € TCF € NCFH,

2We refer to the List of Symbols for a definition of the O-, o-, Q-, w-, and ©-notation. We
can add a subscript to these notations to indicate a dependency on some fixed constant.



1.3. From two problems to a single solution )

where it is unknown if all inclusions are strict, or whether for some k, the in-
clusion is actually an equality. The first two inclusions follow directly from the
definition. The third inclusion follows as any gate with unbounded-fan-in can be
implemented with bounded-fan-in gates in logarithmic depth.

Another class that uses bounded-fan-in AND- and OR-gates is L. This class
consists of all circuits of width O(logn) and has no restrictions on the circuit
depth. Johnson showed the inclusion L € AC' C TC! [Joh90].

1.3 From two problems to a single solution

We have now encountered two problems: 1) The size of transistors presents a
natural barrier beyond which quantum mechanical laws have to be taken into
account; 2) For some problems we have no efficient algorithms. Where some see
a problem, others see a new possibility of using quantum mechanical effects to
perform computations.

Inspired by work of others [Ben73; Ben80; Ben82|, Feynman popularized the idea
of a programmable quantum device to simulate physical systems [Fey82|. Instead
of fighting against unwanted quantum effects in transistors, quantum computers
embrace the quantum effects and use them to perform computations. Shortly
after, Deutsch proposed a model for a universal quantum computer |[Deu85|, in
line with the work for conventional computers by Turing.

1.3.1 Quantum states

Quantum computers use the properties of superposition, measurement, entangle-
ment, and interference to perform computations on quantum bits, often called
qubits. In the following sections, we briefly discuss these properties.

Qubits and superposition

Quantum computers and conventional computers are closely related. Conven-
tional computers operate on bits, each with 2 (orthogonal) computational basis
states, which we will denote by |0) and |1). With n bits in total, a conventional
computer is in one of the 2" possible computational basis states.

Qubits are the quantum-mechanical analogue of the conventional bit. A qubit |i)
in a quantum computer additionally has the property that it can be in any su-
perposition of the two computational basis states

) = ao|0) +ax [1).

In some sense, a superposition means that a qubit is in all computational basis
states simultaneously. More rigorously, a superposition is a complex linear com-
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bination of the computational basis states, such that «; is the complex amplitude
of the state |i) and |ag|* + |1 ]? = 1.

The computational basis states of a qubit form a basis for the Hilbert space
H = C2. A Hilbert space is a vector space with an inner product, such that the
resulting metric space is complete. We will use the operator norm given by

1Ullop = inf{e > 0 [ [[U [}z < cll[¢)]l2, V[) € H}, (1.1)

where ||-||2 denotes the Euclidean norm and gives the length of a vector.

Measurements

Observing a quantum state, even those that are in superposition, will return
precisely one computational basis state. Before measuring, it is unknown which
computational basis state is found. All we can say is that we observe state |i)
with probability |a;|?.

Measurements also alter the measured quantum state: Only the measured state
remains, whereas the rest of the superposition is destroyed.

Entanglement

The composition of two qubits is given by the tensor product: Given two qubits
[¥) 4 € Ha and |¢) 5 € Hp, their composition is given by

V) @ |¢) € Ha® Hp.

The composed Hilbert space H4 ® Hp has as basis all possible combinations of
the computational basis states of H4 and Hp.

If we take the tensor product of n qubits, we can write the joint state as a tensor
product of these n single qubits:

ST G i) @ ® i) .
i1, in€{0,1}

We can equivalently interpret the n qubits as a 2"-level system, described by

Both notations are used interchangeably in quantum computer literature. The
used representation usually follows from the context.

The composed Hilbert space contains more states than just the product between
the states of the two individual Hilbert spaces. We call a quantum state in
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o) € Ha @ Hp separable if there exist [¢) , € Ha and |¢p)z € Hp such that
lo) = |¢) , @ |¢) 5. In all other cases, we call |¢) entangled. Most quantum states
in the composed Hilbert space are entangled.

A prime example of an entangled state between two parties A and B is

1

NG (10)410)5 + 14V 5) (1.2)

often called the EPR-state after Einstein, Podolsky, and Rosen who first ana-
lyzed the state and the correlations between the measurement results [EPR35].
Measuring the qubit of A locally directly determines the value of the other qubit,
independent of the physical distance between the two qubits.

Bell showed that the locally measured entangled variables are strictly more corre-
lated than locally measured variables based on shared randomness. Clauser et al.
introduced the CHSH game, a specific two-player game, where the players either
share randomness or share an EPR-state. With shared randomness, the players
win the game with probability at most 0.75, whereas they do so with probabi-
lity cos?(m/8) ~ 0.85 if they share an EPR-state [Cla+69]. This so-called Bell
inequality violation was later also realized experimentally [Bel64; Hen+15].

Interference

Contrary to what one might believe, quantum computing is more than simply per-
forming computations using probability distributions. The complex amplitudes o
can be negative. Different quantum states can therefore cancel or reinforce each
other, an effect called interference. One way to let quantum states interfere is via
quantum gates.

1.3.2 Quantum gates

Quantum gates can manipulate quantum states. Quantum gates are unitary
operators U : H — H mapping |¢) = Zf\;l a; i)y — ) = Zi]if)l a;U |i). The
unitary property of quantum gates implies that they are reversible.

In this work, we will only consider quantum equivalents of the conventional cir-
cuits shown in Figure 1.1. Quantum devices that perform operations represented
by such circuits are often called gate-based quantum computers. Linear algebra
provides the mathematical foundation that describes gate-based quantum com-
puting. In this context, we can interpret quantum states as unit vectors, and
quantum gates as unitary matrices. Note that unitary matrices preserve the
length of vectors as desired.

Quantum circuits are often depicted with time running from left to right, as shown
in Figure 1.2. This circuit prepares the EPR-state shown in Equation (1.2). Each
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0) ———b—

Figure 1.2: An example quantum circuit. Each line represents
a qubit. The shown quantum circuit prepares the quantum state

(100 + [11)).

line represents a qubit, the square denotes the single-qubit Hadamard gate, and
the black circle connected to the @-symbol represents the CNOT-gate (short for
controlled-NOT-gate). The black circle represents a conditional control: The
NOT-operation on the second qubit is only applied if the controlling qubit is in
the |1)-state. For computational basis states |z) and |y), the Hadamard gate H
implements the map |z) — %(!(D + (—1)*|1)) and the CNOT-gate implements
the map |z) ly) — |x) |y @ z), where & denotes addition modulo 2.

Other common quantum gates include the three Pauli matrices,
Xilg)=»1®zx), Y:|jz)— —i(-1)*|1®x), Z:|z)—(=1)%z). (1.3)

From the Pauli matrices we arrive at the Pauli group P, consisting of all n-qubit
combinations of Pauli matrices:

P, = {Cp1®®pn |p7, S {I,X,}/,Z},CE {:l:17:|:®}}7 (14)

where [ is the identity matrix that leaves all states the same.

We also have parametrized versions of the Pauli matrices:

) S0
_ —i0X/2 _ COS 5 —17 S1n 5
Rx(0) =e (—i sing cosg ) ’ (1.5)
9 0
_ —i0Y/2 _ COS 5 —SIn 9
By (0) =e (Sing cosg ) ’ (1.6)
Rz(0) := e/2e102/2 — <(1) 6(,-)9) : (1.7)

In the last line we used that global phases have no measurable effect in quantum
states to simplify the expression for the R -gate.

Physical realizations of quantum computers often have access to a small gate
set. Gates outside this gate set have to be constructed using the available gates.
However, not all gate sets are equal. Consider for instance the Clifford group C,,
which consists of all gates that normalize the Pauli group:

C,={VeU*>* |VPVlec P,VPc P,}. (1.8)
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Quantum circuits consisting solely of gates from the Clifford group can be effi-
ciently simulated [Got98|, whereas it is expected that general quantum circuits
do not admit efficient simulations by conventional computers.

We call a gate set that can approximate any quantum circuit to arbitrary precision
e > 0 universal. If two quantum circuits are close with respect to the operator
norm (Equation (1.1)), the quantum states they prepare are close with respect
to the Euclidean norm. A common universal gate set is the set generated by
the CNOT-gate, the Hadamard gate and the Rz(mw/4)-gate, often called the T-
gate. By the Solovay-Kitaev theorem, the overhead of this approximation is
O(log(1/¢)) for some small constant ¢ [Kit97; DN06, Theorem 1].

1.3.3 Quantum complexity theory

Using these definitions, we can generalize the conventional complexity classes to
quantum complexity classes. From NC* we now obtain QNC*, the class consisting
of quantum circuits of depth O((logn)*) consisting of single and two-qubit gates.

The class P generalizes to BQP (for bounded-error polynomial time), the class of
polynomial-sized quantum circuits that output the correct answer with probabi-
lity at least 2/3. The bounded error allows for more flexibility in the algorithm
design and naturally generalizes the zero-error setting of P. In this work, we de-
viate slightly from the class BQP and instead consider the class QPoly consisting
of all polynomial-sized circuits that use single- and two-qubit quantum gates.

1.3.4 Different computational paradigms

Conventional computing knows two computational paradigms: digital computing
and analog computing. Similarly, quantum computing knows different computa-
tional paradigms. For information purposes, we briefly discuss some of them.

The first is adiabatic quantum computing, which works by adiabatically evolving
the quantum state using a problem-specific Hamiltonian. Adiabatic evolution
requires a slow enough evolution at low temperatures. A measurement of the
final state after evolution will give the answer to the problem. If the evolution
is too fast or occurs at too high temperatures, an incorrect answer is found with
high probability. Adiabatic quantum computing is proven to be equivalent to
gate-based quantum computing [Aha+07].

The second closely related paradigm is quantum annealing. Quantum anneal-
ing is based on simulated annealing, an optimization technique that sometimes
considers a worse solution to escape local optima [KN98|. Quantum annealing
algorithms evolve the system fast and the system might return the wrong answer.
As a result, the conditions imposed on the quantum hardware are less stringent
compared to adiabatic quantum computers. To compensate the possible wrong
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answers returned by the quantum annealing process, the system is evolved, mea-
sured and reinitialized multiple times. The resulting probability distribution can
then be used to tackle optimization problems where often a good solution suffices,
while the best solution might be hard to find or might not even exist.

Measurement-based quantum computing, a universal form of quantum comput-
ing, is the third computational paradigm |GC99; RB01; Joz06; CJLO8; Bri+09].
In this paradigm, a quantum state is prepared and operations are performed by
measuring qubits in different bases, depending on previous measurements and in-
termediate computations. This method is sometimes also called one-way quantum
computing because of the measurements.

Fourth, we have photonic quantum computing, which uses photons as quantum
states. Photonic quantum computers use beam splitters, mirrors, and polarizers
to manipulate the photons [AC98|. Photonic systems using two-level systems
exist, as well as those using multilevel systems. The latter case uses the number
of photons in a state as the computational unit. Both heuristic [AA13] and
universal [KLMO01| versions of photonic quantum computing have been proposed.

1.4 Towards new computational devices

The actual use of these quantum effects requires physical implementations of
quantum computers. Conventional computers operate under the laws of Newto-
nian mechanics and after years of development, manufacturing these devices is
relatively well understood. Quantum computers on the other hand operate under
the laws of quantum mechanics and the quantum states in a quantum comput-
ers are usually fragile and easily disturbed. As a result, manufacturing quantum
computers raises new engineering challenges [Alm+17].

Even today, multiple hardware technologies are used to build quantum com-
puters, some examples include trapped ions [CZ95|, neutral atoms [Dum+02],
spin systems [Ima+99| and superconducting circuits |[KLO04; Hou+09; Bar+13;
Kja+20]. Moreover, among the various quantum hardware technologies currently
under development are postulated options such as skyrmion qubits [PP21] and
topological qubits based on anyons [Nay+08]. One might even wonder if at some
point one single hardware technology will become dominant, or that instead mul-
tiple hardware technologies will remain, each with their own specific applications
in mind.

DiVincenzo laid out different requirements a quantum system should adhere to,
independent of the underlying technology used |[DiV00|. He describes require-
ments needed to perform computations such as the ability to initialize qubits in
a known state and later read them out, and the access to a universal gate set.

One of the main challenges in manufacturing quantum computers is isolating
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them from the environment to minimize the effect of noise and decoherence. Due
to this difficulty, current quantum hardware still suffers greatly from the effects
of noise. Preskill saw this trend and called the current devices part of Noisy
Intermediate-Scale Quantum (NISQ) technology [Prel§|.

The NISQ devices form a stepping-stone towards general Fault-Tolerant quantum
computers. In these fault-tolerant devices, we assume that qubits remain coherent
throughout the whole execution of the algorithm and that algorithms produce
correct answers. One step towards fault-tolerant devices is reducing error rates
through the use of error-correcting codes [Sho95].

Error-correcting codes impose a code on a group of qubits, such that together,
the group acts as a single qubit with lower error rate. The individual qubits are
often called physical qubits and the qubits used in quantum algorithms logical
qubits. Simply comparing the number of qubits a quantum device has only paints
a partial picture, as the error rates of these qubits and how they can interact also
affect the capabilities of quantum devices in practice.

The number of physical qubits in quantum hardware has been steadily rising over
the last few years, as Figure 1.3 shows. The error rates of the (physical) qubits
in these devices remain high. Only recently, the first results showed improved
error rates by using error-correcting codes [Goo23; Sil+24; Ach+24|. Earlier, the
error rates of physical qubits were too high for error-correcting codes to be able
to work.

We can also concatenate error-correcting codes to achieve an exponential sup-
pression of the error-rates [DMN13]. Different groups of qubits are each encoded
with an error-correcting code, after which the groups themselves are also encoded
using a (possibly different) error-correcting code.

1.5 Developments in quantum algorithms

Shortly after Feynman called for the development of quantum computers, the first
theoretical results showed the potential power of these future devices. Deutsch
and later Deutsch and Jozsa presented an oracular promise problem with provable
exponential speedup [Deu85; DJ92|. They consider the problem to decide if a
Boolean function f : {0,1}" — {0,1} is constant or balanced, provided one of
the two is the case. Their quantum algorithm answers the problem with certainty
using a single query to f, whereas any conventional algorithm has to make an
exponential number of queries to f in the worst case.

Later, Bernstein and Vazirani presented a quantum algorithm to learn the hid-
den string s € {0,1}" in the inner-product function f(x) = (z,s) mod 2 [BV97].
Their algorithm again provides an exponential advantage over conventional algo-
rithms, requiring only a single query to f, instead of n.
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Figure 1.3: Overview of different quantum computers with the
available number of qubits over the years.

Grover developed an algorithm for a practical problem: searching an unstruc-
tured database for a specific item [Gro96|. In the worst case, you have to check
every item in your database before you find the correct one. Grover’s algorithm,
achieves the same task quadratically faster. The difference between the quan-
tum and conventional algorithm becomes clear in the number of queries to the
database. Conventional algorithms can only check a single item at a time. Quan-
tum algorithms can query the database “in superposition”, which roughly means
checking the entire database at once. The successive queries are needed for con-
structive interference to give the correct answer with high probability.

Each of these algorithms uses an oracle, a black-box function that queries some
function and returns the results in superposition (see also Section 1.6.2 and Equa-
tion (1.10)). Oracles allow to reason about the effectiveness of algorithms. In
practice, we have to implement the oracle. This implementation step might di-
minish, or even nullify, the speedups offered by a quantum algorithm.

Shor provided another quantum algorithm for a practical problem: Breaking an
often-used encryption protocol for which all known conventional algorithms take
at least sub-exponential time. Shor presented a quantum algorithm to efficiently
determine the period of a modular exponentiation function [Sho94; Sho97|. This
computation relates to finding the prime factors of integers, which is the problem
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underlying the often-used RSA-encryption protocol [RSATS|.

Grover’s algorithm offers a provable quadratic advantage over conventional al-
gorithms. In contrast, Shor’s algorithm provides an exponential advantage over
all known conventional algorithms. As a result, the impact of Shor’s algorithm
is larger: It provides a polynomial-time algorithm for a problem for which no
efficient conventional algorithm is known.

Note that it is still open whether the discrete logarithm problem and prime fac-
torization, the problems solved by Shor’s algorithm, are indeed hard. However,
many believe this to be true.

Recently, more attention has been given to variational algorithms, where a func-
tion is optimized to solve a specific problem |[FGG14; Per+14; Had+19; Cer+21|.
These variational algorithms show potential for near-term applications as they
can be implemented relatively easily on NISQ hardware. Variational quantum
algorithms use a circuit with parametrized gates. These gate parameters are
optimized with respect to some objective function.

Variational algorithms have the potential advantage that they can ‘learn’ the
noise present in NISQ devices. Specifically, unwanted bias in the hardware can
be learned as systematic noise and thus be mitigated. Noise resulting from de-
coherence will be biased around the expected outcome in a noiseless situation.
Averaging repeated measurements therefore gives a correct answer with good
probability.

Research into NISQ algorithms also triggered a new trend: optimizing costly
quantum resources. The simplest approach in this research is optimizing the
implementation of an algorithm with respect to the number of gates or with
respect to the number of T-gates used.

These optimization objectives make sense, as applying quantum gates will in-
troduce more noise than doing nothing. Hence, if we can implement the same
operation using fewer gates, noise rates will typically decrease [KA22; Pér+-23|.
Similar arguments hold for optimizing the number of T-gates [Rei+17; GE21].

The second part of this work extends this line of research by optimizing with
respect to the circuit depth. We present state preparation protocols that have
higher success probabilities that protocols using fewer gates. See Chapter 9 for
more details.

1.6 Achieving quantum advantage

The advent of NISQ devices allowed for the first time to actually implement
quantum algorithms on a large scale. The next step was to show that quantum
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computers can solve specific tasks faster than conventional computers in practice.
This event is known as quantum advantage.

The first claim for quantum advantage was made in 2019: a quantum computer
performed a sampling task in 200 seconds, whereas conventional computers would
take 10,000 years to complete the task [Aru+19]. Shortly after, it was shown that
conventional supercomputers could perform the task in only 2.5 days [Ped+19;
PCZ22|. Still, the result was groundbreaking and opened the way to other results
showing a quantum advantage |Zho+20; Mad+22; Ach+24].

However, these quantum advantage experiments do not provide a provable quan-
tum advantage. The results for conventional computing are often based on ex-
trapolation from the running times for smaller problem instances. To prove a
quantum advantage we need to shift our focus to either low-depth circuits or to
query complexity. The first part of this work extends this line of research in both
directions.

1.6.1 Constant-depth quantum advantage

Constant-depth circuits, both quantum and conventional, recently enjoyed re-
newed interest in the context of provable separations. Moreover, constant-depth
circuits are likely easier to implement in practice. Furthermore, constant-depth
circuits are one of the few settings currently amenable to provable lower bounds.
Our current techniques fail for unbounded circuit depth.

In light of provable separations, a common extension of the classes NC® and AC®
is the unbounded-fan-in parity gate, which computes the parity of all input bits,
denoted by NC°[@] and AC’[®)], respectively. Note that this specific example is a
true extension, as parity cannot be computed by AC® and NC is a proper subset
of AC® [AB09]. Furthermore, the classes AC® and NC"[®] are incomparable since
NC°[@] cannot compute the n-bit AND function; indeed, NC°[@] circuits can
compute only constant-degree polynomials over [y (see also Section 3.1), whereas
AND has degree n.

Moore and Moore and Nilsson were the first to consider the quantum versions of
these classes [M0099; MNO1|. In contrast with their conventional analogues, the
classes QNC°[@] and QAC® are known to be equivalent [Gre-+02; HS05; Moo99).
Furthermore, the works of Moore and Green et al. showed that

QACH[®] = QACH[g],

where QACF[¢] extends QAC* with additional modulo-¢ gates [Mo099; Gre+02].
For an integer ¢ > 2, a modulo-g gate evaluates to 1 if the sum of its inputs
equals 0 mod ¢, and evaluates to 0 otherwise. In contrast, the classes ACO[p] and
AC%[¢] are incomparable if p and g are powers of distinct primes [Raz87; Smo87|.
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Hgyer and Spalek proved a quantum advantage, by showing that QNCO[@] circuits
can approximate with polynomially small error functions such as OR, AND, and
Majority [HS05]. Later, Takahashi and Tani extended these results to exact
quantum circuits. Key in their work was the use of a quantum fanout gate

Fanout : [x) [y1) ... |yn) = [X) [y1 B X) ... |[yn B X) . (1.9)

This gate is typically not supported by the native gate set of a quantum comput-
ers. However, using intermediate conventional processing, we can still implement
this gate efficiently.

For a long time, research on provable quantum advantages lay still. The break-
through work by Bravyi, Gosset, and Konig restarted this line of research into
provable quantum advantages leading to multiple new results and ideas:

e The 2D-Hidden Linear Function problem can be solved exactly by a QNC°-
circuit, while any AC’-circuit succeeds with exponentially small probability
under a certain input distribution [Ben+19|; this strengthened the main
result of [BGK18] showing that this problem separates QNC® from NC° in
the worst case.

e The Relaxed Parity Halving problem can be solved exactly by a QNC’-
circuit while any AC’-circuit succeeds with probability at most 1 +exp(—n?)
for some € > 0 under the uniform input distribution [Ben+19].

e The Parallel Parity Bending problem can be solved with probability 1—o(1)
by a QNC?/gpoly-circuit, while any AC°[®]/rpoly-circuit succeeds with pro-
bability at most O(n~¢) [Ben+19].

e The problem of simulating correlations obtained from measuring graph
states separates QNC” and NC°, even in the average case [Le 19].

e The 1D Magic Square problem separates noisy QNC’-circuits from NC°-
circuits, provided that the noise levels are below some threshold value in-
dependent of the input size [Bra+20].

Similar separations based on other relational and sampling-based problems were
proven in [CSV21; GS20; BP23]. A common feature of all these problems is that
they were specifically designed to prove a separation between shallow quantum
and conventional circuits.

Chapters 3 and 4 extend this line of research to a problem that occurs naturally in
computer science: decoding heavily corrupted error-correcting codes using limited
resources. This problem is well studied in the context of conventional complexity
theory, where shallow circuits endowed with parity gates are often considered.
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1.6.2 Query-based quantum advantage

Another stylized model that admits provable separations is the query model.
Here, black-box access is given to some function, and algorithms are compared
in terms of how often the function is queried. The first exponential separations
were shown already a few decades ago |[Deu85; DJ92; BV97; Sim97].

Let f: A — {0,1}, for some set A. Conventional computers can query f by
inputting x and obtaining f(x) from the oracle. Quantum queries are coherent,
in the sense that the input can be any superposition over elements in A and the
output is stored in an auxiliary bit. For any x € A and b € {0, 1}, a quantum
query to f is given by the map

\/IIZ‘ Z|x b f(x (1.10)

z€EA xeA

We refer to this oracle as a bit-flip oracle, as it flips the state of the auxiliary bit.

If we initialize the auxiliary qubit in the |1)-state, we can transform the oracle
query into a phase query by conjugating the oracle call with Hadamard gates on
the auxiliary qubit. A phase oracle thus gives the state

A D (=1 ) b)
|A €A

Note that a bit-flip oracle generalizes a phase oracle, as in the latter, we cannot

distinguish between f and the function 1 — f, as they differ only by a global

phase.

Results based on query complexity can be translated into the circuit model. This
translation requires a reversible implementation of the oracle as a quantum circuit.
For some problems, this implementation of the oracle might prove difficult and
thereby reduce the advantage over a conventional approach. The query model
remains an interesting model for proving a quantum advantage.

Aaronson showed the largest query-based separation known between quantum
and conventional algorithms. He introduced a problem called Forrelation that,
given two functions, asks if the first function correlates with the Fourier transform
of the second [Aar10]. A quantum algorithm only needs a single query to solve the
Forrelation problem. Aaronson and Ambainis showed that on input length N, a
conventional query algorithm requires Q(\/N ) queries [AA15]. They also showed
that this separation is optimal for a single query and conjectured it to hold for
any constant number of queries. Bansal and Sinha later proved this conjecture in
the standard query model [BS21|. Sherstov, Storozhenko, and Wu independently
obtained a similar result for randomized queries [SSW23|.
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Montanaro obtained a smaller quantum advantage in the query model, but did
so for a more practical problem [Monl12|. Montanaro considered learning arbi-
trary polynomials of degree d, a task that requires Q(n?"!) quantum queries,
while conventional algorithms require (n?) queries. His algorithm generalizes
the Bernstein-Vazirani algorithm, which can be interpreted as learning a polyno-
mial of degree 1. Montanaro also showed the optimality of this query lower bound
in the noiseless case using Fano’s inequality [FH61|. However, the algorithm by
Montanaro fails if the queries can be corrupted.

Chapter 5 extends the work by Montanaro to also work in case of corrupted query
calls. In Chapter 5, we revisit a result in higher-order Fourier analysis and use a
quantum subroutine to improve the query complexity.

1.7 Fourier analysis: a tool for analyzing algo-
rithms

Many quantum algorithms, most notably that of Shor, rely on an efficient im-
plementation of the Fourier transform on quantum computers. Conventional
computers can implement a Fourier transform on n elements in time polynomial
in n. Coppersmith showed how quantum computers can implement a quantum
Fourier transform exponentially faster in time poly log(n) [Cop02].

In the remainder of this work, we only work with finite Abelian groups. Two
prime examples we consider are [F, the finite n-dimensional vector space over the
field with p elements for some prime p, and Z,, the cyclic group over the first n
nonnegative integers. In this section, we present definitions only with respect to
(one of) these two groups. They do naturally translate to other groups. Part
One of this work considers applications of Fourier analysis and generalization
higher-order Fourier analysis.

1.7.1 The Fourier transform

Fourier transforms prove vital to find patterns in data. A Fourier transform
decomposes a function as a combination of character functions [Fou88]. As an
example, let f(f) represent some musical composition. The Fourier transform
helps us to decompose the musical composition in individual notes (the charac-
ters) and their relative magnitude over time. In a sense, the Fourier transform
indicates which notes are most prominent in the musical composition over time.

Now consider F}} for some prime p and let w, = e?™/?  We then define its character

functions as {x,|xy,(z) = ;,m’y)}’ where (x,y) = x1y1 + . .. £y, denotes the inner

product of z and y. Character functions carry the essential information of the
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group elements and we often refer to them as phase functions. We can then define
the Fourier transform in terms of the character functions:

1.7.1. DEFINITION (Fourier transform). Let f : F) — C be some function, then

its Fourier transform ]?2 [y — C evaluated at y € ) is given by

ﬂw:Emmmw4“”=$§Zﬂm%“w

z€F}
The function f is often said to be in physical space and the Fourier transformed
function f is said to be in frequency space. Both are just naming conventions.

Both the Fourier-transformed function fand the character functions themselves
have interesting properties. For instance, every function f can be written uniquely
as a sum of its Fourier coefficients, called the Fourier inversion formula:

@)= 3 i, (1.11)

This argument follows as the character functions form an orthonormal basis
for F}. We have a total of p" characters, one for every y € F}, and they are
all orthogonal:

1 ify==z
y Xz) — Ea} nw((y—z),l‘) =
{Xys X=) €Fp*p 0 otherwise.

The last equation uses that the expected value over the whole group of any non-
identity character function vanishes, as the next lemma shows.

1.7.2. LEMMA. Let x, be a non-identity character of F). Then
Ewe]}?gxy(l’) =0. (1.12)
Proof: As X, is not the identity element, there exists a z € F} such that x,(z) # 1.
Then we have
ExE]Fg’Xy(a:) = ExeF;Xy(l' + Z)
= Xy(2)Eaery Xy (2).

In the first equality, we translated = to x + z, in the second equality we used the
linearity of x, in its phase. O

This proof holds in greater generality for any non-identity character of any finite
Abelian group.

An important property of Fourier transforms is that they preserve inner products,
as shown by Parseval’s identity from 1806 [Par06|:
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1.7.3. PROPOSITION. For any two function f,q : IFZ — C it holds that

Epery f(2)g(x) = > fly

yEF”

The proof of Parseval’s identity follows by applying the Fourier inversion formula
twice and then use that characters are orthogonal. As Fourier transforms preserve
inner products, they are unitary and thus valid quantum operations.

1.7.2 The quantum Fourier transform

Fourier analysis might seem like a complicated topic, yet it finds applications
throughout quantum computing: The Bernstein-Vazirani algorithm [BV97|, Si-
mon’s problem [Sim97|, Shor’s algorithm [Sho97|, the HHL algorithm [HHLO09]
and many more use a quantum Fourier transformation over some group. The
efficient implementation of a quantum Fourier transform by Coppersmith often
gives the exponential separation between quantum and conventional circuits.

The algorithm by Shor works over the cyclic group Zy, with N = 2", instead of
over 5. Luckily, a bijection between the two groups exist:

n—1

r=(Tg,...,Tpn_1) EFSHy:ZTﬁ:i € Zn.
i=0

A quantum Fourier transform over F} translates to a single layer of n Hadamard
gates applied to every qubit. The quantum Fourier transform over Z,. looks
slightly different and is given by

2" —1

QFT : Z 2N |y) . (1.13)

. zy
As character functions we now have wy . (y) = e*™~ .

Implementing a conventional Fourier transform on N elements requires O(nN) =
O(n2") operations. By Coppersmith, we can implement an equivalent quantum
Fourier transform using only O(n?) quantum gates.

Figure 1.4 shows an implementation of a quantum Fourier transform on n qubits.
The Rj-gates denote an Ry (m/2)-gate. The quantum Fourier transform typically
also swaps all qubits at the end of the circuit, we omitted that operation, as we
can easily incorporate these operations in the rest of a quantum algorithm. The
controlled- Rz-gates have a simple decomposition into two CNOT-gates and two
Rz-gates, giving us a simple implementation of the quantum Fourier transform.
As the circuit works for any computational basis state, it also works for arbitrary
quantum state by linearity.
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Figure 1.4: A quantum circuit that implements the quantum
Fourier transform. The gates Ry, correspond to Rz(m/2%)-gate.

We now define (0. ...x,) as the binary fraction ) 1" 2;/2"77*! to rewrite the
state |x) after the quantum Fourier transform as

1
NeT

This representation is often used for quantum arithmetic algorithms that work
with the Fourier-transformed state [RG17; NW22].

QFT |x> _ (‘O) —I—e%i(o‘xl“”’””) ’1>)(‘O> +€27T’L'(0‘132‘..33n) ’1>) o (m) _|_€27ri(0.xn) H))

1.7.3 Higher-order Fourier analysis

Fourier analysis is an important technique for counting linear patterns in subsets
of integers and other Abelian groups. For instance, in the field of additive com-
binatorics, Roth used Fourier analysis to show that any sufficiently large subset
of positive integers contains a triple (a, b, ¢) such that the difference between two
successive numbers is the same [Rot53]. We call such triples three-term arithmetic
progressions.

Counting longer arithmetic progressions amounts to counting quadratic or higher-
order patterns in subsets of integers. However, Fourier analysis appears insuffi-
cient to find correlations with polynomials of degree larger than one.

An important realization is that taking the derivative of a function lowers its
degree. For a function f over a finite Abelian group, we define its multiplica-
tive derivative in the direction h as Apf(z) = f(z 4+ h)f(z). For a polyno-
mial P € F,[z,...,2,]|, we often use the additive derivative instead, given by

ApP(z) = P(x + h) — P(x).

For a long time, a generalization of Fourier analysis was unknown, until the sem-
inal work by Gowers [Gow01|. He introduced the notion of higher-order Fourier
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analysis, which examines correlations with higher-order functions. Gowers also
introduced his uniformity norms based on the multiplicative derivatives of a func-
tion, which we will use extensively in Chapter 5 of this work.

1.7.4. DEFINITION. Let f : Fp — C be any function. The Gowers U%norm is
defined by

1/24
1 £lle = (Bas,oacig Dng - Ay f (@) (1.14)
For d = 1, the Gowers U%norm is actually a seminorm, as

[fllor = [Eacry f(2)]

can vanish for nonzero functions, such as f(r) = wy. For d > 2, the Gowers U d.
norm is actually a norm. For d = 2 specifically, we can use the Fourier inversion
formula to see that

17 = (Beo ey P TG ) FGo 4 )y 1))

1/4

B (Zﬂg |f<a>\4) = [ Fllss. (1.15)

Hence, the Gowers U?-norm of a function can be completely described in terms
of the L* norm of the Fourier transform of that function.

For larger d, we have no such explicit relation. However, we can reformulate the
Gowers U%norms inductively:

2d+1

112 = Enery | An 5. (1.16)

Repeatedly applying the Cauchy-Schwarz inequality on this inductive expressions
gives the nesting property |TV06, pp. 420]

1 llor < 1 fllw < -+ (1.17)

a useful tool in many algorithms.

In general, Gowers norms quantify structure in complex functions by identifying
correlations of these complex functions with polynomials. If a function correlates
with a degree-d function, then taking d + 1 derivatives of that function results in
an approximately zero function, which in turn correlates with an approximately
constant function. As a result, the Gowers U%*!'-norm is large for such a function.

Interestingly, a series of works by Green, Tao, and Ziegler showed that the con-
verse also holds [GT08; TZ11; GTZ12|. These results are known as the inverse
theorem for the Gowers U%norm. Gowers norms now play a fundamental role
within higher-order Fourier analysis and find many applications in theoretical
computer science.
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In Chapter 5, we will restrict ourselves to specific functions called polynomial
phase functions: f : F) — D, with D being the complex unit disc, such that

f= wf @) for P some n-variate polynomial over I, such that every variable has
degree at most p — 1. The degree of a polynomial phase function is defined as the
degree of the polynomial P. Given a quantum state |x), we define a phase-query
to f as the map |z) — f(z)|x).

Since the (d + 1)-fold multiplicative derivatives of a degree-d polynomial phase f
function equal 1, it follows from the nesting property that the correlation be-
tween f and any function g : F) — D is bounded from above as

|Eoerpg(2) f(2)] < llgllyas-

We refer the interested reader to [HHL19] for an elaborate overview of higher-
order Fourier analysis and its applications.

1.7.4 Higher-order Fourier analysis applied to quantum
computing

The Fourier transform is widely used and also underlies multiple famous quantum
algorithms. Higher-order Fourier analysis has found many applications in theo-
retical computer science. However, the subfield of higher-order Fourier analysis
used in quantum algorithms is relatively unexplored.

Rotteler presented a quantum algorithm to learn a hidden shift in functions with
a large Gowers U3-norm |[R6t09]. Later, Montanaro presented a quantum al-
gorithm to learn multilinear polynomials with improved query complexity over
conventional algorithms [Mon12|. In the context of non-local games, higher-order
Fourier analysis helps to prove a relation between the bias of a quantum strategy
and the bias of a conventional strategy [Ban-+19].

Only very recently, the application of higher-order Fourier analysis in quantum
computing algorithms found new applications with the work of Arunachalam and
Dutt in the context of stabilizer testing [AD24; BDH24; ABD24; Che+24|. These
results consider the task of determining if a given unknown quantum state is close
to or far from a stabilizer state.

Chapter 5 continues this line of research by providing a quantum analog of the
quadratic Goldreich-Levin algorithm. With this algorithm, one can find a Reed-
Muller codeword of degree at most 2 that correlates with the input, provided the
input has large Gowers U3-norm.

A key subroutine in that chapter is the Fourier sampling routine, which general-
izes sampling the Fourier spectrum of a function using standard Fourier analytic
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techniques. This Fourier sampling routine generalizes the celebrated Bernstein-
Vazirani algorithm [BV97|, which returns a string a € F; with probability | f (a)|?
using a single query to a polynomial phase function f : F} — D. In particu-
lar, if f = wi™ " is a linear phase function given by some vector a € [ and
scalar b € [F), then the algorithm returns a with probability 1.

The Fourier sampling routine samples the Fourier spectrum of the multiplicative
derivates of f, instead of the Fourier spectrum of f itself.

1.7.5. LEMMA (Fourier sampling). There is a p-query quantum algorithm that,
gwen query access to a polynomial phase function f:Fy — D and input h € Fy,
returns a € Fy with probability exactly | Ay f(a)|?.

Proof: Define the function 7" f : Fr — D by T" f(2) = f(x + h). Consider the
unitary Sy, : (CP)®" — (CP)®", defined by |z) — |z + h). A query to T"f then
corresponds to applying Sy, querying f, and applying S_,. As one query to f
introduces p-th roots of unity to the amplitudes, p — 1 sequential queries to f are
equivalent to a single query to f.

We prove the lemma by outlining the algorithmic steps taken. Initialize a regis-
ter (CP)®" in the all-zeros state and create a uniform superposition over F} by
applying a quantum Fourier transform to the initial state. Next, query 7" f and f
to obtain the state

:r:E]F” :L‘E]F”
Finally, apply the inverse-quantum Fourier transform to obtain the state
> (5 X A=) ) = ¥ Eif@la)
acky z€F} acky
Measuring in the computational basis gives the desired distribution. O

Note that this lemma implicitly uses quantum gates over p-level qudits, instead
of over 2-level qubits. Section 4.7 briefly discusses a few of these gates.

1.8 From theory to practice

As quantum devices grow in computational power and more quantum algorithms
are being developed, practical applications also come closer. With a quantum
algorithm alone we however have not yet solved the computational problems
encountered in practice.

Quantum computers usually solve only a small computationally hard problem in
a larger sequence of algorithms, also called a workflow. As a result, quantum
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computers have to be integrated into a larger (possibly existing) workflow. Fur-
thermore, with an increasing number of quantum devices becoming available it
might prove hard to choose the best device to solve your problem. Finally, multi-
ple steps are required to obtain an implementation on quantum hardware, given
a theoretical algorithm. This section briefly discusses these aspects relevant when
performing quantum computations.

1.8.1 Integration in a large workflow: Hybrid quantum
computing

Especially in the near-term, quantum computers will only solve a specific compu-
tationally hard problem. The outcome of the quantum algorithm is then processed
by a conventional computer. For simple operations, conventional computers usu-
ally work significantly faster and quantum computers offer no benefit. Even on
the long term, it is expected that quantum computers will only perform part of
the computations of a larger workflow.

The interaction between quantum and conventional computers, and their integra-
tion in the same workflow, brought forward the term hybrid quantum comput-
ing [LUO5]. However, this term is often used in varying situations, with its exact
meaning differing each time [Per+14; Li+17; McC+20; Cer+21; De 21]. Often,
the term hybrid quantum computing means that a quantum computer interacts
with a conventional computer in some unspecified way.

Integrating conventional computers with quantum computers requires a clear def-
inition of what is exactly meant. Such a definition benefits from an abstract
point-of-view on the performed computations. Weder et al. provides such a view
by considering workflows, a break-down of a computation in multiple high-level
blocks [Wed+21]. An example workflow for clustering can for instance contain the
high-level blocks Retrieve data and Compute cluster. Each block can represent a
workflow itself.

Phillipson, Neumann, and Wezeman use this workflow approach to introduce new
nomenclature to distinguish between various forms of hybrid quantum comput-
ing [PNW23|. They first make the distinction between vertical and horizontal
hybrid computing. Vertical hybrid computing encompasses all activities required
to control and operate a quantum circuit, independent of the actual algorithm.
We distinguish between three different vertical hybrid forms of hybrid:

e Decomposition hybrid: All steps to decompose a high-level quantum routine
into low-level instructions that correspond to the available gate set;

e Implementation hybrid: All steps to map low-level instructions to the quan-
tum hardware, taking into account the scheduling of the gates and the
hardware topology;
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e Controlling hybrid: All steps to assure the quantum computer operates
correctly and stays calibrated.

For horizontal hybrid computing, we distinguish between five different forms of
hybrid:

e Processing hybrid: Only the pre- and post-processing steps are performed
on a conventional device. Shor’s algorithm is a prominent example of a
processing hybrid algorithm;

e Macro/micro hybrid split: In the whole workflow, quantum and conven-
tional computations alternate. The difference between macro and micro
hybrid split depends mainly on the granularity of the workflow. Exam-
ples of a macro/micro hybrid splits originate typically in quantum machine
learning, where data is prepared and a quantum circuit is run. We also
find macro/micro hybrid splits in variational circuits, where a conventional
computer optimizes the gate parameters of the quantum circuit;

e Parallel hybrid: Computations are solved in multiple independent branches,
where each branch can employ its own algorithm. The workflow outputs the
first (or best) solution found by the branches. The parallel hybrid comput-
ing is mainly used within current quantum annealing hardware [Wan+12b;
Wan+12a; BRR17];

e Breakdown hybrid: A problem is decomposed in different smaller problems,
each of which is solved independently, before being recombined. Divide-and-
conquer approaches typically fall under breakdown hybrid [AS06; BSS16;
Ara+21; Coj+21; Tom+23; Fan+24].

With hybrid quantum computing, also comes forth the topic of cloud-based quan-
tum computing. Quantum computers will most likely act as a secondary processor
to a conventional computer, similar to current graphical processing units (GPUs).
Moreover, due to the often stringent operating conditions, quantum computers
are unlikely to be hosted locally. Instead, we expect a few parties to host quan-
tum computers, which others can use via remote connections. We call this type
of computing cloud-based quantum computing.

Cloud-based computing is common with conventional computers, where large
high-performance computers (HPCs) perform complex computations. With quan-
tum computers, we are offered the opportunity to redefine the way we interact
with cloud-based systems, based on experience from conventional cloud-based
computing. Moreover, for a widespread adoption of quantum computing, cloud-
based solutions should offer certain user-friendly functionalities.

Some functionalities such as appropriate device allocation, characterization of
the quantum devices and automatic compilation of operations to hardware-aware
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instructions are similar to conventional cloud-based systems. Others functional-
ities however are completely new, first and foremost the integration of quantum
computers with conventional cloud-based services. Additionally, communication
between various quantum computers via a quantum network allows for a signif-
icantly broader range of applications. Multiple initiatives are already underway
to realize this ambition, both by companies [IBM25], as well as on a national and
international level [Eur24].

Finally, these functionalities should also be tweaked based on user needs. Some
users might want to have full control over the devices and the way operations
are implemented, whereas others might only be interested in the final answer
of a quantum algorithm. These different types of users translate into different

services offered by a cloud-computing provider, as seen in conventional cloud-
based computing [IDM18; NSS23|.

Much work has already been done on how to set up a new cloud-based quan-
tum platform [SS14; KSK19; NSS23]. Multiple cloud-based quantum computing
platforms are already available. Most offer however only access to quantum com-
puting hardware and do not offer integration with conventional computers or
other quantum hardware.

1.8.2 Choosing quantum hardware: Quantum metrics

When using quantum devices, it is important to choose the one that best suits
your goals. Number of qubits available is one way to choose a device, though other
methods exist that might favor devices with fewer but better qubits. Quantum
metrics provide insights in the performance of different quantum devices.

With varying interest in using quantum computers, also come various metrics to
quantify their applicability. Typically, quantum metrics are grouped in one of
three groups [Sch+23]:

e Component-level metrics;
e System-level metrics;
e Application-level metrics.

Component-level metrics focus on individual components of a quantum computer.
This includes simple metrics such as the number of qubits available, and more
elaborate metrics such as the coherence times of the qubits [Med+12; You20| and
the quality of single-qubit and two-qubit quantum gates [IMGE11; Nie421|. These
metrics are most suited for quantum hardware developers to tune the hardware
and for low-level implementations.

System-level metrics focus on the system as a whole. A well-known system-
level metric is the quantum volume [Cro+19], which quantifies how well quantum
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computers can run random quantum circuits of some specific form. The Circuit
Layer Operations Per Second (CLOPS) metric uses the quantum volume metric
and also introduces a time component [Wac+21|. Another system-level metric
is based on mirror circuits, where a circuit and its inverse are applied with an
intermediate layer of random Pauli gates [Pro+21]. If we restrict the circuit to
Clifford gates, then the inverse also consists of Clifford gates and the expected
outcome and hence the device’s performance is efficiently computed [Got98|.

Application-level metrics consider the capabilities of a device to solve specific
problems. These metrics focus on the actual use of a device in practice. As such,
these metrics are typically agnostic to the hardware technology and, depending
on the application considered, also allow to quantify the performance of heuristic
methods.

Common application-level metrics include the QED-C metric, the Q-score, and
QuAS. The first considers various tutorial algorithms, quantum subroutines and
end-user applications to measure the performance of a device [Lub+23]. The Q-
score originally considered the Max-Cut problem on random Erdés-Rényi (N, 3)-
graphs [ER59| and compared these results to a random naive approach [MAA21].
The Q-score was later extended to include a time-aspect and different computa-
tional paradigms [Sch+22; Sch+24]. The QuAS metric combines elements from
the Q-score and the QPack metric to evaluates the performance of quantum al-
gorithms in different dimensions [MAM22; Mes+24].

As mentioned, different users require different types of metrics. Appropriate
metrics give insight in which device works best for a given situation. It might
even be that a conventional approach performs similar compared to a quantum
approach. This comparison will however depend explicitly on the used algorithm,
the used computational device and the problem instances.

1.8.3 From algorithm to implementation: Quantum pro-
gramming

If we have a quantum algorithm and chosen a quantum device, we can start
implementing the algorithm. This requires us to program our quantum algorithm
and feed it to the computer, similar to programming a conventional computer.

Programming languages for conventional computers have been under develop-
ment for decades. The first programming languages required the user to address
the registers and program instruction close to the native hardware. Current con-
ventional programming languages allow users to work with objects and classes.
Thanks to compilers, users are not concerned with the exact underlying hardware.

Quantum programming languages have not seen this development yet and many
steps are still to be taken [Pia+21|. Some quantum programming languages
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already allow users to program somewhat higher-level instructions, such as ap-
plying a quantum Fourier transform on some qubits. However, most languages
require users to program in a low-level hardware-agnostic manner using single-
and two-qubit gates.

Eventually, compilers and transpilers running on conventional computers will
help translate hardware-agnostic instructions into hardware-aware instructions.
These hardware-aware instructions take into account the exact way the qubits are
addressed, as well as the timing between different instructions. Ideally, compilers
would also decompose high-level instruction into hardware-agnostic instructions.
However, such decomposition techniques currently exist only in theory [VMS04;
Zom+24)|.

As qubits easily decohere, quantum computers will require error-correction meth-
ods to mitigate these effects. There are results showing the reduction of error
rates using these methods [Ach+24|. However, they are not yet applied automat-
ically on hardware devices. In the long term, error-correction methods should be
applied automatically, for instance, by the compiler and transpiler.

To utilize quantum solutions the soonest, developments in quantum algorithms
and quantum hardware must go hand-in-hand with developments in integration
of quantum solutions in larger workflows and developments in quantum program-
ming languages.

1.9 Contributions

This work considers the added value of intermediate conventional computations
for quantum computations. We refer to quantum computers that make use of in-
termediate conventional computations as adaptive quantum computers. We split
the work into two parts. In the first part, we show that adaptive quantum com-
puters are strictly stronger than conventional computers. In the second part, we
show how adaptive quantum computations can help improve upon non-adaptive
quantum computations. This section gives the papers on which this work was
based and summarizes the contributions of this work together with references to
the relevant sections or theorems.

The first part of this work considers a practical problem from computer science,
namely, decoding corrupted error-correcting codes. We consider the setting where
we restrict our circuits in depth, and then prove a quantum advantage with respect
to this problem. Part One of this work is based on two papers:

e J. Briét, H. Buhrman, D. Castro-Silva, and N. M. P. Neumann. “Noisy
Decoding by Shallow Circuits with Parities: Classical and Quantum (Ex-
tended Abstract)”. In: 15th Innovations in Theoretical Computer Science
Conference (ITCS 2024). Vol. 287. Leibniz International Proceedings in
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Informatics (LIPIcs). Dagstuhl, Germany: Schloss Dagstuhl — Leibniz-
Zentrum fiir Informatik, 2024. pDo1: 10.4230/LIPIcs.ITCS.2024.21.

J. Briét, D. Castro-Silva, and N. M. P. Neumann. “Quadratic Fourier anal-
ysis in quantum algorithms”. Unpublished, to be submitted. 2025.

In this first part, we prove the following results:

Polynomial maps of constant degree cannot decode any corrupted error-
correcting code with constant success probability (Theorem 3.1.2). We
conjecture that the found upper bound on the success probability can be
improved to exponentially small, based on results for high field character-
istics;

From the result for polynomial maps we obtain that NC°[®]-circuits cannot

decode any corrupted error-correcting code with constant success probabi-
lity (Theorem 3.1.1);

We provide a family of quantum circuits to decode a corrupted Hadamard
codeword with constant success probability (Theorem 4.1.1) and we extend
this circuit to work in the high-error setting as well (Corollary 4.5.1);

We obtain a separation between NC[@] and QNC°[@], based on the re-
sult on polynomial maps and the quantum circuit for the Hadamard code
(Theorem 4.5.3);

From the QNCO[@]—Circuit, we construct a quantum circuit that computes
Majority, a result known from literature, but presented without proof (Sec-
tion 4.6);

We provide a new algorithmic proof for the quadratic Goldreich-Levin the-
orem, using novel techniques from higher-order Fourier analysis. The al-
gorithm can be used to retrieve a Reed-Muller codeword of degree 2 from
a corrupted input with positive probability (Chapter 5). We additionally
reduce the query complexity by omitting a Fourier estimation subroutine;

We use a quantum Fourier sampling routine to further reduce the query
complexity of obtaining the Reed-Muller codeword of degree 2 by a factor n
(Theorem 5.1.1 and Section 5.7).

The second part of this work introduces a new computational model that alter-
nates between quantum and conventional computing and limits the computational
power of both. We then use that method to prepare quantum states and we con-
clude with an analysis of when such an adaptive approach is beneficial. Part
Two of this work is based on two papers:

H. Buhrman, M. Folkertsma, B. Loff, and N. M. P. Neumann. “State
preparation by shallow circuits using feed forward”. In: Quantum 8 (Dec.
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2024), p. 1552. 1SSN: 2521-327X. DOI: 10.22331/q-2024-12-09-1552.
The second and fourth authors contributed equally to this result.

e H. Buhrman and N. M. P. Neumann. “Error-analysis of state preparation
protocols using LAQCC”. Unpublished work, to be submitted. 2025.

In this second part, we prove the following results:

e A new computational model Local Alternating Quantum Classical Computa-
tions (LAQCC), that alternates between quantum and conventional circuits.
Our main interest is in a constant number of alternations between QNC'-
circuits and NC'-circuits (Chapter 7). This instance of LAQCC is unlikely
to be efficiently simulated (Section 7.5);

e We provide a LAQCC-circuit to prepare the uniform superposition over ¢
states independent of the value of ¢ (Theorem 8.2.1);

e We provide a LAQCC-circuit to prepare the W-state, based on a compress-
uncompress method. This routine uses O(nlog(n)loglog(n) qubits (Theo-
rem 8.3.1);

e We extend this protocol to a LAQCC protocol to prepare the Dicke-(n, k)
state, the uniform superposition over n-bitstrings of Hamming weight k& for
k = O(y/n). This routine uses O(n*) qubits (Theorem 8.4.1);

e We use a different instance of LAQCC using a logarithmic number of alter-
nations between QNC’-circuits and NC'-circuits to prepare the Dicke-(n, k)
state for arbitrary k. This protocol uses O(poly(n)) qubits and efficiently
implements a map between different number representation systems (The-
orem 8.5.1);

e We use a combinatorial worst-case error model to determine when a LAQCC-
approach has a higher success probability in preparing the GHZ state and
the W-state than a standard approach (Section 9.3 and Section 9.5).

e For the GHZ state, we implement both the standard approach and the
LAQCC-approach and compare their success probabilities. We find that the
standard approach performs better than the LAQCC-approach (Section 9.4).
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Decoding






Chapter 2

Introduction to decoding
error-correcting codes

This chapter provides an introduction to error-correcting codes and different er-
ror models. We also discuss the concept of list decoding, which becomes relevant
in case of many errors. We briefly discuss circuits and query complexity, as in
the remainder of this part, we will provide results with respect to those. We con-
clude with list-decoding algorithms beyond linear codes, and a brief discussion of
deviation bounds that will be used to bound the probability of events happening.

2.1 Error-correcting codes

Error-correcting codes, introduced in Shannon’s celebrated work [Shad8|, protect
digital signals from noise. For positive integers n > k, an error-correcting code
over a finite alphabet ¥ is a map E : ¥ — X", such that any message z € X* can
be decoded from the codeword E(x) even if the codeword is partially corrupted.
The magnitude of the corruption is measured by the Hamming distance d(zx,y),
which counts the number of entries where x and y differ.

If too many errors occur, recovering the original message may become impossible.
In such cases, one can instead resort to list decoding, an influential idea proposed
in seminal works of Elias [Eli57] and Wozencraft [Woz58|, which aims to give a
small list of messages whose codewords are close to the received (corrupted) code-
word. Complexity considerations appear naturally in this context, as encoding
and decoding ideally allow for reliable communication with limited computational
resources; they also appear because of the fundamental role played by error-
correcting codes in computational complexity itself (see for instance [Tre04]).

33
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Reed-Muller codes form a well-known class of error-correcting codes. Muller first
proposed these codes and later Reed found an efficient decoding algorithm for
them [Reeb54; Mul54|. The popularity of Reed-Muller codes follows from their flex-
ibility and as they generalize many codes, including Reed-Solomon codes [RS60].
A Reed-Muller code RM (r,n) encodes a message of length Y_7_ (") into a code-
word of length 2". The codeword corresponds to the evaluation on all inputs
x € {0,1}" of a polynomial whose coefficients correspond to the input message.
Polynomial interpolation helps to decode Reed-Muller codewords.

Reed-Muller codes also generalize the Hadamard code H, a basic but important
example of a linear error-correcting code. The Hadamard code encodes k-bit
messages into codewords of length n = 2 by evaluating all functions of degree at

most 1: For message z € F§, H(z) = ({, Y))yery, Where (z,y) = Zi:ol ;.

2.2 Error models

In the error model considered by Shannon [Sha48], a codeword is corrupted by
some random process. This process is described by the symmetric channel: for
each coordinate of the codeword independently, the channel either transmits it un-
changed with some probability p, or replaces it with a uniformly random element
of > with probability 1 — p; each coordinate is thus corrupted with probability
(1 —p)(1 —|2|71). We refer to p as the bias of the channel. If Z € X" is dis-
tributed according to the random outcome of the symmetric channel with bias p
applied to a codeword E(z), we write Z ~ N,(E(z)). In this model, the goal is
to correctly decode a corrupted codeword with good probability over the noise.

The combinatorial worst-case error model of Hamming [Ham50| instead assumes
that the codeword is corrupted arbitrarily on at most some J-fraction of the
coordinates, for some error parameter 6 € [0,1). In this setting, the number of
errors that can be tolerated depends on the minimal Hamming distance between
any pair of distinct codewords, or minimal distance of the code, denoted dg.
Since the Hamming ball of diameter dg — 1 around any point y € X" contains at
most one codeword, a message can be retrieved if fewer than dg/2 errors occur.

Every error-correcting code has a certain capacity, the theoretical maximum error
rate below which messages can always be recovered. An interesting question is
to develop an error-correcting code that actually achieves this capacity [Sha4§].

2.3 List-decoding

If more errors occur, faithful decoding is no longer possible, and list decoding
enters the picture. For error parameter ¢ € [0,1) and positive integer L, a code
is (8, L)-list decodable if for any point y € X", the Hamming ball of radius dn
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centered around y contains at most L codewords. It is well known that any (6, L)-
list decodable code satisfies L > Q(1/e?) when § = (1 —&)(1 — |X|7) [GV10).
If fewer than a d-fraction of the codeword coordinates are corrupted, a random
element from this list will give the correct message with probability at least 1/L.

With growing error parameter ¢, the list size also grows. However, as long as
the error parameter remains below the capacity of the code, the list size remains
constant. Yet, even list-decoding algorithms have their limits: If the error pa-
rameter increases too much, any list-decodable code has exponential list size. See
Theorem 7.4.1 in Ref. [GRS22| for an exact definition and a proof.

In an influential paper in 1989, Goldreich and Levin gave the first efficient list-
decoding algorithm |GL89]. They considered the Hadamard code. This code has
minimal distance n/2 and is (1/2 —&, O(1/g?))-list decodable for any ¢ € (0,1/2],
which is known to be optimal for any code [GV10].

Under the symmetric channel, the Chernoff bound implies that unique decoding
of the Hadamard code is possible with high probability for any constant bias
p > 0. This result even holds for any code over a large enough alphabet [RU10].
This is due to the fact that, with high probability, the Hamming ball of radius
(1/4 — p/4)n around a corrupted version of a codeword C' contains no other
codewords than C' itself.

For the worst-case Hamming model, Goldreich and Levin famously gave an effi-
cient list decoding algorithm for the Hadamard code that runs in time poly(k, 1/¢),
for error parameter 6 = 1/2 — ¢ [GL89]. For fixed £ > 0, their algorithm gives
a probabilistic AC’-circuit that, on input length n, correctly returns the original
message with probability €(1).

2.4 Constant-depth circuits

A well-studied problem is decoding corrupted error-correcting codes by constant-
depth circuits, such as NC° or AC’, for example in the context of black-box
hardness amplification [STV99; Vio06; TV07|. Section 1.6.1 showed that these
circuits are amenable to provable separations. It is worthwhile to study whether
such a separation also exists for decoding highly-corrupted error-correcting codes.

As gates in NC’-circuits have bounded-fan-in and the circuits have a constant
depth, the outputs can only depend on a constant number of the inputs. However,
the output of NC°[@®]-circuits can depend on all inputs, due to the unbounded-
fan-in parity gate. Similarly, the output of QNC®[@]-circuits can depend on the
whole input.

In Chapter 3 and Chapter 4 we consider the classes NC'[@] and QNC°[®] and
their capabilities in decoding corrupted error-correcting codes.



36 Chapter 2. Introduction to decoding error-correcting codes

2.5 List-decoding beyond linear functions

The list-decoding algorithm by Goldreich and Levin works in greater generality
to find large Fourier coefficients for any function.

Our quantum algorithm in Chapter 4 is an extension of the original Goldreich-
Levin algorithm to a quantum setting, where we again sample the Fourier spec-
trum to find large Fourier coefficients. These large Fourier coefficients correspond
precisely to possible original messages.

This quantum algorithm is inspired by the Bernstein-Vazirani algorithm [BV97],
which in greater generality can be interpreted as a quantum algorithm to sample
the Fourier spectrum of a function.

The Hadamard code is the simplest example of a Reed-Muller code. The next
example would be to consider Reed-Muller codewords of degree at most 2, for
which Tulsiani and Wolf gave a conventional list-decoding algorithm [TW14].
Their algorithm makes use of higher-order Fourier analysis. Furthermore, higher-
order Fourier analysis helped to prove a qubic Goldreich-Levin algorithm [KLT23|.

Only very few results are known that consider applications of higher-order Fourier
analysis in quantum algorithms for decoding corrupted error-correcting codes.
Montanaro took a first step in this direction by providing a quantum algorithm
to learn uncorrupted multilinear polynomials of degree at most d using O(n?=1)
quantum queries. However, this algorithm fails in case the queries can be cor-
rupted. Chapter 5 extends this research line by considering learning functions that
have large Gowers U3-norm. This includes corrupted Reed-Muller codewords of
degree at most 2.

2.6 Deviation bounds

In this part, we consider error models that corrupt codewords from some error-
correcting codes. We interpret these codewords as strings with elements in a
prime field. As we use probabilistic error models, we have to work with events
that occur with certain probability. In most arguments, we will have to bound the
probability of some event happening. Probability theory offers us the following
two standard results which allow us to obtain these desired bounds.

The first result is by Markov, which gives an upper bound on the probability that
some random variable is above some threshold.

2.6.1. LEMMA (Markov’s inequality). Let M > 0 and let X be a random variable
taking values in a finite set S C (—oo, M. Then, for any a € S, we have that

EX —a
PriX >a]l > —/———.
r[X >a] > i
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Proof: We have

EX = > PrX=0+ > bPr[X =1
beSN(—00,a) beSNa,M]
< aPr[X < a]+ MPr[X > q]
<a+ MPr[X > a.

O

Additionally, Hoeffding’s inequality upper bounds the probability that the sum
of random variables differs from the expected value by more than a certain con-
stant [Hoe63]. We will specifically use a complex version of Hoeffding’s inequality.
If all random variables are real valued, we can replace the 4 in the upper bound
by a 2 in the lemma.

2.6.2. LEMMA (Hoeffding’s inequality). Let X, ..., X, be independent C-valued
random variables such that | X;| < a; for some a; > 0. Let X = n (X 1+ -+X,,).
Then, for any e > 0,

i=1 5

_ = 2e2n?
Pr[|X —EX| > ¢] <4dexp <— T)
Proof: Let Y? and Y! be the real and complex parts of Xj, respectively. Then,
V0|, 1Y < a;. For b € {0,1}, let Y? = n=Y(Y? + --- + Y?). By Hoeffding’s
inequality [Hoe63], for b € {0, 1},

2,2
PrHW—EW| >€] < 2exp (—%).
i=1 5

The result now follows from the triangle inequality and the union bound. O

2.7 Outline

The remainder of this Part consists of three chapters: Chapter 3 presents a proof
that polynomial maps of constant degree, and by extension also any NC°[@]-
circuit, cannot decode any corrupted error-correcting code with constant suc-
cess probability. Chapter 4 shows that QNC’[@®] circuits can decode a cor-
rupted Hadamard code with constant success probability for fixed error param-
eter. Chapter 5 shows how to find a Reed-Muller codeword of degree 2 that
correlates with a polynomial phase function given as input.

In the next sections, C', ¢ > 0 will denote absolute constants whose values may be
different at each occurrence.






Chapter 3

Conventional hardness of list decoding

In this chapter we prove our main result for conventional approaches to decoding,
which holds for any error-correcting code. We start slowly by showing the result
for linear maps, which serves as a warm-up for the more general case of polynomial
maps. We end with an improved result in the high-characteristic setting that hints
towards possible improvements of our results.

3.1 Chapter overview

The main theorem proven in this chapter states that NC°[@]-circuits cannot de-
code error-correcting codes with constant success probability.

3.1.1. THEOREM (Impossibility of decoding by NC°[®]). For any p € [0,1), d €
N and € € (0,1], there is a ko = ko(d, p,€) € N such that the following holds. Let
k > ko and n be positive integers, E : F5 — FY be any map and ¢ : F3 — F5 be a
map computable by an NC[@®]-circuit of depth at most d. Then, for a uniformly
distributed x € F5 and Z ~ N,(0), we have that

Prl¢(E(z) + Z) =1] <e. (3.1)

In particular, this theorem shows that no NC°[@]-circuit can correctly decode
more than an e-fraction of codewords with probability higher than € over the noise
distribution, provided the messages are long enough depending on ¢, the error rate
(1 —p)/2 > 0, and the depth of the circuit. By Yao’s minimax principle |Yao77|
and the Chernoff bound, it follows that any probabilistic NC°[@®]-circuit also fails
(with high probability) to correctly decode any binary error-correcting code in
the worst-case Hamming model, for any constant error parameter 6 € (0,1/2].
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To prove this theorem, we use the basic observation that any function f : Fy — F4
that is computable by an NC°[@®]-circuit can be given by a collection of k constant-
degree polynomials over Fy in n variables. Indeed, any gate with fan-in d imple-
ments a function g : F4 — F, and any such function can be represented by a
d-variable polynomial of total degree at most d. Degree is multiplicative under
composition and composition occurs only between different layers of the circuit.
Since the parities amount to addition in Fy and NC°-circuits have constant depth,
the total degree of the output is bounded.

We will therefore study the distribution of polynomial maps under biased input
distributions. We will do so in a slightly more general setting over arbitrary finite
fields of prime order®. For p € [0,1], an F,-valued random variable Z is p-biased if
with probability p it equals 0 and with probability 1— p it is uniformly distributed
over F,. Note that this corresponds to the noise N,(0) added by the symmetric
channel when the alphabet is F,,.

A mapping ¢ : F} — IF’; is called a polynomial map if there exist polynomials
fio-oos fi € Fplay, ..., x,] such that ¢ = (f1,..., fr). The degree of ¢ is the
maximal degree among the f;. To prove Theorem 3.1.1, it thus suffices to prove
the following result.

3.1.2. THEOREM (Impossibility of decoding by polynomial maps). For every in-
teger d and any p,e € (0,1), there exists an integer ko = ko(p,d, p,€) such that
the following holds. Let k > ko and n be integers, ¢ : F) — IF’; be a polynomaial
map of degree at most d and E : IF'; — [ be an arbitrary function. Then

Proerr 2, 0) [0(E(x)+Z) =x] <e. (3.2)

Studying the distribution of polynomial maps in many variables over a finite field
falls within the purview of additive combinatorics. In the “unbiased” situation
where Z is uniformly distributed, higher-order Fourier analysis provides powerful
tools to study the distribution of ¢(Z). In particular, Green and Tao [GT09]
proved that if ¢ is “regular” (random-like), then ¢(7) is approximately uniformly
distributed over F’;. This implies that, for every z € F}, the probability of the
event {¢(E(x) + Z) = x} is small. A “regularity-type” lemma proved in [GT09]
shows that one can “force” ¢ to be regular by restricting it to a partition defined
by sufficiently many polynomial equations of degree less than the degree of ¢.
However, these techniques cause the size of the polynomial map ¢ considered to
blow up considerably, and are only effective if k is an extremely slowly growing
function of n.

To address this issue and to adapt these results to the case where Z is no longer
uniform but biased, we employ a dichotomy often used in additive combinatorics.

3The restriction to prime order is done for notational reasons and for ease of exposition. Our
arguments can be readily adapted to the case of non-prime finite fields.
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This approach separately studies the “pseudorandom” case of regular maps and
the “structured” case of maps that carry a certain algebraic structure. This is
done in Section 3.3 by defining and studying a new notion of rank for (high-
dimensional) polynomial maps, which we call the analytic rank®*, and which mea-
sures how equidistributed the values taken by the considered map are.

We consider the pseudorandom case in Section 3.4. The main tool we use in
this case is a random restriction result for high-rank polynomial maps proved by
Briét and Castro-Silva [BC24|. We use this result to show that the distribution
of values taken by a high-rank polynomial map will be close to uniform even
under a biased input distribution. This implies that the event considered in the
theorem has very low probability for any fixed z, in which case we can conclude
by averaging.

In the structured case we deal instead with polynomial maps of low rank, whose
values are in a sense poorly distributed. Results from higher-order Fourier analysis
then imply that they can be determined by “few” lower-degree polynomial maps
(plus a few extra polynomials); by a simple Fourier-analytic argument we can
reduce the analysis of a low-rank polynomial map to those lower-degree maps
that specify it, making it amenable to an inductive argument. We use this idea
in Section 3.5 where we prove Theorem 3.1.2.

The decay found on the probability in Equation (3.1) of correct message retrieval
as a function of the message length is extremely slow, making Theorem 3.1.1 a
qualitative result rather than quantitative. Nevertheless, we conjecture that the
true decay of this probability is exponential in the message length k; this would
clearly be optimal, as can be seen by taking a constant map ¢ which always
returns some fixed message. In Sections 3.6 to 3.8 we will provide some evidence
to support this conjecture.

We start off gradually by first proving in Section 3.2 that linear maps have expo-
nentially small success probability in decoding corrupted error-correcting codes.

3.2 Impossibility of decoding linear maps

As a warm-up to our later arguments, we here present a proof of the first nontrivial
case of Theorem 3.1.2, namely that of maps ¢ : F; — ]F’; of degree 1. In this case,
there is a matrix U € F’;X" and a vector v € IF’; such that

¢(y) =Uy+v forallyeF

4A very similar notion of rank was defined for multilinear forms by Gowers and Wolf [GW11],
who coined the term analytic rank when studying linear systems of equations over F. We use
the same name to highlight the similarity between our two notions, which are relevant for
distinct types of mathematical objects.
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Let x be a uniformly distributed random variable over ]F'; and let Z be an IF,-
valued p-biased random variable, meaning that with probability p it equals 0,
and with probability 1 — p it is uniformly distributed over F,. We denote this
distribution by AN,(0). Our goal is then to bound the probability of the event

UE@)+Z)+v=u. (3.3)

We follow a structure-versus-randomness approach, commonly used in additive
combinatorics. For that we distinguish between U having low rank, the structure
case, and U having high rank, the randomness case. We bound the probability
of event & for both cases separately. Let r = k/2 be an integer.

3.2.1 Structured low-rank case

If U has rank at most r, then its image Im(U) is a subspace of size at most p".
If event (3.3) holds, then x is contained in the coset v 4+ Im(U) of this subspace,
which (for z uniform over F’;) happens with probability at most p"/p*. Hence,
event (3.3) holds with probability at most p~*~") in this case.

3.2.2 Pseudorandom high-rank case

For the “pseudorandom case” of high-rank matrices, we make the following simple
but important observation: one can sample Z ~ N,(0) by first sampling the
set I C [n] of “corrupted coordinates”, then sampling the “noise” y uniformly
at random from F] and setting® Zj; = y, Zjnp; = 0. Each index i € [n] has
probability 1 — p of belonging to the random set I, with these events being
mutually independent; we denote this sampling scheme by I ~ [n];_,.

If we denote by U € Fy*/ the restriction of U to the columns indexed by I C [n],
it follows that the random variable UZ has the same distribution as the random
variable Uy, where I ~ [n];_, and y is uniformly distributed over F!. Thus, for
any given x € F’;, we have

Prz 0 [U(E(m) +2Z)4+v= x} = ]Elw[nh_pprye]F{, [Ufy =z —UFE(z) — v}.

Now, if I C [n] is fixed and y is uniformly distributed over F/, then the random
variable Uy is uniformly distributed over Im(U;); hence

B 1 1

- [Im(Up)] O

max Prycpr [Ufy = w}
weFk

Taking the expectation over I ~ [n];_, and x € F¥, we conclude that event (3.3)

holds with probability at most E ., ,p~ ™1,

Given z € F} and I C [n], we denote by x; € F] the restriction of # to the coordinates
indexed by I.
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Suppose now that U has rank at least r, and let J C [n] be a set of r linearly
independent columns of U. By the Chernoff bound (see e.g. [HR90|), we have
that

1
Pri ., [[INJ] < % < e (=n)r/s,

Thus, the matrix U; will contain more than (1 — p)r/2 linearly independent
columns with probability at least 1 — e~(1=2)7/8; whenever this happens we have
tk(Ur) > (1 — p)r/2. It follows that

Proepk 7, (0) [U(BE(z) + Z) +v=1] <Epopy,_p ™
< e A=pr/8 o = (=p)r/2,

The choice of r = k/2 implies an exponential decay of the probability that
event (3.3) holds for both cases, concluding the analysis.

3.3 The analytic rank of polynomial maps

Green and Tao introduced the notion of rank for polynomials P € F)[z1, ..., z,],
defined as the smallest number of lower-degree polynomials needed to compute P.
It is related to the bias of the polynomial P, or more specifically to the bias of
the symmetric deg(P)-multilinear form associated to P. The bias of a function
J : Fy — F, is an analytic measure of how well-equidistributed the values of f
are when evaluated on a uniformly random input; formally,

bias(f) = }]Exeygw}:(x) . (3.4)

When dealing with a polynomial P of some bounded degree d, having non-
negligible bias implies that it has a significant amount of internal structure. Such
a result was first proven by Green and Tao [GT09] in the case of polynomials with
degree d smaller than the characteristic p of the field considered, and motivated
the introduction of both their notion of rank and Gowers and Wolf’s notion of
analytic rank [GW11]. We will need a similar result, proven by Kaufman and
Lovett [KLO08|, that generalizes this theorem to higher characteristics p < d and
also gives more precise information on the structure of the polynomial.

The following result of Kaufman and Lovett shows that polynomials with large
bias must be highly structured:

3.3.1. THEOREM (Bias implies low rank; Theorem 4 [KL08|). For every d € N
and € > 0, there is an v = r(p,d,e) € N such that the following holds. If P €
Fylx1, ..., 2] is a polynomial of degree at most d with bias(P) > e, then there
exist hy, ..., hy € F) and a map I' : F) — F), such that

P(z) =T (Ap, P(),...,Ap P(z)).
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For integers d,n,k > 1, we denote by Polgd(FZ,IF’;) the space of all polynomial
maps ¢ : F — IF’; of degree at most d.

3.3.2. DEFINITION (Analytic rank). Given a polynomial map ¢ € Pol<y(F}, F’;),
we define its analytic rank arank,(¢) by

ara6) = —og, (| max  Proce; o) = o) )

P:FR—TFE, deg(v)<d

Note that, for affine-linear maps ¢ € Polgl(Fg, IF’;), this definition coincides with
the usual notion of rank for the matrix U € F;*" encoding its linear part. Indeed,
suppose ¢(x) = Uz + v for some v € F ’;. Since Uz is uniformly distributed

F;k(U

over Im(U) ~ ) when 2 is uniformly distributed over F%, we have that

p~ ™) if w — v € Im(U),

Ploer; [Ux—i—v a w} - {O if w—wv ¢ Im(U).

This example might help explain the reason for the —log, in the definition of
analytic rank, as well as the need to maximize the probability of agreement over
all lower-degree maps.

Another useful way of viewing the analytic rank of a polynomial map ¢ is as
a measure of how well-equidistributed its values are in ]F’;, up to lower-degree
perturbations. Indeed, we can equivalently write

arank = min —log, (E nw v H@ Y@
d(¢> iR, deg(1)<d &p ( veFk zeFrWp )
The expectation inside the logarithm above is analogous to the notion of bias
given in Equation (3.4), and can be seen as an analytic measure of how close to
uniformly distributed over IE"; the values taken by ¢ — v are.

It is clear from the definition that the function arank, is nonnegative (since pro-
babilities are bounded by 1), and that arank,(¢) = 0 if and only if deg(¢) < d—1.
It also shares several useful properties with the rank of matrices; in order to state
them we will need some notation for considering coordinate restrictions:

3.3.3. DEFINITION (Restriction). For a polynomial map ¢ : Fj — FF and sub-
set I C [n], we define the restriction ¢y : ]F‘ZI7 — IF';;‘ to be the map given by
dr(y) = é(yr), where y; € F) agrees with y on the coordinates in I and is zero
elsewhere.

The properties of analytic rank that will be important to us are summarized in
the next lemma.

3.3.4. LEMMA (Properties of analytic rank). For all integers d,n,k > 1, the an-
alytic rank function arank, satisfies:
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1. Symmetry:
aranky(¢) = aranky(—¢) for all ¢ € Poley(F", F*).

2. Sub-additivity:
aranky(¢ + ) < aranky(¢) + aranky(y) for all ¢,~ € Pol<y(F", FF).

3. Monotonicity under restrictions:
arank,(¢);) < aranky(¢) for all ¢ € Pol<q(F",F*) and all sets I C [n].

4. Restriction Lipschitz property:
aranky(¢yu) < arankq(¢(;) +|J| for all polynomial maps ¢ € Pol<q(F", F¥)
and all sets I1,J C [n].

Proof: The first property is trivial. To prove property 2, let ¢, x : F} — IF]; be
polynomial maps of degree at most d — 1 such that

arank,(¢) = —log, Procpn [o()
aranky(y) = —log, Priepn [7 (z)

[

= =
5 =B
N— li‘

Then p~#rarka(d)—aranka(?) can be expressed as
Pry yerp [0(2) = ¥(z) Ay(y) = x(v)]
= Proy [0(2) = ¥(2) A d(z) +7(z +y) = ¥(2) + x(z + )],
where we performed the change of variables (z,y) — (2,2 + y). Now, as
V(@ +y) = (@) + Ayy(2),

this equals

Proy[o(x) = ¢(x) A dp(x) +7(x) = P(2) + x(z +y) — Ayy(a)]
< Pryy[o(x) +7(2) = () + x(z +y) — Ayy(x)].

Note that, for any fixed y € F}, the function

= P(r) + x(z +y) — Ayy(z)

is a polynomial map of degree at most d — 1, as every term has degree at most
d — 1. The last probability above is then bounded by

max Pr,[¢(z) +v(z) = ¥(z) + x(z +y) — Ayy(2)]
< max Pr, [(b(x) +y(z) = f(:l:)]

"~ &Fp—Fk, deg(é)<d
—p arankg(¢+-) )

Sub-additivity now follows by taking logarithms.
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To prove property 3 it suffices to show that arank,(¢.)\(i3) < aranky(¢) for any
i € [n], which can then be applied iteratively. Assume for notational convenience
that ¢ = n, and let ¢ : F} — F’; be a polynomial map of degree at most d — 1
which satisfies

p~ ) = Procp [¢(a) = ().

Factoring out the variable x,, allows us to write the probability on the right-hand
side as

]E:cnerPrygF;}—l |:¢anl] (y) + ¢/(y7 xn)xn = ¢|[n71] (y) + wl(% xn)xn}a

where ¢’ and v’ are some polynomial maps of degree at most d — 1. By the
averaging principle, this is at most

b Prcpn1 [B11—11(Y) = V1) (V) + ¥ (v, 20) 20 — & (Y, T0) 20

F
< T Ng(6)<d Pr,cen-1 [pm-11(4) = Yipn-1(y) + E(v)]
Ty D> €

— k _
— paran a(B|m 1])’

showing that arank,(¢jp,—1) < arankg(¢) as wished.
Finally, for the Lipschitz property 4, let ¢ : IF{D — F’; be a map with deg(v) < d

maximizing the agreement probability Pr,cp [¢I(m) = @Z)(x)], and suppose with-
out loss of generality that J NI = (). Then
‘e arankg(¢|ry) > PraceF{),yeng [¢|IUJ(xa y) = ¢(w)]
> PrxGIF{,,yE]FI{ [(blIUJ(xa O) w@j) Ny = O]
= p I Procnr [01(x) = ¥()]

— k, —|J
- aranka(én) 1]

and the restriction Lipschitz property follows. O

3.4 Biased equidistribution of high-rank maps

As in the degree-1 case considered in Section 3.2, we will need to study the
distribution of values ¢(Z) taken by a polynomial map ¢ when the input is a p-
biased random variable Z ~ N,(y). This can be done by considering restrictions
of ¢ to random subsets of variables, which model the coordinates “corrupted” by
the random process.

As the analytic rank satisfies all properties of Lemma 3.3.4, Theorem 1.8 of
Ref. [BC24] immediately gives that the random restrictions of a high-rank poly-
nomial map will also have high rank with high probability, summarized in the
next theorem.
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3.4.1. THEOREM (Random-restriction theorem). For every integer d and every
o,e € (0,1], there exist k = k(d,0) > 0 and R = R(d,0,¢) € N such that the
following holds. For every map ¢ € Poley(F™, F*) with arank,(¢) > R, we have
that

Priopn), [ arankg(¢yr) > & - arankg(¢)] > 1 —e.

With the help of this theorem, it is easy to show that high-rank polynomial maps
are approximately equidistributed even under biased inputs:

3.4.2. LEMMA (Biased equidistribution lemma). For every integer d and every
p,e € (0,1) there ezists a constant Ry = Ry(d, p,e) > 0 such that the following
holds. If ¢ € Poley(F", F*) satisfies aranky(¢) > Ry, then

Prz 0 [(b(y +7) = w} <e foraly€eF,,we IF’;.

Recall that I ~ [n], denotes the random process of sampling a subset I C [n]
where each i € [n] belongs to I with probability o, all events being mutually
independent.

Proof: It suffices to prove the special case where both y and w are zero, that is
PrZNNp(O) [qb(Z) = O] <e.
Indeed, for fixed y € ) and w € IF’;, the map gf; : x — ¢(y + ) — w has the same

degree and analytic rank as ¢, and satisfies ¢(x) = 0 if and only if ¢(y + z) = w.

We can sample Z ~ N,(0) by first sampling I ~ [n];_, (the “corrupted coordi-
nates”), then sampling z uniformly from F 1’; (the “noise”) and setting Z; = z,
ZH”]\I = 0; thus

Przn,©)[0(Z) = 0] = Erupn),,Procr [¢y(2) = 0]

< Epoge,_,p~ 000,

Let R = R(d,1 — p,e/2) and k = k(d,1 — p) be the constants guaranteed by
Theorem 3.4.1. If arank,;(¢) > R, from that result we obtain

E;. 'R aranky(¢|) < 6/2 _i_pf/g.arankd(d)).

[n]lfp
Taking® Ry = max { R, log,(2/¢)/x} we conclude that
PrZNNp(O) |:¢(Z> — 0:| S EIN[TL]lfpp_ arankd(¢|]) S e

whenever aranky(¢) > Ry, as wished. O

6Note that this bound is non-increasing on the value of p, so we can obtain a field-independent
bound by considering the smallest case p = 2.
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3.5 The proof of Theorem 3.1.2

We are now ready to present the proof of Theorem 3.1.2, which proceeds by
induction on the degree d. For degree-1 maps the result was already proven in
the warm-up section,” so let d > 2 and assume the result holds for maps of degree
at most d — 1.

Similar to the base case, we will divide the argument into two parts, corresponding
to whether the analytic rank of ¢ is “high” (the pseudorandom case) or “low” (the
structured case). The pseudorandom case immediately follows from Lemma 3.4.2,
the biased equidistribution lemma: let Ry = Ry(d, p,€) be the constant guaran-
teed by that lemma, and suppose that aranky(¢) > Ro. Then for every = € F}
we have that

Pryo [0(Ble) + 2) =] <<
and we conclude by averaging over all such z.

For the structured case, suppose that aranky(¢) < Ry, and let o : Fy — IF’;
be a map of degree at most d — 1 such that Pryepy [qb(x) = w(:p)} > p~fo. For

convenience, denote ¢ = ¢ — 1), and let P € Fuly1s .-y Yn,v1,..., 0 be the
polynomial given by

P(y,v) = (v, 9(y)).
This polynomial has nonnegligible bias:

bias(P) = Eyery Eyerywi ™ = Eyery 1[o(y) = 0] > p~".

By Theorem 3.3.1, there exist s = s(p,d, Ry) € N, a map I : > — F, and pairs
(h1,w1),..., (hs,ws) € Fjy x F¥ such that

P(y,v) = F(A(hlﬁwl)P(y, V), Aphyw) Py, v))

Let f : F; — C be the map given by f(t) = wg(t) and let ]?: F> — C be its
Fourier transform,

J/c\(a) = EteF;f(t>Wgy_<a’t>-
Since P is linear in v, the last k coordinates, it follows that
A(hﬂu)P(y,U) - P(y+h7v+w> - P(y+h,U> +P<y+h,1)) —P<y,7)>
= (w, 6y + ) + (v, Dud(y)).-

"It would also be possible to start the induction from the trivial base case d = 0 of constant
maps, but we thought it is more instructive to first present the argument for degree-1 maps in
order to gain some intuition.
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By the Fourier inversion formula (Equation (1.11)), we conclude that

wj;(yW) = f(A(h1,w1)P(ya U), ce >A(thwS)P(y’ U))
_ Z j/c\(a)wga(y)+<v,7a(y)>7

aEF;

where for o € IF; we denote

S

Qu(y) = {aiwi, ¢y + hi)),

Vo (?/) = Z azAhz&(y)

Note crucially, that deg(v,) < d — 1 for all a € F, which is what will eventually
allow us to apply the induction hypothesis.

It follows from our expression for w), ") that

1[p(y) = 2] = E,emw?®) )

— Evngwf(yvv)+<U7w(y)_x>

= 3 a0 B g

acky
Taking y = E(x) + Z, we then obtain

Pr[¢(E(x) + Z) = x} = EI,Zl[qﬁ(E(x) + Z) _ x}
< Z ‘]?(O./)’ EIvZ|EveIF§OJI<,U’ (Yat+P)(E(z)+Z)—2) ‘

< ( > |f<a>|> max B, 71{(70 +¢) (E(2) + Z) = a]

< p*? {“rle%?gPr[(va +9)(E(x) + Z) = ],

where we have used the Cauchy-Schwarz inequality and Parseval’s identity in the
last line. Since deg(y, + ¥) < d — 1 and s ultimately depends only on p, d, p
and ¢, by taking

k> k’o(p, d> P 5) = ko(pv d— 17 P gp_S/Q)
we conclude from the induction hypothesis that
Pri¢p(E(z)+Z) =z] <e

in this structured case as well. The theorem follows.
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3.6 The high-characteristic setting

The extremely slow decay found in Theorem 3.1.1 makes the result qualitative
rather than quantitative. Yet, results from high characteristics seem to indicate
room for improvements up to an exponential decay in the message length k. This
is done by proving a “high-characteristic” analogue of Theorem 3.1.2 with much
better bounds, presented below; as we see no reason to believe a result of this
kind has a strong dependence on the characteristic of the finite field considered®,
we believe that a theorem also holds for low-characteristic fields such as Fs.

3.6.1. THEOREM (Exponential decay in high characteristic). For every d € N
and p € [0,1) there exist constants C' = C(p,d) and ¢ = c¢(p,d) > 0 such that the
following holds. Let p > d be a prime, and let n, k be integers with k > p. Then
for every polynomial map ¢ : F; — F’; of degree at most d and every function
E: ]F'; — ), we have

Proess sy [0(E(2) + Z) = o] < Cemek/0osh”, (3.5)

3.6.2. REMARK. The presence of the polylogarithmic term in the exponential
in Equation (3.5) is due to a polylogarithmic loss when passing between two
distinct notions of tensor rank in our proof of Theorem 3.6.1. It is a widely-
believed conjecture in additive combinatorics that these two notions of rank (see
Section 3.7) are within a constant multiplicative factor of one another, in which
case our proof would give an upper bound of the form Ce= for the probability
of correct message retrieval, which is optimal.

We use induction on the degree d to prove Theorem 3.6.1 and use the degree-1
case shown in Section 3.2 as the base case. The inductive argument again relies
on a structure-versus-randomness dichotomy based on a notion of rank associated
with the polynomial map ¢. The better bounds we obtain stem from the fact
that, in the high-characteristic case, one can work with tensors (i.e., multilinear
forms) rather than with general polynomial maps. In the quasirandom case of our
argument, we can then use a stronger version of the random restriction theorem
for the analytic rank of tensors, while in the structured case we use a connection
between analytic rank and partition rank of tensors [MZ22].

3.7 Tensors associated to polynomial maps

Given a polynomial map ¢ : F) — IF’; of degree at most d, we can define a
(d+ 1)-tensor T : (FI)? x Fy — F, associated to it by

T(yb <y Yd, U) = <Ua Ay1 U Ayd¢(0>>

8While the result is stated in the setting of prime fields F,, it easily generalizes to the case
of non-prime finite fields IFy, with only minor modifications in the proof.
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While not immediately obvious, the formula above is indeed linear in each variable
separately and thus defines a tensor. This follows from the fact that A,, --- A, ¢
does not depend on the order of the derivatives, and that the polynomial map
Ay, -+ Ay, ¢ has degree at most 1 (since ¢ has degree at most d); note that,
if 1 is a linear map, then h — A1) is linear in h.

If the characteristic p of the field in strictly higher than the degree d, then we
also have the integration formula

1
Oy) = 5T,y ) +9(y) forally € Fy,

where y is repeated d times inside T" and v is a polynomial map of degree at
most d — 1. This follows from the (discrete) Taylor expansion theorem, and
allows us to pass back and forth between tensors and polynomial maps.

We will use the following two notions of rank for tensors, originally introduced
by Gowers and Wolf [GW11] and by Naslund [Nas20], respectively.

3.7.1. DEFINITION (Tensor analytic rank). Let Xi,..., X, be positive integers
and T : F)* x --- x F)X* — F, be an r-tensor. The bias of T" is defined as

T(x1,05T7)
X .
21 €FSY e Yp

bias(T) = E
The bias is always real and positive?, and the analytic rank of 7" is defined by
arank(T") = — log, bias(T').

3.7.2. DEFINITION (Partition rank). For positive integers X7, ..., X,, a nonzero
r-tensor T' : F;(l X e X IF;(* — [, is said to have partition rank 1 if there
exists a nonempty strict subset I C [r] and tensors S : [[,.,F* — F and
R Hie[r]\] FXi — T such that T can be factored as T = SR. The partition
rank of 7', denoted prank(7T"), is defined as the least m € N such that there is a
decomposition 7' =T} + - - - + T}, where each T; has partition rank 1.

While these two notions of rank are defined in very different ways, it turns out that
they are intimately related to each other. Lovett showed that for all tensors 7',
it holds that arank(7") < prank(7") [Lov19]. It is a well-known open problem
to determine whether a similar inequality holds in the converse direction, up to
an absolute multiplicative factor. Moshkovitz and Zhu proved that the relation
between these two rank functions is at worst quasilinear [MZ22].

3.7.3. THEOREM (Moshkovitz—Zhu). For every r > 2 there exists L, > 0 such
that for every r-tensor T' over any finite field, we have

arank(T) < prank(T) < L, arank(T) log" " (1 + arank(7)). (3.6)

X1z Xr—ll[T(xla---axT—l") O]'
P Tr—1E€Lp

9Tt is not hard to show that bias(T") = Pr
z1
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This result will be an important ingredient in our proof of Theorem 3.6.1; we note
that the decay obtained could be improved to C'e~°* if Theorem 3.7.3 were proven
without the polylogarithmic factor on the right-hand side of Equation (3.6). An-
other important ingredient is the following random restriction theorem for ten-
sors [BC24], stated here for the special case of the analytic rank.

3.7.4. THEOREM (Tensor random restriction theorem). For every integer d and
every o € (0, 1], there exist constants C,k > 0 such that for any order-d tensor T
over any field, we have that

Pryjn, [arank(7};) > r - arank(7T)] > 1 — Ce " arank(®),

3.8 The proof of Theorem 3.6.1

The proof will proceed by induction on the degree of the polynomial map. Recall
that Section 3.2 provides the proof for the base case of degree-1 maps.

Let ¢ : F) — IF'; be a polynomial map of degree at most d, with 2 < d < p, and
suppose the theorem holds for polynomial maps of degree at most d — 1. Define
the (d+ 1)-tensor T : (F2)? x FF — F, by

T(y1,. .- ya,v) = (v, Ay, ... A, 0(0)).

We split the analysis into two cases, depending on whether the analytic rank of T
is above or below some cutoff value r = O (k/(log k)dQ).

3.8.1 Pseudorandom case
Assume that arank(7") > r. We will show that the probability
Prz. (0 [¢(E(x) + Z) = :U] (3.7)

decays exponentially in arank(7) for every x € F; we then conclude the pseu-
dorandom case by averaging over all x. Now fix some x € F;. As before, we
write

Pra,o [¢<E(x) + Z) - m} = EIN[nhprryG]F;g [¢(E($) + y) = IL’}
= EIN[nh—p]EyeF{”Uerwév,¢(E(a:)+y)_x>.
Note that we can write ¢(E(x) +y) — x = ¢(y) + ¥ (y), where
U(y) = Dpwoly) —

has degree at most d—1. Using this identity and the triangle inequality, it follows
that

PI'ZNNP(O) [¢(E($) + Z) = [L’] = EIN[”]I—pEyEJF{?,Ue]F’;W;U’¢(y)+¢(y)>
< Erpoly Boert | Byepwl FHOW)|.
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Repeated applications of the Cauchy-Schwarz inequality (or equivalently, the
monotonicity property of the Gowers uniformity norms (Equation (1.17)) shows
that, for any fixed v € IF’;, I C [n], we have

. (v, Dyy By ($44) (y0)) 1/2¢
|Eyeps i TN < (Byy o ggemrwp Tt T

We then conclude that

Przn, ) [¢(E(x) + Z) = ]

(0, Agy Dy (640) (wo)) ) /2
SElw[nh_pEveF’; (Eyo,yl ..... ya€F] Wp y1--Rug 0 )

(0, Ay Ay (6+) (w0)) | /2
< Elw[nh—p <EU€F§Ey07y1,---7yd€F{a wp T 0 > ’

where we applied Hoélder’s inequality once (or, alternatively, Cauchy-Schwarz d
further times).

We now need to relate this last expression to the analytic rank of 1. Derivat-
ing d times a polynomial map of degree at most d — 1 gives the zero map,
and so Ay, ... A, ¥(y) = 0. Moreover, since deg(¢) < d, the d-th derivative
Ay ... Ay,¢ is a constant map. We conclude that

<U,Ay1...Ayd(¢)+w)(y0)> =K <U7Ay1"'Ayd¢(0)>

’UEF’;E?JL...,ydE]Fiw .

EUEF’;E

Y0,y Ya EFL W

For each v € F%, let S(v) be the d-tensor given by T'(-,...,-,v). Then the above
is precisely the bias of the restricted tensor S(v)|a, averaged over v, which (by

definition) equals the average of p~ ™ *®)i14) " The probability in Equation (3.7)

is then bounded from above by

— arank(S (v d
EvngEIN[n]lipp k(S( )\1d)/2 .

Theorem 3.7.4 now implies that for some absolute constant C' = C(d, p) > 0, the
last quantity is bounded from above by Cp~2ank(T)/C,

3.8.2 Structured case
Now we assume that arank(7T") < r.

Denote the partition rank of 7" by s := prank(7"). Theorem 3.7.3 shows that
s < Lgyqr(log r)d, where L4y is a universal constant. We can then write

T(ya,v) = Y Rilyr,)Si(yse, v)
i=1
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for some nonempty sets I; C [d], |I;|-tensors R; and (d —|I;| 4+ 1)-tensors S;. Since
d < p, by Taylor’s expansion theorem we have that

6) = 7y Ay0(0) +o(y),  der(vn) < d.

Define ¢; : Fj} — Fy, ¢; : ) — FF, for i € [s], by
1
a(y) = S Riyr), (v, vily)) = Silyre, v),
and note that deg(v;) < d for all i € [s]. By the definition of T" we conclude that

Oy) = vo(y) + Y ai(y)vily), with deg(y) < d for 0 <i <s.
=1

Let A = {Ay,...,An} be the partition of F given by the level sets of the
polynomial map (qi, ..., qs) : Iy — F); note that m < p* < pLd“’”(lOg’”)d. For each
J € [m], ¢ will coincide on A; with a polynomial map 4, : Fy — IF’; of degree
at most d — 1; simply substitute the ¢;(y) in the formula above by their value on
A; € A. Define the random events

E={E@) +ZecAj:x~UFL),Z~N,(0)}, jeml
Since these events partition the probability space, it follows that

Pryers 2o, 0) [0 (E(2) + Z) = 2]

= Z Pr,z[¢(E(x) + Z) = 2 N&]

= Proz[va, (Bx) + Z) =z A&
i=1

<m- 1%3§>§1Prx’z [wAj (E(x) + Z) = a:}
Latir(logr)d _

< plan (e Pro [W(E(z)+ Z) =z,

where the last maximum is over all polynomial maps ¢ : F) — F ’; of degree at
most d — 1. By the induction hypothesis we have that this maximum probability

is at most C”e‘clk/(logk)(dfl)i where " = C(d — 1,p) and ¢ = ¢(d — 1, p); we
conclude that

Proerk 2, (0) [¢(E(z) + Z) = ]

'k
< C'exp ((logp)Ldm(log r)! - W) ‘
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Taking

_ c k

"~ 2L441 (log k)4

and using our assumptions k > p and d > 2, we have that
d k

2L4.1 (log k)&

r

(log p) Las1r(log 1) < (log k) Lasi (log k)

d k
2 (log k)d*—d-1
C/
2

k

IN

(log k)@ 1?"
We conclude that

ck
PrerFlg,ZNNp(o) [¢(E($) + Z) = x] < eXp ( o 2(log k)(d—l)Z)

in this case, and the theorem follows.

3.9 Reflections and outlook

This chapter proved that polynomial maps of constant-degree cannot decode any
error-correcting code for any positive error rate with constant success probability
(Theorem 3.1.2). As a result, any NC°[®] circuit could also not do so (Theo-
rem 3.1.1). However, the decay in the theorems is slow, making the results qual-
itative rather than quantitative. We conjecture that this decay results from the
used techniques, and that in general an exponential decay holds (Theorem 3.6.1).
We provided evidence for this conjecture by studying the high-characteristic case.

The main strength of Theorem 3.1.2 is that it holds for any code and for any
positive error rate. Complementary results are known for restricted classes of
codes, and also for when the error rate tends to 1/2.

A code E : F§ — T3 is t-wise independent if, for any size-t subset of coordi-
nates S C [n] and a uniformly random X € F%, the restriction E(X)s is uni-
formly distributed over IF|25|. Many codes have this property; for instance, the
dual code of a linear code of distance d is (d — 1)-wise independent.

Under the same noise model considered in this chapter, Lee and Viola [LV17],
using earlier work of Viola [Vio09], showed that NC°[] circuits cannot distinguish
a corrupted uniformly random codeword of an w(1)-wise independent linear code
from a uniformly random element of 5. Note that this problem is formally easier
than (list) decoding.

However, the result of Lee and Viola does not cover the Hadamard code, as
it is not even 3-wise independent. Indeed, the Hadamard code is also easy to
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distinguish, as it contains the sub-code (1, 2, r1 + x2). Since the parity of these
three bits is always zero, the parity under noise is biased towards zero and is
therefore easily distinguished from the parity of a random string.

Future work can explore the use of the techniques in this chapter to the situation
sketched by Lee and Viola to see how their result extends to a broader class of
codes. Additionally, it is interesting to see how our quantitative bounds can be
improved, for instance, using the techniques by Lee and Viola.

The techniques used in this chapter use novel ideas from additive combinatorics.
These techniques are of greater interest, and it would therefore be interesting to
see where else they can be applied.

Finally, an interesting direction for future work is to see if we can prove similar
results for other types of circuits. An example is NC°[®]-circuits that additionally
have access to a fixed number of unbounded-fan-in AND- or OR-gates. These
circuits are strictly stronger than NC°[@], yet do not admit the power that AC®[®]-
circuits have. Another potential class of circuits would be those using bounded-
fan-in gates and having non-constant depth O(loglogn). In these circuits, before
the parity functions, each output bit can only depend on O(logn) input bits,
instead of on a constant number of bits. The polynomials associated with these
classes can have non-constant degree O(logn).



Chapter 4

Decoding the Hadamard code with
quantum circuits

In this chapter, we present a constant-depth quantum algorithm that can list-
decode a heavily corrupted Hadamard codeword. To provide intuition for the
algorithm, we start by formulating a non-local game that can list-decode a cor-
rupted Hadamard code. We then turn this non-local game into a quantum circuit.
With this quantum circuit, we arrive at a separation between quantum and con-
ventional constant-depth circuits. We furthermore revisit our quantum circuit
and show how it can be used to implement majority gates. We conclude by
providing directions for quantum circuits for different error-correcting codes.

4.1 Chapter overview

The main result of this chapter is a family of quantum circuits that can retrieve
a codeword such that, with high probability, its encoding is close (in Hamming
distance) to the corrupted message.

4.1.1. THEOREM (Decoding Hadamard code with QNC'[@]). There is a family
of QNC[®)]-circuits (Cp)nen such that the following holds. Let k € N, n = 2% and
e € (0,1/2]. Then, for any y € Fy and x € F satisfying d (y, H(z)) < (3 —)n,
on input y the circuit C, returns x with probability Q(g?).

We note that the bound (£?) obtained in the theorem is optimal, since in general
there can be ©(c7%) messages © € F§ satisfying d(y, H(z)) < (3 —e)n. Note that
this bound is only nontrivial if e = Q(1/4/n), as there are n possible messages.

o7
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The family of quantum circuits of Theorem 4.1.1 originates directly from an n-
player non-local game presented as warm-up in Section 4.2. The players employ-
ing a quantum strategy share k GHZ states and are given as input coordinates of
the corrupted Hadamard codeword.

In Section 4.3, we turn the optimal quantum strategy for this non-local game
into a quantum circuit. For the GHZ states, we use a technique by Bene Watts
et al. [Ben+19|. We first prepare a poor man’s cat state: \%(!z) + |2)) for some
binary vector z, and then correct it to a standard GHZ state.

We input the coordinates of the corrupted Hadamard codeword in the circuit
using controlled phase flips. By carefully choosing the controls, we can link the
i-th (possibly corrupted) bit with the |i)-state. Standard techniques using stacked
Toffoli-gates and auxillary qubits require depth O(loglogn). Instead, we use an
unbounded-fan-in AND-gate

|z1) .. |z |0y = |xr) . |ak) JAND(2q, ..., x) © )

to apply the phase flips. Conjugating the inputs of the AND-gate with X-gates
ensures we target only the |i)-state. We implement this gate using a constant-
depth exact OR-routine by Takahashi and Tani [TT13].

We consider the size and depth of the quantum circuit in Section 4.4, and show
that the circuits have size O(n*logn) and depth 65.

Section 4.5 discusses a separation between conventional and quantum circuits
based on decoding corrupted error-correcting codes. Note that running the circuit
in parallel outputs the desired list of possible messages. We then introduce the
List-Hadamard problem to prove a separation between NC’[@®] and QNC°[@] for
decoding the Hadamard code for any error rate 6 > 0, see also Theorem 4.5.3.

In the high-error regime where the parameter 0 approaches the information-
theoretic limit of 1/2 (which is relevant for hardness amplification), a stronger
separation follows by combining Theorem 4.1.1 with a result of Sudan showing
the hardness of noisy decoding by AC0[®]—Circuits, implying a separation between
AC’[@] and QNC°[®]. We prove this separation in Section 4.6 and also give a
quantum circuit for Majority, based on a quantum circuit for list decoding.

Next, Section 4.7 discusses the extension of the Hadamard circuit to higher field
characteristics, similar to how Theorem 3.1.2 extends Theorem 3.1.1.

4.2 Quantum decoding the Hadamard code in a
non-local game

Our quantum algorithm is inspired by the analysis of a particular non-local game.
In a non-local game, a referee randomly sends questions to a set of players, accord-
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ing to a probability distribution known to the players in advance. Then, without
communicating with each other, the players individually answer the referee. Fi-
nally, the referee determines whether the players win or lose based solely on the
questions and answers. The rule used by the referee is known to the players in
advance as well. With a (deterministic) conventional strategy, the players decide
before the game starts what to answer to each possible question. With a quantum
strategy, the players base their answers on the outcomes of local measurements
of their respective parts of a shared entangled state. We refer to [Cle+04] for
further background on non-local games.

Let H : F§ — F% be the Hadamard code and let ¢ € (0,1/2) be some constant
independent of n. We identify the codewords H (z) with functions F§ — F, given
by H(z)(y) = (z,y). We consider the following n-player non-local game, which
we shall refer to as the Hadamard game: Each player is labeled uniquely with
an element in FX. The referee picks a uniformly chosen message r € F5 and
randomly corrupts the codeword H (z) using the binary symmetric channel with
error rate 1/2 — ¢, resulting in a function ¢ : F§ — Fy. He then sends player y the
value c(y). The players each return a string in F§ and they win the game if the
sum of their answers equals x.

Let the n players share an n-partite GHZ state of local dimension 2F:
1
VLD
y€EF%

Consider the following strategy inspired by the famous Bernstein-Vazirani algo-
rithm [BV97]:

1. Upon receiving input ¢(y), player y applies a conditional phase flip on their
part of the shared state:

2) {(_1>C(y) ) ifz=y (4.1)

|2) otherwise.

2. Each player applies a k-qubit Hadamard gate to their local register;
3. Each player measures their local register in the computational basis;
4. Each player returns the measurement results.

4.2.1. THEOREM. The players win the Hadamard game with probability Q(g?), if
they follow the strategy outlined above.

Proof: Once all players have applied their conditional phase flips, they share the
state

=Y e e ). (42)
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The k-qubit Hadamard gates map this state to

- (n+1)/2 Z Z (—=1)eW (—1)@brt=+oa) ) @ @ |b,,) .

y€FE by,...,bn €EF5

The probability that the measurement results sum to some string z € F} is now
given by

2

- 1
Pr{; b = Z:| - n(ntl) Z

bl++bn:Z

Z(_l)c(y)ﬂy,z)

yEF%

= (1 - 2M>2 . (4.3)

n

It follows from the Chernoff bound [HR90] that for fixed € F§ and the random ¢
obtained by corrupting the codeword H(x),

- [d(c,H(:L'))

1—
- > 5 6] < exp(—Ce’n).

Hence, by the union bound, for fixed € € (0,1/2), the players win with proba-
bility at least C'e?, where the probability is taken over the message z, the noise
corrupting the codeword H(z) and the measurements done by the players. O

Note that this strategy succeeds with probability Ce? for every x and whenever
at most any (1/2—¢)-fraction of the coordinates of H(x) are flipped, independent
of the error-model.

4.3 Details of quantum algorithm

Below we give more details on how to generate the GHZ states, as well as on how
to implement the controlled phase gates.

4.3.1 Generating GHZ states
Preparing the GHZ state

1
V2

requires depth 2(logn) given an all-to-all connectivity. This exceeds the constant-
depth requirement of our circuits. Instead, we generate an intermediate state and
then use the conventional parity gates to implement correction terms to correct
the intermediate state in a GHZ state.

GHZ) = —= (10" +[1)"")
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Starting with 2n — 1 qubits, we apply Hadamard gates to all 20 — 1 qubits for
i € [n]. Next, we apply two layers of parallel CNOT-gates: In the first layer,
from qubit 2¢ — 1 to qubit 2i, for i € [n — 1]; In the second layer, from qubit
2i + 1 to qubit 2i, for ¢ € [n — 1]. Next, all even-numbered qubits are measured,
giving measurement results d;, i € [n — 1]. The resulting poor man’s cat state
is then corrected to a GHZ state by applying an X-gate to qubit ¢ based on a
prefix sum computation, that is, an X-gate is applied to qubit 2i —1 if and only if
Z;;ll d; mod 2 =1 for i € [n]. Figure 4.1 shows the quantum circuit to generate
a 3-qubit GHZ state.

o
~
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Figure 4.1: The quantum circuit to generate a 3-qubit GHZ state.
First, we prepare a poor man's cat state %ﬂz) + |Z)) with each
z € 3 equally likely to be found. The parity gates compute a prefix
sum on the measurement results d; and dy and determine if a qubit

has to be flipped to obtain the GHZ state.

With this construction, the depth of the circuit remains constant, independent
of n. Also note that this circuit corresponds to a Clifford ladder, which is discussed
later in Section 7.3.

4.3.2 Quantum fanout gate

We will use a quantum fanout gate to implement the controlled phase flips. For
our construction, we will use ideas from distributed quantum computing. Eisert
et al. and Yimsiriwattana and Lomonaco introduced a non-local CNOT-gate,
using single-qubit gates, CNOT-gates and shared GHZ states [Eis+00; YLO04|.
We extend their construction to a quantum fanout gate, by using GHZ states
shared by more parties. A circuit for the quantum fanout gate for n = 3 is given
in Figure 4.2. The last Z-gate is applied only if the parity of all measurement
results equals 1. The time steps denote which gates can be applied in parallel.

Later, Pham and Svore introduced another way to implement a quantum fanout
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Figure 4.2: Implementation of a quantum fanout gate with one
control qubit |¢) and two target qubits |z1) and |z3). Only single-
and two-qubit gates and conventional parity gates are used. The
bottom three qubits are in the GHZ; state. The dotted lines denote
time steps and which gates can be applied in parallel.

gate [PS13, Figure 4]. At first sight, their circuit seems to have a shallower depth.
Yet, their circuit uses Bell-basis measurements that decompose into a CNOT-gate,
a Hadamard gate and two standard basis measurements. Furthermore, the state
produced corresponds to a GHZ state up to Pauli corrections, which depend on
the measurement outcomes.

Even though both approaches implement a quantum fanout gate, we use the ap-
proach inspired by Eisert et al. and Yimsiriwattana and Lomonaco for its simplic-
ity and its broader applicability in, for instance, distributed quantum computing.

4.3.1. LEMMA. The circuit of Figure 4.2, extended to arbitrary n, implements a
quantum fanout gate.

Proof: Let |z) be an n-qubit computational basis state and |¢) = « |0) + 5 |1) be
any single qubit quantum state. We will prove that the circuit implements the
quantum fanout gate on the state |¢) |x). The lemma then follows by linearity of
the operations.

The action of the quantum fanout gate on the quantum state is given by
Fanou n _
@) [2) ¥ @ ]0) [2) + B[1) X" @) = a[0) |z) + B]1) |7) , (4.4)

where |Z) is the computational basis state |x) with all qubits flipped.

The circuit indeed implements this map (when generalized to arbitrary n). As-
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sume we have a GHZ,, . state, up to a normalization factor of 1/ V2, we have:

[]0) +B]1) ] |z) @ [|00---0) + [11---1) ]
(1

s @ 10) |2) @ [100---0) + [11--- 1) ] + B[1) &) @ [[10---0) + [01---1) ]
s @ 10) 2 |do0 - - 0) + A1) |a) |dol - - - 1)

By o 10) Ja) |do0 - - 0) + B[1) X5 | [do1 ---1)

= 2n1—1 > [0y [2) + B(=1) "+ 1) X () ] |dods - . d)

dEFy
O 0 10Y 2 [dody . .. dn) + (— 1)+ 311Y X |2 |dody . . . dy)
6 _
s [a|0) [2) + B11) [2)] |dodh . . d)

Step (1): Perform a CNOT-gate from the control qubit to the first qubit of the
GHZ state; Step (2): Measure that qubit, with outcome dy, and apply an X-gate
to the remaining n qubits of the GHZ state if dy = 1; Step (3): Perform n parallel
CNOT-gates between the i + 1-th qubit of the GHZ state and the i-th target
qubit; Steps (4) and (5): Apply Hadamard gates to each unmeasured qubit of
the GHZ state and subsequently measure it; and, Step (6): Compute the parity
di ® ... ®d, and apply a Z-gate to the control qubit if this parity equals one.
The circuit thus implements the quantum fanout gate as desired. O

4.3.3 Applying the phase flip

We apply the conditional phase flip by first conjugation the input qubits corre-
sponding to the zeros in the binary representation of the index with X-gates and
then computing the AND of these qubits.

As we have the identity AND(zy,...,2;) = “OR(=z1,...,72), we can use the
exact OR~gate by Takahashi and Tani [TT13, Lemma 1] to implement the phase
flip. They used the Fourier inversion formula of Equation (1.11), to rewrite the
OR as the sum of the parities of all nonempty subsets of inputs. Their method
uses single- and two-qubit gates, as well as quantum fanout gates.

We can use quantum fanout gates to compute the parity of all subsets in parallel.
Via a phase kickback trick, implemented via a fanout gate combined with a
Hadamard gate, we have computed the OR in an auxiliary qubit. We use that
auxiliary qubit to apply the phase flip in the GHZ state.

4.4 Circuit complexity

We now count all single-qubit gates, CNOT-gates and unbounded-fan-in parity
gates used in the circuit to determine its size and width. In the circuit, we will
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also use controlled-Rz-gates, which we can implement in depth four, using two
CNOT-gates and three single-qubits gates [NC10, Corollary 4.2].

4.4.1. LEMMA. The circuit for decoding the Hadamard code has size O(n?logn)
and depth 65.

Proof: We break down the steps of the previous section and count the size and
depth. Generating n-qubit GHZ states requires 2n — 1 qubits and depth 6. Each
of the GHZ states can be prepared in parallel.

The quantum fanout gates used require depth 8. The GHZ states used to imple-
ment the quantum fanout gate can be initialized at the same time with the GHZ
states used for the initial superposition.

The conditional phase gates can be applied in parallel. Hence, for the depth, we
consider only a single instance for index ¢, which requires the operations:

1. Apply X-gates corresponding to the zeros in the binary representation of
index ¢ and at the same time apply an X-gate to an auxillary qubit;

Compute the OR of the input in this auxilliary qubit;
Apply a Z-gate to the auxillary qubit, conditioned on the input bit ¢(i);
Uncompute the OR of the input;

AT SR S

Apply X-gates corresponding to the zeros in the binary representation of
index ¢ and at the same time apply an X-gate to an auxillary qubit.

The odd steps correspond to single qubit gates, and hence add 1 to the circuit
depth. The second and fourth step apply the circuit for the OR~gate, which has
depth 28 [TT13, Lemma 2]. In the circuit, auxiliary GHZ states are used, which
can be prepared in parallel with the initial uniform superposition.

1. For every of the k local qubits part of the GHZ state, apply a fanout gate
from that qubit to n — 1 auxiliary qubits;

2. Compute the parity of all possible nonempty subsets of the k indices in
parallel using the quantum fanout gate, conjugated by Hadamard gates.
The conjugation by Hadamard gates can be integrated in the circuit for the
quantum fanout gates and therefore does not increase the circuit depth;

3. Apply controlled-Rz-gates from the parity computation circuit to a GHZ
state;

4. Apply a fanout gate on the auxiliary GHZ state to reduce it to a single bit;
5. Apply a Hadamard gate for a phase kick-back into the target qubit.

As the depth of the fanout gate is 8, the depth of the OR~gate is 3-8 + 4 = 28.
This gives a total circuit depth of 65.
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For input size k, the size of circuit for applying a conditional phase gate is
O(k2F) = O(nlogn). As we have to apply n conditional phase gates in par-
allel, the overall circuit size is O(n?logn). O

We can use an OR-reduction by Hgyer and Spalek to further reduce the circuit
size [HS05, Lemma 5.1]. This OR-reduction uses a O(klog k)-sized constant-
depth quantum circuit to prepare a quantum state on [log(k + 1)]| qubits, such
that the OR on these [log(k 4+ 1)] qubits evaluates to the same value as the OR
on the original k£ qubits.

4.4.2. COROLLARY. There exists a quantum circuit for decoding the Hadamard
code of size O(nlognloglogn) and depth 103.

Proof: The result follows by noting that the OR-reduction has depth 19 and
counting the gates of the exact OR-routine by Takahashi and Tani. O

Note that we can use a fanout gate to simplify the proof of Theorem 4.2.1 slightly:
First, apply a fanout gate to map the state of Equation (4.2) to obtain

NG Z y)|0yEr Tt (4.5)

Next, apply Hadamard gates only to the first register. A final measurement
of the first register then directly gives a bitstring according to the probability
distribution. For the Hadamard code, this approach only simplifies the proof; for
other codes, this step is necessary for correct decoding.

4.5 Separating NC'[@] from QNC[@)]

In this section we combine our conventional and quantum results, Theorem 3.1.2
and Theorem 4.1.1 respectively, to show a separation between NC°[®], AC’[®)],
and QNCO[GB]. Note that our quantum circuit outputs a single possible message,
whereas the conventional circuit returns a list. This requires minor changes and
gives the following theorem.

4.5.1. COROLLARY. There is a family of QNC°[®)]-circuits (Cp)nen Such that the
following holds. Let k € N, n = 2 and ¢ € [1/y/n,1/2]. Then, on any in-
put y € F4, with probability 1 — O(e) the circuit C,, returns a list L(y) of size

O(e7%log(1/¢)) which contains every x € F5 with d(y, H(z)) < (3 — )n.

Proof: For a large enough constant C' > 0, consider Ce=?log(1/¢) parallel in-
stances of the circuit from Theorem 4.1.1. This gives a list L(y) of the claimed
size such that any message z € F} satisfying d(y,H(:v)) < (% — £)n appears
in L(y) with probability at least 1 — &3. Since there are at most O(1/¢%) such
messages, it follows from the union bound that with probability at least 1 — O(¢)
every such message appears in L(y). O
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4.5.2. REMARK. Note that the circuits obtained in this corollary also output
several messages whose codewords differ from the input y in more than (% —e)n
coordinates; this differs from the usual notion of the list decoding problem, which
aims to output a list of all messages = € F5 with d(y, H(z)) < (3 — ¢)n and
none other. One can also solve the usual list-decoding problem for the Hadamard
code using QNC°[@]-circuits, by making use of Majority gates (and more general
threshold gates) to prune the obtained list (see also Section 4.6).

As a consequence we arrive at the main result of this chapter: List-decoding the
Hadamard code separates the classes NC°[®] and QNC°[@®]. This result thus gives
a quantum advantage for a problem appearing naturally.

In the high-error setting, where the error parameter o approaches the information-
theoretic limit of 1/2 (which is relevant for hardness amplification), a stronger
separation follows by combining Theorem 4.1.1 with a result of Sudan showing
hardness of noisy decoding by AC’[@]-circuits. Stating this problem requires us
to consider a slightly different problem:

List-Hadamard problem: Let ¢ : N — (0, 1] be a function. For each dyadic
number n = 2% we define the problem LH,(g) as follows: given y € F%, out-
put a list of at most n/4 elements in F5 that contains every x € F} satisfying

d(y, H(z)) < (3 —e(n))n.

In the next section, we discuss the hardness of the list-Hadamard problem and
its implications further. For now, it gives us the tools to state the most general
form of our quantum advantage result:

4.5.3. THEOREM (Quantum-vs-conventional separation). For every constantd €
(0,3), list decoding the Hadamard code with error parameter § separates QNC°[]
from NC°[@®]. Moreover, for any (logn)/v/n < e(n) < 1/(logn)*Y, the list-
Hadamard problem LH, () separates QNC°[@®] from AC’[a@].

4.6 A quantum circuit for Majority

This section shows how to obtain a QNCY[@]-circuit that computes Majority,
which uses our QNC°[@]-circuit for list decoding the Hadamard code. As a corol-
lary, we prove the second statement of Theorem 4.5.3.

We first show the reduction from list decoding to Majority by introducing a new
problem called IsBal and then transform that into a QNC°[@]-circuit for Majority.

4.6.1 From list decoding to Majority

Sudan (see [Vio06, Section 6.2]) showed that list decoding with error parameter
1/2 — ¢ requires probabilistic AC[@]-circuits to have size exp(poly(1/¢)). The
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hardness of the list-Hadamard problem will follow as a corollary. For concreteness,
we state his result restricted to the Hadamard code; as can be easily seen from
its proof, one could instead consider any other error-correcting code.

4.6.1. THEOREM (List-Hadamard implies Majority). Let C be a probabilistic cir-
cuit that solves the list-Hadamard problem LH, () with probability at least 3/4.
Then there exists a (deterministic) oracular AC’-circuit D of size poly(n,1/¢)
that, when given oracle access to C and the ability to fix its random bits, com-
putes Majority on Q(1/e) bits.

As a corollary, the circuit lower bound for Majority due to Razborov [Raz87] and
Smolensky [Smo87| gives the following (known) hardness result for list decoding
the Hadamard code.

4.6.2. COROLLARY (Hardness of list-Hadamard). If e(n) < 1/(logn)*®), then
the list-Hadamard problem LH,(¢) cannot be solved by a probabilistic AC°[®]-
circuit with probability Q(1).

Combining this corollary with our QNC°[@]-circuits for list-Hadamard given in
Corollary 4.5.1, we obtain the second separation of complexity classes stated in
Theorem 4.5.3.

To prove Theorem 4.6.1, let Maj, denote the Majority function on ¢ bits. We
first introduce a promise problem called IsBal;, which asks to determine whether
a given binary string is balanced. We then show that a (probabilistic) circuit
solving IsBal; can be turned into a deterministic circuit computing Maj,. Finally,
we show how a circuit for LH,, (¢) can be used to solve IsBal; for t = Q(1/e¢).

4.6.3. DEFINITION (The IsBal; problem). For an even positive integer ¢, define
IsBal, : {z € F}: |z| <¢/2} — Fy by

IsBal, (z) — { 1 if |z| =t/2,

0 otherwise.

Given an arbitrary « € F%, define the IsBal; problem as returning IsBal;(x) if
|z| < t/2, and an arbitrary bit otherwise.

A probabilistic circuit for the IsBal;, problem takes in a string x and random
coin tosses u. We say that a probabilistic circuit solves the IsBal; problem if
the probability it correctly outputs 1 on balanced inputs is at least 2/3, and the
probability it correctly outputs 0 on unbalanced inputs is at least 1/2, both taken
over the random coin tosses. Next, we have the following derandomization lemma
to obtain a deterministic circuit from a probabilistic one.

4.6.4. LEMMA (Derandomization lemma). Let C be a probabilistic circuit that
solves IsBal; with probability at least 2/3 for every input. There exists a deter-
ministic oracle AC’-circuit C' that, when given oracle access to C and the ability
to fix its random bits, solves IsBal,.
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Proof: For some large enough constant ¢ € N, consider ct parallel instances of C.
It follows from the Chernoff bound that, for any fixed = € F} given to all of these
instances, with probability 1 —exp(—10t) at least 55% of the instances solves the
IsBal; problem on input z.

By the union bound, one can fix the randomness in the instances of C in order to
get a deterministic conventional circuit that, for every input 2 € F} with |z| < t/2,
returns a ct-bitstring whose Hamming weight is at least 0.55¢ if IsBal;(z) = 1 and
at most 0.45¢ if IsBal,(z) = 0. Distinguishing these two types of strings is known
as the approximate majority problem, for which there is an AC’-circuit [Ajt83).
Combining these circuits gives the result. O

We now show how a deterministic circuit that solves IsBal, can be used to compute
Mayj,.

4.6.5. LEMMA. Let C be a deterministic circuit for IsBal;. There exists an oracle
AC°-circuit D that, given oracle access to C, computes Maj,.

Proof: For x € F, and i € {0,...,t}, define x; as the string x with the first ¢
bits set to zero and the rest of the bits equal to those of x. So, for instance,
xo = x and x; is the all-zeros string. Let D be the circuit that runs ¢t + 1 parallel
instances of C with inputs xg, x1,..., 2, respectively, and returns the OR of the
t 4+ 1 outputs.

We claim that D computes Maj,. Indeed, if # has fewer than ¢/2 ones then C
returns 0 for each input z;, as the number of ones only decreases with . If x has
at least £/2 ones, then C returns 1 for at least one 7, since x( has at least ¢/2 ones,
whereas x; is the all-zeros string. This completes the proof. O

Towards turning a circuit C for LH,,(¢) into a circuit for IsBal;, we associate with
each input = € F} to IsBal; a random error vector N, over Fj as follows: inde-
pendently, each coordinate of N, is a uniformly random entry of z. In particular,
for balanced z, the error vector N, will correspond to an error rate of 1/2 and we
refer to it as Ni/;. The next lemma shows that there exists some message m € IF&
that has small probability of recovery by C under the error vector NN ,.

4.6.6. LEMMA. Let C be a probabilistic circuit that, on input y € FY, returns a
(random,) list L(y) C F% of at most 2%/4 elements. Then there exists m € F4
such that

Prim € L(H(m) + Nys2)] < 1/4, (4.6)
where the probability is taken over L and Ny .

Proof: Note that, for any y € Fj, the vector y + Ny, is uniformly distributed
over [F3; in particular, it has the same distribution as Ny,. Let M € F5 be
a uniformly distributed random element. Then, by independence of M, L(y)
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and Ny/p, get that

PraiN, ,[M € L(H(M) + Nij2)] = Pragn, ,[M € L(Nij2)]
1

ok BLNy o |L(N1j2)|

< 1/4.

IN

Hence, there exists a value m of M such that Equation (4.6) holds. O
Finally, we prove that the circuit C in Theorem 4.6.1 can solve IsBal,.

4.6.7. LEMMA. Let C be a probabilistic circuit as in Theorem 4.6.1. There exists
a probabilistic oracle AC’-circuit D of size poly(n,1/e) that, when given oracle
access to C, solves IsBal;, with probability at least 3/4 for t = Q(1/e).

Proof: We may assume without loss of generality that ¢ < 1/4. Let d € [e,1/4]
be minimized such that ¢ = 1/(20) is an even integer; note that, since § > ¢, the
circuit C also solves LH,,(0) with probability at least 3/4. Fix a message m as in
Lemma 4.6.6, and let x € F% be some string to serve as input to D.

The circuit D has three layers. The first layer has the string H (m) hardwired into
it and uses n independent uniform samples to the coordinates of x to compute
the random string H(m)+ N,. This layer is a probabilistic circuit using n parallel
two-bit XOR-gates. The second layer consists of the circuit C, which produces
a random list L(H(m) + N,) of size at most n/4. The third layer consists of
an AC’~circuit of size poly(n) that returns 0 if and only if m € L(H(m) + N,).
This can be done by checking equality between m and the O(n) elements of the
list. We claim that this solves IsBal,.

If z is balanced then it follows from Lemma 4.6.6 that D correctly returns 1 with
probability at least 3/4. If x has Hamming weight strictly less than /2, then
each coordinate of IV, is 1 with probability at most 1/2 — 1/t = 1/2 —2§. By the
Chernoff bound, N, has Hamming weight at most (1/2 — d)n with probability
1—exp(—(6%n)). Hence, the properties of the circuit C imply that in this case D
correctly outputs 0 with probability at least 3/4. O

Theorem 4.6.1 now follows directly by combining Lemmas 4.6.4, 4.6.5 and 4.6.7.

4.6.2 Obtaining a quantum circuit

In the previous section we discussed conventional circuits for Majority using list-
decoding circuits. Now we sketch how the above proof can be used to turn our
QNC°[@]-circuit for decoding the Hadamard code into one that computes Majority
with polynomially small error.

Let e = n~'/* and let C be the circuit from Corollary 4.5.1. Since C returns lists of
size at most n3/4, a stronger version of Lemma 4.6.6 holds, where the probability
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of Equation (4.6) — taken additionally over the measurement outcomes of C — is
bounded from above by n®*/2F = n=1/4,

The proof of Lemma 4.6.7 then gives an oracle QNC°[@]-circuit D of size poly(n)
that, given oracle access to C, solves IsBal, with probability 1 — O(n~" 1) for
t = Q(n'/*). Here, the AC’~circuit used to check membership of m can be replaced
with our QNC°[@]-circuit for the OR-function (see above) applied to the entrywise
sum of m with each element in the list.

Now let ¢/ = [n'/#], and note that the same circuit D above can be used to solve
IsBaly with probability 1 — O(n~/%): it suffices to pad the input with zeros and
ones in the same number until we have a string of the correct size. Finally, with
the proof of Lemma 4.6.5 and the union bound we obtain a QNC°[®]-circuit D’
that, given oracle access to D, solves Maj, with probability 1 — O(n~1/8). We
again use our QNC’[@]-circuit for the OR-function as discussed in Section 4.3,

4.7 Hadamard code for higher field characteris-
tics

In this section, we extend the QNC°[@]-circuit for decoding the Hadamard code
to higher field characteristics. Before doing so, we first briefly discuss quantum
gates for higher characteristics.

4.7.1 Quantum gates for higher field characteristics

Most definitions for qubits generalize directly to multilevel systems. The p-level
generalization of a qubit, a qudit, has computational basis states |0),...,|p).
These form the basis for the Hilbert space H = CP. The quantum gates for
qubits also generalize to qudits (see also, for example, [Wan+20|). Let +, denote
addition modulo p, then we have the following quantum gates:

X, o ]i) = |i4p 1) Zy :|i) = wp |i)
; 1 .
Ry,(0) :]i) = w4 Hy: i) = — Y w9lj)
P D P \/ﬁJEZFp '
1
ONOT, :[o) ly) = [o) e +py)  QFTy:la) = —= >~ wf™ |y)
\/p_yem

4.7.2 Hadamard code for higher field characteristics

The Hadamard code over larger prime fields is similar to the definition used in
previous sections over a binary field. Let n = p* for some prime p. The Hadamard
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code over ]F’; is then given by
H: IF’; — Iy, T (i,x)ieﬂ:zz,
where the inner product is now taken modulo p.

A quantum circuit for list decoding the Hadamard code over F} looks similar to
the circuit exposed in Section 4.3, with the key difference that we use quantum
gates that operate on qudits instead of qubits. In the noiseless case we have:

0y & jFZm

icFk
(2) ]' ,) |,
— —kaé’ b
VP i€k

R Sl

JEFk jeFk
= |z)

Step (1): Create a uniform superposition of n states using k H,-gates; Step (2):
Apply for every index in parallel a conditional phase flip Z,-gate controlled by
the corrupted input and the specific index; and, Step (3): Apply an inverse
generalized Hadamard gate H, 1 The last equality follows directly from the
orthogonality of the w,, see also Lemma 1.7.2.

In case of errors, some of the inputs c(i) are corrupted. The probability to find
output z is then given by:
2

Pr[z

Z Cd;;(y)Jr<y,Z>

k
yeFy

1
= o (4.7)

In the binary case, every corrupted term cancels precisely one uncorrupted term.
For higher characteristics, this cancellation depends on the exact value of the
terms, and hence on the corruption. Considering the worst-case corruption, we
obtain a lower bound on the probability of correct decoding:

Z w;(y)+(y72>

k
yeFy

2
(1ot »
where d denotes the Hamming distance. By comparing this expression with Equa-
tion (4.3) we see that the success probability increases with higher field charac-
teristics. By the same reasoning as before, the circuit for higher characteristics
remains of constant depth.

1 2
PY[Z] = ﬁ
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4.8 Reflections and outlook

This chapter presented a QNC°[@]-circuit that can list decode the Hadamard
code and that successfully returns the message with probability (e) for error
rate 1 —¢.

2

A similar circuit can also be constructed using the Goldreich-Levin algorithm and
the implementation of the Majority gate using a QNC°[@®]-circuit [HS05; TT13].
However, the circuit based on the Goldreich-Levin algorithm depends on the error
parameter ¢, and as a result, the size of the Majority gates will depend on €. In
contrast, the quantum circuits presented in Theorem 4.1.1 and Theorem 4.6.2
have size independent of «.

Adcock and Cleve considered a quantum version of the Goldreich-Levin algo-
rithm [ACO02|. However, their focus was on the cryptographic applications instead
of decoding error-correcting codes, leading to more complex proofs. The circuit
resulting from their approach also depends on the error parameter e.

Kawachi and Yamakami considered quantum list-decoding algorithms for conven-
tional error-correcting codes |[KY10|. They introduce shuffled codeword states,
similar to Equation (4.5), and a way to retrieve a list of possible messages from
them. However, preparing shuffled codeword states is nontrivial for most codes,
especially with restricted computational resources. This chapter provides an ex-
plicit construction of the shuffled codeword state for the Hadamard code. In
a follow-up work, Yamakami extend this line of research by considering faulty
quantum circuits that implement the encoding [Yam16].

None of these approaches focused on the circuit depth. Thus, our result of sep-
aration (Theorem 4.5.3) is the first separation with respect to decoding error-
correcting codes. Future work can extend our result in multiple directions:

1. Provide a QNC°[@]-circuit for practical error-correcting codes other than
the Hadamard code considered in this chapter. In Chapter 5 we take a first
step in this direction by considering Reed-Muller codewords of degree at
most 2;

2. Prove a general statement on the existence of QNC’[@]-circuits for any
error-correcting code. Such a result would be an important next step, as
the result for NC°[@®]-circuits holds for any error-correcting code, whereas
the quantum result focused on the Hadamard code;

3. Extend the result to noisy quantum circuits. Current quantum devices are
noisy, limiting implementations of quantum algorithms. We expect that
specific noise models can correspond to corruptions in the codeword. If
error rates are sufficiently low, we can use the QNC’[@]-circuits presented
in this chapter to retrieve the correct message with high probability.



Chapter 5

Decoding quadratic codes

In this chapter we extend the results from the previous two chapters to retrieve
a Reed-Muller codeword of degree at most 2, given as input a polynomial phase
function with large Gowers U3-norm. We revisit earlier work of Tulsiani and Wolf
and show an improved query complexity by employing a quantum Fourier sam-
pling routine, omitting a Fourier estimation subroutine, and by using a different
algorithmic version of the Balog-Szemerédi-Gowers theorem with a simpler proof
and better quantitative bounds |[BS94; Gow98; Sch14|. This algorithmic version
might be of independent interest.

5.1 Chapter overview

The previous two chapters considered list decoding corrupted error-correcting
codes and a quantum approach for list decoding the corrupted Hadamard code.
In this chapter, we extend this line of research by considering Reed-Muller code-
words of degree at most 2. For corrupted linear Reed-Muller codewords, i.e.,
the Hadamard code, Fourier analysis provides the tools to retrieve the codeword.
Fourier analysis is closely related to the Gowers U?-norm, see also Equation (1.15).
Higher-order Fourier analysis provides the tools to analyse the results for cor-
rupted Reed-Muller codewords of degree at most 2. These corrupted codewords
have large Gowers U?-norm.

The algorithm described in this chapter can find a Reed-Muller codeword of degree
at most 2, such that it correlates with the corrupted input with large Gowers
U3-norm. We let §(f,g) denote the normalized Hamming distance between two
functions f and g, where both functions are evaluated on all possible inputs. We

73
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let drar, (f) denote the minimum Hamming distance between the function f and
any Reed-Muller codeword of degree at most 2. The next theorem will be the
main theorem of this chapter.

5.1.1. THEOREM. For any n > 0, there is an € > 0 such that the following
holds: There exists a quantum algorithm that, given a function f : Fy — Fy
satisfying drm, (f) < & — e, makes at most O.(nlogn) queries to f and returns a
polynomial g : Fy — Fy of degree at most 2 such that §(f, g) < % — 1.

The dependency of 77 on € in the theorem is exponential: 7 = exp(—1/£%) for some
constant C' > 0. The bulk of the work in proving Theorem 5.1.1 goes into finding
a quadratic phase function that correlates with f sufficiently well, as summarized
in the next lemma. Note that this lemma holds for any fixed prime p.

5.1.2. LEMMA. There is a quantum algorithm that, given a polynomial phase
function f : Fy — D satisfying || f||us > v, makes poly(1/y)nlogn queries to f
and with probability poly(y), returns a matriz M € F*" such that

Enery | A0 f (MB)|” > exp(—poly(1/7)).

Once we have such a matrix M, we can use the next two lemmas, together with
the Bernstein-Vazirani algorithm, to obtain (with good probability) a quadratic
phase that correlates with f. We distinguish between odd primes and p = 2.

5.1.3. LEMMA (Green-Tao [GTO08|). Let p be an odd prime, M € F*" and
J ) — D be such that

Anf(MB)|* > 8.

Epery

Then, there is a b € F7 such that the symmetric matric M' = (M + MT)/2
satisfies
’Emeﬂ?gf(x)w;m7M/x>/2+<x’b>| > Qp,é(l)-

For the case p = 2, we have a similar result, due to Samorodnitsky [Sam07] (see
also [HHL19, Section 4.3]).

5.1.4. LEMMA (Samorodnitsky). Let M € Fy*" and f : Fy — {—1,1} be such
that

Energ |Anf(MR)[* > 6.

Let W = ker(M +MT") and W+ C F% be its orthogonal complement. Let M’ € F3
be the matriz satisfying M'z = Mx for all x € W and ker(M') = W=. Let v be
the diagonal of the matriz M' and let M" = M’ + vv'. Then, there is a b € Fy
such that

[Eoery f (@)™ @] > O4(1).
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Lemma 5.1.3 and Lemma 5.1.4 show how, given a matrix M as in Lemma 5.1.2,

to obtain a matrix M’ such that the function g(x) = f(x)wp (=MD atisfies
[9(b)| > ©,,(1) for some b € F}. Since we can query g by sequentially query-
(z,M'z)

ing f and then the quadratic phase wy, , we can use the Bernstein-Vazirani
algorithm to find such a b with positive probability. Finally, we can find a ¢ such
that

R (B, f(z)w, BMoH=) > Q. (1).

Specifically, as p is a fixed constant, we can evaluate this expression for all p pos-
sible values of ¢ and choose the one among them that maximizes the expression.

The next two subsections give an outline of the proof of Lemma 5.1.2. Again, we
start of gradually with a warm-up. Section 5.2 shows how the Fourier sampling
algorithm introduced in Lemma 1.7.5 can be used to decoded corrupted quadratic
Reed-Muller codewords within the unique decoding radius. With this warm-up,
we can get accustomed to the ideas underlying the later proofs. The remainder
of this chapter then provides the algorithmic proofs of the results in the next two
subsections. Specifically, Section 5.1.1 provides an outline for Section 5.3; Sec-
tion 5.1.2 provides an outline for both Section 5.4 and Section 5.5; and, Section 5.6
will discuss how to obtain a matrix M that satisfies the constraints outlined in
Lemma 5.1.3 and Lemma 5.1.4, thereby completing the proof of Lemma 5.1.2
and hence of Theorem 5.1.1. Finally, Section 5.7 proves a lower bound on the
query complexity, that matches the query complexity of our algorithm up to a
logarithmic factor.

5.1.1 From non-uniformity to weak linearity
The starting point for proving Lemma 5.1.2 is the following basic result.

5.1.5. PROPOSITION. Suppose that f : F} — D satisfies || f||ys > v. Then, there
; n ; 8,,n . n

is a set S C [ of size at least v°p" /2 and a map ¢ : S — Fy such that for all
h €S, we have

S =T,

Proof: Tt follows by the nesting property of the Gowers norms (Equation (1.17))
and Parseval’s identity (Theorem 1.7.3) that

7 < Af Il
= Ehe]FgHAth?ﬂ

< Enery max |An f(a)[*.
P

Letting ¢ : Fy — [ be any map such that ]A/;;”(qﬁ(h))] is maximal for each
h € F; and applying Markov’s inequality (Lemma 2.6.1) then gives the result. O
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The next step establishes that a map ¢ as in Proposition 5.1.5 satisfies a weak
form a linearity. For a finite Abelian group G, an additive quadruple is a four-
tuple (a,b,c,d) € G* satisfying a + b = ¢ + d. The energy of a set A C G is then
defined as the number of additive quadruples contained in A. A set A C G can
be shown to have energy |AJ® if and only if A is the coset of a subgroup. For
two sets A, B C GG, we define A+ B as the set {a +b|a € A,b € B}. Then, if
¢ : F) — F} is some map and its graph

A= {(h,¢(h)) | heFy} CFp xF,
has energy p**, it turns out that ¢ must be an affine linear map (and vice versa).

5.1.6. LEMMA (Weak linearity). For a map f : F, — D, a set S C Fp and a
map ¢ : S — [, suppose that

o 1Aur(eh)] = ep.

heS

Then, the set {(h,¢(h)) | h € S} has energy at least e*p®".

5.1.2 From weak linearity to true linearity

Given the set A from Lemma 5.1.6, we now use results from additive combinatorics
to lift the weak form of linearity of ¢ to true linearity on a large affine subspace.
Let A C G, we call A+ A the doubling set of A, and the relative size |A+ A|/|A]
the doubling constant. In practice, determining the doubling constant exactly
is hard. Yet, lower bounds can often be given. The next two results show that
the set A from Lemma 5.1.6 has small doubling and that this implies that it is
contained in a slightly larger affine subspace. On this affine subspace, ¢ behaves
linearly.

5.1.7. THEOREM (Balog—Szemerédi-Gowers). There is an absolute positive con-
stant C' such that the following holds. Let G be a finite Abelian group and sup-
pose that A C G has energy at least §|A|>. Then, there is a set A’ C A of size
|A’| > 6€| Al such that |A"+ A'| < §-C|A'].

5.1.8. THEOREM (Freiman-Ruzsa). For any K > 1 and prime number p, there is
a K' > 0 such that the following holds. Suppose A C F} satisfies |A+ Al < K|A|.
Then, the linear span of A satisfies |(A)] < K'|A|.

5.1.9. REMARK. Recently, Gowers et al. proved the longstanding Marton conjec-
ture, also known as the polynomial Freiman-Ruzsa conjecture [Gow+25|, improv-
ing the dependency of K’ on K in the previous theorem. The setting considered
by Gowers et al. differs however from the situation considered in our work. Ad-
ditionally, their result is non-algorithmic. A future algorithmic version of their
result might improve the bounds found in this chapter.
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It then follows that there exists a set
A {(hom) | h T

of large size |A’| > ¢p™ such that [(A")| < C|A'], for some ¢,C > 0 depending
on ¢ and p only. Moreover, each pair (h, ¢(h)) € A’ satisfies

[Anf((h)| > c.

Let (h1, ¢(h1)), ..., (hm, ®(hy)) be a maximal set of linearly independent elements
in A" Let M € F}*" be a matrix satisfying the set of linearly independent
equations

Mh; = ¢(h;)

for all ¢ € [m]|. The map ¢ then behaves linearly on all of A’, in the sense that
¢(h) = Mh for all (h,¢(h)) € A’. Hence, due to the relative size of A’ in its linear
span, we get that

Enery [Eoery A f (@)wfM * = Epery | A f(MB)[* (5.1)
> Enery1[(h, 6(h)) € A2, F(Mh)[*
> C.

5.2 Quantum decoding of quadratic codes in a
noiseless case

Below we discuss how to learn quadratic functions in a noiseless setting and how
we can modify this algorithm to learn the function with high probability in a low-
error setting, in both cases using the Fourier sampling subroutine (Lemma 1.7.5).

5.2.1 Noiseless case

Montanaro considered a problem of learning an unknown multilinear polynomial
of degree at most d and presented a O(n?~!)-query quantum algorithm that solves
it [Mon12].

5.2.1. THEOREM. Given a quadratic phase function f : ) — D, we can learn f
using pn + 2 quantum queries to f.

The algorithm uses Fourier sampling to learn the quadratic phase function. In
the noiseless case, we have the following lemma on the Fourier coefficients of
multiplicative derivatives found using Fourier sampling.
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5.2.2. LEMMA. Let f : F} — D be a quadratic phase given by f(z) = wff Me)+{@bte

Jor some matriz M € F)*", vector b € ¥} and scalar ¢ € F,,. Then,

1 ify=(M+MT)h

0 else.

Anfly) = {
Proof: We expand the derivative and see which terms cancel:

Arfly Zf fle+hw

z€Fy

_ - Z w z,(M+MT)h)+(b, h>w< v)
z€Fy

T)
§ : u} (M+MT)h+y)

z€Fp

_{1ﬁy:wuwﬂm

0 otherwise.
O

Proof of Theorem 5.2.1: Lemmas 1.7.5 and 5.2.2 show that for fixed h € F} and
using p queries to f, we obtain the output (M + M7T)h with certainty.

Choosing n linearly independent h’s (for instance the standard basis vectors)
gives n linearly independent pairs of the form (h, (M + M7T)h). We now learn M
using Gaussian elimination combined with the fact that we can set M to be upper
diagonal.

Next, we learn b by running the Bernstein-Vazirani algorithm, where f is queried

and multiplied by the phase w """ . We learn ¢ by querying f (0). O

5.2.2 Decoding within the unique-decoding radius

In the noisy case, the Fourier coefficients no longer behave as delta functions, but
instead as “approximate delta functions”. By this, we mean that in the Fourier
spectrum, almost all terms have small magnitude and only a bounded number
have larger amplitude. The number of terms with larger magnitude depends on
the actual error rate.

Below we illustrate what happens in case of few errors and how our algorithm
changes. We restrict ourselves to p = 2 for simplicity, yet the results extend to odd
primes p. We know that within the unique-decoding radius, a unique codeword
exists that is closest to the corrupted codeword. In this case, essentially the same
algorithm works as in the noiseless case, with the main difference that the Fourier
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transforms of the multiplicative derivatives are no longer delta functions. Instead,
they satisfy that there exists a unique Fourier coefficient whose absolute valued
squared is strictly greater than 1/2. The existence of this Fourier coefficient
implies that O(logn) repetitions of the Fourier sampling algorithm can locate
the large Fourier coefficient with high probability via Hoeffding’s inequality.

5.2.3. THEOREM. Lete > 0. Let f' have relative distance at most i — i, /% +¢

from a degree-2 Reed-Muller codeword f. Then, with success probability at least
1— %, we can learn [ using O:(nlogn) quantum queries.

Note that the allowed relative distance in the theorem is slightly smaller than the
unique decoding radius of % for Reed-Muller codewords of degree at most 2.

Proof: With probability §1+% s +e¢, f/(x) = f(z) for arandom z. By the union

bound, it holds for uniformly random z and h that f'(z+h)f/(z) = f(z+h)f(x)
with probability at least % + %@ / % +e€.

Let ¢(z) be the indicator variable that evaluates to 1 if f’(z) # f(x). Then,
revisiting the proof of Lemma 5.2.2, we find that the probability for the correct
measurement outcome y is given by:

Prly] = |Anf(y))?

= % Z (= 1)@ te@th)+ @, (M+MT)hty)
2 z€Fy

2

For y = (M + M7T)h, this thus evaluates to

+e. (5.2)

We can now amplify the probability of correctly finding y by taking the majority
of multiple independent runs of the algorithm. By Hoeffding’s inequality, the
majority over the measurement outcomes of m = 6% logn independent runs for
the same h gives a valid pair (h, (M + M™*)h) with probability 1 — -5.

Now run the above procedure for n linearly independent h-values (for instance
the n standard basis vectors) to obtain n pairs (h;, (M + MT)h;). By the union
bound, all pairs are correct with probability 1 — %

Similar to Theorem 5.2.1, we can learn M from these n linearly independent pairs.
With two additional queries (one in superposition and one to a single index) we
learn L and ¢ with good probability, and thereby learn f. O
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Conventional queries only return a single f(h) value. Polynomial interpolation is
therefore needed to learn a pair (h, (M + M7T)h). Additionally, every query can
be corrupted, requiring more queries to obtain a valid pair with high probability.

As the error rate increases beyond the unique-decoding radius, the Fourier coeffi-
cients of the multiplicative derivatives are no longer peaked at a single point. In
fact, multiple Fourier coefficients can have the same absolute value squared. As a
result, the outcome for various directions h and A’ may result in pairs originating
from different quadratic phases, that is, we might obtain two pairs (h, (M+M7T)h)
and (B, (M’ + M'T)R') for distinct matrices M # M’.

As a result, combining the obtained pairs might result in a combined matrix with
a distance to the correct quadratic Reed-Muller codeword larger than expected.

5.3 Quantum-algorithmic weak linearity

In this section, we show how to sample from a set with high energy provided we
have a polynomial phase function f : F} — D satisfying || f[[ys > 7.

Given some 0 € (0, 1), define the spectral set Ss to be the set of all (h,a) pairs
with high Fourier coefficient:

S5 = {(h,0) € By x Fy | |Auf(a)] > 6} (5.3)
Let §; = poly(7) be some fixed parameter.

Let ¢ : F) — F) be the random map where each coordinate is independently
sampled according to the Fourier sampling algorithm from Lemma 1.7.5, namely,
for each h € Fy,

Pr[g(h) = a] = [Ayf(a)l* (5.4)
Based on the map ¢, define the random set

Ao = { (B, ¢(h)) | h € F"}. (5.5)

Note that we can sample a uniformly random element from A, by first sampling
a uniformly random h € F} and then sampling ¢(h) using Fourier sampling.
This way, we sample sequentially from the joint probability distribution imposed
on Ay. Later, we will also have to check if a given pair (h, a) belongs to Ag. We do
this by applying the Fourier sampling routine on h and comparing the outcome
with a.

We will keep track of the spectral elements in this set

Ay = Ao N S5, (5.6)
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5.3.1. PROPOSITION. With probability poly(y), we have that |A;1| > poly(y)p™.

Proof: Proposition 5.1.5 and Markov’s inequality (Lemma 2.6.1) show that there

are at least é—spn many h € Fp such that max, \A/;:f (a)]?* > %8 Define the
indicator random variables

X,=1 [(b(h) = arg max ]&h\f(a)]]

and let X = >, z. Xj. Note that if X}, holds, then (h, ¢(h)) € Ss,. Then,

16
v
E|X|>—p"
=P

By Markov’s inequality, we have that X > %wp” with probability at least %. O

It follows from Lemma 5.1.6 that if the event from Theorem 5.3.1 holds, then the
(random) set A; has energy at least poly(y)|Ai|>. As the size of A; is large, a
sample from Ag is in A; with constant probability. As a result, contrary to the
approach of Tulsiani and Wolf, we do not have to sample from A; directly, thereby
reducing the query complexity. The next step is to construct an algorithmic
version of the Balog-Szemerédi-Gowers theorem.

5.4 A variant of the Balog-Szemerédi-Gowers
theorem

In this section, we prove a variant of the Balog—Szemerédi-Gowers theorem that
is inspired by a proof of this theorem due to Schoen [Sch14|. The variant outlined
here is tailored for the purpose of turning it into an algorithm that we give in the
following section.

Let G be a finite Abelian group and let A C G, let E(A) denote the energy of A.
For an element x € GG, define the popularity of x relative to A by

ra(z) = [{(a,b) € A*: a—b=2z}|

The next lemma defines two sets H; C Hy such that Hy has small doubling
and H; is large. We can interpret the lemma as an algorithmic way of preparing a
bipartite graph. Two nodes in the bipartite graph are connected if their difference
is popular. It turns out that a large fraction of the vertices in the graph has high
degree, which we can use to construct the set of small doubling.

5.4.1. LEMMA. Let 6,n > 0 and suppose that A1 C Ay C G are sets such that
|A1| = n]Ag| and Ay has energy at least 5| A, |3, Let X, Y be independent uniformly
distributed random variables over Ay and define the random sets

B,=AN(A -X+Y). (5.7)
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Define subsets Hy C Hy by

Hy = {a €By| Y 1[rayla—b) = LAl = g|30\} (5.8)
be By

H, = {a €B | Y 1[rala—b) > A = g|BO|}. (5.9)
be By

Then, with probability at least % over the choice of X and Y, we have that

|H1| Z %|A1| and |H0 +H0| < |A0|

Syl
where C > 0 is an absolute constant.

By this lemma, the set Hy has small doubling and the set H; is large. As also
A; C Ay, we see that there exists a large set of small doubling interspersed
between A; and Ay. The next lemma states that most vertices in the bipartite
graph induced by the sets Hy and H; have high degree.

5.4.2. LEMMA. Let A; C Ag be finite additive sets such that |A;| = n|Ao| and
E(Ay) = 0|A12. Let X,Y be independent uniformly distributed A -valued random
variables. For i € {0,1}, let

Then, for any € > 0, with pmbability at least 152772 we have that |By| > 15|A1|
and By x By has at least (1— 520 555 )| B1| Bo| pairs (a,b) such that ra,(a—b) > | Ay|.

Proof: Let 14]a] denote the indicator value of the event a € A. Since E(4,)
equals the number of triples a, x,y such that a + z — y € A;, we have

E(A
Sl = Tt = Erpen, 3 afa+a 5] = BIB|

acAq

Define the set of unpopular pairs
S = {(CL, b) S Al X AO | ’I“AO(CL — b) < €|A0|}
Let T'= By x ByN S. Note that Pr[X —Y = z] = r4,(2)/|A1|. Then,

EIT| = Ew,y€A1[ Z Las—otyla]Lag—ary[b]

(a,b)es
1
Zmzrm Z 1a,-.[a]l4,-.[D]
(a,b)eS
_’ | Z 21A1a+z1Ao[b+z]
! (a,b)es =

< |A—1| S5 Lotz —a+ ]

W abes =
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We see that this last expression is equal to
1
=7 D Tala—b),
| A
(a,b)es

which we can upper bound by &|Ag|*>. Using the inequalities for E|T'| and E|B;],
it follows from the Cauchy-Schwarz inequality that for u = %, we have

52 2
E(|Bi* — plT]) > (EIBi|)” - uEIT| > —\Ao\2
Hence, by Markov’s inequality, with probability at least 5—2’3, we have
52 2 )
|By|* = p|T| > —IA .
This gives the desired lower bound on |B;|. Since B; C By, it also implies that

| B1||Bo| > p|T|.

Rearranging, this last expression shows that there are at most 52 =5 | B1|| By| pairs
(a,b) € By x By such that r4,(a — b) < €| Ag|. O

In proving Lemma 5.4.1, we will use a triangle-inequality-like result |Zha23, Corol-
lary 7.3.6].

5.4.3. LEMMA. For any three sets A, B,C C G, we have that
|A||B+C| <|A+ B||A+C|.

Proof of Lemma 5.4.1: Let By, By be as in Lemma 5.4.1 and set € = %. Define
the bipartite graphs

Ty = {(a,b) € By x By | ra(a — b) > 2| Ag[}
Ty = {(a,b) € By x By | ra(a —b) > 2| Ag[}.

Then, [Ty > I|B1||By|. Define the sets

Hy = {a € By | degp, (a)
Hy = {a € By | degp,(a)

2|Bol}

>
> 2By }.

Due to the size of I'y, it follows that |H,| > £|By|.

By the inclusion-exclusion principle, since any two distinct left vertices u,v € H
have such a high degree in T'y, they must have at least I|Bo| common (right)
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neighbors. If z € By is a right neighbor of u, then r4,(u — x) > 5;’272|A0| and
similarly for v. It follows that

S g (w = a)ra, (v — ) > (3 Bol) (BEA])” > 27167 Ao .

Observe that the left-hand side of the equation is a lower bound on the number
of four-tuples (a,b,c,d) € Aj such that (a —b) — (¢ —d) = uw — v. For each
w € Hy— Hy, let u,, v, € Hy be an arbitrary pair such that w,, — v,, = w. Then,

Aol > > > ralte — x)ra, (v, — x) > 2746 | Hy — Hol| Ao,

weHy—Hy x€By

Rearranging then gives
214

|Hy — Ho| < 55—775|A0|- (5.10)

Since we have Hy C Hj, combining Equation (5.10) with Lemma 5.4.3 applied
with A = —B = —C' = Hj then gives the desired bound on the doubling of Hy:

_ 2 31
|HO H0| S 121 11|A0‘.
| Ho ot

|Ho + Ho| <

5.5 Sampling high-degree elements

This section gives an algorithmic version of Lemma 5.4.1. Let X, Y be uniformly
random elements from the (random) set Ay as given in Equation (5.5). Based
on Ay, and the spectral set A; as in Equation (5.6), define the sets By and Bj as
in Equation (5.7) of Lemma 5.4.1. Define the event

& = {|Al|l = poly(y)p" A XY €A} (5.11)

By Theorem 5.3.1, this event holds with probability poly(y). Conditioned on this
event, both X and Y are uniformly distributed over A;.

Let 5, = E(A;)/|AL]® and n = |A{|/p™. Define subsets Hy O H; as in Equa-
tions (5.8) and (5.9) of Lemma 5.4.1 using 6 = J5. Let C' be the constant from
Lemma 5.4.1 and define the event

Conditioned on &, event & holds with probability poly(y).
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5.5.1 Approximating sets of small doubling

By event &, we learn that A; is large. By event & know that H; has size at
least a constant fraction of the size of Ay, hence H; is also large. The same event
also tells us that Hy, which contains H;, has doubling bounded by a constant
times the size of Ayg. As A; C Ay, we see that there should exist a set, called Bs,
approximately between H, and H, that is large and has small doubling. Below,
we give an algorithm that allows us to sample from Bs.

5.5.1. DEFINITION (m-Popularity Estimator). Given input u € Ff,”, indepen-

dently and uniformly sample vy, ..., v,, from Ay. Return
PopEst,, ! zm: 1[u +v; € A
opEs — [u + v; :

p ~m - 0

Note that the indicator function requires membership queries to Ay.

5.5.2. CLAIM. Let § € (0,1) and L = [12/6%]. Conditioned on Ay, the random
events

{| PopEst (u) —TTXT)| >6/2), ueFr

are jointly independent, and each occurs with probability at most 1/100.

Proof: The independence follows as the samples in the popularity estimator are
taken independent of the input u. The second claim follows from Hoeftding’s
inequality (Lemma 2.6.2) and the fact that E, PopEst, (u) = |Ag| 'r4,(u). O

5.5.3. DEFINITION ((m,d)-Degree Estimator). Given input w € By, indepen-

dently and uniformly sample uq, ..., u,, from By. Return
DegEst,,, _ 1 i 1[ PopEst, (w — u;) > 4],
m =1 -

where L = [12/42].
Let mgy = Q(logn) and define the random set
= {w € By | DegEst,,, 5,(w) > 3/4}. (5.13)

We show that with high probability — conditioned on the events & and & — a
negligible fraction of By lies outside of Hy, while it contains nearly all of H;. To
this end, define the random event

E = {|BoN Ho| > (1= 5)|Bof and [Byn Hy| > (1= 5)[Hi|},  (5.14)

which indicates that Bs is very nearly sandwiched between Hy and H,. We show
that £ holds with high probability:



86 Chapter 5. Decoding quadratic codes

5.5.4. LEMMA. Conditioned on & and &, the probability of event &, taken over
the random choices of the Popularity and Degree Estimators, is at least 1 —1/n?.

Proof: We prove that for all w & Hy we have Pr[w € Bs] < 1/n?. The case where
if w e Hy, then Prlw ¢ By] < 1/n? follows via similar arguments.

Assume w € By \ Hy, then

ra(w—v) 03 3|B
HveBo| A )<—2H2M.

Aol 32 8

Let I C [ms] denote the random set
, ra (W —u;) O3
{ZE[m2]|O|A—O|<3—22 )

where uy, ..., Uy, € By are sampled independent and uniformly at random and
are accepted by the (mg, dy)-degree estimator. By Hoeffding’s inequality, we have

Pr(m < %) < 2e7m2/9, (5.15)
Note that for any £ and L, we have that
m2
Z 1[PopEst, (w — u;) > ] < Z 1[PopEst, (w — u;) > &] + mo — |1].
i=1 icl

It follows that

Pr(i 1[PopEst, (w — u;) > &] > %)

i=1
may
<P ) > £ > _ 2
< r(Zl[PopEstL(w w;) > & > || 1 )
el
7m2 ma

< — — ) > > _Z
_Pr(]l\< 24)+Pr<iezll[PopEstL(w w;) > & > o1

mzm '
24

The first term is small as Equation (5.15) shows. For the second term, we use
that for every i € I, Theorem 5.5.2 combined with ¢ = 65/16 and L = [12/&?]

gives
33
> @)

(w—u;)

Pr(PopEst, (w — u;) > 63/16) < Pr (’PopEstL(w —u;) — mole‘
< 1/100.

Hoeffding’s inequality then gives

Pr (Z 1 H PopEst; (w — u;) — %

el

32

52 \f! —|1]/288
>_2]>_ < e I11/288
_24>_ ¢
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From this and Equation (5.15), we can conclude that

mo 7m2
p 1[13 Est; (w — u; >§]>_‘I>_
< Pr

7m2
24

52
zﬁ} > Al > W)

‘PopEstL( —u;) — %@Tui) >

Pr (|1 > %)
raq (W—u;) m
PopEst, (v — u;) — =27 >§} > WA >T 2)

Pr ;1
Pr (1] > T22)
1

L—

— 24

(ze[

ra,(w—u;)
( ier 1 ‘PopEstL( u)—ﬂw
( 1€
Pr ( e

PopEst; (w — u;) — % > %} > %)
Pr(|I] > Tz2)

L—

—|I|/288
< e Ml/28

where in the last line we upper bounded Equation (5.15) by 1/2.

Combined, this gives Pr(w € By) < 2e72m2/9 4 4e7m2/288 < 1 /n? for w ¢ Hy. O

5.5.2 Finding a small spanning set

Next, we work towards obtaining a basis for the set B, of small doubling. Let
n = |BQ N H1|/|32’ and let

By = {v1,...,V0n/u} € By
be a set of independent uniformly random elements from B,. Define the event
84 = {Bg g HO and |<B3> N HI‘ Z ’Hll/Q}

5.5.5. LEMMA. We have that Pr[&, | E1 N Ey N Es] > 1/3.

Proof: Assume events &;,&,, & all hold true. Since |By N Ho| > (1 — -5)|Bal, a
uniform sample from Bs lies in Hy with probability at least 1 — # and hence by
the union bound, B; C Hy holds with probability 1 — O(+).

Let Hl = Bo N Hy and let I = {i | v; € H]}. For each i € I, the random
variable v; is uniformly distributed over Hj. Since |Hi| = u|Bs|, by Hoeffding’s
inequality, [I| > 10n with probability 1 —O(+). Assume this is the case and that
Bs C Hy; note that both events hold simultaneously with probability 1 — O(+).

Write Vp = {0} C F2" and V; = span{v; | i € J} CF3" for J C 1.
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We show by contradiction that
Privieny (Vi N Hi| > [Hil/2) = 1/2.
Suppose that this is false. Then for every J C I,

Priien (Vs N HY| < |H|/2) > 1/2.

For any strict subset J C I and j € I\ J, we can then conclude that

Pr(vi QV])
> Pr(|V; N Hy| < |[H|/2) Pr(v; & Vi | Vo0 H| < |Hj|/2)

1
> §Pr(vj € Hi\Vy | [H{\ V,| > |H]|/2)

1
> —.
4
For simplicity, assume that I = {1,...,|I|}. As a result of the above
17]-1
Edim(V;) =1+ Y Pr(vi € Vi,..0y) > 10n/4.
i=1

This is a contradiction since dim(V;) < dim((H;)) < dim(Hy) < 2n. Taking the
union bound over the three events then completes the proof. O

5.6 Constructing an approximating matrix for ¢

Recall that from event &, we have that By C Hy and |(Bs) N Hy| > |Hq|/2.
Moreover, by event &, we have |Hy+ Hy| < poly(1/v)|Hop| and from event &£ we
have that |H;| > poly(v)|Hy|. It thus follows from Theorem 5.1.8 that

[(Bs)| < [(Ho)| < exp(—poly(1/7))|Hol. (5.16)

Note that in this upper bound an algorithmic polynomial version of Theorem 5.1.8
gives improved dependencies on 7; see also Remark 5.1.9 for a discussion.

Denote V' = (Bs) and let m : V' — [} be the projection to the first n coordinates.
Let T C V be the complement of the subspace ker(m) such that V' =T & ker ().
Combing two results of Green and Tao |[GTO08| (see also |Gre07, Proposition 2.6])
and Samorodnitsky [Sam07, Lemma 6.10]' shows that

H
[ T] 2 g > exp(-poly(1/7) ol (5.17)

ker(7)

0The lemma is proved only for F} but the same proof works for larger prime fields.
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where we used that |7(H;)| = |Hy|. Since T is a linear subspace of V' on which 7
acts injectively, it follows that there exists a matrix M € F*" such that

T = {(h,Mh) | h € W(T)}.
By standard linear algebra techniques, we can find a basis for 77(7") which can be
used to get an explicit description of such a matrix M.
By event &, we have that |Hy| > |Hy| > poly(v)|A;|. Since Hy C A; C Ay, it
follows from Equation (5.17) and event &; that
|A1 NT| = exp(—poly(1/7))|Ax].
It follows that

Enery | Anf(MB)|* > Enesy L, naorr(he MR)] | Ay f (M)
> exp(—poly(1/7)).

5.7 Lower bound on query complexity

Montanaro [Monl12| obtained tight bounds on the query complexity of learning
multilinear polynomials over a finite field ), both in the conventional setting and
in the quantum setting. His arguments for proving the lower bounds were based
on elementary information theory, and easily generalize to the following result:

5.7.1. LEMMA. Let F C {f : Fy = F,} be a family of functions, and let f be a
uniformly chosen element of F. Then:

1. Any conventional query algorithm that learns f with bounded error must

make Q(log|F|/(logp)) queries to f.

2. Any quantum query algorithm that learns f with bounded error must make
Q(log|F|/(nlogp)) queries to f.

Proof: We view f as a random variable uniformly distributed over F, which thus
has entropy H(f) = log|F|. We will use the intuitive fact that one cannot learn f
from much fewer than H(f) bits of information.

Fano’s inequality formalizes this fact: for any random variable X we have!!
H(f|X) < H(Q[f # X]) + Pr[f # X](log |F| - 1).

See for example [NC10, Chapter 12| for a proof of this inequality. One can think
of X as being our best guess for the function f based on some partial information.

UHere H(f | X) is the entropy of f conditional on knowing X, defined as H(f | X) =
H(f)—I(f:X) where I(f:X) is the mutual information.
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Using that H(f | X) =log|F| — I(f : X) and that H (1[f # X]) < 1, we obtain

(X)) +1

Pr(f # X] > 1 g | 7]

(5.18)

To prove Item 1, suppose that a conventional algorithm A makes r queries to f
and let X be the output of A after making those queries. Every query returns
an element from [F, and thus provides at most log p bits of information about f.
After r queries we then must have I(f : X) < rlogp, and so by Equation (5.18)

rlogp+1

P/ # X] 21— 20

In order for this error probability to be bounded away from 1, A must make
Q(log|F|/(logp)) queries as wished.

To prove Item 2, we interpret a quantum query algorithm A as a communication
protocol between two players: Alice, who runs the algorithm, and Bob, who
knows the function f. Each query can be regarded as an exchange of messages
where Alice sends Bob n + 1 qudits (say |z) [b) for some x € F}, b € F,) and
Bob sends n 4+ 1 qudits back to Alice (the query oracle output |x) |b+ f(z))). It
follows as a consequence of Holevo’s theorem [NC10, Chapter 12] that, after r such
rounds of communication, Alice obtains at most 2r(n+1) log p bits of information
(see [Cle+13, Theorem 2] for a derivation of this result). We conclude that

2r(n+1)logp+ 1

This is bounded away from 1 when r = Q(log |F|/(nlogp)), as wished. O

Using this lemma with F = Poly(F}), the set of all polynomials f : F, — F,
of degree at most d, we immediately obtain Montanaro’s lower bounds on the
conventional and quantum query complexities of learning degree-d multilinear
polynomials, as we have |F| = n?.

We will next prove that the same lower bound holds even if we only require the
algorithm to learn any polynomial ) which is at a nontrivial distance from the
original polynomial P.

5.7.2. THEOREM. Let P € Poly(IFy) be a polynomial of degree d > 2 and let
e > 0. Suppose A is a query algorithm which, with nonnegligible probability,
outputs a polynomial Q € Poly(F}) such that 6(P,Q) <1—1/p—¢c. Then:

1. If A is a conventional algorithm, it must make Q(n?) queries to P.

2. If A is a quantum algorithm, it must make Q(n=1) queries to P.



5.7. Lower bound on query complexity 91

This result is a simple consequence of the next theorem, which concerns (a special
case of) the Gowers inverse theorem.

5.7.3. THEOREM. Let f : F) — C be a polynomial phase function of degree d > 2
and let € > 0. Suppose A is a (conventional or quantum) query algorithm that,
with nonnegligible probability, outputs a polynomial Q) € Poly(F}) such that

‘Eze]pgf(x)wg(x)} > e.
Then:
1. If A is a conventional algorithm, it must make Q(n?) queries to f.
2. If A is a quantum algorithm, it must make Q(n®=1t) queries to f.
Proving this theorem requires the following lemma.
5.7.4. LEMMA. Letd > 2 be an integer. For every prime p and every sufficiently

large integer n, there exists a family F C (FZ)@)d of symmetric zero-diagonal

tensors with size |F| > p™/%) for which

prank(S —7T) > ﬁ for all distinct S, T € F.
Proof: We will show that a randomly chosen family of p™*/(1%4) symmetric zero-
diagonal tensors will satisfy the desired property with high probability.

We first determine the number of symmetric zero-diagonal tensors in (Fg)(@d. Note
that the upper-diagonal indices A, = {(il, coig) €N i <dp < -r < z'd} of
any such tensor 7', fully determine the tensor: all other entries of T" follow either

by symmetry from the upper diagonal entries or are zero if two indices coincide.
For any index (iy,...,iq) € Ay it holds that T'(y,...,iq) € Fp. As |Ay] = (),

it follows that the number of such tensors 7' is precisely p(g).
Next, we bound the number of tensors in (IF;})M having partition rank at most r

(for any given r € N). Per the definition of the partition rank, each such tensor
admits a decomposition

Z Si; ® T[d}\fiv
=1

where I; # () is a proper subset of [d] for each 1 < i < r, S;, € (F})®" and
Tiap, € (FZ)‘@M\E. Suppose the size of the i-th set I; is j for some 1 < j < d—1,
then there are (;l) ways of choosing the set I; C [d], p" ways of choosing S;, and

' ways of choosing Tjgp;,. It follows that the total number of such r-term
decompositions is at most

=l N A
(Z (j)pmpn —1) < (2dp2n - )r_

J=1
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We conclude that the number of tensors in (FJ!)®? having partition rank at most r

. d—1
is at most 2% p?m" ",

Now take m := p""/(10d) gymmetric zero-diagonal tensors 11, ..., T, € (Fp) =
uniformly at random. As for any given ¢ # j, the tensor 7; — 7T is also uniformly

distributed over the set of symmetric zero-diagonal tensors, it follows that

2d7“p2rnd’1
00

By the union bound, the probability that there exist two indices i,j € [m] such
that prank(7; — 7;) < r is at most

dr,2rnd—1
Z Pr|prank(T; — T;) <r] < <ZL> 2p—n>

1<i<j<m p(d

Pr[prank(Ti—Tj)gfr} < forall 1 <i<j<m.

If we take r = n/(10d!) then this last quantity will tend to zero as n grows, and
thus the random collection of tensors will satisfy the property in the statement
with high probability. O

Using this lemma we can now prove Theorem 5.7.3, which gives the desired lower
bound on the query complexity.

Proof of Theorem 5.7.3: Let F be the family of tensors promised by Lemma 5.7.4.
For each tensor T € F, define the multilinear polynomial Pr : F; — F, by

d
PT([L'l,...,ZEn): Z T(il,...,id)Hinj;
j=1

i< <ig

in other words, Pr denotes the homogeneous degree-d form on F associated with
the upper-diagonal part of the tensor 7. Now define 7' = {Pr : T € F}.

We now apply Lemma 5.7.1 to the family F’, which by construction has size
at least p™"/(19)  Hence, any query algorithm that learns a uniformly random
element from F’ must make either Q(n¢) conventional queries or Q(n¢™!') quantum
queries. In order to complete the proof, it suffices to show that one can infer any
element Pr € F' from any polynomial @) € Poly(F}) such that

’Emngwa(z)wp—Q(w) | > e,

Fix a function Pr € F' and a degree-d polynomial () such that the above in-
equality holds. Let S denote the partial derivative of @), that is, let S := 0Q).
We can check that 0Py = T. Using the nesting property of the Gowers norms
(Equation (1.17)), we now have

By, el @t =St | = |[oPr=e|| U > |Ex€F$wa(””>‘Q(x)\2d S 2
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From this lower bound, we conclude that arank(T" — S) < 2%log,(1/¢). By the
qualitative equivalence between analytic rank and partition rank (Theorem 3.7.3),
it follows that (say) prank(7 — S) < n/(30d!) if n is large enough.

Now we are essentially done: by assumption we have prank(7" — T') > n/(10d!)
for all 7" € F\ {T'}, and by subadditivity we have

prank(7" — T') < prank(7” — S) + prank(T — S).

We then conclude that prank(7” — S) > 2n/(30d!) for all 77 # T in F while
prank(7" — S) < n/(30d!), so learning S = 0Q suffices to infer " € F. Thus,
learning @) € Poly(F}) suffices to infer P € F', concluding the proof. O

5.8 Reflections and outlook

This chapter revisited the work of Tulsiani and Wolf [TW14] on list decoding
corrupted Reed-Muller codewords of degree at most two. We provided a novel
proof of their work using new techniques from higher-order Fourier analysis dis-
covered since. We specifically used an improved algorithmic version of the result
by Balog—Szemerédi-Gowers (see also Theorem 5.1.7), with a simpler proof and
better quantitative bounds. This algorithmic Balog-Szemerédi-Gowers theorem
can also be of independent interest in non-quantum applications. Additionally,
our new proof makes no use of Fourier estimation as a subroutine, giving a sim-
pler prove and reducing the query complexity. Finally, by employing the Fourier
sampling subroutine we managed to reduce the query complexity by a factor n
by using quantum queries.

Multiple paths remain open to consider in follow-up work: First, the Freiman-
Ruzsa theorem gives an exponential upper bound in the doubling constant for
the size of the set of small doubling, as shown in Equation (5.16). A recent re-
sult by Gowers et al. considers a related, but slightly different, situation, where
they improve the upper bound to a polynomial dependence on the doubling con-
stant [Gow+25|. However, their work does not translate to our situation and is
non-algorithmic, stopping us from applying their result directly. An interesting
research direction is to revisit this recent result and try to parse it to our current
situation, as well as making it algorithmic.

Second, in this chapter, we restricted our attention to polynomial phase functions.
It is interesting to see how our results extend to general functions f : F) — D
such that || f|lys > e, for some € > 0. The main reason for the restriction in our
work is that the Fourier sampling subroutine requires a query to f, the complex
conjugate of f. For polynomial phase functions, n—1 queries to f correspond to a
single query to f. For general functions f however, we have no such equivalence.
Instead, only probabilistic methods exist that query f [Ebl+23]. Using such a
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probabilistic method affects both the success probability of the algorithm and the
query complexity.

Third, a recent result showed an algorithmic approach to the inverse theorem for
the U*norm, with which corrupted Reed-Muller codes of degree at most 3 can be
decoded [KLT23]. Follow-up work might look at combining the techniques used
by Kim, Li, and Tidor and the techniques used in this chapter. This way, we
might improve the techniques in this chapter further, and we might improve the
qubic Goldreich-Levin algorithm by Kim, Li, and Tidor. Additionally, we believe
that the quantum Fourier sampling routine directly gives a factor n improvement
in the query complexity for the qubic Goldreich-Levin algorithm.

Fourth, it is interesting to see at what other places quantum algorithms can
provide improvements within higher-order Fourier analysis. In this chapter, we
only use a quantum subroutine to efficiently sample from the Fourier spectrum.
This direction for future research relates to the more general question of the
relation of higher-order Fourier analysis and quantum algorithms.

Finally, inverse theorems of the U*-norm are only known algorithmically for k& < 4.
For k > 5, quantitative bounds are only known for large field characteristics.
Providing quantitative bounds for low field characteristics for any £ > 5 or finding
an algorithmic approach for £ > 4 will be a significant breakthrough. Ideas from
quantum computing might help finding such a breakthrough, this research line
recently received new attention [AD24].
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Chapter 6

Introduction to shallow-depth
computing

This chapter provides an introduction to shallow-depth quantum computing. We
provide a rationale for considering such circuits and the added benefit of inter-
mediate conventional computing. We also discuss multiple quantum states for
which we later provide shallow-depth quantum circuits that prepare them.

6.1 Near-term quantum computers

Current quantum hardware is unable to carry out universal quantum computa-
tions due to the buildup of errors that occur during the computation. The magni-
tude of the individual error is currently above the value that the Threshold The-
orem requires in order to kick-start quantum error correction and fault-tolerant
quantum computation [AB97; KLZ98; Kit97; NC10, Section 10.6]. Although the
experimentally achieved fidelity rates are promising and the error bounds are
inching closer to the required threshold, we will have to work for the foreseeable
future with quantum hardware with errors that build-up during the computation.
This implies that we can only do a limited number of steps before the output of
the computation has become completely uncorrelated with the intended one.

For fault-tolerant quantum computing, we repeat four steps: 1) Apply a number
of single- and two-qubit quantum gates, in parallel whenever possible; 2) Perform
a syndrome measurement on a subset of the qubits; 3) Perform fast conventional
computations to determine which errors occurred and how to correct them; and,
4) Apply correction terms. We then repeat these four steps with the next sequence
of gates. These four steps are essential for fault-tolerant quantum computing.

97
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The starting point of this work is to use the four steps outlined above, not to
carry out error correction and fault-tolerant computation, but to enhance short,
constant-depth, uncorrected quantum circuits that perform single-qubit gates and
nearest-neighbor two-qubit gates. Since in the long run we will have to implement
error-correction and fault-tolerant computation anyhow, and this is done by such
a four-step process, why not make other use of this architecture? Moreover,
on some of the quantum hardware platforms, these operations are already in
place. Embracing this idea we naturally arrive at the question: what is the
computational power of low-depth quantum-conventional circuits organized as
in the four steps outlined above? We thus investigate circuits that execute a
small, ideally constant, number of stages, where at each stage we may apply,
in parallel, single-qubit gates and nearest-neighbor two-qubit gates, followed by
measurements, followed by low-depth conventional computations of which the
outcome can control quantum gates in later stages. It is not clear, at first, whether
such circuits, especially with constant depth, can do anything remotely useful.
But we will see that this is indeed the case: many quantum computations can be
done by such circuits in constant depth. By parallelizing quantum computations
in this way, we improve the overall computational capabilities of these circuits,
as we do not incur errors on qubits that are idle, simply because qubits are not
idle for a very long time. Furthermore, reducing the depth of quantum circuits,
at the cost of increasing width, allows the circuit to be run faster even if errors
occur.

6.2 Quantum-conventional computations

The first usage of such a four-step process, not to do error correction, but to
perform computations, can be found in measurement-based quantum computing.

Pham and Svore were the first to formalize the four-step process for performing
computations [PS13|. They included specific hardware topologies by considering
two-dimensional graphs for imposing constraints on qubit interactions. In their
model, they develop circuits for particularly useful multi-qubit gates and pre-
sented the cost of these circuits in terms of the width, number of qubits, depth,
number of consecutive time steps, size, and total number of non-identity oper-
ations. They use these gates to construct an algorithm that factors integers in
polylogarithmic depth. Browne, Kashefi, and Perdrix showed that the main tool
in the work by Pham and Svore, the fanout gate, can also be replaced by addi-
tional log-depth conventional computations in the measurement-based quantum
computing setting [BKP11].

More recently, Piroli, Styliaris, and Cirac introduced a scheme to implement
unitary operations involving quantum circuits combined with Local Operations
and Classical Communication (LOCC) channels: LOCC-assisted quantum cir-
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cuits [PSC21|. Similarly to the four-step process we just described, they allow for
a short-depth quantum circuit, followed by one round of LOCC, in which auxiliary
qubits are measured and local unitaries are applied based on the measurement
outcomes. They show that in this model any 1D transitionally-invariant matrix-
product state (MPS) with fixed bond dimension is in the same phase of matter
as the trivial state. Similar ideas can be found in [TVV23; Tan+24|.

We propose a new model called Local Alternating Quantum-Classical Compu-
tations (LAQCC), where we bound the power of both the quantum circuits (in
computational power and locality) and the conventional computations following
intermediate quantum circuit measurements. The outcome of the conventional
computations is used to control operations in future quantum circuits. We al-
low for flexibility in this model by imposing different constraints on the power of
both the quantum circuits and the conventional circuits as well as the number of
alternations between them. Most attention will be given to LAQCC containing
quantum circuits of constant depth, conventional circuits of logarithmic depth
and at most a constant number of alternations between them. Any circuit con-
structed in this model is considered to be of constant depth. We restrict the
conventional computations to be of logarithmic depth, as this is the first natural
and nontrivial extension beyond constant-depth conventional computations.

The definition of LAQCC sharpens the original definition of Pham and Svore by
adding constraints to the intermediate conventional computations. The bound
on the conventional computations allows for a bound on the power of these cir-
cuits as a whole. The LOCC-assisted circuits of Piroli, Styliaris, and Cirac are
not low-depth, as they allow for long sequential measurement-based corrections
of the auxiliary qubits needed for their calculations. These measurement-based
operations are considered as sequential alternations between the quantum and
conventional circuits in LAQCC, resulting in increasing the total depth.

6.3 From computations to complexity

The considered LAQCC-circuits are bounded in power. Specifically, we show that
LAQCC C QNC! and that LAQCC-circuits are unlikely to be efficiently simulatable
as they contain instantaneous quantum polynomial-time (IQP)-circuits [BJS10;
SB09]. An efficient convention simulation of IQP-circuits implies the collapse of
the polynomial hierarchy to the third level, which is believed to be false [BMS17].

It is interesting to see how the computational power of LAQCC changes with
more quantum resources, more conventional resources, or more alternations be-
tween the two. This new view asks for a complexity theoretical analysis beyond
standard decision problems. Aaronson considered a relative complexity, where the
complexity is measured between two given states and corresponds to the num-
ber of gates required from a given gate set to transform one state into the other
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state |Aar04|. Rosenthal and Yuen, and Metger and Yuen instead consider classes
based on sequences of quantum states preparable by polynomial-sized quantum

circuits, where the circuits are uniformly generated by a computational class. For
instance, the class PSPACE implies the class StatePSPACE [RY22; MY23|.

We combine the ideas from these notions. We omit the uniformity constraint
from [RY22; MY23| and define a class StateX as a states preparable by X-circuits.
This notion is similar to the relative complexity from [Aar04|, where one state
is the |0)-state and instead of counting the number of gates, we consider the set
of states preparable by a bounded number of gates. We use this notion of state
complexity to show that any state preparable by a LAQCC*-circuit —an instance of
LAQCC with enhanced conventional and quantum computational power— is also
preparable by a PostQPoly-circuit, the class of circuits of polynomial depth with
an additional post-selection gate, see also Section 7.6.

6.4 State preparation

Even though the power of LAQCC is bounded for solving computational problems,
LAQCC-circuits can still prove useful as a subroutine in other quantum algorithms.
In light of the new notion of complexity, it is important to know how this new
LAQCC-model performs in preparing often-used quantum states. We show that
LAQCC-circuits with constant quantum depth and logarithmic conventional depth
can prepare states with long-range entanglement.

Chapter 8 introduces new efficient state-preparation routines for three types of
non-stabilizer states. Efficient circuits for preparing stabilizer states are already
known from measurement-based quantum computing, as discussed in Section 7.3.

Section 8.2 presents a LAQCC-circuit to prepare the first non-stabilizer state: a
uniform superposition over an arbitrary number of states. This circuit uses an ex-
act version of Grover search, which returns a marked item with certainty [Lon01].

Section 8.3 gives a LAQCC-circuit for the second state: the W-state. This state
corresponds to the uniform superposition over all computational basis states of
Hamming weight 1 and is a natural long-range entangled state that displays entan-
glement fundamentally different from the Greenberger-Horne—Zeilinger (GHZ)
state [DVCO00]. LAQCC-type constant-depth circuits for the GHZ state were al-
ready known |[PS13; PSC21|. The W-state is often used as benchmark for new
quantum hardware [Haf+05; Nee+10; Gar+23|. A circuit for preparing the W-
state was given in [PSC21|, but this implementation requires sequentially alternat-
ing measurements followed by local unitaries, which is not considered constant
depth in the LAQCC-model. We improve their protocol by giving a LAQCC-
implementation of the WW-state, based on an uncompress-compress method that
links the one-hot representation and binary representation of integers.
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The third state considered is the Dicke state, which generalizes the W-state to a
superposition over all computational basis states with Hamming weight & [Dic54].
Dicke states prove useful for various applications, including quantum game the-
ory |0SI07], quantum storage [BCHO06; PB10|, quantum error correction [Ouy14],
quantum metrology [Tét12], and quantum networking [Pre+09]. Dicke states
have been used as a starting state for variational optimization algorithms, most
notably in Quantum Alternating Operator Ansatz [Had+19], to find solutions to
problems such as Maximum k-vertex Cover [Bra+22; CEB20].

Dicke states also arise naturally in physics. The ground states of physical Hamil-
tonians describing one-dimensional chains, such as those states resulting from the
Bethe ansatz, tend to show resemblance to Dicke states making them an ideal
starting state when investigating the ground state behavior of these Hamiltoni-
ans |[TDL10; Bral3; Bez+21|. For instance, the algorithm by Van Dyke et al.,
which prepares the Bethe ansatz eigenstates of the spin-1/2 XXZ spin chain,
starts by first preparing a Dicke state |Van+21].

Efficient deterministic circuits for preparing Dicke states have been proposed by
Bértschi and Eidenbenz [BE19; BE22|. They provide a quantum circuit of depth
O(klog(%)), allowing arbitrary connectivity, to prepare a Dicke state, which they
conjecture to be optimal for constant k. We present a LAQCC-circuit that pre-
pares the Dicke state with better depth than their conjecture already for con-
stant k. However, this does not directly disprove their conjecture, as we al-
low for intermediate measurements and conventional computations. More signifi-
cantly, in Section 8.4 we construct constant-depth LAQCC-circuits for k = O(y/n)
greatly improving their conjectured lower bound. This construction extends the
compress-uncompress method for the W-state combined with additional subrou-
tines. In Section 8.5, we provide a log-depth circuit that prepares the Dicke state
for arbitrary k£ by mapping efficiently between the factoradic representation and
the combinatorial number representation of positive integers.

6.5 Introducing noise

The main idea behind LAQCC is to parallelize operations, such that qubits are
idle only briefly. Near-term hardware will remain noisy and it is unclear when
error-rates will decrease sufficiently far for long elaborate algorithms to be run
faithfully. Some even doubt whether quantum computers can ever overcome
the error threshold imposed by the Threshold Theorem [Kall6; Kal20]|, claiming
that the error rate will scale linearly with the number of qubits, whereas they
hypothesize that the effort to suppress these errors scales exponentially. As long
as error rates remain above the error threshold, error-correcting techniques fail
to scale quantum computers to the fault-tolerant setting.

In addition to improved quantum hardware and error-correcting codes, conven-
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tional mitigation techniques can also help further reduce error rates |[Kan+19;
Cai+23|. Examples include zero-noise extrapolation |[TBG17|, dynamic decou-
pling [VLI8; VKL99; Pok+18] and improved compilation and transpilation rou-
tines [WE16]. Our LAQCC-model also opens the way to improved quantum cir-
cuits by off-loading part of the computations to a conventional controller.

However, even with shallow-depth quantum circuits, errors cannot be ruled out. A
careful analysis of the success probability of different quantum circuits is needed.
This careful analysis also helps compare different quantum circuits and deter-
mine which is best for specific situations, given a problem instance and quantum
hardware.

Such an analysis naturally requires a noise model that describes the decohering
behavior of the qubits. Common noise models include single- and two-qubit
gate errors, read-out errors, depolarizing noise, and dephasing noise. These noise
models typically assume some underlying physical behavior. Naturally, a trade-
off exists between the complexity of the noise model and the correspondence with
the actual behavior.

6.6 Outline

The remainder of this part consists of three chapters: Chapter 7 formally intro-
duces the class of Local Alternating Quantum-Classical Computations (LAQCC).
In that chapter, we also provide some complexity theoretic results on LAQCC and
show that all Clifford circuits have an equivalent LAQCC-circuit and we discuss
some complex gates from literature that admit a LAQCC-implementation. Chap-
ter 8 presents LAQCC-circuits for preparing three types of non-stabilizer quantum
states: the uniform superposition over an arbitrary number of states, the W -state
and the Dicke state for & = O(y/n). We then provide a protocol that prepares
the Dicke state for any k, at the cost of a logarithmic number of alternations
of quantum and conventional circuits. Chapter 9 presents an error analysis for
preparing a GHZ state and preparing a W-state. We compare LAQCC-circuits for
both states with standard methods and determine which protocol should work
best. We also implement the protocols and compare the results found on quantum
hardware with our theoretical estimates.



Chapter 7

The LAQCC-model

This chapter formally defines the LAQCC-model. We show that Clifford circuits
are in a specific instance of LAQCC, as well as multiple more complex gates. We
conclude this chapter with some complexity theoretical results for LAQCC and
a version of LAQCC with enhanced conventional and quantum computational
capabilities, a version we call LAQCC".

7.1 Chapter overview

This chapter introduces a new computational model to bring structure to hybrid
quantum-conventional circuits where quantum and conventional computations
are alternated. We define a new class of Local Alternating Quantum-Classical
Computations (LAQCC). This class alternates d times between quantum compu-
tations @ and conventional computations C and extends other commonly used
classes, as those in general do not impose bounds on the conventional computa-
tions. Theorem 7.2.1 gives the formal definition.

The remainder of the chapter mainly focuses on a specific instance of this new
model, where constant-depth quantum circuits are alternated with logarithmic-
depth conventional computations. Unless stated otherwise, LAQCC will refer to
this specific instance of LAQCC(Q, C, d). Section 7.3 will show that every Clifford
circuit has an equivalent LAQCC-circuit.

7.1.1. LEMMA. Fvery n-qubit Clifford unitary has an equivalent LAQCC-circuit.

We prove this lemma by first noting that every Clifford unitary has an equiv-
alent linear-depth implementation on a linear nearest-neighbor architecture and
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then for these so-called Clifford-grid circuits show the existence of an equivalent
LAQCC-circuit. This LAQCC-circuit requires a precomputation to account for the
correction terms to be applied. However, this precomputation only depends on
the intermediate measurement outcomes and is independent of the circuit itself.

We continue in Section 7.4 by discussing different quantum gates implementable
with LAQCC-circuits. Most of these gates critically depend on the fanout gate,
which generalizes the CNOT-gate to multiple targets. In this same section,
Lemma 7.4.2 will give a version of exact Grover search not to search a database,
but instead to prepare quantum states. This circuit corresponding to this lemma
can prepare a uniform superposition based on a unitary that identifies target
states. The next chapter will use this lemma to prepare different quantum states.

This chapter finishes with a complexity theoretical analysis of the LAQCC-model.
First, Section 7.5 will bound the computational power of LAQCC: Lemma 7.5.1
shows how every LAQCC-circuit has an equivalent QNC!-circuit. However, de-
spite this upper bound, we still expect LAQCC-circuits to be hard to simulate in
general. We support this intuition in Lemma 7.5.3 by linking LAQCC-circuits to
instantaneous quantum polynomial-time (IQP)-circuits.

Section 7.6 considers an instance of LAQCC(Q,C,d) with unbounded conven-
tional computations. We will show that, even for this powerful instance, its
computational power with respect to state preparation is upper bounded by cir-
cuits equipped with post-selection gates, where the quantum state is considered
conditional on an auxiliary qubit being in the one state.

7.2 Model definition

We define the computational model Local Alternating Quantum-Classical Com-
putations (LAQCC) as follows:

7.2.1. DEFINITION. Let LAQCC(Q,C,d) be the class of circuits such that

e every quantum layer implements a quantum circuit () € Q constrained to
a grid topology;

e cvery conventional layer implements a conventional circuit C' € C;

e there are d alternating layers of quantum and conventional circuits;

e after every quantum circuit ), a subset of the qubits is measured;

e the conventional circuit receives the measurement outcomes as input;

e the conventional circuit can control quantum operations in future layers.

A circuit in LAQCC(Q,C, d) is required to deterministically prepare a pure state
starting from the |0)*"-state.
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The grid topology imposed on the quantum operations implies that qubits can
only interact with their direct neighbors. A circuit in LAQCC(Q,C,d) can use
the output of conventional intermediate layers to control quantum operations in
future layers. Thus, in some sense, information is fed forward in the circuit.
Note, as conventional computations are in general significantly faster than the
quantum operations, we only count the quantum operations towards the depth
of the circuit, unless specified otherwise.

Even with this definition, a trade-off between the power of the quantum and
conventional layers exists, as the following example shows:

7.2.2. REMARK. We have the equivalence
LAQCC(QPoly(n), P, O(1)) = LAQCC(QNC’, P, O(poly(n))).

We can prove this equivalence by noting that any QPoly(n)-circuit can be written
as poly(n) concatenated QNC’-circuits, with no intermediate measurements and
trivial conventional computations.

Our main focus will be on a specific instance of LAQCC(Q,C, d).

7.2.3. NOTATION. Unless specified otherwise, in the remainder, LAQCC refers to
the instance LAQCC(QNC",NC', O(1)). The quantum layers can use all single-
qubit gates and the two-qubit CNOT-gate.

The class NC' is a natural nontrivial class beyond constant-depth complexity
classes. LAQCC contains many useful gates and subroutines already, as outlined
in the next section, specifically the fanout gate. Note that LAQCC equals QNC"[@]
if the conventional computations are restricted to parity computations only.

The current definition of LAQCC(Q,C,d) concerns circuits. Many quantum ap-
plications consider the potential of circuits in approximating quantum states.
Approximating quantum states requires a different notion of complexity classes:

7.2.4. DEFINITION. Let H, be a Hilbert space on n qubits, then define
StateX,, . = {|¢) € H, | IX-circuit A such that | (1| A[0)*"| > e},

as the set of n-qubit quantum states that are e-close to a state preparable by an
X-circuit. Define StateX. = (J, o\ StateX, ..

This definition extends already existing ideas and definitions of state complex-
ity [Sus18; AAS20; RY22|. Our definition shows similarities to state complexity
defined in [MY23|, but with the uniformity requirement dropped.

7.3 Clifford circuits in LAQCC

The idea of intermediate measurements with subsequent computations is closely
related to measurement-based quantum computing. A famous result from this



106 Chapter 7. The LAQCC-model

field shows that all Clifford circuits can be parallelized using measurements. We
now use this result to show that any Clifford circuit has a LAQCC-implementation.

This result is best understood in the teleportation-based quantum computing
model [Joz06], a specific instance of measurement-based quantum computing that
applies quantum operations using Bell measurements. In teleportation, qubits are
measured in the Bell basis, which projects the measured qubits onto an entangled
two-qubit Bell state, up to local Pauli corrections. This projection combined
with an entangled Bell state teleports a quantum state between qubits. After
teleportation, one needs to correct the local Pauli gate introduced by the Bell
measurement. A similar process also allows to implement quantum gates.

Most gates do not commute with Pauli gates, which hinders parallelization. As
Clifford circuits stabilize the Pauli group, full parallelization of the circuit is
possible using parallel measurements [Joz06].

A Bell basis measurement projects two qubits on Zz‘e{o 1} (ii| P** @ I, where

P*t = 79X" and a,b € {0,1} correspond to the four possible measurement out-
comes. Using one Bell-basis measurement, we can in parallel apply two sequential
Clifford gates U; and Uy on a quantum state [¢)) and a GHZ state \%(\OO) +111)),
which up to normalization gives:

> [P e @I][Uie U] [v) i)

1,7€{0,1}
= > (il PUPUL ) (il5) Uz 1)
1,j€{0,1}
= Z Us |i) (i| P*°Uy [¢) = Up P“"Uy [1)) -
i€{0,1}

As U, is a Clifford gate, there exists (a, l;) such that U, P**U, = Pd’i’UgUl. The
same argument shows that all correction terms can be postponed to the end of
the computation.

7.3.1 Clifford-ladder circuit

Clifford-ladder circuits form a special type of Clifford circuits:

7.3.1. DEFINITION (Clifford-ladder circuit). Given a set {U'}!'-) of two-qubit
Clifford unitaries. A Clifford-ladder circuit Cjugqer is a circuit of depth O(n)
and width O(n) of the following form:

n—1
i
Cladder = H Ul iv)
i=0

where U, (’” 11y denotes that unitary U ' is applied on qubits ¢ and ¢ + 1.
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By definition, every two-qubit Clifford unitary has a constant-depth implemen-
tation. The next lemma shows that any Clifford-ladder circuit has an equivalent
LAQCC-circuit.

7.3.2. LEMMA. Any Clifford-ladder circuit has an equivalent LAQCC-circuit of
depth O(1) and width O(n).

Proof: Every Clifford-ladder circuit can be made parallel using a Bell measure-
ment and a fresh GHZ state via similar arguments as Clifford gate teleportation.

What remains to show is that an NC'-circuit computes the Pauli-correction terms.

The i-th Bell measurement result gives Pauli error P, = Z% X% . A Clifford-ladder
circuit of size n hence has an error vector (a b) of length 2n. The correction terms
that have to be applied have the same form: we can label every Pauli correction
term by an index j, such that ]5] = 7% X% . This gives a correction vector (& 1;)
Note that Pauli matrices anti-commute, hence reordering them will only incur a
global phase. This implies a binary linear map M : (a b) — (d l;) As matrix
vector multiplication is in NC', this error calculation is in NC'. Hence, every
Clifford-ladder circuit has an equivalent LAQCC-circuit. O

Figure 7.1 shows a LAQCC-circuit that implements a Clifford-ladder circuit. Every
two-qubit unitary is parallelized using gate teleportation. Using the Clifford
commutation relations, the Pauli correction terms are pushed to the end of the
computation. The caps and cups denote Bell-state measurements and Bell-state
creation, respectively.

Compute Pauli correction terms

Figure 7.1: Graphical representation of Clifford-ladder circuit par-
allelization.  Time flows upward and lines represent qubits and
boxes quantum gates. Half circles represent Bell-state creation
(ends pointing upwards) and Bell-state measurement (ends point-
ing downwards). Bell-state measurements can produce Pauli errors
P = Z*X" which are corrected by the boxes CP (corrective Pauli).
Conventional computations determine the correction terms.
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7.3.3. REMARK. Constructing the binary linear map M is L instead of NC'.
However, as M follows from the quantum circuit and is independent from the
measurement outcomes, we can compute it beforehand.

As a SWAP gate corresponds to a Clifford-ladder circuit, we see that it has an
equivalent LAQCC-circuit and that we can also apply any two-qubit Clifford gate
on any pair of qubits in constant depth.

A special Clifford-ladder circuit that we will use extensively is the fanout gate.

Fanout,, : [z) [y1) ... |yn) = |2) 11 D ) ... lyn D ) . (7.1)

This gate is a concatenation of n CNOT-gates, all with the same control qubit.

7.3.2 Clifford-grid circuit

Any Clifford unitary can be mapped to a linear-depth circuit on a linear nearest-
neighbor architecture [MR18]. The most general representation of these circuits
are so-called Clifford-grid circuits.

7.3.4. DEFINITION (Clifford-grid circuit). A Clifford-grid circuit of depth d on n
qubits is a circuit of the form

d 3
Cgrid = H ® Ui,ja

i=0 j=0

for Clifford unitaries U; j and such that in the i-th layer, gate U; ; acts on qubits 2
and 2j 4+ 1 if 7 is even, and 25 + 1 and 25 + 2 is 7 is odd.

The next lemma shows that Clifford-grid circuits also have an equivalent LAQCC-
circuit, and with that, that any Clifford unitary has an equivalent LAQCC-circuit.

7.3.5. LEMMA. Any Clifford-grid circuit of depth O(n) has an equivalent LAQCC-
circuit of depth O(1) and width O(n?).

Proof: Again, using gate teleportation we can parallelize the O(n?) Clifford gates
and obtain a LAQCC-circuit. Every Clifford gate requires a Bell measurement and
a GHZ state, giving a total of O(n?) qubits required.

Any Bell measurement in the circuit can incur a Pauli error, which has to be dealt
with at the end of the circuit. Similar to the Clifford-ladder circuits, a vector (a b)
exists containing information on the correction terms, this time of length O(n?).
This vector induces a vector of correction terms (@ b) of length O(n).

As Pauli errors anti-commute, there exists a binary linear map M : (ab) — (ab).
The corresponding matrix is rectangular and the error-correction calculations are
in NC', completing the proof. O
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Determining M is more difficult for Clifford-grid circuits than for Clifford ladder
circuits. This difficulty stems from errors having multiple possible paths that can
contribute to an error in a single output qubit. The final error depends on the
parity of all these paths. The computation still only depends on the measurement
outcomes and not on the actual input of the circuit. Hence, M can follow from a
precomputation. This precomputation is in &L C NC? 2.

7.3.6. COROLLARY. Any Clifford circuit has an equivalent LAQCC-circuit, pro-
vided an input-independent precomputation.

7.4 Useful gates and routines in LAQCC

As we saw in the previous section, the fanout gate is a Clifford ladder and hence
has an equivalent LAQCC-circuit using O(n) qubits.

Green et al. and Hgyer and Spalek used the fanout gate to show how to implement
a set of pairwise-commuting gates in parallel |Gre+02; HS05].

7.4.1. THEOREM. [Theorem 8.2 [HS05]] Let {U;}?_, be pairwise-commuting gates
on k qubits. Let K be a gate changing the basis in which all U; are diagonal. Then,
there exists a quantum circuit with fanout computing U = 117 ,U; having depth
max]_, depth(U;) + 2 - depth(K) + 2, size > size(U;) + 2 - size(K) + 2nk, and
using (n — 1)k auziliary qubits.

A common setting where this theorem can be used is if qubits in one register
control operations in another register, such as the modular multiplication step
in Shor’s algorithm. This result was already discovered by Moore and Nilsson,
though they used a O(logn)-deep implementation of the fanout gate based on
cascading CNOT-gates [MNO1|. Note that for every set of pairwise-commuting
gates, a gate K changing the basis must exist [HJ85, Theorem 1.3.19].

Using the fanout gate, we obtain LAQCC-implementations for multiple complex
quantum gates, as we outline below. Most gates follow from work by Takahashi
and Tani [TT13]. We only consider the action on n-qubit computational basis
states. The action of the gates on arbitrary states follows by linearity.

From Section 7.3 we know that any permutation 7 € 5, is in LAQCC.

Permutation(7),, : |y1) ... |yn) — ’yﬁ(1)> . ‘yﬂ(n)>

Hgyer and Spalek provided the first constant-depth quantum implementation of
the OR-gate with one-sided error [HS05|. Takahashi and Tani later improved

12This is expected, as efficiently simulating Clifford circuits is a complete problem for @L.
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the construction of the OR-gate to be exact [TT13]. From the OR-gate we also
directly arrive at the AND- and Equal;-gate:

OR,, :|y1) - - [Yn)
AND,, :|y1) ... |yn)

= Y1) - [yn) [OR.(y) & )
= |y1> S |yn> |ANDn(y) D :C>

T

T

~ ~——

Equal; :|j) [b) — {

We will omit the subscript n if the number of qubits on which they operate is
clear. All three gates have width O(nlogn). The OR-gate follows from Theorem 1
in [TT13]. The AND-gate follows by negating all inputs and outputs of the OR-
gate. The Equal;-gate follows from the AND-gate, combined with a negation of
the inputs that correspond to zeros in the binary representation of i.

By modifying the circuit for the OR-gate, we additionally obtain an implementa-
tion for the Exact;-gate with the same circuit size (see also [HS05, Theorem 4.6]).
This circuit outputs 1 if precisely t of the inputs are 1, and outputs 0 otherwise.

@) b@1) if o] =1t

Exact, : b) —
xact, : 2) 0 {]x> |b) else,

As we have LAQCC-circuits for the OR- and AND-gate, we have LAQCC-circuits
for all AC%-circuits, including circuits for modular addition and circuits that check
(in)equalities. All three circuits have width O(n?).

Add,, :|z) |y) — |x) |y + 2 mod 2")

uali lx ’l’>’y>|b@1> ifx:y
Equality : |z) |y) [b) — {!@ B -
z) [y) b 1) ifz>y
%) y)

Greaterthan : |z) |y) [b) —
y) |b) else.

|
|
The Equality-gate is obtained by subtracting the first register from the second
and computing the OR of the second register in the auxillary register and negating
it. The Greaterthan-gate follows by a similar construction: Use a single auxiliar
qubit in the |0)-state to the second register and interpret y as a n + 1-bit integer;
Subtract the first register from the second and apply a CNOT-gate from this
auxiliary qubit to the target output qubit. If x is larger than y, then the most
significant bit of the second register (the auxillary one) is in the one state.

Hgyer and Spalek also showed how fanout gates help implement quantum sub-
routines in constant depth, such as the quantum Fourier transform defined in
Equation (1.13) with circuit size O(n®logn) [HS05, Theorem 4.12]. With this
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gate, we can obtain a constant-depth implementation for the Hammingweight-
gate. This gate computes the binary representation of the Hamming weight of a
string z in a separate register using a O(n?) wide circuit [TT13, Lemma 4]. Note
that this gate is strictly stronger than the Exact;-gate, as it actually computes
the Hamming weight, instead of determining if it is equal to some integer.

Hammingweight : [2),, |0),,50,) = |2),, [|2])

log(n log(n)

Takahashi and Tani combined the Hammingweight-gate with the Exact;-gate to
obtain a circuit for the Threshold;-gate with circuit width O(nlogn) if ¢t <logn
and O(ny/tlogn) for logn <t < {%W |TT13, Theorem 2]. The circuit size for
t > (%1 follows from the circuit size of the Threshold,,_;-gate.

Threshold, : |z) |b) — {’x> b&1) it 3w =t
|z) |b) else.

Now, as the Threshold;-gate is in LAQCC, any TC circuit is also in LAQCC.
Additionally, the Threshold-gate can be turned into a weighted Threshold-gate
by incorporating the weights in the rotation angles used in the implementation.
Note that we can also compute the Threshold;-gate using the Greaterthan-gate,
where the second register is the state |t). However, this gives worse scaling of the
circuit size than a direct Threshold;-gate implementation.

The final routine we discuss is a consequence of a quantum algorithm by Long,
which generalizes Grover’s algorithm. Grover’s algorithm searches a database and
returns a marked item with high probability. The algorithm by Long does the
same, but with unit probability [Lon01]. We modify the algorithm by Long not
to search a database, but instead to prepare quantum state:

7.4.2. LEMMA. Let C be a set of 2™ quantum states that forms a basis for all
n-qubit quantum states. Let G and B partition C, such that % = c is a known
constant. Suppose U implements in constant depth the map

y) [b@ 1) ifyeg

U"”'b”{m b fyeB’

Then, there exists a LAQCC-circuit that prepares the state ﬁ Zyeg ly).
Proof: Write |G) = ﬁzyeg\y) and |B) = ﬁzy%]y) Then we have

(G|B) =0, as B and G partition C.

The circuit by Long produces a quantum state that, upon measurement, returns a
uniform random element from G. Omitting that final measurement thus prepares
the state |G) as desired.
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The corresponding circuit is indeed in LAQCC: First, prepare a uniform super-
position |s) = 3°7 ' |i). Then, iteratively reflect over the state |B) using U, and
reflect over the uniform superposition state |s). Both reflections have a LAQCC

implementation and we only need to apply them a constant number of iterations.

The first reflection implements the map I — (1 — ¢%)|G) (G| and the second re-
flection the map I — (1 — €%?) |s) (s|, where ¢ depends on the number of target
states and the known constant ¢, see also [Lon01]. The implementation for both
reflections follows the same lines: Mark the state |G) and |s) using an auxillary
qubit; Use an Rz-gate to apply the phase (1 — ¢¢); Uncompute the auxiliary
qubit. The first reflection uses the unitary U, which by definition has a constant-
depth implementation. The second reflection uses an Exacty-gate with negated
output and all inputs conjugated by Hadamard gates.

The circuit only uses operations from LAQCC. Additionally, the total number of

iterations is O(y/N/m) = O(/|C|/|G|) = O(y/¢), from which the constant depth

of the whole circuit follows. O

7.5 Complexity results for LAQCC

LAQCC seems more powerful than conventional computing alone. Yet, most power
seems to come from the conventional intermediate computations. This section
first proves an upper bound on the power of LAQCC, before showing that LAQCC-
circuits are unlikely to be efficiently simulatable.

Any LAQCC-circuit A can be written as a composition of quantum layers U,
measurements M; and conventional layers C;:

for some constant k. Any unitary U; corresponds to a QNC’-circuit and any C;
corresponds to an NC'-circuit. The measurements M; can measure any subset of
the qubits. By the principle of deferred measurements, we can always postpone
them to the end of the circuit using CNOT-gates and fresh auxiliary qubits [NC10,
Section 4.4], which gives the following lemma.

7.5.1. LEMMA. For any LAQCC-circuit A there is a QNC'-circuit B without in-
termediate measurements that outputs the same state as A.

Proof: The LAQCC-circuit A contains the layers C; that use the intermediate mea-
surement results as input. Delaying the measurements until the end of the circuit
by applying a CNOT-gate from the qubit to a fresh auxiliary qubit, replaces the
conventional output wires by quantum wires.

Next, we can replace any NC'-circuit by a QNC'-circuit that uses at most poly(n)
auxiliary qubits: 1) Replace all OR-gates by AND- and NOT-gates; 2) Replace
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all AND-gates by Toffoli-gates, where the third input is a clean auxiliary qubit;
and, 3) Replace all NOT-gates by X-gates.

Hence, for every conventional circuit C;, we can obtain a quantum circuit V;, such
that V; computes the same output. The quantum circuit B = UV}, ... U;V; then
proves the lemma. O

The power of LAQCC is thus bounded. This makes one wonder if these circuits
admit efficient conventional simulations. Even in that case, LAQCC-circuits can
still have value as “fast” alternatives for state preparation routines. By linking the
class of Instantaneous Quantum Polynomial-time (IQP)-circuits, first introduced
in [SB09], to LAQCC-circuits, we can show that such an efficient simulation for
all LAQCC-circuits is unlikely.

7.5.2. DEFINITION (Definition 2 [NM14]). An IQP-circuit on n qubits is a quan-
tum circuit such that: each gate in the circuit is diagonal in the Pauli-Z basis,
the input state is |—|—>®n, and the output is the result of a measurement in the
Pauli-X basis on a specified set of output qubits.

7.5.3. LEMMA. Any IQP-circuit has an equivalent LAQCC-circuit.

Proof: Gates diagonal in the Pauli-Z basis commute in the Pauli-X basis. There-
fore, prepare |+)*" by a single layer of Hadamard gates on all qubits. Then,
parallelize the gates from the IQP-circuit using Theorem 7.4.1. Measurements in
the Pauli-X basis correspond to a Hadamard gate followed by a measurement in
the Pauli-Z basis. This construction gives the equivalent LAQCC-circuit. O

Bremner, Jozsa, and Shepherd showed that efficient weak simulation of all pos-
sible IQP-circuits up to a small multiplicative error implies a collapse of the
polynomial hierarchy [BJS10|. As a direct corollary, LAQCC-circuits are unlikely
to be efficiently simulatable using conventional computers, unless the polynomial
hierarchy collapses. A circuit family is weakly simulatable if its output distribu-
tion can be sampled by purely conventional means in polynomial time given the
description of the circuit family.

7.5.4. LEMMA (Corollary 1 [BJS10]). If the output probability distributions gen-
erated by uniform families of IQP-circuits could be weakly simulated to within
multiplicative error 1 < ¢ < /2 then the polynomial hierarchy collapses to the
third level, in particular, PH = AL.

7.6 Complexity results for powerful LAQCC

Based on the previous section, LAQCC seems more powerful than conventional
computing alone. The conventional intermediate computations provide LAQCC
with significant power. This added power raises the question what other capabil-
ities are possible if we extend the conventional computational power beyond NC.
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In this section, we consider a different instance of LAQCC(Q, C,d) where we al-
low for more powerful quantum and conventional computations, as well as more
alternations between them, giving us the class LAQCC".

7.6.1. NoTATION. The class LAQCC* refers to the instance
LAQCC(QPoly(n), ALL, poly(n)).

That is, LAQCC* refers to the class of circuits that alternate a polynomial num-
ber of times between polynomial-sized quantum circuits and arbitrary powerful
conventional computations, together with feed forward of the conventional infor-
mation to future quantum operations. The quantum computations are restricted
to all single-qubit gates and the two-qubit CNOT-gate.

Note that LAQCC* can trivially solve decision problems by simply using the un-
bounded conventional computational power and then loading the result in a quan-
tum state. Therefore, we are mainly interested in the computational power of
LAQCC* with respect to state preparation. The definition of LAQCC" directly
defines StateLAQCC? for € > 0.

7.6.2. REMARK. For any nonzero €, we can restrict ourselves to finite universal
gate sets. The Solovay-Kitaev theorem [Kit97; NC10] states that any multi-qubit
unitary can be approximated to within precision d by a quantum circuit with size
depending only on §. Hence, any LAQCC*-circuit using a continuous gate set can
be approximated by a LAQCC*-circuit using a universal finite gate set.

We will compare LAQCC* with the class of polynomial-sized quantum circuits
equipped with an additional post-selection gate. Even though this gate has no
physical realization, as measurements outcomes cannot be chosen, it is a useful
gate in analyzing different algorithms.

7.6.3. DEFINITION. The class PostQPoly consists of all QPoly-circuits that pro-
duce a quantum state « |1) |¢)) 4+ 5 ]0) | L), where |¢) is the relevant quantum state
and | L) can be any arbitrary quantum state. The success of the quantum circuit
is conditioned on the first qubit being in the |1)-state.

We can decompose any LAQCC*-circuit as
I ™ MU (i) Cil:) |0) P (73)

Again, M; denotes the i-th measurement, and U; and C; denote the i-th quantum
and conventional layer, respectively. The x; € {0,1}* denote the outcome of M;
and y; € {0,1}* the bitstring outputted by C;. Note, all z; and y; have length at
most polynomial in n. We will use this decomposition to prove a similar inclusion
as in Lemma 7.5.1.

7.6.4. THEOREM. For every e > 0 it holds that
StateLAQCC? C StatePostQPoly,
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Proof: Fix ¢ > 0 and a positive integer n and let |¢) € StateLAQCC:. By defi-
nition, there exists a LAQCC*-circuit A = Hfiloy(n) M,U;(y;)C;(x;) that prepares a
state |¢) such that | (¢|y) | > e.

Let B = II2oy™ Equal, (2;)U;(y:) 10)¥P°Y™ where the y; are hardwired inputs to
the quantum circuits, based on measurement outcome z;. This PostQPoly-circuit
prepares |¢) with unit probability, conditioned on the auxillary qubit being in
the |1)-state.

The Equal, -gate replaces the measurement M; by checking if the qubits that
would be measured are in |z;)-state. The outcomes are stored in an auxiliary
qubit. This gives poly(n) auxiliary qubits, one for each replaced measurement
layer. Then apply an AND-gate on these auxiliary qubits and store the result in
another auxiliary qubit. Condition the output of the circuit is then conditioned
on this final auxiliary qubit. O

Note that every measurement has at least one possible output string z;. Figure 7.2
sketches the idea behind the proof.

Ci(x)

post select on being 1

R
U; (¥i-1) }XL . Uis1 (Vi) | ey

Xlenb3 9

U;(yi-1) Uir1(v0)

Figure 7.2: Graphical representation of transforming a LAQCC*-
circuit for generating |¢) into a PostQPoly-circuit.

7.7 Reflections and outlook

This chapter introduced the LAQCC-model that alternates between conventional
and quantum operations. The LAQCC-model generalizes already existing models
by explicitly bounding the conventional intermediate computing power.

We focused on a specific instance of LAQCC that alternates between QNC’-circuits
and NC'-circuits. This instance generalizes the QNC°[®]-circuits encountered in
the first part of this work. The conventional computations help to implement a
quantum fanout gate, which is often used as a building block for constructing more
complex gates. Future research can focus on what other problems we can offload
to the conventional computer. Another promising direction is to explore LAQCC-
instances with increased quantum or conventional computational power, or more
alternations between the two. Finally, future research can help quantify the
relation between different LAQCC-instances and other known complexity classes.
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At the end of the chapter, we took a first step in this direction by considering
a powerful instance called LAQCC*. This instance alternates between arbitrary
conventional computations and polynomial-sized quantum circuits. This class
naturally solves any solvable decision problem using the unbounded conventional
computations. With respect to state preparation, we however have the inclusion

StateLAQCC; C StatePostQPoly..
We conjecture that this inclusion is strict for any ¢ > 0.

As a first step towards proving this conjecture, one might consider an oracular

separation, using, for instance, the oracle Aaronson and Kuperberg used to sepa-
rate QMA and QCMA [AKO07|. For every state |¢), they define an oracle O,, such

that Oy : [¢) = — [¢), while for every |¢) L [¢)) Oy : @) = |¢).

Interestingly, a PostQPoly-circuit can prepare [¢) exactly using a single oracle
query. There always exists a computational basis state |i) with nonzero overlap
with [¢). Starting with that state and implementing O, as a bit-flip oracle gives

alpt)|0) +Bl) (1),

for some «a, 3 € C and g # 0. Conditioned on the auxiliary qubit, this circuit
indeed prepares [)).

To prove that LAQCC*-circuits cannot approximate [¢), we have two promising
directions. The first uses e-nets to show that the number of possible quantum
states is double exponential in n [NC10, Section 4.5.4]. However, counting the
number of LAQCC*-circuits, we find that StateLAQCC] contains only an exponen-
tial number of quantum states. When counting the number of LAQCC*-circuits,
we can omit the intermediate computations as their output is only used to control
future quantum operations. We can then use that the oracle is close to the iden-
tity operator, and oracle calls only marginally help to approximate [i)). We can
omit an oracle call at the cost of a small error. However, if we want € = 1/poly(n),
we find that these small errors stack too much with the multiple oracle calls.

The second direction uses quantum state based on incompressible strings. These
strings have no short program that returns them. Kolmogorov complexity dic-
tates that strings exist that admit no efficient description [LV08|. Let z be an
incompressible string of length |z| = N(3 + ¢)n for N = 2". Interpret z as a
concatenation of N substrings of length (3 +¢)n each: z = [20,21 ... 2 ..., 2n_1]-
The following (4 + €)n-qubit quantum state encodes z

p Mt
|2) = i ZO i) |2:)

A LAQCC*-circuit that prepares |z) now gives an efficient description of a routine
that returns the string z, something which we conjectured impossible due to z be-
ing incompressible. It is again unclear how oracle calls can help approximate |z).



Chapter 8

State preparation by LAQCC

This chapter proposes LAQCC-circuits for three types of non-stabilizer states.
First, we give a LAQCC-circuit to prepare a uniform superposition over an arbi-
trary number of states. Next, we use an uncompress-compress method to prepare
the W-state. We conclude with two protocols to prepare the Dicke state, uniform
superpositions of all n-bitstrings with Hamming weight k. The first protocol
prepares in constant depth Dicke states for k& = O(y/n). The second protocol
prepares Dicke states for all k in logarithmic depth.

8.1 Chapter overview

The previous chapter introduced the LAQCC-model, where quantum and conven-
tional computations alternate to solve a problem or prepare some quantum state.
This chapter considers the capability of this LAQCC-model to prepare quantum
states often used in other algorithms and for benchmarking quantum devices.

First, Section 8.2 gives in Theorem 8.2.1 a LAQCC-circuit to prepare a uniform
superposition of an arbitrary number of states. The circuit uses Lemma 7.4.2.
This state is often used as starting state by other algorithms.

Section 8.3 gives a LAQCC-circuit for preparing the W-state. This circuit uses
the circuit for the uniform superposition. Theorem 8.3.1 shows how to obtain the
W-state using an uncompress-compress method that efficiently maps between the
binary number representation and the one-hot number representation. The first
representation corresponds to the initial uniform superposition obtained from
Theorem 8.2.1, whereas the second representation corresponds to the W-state.

117
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Next, Section 8.4 uses the circuit for the W-state to prepare the Dicke-(n, k)
state for k = O(y/n). Specifically, the circuit for the Dicke state uses k parallel
instances of the LAQCC-circuit for the W-state, all using the same target register.
Additional LAQCC-operations ensure that all parallel instances target different
qubits in the target register. The result is summarized in Theorem 8.4.1.

Section 8.5 then presents a method to prepare the Dicke state for arbitrary k.
The protocol, summarized in Theorem 8.5.1, maps between the combinatorial
number representation (which uniquely labels Dicke states for fixed k) and the

factoradic representation. As this mapping requires logarithmic depth, we use a
new instance called LAQCC-LOG.

8.2 Uniform superposition of size ¢

Many quantum algorithms start with a uniform superposition. Often, a uni-
form superposition over 2" states is used. This state is obtained by applying a
Hadamard gate on all n qubits. In practice, uniform superpositions over fewer
states might be more useful. However, preparing the superposition

[y

q—

@)

5-

I
o

i
for arbitrary ¢ is difficult. As a first step, we can consider a probabilistic approach:

1. Create a superposition \/%7 S22 i) with n = [logy(g)] qubits;

2. Mark the states ¢ < ¢ using an auxiliary qubit;
3. Measure the auxiliary qubit.

With probability at least one half, the correct state is prepared. The measure-
ment result indicates whether we have the correct state. The second step uses a
Greaterthan-gate, using O([log,(q)]?) qubits, with the second register initialized
in the |¢)-state. However, this approach is non-unitary due to the measurements.

We can modify this probabilistic circuit into a deterministic circuit. The next
section uses the deterministic circuit to prepare the WW-state. Note that if ¢ is a
power of 2, the circuit simplifies to a layer of single-qubit Hadamard gates.

8.2.1. THEOREM. There exists a LAQCC-circuit that prepares the uniform super-
position on q states. This circuit uses O([log,(q)]”) qubits.

Proof: Let n = [logy(q)] and define G = {i |0 <i < g}and B={i|q<i<2"}.
Applying Lemma 7.4.2 with the unitary

ly)y b 1) ify<gq,

Valor o= {\y> B ity
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gives the desired state. This circuit is in LAQCC, as the unitary corresponds to a
Greaterthan-gate. O

8.3 W-state

This section considers the W,,-state (or the W-state, if n is implicit) and presents
a LAQCC-circuit that prepares it. The W-state is a uniform superposition over
all n-bit strings of Hamming weight 1:

1

where |e;) is the state with a one on the i-th position and zeros elsewhere. The
main theorem of this section gives a LAQCC-circuit that prepares the W-state:

8.3.1. THEOREM. There exists a LAQCC-circuit that prepares |W). This circuit
uses O(nlog(n)loglog(n)) qubits placed in a grid of size n x O(log(n) loglog(n)).

A natural bijection exists between the states |e;) and a uniform superposition
over n states. If we can find a unitary that implements this bijection, we can
prepare the W-state. Hence, we wish to find a unitary that implements the map

|i>10gn |O>n = |0>logn |el>n : (81)

This unitary maps the binary representation of i (using log n qubits) to its one-hot
representation (using n qubits). We refer to registers with a binary representation
as index registers and those with a one-hot representation as system registers. The
mapping between these two representations naturally defines two operations:

UncompreSS: |Z'>logn |0>n = |Z.>logn |€’i>n7
Compress: ’i>logn |6’L>n = ’0>logn |ei>n'

Combining these two operations implements the unitary given in Equation (8.1).
Both operations have a LAQCC-implementation, as the next two lemmas show.

8.3.2. LEMMA. There exists a LAQCC-circuit using O(nlog(n)loglog(n)) qubits
that, for any n, implements the Uncompress operation:

—_

n— n—1
1 , 1 ‘
\/ﬁ |Z>logn |O>n = \/ﬁ E 0: |Z>logn |€Z>n : (84)

The qubits are placed in a grid of size n x O(log(n)loglog(n)).

Il
=)

%

Proof: Interpret the right-most column of the grid as the system qubits. Adjacent
to each system qubit are log n index qubits. Additionally, every row has access to
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O(loglogn) auxiliary qubits. The LAQCC-circuit then consists of the following
three steps (where we only show the index and system qubits):

—_

n—

n—1
1
®n—1 -\ ®@n
T Z | >logn | >logn |0> n Z |Z>logn |O>n

1=0

ﬁ\

3
—_

1
n

(2) — .
— |Z>i§)gn ‘€1>n

s
Il
=)

3
—

o,

S-S

. —1
‘Z>logn K»l%gn ‘€Z>n
0

)

Step (1) Use fanout gates to copy the first index register; Step (2) In parallel for
all 7, apply Equal;-gates from the i-th index register to the corresponding system
qubit. This creates the state |e;) in the system register; Step (3) Use fanout gates
to disentangle the index registers. O

Figure 8.1 shows the steps of the Uncompress operation graphically for n = 4.
We explicitly leave out auxiliary qubits in the shown circuits.

%Zloli)lm)@ﬂooom %Z;mii)moom %Z;liimlei) %Z;)lwlom@ﬂei)
® OO0 @ OO0 @
% o o @ o o @
® ® @Q_>_>@ ¢ @
» > o @ > o @

Figure 8.1: Circuit for the Uncompress operation for n = 4.
Shown is a grid of 12 qubits: 8 light gray index qubits, and 4 dark
gray system qubits. Each grid represents a single time step.

8.3.3. LEMMA. There exists a LAQCC-circuit that, for any n, implements the
Compress operation:

-1 n—1
1
—E: e )
logn 1 | logn 1=t/n
Vn & Vn =

This circuit uses O(nlogn) qubits placed in a grid pattern of size n x logn.

Proof: The Compress operation uses parallel CNOT-gates controlled by the
system register to uncompute the index registers. These C NOT-gates commute
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for different indices in the system register and hence by Theorem 7.4.1 they can
be applied in parallel. The Compress operation consists of five steps:

1 . on—1 m, 1 iy on-1
% ; |z>10gn |0>10gn |6i>" - n Z(_l) ’ |]>10gn |0>logn |ei>n

logn

1 . n—1
O 3 g 05 e,

Step (1) Apply Hadamard gates to the first index register, changing to the
Hadamard basis, in which the NOT-gate is diagonal; Step (2) Use fanout gates
to copy the first index register; Step (3) Apply controlled-Z-gates, controlled by
system qubit ¢ and with targets those index qubits in the ¢-th index register that
correspond to the ones in the binary representation of i; Step (4) Use fanout gates
to disentangle the index registers; and, Step (5) Apply Hadamard gates to clean
the index register.

The controlled-Z-gates depend on the binary representation of ¢ and precisely
cancel the phase factors (—1)"/ and disentangle the index registers from the sys-
tem register. O

Figure 8.2 shows the steps of the Compress operation graphically for n = 4. We
again omit the auxiliary qubits from the shown circuits.

B0 OGP0l I3 DR 1Y ) 3> 0Tl 25" 00t
o o o o o
® ® ® ®

—_ —_— —_ —_—
® o ® o
® ® ® o

Figure 8.2: Circuit for the Compress operation for n = 4. Shown is
a grid of 12 qubits: 8 light gray index qubits, and 4 dark gray system
qubits. Each grid represents a single time step of the Compress
operation.
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We now combine these two lemmas to prove the main result of this section.

Proof of Theorem 8.3.1: The LAQCC-circuit consists of the following three steps:

n—1
1
0)&" 10), — — ) 10y 10 Th 8.2.1
| >logn‘ >n \/ﬁ ; |Z> ‘ > ‘ > 5 ( eorem )
1 n—1
- = Z i) [0)5" " ey (Lemma 8.3.2)

Vi
1 n
=== 10)" |es). (Lemma 8.3.3)

8.4 Dicke states for small k£

This section generalizes Theorem 8.3.1 to Dicke-(n, k) states, uniform superposi-
tions over n-bit strings of Hamming weight k:

m=(3) % W (85)

z€{0,1}":|z|=k

Other works also considered efficient state preparation routines for Dicke states.
Bartschi and Eidenbenz for instance presented a circuit of linear depth and width
in n that prepares the Dicke-(n, k) state, independent of & [BE19]|. Their method
uses a recursive relation for the Dicke-state:

D) = 0 | D) ® 10) + B [ DyZ1) ® (1)

Our method, the main result of this section, instead extends the compress-
uncompress method used for the W-state to small £:

8.4.1. THEOREM. For any n and k = O(y/n), there exists a LAQCC-circuit
preparing the Dicke-(n, k) state, |D2), using O(n?) qubits.

The main idea is to apply k& parallel Uncompress operations. The parallel
Uncompress operations might target the same system register qubit. We thus
have to filter these cases. Following the lines of the birthday paradox, we find
that coinciding indices occur rarely for & = O(y/n). Lemma 7.4.2 allows boosting
the amplitude of the correct states to obtain the Dicke state.

We again assume the qubits to be laid out in a grid, the main difference being
that we now have k index registers denoted by subscripts i € [k], each consisting
of logn qubits. The first grid in Figure 8.3 gives an example of the initial layout
of the grid for n =4 and k = 2.
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The algorithm consists of four operations:
[0)1 - 100, 10)
1 n—1
5 D il @ s (Filling) ~ (8.6)
JiyeJk=0
n—k)! ‘ , . .
( - ) > iy lklej ©---@e;)  (Filtering)  (8.7)
’ N#-FEjk
1 . . .
— Z 17101 - gk lejs @ - - Dejy) (Ordering) (8.8)
(Z) 1< <Jk
1 .
— — Z 10),...10), |ej, ® - Dey) (Cleaning)  (8.9)

ny . .
(4) 1<

The following four lemmas will give a LAQCC-circuit for each of these operations.
First, the Filling operation shown in Equation (8.6) fills the system register.

8.4.2. LEMMA. There exists a LAQCC-circuit for the Filling operation using
O(knlog(n)loglog(n)) qubits.

Proof: The Filling operation uses k parallel instances of the Uncompress oper-
ation from Lemma 8.3.2. These k operations commute and hence have a parallel
implementation by Theorem 7.4.1. This parallelization requires k parallel system
registers. In total, the Filling operation consists of five steps:

0); -+ 10} 0)**

n—1 2" —1

T D e g 21010
J1yeJk=0 =0

Q # nZi |j1>1~--|jk>k \/:lQ_nQZ:I<_1)(2j1+---+2jk)-l‘l>®k
JiseJe=0 =0

= nkrz ni )y - L) \/12_71 22:1(—1)(2j1+"'+2j”'l 1) |0)&k
J15,8JKk=0 1=0

(5) 1 n_l . ®k_1

= = D e @ @) [0)
Jise-sJk=0

Step (1) Use Theorem 8.2.1 to create uniform superpositions of size n in all
index registers and of size 2" in the system register; Step (2) Copy the regis-
ters using fanout gates; Step (3) Apply phase-versions of Equal;,-gates for all j;.
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These phase-versions apply a Z-gate instead of an X-gate to the target qubit;
Step (4) Use fanout gates to clean the copies of the system register; Step (5)
Apply Hadamard gates on the system register. This gives the sum of the one-hot
representations of the index registers in the system register.

We use kn Equal;-gates, each using O(log(n) loglog(n)) qubits. This gives a total
of O(knlog(n)loglog(n)) qubits required to implement the Filling operation. O

Figure 8.3 shows these five steps graphically. We omitted the auxiliary qubits
and included only the auxiliary system register for clarity.

—
HO@ ®
©e
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Figure 8.3: Circuit for the Filling operation for n =4 and k = 2.
Shown is a grid of 24 qubits: 16 light gray index qubits and 8 dark
gray system qubits. Each grid represents a single step.
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The Filling operation can have multiple index registers with the same value,
resulting in a state in the system register with Hamming weight less than k.
The next Filtering operation shown in Equation (8.7) removes these collisions,
ensuring that every state in the system register has Hamming weight k.

8.4.3. LEMMA. There exists a LAQCC-circuit that implements the Filtering op-
eration using O(nlogn) qubits.

Proof: The final state produced by the Filling operation splits in two substates,
based on whether all indices j; are different. Let

)= D iy lklen @ @es),
NF-FEjk
then we can write the output of the Filling operation as

n—1

1
—7 2 L il @ @) =alv) + B,

J1yeeJk=0
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where ‘¢l> contains all terms with overlapping indices j;. As a result, the states
in |wi> have Hamming weight strictly smaller than k. Of all n* possible values
of the index registers, only n!/(n — k)! have all index register values different.

By the birthday paradox we have that for any integers n and k < 7 it holds that

n! 2k2

In fact, we have the simple computation
B s B O RS
nk(n —k)!
> eZz 1 n7717,
> 6_ Zz 1 nik
k2
> e nk
_2k?
>e T,

where in the first inequality we use that log(1+x) > {17 for > —1. As a result,
we obtain the lower bound |a|? > exp(%’“z), which is constant for k = O(y/n).
Now note that a unitary Uy, that flag |¢) is implemented using an Exact;-gate.

The output of this gate is 1, precisely if ¢ of the inputs are 1, which happens
precisely if every index register has a different value. We thus have the map

n—1

1 4 .
nk/2 Z |J1>1"‘|]k>k|ej1 @"'@ejk> |0>
J1y--,J6=0
1 n—1
- nk/2 Z - k) leq @ - @ egy) 1\ej1@~~~@ejk\:k>
J1seeJk=0

= aly) 1)+ 8[v) [0)

Applying Lemma 7.4.2 with unitary Uy, allows us to amplify o to 1 in constant
depth and using O(nlogn) qubits, to give the state

Z 1y kg e ® - @ es,)

J17#FJk
O

All states in the system register now have the correct Hamming weight. However,
it is remains unclear which index register corresponds to which 1 in the system
register, as a permutation of the index registers gives the same state in the system
register. The Ordering operation (Equation (8.8)) resolves this redundancy by
imposing an order on the index registers.
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8.4.4. LEMMA. There exists a LAQCC-circuit that implements the Ordering op-
eration using O(k*log?n) qubits.

Proof: Start with k — 1 auxiliary qubits per index register. For index register 1,
use the first 7 < ¢ auxiliary qubits to store the outcome of a Greaterthan-gate
evaluated on the j-th and i-th index registers. For the auxiliary qubits j > i,
store the outcome of a Greaterthan-gate evaluated on the j 4 1-th and i-th index
registers. Every Greaterthan-gate uses O(log?n) qubits, and a total of O(k?)
Greaterthan-gates are evaluated. We use fanout gates on the index registers
to parallelize the Greaterthan-gates. Omitting a scaling factor and the system
register, these parallel Greaterthan-gates implement the map

Z |j1>(1®k_1 |O>®k—1 o ’jk>§k—l |O>®k—1
JFFk

= > T M) i) ] [ s - [ Lesge) |-
JFFk

Each 1; -, , acts as an indicator variable for the event {ji > ji}.

Next, measure the auxiliary qubits and add all measurement outcomes to deter-
mine the Hamming weights. These Hamming weights impose an ordering on the
index registers. Assume without loss of generality that the imposed ordering is
Jj1 < ... < jg, otherwise a LAQCC-circuit exists to SWAP the index registers ac-
cordingly. Adding the measurement results is in AC® and sorting the measurement
results is in TC? [Siu+93]. As both classes are subsets of NC*, the conventional
controller can impose an ordering and then determine and apply the permutation
to obtain the desired state

—-1/2
n . .
(k) E i)y Lk e @ @ ejy)

J1<<J
(]

Note that we can also compute the Hammingweight-gate and the permutation in
superposition. As quantum operations are in general expensive, it is better to
offload these comptuations to the conventional controller.

Similar to the Compress operation in the W-state protocol, we now have to
clean the index registers. The Cleaning operation, shown in Equation (8.9),
cleans the index registers, taking into account the added ordering of the index
registers. Suppose the m-th qubit of the system register is a 1. If this is the
t-th one in the string, then the ¢-th index register has value m. Computing the
Hamming weight of the first ¢ — 1 qubits gives precisely the required information
to know which index register to uncompute.

8.4.5. LEMMA. There exists a LAQCC-circuit that implements the Cleaning op-
eration using O(n®) qubits.
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Proof: Compute in parallel, the Hamming weight of the first ¢ system register
qubits, for i € [n — 1]. Provided that the j-th system register qubit is in the |1)-
state, the Hamming weight of the first j — 1 qubits determines which of the index
registers has to be uncomputed. Compute the Hammingweight-gate requires
O(n?) qubits. We store the Hamming weight in an auxiliary register of size log k.

Using these auxiliary registers, we can then clean the £ index registers, similar to
the Compress method of Lemma 8.3.3, combined with the information stored
in the auxiliary registers. Cleaning index register j consist of fives steps and
requires a copy of the system register and a copy of each of the n auxiliary
Hammingweight-registers.

1. Apply Hadamard gates to bring the index register to phase space;
2. Apply fanout gates to copy the index register;

3. Apply n parallel Z-gates on the index register to clean it. These Z-gates are
controlled by one system register qubit and by the Hammingweight-register,
such that there have been precisely j —1 ones in the system register already;

4. Apply fanout gates to clean the index register copies;
5. Apply Hadamard gates to reset the index register qubits to the |0)-state.

The cost of the Hammingweight-computation dominates the requirements on the
number of qubits, giving the O(n?) qubit requirement for the Cleaning step. O

Figure 8.4 shows the circuit to compute the Hamming weight of the system reg-
ister qubits for n = 4. Note that we need only three computations, as system
qubit ¢ uses the Hamming weight of the first ¢ — 1 system qubits. We omitted the
index registers, and instead show the auxiliary registers that hold the Hamming-
weight values. Figure 8.5 shows the steps taken to clean the j-th index register.
The Cleaning operation uses the Hamming weight information.

O=O0O=O0ON (}Egl H O=O=ON
O=O=EON__O0NL m_o=Oo=O0om
o—o—0o .l.l O=O=O0ON
ONONON OoONONONE onmoOonmON

Figure 8.4: Circuit to compute the Hamming weight of the first
qubits. The dark gray dots represent system qubits, and the gray
squares denote auxiliary registers of log k qubits each.

The proof of the theorem now follows by combining these four lemmas:
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e He He He o NO

e e He He
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Figure 8.5: Circuit to clean index register j. The black dots repre-
sent qubits in the system register and the light gray dots the index
register and its copies. The gray squares denote auxiliary registers
of log k qubits each. Each grid represents a single time step.

Proof of Theorem 8.4.1: The circuit that prepares the Dicke-state for k = O(y/n)
follows directly from the circuits presented in Lemmas 8.4.2 to 8.4.5. These
circuits use at most O(n?®) qubits completing the proof. O

Bartschi and Eidenbenz posed a conjecture on the optimal depth of quantum
circuits that prepare the Dicke-(n, k) state. They presented an algorithm for
generating Dicke-(n, k) states in depth O(klog %), given all-to-all connectivity,
and conjectured that this scaling is optimal for constant k. Our result shows that
there is a LAQCC-circuit in this regime, but does not disprove their conjecture.
However, as the circuits shown here are also accessible in QNC' by Lemma 7.5.1,
there also exists a quantum circuit of depth O(logn) for k = O(y/n) that achieves
better scaling for non-constant k, i.e., when k = w(1).

8.5 Dicke states for all £

The previous section presented a LAQCC-circuit that prepares the Dicke-(n, k)
state for k& = O(y/n). That method does not scale to larger k, because the
birthday-paradox argument fails for larger k. This section shows how to prepare
Dicke-(n, k) states for all k£ using a logarithmic number of alternations. We let
LAQCC-LOG refer to the instance LAQCC(QNC?, NC', O(logn)).

One way of studying the creation of Dicke states is by looking at efficient algo-
rithms that convert numbers from one representation to another. An example
is the Uncompress-Compress method in the W-state protocol that converts
numbers from a binary representation to a one-hot representation. Dicke states
generalize the W-state, hence the one-hot representation no longer suffices for
preparing the state. Instead, we use a construction based on number conversion
between the combinatorial and the factoradic representation. The main theorem
of this section uses an efficient conversion between these two representations.

8.5.1. THEOREM. For k < n positive integers, there exists a LAQCC-LOG-circuit
for preparing the Dicke-(n, k) state using O(poly(n)) qubits.
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The next sections introduce the two representations, as well as quantum circuits
that convert one representation into the other.

8.5.1 Combinatorial number system

Beckenbach showed that any integer m > 0 can be written as a sum of £ binomial
coefficients [Bec64]. This decomposition is even unique for fixed k, as the next
lemma shows:

8.5.2. LEMMA (|Bec64|). For all integers m > 0 and k > 1, there exists a unique
decreasing sequence of integers cy, Cy—1, ..., c1 with ¢; > ¢;—1 and ¢y > 0 such that

we () () ()-%()

From this lemma, we naturally arrive at a definition for the combinatorial number
representation:

8.5.3. DEFINITION. Let & € N be a constant. Any integer m € N can be rep-
resent by a unique string of integers (¢, cx_1 ..., 1), according to Lemma 8.5.2.
We call this string the index representation of m and denote it by m™ k),

The bit string containing k ones at indices (¢, . . ., ¢;) is the m-th bit string with k
ones in the lexicographical order. This bit string is called the combinatatorial
representation. We denote the m-th bit string with & ones as m®mb®*).

The W-state protocol used the conversion between the binary representation of
a number m and its combinatorial representation m®"().

Preparing the Dicke-(n, k) state requires the following steps. Given positive inte-
gers k and n, prepare the superposition

()" Eom

Map between the representation i and i«™®*) to obtain the state

() Z| )

:comb(k)

m\»—t

Map between the representation ¢ and 7 to clean the label register

() Zm i) — | Dp).

l\)\b—‘
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The second mapping uses Lemma 8.5.2. This calculation requires iterative mul-
tiplication and addition, both of which are in TC® [Vol99], hence this calculation
is in TC".

The first mapping, from binary to combinatorial representation for given k, has
a simple greedy iterative algorithm: On input m, find the biggest c; such that
m > (C,f) and subtract this from m: m = m— (c]f) This gives ¢, and a residual m.
Repeat this process for m: Find the largest c; such that m > (CJJ) and update

residual m = m — (CJJ), until all ¢; are found.
This greedy algorithm is inherently linear in k as it requires all previously found

{c; f:j to find ¢;_;. Hence, it is not immediately obvious if and how to achieve
this mapping in constant or even logarithmic depth.

8.5.2 Factoradic representation

A number representation closely related to the combinatorial number representa-
tion is the factoradic representation. This number system uses factorials instead
of binomials to represent integers.

8.5.4. DEFINITION. A sequence ¥ = (Yn—1,Yn—2,---,Yo) of integers, such that
J > y; > 0is called an n-factoradic (or simply a factoradic). The elements of
an n-factoradic are called n-digits. An n-factoradic y can represent a number m
between 0 and n! — 1, in the following way

m:Zyj-j!. (8.11)
J

We call the n-factoradic y the factoradic representation of an integer m < n!— 1.
Denote Fact(n) as the set of all n-factoradics.

The following lemma shows that every integer m € {0,...,n! — 1} has a unique
factoradic representation given by Equation (8.11).

8.5.5. LEMMA. For k > 0 it holds that:

k
D ivil=(k+1)—1.
=0

Proof: We prove the lemma by induction. The base case k = 0 follows naturally,
as 0-0!'=1!—1.

Now assume the lemma holds for some integer j, then

J+1 J

S il = (1) GADHY ivi= D)D) G- 1= (j+2)! -1,
i=0 1=0

which completes the proof. O
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As the factoradic representation represents a unique integer, we can use it as a
number system. The next section shows how to convert between the factoradic
representation and the combinatorial number representation.

8.5.3 Mapping between representations

The next lemma gives a logspace algorithm to convert a factoradic representation
to its combinatorial representation.

8.5.6. LEMMA. There is a logspace algorithm A that, given k € {0,...,n}, and
a uniformly random n-factoradic, outputs a uniformly random n-bit string of
Hamming weight k.

Proof: Let y = (Yn_1,--.,Yy0) be an n-factoradic. The logspace algorithm A will

then output an n-bit string yemb®) = yeombk)  eomb®) g 11n of Hamming
weight k, one bit at a time, from left to right, according to the following rule: Let

Hepj =300 y™*) he the Hamming weight of the bits produced before

i=n—j+1 71
comb( ) -

we reach bit n — j. Then vy, is given by:

comb(k) {1 if Yn—j < k — H>n—j ‘ (812)

A n—j —
(AW))n—j = Yn_ J 0 otherwise

This conversion requires comparing an n-digit with a constant and the Hamming
weight of a bit string. The only information that A needs to remember, as it
goes from bit n — j + 1 to bit n — j, is the Hamming weight H-,,_; of the bits it
produced so far, which requires logarithmic storage space.

Note that the number of factoradic n-digit strings that map to the same com-
binatorial bit string is always k!(n — k)!: Let ) ¢ {0,1}" have Hamming

comb(k

weight k. For any bit position y,, ", there aren—j+1—(k— Hs,_;) possible

comb(k)

choices for the n- dlglt Yn—; such that y, ~ = 0. For the leftmost index n — j

such that yffﬂ;b(k) = 0, it holds that H>n_] = j — 1. There then are n — k possible
comb(

n-digits y,—; such that y,, ",

such that ycomb(k = 0 it holds that H.,_; = j — 2, hence there are n — k — 1

possible n-digits y,_; such that yffmb(k) = (0. This argument repeats for all k&

indices. This results in (n — k)! dlfferent possible choices for the (n — k)-many
n-digits such that y©m®*) = 0.

M =0, Then, for the second leftmost index n — j

Similarly, for the leftmost position n — j where y:lor);b( )

comb(k)

= 1, there are k possible

choices for the n-digit v,,—; that given y,,_ = 1. The second leftmost position
n — j gives k — 1 possible choices, and so forth, for a total of k! possible choices
of the k-many n-digits where yc"mb(k) =1
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We conclude that, for every n-bit string y°™®*) ¢ {0, 1}" of Hamming weight &,
there are exactly k!(n — k)! n-factoradics y such that A(y) = yemb®), O

This lemma gave a logspace algorithm to convert a uniformly random n-factoradic
to a uniformly random n-bit string of Hamming weight £, for any k. As logspace
is contained in TC' [Joh90], the algorithm A has a parallel log-depth implemen-
tation, provided one has access to threshold gates. As LAQCC-LOG contains
threshold gates, any TC'-circuit has an equivalent LAQCC-LOG-circuit:

8.5.7. COROLLARY. The following map can be implemented in LAQCC-LOG.

L |y>|o>ﬁ% S ) AW).

!
n: yEFact(n) s y€ Fact(n)

The next lemma gives a TC’-circuit that implements the inverse of A.

8.5.8. LEMMA. Given as input an n-bit string y™®) of Hamming weight k,
a uniformly-random k-factoradic, and a uniformly-random (n — k)-factoradic.
There exists a TC-circuit that on this input, when given this input, outputs a
uniformly random n-factoradic y such that A(y) = yem®).

Proof: The conversion can be done in parallel, generating an n-digit for every

bit in y™®) = (y,_1...y) € {0,1}". Recall that we are given as input a
uniformly-random k-factoradic Xj_1,...,Xo and a uniformly-random (n — k)-
factoradic Z,, _p_1,..., Zp.

For every bit position n— j, for j € [n], calculate the Hamming weight of the bits

fromn—j+1lton—1: Hy, ; = Z?:_;H yfomb(k). Recall that iterated addition
is in TC® [Vol99).
If y;m?b(k) =1, set y,; = Xj_pg., ;- This gives a uniform random n-digit

between 0 and k — H~,,_; — 1. If y Comb(k =0,set ypj =k —Honj+Zpn_j—n.,_,.
Note that this gives a uniform random n-digit between k — H,_; and n — j. By
construction, it now follows that A(y) = y°™*). Computing each n-digit in this
way requires summation and indexing, both of which are in AC’. O

8.5.9. REMARK. The above algorithm establishes a bijection (y™*®*) Z X) < y
between triples (y®™®) Z X), where y®™®) ¢ {0,1}" has Hamming weight
k, Z € Fact(n — k) and X € Fact(k), and an n-factoradic y € Fact(n). Let
(A(y), Z(y), X(y)) be the image of an n-factoradic y under this bijection. The
previous lemma shows that one can compute y from (y**) 7, X) in TC’. Then
the map (A(y),y) — (A(y),y, Z(y), X(y)) is also in TC". Indeed, to find Z(y)
and &'(y), we need only invert the two defining equalities y,_; = Xx_p.,_, and
n—j =k —Hon j+ ZntH., ;-
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8.5.10. COROLLARY. There exists a LAQCC-circuit for the map

() T ol 3

ycomb(k) yGFact

comb(k)

where y ranges over all n-bit strings of Hamming weight k.

Proof: The map consists of three steps:

(1) X o o)

ycomb(k)
. n _% n—k—1 j k=1 j
57 e (@Sn) (@300
ycomb(k) 7=0 =0 7=0 =0
1 com.
=Xy Y )| X W)
TV comb() ZeFact(n—k) X €Fact(k)
@, 1 5 >
G —— 3 1AW [20) [K ) v

n!
B —— 3 w0

s yEFact(n)

The first step uses Theorem 8.2.1 to prepare a uniform superposition over all
n-factoradics. The second step follows directly from Lemma 8.5.8. The third
step follows directly from Remark 8.5.9. The above steps implicitly use that the
inverse of a LAQCC-operation is also in LAQCC. Even though it is unclear if this
inverse-property holds in general, it does hold for the used LAQCC-operations.
The only non-reversible operations used are measurements in the fanout gate
construction. The fanout gate itself is reversible. O

We now have all necessary tools to prove the main theorem of this section, a
LAQCC-LOG-circuit that prepares the Dicke-(n, k) state for arbitrary k < n.

Proof of Theorem 8.5.1: The LAQCC-LOG-circuit combines the circuits resulting
from Lemma 8.5.6 and Lemma 8.5.8 and consists of three steps:

n—1 J
n logn n ) n
j0yrtesm gyen L, T<®Z‘ ) = 3 wio®
© \j=0 i=0 yEFact(n)
2 1
= ) [ A®W)
n! yEFact(n)

1

n 2

k

@ S0y JAw) = IDp).

yEFact(n)

|
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The first step uses Theorem 8.2.1 to prepare a uniform superposition over all n-
factoradics. The second step uses the circuit given in Corollary 8.5.7. The third
step uses the inverse of the circuit given in Corollary 8.5.10. O

8.6 Reflections and outlook

This chapter introduced novel state-preparation protocols for three types on non-
stabilizer states: The uniform superposition, the W-state and the Dicke state. For
the uniform superposition, we used an exact version of Grover’s search routine
and LAQCC-circuits given in the previous chapter.

For the W-state, we used an uncompress-compress method, which efficiently maps
between the binary representation and the one-hot representation of integers. We
then extended this method to also work for Dicke-(n, k) states for k = O(y/n).
For arbitrary k, we used a mapping between two different representations, namely
the combinatorial number representation and the factoradic representation. This
second method does require a logarithmic number of alternations between the
quantum and conventional circuits.

Future research can focus on improving the circuits given in this chapter. For the
Dicke state for instance, one can try and find a constant-depth circuit that works
for any k. Alternatively, one might try to implement an uncompress-compress
method similar to the one used for the W-state. The current approach is inspired
by that method, but uses multiple intermediate steps for it.

Another direction for future research is to focus on preparing other types of
quantum states. These states can be close to the states we considered, such
as many-body scar states [Buh+24, Section 4.5] or weighted superpositions of
different Dicke states [Bon+23|, or states with certain characteristics, such as
sparsity or some symmetry [Sun+23; RLR24; LL24; MTS24].

Next, our protocols can improve in the circuit size. They are of constant depth,
but require wide circuits to be implemented. Similarly, the constants in the
protocols might be improvable.

Finally, it is worthwhile to show that states in general can or cannot be prepared
by certain LAQCC-instances. Such a result could then indicate if our protocol for
the Dicke state for arbitrary k is optimal. Such a result can additionally imply
separations between certain complexity classes.



Chapter 9

Error analysis

This chapter compares LAQCC-circuits that prepare the GHZ state and the W-
state with standard implementations. We determine the theoretical success pro-
bability for both and compare them.

9.1 Chapter overview

One of the main reasons to consider the class LAQCC was to offload computations
to a conventional controller and assure that qubits are idle only briefly. As an
example, when preparing a GHZ state on n qubits, a standard approach using an
all-to-all connectivity uses n qubits, n quantum gates, and has depth [log(n)]+1,
for a total circuit size of O(nlogn). The LAQCC-approach that prepares the GHZ
state instead uses 2n — 1 qubits, around 4n quantum gates, and has constant
depth, for a total circuit size of O(n).

Based on the number of qubits required and the number of quantum gates applied,
the standard approach seems favorable. On the other hand, based on the circuit
size, the LAQCC-circuit seems favorable. The LAQCC-circuit is significantly more
dense, meaning that qubits are idle only briefly.

In this chapter, we explore which approach works best, based on the success
probabilities of the quantum gates and the probabilities that qubits decohere
while idling. This chapter presents a first-order comparison between standard
circuits and LAQCC-circuits for preparing the GHZ state and the W -state.

First, in Section 9.2, we introduce the error models used in the remainder of this
chapter. Next, Section 9.3 will provide the analysis for the GHZ state. For the

135
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GHZ state we consider a standard approach using an all-to-all connectivity and
using a linear nearest-neighbor connectivity, and we consider a LAQCC-approach.
Additionally, we also derive expressions for the success probability of hybrid ver-
sions of a standard approach combined with a LAQCC-approach. Next, we com-
pare these success probabilities and, using some reductions, obtain a bound on
when one protocol performs better than the other in terms of the success proba-
bilities of the individual terms. Theorem 9.3.1 summarizes the results on which
protocol performs best when.

Next, Section 9.4 gives an implementation of both a standard approach and a
LAQCC-circuit on quantum hardware. We use these implementations to compare
the performance of the two approaches with each other and with the outcomes
expected by the theoretical analysis.

Afterwards, in Section 9.5, we perform the same theoretical analysis for the W-
state as we did the the GHZ state. First, we derive an expression for the success
probability of a standard approach and of a LAQCC-approach. Next, we compare
these approaches to determine under what circumstances, the LAQCC-approach
performs best. Due to the qubit requirement of the LAQCC-approach, we have
not implemented this circuit.

9.2 Error model

In the next section, we analyze the protocols by comparing the success probability
of these circuits in terms of the success probabilities of the individual terms in
the circuits. Computing this overall success probability requires an error model
that describes the behavior of the quantum circuit in case qubits decohere.

We consider a worst-case error model where every error corresponds to an in-
dependent uniformly random gate being applied to the qubit(s)*®. Qubits can
decohere both while idling and while a gate is applied to it. In both cases, a
random unitary is applied to that qubit.

In this error model, the probability that two errors cancel each other is 0. Suppose
an error B occurred and suppose a gate G is applied after which another error D
occurs. The probability that the two errors cancel corresponds to the probability
of the event

D-G-B=4G.

This means that we should have D = GBTGT. As both sides of the equality
correspond to independent Haar-random unitaries, the probability that they are
equal is zero. Note that taking G = I, the identity gate, corresponds to the
situation where no gate is applied and a qubit was instead idling.

BFormally, the unitaries are taken uniformly at random with respect to the Haar measure.
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An error for measurement gates corresponds to a situation where the measurement
outcome differs from the actually measured state. In the LAQCC-circuits, the
measurement outcomes are used to control future quantum gates. Hence, if the
incorrect control is used, the wrong gate can be applied. We thus ‘need’ one
specific error to cancel he measurement error and have the circuit still outputting
the correct quantum state.

In this error model, all errors are independent. The circuits we consider in this
section have at most polynomial size. The set of errors that can possibly be
canceled is therefore also polynomial in size. Yet, the group of unitary matrices
from which the errors are sampled corresponds to a continuum of matrices. That
is, the group of unitary matrices is parametrized by three continuous parameters.
Hence, the set of unitary matrices that can cancel a previous error has measure 0.
As a result, in the subsequent analysis, we only have to derive expressions for the
situation where all gates succeed and no errors occur at all.

We determine the success probability of quantum circuits based on the success
probability of the elementary operations used in the circuit. These elementary
operations are single-qubit gates, two-qubit CNOT-gates, and measurements, as
well as idling terms for other qubits during these operations. Additionally, we
have the idling term during the conventional computations. Table 9.1 summarizes
these terms together with their meaning.

Success term | Probability that ...
Ds a single-qubit gate succeeds
Da a two-qubit gate succeeds
P, a measurement returns the correct value
De the intermediate computation returns the correct value
Diz a qubit remains coherent, while idling during an x-operation

Table 9.1: The considered success probabilities when analyzing
state preparation protocols in the remainder of this chapter.

We explicitly assume that intermediate conventional computations always return
the correct answer, hence p. = 1. Note that p, relates to two qubits, whereas p;q
concerns individual qubits.

In most quantum devices, multi-qubit gates have to be decomposed in single-
qubit gates and CNOT-gates. Some devices have the controlled-Z-gate as native
gate, instead of the CNOT-gate. The choice for one of these two gates negligibly
affects the following success probabilities.

In the remainder, we will use the term Px to denote the success probability of
a subroutine X. Similarly, P,x denotes the probability that a qubit remains
coherent while idling during the execution of X.
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Some protocols use controlled-U-gates, for some single-qubit gate U. Every such
gate admits a decomposition in two CNOT-gates and three single-qubit gates, as
Figure 9.1 shows graphically (see also [NC10, Corollary 4.2]). The gates A, B,
and C' are chosen such that the product ABC'is the identity and AXBXC = U.

:

Figure 9.1: Identity for the controlled-U gate.

Using the success probabilities from Table 9.1 in the circuit shown in Figure 9.1,
we obtain a success probability for the controlled-U-gate of

Py = plpip3- (9.1)

In the remainder of this chapter, we derive success probabilities for preparing
the GHZ state and the W-state. The derived expressions depend on up to seven
success probability variables and the input size n. Hence, for a first-order esti-
mate of the relative theoretical performance of these protocols, we make some
assumptions about the magnitude of the different terms.

We distinguish between cheap operations, where the probability of an error is
low, and expensive operations, where the probability of an error is higher. This
distinction applies to both the operations themselves and the corresponding idling
times. In most hardware realizations, single-qubit gate errors are significantly
lower than two-qubit gate errors. Similarly, the gate times for single-qubit gates
are significantly shorter than those for two-qubit gates. We therefore assume that
single-qubit gates and idling during single-qubit gates are cheap operations, while
other operations are considered expensive.

In practice, this means that when comparing success probabilities, we assume
ps =~ 1 = p;s. Additionally, we assume that p; =~ p,,, and p;q = Pim = Dic.
The assumptions are supported by observed success probabilities for quantum
hardware, such as the error rates reported by IBM [IBM25].

When comparing protocols, we use approximate inequality signs (2 and <) to
indicate that we applied these assumptions on the success probabilities.

9.3 Error analysis for GHZ state preparation

In this section, we derive an expression for the success probability of preparing a
GHZ state using a standard approach using an all-to-all connectivity, a standard
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approach using a linear nearest-neighbor connectivity, and a LAQCC-approach.
These two hardware connectivities cover most quantum hardware realizations.
We also derive the success probability for a hybrid version that combines a stan-
dard approach with the LAQCC approach.

After deriving the success probabilities for the different approaches, we compare
them to determine which protocol performs best in terms of the success probabi-
lities of the individual parts of the circuit.

Informally, the LAQCC-approach performs exponentially better than the standard
approach using an all-to-all connectivity if p; > pgl(log”). This means that the
LAQCC-approach performs exponentially better if the probability of a CNOT-gate
introducing an error is at most the probability that an error is introduced while
a qubit is idling for Q(logn) CNOT-gates. For the standard approach using a
linear nearest-neighbor connectivity, we find that the LAQCC-approach performs
exponentially better than the standard approach if pg > pl%("). Both results are
in line with what one might expect based on the circuit sizes of the different
approaches. Theorem 9.3.1 provides a formal statement of the result for both
comparisons.

9.3.1 Swuccess probability of GHZ state preparation

Below we consider four possible approaches to prepare GHZ states and for each
of them determine the success probability. The four approaches considered are:

1. Standard approach using an all-to-all connectivity;
2. Standard approach using a linear nearest-neighbor connectivity;
3. A LAQCC-approach;
4. A hybrid version of a standard and a LAQCC-approach.
We derive success probability expressions for preparing the GHZ state given by
1

7 (10)%" +[1)"") .

Standard approach using an all-to-all connectivity

Figure 9.2 shows a quantum circuit to prepare the GHZ state for n = 8 using an
all-to-all connectivity. In every subsequent time step, twice as many qubits can
be targeted.

Let k = |logyn| and let m = n — 2%, In the first layer, only a single one-qubit
gate is applied. Afterwards, at time step t = 7, 2°~! two-qubit gates are applied,
while all other qubits remain idle. After time step t = k, a total of 2¥ — 1 qubits
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Figure 9.2: Circuit for preparing the GHZ state using an all-to-all
connectivity for n = 8. The dotted lines indicate time steps and
which gates can be applied in parallel.

have been targeted by a CNOT-gate. If n is a power of two, the state has now
been prepared. Otherwise, a single extra layer is necessary with m CNOT-gates.

For the success probability Pgrz, a1, we then arrive at the expression:
_ t=1 ot —2m)([1 —k
Pariz,an = DsPis (Hf:1P3 Pig > pply 2 Mo =)

n—1 n—1 nk—2kt14924n(llog, n]—|log, n|)—2m([logy, n]—|log, n
_ gtz Ny nl—logg ) —2m(flogy ]~ loga )

— psp;;—lpz—lp:ldﬂogz n]—2(n—m)+2—2m([logy n]—|logy n|)

n—1 n—1_n([L n|—2)+2
= psbis P lpid([og2 I, (9.2)
As m([logyn] — [logyn| — 1) = 0, most terms in the exponent of p;q cancel.

To determine the probability that a qubit remains coherent while a GHZ state
on n qubits is prepared, we note that the circuit uses a one single-qubit gate and
then [log, n] layers of CNOT-gates. Combined, we have the success probability
for idling qubits of

Nlogs n]
DiGHZp,all = PisDig

Standard approach using a linear nearest-neighbor connectivity

Figure 9.3 shows a quantum circuit to prepare the GHZ state for n = 6 using
a linear nearest-neighbor connectivity. The key difference from the previous ap-
proach is that qubits can now only interact with their direct neighbors, and hence
at most two CNOT-gates per layer can be applied.
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Figure 9.3: Circuit for preparing the GHZ state using a linear
nearest-neighbor connectivity for n = 6. The dotted lines indicate
time steps and which gates can be applied in parallel.

The circuit consists of the following steps: First, apply a single-qubit Hadamard
gate on qubit L”THJ and then a CNOT-gate from that qubit to its direct neighbor
with a higher index. Let k = L%J and note that we can now have k£ —1 time steps
consisting of 2 CNOT-gates each. For odd n, we require a final layer consisting
of a single CNOT-gate to include the last qubit in the GHZ state. We multiply
the term in the exponent corresponding to the last layer with n — 2k, as the term

then vanishes for even n.

The overall probability of correctness Pgrziinear 1S then given by

n— - n—4\k—1 n—2\n—2k
Panz, tinear = Psbis Palig - (P20l )" (papi”)
n—1 n—1 _n(|n/2|-2)42
= DsPis 1pd 1pidU e (9:3)
Note that for n < 6, the performance using an all-to-all connectivity and a linear
nearest-neighbor connectivity is the same. For n > 7, the approach using an
all-to-all connectivity has higher success probability as it has fewer idling qubits.

The idling term looks similar for this approach. Only the exponent of p;; differs,
corresponding to the extra layers of CNOT-gates applied:

_ _ — . /2]
DiGHZ, linear = PisP;q .

LAQCC-approach

Corollary 7.3.6 implies the existence of a LAQCC-circuit that prepares a GHZ
state. In fact, we already saw such a circuit in Figure 4.1 in Section 4.3. Figure 9.4
shows the same circuit as in Figure 4.1 for n = 3 with the time steps explicitly
shown.
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Figure 9.4: GHZ state preparation using a LAQCC circuit.

The LAQCC-circuit uses 2n — 1 qubits and the circuit depth remains constant,
even with growing n. The success probability at time ¢ = 4 is given by
~1 2(n—1 _
S YA oy

A prefix sum computation on the measurement results indicates which qubits
need correction. In the worst case, half of the qubits require a Pauli-X correction.
Assuming ps < p;s, which is valid as letting a qubit remain idle is generally better
than manipulating it, we can lower bound the success probability:

Parz, iaqec > pltin/2prt /2=t 2n=) 2 pnstyn pn (9.4)

A qubit idling while a GHZ state is prepared by a LAQCC-circuit has success
probability
PicHZLAQCC = PiDiiPimPic-

Hybrid approach

We now combine the different state preparation approaches: First, use a standard
approach to prepare k small GHZ states. Then, use a LAQCC-approach to join
these small GHZ states together.

We assume that k perfectly divides n, such that n = kg for some positive integer g.
The same analysis can also be performed when we prepare GHZ states of different
sizes and then combine them. However, the analysis will be more involved.

When we use a LAQCC-protocol to join the k GHZ states, all other qubits remain
idle. The total success probability is given by

k k n—k
P GHZg Pz'GHZg Pou Zk,LAQCCPiGHZLAQCC‘
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Note that in the worst case, we still have to correct at most half of the total
number of qubits, as a correction term in the LAQCC-protocol also has to be
applied to all qubits in the corresponding GHZ state. Hence, the error terms in
the circuit are slightly worse than what this expression alone suggests.

Depending on the connectivity used, we get one of two expressions for the success
probability. For the hybrid LAQCC-all-to-all approach we obtain

n 3n—k+[n/2]—1 n n+k)[1 2 n
PG’HZn k,hybrid-all > p2k+L /2Jpzs Hm/21- Pq e 2p£d+ Hogz g1+ plrcn 1pzmpzc (95)

For the hybrid LAQCC-linear nearest-neighbor approach we obtain

n 3n—k+[n/2]—1 n n+k 2|42 n
PGHka,hybrid—linear Z pgk—H' /2in3 2] 1pd+k 2p£d+ ol pfu 1pzmpzc (96)

9.3.2 Comparing GHZ state preparation approaches

In this section we compare the success probabilities for the different approaches to
prepare the GHZ state. The main theorem proven in this section is the following.

7 ([logy n]/2-2)

9.3.1. THEOREM. Let e > 0 be a constant. If pg 2 (1 + 5)pld , then

1)

Porz,inacc = (1+)2 ™ Y Papz .

1 ([n/2]/2-2)
Ifpaz (1 +e)piy”

In each of the following subsections, we start with a comparison of the success
probabilities and then derive the expression for p; and p;q accordingly. The
theorem follows directly from these comparisons.

, then Poyz, iaqec 2 (1+ €)™V Payg tincar-

All-to-all versus LAQCC

To determine when
Porz, 1aqcc > Parz, al (9.7)

holds, we compare Equations (9.2) and (9.4) to find that the inequality holds,
precisely if

2 n n 1 —2
pn+|_n/2J lpff/ 1p3 1}3m 1plmjch > p?d((ogz nl-2)

Applying the assumptions on the success probabilities (discussed in Section 9.2),
we see that this expression reduces to

2(n—1 n([logy n]—4
P2 > prlflogs l=1)

Hence, the LAQCC-approach performs better if

7 ([loga n]/2-2)

Dd Z Did (9-8)
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That is, the LAQCC-approach outperforms the standard approach using an all-
to-all connectivity if the probability of a CNOT-gate introducing an error is at
most the probability of a qubit idling during —"~([log,n] /2 —2) CNOT-gates
picking up an error.

Now note that we can rewrite Equation (9.4) in terms of Equation (9.2), using
the assumptions on the success probabilities, as

2(n—1) n(4—[logyn
Perz, 1aqcc Zpd( )pid( [logz ])PGHZn,all- (9.9)

Hence, for Py = (1 + g)p;lj(ﬂogz nl/2-2) we obtain

Panzaiaace 2 (14" Panz, o, (9.10)

proving the first statement of Theorem 9.3.1.

Note that for large n, Equation (9.8) reduces to
pa 2 p ", (9.11)

corresponding with what we expected based on the circuit size.

Linear versus LAQCC

Similar to the previous section, to determine when

Pouz, aacc = Panz, jinear (9.12)

holds, we compare Equations (9.3) and (9.4). We then see that the inequality
holds precisely if

n+|n/2|— n/2] n—1 n—1.n .n n([n/2]—-2
e M T A T

Applying the assumptions on the success probabilities, we see that this expression

reduces to
z(n—l) > pn(fn/21—4)

p ~ id

Hence, the LAQCC-approach performs better if

1 ([n/21/2-2)
Pa 2 Pl . (9.13)

That is, the LAQCC-approach outperforms the standard protocol using a linear
nearest-neighbor connectivity if the probability of a CNOT-gate introducing an

error is at most the probability of a qubit idling during ~"+([n/2] /2—2) CNOT-
gates picking up an error.
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Now note that we can rewrite Equation (9.4) in terms of Equation (9.3), using
the assumptions on the success probabilities, as

Pariz,aace 2 o3 Vo "V Pang, tinear. (9.14)
Hence, for py = (1 + e)pi’zlj([nmm_?) we obtain
Panz,iaqce 2 (14" Pang, jinear, (9.15)

proving the second statement of Theorem 9.3.1.

Note that for large n, Equation (9.13) reduces to

pa 2 v, (9.16)

corresponding with what we expected based on the circuit size.

Comparison with the hybrid approach

We now compare the two standard approaches with their corresponding hybrid
version. In the hybrid approach, & GHZ states of g qubits each are combined
using the LAQCC-approach to prepare a GHZ state on n = kg qubits. Therefore,
we express the relative performance of the approaches in terms of k£ and g.

For the hybrid approach using an all-to-all connectivity, we find that it outper-
forms the standard approach using the same connectivity if

Peuz,  hyprid-at = Perz, a-
Using Equations (9.2) and (9.5), this expression simplifies to

n/2|—1 2n—k+[n/2 — 1 n n n([logy, n]—[lo —2)—k[lo
pzkﬂ /2] 1pis +[n/ 1p§ 1pﬁ1 1pimpic Zpid(( gy 1| —[log, g]—~2)—k[logy 9]

Again applying the assumptions on the success probabilities, we see that this
expression reduces to

D> pizd(;%l)(ﬂo& n]—[log, g] —4)—2(%_1)&)%2 91. (9.17)

st ([logg n]—1 —4)— 51
Let ¢ > 0 and pg = (1 + 5)pi2d““_”([og2 1= flog291=4) 2(’“_1’[0&91, then

FPanz, , hybrid-an > (1 + 8)2(k71)PGHZn,all- (9.18)

Hence, the hybrid approach performs exponentially better than the standard
approach.

For the hybrid approach using a linear nearest-neighbor connectivity, we find that
it outperforms the standard approach using the same connectivity if

Peuz, . hybridtinear = PeHZ, linear-
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Using Equations (9.3) and (9.6), this expression simplifies to

n/2|l—1 2n—k+[n/2 — 1 n n n([n/2]—[g/2]1—-2)—k[g/2
pgkﬂ /2] 117@'3 +[n/ WPZ 1pfn 1pimpic > pid(f /21=[9/21-2)—klg/2]

Again applying the assumptions on the success probabilities, we see that this
expression reduces to

pa > pfd(,%w((n/ﬂ—[g/ﬂ—fl)—ﬁ[g/ﬂ. (9.19)

= ([n/2]-T[g/2]—4)— 52— [g/2
Let ¢ > 0 and Dy = (1 _i_g)p;d(k—n('— /21-[g/21-4) 2(k—1) l9/ 17 then

PGHZn,k,hybrid—linear Z (1 + 6)2('I€_1)PGHZn,linear' (920)

Hence, the hybrid approach performs exponentially better than the standard
approach.

For both hybrid approaches, we can obtain an informal estimate similar to Equa-
tions (9.11) and (9.16). Using that n = kg, [z] =~ = ~ |z] for any z € R, and
2 & 1 for large v € R, we see that Equations (9.17) and (9.19) simplify to

pa 2 pig? s (9.21)
and
Q(n
DPd 2 pid( g)’ (9.22)
respectively.

Note that for ¢ = O(1) (and hence k = ©(n)), the hybrid approaches perform
similarly to the LAQCC-approach.

9.4 Implementation on quantum hardware

In the previous sections we compared three GHZ state generation approaches. In
this section, we implement the approaches on quantum hardware and compare the
results with our theoretical results. We first discuss the nuances and practicalities
of implementing a protocol on currently available quantum hardware. Then,
we present the results for the selected quantum device. Given the worst-case
error model considered in the previous section, we expect to see differences when
analyzing quantum hardware implementations.

9.4.1 Setup and implementation details

We expect that our theoretical bounds will give a lower bound on the actual
success probabilities, as we consider a worst-case error model. In practice, errors
may be less severe. In some cases, errors might even cancel each other out.
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We consider the IBM Brisbane device of IBM, which is based on superconducting
technology [IBM25]. The device has 127 qubits and is freely available via IBM’s
online quantum computing platform. Given the device’s topology and the qubit
requirements of the LAQCC-approach, we can prepare a GHZ state on at most
n = 55 qubits.

We implement a standard approach and the LAQCC-approach. For each ap-
proach, we give the measurement outcomes as a quasi-probability distribution
based on 4,096 samples. We also provide the expected success probabilities based
on Equations (9.3) and (9.4) and using the parameters of the device.

Note that the measurements used to obtain this quasi-probability distribution
can introduce errors themselves. Furthermore, we cannot detect phase errors, as
measurements are performed in the Pauli-Z basis. However, as both approaches
apply n measurements at the end of the circuit, we ignore resulting decoherence
for now, expecting its impact on both outcomes to be approximately the same.

We expect differences between the hardware results and the theoretical results
for multiple reasons. First, the worst-case error model used likely gives an upper
bound on errors in practice. Second, quantum hardware systems typically have
a limited set of native gates, requiring that some gates used in an algorithm
are decomposed into native gates. Third, conventional pre- and post-processing
techniques can help reduce the circuit depth and the errors in the circuits.

In a noiseless situation, we expect the circuits to give a near-uniform distribution
between the all-zeros and all-ones outcomes upon measurement. In a noisy set-
ting, we expect to often find the two correct measurement outcomes, but we also
expect to find other measurement results due to implementation imperfections.

For the theoretical success probabilities, we use the success probabilities of the
individual terms in a circuit. Most of these terms are provided by the quantum
hardware provider in terms of error probabilities. However, the idling terms for
CNOT-gates and measurements are not provided and must be derived manually.

We compute the idling success probability for CNOT-gate and for measurements
using the relaxation time and dephasing time, given by decay constants 7 and 75,
respectively. These constants define the probability that a qubit remains in its
correct state. Specifically, the probability that a qubit initially in the |1)-state
remains in that state after time ¢ is given by e *". Similarly for a qubit initially
in the |+)-state, the probability is determined by the T, decay constant. In
general, T} is larger than T5. Therefore, we will compute both p;; and p;,, with
the T, decay constant.

Each qubit has its own 7} and 7, constants, and similarly, every measurement
and every quantum gate has its own success probability. Therefore, we take the
median over all available values for every success probability term.
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The IBM Brisbane device supports the CZ-gate instead of a CNOT-gate as native
two-qubit gate. By conjugating the target qubit of a CNOT-gate with Hadamard
gates, we obtain a CZ-gate. We therefore compute pg = pa.czp’ps..

We now give the code used to generate the results on quantum hardware. The
current quantum hardware only allows control of future quantum gates by mea-
surement outcomes. We cannot perform computations on these outcomes, making
the current LAQCC-implementation suboptimal.

from qiskit import QuantumCircuit, QuantumRegister,
ClassicalRegister

from qiskit_ibm_runtime import QiskitRuntimeService, SamplerV2

from qiskit.transpiler.preset_passmanagers import
generate_preset_pass_manager

API_token = "<your token here>"

backend_name = "ibm_brisbane"

n_qubits = 10

service = QiskitRuntimeService(channel="ibm_quantum", token=
API_token)

backend = service.backend(backend_name)

pm = generate_preset_pass_manager (backend=backend,
optimization_level=1)

#%% LAQCC circuit

gqrm = QuantumRegister (n_qubits)

grx = QuantumRegister (n_qubits - 1)

crx = ClassicalRegister(n_qubits-1, name="intermediate_result")
crm = ClassicalRegister(n_qubits, name="final_result")
gcircuit_LAQCC = QuantumCircuit (qrm,qrx, crx, crm, name="GHZ")

for i in range(n_qubits):
gcircuit _LAQCC.h(qrm[il)

for i in range(n_qubits-1):
gcircuit_LAQCC.cx(qrm[il, qrx[il)

for i in range(l,n_qubits):
gcircuit_LAQCC.cx(qrm[i], qrx[i-1])

for i1 in range(n_qubits - 1):
gcircuit_LAQCC.measure(qrx[i]l, crx[i])

for i1 in range(n_qubits-1):
with qcircuit_LAQCC.if_test ((crx[i], 1)):
for j in range(i+1l, n_qubits):
qcircuit_LAQCC.x(qrm([j])

gqcircuit_LAQCC.measure (qrm, crm)

isa_circuit_LAQCC = pm.run(qcircuit_LAQCC)
sampler = Sampler (backend)

job = sampler.run([(isa_circuit_LAQCC)])
result_LAQCC = job.result()
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#%% Standard circuit
qrm = QuantumRegister (n_qubits)
crm = ClassicalRegister (n_qubits)

start_qubit = (n_qubits + 1) // 2 - 1
k = n_qubits//2
gcircuit_standard = QuantumCircuit(qrm, crm, name="GHZ")

gqcircuit_standard.h(start_qubit)
qcircuit_standard.cx(start_qubit, start_qubit +1)
for i in range(k-1):
gcircuit_standard.cx(start_qubit-i, start_qubit-i-1)
gqcircuit_standard.cx(start_qubit+1+i, start_qubit+2+i)

if n_qubits - 2*k: # Check if we need a final layer
gcircuit_standard.cx(1l, 0)

qcircuit_standard.measure(qrm, crm)

isa_circuit_standard = pm.run(qcircuit_standard)
sampler = Sampler (backend)

job = sampler.run([(isa_circuit_standard)])
result_standard = job.result ()

We now proceed by comparing the theoretical success probabilities from Equa-
tions (9.3) and (9.4) with the implementation results. As mentioned, we expect
these success probabilities to give a lower bound on the actual success probabili-
ties. Additionally, we give the expected running time of each circuit based on the
obtained gate and measurement times. Finally, we show the measurement results
for different values of n for both approaches, allowing us to compare practical
performance and observe how the success probabilities change as n grows.

9.4.2 1IBM Brisbane device

This section presents the results of the hardware experiments run on the IBM
Brisbane device. The IBM Brisbane device has 127 qubits, allowing for the prepa-
ration of a GHZ state on at most 55 qubits. Table 9.2 summarizes the success
probabilities of different gates of this device, using a T, value of 131.71us.

Equations (9.3) and (9.4) give the following two success probabilities for the
largest GHZ state preparable on this device
PBrisbane,GHZ55,standa'rd - psp?jp24pzlé32
=4.52-10"*

82, 83,108, 2 54 55 55
PBrisbane,GHZg,g,,LAQCC Z Ps PisPa PiaPmPimPic

=4.82-1072.
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Success term | Value Obtained via
Ds 1 —2.530-10~* | Provided by IBM
Dis 1 —2.530-10~* | Provided by IBM
Pd 1 —9.442-1073 | Provided by IBM and computed with p,
Did 1 —4.998-1073 | Based on a gate time of 660 ns
Dm 1 —1.600 - 1072 | Provided by IBM
Dim 1 —9.822-1073 | Based on a measurement time of 1300 ns
Dic 1 —-9.822-107% | Equal to pim

Table 9.2: Success probabilities of IBM Brisbane device, based on
calibration on December 13, 2024 at 09.30 (UTC+2).

We see a factor 100 difference in the theoretical success probabilities with a worst-
case error model, favoring the LAQCC-approach.

To determine the time duration of both approaches, we estimate the single-qubit
gate time using p; and 75 to be approximately 33 ns. Using a two-qubit gate time
of 660 ns and a measurement time of 1300 ns, we find running times

TBrisbane,GHZ55,standard = 33ns + 28 * 660ns = 1851/LS
TBrisbane,GHZss,LAQCC = 2(33 + 660 + 1300)118 = 399,MS

Hence, we expect the LAQCC-approach to have a shorter running time.

Below, we give the results of the hardware implementations for different n. For
small n, all measurement outcomes are given. For larger n, we instead give
aggregated results, grouping the results of strings with the same Hamming weight.

Based on the success probabilities shown in Table 9.2 and the theoretical relation
between p,; and p;q shown in Theorem 9.3.1, we expect the LAQCC-approach to
outperform the standard approach for n > 15.

Figure 9.5 shows the results for small n. The standard approach slightly outper-
forms the LAQCC-approach, as expected based on the success probabilities.

Figure 9.6 shows the aggregated results for n = 20 and n = 25, where measure-
ment outcomes with the same Hamming weight are grouped. The aggregated
results show the magnitude of the errors. With the LAQCC-approach, both ex-
pected outcomes are measured, but the results are somewhat uniform. In contrast,
the standard approach did not return the all-ones string in any measurement, but
does show two distinct peaks near the low and high Hamming weight outcomes.

Figure 9.7 shows the results for large n. The LAQCC-approach appears to produce
a normal distribution, as seen for n = 25. This suggests the LAQCC-approach
samples from a uniform superposition over all bit strings. The results for the
standard approach show similarities with the expected distribution, with a little
more weight towards the two extremes of the distribution.
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Figure 9.5: Measurement results for preparing a GHZ state on
few qubits on the IBM Brisbane device using the LAQCC-approach
and the standard approach. Horizontally, the different measurement
results are shown and the height of the bars shows how often that
measurement result is found.
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Figure 9.6: Measurements results for preparing a GHZ state on
n = 20 and n = 25 qubits on the IBM Brisbane device using the
LAQCC-approach and the standard approach. Horizontally, the dif-
ferent measured Hamming weights are shown and the height of the
bars shows how often that Hamming weight was found.
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Results for the LAQCC-approach Results for the LAQCC-approach Results for the LAQCC-approach
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Figure 9.7: Measurement results for preparing a GHZ state on
n = 30, n = 40, and n = 55 qubits on the IBM Brisbane device
using the LAQCC-approach and the standard approach. Horizontally,
the different measured Hamming weights are shown and the height
of the bars shows how often that Hamming weight was found.

9.5 Error analysis for I/-state preparation

In this section, we derive an expression for the success probability of preparing W -
states with a standard approach using a linear nearest-neighbor connectivity and
with the LAQCC-approach from Section 8.3. The standard approach has depth
O(n) and uses n qubits, whereas the LAQCC-approach uses O(nlog(n)loglog(n))
qubits and has constant depth. Based on the circuit sizes, our intuition suggests
that the LAQCC-approach performs better if

pa > pi%(n/ (log(n) log log(n)))
In the next sections we will derive success probabilities for both approaches and
will see that our intuition is indeed correct, as summarized in the next theorem.

9.5.1. THEOREM. Let n = 2% for some integer k and let € > 0 be a constant. If
pa = (1+e)p2; /(391ogy(m)losz 1082(n) ypy oy apith, respect to the most significant terms,

Pwiagce = (1+ 5)5971/ (logz(n) log; logy(n)) Pw.girect -

Section 9.5.1 presents success probabilities for some LAQCC-subroutines. Sec-
tions 9.5.2 and 9.5.3 give the success probabilities for preparing the W-state
using a LAQCC-approach and using a standard approach. Finally, Section 9.5.4
compares the two approaches and proves the theorem.

9.5.1 Success probability for different subroutines

The LAQCC-approach to prepare the WW-state uses multiple subroutines, such as
the fanout gate and the OR-gate. This section provides the success probability
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for these subroutines. Specifically, this section gives the success probability for
the fanout gate and parity gate on n qubits, the OR-reduction introduced by
Hoyer and Spalek [HS05| and the exact OR~gate by Takahashi and Tani [TT13].

Fanout and parity gate

A fanout gate on n qubits has one control qubit and n — 1 target qubits. Our
implementation requires 3n—1 qubits and is inspired by the non-local CNOT-gate
by Yimsiriwattana and Lomonaco [YLO04]. The circuit first prepares a GHZ state
on n qubits using 2n—1 qubits and then uses this GHZ state to apply parallel gate
teleportation to implement the fanout gate. Figure 9.8 gives the corresponding
circuit for n = 3, the time steps indicate which gates can be applied in parallel.

t=0 t=1t=2t=3 t=41t=> t=6 t=7 t=8 t=9

| | | | | | | | |
|9) = T — i i HZ -
| | | | | | | | | |
|21) — —t P : I I I
| | | | | | | | | |
|22) — —— — P I I I
| | | | | | | | | |
| | | | | | | | | |
0) —{H =6~ | I
| | | | | | | | | |
10) — 2 N N vy I | | o
| | | | | | | | | |
| | | | | | | | | |
| ! | | !/I || | | |
0) A H % H A1
| | | | | | | | | |
o dlet b | ]
| | | | | | | | | |
| | | | | | | | | |
| | | | | | | | | |
0) o H 0~ gl selea st

Figure 9.8: Implementation of a quantum fanout gate with the
GHZ state preparation expanded. The time steps indicate which
gates can be applied in parallel.

We can extend the circuit shown in Figure 9.8 to general n and count the gates
and idling terms to obtain the following expression for the success probability:

n n— 5n n—1)/2|—-2 3p— n n— n n—
PF(moutn 2p2 I 1)/2]]) *l 72} p?l 2pz2d+l ; 1p§m lp?c 1' (923)

The fanout gate and the parity gate are closely related, as the parity gate cor-
responds to a fanout gate with each qubit conjugated by Hadamard gates. By
including the Hadamard gates on the first n qubits in the fanout-gate circuit, we
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reduce the number of idling qubits, while retaining the same circuit depth. This
gives a success probability for the parity gate on n qubits of

Prapity, > pitle= 07211 3ntln=D/2170 dn=2 201 =1 301801 = (q 94)

As the circuits for both the fanout gate and the parity gate have the same depth
and apply the same type of operations, we see that a qubit idling during the
execution of either of the two gates has the same success probability. Counting
the gates gives a success probability for an idling qubit of

piFanoutn = piParityn p?gp?dp?mpzc (925)

OR-reduction

The OR-reduction introduced by Hoyer and Spalek prepares a state on O(logn)
qubits, such that evaluating an OR-gate on this reduced state gives the same
output as the OR-gate evaluated on the initial n qubits [HS05, Lemma 5.1].

Let ¢ be any positive integer and ¢ € [0, 27), define the state

1 + ¢ive 1 — e
0) +

sy = 1)

We obtain this state by computing: |uS) = HRz(¢c)H |0). The OR-reduction
uses these | ,ufo> states.
)
27

for ¢, = 2% and k € [t]. We can prepare the states ‘ TS > for each k in parallel

Given input 1, . .., x,, the OR-reduction prepares t = [log,(n + 1)] states

2k
using fanout gates. Figure 9.9 shows the circuit for a single k, with the time steps
again indicating which gates can be applied in parallel.

We can parallelize this circuit for every k using fanout gates. The n fanout gates
of length t for copying the input qubits can be applied in parallel with the ¢
fanout gates of length n for copying the auxiliary qubits. As a result, we have no
idling terms for the fanout gates. Additionally, the first and last Hadamard gate
in Figure 9.9 can be included in the construction of the fanout gates. This gives
a total success probability of:
P ORp-reduction — P Fanout P Fanoutn( cnRZ)t
> pilnt+2( nf[(t—1)/2] +t((n_1)/2w)+2tp23nt+2nL(t—1)/2J+2tL(n—1)/2J—4(n+t)

18

l4nt—4(n+t) 8nt+2(n+t 12nt—2(n+t) 12nt—2(n+t
dn " )pwyll " )8Nt 2(n+t)pimn " )icn (0 (926)

We now use this expression to determine the success probability for the OR-gate.
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Figure 9.9: LAQCC-circuit that prepares the state ‘ulf» These

states are used to implement the OR-reduction. The dotted lines
indicate time steps and which gates can be applied in parallel.

OR-gate

Takahashi and Tani presented an exponential-sized circuit for the OR-gate, which
they applied to a state of logarithmic size [TT13]. Combined, this gives a circuit
of polynomial size. Using the Fourier inversion formula shown in Equation (1.11)
we see that for a bit string = € F} we can write

ORu() = oy > PAY(a),

acFy\{0"}

where PA%(x) = @}:&ai:vi is the parity of z, weighted by a nonzero vector a. This
weighted-parity gate is implemented by a standard parity gate on a subset of the
inputs. The exponential-sized circuit for the OR,,-gate consists of three steps:

1. Simultaneously,

(a) Copy the input state 2" — 1 times and compute PA%(z) for every
nonzero n-bit string a;

(b) Prepare a GHZ state on 2" — 1 qubits;

2. Apply Rz(m/2"1)-gates to the qubits in the GHZ state and controlled by
the qubits that hold the PA%(x) results;

3. Apply a fanout gate of length 2" — 1 to the GHZ state together with a
Hadamard gate to uncopy the GHZ state and obtain the OR of the input
in a single auxiliary qubit.
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We then need to uncompute the auxiliary registers by running the first two steps.
This introduces an extra factor two in the exponents in the overall success pro-
bability. Furthermore, in this protocol, we can choose to prepare the GHZ states
only when they are needed, thereby omitting idling terms for the GHZ states.

In total, we will have n parity gates with a single target, (g) parity gates with
two targets, and in general (Z) parity gates with k targets, where k£ corresponds
to the Hamming weight of a. A lower bound the success probability follows by
replacing every parity gate by the success probability for the parity gate on all
inputs, resulting in an easier expression.

Let n be the length of the input and ¢ = [log,(n + 1)]. The success probability
for the OR-gate is then given by

2
t t
_ 2 2t t P2 2t—1,1
PORn - PORn-reductionPFanotht_l (szl (k PParityk GHZQtil,LAQCCPCRZ DPs

9 o 2(2t—1) p2 2t—1 1
Z PORn—reductionPFanoutZt,1 Parity: GHZQt_l,LAQCCPcRZ Ps
22nt42(2n—20—1)[(t—1)/2]+4¢[ (n—1) /2] +2¢ [ (21~ 1=1) /2| +2[ (28 —1) /2| +10¢-2¢+3-2¢ — 4t —2

Z Ps
2(2n+20 1) (¢—1)/2]+4t | (n—1) /2] +2¢ | (21~ 1=1) /2| +2[ (2¢—1)/2]
pis
46nt—8n—18t+11¢t-2t 432t —5_28nt—8n—18t+9¢-2+2-2t—6_16nt+4n+2t+6t-2¢+2-28+2
Pis Py Pia
16nt—4n—10t+6t-2t —2  24nt—4n—12t+9¢-2t _24nt—4n—12t+9¢-2¢

Note that this expression holds for arbitrary n. For n = 2%, the expression
simplifies, as in that case t = [logy(n + 1)| = k + 1, which gives

Pop, > pi2nkt0n—ak+2(2k=2n+1)[k/2]+6(k+1)[(n-1)/2] -6

68nk+68n—18k+2(4n—1)k/2]4+6(k+1)|(n—1)/2] —25p46nk+42n—18k—24
1S d

28nk+36n+2k+4, 28nk+24n—10k—12, 42nk+38n—12k—12, 42nk+38n—12k—12 (9 28)
id P im ic . .

9.5.2 LAQCC-approach

This section gives the success probability for preparing the W-state on n = 2%
qubits, for some integer k, using the LAQCC-approach presented in Section 8.3.
We obtain the success probability for the W -state by determining them for the
Uncompress and Compress methods and then taking the product of the two.
Following the steps outlined in Lemmas 8.3.2 and 8.3.3 gives:

_ k. _nk+n—k p2k 2n n—1
PUncompressn - pspis PFanoutn IDiFanout (Hi:O PEquali) . (929)
_ 2k, 2(nk+n—k) p2k 2n n—1
PCompressn = Ds Dis PFanoutn ]Dz'Fanout (Hizo PcZ,targeti) : (930)

The success probability for the Equal;-gate is lower bounded by the success pro-
bability of the ORg-gate with all £ input qubits conjugated with X-gates. We
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can incorporate these X-gates in the circuit for the ORg-gate. The controlled-
Z-gates with target ¢ correspond to a fanout gate with targets on the qubits
corresponding to the ones in the binary representation of 7, and with the targets
conjugated by Hadamard gates. Hence, we can lower bound the success proba-
bility of these controlled-Z-gates with target ¢« by the success probability of a
fanout gate of length £+ 1 with the target qubits conjugated by Hadamard gates.
Summarizing, we have that for every i € F}

Prquat; > Por, 0> i, (9.31)

PcZ,ta’/’geti 2 PFanoutk+1p§kpgs' (932)

We can now obtain a lower bound on the success probability of preparing the W-
state by multiplying the expressions of Equations (9.29) and (9.30), applying the
lower bounds described in Equations (9.31) and (9.32) and using the expression
for the OR-gate given in Equation (9.27). We use ¢t = [logy(k + 1)] and obtain

PW,LAQCC = PUncompressn PCompressn

Ank+3k, 3nk+Tn—3k pdk n 4n n
2 Py Pis PFanoutn Fanouty1 iFanoutPORk

> 22nkt+14nk+2n [(2f—1)/21 +n(3-284+[k/2])+2nt(5-2t —2)+3k+4k[ (n—1) /2] +2n(2k—2t —1) [ (t—1) /2]

Z Ps

p4ntf(k—1)/21+2nt [@ 1 =1)/2]+2n[(2'=1)/2] 6nki+20nk+3n-2"—18nt+21n—11k+n[k/2]
2n(2k+20 1) (t—1) /2] +4nt [ (k—1)/2]+2nt | (271 1) /2| +2n | (26=1)/2 | +11nt-2 +4k[ (n—1) /2]

p28nkt+7nk+9nt(2t —2)+2n-2t—5n—8k 16mkt+14nk+2nt(3-2t+1)+2n-2t+17n+4k

d Diq
16nkt+6nk+2nt(3-2t—5)—n—4k 24nkt+11nk+3nt(3-2t—4)+10n—4k

Note that this expression is quite involved with dependencies on both n, £ =
log,(n) and ¢t = [logy(k + 1)]. We furthermore use ceil- and floor-functions. We
can approximate Equation (9.33) using [z] =~ x ~ |z| for z € R. In this case,
we see that 2 ~ k. We then obtain

Tinkt/2+37nk/2+3nk—8nt—n-+k 125nkt/2+47nk/2—22nt+21n—13k
Pwaqcc 2 prtmkY/ / Dis

37nkt+9nk—18nt—5n—8k, 22nkt+16nk+2nt+17n+4k
D Diq

22nkt+6nk—10nt—nm—4k

P2 (pimpic)33nkt+11nk712nt+10n74k (934)

9.5.3 Direct method

The most direct method of preparing a W-state is by applying successive con-
trolled rotations, using controlled- Ry-gates (Equation (1.6)), where the angle of
the gates depends on the qubit index. Figure 9.10 shows the circuit for n = 4.
Each square 1/n denotes an Ry (0)-gate with argument § = —2 arccos y/1/n. The
controlled- Ry-gate reduce to a CNOT-gate for n = 2.
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Figure 9.10: Exact circuit for preparing the W-state for n = 4.
Every gate parametrized by 1/n denotes a controlled- Ry -gate with

argument § = —2arccos y/1/n.
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Figure 9.11: Exact decomposed circuit for preparing the 1V -state
for n = 4, where every controlled Ry-gate is replaced by single-qubit
gates and CNOT-gates.

The quantum circuit shown in Figure 9.10, when extended to arbitrary n, indeed
prepares the W-state on n qubits. Just before the first CNOT-gate, the quantum
circuit corresponds to the state

2=y oy

Each CNOT-gate will then correctly set one additional qubit, until we have the
desired W-state. The idea behind this circuit is to iteratively “pass on” part of
the amplitude to the remaining unset qubits and thereby correctly set all qubits.

The circuit shown in Figure 9.10 uses controlled- Ry-gates, which most quantum
hardware devices do not directly support. We can decompose the controlled-
Ry-gates using the decomposition shown in Figure 9.1. In our case, the exact
single-qubit gates used in the decomposition are irrelevant, as we assume the same
success probability for every single-qubit gate. Figure 9.11 shows the resulting
decomposed quantum circuit to prepare the W-state for n = 4. This figure shows
that some gates can be applied in parallel. Counting the depth gives n —2 groups
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of four layers each, with two single-qubit gates, a CNOT-gate, one single-qubit
gate and again a CNOT-gate. Next, there is one single-qubit gate, n — 1 layers of
CNOT-gates and a final single-qubit gate, for a total depth of 5n — 7 for n > 2.
The total success probability is given by

9.5.4 Comparison success probability

To determine when the LAQCC-approach outperforms the standard approach, we
have to determine when

Pwiaacc 2 Pwdirect- (9.36)

Comparing the success probabilities given in Equations (9.33) and (9.35) shows
that this inequality holds approximately if the following inequality holds

p71nkt/2+37nk/2+3nl€—8nt—4n+k+4p37nkt+9nk—18nt—8n—8k+5
s d

22nkt+6nk—10nt—n—4k 33nkt+11nk—12nt+10n—4k
> 2n2—125nkt/2—4Tnk/2+22nt—26n+13k+4_3n2—22nkt—16nk—2nt—28n—4k+10

= Vis id

Applying the assumptions on the success probabilities discussed in Section 9.2,
shows that this inequality reduces to

Inkt+15nk—28nt—9n—12k+5 > p3n2—88nkt—38nk+22nt—48n+4k+10
~ 3 .

5
pd id

For a first estimate on when the LAQCC-approach outperforms the standard direct
approach, we only keep the most significant terms. Using that k£ = log, n and
t =~ log, log, n shows that the LAQCC-approach performs best if

Da > p3n/(5910g2 nlogy logy n)
~ id :

Let € > 0, now if pg = (1+5)p?§/(5910g2n10g2 °827) then we see that Pwiaqce 2 (1+

g)P9nloganlogslogan py, o 1 finishing the proof of Theorem 9.5.1 and also showing
our intuition was indeed correct.

9.6 Reflections and outlook

In this chapter, we considered the success probability of different approaches to
prepare the GHZ state and the W-state. We used a worst-case error model, where
errors correspond to Haar random unitary matrices being applied to the gates.
A single error causes the task of perfectly preparing the quantum states to fail,
as multiple errors cancel with probability zero. As such, we derived expressions
for the probability that none of the qubits decoheres, either while idling or while
being manipulated by a quantum gate.
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For the GHZ state, we derived success probabilities for two standard protocols,
using either an all-to-all connectivity or a linear nearest-neighbor connectivity,
as well as for a LAQCC-approach. We also did this for a hybrid version of a
standard approach and a LAQCC-approach. Next, we compared the derived suc-
cess probabilities to determine which approach performs best when. Conditional
on assumptions on the magnitude of the success probabilities of the individual
terms in the quantum circuit, we find that the LAQCC-approach performs ex-
ponentially better than the standard approach using an all-to-all connectivity if

pa 2 (1+¢) Z%(log”), and similarly for the linear nearest-neighbor connectivity if

pa 2 (1+ 5)p§zl(n). Theorem 9.3.1 gives the exact constants. The theorem says
that the LAQCC-approach outperforms the standard approaches if the probability
that a qubit decoheres while idling for £2(logn), respectively, Q(n) two-qubit gate
durations is larger than the probability that a single two-qubit gate is erroneous.
Both results are in line with what our intuition tells us based on the circuit sizes.

For the GHZ state we implemented both the LAQCC-approach and the standard
approach using a linear nearest-neighbor connectivity. We found that for small
problem instances, both approaches perform similarly. For larger n, the LAQCC-
approach returns an approximately normal distribution (when aggregating the
results based on the Hamming weight). The standard approach gives results that
show some similarities with the expected output distribution: two large groups
of outputs having low or high Hamming weight and some samples in between.
Based on the results, we saw that the used error model was suboptimal and
differs from practical error models. Note that we could only use the intermediate
measurement outcomes to control future quantum operations, and not to perform
computations with them before controlling quantum operations.

Next, we performed a similar analysis for the W-state. The LAQCC-approach
has constant depth and circuit size O(nlognloglogn). The standard direct ap-
proach uses n qubits and has depth O(n). Comparing the derived success proba-
bilities shows that the LAQCC-approach exponentially outperforms the standard
approach if pg 2> (1 +5)p§2(n/ (log(m)loglog(m))) “Thanrem 9.5.1 gives the constants for
the most significant term in the exponent.

Multiple directions for future research exist. First, the same analysis can be used
to compare different quantum approaches to prepare other quantum states. We
expect similar relations between p; and p;q, depending on the circuit sizes and
the number of CNOT-gates. Ideally, one would prove such a relation on a higher
level, obtaining a result for multiple quantum state preparation routines.

Second, we used a worst-case error model in our analysis. The hardware im-
plementation demonstrated that the error model is suboptimal and differs from
practical error models. Specifically, the used error model does not allow for er-
rors, whereas in practice, some errors can be tolerated or might even cancel.
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Furthermore, conventional post-processing techniques exist to mitigate the effect
of errors [TBG17; Kan+19; Cai+23|.

A similar analysis with a more realistic error model is an interesting extension of
this chapter. The depolarizing and dephasing channels applied to the quantum
gates are an example of a more realistic error model. With these error models,
gates are replaced by standard probability distributions over different gates, and
two errors might cancel. These error models give a more realistic picture of the
performance of a quantum circuit, but complicate the analysis. We then need
both upper and lower bounds on the success probabilities to compare them.

Another aspect in which we can extend the error model is by dropping the con-
straint of independent errors. Kalai argues that the noise models underlying
quantum computing are complex and highly entangled [Kall6|. He states that
error models with independent errors are oversimplified and cannot approximate
the behavior for large systems well. Correlated noise is also seen with metronomes
initialized randomly but placed on the same surface. Over time, these metronomes
will synchronize [PRKO01|, something that cannot be explained by (noise) models
of individual metronomes alone. The computation of the success probability will
become extremely complex with error models where errors depend on the state
of other qubits or on operations applied to other qubits.

A third direction for future research is to make the circuits themselves more real-
istic. In general, quantum gates have to be decomposed into the native gate set
of a device, giving an overhead currently not addressed in the success probability
expressions. Additionally, some quantum hardware devices limit on the number
of parallel gates, for instance due to crosstalk between qubits. This crosstalk is
magnified when two qubits close to each other are simultaneously manipulated
by two different quantum gates [Zha+22]. Such limits on the number of paral-
lel gates significantly reduces the power of the quantum device. For instance,
the advantage of the LAQCC-approach significantly diminishes if only a constant
number of gates can be applied in parallel. This limitation might be one of the
reasons why the LAQCC-approach performs worse in practice than expected.

Fourth, determine the output states in a different way. We measured the states
in the Pauli-Z basis, which cannot detect phase errors. By instead applying state
tomography, for instance, by measuring the expectation value of different Pauli
observables, we can also detect phase errors. The overhead of state tomography
is however large and proves infeasible for large system sizes.

In line with this extension, we arrive at the fifth possible direction for future
research: relax the requirements on the output of the circuits. Currently, the
output state must match the target state exactly; otherwise, the circuit failed.
In practice, a high overlap with the target state suffices. This relaxation directly
opens the way to more possible quantum circuits.
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Approximating the target state opens the way to probabilistic algorithms. For
instance, approximately preparing the WW-state is possible by applying n single-

qubit Ry-gates with parameter § = arccos (@ / "T_l) and then measuring the parity

of these gates. Upon measuring an odd parity, the superposition collapses to a
superposition over all bit strings of odd Hamming weight, with those having
Hamming weight 1 having the highest amplitudes. Choosing a smaller 8 reduce
the probability of finding an odd parity. However, once an odd parity is measured,
the resulting state better approximates the W -state.

Allowing the output state to have high overlap with the target state, gives room
to simplify the assumptions on the gate set. The current analysis assumes that all
single-qubit gates are available. In practice, most gates have to be approximated,
for instance using the Solovay-Kiteav theorem, which gives a small overhead.
Similarly, some gates are easier to implement than others, such as the simple
Pauli-gates and the harder T-gate. Hence, we can imagine that we have different
success probabilities for different gates being applied. Note that this idea aligns
with the third direction for future research mentioned.

An aspect we only briefly touched upon, but which might prove vital in future
applications of quantum computing is the time aspect. Especially on the near-
term, quantum computers will most likely only solve small tasks and have to finish
their computations quickly before the qubits decohere completely. Furthermore,
with short quantum computation times, the cost of having to rerun a quantum
circuit because it failed is small. The LAQCC-circuit provides one way to overcome
this barrier by giving low-depth quantum circuits with intermediate conventional
computations. With the uncertain development of future quantum computers,
we can imagine that short quantum circuits can still prove useful, even if fault-
tolerant quantum computation is out of reach.



List of symbols

The following list gives symbols and notation used throughout this work:

o n|={1,...,n}

_ i2w/p
® Wy =2~¢€

Apf(z) = f(z +h) — f(z) the additive derivative of f : F} — C

Apf(x) = f(x + h)f(z) the multiplicative derivative of f : F) — C

(z,y) = > iy 2;y; the inner product of vectors x,y € Fy
e @ represents addition modulo 2
e D represents the complex unit disc
The following definitions concern the behavior of functions f,¢g: N — R:

e / = O(g) means there exist constants ¢,ng > 0 such that |f(n)| < cg(n)
for all n > ng;

e f =Q(g) means there exist constants ¢, ng > 0 such that |f(n)| > cg(n) for
all n > ny;

e f = o(g) means for every constant ¢ > 0, there exists a constant ng > 0
such that |f(n)| < cg(n) for all n > ny;

e / = w(g) means for every constant ¢ > 0, there exists a constant ng > 0
such that |f(n)| > cg(n) for all n > ny;

o [ =0(g) means f = O(g) and f = Q(g);
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DO.(f) denotes a depends of O(f) on a constant e, similarly for €2, o, w
and ©;

O hides a dependency on logarithmic factors of the argument, similarly for
2, 0, w and O;

poly(f) denotes some unspecified polynomial in f;

exp(f) denotes some unspecified exponential in f.
Finally,

° Polgd(IF;‘,IF';) denotes the space of all polynomial maps ¢ : F) — IF’; of

degree at most d;

e aranky(¢) denotes the analytic rank of polynomial maps ¢ € Pol<q(Fy, FF)
(Theorem 3.3.2);

e arank(7") denotes the analytic rank of a tensor 7' (Theorem 3.7.1);
e prank(7") denotes the partition rank of a tensor 7' (Theorem 3.7.2).



Samenvatting

Adaptieve Kwantumcomputers: decoderen en toestanden maken

Het eerste idee van computers stamt uit het einde van de negentiende eeuw. In de
loop der jaren is er aanzienlijke vooruitgang geboekt in de fysieke realisaties van
computers. Tegenwoordig kunnen we ons nauwelijks een wereld zonder computers
voorstellen en gebruiken we ze voor veel verschillende dingen in ons dagelijks
leven. Er wordt veel onderzoek verricht naar het vergroten van de rekenkracht
van computers en het verkennen van nieuwe manieren om berekeningen uit te
voeren. Een veelbelovende manier is kwantumcomputers. Toekomstige kwan-
tumcomputers hebben de potentie om specifieke problemen aanzienlijk sneller op
te lossen dan huidige methoden. Deze kwantumcomputers zullen moeten samen-
werken met een gewone computer om effectief te kunnen functioneren.

Huidige kwantumcomputers zijn nog in ontwikkeling en hebben op dit moment
beperkte mogelijkheden. De interactie met een gewone computer kan nu echter
al de capaciteit van kwantumcomputers verbeteren, met name door sommige
berekeningen uit te laten voeren door een gewone computer. Kwantumcomputers
die samenwerken met gewone computers om berekeningen uit te voeren, worden
adaptieve kwantumcomputers genoemd. Dit werk formaliseert een model dat deze
adaptieve kwantumcomputers beschrijft. Aangezien kwantumcomputers nog in
ontwikkeling zijn, richten we ons op berekeningen die na een vast aantal stappen
eindigen. Waarschijnlijk maakt dit de implementatie van de berekeningen in de
praktijk makkelijker. Dit werk is verdeeld in twee hoofdonderdelen.

Het eerste deel toont aan dat adaptieve kwantumcomputers krachtiger zijn dan
standaardcomputers. Het richt zich op het praktische probleem van het verkrijgen
van informatie uit gecorrumpeerde digitale gegevens. Gewone computers hebben

165



166 Samenvatting

moeite om dit soort informatie te verkrijgen in een vast aantal berekeningsstap-
pen. Het bewijs hiervoor maakt gebruik van een structuur-versus-willekeur-
methode, waarbij het probleem opgesplitst wordt in een gestructureerd en een
willekeurige component. De kracht van adaptieve kwantumberekeningen blijkt uit
een specifiek voorbeeld waarbij informatie wordt verkregen uit gecorrumpeerde
digitale gegevens. Daarnaast kunnen adaptieve kwantumcomputers ook gewone
berekeningen verbeteren, zelfs als deze niet beperkt zijn tot een vast aantal
berekeningsstappen.

Het tweede deel beschrijft hoe adaptieve kwantumberekeningen niet-adaptieve
kwantumberekeningen kunnen verbeteren, bijvoorbeeld door verschillende kwan-
tumberekeningen sneller uit te voeren. Met behulp van deze snellere gewone
berekeningen kunnen adaptieve kwantumcomputers ook kwantumtoestanden
efficiénter maken dan niet-adaptieve tegenhangers. Kwantumtoestanden vormen
de computationele eenheden van een kwantumcomputer, waardoor het maken
ervan inherent kwantum is. Dit werk presenteert efficiénte adaptieve kwantum-
berekeningen om kwantumtoestanden zoals de uniforme superpositietoestand, de
GHZ-toestand, de W-toestand en de Dicke-toestand te maken. Deze toestanden
worden vaak gebruikt in andere kwantumalgoritmen, waardoor het hebben van
efficiénte routines om deze toestanden te maken ook andere algoritmen efficiénter
maakt. Dit werk eindigt met een vergelijking van deze adaptieve kwantum-
berekeningen met niet-adaptieve kwantumberekeningen, waarbij de prestaties
zowel theoretisch als via kwantumhardware-implementaties worden geanalyseerd.



Abstract

Adaptive Quantum Computers: decoding and state preparation

The concept of computers dates back to the late 19th century. Over the years,
significant progress has been made towards their physical realization. Today, we
can hardly imagine a world without computers and we use them for a wide range
of applications in our daily life. Extensive research efforts focus on enhancing the
power of computers and exploring new ways of performing computations. One
promising approach is quantum computing. Future quantum computers have
the potential to solve specific problems significantly faster than current methods.
These quantum computers will have to interact with a standard computer to
operate effectively.

Current quantum computers are still under development and have limited capa-
bilities. However, the interaction with a standard computer can already enhance
their functionality, particularly by offloading certain computations to the stan-
dard computer. Quantum computers that interact with standard computers to
perform computations are called adaptive quantum computers. This work for-
malizes a model that describes these adaptive quantum computers. As quantum
computers are still under development, this work focuses on computations that
terminate after a fixed number of steps, as that makes their implementation likely
easier in practice. The work is divided into two main parts.

The first part shows that adaptive quantum computers are more powerful than
standard computers. It focuses on the practical problem of retrieving infor-
mation from corrupted digital data. Standard computers struggle to retrieve
such information within a fixed number of computation steps. The proof uses a
structure-versus-randomness approach that splits the problem in a structured and
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a random-like component. The potential of adaptive quantum computations fol-
lows from a specific example where information is retrieved from corrupted data.
Additionally, adaptive quantum computers can even improve standard computa-
tions for this problem that are not constrained by a fixed number of computation
steps.

The second part explores how adaptive quantum computations can improve non-
adaptive quantum computations, for instance by performing various quantum
computations faster. Using these faster computations, adaptive quantum com-
puters can also prepare quantum states more efficiently than their non-adaptive
counterparts. Quantum states describe the computational units of a quantum
computer, making the task of preparing them inherently quantum. This work
presents efficient adaptive quantum computations to prepare quantum states such
as the uniform superposition state, the GHZ state, the W-state and the Dicke
state. These states are often used in other quantum algorithms, so having effi-
cient routines for preparing them also enhance the efficiency of other algorithms.
This work concludes by comparing these adaptive quantum computations with
non-adaptive ones, analyzing their performance both theoretically and through
quantum hardware implementations.
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