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Subsequence

We introduce subsequence covers (s-covers, in short), a new type of covers of a word. A word 𝐶
is an s-cover of a word 𝑆 if the occurrences of 𝐶 in 𝑆 as subsequences cover all the positions in 𝑆.

The s-covers seem to be computationally much harder than standard covers of words (cf. 
Apostolico et al. (1991) [1]), but, on the other hand, much easier than the related shuffle powers 
(Warmuth and Haussler (1984) [6]).

We give a linear-time algorithm for testing if a candidate word 𝐶 is an s-cover of a word 𝑆 over a 
polynomially-bounded integer alphabet. We also give an algorithm for finding a shortest s-cover 
of a word 𝑆, which in the case of a constant-sized alphabet, also runs in linear time.

The words without proper s-cover are called s-primitive. We complement our algorithmic results 
with explicit lower and an upper bound on the length of a longest s-primitive word. Both bounds 
are exponential in the size of the alphabet. The upper bound presented here improves the bound 
given in the conference version of this paper [SPIRE 2022].

1. Introduction

The problem of computing covers in a word is a classic one in text algorithms; see [1--3] and also [4,5] for recent surveys. In 
its most basic type, a word 𝐶 is said to be a cover of a word 𝑆 if every position of 𝑆 lies within some occurrence of 𝐶 as a factor 
(subword) in 𝑆 [1].

In this paper, we introduce a new type of cover, in which instead of factors we take subsequences (scattered factors). Such covers 
turn out to be related to shuffle problems [6--8]. Formally the new type of cover is defined as follows:

Definition 1.1. A word 𝐶 is a subsequence cover (s-cover, in short) of a word 𝑆 if every position in 𝑆 belongs to an occurrence of 
𝐶 as a subsequence in 𝑆 . We also write 𝑆 ∈ 𝐶⊗, where 𝐶⊗ is the set of words having 𝐶 as an s-cover.

We say that an s-cover 𝐶 of a word 𝑆 is non-trivial if |𝐶| < |𝑆|. A word 𝑆 is called s-primitive if it has no non-trivial s-cover.
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Fig. 1. An illustration of the fact that 𝐶 = 𝑎𝑏𝑐𝑎𝑏 is an s-cover of 𝑆 = 𝑎𝑏𝑐𝑏𝑎𝑐𝑎𝑏. 

Remark 1.2. An example of an s-primitive word is the Zimin word 𝑍𝑘 [9], that is, a word over alphabet {1,… , 𝑘} given by recurrences

𝑍1 = 1, 𝑍𝑖 =𝑍𝑖−1𝑖𝑍𝑖−1 for 𝑖 ∈ {2,… , 𝑘}. (1)

The word 𝑍𝑘 has length 2𝑘 − 1. The fact that it is s-primitive can be shown by simple induction.

Clearly, if a word 𝐶 is a (standard) cover of a word 𝑆 , then 𝐶 is an s-cover of 𝑆 . However, the converse implication is false: 𝑎𝑏
is an s-cover of 𝑎𝑎𝑏, but is not a standard cover. For another example of an s-cover, see below.

Example 1.3. Fig. 1 shows that 𝐶 = 𝑎𝑏𝑐𝑎𝑏 is an s-cover of 𝑆 = 𝑎𝑏𝑐𝑏𝑎𝑐𝑎𝑏. In fact 𝐶 is a shortest s-cover of 𝑆 . 

We now provide some basic definitions and notation. An alphabet is a finite nonempty set of elements called letters. A word 𝑆 is 
a sequence of letters over some alphabet. For a word 𝑆 , by |𝑆| we denote its length, by 𝑆[𝑖], for 𝑖 = 0,… , |𝑆| − 1, we denote its 𝑖th 
letter, and by Alph(𝑆) we denote the set of letters in 𝑆 , i.e., {𝑆[0],… , 𝑆[|𝑆|− 1]}. The empty word is the word of length 0.

For any two words 𝑈 and 𝑉 , by 𝑈 ⋅𝑉 =𝑈𝑉 we denote their concatenation. For a word 𝑆 = 𝑃𝑈𝑄, where 𝑃 , 𝑈 , and 𝑄 are words, 
𝑈 is called a factor of 𝑆 ; it is called a prefix (resp. suffix) if 𝑃 (resp. 𝑄) is the empty word. By 𝑆[𝑖 . . 𝑗] = 𝑆[𝑖 . . 𝑗 + 1) = 𝑆(𝑖− 1 . . 𝑗] we 
denote a factor 𝑆[𝑖]…𝑆[𝑗] of 𝑆 ; we omit 𝑖 if 𝑖 = 0 and 𝑗 if 𝑗 = |𝑆|− 1.

A word 𝑉 is a 𝑘-power of a word 𝑈 , for integer 𝑘≥ 0, if 𝑉 is a concatenation of 𝑘 copies of 𝑈 , in which case we denote it by 𝑈𝑘. 
It is called a square if 𝑘 = 2.

Remark 1.4. If a word contains a factor which is not s-primitive, then the whole word is not s-primitive. It is easy to see that any 
gapped repeat 𝑈𝑉 𝑈 (see [10]), where Alph(𝑉 ) ⊆ Alph(𝑈 ), is not s-primitive and 𝑈 is its non-trivial s-cover. This is the case because 
every position of 𝑉 can be covered by an occurrence whose prefix belongs to the first copy of 𝑈 and its suffix to the second copy of 
𝑈 with only the one position of 𝑉 used. In particular nontrivial squares 𝑈𝑈 are of this type. Each word containing a factor of this 
type is not s-primitive.

A different version of covers, where we require that position-subsequences2 are disjoint, is the shuffle closure problem. The shuffle 
closure of a word 𝑈 , denoted by 𝑈⊙, is the set of words resulting by interleaving many copies of 𝑈 ; see [6]. The words in 𝑈⊙ are 
sometimes called shuffle powers of 𝑈 .

The following problems are NP-hard for constant-sized alphabets:

(1) Given two words 𝑈 and 𝑆 , test if 𝑆 ∈𝑈⊙; see [6].

(2) Given a word 𝑆 , check if there exists a word 𝑈 such that |𝑈 | = |𝑆|∕2 and 𝑆 ∈ 𝑈⊙ (this was originally called the shuffle square 
problem); see [8]. An NP-hardness proof for a binary alphabet was recently given in [11].

(3) Given a word 𝑆 , find a shortest word 𝑈 such that 𝑆 ∈𝑈⊙; its hardness is trivially reduced from (2).

The following observation links s-covers and shuffle closures.

Observation 1.5. Let 𝑆 be a word of length 𝑛. Then

𝑆 ∈ 𝐶⊗ ⇒ ∃ 𝑟0, 𝑟1… , 𝑟𝑛−1 ∈ℤ+ ∶ 𝑆[0]𝑟0𝑆[1]𝑟1 …𝑆[𝑛− 1]𝑟𝑛−1 ∈ 𝐶⊙.

Proof. Word 𝐶 is an s-cover of word 𝑆 , so there exist position-subsequences 𝐼1,… , 𝐼𝑘 of length |𝐶| in 𝑆 that correspond to occur

rences of 𝐶 and such that 𝐼1 ∪ 𝐼2 ∪⋯ ∪ 𝐼𝑘 = {0,… , 𝑛 − 1}. For 𝑖 ∈ {0,… , 𝑛 − 1}, we define 𝑟𝑖 as the number of occurrences of 𝑖 in 
the position-subsequences. Then, 𝑆′ ∶= 𝑆[0]𝑟0𝑆[1]𝑟1 …𝑆[𝑛− 1]𝑟𝑛−1 is a shuffle power of 𝐶 .

To see that this holds, we transform the position-subsequences 𝐼1 ,… , 𝐼𝑘 into disjoint position-subsequences in 𝑆′ by performing 
the following operation simultaneously for all 𝑖 ∈ {0,… , 𝑛 − 1}: Replace in any way the occurrences of 𝑖 in 𝐼1,… , 𝐼𝑘 by distinct 
numbers in {𝑠,… , 𝑠+ 𝑟𝑖 −1}, where 𝑠 = 𝑟0 +⋯+ 𝑟𝑖−1. By the definition of 𝑟𝑖, the resulting position-subsequences 𝐼 ′1,… , 𝐼 ′

𝑘
in 𝑆′ are 

disjoint, satisfy 𝐼 ′1 ∪⋯ ∪ 𝐼 ′
𝑘
= {0,… , |𝑆′|− 1} and each of them corresponds to an occurrence of 𝐶 in 𝑆′. □

2 By a position-subsequence we mean the sorted set of positions that witness the occurrence of the subsequence.
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𝑖 0 1 2 3 4

FirstOcc[𝑖] 0 1 3 5 8

LastOcc[𝑖] 2 4 6 7 8

𝑖 0 1 2 3 4 5 6 7 8

Right[𝑖] 0 0 1 1 2 2 3 4 5

Pref [𝑖] 0 1 0 2 1 3 2 3 4

Fig. 2. FirstOcc, LastOcc, Right, Pref for 𝑆 = 𝑎𝑏𝑎𝑐𝑏𝑎𝑐𝑎𝑏 and 𝐶 = 𝑎𝑏𝑐𝑎𝑏. 

Fig. 3. Assume that for some words 𝐶 and 𝑆 the sequences FirstOcc = {𝑝1, 𝑝2, 𝑝3, 𝑝4, 𝑝5, 𝑝6} (red) and LastOcc = {𝑞1 , 𝑞2, 𝑞3, 𝑞4, 𝑞5, 𝑞6} (green) are as in the figure. Further 
assume that Pref [𝑖] = 2 (i.e., we have 𝑆[𝑖] = 𝑆[𝑝2] ≠ 𝑆[𝑝3]). As shown, we have Right[𝑖] = 2. Thus, we have Right[𝑖] ≤ Pref [𝑖] + 1 and consequently the position 𝑖 is 
covered by an occurrence of 𝐶 as a subsequence using positions (𝑝1, 𝑖, 𝑞3, 𝑞4, 𝑞5 , 𝑞6).

In this paper, we show that problems similar to (1) and (3) for s-covers, when we replace ⊙ by ⊗, are tractable. Notably, the first 
one is solved in linear time for any polynomially-bounded integer alphabet; and the last one in linear time for any constant-sized 
alphabet.

Our results and paper organization

• In Section 2, we present a linear-time algorithm for checking if a word 𝐶 is an s-cover of a word 𝑆 , assuming that 𝑆 is over 
a polynomially-bounded integer alphabet {0,… , |𝑆|(1)}. We also discuss why an equally efficient algorithm for this problem 
without this assumption is unlikely.

• Let 𝛾(𝑘) denote the length of a longest s-primitive word over an alphabet of size 𝑘. In Sections 3 to 5, we present general bounds 
on this function as well as its particular values for small values of 𝑘. Section 8 contains a proof of an auxiliary lemma.

• In Section 6, we show that computing a non-trivial s-cover is fixed parameter tractable for parameter 𝑘 = |Alph(𝑆)|. In particular, 
we obtain a linear-time algorithm for computing a shortest s-cover of a word over a constant-sized alphabet.

• Finally, in Section 7, we explore properties of s-covers that are significantly different from properties of standard covers. In 
particular, we show that a word can have exponentially many different shortest s-covers.

We conclude in Section 9 with a summary of our results and a list of open problems.

2. Testing a candidate s-cover

Let us consider words 𝐶 = 𝐶[0 . . 𝑚− 1] and 𝑆 = 𝑆[0 . . 𝑛− 1]. We would like to check whether 𝐶 is an s-cover of 𝑆 .

Let sequences FirstOcc and LastOcc be the lexicographically first and last position-subsequences of 𝑆 containing 𝐶 . We assume 
that FirstOcc[0] = 0 and LastOcc[𝑚−1] = 𝑛−1. If there are no such subsequences of positions then 𝐶 is not an s-cover, so we assume 
they exist and are well defined.

For all 𝑖 ∈ {0,… , 𝑛− 1}, we define

Right[𝑖] = min({𝑗 ∶ LastOcc[𝑗] > 𝑖} ∪ {𝑚}),

Pref [𝑖] = max({𝑗 ∶ FirstOcc[𝑗] ≤ 𝑖 ∧ 𝑆[FirstOcc[𝑗]] = 𝑆[𝑖]} ∪ {−1}).

See also Fig. 2. Intuitively, if position 𝑖 is in any subsequence occurrence of 𝐶 in 𝑆 , then there is a subsequence occurrence of 𝐶 in 
𝑆 that consists of the prefix of FirstOcc of length Pref [𝑖] and an appropriate suffix of LastOcc. All we have to do is check, for all 𝑖, 
whether such a pair of prefix and suffix exists. See Fig. 3 for an illustration of the argument and Lemma 2.1 for a formal statement 
of the condition that needs to be satisfied.

The sequence FirstOcc can be computed with a simple left-to-right pass over 𝑆 and 𝐶 ; the computation of LastOcc is symmetric. 
The table Right can be computed via a right-to-left pass. The table Pref [𝑖] is computed on-line using an additional table PRED indexed 
by the letters of the alphabet. The algorithm is formalized in the following pseudocode.
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Algorithm 1: TEST(𝐶,𝑆).
Input: word 𝐶 = 𝐶[0 . . 𝑚− 1] and word 𝑆 = 𝑆[0 . . 𝑛− 1]
Output: 𝑡𝑟𝑢𝑒 if and only if 𝐶 is an s-cover of 𝑆
compute FirstOcc and LastOcc

⊳ compute Right
𝑘 ∶=𝑚

for 𝑖 ∶= 𝑛− 1 down to 0 do

Right[𝑖] ∶= 𝑘

if 𝑘 > 0 and 𝑖 = LastOcc[𝑘− 1] then 𝑘 ∶= 𝑘− 1

⊳ compute Pref
PRED[𝑐] ∶= −1 ∀𝑐 ∈ Σ
𝑘 ∶= 0
for 𝑖 ∶= 0 to 𝑛− 1 do

if 𝑖 = FirstOcc[𝑘] then

PRED[𝑆[𝑖]] ∶= 𝑘

if 𝑘 < 𝑚− 1 then 𝑘 ∶= 𝑘+ 1
Pref [𝑖] ∶= PRED[𝑆[𝑖]]

return ∀𝑖=0,…,𝑛−1 ( Pref [𝑖] ≠ −1 and Right[𝑖] ≤ Pref [𝑖] + 1 )

Correctness of the algorithm follows from Lemma 2.1 (inspect also Fig. 3).

Lemma 2.1. Let us assume that FirstOcc and LastOcc are well defined. Then 𝐶 is an s-cover of 𝑆 if and only if for each position 0≤ 𝑖 ≤ 𝑛−1
we have Pref [𝑖] ≠ −1 and Right[𝑖] ≤ Pref [𝑖] + 1.

Proof. First, observe that if Pref [𝑖] = −1 for any 𝑖, then 𝐶 is not an s-cover of 𝑆 . This follows from the greedy computation of 
FirstOcc, which implies that the prefix of 𝐶 that precedes the first occurrence of 𝑆[𝑖] in 𝐶 does not have a subsequence occurrence 
in 𝑆[0 . . 𝑖− 1]; else, 𝑖 would be in FirstOcc, a contradiction.

We henceforth assume that Pref [𝑖] ≠ −1 for every 𝑖 and show that, in this case, 𝐶 is an 𝑠-cover of 𝑆 if and only if Right[𝑖] ≤ Pref [𝑖]+1
for all 𝑖 ∈ {0,… , 𝑛− 1}. Let FirstOcc = {𝑝0, 𝑝1,… , 𝑝𝑚−1} and LastOcc = {𝑞0, 𝑞1,… , 𝑞𝑚−1}.

(⇐). Assume that Right[𝑖] ≤ Pref [𝑖] + 1.

In this case, position 𝑖 can be covered by a subsequence occupying positions 𝑝0,… , 𝑝𝑗−1, 𝑖, 𝑞𝑗+1,… , 𝑞𝑚−1, for 𝑗 = Pref [𝑖]. As 𝑆[𝑝𝑗 ] =
𝑆[𝑖], this subsequence is equal to 𝐶 , and as 𝑝𝑗 ≤ 𝑖 and 𝑞𝑗+1 > 𝑖 (𝑗 +1 ≥ Right[𝑖]), those positions form an increasing sequence (that is, 
we obtain a valid subsequence).

(⇒). Assume that for some 𝑗 there exists an increasing sequence

𝑟0, 𝑟1,… , 𝑟𝑗−1, 𝑖, 𝑟𝑗+1,… , 𝑟𝑚−1,

such that 𝑆[𝑟0]𝑆[𝑟1]…𝑆[𝑟𝑗−1]𝑆[𝑖]𝑆[𝑟𝑗+1]…𝑆[𝑟𝑚−1] = 𝐶 .

By induction for 𝑘 = 0,… , 𝑗, 𝑟𝑘 ≥ 𝑝𝑘 (including 𝑟𝑗 = 𝑖) and for 𝑘 = 𝑚 − 1,… , 𝑗 + 1, 𝑟𝑘 ≤ 𝑞𝑘. But this means that Pref [𝑖] ≥
𝑗 and Right[𝑖] ≤ 𝑗 + 1. Hence Right[𝑖] ≤ Pref [𝑖] + 1. This completes the proof. □

Note that, under the assumption of a polynomially-bounded integer alphabet, the table PRED can be initialized and updated 
deterministically in linear total time by first sorting the letters of 𝑆 using Radix Sort. We thus arrive at the following result.

Theorem 2.2. Given words 𝐶 and 𝑆 over an integer alphabet {0,… , |𝑆|(1)}, we can check if 𝐶 is an s-cover of 𝑆 in (|𝑆|) time.

In the standard setting (cf. [2]), one can check if a word 𝐶 is a cover of a word 𝑆�-what is more, find the shortest cover of 𝑆�-in 
linear time for any (non-necessarily integer) alphabet. We show below that the existence of such an algorithm for testing a candidate 
s-cover is rather unlikely. Let us introduce a slightly more general version of the s-cover testing problem in which, if 𝐶 is an s-cover 
of 𝑆 , we are to say, for each position 𝑖 in 𝑆 , which position 𝑗 of 𝐶 is actually used to cover 𝑆[𝑖]; if there is more than one such 
position 𝑗, any one of them can be output. Let us call this problem the witness s-cover testing problem. In particular, our algorithm 
solves the witness s-cover testing problem with the answers stored in the Pref array. We next give a comparison-based lower bound 
for the latter.

Theorem 2.3. The witness s-cover testing problem for a word 𝑆 of length 𝑛 (and a word 𝐶) requires Ω(𝑛 log𝑛) time in the comparison model.

Proof. Let us consider a word 𝐶 of length 𝑚 that is composed of 𝑚 distinct letters and a family of words of the form 𝑆 = 𝐶𝑇𝐶 , 
where 𝑇 is a word of length 𝑚 such that Alph(𝑇 ) ⊆ Alph(𝐶). Then 𝐶 is an s-cover of each such word 𝑆 . Each choice of the word 𝑇
implies a different output to the witness s-cover testing problem on 𝐶 and 𝑆 . There are 𝑚𝑚 different outputs, so a decision tree for 
this problem must have depth Ω(log𝑚𝑚) = Ω(𝑚 log𝑚) = Ω(𝑛 log𝑛). □
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We can define the coverage of a word 𝐶 in a word 𝑆 as the number of positions in 𝑆 that are covered by occurrences of 𝐶 in 𝑆
as subsequences. If 𝐶 is not a subsequence of 𝑆 , the coverage is equal to 0. If 𝐶 is an s-cover of 𝑆 , the coverage is equal to |𝑆|.

Even if 𝐶 turns out not to be an s-cover of 𝑆 , Algorithm 1 actually computes the positions of 𝑆 that can be covered using occurrences 
of 𝐶 (they are exactly the positions 𝑖 for which Pref [𝑖] ≥ 0 and Right[𝑖] ≤ Pref [𝑖] + 1). This leads to the following corollary.

Corollary 2.4. Given words 𝐶 and 𝑆 over an integer alphabet {0,… , |𝑆|(1)}, we can compute the coverage of 𝐶 in 𝑆 in (|𝑆|) time.

Hence, our algorithm can be useful to find partial variants of s-covers, defined analogously as for the standard covers [12--14].

3. Maximal lengths of s-primitive words over small alphabets

Let us recall that 𝛾(𝑘) denotes the length of a longest s-primitive word over an alphabet of size 𝑘. It is obvious that 𝛾(1) = 1 and 
𝛾(2) = 3 since there are no square-free words of length larger than 3 over a binary alphabet. In particular, the longest s-primitive 
binary words are 𝑎𝑏𝑎 and 𝑏𝑎𝑏.

The case of ternary words is already more complicated; in this section, we study this case and the case of a quaternary alphabet. 
General bounds on the function 𝛾(𝑘) are shown in Section 5 (weaker but simpler bounds are presented in Section 4).

Observation 3.1. If a factor of the word 𝑆 is not s-primitive, then 𝑆 is also not s-primitive.

Proof. If 𝑆 = 𝑃𝑈𝑄 and 𝐶 is a non-trivial s-cover of 𝑈 , then 𝑃𝐶𝑄 is a non-trivial s-cover of 𝑆 . □

Fact 3.2. 𝛾(3) = 8.

Proof. The word 𝑆 = 𝑎𝑏𝑐𝑎𝑏𝑎𝑐𝑏 is of length 8 and it is s-primitive. Indeed, every s-cover of 𝑆 needs to have a prefix 𝑎𝑏𝑐, a suffix 𝑎𝑐𝑏, 
and no further letters 𝑐. The only word of the form 𝑎𝑏𝑐𝑋𝑎𝑐𝑏, for word |𝑋| ≤ 2 over the alphabet {𝑎, 𝑏}, that is an s-cover of 𝑆 is 𝑆 . 
Hence, 𝛾(3) ≥ 8.

In order to show that this bound is tight, we still have to show that each ternary word of length 9 is not s-primitive. (There are 
19683 ternary words of length 9.) The number of words to consider is substantially reduced by observing that relevant words are 
square-free and do not contain the structure specified in the following claim.

Claim 3.3. If a word 𝑆 over a ternary alphabet contains a factor of the form 𝑎𝑏𝑋𝑏𝑐 for some (maybe empty) word 𝑋 and different letters 
𝑎, 𝑏, 𝑐, then it is not s-primitive.

Proof. The factor 𝑎𝑏𝑋𝑏𝑐 has 𝑎𝑏𝑐 as its s-cover, and thus it is not s-primitive. Consequently, by Observation 3.1, the whole word 𝑆
is not s-primitive. □

Fig. 4 shows a trie of all ternary square-free words starting with 𝑎𝑏, truncated at words that are not s-primitive (in leaves). The 
words in all leaves but one contain the structure from the claim, and for the remaining word, a non-trivial s-cover can be easily given. 
The trie shows that words of length 9 over a ternary alphabet are not s-primitive. □

Fact 3.4. 𝛾(4) = 19.

Proof. Using a computer-assisted verification we have checked that the word 𝑆 = 𝑎𝑏𝑎𝑐𝑎𝑑𝑏𝑎𝑏𝑑𝑐𝑎𝑏𝑐𝑏𝑎𝑑𝑎𝑐, of length 19, is s-primitive. 
Thus 𝛾(4) ≥ 19. We also checked experimentally that 𝛾(4) ≤ 19. Consequently, 𝛾(4) = 19. □

An optimized C++ code used for the experiments can be found at https://github.com/craniac-swistak/s-covers. The program reads 
𝑘 and computes 𝛾(𝑘).

Remark 3.5. There are 2 ⋅3! = 12 s-primitive words of length 𝛾(3) = 8 over ternary alphabet (cf. Fig. 4, for each pair of distinct letters 
there are two s-primitive words starting with these letters). This accounts for less than 0.2% among all 38 ternary words of length 8. 
For a 4-letter alphabet, our program shows that the relative number of s-primitive words of length 𝛾(4) = 19 is very small. There are 
exactly 2496 such words, out of 419, which gives a fraction less than 10−8. This suggests that s-primitive 5-ary words of length 𝛾(5) are 
extremely sparse and finding an s-primitive word over a 5-letter alphabet of length 𝛾(5) could be a challenging task. (In particular, 
in the next subsection we show that 𝛾(5) ≥ 39.)

Table 1 summarizes this section. 

https://github.com/craniac-swistak/s-covers
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c

c

b
a

b
c

a
c

b

a
b

c

c a
b

c 

abacabc

abacbabc

abacbc

abcabaca

abcacbab

abcacbc

abcbabc

abcbaca

abcbacbc

abcabacba

abcabacbc

abcacbaca

Fig. 4. A trie of all ternary square-free words starting with 𝑎𝑏, truncated at words that are not s-primitive (in leaves). Only one word in a leaf (𝑎𝑏𝑐𝑎𝑏𝑎𝑐𝑏𝑎) does not 
contain the structure specified in the claim inside the proof of Fact 3.2, but it still has a non-trivial s-cover 𝑎𝑏𝑐𝑏𝑎. The trie has depth 9 (the leaves with words of length 
9 are shown in frames and the internal nodes of depth 8 corresponding to s-primitive words are drawn as big dots), so 𝛾(3) = 8.

Table 1
The values of 𝛾 for small alphabet size 𝑘.

𝑘 𝛾(𝑘) examples of longest s-primitive words

1 1 𝑎

2 3 𝑎𝑏𝑎

3 8 𝑎𝑏𝑐𝑎𝑏𝑎𝑐𝑏

4 19 𝑎𝑏𝑎𝑐𝑎𝑑𝑏𝑎𝑏𝑑𝑐𝑎𝑏𝑐𝑏𝑎𝑑𝑎𝑐

4. General alphabet, preliminary upper bound

We start with a simple proof of a preliminary upper bound. We use two characteristic subsequences defined below. For a word 𝑆
over alphabet Alph(𝑆) of size 𝑘, let first(𝑆) (resp. last(𝑆)) denote the length-𝑘 word containing all the letters of Alph(𝑆) in the order 
of their first (resp. last) occurrence in 𝑆 .

Example 4.1. We have

first(𝑎𝑏𝑎𝑑𝑏𝑐𝑑) = 𝑎𝑏𝑑𝑐, last(𝑎𝑏𝑎𝑑𝑏𝑐𝑑) = 𝑎𝑏𝑐𝑑.

Lemma 4.2. For a word 𝑆 , let 𝐹 = first(𝑆), 𝐿 = last(𝑆). If the word 𝐹𝐿𝐹𝐿 is a subsequence of 𝑆 , then 𝐹𝐿 is an s-cover of 𝑆 .

Proof. We need to show that each position 𝑖 of 𝑆 is covered by an occurrence of 𝐹𝐿 as a subsequence.

There exists a position 𝑗 in 𝑆 such that 𝐹𝐿 is a subsequence of each of the words 𝑆[ . . 𝑗] and 𝑆(𝑗 . .]. We can assume that 𝑖 ≤ 𝑗; 
the other case is symmetric.

Let 𝑝 be the index such that 𝐹 [𝑝] = 𝑆[𝑖]. It suffices to argue that:

(1) 𝐹 [ . . 𝑝) is a subsequence of 𝑆[ . . 𝑖)
(2) (𝐹𝐿)(𝑝 . .] is a subsequence of 𝑆(𝑖 . .].

Point (1) follows by the definition of 𝐹 = first(𝑆). As for point (2), 𝑆(𝑖 . .] has a subsequence 𝐹𝐿 by the fact that 𝑖 ≤ 𝑗 and the definition 
of 𝑗, and (𝐹𝐿)(𝑝 . .] is a suffix of 𝐹𝐿. □

The next observation follows from Observation 3.1 and the definition of 𝛾(𝑘).

Observation 4.3. If word 𝑆 is s-primitive and |𝑆| > 𝛾(𝑘 − 1), then every factor of 𝑆 of length 𝛾(𝑘 − 1) + 1 contains at least 𝑘 different 
letters.

Fact 4.4. For 𝑘 > 1, 𝛾(𝑘)≤ (2𝑘+ 2) (𝛾(𝑘− 1) + 1) − 1.
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Proof. It is enough to show that if a word 𝑆 satisfies |Alph(𝑆)| = 𝑘 and |𝑆| = (2𝑘+2) (𝛾(𝑘−1)+1), then 𝑆 is not s-primitive. Assume 
to the contrary, that such a word 𝑆 is s-primitive. Let 𝐹 = first(𝑆), 𝐿 = last(𝑆). We will show that 𝐹𝐿𝐹𝐿 is a subsequence of 𝑆 . By 
Lemma 4.2, this will yield a contradiction as |𝐹𝐿| = 2𝑘 < |𝑆|.

Let us partition 𝑆 into blocks 𝑆1, 𝑆2,… , 𝑆2𝑘+2 of length 𝛾(𝑘 − 1) + 1. By Observation 4.3, each of the blocks contains all the 𝑘
different letters of 𝑆 .

Hence, 𝐹 is a subsequence of 𝑆1, 𝐿 (as a length-𝑘 word) is a subsequence of 𝑆2𝑆3⋯𝑆𝑘+1, 𝐹 is a subsequence of 𝑆𝑘+2𝑆𝑘+3⋯𝑆2𝑘+1, 
and 𝐿 is a subsequence of 𝑆2𝑘+2. Consequently, 𝐹𝐿𝐹𝐿 is a subsequence of 𝑆 . □

In the next section, we show how to improve the preliminary bound on 𝛾(𝑘) from Fact 4.4.

5. General alphabet, lower bound and improved upper bound

5.1. Lower bound

We need the following straightforward fact.

Observation 5.1. If a letter 𝑎 occurs in a word 𝑆 = 𝑆′𝑎𝑆′′ only once, then 𝐶 is an s-cover of 𝑆 if and only if 𝐶 = 𝐶 ′𝑎𝐶 ′′, where 𝐶 ′,𝐶 ′′

are s-covers of 𝑆′, 𝑆′′, respectively.

First we obtain a recurrence showing the relation between 𝛾(𝑘) and 𝛾(𝑘− 1) in general case. Then we use the word from Fact 3.4

as a base of the recurrence.

Lemma 5.2. For 𝑘≥ 2 we have 𝛾(𝑘) ≥ 2 ⋅ 𝛾(𝑘− 1) + 1.

Proof. Let 𝑆 be an s-primitive word of length 𝛾(𝑘− 1) with |Alph(𝑆)| = 𝑘− 1 and 𝑎 ∉ Alph(𝑆). Then, by Observation 5.1, 𝑆′ = 𝑆𝑎𝑆

is s-primitive. We have |Alph(𝑆′)| = 𝑘 and |𝑆′| = 2 ⋅ 𝛾(𝑘− 1) + 1. □

Theorem 5.3 (Lower bound). For 𝑘≥ 4 we have 𝛾(𝑘) ≥ 5 ⋅ 2𝑘−2 − 1.

Proof. Due to Fact 3.4, 𝛾(4) = 19 = 5 ⋅ 24−2 − 1. By Lemma 5.2 and induction, we have for 𝑘 > 4,

𝛾(𝑘) ≥ 2 ⋅ 𝛾(𝑘− 1) + 1 ≥ 2 ⋅ (5 ⋅ 2𝑘−3 − 1) + 1 = 5 ⋅ 2𝑘−2 − 1. □

5.2. Two combinatorial facts

We define the following condition for two words 𝑋,𝑌 of length at least 2.

Φ(𝑋,𝑌 ): there exist factors 𝑎1𝑎2 of 𝑋 and 𝑏1𝑏2 of 𝑌 , where 𝑎1, 𝑎2, 𝑏1, 𝑏2 are letters, satisfying

𝑎1 ∉ {𝑏1, 𝑏2} ∧ 𝑏2 ∉ {𝑎1, 𝑎2}. (2)

Example 5.4. We have Φ(𝑋,𝑌 ) for 𝑋 = 𝑎𝑏𝑐𝑎, 𝑌 = 𝑎𝑎𝑐𝑑𝑑𝑑.

The proof of the following technical lemma is deferred to Section 8.

Lemma 5.5 (XY-Lemma). If 𝑋,𝑌 are square-free words of length 4 and 6, respectively, then Φ(𝑋,𝑌 ).

For a word 𝑆 = 𝑎1𝑎2 . . 𝑎𝑛 of length 𝑛 ≥ 4 we introduce yet another, similar condition:

Ψ(𝑆) ⇔ Φ(𝑎1𝑎2, 𝑎𝑛−1𝑎𝑛).

We assume that Ψ(𝑆) holds if 𝑛 ≤ 3.

Example 5.6. We have Ψ(𝑎𝑏𝑏𝑐) but not Ψ(𝑎𝑏𝑐𝑏).

The following fact is a consequence of the previous lemma; see Fig. 5.

Corollary 5.7. If 𝑊 is square-free, then 𝑊 contains a factor 𝑊 ′ such that |𝑊 ′| ≥ |𝑊 |− 6 and Ψ(𝑊 ′).
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𝑊

𝑊 ′

𝑈 𝑉

𝑋 𝑌

Fig. 5. Illustration of Corollary 5.7. |𝑋|= 4, |𝑌 | = 6 and |𝑈 |= |𝑉 | = 2, consequently |𝑊 ′| ≥ |𝑊 |− 6. If Φ(𝑈,𝑉 ) then Ψ(𝑊 ′). 

Proof. We assume that |𝑊 | ≥ 10 since for |𝑊 | < 10, Ψ(𝑊 ′) is true for 𝑊 ′ =𝑊 [0 . . min(3, |𝑊 |)).
If |𝑊 | ≥ 10, then consider the prefix 𝑋 of 𝑊 of length 4 and the suffix 𝑌 of 𝑊 of length 6; see Fig. 5. By Lemma 5.5, Φ(𝑋,𝑌 ) holds. 

Let 𝑈 = 𝑎1𝑎2 and 𝑉 = 𝑏1𝑏2 be the factors of 𝑋 and 𝑌 , respectively, that satisfy the corresponding condition (2), with 𝑈 =𝑋[𝑖 . . 𝑖+1]
and 𝑉 = 𝑌 [𝑗 . . 𝑗 + 1]. Then Ψ(𝑊 ′) holds for the factor 𝑊 ′ =𝑊 [𝑖 . . (|𝑊 |− 6) + 𝑗 + 1]; we have |𝑊 ′| = |𝑊 |− 4 + 𝑗 − 𝑖 ≥ |𝑊 |− 6 as 
𝑖 ≤ 2, 𝑗 ≥ 0. □

Example 5.8. The number 6 in the above corollary cannot be decreased. The word 𝑊 = 𝑎𝑏𝑐𝑎𝑏𝑎𝑑𝑎𝑏𝑎𝑐𝑏𝑎 is square-free (and s
primitive, and a palindrome). For every factor 𝑊 ′ of 𝑊 of length |𝑊 ′| ≥ |𝑊 | − 5, Ψ(𝑊 ′) does not hold. Let us note that 𝑊 ′′ =
𝑏𝑎𝑑𝑎𝑏𝑎𝑐 is a factor of 𝑊 of length |𝑊 |− 6 such that Ψ(𝑊 ′′) holds.

5.3. Upper bound

In this section, we give a refined upper bound 𝛾(𝑘) ≤ (2𝑘− 2)𝛾(𝑘− 1) + 6 for 𝑘 ≥ 4.

To prove it we need to show that if a word 𝑆 satisfies |Alph(𝑆)| = 𝑘 and |𝑆| > (2𝑘− 2)𝛾(𝑘− 1) + 6, then 𝑆 is not s-primitive. By 
Corollary 5.7 and Observation 3.1 we know that it is enough to prove this fact for 𝑆 such that Ψ(𝑆) and |𝑆| > (2𝑘 − 2)𝛾(𝑘 − 1) (a 
factor of the original 𝑆).

Let 𝐹 = first(𝑆). If the last letter of 𝐹 and the first letter of last(𝑆) are different, then let 𝐿 = last(𝑆), otherwise let 𝐿 equal last(𝑆)
with the first letter deleted.

Observation 5.9. 𝐹𝐿 does not contain any equal adjacent letters.

Words 𝐹 ,𝐿 have the following useful property.

Observation 5.10. If 𝑆[𝑖] equals the 𝑗th letter of 𝐹 , then there is a sequence of 𝑗 positions 𝑖1 < 𝑖2 <⋯ < 𝑖𝑗 = 𝑖 such that 𝑆[𝑖1]𝑆[𝑖2]⋯𝑆[𝑖𝑗 ]
is a prefix of 𝐹 . A symmetric ``reverse'' property holds for 𝐿.

Lemma 5.11. If Ψ(𝑆) and 𝑆 is s-primitive then |𝑆|≤ (2𝑘− 2)𝛾(𝑘− 1).

Proof. The proof is by contradiction. We show that if 𝑆 is s-primitive and |𝑆| > (2𝑘− 2)𝛾(𝑘− 1), then 𝐹𝐿 is an s-cover of 𝑆 .

Let us cover 𝑆 with 2𝑘−2 blocks, each of length 𝛾(𝑘−1)+ 1, with overlaps of one position between consecutive blocks. The final 
block can be longer if |𝑆| > (2𝑘− 2) ⋅ 𝛾(𝑘− 1) + 1.

Let 𝐵1,𝐵2,… ,𝐵2𝑘−2 denote the respective blocks and 𝐓 = 𝐵1𝐵2⋯𝐵2𝑘−2 be their concatenation. Observation 5.9 implies the 
following.

Observation 5.12. 𝐹𝐿 is an s-cover of 𝑆 if and only if it is an s-cover of 𝐓.

Proof. Word 𝐓 is the word 𝑆 with some letters duplicated. If 𝐹𝐿 is an s-cover of 𝑆 , then the duplicates of letters that occur in 𝐓 can 
be covered using the same subsequences as the originals. Conversely, if 𝐹𝐿 is an s-cover of 𝐓, each subsequence of 𝐓 equal to 𝐹𝐿
transforms to a subsequence equal to 𝐹𝐿 in 𝑆 by removing the duplicated letters. Indeed, by Observation 5.9, a subsequence equal 
to 𝐹𝐿 of 𝐓 uses at most one of each pair of equal adjacent letters. □

Therefore, it suffices to show that 𝐹𝐿 is an s-cover of 𝐓. By Observation 4.3, each block in 𝐓 contains all the 𝑘 letters. The first and 
the last block in 𝐓 contain 𝐹 and 𝐿 as a subsequence, respectively. Any 𝑘−3 consecutive blocks contain 𝐹− or 𝐿− as a subsequence, 
where 𝑋− (respectively 𝑋−) is the word obtained from 𝑋 by deleting the first (last, respectively) three letters.

Hence there is a decomposition 𝐓 = 𝐴 𝐵 𝑈𝑉 𝐶 𝐷, where 𝑈,𝑉 are middle blocks, 𝐴 is the first block and contains 𝐹 , 𝐵 contains 
𝐿−, 𝑈 and 𝑉 each contain every distinct letter, 𝐶 contains 𝐹−, and 𝐷 contains 𝐿.

Assume we want to cover a position 𝑖 with an occurrence of 𝐹𝐿 as a subsequence. We start by showing that each position 𝑖 inside 
the 𝑈𝑉 block is covered. It is enough to prove the following claim for the simplified version 𝐓′ of 𝐓 in which the outer blocks are 
replaced only by the letters used when a position inside 𝑈𝑉 is covered with an occurrence of 𝐹𝐿.

We notice that Ψ(𝐓)⇔Ψ(𝐓′), since the first two and last two letters in both words match.

Claim 5.13 (Middle-blocks). Let 𝑘 ≥ 4 and 𝐓′ = 𝐹 ⋅𝐿− ⋅𝑈 ⋅𝑉 ⋅𝐹− ⋅𝐿, where 𝐹 is a permutation of Alph(𝐓′) and either 𝐿 or 𝐹 [|𝐹 |−1]𝐿
is a permutation of Alph(𝐓′). Assume that Ψ(𝐓′) holds and each of 𝑈 , 𝑉 contains all letters from Alph(𝐓′). Then 𝐹𝐿 is an s-cover of 𝐓′.
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𝑎1 𝑎2 𝑎3 𝑎4 𝑎5 𝑎6 𝑏1 𝑏2 𝑏3 𝑎4 𝑎5 𝑎6 𝑏1 𝑏2 𝑏3 𝑏4 𝑏5 𝑏6
𝑎1

𝑈 𝑉

𝑎1 = 𝑏3

𝑎1 𝑎2 𝑎3 𝑎4 𝑎5 𝑎6 𝑏1 𝑏2 𝑏3 𝑎4 𝑎5 𝑎6 𝑏1 𝑏2 𝑏3 𝑏4 𝑏5 𝑏6
𝑏4 𝑎2

𝑎2 = 𝑏5

𝑎1 𝑎2 𝑎3 𝑎4 𝑎5 𝑎6 𝑏1 𝑏2 𝑏3 𝑎4 𝑎5 𝑎6 𝑏1 𝑏2 𝑏3 𝑏4 𝑏5 𝑏6
𝑎2 𝑎3

Fig. 6. We have here Ψ(𝐓′), where 𝐓′ = 𝐹 ⋅𝐿− ⋅𝑈 ⋅ 𝑉 ⋅ 𝐹− ⋅𝐿, 𝐹 = 𝑎1 ⋯𝑎6 , 𝐿 = 𝑏1 ⋯𝑏6 . In the construction, we use the fact that 𝑎1 ≠ 𝑏5 , 𝑎1 ≠ 𝑏6 and 𝑎2 ≠ 𝑏6 . The 
big dots show the 𝐹𝐿-subsequences covering a chosen position 𝑖 in 𝑈𝑉 containing 𝑎1 or 𝑎2 . In the last two cases, we find an additional position in 𝑈,𝑉 containing 
𝑏4 , 𝑎3 , respectively. The case 𝐓′[𝑖] = 𝑏6 ∨𝐓′[𝑖] = 𝑏5 is symmetric.

𝑈 𝑉

𝑎2 𝑎3 𝑎4 𝑎5 𝑎6 𝑏1 𝑏2 𝑏3 𝑏4 𝑏5 𝑏6𝑎1

𝑈 𝑉

𝑎2 𝑎3 𝑎4 𝑎5 𝑎6 𝑏1 𝑏2 𝑏3 𝑏4 𝑏5 𝑏6𝑎1 𝑎2 𝑎3 𝑎4

Fig. 7. Illustration of covering a position 𝑖∈𝐴𝐵 (encircled; to the left of 𝑈𝑉 ). We show the cases 𝐓[𝑖] = 𝑎1 and 𝐓[𝑖] = 𝑎4 . 

Proof. It suffices to show that each position in 𝑈 ⋅𝑉 is covered by 𝐹𝐿. Let 𝐹 = 𝑎1𝑎2⋯𝑎𝑘, 𝐿 = 𝑏1𝑏2⋯𝑏𝑘′ (𝑘′ ∈ {𝑘−1, 𝑘}). Let 𝑖 be a 
position in 𝐓′ that is located in 𝑈𝑉 . There are three critical cases when 𝐓′[𝑖] ∈ {𝑎1, 𝑎2}. Fig. 6 illustrates the proof for each of these 
cases.

Case 1: 𝐓′[𝑖] = 𝑎1. Due to condition Ψ(𝐓′) we have 𝑎1 = 𝑏𝑗 , 𝑗 < 𝑘′ − 1. Then 𝐹𝐿 covers position 𝑖 as follows: 𝑎1𝑎2⋯𝑎𝑘𝑏1𝑏2⋯𝑏𝑗−1
is a prefix of 𝐹𝐿−, 𝑏𝑗 = 𝐓′[𝑖], and 𝑏𝑗+1⋯𝑏𝑘′ is a suffix of 𝐿.

Case 2: (𝐓′[𝑖] = 𝑎2) ∧ (𝑖 ∈ 𝑉 ). Again, due to Ψ(𝐓′), 𝑎2 = 𝑏𝑗 , 𝑗 < 𝑘′. Then 𝐹𝐿 covers position 𝑖 as follows: 𝑎1𝑎2⋯𝑎𝑘𝑏1𝑏2⋯𝑏𝑗−2 is a 
prefix of 𝐹𝐿−, 𝑏𝑗−1 ∈𝑈 , 𝑏𝑗 = 𝐓′[𝑖], and 𝑏𝑗+1⋯𝑏𝑘′ is a suffix of 𝐿.

Case 3: (𝐓′[𝑖] = 𝑎2) ∧ (𝑖 ∈𝑈 ). Now we can select 𝑎3 ∈ 𝑉 and 𝐹𝐿 covers 𝑖.

The condition Ψ(𝐓′) is crucial here. The remaining cases, that is, 𝐓′[𝑖] ∉ {𝑎1, 𝑎2}, are straightforward (the condition Ψ(𝐓′) does 
not play a role).

Indeed, let 𝐓′[𝑖] = 𝑎𝑗 with 𝑗 > 2. Then 𝐹𝐿 covers position 𝑖 as follows: 𝑎1𝑎2⋯𝑎𝑗−1 is a prefix of 𝐹 (hence, of 𝐹𝐿−), 𝑎𝑗 = 𝐓′[𝑖], 
and 𝑎𝑗+1⋯𝑎𝑘𝐿 is a suffix of 𝐹−𝐿 (as 𝑗 + 1 > 3). This completes the proof of the claim. □

By the claim, every position in the middle blocks of 𝐓 = 𝐴 𝐵 𝑈𝑉 𝐶 𝐷 is covered by an occurrence of 𝐹𝐿. Now it remains to show 
how we can cover the remaining positions of 𝐓.

Case 1: 𝑖 is to the left of 𝑈𝑉 . Let 𝐓[𝑖] = 𝑎𝑗 . Then, due to Observation 5.10, there is a sequence of positions 𝑖1 < 𝑖2 <⋯ < 𝑖𝑗 = 𝑖 such 
that 𝐓[𝑖1]𝐓[𝑖2]⋯𝐓[𝑖𝑗 ] = 𝑎1𝑎2⋯𝑎𝑗 . The word 𝑈𝑉 𝐶 has a subsequence 𝑎𝑗+1𝑎𝑗+2⋯𝑎𝑘 and the word 𝐷 has a subsequence 
𝐿. Hence, 𝐹𝐿 covers 𝑖. Fig. 7 shows the case when 𝑘 = 6 and 𝐓𝑖 = 𝑎1 or 𝐓𝑖 = 𝑎4.

Case 2: 𝑖 is to the right of 𝑈𝑉 . The proof is symmetric to Case 1.

Assuming that 𝑆 is s-primitive, we derived a contradiction: 𝐹𝐿 is an s-cover of 𝐓, and consequently, due to Observation 5.12, of 
𝑆 . This completes the proof of the lemma. □

Lemma 5.11 and XY-Lemma (Lemma 5.5) directly imply the following upper bound for general case.

Theorem 5.14 (Upper bound). For 𝑘≥ 4, 𝛾(𝑘) ≤ (2𝑘− 2)𝛾(𝑘− 1) + 6.

Let us define

Δ(4) = 19, Δ(𝑘) = (2𝑘− 2) ⋅Δ(𝑘− 1) + 6 for 𝑘 > 4. (3)
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In the conference version of the paper [15], we showed

𝛾(𝑘) ≤ 𝑃 (𝑘), where 𝑃 (𝑘) = 2𝑘 ⋅ 𝑃 (𝑘− 1) for 𝑘 > 5, 𝑃 (4) = 19.

Here we improve this bound by replacing 𝑃 (𝑘) by Δ(𝑘). We have

Δ(5) = 158, Δ(6) = 1586, Δ(7) = 19038, Δ(8) = 266538.

𝑃 (5) = 190, 𝑃 (6) = 2280, 𝑃 (7) = 32046, 𝑃 (8) = 512736.

Furthermore, it can be shown by induction that for 𝑘 ≥ 4, Δ(𝑘) < 2𝑘−1 𝑘!. Therefore, Theorem 5.3, Fact 3.4 and Theorem 5.14

imply the following bounds.

Corollary 5.15. For 𝑘≥ 4, we have

5 ⋅ 2𝑘−1 − 1 ≤ 𝛾(𝑘) < 𝑘! ⋅ 2𝑘−1.

6. Computing s-covers

The following observation is a common property of s-covers and standard covers.

Observation 6.1. If 𝐶 is an s-cover of 𝑆 and 𝐶 ′ is an s-cover of 𝐶 , then 𝐶 ′ is an s-cover of 𝑆 .

Theorem 6.2. Let 𝑆 be a length-𝑛 word over an integer alphabet of size 𝑘= 𝑛(1).

(a) A shortest s-cover of 𝑆 can be computed in (𝑛 ⋅min(2𝑛, (𝑘− 1)𝛾(𝑘))) time.

(b) One can check if 𝑆 is s-primitive and, if not, return a non-trivial s-cover of 𝑆 in (𝑛+ 2𝛾(𝑘)𝛾(𝑘)) time.

(c) An s-cover of 𝑆 of length at most 𝛾(𝑘) can be computed in (𝑛2𝛾(𝑘)𝛾(𝑘)) time.

Proof. We prove each of the three points separately.

Point (a). By Observation 6.1, a shortest s-cover of 𝑆 is s-primitive. By the definition of 𝛾(𝑘), every shortest s-cover 𝐶 of 𝑆 is a word 
of length up to 𝛾(𝑘). Moreover, every such 𝐶 starts with the same letter as 𝑆 and 𝐶[𝑖] ≠ 𝐶[𝑖 − 1] holds for all 𝑖 ∈ {1,… , |𝐶| − 1}. 
Thus the number of words that need to be tested is bounded by 

∑𝛾(𝑘)−1
𝓁=0 (𝑘 − 1)𝓁 = ((𝑘 − 1)𝛾(𝑘)). On the other hand, there are 2𝑛

subsequences of 𝑆 . Hence, there are min(2𝑛, (𝑘 − 1)𝛾(𝑘)) candidates to be checked. With the aid of the algorithm from Theorem 2.2

we can generate and check each candidate in (𝑛) time. This gives the desired complexity.

Point (b). If 𝑛 ≤ 𝛾(𝑘), we can use the algorithm from (a) which works in (2𝛾(𝑘)𝛾(𝑘)) time. Otherwise, 𝑆 is not s-primitive. We can 
find a non-trivial s-cover of 𝑆 as follows.

Let 𝑆 = 𝑆′𝑆′′ where |𝑆′| = 𝛾(𝑘) + 1. We can use the algorithm from (a) to compute a shortest s-cover 𝐶 of 𝑆′ in (2𝛾(𝑘)𝛾(𝑘))
time. Then 𝐶 is a non-trivial s-cover of 𝑆′. Then, we can output 𝐶𝑆′′ as a non-trivial s-cover of 𝑆 (cf. Observation 3.1). This takes 
(𝑛+ 2𝛾(𝑘)𝛾(𝑘)) time.

Point (c). By Observation 6.1, any s-cover of an s-cover of 𝑆 will be an s-cover of 𝑆 . We can thus repeatedly apply the algorithm 
underlying (b), apart from outputting the computed non-trivial s-cover. More precisely, in each step the current word is represented 
as a concatenation of a word of length up to 𝛾(𝑘) and a suffix of 𝑆 .

As each application of this algorithm removes at least one letter of 𝑆 , the number of steps is at most 𝑛 − 𝛾(𝑘). Each step takes 
(2𝛾(𝑘)𝛾(𝑘)) time and hence the conclusion follows. □

Corollary 6.3. A shortest s-cover of a word over a constant-sized alphabet can be computed in linear time.

The algorithm from Theorem 6.2(a) can be slightly improved to work in

(min(2𝑛𝑛, (𝑛+ 𝛾(𝑘))𝛼(𝑘,2)𝛾(𝑘)))

time, where

𝛼(𝑘,2) = 𝑘− 1 − 1 
𝑘−1 −

1 
(𝑘−1)3 +

(
1 
𝑘5

)

is an upper bound on the growth rate of square-free words over an alphabet of size 𝑘; see [16].
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𝑎 𝑏 𝑐 𝑎 𝑑 𝑐 𝑏 𝑎

𝑎 𝑏 𝑐 𝑎 𝑑 𝑐 𝑏 𝑎

𝑎 𝑏 𝑐 𝑎 𝑑 𝑏 𝑐 𝑎 𝑐 𝑏 𝑑 𝑎 𝑐 𝑏 𝑎

Fig. 8. 𝐶1 = 𝑎𝑏𝑐𝑎 𝑑 𝑐𝑏𝑎 is a shortest s-cover of 𝑆 = 𝑎𝑏𝑐𝑎 𝑑 𝑏𝑐𝑎𝑐𝑏 𝑑 𝑎𝑐𝑏𝑎 (a palindrome). Hence 𝐶𝑅
1 = 𝐶2 = 𝑎𝑏𝑐 𝑑 𝑎𝑐𝑏𝑎 is also an s-cover. 

7. The number of distinct shortest s-covers

In the case of standard covers, if a word 𝑆 has two covers 𝐶,𝐶 ′, then one of 𝐶,𝐶 ′ is a cover of the other. This property implies, 
in particular, that a word has exactly one shortest cover. In this section, we show that analogous properties do not hold for s-covers. 
There exist words 𝑆 having two s-covers 𝐶,𝐶 ′ such that none of 𝐶,𝐶 ′ is an s-cover of the other; e.g. 𝑆 = 𝑎𝑏𝑐𝑎𝑏𝑐𝑎𝑏𝑐𝑏, 𝐶 = 𝑎𝑏𝑐𝑏 and 
𝐶 ′ = 𝑎𝑏𝑐𝑎𝑐𝑏. Moreover, a word can have many different shortest s-covers, as shown in Theorem 7.3.

We start with an example of a word 𝑆 of length 15 (see Fig. 8) with two different shortest s-covers and then extend it recursively.

Lemma 7.1. The word 𝑆 = 𝑎𝑏𝑐𝑎 𝑑 𝑏𝑐𝑎𝑐𝑏 𝑑 𝑎𝑐𝑏𝑎 has two different s-covers of length 8, 𝐶1 = 𝑎𝑏𝑐𝑎 𝑑 𝑐𝑏𝑎 and 𝐶2 = 𝑎𝑏𝑐 𝑑 𝑎𝑐𝑏𝑎 (cf. Fig. 8). It 
does not have any shorter s-cover.

Proof. Let 𝑆 = 𝑎𝑏𝑐𝑎𝑑𝑏𝑐𝑎𝑐𝑏𝑑𝑎𝑐𝑏𝑎. Fig. 8 illustrates that 𝑆 has two s-covers of length 8. We show they are the shortest s-covers.

Any s-cover of 𝑆 must contain the letter 𝑑 and before its first occurrence letters 𝑎, 𝑏, 𝑐 (in that order) must appear. Symmetrically, 
after this letter, letters 𝑐, 𝑏, 𝑎 must appear. The only word of length smaller than 8 which satisfies this property is 𝑎𝑏𝑐 𝑑 𝑐𝑏𝑎; however, 
this is not an s-cover of 𝑆 (as it does not cover the middle letter 𝑎 in 𝑆). □

Remark 7.2. Assume 𝑎1, 𝑎2, 𝑎3,⋯ , 𝑎𝑚 are new letters which are pairwise distinct. Let us take the word of the form

𝑆 𝑎1 𝑆 𝑎2 𝑆 𝑎3 𝑆 ⋯ 𝑆 𝑎𝑚,

of length 𝑛.

This word has 2𝑚 = 2
𝑛 
16 distinct shortest s-covers, due to a straightforward extension of Observation 5.1. However, the number of 

distinct letters is here Ω(𝑛). In the following theorem, we show that it can be lowered to 𝑂(log 𝑛).

Theorem 7.3. For every positive integer 𝑛 there exists a word of length 𝑛 over an alphabet of size (log𝑛) that has at least 2⌊ 𝑛+116 ⌋ different 
shortest s-covers.

Proof. Assume 𝑎1, 𝑎2, 𝑎3⋯ are new distinct letters. We now construct a sequence of words 𝑇𝑖 such that 𝑇0 = 𝑆 and 𝑇𝑖 =
𝑇𝑖−1𝑎𝑖𝑇𝑖−1 for 𝑖 > 0. The word 𝑇𝑖 has length 16 ⋅ 2𝑖 − 1 = 2𝑖+4 − 1. Let us consider an infinite word 𝑇 containing each 𝑇𝑖 as its 
prefix (it is well defined as each 𝑇𝑖 is a prefix of 𝑇𝑖+1). We show by induction, using Observation 5.1, the following fact.

𝑇 [0 . . 𝑛) has exactly 2⌊ 𝑛+116 ⌋ different shortest covers.

The base case for 𝑛 ≤ 15 holds as every word has a shortest s-cover and for 𝑛 = 15 we apply Lemma 7.1 as 𝑇 [ . . 15) = 𝑆 .

Assume that 𝑛 > 15 and 2𝑖+4 ≤ 𝑛 < 2𝑖+5. Then

𝑇 [0 . . 𝑛) = 𝑇𝑖+1[0 . . 𝑛) = 𝑇𝑖 𝑎𝑖+1 𝑇𝑖[0 . . 𝑛− 2𝑖+4).

By Observation 5.1, the number of shortest s-covers of 𝑇 [ . . 𝑛) is the number of shortest s-covers of 𝑇𝑖 times the number of shortest 
s-covers of 𝑇 [0 . . 𝑛− 2𝑖+4), that is

2
2𝑖+4
16 ⋅ 2⌊ 𝑛−2

𝑖+4+1
16 ⌋ = 2⌊ 𝑛+116 ⌋,

as desired. □

8. Proof of XY-Lemma (Lemma 5.5)

It will be convenient in the proof to use a ``reversed'' version of Φ. We say that 𝑋 matches 𝑌 if Φ(𝑋,𝑌 𝑅), where 𝑌 𝑅 is the reverse 
of 𝑌 . In other words, 𝑋 matches 𝑌 if there are length-2 factors 𝑎1𝑎2 and 𝑏1𝑏2 of 𝑋 and 𝑌 , respectively, satisfying the inequalities 
represented by edges in Fig. 9. Let 𝐴,𝐵,𝐶,𝐷 be pairwise distinct letters.

Observation 8.1. 

(1) If 𝑍1,𝑍2,𝑍 are three different letters, then 𝑍1𝑍 matches 𝑍2𝑍 .

(2) If 𝑉 ∈ {𝐴𝐶, 𝐵𝐴, 𝐶𝐵, 𝐴𝐷, 𝐵𝐷, 𝐶𝐷}, then 𝐴𝐵𝐶𝐴 matches 𝑉 .
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𝑎1 𝑎2 𝑏1 𝑏2

Fig. 9. 𝑎1𝑎2 matches 𝑏1𝑏2 . The edges mean that two connected symbols are different. 

Lemma 5.5 is readily equivalent to the following fact:

Claim 8.2. Assume |𝑋| = 4, |𝑌 | = 6 and both 𝑋,𝑌 are square-free. Then 𝑋 matches 𝑌 .

The proof is split into proofs of two claims. The first one concerns the situation when 𝑌 satisfies one of several simple conditions. 
The second one is when none of these conditions is satisfied. Let Γ = {𝜆1, 𝜆2, 𝜆3, 𝜆4},

𝜆1 =𝐴𝐵𝐴𝐶, 𝜆2 =𝐴𝐵𝐶𝐴, 𝜆3 =𝐴𝐵𝐶𝐵, 𝜆4 =𝐴𝐵𝐶𝐷.

Observation 8.3. Each 𝜆𝑖 contains 𝐴𝐵 and contains 𝐵𝐴 or 𝐵𝐶 .

Each length-4 square-free word 𝑋 is equal, after one-to-one renaming of letters, to one of the words in Γ. The mapping of letters 
assigns, in a left-to-right order, to each letter of 𝑋 that does not have a previous occurrence the first unused letter in 𝐴,𝐵,𝐶,𝐷. 
For example, 𝐴𝐷𝐴𝐵 is ``isomorphic'' to 𝐴𝐵𝐴𝐶 . Let Γ′ be the set of all length-6 square-free words 𝑌 satisfying at least one of the 
following conditions:

1. the length-5 prefix of 𝑌 contains a letter outside {𝐴,𝐵,𝐶}
2. 𝑌 contains 𝐶𝐵
3. the length-5 prefix of 𝑌 contains 𝐴𝐶
4. the length-4 prefix of 𝑌 contains 𝐵𝐴.

Claim 8.4. If 𝑋 ∈ Γ and 𝑌 ∈ Γ′, then 𝑋 matches 𝑌 .

Proof of the claim. We consider each condition separately. We find matching length-2 factors 𝑈 and 𝑉 of 𝑋 and 𝑌 , respectively.

Condition 1. If 𝑌 [𝑖] ∉ {𝐴,𝐵,𝐶} for 𝑖 < 5, then let 𝑉 = 𝑌 [𝑖 . . 𝑖+ 1]. For each 𝑋 ∈ Γ, we will identify a corresponding length-2 factor 
𝑈 such that 𝑈 matches 𝑉 . If 𝑌 [𝑖 + 1] = 𝐴, we can take as 𝑈 any of the two words 𝐵𝐴, 𝐵𝐶 , since each word in Γ contains one of 
𝐵𝐴, 𝐵𝐶 as a factor. If 𝑌 [𝑖+ 1] ≠𝐴, then take 𝑈 =𝐴𝐵.

Condition 2. If 𝑌 contains 𝑉 = 𝐶𝐵, we take 𝑈 =𝐴𝐵. Each word in Γ contains 𝐴𝐵.

Condition 3. If 𝑌 contains 𝑉 =𝐴𝐶 , then it matches 𝜆2, 𝜆3, 𝜆4 since each of them contains 𝑈 =𝐵𝐶 .

Hence we can assume that 𝑋 = 𝜆1 = 𝐴𝐵𝐴𝐶 . Denote by 𝑍 the next letter after 𝐶 in 𝑌 . If 𝑍 = 𝐵 then 𝑉 = 𝐶𝐵 was already 
considered in the previous condition. If 𝑍 ∉ {𝐴,𝐵,𝐶}, then we can take 𝑈 = 𝐴𝐵, 𝑉 = 𝐶𝑍 . Hence we can assume 𝑍 = 𝐴 and take 
𝑉 = 𝐶𝐴, which matches 𝐵𝐴 which is contained in 𝜆1.

Condition 4. If 𝐵𝐴 appears in the length-4 prefix of 𝑌 , then we can assume that 𝐵𝐴 is followed by 𝐵𝐶 or 𝐵𝑍 , where 𝑍 ∉ {𝐴,𝐵,𝐶}
(otherwise we would have one of the previous conditions or a square in 𝑌 ). Then 𝑌 contains 𝐵𝐴𝐵𝐶 or 𝐵𝐴𝐵𝑍 . Each 𝜆𝑖 matches 
𝐵𝐴𝐵𝐶 and 𝐵𝐴𝐵𝑍 . Hence 𝑋 matches 𝑌 . □

Claim 8.5. If 𝑋 ∈ Γ and 𝑌 ∉ Γ′ is a square-free word, then 𝑋 matches 𝑌 .

Proof. The length-4 prefix 𝑌 ′ of 𝑌 contains only letters 𝐴,𝐵,𝐶 and contains none of 𝐵𝐴,𝐴𝐶,𝐶𝐵,𝐴𝐴,𝐵𝐵,𝐶𝐶 as its factor. Hence

𝑌 ′ ∈ {𝐴𝐵𝐶𝐴, 𝐵𝐶𝐴𝐵, 𝐶𝐴𝐵𝐶}.

This implies that each possible word 𝑌 ′ contains each of 𝐴𝐵,𝐵𝐶,𝐶𝐴 as a factor.

Let us note that 𝐴𝐶 in 𝜆1 matches 𝐵𝐶 (see point (1) of Observation 8.1), 𝐶𝐵 in 𝜆3 matches 𝐴𝐵, and 𝐶𝐷 in 𝜆4 matches 𝐴𝐵. 
Hence, each 𝜆𝑖, for 𝑖 ≠ 2, matches one of 𝐴𝐵,𝐵𝐶,𝐶𝐴. Consequently, if 𝑖≠ 2, 𝑋 = 𝜆𝑖 matches 𝑌 since 𝑌 contains each of 𝐴𝐵,𝐵𝐶,𝐶𝐴.

We are left with the case 𝑋 = 𝜆2 = 𝐴𝐵𝐶𝐴. Observe that 𝑌 ′ has period 3. We also know that 𝑌 has length 6 and is square-free. 
Hence the period 3 of 𝑌 ′ is broken at position 𝑖 = 5 or 𝑖 = 6. Let 𝑉 = 𝑌 [𝑖− 1]𝑌 [𝑖]. We have that

𝑉 ∈ {𝐴𝐶, 𝐵𝐴, 𝐶𝐵} or 𝑉 ∈ {𝐴,𝐵,𝐶} ⋅𝑍 where 𝑍 ∉ {𝐴,𝐵,𝐶}.
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Table 2
Our algorithmic results.

Problem Complexity Note

Testing if a single candidate is an s-cover (𝑛) Theorem 2.2

Finding a shortest s-cover (𝑛 ⋅min(2𝑛, (𝑘− 1)𝛾(𝑘)))
Theorem 6.2Finding any s-cover (𝑛+ 2𝛾(𝑘)𝛾(𝑘))

Finding an s-cover of length at most 𝛾(𝑘) (𝑛2𝛾(𝑘)𝛾(𝑘))

Then, due to point (2) in Observation 8.1, 𝜆2 = 𝐴𝐵𝐶𝐴 matches 𝑉 . Consequently, 𝑋 matches 𝑌 . This completes the proof of the 
claim. □

The thesis of Lemma 5.5 follows from the three claims above.

9. Conclusions and open problems

Subsequence covers are algorithmically and combinatorially more complicated than standard covers. We solved several basic 
problems and left open several others. The main difficulty is the behavior of the function 𝛾(𝑘), which grows exponentially and in an 
irregular way.

Our combinatorial results These results are mainly related to the function 𝛾(𝑘).

• Exact values of the function 𝛾 for small arguments: 𝛾(1) = 1, 𝛾(2) = 3, 𝛾(3) = 8 (see Fact 3.2), 𝛾(4) = 19 (Fact 3.4).

• For 𝑘 ≥ 4, a recursive lower bound 𝛾(𝑘) ≥ 2 ⋅𝛾(𝑘−1)+1 (Lemma 5.2) and a compact lower bound 𝛾(𝑘) ≥ 5 ⋅2𝑘−2−1 (Theorem 5.3).

• For 𝑘 ≥ 4, a recursive upper bound 𝛾(𝑘) ≤ (2𝑘 − 2)𝛾(𝑘 − 1) + 6 (Theorem 5.14) and a compact upper bound 𝛾(𝑘) < 𝑘! ⋅ 2𝑘−1
(Corollary 5.15).

• For every 𝑛 > 0, a construction of a word of length 𝑛 over an alphabet of size (log𝑛) that has at least 2⌊ 𝑛+116 ⌋ different shortest 
s-covers (Theorem 7.3).

Our algorithmic results Table 2 summarizes our algorithmic results, where 𝑛 denotes the length of the input word and 𝑘 the size of 
alphabet.

Open problems There are several natural algorithmic and combinatorial questions:

• What is the complexity of checking if a given word is s-primitive? We do not even know if it is in NP. We know it is in co-NP, 
because we can guess a witness (a non-trivial s-cover) and test it in linear time.

• What is the complexity of computing the shortest s-cover of a word?

• What is the complexity of computing the number of different s-covers of a word?

• What is the exact value of 𝛾(5)? We know only that 39 ≤ 𝛾(5) ≤ 158.

• Let us define 𝛾 ′(1) = 1, 𝛾 ′(𝑘+ 1) = 2 𝛾 ′(𝑘) + 𝑘 for 𝑘 > 1. We have 𝛾(𝑘) = 𝛾 ′(𝑘) for 1 ≤ 𝑘 < 5. Is it always true?

• Is there a short and computer-free proof that 𝑎𝑏𝑎𝑐𝑎𝑑𝑏𝑎𝑏𝑑𝑐𝑎𝑏𝑐𝑏𝑎𝑑𝑎𝑐 is s-primitive?

We conjecture that the first three (algorithmic) problems are NP-hard for general alphabets. The last three (combinatorial) prob

lems seem to be elusive.
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