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CHAPTER 1

Introduction

Als je het opschrijft, staat het meteen op
papier ook.

Gerard Reve

The rise of computation has profoundly transformed the way we solve problems. From
the invention of early mechanical calculators to the advent of modern supercomputers, the
ability to perform large-scale calculations has empowered us to tackle increasingly com-
plex tasks. Today, computers play a critical role in nearly every aspect of society, from sim-
ulating physical phenomena to performing data analysis on an unprecedented scale. This
computational revolution is built on a foundation of well-designed algorithms—explicit,
step-by-step instructions that guide a computer to solve specific problems efficiently.

Designing algorithms often feels intuitive because humans have relied on algorithmic
thinking for centuries in daily life. A cooking recipe, for example, serves as a perfect illus-
tration of an algorithm: it provides clear instructions on which ingredients to use, when
to combine them, and how long to cook them. Recipes guide us step-by-step toward a
desired outcome, mirroring the structured problem-solving approach of algorithms. Many
foundational programming concepts find natural parallels in cooking: conditional actions
resemble decision-making in recipes (“If the sauce is too acidic, add sugar”), iterative pro-
cesses mimic repeated tasks (“Stir continuously until the sauce emulsifies”), and parallelism
corresponds to multitasking (‘‘While the aubergine roasts in the oven, prepare the sauce”).
These analogies highlight how classical algorithms align with familiar, concrete reasoning,
allowing us to design, understand, and adapt them with ease.

Unlike classical computers, which operate under the laws of classical mechanics, quan-
tum computers leverage the principles of quantum mechanics, such as superposition and
entanglement. These principles sometimes enable quantum algorithms to outperform their
classical counterparts, for instance, in factoring large numbers [Sho97], searching un-
structured databases [Gro96], and simulating quantum systems [Llo96]. In the field of
quantum computation, researchers investigate the power and limitations of quantum al-
gorithms, seeking to better understand which problems admit significant speedups and
which do not.

Despite these remarkable advantages, designing quantum algorithms presents unique
challenges. While classical algorithms often follow intuitive patterns, quantum algorithms
demand a fundamentally different mindset. Crafting a quantum algorithm is less like
following a recipe and more akin to composing a musical piece. Quantum computers
rely on interference patterns to amplify correct solutions and cancel out incorrect ones.
This process resembles creating harmony in music: constructive interference acts like a
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well-tuned chord, while destructive interference eliminates dissonance. However, even a
slight misalignment in the algorithm’s design—caused by poorly chosen gates or incorrect
timing—can disrupt this delicate balance, rendering the computation ineffective. Just as
a musical harmony that is slightly out of tune sounds jarring, a quantum algorithm that
fails to align perfectly with the problem’s structure becomes unproductive.

This lack of intuitiveness arises from the unique principles underlying quantum me-
chanics. Unlike classical operations, quantum operations must be reversible; information
cannot simply be copied or deleted. Moreover, the outcomes of quantum computations
are inherently probabilistic. These challenges mean that designing quantum algorithms
requires not only experience in the discrete branches of mathematics and theoretical com-
puter science, as is the case for classical algorithms, but also a deep understanding of
quantum mechanics.

In this thesis, we explore frameworks designed to make studying the capabilities and
limitations of quantum algorithms more accessible. These frameworks, in some sense,
abstract away much of the inherent quantum mechanical complexity, reducing problems
to a form of “classical difficulty.” Remarkably, we show that this reduction still preserves
much of the inherent power of quantum algorithms, allowing us to better understand their
potential and limitations.

1.1 Designing more powerful quantum walks

In Part I, the first part of this thesis, we explore a class of strategies for designing quantum
algorithms. These strategies are known as quantum walk search frameworks, and the
resulting quantum algorithms are referred to as quantum walks. These frameworks often
begin with a classical random walk, which may be explicit or implicit in the design.

A random walk is a (Markovian) process that describes a path consisting of a sequence
of probabilistic steps, where each step depends only on the current state and is indepen-
dent of previous steps. A simple example is the “drunkard’s walk”: imagine a person
attempting to return home by taking random directions at each street intersection. Over
time, this random motion causes the person’s position to spread across the city, exhibit-
ing statistical properties that can be analysed to determine, for instance, the expected
time to return home. Random walks are fundamental in probability theory and form the
basis for numerous classical algorithms, particularly in searching and optimisation tasks.
Their well-understood properties make them an excellent starting point for extending
these ideas into the quantum domain.

One such quantum walk search framework, originally introduced by [Bel13], is known
as the electric network framework. In this approach, the construction and cost analysis of
the quantum walk algorithm involve analysing the underlying graph, where the random
walk takes place, as if it were an electrical network. In this analogy, the weighted edges
mimic electrical wires, with the weights representing the conductance of the edges. This
framework establishes a fascinating connection between quantum walks and electrical net-
works, a relation that was further strengthened by [AP22]. While this framework is par-
ticularly effective for designing quantum algorithms—even for those with limited knowl-
edge of quantum computing—it has a significant limitation shared with other quantum
walk search frameworks: it can provide at most a quadratic speedup over the underlying
classical random walk.

In this thesis, we address the question of whether we can strengthen quantum walks
based on electrical networks, potentially achieving exponential speedups while maintain-
ing the original intuition. Specifically, we aim to ensure that the construction and cost
analysis still rely on random walks and electrical networks. We answer this question in
the affirmative.
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First, in Chapter 4, we enhance these quantum walks using the multidimensional quan-
tum walk framework. This approach introduces a new class of quantum walks capable of
achieving exponential speedups. However, in doing so, we partially break the connection
with electrical networks. To restore this relationship, we generalise electrical networks in
Chapter 6. These generalisations allow us to re-establish the connection between quantum
walks and electrical networks while preserving the enhanced capabilities of multidimen-
sional quantum walks. This interplay between quantum walks, electrical networks, and
their generalisations is illustrated in Figure 1.1.

To evaluate the quality of an algorithm, we are primarily interested in its cost. Various
metrics can be used to measure this cost, but here, we focus on the runtime of the algo-
rithm. By considering the optimal algorithm for a specific computational problem—the
one with the minimal runtime—we define the cost as the time complexity of the problem.
In the field of quantum complexity theory, we study the cost of computational problems
for the optimal quantum algorithm, which is referred to as their quantum (computational)
complexity.

The main application of our multidimensional quantum walk framework is a new
quantum walk for the problem of k-distinctness. In this problem, we are given access to a
list of n integers, and we must determine whether the list contains k copies of the same
integer. This problem has been studied as a fundamental problem in query complexity, as
it serves as an important subroutine for other more practical problems. Classically, any
algorithm solving this problem with bounded error must query a constant fraction of the
entire list. Quantum algorithms, however, can achieve significantly better performance.
The time complexity of our new quantum walk for k-distinctness matches the best-known
query upper bound up to polylogarithmic factors [Bel12a].

Intuitively, it seems reasonable to expect that the time complexity of k-distinctness
should not be significantly higher than its query complexity—after all, what else could an
algorithm do beyond querying and comparing inputs? However, this upper bound had not
been proven through the explicit construction of a quantum algorithm, making it infeasi-
ble to analyse its time complexity directly. Our framework bridges this gap by explicitly
constructing such an algorithm and providing insights into its runtime performance.

Quantum walks

Electrical networks

Multidimensional quantum walks

Multidimensional electrical networks

[Bel13, AP22]

Chapter 4

Chapter 6

Chapter 6

Figure 1.1: Connections between and generalisations of quantum walks and electrical
networks

1.2 Limitations of quantum algorithms

While designing new and faster quantum algorithms to tackle computational problems
is fascinating and helps reduce the quantum complexity of these problems, it is equally
important to understand their limitations. The most valuable component in quantum al-
gorithm research is arguably not the availability of low-fidelity gates or error-corrected
qubits, but a researcher’s time. By proving lower bounds on the quantum complexity of a
problem, we demonstrate that no quantum algorithm can outperform this lower bound.
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While perhaps less exciting, these no-go results play a crucial role in guiding the field
by clarifying which speed-ups are (un)achievable. In practice, however, it is exceedingly
difficult to lower-bound the quantum complexity of computational problems when con-
sidering the optimal runtime. Instead, a simpler cost metric is considered, namely the
number of queries, which we elaborate on in the next chapter.

Providing query lower bounds for classical algorithms can often be done intuitively,
even if it does not guarantee a tight bound—a lower bound that closely approximates the
optimal query cost. For example, if one wanted to estimate the time needed to understand
this thesis, they could first lower bound the time required to comprehend a single page and
then multiply this by the number of pages. This approach would yield a straightforward,
albeit loose, lower bound, as not all pages require the same effort to understand—some
might take significantly longer than the “easiest page”.

This reasoning, however, cannot be directly applied to the quantum setting. A quan-
tum reader might “read” multiple pages in superposition or entangle the pages containing
a theorem with those discussing its applications, potentially enabling a faster way to un-
derstand the work. Similarly to constructing quantum algorithms, the quantum setting
trades off power for intuitiveness when deriving lower bounds. This trade-off is also ev-
ident in the spectrum of techniques used to derive quantum query lower bounds. These
techniques range from the original adversary method by [Amb00] to the multiplicative ad-
versary method [Špa08]. While stronger techniques can provide tighter lower bounds over
broader parameter regimes, they are generally more mathematically complex and less
intuitive to derive.

In Part II, we study quantum query lower bound frameworks, complementing the ex-
ploration of quantum (query) upper bounds achieved through the quantum algorithms
discussed in Part I. More specifically, we investigate a quantum query lower bound tech-
nique known as the compressed oracle technique [Zha19]. This method stands out as an
exception to the aforementioned trade-off: it derives strong quantum query lower bounds
in an intuitive manner but is constrained to a very limited regime of parameters. We
demonstrate how this technique can be unified within the framework of the multiplica-
tive adversary method through a novel approach that we introduce as the multiplicative
ladder adversary method. This new method is a simplification of the multiplicative adver-
sary method, enabling a more intuitive rederivation of the lower bounds capturing the
core power of the compressed oracle technique. This unification provides several valuable
insights. On the one hand, it offers a more accessible way to derive lower bounds using
the multiplicative adversary method. On the other hand, it suggests how the compressed
oracle technique could be extended to accommodate a broader range of parameters.

1.3 Organisation

The thesis is structured as follows. In Chapter 2, we present the essential background
information, definitions, and notation used throughout this thesis. Additionally, we intro-
duce fundamental concepts of quantum computing that are necessary to understand the
majority of the thesis.

The remainder of the thesis is divided into two parts. In Part I, we address the gener-
alisation of quantum walks constructed by the electrical network framework and explore
how this leads to a generalisation of electrical networks themselves. Below, we describe
the chapters comprising Part I in more detail.

In Chapter 3, we review fundamental graph-theoretic concepts and the basics of elec-
trical networks. We then delve into the construction of quantum walk algorithms using
the electrical network framework and see how the cost analysis of these algorithms is in-
trinsically connected to the properties of electrical networks. Finally, we demonstrate how
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these connections facilitate the design of quantum algorithms capable of locating marked
vertices in a graph or sampling from the electrical flow within an electrical network.

In Chapter 4, we generalise the electrical network framework to develop the multidi-
mensional quantum walk framework. After constructing this new framework, we apply it
to the welded trees problem. This problem involves an exponentially large graph consisting
of two full binary trees with 2n leaves, where the leaves of the two trees are connected by
a pair of random matchings. The goal is to start at the root of one binary tree and locate
the root of the other binary tree. In the welded trees graph, all vertices except s and t
have degree 3, while s and t each have degree 2. The oracle to this graph is designed
such that any classical algorithm attempting to solve this problem is forced to perform
a random walk, starting from s and continuing until it reaches t. Due to the structure
of the graph, the walker is quickly drawn towards the centre, but escaping the centre to
locate t takes exponential time. This intuition can be rigorously formalised, showing that
the classical query complexity of this problem is 2Ω(n) [CCD+03]. Using the novel con-
cept of alternative neighbourhoods, our quantum walk traverses the welded trees graph
in just O(n) queries and O(n2) time. This result demonstrates that the multidimensional
quantum walk framework is capable of achieving exponential speedups, making it the first
quantum walk search framework to do so.

In Chapter 5, we apply our multidimensional quantum walk framework to the problem
of k-distinctness, resolving a more than 10-year-old open problem regarding a missing time
upper bound that matches the best-known query upper bound. In our algorithm, we apply
the second novel technique within our framework, called edge composition. This technique
allows a quantum walk to account for varying traversal costs across edges, replacing the
uniform maximum cost assumption with a more efficient cost analysis that incorporates
individual edge costs. To build intuition for the general case, we first address the sim-
pler problem of 3-distinctness, before generalising our approach to the k-distinctness case

and demonstrating that our quantum walk achieves a time complexity of Õ(n
3
4
− 1

4
1

2k−1 ),
matching the best-known query upper bound up to polylogarithmic factors.

In Chapter 6, we restore the relationship between quantum walks and electrical net-
works, which was disrupted by the generalisation introduced through the multidimen-
sional quantum walk framework. Using the concept of alternative neighbourhoods, we
derive generalised notions of electrical flow and potential in electrical networks, which
we term the alternative electrical flow and alternative potential. This new multidimen-
sional electrical network framework enables quantum algorithms to generate quantum
states corresponding to the alternative electrical flow over the edges of graphs. Addition-
ally, we demonstrate that the alternative flow and potential satisfy the same linear rela-
tionships as the standard flow and potential in traditional electrical networks. We then
apply this framework to locate a marked vertex in one-dimensional random hierarchical
graphs [BLH23]. Finally, we define a family of graphs where the quantum alternative
electrical flow state can be efficiently generated and sampled to recover an s-t path expo-
nentially faster than is possible classically.

In Part II, which consists of Chapter 7, we compare different techniques for lower
bounding the quantum query complexities of computational problems. Specifically, we
examine how the compressed oracle technique compares to the more established multi-
plicative adversary method. We provide an explicit reduction from the compressed ora-
cle technique to the multiplicative adversary method [Špa08] by introducing a simplified
variant of the latter, which we call the multiplicative ladder adversary (MLA) method. This
simplification allows for more accessible derivations of lower bounds while capturing the
compressed oracle technique as well as a recent generalisation by [Ros21]. Consequently,
the MLA method positions itself as a promising tool for deriving lower bounds that are
both more accessible than those obtained with the multiplicative adversary method and
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applicable to a broader range of parameters than the compressed oracle technique.
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This thesis is based on the following papers (in chronological order). In each work, all
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Chapter 3, 4 and 5 are based on this paper.

[LZ23] Multidimensional Electrical Networks and their Application to Exponential
Speedups for Graph Problems
Jianqiang Li, Sebastian Zur,
arXiv preprint, accepted for publication in Quantum
Chapter 3 and 6 are based on this paper.

[JZ] The Compressed Oracle is a Worthy Adversary
Stacey Jeffery, Sebastian Zur,
In preparation.
Chapter 7 is based on this paper.
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CHAPTER 2

Preliminaries

We zijn voorbij de start, maar we zijn nog
niet aan het einde van het begin.

Mark Rutte

In this chapter, we present the essential background information, definitions, and
notation used throughout this thesis, assuming a basic understanding of linear algebra.
We delve into fundamental concepts of quantum computing that are necessary to
understand the majority of the thesis. While a comprehensive background in quantum
mechanics is not required for the topics we cover, interested readers may refer to [NC00]
for an accessible introduction to quantum mechanics in the context of quantum
computation. Any concepts that are specific to certain sections or chapters will be
introduced at the beginning of those respective sections.
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2.1 Notation

We begin by outlining the notational conventions used in this thesis. Any notation specific
to particular sections will be introduced when it first appears. For any positive integer
n ∈ N≥1, we denote [n] = {1, . . . , n} and [n]0 = {0, . . . , n}. For any finite set Ω, we write
2Ω for the power set of Ω. For any two finite sets Ω,Γ, we write ΓΩ for the set of all
functions from Ω to Γ. The Kronecker delta of any two mathematical objects a, b is defined
as

δa,b :=

{
1 if a = b,

0 otherwise.
(2.1)

2.1.1 Computer science

We take all logarithms to be base 2. The natural logarithm, i.e. the logarithm base e, is
denoted by ln. A bit is a binary digit, taking a value of either 0 or 1. In this context, we
consider bits as elements of F2, where addition is defined modulo 2. This is functionally
identical to the XOR operation, denoted by ⊕. The set of all n-bit strings is written as
{0, 1}n. For any n-bit string x ∈ {0, 1}n, we use xi to denote its ith bit. For two n-bit
strings x, y ∈ {0, 1}n, we write x ⊕ y ∈ {0, 1}n for their element-wise XOR and x · y ∈ N
for their inner product, defined as

∑n
i=1 xi · yi.

To analyse the asymptotic behaviour of any function f : R→ R, we make use of big O
notation, defined as

f(x) = O(g(x)) ⇐⇒ ∃C, x0 ∈ R>0 such that ∀x > x0 : |f(x)| ≤ C |g(x)| .

We also rely on the following related notations, known as small O, big Omega and big
Theta, respectively:

f(x) = o(g(x)) ⇐⇒ ∃x0 ∈ R>0, ∀c ∈ R>0, such that ∀x > x0 : |f(x)| ≤ c |g(x)| ,
f(x) = Ω(g(x)) ⇐⇒ g(x) = O(f(x)),

f(x) = Θ(g(x)) ⇐⇒ f(x) = O(g(x)) and f(x) = Ω(g(x)).

In addition, we employ the soft big O and soft big Theta notation, denoted by Õ and Θ̃,
respectively, which suppress polylogarithmic factors in asymptotic bounds:

f(x) = Õ(g(x)) ⇐⇒ ∃k ∈ N≥1, such that f(x) = O(g(x) logk(g(x))),

f(x) = Θ̃(g(x)) ⇐⇒ f(x) = Õ(g(x)) and g(x) = Õ(f(x)).

When dealing with multiple variables, it is assumed that the big O bound applies indepen-
dently to each variable in its respective asymptotic regime. For example,

f(x, ε) = O

(
x2

ε

)
⇐⇒ ∃C, x0 ∈ R>0 such that ∀x1, x2 > x0 : |f(x1, 1/x2)| ≤ C

∣∣∣∣ x2
1

1/x2

∣∣∣∣ .
As a variant of big O (and related) notation, we may also use the following to describe

the asymptotic growth of functions:

f(x) ∈ poly(x) ⇐⇒ ∃k ∈ N≥1, such that f(x) = O(xk),

f(x) ∈ polylog(x) ⇐⇒ ∃k ∈ N≥1, such that f(x) = O(g(x) logk(g(x))).



2

2.1. Notation 9

2.1.2 Linear algebra

In this work, we work with Hilbert spaces, which in the finite-dimensional case (the only
case considered in this thesis) are vector spaces equipped with an inner product, denoted
by 〈·, ·〉. While Hilbert spaces can be defined over both the field of real numbers R and
the field of complex numbers C, in this thesis we assume they are over C, unless stated
otherwise. We write I for the identity matrix on any (finite-dimensional) Hilbert space.

For any real p ≥ 1, including the limit p =∞, the p-norm of any vector v = (v1, . . . , vd)
is given by

‖v‖p :=

(
n∑
i=1

|vi|p
)1/p

.

On Hilbert spaces, we use the Euclidean norm (or 2-norm), which is induced by the inner
product and denoted by ‖v‖ := ‖v‖2 =

√
〈v, v〉.

For any linear operator A ∈ Cm×n between Hilbert spaces Cn and Cm, we follow the
convention in quantum mechanics and denote the conjugate transpose of A by A† and
we say that an operator is Hermitian if it equals its conjugate transpose. This notation
naturally extends to vectors. The notation A† should not be confused with A+, which
denotes the Moore-Penrose inverse, also known as the pseudoinverse, of A. This is the
unique linear operator satisfying the following:

AA+A = A, A+AA+ = A+, (AA+)† = AA+, (A+A)† = A+A. (2.2)

A Hermitian operator A is positive semidefinite, denoted by A � 0, if and only if x†Ax ≥
0, or equivalently, if all of its eigenvalues are non-negative. Similarly, we say that A is
positive definite, denoted byA � 0, if all its eigenvalues are positive. For any two Hermitian
operators A,B, we write A � B if their difference A− B is positive semidefinite, and we
write A � B is their difference is positive definite.

Similarly as we did with vectors, for any real p ≥ 1, including the limit p = ∞, its
p-norm is defined as

‖A‖p := sup
v 6=0

‖Av‖p
‖v‖p

. (2.3)

For p = 1 and p = ∞, these are simply the maximum absolute column sum and row sum
of the matrix A, respectively. In this thesis, the norm of any linear operator A refers to its
spectral norm, defined as follows:

‖A‖ := ‖A‖2 =
√
λmax (A†A).

We will frequently need to bound the spectral norm in terms of simpler norms, and for
this purpose, we use the following lemma, which is a standard result in linear algebra:

Lemma 2.1.1. For any linear operator A, the spectral norm of A satisfies

‖A‖ ≤
√
‖A‖1 ‖A‖∞.

2.1.3 Dirac notation

Throughout this work, we employ Dirac notation. A ket, written as |·〉, denotes a vector
in a Hilbert space, typically of norm 1 unless stated otherwise. If a Hilbert space H = CΩ

is associated with a finite set Ω, its standard basis vectors are denoted by |ω〉 for ω ∈ Ω.
We may use the shorthand C[Ω] = CΩ when convenient. For any d ∈ N≥1 we denote
by Cd the Hilbert space C[d−1]0 of dimension d, with its standard basis given by the set
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{|i〉 : i ∈ [d − 1]0}. We refer to this standard basis on Cd as the computational basis. As
these vectors correspond to states of some implicit quantum system, we will refer to them
as states instead of vectors.

A bra, written as 〈·|, represents a vector in the dual of a Hilbert space and acts as a
linear form on vectors by taking the inner product. Given a vector |v〉 in H and a vector
|u〉 in the dual ofH, the linear form 〈u| acts on |v〉 by taking the inner product between |v〉
and |u〉, denoted by 〈u|v〉. Since each ket represents a quantum state, it is the convention
in quantum mechanics to assume the inner product to be linear in the second variable (the
ket) and antilinear in the first (the bra).

If {|u1〉, . . . , |un〉} and {|v1〉, . . . , |vm〉} are orthonormal bases for two Hilbert spaces
Hu and Hv of dimension n and m, respectively, then their tensor product space is the nm-
dimensional spaceHu⊗Hv spanned by the orthonormal basis {|ui〉⊗|vj〉 : i ∈ [n], j ∈ [m]},
where ⊗ denotes the Kronecker product between two matrices. Often we omit the tensor
product symbol for such vectors, abbreviating |ui〉 ⊗ |vj〉 to |ui〉|vj〉 or even |ui, vj〉.

2.2 Quantum computation

In this section, we introduce fundamental concepts of quantum computing that will be
useful throughout the remainder of this thesis. This overview is intended as a brief sum-
mary; for a more comprehensive treatment of the subject, we refer the interested reader
to [dW19].

2.2.1 Qubits

The fundamental unit of information in quantum computing is the quantum bit, or qubit. A
qubit represents a quantum state in the two-dimensional Hilbert space C2 = span{|0〉, |1〉}.

According to the principles of quantum mechanics, the state space of a composite
physical system is described by the tensor product of the state spaces of its individual
subsystems. Specifically, for an n-qubit system, the state space is (C2)⊗n, spanned by the
set {|i1〉 ⊗ · · · ⊗ |in〉 : i1, . . . , in ∈ {0, 1}}.

For convenience, the Hilbert space (C2)⊗n is often thought of as isomorphic to C2n ,
simplifying the representation of multi-qubit states. Specifically, for any n-bit integer i ∈
[2n − 1]0 with binary representation i = i1i2 · · · in, the corresponding computational basis
state in C2n is written as |i〉 = |i1〉⊗· · ·⊗|in〉. It is important to note that not every quantum
state can be decomposed into the product of 1-qubit states. Such states are referred to as
entangled, and they play a key role in quantum mechanics, distinguishing it from classical
physics. A well-known example of an entangled state is the Einstein-Podolsky-Rosen (EPR)
state [EPR35], which resides in (C2)⊗2:

|EPR〉 :=
1√
2

(|00〉+ |11〉) . (2.4)

Since any n-qubit state |ψ〉 is a normalised vector in C2n , it can be expressed as

|ψ〉 =

2n−1∑
i=0

αi|i〉,

where α1, . . . , α2n−1 ∈ C and
∑2n−1

i=0 |αi|
2 = 1. In this representation, we say that |ψ〉 is in

a superposition over |0〉, . . . , |2n − 1〉. If each αi = 1√
2n

, then |ψ〉 is said to be in a uniform
superposition.

To simplify reasoning about qubits in complex systems, we often group them into
registers. A register corresponds to the state space of the qubits it contains, allowing us to
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work at a higher level of abstraction. Instead of focusing on individual qubits, we consider
unitary operations and measurements that act on the entire state space of a register. For
example, suppose we have a multi-qubit state |ψ〉 in the tensor product space A ⊗ B. We
use the same symbols A and B to refer both to the state spaces A and B as well as to the
registers corresponding to the qubits within these state spaces, respectively. We use the
same symbols to refer both to the state spaces A and B as A and B, respectively. To make
this correspondence explicit, we sometimes add the register as a subscript. For instance,
if |ψ〉 ∈ A, we may write |ψ〉A, and if |ψ〉 ∈ A ⊗ B, we may write |ψ〉AB. We extend this
convention to linear operators as well. If I is the identity operator on A and U is a unitary
operator acting on B, their combined operation on A⊗ B is written as IA ⊗ UB.

In many cases, we may want to apply a linear operator to a larger Hilbert space than
the one for which it is explicitly defined. For clarity, we adopt the convention that any
operator is implicitly understood to act as the tensor product with the identity operator
on any unaffected registers. This ensures that operators are well-defined in the context of
larger systems while preserving their intended behaviour.

2.2.2 Mixed states and partial trace

So far, we have discussed pure states, which are described by normalised vectors |ψ〉 in a
Hilbert space. However, quantum systems are not always in pure states. A more general
framework involves mixed states, which arise when a quantum system is in a probabilis-
tic mixture of pure states. A mixed state is represented by a density matrix, ρ, which is
a positive semidefinite operator of unit trace. A mixed state that is in the pure states
|ψ1〉, . . . , |ψm〉 with probabilities p1, . . . , pm, respectively, corresponds to the density ma-
trix:

ρ =
m∑
i=1

pi|ψi〉〈ψi|.

A mixed state ρ is pure if and only if its rank is 1, in which case ρ = |ψ〉〈ψ|, the density
matrix of the pure state |ψ〉.

Mixed states arise naturally when considering subsystems of entangled states. Suppose
we have a quantum state described by a density matrix ρAB on the tensor product space
A⊗B. To describe the state of subsystemA alone, we take the partial trace over subsystem
B, denoted TrB, to obtain the reduced density matrix:

ρA = TrB(ρAB) :=
∑
b

(IA ⊗ 〈b|) ρAB (IA ⊗ |b〉) , (2.5)

where {|b〉} is an arbitrary orthonormal basis of B. The reduced density matrix ρA re-
produces the statistics of all possible measurements on the subsystem A, but contains no
information about B. If ρAB is entangled, tracing out part of the entangled system always
results in a mixed state, even when ρAB itself is pure. For example, if we trace out one of
the subsystems of the EPR state |EPR〉 from (2.4) (on the system A⊗ B), we obtain

ρA = TrB(|EPR〉〈EPR|) =
1

2
(|0〉〈0|+ |1〉〈1|) ,

which is known as the maximally mixed state.

2.2.3 Quantum gates and unitaries

By the postulates of quantum mechanics, any n-qubit state |ψ〉 can be transformed into
another n-qubit state |φ〉 via a unitary operation on C2n . Any such unitary operation U
is reversible, with the inverse given by U−1 = U †. For n = 1, 2, these operations are
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commonly referred to as quantum gates. Below, we define some elementary gates, many of
which are used in this work.

By associating the basis states |0〉 and |1〉 with the column vectors [1 0]T and [0 1]T ,
respectively, these gates can be conveniently expressed as 2 × 2 matrices. We begin with
the Pauli matrices, which act on single qubits:

X :=

[
0 1
1 0

]
, flips the computational basis states |0〉 and |1〉,

Z :=

[
1 0
0 −1

]
, adds a −1 phase to |1〉,

Y :=

[
0 −i
i 0

]
, combines X and Z with a factor of i, given by Y = iXZ.

Another important single-qubit gate is the Hadamard gate:

H :=
1√
2

[
1 1
1 −1

]
, creates superpositions of |0〉 and |1〉.

The Hadamard gate can be applied to all n qubits of the all-zero state |0n〉 to create a
uniform superposition over all n-qubit computational basis states:

H⊗n|0n〉 =
1√
2n

∑
i∈{0,1}n

|i〉.

A key 2-qubit gate is the Controlled-NOT gate:

CNOT :=


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 , flips the target qubit if the control qubit is |1〉. (2.6)

The CNOT gate is fundamental for generating (or destroying) entanglement. For instance,
when combined with the Hadamard gate, it can be used to construct the EPR-state |EPR〉
from (2.4):

CNOT (H⊗ I) |00〉 = CNOT
1√
2

(|00〉+ |10〉) =
1√
2

(|00〉+ |11〉) .

In addition to generating entanglement, the CNOT gate can copy or uncompute classical
information:

CNOT|b〉|0〉 = |b〉|b〉, copies the control qubit into the target qubit register,

CNOT|b〉|b〉 = |b〉|0〉, uncomputes the target qubit using the control qubit.

It is important to note that no unitary operation can copy a general quantum state. This is
known as the no-cloning theorem [Par70].

Another useful operation is the Swap gate, which exchanges the states of any two
(multi) qubit registers:

SWAP|ψ〉|φ〉 = |φ〉|ψ〉.

Lastly, we introduce controlled operations, which apply a unitary transformation con-
ditioned on the state of a control register. For example, given a sequence of unitary oper-
ations U0, . . . , U2n−1 acting on the same Hilbert space (one for each computational basis
state in C2n), we define

U =
2n−1∑
i=0

|i〉〈i| ⊗ Ui.
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This operation applies Ui to the second register if the first (control) register is in state |i〉.
The CNOT gate is an instance of a controlled operation:

CNOT = |0〉〈0| ⊗ I + |1〉〈1| ⊗ X.

2.2.4 Measurements

Apart from unitary transformations, quantum mechanics allows us to perform measure-
ments, which enable the extraction of classical information from quantum states. Mea-
surements are inherently probabilistic and governed by Born’s rule, which states that the
probability of observing an outcome is proportional to the square of the amplitude associ-
ated with that outcome. After the measurement, the quantum state collapses to the state
corresponding to the observed outcome.

The most common type of quantum measurement is in the computational basis. For a
quantum state

|ψ〉 =
∑

i∈{0,1}n
αi|i〉,

the probability of observing outcome i is |αi|2. After the measurement, the state collapses
to the corresponding basis state |i〉. This process allows us to extract n-bit of classical
information from the n-qubit state |ψ〉, but it destroys |ψ〉 in the process.

More generally, we can perform a projective measurement, which is described by a set of
mutually orthogonal projectors {P1, P2, . . . , Pm}, which span C2n . Specifically, this means
that the projectors sum to the identity (on C2n). Each projector Pi corresponds to a sub-
space of C2n , and since the projectors are mutually orthogonal, so are the corresponding
subspaces. Any quantum state |ψ〉 ∈ C2n can then be decomposed into components within
these subspaces:

|ψ〉 =

m∑
i=1

Pi|ψ〉.

The probability of observing outcome i is given by

‖Pi|ψ〉‖2 = 〈ψ|Pi|ψ〉,

after which the state collapses to
Pi|ψ〉
‖Pi|ψ〉‖

.

The most general type of measurement is known as a positive operator-valued mea-
surement (POVM), which generalises projective measurements. POVMs are particularly
useful when we are only interested in the final probability distribution of outcomes and
not the resulting post-measurement state itself. A POVM is described by positive semidef-
inite operators E1, E2, . . . , Em, which sum up to the identity on C2n . For a quantum state
|ψ〉 ∈ C2n , the probability of obtaining outcome i is given by

Tr[Ei|ψ〉〈ψ|] = 〈ψ|Ei|ψ〉.

POVMs are more general than projective measurements because the operators Ei are not
necessarily orthogonal projectors. They can represent incomplete or noisy measurements
and are widely used in quantum information theory.



2.2.5 Quantum algorithms

A quantum algorithm is a sequence of unitary operations and measurements applied to
a quantum system. Without loss of generality, we assume that the quantum algorithm
begins with all qubits initialised to the state |0〉. If the quantum algorithm involves no
intermediate measurements, the entire process can be represented as a single unitary
operation. This unitary operation can, in turn, be implemented by a quantum circuit,
which is a sequence of quantum gates. Since all unitary operations are invertible, the
inverse of the quantum circuit can also be constructed and executed when needed.

We now discuss two quantum algorithms that are frequently used as subroutines in this
work. The first is the unitary operation known as the quantum Fourier transform (QFT):

Definition 2.2.1 (Quantum Fourier Transform). Let N ∈ N≥1. The N -dimensional quan-
tum Fourier transform, denoted by QFTN , is a unitary operation that for each j ∈ [N − 1]0
performs the mapping:

QFTN : |j〉 7→ 1√
N

N−1∑
k=0

e
2πι
N
jk|k〉 =: |̂j〉,

where ι denotes the imaginary unit, to avoid ambiguity with the index variable i.

For N = 2, QFT2 corresponds to the Hadamard gate H. The QFT enables the transi-
tion between the computational basis {|j〉} and the Fourier basis {|̂j〉}, serving as a funda-
mental building block for numerous quantum algorithms. One notable example is phase
estimation, which we will explore in detail in Section 3.3.

When discussing quantum algorithms, we are especially interested in their cost. The
cost of a quantum algorithm can be measured in various ways, but a natural measure
is to count the number of elementary operations the algorithm performs. This measure
is referred to as the time cost or gate cost of the algorithm. The time complexity or gate
complexity of a problem is the minimal time cost of any algorithm that solves the problem.
For example, the N -dimensional quantum Fourier transform defined in Definition 2.2.1
has a time cost of O(log(N)2) [Cop02].

In some cases, algorithms are provided with input through an oracle. For such algo-
rithms, another useful metric is the number of calls, or queries, made to the oracle. This
is referred to as the query cost of the algorithm. By minimising the query cost over all al-
gorithms that solve a given problem, we obtain its query complexity. Since the query cost
does not take into account the gate cost of any operations that the algorithm performs in
between its queries, the query cost is upper bounded by the time cost.

As an example of a problem with an input oracle, consider the Search problem. Here
the input is an n-bit string x ∈ {0, 1}n, and the goal is to output an index i ∈ [n] such
that xi = 1, or to output that no such index exists. The input can be accessed through the
oracle Ox, a unitary operator acting on C[n]×{0,1}, that for each i ∈ [n] and b ∈ {0, 1} acts
as

Ox|i〉|b〉 7→ |i〉|b⊕ xi〉.

Classically, the query complexity of the Search problem is Θ(n). Quantumly however,
this problem can be solved with bounded error in O(

√
n) queries to Ox [Gro96], and

the time complexity only incurs a minor double logarithmic term [Gro02, ADW17]. This
results in a quadratic speedup in the query complexity compared to classical algorithms.
Moreover, this speedup is known to be (asymptotically) optimal due to a matching lower
bound [BBBV97].

We explore quantum query complexity in more detail in Chapter 7.
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CHAPTER 3

Introduction to quantum walks

Weet je goed hoe hard je wandelt, weet je
niet meer waar je bent.

Het Schrödingervergelijkinglied

This chapter is based on Sections 1, 2, and 3 of the paper Multidimensional Quantum
Walks, with Application to k-Distinctness [JZ23], which is joint work with Stacey Jeffery,
and Section 2 of the paper Multidimensional Electrical Networks and their Application to
Exponential Speedups for Graph Problems [LZ23], which is joint work with Jianqiang Li.

Quantum walk search frameworks are important because they allow the design of
quantum algorithms by first constructing a classical random walk algorithm of a
particular form, which can then be compiled into a faster quantum algorithm. In this
chapter, we introduce such a quantum walk search framework and provide the necessary
background to understand the novel concepts and results discussed in Part I of the thesis.
We begin by reviewing fundamental graph-theoretic concepts and the basics of electrical
networks. Following this, we explore a class of quantum algorithms that utilise phase
estimation, known as quantum walks, and examine how the analysis of these algorithms
connects back to electrical networks. We then review how these quantum walk
algorithms can be applied to locate marked vertices in a graph or to sample from the
electrical flow in an electrical network.
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3.1 Quantum walk frameworks

Designing quantum algorithms requires a fundamentally different—and often more com-
plex—type of intuition compared to classical algorithms. Developing general design strate-
gies is therefore essential for building this intuition. One such strategy involves the use
of quantum walk search frameworks. These frameworks start with a classical random
walk and transform it into a quantum algorithm, known as a quantum walk, which often
achieves faster run times than its classical counterpart.

The first quantum walk search framework is due to Szegedy [Sze04], and is a general-
isation of the technique used by Ambainis in his element distinctness algorithm [Amb07].
The framework can be described in analogy to a classical random walk algorithm that first
samples an initial vertex according to the stationary distribution π of some random walk
(equivalently, reversible Markov process) P , and repeatedly takes a step of the random
walk by sampling a neighbour of the current vertex, checking each time if the current
vertex belongs to some marked set M . Let HT (P,M) be the hitting time, or the expected
number of steps needed by a walker starting from π to reach a vertex in M . If S is the cost
of sampling from π, U is the cost of sampling a neighbour of any vertex, C is the cost of
checking if a vertex is marked, and H is an upper bound on HT (P,M) assuming M 6= ∅,
then this classical algorithm finds a marked vertex with bounded error in complexity

O(S +H(U + C)).

Szegedy showed that given such a P and M , if S is the cost of coherently sampling from π,
i.e. generating

∑
u

√
π(u)|u〉, and U is the cost of generating, for any u, the superposition

over its neighbours
∑

v

√
Pu,v|v〉, then there is a quantum algorithm that detects if M 6= ∅

with bounded error in complexity:

O(S +
√
H(U + C)).

Although technically the classical S and U might be different from the quantum ones, they
are often similar in practice. This result was extended to the case of finding a marked
vertex, rather than just detecting a marked vertex in [AGJK20]. This framework, and sub-
sequent related frameworks have been widely applied, because this is a relatively simple
way to design a quantum algorithm.

In [Bel13], Belovs generalised this framework to the electric network framework, which
we discuss in more detail in Section 3.4. Here the initial state is allowed to be the quantum
analog |σ〉 =

∑
u

√
σ(u)|u〉 of any distribution σ, analogous to starting a random walk in

some arbitrary initial distribution. Then if Sσ is the cost to generate |σ〉, there is a quantum
algorithm that detects a marked vertex with bounded error in complexity:

O(Sσ +
√
C(U + C)),

where C is a quantity that may be the same, or much larger than the hitting time of the
classical random walk starting at σ. For example, if σ = π, then C = H as above, but
when σ is supported on a single vertex s, and M = {t}, C is the commute time from s to
t [CRR+96], which is the expected number of steps needed to get from s to t, and then
back to s. If the hitting time from s to t is the same as the hitting time from t to s, this is
just twice that hitting time. However, in some cases the hitting time from t to s may be
significantly larger than the hitting time from s to t.

The electrical network framework thanks its name due to the fact that the analysis
of the quantum walk involves analysing the underlying graph as if it were an electrical
network. Here the weighted edges mimic electrical wires, where the weights represent
the conductance of the edges. In the case where σ is supported on a single vertex s,
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and M = {t}, we can imagine s being the battery and t the ground. The energy of the
electrical current flowing from s to t, i.e. the s-t electrical flow, is then related to the
quantity C. This connection to electrical networks has later been made even more explicit
by [Pid19, AP22], who showed that quantum walks in the electrical network framework
not only detect marked vertices but can also generate a quantum state that encodes the
propagation of the s-t electrical flow through the graph G.

A second incomparable quantum walk search framework that is similarly easy to apply
is the MNRS framework [MNRS11]. Loosely speaking, this is the quantum analogue of a
classical random walk that does not check if the current vertex is marked at every step,
but rather, only after sufficiently many steps have been taken so that the current vertex
is independent of the previously checked vertex. In [AGJ20], the authors extended the
electric network framework to be able to find a marked vertex, and also showed that
the MNRS framework can be seen as a special case of the resulting framework. Thus,
the finding version of the electric network framework captures all quantum walk search
frameworks in one unified framework.

In this chapter, we focus on quantum walk algorithms as designed in the electric net-
work framework, as well as the later modifications in [Pid19, AP22].

3.2 Preliminaries

Before delving deeper into quantum walks, we first define the necessary graph-theoretic
concepts and provide a review of basic knowledge on electrical networks. While experi-
enced readers may already be familiar with these notions, we encourage them not to skip
these definitions, as some may differ slightly from the standard terminology used in other
works on quantum walks.

3.2.1 Graph theory and electrical networks

Throughout this thesis, our quantum walks are performed on networks.

Definition 3.2.1 (Network). A network is a connected weighted graph G = (V,E,w) with a
vertex set V , an (undirected) edge set E and some weight function w : E → R>0. Since edges
are undirected, we can equivalently describe the edges by some set

−→
E such that for all (u, v) ∈

E, exactly one of (u, v) or (v, u) is in
−→
E . The choice of edge directions is arbitrary. Then we

can view the weights as a function w :
−→
E → R>0, and for all (u, v) ∈

−→
E , define wv,u = wu,v.

For convenience, we define wu,v = 0 for every pair of vertices such that (u, v) 6∈ E. We write

W :=
∑

(u,v)∈
−→
E

wu,v,

for the total weight of the network.
For an implicit network G, and u ∈ V , we will let Γ(u) denote the neighbourhood of u:

Γ(u) := {v ∈ V : (u, v) ∈ E}.

In case of ambiguity to with respect of which graph G the weighted degree is taken, we write
ΓG(u). We use the following notation for the out- and in-neighbourhoods of u ∈ V :

Γ+(u) := {v ∈ Γ(u) : (u, v) ∈
−→
E }

Γ−(u) := {v ∈ Γ(u) : (v, u) ∈
−→
E },

(3.1)

To build intuition from physics and apply results from electrical network theory, it is
useful to interpret our networks as electrical networks.
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Definition 3.2.2 (Electrical network). Given a network G = (V,E,w) with a weight func-
tion w, we can interpret every edge (u, v) ∈ E as a resistor with resistance 1/wu,v. This allows
G to be modeled as an electrical network.

Definition 3.2.3 (Flow, Circulation). A flow on a network G = (V,E,w) is a real-valued
function θ :

−→
E → R, extended to edges in both directions by θu,v = −θv,u for all (u, v) ∈

−→
E .

For any flow θ on G and vertex u ∈ V we define θu =
∑

v∈Γ(u) θu,v as the flow coming out
of u. If θu = 0, we say flow is conserved at u. If the flow is conserved at every vertex, we call
θ a circulation. If θu > 0, we call u a source, and if θu < 0 we call u a sink. A flow with a
unique source s and unique sink t (satisfying θs = −θt = 1) is called an (unit) s-t flow. The
energy of any flow θ is

E(θ) :=
∑

(u,v)∈
−→
E

θ2
u,v

wu,v
.

The effective resistance Rs,t is given by the minimal energy E(θ) over all unit flows θ from s
to t. The s-t electrical flow is the unique unit s-t flow that achieves this minimal energy.

Definition 3.2.4 (Potential). A potential vector (also known as potential function) on a
network G = (V,E,w) is a real-valued function p : V → R that assigns a potential pu to
each vertex u ∈ V .

Two fundamental laws governing electrical networks are Kirchhoff ’s Law (also known
as Kirchhoff’s Node Law) and Ohm’s Law. Kirchhoff’s Law defines an s-t flow as follows:

Definition 3.2.5 (Kirchhoff’s Law). For any given s-t flow θ on an electrical network G =
(V,E,w) with s, t ∈ V , the amount of electrical flow entering any vertex u ∈ V \{s, t} must
equal the amount of flow exiting u. In other words:∑

v∈Γ(u)

θu,v = 0.

Ohm’s Law, on the other hand, states that if a unit of current is injected at s and
extracted at t in the electrical network G, then an induced potential vector p is generated,
as described in Definition 3.2.4, which is related to the s-t electrical flow θ in the following
manner:

Definition 3.2.6 (Ohm’s Law). Let θ be the s-t electrical flow on an electrical network G =
(V,E,w) with s, t ∈ V . Then there exists a potential vector p such that the potential difference
between the two endpoints of any edge (u, v) ∈ E is equal to the amount of electrical flow
θu,v along this edge multiplied with the resistance 1/wu,v, that is, pu − pv = θu,v/wu,v.

The potential p induced by an s-t electrical flow θ in Ohm’s Law is not unique. There-
fore, it is common practice to consider the potential p that assigns pt = 0, in which case
ps = Rs,t, where Rs,t is the effective resistance between s and t.

It is often useful to modify our networks by replacing an edge with a longer path. When
we modify the network in this way, the flow on the new network is naturally derived from
the flow on the original network:

Definition 3.2.7 (Networks with lengths). If G is a network, and ` :
−→
E → Z≥1 a positive-

integer-valued function on the edges of G, we define G` to be the graph obtained from replac-
ing each edge (u, v) ∈

−→
E of G with a path from u to v of length `u,v, and giving each edge in

the path the weight wu,v. We define

W` :=W(G`) =
∑
e∈
−→
E

we`e,
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Figure 3.1: Graph G with its s-t electrical flow θ and corresponding potential p at each
vertex.

and for any flow θ on G, we let θ` be the flow on G` obtained by assigning flow θ(u, v) to any
edge in the path from u to v, and define

E`(θ) := E(θ`) =
∑
e∈
−→
E

θ(e)2

we
`e.

Example graph

To build some intuition for these definitions, we provide an example graph that will be
used as a running example throughout Part I of the thesis. Consider the network G =
(V,E,w), where the vertex set is given by V = {s, x, y, t}, and the directed edge set is
−→
E = {(s, x), (x, y), (x, t), (y, t)}. The weight of each edge (u, v) ∈

−→
E is wu,v = 1

4 , except
for the edge (s, x), which has a weight of ws,x = 1. This network is visualised in Figure 3.1,
along with the s-t electrical flow θ on G and the corresponding potential vector p. It is
straightforward to verify that the flow θ satisfies Kirchhoff’s Law (see Definition 3.2.5),
which states that the net flow entering any vertex, except for the source s and the sink
t, is zero. Additionally, the potential vector p satisfies Ohm’s Law (see Definition 3.2.6),
meaning that for each edge (u, v), the potential difference pu − pv is given by θu,v

wu,v
. The

effective resistance Rs,t can be determined in two ways: either by computing the energy
of the flow depicted in Figure 3.1, or by noting that the potential at s is ps = 11

3 . Thus, the
effective resistance for this network is Rs,t = 11

3 .

3.2.2 The incidence matrix

There is a direct linear relationship between the s-t electrical flow and the potential vector,
which can be described by reformulating Kirchhoff’s and Ohm’s Laws as linear equations
involving the incidence matrix of a network G. We follow the treatment in [Vis13, section
4].

Definition 3.2.8 (The edge-vertex incidence matrix). Let G = (V,E,w) be a network (See
Definition 3.2.1). The incidence matrix B ∈ C

−→
E×V of G is the matrix whose rows are indexed

by (u, v) ∈
−→
E , whose columns are indexed by u ∈ V , and whose non-zero entries are given by

B(u,v),u =
√
wu,v, B(u,v),v = −√wu,v.

Let W ∈ C
−→
E×
−→
E be the diagonal matrix with entries W(u,v),(u,v) = 1√

wu,v
. For simplicity,

the matrix W can be ignored if we consider the network to be unweighted, i.e. every edge
has weight 1. Viewing a flow θ on G = (V,E,w) as a vector in C

−→
E , we can multiply

it by W to obtain the weighted flow vector Wθ ∈ C
−→
E , where each entry is given by

(Wθ)u,v =
θu,v√
wu,v

for each row indexed by (u, v) ∈
−→
E . The norm of Wθ is the square root

of the energy of the flow, i.e.
√
E(θ). Introducing Wθ allows us to rephrase Kirchhoff’s
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Law from Definition 3.2.5 as a linear equation involving the incidence matrix B. Fix an
ordering of the columns of B as s, u1, . . . , u2, t for some vertices u1, u2 ∈ V \ {s, t}, and let
ei ∈ Cn be the basis vector with a 1 in the i-th position.

Definition 3.2.9 (Kirchhoff’s Law (incidence matrix)). Let θ be any unit s-t flow on an
electrical network G = (V,E,w). Let B be the incidence matrix of G. Then θ satisfies

BTWθ =



∑
v∈Γ(s) θs,v∑
v∈Γ(u1) θu1,v

...∑
v∈Γ(u2) θu2,v∑
v∈Γ(t) θt,v

 =


1
0
...
0
−1

 = es − et. (3.2)

Recall from Definition 3.2.3 that the s-t electrical flow minimises E(θ) among all unit
s-t flows θ. Since E(θ) = ‖Wθ‖2, the s-t electrical flow corresponds to the smallest (in
norm) solution to (3.2), i.e. the unique s-t flow θ such that Wθ ∈ ker(BT )⊥. We can
recover Wθ using the Moore-Penrose inverse of BT , denoted BT+ to manage the double
superscript, since the Moore-Penrose inverse A+ of any linear operator A maps ran(A) to
ker(A)⊥. Thus, by left-multiplying both sides of (3.2) by BT+, we derive the following
property of electrical networks:

Theorem 3.2.10 (Theorem 4.7 in [Vis13]). Let θ be the s-t electrical flow on a network
G = (V,E,w). Let B be the incidence matrix of G. Then its flow vector Wθ is given by

Wθ = BT+(es − et). (3.3)

Similarly, we can represent a potential vector p as a vector in CV , with each entry
pu indexed by u ∈ V . This allows us to rephrase Ohm’s Law from Definition 3.2.6 as a
linear equation involving the incidence matrix B. Fix an ordering of the rows of B as
(u1, v1), . . . , (u2, v2) ∈

−→
E .

Definition 3.2.11 (Ohm’s Law (incidence matrix)). Let θ be the s-t electrical flow on an
electrical network G = (V,E,w). Let B be the incidence matrix of G. Then there exists a
potential vector p such that

Bp =


√
wu1,v1(pu1 − pv1)

...√
wu2,v2(pu2 − pv2)

 =


θu1,v1√
wu1,v1

...
θu2,v2√
wu2,v2

 = Wθ. (3.4)

It is standard practice to assume the potential vector p satisfies ps = Rs,t and pt = 0,
which is easier to visualise from the incidence matrix perspective:

Lemma 3.2.12. Let θ be the s-t electrical flow on an electrical network G = (V,E,w) with
effective resistance Rs,t. Then there exists a potential vector p satisfying Ohm’s Law such that
ps = Rs,t and pt = 0.

Proof. From the incidence matrix B, we obtain BTB, known as the weighted Laplacian of
G. It is well known in spectral graph theory (see, e.g., Lemma 2.2 in [Vis13]) that BTB
has a zero eigenvalue with multiplicity 1, and its corresponding eigenvector is

∑
u∈V eu.

Since ker(B) = ker(BTB), setting pt = 0 results in a valid solution to (3.4), and this
makes the solution unique. By left-multiplying both sides of (3.3) with (Wθ)T , we find

Rs,t = ‖Wθ‖2 = (Wθ)TBT+(es − et) = pT (es − et) = ps − pt = ps .
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Using the Moore-Penrose inverse, we can recover the potential satisfying Ohm’s Law
from Lemma 3.2.12. To achieve this, we remove the last column of B and the last row of
p, obtaining B and p, respectively. As shown in the proof of Lemma 3.2.12, this operation
is justified since B is not full rank. This modification effectively forces pt = 0:

p =

[
p
0

]
=

[
B

+
Wθ
0

]
. (3.5)

Finally, combining (3.3) and (3.4), we derive the following linear relation:

p = B+Wθ = B+BT+(es − et) = (BTB︸ ︷︷ ︸
=:L

)+(es − et). (3.6)

Thus, the potential vector (and similarly, the flow vector due to (3.4)) is the solution of a
Laplacian linear system.

Example graph

We revisit our example graph from Figure 3.1, but now from the perspective of the inci-
dence matrix. The incidence matrix B (see Definition 3.2.8) of G and the Moore-Penrose
inverse BT+ of its transpose are given by

B =


1 −1 0 0

0 1
2 −1

2 0

0 1
2 0 −1

2

0 0 1
2 −1

2

 , BT+ =


3
4 −1

4 −1
4 −1

4
1
2

1
2 −5

6 −1
6

1
2

1
2 −1

6 −5
6

0 0 2
3 −2

3

 , (3.7)

and the weighted diagonal matrix W is

W =


1 0 0 0

0 1
2 0 0

0 0 1
2 0

0 0 0 1
2

 . (3.8)

We can now recover the electrical flow θ shown in Figure 3.1 by applying Theorem 3.2.10:

Wθ =


θs,x√
ws,x
θx,y√
wx,y
θx,t√
wx,t
θy,t√
wy,t

 = BT+(es − et) =


3
4 −1

4 −1
4 −1

4
1
2

1
2 −5

6 −1
6

1
2

1
2 −1

6 −5
6

0 0 2
3 −2

3




1

0

0

−1

 =


1
2
3
4
3
2
3

 .

This recovers the effective resistance Rs,t = 1 + 4
9 + 16

9 + 4
9 = 11

3 . Using (3.5), where B
and its Moore-Penrose inverse B+ are

B =


1 −1 0

0 1
2 −1

2

0 1
2 0

0 0 1
2

 , B
+

=

1 2
3

4
3

2
3

0 2
3

4
3

2
3

0 −2
3

2
3

4
3

 , (3.9)
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we find that the resulting potential equals

p =

[
p

0

]
=

[
B

+
Wθ

0

]
=


1 2

3
4
3

2
3

0 2
3

4
3

2
3

0 −2
3

2
3

4
3




1
2
3
4
3
2
3


0

 =


11
3
8
3
4
3

0

 , (3.10)

confirming that ps = Rs,t = 11
3 .

3.2.3 Accessing the graph G

In computations involving a (classical) random walk on a graph G, it is usually assumed
that for any u ∈ V , it is possible to sample a neighbour v ∈ Γ(u) according to the distribu-
tion

Pr[v] =
wu,v
wu

where wu :=
∑

v′∈Γ(u)

wu,v′ is the weighted degree of u.

In case of ambiguity to with respect of which graph G the weighted degree is taken, we
write wGu .

It is standard to assume this sampling procedure is broken into two steps: (1) sampling
some i ∈ [du], where du := |Γ(u)| is the degree of u, and (2) computing the i-th neighbour
of u. That is, we assume that for each u ∈ V , there is an efficiently computable function
fu : [du] → V such that im(fu) = Γ(u), and we call fu(i) the i-th neighbour of u. In the
quantum case (see Definition 3.2.13 below), we assume that the sample (1) can be done
coherently, and we use a reversible version of the map (u, i) 7→ fu(i). We will also find it
convenient to suppose the indices i of the neighbours of u come from some more general
set L(u), which may equal [du], or some other convenient set, which we call the edge labels
of u. It is possible to have |L(u)| > |Γ(u)| = du, meaning that some elements of L(u) do
not label an edge adjacent to u (these labels should be sampled with probability 0). We
assume we have a partition of L(u) into disjoint L+(u) and L−(u) such that

L+(u) ⊇ {i ∈ L(u) : (u, fu(i)) ∈
−→
E } = {i ∈ L(u) : fu(i) ∈ Γ+(u)}

L−(u) ⊇ {i ∈ L(u) : (fu(i), u) ∈
−→
E } = {i ∈ L(u) : fu(i) ∈ Γ−(u)}.

Note that for any (u, v) ∈
−→
E , with i = f−1

u (v) and j = f−1
v (u), any of (u, v), (v, u), (u, i),

or (v, j) fully specify the edge. Thus, it will be convenient to denote the weight of the edge
using any of the alternatives:

wu,v = wv,u = wu,i = wv,j .

For any i ∈ L(u), we set wu,i = 0 if and only if (u, fu(i)) 6∈ E.

Definition 3.2.13 (Quantum Walk access to G). For each u ∈ V , let L(u) = L+(u) ∪
L−(u) be some finite set of edge labels, and fu : L(u) → V a function such that Γ(u) ⊆
im(fu). A quantum algorithm has quantum walk access to G if it has access to the following
subroutines:

• A subroutine that “samples” from L(u) by implementing a map U? in cost A? that acts
as

U?|u, 0〉 =
1
√
wu

 ∑
i∈L+(u)

√
wu,i|u, i〉 −

∑
i∈L−(u)

√
wu,i|u, i〉

 =: |ψ?(u)〉.
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• A subroutine that implements the transition map |u, i〉 7→ |v, j〉 (possibly with some
error) where i = f−1

u (v) and j = f−1
v (u), with costs {Tu,i = Tu,v}(u,v)∈

−→
E

.

• Query access to the total vertex weights wu =
∑

v∈Γ(u) wu,v.

We call {Te}e∈−→E the set of transition costs and A? the cost of generating the star states.

3.3 Phase estimation algorithms

In this section, we formally define a specific type of quantum algorithm that relies on phase
estimation [Kit96] and describe the components required to analyse such an algorithm. All
algorithms discussed in Part I of the thesis are of this specific form. The quantum algorithm
is introduced here in its most general and abstract form. In Section 3.4, we specialise it to
the case of quantum walks, providing more concrete intuition for the concepts and objects
defined in this section.

Definition 3.3.1 (Parameters of a Phase Estimation Algorithm). For an implicit input x ∈
{0, 1}∗, fix a finite-dimensional complex inner product space H, a unit vector |ψ0〉 ∈ H, and
sets of vectors ΨA,ΨB ⊂ H. We further assume that |ψ0〉 is orthogonal to every vector in ΨB.
Let ΠA be the orthogonal projector onto A = span{ΨA}, and similarly for ΠB.

Throughout Part I of the thesis, Ψ will refer to a set of vectors, whereas Hilbert spaces
will be denoted by calligraphic capital letters.

The parameters (H, |ψ0〉,ΨA,ΨB) define a quantum algorithm as follows. Let

UAB = (2ΠA − I)(2ΠB − I). (3.11)

Perform phase estimation of UAB on initial state |ψ0〉 to a certain precision, measure the
phase register, and output 1 if the measured phase is 0, and output 0 otherwise. Theo-
rem 3.3.8 at the end of this section describes what is meant precisely by “perform phase
estimation”, which precision is sufficient, and when we can expect the output to be 1 and
when 0.

In practice, unitaries like UAB that are the product of two reflections are nice to work
with, because if each of ΨA and ΨB is a pairwise orthogonal set, implementing UAB can be
reduced to generating the states in ΨA and ΨB, respectively. A product of reflections has
sufficient structure to analyse the relevant eigenspaces, as will become clear throughout
this section. Although such a reduction is well-known to be true, we show it formally in
Claim 4.3.7

3.3.1 Negative analysis

The first of the two cases we want to distinguish with a phase estimation algorithm is the
negative case, in which there exists a negative witness. The vectors forming the negative
witness, and later the vector forming the positive witness, will be denoted by kets. How-
ever, it is important to note that these vectors are not necessarily normalised. The negative
witness is defined as follows:

Definition 3.3.2 (Negative Witness). A δ-negative witness for (H, |ψ0〉,ΨA,ΨB) is a pair of
vectors |wA〉, |wB〉 ∈ H such that |ψ0〉 = |wA〉+ |wB〉; and |wA〉 is mostly in the space A, and
|wB〉 is mostly in the space B, in the sense that ‖(I −ΠA)|wA〉‖2 ≤ δ and ‖(I −ΠB)|wB〉‖2 ≤
δ.

For intuition, it is useful to think of the case when δ = 0. In that case, there exists a
0-negative witness precisely when |ψ0〉 ∈ A+B = (A⊥∩B⊥)⊥. For the rest of this chapter,
we write ΛΘ for the orthogonal projector onto the span of the eiθ-eigenspaces of UAB with
|θ| ≤ Θ. The negative analysis relies on the effective spectral gap lemma:
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Lemma 3.3.3 (Effective Spectral Gap Lemma [LMR+11]). Fix Θ ∈ (0, π). If |ψA〉 ∈ A,
then

‖ΛΘ(I −ΠB)|ψA〉‖ ≤
Θ

2
‖|ψA〉‖ .

Lemma 3.3.4 (Negative Analysis). Fix δ ≥ 0 and Θ ∈ (0, π). Suppose there exists a δ-
negative witness, |wA〉, |wB〉, for (H, |ψ0〉,ΨA,ΨB). Then we have

‖ΛΘ|ψ0〉‖ ≤
Θ

2
‖|wA〉‖+ 2

√
δ.

Proof. We can apply the effective spectral gap lemma to ΠA|wA〉 ∈ A, to get

Θ

2
‖|wA〉‖ ≥

Θ

2
‖ΠA|wA〉‖ ≥ ‖ΛΘ (I −ΠB − (I −ΠB)(I −ΠA)) |wA〉‖

≥ ‖ΛΘ(I −ΠB)|wA〉‖ − ‖ΛΘ(I −ΠB)(I −ΠA)|wA〉‖
≥ ‖ΛΘ(I −ΠB)(|ψ0〉 − |wB〉)‖ − ‖(I −ΠA)|wA〉‖
≥ ‖ΛΘ(I −ΠB)|ψ0〉‖ − ‖ΛΘ(I −ΠB)|wB〉‖ − ‖(I −ΠA)|wA〉‖ .

Since |ψ0〉 is orthogonal to B by construction, and ‖(I −ΠA)|wA〉‖ ≤
√
δ and similarly for

B, the lemma follows.

3.3.2 Positive analysis:

We want to distinguish the case where there exists a negative witness (the negative case)
from the positive case, which is the case where there exists a positive witness, defined as
follows:

Definition 3.3.5 (Positive Witness). A δ-positive witness for (H, |ψ0〉,ΨA,ΨB) is a vector
|w〉 ∈ H such that 〈ψ0|w〉 6= 0 and |w〉 is almost orthogonal to all |ψ〉 ∈ ΨA ∪ ΨB, in the
sense that ‖ΠA|w〉‖2 ≤ δ ‖|w〉‖2 and ‖ΠB|w〉‖2 ≤ δ ‖|w〉‖2.

Again, for intuition, we consider the case where δ = 0. A 0-positive witness is exactly
a component of |ψ0〉 in (A+B)⊥, which exists precisely when |ψ0〉 6∈ A+B. Thus, the case
where there exists a 0-positive witness is the complement of the case where there exists
a 0-negative witness, so it is theoretically possible to distinguish these two cases. When
δ > 0, the two cases may or may not be distinct, depending on δ, and the overlap between
A and B.

When |w〉 is a 0-positive witness, it is straightforward to see that

‖Λ0|ψ0〉‖ ≥
|〈w|ψ0〉|
‖|w〉‖

,

where Λ0 is the orthogonal projector onto the (+1)-eigenspace of UAB. For the case of
δ > 0, we need the following lemma, analogous to the effective spectral gap lemma.

Lemma 3.3.6 (Effectively Zero Lemma). Fix δ ≥ 0 and Θ ∈ (0, π). For |ψ〉 ∈ H such that
‖ΠA|ψ〉‖2 ≤ δ ‖|ψ〉‖2 and ‖ΠB|ψ〉‖2 ≤ δ ‖|ψ〉‖2,

‖(I − ΛΘ)|ψ〉‖2 ≤ 4π2δ ‖|ψ〉‖2

Θ2
.

Proof. Let {θj}j∈J ⊂ (−π, π] be the set of eigenphases of UAB, and let Πj be the orthogonal
projector onto the eiθj -eigenspace of UAB, so we can write

UAB =
∑
j∈J

eiθjΠj . (3.12)
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We have (see (3.11))

UAB|ψ〉 = |ψ〉+ 4ΠAΠB|ψ〉 − 2ΠA|ψ〉 − 2ΠB|ψ〉, (3.13)

and using the triangle inequality, ‖ΠA|ψ〉‖2 ≤ δ ‖|ψ〉‖2 and ‖ΠB|ψ〉‖2 ≤ δ ‖|ψ〉‖2, we can
compute

‖4ΠAΠB|ψ〉 − 2ΠA|ψ〉 − 2ΠB|ψ〉‖2 = ‖2(2ΠA − I)ΠB|ψ〉 − 2ΠA|ψ〉‖2

≤ (‖2(2ΠA − I)ΠB|ψ〉‖+ ‖2ΠA|ψ〉‖)2 ≤ 16δ ‖|ψ〉‖2 .
(3.14)

Thus, by (3.13) and (3.14) and the fact that |eiθj − 1|2 = 4 sin2 θj
2 we can conclude that

16δ ‖|ψ〉‖2 ≥ ‖UAB|ψ〉 − |ψ〉‖2 ≥
∑
j∈J
|eiθj − 1|2 ‖Πj |ψ〉‖2

≥ 4 sin2 Θ

2

∑
j∈J :|θj |>Θ

‖Πj |ψ〉‖2 ≥ 4 sin2 Θ

2
‖(I − ΛΘ)|ψ〉‖2 .

Then since sin2 Θ
2 ≥

4
π2

Θ2

4 whenever Θ ∈ (−π, π), the result follows.

Lemma 3.3.7 (Positive Analysis). Fix δ ≥ 0 and Θ ∈ (0, π). Suppose there exists a δ-positive
witness |w〉 for (H, |ψ0〉,ΨA,ΨB). Then, letting ΛΘ be as in Lemma 3.3.3,

‖ΛΘ|ψ0〉‖ ≥
|〈ψ0|w〉|
‖|w〉‖

− 2
√
δπ

Θ
.

Proof. We compute

|〈ψ0|ΛΘ|w〉| ≥ |〈ψ0|w〉| − |〈ψ0|(I − ΛΘ)|w〉| by the triangle ineq.

≥ |〈ψ0|w〉| − ‖|ψ0〉‖ · ‖(I − ΛΘ)|w〉‖ by Cauchy-Schwarz

≥ |〈ψ0|w〉| −
2
√
δπ

Θ
‖|w〉‖ ,

where we used ‖|ψ0〉‖ = 1 and Lemma 3.3.6. Then:

‖ΛΘ|ψ0〉‖ ≥
|〈w|ΛΘ|ψ0〉|
‖ΛΘ|w〉‖

≥
|〈ψ0|w〉| − 2

√
δπ

Θ ‖|w〉‖
‖|w〉‖

=
|〈ψ0|w〉|
‖|w〉‖

− 2
√
δπ

Θ
.

3.3.3 The algorithm

By Lemma 3.3.7, if there exists a δ-positive witness, which happens precisely when there
is some component of |ψ0〉 that is nearly orthogonal to A + B, then |ψ0〉 overlaps the eiθ-
eigenspaces of UAB for small θ, say with |θ| ≤ Θ0 for some small-ish choice of Θ0. The
precise overlap depends on the size of this component, and allows us to lower bound the
probability that phase estimation of UAB on |ψ0〉 will result in a 0 in the phase register. On
the other hand, if |ψ0〉 is actually in A+B, then Lemma 3.3.4 upper bounds the overlap of
|ψ0〉 with small phase spaces, where “small” is determined by the parameter Θ > Θ0. This
allows us to upper bound the probability that phase estimation of UAB on |ψ0〉, to precision
Θ, will result in a 0 in the phase register. The key is then to choose the parameter Θ small
enough so that there is a constant gap between the lower bound on the probability of a
0 phase in the positive case, and the upper bound on the probability of a 0 phase in the
negative case. This leads to the following theorem:
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Theorem 3.3.8. For an implicit input x ∈ {0, 1}∗, fix the parameters of a phase estimation
algorithm (H, |ψ0〉,ΨA,ΨB) as in Definition 3.3.1. Suppose we can generate the state |ψ0〉
in cost S, and implement UAB = (2ΠA − I)(2ΠB − I) in cost A.
Let c+ ∈ [1, 50] be some constant, and let C− ≥ 1 be a positive real number that may scale
with |x|. Let δ and δ′ be positive real parameters such that

δ ≤ 1

(8c+)3π8C−
and δ′ ≤ 3

4

1

π4c+
.

Suppose we are guaranteed that exactly one of the following holds:

Positive Condition: There is a δ-positive witness |w〉 (see Definition 3.3.5), s.t.

|〈w|ψ0〉|2

‖|w〉‖2
≥ 1

c+
.

Negative Condition: There is a δ′-negative witness |wA〉, |wB〉 (Definition 3.3.2), s.t.

‖|wA〉‖2 ≤ C−.

Suppose we perform T =
√

8π4c+
√
C− steps of phase estimation of UAB on initial state |ψ0〉,

and output 1 if and only if the measured phase is 0, otherwise we output 0. Then

Positive Case: If the positive condition holds, the algorithm outputs 1 with probability at
least 2.25

π2c+
≥ 2.25

50π2 .

Negative Case: If the negative condition holds, the algorithm outputs 1 with probability at
most 2

π2c+
.

Thus, the algorithm distinguishes between these two cases with bounded error, in cost

O
(
S +

√
C−A

)
.

Proof. Let {θj}j∈J ⊂ (−π, π] be the set of eigenphases of UAB, and let Πj be the orthogonal
projector onto the eiθj -eigenspace of UAB, so we can write

UAB =
∑
j∈J

eiθjΠj .

After making a superposition over t from 0 to T − 1 in the phase register, and applying
U tAB to the input register conditioned on the phase register, as one does in phase estima-
tion [Kit96], we obtain the following state:

T−1∑
t=0

1√
T
|t〉U tAB|ψ0〉 =

∑
j∈J

T−1∑
t=0

1√
T
|t〉eitθjΠj |ψ0〉.

The phase estimation algorithm then proceeds by applying an inverse Fourier trans-
form, F †T , to the first register, and then measuring the result, to obtain some t ∈ [T − 1]0.
We choose the output bit based on whether t = 0 or not. The probability of measuring 0
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is

p0 :=

∥∥∥∥∥∥〈0|F †T ⊗ I
∑
j∈J

T−1∑
t=0

1√
T
|t〉eitθjΠj |ψ0〉

∥∥∥∥∥∥
2

=

∥∥∥∥∥∥
T−1∑
t=0

1√
T
〈t| ⊗ I

∑
j∈J

T−1∑
t=0

1√
T
|t〉eitθjΠj |ψ0〉

∥∥∥∥∥∥
2

=
1

T 2

∥∥∥∥∥∥
∑
j∈J

T−1∑
t=0

eitθjΠj |ψ0〉

∥∥∥∥∥∥
2

=
1

T 2

∑
j∈J :θj 6=0

∣∣∣∣1− eiθjT1− eiθj

∣∣∣∣2 ‖Πj |ψ0〉‖2 + ‖Λ0|ψ0〉‖2

=
1

T 2

∑
j∈J :θj 6=0

sin2(Tθj/2)

sin2(θj/2)
‖Πj |ψ0〉‖2 + ‖Λ0|ψ0〉‖2 ,

(3.15)

since
∣∣∣∑T−1

t=0 eitθ
∣∣∣ =

∣∣∣1−eiθT1−eiθ

∣∣∣, and |1− eiθ|2 = 4 sin2( θ2) for any θ ∈ R. We will analyse the
positive and negative cases one-by-one.

Positive Case: Assume the positive condition holds. The existence of a δ-positive witness
allows us to apply Lemma 3.3.7. In the following, we will use the identities sin2(θ) ≤ θ2

for all θ, and sin2(θ) ≥ 4θ2

π2 whenever |θ| ≤ π/2. Let Θ0 = π/T . Continuing from (3.15),
we can lower bound the probability of measuring a 0 in the phase register as follows:

p0 ≥
1

T 2

∑
j∈J :0<|θj |≤Θ0

sin2(Tθj/2)

sin2(θj/2)
‖Πj |ψ0〉‖2 + ‖Λ0|ψ0〉‖2

≥ 1

T 2

∑
j∈J :0<|θj |≤Θ0

4(Tθj/2)2/π2

(θj/2)2
‖Πj |ψ0〉‖2 + ‖Λ0|ψ0〉‖2

≥ 4

π2
‖ΛΘ0 |ψ0〉‖2 ≥

4

π2

(
|〈ψ0|w〉|
‖|w〉‖

− 2
√
δπ

Θ0

)2

≥ 4

π2

(
1
√
c+
− 2πT

π

1

(8c+)3/2π4
√
C−

)2

=
4

π2

(
1
√
c+
− 2
√

8π4c+
√
C−

(8c+)3/2π4
√
C−

)2

=
4

π2

(
3

4

)2 1

c+
=

2.25

π2

1

c+
≥ 2.25

50π2
.

(3.16)

Negative Case: Assume the negative condition, which allows us to apply Lemma 3.3.4.
In the following, we will use the identities sin2(θ) ≤ min{1, θ2} for all θ, and sin2(θ/2) ≥
θ2

π2 whenever |θ| ≤ π. Let Θ = π−2(c+C−)−1/2. Continuing from (3.15), we can upper
bound the probability of measuring a 0 in the phase register:

p0 ≤
1

T 2

∑
j∈J :0<|θj |≤Θ

(Tθj/2)2

(θj/π)2
‖Πj |ψ0〉‖2 +

1

T 2

∑
j∈J :|θj |>Θ

1

(θj/π)2
‖Πj |ψ0〉‖2 + ‖Λ0|ψ0〉‖2

≤ π2

4
‖ΛΘ|ψ0〉‖2 +

1

T 2

π2

Θ2
≤ π2

4

(
Θ

2
‖|wA〉‖+ 2

√
δ′
)2

+
1

8π8c2
+C−

π2

Θ2

≤ π2

4

(
1

π2
√
c+C−

√
C− + 2

√
3

2π2√c+

)2

+
π2

8π8c2
+C−

π4c+C−

≤ 1

4π2c+

(
1 +
√

3
)2

+
1

8π2c+
≤ 2

π2c+
.
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To complete the proof, it is easily verified that the described algorithm has the claimed
cost.

3.3.4 Approximating the optimal positive witness

Consider the case where we have a 0-positive witness, meaning δ = 0 in Definition 3.3.5.
There are infinitely many 0-positive witnesses, but there exists an unique optimal positive
witness:

Definition 3.3.9 (Optimal Positive Witness). Let |w〉 ∈ H be a 0-positive witness for
(H, |ψ0〉,ΨA,ΨB) s.t. 〈w|ψ0〉 = 1. We say that |w〉 is the optimal positive witness for
(H, |ψ0〉,ΨA,ΨB) if

‖|w〉‖ = min{‖|w〉‖ : |w〉 is a 0-positive witness for (H, |ψ0〉,ΨA,ΨB); 〈w|ψ0〉 = 1}.

Fact 3.3.10. The optimal positive witness for (H, |ψ0〉,ΨA,ΨB) is the unique 0-positive wit-
ness that lies in

(I −ΠB)ΨA + span{|ψ0〉},

meaning it can be decomposed as

|ψ0〉 =
〈w|ψ0〉
‖|w〉‖

|w〉
‖|w〉‖

+ (I −ΠB)|wA〉

for some (unnormalised) |wA〉 ∈ ΨA.

Proof. Let |w〉 be the optimal positive witness for (H, |ψ0〉,ΨA,ΨB) and suppose the con-
trary holds, meaning |w〉 contains a component |w1〉 that is orthogonal to both (I−ΠB)ΨA
as well as |ψ0〉. Now consider the state |w0〉 := |w〉 − |w1〉, which then must lie in
(I−ΠB)ΨA+span{|ψ0〉}. Firstly, since by definition ΠB|ψ0〉 = 0 (see Definition 3.3.1) and
ΠB|w〉 = 0 (see Definition 3.3.5), we find that ΠB|w0〉 = 0 and hence also ΠB|w1〉 = 0.
Secondly, we have 〈ψ0|w0〉 = 〈ψ0|w〉 = 1, since |w1〉 is orthogonal to |ψ0〉. Lastly, since
|w1〉 is orthogonal to (I − ΠB)ΨA and by definition ΠA|w〉 = 0 (see Definition 3.3.5), we
also have

ΠA|w0〉 = ΠA|w〉 −ΠA|w1〉 = 0−ΠA(I −ΠB)|w1〉 = 0.

This means that the component |w0〉 of |w〉 satisfies all the requirements to be a 0-positive
witness for (H, |ψ0〉,ΨA,ΨB) itself and its size is strictly smaller than the size of |w〉, which
is in contradiction with |w〉 being the optimal positive witness.

The uniqueness of the optimal positive witness now follows as well: suppose that there
are two optimal positive witnesses |w1〉 and |w2〉 for (H, |ψ0〉,ΨA,ΨB). We have just shown
that both |w1〉 and |w2〉 – and hence also their sum – lie in (I −ΠB)ΨA+ span{|ψ0〉}. This
means specifically that

(〈w1|+ 〈w2|) (|w1〉 − |w2〉) = ‖|w1〉‖2 + ‖|w2〉‖2 = 0.

So either |w1〉 or |w2〉 has a component in the complement of (I − ΠB)ΨA + span{|ψ0〉},
or |w1〉 = |w2〉. Since the former leads to a contradiction, the latter must be true.

If we are promised to have a 0-positive witness, meaning δ = 0, then the phase esti-
mation algorithm of Theorem 3.3.8 provides us with more information then simply a 1-bit
confirmation of that fact that the positive condition holds, i.e. that a 0-positive witness
exists. In fact, the other registers of the phase estimation algorithm contain an approxima-
tion of the optimal positive witness and we can obtain a better approximation by running
more steps of phase estimation.
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Lemma 3.3.11 (Modified Lemma 8 in [Pid19] and Lemma 10 in [AP22]). Fix a phase
estimation algorithm (H, |ψ0〉,ΨA,ΨB) as in Definition 3.3.1. Suppose we can generate the
state |ψ0〉 in cost S, and implement UAB = (2ΠA − I)(2ΠB − I) in cost A. Let p be a positive
real number that may scale with |x| and suppose that |w〉 is the optimal positive witness (see
Definition 3.3.9 and Fact 3.3.10) such that

|ψ0〉 =
√
p
|w〉
‖|w〉‖

+ (I −ΠB)|wA〉.

Then performing T steps of phase estimation of UAB on initial state |ψ0〉 will output that the
measured phase is “0” with probability p0 ∈ [p, p+ 17π2‖|wA〉‖

16T ], leaving a state |w̃〉 satisfying

1

2

∥∥∥∥|w̃〉〈w̃| − |w〉〈w|‖|w〉‖2

∥∥∥∥
1

≤
√

1− p

p0
≤

√
17π2 ‖|wA〉‖

16Tp
.

Proof. Due to (3.16), we know that we lower bound the probability of success by ‖Λ0|ψ0〉‖.
Since we are dealing with a 0-positive witness, we hence know that

p0 ≥ ‖Λ0|ψ0〉‖2 ≥
|〈ψ0|w〉|
‖|w〉‖

=
√
p.

We note that the second inequality in the above equation is in fact an equality, due to
Lemma 3.3.3:

‖Λ0|ψ0〉‖2 ≤
∥∥∥∥Λ0

(
|ψ0〉 −

√
p
|w〉
‖|w〉‖

)∥∥∥∥2

+

∥∥∥∥Λ0
√
p
|w〉
‖|w〉‖

∥∥∥∥2

=

∥∥∥∥Λ0
√
p
|w〉
‖|w〉‖

∥∥∥∥2

≤ p. (3.17)

For the upper bound, we continue where we left off in (3.15) from the proof of Theo-
rem 3.3.8:

p0 =
1

T 2

∑
j∈J :θj 6=0

sin2(Tθj/2)

sin2(θj/2)
‖Πj |ψ0〉‖2 + ‖Λ0|ψ0〉‖2 . (3.18)

We split this sum into two parts, depending on whether the value of θj is smaller or larger
than

√
1/(T ‖|wA〉‖). In both parts, we make use of the identity sin2(θ) ≤ min{1, θ2} for

all θ and we abbreviate |ϕ〉 = |w〉
‖|w〉‖ . By inserting the same resolution of the identity as in

(3.17), we upper bound the first sum as

1

T 2

∑
j∈J :0<θj<

√
1/(T‖|wA〉‖)

sin2(Tθj/2)

sin2(θj/2)
‖Πj |ψ0〉‖2 (3.19)

≤ 1

T 2

∑
j∈J :0<θj<

√
1/(T‖|wA〉‖)

sin2(Tθj/2)

sin2(θj/2)

(
‖Πj (|ψ0〉 −

√
p|ϕ〉)‖2 + ‖Πj

√
p|ϕ〉‖2

)

=
1

T 2

∑
j∈J :0<|θj |<

√
1/(T‖|wA〉‖)

sin2(Tθj/2)

sin2(θj/2)
‖Πj (|ψ0〉 −

√
p|ϕ〉)‖2

≤ 1

T 2

∑
j∈J :0<|θj |<

√
1/(T‖|wA〉‖)

π2T 2

4

‖|wA〉‖
4T

by Lemma 3.3.3

≤ π2 ‖|wA〉‖
16T

. (3.20)
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For the second sum, we additionally use the bound sin2(θ/2) ≥ θ2

π2 whenever |θ| ≤ π:

1

T 2

∑
j∈J :|θj |≥

√
1/(T‖|wA〉‖)

sin2(Tθj/2)

sin2(θj/2)
‖Πj |ψ0〉‖2 ≤

1

T 2

∑
j∈J :|θj |≥

√
1/(T‖|wA〉‖)

π2

θ2
j

‖Πj |ψ0〉‖2

≤ π2 ‖|wA〉‖
T

∑
j∈J :|θj |≥

√
1/(T‖|wA〉‖)

‖Πj |ψ0〉‖2 ≤
π2 ‖|wA〉‖

T
. (3.21)

By substituting the upper bounds from (3.17),(3.19) and (3.21) into (3.18), we conclude
that

p0 ≤
π2 ‖|wA〉‖

16T
+
π2 ‖|wA〉‖

T
+ p =

17π2 ‖|wA〉‖
16T

+ p.

Finally, let |w̃〉 be the (normalised) post measurement state after measuring 0. We
abbreviate PE for the phase estimation algorithm followed by the projection onto mea-
suring 0, as described in (3.15), such that |w̃〉 = 1√

p0
PE|ψ0〉. Note that since |ϕ〉 is an

1-eigenvector of U , we have |ϕ〉 = PE|ϕ〉, meaning we can conclude the lemma via the
inequality

1

2
‖|w̃〉〈w̃| − |ϕ〉〈ϕ|‖1 ≤

√
1− |〈w̃|ϕ〉|2 =

√
1− |〈ψ0|PE|ϕ〉|2

p0

=

√
1− p

p0
≤

√
17π2 ‖|wA〉‖

16Tp
.

3.4 Quantum walks and electrical flow

We now discuss how a quantum walk search algorithm works in the electric network
framework from [Bel13] and how it intuitively connects to electrical networks. Later
constructions, such as the ones in [AGJK20] and [AGJ20] that were modified to not only
detect, but also find, are in essence similar.

In this thesis, the intuition of what a quantum walk algorithm entails should not be
an accelerated random walk (as in [AS19]). Instead, our quantum walk algorithms are
phase estimation algorithms, whose parameters are initialised and whose complexity is
analysed through random walks and electrical networks. Although there already exists
a relationship between the analysis of random walks and electrical networks, see for ex-
ample [LP16], we will see that this relationship is even more explicit when it comes to
the electrical network framework. The initialisation, and consequently the analysis, of
the phase estimation algorithms is by no means unique. In the remainder of this chapter,
as well as in Chapter 6, we consider the initialisation when the edge labels from Defini-
tion 3.2.13 are simply the vertices themselves and where we do not consider any networks
with length as in Definition 3.2.7. In Chapter 4 we consider a more general initialisation
of the phase estimation algorithm involving both non-trivial edge labels and networks
with length. In Section 4.4 we will discuss the differences and similiarity of these two
initialisations in more detail.

Fix a network G = (V,E,w) and vertices s, t ∈ V . We will suppose for simplicity that
σ is supported on this single vertex s, and either M = ∅ or M = {t}. This graph can
be given to us as part of the search problem that we are trying to solve, as is the case
in the welded trees problem in Section 4.4, but we can also model our search problem
to a graph problem, as we do in the k-distinctness problem in Chapter 5. We make a
slight modification to our graph, which is common trick in quantum walk algorithms to
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V0

G

s0

V0

G′

Figure 3.2: Example of a graph G with V0 ⊆ V (G) and the induced graph G′ that is
obtained from G by adding a new vertex s0. This new vertex is connected to every vertex
u ∈ V0 via an edge of weight w0σu.

improve the final complexity of our phase estimation algorithm. Let G′ be the graph G
with a single extra vertex s0, connected to s via an edge with weight w0. We consider the
direction (s0, s) to be part of the directed edge set

−→
E (G′). This modification is shown in

Figure 3.2 for when σ is supported on a set V0 ⊆ V (G). This modification only allows
for a slightly improved final complexity, but to gain a conceptual understanding of the
algorithm, one can also ignore this modification and simply read s0 to be s.

3.4.1 Initialising the phase estimation algorithm

To initialise our phase estimation algorithm as in Definition 3.3.1, we start by defining our
Hilbert space, which we choose to be the edge space of our modified network G′:

H = span{|u, v〉 : (u, v) ∈ E(G′)}}. (3.22)

Note that each edge (u, v) ∈ E(G′) “appears twice” in H: both as |u, v〉 and |v, u〉, which
are orthogonal states in H. This also means that intuitively our quantum walk will “walk
on edges”, where as a classical random walk on a graph usually takes place on its vertices.

For each vertex u ∈ V (G′), we define the normalised star state of u ∈ V (G′) with
respect to the graph G′ as

|ψG′? (u)〉 :=
1√
wG′u

 ∑
v∈Γ+

G′ (u)

√
wu,v|u, v〉 −

∑
v∈Γ−

G′ (u)

√
wu,v|u, v〉


=

1√
wG′u

∑
v∈ΓG′ (u)

(−1)∆u,v
√
wu,v|u, v〉.

(3.23)

Because the star states are taken with respect to the graph G′, we must not forget that
s0 ∈ Γ−G′(s). Here for any (u, v) ∈ E(G′), the quantity ∆u,v is equal to 0 if (u, v) ∈

−→
E (G′)

and 1 if (v, u) ∈
−→
E (G′), where we recall that (s0, s) ∈

−→
E (G′). The construction of these

star states is consistent with the one from Definition 3.2.13, by viewing the vertices as
labels, meaning fu(v) = v for every edge (u, v) ∈ E(G′). These star states are used to
construct the set of vectors ΨA ⊂ H as follows:

ΨA := {|ψG′? (u)〉 : u ∈ V (G′)\ ({s0} ∪M)}. (3.24)

Its span, denoted by A, then forms the star space of H. The other subspace is constructed
from

ΨB := {|u, v〉 − |v, u〉 : (u, v) ∈ E(G′)}. (3.25)
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Its span, denoted by B, forms the antisymmetric subspace of H. Under these choices of
H,ΨA and ΨB, the unitary UAB is now known as the quantum walk operator

UAB = (2ΠA − I)(2ΠB − I) = −SWAP

2
∑

u∈V (G′)\{s0,t}

|ψG′? (u)〉〈ψG′? (u)| − I

 . (3.26)

Here SWAP acts as SWAP|u, v〉 = |v, u〉 for any |u, v〉 ∈ H.
The last parameter according to Definition 3.3.1 is the initial state |ψ0〉 ∈ B⊥ on which

we will run the phase estimation of UAB. By our choice of B, the space B⊥ forms the
symmetric subspace of H and is spanned by the following set of states:

{|u, v〉+ |v, u〉 : (u, v) ∈ E(G′)}. (3.27)

To construct |ψ0〉, we take the star state |ψ?(s0)〉, which can be seen as a quantum sample
of the initial distribution σ (which in our case is only supported on s), and take its its
normalised projection onto B⊥:

|ψ0〉 :=
√

2(I −ΠB)|ψ?(s0)〉 =
1√
2

(|s0, s〉+ |s, s0〉) . (3.28)

3.4.2 Detecting a marked vertex

Having initialised our phase estimation algorithm, we can now run it and use Theo-
rem 3.3.8 to distinguish whether the positive or negative condition holds. By linking
the existence of a marked vertex to these conditions, we end up with a quantum walk
algorithm that detects the existence of a marked vertex.

The positive condition: M = {t}

Suppose M = {t}, how do we use this fact to construct a positive witness as in Defini-
tion 3.3.5. We may assume that there is a path from s to t in G, otherwise a random walk
from s will never find t. This means that there exists a unit s-t flow on G. For every such
s-t flow θ on G we can create a (normalised) flow state, which is a quantum representation
of the flow living in B⊥ (see (3.27)):

|θ〉 :=
1√

2E(θ)

∑
(u,v)∈

−→
E (G)

θu,v√
wu,v

(|u, v〉+ |v, u〉) . (3.29)

It might seem slightly counterintuitive that the flow state lives in the symmetric subspace,
since we saw in Section 3.2.2 that the s-t flow θ as in Definition 3.2.3 could be interpreted
as a vector θ in the symmetric subspace of C

−→
E (G), satisfying θu,v = θv,u. By Definition 3.3.5

however, we know that a 0-positive witness lies in both A⊥ and B⊥, the latter of which
we have now guaranteed. To obtain a state A⊥, we are interested in an s0-t flow θ′ on
G′, which we can construct from s-t flow θ by sending one unit of flow along the edge
(s0, s) ∈

−→
E (G′) (with ws0,s = w0). By (3.29), its corresponding flow state then becomes

|θ′〉 :=
1√

2 (E(θ′))

∑
(u,v)∈

−→
E (G′)

θ′u,v√
wu,v

(|u, v〉+ |v, u〉)

=
1√

2 (E(θ) + 1/w0)

 ∑
(u,v)∈

−→
E (G)

θu,v√
wu,v

(|u, v〉+ |v, u〉) +
1

w0
(|s0, s〉+ |s, s0〉)

 .

(3.30)
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To ensure orthogonality withA⊥, note that this is precisely the space orthogonal to all star
states of vertices in V (G′) \ {s0, t}. By Kirchhoff’s Law (see Definition 3.2.5), we know
that each flow state |θ′〉 must be orthogonal to such star states: if the s0-t flow θ′ goes
through a vertex u ∈ V (G′) \ {s0, t}, it is supported on 2 of the edges adjacent to u, one
contributing −1 because it goes into u, and the other +1 because it comes out of u. More
formally, we have for any vertex u ∈ V (G′) \ {s0, t} that

〈ψG′? (u)|θ′〉 ∝
∑

v∈ΓG′ (u)

(−1)∆u,v
√
wu,v〈u, v|

∑
(u,v)∈

−→
E (G′)

θ′u,v√
wu,v

(|u, v〉+ |v, u〉) see (3.23)

=
∑

v∈Γ+
G′ (u)

(−1)∆u,vθ′u,v +
∑

v∈Γ+
G′ (u)

(−1)∆u,vθ′v,u =
∑

v∈ΓG′ (u)

θ′u,v = 0, (3.31)

where we used the fact that (−1)∆u,v = 1 when v ∈ Γ+
G′(u) and (−1) if v ∈ Γ−G′(u),

that θ′v,u = −θ′u,v, and that θ′ is an s0-t flow on G′, meaning it is conserved at every
u ∈ V (G′)\{s0, t}. It follows similarly that |θ′〉 has non-zero overlap with our initial state:

〈ψ0|θ〉 =
1√

2 (E(θ) + 1/w0)

1√
2

(〈s0, s|+ 〈s, s0|)
∑

(u,v)∈
−→
E (G′)

θ′u,v√
wu,v

(|u, v〉+ |v, u〉)

=
1

2
√

w0E(θ) + 1

(
θ′s0,s − θ

′
s,s0

)
=

1√
w0E(θ) + 1

.

(3.32)

We have hence derived that |θ′〉 is a valid 0-positive witness for every s-t unit flow θ.
But what would be the optimal positive witness, as defined in Definition 3.3.9. For now,
let us assume for simplicity that the optimal positive witness is equal to |θ′〉 for some s-t
unit flow θ (we will see in the proof of Corollary 3.4.2 that this must indeed be the case).
Then by Definition 3.3.9 and (3.32), the optimal positive witness is given by

|w〉 = arg min√
w0E(θ)+1|θ′〉

{∥∥∥√w0E(θ) + 1|θ′〉
∥∥∥ : θ is a s-t unit flow

}
. (3.33)

This means that the optimal positive witness is given by

|w〉 =
√
w0Rs,t + 1|θ′〉, (3.34)

where θ is the s-t electrical flow (see Definition 3.2.3). To ensure that |〈w|ψ0〉|2
‖|w〉‖2 is at least a

constant as required by Theorem 3.3.8, we set w0 = 1
Rs,t . This is valid choice of w0, as it

yields
w0Rs,t + 1 = 2, (3.35)

meaning that it satisfies
|〈w|ψ0〉|2

‖|w〉‖2
=

1

2
. (3.36)

The negative condition: M = ∅

On the other hand, suppose M = ∅. Contrary to the positive case, this means that the
star state of t is now one of the states spanning A. We can make use of this to decompose
our initial state |ψ0〉 into a component |wA〉 ∈ A and a component |wB〉 ∈ B to create
a negative witness as in Definition 3.3.2. First, observe that any two distinct star states
|ψG′? (u)〉, |ψG′? (v)〉 are orthogonal, since the former is supported on states of the form |u,w〉
with w ∈ ΓG′(u), where as the latter is supported on states of the form |v, w〉 where
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w ∈ ΓG′(v). Hence, by taking the sum over all star states of vertices in V (G), which lies
in A since M = ∅, no interference occurs and we obtain a weighted sum over all edges in
E(G′): ∑

u∈V (G)

√
wG′u |ψG

′
? (u)〉 = −

√
w0|s, s0〉+

∑
(u,v)∈E(G)

(−1)∆u,v
√
wu,v|u, v〉. (3.37)

Note that the above equation almost lies in B (see (3.25)), as∑
(u,v)∈E(G)

(−1)∆u,v
√
wu,v|u, v〉 =

∑
(u,v)∈

−→
E (G)

√
wu,v (|u, v〉 − |v, u〉) ∈ B. (3.38)

From these two observations, we derive the following choice for our negative witness. Let

|wA〉 := −
∑

u∈V (G)

√
2wG′u√
w0
|ψG′? (u)〉,

|wB〉 :=
1√
2

(|s0, s〉 − |s, s0〉) +
∑

(u,v)∈
−→
E (G)

√
2wu,v√
w0

(|u, v〉 − |v, u〉) . (3.39)

Then by (3.37) and (3.38) we find that

|wA〉+ |wB〉 =
√

2|s, s0〉+
1√
2

(|s0, s〉 − |s, s0〉) =
1√
2

(|s0, s〉+ |s, s0〉) = |ψ0〉. (3.40)

The complexity

Having satisfied all the requirements in Theorem 3.3.8, we can now use it to analyse the
complexity of our phase estimation algorithm that detects whether the vertex t is marked:

Corollary 3.4.1. Fix a network G = (V,E,w) as in Definition 3.2.1 with vertices s, t ∈ V .
Let UAB be the quantum walk operator as defined in (3.26). Then by performing T =
2
√

8π4
√
Rs,tW + 2 steps of phase estimation on the initial state |ψ0〉 as defined in (3.28)

with the operator UAB, the phase estimation algorithm distinguishes whether M = {t} or
M = ∅ with bounded error.

Before we prove this statement, we note that it is straightforward to extend this ap-
proach to general σ and a marked set M that contains possibly more vertices than just t.
Our general multidimensional quantum walk framework in Section 4.3 will be able to deal
with these more general cases, and it will also take into account the cost of implementing
UAB, as well as generating the initial state |ψ0〉.

Proof. Since we already constructed our positive witness in (3.34) and our negative wit-
ness in (3.39), we only have to compute the quantities c+ and C− from Theorem 3.3.8.
We have already seen in (3.36) that

|〈w|ψ0〉|2

‖|w〉‖2
=

1

2
,

meaning c+ = 2. Since we also chose w0 = 1
Rs,t , we find by (3.37) that

‖|wA〉‖2 = 2Rs,t

∥∥∥∥∥∥−√w0|s, s0〉+
∑

(u,v)∈E(G)

(−1)∆u,v
√
wu,v|u, v〉

∥∥∥∥∥∥
2

= 2Rs,t

 ∑
e∈E(G)

we + w0

 = Rs,tW + 2,

meaning C− = Rs,tW + 2 suffices.
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When applying Corollary 3.4.1, or even our more general multidimensional quantum
walk framework in Section 4.3, it is sufficient to provide an upper bound on the quantity
Rs,t (andW). Instead of trying to construct and upper bound the energy of the electrical
s-t flow, we can simply construct any unit s-t flow and upper bound its energy, as this will
always be an upper bound on Rs,t. A nice way to interpret this is that the quantity Rs,tW
is equal to the commute time from s to t – the expected number of steps a random walker
starting from s needs to reach t, and then return to s. For a discussion of how to interpret
this quantity in the case of more general σ and M , see [AGJ20].

3.4.3 Approximating the electrical flow

We can use the same initialisation of the parameters of our phase estimation algorithm, to
invoke Lemma 3.3.11 and exhibit an algorithm that approximates (a normalised version)
of the optimal positive witness, which in our case (see (3.34)) is the flow state |θ′〉, con-
structed from the s-t electrical flow θ. In fact, given an ε-approximation of |θ′〉, we show
that with high probability we can obtain an ε-approximation of |θ〉

The only unknown quantity yet in Lemma 3.3.11 is |wA〉 (not to be confused with |wA〉
from the negative witness in Definition 3.3.2). This will be equal to the (unnormalised)
state associated with the induced potential vector p corresponding to the s-t electrical flow
θ (with the convention that pt = 0):

|p〉 :=

√
2

Rs,t

∑
u∈V (G)\{s}

pu
√
wu|ψG? (u)〉. (3.41)

In [Pid19, AP22], this potential state |p〉 is used to apply Lemma 3.3.11 and show that
by running phase estimation on the quantum walk operator UAB, we can obtain a close
approximation to the flow state |θ〉. The precision required in this phase estimation algo-
rithm scales with a quantity that [AP22] define as the escape time ETs:

ETs :=
1

Rs,t

∑
u∈V (G)

p2
uwu. (3.42)

This operational meaning of this quantity, is that it captures the expected time where a
random walk leaves s for the final time, before it arrives at t.

Corollary 3.4.2. Fix a network G = (V,E,w) as in Definition 3.2.1 with vertices s, t ∈ V .
Let UAB be the quantum walk operator as defined in (3.26). Let θ be the s-t electrical
flow on G with corresponding flow state |θ〉 as defined in (3.29). Then by performing T =

17π2

16
√

2ε2

√
ETs + 1 steps of phase estimation on the initial state |ψ0〉 as defined in (3.28) with

the operator UAB, the phase estimation algorithm outputs “0” with bounded error, leaving a
state |θ̃〉 satisfying

1

2

∥∥∥|θ̃〉〈θ̃| − |θ〉〈θ|∥∥∥
1
≤ ε.

Proof. We will write θ for the s-t electrical flow on G and θ′ for the s0-t electrical flow
on G′. First, recall our choice of positive witness |w〉 =

√
2|θ′〉 from (3.34). We claimed

that this was in fact the optimal positive witness, but we have not yet proven this claim.
The optimality of |w〉 was not needed to use the phase estimation algorithm to detect a
marked vertex, but it will be necessary if we want to use Lemma 3.3.11. Since θ′ is the
s0-t electrical flow on G′, we know by Ohm’s Law (see Definition 3.2.6) that there exists a
potential p′, with p′t = 0.

p′s0 = Rs0,t = Rs,t +
1

w0
= 2Rs,t,
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and satisfying pu − pv =
θu,v
wu,v

for each edge (u, v) ∈ E(G). By (3.41), the corresponding
potential state of p′ is

|p′〉 :=

√
2

Rs0,t

∑
u∈V (G′)\{s0}

p′u

√
wG′u |ψG

′
? (u)〉 =

√
1

Rs,t

∑
u∈V (G)

p′u

√
wG′u |ψG

′
? (u)〉.

This potential allows us to decompose the flow state |f ′〉 from (3.30) as

|θ′〉 =
1

2
√
Rs,t

∑
(u,v)∈

−→
E (G′)

θ′u,v√
wu,v

(|u, v〉+ |v, u〉)

=
1

2
√
Rs,t

∑
(u,v)∈

−→
E (G′)

(√
wu,v(p

′
u − p′v)|u, v〉+ (p′u − p′v)

√
wu,v|v, u〉

)
=

1

2
√
Rs,t

(I + SWAP)
∑

u∈V (G′)

p′u
∑

v∈ΓG′ (u)

(−1)∆u,v
√
wu,v|u, v〉

= (I −ΠB)
1√
Rs,t

∑
u∈V (G′)

p′u

√
wG′u |ψ?(u)〉 see (3.23)

= (I −ΠB)|p′〉+ (I −ΠB)
1√
Rs,t

p′s0
√
ws0 |ψ?(s0)〉

= (I −ΠB)|p′〉+ (I −ΠB)
1√
Rs,t

2
√
Rs,t|ψ?(s0)〉 = (I −ΠB)|p′〉+

√
2|ψ0〉. see (3.28)

(3.43)
This can be rearranged to

|ψ0〉 =
1√
2
|θ′〉 − (I −ΠB)

1√
2
|p′〉.

Since p′t = 0, we immediately have by its definition in (3.41) that |p′〉 ∈ A, meaning
we have shown that our choice of |w〉 was in fact the optimal positive witness due to
Fact 3.3.10. Hence, by applying Lemma 3.3.11, with |wA〉 = 1√

2
|p′〉, we find that the

resulting state after running phase estimation on the quantum walk operator UAB with
initial state |ψ0〉 is approximately the s0-t electrical flow state |θ′〉. To turn this into |θ〉,
observe that due to (3.30) we can decompose

|θ′〉 =
1

2
√
Rs,t

(√
2Rs,t (|s0, s〉+ |s, s0〉) +

√
2Rs,t|θ〉

)
. (3.44)

By (3.35) we therefore know that if we postselect on our edges not containing the vertex
s0, we are left with |θ〉 with success probability 1/2.

Lastly, by Ohm’s Law (see Definition 3.2.6) it is straightforward to see that the poten-
tials p and p′ coincide on V (G), meaning we can relate ‖|p′〉‖ to ETs (see (3.42)) as

∥∥|p′〉∥∥2
=

1

Rs,t

∑
u∈V (G)

p2
uw

G′
u =

1

Rs,t

∑
u∈V (G)

p2
uwu +Rs,tw0 = ETs + 1.

In this section, we have shown what we mean with quantum walks in the electrical
network framework, namely phase estimation algorithms of the specific form from Theo-
rem 3.3.8, initialised with objects originating from random walks and electrical networks.
Table 3.1 summarises this initialisation.
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Phase estimation Quantum walk

Definition 3.3.1

H span{|u, v〉 : (u, v) ∈ E(G′)}

|ψ0〉 1√
2

(|s0, s〉+ |s, s0〉)

ΨA {|ψ?(u)〉 : u ∈ V (G′)\ ({s0} ∪M)}

ΨB {|u, v〉 − |v, u〉 : (u, v) ∈ E(G′)}

Theorem 3.3.8

C− Rs,tW + 2

|w〉
√
E(θ′)
Rs,t |θ

′〉 for any unit s0-t flow θ′

|wA〉 −
∑

u∈V (G)

√
2wG′u Rs,t|ψG

′
? (u)〉

|wB〉
1√
2

(|s0, s〉 − |s, s0〉)
+
∑

(u,v)∈
−→
E (G)

√
2wu,vRs,t (|u, v〉 − |v, u〉)

Lemma 3.3.11
|w〉

√
2|θ′〉 with θ′ being the s0-t electrical flow

|wA〉
1√
2
|p′〉, with p′ being the potential

corresponding to the s0-t electrical flow

Table 3.1: A summary of how we initialise the phase estimation parameters in Section 3.4,
as well as the parameters in Theorem 3.3.8 and Lemma 3.3.11, by using states and spaces
whose construction is inspired by objects from random walks and electrical networks.

3.4.4 Example graph

We return to our example graph from Figure 3.1, which is shown again here in Figure 3.3
for convenience. The directed edges and weight assignments in the network G give rise to
the following star states (see (3.23)) for each of the four vertices:

|ψ?(s)〉 = |s, x〉, |ψ?(x)〉 =

√
2

3

(
−|x, s〉+

1

2
|x, y〉+

1

2
|x, t〉

)
,

|ψ?(y)〉 =
√

2

(
−1

2
|y, x〉+

1

2
|y, t〉

)
, |ψ?(t)〉 =

√
2

(
−1

2
|t, x〉 − 1

2
|t, y〉

)
.

The flow state |θ〉 (see (3.29)), corresponding to the s-t electrical flow θ visualised in
Figure 3.3, is given by

|θ〉 =

√
3

22

(
|s, x〉+ |x, s〉+

2

3
|x, y〉+

2

3
|y, x〉+

4

3
|x, t〉+

4

3
|t, x〉+

4

3
|y, t〉+

2

3
|t, y〉

)
.

It is straightforward to verify that |θ〉 is orthogonal to the star states |ψ?(x)〉 and |ψ?(y)〉
corresponding to the vertices x and y, respectively. The resulting potential state |p〉 (see
(3.41)) corresponding to the potential visualised in Figure 3.3 is

|p〉 = −8

3
|x, s〉+

4

3
|x, y〉+

4

3
|x, t〉 − 2

3
|y, x〉+

2

3
|y, t〉. (3.45)

3.5 Model of computation and quantum subroutines

Our quantum walks work in the (fully quantum) QRAM model, which we now describe.
By QRAM, we mean quantum memory, storing an arbitrary quantum state, to which we
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pu for each u ∈ V

Figure 3.3: Graph G with its s-t electrical flow θ and corresponding potential p at each
vertex.

can apply random access gates. By this, we mean we can implement, for i ∈ [n], b ∈ {0, 1},
and x ∈ {0, 1}n, a random access read:

READ : |i〉|b〉|x〉 7→ |i〉|b⊕ xi〉|x〉,

or a random access write:

WRITE : |i〉|b〉|x〉 7→ |i〉|b〉|x1, . . . , xi−1, xi ⊕ b, xi+1, . . . , xn〉,

on any superposition. By applying READ ·WRITE · READ, we can implement a controlled
SWAP:

READ ·WRITE · READ(|i〉|b〉|x〉) = |i〉|xi〉|x1, . . . , xi−1, b, xi+1, . . . , xn〉.

Aside from these operations, we count the number of elementary gates, by which we mean
arbitrary unitaries that act on O(1) qubits.

We will be interested in running different iterations of a subroutine on the different
branches of a superposition, for which we use the concept of a quantum subroutine. We
note that Definition 3.5.1 is not the most general definition, but it is sufficient for our
purposes.

Definition 3.5.1 (Quantum Subroutine). A quantum subroutine is a sequence of unitaries
U0,. . . , UTmax−1 on HZ = span{|z〉 : z ∈ Z} for some finite set Z. For X,Y ⊆ Z, we say the
subroutine computes an injective function f : X → Y in times {Tx ≤ Tmax}x∈X with errors
{εx}x∈X if:

1. The map
∑Tmax−1

t=0 |t〉〈t| ⊗ Ut can be implemented in polylog(Tmax) complexity.

2. For all x ∈ X, ‖|f(x)〉 − UTx−1 . . . U0(|x〉)‖2 ≤ εx.

3. The maps x 7→ Tx and y 7→ Tf−1(y) can both be implemented in polylog(Tmax) com-
plexity.

4. There exists a decomposition Z =
⋃
x∈X Zx such that x, f(x) ∈ Zx, and for every

t ∈ [Tmax − 1]0, Ut . . . U0|x〉 ∈ span{|z〉 : z ∈ Zx}.

While not all of our assumptions are general, they are reasonable in our setting. Item
1 is standard in subroutines that will be run in superposition (see e.g. [Amb10b]), and
is reasonable, for example, in settings where the algorithm is sufficiently structured to
compute Ut from a standard gate set on the fly, which we formalise in Lemma 3.5.2 below
(see also the discussion in [CJOP20, Section 2.2]).

Item 3 is not always necessary, but it is often true, and simplifies things considerably.
It means, in particular, that one can decide, based on the input, how many steps of the
algorithm should be applied, and then, based on the output, uncompute this information.

Item 4 is not a standard assumption, but it is also not unreasonable. For example, if
X = X ′ × {0} and f(x, 0) = (x, g(x)) for some function g, the algorithm may simply use
x as a control, and so its state always encodes x, and therefore remains orthogonal for
different x.
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Lemma 3.5.2. Call unitaries U0, . . . , UTmax−1 on H a uniform quantum algorithm if there
exists ` = polylog(Tmax), unitaries W1, . . . ,W`, and maps g : [Tmax − 1]0 → [`] and g′ :
[Tmax − 1]0 → 2[log dimH] such that:

1. For each j ∈ [`], Wj can be implemented by polylog(Tmax) gates from some implicit
gate set (and therefore acts on m = polylog(Tmax) qubits).

2. g and g′ can be computed in polylog(Tmax) complexity.

3. For all t ∈ [Tmax − 1]0, Ut = Wg(t)(g
′(t)), where W`(S) denotes W` applied to the

qubits specified by S.

Then
∑Tmax−1

t=0 |t〉〈t| ⊗ Ut can be implemented in polylog(Tmax) gates.

Proof. We describe how to implement
∑Tmax−1

t=0 |t〉〈t|⊗Ut on |t〉|z〉 for |z〉 ∈ H. Append reg-
isters |0〉A|0〉A′ ∈ span{|j, S〉 : j ∈ [`]0, S ∈ S}, where S is the set of subsets of [log dimH]
of size at most m. Compute g(t) and g′(t) to get |t〉|z〉|0〉A|0〉A′ 7→ |t〉|z〉|g(t)〉A|g′(t)〉A′ .
Controlled on g′(t), we can swap the qubits acted on by Ut into the first m positions. Then
we can implement

∑`
j=1 |j〉〈j| ⊗Wj + |0〉〈0| ⊗ I by decomposing it into a sequence of `

controlled operations: ∏`

j=1
(|j〉〈j| ⊗Wj + (I − |j〉〈j|)⊗ I) .

The result follows from noticing that each of these ` = polylog(Tmax) operations can be
implemented with polylog(Tmax) controlled gates.

Lemma 3.5.3. Fix a constant integer c, and for j ∈ [c], let Sj be a quantum subroutine
on Hj = span{|j〉} ⊗ H for some space H that takes time {Tx = Tj}x∈Xj with errors
{εx = εj}x∈Xj . Then there is a quantum algorithm that implements

∑c
j=1 |j〉〈j| ⊗ Sj in

variable times Tj,x = O(Tj) and errors εj,x = εj for all x ∈ Xj .

Proof. Pad each algorithm with identities so that they all have the same number, Tmax =

maxj∈[c] T
(c)
max of unitaries. Then for each time t = [cTmax−1]0, with t = qc+ r for r ∈ [c]0,

let Ut = |r〉〈r| ⊗ U (r)
q + (I − |r〉〈r|)⊗ I.

3.5.1 Quantum data structures

We will assume we have access to a data structure that can store a set of keyed items,
S ⊂ I × K, for finite sets K and I. For such a stored set S, we assume the following can
be implemented in polylog(|I × K|) complexity:

1. For (i, k) ∈ I × K, insert (i, k) into S.

2. For (i, k) ∈ S, remove (i, k) from S.

3. For k ∈ K, query the number of i ∈ I such that (i, k) ∈ S.

4. For k ∈ K, return the smallest i such that (i, k) ∈ S.

5. Generate a uniform superposition over all (i, k) ∈ S.

In addition, for quantum interference to take place, we assume the data structure is
coherent, meaning it depends only on S, and not on, for example, the order in which
elements were added. See [BLPS22, Section 3.1] for an example of such a data structure.
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CHAPTER 4

Multidimensional quantum walks

Upward, not Northward!

Edwin A. Abbott, Flatland: A Romance of
Many Dimensions

This chapter is based on Section 3 and 4 in the paper Multidimensional Quantum Walks,
with Application to k-Distinctness [JZ23], which is joint work with Stacey Jeffery.

While (discrete) quantum walk frameworks make it easy to design quantum algorithms,
even without an in-depth knowledge of quantum computing, their primary drawback is
that they can provide at most a quadratic speedup over their classical counterparts. In
this chapter, we present a new framework for designing quantum walk search algorithms
that overcomes this limitation, which we call the multidimensional quantum walk
framework. By leveraging the novel concept of alternative neighbourhoods, this
framework allows for a significantly more efficient implementation of the quantum walk
operator. After introducing our framework, we demonstrate its power by applying it to
the welded trees problem from [CCD+03], solving it in O(n) queries and O(n2) time.
This result shows that our new quantum walk framework is capable of achieving
exponential speedups.
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4.1 Beyond the electrical network framework

We have seen in the previous chapter that the electrical network framework from [Bel13]
provides a powerful, yet intuitive recipe to construct quantum walk algorithms. In Ta-
ble 3.1 we saw how the phase estimation parameters correspond to objects from random
walks and electrical networks. Only by viewing the resulting quantum walk algorithm
from both perspectives, can we obtain insights into how this framework can be further
improved.

4.1.1 Edge composition

The first improvement to the electrical network framework comes from seeing our quan-
tum walk as a random walk on a graph. To implement the unitary UAB, we perform a
mapping that acts, for any u ∈ V (G), as |u, 0〉 7→ |ψG′? (u)〉 (the star state of u with re-
spect to the modified graph G′). Loosely speaking, what this usually means is that we
have a labelling of the edges coming out of u, and some way of computing (u, v) from
(u, i), where v is the i-th neighbour of u. If this computation costs Tu,v steps, then it takes
O(maxu,v Tu,v) steps to implement UAB. However, in case this cost varies significantly
over different u, v, we can do much better. We show how we can obtain a unitary with
polylogarithmic cost, and essentially consider, in the analysis of the resulting algorithm,
a quantum walk on a modified graph in which an edge (u, v) is replaced by a path of
length Tu,v + 2, which we name edge composition. A similar result was already known for
learning graphs, when a transition could be implemented with Tu,v queries [Bel12b]. This
is an extremely useful, if not particularly surprising, feature of the framework, which we
use in our application to k-distinctness in Chapter 5.

4.1.2 Alternative neighbourhoods

The second improvement comes from interpreting our quantum walk as purely a phase
estimation algorithm and it is the more interesting way how we augment the electric net-
work framework. In order to generate the star state of a vertex u, which is a superposition
of the edges coming out of u, one must, in some sense, know the neighbours of u, as well
as their relative weights, which is also the true for the update step in classical random
walks. In certain settings, the algorithm will know that the star state for u is one of a
small set of easily preparable states Ψ?(u) = {|ψ1

?(u)〉, |ψ2
?(u)〉, . . . }, but computing pre-

cisely which one of these is the correct state would be computationally expensive. In that
case, we include all of Ψ?(u), which we call the set of alternative neighbourhood of u, when
constructing the spaces A and B. In the case when M = ∅ in Theorem 3.3.8, the analysis
is the same – by increasing A+B, we have only made the analysis easier. However, in the
case M 6= ∅, the analysis has become more constrained. There are now some extra states
in A + B and constructing a positive witness from the s-t electrical flow – or any related
electrical network object—may no longer be feasible.

We explain the alternative neighbourhoods technique more in-depth with examples in
Section 4.2. We first remark on the unifying idea from which both these techniques follow,
which incorporates both the random walk, as well as the phase estimation perspective. If
we let {|ψ?(u)〉}u∈V be any set of states, we can make a graph G on V by letting u and
v be adjacent if and only if 〈ψ?(u)|ψ?(v)〉 6= 0. Then, if this graph is bipartite, and we
can reflect around the span of each state individually, we can reflect around the joint
span{|ψ?(u)〉 : u ∈ V }. Quantum walk search algorithms can be seen as a special case of
this, where we additionally exploit the structure of the graph to analyse the complexity of
this procedure. One way of viewing alternative neighbourhoods from the graph picture, is
that we extend this reasoning to the case where we have spaces {span{Ψ?(u)}}u∈V , each
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of which we can efficiently reflect around, and G is now a (bipartite) graph encoding the
overlap of the spaces, hence the qualifier multidimensional.

Edge composition also exploits this picture. We can define a sequence of subspaces
{Ψu,v

t }
Tu,i
t=1 that only overlap for adjacent t, and such that the subroutine computing |v, j〉

from |u, i〉 can be seen as moving through these spaces. Now the overlap graph of all these
spaces will look like G, except with each edge (u, v) replaced by a path of length Tu,v + 2.
See Figure 4.7 and Figure 4.9 for examples of such overlap graphs.

4.2 Alternative neighbourhoods

As discussed earlier, the multidimensional quantum walk framework modifies the quan-
tum walk operator through the use of alternative neighbourhoods.

Definition 4.2.1 (Alternative Neighbourhoods). For a network G = (V,E,w), as in Def-
inition 3.2.1 and Definition 3.2.13, a set of alternative neighbourhoods is a collection of
states:

Ψ? = {Ψ?(u) ⊂ span{|u, i〉 : i ∈ L(u)} : u ∈ V }
such that for all u ∈ V ,

|ψ?(u)〉 :=
1
√
wu

 ∑
i∈L+(u)

√
wu,i|u, i〉 −

∑
i∈L−(u)

√
wu,i|u, i〉

 ∈ Ψ?(u).

We view the states of Ψ?(u) as different possibilities for |ψG? (u)〉, only one of which is “correct.”
Let dmax = max{|L(u)| : u ∈ V }. We say we can generate Ψ? in complexity A?, for some
A? = Ω(log dmax), if there is a map U? such that:

• for each u ∈ V , there is an orthonormal basis Ψ(u) = {|ψu,0〉, . . . , |ψu,au−1〉} for
span{Ψ?(u)}, such that for all k ∈ [au], U?|u, k〉 = |ψ̄u,k〉, and

• U? can be implemented with complexity A?.

In Definition 4.2.1 we never exclude the possibility that the dimension au of the alter-
native neighbourhood Ψ?(u) is equal to one, in which case we will assume without loss of
generality that Ψ(u) = {|ψu,0〉} = {|ψ?(u)〉}. If that is the case, we will say that u has no
additional alternative neighbourhoods. Without loss of generality, since |ψ?(u)〉 ∈ Ψ?(u),
we assume that |ψu,0〉 = |ψ?(u)〉 for any Ψ?(u).

By adding the additional alternative neighbourhoods to the set ΨA spanning A, we
obtain

ΨAalt = {|ψu,i〉 : u ∈ V \ ({s0} ∪M) , i ∈ [au]}.
We hence obtain the modified quantum walk operator

UAaltB = (2ΠAalt − I)(2ΠB − I), (4.1)

where ΠAalt is now the orthogonal projector onto Aalt respectively, meaning

2ΠAalt − I = 2
∑

u∈V \{s0,t}

au−1∑
i=0

|ψu,i〉〈ψu,i| − I.

In our applications, these alternative neighbourhoods tackle the problem where it
might be computationally easier to generate Ψ?(u) instead of |ψu〉, which we elaborate
on in Section 4.2.2 and 4.2.3. Essentially, these alternative neighbourhoods allow us to
prove a version of Corollary 3.4.1 which we will state in Section 4.3, where we are able to
(potentially drastically) reduce the cost of applying the walk operator UAB. However, we
will see that this might come at the cost of increasing the effective resistance Rs,t.
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Figure 4.1: Graph G with its s-t electrical flow θ.
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Figure 4.2: Graph G where the coloured vertex x has additional alternative neighbour-
hoods (see (4.2)). A unit s-t flow θalt is displayed, whose corresponding flow state forms
a 0-positive witness with respect to these extra alternative neighbourhoods

4.2.1 Example graph

To see how alternative neighbourhoods work, we once again return to our network from
Figure 3.1 (without edge labels). Recall that each edge (u, v) ∈

−→
E has a weight of wu,v =

1/4, except for the edge (s, x), which has a weight of ws,x = 1. This is visualised here in
Figure 4.1, along with the s-t electrical flow θ on G.

Now suppose that for some abstract reason it is computationally infeasible to generate
the star state |ψ?(x)〉, but it is straightforward to generate the following set of alternative
neighbourhoods for x:

Ψ?(x) =
{
|ψ?(x)〉, |ψalt

? (x)〉
}

=

{√
2

3

(
−|x, s〉+

1

2
|x, y〉+

1

2
|x, t〉

)
,

√
2

3

(
1

2
|x, s〉 − |x, y〉+

1

2
|x, t〉

)}
.

(4.2)

We could have added the third option
√

2
3

(
−|x, s〉+ 1

2 |x, y〉+ 1
2 |x, t〉

)
to Ψ?(x) as well, but

this state is a linear combination of |ψ?(x)〉 and |ψalt
? (x)〉 and is hence already contained

in Aalt. If we were to now try and apply Theorem 3.3.8, we could no longer use the flow
state |θ〉 of the s-t electrical flow θ on G as a 0-positive witness: in (3.31), we saw how
〈ψ?(x)|θ〉 = 0, which is required for |θ〉 to lie inA⊥ by Definition 3.3.5. However, the same
0-positive witness would not work for Aalt, since

〈ψalt
? (x)|θ〉 =

1√
2E(θ)

(√
2

3

1

2
〈x, s|x, s〉 −

√
2

3

2

3
〈x, y|x, y〉+

√
2

3

1

2

4

3
〈x, t|x, t〉

)
=

1

2
√

11
.

There does exist another flow θalt however, displayed in Figure 4.2, which could potentially
work as 0-positive witness as it satisfies 〈ψalt

? (x)|θalt〉 = 0. In Section 6.2.4 we show that
it actually corresponds to the optimal 0-positive witness with respect to ΠAalt . Intuitively,
this means that it is not enough to have any “regular” s-t flow θ, which by Kirchhoff’s Law
is conserved at all the intermediate vertices (see Definition 3.2.5). Instead, we need a flow
θalt which is conserved with respect to all alternative neighbourhoods.
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Figure 4.3: Graph G where the coloured vertex x has additional alternative neighbour-
hoods (see (4.2)). The unique unit s-t flow θ is displayed, but its corresponding flow state
does not form a 0-positive witness with respect to these extra alternative neighbourhoods.

Now depending on the alternative neighbourhoods in Ψ?, there may not exist any
0-positive witness at all to apply Theorem 3.3.8. To exhibit such a counterexample, we
modify G once more, this time removing the edge (y, t) from

−→
E , which is visualised in

Figure 4.3. It is clear that any unit s-t flow θ must satisfy θs,x = θx,t = 1 and θx,y = 0, but
in doing so we find that |θ〉 is not orthogonal to |ψalt

? (x)〉:

〈ψalt
? (x)|θ〉 =

1√
2E(θalt)

(√
2

3

1

2
〈x, s|x, s〉+

√
2

3

1

2
〈x, t|x, t〉

)
=

1

3
.

4.2.2 Welded trees

We motivate the alternative neighbourhoods modification by an application to the welded
trees problem [CCD+03]. In the welded trees problem, the input is an oracle OG for a
graph G with s, t ∈ V ⊂ {0, 1}2n. Each of s and t is the root of a full binary tree with
2n leaves, and we connect these leaves with a pair of random matchings. This results in
a graph in which all vertices except s and t have degree 3, and s and t each have degree
2. Given a string u ∈ {0, 1}2n, the oracle OG returns ⊥ if u 6∈ V , which is true for all but
at most a 2−n+2 fraction of strings, and otherwise it returns a list of the 2 or 3 neighbours
of u. We assume s = 02n, so we can use s as our starting point, and the goal is to find
t, which we can recognise since it is the only other vertex with only 2 neighbours. The
classical query complexity of this problem is 2Ω(n) [CCD+03]. Intuitively, that is because
this problem is set up so that a classical algorithm has no option but to do a random walk,
starting from s, until it hits t. However, this takes 2Ω(n) steps, because wherever a walker
is in the graph, the probability of moving towards the centre, where the leaves of the two
trees are connected, is twice the probability of moving away from the centre, towards s or
t. So a walker quickly moves from s to the centre, but then it takes exponential time to
escape to t.

In [CCD+03] a continous quantum algorithm was shown that solves this problem in
poly(n), later improved to O(n1.5) by [AC21]. However if we try to reproduce this result
in the electric network framework, we will get an exponential-time algorithm, essentially
because the total weight of the graph is exponential if we set every edge weight to 1.

Suppose we could add weights to the edges ofG, so that at any vertex u, the probability
of moving towards the centre or away from the centre were the same: that is, if w is the
weight on the edge from u to its parent, then the other two edges should have weight w/2.
This would already be very helpful for a classical random walk, however, a bit of thought
shows that this is not possible to implement. By querying u, we learn the labels of its three
neighbours, v1, v2, v3, which are random 2n-bit strings, but we get no indication which is
the parent. However, we know that the correct star state in the weighted graph that we
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would like to be able to walk on is proportional to one of the following:

|u, v1〉+
1

2
|u, v2〉+

1

2
|u, v3〉, |u, v2〉+

1

2
|u, v1〉+

1

2
|u, v3〉, |u, v3〉+

1

2
|u, v1〉+

1

2
|u, v2〉.

Thus, we add all three states (up to some minor modifications) as alternative neighbour-
hoods to Ψ?(u), which yields an algorithm that can learn any bit of information about t
in O(n) queries. By composing this with the Bernstein-Vazirani algorithm [BV97] we can
find t. For details, see Section 4.4.

We emphasise that our application to the welded trees problem does not use the edge
composition technique. It would be trivial to embed any known exponential speedup in
our framework by simply embedding the exponentially faster quantum algorithm in one
of the edges of the graph, but we are able to solve the welded trees problem using only
the alternative neighbourhoods idea.

4.2.3 3-Distinctness

We describe an attempt at a quantum walk algorithm for 3-distinctness, how it fails, and
how the multidimensional quantum walk framework comes to the rescue. While our
result for k = 3 is not new, our generalisation to k > 3 is, and the case of k = 3 is
already sufficient to illustrate our techniques. Formally, the problem of 3-distinctness
is: given a string x ∈ [q]n, output a 1 if and only if there exist distinct a1, a2, a3 ∈ [n]
such that xa1 = xa2 = xa3 . We make the standard simplifying assumptions (without
loss of generality) that if such a 3-collision exists, it is unique, and moreover, there is an
equipartition [n] = A1 ∪A2 ∪A3 such that a1 ∈ A1, a2 ∈ A2 and a3 ∈ A3.

We now describe a graph that will be the basis for a quantum walk attempt. A vertex
vR1,R2 is described by a pair of sets R1 ⊂ A1 and R2 ⊂ A2. vR1,R2 stores these sets, as well
as input-dependent data consisting of the following:

• Queried values for all of R1: D1(R) := {(i, xi) : i ∈ R1}.

• Queried values for those elements of R2 that have a match in R1:

D2(R) := {(i1, i2, xi1) : i1 ∈ R1, i2 ∈ R2, xi1 = xi2}.

By only keeping track of the values in R2 that have a match in R1, we save the cost of
initially querying the full set R2. The vertices will be in 4 different classes, for some
parameters r1 and r2 with r1 � r2:

V0 = {vR1,R2 : |R1| = r1, |R2| = r2}
V1 = {vR1,R2 : |R1| = r1 + 1, |R2| = r2}
V2 = {vR1,R2 : |R1| = r1 + 1, |R2| = r2 + 1}
V3 = {vR1,R2,i3 : |R1| = r1 + 1, |V2| = r2 + 1, i3 ∈ A3}.

The vertices vR1,R2,i3 ∈ V3 are just like the vertices in V2, except there is an additional
index i3 ∈ A3 stored. We connect vertices in V` and V`+1 in the obvious way: vR1,R2 ∈ V`
is adjacent to vR′1,R′2 ∈ V`+1 if and only if R1 ⊆ R′1 and R2 ⊆ R′2 (exactly one of these
inclusions is proper); and vR1,R2 ∈ V2 is adjacent to vR1,R2,i3 ∈ V3 for any i3 ∈ A3 (see
Figure 4.4). We say a vertex vR1,R2,i3 ∈ V3 is marked if a1 ∈ R1, a2 ∈ R2, and a3 = i3,
where (a1, a2, a3) is the unique 3-collision. Thus, a quantum walk that decides if there is
a marked vertex or not decides 3-distinctness.

We imagine a quantum walk that starts in a uniform superposition over V0. To con-
struct this initial state, we first take a uniform superposition over all sets R1 of r1 indices,
and query them. Next we take a uniform superposition over all sets R2 of size r2, but
rather than query everything in R2, we search for all indices in R2 that have a match in
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R1, R2

V0

i1
R1 ∪ {i1}, R2

V1

i2
R1 ∪ {i1}, R2 ∪ {i2}

V2

i3
R1 ∪ {i1}, R2 ∪ {i2}, i3

V3

Figure 4.4: A sample path from V0 to V3 in our first attempt at a quantum walk for 3-
distinctness. The coloured indices can be seen to label the edges.

R1. This saves us the cost of querying all r2 elements of R2, which is important because we
will set r2 to be larger than the total complexity we aim for (in this case, r2 � n5/7), so we
could not afford to spend so much time. However, we do not only care about query com-
plexity, but also the total time spent on non-query operations, so we also do not want to
spend time writing down the set R2, even if we do not query it, which is the first problem
with this approach:

Problem 1: Writing down R2 would take too long.

The fix for Problem 1 is rather simple: we will not let R2 be a uniform random set of size
r2. Instead, we will assume that A2 is partitioned into m2 blocks, each of size n/(3m2),
and R2 will be made up of t2 := 3m2r2/n of these blocks. This also means that when
we move from V1 to V2, we will add an entire block, rather than just a single index. The
main implication of this is that when we move from V1 to V2, we will have to search the
new block of indices that we are adding to R2 for any index that collides with R1. This
means that transitions from V1 to V2 have a non-trivial cost, nε for some small constant
ε, unlike all other transitions, which have polylogarithmic cost. Naively we would incur
a multiplicative factor of nε on the whole algorithm, but we avoid this because the edge
composition technique essentially allows us to only incur the cost nε on the edges that
actually incur this cost, and not on every edge in the graph. Otherwise, our solution to
Problem 1 is technical, but not deep, and so we gloss over Problem 1 and its solution
for the remainder of this high-level synopsis. This is the only place we use the edge
composition part of the framework in our applications, but we suspect it can be used in
much more interesting ways.

Moving on, in order to take a step from a vertex vR1,R2 ∈ V0 to a vertex vR1∪{i1},R2
∈

V1, we need to select a uniform new index i1 to add to R1, and then also update the
data we store with each vertex. That means we have to query i1 and add (i1, xi1) to
D1(R), which is simple, and can be done in O(log n) basic operations as long as we use
a reasonable data structure to store D1(R); and we also have to update D2(R) by finding
anything in R2 that collides with i1. Since R2 has not been queried, this latter update
would require an expensive search, which we do not have time for, so we want to avoid
this. However, if we do not search R2 for any i2 such that xi2 = xi1 , then whenever we
add some i1 that has a match in R2, the data becomes incorrect, and we have introduced
what is referred to in [Bel12a] as a fault. This is a serious issue, because if i1 is the unique
index in R1 such that there exists i2 ∈ R2 with xi1 = xi2 , but this is not recorded in D2(R),
then i1 is “remembered” as having been added after i2. That is, the resulting vertex does
not only depend on R1 ∪ {i1}, R2, but on i1 as well. For quantum interference to happen,
it is crucial that when we are at a vertex v, the state does not remember anything about
how we got there.

Problem 2: When we add i1 to R1 without searching for a match in R2, we may introduce
a fault.

Our handling of this is inspired by the solution to an analogous problem in the query upper
bound of [Bel12a]. We partition R1 into three sets: R1({1}), R1({2}), and R1({1, 2}); and
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� � � � � � � � � � � �
R1({1}) R1({1, 2}) R1({2})

∗ ∗ � ∗ � � ∗ ∗ ∗ � ∗ ∗ � ∗ ∗ ∗
R2(1) R2(2)

Figure 4.5: The data we keep track of for a vertex vR1,R2 . � represents a queried index. ∗
represents an index whose query value is not stored. We only store the query value of an
index in R2(s) if it collides with something in R1({s}) ∪R1({1, 2}), shown here by a solid
line. If i2 ∈ R2(1) collides with some value in R1({2}), shown here by a dashed line, we
do not record that, and do not store xi2 .

v u

v{1}

v{1,2}

v{2}

{1}
{1,2}

{2}

Type 0

v u

v{1}

v{2}

{1}

Type 1

v u

v{1}

v{2}
{2}

Type 2

Figure 4.6: The possible neighbourhoods of u = vR1,R2,i1 ∈ V +
0 , depending on the type

of vertex. vS ∈ V1 is obtained from v by adding i1 to R1(S). The backwards neighbour
v = vR1,R2 ∈ V0 is always the same.

R2 into two sets R1(1) and R1(2). Then D2(R) will only store collisions (i1, i2, xi1) such
that xi1 = xi2 if i1 ∈ R1(S) and i2 ∈ R2(s) for some s ∈ S. This is shown in Figure 4.5.

Now when we add i1 to R1, we have three choices: we can add it to R1({1}), R1({2}),
or R1({1, 2}). Importantly, at least one of these choices does not introduce a fault. To see
this, suppose there is some i2 ∈ R2 such that xi1 = xi2 . We claim there can be at most
one such index, because otherwise there would be a 3-collision in A1 ∪ A2, and we are
assuming the unique 3-collision has one part in A3. This leads to three possibilities:

Type 1: i2 ∈ R2(2), in which case, adding i1 to R1({1}) does not introduce a fault.

Type 2: i2 ∈ R2(1), in which case, adding i1 to R1({2}) does not introduce a fault.

Type 0: There is no such i2, in which case, adding i1 to R1({1}) or R1({2}) or R1({1, 2})
does not introduce a fault.

We modify the graph so that we first move from vR1,R2 ∈ V0 to vR1,R2,i1 ∈ V +
0 by selecting

a new i1 ∈ A1 \ R1, and then move from vR1,R2,i1 to vR1∪{i1},R2
∈ V1 – here there are

three possibilities for R1 ∪ {i1}, depending on to which of the three parts of R1 we add
i1. However, we will only add i1 to a part of R1 that does not introduce a fault. Thus,
a vertex vR1,R2,i1 in V +

0 has one edge leading back to V0, and either one or three edges
leading forward to V1, as shown in Figure 4.6.

On its own, this is not a solution, because for a given vR1,R2,i2 , in order to determine its
type, we would have to search for an i2 ∈ R2 such that xi1 = xi2 , which is precisely what
we want to avoid. However, this is exactly the situation where the alternative neighbour-
hood technique is useful. For all u ∈ V +

0 , we will let Ψ?(u) contain all three possibilities
shown in Figure 4.6, of which exactly one is the correct state. We are then able to carefully
construct a flow that is orthogonal to all three states, in our analysis. The idea is that all
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incoming flow from v must leave along the edge (u, v{1}) so that the result is a valid flow
in case of Type 1. However, in order to be a valid flow in case of Type 2, all incoming flow
from v must leave along the edge (u, v{2}). But now to ensure that we also have a valid
flow in case of Type 0, we must have negative flow on the edge (u, v{1,2}), or equivalently,
flow from v{1,2} to u. This is indicated by the arrows on the edges in Figure 4.6. For
details, see Section 5.4.

4.3 The multidimensional quantum walk framework

In this section, we present the multidimensional quantum walk framework, by construct-
ing a phase estimation algorithm as in Definition 3.3.1, whose parameters incorporate
both the techniques of edge composition and alternative neighbourhoods. As discussed in
Section 3.4, we will use a slightly different initialisation of the phase estimation param-
eters, since our framework will deal with general edge labels and will have to construct
networks with length (see Definition 3.2.7) to incorporate the edge composition tech-
nique. We summarise this initialisation in Table 4.1.

4.3.1 The transition subroutine

To incorporate the edge composition technique, first recall from Definition 3.5.1 that a
quantum subroutine is given by a sequence U0, . . . , UTmax−1 of unitaries on some abstract
Hilbert space Ĥ = span{|z〉 : z ∈ Z}, such that we can implement

∑Tmax−1
t=0 |t〉〈t| ⊗

Ut in cost polylog(Tmax). In our case, the subroutine computes the transition map (see
Definition 3.2.13), |u, i〉 7→ |v, j〉, so we assume

{(u, i) : u ∈ V, i ∈ L(u)} ⊆ Z.

Moreover, we allow these subroutines to run with some bounded error, meaning for any
(u, v) ∈

−→
E , with i = f−1

u (v) and j = f−1
v (u), we have∥∥|v, j〉 − UTu,v−1 . . . U0|u, i〉

∥∥2
= εu,v. (4.3)

We also assume that we can bound this error by some ε, except for some small subset of
the edges denoted by Ẽ. So εu,v ≤ ε whenever (u, v) ∈

−→
E \ Ẽ. Otherwise, we only have

the trivial upper bound εu,v ≤ 4.
Furthermore, we will assume that in O(1) time, we can check, for any z ∈ Z, if

z = (u, i) for some u ∈ V and i ∈ L(u), and further, whether i ∈ L+(u) or i ∈ L−(u).
This is without loss of generality, by the following construction. Assume that for all u ∈ V ,
every label in L+(u) ends with the symbol →, and every label in L−(u) ends with the
symbol ←. Further assume that no other z ∈ Z ends with these symbols. Then it is
sufficient to check a single constant-dimensional register.

Lastly, we will assume that Tu,v is always even. This assumption incurs at most a small
constant slowdown, but we shall see that it guarantees that the network (with length) on
which the quantum walk takes place will always be bipartite. Without loss of generality,
we can assume that after exactly Tu,v steps, the algorithm sets an internal flag register to
1, and we will let this 1-flag be part of the final state (v, j) by letting each i ∈ L(u) contain
an extra bit set to 1. This also ensures that the state of the algorithm is never |v, j〉 before
Tu,v steps have passed. The reason why this is without loss of generality, is because we
can simply let the algorithm use an internal timer in order to decide to set a flag after
exactly Tu,v steps, and uncompute this timer using our ability to compute Tu,v from the
final correct state |v, j〉.
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Recall from Definition 3.5.1 that for any u ∈ V , i ∈ L(u) and t ∈ [Tmax − 1]0,

Ut . . . U0|u, i〉 ∈ span{|z〉 : z ∈ Zu,i}.

For convenience, we will let Zu,v = Zu,i, where v = fu(i). For b ∈ {0, 1}, let Zbu,v ⊂ Zu,v
be the subset of states in which the algorithm’s internal flag register is set to b. So by the
above discussion, we have (v, j) ∈ Z1

u,v,

∀t ∈ [Tu,v − 1]0, Ut . . . U0|u, i〉 ∈ Z0
u,v, and ∀t ≥ Tu,v, Ut . . . U0|u, i〉 ∈ Z1

u,v.

4.3.2 Parameters of the phase estimation algorithm

Hilbert space: Our phase estimation algorithm will again work on a Hilbert space re-
lated to the modified graph G′ as shown Figure 3.2, where the extra vertex s0 is added to
our graph G via the directed edges (s0, u) of weight w0σ(u) for u ∈ V0 ⊂ V (G). For the
more general case, basis states of the form |u, i〉 containing the edge labels must now also
be incorporated into the Hilbert space, as well as the subroutine states of Section 4.3.1.
So instead of the space defined in (3.22), our algorithm will work on the space:

H = span{|u, i〉|0〉 : u ∈ V (G), i ∈ L+(u) ∪ {0}} ⊕ span{|v, j〉|0〉 : v ∈ V (G), j ∈ L−(v)}

⊕
⊕

(u,v)∈
−→
E (G)

span{|z〉|t〉 : z ∈ Z0
u,v, t ∈ [Tu,v − 1]} ∪ {|z〉|Tu,v〉 : z ∈ Z1

u,v}.

(4.4)

The first span in (4.4) will contain the outgoing edges, the second the incoming edges and
the third span is to deal with the transition subroutines. One can see that we assume that
for all u ∈ V0, the edge to s0 is labelled by 0 6∈ L(u).

Observe that since the edge labels can be distinct from the vertices themselves, the
existence of a |u, i〉 ∈ H does not immediately imply the existence of a state |i, u〉 in
H. More specifically, this means that we will not be reflecting around the antisymmetric
subspace of H like we did in Section 3.4. Instead, the basis states corresponding to the
transition subroutines will aide in constructing the second reflection, as we will see shortly.

Star states: The construction of our star states will have to be slightly modified com-
pared to (3.23), due to the different choice of Hilbert space. Suppose we have a set of
alternative neighbourhoods Ψ? for the network G as in Definition 4.2.1. To make sure
that ΨA and ΨB are subsets of H, we append a register |0〉 to all states in Ψ?. Note that
even though ΨA (and even ΨB) might contain additional alternative neighbourhoods, we
do note use the notation Aalt in the subscript, as there is no ambiguity with some other
set ΨA.

Second of all, we must not forget that our phase estimation algorithm takes place on
the Hilbert space associated to the modified graph G′, meaning the star state of any vertex
u ∈ V0, must have an incoming edge from s0. So for any u ∈ V0, the star state (see
Definition 3.2.13 or Definition 4.2.1) of u with respect to G′ is:√

wG′u |ψG
′

? (u)〉|0〉 =
∑

i∈L+(u)

√
wu,i|u, i〉|0〉 −

∑
i∈L−(u)

√
wu,i|u, i〉|0〉︸ ︷︷ ︸

=
√

wGu |ψG? (u)〉|0〉

−
√
w0σ(u)|u, 0〉|0〉.

(4.5)
We write Ψ′? for the set of alternative neighbourhoods Ψ? after it has been “lifted” toH,

meaning if we assume that any vertex u ∈ V0 does not contain any additional alternative
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neighbourhoods, we have

Ψ′? :=
⋃

u∈V (G)\(V0∪M)

{|ψ〉|0〉 : |ψ〉 ∈ Ψ?(u)}︸ ︷︷ ︸
=:Ψ′?(u)

∪
⋃
u∈V0

{
|ψG′? (u)〉|0〉

}
︸ ︷︷ ︸

=:Ψ′?(u)

.
(4.6)

Transition states: For each u ∈ V (G) and i ∈ L+(u), define a state

|ψu,i→ 〉 := |u, i〉|0〉 − U0|u, i〉|1〉. (4.7)

These represent a transition from an outgoing edge to the first step of the algorithm im-
plementing that edge transition. For each (u, v) ∈

−→
E (G), and t ∈ [Tu,v − 1], define states:

Ψu,v
t :=

{
|ψzt 〉 := |z〉|t〉 − Ut|z〉|t+ 1〉 : z ∈ Z0

u,v

}
. (4.8)

These represent steps of the edge transition subroutine. For each v ∈ V (G) and j ∈ L−(v),
with u = fv(j), define a state:

|ψv,j← 〉 := |v, j〉|Tu,v〉 − |v, j〉|0〉. (4.9)

These represent exiting the algorithm to an edge going into vertex v. Letting Ψ′? be as in
(4.6), define

ΨA = Ψ′? ∪
⋃

(u,v)∈
−→
E (G)

Tu,v−1⋃
t=1:
t odd

Ψu,v
t

ΨB =
⋃

u∈V (G)

{|ψu,i→ 〉 : i ∈ L+(u)} ∪ {|ψu,j← 〉 : j ∈ L−(v)} ∪
⋃

(u,v)∈
−→
E (G)

Tu,v−1⋃
t=1:
t even

Ψu,v
t .

(4.10)

The reason we have divided the states in this way between ΨA and ΨB is so that if we
replace each Ψ?(u) with an orthonormal basis, all states in ΨA (or ΨB) are pairwise or-
thogonal. We leave it up to the reader to verify that this is the case (it is implicitly proven
in Section 4.3.3), but we note that this fact relies on the assumption that Tu,v is always
even. This ensures that for even t, 〈t+ 1|Tu,v〉 = 0, so 〈ψzt |ψv,j← 〉 = 0. Figure 4.7 shows
a graph of the overlap between various sets of states, and we can observe that the sets in
ΨA and the sets in ΨB form a bipartition of this overlap graph into independent sets.

In Section 4.4 we will compare this with the initialisation from Section 3.4, which
intuitively could be seen as the case where each Tu,v = 0. If not for the labels, nor
the extra register containing the internal timer, reflecting around the state in ΨB can be
understood as reflecting around the antisymmetric subspace. However, this interpretation
is only meant to provide intuition, as the transition subroutine definitions become ill-
defined when Tu,v = 0.

Initial state: For the initial state of the algorithm, in (3.28) we chose the normalised
projection of |ψ?(s0)〉 onto B⊥. Since both our star states, as well as B⊥ have changed
compared to Section 3.4, we have to rederive this definition. First of all, as we did with
the star state of each u ∈ V (G), we append an extra register to ensure that it is an element
of H:

|ψ?(s0)〉|0〉 =
∑
u∈V0

√
σ(u)|s0, u〉|0〉.

The problem is however that |s0, u〉 is not a state in H, but |u, 0〉 is:∑
u∈V0

√
σ(u)|u, 0〉|0〉.



56 Chapter 4. Multidimensional quantum walks

u

v

w

G

Ψ′?(u) |ψu,i′→ 〉 Ψu,w
1

. . . Ψu,w
Tu,w−1 |ψw,j′← 〉 Ψ′?(w)

|ψw,i′′→ 〉

Ψw,v
1

..
.

Ψw,v
Tw,v−1

|ψv,j′′← 〉

Ψ′?(v)

|ψu,i→ 〉

Ψu,v
1

. .
.

Ψu,v
Tu,v−1

|ψv,j← 〉

Figure 4.7: A graph showing the overlap of various sets of states, for an example graph G.
With the exception of the spaces Ψ′?(u) (which we will replace with orthonormal bases in
Section 4.3.3), each node represents an orthonormal set. There is an edge between two
nodes if and only if the sets contain overlapping vectors.

For the projection onto B⊥, note that the each edge coming out of s0 is not an element
of E(G). It is therefore straightforward to see that each basis state |u, 0〉 already does not
overlap with any of states spanning ΨB, meaning we can set our initial state as

|ψ0〉 =
∑
u∈V0

√
σ(u)|u, 0〉|0〉. (4.11)

The flow state: Although the flow state is not a parameter of our phase estimation
algorithm, but instead an ingredient to construct the positive witness as discussed in Sec-
tion 3.4.2. However, due to how we have changed the parameters in this section so far,
we also discuss how this affects our flow state compared to its construction in (3.29):

1√
2E(θ)

∑
(u,v)∈

−→
E (G)

θu,v√
wu,v

(|u, v〉+ |v, u〉) .

This state is currently not a state in H due to the lack of labels in the second register. This
can be resolved by considering the state

1√
2E(θ)

∑
(u,v)∈

−→
E (G)

θu,v√
wu,v

(
|u, f−1

u (v)〉+ |v, f−1
u (u)〉

)
.

Due to our different initialisation of the flow state and the subspace B, it might be that this
new flow state construction now longer lives in B⊥. Although it is not immediately clear
yet (we will prove this in Corollary 4.3.10 as part of the prove of our general framework),
this state is indeed orthogonal (if the transition subroutines run without error, otherwise it
is “almost” orthogonal) to B. Hence, under our parameters as defined in (4.10), we define
the flow state of any unit s-t flow θ on G as

|θ〉 :=
1√

2E(θ)

∑
(u,v)∈

−→
E (G)

θu,v√
wu,v

(
|u, f−1

u (v)〉+ |v, f−1
u (u)〉

)
. (4.12)
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4.3.3 The framework

We now state our general multidimensional quantum walk framework.

Theorem 4.3.1 (Multidimensional Quantum Walk Framework). Fix a family of networksG
that may depend on some implicit input x, with disjoint sets V0, VM ⊂ V (G) such that for any
vertex, checking if v ∈ V0 (resp. if v ∈ VM) can be done in at most A? complexity. LetM ⊆ VM
be the marked set, and σ an initial distribution on V0. Let Ψ? = {Ψ?(u) : u ∈ V (G)} be a
set of alternative neighbourhoods for G (see Definition 4.2.1). For all u ∈ (V0 ∪ VM), assume
that Ψ?(u) = {|ψG? (u)〉}. Fix some positive real-valuedWT and RT, that may scale with |x|.
Suppose the following conditions hold.

Setup Subroutine: The state |σ〉 =
∑

u∈V0

√
σ(u)|u〉 can be generated in cost S, and fur-

thermore, for any u ∈ V0, σ(u) can be computed in O(1) complexity.

Star State Generation Subroutine: We can generate Ψ? in complexity A?.

Transition Subroutine: There is a quantum subroutine (see Definition 3.5.1) that imple-
ments the transition map of G (see Definition 3.2.13) with errors {εu,v}(u,v)∈

−→
E (G)

and
costs {Tu,v}(u,v)∈

−→
E (G)

. We make the following assumptions on the errors εu,v, where

Ẽ ⊂
−→
E (G) is some (possibly unknown) set of edges on which we allow the subroutine

to fail:

TS1 For all (u, v) ∈
−→
E (G) \ Ẽ, εu,v ≤ ε, where ε = o

(
1

WTRT

)
.

TS2 For all (u, v) ∈ Ẽ, there is no non-trivial upper bound on εu,v, but we have that
W̃ :=

∑
e∈Ẽ we = o

(
1
RT

)
.

Checking Subroutine: There is an algorithm that checks, for any u ∈ VM, if u ∈M , in cost
A?.

Positive Condition: Interpreting Tu,v as a length function on
−→
E (G), GT is the graph ob-

tained by replacing each edge (u, v) of G with a path of length Tu,v (see Definition 3.2.7
and Figure 4.7). If M 6= ∅, then there exists a unit flow θ on G (see Definition 3.2.3)
with flow state |θ〉 (see (4.12)) such that

P1 For all e ∈ Ẽ, θe = 0.

P2 For all u ∈ V (G) \ (V0 ∪M) and |ψ?〉 ∈ Ψ?(u), 〈ψ?|θ〉 = 0.

P3
∑

u∈V0 θu = 1.

P4
∑

u∈V0
|θu−σ(u)|2

σ(u) ≤ 1.

P5 ET(θ) ≤ RT.

Negative Condition: If M = ∅, thenW(GT) ≤ WT.

Then there is a quantum algorithm that decides if M = ∅ or not with bounded error in
complexity:

O
(
S +
√
RTWT (A? + polylog(Tmax))

)
.

In the remainder of this section, we prove Theorem 4.3.1 in a similar fashion as we
proved Corollary 3.4.1 in Section 3.4.2. The difference is that the parameters of our
phase estimation algorithm will slightly differ, as we need to deal with the alternative
neighbourhoods and transition subroutines. We first provide some additional intuition to
the conditions stated in Theorem 4.3.1.
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The Setup Subroutine and Star State Generation Subroutine are straightforward
and consider the costs necessary to generate the initial state and the unitary of our phase
estimation algorithm respectively. These costs should be seen as the counter part of the
costs of sampling from the stationary distribution and sampling a neighbour in a classical
random walk.

The Transition Subroutine condition has already been discussed indepth in Sec-
tion 4.3.1, with the addition that we have explicitly bounded the error for most of the
edges.

Remark 4.3.2. For an edge (u, v) ∈ Ẽ, we may without loss of generality assume that
v 6∈ V (G). Suppose i = f−1

u (v). Then since we don’t actually implement the transition
|u, i〉 → |v, j〉 correctly anyway, we can assume that v = (u, i), which is distinct from all
vertices in V (G), and so we can consider it an almost isolated vertex with the single backwards
neighbour u. We can equivalently think of these as dangling edges, without an endpoint.

The Checking Subroutine also relates to the cost of implementing our unitary. We
already saw in Section 3.4.2, that we do not reflect around the star states of marked
vertices, so the upper bound on the cost of generating any of the star states must always be
upper bounded by this checking cost. To see why this is without loss of generality, suppose
the checking cost is some higher value C > A?. Then we can simply put an outgoing edge
on each vertex u ∈ VM that ends at a new vertex (u, b) that encodes whether u ∈M in the
bit b. Such an edge can be implemented with transition cost C and we could then analyse
the flow whose sinks are in these new vertices.

For the Positive Condition, P1 emphasises that we should not send any flow along
the dangling edges from Remark 4.3.2. P2 and P3 simply restate the definition of a unit
flow, meaning that the flow must be conserved on all vertices that are neither sources nor
sinks and that the outgoing flow from the sources must add up to 1. Additionally, P2 tells
us that the flow must also be orthogonal to all additional alternative neighbourhoods that
we might have added to Ψ?. Lastly we will also give some intuition to P4. Intuitively, θ
should be a σ-M flow, meaning that for all u ∈ V0, θu = σ(u). We don’t make this a strict
requirement, but this condition means it should hold in some approximate sense.

Implementing the Unitary

Let A = span{ΨA} and B = span{ΨB} (see (4.10)), and let ΠA and ΠB be the orthogonal
projectors onto A and B. In this section we will prove:

Lemma 4.3.3. The unitary UAB = (2ΠA − I)(2ΠB − I) on H can be implemented in com-
plexity O (A? + polylog(Tmax)).

This will essentially follow from the fact that we can efficiently generate orthonormal
bases for each of ΨA and ΨB. For a simple example of how reflecting around a set of states
reduces to generating the set, see Claim 4.3.7. We know that we can efficiently generate
these orthonormal bases, since

• By the Star State Generation Subroutine condition of Theorem 4.3.1, we can gen-
erate an orthonormal basis for

⋃
u∈V (G) Ψ?(u). Since we can also efficiently check if

a vertex is in V0 or M , we can generate orthonormal bases for Ψ′? =
⋃
u∈V (G) Ψ′?(u)

(see Claim 4.3.4).

• Generating the states |ψzt 〉 = |z〉|t〉−Ut|z〉|t+1〉 for odd t can be done using
∑

t |t〉〈t|⊗
Ut (see Claim 4.3.5). The same is true for even t (Claim 4.3.6), also including the
states |ψu,i→ 〉 = |u, i〉|0〉 − U0|u, i〉|1〉.
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• Generating the states |ψv,j← 〉 = |v, j〉(|Tu,v〉 − |0〉) can be done efficiently because we
can compute Tu,v from (v, j) (see Claim 4.3.7).

There is nothing conceptually new in this proof, and the reader may skip ahead to Sec-
tion 4.3.3 with no loss of understanding.

Claim 4.3.4. Let R? = 2Π? − I, where Π? is the orthogonal projector onto span{Ψ′?}. Then
R? can be implemented in complexity O(A? + logTmax).

Proof. By the Star State Generation Subroutine condition of Theorem 4.3.1, we can
generate Ψ? in cost A?, which means (see Definition 4.2.1) that for each u ∈ V (G), there
is an orthonormal basis Ψ(u) = {|ψu,1〉, . . . , |ψu,au〉} for Ψ?(u), and a unitary U? with
complexity A?, such that for all u ∈ V (G) and k ∈ [au − 1]0, U?|u, k〉 = |ψu,k〉. Then for all
u ∈ V (G)\ (V0∪VM), Ψ

′
(u) := {|ψu,1〉|0〉, . . . , |ψu,au〉|0〉} is an orthonormal basis for Ψ′(u)

(see (4.6)). For u ∈ V0 ∪ VM, we have Ψ′?(u) = {|ψG′? (u)〉|0〉}, so Ψ
′
(u) = Ψ′?(u) in those

cases.
We will first define a unitary U ′? that acts, for u ∈ V (G), k ∈ [au − 1]0, as U ′?|u, k〉|0〉 =

|ψ′u,k〉. We define U ′? by its implementation. To begin we will append an auxiliary register
|0〉A (this will be uncomputed, so that the action described is indeed unitary), and set it
to |1〉A if u ∈ V0. We are assuming we can check if u ∈ V0 in at most A? complexity. First,
controlled on |0〉A, we apply U?, in cost A?, to get

|u, k〉|0〉|0〉A 7→ |ψu,k〉|0〉|0〉A = |ψ′u,k〉|0〉A.

Next, controlled on |1〉A, we implement, on the last register, a single qubit rotation that
acts as

|0〉 7→
√

wu
wu + w0σ(u)

|1〉 −

√
w0σ(u)

wu + w0σ(u)
|0〉.

Here the weighted degree wu is taken with respect to the graph G, meaning wu+w0σ(u) =
wG
′

u . This requires that we can query wu and σ(u) (w0 is a parameter of the algorithm).
Controlled on |1〉 in the last register (and also still |1〉A in the third), we apply U? to get
(when u ∈ V0 we only care about the behaviour for k = 0):

|u, 0〉|0〉|1〉A 7→

(√
wu

wu + w0σ(u)
|ψG? (u)〉|1〉 −

√
w0σ(u)

wu + w0σ(u)
|u, 0〉|0〉

)
|1〉A.

Above we have used the fact that when u ∈ V0, u contains no additional alternative
neighbourhoods meaning

|ψu,0〉 = |ψG? (u)〉.

To complete the map for the case u ∈ V0, note that |ψG? (u)〉 is supported on |u, i〉 for i 6= 0,
so we can uncompute the second register to get

|ψG? (u)〉|0〉+
√

w0σ(u)|u, 0〉|0〉√
wu + w0σ(u)

|1〉A = |ψG′? (u)〉|0〉|1〉A.

Since all states still have |u〉 in the first register, controlled on u, we can uncompute the A
register. Thus, we can implement U ′? in complexity O(A?), and U ′? maps the subspace

L? := span{|u, k〉|0〉 : u ∈ V (G) \M,k ∈ [au − 1]0}

of H to the span{Ψ′?}, meaning (2Π? − I) = U ′?(2ΠL? − I)U ′?
†.

We complete the proof by describing how to implement 2ΠL? − I. Initialise three
auxiliary flag qubits, |0〉F1 |0〉F2 |0〉F3 . For a computational basis state |z〉|t〉, if t 6= 0, flip
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F1 to |1〉F1 . This check costs logTmax. If t = 0, we can assume that z has the form (u, k),
and interpret k as an integer. If u ∈ M , which can be checked in A? by the Checking
Subroutine, flip F2 to |1〉F2 .If k ≥ au, which can be checked in O(log dmax) = O(A?), flip
F3 to |1〉F3 . Reflect if either of the flags is set to 1, and then uncompute all three flags.

Claim 4.3.5. Let Rodd = 2Πodd − I, where Πodd is the orthogonal projector onto the space
span{Ψu,v

t : (u, v) ∈
−→
E (G), t ∈ [Tu,v−1] odd}. Then Rodd can be implemented in complexity

polylog(Tmax).

Proof. We describe the implementation of a unitary Uodd such that

∀(u, v) ∈
−→
E (G), z ∈ Z0

u,v, t ∈ [Tu,v − 1] odd, Uodd|z〉|t〉 =
1√
2
|ψtz〉.

We begin by decrementing the |t〉 register, which costs logTmax. Next we apply an X gate,
followed by a Hadamard gate, to the last qubit of |t− 1〉. If t is odd, t− 1 is even and the

last qubit is |0〉 HX7→ (|0〉 − |1〉)/
√

2, so we get

|z〉|t〉 7→ |z〉|t− 1〉 7→ (|z〉|t− 1〉 − |z〉|t〉) /
√

2.

Then controlled on the last qubit of |t〉 being |1〉 (i.e. on odd parity of t) we apply∑Tmax−1
t=0 |t〉〈t| ⊗ Ut, which can be done in cost polylog(Tmax) by assumption, to obtain

(|z〉|t− 1〉 − Ut|z〉|t〉) /
√

2. Complete the operation by incrementing the |t〉 register. Thus,
Uodd maps the subspace:

Lodd :=
⊕

(u,v)∈
−→
E (G)

span{|z〉|t〉 : z ∈ Z0
u,v, t ∈ [Tu,v − 1], odd}

of H to the support of Πodd, and so Rodd = Uodd(2ΠLodd − I)U †odd.
We complete the proof by describing how to implement 2ΠLodd − I. For |z〉|t〉, we can

check if t is odd in O(1), and if not, set an auxiliary flag F1. Next, we will ensure that
z ∈ Z0

u,v for some (u, v) ∈
−→
E (G), which also ensures that t ∈ [Tu,v − 1]0, by the structure

of H, and if not, set a flag F2. Reflect if either F1 or F2 is set, and then uncompute both of
them.

Claim 4.3.6. Let Reven = 2Πeven − I, where Πeven is the orthogonal projector onto the span
of ⋃

(u,v)∈
−→
E (G),

t∈[Tu,v−1]:t even

Ψu,v
t ∪ {|ψu,i→ 〉 : u ∈ V (G), i ∈ L+(u)}.

Then Reven can be implemented in complexity polylog(Tmax).

Proof. We describe the implementation of a unitary Ueven such that for all (u, v) ∈
−→
E (G)

with i = f−1
u (v) and j = f−1

v (u):

Ueven|u, i〉|0〉 =
1√
2

(|u, i〉|0〉 − U0|u, i〉|1〉) =
1√
2
|ψu,i→ 〉

∀z ∈ Z0
u,v, t ∈ [Tu,v − 1] even, Ueven|z〉|t〉 =

1√
2

(|z〉|t〉 − Ut|z〉|t+ 1〉) =
1√
2
|ψzt 〉.

We can implement such a mapping nearly identically to the proof of Claim 4.3.5, except
the decrementing of t happens after the Hadamard is applied. Thus, Ueven maps the sub-
space:

Leven :=
⊕

u∈V (G),
i∈L+(u)

span{|u, i〉|0〉} ⊕
⊕

(u,v)∈
−→
E (G)

span{|z〉|t〉 : z ∈ Z0
u,v, t ∈ [Tu,v − 1], even}
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of H to the support of Πeven, and so Reven = Ueven(2ΠLeven − I)U †even.
We complete the proof by describing how to implement 2ΠLeven − I. For |z〉|t〉, we can

check if t is even in O(1) steps, and if not, set an auxiliary flag F1. Next, we check if
z ∈ Z0

u,v by checking the subroutine’s internal flag, which also ensures that t ∈ [Tu,v − 1]0,
and if not, set a flag F2. Note that if t = 0, z has the form (u, i) for some i ∈ L(u), by the
structure of H, and by the discussion in Section 4.3.1, we can check if i ∈ L+(u) in O(1)
time, and otherwise, set a flag F3. Reflect if either F1, F2 or F3 is set, and then uncompute
all three flags.

Claim 4.3.7. Let R← = 2Π← − I, where Π← is the orthogonal projector onto the span of
{|ψv,j← 〉 : v ∈ V (G), j ∈ L−(v)}. Then R← can be implemented in complexity polylog(Tmax).

Proof. We describe the implementation of a unitary U← that acts, for all v ∈ V (G) and
j ∈ L−(v), with u = fv(j), as

U←|v, j〉|0〉 =
1√
2

(|v, j〉|0〉 − |v, j〉|Tu,v〉) = − 1√
2
|ψv,j← 〉.

First, append an auxiliary register |−〉A. Controlled on this register, compute Tu,v from
(v, j), which we can do in polylog(Tmax) basic operations, by the assumptions of Defini-
tion 3.5.1, to get

|v, j〉|0〉|−〉A 7→ |v, j〉 (|0〉|0〉A − |Tu,v〉|1〉A) /
√

2.

We uncompute the A register, by adding 1 conditioned on the time register having a value
greater than 0. Thus, U← maps the subspace

L← := span{|v, j〉|0〉 : v ∈ V (G), j ∈ L−(v)}

of H to the support of Π←, and so R← = U←(2ΠL← − I)U †←.
We complete the proof by describing how to implement 2ΠL← − I. Append two aux-

iliary qubits, |0〉F1 and |0〉F2 . For a computational basis state |z〉|t〉, if t 6= 0, which can be
checked in O(logTmax) time, flip F1 to get |1〉F1 . By the discussion in Section 4.3.1, we
can check if z has the form (v, j) for some v ∈ V (G) and j ∈ L−(v) in O(1) time, and if
not, flip F2 to get |1〉F2 . Reflect the state if either flag is set to 1, and then uncompute both
flags.

Proof of Lemma 4.3.3. We can see that Π?Πodd = 0, since Π? is supported on states with
0 in the last register, and Πodd is the span of states with an odd t ∈ [Tu,v − 1] in the first
term, and an even t ∈ {2, . . . ,Tu,v} in the second term. Thus,

(2Πeven − I)(2Π? − I) = −(2(Πeven + Π?)− I) = −(2ΠA − I),

where the last equality is because the support of ΠA is the direct sum of the supports of Π?

and Πeven, by their definitions. By a similar argument, (2Πodd− I)(2Π←− I) = (2ΠB − I),
and thus the result follows from Claim 4.3.4, Claim 4.3.6, Claim 4.3.5 and Claim 4.3.7.

Positive analysis

Suppose there is a flow θ on G satisfying conditions P1-P5 of Theorem 4.3.1, with corre-
sponding flow state |θ〉 (see (4.12)). As stated in the Positive Condition of Theorem 4.3.1,
the transition subroutine lengths Tu,v induce a network with length (see Definition 3.2.7)
where we substitute each edge (u, v) ∈

−→
E of G with a path from u to v of length Tu,v + 2.

To construct a positive witness, we will take the flow θ on G and extend this to a flow
θT+2 on GT+2 by assigning flow θu,v to any edge in the path from u to v. To construct
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the corresponding flow state |θT+2〉, define for each (u, v) ∈
−→
E (G), with i = f−1

u (v) and
j = f−1

v (u)

|w0
u,v〉 := |u, i〉

∀t ∈ [Tu,v], |wtu,v〉 := Ut−1|wt−1
u,v 〉

|wu,v〉 :=

Tu,v∑
t=0

|wtu,v〉|t〉+ |v, j〉|0〉.

(4.13)

Then |wu,v〉 is a kind of history state [Kit99] for the algorithm on input (u, i). We first show
it is almost orthogonal to all transition states, defined in (4.7), (4.8) and (4.9).

Claim 4.3.8. For all (u, v) ∈
−→
E (G), letting j = f−1

v (u):

1. For all u′ ∈ V (G) and i′ ∈ L+(u), 〈ψu′,i′→ |wu,v〉 = 0.

2. For all (u′, v′) ∈
−→
E (G), z ∈ Z0

u′,v′ and t ∈ [Tu,v − 1], 〈ψzt |wu,v〉 = 0.

3. For all v′ ∈ V (G) and j′ ∈ L−(u), |〈ψv′,j′← |wu,v〉|2 ≤ δ(v,j),(v′,j′)εu,v.

Proof. Item 1: Recalling that |ψu′,i′→ 〉 = |u′, i′〉|0〉 − U0|u′, i′〉|1〉, we have

〈ψu′,i′→ |wu,v〉 = 〈u′, i′|w0
u,v〉 − 〈u′, i′|U

†
0 |w

1
u,v〉 = 〈u′, i′|u, i〉 − 〈u′, i′|U †0U0|u, i〉 = 0.

Item 2: Recall that |ψzt 〉 = |z〉|t〉−Ut|z〉|t+1〉. This is always orthogonal to the last term of
|wu,v〉, since t > 0. We also note that if z ∈ Zu′,v′ for (u′, v′) 6= (u, v), we have 〈ψzt |wu,v〉 =
0, since |wu,v〉 is only supported on z ∈ Zu,v. Thus, we can assume (u, v) = (u′, v′), and so
t ∈ [Tu,v − 1]0. Thus:

〈ψzt |wu,v〉 = 〈z|wtu,v〉 − 〈z|U
†
t |wt+1

u,v 〉 = 〈z|wtu,v〉 − 〈z|U
†
t Ut|wtu,v〉 = 0.

Item 3: Recall that |ψv′,j′← 〉 = |v′, j′〉|Tu′,v′〉 − |v′, j′〉|0〉. Again, if (v′, j′) 6= (v, j), then
(v′, j′) 6∈ Zu,v, meaning 〈ψv′,j′← |wu,v〉 = 0. So supposing (v′, j′) = (v, j), we have

〈ψv′,j′← |wu,v〉 = 〈v, j|wTu,v
u,v 〉 − 〈v, j|w0

u,v〉 − 〈v, j|v, j〉 = 〈v, j|wTu,v
u,v 〉 − 1,

since |w0
u,v〉 = |u, i〉, so the middle term is 0. Then, using∣∣∣1− 〈v, j|wTu,v

u,v 〉
∣∣∣2 ≤ ∥∥∥|v, j〉 − |wTu,v

u,v 〉
∥∥∥2

= εu,v,

by (4.3), we have |〈ψv′,j′← |wu,v〉|2 ≤ εu,v.

If not for the extra register containing the time step |t〉, we have now constructed the
flow state |θT+2〉 of the flow θT+2:

1√
ET+2(θ)

∑
(u,v)∈

−→
E (G)

θu,v√
wu,v
|wu,v〉 =

1√
ET(θ) + 2E(θ)

∑
(u,v)∈

−→
E (G)

θu,v√
wu,v
|wu,v〉.

Like in Section 3.4, we actually want the flow state to correspond to an s0-t flow on G′.
This can be easily achieved by letting all θu of flow in each u ∈ V0 originate out of s0. Our
positive witness, in the sense of Definition 3.3.5, will be the corresponding unnormalised
flow state of this modified new flow (with the extra register containing the time step |t〉):

|w〉 =
∑

(u,v)∈
−→
E (G)

θu,v√
wu,v
|wu,v〉+

∑
u∈V0

θu√
w0σ(u)

|u, 0〉|0〉. (4.14)
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Lemma 4.3.9. Let w0 = 1/RT and c+ = 6. Then ‖|w〉‖2
|〈w|ψ0〉|2 ≤ 6 = c+, and ‖|w〉‖2 ≥ ET(θ).

Proof. To analyse the positive witness, we compute (referring to (4.11)):

〈ψ0|w〉 =
∑
u∈V0

√
σ(u)〈u, 0, 0|w〉 =

∑
u∈V0

√
σ(u)

θu√
w0σ(u)

=
1
√
w0

=
√
RT, (4.15)

by condition P3 of Theorem 4.3.1. Since this is non-zero, |w〉 is a positive witness, though
it may have some error. To continue, we compute:

‖|w〉‖2 =
∑

(u,v)∈
−→
E (G)

θ2
u,v

wu,v
‖|wu,v〉‖2 +

∑
u∈V0

θ2
u

w0σ(u)
. (4.16)

To upper bound the first term of (4.16), we have ‖|wu,v〉‖2 = Tu,v + 2, so we have

∑
(u,v)∈

−→
E (G)

θ2
u,v

wu,v
‖|wu,v〉‖2 =

∑
(u,v)∈

−→
E (G)

θ2
u,v

wu,v
(Tu,v + 2) = ET(θ) + 2E(θ) ≤ 2RT, (4.17)

by condition P5 of Theorem 4.3.1, and using 2E(θ) ≤ ET(θ), since each Tu,v ≥ 2. Note
that (4.17) also implies the desired lower bound of ‖|w〉‖2 ≥ ET(θ). To upper bound the
second term of (4.16), we have

∑
u∈V0

θ2
u

w0σ(u)
≤ 2

w0

∑
u∈V0

σ(u)2 + (θu − σ(u))2

σ(u)
= 2RT

1 +
∑
u∈V0

(θu − σ(u))2

σ(u)

 ≤ 4RT

(4.18)

by condition P4 of Theorem 4.3.1. Plug (4.17) and (4.18) into (4.16) to get ‖|w〉‖2 ≤ 6RT,
which, with (4.15), completes the proof.

Next, we analyse the error of |w〉 as a positive witness, by upper bounding its overlap
with the various states in ΨA ∪ΨB. First, we have the following corollary to Claim 4.3.8.

Corollary 4.3.10. 1. For all u ∈ V (G), i ∈ L+(u), 〈ψu,i→ |w〉 = 0.

2. For all (u, v) ∈
−→
E (G), z ∈ Z0

u,v and t ∈ [Tu,v − 1], 〈ψzt |w〉 = 0.

3. For all v ∈ V (G) and j ∈ L−(v), letting u = fv(j), we have |〈ψv,j← |w〉| ≤
θu,v√
wu,v

√
εu,v.

Next we show that the states in Ψ′? are orthogonal to |w〉.

Claim 4.3.11. For all u′ ∈ V (G), and any |ψ?〉|0〉 ∈ Ψ′?(u
′), 〈ψ?, 0|w〉 = 0.

Proof. For any u′ ∈ V (G) \ V0 and any |ψ?〉|0〉 ∈ Ψ′?(u
′), the overlap between |ψ?〉 and |w〉

is only supported on the states |u′, i〉 such that i ∈ L(u′). Hence, we have

〈ψ?, 0|w〉 =
∑

(u,v)∈
−→
E (G)

θu,v√
wu,v
〈ψ?, 0|(|u, f−1

u (v)〉|0〉+ |v, f−1
v (u)〉|0〉) ∝ 〈ψ?|θ〉 = 0,

by condition P2 of Theorem 4.3.1. If instead u′ ∈ V0, the only state in Ψ′?(u
′) is |ψG′? (u′)〉|0〉

(see (4.5)), meaning

〈ψ?, 0|w〉 = 〈ψG′? (u′), 0|w〉 ∝
∑

v∈Γ+
G(u′)

θu′,v −
∑

u∈Γ−G(u′)

θu,u′ − θu′ = 0.
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We can combine these results in the following lemma:

Lemma 4.3.12. When M 6= ∅, |w〉 as defined in (4.14) is an ε/2-positive witness (see
Definition 3.3.5).

Proof. Note that |w〉 is only defined when M 6= ∅, as it is constructed with a flow from V0

to M . For |w〉 to be a positive witness, we require that 〈w|ψ0〉 6= 0, which follows from
(4.15). All that remains is to show that ‖ΠA|w〉‖2 and ‖ΠB|w〉‖2 are both at most ε

2 ‖|w〉‖
2.

By Claim 4.3.8 and Claim 4.3.11, we have ‖ΠA|w〉‖2 = 0 and

∑
v∈V (G),j∈L−(v)

|〈ψv,j← |w〉|2∥∥∥|ψv,j← 〉∥∥∥2 ≤
∑

v∈V (G),j∈L−(v)

θ2
v,fv(j)εfv(j),v/wv,fv(j)

2
.

Since θe = 0 for all e ∈ Ẽ (condition P1 of Theorem 4.3.1) and for all e ∈
−→
E (G) \ Ẽ,

εu,v ≤ ε (condition TS1 of Theorem 4.3.1), we can continue:

‖ΠB|w〉‖2 ≤
1

2

∑
(u,v)∈

−→
E (G)\Ẽ

θ2
u,vεu,v

wu,v
≤ ε

2
E(θ) <

ε

2
ET(θ) ≤ ε

2
‖|w〉‖2

by Lemma 4.3.9. We have used the fact that the energy of the flow in G (see Defini-
tion 3.2.3), E(θ), is at most the energy of that flow extended to the graph GT in which we
replace the edges by paths of positive lengths determined by T (see Definition 3.2.7).

Negative analysis

In this section, we will define a negative witness, which is some |wA〉, |wB〉 ∈ H, such that
|ψ0〉 = |wA〉 + |wB〉 and |wA〉 (resp. |wB〉) is almost in A (resp. B) (see Definition 3.3.2).
We first define, for all (u, v) ∈

−→
E (G) with i = f−1

u (v),

|wAu,v〉 =
∑

t∈[Tu,v−1]:t odd

∑
z∈Z0

u,v

〈z|wtu,v〉|ψzt 〉 ∈ A

|wBu,v〉 = |ψu,i→ 〉+
∑

t∈[Tu,v−1]:t even

∑
z∈Z0

u,v

〈z|wtu,v〉|ψzt 〉 ∈ B,
(4.19)

where |wtu,v〉 is defined in (4.13).

Lemma 4.3.13. For all (u, v) ∈
−→
E (G) with i = f−1

u (v),

|wAu,v〉+ |wBu,v〉 = |u, i〉|0〉 − |wTu,v
u,v 〉|Tu,v〉.

Proof. Below we use the fact that for t ∈ [Tu,v − 1]0, |wtu,v〉 ∈ span{|z〉 : z ∈ Z0
u,v} (see
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Section 4.3.1), and that |w0
u,v〉 = |u, i〉 (see (4.13)).

|wAu,v〉+ |wBu,v〉 = |ψu,i→ 〉+
∑

t∈[Tu,v−1]

∑
z∈Z0

u,v

〈z|wtu,v〉|ψzt 〉

= |ψu,i→ 〉+

Tu,v−1∑
t=1

∑
z∈Z0

u,v

〈z|wtu,v〉|z, t〉 −
Tu,v−1∑
t=1

∑
z∈Z0

u,v

〈z|wtu,v〉Ut|z〉|t+ 1〉 see (4.8)

= |ψu,i→ 〉+

Tu,v−1∑
t=1

|wtu,v〉|t〉 −
Tu,v−1∑
t=1

Ut|wtu,v〉|t+ 1〉

= |ψu,i→ 〉+

Tu,v−1∑
t=1

|wtu,v〉|t〉 −
Tu,v−1∑
t=1

|wt+1
u,v 〉|t+ 1〉 see (4.13)

= |u, i〉|0〉 − U0|u, i〉|1〉+ |w1
u,v〉|1〉 − |w

Tu,v
u,v 〉|Tu,v〉 see (4.7)

= |u, i〉|0〉 − |wTu,v
u,v 〉|Tu,v〉,

since |w1
u,v〉 = U0|u, i〉 (see (4.13)).

For v ∈ V (G) and j ∈ L−(v), with u = fv(j), define

|ψ̃v,j← 〉 := |wTu,v
u,v 〉|Tu,v〉 − |v, j〉|0〉, (4.20)

which would be equal to |ψv,j← 〉 if not for the possible errors in our transition subroutines.
We use this state to define our negative witness:

|wA〉 = − 1
√
w0

∑
u∈V (G)

√
w′u|ψG

′
? (u)〉|0〉+

1
√
w0

∑
(u,v)∈

−→
E (G)

√
wu,v|wAu,v〉 ∈ A

|wB〉 =
1
√
w0

∑
(u,v)∈

−→
E (G)

√
wu,v

(
|wBu,v〉+ |ψ̃v,f

−1
v (u)

← 〉
)
.

Here the weighted degree w′u of u is taken with respect to the graph G′, which we empha-
sise with the prime in the superscript.

We first show that this is indeed a negative witness in Lemma 4.3.14 and then analyse
its error and complexity in Lemma 4.3.15.

Lemma 4.3.14. Let |ψ0〉 be as in (4.11). Then if M = ∅, |wA〉+ |wB〉 = |ψ0〉.
Proof. We have

−
√
w0 (|wA〉+ |wB〉)

=
∑

u∈V (G)

√
w′u|ψG

′
? (u)〉|0〉 −

∑
(u,v)∈

−→
E (G)

√
wu,v(|wAu,v〉+ |wBu,v〉+ |ψ̃v,f

−1
v (u)

← 〉). (4.21)

Letting i = f−1
u (v) and j = f−1

v (u), we have

|wAu,v〉+ |wBu,v〉+ |ψ̃v,j← 〉 = |u, i〉|0〉 − |wTu,v
u,v 〉|Tu,v〉+ |ψ̃v,j← 〉 by Lemma 4.3.13

= |u, i〉|0〉 − |v, j〉|0〉 by (4.20).
(4.22)

Next we recall from (4.5) that for u ∈ V (G) \M = V (G) (since M = ∅), we have, letting
δu,V0 = 1 iff u ∈ V0:√

w′u|ψG
′

? (u)〉 =
∑

i∈L+(u)

√
wu,i|u, i〉 −

∑
j∈L−(u)

√
wu,j |u, j〉 − δu,V0

√
w0σ(u)|u, 0〉

∑
u∈V (G)

√
w′u|ψG

′
? (u)〉 =

∑
(u,v)∈

−→
E (G)

√
wu,v

(
|u, f−1

u (v)〉 − |v, f−1
v (u)〉

)
−
∑
u∈V0

√
w0σ(u)|u, 0〉.

(4.23)
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Plugging (4.22) and (4.23) back into (4.21), we get

−
√
w0 (|wA〉+ |wB〉) = −

∑
u∈V0

√
w0σ(u)|u, 0〉|0〉 = −

√
w0|ψ0〉.

Lemma 4.3.15. Let w0 = 1/RT, and δ′ = εRTW+4RTW̃. Then |wA〉, |wB〉 is a δ′-negative
witness (see Definition 3.3.2), and

‖|wA〉‖2 ≤ 2RTWT + 1.

Proof. By construction, |wA〉 ∈ A, and the only part of |wB〉 that is not made up of states
in ΨB (which are in B = span{ΨB}) are the |ψ̃v,j← 〉 parts. Since (I − ΠB)|ψv,j← 〉 = 0 for all
(v, j), we have

(I −ΠB)|wB〉 =
1
√
w0

∑
v∈V (G),j∈L−(v)

√
wv,j(I −ΠB)|ψ̃v,j← 〉

=
1
√
w0

∑
v∈V (G),j∈L−(v)

√
wv,j(I −ΠB)(|ψ̃v,j← 〉 − |ψvj←〉)

=
1
√
w0

∑
(u,v)∈

−→
E (G)

√
wu,v(I −ΠB)(|wTu,v

u,v 〉|Tu,v〉 − |v, f−1
v (u)〉|Tu,v〉)

by (4.20) and (4.9). Then by (4.13) and (4.3) we have∥∥∥|wTu,v
u,v 〉 − |v, f−1

v (u)〉
∥∥∥2

= εu,v.

Furthermore, the terms |wTu,v
u,v 〉 − |v, f−1

v (u)〉 ∈ span{|z〉 : z ∈ Zu,v} for different
(u, v) ∈

−→
E (G) are pairwise orthogonal. Thus:

‖(I −ΠB)|wB〉‖2 ≤
1

w0

∑
(u,v)∈

−→
E (G)

wu,vεu,v

≤ RT

( ∑
(u,v)∈

−→
E (G)\Ẽ

wu,vε+ 4
∑

(u,v)∈Ẽ

wu,v

)
≤ RT

(
εW + 4W̃

)
,

where we used w0 = 1/RT, the trivial upper bound εu,v ≤ 4 when (u, v) ∈ Ẽ, and
conditions TS1 and TS2 of Theorem 4.3.1.

To complete the proof, we give an upper bound on ‖|wA〉‖2. We first note:

‖|wA〉‖2 =
1

w0

∑
u∈V (G)

w′u +
1

w0

∑
(u,v)∈

−→
E (G)

wu,v
∥∥|wAu,v〉∥∥2

.

Then we can compute, for any u ∈ V (G), letting δu,V0 = 1 iff u ∈ V0,

w′u =
∑

v∈Γ(u)

wu,v + δu,V0w0σ(u)

and for any (u, v) ∈
−→
E (G), since for all t ∈ [Tu,v−1]0,

∑
z∈Z0

u,v
|〈z|wtu,v〉|2 =

∥∥|wtu,v〉∥∥2
= 1,

∥∥|wAu,v〉∥∥2
=

∑
t∈[Tu,v−1]0:t odd

∑
z∈Z0

u,v

|〈z|wtu,v〉|2 ‖|ψzt 〉‖
2 =

⌊
Tu,v

2

⌋
· 2 ≤ Tu,v.
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Phase estimation Multidimensional quantum walk

H

span{|u, i〉|0〉 : u ∈ V (G), i ∈ L+(u) ∪ {0}}
⊕span{|v, j〉|0〉 : v ∈ V (G), j ∈ L−(v)}

⊕
⊕

(u,v)∈
−→
E (G)

(
span{|z〉|t〉 : z ∈ Z0

u,v, t ∈ [Tu,v − 1]}
∪{|z〉|Tu,v〉 : z ∈ Z1

u,v}
)

|ψ0〉
∑

u∈V0

√
σ(u)|u, 0〉|0〉.

ΨA
Ψ′? ∪

⋃
(u,v)∈

−→
E (G)

⋃Tu,v−1
t=1:
t odd

Ψu,v
t

where Ψ′? is defined as in (4.6)

ΨB

⋃
u∈V (G){|ψu,i→ 〉 : i ∈ L+(u)} ∪ {|ψu,j← 〉 : j ∈ L−(v)}

∪
⋃

(u,v)∈
−→
E (G)

⋃Tu,v−1
t=1:
t even

Ψu,v
t

C− 2RTWT + 1

|w〉
∑

(u,v)∈
−→
E (G)

θu,v√
wu,v
|wu,v〉+

∑
u∈V0

θu√
w0σ(u)

|u, 0〉|0〉

for any unit flow θ satisfying P1-P5

|wA〉 -
√
RT

∑
u∈V (G)

√
w′u|ψG

′
? (u)〉|0〉+

√
RT

∑
(u,v)∈

−→
E (G)

√
wu,v|wAu,v〉

|wB〉
√
RT

∑
(u,v)∈

−→
E (G)

√
wu,v

(
|wBu,v〉+ |ψ̃v,f

−1
v (u)

← 〉
)

Table 4.1: A summary of how we initialise the phase estimation parameters of Theo-
rem 3.3.8 in the proof of Theorem 4.3.1.

Thus:

‖|wA〉‖2 ≤
1

w0

∑
u∈V (G)

∑
v∈Γ(u)

wu,v +
1

w0

∑
u∈V0

w0σ(u) +
1

w0

∑
(u,v)∈

−→
E (G)

wu,vTu,v

=
1

w0
W(G) + 1 +

1

w0
WT(G).

Note that W(G) is always less than WT(G) (see Definition 3.2.7). We thus complete
the proof by substituting w0 = 1/RT and using the Negative Condition of Theorem 4.3.1
thatWT(G) ≤ WT.

We summarise all these parameters in Table 4.1and encourage the reader to compare
these with the paremeters from Table 3.1.

Conclusion of proof of Theorem 4.3.1

We now give the proof of Theorem 4.3.1, by appealing to Theorem 3.3.8, using |ψ0〉 as
defined in (4.11), and ΨA,ΨB as defined in (4.10).

By the Setup Subroutine condition of Theorem 4.3.1, we can generate |σ〉 in cost S.
It follows that we can generate |ψ0〉 = −|σ〉|0〉|0〉 in cost S′ = S + logTmax, since the
last register is logTmax qubits. By Lemma 4.3.3, we can implement UAB in cost A? +
polylog(Tmax).

We use c+ = 6, so c+ ∈ [1, 50], as desired. We use

C− = 2RTWT + 1, δ =
ε

2
and δ′ = εRTW + 4RTW̃.
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To apply Theorem 3.3.8, we require that δ ≤ 1
(8c+)3π8C− , which follows, for sufficiently

large |x|, from condition TS1 of Theorem 4.3.1:

δ =
ε

2
= o

(
1

RTWT

)
.

We also require that δ′ ≤ 3
4

1
π4c+

= 1
8π4 . The bound on ε implies that εRTW = o(1),

since W ≤ WT. The bound W̃ = o(1/RT) from TS2 of Theorem 4.3.1 implies that
4RTW̃ = o(1).

Together these ensure that δ′ = o(1). We verify the remaining conditions of Theo-
rem 3.3.8 as follows.

Positive Condition: By Lemma 4.3.9 and Lemma 4.3.12, if M 6= ∅, there is a δ-positive
witness |w〉 such that |〈w|ψ0〉|2

‖|w〉‖2 ≥
1
c+

= 1
6 .

Negative Condition: By Lemma 4.3.15, if M = ∅, there is a δ′-negative witness with
‖|wA〉‖2 ≤ C−.

Thus, the algorithm described in Theorem 3.3.8 distinguishes between the casesM 6= ∅
and M = ∅ with bounded error in complexity:

O
(
S + logTmax +

√
C− (A? + polylog(Tmax))

)
= O

(
S +
√
RTWT (A? + polylog(Tmax))

)
which completes the proof of Theorem 4.3.1.

4.4 Welded trees

A straightforward application of our technique is to the welded trees problem, first in-
troduced in [CCD+03], illustrating the power of the framework to achieve exponential
speedups over classical algorithms. This application also serves as a pedagogic demonstra-
tion of the alternative neighbourhoods technique, as it does not make use of a non-trivial
edge transition subroutine, and so the resulting algorithm is in that sense rather simple.
Although it would be possible to apply our framework without looking “under the hood”
at the underlying algorithm, to give intuition about the framework, we instead describe
and analyse the full algorithm explicitly, proving our upper bound without appealing to
Theorem 4.3.1. Since we do not make use of the edge transitions, we will in fact use the
initialisation from Section 3.4.

4.4.1 The welded trees problem

In the welded trees problem, the input is a graph G with 2n+2 − 2 vertices from the set
{0, 1}2n, consisting of two full binary trees of depth n (the 2n leaves are at edge-distance
n from the root), which we will refer to as the left and right trees, with additional edges
connecting the leaves of one tree to another. Specifically, we assume there are two disjoint
perfect matchings from the leaves of the left tree to the leaves of the right tree. Every
vertex of this graph has degree 3 except for the roots of the two trees, which we denote
by s and t. The graph’s structure is shown in Figure 4.8.

We are promised that s = 02n is the root of the left tree, but other than s, it is difficult to
even find a vertex in the graph, since less than a 2−n+2 fraction of strings in {0, 1}2n labels
an actual vertex. We assume we have access to an oracle OG that tells us the neighbours
of any vertex. That is, for any string σ ∈ {0, 1}2n, we can query OG(σ) to learn either ⊥,
indicating it is not a vertex label, or a list of three neighbours (or in case of s and t, only
two neighbours).
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Problem 4.4.1 (Welded tree problem). We are given an adjacency list oracle OG for the
welded trees graph G of depth n, the goal is to output the 2n-bit string associated to the root
t.

We assume we can identify t when we see it, for example by querying it to see that
it only has two neighbours. Classically, this problem requires 2Ω(n) queries [CCD+03],
which is intuitively because the problem is set up to ensure that the only thing a classical
algorithm can do is a random walk on G, starting from s. The hitting time from s to t is
2Ω(n) because a walker is always twice as likely to move towards the centre of the graph
than away from it, and so a walker starting at s will quickly end up in the centre of the
graph, but then will be stuck there for a long time. On the other hand a quantum algorithm
can solve this problem in poly(n) time [CCD+03], with the best known upper bound being
O(n1.5 log n) queries [AC21]. In fact, there is even a deterministic quantum algorithm that
solves this problem with success probability 1 in O(n1.5 log n) queries [LLL24]. We show
how to solve this problem in our new framework, with O(n) queries and O(n2) time.
Specifically, in the remainder of this section we show:

Theorem 4.4.2. Let g : {0, 1}2n → {0, 1} be any function. Then there is a quantum algo-
rithm that, given an oracle OG for a welded trees graph G as above, decides if g(t) = 1 with
bounded error in O(n) queries to OG. If g can be computed in O(n) complexity, then the time
complexity of this algorithm is O(n2).

From this it immediately follows that we can solve the welded trees problem with 2n
applications of this algorithm, letting g(t) = ti – the i-th bit of t – for i ∈ [2n]. However, we
can also do slightly better by composing it with the Bernstein-Vazirani algorithm, which
recovers a string t in a single quantum query to an oracle that computes |z〉 7→ (−1)z·t|z〉
for any string z ∈ {0, 1}2n.

Corollary 4.4.3. There is a quantum algorithm that can solve the welded trees problem in
O(n) queries and O(n2) time.

Proof. For any z ∈ {0, 1}2n, define gz(t) = z · t =
∑2n

i=1 ziti mod 2. Clearly gz can be
computed in complexity O(n). To compute gz(t), we simply run the algorithm from The-
orem 4.4.2. The Bernstein-Vazirani algorithm [BV97] outputs t using a single such query,
and O(n) additional gates.

Previous quantum algorithms for this problem are quantum walk algorithms in the
sense that they construct a Hamiltonian based on the structure of the graph and simulate
it, or they exponentially reduce the dimension of the Hilbert space on which the quantum
walk takes place due to the inherent symmetry of the problem. These techniques have
not been replicated for many other problems, unlike quantum walk search algorithms de-
scribed in Section 3.1. Through this application, we hope that our new quantum walk
search framework bridges the gap between a general and easily applied technique (quan-
tum walk search algorithms) and exponential speedups.

4.4.2 G as a weighted network

We assume for simplicity that n is even. This assumption is without loss of generality and
greatly simplifies notation. For the skeptical reader, we will consider the case where n is
odd in Chapter 6. We partition V (G) into V0 ∪ V1 ∪ · · · ∪ V2n+1, where Vk is the set of
vertices at distance k from s, so V0 = {s}, and V2n+1 = {t}. We first prove Theorem 4.4.2
under the assumption that it is possible to check, for any vertex, whether it is in Veven :=
V0 ∪ V2 ∪ · · · ∪ V2n, or Vodd := V1 ∪ V3 ∪ · · · ∪ V2n+1. At the end of this section, we will
explain how to remove this assumption. Define M = {t} if g(t) = 1 and otherwise M = ∅.
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Figure 4.8: The weights of the graph G′ (obtained from adding s0 to G), and default edge
directions. The vertices in Veven are coloured.

For k ∈ [2n+ 1], define

Ek = {(u, v) ∈ Vk−1 × Vk : (u, v) ∈ E(G)}

so |Ek| =
{

2k if k ∈ [n+ 1]
22n+2−k if k ∈ {n+ 1, . . . , 2n+ 1}.

(4.24)

We define the set of directed edges as follows (see Definition 3.2.1):

−→
E (G) =

⋃
k∈[2n+1]:

k mod 4∈{0,1}

{(u, v) : (u, v) ∈ Ek} ∪
⋃

k∈[2n+1]:
k mod 4∈{2,3}

{(u, v) : (v, u) ∈ Ek}. (4.25)

Note that Ek ⊂
−→
E (G) only holds when k mod 4 ∈ {0, 1}, so we do not always set the

default directions left to right. At the moment it is not clear why we set the directions this
way, but one thing this accomplishes is that the direction of edges switches at every layer
of Vodd. Figure 4.8 illustrates how the directions of the edges change layer by layer.

We now assign weights to all edges in G. We assign all edges in Ek the same weight,
wk, defined:

wk =

{
2−2dk/2e if k ∈ [n]

2−2(n+2−dk/2e) if k ∈ {n+ 1, . . . , 2n+ 1}. (4.26)

It should be somewhat clear why this might be a useful weighting: we have increased the
probability of moving away from the centre. Finally, we add a vertex s0 connected to s by
an edge of weight w0 and call this resulting graph G′. We remark that we do not need to
account for s0 explicitly if we just want to appeal directly to Theorem 4.3.1, but we are
going to explicitly construct an algorithm for the sake of exemplification.

4.4.3 The phase estimation parameters

Hilbert space: Theorem 4.3.1 assumes we label the outgoing edges from a vertex u by
indices from some set L(u), and then implement a map |u, i〉 7→ |v, j〉 for any i ∈ L(u) (see
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also Definition 3.2.13). Here, since we assume we can simply query the set of the three
neighbours of u, Γ(u) = {v1, v2, v3}, in unit time, we can let L(u) = Γ(u). In that case, the
map |u, i〉 7→ |v, j〉 is actually just |u, v〉 7→ |v, u〉, which can be accomplished by swapping
the two registers, and there is no need for more complex transition subroutines. The
decomposition of L(u) into L+(u) = Γ+(u) and L−(u) = Γ−(u) depends on the directions
we assigned to the edges coming out of u in (4.25). Since we do not make use of the
labels, not the edge transitions, we shall initialise the parameters for Theorem 3.3.8 in the
same way as we did in Section 3.4, meaning our algorithm will work on the same Hilbert
space as defined in (3.22):

H = span{|u, v〉 : (u, v) ∈ E(G′)}. (4.27)

Star states: The same is true for our star states, which we will define according to (3.23),
meaning that for all u ∈ V (G) \ {t} with neighbours (in G′) ΓG′(u) = {v1, v2, v3}:

|ψG′? (u)〉 ∝ √wu,v1(−1)∆u,v1 |u, v1〉+
√
wu,v2(−1)∆u,v2 |u, v2〉+

√
wu,v3(−1)∆u,v3 |u, v3〉.

(4.28)
For t the star state is similar (as we will show in (4.31)), but slightly different as t only
has two neighbours.

The problem is that we cannot efficiently generate all of these star states due to the
query access that we have to the graph. For ` ∈ [n − 1]0 and v ∈ V2`+1 \ {t} ⊂ Vodd with
neighbours Γ(v) = {u1, u2, u3} there is no immediate cause for alarm yet, as we have,
referring to (4.25) and (4.26):

|ψG′? (v)〉 = (−1)`+1 1√
3

(|v, u1〉+ |v, u2〉+ |v, u3〉) . (4.29)

Even though we don’t know which layer v is in, nor which neighbour is the parent, we
can always generate (4.29) up to a sign difference, which poses no problem if we wish to
reflect around its span.

On the other hand, for ` ∈ [n] and u ∈ V2` \ {s} ⊂ Veven, though we can compute
ΓG′(u) = {v1, v2, v3}, we do not know which neighbour is the parent – the unique neigh-
bour of u that is further from the centre of the graph than u. Let p(u) ∈ {v1, v2, v3} be
the parent of u, and c1(u), c2(u) the other two vertices in {v1, v2, v3}. Then, referring to
(4.25), (4.26) and (4.28), the star state of u has the form:

|ψG′? (u)〉 = (−1)`+1

√
2

3

(
|u, p(u)〉 − 1

2
|u, c1(u)〉 − 1

2
|u, c1(u)〉

)
.

Generating this state would require knowing which of the neighbours is the parent, p(u),
which is not something that can be learned from simply querying the neighbours of u.
However, if we were to weight everything uniformly, our quantum walk would, like a
classical random walk, suffer from the fact that the centre of the graph has exponential
weight, and most time will be spent there. We avoid this problem by employing the
alternative neighbourhoods technique. For u ∈ Veven \ {s}, define:

∀j ∈ [3], |ψj?(u)〉 =

√
2

3

(
|u, vj〉 −

1

2
|u, vj+1〉 −

1

2
|u, vj+2〉

)
, (4.30)

where the indices add modulo 3. Then we know that

|ψG′? (u)〉 ∈ {|ψ1
?(u)〉, |ψ2

?(u)〉, |ψ3
?(u)〉} =: Ψ?(u),

though we do not know which one.
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u1

v

u2

u3

G

Ψ?(u1)

|ψu1,v〉

Ψ?(v)

|ψv,u2〉

|ψv,u3〉

Ψ?(u2)

Ψ?(u3)

Figure 4.9: A piece of the graph G (left) and the corresponding piece of the overlap graph
of the various sets of spaces that form ΨA and ΨB. There is an edge between two nodes
in the overlap graph if and only if the sets contain overlapping states. Compare with
Figure 4.7.

For s and t, suppose the neighbours (with respect to G′) are ΓG′(s) = {v1, v2, s0} and
ΓG′(t) = {u1, u2} – meaning that when we query s, we learn {v1, v2} and then we add to
Γ(s) the additional special vertex s0 such that v1 < v2 < s0, and when we query t we learn
{u1, u2}. Then the star states are (up to normalisation), respectively:

|ψG′? (s)〉 ∝ −
√
w0|s, s0〉+

1

2
|s, v1〉+

1

2
|s, v2〉

|ψG′? (t)〉 ∝ −1

2
|t, u1〉 −

1

2
|t, u2〉.

(4.31)

This is consistent with (4.28) (apart from the fact that t only has two neighbours), since
(s0, s) ∈

−→
E (G′) by definition, and for i ∈ {1, 2}, (s, vi) ∈ E1, so (s, vi) ∈

−→
E (G) since

1 = 1 mod 4, and (ui, t) ∈ E2n+1, so (ui, t) ∈
−→
E (G), since 2n + 1 = 1 mod 4 (we are

assuming n is even), which is why we have minus signs in front of the |t, ui〉 (see (4.25)).
We can generate |ψG′? (s)〉 and |ψG′? (t)〉, because we can recognise s and t. Thus, for all
v ∈ Vodd ∪ {s} (the vertices with easy to generate star states), we let Ψ?(v) := {|ψG′? (v)〉}.

Transition states: Even though we do not make use of labels, nor the transition subrou-
tines from the proof of Theorem 4.3.1, we will define our transition states similarly. Our
transition subroutine must apply the transitions |u, v〉 7→ |v, u〉 for each ∀(u, v) ∈

−→
E (G).

Inspired by looking at the history state construction as in (4.8), but without the extra time
register, we define

∀(u, v) ∈
−→
E (G′), |ψu,v〉 := |u, v〉 − |v, u〉. (4.32)

The star states and the transition states (4.32) will comprise all states of ΨA ∪ ΨB as
follows:

ΨA :=
⋃

u∈V (G)

Ψ?(u) =
⋃

u∈Vodd∪{s}

{|ψG′? (u)〉} ∪
⋃

u∈Veven\{s}

{|ψ1
?(u)〉, |ψ2

?(u)〉, |ψ3
?(u)〉}

ΨB := {|ψu,v〉 : (u, v) ∈
−→
E (G′)}.

(4.33)

Then ΨB is a pairwise orthogonal set, and if we replace each Ψ?(u) in ΨA with an or-
thonormal basis for span{Ψ?(u)} we get a pairwise orthogonal set. Figure 4.9 shows that
the overlap graph for the sets Ψ?(u) for u ∈ V (G) and {|ψu,v〉} for (u, v) ∈

−→
E (G) is

bipartite, and we have chosen ΨA and ΨB according to this bipartition.
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Under this choice of ΨB, we find that B is precisely the antisymmetric subspace of
H, as in Section 3.4. In the remainder of this section, we will show that we can solve
the welded trees problem with bounded error by performing phase estimation of UAB =
(2ΠA − I)(2ΠB − I) on the initial state (chosen as in (3.28))

|ψ0〉 =
1√
2

(|s0, s〉+ |s, s0〉) ,

as described in Theorem 3.3.8.

4.4.4 Implementing the unitary

In order to implement UAB, we need to be able to generate an orthonormal basis for each
of A and B, for which we use the following fact.

Claim 4.4.4. Let ω3 = e2πi/3 be a third root of unity. For a vertex u ∈ V (G) with neighbours
v1 < v2 < v3, define for j ∈ {0, 1, 2}:

|ψ̂j(u)〉 :=
1√
3

(
|u, v1〉+ ωj3|u, v2〉+ ω2j

3 |u, v3〉
)
.

Then these three vectors are an orthonormal set, and for u ∈ Veven \ {s},

span{|ψ0
?(u)〉, |ψ1

?(u)〉, |ψ2
?(u)〉} = span{|ψ̂1(u)〉, |ψ̂2(u)〉}.

For v ∈ Vodd \ {t},
|ψG′? (v)〉 ∈ span{|ψ̂0(u)〉}.

Proof. Note that {|ψ̂0(u)〉, |ψ̂1(u)〉, |ψ̂2(u)〉} is an orthonormal basis – it is in fact the
Fourier basis (see Definition 2.2.1) – for span{|u, v1〉, |u, v2〉, |u, v3〉}. Thus, the first part
of the statement is simply proven by observing that for each j ∈ {0, 1, 2}, |ψj?(u)〉 ∈
span{|u, v1〉, |u, v2〉, |u, v3〉} and 〈ψj?(u)|ψ̂0(u)〉 = 0; and that span{|ψj?(u)〉}2j=0 has dimen-
sion greater than 1. The second statement follows easily from (4.29).

Lemma 4.4.5. The unitary UAB = (2ΠA− I)(2ΠB − I) can be implemented in O(1) queries
to OG, and O(n) elementary operations.

Proof. Let

H′ = span{|j〉|u, v〉 : j ∈ {0, 1, 2}, u ∈ V (G), v ∈ Γ(u) ∪ {⊥}},

so in particular |0〉 ⊗ H ⊂ H′ (where H is as in (4.27)). We first show how to implement
2ΠA − I, by describing a unitary U? on H′, and in particular, its behaviour on states of
the form |j〉|u,⊥〉, where j = 0 whenever u ∈ Vodd ∪ {s}, and j ∈ {1, 2} whenever
u ∈ Veven \ {s}. We begin by querying the neighbours of u in an auxiliary register, Q,
initialised to |0〉 using OG:

|j〉|u,⊥〉|0〉Q 7→ |j〉|u,⊥〉|v1, v2, v3〉Q

where if u ∈ {s, t}, v1 < v2 and v3 = ⊥ (which we can interpret as s0 when u = s), and
otherwise, since we assume u ∈ V (G), v1 < v2 < v3 are the neighbours of u. We initialise
an auxiliary register A, and compute a trit |a〉A for a ∈ {0, 1, 2} as follows, to determine
what happens next. If v3 6= ⊥, then a = 0. Else if u = 02n = s, we let a = 1. Else if v3 = ⊥
but u 6= 02n, so u = t, we let a = 2.
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Controlled on |0〉A, apply QFT3 (see Definition 2.2.1) to |j〉 to obtain |ĵ〉 = (|1〉+ ωj3|2〉+

ω2j
3 |3〉)/

√
3. Then, still conditioned on |0〉A, swap the first and third registers, so now the

first register contains |⊥〉, and then perform |⊥〉 7→ |0〉 on the first register to get

|0〉|u〉|ĵ〉|0〉|v1, v2, v3〉Q|0〉A.

Then, conditioned on the value in the |ĵ〉 register, we can copy over the first, second or
third value in the |v1, v2, v3〉 register to get

1√
3
|0〉|u〉

(
|1〉|v1〉+ ωj3|2〉|v2〉+ ω2j

3 |3〉|v3〉
)
|v1, v2, v3〉Q|0〉A.

This requires O(n) basic operations. We can uncompute the value |i〉 in |i〉|vi〉 by referring
to the last register to learn vi’s position, and then we are left with:

|0〉|ψ̂j(u)〉|v1, v2, v3〉Q|0〉A.

Next, we control on |1〉A, meaning u = s. In that case, we assume that j = 0. Using v1 and
v2 in the last register, we can map |⊥〉 to a state proportional to

√
w0|v0〉+ 1

2 |v1〉+ 1
2 |v2〉 to

get
|0〉|ψG′? (s)〉|v1, v2, v3〉Q|1〉A.

Lastly, we control on |2〉A, meaning u = t. We can compute g(t) in a separate register, and
using g(t), v1, and v2, map |⊥〉 to a state proportional to: −1

2 |v1〉 − 1
2 |v2〉 to get

|0〉|ψG′? (t)〉|v1, v2, v3〉Q|2〉A.

We can uncompute theA register, since the registers containing u, and v1, v2, v3 haven’t
changed. Since the register containing u has not changed, we can uncompute the register
|v1, v2, v3〉Q using another call to OG. Then, we have performed a map, U? that acts, for
j = 0 when u ∈ Vodd ∪ {s} and j ∈ {1, 2} when u ∈ Veven \ {s}, as |j〉|u,⊥〉 7→ |0〉|ψ̂j(u)〉,
where, using Claim 4.4.4, for all u ∈ Vodd ∪ {s},

span{|ψ̂0(u)〉} = span{|ψG′? (u)〉} = span{Ψ?(u)}

and for all u ∈ Veven \ {s}:

span{|ψ̂1(u)〉, |ψ̂2(u)〉} = span{|ψ1
?(u)〉, |ψ2

?(u)〉, |ψ3
?(u)〉} = span{Ψ?(u)}.

Thus, U? maps the subspace

L := span{|0, u,⊥〉 : u ∈ (Vodd ∪ {s}) \M} ∪ {|1, u,⊥〉, |2, u,⊥〉 : u ∈ Veven \ {s}}

of H′ to |0〉 ⊗ span{ΨA} ∼= A, and thus, 2ΠA − I = U? (2ΠL − I)U †? .

We describe how to implement 2ΠL − I. First, initialise four auxiliary flag qubits
|0〉F1 |0〉F2 |0〉F3 |0〉F4 . For a computational basis state |j〉|u, v〉 of H′, by assumption (which
is removed at the end of this section) we can efficiently check whether u is in Vodd or Veven,
and we can check whether u = s = 02n or u ∈ M in O(n) cost. If u ∈ Vodd ∪ {s} \M , we
check if the first register is 0, and if not, flip F1 to get |1〉F1 . If u ∈ Veven \ {s}, we check if
the first register is 1 or 2, and if not, flip F2 to get |1〉F2 . If the last register is not ⊥, flip F3

to get |1〉F3 . Lastly if u ∈ M ∪ {s0}, flip F4 to get |1〉F4 . Reflect if any flag is set, and then
uncompute all flags. This can all be done in O(n) basic operations.

Next, we describe how to implement 2ΠB − I, by describing a unitary US on H′, and
in particular, its behaviour on states of the form |1〉|u, v〉 for (u, v) ∈ E(G′) with u < v.
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First, apply a Hadamard gate to the first register, and then, controlled on its value, swap
the second two registers to get

(|0〉|u, v〉 − |1〉|v, u〉) /
√

2.

We can uncompute the first register by adding in a bit indicating if the last two registers
are in sorted order, to get

|0〉 1√
2

(|u, v〉 − |v, u〉) ∈

{
span{|0〉|ψu,v〉} if (u, v) ∈

−→
E (G′)

span{|0〉|ψv,u〉} if (v, u) ∈
−→
E (G′).

Thus, US maps
L′ := span{|1〉|u, v〉 : (u, v) ∈ E(G′), u < v}

to span{|0〉|ψu,v〉 : (u, v) ∈
−→
E (G′)} ∼= B, and so 2ΠB−I = US (2ΠL′ − I)U †S . To implement

(2ΠL′ − I), it is enough to check that the first register is 1, and u and v are in sorted
order (we know (u, v) ∈ E(G′) by the structure of H′). This can be done in O(n) basic
operations.

4.4.5 Positive analysis

In the case when t is marked, so M = {t} 6= ∅, we exhibit a positive witness (see Defini-
tion 3.3.5) |w〉 that is orthogonal to all states in ΨA ∪ ΨB, and that has non-zero overlap
with |ψ0〉 = 1√

2
(|s0, s〉+ |s, s0〉). Once again, we construct the positive witness from any

s-t flow θ on G, that we extend to an s0-t flow θ′ on G′ by sending one unit of flow from
s0 to s. By rescaling the corresponding flow state |θ′〉, as defined in (3.30), we obtain our
choice of positive witness:

|w〉 =
1√

2 (E(θ) + 1/w0)

 ∑
(u,v)∈

−→
E (G)

θu,v√
wu,v

(|u, v〉+ |v, u〉) +
1

w0
(|s0, s〉+ |s, s0〉)

 .

(4.34)

As seen in (3.32), this state is a potential candidate for our positive witness, as it has
non-zero overlap with the initial state |ψ0〉:

〈ψ0|w〉 =
1√

w0E(θ) + 1
. (4.35)

Note that in Section 3.4, we chose a rescaled version of |θ′〉 to be the positive witness,
specifically

√
w0E(θ) + 1|θ′〉. This rescaling was necessary because the definition of the

optimal positive witness in Definition 3.3.9 required its inner product with the initial state
to equal 1. However, since we are not concerned with the optimal positive witness here, we
avoid applying this rescaling. Interestingly, the flow we will construct shortly corresponds
to the optimal positive witness, as we will prove in Section 6.3.

Returning to our positive analysis, the more complicated constraint to verify for our
positive witness, is that |w〉must be orthogonal to both A and B (we require orthogonality
since we will be constructing a 0-positive witness). By construction, for any s-t flow f on
G, our choice of |w〉 is always orthogonal to B, as it lives in the symmetric subspace
of H (see (3.27)), and as seen in (3.31), it is orthogonal to all star states |ψG′? (u)〉 for
u ∈ V (G) \M . However, due to the technique of alternative neighbourhoods, there are
now additional states |ψj?(u)〉 ∈ ΨA, and in order to be orthogonal to all of these, the flow
must satisfy additional constraints. We will show that all these constraints are satisfied by



76 Chapter 4. Multidimensional quantum walks

the natural choice of flow that, for each vertex, comes in from the parent and then sends
half to each child. That is, letting Ek for k ∈ [2n + 1] be as in (4.24), and E0 = {(v0, s)},
define

∀k ∈ [2n+ 1], (u, v) ∈ Ek, θu,v :=
1

|Ek|
= 2−k. (4.36)

Then we first prove the following:

Claim 4.4.6. Let u ∈ Veven \ {s}, and let |wu〉 = (|u〉〈u| ⊗ I)|w〉. Then |wu〉 ∝ |ψ̂0(u)〉.

Proof. Since u 6∈ {s, t}, we have

|wu〉 ∝
∑

v∈Γ+(u)

θu,v√
wu,v
|u, v〉+

∑
v∈Γ−(u)

θv,u√
wu,v
|u, v〉 =

∑
v∈Γ(u)

(−1)∆u,v
θu,v√
wu,v
|u, v〉.

using θu,v = −θv,u, wu,v = wv,u, and ∆u,v = 0 if v ∈ Γ+(u), and 1 otherwise. Recall that
u has three neighbours: a parent p(u) and two children c1(u) and c2(u). Since u ∈ V2`

for some `, the edges adjacent to u are (up to direction) in E2` and E2`+1. If ` is even,
2` = 0 mod 4 and 2` + 1 = 1 mod 4, so by (4.24), ∆p(u),u = ∆u,c1(u) = ∆u,c2(u) = 0 if
` ∈ [n/2] (i.e. u is in the left tree, so its parent is to its left) and = 1 otherwise. If ` is odd,
2` = 2 mod 4 and 2` + 1 = 3 mod 4, so ∆p(u),u = ∆u,c1(u) = ∆u,c2(u) = 1 if ` ∈ [n/2] and
= 0 otherwise. Thus, since (−1)∆u,p(u) = −(−1)∆p(u),u , we always have

|wu〉 ∝ ±

(
−

θu,p(u)
√
wu,p(u)

|u, p(u)〉+
θu,c1(u)
√
wu,c1(u)

|u, c1(u)〉+
θu,c2(u)
√
wu,c2(u)

|u, c2(u)〉

)
.

Suppose ` ∈ [n/2], so u is in the left tree. Then (p(u), u) ∈ E2`, so we have

θu,p(u) = −θp(u),u = − 1

|E2`|
= −2−2` and

√
wu,p(u) =

√
w2` = 2−d2`/2e = 2−`

by (4.26), and for i ∈ {1, 2}, (u, ci(u)) ∈ E2`+1, so we have

θu,ci(u) =
1

|E2`+1|
= 2−(2`+1) and

√
wu,ci(u) =

√
w2`+1 = 2−d(2`+1)/2e = 2−(`+1)

also by (4.26). Thus:

|wu〉 ∝ ±

(
−−2−2`

2−`
|u, p(u)〉+

2−(2`+1)

2−(`+1)
|u, c1(u)〉+

2−(2`+1)

2−(`+1)
|u, c2(u)〉

)
= ±2−` (|u, p(u)〉+ |u, c1(u)〉+ |u, c2(u)〉) .

On the other hand, if ` ∈ {n/2 + 1, . . . , n}, so that u is in the right tree, we have
(u, p(u)) ∈ E2`+1, so:

θu,p(u) =
1

|E2`+1|
= 2−(2n+2−2`−1) and

√
wu,p(u) =

√
w2`+1 = 2−(n+1−`),

and for i ∈ {1, 2}, (ci(u), u) ∈ E2`, so:

θu,ci(u) = −θci(u),u = − 1

|E2`|
= −2−(2n+2−2`)

and √
wu,ci(u) =

√
w2` = 2−(n+2−d 2`

2
e) = 2−(n+2−`).
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Thus:

|wu〉 ∝ ±

(
−2−(2n+1−2`)

2−(n+1−`) |u, p(u)〉+
−2−(2n+2−2`)

2−(n+2−`) |u, c1(u)〉+
−2−(2n+2−2`)

2−(n+2−`) |u, c2(u)〉

)
= ∓2n−` (|u, p(u)〉+ |u, c1(u)〉+ |u, c2(u)〉) .

Hence, letting {v1, v2, v3} = {p(u), c1(u), c2(u)} with v1 < v2 < v3, for any ` ∈ [n], if
u ∈ V2`, we have |wu〉 ∝ |u, v1〉+ |u, v2〉+ |u, v3〉.

Then we have the following:

Lemma 4.4.7. Suppose M = {t}, and let |w〉 be as defined in (4.34) with respect to the flow
defined in (4.36). Then |w〉 is a 0-positive witness (see Definition 3.3.5) with:

‖|w〉‖2

|〈w|ψ0〉|2
= O(w0n) + 1.

Proof. To show that |w〉 is a 0-positive witness, we must show that it is orthogonal to
all states in ΨA ∪ ΨB. For (u, v) ∈

−→
E (G), it is clear from the definition of |w〉, and the

definition of |ψu,v〉 = |u, v〉 − |v, u〉 (see (4.32)) that 〈w|ψu,v〉 = 0, meaning |w〉 ∈ B⊥.
Recall that we already know from (3.31), that 〈ψG′? (u)|w〉 = 0 for all u ∈ V (G) \ {t},

if θ is an s0-t flow on G′. So we now simply check that θ, as defined, is indeed an s0-t
flow on G′. Suppose u ∈ Vk for some k ∈ [n]. Then u has three neighbours: a parent
p(u) ∈ Vk−1, and two children c1(u), c2(u) ∈ Vk+1. We have

θu,p(u) = −θp(u),u = − 1

|Ek|
, and θu,c1(u) = θu,c2(u) =

1

|Ek+1|
=

1

2|Ek|
,

and thus
θu,p(u) + θu,c1(u) + θu,c2(u) = 0.

The case for k ∈ {n + 1, . . . , 2n} is nearly identical, meaning θ is conserved at all u ∈
V (G) \ {t}. Lastly, θ is indeed a unit flow with its source at s and its sink at t, since

θs0 = θs0,s = 1, θt = θt,c1(t) + θt,c2(t) = −1

2
− 1

2
= −1.

It thus only remains to show orthogonality of |w〉 with the states of ΨA that are not
star states of G′. The only such states are those in (4.30) (some of which are also star
states of G′). By Claim 4.4.4, it is sufficient to show orthogonality with the states |ψ̂j(u)〉,
for j ∈ {1, 2} and u ∈ Veven \ {s}. Then letting v1 < v2 < v3 be the neighbours of u, and
appealing to Claim 4.4.6:

√
3〈w|ψi?(u)〉 = 〈wu|

(
|u, v1〉+ ωj3|u, v2〉+ ω2j

3 |u, v3〉
)

∝ (〈u, v1|+ 〈u, v2|+ 〈u, v3|)
(
|u, v1〉+ ωj3|u, v2〉+ ω2j

3 |u, v3〉
)

∝ 1 + ωj3 + ω2j
3 = 0.

Since by (4.35) we know that 〈ψ0|w〉 = 1/
√

w0E(θ) + 1 and flow states, and hence also
|w〉, are by construction normalised, we only need to compute E(θ) to complete the anal-
ysis of its complexity. Here we make use of the fact that all edges in Ek have the same
weight, wk (see (4.26)), and flow, 1

|Ek| :

E(θ) =
∑

(u,v)∈
−→
E (G)

θ2
u,v

wu,v
=

2n+1∑
k=1

|Ek|
1

|Ek|2
1

wk

=
n∑
k=1

1

2k
1

2−2dk/2e +
2n+1∑
k=n+1

1

22n+2−k
1

2−2(n+2−dk/2e) = O(n).



78 Chapter 4. Multidimensional quantum walks

Remark 4.4.8. The reader may wonder why the weights change by a factor of 4 every two
layers, rather than by a factor of 2 every layer. If we set all the weights to 1, the positive
witness size is constant, while the negative witness size is exponential. If we change weights
by a factor of two at each layer, the negative witness size is constant, whereas the positive
witness size is exponential. With the setting of weights that we have chosen, both witness
sizes are linear in n (up to scaling by w0). This setting of weights and edge directions cre-
ates a perfect duality between positive and negative witnesses. For vertices u ∈ Vodd, we
include the star state, which is proportional to |ψ̂0(u)〉 (see Claim 4.4.4) in ΨA, so the flow
through u must be in span{|ψ̂1(u)〉, |ψ̂2(u)〉}. Conversely, for vertices u ∈ Veven, we include
span{|ψ̂1(u)〉, |ψ̂2(u)〉} in ΨA, so the flow through u must be proportional to |ψ̂0(u)〉.

4.4.6 Negative analysis

For the negative analysis, it would be sufficient to upper bound the total weight of G and
appeal to Theorem 4.3.1, but we will instead explicitly construct a negative witness (see
Definition 3.3.2) in order to appeal to Theorem 3.3.8. We choose our negative witness
according to (3.39), meaning:

|wA〉 := −
∑

u∈V (G)

√
2wG′u√
w0
|ψG′? (u)〉,

|wB〉 :=
1√
2

(|s0, s〉 − |s, s0〉) +
∑

(u,v)∈
−→
E (G)

√
2wu,v√
w0

(|u, v〉 − |v, u〉) .

Then we prove the following:

Lemma 4.4.9. Suppose M = ∅. Then |wA〉, |wB〉 form a 0-negative witness with ‖|wA〉‖2 =
O(n/w0) + 2.

Proof. When M = ∅ (that is, t 6∈ M), the star state |ψG′? (t)〉 lies in A. As a result, each
|ψG′? (u)〉 lies in A for u ∈ V (G), meaning so does |wA〉. By construction it is also straight-
forward to see that |wB〉 lives in B, i.e. the antisymmetric subspace of H. We know,
referring to (3.40), that for this choice of |wA〉 and |wB〉, we have

|wA〉+ |wB〉 =
√

2|s, s0〉+
1√
2

(|s0, s〉 − |s, s0〉) =
1√
2

(|s0, s〉+ |s, s0〉) = |ψ0〉.

We can analyse the complexity of this witness by computing an upper bound on ‖|wA〉‖2:

‖|wA〉‖2 =
2

w0

∥∥∥∥∥∥−√w0|s, s0〉+
∑

(u,v)∈E(G)

(−1)∆u,v
√
wu,v|u, v〉

∥∥∥∥∥∥
2

=
2

w0

∑
e∈E(G)

we + 2 =
2

w0

2n+1∑
k=0

|Ek|wk + 2

=
2

w0

n∑
k=0

2k

22dk/2e +
4

w0

2n+1∑
k=n+1

22n+1−k+1

22n+4−2dk/2e + 2 = O(n/w0) + 2

using the fact that edges in Ek have weight wk defined in (4.26), and |Ek| in (4.24).



4

4.4. Welded trees 79

4.4.7 Conclusion of the proof

We now apply Theorem 3.3.8 to conclude the proof of Theorem 4.4.2. By Lemma 4.4.7,
there is some constant c such that setting w0 = 1/(cn), whenever M = {t}, there exists a
positive witness |w〉 with

‖|w〉‖2

|〈w|ψ0〉|2
≤ c+ := 2.

Then by Lemma 4.4.9, there is some

C− = O(n/w0) + 2 = O(n2)

such that whenever M = ∅, there exists a negative witness with ‖|wA〉‖2 ≤ C−. Since the
initial state |ψ0〉 = 1√

2
(|s0, s〉+ |s, s0〉) can be prepared in Sq = 0 queries and S = O(n)

time, and by Lemma 4.4.5, the unitary can be implemented in O(1) query to OG, and O(n)
time, the phase estimation algorithm distinguishes between the cases M = ∅ and M = {t}
in

O
(

0 +
√
C−
)

= O(n) and O
(
n+

√
C−n

)
= O(n2)

queries and time respectively.

4.4.8 Removing the Assumption that u ∈ Veven can be Checked

We do not actually require an extra assumption that the algorithm can efficiently check,
for a vertex u, if it is in Veven or Vodd. Intuitively, this is because if a walker starts at u, she
can always keep track of the parity of the distance from u, by keeping track of a bit that is
initially 0, and flips every time she takes a step. More precisely, we can define a graph G0

as follows:
V (G0) = Veven × {0} ∪ Vodd × {1}

E(G0) = {{(u, 0), (v, 1)} : (u, v) ∈ E(G), u ∈ Veven},

so that a walk on G0 is like a walk on G, except that there is a bit indicating which of the
two independent sets we are in, which we flip at every step. To find the neighbours of any
vertex (u, b), simply query OG and append b⊕ 1 to each of the three returned strings. We
let (s, 0) and (t, 1), which are both in V (G0), take the places of s and t.
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CHAPTER 5

Application: k-distinctness

God schiep de dag, en wij sleepten ons
erdoorheen.

Dimitri Verhulst, De helaasheid der
dingen

This chapter is based on Section 5 in the paper Multidimensional Quantum Walks, with
Application to k-Distinctness [JZ23], which is joint work with Stacey Jeffery.

The quantum query complexity of k-distinctness is known to be O(n
3
4
− 1

4
1

2k−1 ) for any
constant k ≥ 4. However, this upper bound was established existentially rather than
constructively, leaving the efficient implementation of the required unitaries unclear.
Consequently, it was not possible to analyse the time cost of this algorithm. The best
previously known upper bound on the time complexity of k-distinctness was Õ(n1−1/k).

In this chapter, we present a new upper bound of Õ(n
3
4
− 1

4
1

2k−1 ) on the time complexity,
matching the best-known query complexity upper bound up to polylogarithmic factors.
This improvement is achieved by designing a quantum walk algorithm using our novel
multidimensional quantum walk framework introduced in the previous chapter. Since
both the construction and analysis of our algorithm are technically involved, we first
address the 3-distinctness case as a useful warm-up.
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5.1 Introduction to the problem

In the problem of element distinctness, the input is a list of n integers, and the output is a
bit indicating whether the integers are all distinct, or there exists a pair of integers that
are the same, called a collision. This problem has been studied as a fundamental problem
in query complexity, but also for its relationship to other more practical problems, such
as sorting, or collision finding, which is similar, but one generally assumes there are many
collisions and one wants to find one. In the worst case, element distinctness requires Θ(n)
classical queries [Ajt05].

The first quantum algorithm that managed to improve upon this was a O(n3/4) query
algorithm [BDH+05], which is a variation of an optimal quantum algorithm for collision
finding [BHT97], whose main technique is amplitude amplification [BHMT02]. The algo-
rithm of [BDH+05] could also be implemented time efficiently, in Õ(n3/4) steps, with a
log factor overhead from storing large subsets of the input in a sorted data structure. This
was later improved to O(n2/3) queries, and Õ(n2/3) time by Ambainis [Amb07], which is
optimal [AS04]. Ambainis’ algorithm has been modified to solve other problems in various
domains, from k-sum [CE05], to path finding in isogeny graphs [Tan09, CLN16]. More-
over, this algorithm was a critical step in our understanding of quantum query complexity,
and quantum algorithms in general, as the algorithm used a new technique that was later
generalised by Szegedy into a generic speedup for random walk search algorithms of a
particular form [Sze04].

For any constant integer k ≥ 2, the problem of k-distinctness is to decide if an input list
of integers contains k copies of the same integer. More formally, given an input x ∈ [q]n,
for some q ∈ poly(n), the problem is to decide whether there exist distinct a1, . . . , ak ∈ [n]
such that xa1 = · · · = xak , called a k-collision. A search version of this problem asks
that the algorithm find a k-collision if one exists. When k = 2, this is exactly element
distinctness. The search and decision versions are equivalent up to log factors, so we
focus on the decision version.

Ambainis [Amb07] actually gave a quantum algorithm for k-distinctness for any k ≥ 2,
with query complexity O(n1−1/(k+1)), and time complexity Õ(n1−1/(k+1)). For k ≥ 3,

Belovs gave an improved quantum query upper bound of O(n
3/4− 1

4
1

2k−1 ) [Bel12a], how-
ever, this upper bound was not constructive. Belovs proved this upper bound by exhibiting
a dual adversary solution, which can be turned into a quantum algorithm that relies on
controlled calls to a particular unitary. This unitary can be implemented in one query, but
actually implementing this algorithm requires giving an efficient circuit for the unitary,
which is not possible in general. This is analogous to being given a classical table of val-
ues, but no efficient circuit description. While it seems reasonable to guess that the time
complexity of k-distinctness should not be significantly higher than the query complexity
– what could one possibly do aside from querying and subsequently sorting well-chosen
sets of inputs? – the problem of finding a matching time upper bound was open for ten
years.

In the meantime, the hardness of the problem was also studied. Lower bounds of
Ω(n

3
4
− 1

2k ) for k ≥ 3 [BKT18] and Ω(n
3
4
− 1

4k ) for k ≥ 4 [MTZ20] were exhibited. Progress
was also made for the k = 3 case specifically when it comes to time complexity. Two
simultaneous works, [Bel13] and [CJKM13] (published together as [BCJ+13]), gave a
Õ(n5/7) time upper bound for 3-distinctness. Ref. [Bel13] achieved this bound using the
electric network framework, which we discussed in Section 3.4. Ref. [CJKM13] used the
MNRS quantum walk framework [MNRS11], and could also be generalised to give a slight
improvement on the time upper bound to Õ(n1−1/k) for any k > 3 [Jef14]. These state-
of-the-art upper and lower bounds on the query and time complexity, up to this work, are
visualised in Figure 5.1.
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Figure 5.1: State-of-the-art upper and lower bounds on query and time complexity, up to
this work. The upper bound on time complexity ignores polylogarithmic factors in n.

In this chapter, we give an upper bound of Õ(n
3
4
− 1

4
1

2k−1 ) on the time complexity of
k-distinctness (see Theorem 5.5.1), matching the best known query upper bound up to
polylogarithmic factors. We do this by applying the framework of multidimensional quan-
tum walks from Chapter 4, specifically Theorem 4.3.1. As a warm-up, we describe the
k = 3 case of our algorithm in Section 5.4, before giving the full algorithm in Section 5.5.
First, we describe some assumptions on the structure of the input in Section 5.3.

5.2 Probability theory

The transition subroutines that we will employ in our quantum walk for k-distinctness,
and even 3-distinctness, will not be deterministic and will hence run with some errors, as
discussed in Section 4.3.1. To deal with the analysis of these errors, we make use of the
following facts from probability theory.

Hypergeometric distribution: In the hypergeometric distribution, specified by the pa-
rameters (N,K, d), we draw d objects uniformly without replacement from a set of N
objects, K of which are marked, and consider the number of marked objects that are
drawn. We will use the following:

Lemma 5.2.1 (Hypergeometric Tail Bounds [JLR11]). Let Z be a hypergeometric random
variable with parameters (N,K, d), and µ = Kd

N . Then for every B ≥ 7µ, Pr[Z ≥ B] ≤ e−B.
Furthermore, for every ε > 0,

Pr[|Z − µ| ≥ εµ] ≤ 2 exp{−((1 + ε) log(1 + ε)− ε)µ}.

We will make use of the second bound from Lemma 5.2.1 in the following form, when
µ = o(1):

Corollary 5.2.2. Let Z be a hypergeometric random variable with parameters (N,K, d), and
µ = Kd

N . Then Pr[Z ≥ c] ≤ 2ec(c/µ)−c.
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d-wise independence It will be convenient to divide the input into blocks, which we
will argue are random. In order to avoid the Θ̃(n) cost of sampling a uniform random
permutation to define these blocks, we use a d-wise independent family of permutations.

Definition 5.2.3. Let {τs : [n]→ [n]}s∈S for some finite seed set S. For d ∈ N and δ ∈ (0, 1),
we say that τs is a d-wise δ-independent permutation (family) if for s chosen uniformly at
random from S, for any distinct i1, . . . , id ∈ [n] and distinct i′1, . . . , i

′
d ∈ [n],∣∣∣∣Pr[τs(i1) = i′1, . . . , τs(id) = i′d]−

1

n(n− 1) . . . (n− d+ 1)

∣∣∣∣ ≤ δ.
For d ∈ polylog(n), and any δ ∈ (0, 1), there exist families of d-wise δ-independent

permutations with the following properties (see, for example, [KNR09]):

• s can be sampled in O(d log n log 1
δ ) time and space.

• For any s ∈ S, i ∈ [n], τs(i) can be computed in time poly(d log n log 1
δ ).

• For any s ∈ S, i′ ∈ [n], τ−1
s (i′) can be computed in time poly(d log n log 1

δ ).

For an example of the third property, in d-wise independent permutation families based
on Feistel networks applied to d-wise independent functions h, inverting τh is as easy as
computing h. We will design our algorithms assuming such a construction for δ = 0, al-
though this is not known to exist. By taking δ to be a sufficiently small inverse polynomial,
our algorithm will not notice the difference.

5.3 Assumptions on the input

To simplify our algorithm (slightly unsuccessfully that is, as it still occupies an entire
chapter in this thesis), we assume that either there is no k-collision, or there is a unique
k-collision, a1, . . . , ak ∈ [n]. This is justified by the following lemma, which follows
from [Amb07, Section 5].

Lemma 5.3.1. Fix constants k ≥ 2 and λ ∈ [1/2, 1). Let A be an algorithm that decides
k-distinctness in bounded error with complexity Õ(nλ) when there is at most one k-collision.
Then there is an algorithm A′ that decides k-distinctness (in the general case) in bounded
error in complexity Õ(nλ).

This fact has been exploited in nearly every quantum algorithm for k-distinctness.
Another standard trick is to assume that [n] is partitioned as

[n] = A1 ∪ · · · ∪Ak

such that the unique k-collision (a1, . . . , ak), (if it exists) is in A1×· · ·×Ak. Towards fixing
Problem 1 from Section 4.2.3, we further partition each of A2, . . . , Ak−1 as

A` = A
(1)
` ∪ · · · ∪A

(m`)
`

for some m`. We will choose these partitions as follows. Fix a d-wise independent permu-
tation τ : [n] → [n], for d = log2k−1

(n) that is both efficiently computable, and efficiently
invertible (see Definition 5.2.3 and the discussion below). For ` ∈ [k], define:

A` = {τ(i) : i ∈ {(`− 1)n/k + 1, . . . , `n/k}}

and for j ∈ [m`], define:

A
(j)
` =

{
τ(i) : i ∈

{
(`− 1)n/k + (j − 1)

n

km`
+ 1, . . . , (`− 1)n/k + j

n

km`

}}
. (5.1)

We make use of the following facts about these partitions:
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Lemma 5.3.2. 1. For any i ∈ [n], we can check to which A
(j)
` it belongs in polylog(n)

complexity.

2. For any ` ∈ [k], we can generate a uniform superposition over A`, and for any j ∈ [m`],
we can generate a uniform superposition over A(j)

` , in polylog(n) complexity.

3. Pr[a1 ∈ A1, . . . , ak ∈ Ak] = Ω(1).

Proof. Since d ∈ polylog(n), we can assume (see discussion below Definition 5.2.3) that
both τ and τ−1 can be computed in polylog(n) complexity. Then for Item 1, it is enough to
compute τ−1(i).

For Item 2, we describe how to perform a superposition over {τ(i) : i ∈ {`, . . . , r}} for
any integers ` < r. First generate the uniform superposition over the set {`, . . . , r}, and
compute τ in a new register, to get (up to normalisation)

∑r
i=` |i〉|τ(i)〉. Then uncompute

the first register by computing τ−1 of the second register and adding it into the first.
Finally, Item 3 follows from the d > k-wise independence of τ .

For any disjoint subsets of [n], S1, . . . , S`, define:

K(S1, . . . , S`) = {(i1, . . . , i`) ∈ S1 × · · · × S` : xi1 = · · · = xi`}. (5.2)

Then without loss of generality, we can assume that for each A(`)
j , K(A1, . . . , Aj−1, A

(`)
j ) =

Θ(|A(`)
j |), because we can simply pad the input with Θ(n) extra (k − 1)-collisions, evenly

spread across the blocks.

5.4 Warm-up: 3-distinctness algorithm

In this section, we prove an upper bound on the time complexity of 3-distinctness.

Theorem 5.4.1. There is a quantum algorithm that decides 3-distinctness with bounded
error in Õ(n5/7) complexity.

This upper bound is not new, having been proven in [BCJ+13], but its proof in our
new framework is a useful warm-up for Section 5.5, where we generalise the algorithm
to all constants k > 3. Throughout this section, Õ will suppress polylogarithmic factors
in n. Our algorithm will roughly follow the one described in Section 4.2.3, but with the
modifications, also briefly mentioned in Section 4.2.3, needed to circumvent the problems
with the approach, for which we need the multidimensional quantum walk framework,
Theorem 4.3.1. We start by setting up these modifications, before formally defining the
graph that will be the basis for our quantum walk algorithm, and then performing the
necessary analysis to apply Theorem 4.3.1.

Recall from Section 4.2.3 that the basic idea of our quantum walk algorithm is to walk
on sets R = (R1, R2) where R1 ⊂ A1 and R2 ⊂ A2.

Towards fixing Problem 1: The first problem identified in Section 4.2.3 is that |R2| is
larger than the total time we would like our algorithm to spend, meaning we do not want
to spend |R2| steps sampling and writing down the setR2. To this end, we have partitioned
A2 into equal sized blocks:

A2 = A
(1)
2 ∪ · · · ∪A

(m2)
2 ,

(see Section 5.3 for details of how this partition is chosen). We redefine R2 as follows:
whenever we want to choose a subset of A2, we do so by selecting R2 ⊂ [m2], which
encodes the subset of A2:

R2 :=
⋃
j∈R2

A
(j)
2 .
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We choose m2 so that |A(j)
2 | = n

3m2
is large enough so that for a random set R1 of size

r1, the expected size of K(R1, A
(j)
2 ) is constant, so we set m2 = Θ(r1). Finally, we choose

t2 = |R2| so that |R2| = t2
n

3m2
is the desired size of R2 (denoted r2 in [Bel12a]) and

for consistency also define t1 = r1. We will find that the optimal parameter settings are
t1 = n5/7 and t2 = n4/7 (so m2 = Θ(n5/7)).

Towards fixing Problem 2: In order to solve the second problem discussed in Sec-
tion 4.2.3, following a similar construction in [Bel12a], each of R1 and R2 will be a tuple
of disjoint sets, as follows. We have R1 = (R1({1}), R1({2}), R1({1, 2})) where R1({1}),
R1({2}), and R1({1, 2}) are disjoint subsets of A1 of size t1; and R2 = (R2(1), R2(2)),
where R2(1) and R2(2) are disjoint subsets of [m2] of size t2 (note that this alters |R1| and
|R2| by a constant factor), meaning for s ∈ {1, 2},

R2(s) :=
⋃

j∈R2(s)

A
(j)
2

are disjoint subsets of A2 of size t2 n
3m2

. We also use R1 and R2 to denote the union of sets
in the tuple, so for example, j ∈ R2 means j ∈ R2(1) ∪R2(2).

For a vertex labelled by R = (R1, R2), we maintain data with the following compo-
nents. We query everything in R1, so for S ∈ 2{1,2} \ ∅, we define:

D1(R1(S)) := {(i1, xi1) : i1 ∈ R1(S)}
D1(R) := (D1(R1({1})), D1(R1({2})), D1(R1({1, 2})))

and for s ∈ {1, 2} define

D2(R2(s)|R1) :=
⋃

S⊆{1,2}:s∈S

{(i1, i2, xi1) : i2 ∈ R2(s), i1 ∈ R1(S), xi1 = xi2}

D2(R) := (D2(R2(1)|R1), D2(R2(2)|R1)).

(5.3)

Finally we let

D(R) := (D1(R), D2(R)).

So to summarise, we query everything in R1, but we only query those things in R2 that
have a collision in R1, and even then, not in every case: if i2 ∈ R2(s), we only query it if it
has a collision with R1({s}) or R1({1, 2}) (see Figure 4.5). This partially solves Problem
2, because it ensures that if we choose to add a new index i1 to R1, we have three choices
of where to add it, and either all of those choices are fine (they don’t introduce a fault in
D2(R)), or exactly one of them is fine.

For a finite set S, and positive integers r and `, we will use the notation(
S
r(`)

)
:=

(
S

r, . . . , r︸ ︷︷ ︸
` times

)
(5.4)

to denote the set of all `-tuples of disjoint subsets of S, each of size r. Finally, we define:(
S
r(`)

)+

:=
⋃̀
`′=1

((
S

r(`′−1), r + 1, r(`−`′)

))
, (5.5)

to be the set of all `-tuples of disjoint sets of S such that exactly one of the sets has size
r + 1, and all others have size r. We let µ(S) denote the smallest element of S.



5

5.4. Warm-up: 3-distinctness algorithm 87

5.4.1 The graph G

We now define G, by defining disjoint vertex sets V0, V
+

0 , V1, V2, V3 whose union will make
up V (G), as well as the edges between adjacent sets.

V0: We first define

V0 :=

{
v0
R1,R2

= (0, R1, R2, D(R1, R2)) : (R1, R2) ∈
(
A1

t
(3)
1

)
×
(

[m2]

t
(2)
2

)}
(5.6)

on which the initial distribution will be uniform: σ(v0
R1,R2

) = 1
|V1| . We implicitly store all

sets including R1, R2 and D(R1, R2) in a data structure with the properties described in
Section 3.5.1. This will only be important when we analyze the time complexity of the
setup and transition subroutines.

V +
0 and E+

0 ⊂ V0 × V +
0 : Next, each vertex in V +

0 will be labeled by a vertex in V0,
along with an index i1 6∈ R1 that we have decided to add to one of R1({1}), R1({1, 2}) or
R1({2}). We have not yet decided to which of the three sets it will be added (nor added
it):

V +
0 :=

{
v0
R1,R2,i1 := ((0,+), R1, R2, D(R1, R2), i1) : v0

R1,R2
∈ V0, i1 ∈ A1 \R1

}
,

so |V +
0 | = |V0|(n/3− 3t1). (5.7)

There is an edge between v0
R ∈ V0 and v0

R,i1
∈ V +

0 for any i1 ∈ A1 \R1, and for any v0
R,i1
∈

V +
0 , v0

R ∈ V0 is its unique in-neighbour, so we define edge label sets (see Definition 3.2.13)

L+(v0
R) := A1 \R1 and L−(v0

R,i1) := {←},

and let fv0R(i1) = v0
R,i1

, and fv0R,i1
(←) = v0

R. We let E+
0 be the set of all such edges,

E+
0 :=

{(
v0
R, v

0
R,i1

)
: v0

R ∈ V0, i1 ∈ A1 \R1

}
,

and set we = w+
0 = 1 for all e ∈ E+

0 . This together with (5.7) implies that

|E+
0 | = |V

+
0 | = |V0|(n/3− 3t1). (5.8)

V1 and E1 ⊂ V +
0 × V1: Continuing, vertices in V1 represent having added an additional

index to R1, so we define:

V1(S) :=

{
v1
R1,R2

= (1, R1, R2, D(R1, R2)) : (5.9)

(R1, R2) ∈
(
A1

t
(3)
1

)+

×
(

[m2]

t
(2)
2

)
, |R1(S)| = t1 + 1

}
,

V1 :=
⋃

S∈2{1,2}\{∅}

V1(S)

so |V1| = 3

(
n/3

t1 + 1, t1, t1

)(
m2

t2, t2

)
= 3

n/3− 3t1
t1 + 1

(
n/3

t1, t1, t1

)(
m2

t2, t2

)
=
n− 9t1
t1 + 1

|V0|.

(5.10)

For a vertex v0
R,i1
∈ V +

0 we have chosen an index i1 to add to R1, but we have not yet
decided to which part of R1 it should be added. A transition to a vertex in V1 consists of
choosing an S ∈ 2{1,2} \ {∅} and adding i1 to R1(S), so

L+(v0
R,i1) := 2{1,2} \ {∅},
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and fv0R,i1
(S) = v1

R′ , where R′ is obtained from R by inserting i1 into R1(S). Note that not

all of these labels represent edges with non-zero weight, as we want to ensure that adding
i1 to R1(S) does not introduce a fault, meaning that adding i1 to R1(S) should not require
that any collision involving i1 be added to D2(R).

Viewing transitions in E1 from the other direction, a vertex v1
R′ ∈ V1(S) is connected

to a vertex v0
R,i1
∈ V +

0 if we can obtain R from R′ by removing i1 from R′1(S), and if
doing so does not require an update to D2(R′), meaning there do not exist any s ∈ S and
i2 ∈ R

′
2(s) such that xi1 = xi2 . So for any v1

R′ ∈ V1(S), we let

L−(v1
R′) : = {i1 ∈ R′1(S) : @s ∈ S, i2 ∈ R

′
2(s) s.t. xi1 = xi2}

= {i1 ∈ R′1(S) : @i2 s.t. (i1, i2, xi1) ∈ D2(R′)},
(5.11)

and fv1
R′

(i1) = v0
R′\{i1},i1 . It is currently not clear how to define E1, the set of (non-zero

weight) edges between V +
0 and V1, because |V +

0 | · |L+(v0
R,i1

)| > |V1| · |L−(v1
R′)|, so in

particular, we cannot assign nonzero weights wu,i to all u ∈ V +
0 , i ∈ L+(u), because that

would make E1 larger than we have labels L− for. We will instead assign non-zero weights
wv,j to those edges where v ∈ V1 and j ∈ L−(v). That is, define:

E1 :=
{(
fv1
R′

(i1), v1
R′

)
=
(
v0
R′\{i1},i1 , v

1
R′

)
: v1

R′ ∈ V1, i1 ∈ L−(v1
R′)
}

and give weight we = w1 = 1 to all e ∈ E1. This means that for u = v0
R,i1
∈ V +

0 , there are
some S ∈ 2{1,2} \ {∅} with wu,S = 0 – namely those with f−1

v (u) 6∈ L−(v) for v = fu(S).
To investigate which S this applies to, we introduce for all v0

R,i1
∈ V +

0 :

I(v0
R,i1) :=

{
s ∈ {1, 2} : ∃i2 ∈ R2(s) s.t. xi2 = xi1

}
, (5.12)

so I(v0
R,i1

) consists of those s ∈ {1, 2} where a fault occurs if i1 is added to R1(S) such
that s ∈ S. Note that since we assume the unique 3-collision has a part in A3, i1 can have
at most one colliding element in R2, and so it cannot be in both R2(1) and R2(2), which
are disjoint. Thus, I(v0

R,i1
) ( {1, 2} – so it is ∅, {1}, or {2} (this heavy-handed notation

is overkill here, but we are warming up for k-distinctness, where it is necessary). We now
have the following:

Lemma 5.4.2. Let RS←i1 be obtained from R by inserting i1 into R1(S). Then

E1 =
{(
v0
R,i1 , v

1
RS←i1

)
: v0

R,i1 ∈ V
+

0 , S ∈ 2
{1,2}\I(v0R,i1

) \ {∅}
}
.

So for all v0
R,i1
∈ V +

0 , and S ∈ L+(v0
R,i1

), wv0R,i1 ,S
=

{
w1 = 1 if S ∩ I(v0

R,i1
) = ∅

0 else.

Proof. Let E′1 be the right-hand side of the identity in the theorem statement, so we want
to show E1 = E′1. Fix any v0

R,i1
∈ V +

0 and S ∈ 2
{1,2}\I(v0R,i1

) \ {∅}, and let R′ = RS←i1 .
Then since S ∩ I(vR,i1) = ∅, by definition of I(vR,i1) there does not exist any s ∈ S and
i2 ∈ R

′
2(s) such that xi1 = xi2 . Hence, L−(v1

R′), which implies E′1 ⊆ E1.
For the other direction, fix any v1

R′ ∈ V1(S) and i1 ∈ L−(v1
R′). Since i1 ∈ R′1(S), we

have v0
R′\{i1},i1 ∈ V

+
0 and (R′ \ {i1})S←i1 = R′. Since by definition of L−(v1

R′) there does

not exist s ∈ S and i2 ∈ R
′
2(s) such that xi1 = xi2 , we immediately have S∩I(vR′\{i1},i1) =

∅. This implies E1 ⊆ E′1.

From (5.7) we now have

|E1| ≤ 3|V +
0 | = 3|V0|(n/3− 3t1). (5.13)
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V2 and E2 ⊂ V1×V2: Vertices v1
R ∈ V1(S) represent having added an additional index i1

to R1(S), so |R1(S)| = t1 + 1. A vertex v2
R1,R′2

∈ V2 is adjacent to v1
R if R′2 is obtained from

R2 by adding j2 6∈ R2 to R2(s) for some choice of s ∈ {1, 2}. We will not let this choice
of s be arbitrary though and instead, in order to simplify things in the more complicated
k-distinctness setting, we require that j2 be added to R2(µ(S)), where µ(S) denotes the
minimum element of S.

V2(S) :=

{
v2
R = (2, R,D(R)) : R ∈

(
A1

t
(3)
1

)+

×
(

[m2]

t
(2)
2

)+

,

|R1(S)| = t1 + 1, |R2(µ(S))| = t2 + 1

}
,

V2 :=
⋃

S∈2{1,2}\{∅}

V2(S).

This means that

|V2| = 3

(
n/3

t1 + 1, t1, t1

)(
m2

t2 + 1, t2

)
= 3

n/3− 3t1
t1 + 1

(
n/3

t1, t1, t1

)
m2 − 2t2
t2 + 1

(
m2

t2, t2

)
= O

(
nm2

t1t2
|V0|
)
.

(5.14)

We move from v1
R ∈ V1 to v2

R′ ∈ V2 by selecting some j2 ∈ [m2]\R2 to add to R2; and from
v2
R′ to v1

R by selecting some j2 to remove from R2, so for v1
R ∈ V1(S) and v2

R′ ∈ V2(S), we
let

L+(v1
R) := [m2] \R2 and L−(v2

R′) := R′2(µ(S)).

The sets L+(v1
R) and L−(v1

R) (defined in (5.11)) should be disjoint, but this does not
appear to be the case. To ensure this, we implicitly append a label ← to every label in
L−(u) for any u, and → to every label in L+(u). We let fv1R(j2) = v2

R1,R
µ(S)←j2
2

when

v1
R ∈ V1(S), and fv2

R1,R
′
2

(j2) = v1
R1,R′2\{j2}

. Accordingly we define E2(S) to be the set of all

such edges:

E2 : =
⋃

S∈2{1,2}\{∅}

{(v1
R, v

2

R1,R
µ(S)←j2
2

) : v1
R ∈ V1(S), j2 ∈ [m2] \R2}

=
⋃

S∈2{1,2}\{∅}

{(
v1
R1,R′2\{j2}

, v2
R1,R′2

)
: v2

R1,R′2
∈ V2(S), j2 ∈ R2(µ(S))

}
.

We set we = w2 =
√
n/m2 for all e ∈ E2, and observe, using (5.10), that:

|E2| = (m2 − 2t2)|V1| =
(m2 − 2t2)(n− 9t1)

t1 + 1
|V0|. (5.15)

The final stage: V3 and E3: The last stage is very simple, as every vertex in V3 represents
having added an additional index to each of R1, R2 and chosen some i3 ∈ A3:

V3 := {v3
R1,R2,i3 = (3, R1, R2, D(R1, R2), i3) : v2

R1,R2
∈ V2, i3 ∈ A3}.

There is an edge between v2
R ∈ V2 and v3

R,i3
∈ V3 for any i3 ∈ A3, and for any v3

R,i3
∈ V3,

v2
R is its unique (in-)neighbour, so we define

L+(v2
R) := A3 and L(v3

R,i3) = L−(v3
R,i3) := {←},
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u j ∈ L−(u) fu(j) i ∈ L+(u) fu(i)

v0
R ∈ V0 ∅ i1 ∈ A1 \R1 v0

R,i1

v0
R,i1
∈ V +

0 ← v0
R S ∈ 2{1,2} \ {∅} v1

RS←i1

v1
R ∈ V1(S) i1 ∈ R1(S) : d→R (i1) = 0 v0

R\{i1},i1 j2 ∈ [m2] \R2 v2
Rµ(S)←j2

v2
R ∈ V2(S) j2 ∈ R2(µ(S)) v1

R\{j2} i3 ∈ A3 v3
R,i3

v3
R,i3
∈ V3 ← vk−1

R ∅

Table 5.1: A summary of the vertex sets and the labels of edges coming into and out of
each vertex. Foreshadowing Section 5.5, we here define d→R (i1) to be 0 if and only if there
is no i2 ∈

⋃
s∈S R2(s) such that xi1 = xi2 . Here Rµ(S)←j2 is obtained from R by inserting

j2 into R2(µ(S)), where µ(S) is the minimum element of S. We remark that L−(u) and
L+(u) should always be disjoint. To ensure that this holds, we implicitly append a← label
to all of L−(u) and a→ label to all of L+(u).

and let fv2R(i3) = v3
R,i3

, and fv3R,i3
(←) = v2

R. We let E3 be the set of all such edges,

E3 =
{(
v2
R, v

3
R,i3

)
: v2

R ∈ V2, i3 ∈ A3

}
,

and set we = w3 = 1 for all e ∈ E3. Then using (5.14) we observe

|E3| =
n

3
|V2| = O

(
n2m2

t1t2
|V0|
)
. (5.16)

The graph G: The full graph G is defined by

V (G) = V0 ∪ V +
0 ∪ V1 ∪ V2 ∪ V3

and
−→
E (G) = {(u, v) : u ∈ V (G), i ∈ L+(u),wu,i 6= 0} = E+

0 ∪ E1 ∪ E2 ∪ E3,

where the sets L+(u) are summarised in Table 5.1, and the condition under which the
weight wu,i = 0 can be found in Lemma 5.4.2. Non-zero edge weights are summarised in
Table 5.2.

The marked set and checking cost: In the notation of Theorem 4.3.1, we let VM = V3,
and we will define a subset M ⊆ V3 as follows. If (a1, a2, a3) ∈ A1×A2×A3 is the unique
3-collision (see Section 5.3), we let

M =
{
v3
R1,R2,i3 ∈ V3 : ∃S ∈ 2{1,2} \ {∅}, s.t. a1 ∈ R1(S), a2 ∈ R2(µ(S)), a3 = i3

}
,

(5.17)
and otherwise M = ∅. Recall that v3

R1,R2,i3
= (3, R1, R2, D(R1, R2), i3), where D(R1, R2)

includes D2(R), defined in (5.3), storing all pairs (i1, i2, xi1) such that xi1 = xi2 and
∃S ∈ 2{1,2} and s ∈ S with i1 ∈ R1(S) and i2 ∈ R2(s). Thus, we can decide if v3

R1,R2,i3
∈ V3

is marked by querying i3 to obtain xi3 and looking it up (see Section 3.5.1) in D2(R) to
see if we find some (i1, i2, xi3), in which case, it must be that a1 = i1, a2 = i2 and a3 = i3.
Thus, the checking cost is at most

C = O(log n). (5.18)
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Edge set Weights Complexity

E+
0 ⊂ V0 × V +

0 w+
0 = 1 T+

0 = Õ(1)

E1 ⊂ V +
0 × V1 w1 = 1 T1 = Õ(1)

E2 ⊂ V1 × V2 w2 =
√
n/m2 T2 = Õ(

√
n/m2)

E3 ⊂ V2 × V3 w3 = 1 T3 = Õ(1)

Table 5.2: A summary of the weights and complexities (see Section 5.4.3) of each edge
set.

5.4.2 The star states and their generation

We define a set of alternative neighbourhoods for G (see Definition 4.2.1). For all u ∈
V (G) \ V +

0 , we define Ψ?(u) = {|ψG? (u)〉}, which by Table 5.1 is equal to the following:
for u = v0

R1,R2
∈ V0,

|ψG? (u)〉 =
∑

i1∈A1\R1

√
w+

0 |v
0
R1,R2

, i1〉; (5.19)

for u = v1
R1,R2

∈ V1(S),

|ψG? (u)〉 = −
∑

i1∈R1(S):
@i2, (i1,i2,xi1 )∈D2(R)

√
w1|v1

R1,R2
,←, i1〉+

∑
j2∈[m2]\R2

√
w2|v1

R1,R2
,→, j2〉; (5.20)

for u = v2
R1,R2

∈ V2(S),

|ψG? (u)〉 = −
∑

j2∈R2(µ(S))

√
w2|v2

R1,R2
,←, j2〉+

∑
i3∈A3

√
w3|v2

R1,R2
,→, i3〉; (5.21)

and finally for u = v3
R1,R2,i3

∈ V3,

|ψG? (u)〉 = −
√
w3|v3

R1,R2,i3 ,←〉. (5.22)

Here we have explicitly included the→ and← parts of each element of L+(u) and L−(u),
which are normally left implict, in order to stress that the first and second sum are orthog-
onal.

From Table 5.1, as well as the description of w from Lemma 5.4.2, we can see that for
u = v0

R,i1
∈ V +

0 ,

|ψG? (u)〉 = −
√
w+

0 |u,←〉+
∑

S1⊆{1,2}\I(u):S1 6=∅

√
w1|u, S1〉.

To generate this state, one would have to compute I(u) (see (5.12)), which would require
finding any i2 ∈ R2 such that xi1 = xi2 , which is too expensive. Hence, we simply add all
three options, for possibilities I(u) ∈ {∅, {1}, {2}} (see also Figure 4.6), to Ψ?(u):

Ψ?(u) := {|ψ∅?(u)〉 :=
√

w+
0 |u,←〉+

√
w1|u, {1}〉+

√
w1|u, {1, 2}〉+

√
w1|u, {2}〉,

|ψ{1}? (u)〉 :=
√

w+
0 |u,←〉+

√
w1|u, {2}〉,

|ψ{2}? (u)〉 :=
√

w+
0 |u,←〉+

√
w1|u, {1}〉} 3 |ψG? (u)〉.

(5.23)
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Note that it is important that each state in
⋃
u∈V +

0
Ψ?(u) (and therefore each |ψG? (u)〉) have

at least one outgoing (i.e. forward) edge. Otherwise, it would be impossible to satisfy P2
of Theorem 4.3.1 (or equivalently, Item 2 of Lemma 5.4.12). This is satisfied because I(u)
is always a proper subset of {1, 2}.

We now describe how to generate the states in
⋃
u∈V (G) Ψ?(u) in Õ(1) = polylog(n)

complexity (see Definition 4.2.1). We will make use of the following lemma.

Lemma 5.4.3. Let V ′ ⊆ V (G) \ V0 ∪ VM be such that there exists some constant c such that
for all u ∈ V ′, L(u) ⊆ {0, 1}c. Suppose for all u ∈ V ′,

Ψ?(u) = {|u〉|φ`〉 : ` ∈ [d′]}

for some constant d′, and states |φ`〉 ∈ span{|j〉 : j ∈ {0, 1}c}. Then for some d ≤ d′, there
are orthonormal bases Ψ(u) = {|ψu,1〉, . . . , |ψu,d〉} for Ψ?(u), for each u ∈ V ′, and a map U ′?
that can be implemented in cost O(1) such that for all u ∈ V ′ and ` ∈ [d], U ′?|u, `〉 = |ψu,`〉.

Proof. First note that by the assumptions we are making, d := dim span{Ψ?(u)} for all u ∈
V ′, and d is a constant. Fix any orthonormal basis {|φ1〉, . . . , |φd〉} for span{|φ`〉 : ` ∈ [d′]},
which is independent of u. Since the basis lives in a constant-dimensional subspace, the
map: C? : |`〉 7→ |φ`〉 acts on a constant number of qubits, and so can be implemented in
O(1) elementary gates. We complete the proof by letting U ′? = I ⊗ C?, and observe that:
U ′?|u, `〉 = |u〉|φ`〉 =: |ψu,`〉.

Lemma 5.4.4. The states Ψ? = {Ψ?(u)}u∈V (G) can be generated in Õ(1) complexity.

Proof. The description of a vertex u ∈ V (G) begins with a label indicating to which of
V0, V

+
0 , V1, V2, V3 it belongs. Thus, we can define subroutines U0, U0,+, U1, U2, U3 that gen-

erate the star states in each vertex set respectively, and then U? =
∑3

`=0 |`〉〈`| ⊗ U` +
|0,+〉〈0,+| ⊗ U0,+ will generate the star states in the sense of Definition 4.2.1.

We begin with U0. For v0
R ∈ V0, we have Ψ?(v

0
R) = {|ψG? (v0

R)〉}, where |ψG? (v0
R)〉 is

as in (5.19). Thus, implementing the map U0 : |v0
R〉|0〉 7→∝ |ψG? (v0

R)〉 is as simple as
generating a uniform superposition over A1, and then using O(log n) rounds of amplitude
amplification to get inverse polynomially close to the uniform superposition over A1 \R1.

For U0,+, since all v0
R,i1

∈ V +
0 have the same star states, modulo v0

R,i1
itself, with

constant-sized label set L = {{1}, {2}, {1, 2},←}, we can apply Lemma 5.4.3, to get a
U0,+ that costs O(1).

We continue with U1. For v1
R ∈ V1, we have Ψ?(v

1
R) = {|ψG? (v1

R)〉}, where |ψG? (v1
R)〉

is as in (5.20). Thus, to implement the map U1 : |u〉|0〉 7→∝ |ψG? (u)〉, we first compute
(referring to Table 5.2 for the weights):

|u, 0〉 7→∝ |u〉 (−
√
w1| ←〉+

√
w2| →〉) |0〉 = |u〉

(
−| ←〉+ (n/m2)1/4| →〉

)
|0〉,

which can be implemented by a O(1)-qubit rotation. Then conditioned on ←, generate a
uniform superposition over i1 ∈ R1, and then use O(log n) rounds of amplitude amplifi-
cation to get inverse polynomially close to a superposition over i1 ∈ R1 such that there is
no (i1, i2, xi1) ∈ D2(R). We have used the fact that our data structure supports taking a
uniform superposition (see Section 3.5.1). Finally, conditioned on→, generate a uniform
superposition over j2 ∈ [m2] \R2.

The implementation of U2 is similar, but instead (see (5.21)) we perform a single qubit
rotation to get−√w2| ←〉+

√
w3| →〉 in the last register, and then conditioned on the value

of this register, we either generate a uniform superposition over R2(µ(S)) or A3.
Finally, referring to (5.22), we see that the implementation of U3 is trivial. We thus

conclude that U? can be implemented in Õ(1) = polylog(n) complexity.
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5.4.3 The transition subroutines

In this section we show how to implement the transition map |u, i〉7→|v, j〉 for (u, v) ∈
−→
E (G) with i = f−1

u (v) and j = f−1
v (u) (see Definition 3.2.13). We do this by exhibiting

uniform (in the sense of Lemma 3.5.2) subroutines S+
0 ,S1,S2,S3 that implement the tran-

sition map for (u, v) in E+
0 , E1, E2, E3 respectively (defined in Section 5.4.1) whose union

makes up
−→
E (G). In Corollary 5.4.10, we will combine these to get a quantum subroutine

(Definition 3.5.1) for the full transition map.

Lemma 5.4.5. There is a uniform subroutine S+
0 such that for all (u, v) ∈ E+

0 with i =

f−1
u (v) and j = f−1

v (u), S+
0 maps |u, i〉 to |v, j〉 with error 0 in complexity Tu,v = T+

0 = Õ(1).

Proof. For (v0
R, v

0
R,i1

) ∈ E+
0 , S+

0 should implement the map:

|v0
R, i1〉 7→ |v0

R,i1 ,←〉
≡ |(0, R,D(R)), i1〉 7→ |((0,+), R,D(R), i1),←〉.

It is easy to see that this can be done in polylog(n) complexity (and is therefore trivially
uniform): we just need to do some accounting to move i1 from the edge label register to
the vertex register, and update the first register |0〉 7→ |(0,+)〉.

Lemma 5.4.6. There is a uniform subroutine S1 such that for all (u, v) ∈ E1 with i = f−1
u (v)

and j = f−1
v (u), S1 maps |u, i〉 to |v, j〉 with error 0 in complexity Tu,v = T1 = Õ(1).

Proof. For (v0
R1,R2,i1

, v1
R′1,R2

) ∈ E1, where v1
R′1,R2

∈ V1(S), S1 should implement the map:

|v0
R1,R2,i1 , S〉 7→ |v

1
R′1,R2

, i1〉

≡ |((0,+), R1, R2, D(R1, R2), i1), S〉 7→ |(1, R1, R2, D(R′1, R2)), i1〉.

To implement this transition, we need only insert i1 into R1(S), query i1 to obtain xi1 and
update the data by inserting (i1, xi1) into the D1(R) part of D(R1, R2) = (D1(R), D2(R))
(see Section 3.5.1). Note that we do not attempt to update the D2(R) part of the data
by searching R2 for collisions with i1. If there is some s ∈ S and i2 ∈ R2(s) such that
xi1 = xi2 , then by definition of E1, (v0

R1,R2,i1
, v1
R′1,R2

) 6∈ E1. To finish, we uncompute S by
checking which of the three parts of R1 has size t1 + 1, account for the moving of i1 from
the vertex register to the edge label register, and map |(0,+)〉 to |1〉 in the first register.
The total cost is polylog(n).

We now move on to S2, which is somewhat more complicated. For (v1
R1,R2

, v2
R1,R′2

) ∈
E2, where v1

R ∈ V1(S), and R′2(µ(S)) = R2(µ(S))∪{j2} for some j2 ∈ [m2]\R2, S2 should
act as

|v1
R1,R2

, j2〉 7→ |v2
R1,R′2

, j2〉

≡ |(1, R1, R2, D(R1, R2)), j2〉 7→ |(2, R1, R
′
2, D(R1, R

′
2)), j2〉.

(5.24)

The complexity of this map, which we will implement with some error, depends on
|K(R1, A

(j2)
2 )| (see (5.2)), the number of collisions to be found between R1 and the block

A
(j2)
2 , which is implicitly being added to R2 by adding j2 to R2. Lemma 5.4.7 below de-

scribes how to implement this transition map as long as there are fewer than cmax log n col-
lisions to be found for some constant cmax. For the case when |K(R1, A

(j2)
2 )| ≥ cmax log n,

we will let the algorithm fail (so there is no bound on the error for such transitions). That
is, we let:

Ẽ :=
{(
v1
R, v

2
R′
)
∈ E2 : |K(R1, A

(j2))| ≥ cmax log n, where {j2} = R′2 \R2

}
. (5.25)
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Lemma 5.4.7. Fix any constant κ. There is a uniform subroutine S2 that implements the
transition map that maps |u, i〉 to |v, j〉 for all (u, v) ∈ E2 \ Ẽ, with error O(n−κ), in com-
plexity Tu,v = T2 = Õ(

√
n/m2).

Proof. To implement the map in (5.24), we need to insert j2 into R2(µ(S)) to obtain
R′2, update D2(R) to reflect this insertion, and increment the first register. All of these
take polylog(n) complexity, except for updating D2(R). To update D2(R), we need to
search A(j2)

2 – the new block we’re adding to R2 – to find anything that collides with R1.
Since the number of such collisions is less than cmax log n, we can do this using quantum
search, which is uniform, with error O(n−κ) for any desired constant κ in complexity
O(
√
n/m2 log2 n), since |A(j2)

2 | =
√
n/m2.

Lemma 5.4.8. For any constant κ, there exists a choice of constant cmax sufficiently large
such that |Ẽ| ≤ n−κ|E2|.

Proof. By Lemma 5.2.1 (or as a special case of Lemma 5.5.6), for every j2 ∈ [m2], if R1

is uniformly random from
(A1

t
(3)
1

)
, there exists a constant cmax such that Pr[|K(R1, A

(j2)
2 )| ≥

cmax log n] ≤ n−κ. It follows that the proportion of edges in E2 that are in Ẽ is at most
n−κ.

Lemma 5.4.9. There is a subroutine S3 such that for all (u, v) ∈ E3 with i = f−1
u (v) and

j = f−1
v (u), S3 maps |u, i〉 to |v, j〉 with error 0 in complexity Tu,v = Õ(1).

Proof. The proof is identical to that of Lemma 5.4.5.

In order to apply Theorem 4.3.1, we need to implement the full transition map as a
quantum subroutine in the sense of Definition 3.5.1.

Corollary 5.4.10. Let κ be any constant. There is a quantum subroutine (in the sense
of Definition 3.5.1) that implements the full transition map with errors εe ≤ n−κ for all
e ∈
−→
E (G) \ Ẽ, and times Te = Õ(1) for all e ∈

−→
E (G) \ E2, and Te = T2 = Õ(

√
n/m2) for

all e ∈ E2.

Proof. We combine Lemma 5.4.5, Lemma 5.4.6, Lemma 5.4.7 and Lemma 5.4.9 using
Lemma 3.5.3.

5.4.4 Initial state and setup cost

The state |σ〉, from which the initial state is constructed, is defined to be the uniform
superposition over V0:

|σ〉 :=
∑

v0R1,R2
∈V0

1√
|V0|
|v0
R1,R2

〉.

Lemma 5.4.11. The state |σ〉 can be generated with error n−κ for any constant κ in com-
plexity

S = Õ
(
t1 + t2

√
n
m2

)
.

Proof. We start by taking a uniform superposition over all R1 ∈
(A1

t
(3)
1

)
and R2 ∈

([m2]

t
(2)
2

)
stored in data structures as described in Section 3.5.1, and querying everything in R1 to
get D1(R), which costs Õ(t1 + t2). Next for each s ∈ {1, 2}, we search for all elements of
R2(s) that collide with an element of R1({s}) or R1({1, 2}). However, we do not want to
spend too long on this step, so we stop if we find ct2 collisions, for some constant c. If we
do this before all collisions are found, that part of the state is not correct, but we argue
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that this only impacts a very small part of the state. The cost of this search is (up to log

factors)
√
t2|R2| = t2

√
n/m2.

For a uniform R1 and fixed R2, the expected value of Z = |K(R1, R2)|, the number of
collisions, is

µ = O

(
|R2|t1
n

)
= O

(
t2

n
m2
t1

n

)
= O(t2),

since m2 = Θ(t1). Let c′ be a constant such that µ ≤ c′t2, and choose c = 7c′. Since Z is a
hypergeometric random variable, we have, by Lemma 5.2.1, Pr[Z ≥ ct2] ≤ e−ct2 = o(n−κ)
for any κ, since t2 is polynomial in n. Thus, the state we generate is n−κ-close to |σ〉.

5.4.5 Positive analysis

For the positive analysis, we must exhibit a flow (see Definition 3.2.3) from V0 to M
whenever M 6= ∅.

Lemma 5.4.12. There exists some RT = Õ(|V0|−1) such that the following holds. Whenever
there is a unique 3-collision (a1, a2, a3) ∈ A1 × A2 × A3, there exists a flow θ on G that
satisfies conditions P1-P5 of Theorem 4.3.1. Specifically:

1. For all e ∈ Ẽ, θe = 0.

2. For all u ∈ V (G) \ (V0 ∪M) and |ψ?〉 ∈ Ψ?(u), 〈ψ?|θ〉 = 0.

3.
∑

u∈V0 θu = 1.

4.
∑

u∈V0
|θu−σ(u)|2

σ(u) ≤ 1.

5. ET(θ) ≤ RT.

Proof. Recall that M is the set of v3
R,i3
∈ V3 such that for some S ⊆ {1, 2}, a1 ∈ R1(S),

a2 ∈ R2(µ(S)) and a3 = i3. Let j∗ ∈ [m2] be the unique block label such that a2 ∈ A(j∗)
2 .

Then a2 ∈ R2(µ(S)) if and only if j∗ ∈ R2(µ(S)). Assuming M 6= ∅, we define a flow θ
on G with all its sinks in M . It will have sources in both V1 and M , but all other vertices
will conserve flow. This will imply Item 2 for all correct star states of G, |ψG? (u)〉, but we
will have to take extra care to ensure that Item 2 is satisfied for the additional states in
Ψ?(u) : u ∈ V +

0 .
To satisfy condition P5 of Theorem 4.3.1, we must upper bound ET(θ) = E(θT) (see

Definition 3.2.7), which is the energy of the flow θ extended to a graph GT, in which each
edge of G in E2 has been replaced by a path of length T2 = Õ(

√
n/m2), and all other

edges have been replaced by paths of length Õ(1) (see Corollary 5.4.10). We define θ on
E+

0 , E1, E2 and E3 stage by stage, and upper bound the contribution to ET(θ) for each
stage.

R+
0 , Item 3, and Item 4: Let M0 be the set of v0

R1,R2
∈ V0 such that a1 6∈ R1, j∗ 6∈ R2, and

for cmax as in Lemma 5.4.8, |K(R1, A
(j∗)
1 )| < cmax log n (see (5.2)). This latter condition is

because we will later send flow down edges that add j∗ to R2, and we don’t want to have
flow on edges in Ẽ. For all v0

R ∈ M0, let θv0R,v1R,a1
= |M0|−1. For all other edges in E+

0 ,

let θe = 0. Note that we can already see that θu = |M0|−1 for all u ∈ M0, so we satisfy
Item 3. By Lemma 5.4.8, we know that the proportion of R1 that are excluded because
|K(R1, A

(j∗)
1 )| ≥ cmax log n is o(1), so we can conclude:

|V0|
|M0|

= (1 + o(1))

(
1 +O

(
t1
n

))(
1 +O

(
t2
m2

))
= 1 + o(1). (5.26)
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Since σ(u) = 1
|V0| , we can conclude with Item 4 of the lemma statement:

∑
u∈V0

|θu − σ(u)|2

σ(u)
= |V0|2

(
1

|M0|
− 1

|V0|

)2

=

(
|V0|
|M0|

− 1

)2

= o(1).

Using w+
0 = 1 and Te = Õ(1) for all e ∈ E+

0 (see Table 5.2), the contribution of the edges
in E+

0 to the energy of the flow can be computed as

R+
0 =

∑
e∈E+

0

Te
θ2
e

w+
0

= Õ

∑
u∈M0

1

|M0|2

 = Õ

(
1

|M0|

)
, (5.27)

since each vertex in M0 has a unique outgoing edge with flow, and the flow is uniformly
distributed.

R1 and Item 2: Let M+
0 be the set of v0

R,i1
∈ V +

0 such that v0
R ∈ M0 and i1 = a1, so

|M+
0 | = |M0|. These are the only vertices in V +

0 that have flow coming in from V0, and
specifically, the incoming flow from V0 to a vertex in M+

0 is 1
|M0| .

The only way there could be a fault adding a1 to R1 would be if a2 ∈ R2, but we have
ensured that that is not the case. Thus, for each u ∈ M+

0 , I(u) = ∅, so there are three
edges going into V1 (labelled by {1}, {2}, and {1, 2}, all disjoint from I(u)) to which we
can assign flow.

Item 2 is satisfied for all |ψG? (u)〉 : u ∈ V (G) \ (V0 ∪ V3) by virtue of θ conserving flow
at all vertices in V (G) \ (V0 ∪ V3) (we have not finished defining θ, but it will be defined
so that this holds). However, for u ∈ V +

0 , Ψ?(u) = {|ψI? (u)〉}I({1,2} (see (5.23)) contains
more than just |ψG? (u)〉. When u ∈ V +

0 \M
+
0 , there is no flow through u, so Item 2 is

easily seen to be satisfied for all states in Ψ?(u). For u ∈ M+
0 , |ψG? (u)〉 = |ψ∅?(u)〉, so the

additional constraints we need to take additional care to satisfy are those for |ψ{s}? (u)〉
with s ∈ {1, 2}:

〈ψ{s}? (u)|θ〉 ∝
∑

i∈L+(u)

θu,fu(i)√
w1
〈ψ{s}? (u)|u, i〉 −

∑
j∈L−(u)

θu,fu(j)√
w+

0

〈ψ{s}? (u)|u, i〉 see (4.12)

=
∑

S∈2{1,2}\{∅}

θu,fu(S)√
w1
〈ψ{s}? (u)|u, S〉

√
w1 −

θu,fu(←)√
w+

0

〈ψ{s}? (u)|u,←〉 see Table 5.1

=
θu,fu({3−s})√

w1

√
w1 −

θu,fu(←)√
w+

0

(
−
√
w+

0

)
see (5.23)

= θu,v{3−s} + θu,v0 ,

where v0 = fu(←) is the neighbour of u in V0, and v{3−s} = fu({3 − s}) is the neighbour
of u in V1 with edge labelled by {3− s} (see Figure 5.2). So for s′ ∈ {1, 2}, we must have

0 = θu,v{s′} + θu,v0 = θu,v{s′} −
1

|M0|
,

since θu,v0 = −θv0,u = − 1
|M0| . To satisfy this, we set:

θu,v{1} = θu,v{2} =
1

|M0|
,

meaning that all the flow that comes into u along edge (v0, u) must leave u along edge
(u, v{1}), but it must also all leave along edge (u, v{2}). However, we have now assigned
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v0 u

v{1}

v{1,2}

v{2}

←

{1}
{1,2}

{2}

|ψG? (u)〉 = |ψ∅?(u)〉

v0 u

v{1}

v{2}

←

{1}

|ψ{2}? (u)〉

v0 u

v{1}

v{2}

←
{2}

|ψ{1}? (u)〉

Figure 5.2: The three star states in Ψ?(u), for u ∈ V +
0 . The edge labels from L(u) are

coloured. Arrows in edges indicate the direction of flow. We have chosen the flow so
that flow is conserved at u in G, which can be seen by the fact that flow comes in on two
edges, and leaves by two edges in the figure for |ψG? (u)〉; but flow is still conserved if we
restrict to either of the other two neighbourhoods, which is necessary to satisfy Item 2 of
Lemma 5.4.12.

twice as much outgoing flow as incoming flow, so the only way for flow to be conserved
at u is to also have 1

|M0| flow coming into u along edge (v{1,2}, u), so we set:

θu,v{1,2} = − 1

|M0|
.

This is shown visually in Figure 5.2. Using w1 = 1 and T1 = Õ(1), we can compute the
contribution of edges in E1 to the energy of the flow as

R1 =
∑
u∈M+

0

T1
3(1/|M0|)2

w1
= Õ

(
|M+

0 |
|M0|2

)
= Õ

(
|M0|
|M0|2

)
= Õ

(
1

|M0|

)
. (5.28)

R2 and Item 1: Let M1(S) be the set of v1
R ∈ V1(S) such that a1 ∈ R1(S) and j∗ 6∈ R2, and

let M1 = M1({1})∪M1({2})∪M1({1, 2}), so |M1| = 3|M0|. These are exactly the vertices
of V1 that have non-zero flow coming in from V +

0 , and in particular, for v1
R ∈ M1(S),

the amount of flow coming in from V +
0 is (−1)|S| 3

|M1| , and we will send it along the edge
(v1
R, v

2
R′) ∈ E2 that adds j∗ to the set R2(µ(S)) to obtain R′:

θv1R,v
2
R′

= (−1)|S|+1 3

|M1|
= (−1)|S|+1 1

|M1(S)|
.

All other edges of E2 will have θe = 0. Using w2 =
√
n/m2 and T2 = Õ(

√
n/m2), we can

compute the contribution of edges in E2 to the energy ET of the flow:

R2 =
T2

w2
|M1|

9

|M1|2
= Õ

(
1

|M0|

)
. (5.29)

We also note that by ensuring that there is only flow on v1
R ∈ V1 when K(R1, A

(j∗)
2 ) is

not too big, we have ensured that the flow on the edges in Ẽ is 0, satisfying Item 1.

R3: Finally, let M2(S) be the set of v2
R ∈ V2(S) such that a1 ∈ R1(S) and j∗ ∈ R2(µ(S)),

and let M2 = M2({1}) ∪M2({2}) ∪M2({1, 2}). These are exactly the vertices of V2 that
have non-zero flow coming in from V1, in the amount of (−1)|S|+1|M2(S)|−1. We send this
flow along the unique edge from v2

R into V3 that adds i3 = a3:

θv2R,v
3
R,a3

= (−1)|S|+1 1

|M2(S)|
= (−1)|S|+1O

(
1

|M0|

)
.
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Using w3 = 1 and T3 = Õ(1), the total contribution of edges in E3 to the energy of the
flow is:

R3 =
T3

w3
|M2|O

(
1

|M2|2

)
= Õ

(
1

|M0|

)
. (5.30)

Item 5: It remains only to upper bound the energy of the flow by adding up the 4 contri-
butions in (5.27) to (5.30), and applying |V0| = (1 + o(1))|M0| from (5.26):

ET(θ) ≤ R+
0 +R1 +R2 +R3 = Õ

(
1

|M0|

)
= Õ

(
1

|V0|

)
.

5.4.6 Negative analysis

For the negative analysis, we need to upper bound the total weight of the graph, taking
into account the subroutine complexities,WT(G) (see Definition 3.2.7).

Lemma 5.4.13. There existsWT such that:

WT(G) ≤ WT ≤ Õ
((

n+
n2

t1
+
n2

t2

)
|V1|
)
.

Proof. Recall thatWT(G) =W(GT) is the total weight of the graph GT, where we replace
each edge e of G, with weight we, by a path of Te edges of weight we, where Te is the
complexity of the edge transition e. Thus, WT(G) =

∑
e∈E(G) Tewe. By Corollary 5.4.10,

for all e ∈
−→
E (G) \ E2, Te = Õ(1), and we = 1 (see Table 5.2). Thus, using (5.8), the total

contribution to the weight from the edges in E+
0 is:

W+
0 := w+

0 |E
+
0 |T

+
0 = Õ (n|V0|) . (5.31)

Using (5.13), the total contribution from the edges in E1 is:

W1 := w1|E1|T1 = Õ (n|V0|) . (5.32)

The edges e ∈ E2 have Te = T2 = Õ(
√
n/m2), by Corollary 5.4.10, so using w2 =

√
n/m2

and (5.15), the total contribution from the edges in E2 is:

W2 := w2|E2|T2 = Õ

(√
n

m2

2(m2 − t2)(n− 9t1)

t1 + 1
|V0|
√

n

m2

)
= Õ

(
n2

t1
|V0|
)
. (5.33)

Finally, using (5.16) and the fact that m2 = Θ(t1), the total contribution from the
edges in E3 is:

W3 := w3|E3|T3 = Õ

(
n2

t2
|V0|
)
. (5.34)

Combining (5.31) to (5.34), we get total weight:

WT(G) =W+
0 +W1 +W2 +W3 = Õ

((
n+

n2

t1
+
n2

t2

)
|V0|
)
.

5.4.7 Conclusion of proof of Theorem 5.4.1

We can now conclude with the proof of Theorem 5.4.1, showing an upper bound of
Õ(n5/7) on the bounded error quantum time complexity of 3-distinctness.
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Proof of Theorem 5.4.1. We apply Theorem 4.3.1 to G (Section 5.4.1), M ((5.17)), σ the
uniform distribution on V0 ((5.6)), and Ψ? (Section 5.4.2), with

WT = Õ

((
n+

n2

t1
+
n2

t2

)
|V0|
)

and RT = Õ
(
|V0|−1

)
.

Then we have

WTRT = Õ

(
n+

n2

t1
+
n2

t2

)
= o(n2).

We have shown the following:

Setup Subroutine: By Lemma 5.4.11, the state |σ〉 can be generated in cost

S = Õ

(
t1 + t2

√
n

m2

)
.

Star State Generation Subroutine: By Lemma 5.4.4, the star states Ψ? can be generated
in Õ(1) complexity.

Transition Subroutine: By Corollary 5.4.10, there is a quantum subroutine that imple-
ments the transition map with errors εu,v and costs Tu,v such that

TS1 For all (u, v) ∈
−→
E (G) \ E2, εu,v = 0. For all (u, v) ∈ E2 \ Ẽ (see (5.25)), taking

κ > 2 in Lemma 5.4.7, we have εu,v = O(n−κ) = o(1/(RTWT)).

TS2 By Lemma 5.4.8, using w2 =
√
n/m2 and κ > 2:

∑
e∈Ẽ

we = w2|Ẽ| ≤
√

n

m2
n−κ|E2| =

√
n

m2
n−κ

2(m2 − t2)(n− 9t1)

t1 + 1
|V0| by (5.15)

= O

(√
nn−κn

1

RT

)
= o(1/RT).

since m2 = Θ(t1).

Checking Subroutine: By (5.18), for any u ∈ VM = V3, we can check if u ∈ M in cost
Õ(1).

Positive Condition: By Lemma 5.4.12, there exists a flow θ satisfying conditions P1-P5
of Theorem 4.3.1, with ET(θ) ≤ RT = Õ

(
|V0|−1

)
.

Negative Condition: By Lemma 5.4.13,WT(G) ≤ WT = Õ
((
n+ n2

t1
+ n2

t2

)
|V0|
)

.

Thus, by Theorem 4.3.1, there is a quantum algorithm that decides if M = ∅ in bounded
error in complexity:

Õ
(
S +
√
RTWT

)
= Õ

t1 + t2

√
n

m2
+

√
n+

n2

t1
+
n2

t2


= Õ

(
t1 + t2

√
n

t1
+
√
n+

n√
t1

+
n√
t2

)
.

Choosing the optimal values of t1 = n5/7 and t2 = n4/7, we get an upper bound of Õ(n5/7).
Since M 6= ∅ if x has a unique 3-collision, and M = ∅ if x has no 3-collision, the algorithm
distinguishes these two cases. By Lemma 5.3.1, this is enough to solve 3-distinctness in
general.



100 Chapter 5. Application: k-distinctness

5.5 k-Distinctness algorithm

In this section, we generalise the 3-distinctness algorithm from Section 5.4 to prove the
following.

Theorem 5.5.1. Let k be any constant. There is a quantum algorithm that decides k-

distinctness with bounded error in Õ
(
n

3
4
− 1

4
1

2k−1

)
complexity.

We use the assumptions on the input defined in Section 5.3, including partitioning [n]

into A1 ∪ · · · ∪Ak, and each A`, for ` ∈ {2, . . . , k− 1} into blocks A(1)
` ∪ · · · ∪A

(m`)
` of size

n
km`

. A summary of the parameters of the algorithm appears in Table 5.3.

Tuples of sets: Fix constants c1, . . . , ck−1 and parameters t1, . . . , tk−1 as in Table 5.3.
The vertices of our graph are labelled by sets R = (R1, . . . , Rk−1), where (see (5.4))

R1 = (R1(S1))S1∈2[c1]\{∅} ∈
(

A1

t
(2c1−1)
1

)
is a tuple of 2c1 − 1 disjoint subsets of A1, each of size t1, and for ` ∈ {2, . . . , k − 1}, R` is
a tuple of c1 . . . c`−1(2c` − 1) disjoint subsets of [m`] of size t`:

R` = (R`(s1, . . . , s`−1, S`))s1∈[c1],...,s`−1∈[c`−1],S`∈2[c`]\{∅}.

We define:

R`(s1, . . . , s`−1, S`) :=

{
R1(S1) if ` = 1⋃
j`∈R`(s1,...,s`−1,S`)

A
(j`)
` if ` ∈ {2, . . . , k − 1},

and

R` :=

{
R1 if ` = 1

(R`(s1, . . . , s`−1, S`))s1∈[c1],...,s`−1∈[c`−1],S`∈2[c`]\{∅} if ` ∈ {2, . . . , k − 1}.

If we let r1 = |R1| = t1, and for ` ∈ {2, . . . , k − 1}, r` = |R`| ≈ t`
n
m`

, we get the set
sizes r` from [Bel12a]. We will not use these variables, but we note that the values we
get for {r`}k−1

`=1 (from the values of {t`}k−1
`=1 ) are the same as those obtained in [Bel12a],

as our algorithm can be seen as an algorithmic version of the combinatorial construction
used in [Bel12a].

Finally, we choose the number of blocks in each A`, m`, so that m` = Θ(t`−1) for each
` ∈ {2, . . . , k−1}. This ensures that the expected size of K(R1, . . . , R`−1, A

(j`)
` ) is constant.

These values are summarised in Table 5.3.

Data: With any R defined as above, we keep track of some input-dependent data as
follows. First, we query everything in R1, so we define:

∀S1 ∈ 2[c1] \ {∅}, D1(R1(S1)) := {(i1, xi1) : i1 ∈ R1(S1)}
D1(R) := (D1(R1(S1)))S1∈2[c1]\{∅} .

(5.35)

Next, for ` ∈ {2, . . . , k− 1}, and (s1, . . . , s`−1, S`) ∈ [c1]× · · · × [c`−1]× 2[c`] \ {∅}, we only
query some of the indices in R`, and which ones we query depends on R, specifically on
R1, . . . , R`−1:

D`(R`(s1, . . . , s`−1, S`)|R) :=
⋃

S`−1⊆[c`−1]:
s`−1∈S`−1

{
(i1, . . . , i`, xi1) : xi` = xi1 ,

i` ∈ R`(s1, . . . , s`−1, S`), (i1, . . . , i`−1, xi1) ∈ D`−1(R`−1(s1, . . . , s`−2, S`−1)|R)
}
.

(5.36)
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` ∈ [k − 1], t` = n
3
4
− 1

4
1

2k−1
−
∑`
`′=2

2k−1−`′

2k−1

` ∈ {2, . . . , k − 1} m` = Θ(t`−1)

c1 = k − 1

` ∈ {2, . . . , k − 2}, c` = O(1) large enough for Corollary 5.5.12

ck−1 = 1

` ∈ {2, . . . , k − 1}, p` = polylog(n) large enough for Corollary 5.5.12.

Table 5.3: A summary of the (asymptotic) values of variables used in this section.

We will sometimes omit “|R” when the context is clear. We can group these together to
get

D`(R) := (D`(R`(s1, . . . , s`−1, S`)))(s1,...,s`−1,S`)∈[c1]×...[c`−1]×2[c`]\{∅} . (5.37)

In addition to this data, we want to keep track of a number for each j` ∈ R` that we call
the forward collision degree. Loosely speaking, for some i` ∈ R`, a forward collision is an el-
ement (i1, . . . , i`, . . . , i`′ , xi1) ∈ D`′(R), for some `′ > `, and some i1, . . . , i`−1, i`+1, . . . , i`′ .
This can only exist if (i1, . . . , i`, i`+1, xi1) ∈ D`+1(R), so the forward collision degree of i`,
d̄→` (i`), counts these:

d̄→R (i`) :=
∣∣{(i1, . . . , i`−1, i`+1) ∈ R1 × · · · ×R`−1 ×R`+1 :

(i1, . . . , i`, i`+1, xi1) ∈ D`+1(R)
}∣∣. (5.38)

Then for ` ∈ {2, . . . , k − 2}, we can define the forward collision degree of j` ∈ R` as

d→R (j`) :=
∑

i`∈A
(j`)

`

d̄→` (i`). (5.39)

For consistency, we also define d→R (i1) := d̄→R (i1) for i1 ∈ R1, and d→R (jk−1) := 0 for
jk−1 ∈ Rk−1. When our quantum walk removes some j` from R`, we will want to make
sure that d→R (j`) = 0, because otherwise we will have to uncompute all forward collisions
from the data, which could be expensive. Thus, we also keep a database of forward
collision degrees:

∀` ∈ [k − 2], C→` (R) := {(j`, d→R (j`)) : j` ∈ R`, d→R (j`) > 0}. (5.40)

To summarise, the data we keep track of at a vertex vR includes:

D(R) := (D1(R), . . . , Dk−1(R), C→1 (R), . . . , C→k−2(R)). (5.41)

5.5.1 The graph: vertex sets

To define G, we begin by defining disjoint vertex sets V0, V +
0 , (V`)

k−1
`=1 , (V +

` )k−2
`=1 , and Vk,

whose union makes up V (G). We will use the notation in (5.4) and (5.5) for tuples of
disjoint sets throughout this section. Figure 5.3 summarises G.
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V0: We define

V0 =

{
v0
R1,...,Rk−1

:= (0, R1, . . . , Rk−1, D(R1, . . . , Rk−1)) :

R1 ∈
(

A1

t
(2c1−1)
1

)
and ∀` ∈ {2, . . . , k − 1}, R` ∈

(
[m`]

t
(c1···c`−1(2c`−1))
`

)}
. (5.42)

Our initial distribution is uniform on V0: σ(u) = 1
|V1| for all u ∈ V0. We implicitly store all

sets including those making up R1, . . . , Rk−1 and D(R1, . . . , Rk−1) in a data structure with
the properties described in Section 3.5.1. This will only be important when we analyze
the time complexity of the setup and transition subroutines.

V +
0 : At a vertex in V +

0 , we suppose we have chosen a new element i1 to add to R1, but
not yet added it. Thus, we label such a vertex by a tuple of sets R, and an index i1 6∈ R1:

V +
0 :=

{
v0
R1,...,Rk−1,i1

:= ((0,+), R1, . . . , Rk−1, D(R1, . . . , Rk−1), i1) :

v0
R1,...,Rk−1

∈ V0, i1 ∈ A1 \R1

}
,

so
∣∣V +

0

∣∣ = |V0| |A1 \R1| = O (n |V0|) . (5.43)

V` for ` ∈ [k − 1]: At a vertex in V`, we suppose we have added a new element to
each of R1, . . . , R`, meaning that for each `′ ∈ [`], there is some (s1, . . . , s`′−1, S`′) ∈
[c1] × · · · × [c`′−1] × (2[c`′ ] \ {∅}) such that |R`′(s1, . . . , s`′−1, S`′)| = t`′ + 1. However, we
will not let the choices of s1, . . . , s`′−1 for different `′ be arbitrary. Instead, we define the
following sets of vertices, for (S1, . . . , S`) ∈ (2[c1] \ {∅}) × · · · × (2[c`] \ {∅}), where µ(S)
denotes the minimum element of a set S:

V`(S1, . . . , S`) :=
{
v`R = (`, R,D(R)) : R1 ∈

(
A1

t
(2c1−1)
1

)+

;

∀`′ ∈ {2, . . . , `}, R`′ ∈
(

[m`]

t
(c1...c`−1(2c`−1))
`

)+

;

∀`′ ∈ {`+ 1, . . . , k − 1}, R`′ ∈
(

[m`]

t
(c1...c`−1(2c`−1))
`

)
;

∀`′ ∈ [`], |R`′(µ(S1), . . . , µ(S`′−1), S`′)| = t`′ + 1
}
. (5.44)

This is the set of vertices labelled by sets R where we have added elements to each of
R1, . . . , R`, not yet added elements to R`+1, . . . , Rk−1, and for `′ ∈ [`], the choice of where
the new element was added to R`′ is determined by S1, . . . , S`. Then we can define:

V` :=
⋃

(S1,...,S`)∈(2[c1]\{∅})×···×(2[c`]\{∅})

V`(S1, . . . , S`). (5.45)

Using the fact that for all `′ ∈ {2, . . . , k − 2}, m`′ = Θ(t`′−1), we have

|V`| = O

(
|V0|

n

t1

∏̀
`′=2

m`′

t`′

)
= O

(
|V0|

n

t1

∏̀
`′=2

t`′−1

t`′

)
= O

(
n

t`
|V0|
)
. (5.46)
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v0
R

V0

i1

E+
0

←
v0
R,i1

V +
0

S1

E1

i1
v1
R′

V1

j2

E+
1

←
v1
R′,j2

V +
1

S2

E2

. . .

Ek−1

jk−1
vk−1
R′′

Vk−1

ik

Ek

←
vkR′′,ik

Vk

Figure 5.3: A path from V0 to Vk, with edge labels shown in coloured. R′ is obtained from
R by inserting i1 into R1(S1). R′′ is obtained from R′ by inserting j2 into R2(µ(S1), S2),
and for some choice of S3, . . . , Sk−1, inserting, for each ` ∈ {3, . . . , k − 1}, some j` into
R`(µ(S1), . . . , µ(S`−1), S`).

V +
` : for ` ∈ [k − 2]: At a vertex in V +

` , we suppose, as in V`, that we have already
added an element to each of the sets R1, . . . , R`, but now have also selected an element
j`+1 ∈ [m`+1] to add to R`+1:

V +
` (S1, . . . , S`) :=

{
v`R,j`+1

:= ((`,+), R,D(R), j`+1) :

v`R ∈ V`(S1, . . . , S`), j`+1 ∈ [m`+1] \R`+1

}
V +
` :=

⋃
(S1,...,S`)∈(2[c1]\{∅})×···×(2[c`]\{∅})

V +
` (S1, . . . , S`),

so together with (5.46) and m`+1 = Θ(t`), this implies∣∣V +
`

∣∣ = |V`| |[m`+1] \ T`+1| = O (n |V0|) . (5.47)

The final stage, Vk: At a vertex in Vk, we have added a new element to each of the
sets R1, . . . , Rk−1, as in Vk−1, and also selected some ik ∈ Ak, which we can view as a
candidate for completing one of the (k − 1)-collisions in Dk−1(R) to a k-collision:

Vk :=
{
vkR,ik := (k,R,D(R), ik) : vk−1

R ∈ Vk−1, ik ∈ Ak.
}
,

so |Vk| = |Vk−1| |Ak| = O

(
n2

tk−1
|V0|
)
.

(5.48)

5.5.2 The graph: edge sets

We now define the sets of edges that make up
−→
E (G), as well as the edge label sets L(u)

(see Definition 3.2.13) for each u ∈ V (G). These are also summarised in Table 5.4.

E+
0 ⊂ V0 × V +

0 : There is an edge between v0
R ∈ V0 and v0

R,i1
∈ V +

0 for any i1 ∈ A1 \ R1,
and for any v0

R,i1
∈ V +

0 , v0
R is its unique in-neighbour (in V0), so we define

L+(v0
R) := A1 \R1 and L−(v0

R,i1) := {←},

and let fv0R(i1) = v0
R,i1

, and fv0R,i1
(←) = v0

R. We let E+
0 be the set of all such edges

E+
0 :=

{(
v0
R, v

0
R,i1

)
: v0

R ∈ V0, i1 ∈ A1 \R1

}
and set we = w+

0 = 1 for all e ∈ E+
0 . This together with (5.43) implies that∣∣E+
0

∣∣ =
∣∣V +

0

∣∣ = O (n |V0|) . (5.49)
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u j ∈ L−(u) fu(j) i ∈ L+(u) fu(i)

v0
R ∈ V0 ∅ i1 ∈ A1 \R1 v0

R,i1

v0
R,i1
∈ V +

0 ← v0
R S1 ∈ 2[c1] \ {∅} v1

RS1←i1

v`R ∈ V`(S)
j` ∈ R`(µ̂(S)) :
d→R (j`) = 0

v`−1
R\{j`},j` j`+1 ∈ [m`+1] \R`+1 v`R,j`+1

v`+1
R,j`+1

∈ V +
`+1 ← v`+1

R S`+1 ∈ 2[c`+1] \ {∅} v`+1

RS`+1←j`+1

vk−1
R ∈ Vk−1(S) jk−1 ∈ Rk−1(µ̂(S)) vk−2

R\{jk−1},jk−1
ik ∈ Ak vkR,ik

vkR,ik ∈ Vk ← vk−1
R ∅

Table 5.4: The sets labelling incoming (L−) and outgoing (L+) edges of each vertex
u ∈ V (G), and the neighbouring vertices at the end of every such edge. ` ∈ [k − 2],
S = (S1, . . . , S`), and for brevity we use µ̂(S) := (µ(S1), . . . , µ(S`−1), S`), where µ is
the minimum. RS1←i1 is obtained from R by inserting i1 into R1(S1), and for v`R,j`+1

∈
V +
`+1(S), RS`+1←j`+1 is obtained from R by inserting j`+1 into R`+1(µ̂(S)). To ensure that
L−(u) and L+(u) are always disjoint, we implicitly append a ← label to all of L−(u) and
a→ label to all of L+(u).

E+
` ⊂ V` × V +

` for ` ∈ [k − 2]: There is an edge between v`R ∈ V` and v`R,j`+1
∈ V +

` for
any j`+1 ∈ [m`+1] \R`+1, so we define

L+(v`R) := [m`+1] \R`+1 and L−(v`R,j`+1
) := {←},

and let fv`R(j`+1) = v`R,j`+1
and fv`R,j`+1

(←) = v`R. We let E+
` be the set of all such edges

E+
` :=

{
(v`R, v

`
R,j`+1

) : v`R ∈ V`, j`+1 ∈ [m`+1] \R`+1

}
and set we = w+

` = 1 for all e ∈ E+
` . This together with (5.47) implies that∣∣E+
`

∣∣ =
∣∣V +
`

∣∣ = O (n |V0|) . (5.50)

Faults: Fix ` ∈ [k−1]. As in the case of 3-distinctness, if we add a new element j` to cer-
tain parts of R`, to get R′, such that d→R′(j`) > 0, this introduces a fault in the data, which
our quantum walk will want to avoid. The case for k > 3 is slightly more complicated, so
we examine exactly when a fault is introduced before describing the remaining edge sets.

Suppose we are at the vertex v`−1
R ∈ V`−1(S∗1 , . . . , S

∗
`−1) (see (5.44)) and we want to

add to the set R`(µ(S∗1), . . . , µ(S∗`−1), S`), for some S` ⊆ [c`], an index i` (by adding j`

such that i` ∈ A
(j`)
` to R`(µ(S∗1), . . . , µ(S∗`−1), S`)). For ` ∈ {2, . . . , k− 2}, this introduces a

fault if the following conditions are satisfied, where we use [E ] to denote the logical value
of an event E:

C←(i`, R, S`) :=
[
∃(i1, . . . , i`−1) ∈ R1 ×R2 × · · · ×R`−1 s.t.

(i1, . . . , i`−1, i`, xi1) ∈ D`(R`(µ(S∗1), . . . , µ(S∗`−1), S`))
]

C→(i`, R, S`) :=

[
∃s` ∈ S` s.t.

∃i`+1 ∈
⋃

S`+1∈2[c`+1]\{∅}

R`+1(µ(S∗1), . . . , µ(S∗`−1), s`, S`+1) s.t. xi`+1
= xi`

]
.

(5.51)
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In words, C← is the condition that i` forms a collision (i1, . . . , i`, xi1) that would be stored
in D`(R), and C→ is the condition that i` collides with something in R`+1 such that if C→

holds, (i1, . . . , i`+1, xi1) would be stored in D`+1(R). For ` = 1, C→ is also defined, and i1
introduces a fault whenever C→ is true. For ` = k − 1, C→ can never be true, so there is
never a fault. We set ck−1 = 1 (see Table 5.3).

Then for any ` ∈ [k − 2], v`−1
R ∈ V`−1(S∗1 , . . . , S

∗
`−1), i` ∈ A` \ R`, and S` ∈ 2[c`] \ {∅},

condition C→ is false if and only if S` is disjoint from the following set:

I(v`−1
R , i`) :=

{
s` ∈ [c`] :

∃i`+1 ∈
⋃

S`+1∈2[c`+1]\{∅}

R`+1(µ(S∗1), . . . , µ(S∗`−1), s`, S`+1) s.t. xi`+1
= xi`

}
.

(5.52)

For ` = k − 1, we define I(vk−2
R , ik−1) := ∅. When ` = 1 we can define, for v0

R,i1
∈ V +

0 :

I(v0
R,i1) := I(v0

R, i1).

As long as we choose some S1 that avoids this set, we will not introduce a fault. For
` > 1, examining condition C← above, although it appears to depend on S`, it does not.
Referring to (5.36), we can rewrite C← as

C←(i`, R, S`)⇔ C←(i`, R) :=

[
∃S`−1 ⊆ [c`−1] s.t. µ(S∗`−1) ∈ S`−1,

∃(i1, . . . , i`−1, xi1) ∈ D`−1(R`−1(µ(S∗1), . . . , µ(S∗`−2), S`−1)) s.t. xi` = xi1

]
.

Thus, for ` ∈ {2, . . . , k − 2}, for any v`−1
R,j`
∈ V +

`−1, we can define:

I(v`−1
R,j`

) :=
⋃

i`∈A
(j`)

` :C←(i`,R)

I(v`−1
R , i`). (5.53)

Lemma 5.5.2. Fix any v0
R,i1
∈ V +

0 and non-empty S1 ⊆ [c1]. Insert i1 into R1(S1) to obtain
R′ = (RS1←i1

1 , R2, . . . , Rk−1). Then d→R′(i1) = 0 if and only if S1 ∩ I(v0
R,i1

) = ∅.
Similarly, for any ` ∈ {2, . . . , k − 1}, fix v`−1

R,j`
∈ V +

`−1(S∗1 , . . . , S
∗
`−1), and non-empty

S` ⊆ [c`], and let R′ be obtained from R by inserting j` into R`(µ(S∗1), . . . , µ(S∗`−1), S`).
Then d→R′(j`) = 0 if and only if S` ∩ I(v`−1

R,j`
) = ∅.

Proof. For ` = k − 1, d→R′(jk−1) = 0 and I(vk−2
R,jk−1

) = ∅ always hold, by definition. By the
definition of d̄→R′(i`) from (5.38) we have for ` ∈ [k − 2],

d̄→R′(i`) = |{(i1, . . . , i`, i`+1, xi1) ∈ D`+1(R′)}|

=
∑

(s1,...,s`,S`+1)∈
[c1]×···×[c`]×(2[c`+1]\{∅})

|{(i1, . . . , i`+1, xi1) ∈ D`+1(R(s1, . . . , s`, S`+1))}|

=
∑

(s1,...,s`,S`+1)∈
[c1]×···×[c`]×(2[c`+1]\{∅})

∑
S′`⊆[c`]:
s`∈S`

|{(i1, . . . , i`+1, xi1) : i`+1 ∈ R`+1(s1, . . . , s`, S`+1),

xi`+1
= xi` , (i1, . . . , i`, xi1) ∈ D`(R

′
`(s1, . . . , s`−1, S

′
`))}|,

where we have used (5.37) and (5.36). If ` = 1, let i` be the i1 from the lemma statement.
Otherwise, suppose i` ∈ A

(j`)
` . In either case, we have i` ∈ R`(µ(S∗1), . . . , µ(S∗`−1), S`), so
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by (5.36), `-collisions of the form (i1, . . . , i`, xi1) can only occur in the data
D`(R`(µ(S∗1), . . . , µ(S∗`−1), S`)), so we continue:

d̄→R′(i`) =
∑
s`∈S`,

S`+1∈2[c`+1]\{∅}

|{(i1, . . . , i`+1, xi1) : i`+1 ∈ R`+1(µ(S∗1), . . . , µ(S∗`−1), s`, S`+1),

xi`+1
= xi` , (i1, . . . , i`, xi1) ∈ D`(R

′
`(µ(S∗1), . . . , µ(S∗`−1), S`))}|,

and thus, d̄→R′(i`) > 0 if and only if:

∃s` ∈ S`, S`+1 ∈ 2[c`+1] \ {∅} s.t. ∃i`+1 ∈ R`+1(µ(S∗1), . . . , µ(S∗`−1), s`, S`+1) s.t. xi`+1
= xi`

(5.54)

and ∃(i1, . . . , i`−1, i`, xi1) ∈ D`(R
′
`(µ(S∗1), . . . , µ(S∗`−1), S`)).

(5.55)

The first condition is exactly C→(i`, R, S`) (see (5.51)), which is satisfied if and only if
S` ∩ I(v0

R, i1) = ∅ (see (5.52)). In the case ` = 1, the second condition is just (i1, xi1) ∈
D1(R′1(S1)), which is true by (5.35), since we just added i1 to R1(S1) to get R′(S1). This
completes the ` = 1 case, since d→R′(i1) = d̄→R′(i1), and I(v0

R,i1
) = I(v0

R, i1).
Continuing with the case ` ∈ {2, . . . , k − 2}, suppose d→R′(j`) > 0. By (5.39), this

happens if and only if there exists i` ∈ A
(j`)
` such that d̄→R′(i`) > 0, which holds if and only

if (5.54) and (5.55) are true. We know (5.54) if and only if C→(i`, R, S`) holds, if and
only if S` ∩ I(v`−1

R , i`) 6= ∅. By (5.36), using the fact that R′`−1 = R`−1, we have (5.55) if
and only if C←(i`, R). Thus, we have

[d→R′(j`) > 0]⇔ ∃i` ∈ A
(j`)
` s.t

[[
S` ∩ I(v`−1

R , i`) 6= ∅
]
∧C←(i`, R)

]
︸ ︷︷ ︸

=:C

.

If C holds, then then by (5.53), I(v`−1
R , i`) ⊆ I(v`−1

R,j`
), and so, also by C, S`∩I(v`−1

R,j`
) 6= ∅.

For the other direction, if S` ∩ I(v`−1
R,j`

) 6= ∅, then by (5.53), ∃i` ∈ A
(j`)
` satisfying both

conditions of C.

E1 ⊂ V +
0 × V1: Recall that V +

0 is the set of vertices v0
R,i1

in which we have chosen an
index i1 to add to R1, but not yet decided to which part of R1 it should be added. A
transition in E1 represents selecting some S1 ∈ 2[c1] \ {∅} and then adding i1 to R1(S1), so
we have

L+(v0
R,i1) := 2[c1] \ {∅},

and fv0R,i1
(S1) = v1

R′ , where R′ is obtained from R by inserting i1 into R1(S1). As in the

case of 3-distinctness, not all of these labels represent edges with non-zero weight. To go
from a vertex v1

R′ ∈ V1(S∗1), we choose some i1 to remove from R′1(S∗1), the part of R1 that
has had an index added, to get some R such that v0

R ∈ V0. However, we make sure to
choose an i1 with no forward collisions – i.e. d→R′(i1) = 0 – so we let

L−(v1
R′) := {i1 ∈ R′1(S∗1) : d→R′(i1) = 0},

and then set fv1
R′

(i1) = v0
R,i1

where R = R′ \ i1 is obtained from R′ by removing i1.

Importantly, given v1
R′ , we can take a superposition over this set, because we store the set

C→1 (R) defined in (5.40) (this is necessary in Section 5.5.3).
As in the case of 3-distinctness, it is not yet clear how to define E1, the set of (non-zero

weight) edges between V +
0 and V1, because |V +

0 | · |L+(v0
r,i1

)| > |V1| · |L−(v1
R′)|. We define

it as follows.

E1 :=
{(
fv1
R′

(i1), v1
R′

)
=
(
v0
R′\{i1},i1 , v

1
R′

)
: v1

R′ ∈ V1, i1 ∈ L−(v1
R′)
}

and give weight w1 = 1 to all edges in E1. Then we have the following.
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Lemma 5.5.3. Let RS1←i1 be obtained from R by inserting i1 into R1(S1). Then

E1 =
{(
v0
R,i1 , v

1
RS1←i1

)
: v0

R,i1 ∈ V
+

0 , S1 ∈ 2
[c1]\I(v0R,i1

) \ {∅}
}
.

So for all v0
R,i1
∈ V +

0 , and S1 ∈ L+(v0
R,i1

), wv0R,i1 ,S1
=

{
w1 = 1 if S1 ∩ I(v0

R,i1
) = ∅

0 else.

Proof. Let E′1 be the right-hand side of the identity in the theorem statement, so we want
to show E1 = E′1. Fix any v0

R,i1
∈ V +

0 and non-empty S1 ⊆ [c1] \ I(vR,i1), and let R′ =

RS1←i1 . Then since S1 ∩ I(vR,i1) = ∅, by Lemma 5.5.2, d→R′(i1) = 0. This implies E′1 ⊆ E1.
For the other direction, fix any v1

R′ ∈ V1(S∗1) and i1 ∈ L−(v1
R′). Since i1 ∈ R1(S∗1), we

have v1
R′\{i1} ∈ V

+
0 (that is, we have removed an index from the set that had size t1 + 1)

and (R′ \ {i1})S
∗
1←i1 = R′. Since d→R′(i1) = 0, by Lemma 5.5.2, S∗1 ∩I(v0

R′\{i1},i1) = ∅. This
implies E1 ⊆ E′1.

We remark that for any i1 ∈ A1, d→R (i1) is always at most k−2. Otherwise, there are at
least k− 1 elements i2 ∈ R2 ⊂ A2 such that xi1 = xi2 , and together with i1 these form a k-
collision, which contradicts our assumption that the unique k-collision is in A1× · · · ×Ak.
Thus, if we set c1 = k − 1, we have for any v0

R,i1
∈ V +

0 , I(v0
R,i1

) ( [c1], which will be
important in Section 5.5.3.

Finally, it follows from (5.43), that

|E1| ≤
∣∣L+(v0

R,i1)
∣∣ ∣∣V +

0

∣∣ = O (n |V0|) . (5.56)

E` ⊂ V +
`−1 × V` for ` ∈ {2, . . . , k − 1}: Similar to the definition E1, we define, for any

v`−1
R,j`
∈ V +

`−1, and v`R′ ∈ V`(S∗1 , . . . , S∗` ):

L+(v`−1
R,j`

) := 2[c`] \ {∅} and L−(v`R′) := {j` ∈ R`(µ(S∗1), . . . , µ(S∗`−1), S`) : d→R (j`) = 0}.

We set fv`−1
R,j`

(S`) = v`R′ where if v`−1
R ∈ V`−1(S∗1 , . . . , S

∗
`−1), R′ is obtained from R by

inserting j` into R`(µ(S∗1), . . . , µ(S∗`−1), S`). We set fv`
R′

(j`) = v`−1
R′\{j`},j` . Similar to E1, we

define:

E` :=
{(
fv`
R′

(j`), v
`
R′

)
=
(
v`−1
R′\{j`},j` , v

`
R′

)
: v`R′ ∈ V`, j` ∈ L−(v`R′)

}
, (5.57)

and give weight w` :=
√
n/m`−1 to all edges in E`. Then we have the following.

Lemma 5.5.4. For any (S1, . . . , S`−1) ∈ (2[c1] \ {∅})× · · · × (2[c`−1] \ {∅}), define:

E`(S1, . . . , S`−1) =

{(
v`−1
R,j`

, v`R′
)

: v`−1
R,j`
∈ V +

`−1(S1, . . . , S`−1),

∃S` ∈ 2
[c`]\I(v`−1

R,j`
) \ {∅}, R′ = R(µ(S1),...,µ(S`−1),S`)←j`

}
.

Here the expression R(µ(S1),...,µ(S`−1),S`)←j` is obtained from R by inserting the index j` into
R`(µ(S1), . . . , µ(S`−1), S`). Then

E` =
⋃

(S1,...,S`−1)∈(2[c1]\{∅})×···×(2[c`−1]\{∅})

E`(S1, . . . , S`−1).
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Proof. Fix S1, . . . , S`−1 and suppose (v`−1
R,j`

, v`R′) ∈ E`(S1, . . . , S`−1). Then by Lemma 5.5.2,
since S` is chosen so that S` ∩ I(v`−1

R,j`
) = ∅, d→R′(j`) = 0, and thus j` ∈ L−(v`R′), so

(v`−1
R,j`

, v`R′) ∈ E`.

For the other direction, suppose
(
v`−1
R′\{j`},j` , v

`
R′

)
∈ E`, and let S∗1 , . . . , S

∗
` be such that

v`R′ ∈ V`(S∗1 , . . . , S∗` ). Then R′ is obtained from R′ \ {j`} by adding j` to the component
R`(µ(S∗1), . . . , µ(S∗`−1), S∗` ). Then since j` ∈ L−(v`R′), d

→
R′(j`) = 0, so by Lemma 5.5.2,

S∗` ∈ 2
[c`]\I(v`−1

R,j`
) \ {∅}, and so

(
v`−1
R′\{j`},j` , v

`
R′

)
∈ E`(S∗1 , . . . , S∗`−1).

While E` represents all edges between V +
`−1 and V`, we now define two sets of edges

Ẽ` ⊂ E`, and Ẽ′` disjoint from V +
`−1×V`, that each solve a different technical issue. First, in

Section 5.5.5, we will see that the complexity of transitions in E` depends on the number
of collisions between the new block A(j`)

` being added, and (`−1)-collisions already stored
in D`−1(R), so we will only attempt to implement the transition subroutine correctly when
this set is not too large. In anticipation of this, we define:

Ẽ` :=
{

(v`−1
R,j`

, v`R′) ∈ E` : |K(R1, . . . , R`−1, A
(j`)
` )| ≥ p`

}
⊂ E`, (5.58)

where p` ∈ polylog(n), which will be part of Ẽ, the set of edges whose transitions we
fail to implement. Second, if any v`−1

R,j`
∈ V +

`−1 has no neighbour in V`, which happens
exactly when I(v`−1

R,j`
) = [c`], then its correct star state would simply have one incoming

edge from V0, which, as discussed in Section 5.4.2, would make it impossible to define a
flow satisfying all star state constraints (P2 of Theorem 4.3.1). Unlike in the case of E1,
there is no constant c` such that we can assume I(v`−1

R,j`
) ( [c`] for all v`−1

R,j`
∈ V +

`−1. That is
because while each i` ∈ A` can have at most k − 2 collisions in R`+1, the total number of
such collisions for all i` ∈ A

(j`)
` may be linear in |A(j`)

` |. Fortunately this happens for only
a very small fraction of v`−1

R,j`
∈ V +

`−1. Thus, we define (choosing {1} arbitrarily):

Ẽ′` :=

{(
v`−1
R,j`

, fv`−1
R,j`

({1})
)

: I(v`−1
R,j`

) = [c`]

}
, (5.59)

which is disjoint from E`. Note that for ` = k − 1, we always have I(vk−2
R,jk−1

) = ∅
and [ck−1] = [1], so Ẽ′k−1 = ∅. Since Ẽ′` will be part of Ẽ, we assume its endpoints
fv`−1
R,j`

({1}) are just otherwise isolated vertices that we do not consider a part of V (G) (see

Remark 4.3.2). As with E`, we set all edges in Ẽ′` to have weight w`. Thus, from this
discussion as well as Lemma 5.5.4 we have, for all v`−1

R,j`
∈ V +

`−1 and S` ∈ L+(v`−1
R,j`

),

wv`−1
R,j`

,S`
=


w` =

√
n/m` if S` ∩ I(v`−1

R,j`
) = ∅

w` =
√
n/m` if I(v`−1

R,j`
) = [c`] and S` = {1}

0 else.
(5.60)

We can see from (5.43), that

|E`|+
∣∣∣Ẽ′`∣∣∣ ≤ ∣∣∣L+(v`−1

R,j`
)
∣∣∣ ∣∣V +

`−1

∣∣ = O (n |V0|) . (5.61)

Ek ⊂ Vk−1 × Vk: Finally, there is an edge between vk−1
R ∈ Vk−1 and vkR,ik ∈ VR for any

ik ∈ Ak, so we define

L+(vk−1
R ) := Ak and L−(vkR,ik) := {←},
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Edge Set (u, v) (u, i) (v, j) wu,v Tu,v

E+
0 ⊂ V0 × V +

0 (v0
R, v

0
R,i1

) (v0
R, i1) (v0

R,i1
,←) w+

0 = 1 T+
0 = Õ(1)

E1 ⊂ V +
0 × V1 (v0

R,i1
, v1
R′) (v0

R,i1
, S1) (v1

R′ , i1) w1 = 1 T1 = Õ(1)

{E+
` ⊂ V` × V

+
` }

k−2
`=1 (v1

R, v
1
R,j`+1

) (v1
R, j`+1) (v1

R,j`+1
,←) w+

` = 1 T+
` = Õ(1)

{E` ⊂ V +
`−1 × V`}

k−1
`=1 (v`−1

R,j`
, v`R′) (v`−1

R,j`
, S`) (v`R′ , j`) w` =

√
n
m`

T` = Õ
(√

n
m`

)
Ek ⊂ V +

k−1 × Vk (vk−1
R , vkR,ik) (vk−1

R , ik) (vkR,ik ,←) wk = 1 Tk = Õ(1)

Table 5.5: For each edge in
−→
E (G), we can describe it in three ways: as a pair of vertices

(u, v); as a vertex u and forward label i = f−1
u (v); and as a vertex v and backward

label j = f−1
v (u) (see Definition 3.2.13). We summarise these three descriptions for the

edge sets that make up
−→
E (G) \ Ẽ, along with the edge weights, and transitions costs (see

Corollary 5.5.14). The edge labels i and j range across (sometimes strict) subsets of L+(u)
and L−(u) (see Table 5.4). For example, for u ∈ V +

0 , i = S1 ∈ L+(u) = 2[c1] \ {∅}, (u, i)

only represents an edge of
−→
E (G) when S1 ∩ I(u) = ∅ (see Lemma 5.5.3 and (5.60)).

and let fvk−1
R

(ik) = vkR,ik , and fvkR,ik
(←) = vk−1

R . We let Ek be the set of such edges:

Ek :=
{

(vk−1
R , vkR,ik) : vk−1

R ∈ Vk−1, ik ∈ Ak
}
,

and we set we = wk = 1 for all e ∈ Ek. This, together with (5.48), implies that

|Ek| = O

(
n2

tk−1
|V0|
)
. (5.62)

The graph G: The full graph G is defined by

V (G) =

k⋃
`=0

V` ∪
k−2⋃
`=0

V +
`

−→
E (G) = {(u, v) : u ∈ V (G), i ∈ L+(u) : wu,i 6= 0} =

k−2⋃
`=0

E+
` ∪ E1 ∪

k−1⋃
`=2

(E` ∪ Ẽ′`) ∪ Ek,

where the edge label sets L+(u) are summarised in Table 5.4, and weights are summarised
in Table 5.5. We define (recall that Ẽ` ⊂ E`):

Ẽ :=

k−1⋃
`=2

(Ẽ` ∪ Ẽ′`). (5.63)

The marked set and checking cost: In the notation of Theorem 4.3.1, we let VM = Vk,
and we define a subset M ⊆ VM as follows. If (a1, . . . , ak) ∈ A1 × · · · × Ak is the unique
k-collision, we let

M =
{
vkR1,...,Rk−1,ik

∈ Vk : ∃(i1, . . . , ik−1, xi1) ∈ Dk−1(R) s.t. xi1 = xik}

=
{
vkR1,...,Rk−1,ik

: ∃S1 ⊆ [c1], . . . , Sk−1 ⊆ [ck−1], s1 ∈ S1, . . . , sk−1 ∈ Sk−1 s.t.

∀` ∈ [k − 1], a` ∈ R`(s1, . . . , s`−1, S`) and ik = ak
}
,

(5.64)
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and otherwise, if there is no k-collision, M = ∅. We can decide whether vkR,ik ∈ Vk is
marked by querying ik to obtain the value xik and looking it up in Dk−1(R) to see if we
find some (i1, . . . , ik−1, xik), in which case, it must be that a1 = i1,. . . ,ak = ik. Thus, the
checking cost is at most

C = O(log n). (5.65)

5.5.3 The star states and their generation

We define the set of alternative neighbourhoods (Definition 4.2.1) with which we will
apply Theorem 4.3.1. For ` ∈ [k]0, for all v`R ∈ V`, we add a single star state to Ψ?(u),
which has one of three forms, depending on ` (refer to Table 5.4): for v0

R ∈ V0,

|ψG? (v0
R)〉 =

∑
i1∈A1\R1

√
w+

0 |v
0
R, i1〉; (5.66)

for ` ∈ [k − 1], and v`R ∈ V`(S1, . . . , S`),

|ψG? (v`R)〉 = −
∑

j`∈R`(µ(S1),...,µ(S`−1),S`):
d→R (j`)=0

√
w`|v`R,←, j`〉+

∑
j`+1∈[m`+1]\R`+1

√
w+
` |v

`
R,→, j`+1〉;

(5.67)
and finally, for vkR,ik ∈ Vk,

|ψG? (vkR,ik)〉 = −
√
wk|vkR,ik ,←〉. (5.68)

Here we have explicitly included the → and ← parts of each element of L+ and L−,
which are normally left implicit, in order to stress that the two sum are orthogonal. From
Table 5.4, along with the description of w in Lemma 5.5.3, we can see that for v0

R,i1
∈ V +

0 ,

|ψG? (v0
R,i1)〉 = −

√
w+

0 |v
0
R,i1 ,←〉+

∑
S1∈2

[c1]\I(v0R,i1
)
\{∅}

√
w1|v0

R,i1 , S1〉.

To generate this state, one would have to compute I(v0
R,i1

) (see (5.52)), which would
require determining the locations of all forward collisions of i1, which is far too expensive.
Hence, we simply add all options to Ψ?(v

0
R,i1

) (we see in Lemma 5.5.5 that generating this
set is not difficult):

Ψ?(v
0
R,i1) :=

⋃
I1([c1]

|ψI1? (v0
R,i1)〉 := −

√
w+

0 |v
0
R,i1 ,←〉+

∑
S1∈2[c1]\I1\{∅}

√
w1|v0

R,i1 , S1〉

 .

(5.69)

Thus, since we always have I(v0
R,i1

) ( [c1], |ψG? (v0
R,i1

)〉 = |ψ
I(v0R,i1

)
? (v0

R,i1
)〉 ∈ Ψ?(v

0
R,i1

).
Similarly, for ` ∈ {2, . . . , k − 1} and v`−1

R,j`
∈ V +

`−1 define:

Ψ?(v
`−1
R,j`

) :=
⋃
I`([c`]

|ψI`? (v`−1
R,j`

)〉 := −
√

w+
`−1|v

`−1
R,j`

,←〉+
∑

S`∈2[c`]\I`\{∅}

√
w`|v`−1

R,j`
, S`〉

 .

(5.70)
Then from (5.60), we have

|ψG? (v`R,j`)〉 =

 |ψ
I(v`R,j`

)

? (v`R,j`)〉 if I(v`R,j`) ( [c`]

|ψ[c`]\{1}
? (v`R,j`)〉 if I(v`R,j`) = [c`],

(5.71)
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where I(v`R,j`) is defined in (5.53).

We now describe how to generate the states in
⋃
u∈V (G) Ψ?(u) in Õ(1) complexity (see

Definition 4.2.1):

Lemma 5.5.5. The states Ψ? = {Ψ?(u)}u∈V (G) can be generated in Õ(1) complexity.

Proof. The description of a vertex u ∈ V (G) begins with a label indicating to which
of V0, . . . , Vk or V +

0 , . . . , V +
k−2 it belongs, so we can define subroutines U0, . . . , Uk and

U0,+, . . . , Uk−2,+ that generate the star states in each vertex set respectively, and then

U? =

k∑
`=0

|`〉〈`| ⊗ U` +

k−2∑
`=0

|`,+〉〈`,+| ⊗ U`,+

will generate the star states in the sense of Definition 4.2.1.
We begin with U0. For v0

R ∈ V0, we have Ψ?(v
0
R) = {|ψG? (v0

R)〉}, where |ψG? (v0
R)〉 is as in

(5.66). Thus, implementing the map U0 : |u〉|0〉 7→∝ |ψG? (u)〉 is as simple as generating a
uniform superposition over A1, and then using O(log n) rounds of amplitude amplification
to get inverse polynomially close to the uniform superposition over A1 \R1.

For ` ∈ [k−1], and v`R ∈ V`, we again have Ψ?(v
`
R) = {|ψG? (v`R)〉}, where |ψG? (v`R)〉 is as

in (5.67). To implement U` : |u〉|0〉 7→∝ |ψG? (u)〉, we first compute (referring to Table 5.5
for the weights):

|u, 0〉 7→∝ |u〉
(
−
√
w`| ←〉+

√
w+
` | →〉

)
|0〉 = |u〉

(
−(n/m`)

1/4| ←〉+ | →〉
)
|0〉,

which can be implemented by a O(1)-qubit rotation. Then conditioned on ←, gener-
ate a uniform superposition over j` ∈ R`(µ(S∗1), . . . , µ(S∗`−1), S∗` ) (we can learn the sets
S∗1 , . . . , S

∗
` by seeing which sets are bigger, or assume we simply keep track of these values

in some convenient way), and then using O(log n) rounds of amplitude amplification to
get inverse polynomially close to the superposition over such j` such that d→R (j`) = 0,
which we can check by looking up j` in C→` (R). We have used the fact that our data
structure supports taking a uniform superposition (see Section 3.5.1). Finally, condi-
tioned on →, generate a uniform superposition over j`+1 ∈ [m`+1], and use O(log n)
rounds of amplitude amplification to get inverse polynomially close to a superposition
over j`+1 ∈ [m`+1] \R`+1.

For ` ∈ {2, . . . , k−1} (the case for ` = 0 is nearly identical), and v`−1
R,j`
∈ V +

`−1, Ψ?(v
`−1
R,j`

)

is a set of multiple states, as in (5.70). To implement U`−1,+ : |v`−1
R,j`
〉|I`〉 7→ |ψI`? (v`−1

R,j`
)〉 for

all I` ( [c`], we note that each of these states is just |v`−1
R,j`
〉 tensored with a constant-sized

state depending only on I`, so we can implement U`−1,+ in O(1) time, by Lemma 5.4.3.
Finally, we implement Uk. For vkR,ik ∈ Vk, we have Ψ?(v

k
R,ik

) = {|ψG? (vkR,ik)〉} as in
(5.68), so implementing the map Uk : |vkR,ik〉|0〉 7→∝ |ψ

G
? (vkR,ik)〉 ∝ |vkR,ik〉| ←〉 is trivial.

We thus conclude that U? can be implemented in polylog(n) = Õ(1) complexity.

5.5.4 Tail bounds on number of collisions

If R1, . . . , Rk−1 were uniform random subsets of A1, . . . , Ak−1 respectively, it would be
simple to argue that, for example, the number of collisions stored inD`(R) for any `, which
is a subset of K(R1, . . . , R`), is within a constant of the average, with high probability.
Since R` is instead chosen from A` by taking t` blocks of A`, and these blocks themselves
are not uniform random, but rather chosen by a d-wise independent permutation for some
d = polylog(n), proving the necessary bounds, which are needed to upper bound the setup
and transitions costs, is somewhat more subtle.
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Lemma 5.5.6. For any `′, ` ∈ [k − 1] where ` > `′ and for any constant κ there exists a
constant c such that the following holds. If v`−1

R is chosen uniformly at random from V`−1,
then for any fixed (non-random) j ∈ [m`] we have

Pr

[∣∣∣K(R1, . . . , R`′ , A
(j)
` )
∣∣∣ ≥ c t`′

m`
log2`

′−1
(n)

]
≤ n−κ.

Proof. The proof proceeds by induction on `′.
Base case: For `′ = 1, we have R1 = R1 is a uniform random subset of A1 of size
Θ(t1) (for this proof, we ignore the partition of R1 into (R1(S1))S1). Fix A(j)

` for some
` > 1. Then Z = |K(R1, A

(j)
` )| is a hypergeometric random variable, where we draw R1

from A1 and where we consider any i1 ∈ R1 marked whenever it is part of a collision
in K(R1, A

(j)
` ). This means Z has parameters N = |A1| = Θ(n), K = |K(A1, A

(j)
` )| and

d = |R1| = Θ(t1). As mentioned in Section 5.3, we may assume for any any A(j)
` that

K = Θ
(∣∣∣A(j)

`

∣∣∣) = Θ(n/m`). Then for any constant c, we have c(t1/m`) log n ≥ 7Kd/N

for sufficiently large n, so by Lemma 5.2.1:

Pr

[∣∣∣K(R1, A
(j)
` )
∣∣∣ ≥ c t1

m`
log n

]
≤ e−c

t1
m`

logn
= n−ct1/m` .

Referring to Table 5.3, we have

t1
m`

= Θ

(
t1
t`−1

)
≥ Ω

(
t1
t1

)
= Ω(1).

Hence, we can choose c sufficiently large so that n−ct1/m` ≤ n−κ, completing the base
case.
Induction step: Suppose that for some `′−1 ∈ [k−2] and all ` ∈ {`′, . . . , k−1} the lemma
holds; i.e. for any fixed j ∈ [m`] and for any κ′ there exists a constant c′ such that

Pr

[∣∣∣K(R1, . . . , R`′−1, A
(j)
` )
∣∣∣ ≥ c′ t`′−1

m`
log2`

′−2
(n)

]
≤ n−κ′ ,

where R1 is a uniform random subset of A1 of size Θ(t1), and for all `′′ ∈ {2, . . . , `′ − 1},
R`′′ is a uniform random subset of [m`′′ ] of size Θ(t`′′).

Now consider Z = |K(R1, . . . , R`′ , A
(j)
` )|, where ` > `′ and where R`′ is a uniform

random subset of [m`′ ] of size Θ(r`′), and A
(j)
` is still fixed. It is important to remark

that this does not imply that R`′ is uniformly random, so instead we look at the blocks
of A`′ . We say that any block A

(j′)
`′ of A`′ is marked if it collides with an `′-collision

in K(R1, . . . , R`′−1, A
(j)
` ), and we let B1 be the random variable that counts the num-

ber of such marked blocks in A`′ . Let E1 be the event that |K(R1, . . . , R`′−1, A
(j)
` )| <

c′
t`′−1

m`
log2`

′−2
, which happens with probability at least 1− n−κ′ , by the induction hypoth-

esis. Assuming E1 directly implies an upper bound on B1 of the form

B1 ≤ c′
t`′−1

m`
log2`

′−2
(n). (5.72)

Next we introduce a hypergeometric random variable B2 that counts the number of
marked blocks of R`′ , which we draw uniformly from {A(j′)

`′ }j′∈[m`′ ]
, which has B1 marked

blocks. Conditioned on event E1, this means that B2 has parameters N = m`′ , K = B1 ≤
c′
t`′−1

m`
log2`

′−2
(n) (see (5.72)) and d = |R`′ | = Θ(t`′). To relate Z = |K(R1, . . . , R`′ , A

(j)
` )|

to B2, we need to analyse what the effect is of any marked block in R`′ on the number
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of collisions in |K(R1, . . . , R`′ , A
(j)
` )|. By the induction hypothesis we know that for any

block A(j′)
`′ of A`′ and each κ′′, there exists a constant c′′ such that:

Pr
[∣∣∣K(R1, . . . , R`′−1, A

(j′)
`′ )

∣∣∣ ≥ c′′ log2`
′−2

(n)
]
≤ n−κ′′ .

If |K(R1, . . . , R`′−1, A
(j′)
`′ )| < c′′ log2`

′−2
(n) for every block A(j′)

`′ of A`′ , which we denote

by event E2, then any marked block that gets added to R`′ results in at most c′′ log2`
′−2

(n)

collisions in K(R1, . . . , R`′ , A
(j)
` ), so Z ≤ B2c

′′ log2`
′−2

(n). This implies that

Pr

[
Z ≥ cc′′ t`

′

m`
log2`

′−1
(n)

∣∣∣∣E1 ∧ E2

]
≤ Pr

[
B2 ≥ c

t`′

m`
log2`

′−1−2`
′−2

n

∣∣∣∣E1

]
. (5.73)

Since B2 is a hypergeometric random variable, and c t`′m` log2`
′−1−2`

′−2
n ≥ 7dK/N for suf-

ficiently large c, we can use Lemma 5.2.1 and m`′ = Θ (t`′−1) to derive:

Pr

[
B2 ≥ c

t`′

m`
log2`

′−1−2`
′−2

n

∣∣∣∣E1

]
≤ e−c

t`′
m`

log2`
′−1−2`

′−2
n ≤ n−ct`′/m` , (5.74)

since 2`
′−1 − 2`

′−2 ≥ 1 whenever `′ ≥ 2. By Table 5.3, we have

t`′

m`
= Θ

(
t`′

t`−1

)
≥ Ω

(
t`′

t`′

)
= Ω(1).

Hence, by (5.73) and (5.74), we can choose c sufficiently large such that:

Pr

[
Z ≥ cc′′ t`

′

m`
log2`

′−1
(n)

∣∣∣∣E1 ∧ E2

]
≤ n−ct`′/m` ≤ n−κ′ . (5.75)

The only thing left to do is to use the union bound to upper bound

Pr [¬ (E1 ∧ E2)] ≤ n−κ′ +m`′n
−κ′′ ≤ n−κ′ + n−κ

′′+1, (5.76)

where in the final inequality we have used the assumption from the lemma that m`′ ≤ n.
We can now combine (5.75) and (5.76), to conclude that for any κ we can choose κ′ > κ
and κ′′ > κ+ 1 and a constant c`′ large enough such that:

Pr

[
Z ≥ c`

t`′

m`
log2`

′−1
(n)

]
≤ Pr

[
Z ≥ c`

t`′

m`
log2`

′−1
(n)

∣∣∣∣E1 ∧ E2

]
+ Pr [¬ (E1 ∧ E2)]

≤ n−κ′ + n−κ
′
+ n−κ

′′+1 ≤ n−κ.

Corollary 5.5.7. For ` ∈ {2, . . . , k − 2}, let v`−1
R be chosen uniformly at random from V`−1.

If the partition of A`+1 into
⋃
j∈[m`+1]A

(j)
`+1 is chosen by a d-wise independent permutation

for d = log2k−1
(n) (see Section 5.3), then for all j ∈ [m`],

Pr
[
|K(R1, . . . , R`−1, A

(j)
` , R`+1)| ≥ 1

]
≤ o(1),

and for any constant κ there exists a constant c such that:

Pr
[
|K(R1, . . . , R`−1, A

(j)
` , R`+1)| ≥ c

]
≤ n−κ,

where we note that |K(R1, . . . , R`−1, A
(j)
` , R`+1)| is an upper bound on the number of poten-

tial faults if we add the block A(j)
` to R`.
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Proof. By Lemma 5.5.6, for any κ′ there exists a c′ large enough such that for each fixed
j ∈ [m`] we have

Pr
[
|K(R1, . . . , R`−1, A

(j)
` )| ≥ c′ log2`−1

(n)
]
≤ n−κ′ .

Let i1, . . . , iK ∈ A`+1 be all the points that collide with K(R1, . . . , R`−1, A
(j)
` ), so with high

probability there are
K < c′k log2`−1

(n) ≤ log2k−1
(n) = d

of them, since each tuple inK(R1, . . . , R`−1, A
(j)
` ) can collide with less than k other indices.

Let τ : [n] → [n] be the d-wise independent permutation used to choose the partitions of
[n], as in (5.1). Then {τ(i1), . . . , τ(iK)} is distributed as uniform set of size K, as long as
K ≤ d. In that case, the number of elements of {i1, . . . , iK} that are included in R`+1,
Z, is a hypergeometric random variable with N = |A`+1| = Θ(n), K < c′k log2`−1

(n) as
above, and d = |R`+1| = Θ

(
nt`+1

m`+1

)
draws. From Table 5.3, we have

dK

N
= Θ

(
t`+1

m`+1
log2`−1

(n)

)
= Θ

(
n
− 2k−`−2

2k−1 log2`−1(n)

)
≤ n−Ω(1).

Thus, there is some constant ε such that dK/N ≤ n−ε, so for any constant c, we can use
the union bound and Corollary 5.2.2 to get

Pr[Z ≥ c] ≤ 2ec (cnε)−c = 2
(e
c

)c
n−εc + n−κ

′
.

Hence, by choosing κ′ > κ and c large enough we obtain Pr[Z ≥ c] ≤ n−κ. Moreover, we
also see that for c = 1:

Pr[Z ≥ 1] ≤ O(n−ε + n−κ
′
) ≤ o(1).

Corollary 5.5.8. Let v`R be chosen uniformly at random from V`. For any constant κ, there
exist a constant c such that:

Pr
[
|K(R1, . . . , R`)| ≥ ct` log2`−2

(n)
]
≤ n−κ.

Proof. By Lemma 5.5.6, for each fixed j ∈ [m`] and constant κ′ > κ + 1 there exists a c
large enough such that

Pr
[
|K(R1, . . . , R`−1, A

(j)
` )| ≥ c log2`−2

(n)
]
≤ n−κ′ .

By the union bound, the probability of this bad event happening for any j ∈ R` is at most
t`n
−κ′ ≤ nκ, since t` < n, from which the statement follows.

5.5.5 The transition subroutines

In this section we show how to implement the transition map |u, i〉7→|v, j〉 for (u, v) ∈
−→
E (G) with i = f−1

u (v) and j = f−1
v (u) (see Definition 3.2.13). We do this by exhibiting

uniform (see Lemma 3.5.2) subroutines S1, . . . ,Sk,S0,+, . . . ,Sk−2,+ that implement the
transitions in each of the edge sets E1, . . . ,Ek, E+

0 , . . . , E+
k−2 defined in Section 5.5.2,

whose union is
−→
E (G) \ Ẽ. In Corollary 5.5.14, we will combine these to get a quantum

subroutine (Definition 3.5.1) for the full transition map.

Lemma 5.5.9. For ` ∈ [k − 2]0, there is a subroutine S`,+ such that for all (u, v) ∈ E+
`

with i = f−1
u (v) and j = f−1

v (u), S`,+ maps |u, i〉 to |v, j〉 with error 0 in complexity
Tu,v = T+

` = Õ(1).
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Proof. The proof is identical to that of Lemma 5.4.5.

Lemma 5.5.10. There is a uniform subroutine S1 such that for all (u, v) ∈ E1 with i =
f−1
u (v) and j = f−1

v (u), S1 maps |u, i〉 to |v, j〉 with error 0 in complexity Tu,v = T1 = Õ(1).

Proof. The proof is identical to that of Lemma 5.4.6.

We now move on to S`, for ` ∈ {2, . . . , k − 1}, which is somewhat more complicated.
For (v`−1

R,j`
, v`R′) ∈ E`, where v`−1

R,j`
∈ V +

`−1(S∗1 , . . . , S
∗
`−1), meaning that R′ is obtained from

R by inserting j` into R`(µ(S∗1), . . . , µ(S∗`−1), S`) for some S`, S` should act as

|v`−1
R,j`

, S`〉 7→ |v`R′ , j`〉
≡ |((`− 1,+), R,D(R), j`), S`〉 7→ |(`, R′, D(R′)), j`〉.

(5.77)

The complexity of this map depends on |K(R1, . . . , R`−1, A
(j`)
` )|, which is less than p` ∈

polylog(n) whenever (v`−1
R,j`

, v`R′) ∈ E` \Ẽ` = E` \Ẽ (see (5.58) and (5.63)). Lemma 5.5.11
below describes how to implement this transition map, up to some error, in that case. For
the case when (v`−1

R,j`
, v`R′) ∈ Ẽ` ⊂ Ẽ we let the algorithm fail.

Lemma 5.5.11. Fix any constant κ. For each ` ∈ {2, . . . , k−1}, there is a uniform subroutine
S` that implements the transition map that maps |u, i〉 to |v, j〉 for all (u, v) ∈ E` \ Ẽ with
error O(n−κ), in complexity Tu,v = T` = Õ(

√
n/m`).

Proof. Suppose u = v`R,j` ∈ V
+
`−1(S∗1 , . . . , S

∗
`−1). We can compute the values S∗1 , . . . , S

∗
`−1

by checking which sets are larger, or just keeping track of these values in some convenient
way, as they are chosen. Then to implement the map in (5.77), we need to insert j` into
R`(µ(S∗1), . . . , µ(S∗`−1), S`) to obtain R′`, update D(R) to obtain D(R′), uncompute S` by
checking which part of R` has size t` + 1, and increment the first register by mapping
|`− 1,+〉 7→ |`〉. All of these take polylog(n) complexity, except for updating D(R), which
we now describe.

By (5.41), D(R) consists of sets {D`′(R)}k−1
`′=1 where each D`′(R) contains a subset of

K(R1, . . . , R`′) (see (5.36)). When we go from R to R′, we need to update each of these to
account for any collisions involving indices i` ∈ A

(j`)
` that should be recorded in D`′(R

′).
For `′ < `, we can see that D`′(R) = D`′(R

′), since D`′ only depends on R1, . . . , R`′ , which
are unchanged. For `′ > `, the existence of any (i1, . . . , i`−1, i`, i`+1, . . . , i`′ , xi1) ∈ D`′(R

′)
(which we would now need to find and add) implies d→R (j`) > 0 (see (5.39)), and this
is not true for any (v`−1

R,j`
, v`R′) ∈ E` (see (5.57)). Thus, we only need to find any tuples

(i1, . . . , i`, xi1) such that i` ∈ A
(j`)
` that belong in D`(R

′). By (5.36), such a tuple should
be added to D`(R

′) if and only if (i1, . . . , i`−1, xi1) ∈ D`−1(R`−1(µ(S∗1), . . . , µ(S∗`−2), S`−1))
such that xi` = xi1 for some S`−1 such that µ(S∗`−1) ∈ S`−1.

We search for values i` ∈ A
(j`)
` such that if we look up the entry xi` in the data

D`−1(R`−1(µ(S∗1), . . . , µ(S∗`−2), S`−1)) for some S`−1 containing µ(S∗`−1), we get back a
non-empty set of values (i1, . . . , i`−1, xi`). For any such value found, we add (i1, . . . , i`, xi`)
to D`(R`(µ(S∗1), . . . , µ(S∗`−1), S`−1)). This increments the value of d̄→R′(i`−1), and so if

j`−1 ∈ R`−1 is such that i`−1 ∈ A
(j`−1)
`−1 (we can compute j`−1 from i`−1 in Õ(1), see Sec-

tion 5.3), we have incremented the forward collision degree of j`−1, d→R′(j`−1). We must
therefore update the entry in C→`−1 for j`−1. We look up j`−1, and if nothing is returned,
insert (j`−1, 0). If (j`−1, N) is returned, remove it and insert (j`−1, N + 1). We repeat this
quantum search procedure, which is uniform, until we find p` = polylog(n) values i`, or
no new i` is returned for κ log n times. Since we are assuming that the number of such
collisions is less than p`, since (u, v) ∈ E` \ Ẽ`, this finds all collisions with error O(n−κ),

in complexity Õ
(√
|A(j`)

` |
)

= Õ(
√
n/m`).
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We have the following corollary of the results in Section 5.5.4:

Corollary 5.5.12. For any constant κ, there exists a choice of constants {c`}k−2
`=2 in the defi-

nition of Ẽ′` ((5.59)) and polylogarithmic functions {p`}k−1
`=1 in the definition of Ẽ` ((5.58))

large enough such that

W̃ :=
∑
e∈Ẽ

we = O(n−κW(G)).

Proof. Fix ` ∈ {2, . . . , k − 1}. Let v`−1
R be uniform random on V`−1 (so R is uniform on its

support, see (5.44) and (5.45)). Then by Lemma 5.5.6, for any j` ∈ [m`], if p` ∈ polylog(n)
is sufficiently large,

Pr[|K(R1, . . . , R`−1, A
(j`)
` )| ≥ p`] ≤ n−κ. (5.78)

Referring to (5.58), this implies that

|Ẽ`| ≤ n−κ|{(u, v) : u ∈ V +
`−1, v ∈ L

+(u)}| = n−κ|V +
`−1|.

For ` ∈ {2, . . . , k − 2}, by Corollary 5.5.7, if c` is a sufficiently large constant,

Pr
[
|K(R1, . . . , R`−1, A

(j`)
` , R`+1)| ≥ c`

]
≤ n−κ,

which implies that |I(vR,j`)| ≥ c` with probability at most n−κ (see (5.52) and (5.53)).
Referring to (5.59), this implies that

|Ẽ′`| ≤ n−κ|{(u, v) : u ∈ V +
`−1, v ∈ L

+(u)}| = n−κ|V +
`−1|.

Since Ẽk−1 = ∅, the above also holds for ` = k − 1.
Combining these, and using the definition of Ẽ in (5.63), and the fact that |V +

`−1| =

Θ(|E`|+ |Ẽ′`|), since each vertex in V +
`−1 has constant out-degree, we have

W̃ =

k−1∑
`=2

w`|V +
`−1| ≤ 2n−κ

k−1∑
`=2

w`O(|E`|+ |Ẽ′`|) = O

n−κ ∑
e∈
−→
E (G)

we

 = O(n−κW(G)).

Lemma 5.5.13. There is a uniform subroutine Sk such that for all (u, v) ∈ Ek with i =
f−1
u (v) and j = f−1

v (u), Sk maps |u, i〉 to |v, j〉 with error 0 in complexity Tu,v = Tk = Õ(1).

Proof. The proof is identical to that of Lemma 5.4.5.

We combine the results of this section into the following:

Corollary 5.5.14. Let κ be any constant. There is a quantum subroutine (Definition 3.5.1)
that implements the full transition map with errors εe ≤ n−κ for all e ∈

−→
E (G) \ Ẽ, and

times: Te = T1 = Õ(1) for all e ∈ E1; Te = T+
` = Õ(1) for all e ∈ E+

` , for all ` ∈ [k − 2]0;
Te = T` = Õ(

√
n/m`) for all e ∈ E`, for all ` ∈ {2, . . . , k − 1}; and Te = Tk = Õ(1) for all

e ∈ Ek.

Proof. This follows from combining Lemma 5.5.9, Lemma 5.5.10, Lemma 5.5.11 and
Lemma 5.5.13 using Lemma 3.5.3.
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5.5.6 Initial state and setup cost

The initial state will be constructed from the uniform superposition over V0:

|σ〉 :=
∑
v0R∈V0

1√
|V0|
|v0
R〉.

Lemma 5.5.15. The state |σ〉 can be generated with error O(n−κ) for any constant κ in
complexity

S = Õ

(
t1 + t2

√
n

t1
+ · · ·+ tk−1

√
n

tk−2

)
.

Proof. Fix p ∈ polylog(n) and a constant c. We start by taking a uniform superposition over
all R1 ∈

( A1

t
(2c1−1)
1

)
and querying each R1 to get D1(R), which costs Õ(t1) (with log factors

coming from the cost of inserting everything into data structures as in Section 3.5.1). For

` ∈ {2, . . . , k − 1}, we take a uniform superposition over all sets R` ∈
( [m`]

t
(c1···c`−1(2

c`−1))

`

)
.

The total cost so far is Õ(t1 + t2 · · ·+ tk−1). Next, we need to populate the rest of the data
structure:

For each ` ∈ {2, . . . , k − 1}, do the following.

For each (s1, . . . , s`−1, S`) ∈ [c1]× · · · × [c`−1]× 2[c`] \ {∅}, do the following.

Repeat until pt` values i` have been found, or c log n repetitions have passed in
which no i` was found:

Search for a new value i` ∈ R`(s1, . . . , s`−1, S`) such that there exists

(i1, . . . , i`−1, xi`) ∈ D`−1(R`−1(s1, . . . , s`−2, S`−1))

for some S`−1 containing s`−1. If such an i` is found, insert (i1, . . . , i`, xi`)
into D`(R`(s1, . . . , s`−1, S`), and increment the forward collision degree of
j`−1 such that i`−1 ∈ A

(j`−1)
`−1 stored in C→`−1(R), as described in the proof of

Lemma 5.5.11.

If the inner loop finds Y ∈ [pt`] values, so Y = Õ(t`), it costs at most (up to polylogarithmic
factors):

Y−1∑
y=0

√
|R`|
Y − y

=

√
t`n

m`

Y∑
y=1

1
√
y

= Θ

(√
t`nY

m`

)
= Õ

(
t`

√
n

m`

)
,

since |R`| = Θ(t`n/m`). Since k, c1, . . . , ck−1 are all constant, there are Õ(1) loops in total,
so the total cost of this procedure is O(

√
n/m`) for a total cost of:

Õ

(
k−1∑
`=1

t` +

k−1∑
`=2

t`

√
n

m`

)
= Õ

(
t1 +

k−2∑
`=1

t`+1

√
n

t`

)
,

since t` = Θ(m`+1) and for all ` > 1, t` = o(t1) (see Table 5.3).
In parts of the superposition in which there are more than pt` collisions to be found

in some inner loop, we have failed to correctly populate the data D(R), and so the state
is not correct. We now argue that this represents a very small part of the state. For uni-
form random sets R1, . . . , Rk−1, we could argue that the expected number of `-collisions
in K(R1, . . . , R`) is Θ(t`), and use a hypergeometric tail inequality to upper bound the
proportion of R for which this failure occurs. Things are more complicated, since the sets
R` for ` > 1 are not uniform on all possible sets – they are composed instead of blocks.
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However, by Corollary 5.5.8, for every ` ∈ {2, . . . , k − 1}, if v`R is uniform random on V`,
meaning R1, . . . , Rk−1 are uniform random sets, but R1, . . . , Rk−1 have limited support,
we still have the necessary tail bound, when c′ is a sufficiently large constant:

Pr
[
|K(R1, . . . , R`)| ≥ t`c′ log2`−2

(n)
]
≤ n−κ.

Thus, choosing p = c′ log2`−1
(n), the state we generate is O(n−κ)-close to |σ〉.

5.5.7 Positive analysis

For the positive analysis, we must exhibit a flow (see Definition 3.2.3) on G whenever
M 6= ∅.

Lemma 5.5.16. There exists some RT = O(|V0|−1) such that the following holds. Whenever
there is a unique k-collision (a1, . . . , ak) ∈ A1 × · · · × Ak, there exists a flow θ on G that
satisfies conditions P1-P5 of Theorem 4.3.1. Specifically:

1. For all e ∈ Ẽ, θe = 0.

2. For all u ∈ V (G) \ (V0 ∪M) and |ψ?〉 ∈ Ψ?(u), 〈ψ?|θ〉 = 0.

3.
∑

u∈V0 θu = 1.

4.
∑

u∈V0
|θu−σ(u)|2

σ(u) ≤ 1.

5. ET(θ) ≤ RT.

Proof. Recall the definition of M from (5.64). For ` ∈ {2, . . . , k − 1}, let j∗` ∈ [m`] be

the unique block label such that a` ∈ A
(j∗` )

` . Then a` ∈ R`(s1, . . . , s`−1, S`) if and only if
j∗` ∈ R`(s1, . . . , s`−1, S`).

Assuming M 6= ∅, we define a flow θ on G with all its sinks in M . It will have sources
in both V0 and M , but all other vertices will conserve flow. This will imply Item 2 for all
correct star states of G, but we take extra case to ensure that Item 2 is satisfied for the
additional star states in Ψ?(u) : u ∈

⋃k−2
`=0 V

+
` . We define θ from V0 to Vk as follows.

R+
0 , Item 3, and Item 4: We define M0 as the set of v0

R ∈ V0 such that for all ` ∈
{2, . . . , k − 1}, we have |K(R1, . . . , R`−1, A

(j∗` )

` )| < p`, where p` is as in Corollary 5.5.12,

and for all ` ∈ {2, . . . , k−2}, |K(R1, . . . , R`−1, A
(j∗` )

` , R`+1)| = 0. We define the flow θ over
the edges in E+

0 as

θv0R,v
0
R,i1

=

{
1
|M0| if v0

R ∈M0 and i1 = a1

0 else.

That is, each vertex in M0 has a unique outgoing edge with flow, and the flow is uniformly
distributed. From this construction we immediately satisfy Item 3.

By Corollary 5.5.7, we know that the proportion of vertices v0
R ∈ V0 that are excluded

from M0 because |K(R1, . . . , R`−1, A
(j∗` )

` , R`+1)| ≥ 1 is o(1). By (5.78), the proportion

of vertices excluded because |K(R1, . . . , R`−1, A
(j∗` )

` )| ≥ p` is also o(1). Hence, we can
compute:

|V0|
|M0|

=

(
1 +O

(
t1
n

))
Πk−1
`=2

(
1 +O

(
t`
m`

))
(1 + o(1)) = 1 + o(1).
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Since σ(u) = 1
|V0| , we can conclude with Item 4 of the theorem statement:

∑
u∈V0

|θu − σ(u)|2

σ(u)
= |V0|2

(
1

|M0|
− 1

|V0|

)2

=

(
|V0|
|M0|

− 1

)2

= o(1).

Recall we want to compute ET(θ) = E(θT) (see Definition 3.2.7), which treats an edge e
as a path of length Te. Using T+

0 = Õ(1) and w+
0 = 1 (refer to Table 5.5), the contribution

of the edges in E+
0 to the energy of the flow can be computed as

R+
0 =

∑
e∈E+

0

T+
0

θ2
e

w+
0

= Õ

∑
u∈M0

1

|M0|2

 = Õ

(
1

|M0|

)
, (5.79)

since each vertex in M0 has a unique outgoing edge with flow and the flow is uniformly
distributed.

R1 and Item 2 (partially): Let M+
0 be the set of v0

R,i1
∈ V +

0 such that v0
R ∈ M0 and

i1 = a1, so
∣∣M+

0

∣∣ = |M0|. These are the only vertices in V +
0 that have incoming flow,

which is equal to 1
|M0| . Note that no fault can occur when we add a1 to R1 because we

have ensured that a2 6∈ R2; that is I(v0
R,a1

) = ∅, and so by Lemma 5.5.3, wv0R,a1 ,S1
= w1 = 1

for all S1 ∈ 2[c1] \ {∅}. To ensure that we satisfy Item 2 we define the flow as

θv0R,i1 ,v
1
R′

=

{
(−1)|S1|+1 1

|M0| if v0
R,i1
∈M+

0 and v1
R′ = fv0R,i1

(S1),

0 else

where we recall that v1
R′ = fv0R,i1

(S1) if and only if R′ is obtained from R by inserting i1
into R1(S1). We verify that indeed for each u = v0

R,a1
∈ M+

0 and |ψI1? (u)〉 ∈ Ψ?(u) (see
(5.69)) Item 2 holds:

Θ?(I1, u) :=
∑

i∈L+(u)

θu,fu(i)√
w1
〈ψI1? (u)|u, i〉 −

∑
i∈L−(u)

θu,fu(i)√
w+

0

〈ψI1? (u)|u, i〉

=
∑

S1∈2[c1]\I1\{∅}

θu,fu(S1)√
w1

√
w1 +

θu,fu(←)√
w+

0

√
w+

0 .

(5.80)

We have fu(←) = v0
R ∈ V0, and θv0R,a1 ,v

0
R

= −θv0R,v0R,a1 = −|M0|−1, and θu,fu(S1) =

(−1)|S1||M0|−1, so we continue from above:

Θ?(I1, u) =
∑

S1∈2[c1]\I1\{∅}

(−1)|S1|+1|M0|−1 − (−|M0|−1)(−1)

= −|M0|−1

 ∑
S1∈2[c1]\I1

(−1)|S1| − 1 + 1

 = 0,

(5.81)

since
∑

S1∈2[c1]\I1 (−1)|S1| = 0 (i.e. for any set S, exactly half of its subsets have even size).
Using T1 = Õ(1) and w1 = 1, the contribution of the edges in E1 to the energy of the flow
can be upper bounded as

R1 =
∑
e∈E1

T1
θ2
e

w1
= Õ

 ∑
u∈M+

0 ,S1∈2[c1]\{∅}

1

|M0|2

 = Õ

(
1

|M0|

)
. (5.82)
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R+
` for ` ∈ [k − 2]: Let M`(S1, . . . , S`) be the set of v`R ∈ V`(S1, . . . , S`) (see (5.44)) such

that a1 ∈ R1(S1), for all `′ ∈ {2, . . . , `}, j∗` ∈ R`(µ(S1), . . . , µ(S`−1), S`), and

v0
R1\{a1},R2\{j∗1},...,R`\{j∗` },R`+1,...,Rk−1

∈M0.

Then lettingM` be the union of allM`(S1, . . . , S`), we have |M`| = Θ(|M0|). We will define
θ so thatM` are exactly the vertices of V` that have non-zero flow coming in from V +

`−1, and
specifically, we will ensure that the amount of incoming flow for each v`R ∈M`(S1, . . . , S`)
is (−1)|S1|+···+|S`|+`|M0|−1. So far this can only be verified for ` = 1 due to the flow that
we constructed on E1, but it will follow for all ` ∈ {2, . . . , k − 1} when we define the flow
on E` (see (5.84)). For now, we define the flow θ over the edges in E+

` as

θv`R,v
`
R,j`

=

{
(−1)|S1|+···+|S`|+` 1

|M0| if v`R ∈M`(S1, . . . , S`) and j` = j∗` ,

0 else,

so we are just forwarding all flow from v`R to a unique neighbour v`R,j∗` . Using T+
` = Õ(1)

and w+
` = 1, the contribution of the edges in E+

` to the energy of the flow can be upper
bounded as

R+
` =

∑
e∈E+

`

T+
`

θ2
e

w+
`

= Õ

 ∑
u∈M+

`

1

|M0|2

 = Õ

(
1

|M0|

)
. (5.83)

R` for ` ∈ {2, . . . , k − 1} and Item 2 (continued): Let M+
`−1(S1, . . . , S`−1) be the set

of v`−1
R,j∗`

∈ V +
`−1(S1, . . . , S`−1) such that v`−1

R ∈ M`−1(S1, . . . , S`−1), so letting M+
`−1 be

the union over all the sets M+
`−1(S1, . . . , S`−1),

∣∣M+
`−1

∣∣ = O (|M`−1|) = O (|M0|). Note
that M+

`−1(S1, . . . , S`−1) are exactly the vertices of V +
`−1 that have non-zero flow com-

ing in from M`−1(S1, . . . , S`). For any v`−1
R,j∗`

∈ M+
`−1(S1, . . . , S`−1), this flow is equal to

(−1)|S1|+···+|S`−1|+(`−1)|M0|−1. Note that no fault can occur when we add j∗` to R, because

we have ensured in our definition of M0 that K(R1, . . . , R`−1, A
(j∗` )

` , R`+1) = ∅, so we have
I(v`−1

R,j∗`
) = ∅, so by (5.60), there is an edge for each S` ∈ 2[c`] \ {∅} to which we can assign

flow. To ensure that we satisfy Item 2 we define the flow as

θv`−1
R,j`

,v`
R′

=

(−1)|S1|+···+|S`|+` 1
|M0| if vR,j` ∈M

+
`−1(S1, . . . , S`−1) and v`R′ = fv`−1

R,j`

(S`),

0 else,

(5.84)

where we recall that for v`−1
R,j`
∈ V +

`−1(S1, . . . , S`−1), v`R′ = fv`−1
R,j`

(S`) if and only if R′ is

obtained from R by inserting j` into R`(µ(S1), . . . , µ(S`−1), S`). Note that this is consistent
with the incoming flow we assumed when defining θ on the edges in E+

`−1, above. We
verify that for each u = v`−1

R,j∗`
∈ M+

`−1(S1, . . . , S`−1) and |ψI`? (u)〉 ∈ Ψ?(u) (see (5.70)),
Item 2 holds. By a computation nearly identical to (5.80) and (5.81), we obtain:

∑
i∈L+(u)

θu,fu(i)√
w`
〈ψI`? (u)|u, i〉 −

∑
i∈L−(u)

θu,fu(i)√
w+
`−1

〈ψI`? (u)|u, i〉

= (−1)|S1|+···+|S`−1|+`

 ∑
S`∈2[c`]\I`

(−1)|S`| − 1− (−1)

 = 0.
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Using T` = Õ(
√
n/m`) and w` =

√
n/m` (see Table 5.5), we can upper bound the contri-

bution of the edges in E` to the energy of the flow:

R` =
∑
e∈E`

T`
θ2
e

w`
= Õ

 ∑
u∈M+

`−1,S`∈2[c`]\{∅}

1

|M0|

 = Õ

(
1

|M0|

)
. (5.85)

Rk: Finally, let Mk−1(S1, . . . , Sk−1) be the set of vk−1
R ∈ Vk−1(S1, . . . , Sk−1) (see (5.44))

such that a1 ∈ R1(S1), for all ` ∈ {2, . . . , k − 1}, j∗` ∈ R`(µ(S1), . . . , µ(S`−1), S`), and
v0
R1\{a1},R2\{j∗2},...,Rk−1\{j∗k−1}

∈ M0. We let Mk−1 be the union of all Mk−1(S1, . . . , Sk−1).

These are exactly the vertices of Vk−1 that have non-zero incoming flow, with the amount
of incoming flow equal to (−1)|S1|+···+|Sk−1|+(k−1)|M0|−1. We define the flow θ on the
edges in Ek as

θvk−1
R ,vkR,ik

=

{
(−1)|S1|+···+|Sk−1|+(k−1) 1

|M0| if vkR ∈Mk−1(S1, . . . , Sk−1) and ik = ak

0 else.

It is easy to verify that the only vertices vkR,ik ∈ Vk that have non-zero flow are those in
M , and thus, all sources and sinks are in V0∪M (M contains some sources, because some
vertices have negative flow coming in). Using Tk = Õ(1) and wk = 1, the contribution of
the edges in Ek to the energy of the flow is:

Rk =
∑
e∈Ek

Tk
θ2
e

wk
= Õ

∑
u∈Mk

1

|Mk|2

 = Õ

(
1

|M0|

)
. (5.86)

Item 1: Recall that Ẽ :=
⋃k−1
`=2 (Ẽ` ∪ Ẽ′`) ((5.63)), where Ẽ` ⊂ E` ((5.58)). By ensuring

that there is only flow on v`R1,...,Rk−1
whenever K(R1, . . . , R`−1, A

(j∗` )

` ) is not too big, we

have ensured that the flow on the edges in
⋃k−1
`=2 Ẽ` is 0, and by only sending flow down

edges that are part of E`, which is disjoint from Ẽ`′ ((5.59)), the flow on
⋃k−1
`=2 Ẽ`′ is 0 as

well, which implies that the flow on all of Ẽ is 0.

Item 5: It remains only to upper bound the energy of the flow by adding up the contribu-
tions in (5.79), (5.82), (5.83), (5.85) and (5.86):

ET(θ) = R+
0 +R1 +

k−2∑
`=1

R+
` +

k−1∑
`=2

R` +Rk = Õ

(
1

|M0|

)
.

Substituting |M0| = Θ(|V0|) yields the desired upper bound.

5.5.8 Negative analysis

For the negative analysis, we need to upper bound the total weight of the graph, taking
into account the subroutine complexities: WT(G).

Lemma 5.5.17. There existsWT such that

WT(G) ≤ WT ≤ Õ

((
n+

k−1∑
`=1

n2

t`

)
|V0|

)
.
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Proof. Recall thatWT(G) =W(GT) is the total weight of the graph GT, where we replace
each edge e of G, with weight we, by a path of Te edges of weight we, where Te is the
complexity of the edge transition e (see Definition 3.2.7 and TS1-2 of Theorem 4.3.1).
Thus, WT(G) =

∑
e∈E(G) Tewe. By Corollary 5.5.14 (see also Table 5.5) Te = Õ(1) for

all e ∈ E1 ∪ Ek ∪
⋃
`∈[k−2]0

E+
` and Te = Õ(

√
n/m`) for all e ∈ E` for ` ∈ {2, . . . , k − 1}.

We have defined the weight function (see Table 5.5) so that we = 1 for all e ∈ E1 ∪ Ek ∪⋃
`∈[k−2]0

E+
` and we =

√
n/m` for all e ∈ E` for ` ∈ {2, . . . , k − 1}. Thus, using (5.49),

the total contribution to the weight from the edges in E+
0 is:

W+
0 := T+

0 w
+
0

∣∣E+
0

∣∣ = Õ (n |V0|) . (5.87)

For ` ∈ [k− 2], we can use (5.50) to compute the total contribution to the weight from the
edges in E+

` :
W+
` := T+

` w
+
`

∣∣E+
`

∣∣ = Õ (n |V0|) . (5.88)

Using (5.56), the total contribution from the edges in E1 is:

W1 := T1w1 |E1| = Õ (n |V0|) . (5.89)

For ` ∈ {2, . . . , k − 1} using (5.61) the total contribution from the edges in E` is:

W` := T`w` |E`| = Õ

(
n

m`

)
|E`| = Õ

(
n2

m`
|V0|
)
. (5.90)

Finally, using (5.62), the total contribution from the edges in Ek is:

Wk := Tkwk |Ek| = Õ

(
n2

tk−1
|V0|
)
. (5.91)

Combining (5.87) to (5.91), we get total weight:

WT(G) = Õ

((
n+

k−2∑
`=1

n+ n+
k−1∑
`=2

n2

m`
+

n2

tk−1

)
|V0|

)
= Õ

((
n+

k−1∑
`=1

n2

t`

)
|V0|

)
,

using m` = Θ(t`−1) for all ` ∈ {2, . . . , k − 1}.

5.5.9 Conclusion of proof of Theorem 5.5.1

We can now conclude with the proof of Theorem 5.5.1, showing an upper bound of

Õ
(
n

3
4
− 1

4
1

2k−1

)
on the bounded error quantum time complexity of k-distinctness.

Proof of Theorem 5.5.1. We apply Theorem 4.3.1 to G (Section 5.5.2 and Section 5.5.1),
M ((5.64)), σ the uniform distribution on V0 ((5.42)), and Ψ? (Section 5.5.3), with

WT = Õ

((
n+

k−1∑
`=1

n2

t`

)
|V0|

)
and RT = Õ

(
|V0|−1

)
.

Then we have, referring to Table 5.3,

WTRT = Õ

(
n+

k−1∑
`=1

n2

t`

)
= o(n2).

We have shown the following:
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Setup Subroutine: By Lemma 5.5.15, the state |σ〉 can be generated in cost

S = Õ

(
t1 +

k−2∑
`=1

t`+1

√
n

t`

)
.

Star State Generation Subroutine: By Lemma 5.5.5, the star states Ψ? can be generated
in Õ(1) complexity.

Transition Subroutine: By Corollary 5.5.14, there is a quantum subroutine that imple-
ments the transition map with errors εu,v and costs Tu,v, such that

TS1 For all (u, v) ∈
−→
E (G) \ Ẽ (defined in (5.63)), taking κ > 2 in Lemma 5.5.11,

we have εu,v = O(n−κ) = o(1/(RTWT)).

TS2 By Corollary 5.5.12, Lemma 5.5.17 and using κ > 2:

W̃ = O(n−κWT(G)) = o(1/RT).

Checking Subroutine: By (5.65), for any u ∈ VM = Vk, we can check if u ∈ M in cost
Õ(1).

Positive Condition: By Lemma 5.5.16, there exists a flow satisfying conditions P1-P5 of
Theorem 4.3.1, with ET(θ) ≤ RT = Õ

(
|V0|−1

)
.

Negative Condition: By Lemma 5.5.17,WT(G) ≤ WT = Õ
((
n+

∑k−1
`=1

n2

t`

)
|V0|
)

.

Thus, by Theorem 4.3.1, there is a quantum algorithm that decides if M = ∅ in bounded
error in complexity:

Õ
(
S +
√
RTWT

)
= Õ

(
t1 +

k−2∑
`=1

t`+1

√
n

t`
+
√
n+

k−1∑
`=1

n√
t`

)

= Õ

(
t1 +

k−2∑
`=1

t`+1

√
n

t`
+
√
n+

n√
tk−1

)

since t1 > t2 > · · · > tk−1. Choosing the optimal values of t` = n
3
4
− 1

4
1

2k−1
−
∑`
`′=2

2k−1−`′

2k−1 for

` ∈ [k− 1], as in Table 5.3, we get an upper bound of Õ
(
n

3
4
− 1

4
1

2k−1

)
. Since M 6= ∅ if x has

a unique k-collision, and M = ∅ if x has no k-collision, the algorithm distinguishes these
two cases. By Lemma 5.3.1, this is enough to decide k-distinctness in general.
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CHAPTER 6

Multidimensional electrical
networks

World goin’ one way, people another.

Poot, The Wire

This chapter is based on the paper Multidimensional Electrical Networks and their
Application to Exponential Speedups for Graph Problems [LZ23], which is joint work with
Jianqiang Li.

While the multidimensional quantum walk framework is capable of achieving
exponential speedups, its connection to electrical networks remains unclear due to its
generalisation compared to existing quantum walks. In this chapter, we reestablish this
connection, which we call the multidimensional electrical network framework. By
generalising existing electrical networks through the use of alternative neighbourhoods,
this framework enables the generation of quantum states corresponding to an alternative
electrical flow over the edges of graphs, which admits an alternative potential. We argue
that these definitions are natural by demonstrating that the alternative flow and potential
satisfy the same linear relationships as the standard flow and potential in electrical
networks. We first apply this framework to locate a marked vertex in one-dimensional
random hierarchical graphs. Additionally, we define a family of graphs where we can
efficiently generate the quantum alternative electrical flow state and sample from it to
recover an s-t path exponentially faster than is possible classically.
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6.1 Sampling from the electrical flow

In Section 3.2, we discussed quantum walks, electrical networks, and the connection be-
tween them. More specifically, we saw how this connection led to a quantum walk algo-
rithm that approximates a quantum state representing the electrical flow in a network, as
described in Corollary 3.4.2. In Chapter 4, we explored how to generalise quantum walks
through the multidimensional quantum walk framework. To preserve the aforementioned
connection after this generalisation, we also need to extend the notion of an electrical net-
work. In this chapter, we construct this generalisation, which we call the multidimensional
electrical network. We demonstrate how it naturally arises by generalising Kirchhoff’s Law
and Ohm’s Law into Alternative Kirchhoff’s Law and Alternative Ohm’s Law, respectively.
This generalisation is achieved by incorporating the alternative neighbourhoods technique
from Section 4.2 into these electrical network laws. Before tackling this generalisation,
however, we first discuss the importance of efficiently approximating the electrical flow
state.

In Corollary 3.4.1, we discussed how to design a quantum walk algorithm that detects
the existence of marked vertices in a graph. In [AGJ20], it was shown how to extend this
result to find a marked vertex. An alternative approach was proposed in [Pid19], which
works by sampling from (an approximation of) the electrical flow state. By adding new
edges from the marked vertices to a new vertex t0, an s-t0 electrical flow θ is created in
the modified network. Assigning appropriate weights to these new edges ensures that, by
sampling from the electrical flow state |θ〉, one can obtain one of these new edges (each
containing a marked vertex) with high probability. A key subroutine of this algorithm,
which is interesting in its own right, approximates the effective resistance Rs,t in the
electrical network G. By extending the connection between quantum walks and electrical
networks to the multidimensional quantum walk framework, we open up the possibility
of integrating the alternative neighbourhoods technique with these applications.

As seen in (3.6), another perspective on electrical flow is that it forms the solution to
a Laplacian linear system. Classically, such solutions can be approximately computed in
nearly-linear time (in the number of edges) [ST14]. However, as in the case of welded
trees graphs discussed in Section 4.4, this becomes impractical if the network contains
an exponential number of edges. By combining the Laplacian linear system with the
concept of alternative neighbourhoods, we show in this chapter how, in certain cases, we
can approximate the electrical flow in an exponentially large network in polynomial time.
It is important to note, however, that this solution approximates the exponentially large
quantum state |θ〉. As with the HHL algorithm [HHL09], fully extracting the solution into
its classical form would still require exponential time.

6.2 Multidimensional electrical networks

6.2.1 Alternative neighbourhoods revisited

Recall from Section 4.2 that multidimensional quantum walks modify the quantum walk
operator through the use of alternative neighbourhoods (see Definition 4.2.1), resulting
in the operator

UAaltB = (2ΠAalt − I)(2ΠB − I),

where ΠAalt is the orthogonal projector onto Aalt, meaning

2ΠAalt − I = 2
∑

u∈V (G′)\{s0,t}

au−1∑
i=0

|ψu,i〉〈ψu,i| − I.
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To distinguish this from the case without alternative neighbourhoods and from “regular”
electrical networks, we retain the superscript alt throughout this chapter.

As in Section 4.2, we “walk” on the modified network G′, which is obtained by con-
necting the vertex s0 to s via an edge with weight w0, as shown in Figure 3.2. Hence our
phase estimation algorithm operates on the Hilbert space

H = span{|u, v〉 : (u, v) ∈ E(G′)}. (6.1)

The initial motivation for our multidimensional electrical network, is to be able to
apply Lemma 3.3.11 to this more general walk operator as well, resulting in a variant
of Corollary 3.4.2 that allows for the use of alternative neighbourhoods. More concretely,
this means that we need to find a new optimal positive witness |walt〉 (see Definition 3.3.9)
with respect to ΨA

alt
instead of ΨA and an (unnormalised) state |wAalt〉 ∈ Aalt such that

|ψ0〉 =
√
p
|walt〉
‖|walt〉‖

+ (I −ΠB)|walt
A 〉.

For simplicity we will assume in the rest of this work that s and t do not contain any
additional alternative neighbourhoods, as it greatly simplifies notation and intuition. In
our applications in Section 6.3 and Section 6.4 these simplifying assumptions will also
hold.

6.2.2 Alternative Kirchhoff’s Law

We begin with the construction of |walt〉, which, as in the case without alternative neigh-
bourhoods, starts with a flow state (see (3.29)). For any unit flow θ, we have that |θ〉
lies in the symmetric subspace B⊥ by construction. However, our optimal witness |walt〉,
with respect to ΨA

alt
, must also satisfy ΠAalt |walt〉 = 0. In (3.31), we used Kirchhoff’s

Law to achieve this, showing that for any s-t flow θ and any vertex u ∈ V \{s, t}, we
have 〈ψ?(u)|θ〉 = 0. However, with the addition of alternative neighbourhoods, being
orthogonal to all star states is insufficient to guarantee orthogonality to Aalt, as seen in
Section 4.2.1. Instead, the flow state |θ〉must be orthogonal to all of span(Ψ?(u)) for every
u ∈ V \{s, t}. Therefore, we modify Kirchhoff’s Law to obtain the Alternative Kirchhoff ’s
Law:

Definition 6.2.1 (Alternative Kirchhoff’s Law). For any s-t alternative flow θalt with respect
to a collection of alternative neighbourhoods Ψ? on an electrical network G = (V,E,w)
with s, t ∈ V , the corresponding flow state |θalt〉 is orthogonal to span(Ψ?(u)) for every
u ∈ V \{s, t}, that is, 〈ψu,i|θ〉 = 0 for each i ∈ [au − 1]0.

We refer to any unit s-t flow satisfying Alternative Kirchhoff’s Law as an alternative
unit s-t flow. This law can be interpreted as the conservation of flow across all alternative
neighbourhoods, which we previously encountered as P2 in Theorem 4.3.1. Similarly to
Definition 3.2.3, we define the s-t alternative electrical flow with respect to Ψ? as the
alternative unit s-t flow with minimal energy:

Definition 6.2.2 (Alternative Electrical Flow). For a collection of alternative neighbour-
hoods Ψ? on an electrical network G = (V,E,w) with s, t ∈ V , the s-t alternative electrical
flow is the alternative unit s-t flow with minimal energy E(θalt). We call this minimal energy
the alternative effective resistance Ralt

s,t.

At first glance, it may seem that multiple alternative unit s-t flows could achieve the
minimal energy Ralt

s,t. However, we will prove in Theorem 6.2.7 that the s-t alternative
electrical flow is indeed unique, assuming an alternative unit s-t flow exists. In some
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cases, the “regular” s-t electrical flow may also satisfy Alternative Kirchhoff’s Law, making
it identical to the s-t alternative electrical flow. We present an example of this in Sec-
tion 6.3, allowing us to apply Lemma 3.3.11 with similar parameters as in Corollary 3.4.2.
In contrast, there may be cases where no s-t flow satisfies Alternative Kirchhoff’s Law,
and thus the s-t alternative electrical flow does not exist. We have encountered such an
example in Section 4.2.1. Most commonly, we find ourselves in between these extremes,
where the s-t electrical flow and the s-t alternative electrical flow do not coincide, and
Ohm’s Law does not hold.

Before we address the problem of not being able to apply Ohm’s Law, we complete
the construction of our optimal positive witness. To obtain a state orthogonal to Aalt, we
seek an s0-t flow θalt′ on G′. Since by assumption s contains no additional alternative
neighbourhoods, we can can construct θalt′ from any alternative s-t flow θalt by sending
one unit of flow along the edge (s0, s) ∈

−→
E (G′). According to (3.29), the corresponding

flow state becomes

|θalt′〉 :=
1√

2E(θalt′)

∑
(u,v)∈

−→
E (G′)

θalt′u,v√
wu,v

(|u, v〉+ |v, u〉)

=
1√

2 (E(θalt) + 1/w0)

 ∑
(u,v)∈

−→
E (G)

θaltu,v√
wu,v

(|u, v〉+ |v, u〉) +
1

w0
(|s0, s〉+ |s, s0〉)

 .

(6.2)

By Alternative Kirchhoff’s Law, |θalt′〉 serves as a valid 0-positive witness for every s0-t
alternative unit flow θalt′. Assuming that the optimal positive witness takes this form, we
have, similarly to (3.33) and by Definition 3.3.9, that the optimal positive witness (with
respect to Aalt) is given by

|walt〉 = arg min√
w0E(θalt)+1|θalt′〉

{∥∥∥∥√w0E(θalt) + 1|θalt′〉
∥∥∥∥ : θalt is an alternative s-t unit flow

}
.

Thus, the optimal positive witness is

|walt〉 =
√
w0Ralt

s,t + 1|θalt′〉, (6.3)

where θalt is the s-t alternative electrical flow. Similar to the case without alternative
neighbourhoods, we set w0 = 1

Ralt
s,t

to ensure that |〈w
alt|ψ0〉|2

‖|walt〉‖2
is at least a constant, as re-

quired by Theorem 3.3.8. Just as in (3.35), we have

Ralt
s0,t =

∑
(u,v)∈

−→
E (G′)

(
θalt′u,v

)2
wu,v

=

(
θalts0,s

)2
ws0,s

+
∑

(u,v)∈
−→
E (G)

(
θaltu,v

)2
wu,v

=
1

w0
+Ralt

s,t = 2Ralt
s,t, (6.4)

which satisfies
|〈walt|ψ0〉|2

‖|walt〉‖2
=

1

w0Ralt
s0,t

=
1

2
. (6.5)

6.2.3 Alternative Ohm’s Law

We have now constructed our optimal positive witness, but we still need to verify our
assumption that |walt〉 is always (up to a multiplicative factor) equal to |θalt′〉 for some s-t
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alternative unit flow θalt, which we prove in (6.8). For now, let us return to Lemma 3.3.11,
where we still need to find an unnormalised state |wAalt〉 ∈ Aalt such that

|ψ0〉 =
√
p
|walt〉
‖|walt〉‖

+ (I −ΠB)|walt
A 〉.

If the s-t alternative electrical flow θalt does not overlap with the s-t electrical flow, we
cannot find a potential vector p defined on the vertices V that satisfies Ohm’s Law. Instead,
we look for a potential vector palt on the edges E, meaning it assigns a potential paltu,v to
each edge (u, v) ∈ E.

Definition 6.2.3 (Alternative Potential). An alternative potential vector (or alternative
potential function) on a network G = (V,E,w) is a real-valued function palt : E → R that
assigns a potential pu,v to each ordered pair (u, v) ∈ E.

Similar to how the potential vector satisfies ps = Rs,t and pt = 0, we require the
alternative potential vector palt to satisfy palts0,v = Ralt

s,t and paltt,v = 0 for every v ∈ Γ(s) and
v ∈ Γ(t), respectively. The corresponding alternative potential state is defined as

|palt〉 :=

√
2

Ralt
s,t

∑
V (G)\{s}

∑
v∈ΓG(u)

√
wu,v(p

alt
u,v|u, v〉 − paltv,u|v, u〉). (6.6)

Definition 6.2.4 (Alternative Ohm’s Law). Let θalt be the s-t alternative electrical flow
with respect to a collection of alternative neighbourhoods Ψ? on an electrical network G =
(V,E,w) with s, t ∈ V . Then the alternative potential vector palt corresponding to θalt as-
signs a potential paltu,v on each edge (u, v) ∈ E such that palts0,v = Ralt

s,t and paltt,v = 0 for every
v ∈ Γ(s) and v ∈ Γ(t), respectively. Additionally, the associated state |palt〉 (see (6.6)) sat-
isfies ΠAalt |palt〉 = |palt〉 and the potential difference between (u, v) and (v, u) is equal to
the amount of electrical flow θaltu,v along (u, v) multiplied with the resistance 1/wu,v, that is,
paltu,v − paltv,u = θaltu,v/wu,v.

We have not yet introduced the necessary tools to show that an alternative potential
vector palt satisfying Alternative Ohm’s Law always exists. Without the additional con-
dition ΠAalt |palt〉 = |palt〉, there would be no dependency between the variables paltu,v and
paltv,u for different edges, and it would always be possible to find a potential vector satisfy-
ing Alternative Ohm’s Law. However, we will prove in Theorem 6.2.9 that the condition
ΠAalt |palt〉 = |palt〉 ensures the uniqueness of the alternative potential. The state |palt〉 will
not be our choice of |wAalt〉, but it will in fact be |palt′〉. Here, palt′ corresponds to the
potential of the s0-t electrical flow on G′, with the alternative potential state given by

|palt′〉 :=

√
2

Ralt
s0,t

∑
V (G′)\{s0}

∑
v∈ΓG′ (u)

(−1)∆u,vpalt′u,v
√
wu,v|u, v〉

=

√
1

Ralt
s,t

∑
V (G)

∑
v∈ΓG′ (u)

(−1)∆u,vpalt′u,v
√
wu,v|u, v〉.

(6.7)

If the potential vector palt′ satisfies Alternative Ohm’s Law, then, using a similar derivation
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as in the proof of Corollary 3.4.2, we see that |palt′〉 is a valid candidate for |wAalt〉:

|θalt′〉 =
1

2
√
Ralt
s0,t

∑
(u,v)∈

−→
E (G′)

θalt′u,v√
wu,v

(|u, v〉+ |v, u〉)

=
1

2
√
Ralt
s0,t

∑
(u,v)∈

−→
E (G′)

(palt′u,v − palt′v,u)
√
wu,v (|u, v〉+ |v, u〉)

=
1

2
√
Ralt
s0,t

(I + SWAP)
∑
V (G′)

∑
v∈ΓG′ (u)

(−1)∆u,vpalt′u,v
√
wu,v|u, v〉

= (I −ΠB)
1√
Ralt
s,t

∑
V (G′)

∑
v∈ΓG′ (u)

(−1)∆u,vpalt′u,v
√
wu,v|u, v〉 see (3.25)

= (I −ΠB)|palt′〉+ (I −ΠB)
1√
Ralt
s,t

∑
v∈Γ(s0)

(−1)∆s0,vpalt′s0,v
√
ws0,v|s0, v〉 see (6.7)

= (I −ΠB)|palt′〉+ (I −ΠB)
1√
Ralt
s,t

2
√
Ralt
s,t|ψ?(s0)〉 = (I −ΠB)|p′〉+

√
2|ψ0〉. see (3.28)

This can be rewritten as

|ψ0〉 =
1√
2
|θalt′〉 − (I −ΠB)

1√
2
|palt′〉. (6.8)

By Definition 6.2.4, we know that |palt〉 ∈ Aalt, showing that our choice of |walt〉was in-
deed the optimal witness, as indicated by Fact 3.3.10. Thus, after applying Lemma 3.3.11
with |wAalt〉 = 1√

2
|palt′〉, the resulting state after running phase estimation on the quantum

walk operator UAaltB with the initial state |ψ0〉 approximates the s0-t electrical flow state
|θalt′〉. We will formalise this in Theorem 6.2.9 after proving that both θalt and palt exist
and are unique.

In the following examples and applications, we demonstrate this existence by explicitly
constructing the state |palt〉. To verify that ΠAalt |palt〉 = |palt〉, we introduce the states:

|palt|u 〉 =

√
2

Ralt
s,t

(|u〉〈u| ⊗ I)|palt′〉

for u ∈ V (G)\{s}. To verify whether ΠAalt |palt〉 = |palt〉, it suffices to verify that each |palt|u 〉
lies in span{Ψ?(u)}, since we can decompose |palt〉 as

|palt〉 =

√
2

Ralt
s,t

∑
u∈V (G)\{s}

∑
v∈ΓG(u)

(−1)∆u,vpalt′u,v
√
wu,v|u, v〉

=

√
2

Ralt
s,t

∑
u∈V (G)\{s}

|palt|u 〉.
(6.9)

In the special case where u has no additional alternative neighbourhoods, for |palt|u 〉 to
lie in span{Ψ?(u)} = span{|ψ?(u)〉}, the edge potentials pu,v must be identical for each
v ∈ Γ(u), which holds by Ohm’s Law.

6.2.4 Example graph

Having reestablished the connection between the alternative potential vector and the
s-t alternative electrical flow within the multidimensional quantum electrical network
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pu for each u ∈ V

Figure 6.1: Graph G with its s-t electrical flow θ and corresponding potential p at each
vertex.
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θaltu,v for each (u, v) ∈
−→
E

s x

y

t

4
2

2
4

paltu,v for each (u, v) ∈
−→
E

s x

y

t

3
0

0
2

paltu,v for each (v, u) ∈
−→
E

Figure 6.2: Graph G where the coloured vertex x has an additional alternative neigh-
bourhood. The s-t alternative electrical flow θalt with respect to this extra alternative
neighbourhood is displayed, as well as the corresponding alternative potential vector palt.

framework, we now provide some intuition for these new definitions by revisiting our
running example from Figure 3.1. Consider the network G = (V,E,w) with vertex
set V = {s, x, y, t} and directed edge set

−→
E = {(s, x), (x, y), (x, t), (y, t)}. Each edge

(u, v) ∈
−→
E has a weight wu,v = 1/4, except for the edge (s, x), which has weight ws,x = 1.

This network is visualised in Figure 6.1. These directions and weight assignments lead to
the following star states for each of the four vertices:

|ψ?(s)〉 = |s, x〉, |ψ?(x)〉 =

√
2

3

(
−|x, s〉+

1

2
|x, y〉+

1

2
|x, t〉

)
,

|ψ?(y)〉 =
√

2

(
−1

2
|y, x〉+

1

2
|y, t〉

)
, |ψ?(t)〉 =

√
2

(
−1

2
|t, x〉 − 1

2
|t, y〉

)
.

In Figure 6.1, we show the s-t electrical flow θ onG along with the corresponding potential
vector p. It is straightforward to verify that θ and p satisfy Ohm’s Law, meaning pu − pv =
θu,v
wu,v

for each edge (u, v).
We now consider the case where the vertex x ∈ V has an additional alternative neigh-

bourhood. Let Ψ?(x) = {|ψx,0〉, |ψx,1〉}, where:

|ψx,1〉 =

√
2

3

(
1

2
|x, s〉 − |x, y〉+

1

2
|x, t〉

)
,

as visualised in Figure 6.2. According to Alternative Kirchhoff’s Law, the flow state |θalt〉 of
any unit s-t flow θalt must also be orthogonal to |ψx,1〉. Combined with the condition that
θalt must be orthogonal to all star states, which is equivalent to the flow being conserved
at the vertices x and y, this constraint leaves us with a single option for θalt. The resulting
flow is shown in Figure 6.2, and the corresponding flow vector is given by

|θalt〉 =
1√

2Ralt
s,t

∑
(u,v)∈

−→
E

θaltu,v√
wu,v

(|u, v〉+ |v, u〉)

=
1√
8

(|s, x〉+ |x, s〉+ |x, y〉+ |y, x〉+ |x, t〉+ |t, x〉+ |y, t〉+ |t, y〉) .
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Since this θalt is the only unit s-t flow that satisfies Alternative Kirchhoff’s Law, it is, by
definition, the s-t alternative electrical flow. To construct the corresponding alternative
potential vector palt, we start from the states defined in (6.9):

|palt|s 〉 = 4|s, x〉,

|palt|x 〉 = −3|x, s〉+ 2|x, y〉+ |x, t〉,

|palt|y 〉 = −|y, x〉+ |y, t〉,

|palt|t 〉 = 0|t, y〉.

Note that constructing |palt|s 〉 is not strictly necessary, but is included for completeness. Each
|palt|u 〉 lies in span{Ψ?(u)}. The alternative potential vector palt (visualised in Figure 6.2)
satisfies palts,x = Ralt

s,t = 4 and paltt,x = paltt,y = 0, as well as Alternative Ohm’s Law, ensuring
that for each (u, v) ∈ E, we have paltu,v − paltv,u = θaltu,v/wu,v. Thus, we have found the
alternative potential vector palt whose associated state |palt〉 satisfies ΠAalt |palt〉 = |palt〉:

|palt〉 =

√
2

Ralt
s,t

∑
u∈V \{s}

∑
v∈Γ(u)

(−1)∆u,vpaltu,v
√
wu,v|u, v〉

= −3|x, s〉+ 2|x, y〉+ |x, t〉 − |y, x〉+ |y, t〉

= −
√

3

2

(
8

3
|ψx〉+

2

3
|ψalt
x 〉
)

+
√

2|ψy〉+ 0|ψt〉.

6.2.5 The alternative incidence matrix

In this section, inspired by the connection between any electrical network G = (V,E,w)
and its incidence matrix B from Section 3.2.2, we extend this connection to the multidi-
mensional electrical network and its corresponding alternative incidence matrix Balt. We
will use this connection to prove the uniqueness of the s-t alternative flow θalt and the
existence of the alternative potential palt, which together satisfy Alternative Ohm’s Law.

What makes the s-t electrical flow θ special, such that it satisfies Ohm’s Law? And why
does Ohm’s Law not necessarily hold for the s-t alternative flow? Although all flow states
lie in the symmetric subspace B⊥ by construction (see (3.29)), we saw in (3.43) that the
flow state |θ〉 of the s-t electrical flow θ can be written as

|θ〉 = (I −ΠB)

√
2

Rs,t

∑
u∈V

pu
√
wu|ψ?(u)〉,

indicating that |θ〉 actually resides in the symmetric star space of H, which is a subspace of
B⊥:

H+? := span{(I −ΠB)|ψ?(u)〉 : u ∈ V }.

For the rest of this section, we will abbreviate the normalised projection of any star state
|ψ?(u)〉 onto B⊥ as

|ψ?(u)+〉 :=
√

2(I −ΠB)|ψ?(u)〉 =
I + SWAP√

2
|ψ?(u)〉.

Among all s-t flows, the s-t electrical flow is the unique unit flow for which the corre-
sponding flow state |θ〉 lies entirely in H+? (see e.g., [LP16]). While we do not provide a
formal proof of this statement, the intuition is that any other s-t flow has higher energy,
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i.e. a higher norm, due to containing a component that is orthogonal toH+?: a circulation.
The column space of the incidence matrix B is isomorphic to H+?, where each column
indexed by u ∈ V represents

√
wu|ψ?(u)+〉 through the isometry

V : C|
−→
E | 7→ B⊥, where V(u, v) =

√
2(I −ΠB)|u, v〉 =

1√
2

(|u, v〉+ |v, u〉) . (6.10)

By introducing alternative neighbourhoods (see Definition 4.2.1), we effectively en-
large the space H+?

G . We define

V alt := {(u, i) ∈ V × N≥0 : i ∈ [au − 1]0}.

Instead of only considering the span of all |ψ?(u)+〉 for u ∈ V , we now consider the
span of all alternative neighbourhoods projected onto the symmetric subspace. For each
(u, i) ∈ V alt, we define |ψ+

u,i〉 :=
√

2(I −ΠB)|ψu,i〉, leading to the expanded space

H+alt := span{|ψ+
u,i〉 : u ∈ V, i ∈ [au − 1]0}.

By modifying the incidence matrix B to ensure that its column space represents the en-
larged space H+alt

G , we obtain the alternative incidence matrix Balt:

Definition 6.2.5 (Alternative incidence matrix). Let G be a network, and let Ψ? be a col-
lection of alternative neighbourhoods. For each Ψ?(u) ∈ Ψ?, let {|ψu,0〉, . . . , |ψu,au−1〉} form

an orthonormal basis for Ψ?(u). The alternative incidence matrix Balt ∈ C
−→
E×V alt

of G is a
matrix whose rows are indexed by (u, v) ∈

−→
E , whose columns are indexed by (u, i) ∈ V alt,

and whose non-zero entries are given by

Balt(u,v),(u,i) =
√
wu〈u, v|ψu,i〉, Balt(u,v),(v,j) =

√
wv〈u, v|ψv,j〉.

By Definition 4.2.1, we may assume |ψu,0〉 = |ψ?(u)〉. Substituting B with Balt in
(3.2) and (3.4) allows us to recover both Alternative Kirchhoff’s Law and Alternative
Ohm’s Law, confirming that these are in fact natural definitions from the perspective of
the incidence matrix. Let us fix an ordering of the columns of B as s, (u1, i1), . . . , (u2, i2), t,
where (u1, i1), (u2, i2) ∈ V alt and u1, u2 ∈ V \{s, t}.

Definition 6.2.6 (Alternative Kirchhoff’s Law (incidence matrix)). Let θalt be an alternative
unit s-t flow on an electrical network G = (V,E,w) with respect to a collection of alternative
neighbourhoods Ψ?. Let Balt be the alternative incidence matrix of G. Then θalt satisfies:

BT
altWθalt =



∑
v∈Γ(s) θ

alt
s,v∑

v∈Γ(u1)

θaltu1,v√
wu1,v

√
wu1〈u1, v|ψu1,i1〉

...∑
v∈Γ(u2)

θaltu2,v√
wu2,v

√
wu2〈u2, v|ψu2,i2〉∑

v∈Γ(t) θ
alt
t,v


=


1
0
...
0
−1

 = es − et. (6.11)

Recall from Definition 6.2.2 that the s-t alternative electrical flow is the flow that
minimises E(θalt) among all alternative unit s-t flows (if any such flow exists). By applying
the Moore-Penrose inverse of Balt, denoted B†+alt (to avoid double superscripts), to (6.11),
we can prove the uniqueness of the s-t alternative electrical flow:

Theorem 6.2.7. Let θalt be the s-t alternative electrical flow on a network G = (V,E,w),
and let Balt be the alternative incidence matrix of G. Then Wθalt is given by

Wθalt = B†+alt (es − et). (6.12)
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Recall the isometry V from (6.10). The column of Balt indexed by (u, i) ∈ V alt is
equal to V†

(√
wu|ψ

+
u,i〉
)

, implying that the column space of Balt is equal to V†
(
H+alt

)
.

Furthermore, the column space of Balt is also equal to the column space of B†+alt due to the
properties of the Moore-Penrose inverse (see (2.2)). Given that the state |θalt〉 is related

to the vector Wθalt via
√
Ralt
s,t|θalt〉 = V (Wθ), it follows that |θalt〉 is an element of H+alt.

Thus, there exist coefficients palt(u,i) such that:

|θalt〉 =
1√
Ralt
s,t

∑
u∈V

au−1∑
i=0

palt(u,i)

√
wu|ψ

+
u,i〉. (6.13)

The notation palt(u,i) suggests that these coefficients are related to the alternative potential
vector palt. This is indeed the case: by defining the potential vector palt as

paltu,v :=
(−1)∆u,v

√
wu,v

au−1∑
i=0

palt(u,i)

√
wu〈u, v|ψu,i〉, (6.14)

we ensure that the state |palt〉 satisfies |palt〉 ∈ Aalt:

|palt〉 =

√
2

Ralt
s,t

∑
u∈V \{s}

∑
v∈Γ(u)

(−1)∆u,vpaltu,v
√
wu,v|u, v〉

=

√
2

Ralt
s,t

∑
u∈V \{s}

∑
v∈Γ(u)

au−1∑
i=0

palt(u,i)

√
wu〈u, v|ψu,i〉|u, v〉

=

√
2

Ralt
s,t

∑
u∈V \{s}

au−1∑
i=0

palt(u,i)

√
wu|ψu,i〉.

(6.15)

Note that for any vertex u ∈ V , if u does not have any additional alternative neighbour-
hoods (this is particularly true for s, t ∈ V ), then by (6.14), we have that paltu,v = palt(u,0) for
any neighbor v ∈ Γ(u).

Due to the coefficients palt(u,i), we can view the alternative potential vector palt as a

vector in CV alt
, with entries palt(u,i) for the row indexed by (u, i) ∈ V alt. By substituting B

with Balt in (3.4) and using (6.14), we recover Alternative Ohm’s Law:

Definition 6.2.8 (Alternative Ohm’s Law (incidence matrix)). Let θalt be any alternative
unit s-t flow on an electrical network G = (V,E,w) with respect to a collection of alternative
neighbourhoods Ψ?. Let Balt be the alternative incidence matrix of G. Then the alternative
potential vector palt is an alternative potential vector such that ΠAalt |palt〉 = |palt〉, palts = Ralt

s,t,
paltt = 0 and

Baltp
alt =


√
wu1,v1

(
paltu1,v1 − paltv1,u1

)
...√

wu2,v2
(
paltu2,v2 − paltv2,u2

)
 =


θu1,v1√
wu1,v1

...
θu2,v2√
wu2,v2

 = Wθalt. (6.16)

Just like with the potential vector p, we may assume that the alternative potential
vector palt satisfying Alternative Ohm’s Law also satisfies palts = Ralt

s,t and paltt = 0.

Theorem 6.2.9. Let θalt be the s-t alternative electrical flow on an electrical network G =
(V,E,w) with respect to a collection of alternative neighbourhoods Ψ?. Let Balt be the alter-
native incidence matrix of G. Then there exists an alternative potential vector palt satisfying
Alternative Ohm’s Law.
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Proof. Recall from Lemma 3.2.12 that B has
∑

u∈V eu in its kernel. It is therefore straight-
forward to see that

∑
u∈V eu,0 lives in the kernel of Balt. This allows us to apply the same

trick as in (3.5), meaning we remove the last column of Balt and last row of palt to obtain
Balt and palt, forcing paltt = 0 for the solution satisfying (6.16):

palt =

[
palt

0

]
=

[
Balt

+
Wθalt

0

]
. (6.17)

By left-multiplying both sides of (6.12) with (Wθalt)T we obtain together with (6.16) that

Ralt
s,t =

∥∥∥Wθalt
∥∥∥2

= (Wθalt)
T
B†+alt (es − et) = palt

T
(es − et) = palts − paltt = palts . (6.18)

Due to Theorem 6.2.9 and (6.8), we may now apply Lemma 3.3.11 with the param-
eters |ψ0〉 =

√
2(I − ΠB)|ψ?(s0)〉 , |walt〉 =

√
2|θalt′〉 and |walt

A 〉 = 1√
2
|palt′〉 (see (3.28),

(3.34) and (6.7), respectively), proving the generalisation of Corollary 3.4.2 to alterna-
tive neighbourhoods. Here we generalise the notion of escape time ETs from (3.42) using
the decomposition of our alternative potential vector from (6.15):

ETalt
s :=

1

Ralt
s,t

∑
u∈V (G)

au−1∑
i=0

(
palt(u,i)

)2
wu, (6.19)

such that we can bound the norm of |palt′〉:

∥∥∥|palt′〉∥∥∥2
=

1

Ralt
s,t

∑
u∈V (G)

au−1∑
i=0

(
palt(u,i)

)2
wG
′

u

=
1

Ralt
s,t

∑
u∈V (G)

au−1∑
i=0

(
palt(u,i)

)2
wu +Ralt

s,tw0 = ETalt
s + 1.

Theorem 6.2.10. Fix a network G = (V,E,w) as in Definition 3.2.1 with vertices s, t ∈ V
and let Ψ? be a collection of alternative neighbourhoods on G. Let UAaltB be the quantum
walk operator with respect to Ψ? as defined in (4.1). Let θalt be the s-t electrical flow on
G with corresponding flow state |θalt〉 as defined in (6.2). If θalt exists, then by performing

T = (17π2/16
√

2ε2)
√
ETalt

s + 1 steps of phase estimation on the initial state |ψ0〉 as defined
in (3.28) with the operator UAaltB, the phase estimation algorithm outputs “0” with bounded
error, leaving a state |θ̃〉 satisfying

1

2

∥∥∥|θ̃〉〈θ̃| − |θalt〉〈θalt|∥∥∥
1
≤ ε.

6.2.6 Example graph

We now demonstrate how these results apply to the example from Figure 6.2, which we
have restated here in Figure 6.3. We consider the case where the vertex x ∈ V contains
an additional alternative neighbourhood: let Ψ?(x) = {|ψx〉, |ψalt

x 〉}, where

|ψalt
x 〉 =

√
2

3

(
1

2
|x, s〉 − |x, y〉+

1

2
|x, t〉

)
.

By using
√
wx|ψx,1〉 =

√
3

2

√
1

2
(−|x, y〉+ |x, t〉) =

1

2

√
3 (−|x, y〉+ |x, t〉) ,
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s x

y

t

1
1
2

1
2

1
2

θaltu,v for each (u, v) ∈
−→
E

s x

y

t

4
2

2
4

paltu,v for each (u, v) ∈
−→
E

s x

y

t

3
0

0
2

paltu,v for each (v, u) ∈
−→
E

Figure 6.3: Graph G where the coloured vertex x has an additional alternative neigh-
bourhood. The s-t alternative electrical flow θalt with respect to this extra alternative
neighbourhood is displayed, as well as the corresponding alternative potential vector palt.

we find that {|ψx,0〉 = |ψx〉, |ψx,1〉} forms an orthonormal basis for Ψ?(x). For this basis,
the alternative incidence matrix Balt of G and Ψ?, along with its Moore-Penrose inverse
B†+alt , is given by

Balt =


1 −1 0 0 0

0 1
2 −1

2

√
3 −1

2 0

0 1
2

1
2

√
3 0 −1

2

0 0 0 1
2 −1

2

 , B†+alt =


3
4 −1

4 0 −1
4 −1

4

1
2

1
2 −1

3

√
3 −1

2 −1
2

1
2

1
2

1
3

√
3 −1

2 −1
2

0 0 −1
3

√
3 1 −1

 . (6.20)

We can now recover the electrical flow θalt with respect to Ψ?, as shown in Figure 6.3,
using Theorem 6.2.7 to derive

Wθalt =



θalts,x√
ws,x
θaltx,y√
wx,y
θaltx,t√
wx,t
θalty,t√
wy,t

 = B†+alt (es − et) =


3
4 −1

4 0 −1
4 −1

4

1
2

1
2 −1

3

√
3 −1

2 −1
2

1
2

1
2

1
3

√
3 −1

2 −1
2

0 0 −1
3

√
3 1 −1





1

0

0

0

−1


=


1

1

1

1

 .

Thus, Ralt
s,t = 1+1+1+1 = 4. Using (6.17), the matrix Balt and its Moore-Penrose inverse

Balt
+ are:

Balt =


1 −1 0 0

0 1
2 −1

2

√
3 −1

2

0 1
2

1
2

√
3 0

0 0 0 1
2

 , Balt
+

=


1 1 1 1

0 1 1 1

0 −1
2

√
3 1

2

√
3 −1

2

√
3

0 0 0 2

 , (6.21)

The alternative potential at each alternative neighbourhood is then given by



6

6.3. Electrical flow sampling on one-dimensional random hierarchical graphs 137

palt =

palt
0

 =

Balt
+
Wθalts,t

0

 =




1 1 1 1

0 1 1 1

0 −1
3

√
3 1

3

√
3 −1

3

√
3

0 0 0 2




1

1

1

1


0


=



4

3

−1
3

√
3

2

0


.

(6.22)
This confirms that palt(s,0) = palts,x = Ralt

s,t = 4, and the resulting potential state |palt〉 is equal
to

|palt〉 =

√
2

Ralt
s,t

∑
u∈V (G)\{s}

au−1∑
i=0

palt(u,i)

√
wu|ψ(u,i)〉

= −3|x, s〉+
3

2
|x, y〉+

3

2
|x, t〉+

1

2
|x, y〉 − 1

2
|x, t〉 − |y, x〉+ |y, t〉

= −3|x, s〉+ 2|x, y〉+ |x, t〉 − |y, x〉+ |y, t〉.

(6.23)

6.3 Electrical flow sampling on one-dimensional random hier-
archical graphs

Recently, [BLH23] have shown that there is an exponential separation between quantum
and classical algorithms in finding a marked vertex in one-dimensional random hierarchi-
cal graphs, which is a generalisation of the result of the welded trees problem [CCD+03].
In this section, we show that for one-dimensional random hierarchical graphs, we can
efficiently generate a set of alternative neighbourhoods Ψ? such that the resulting s-t al-
ternative electrical flow matches the s-t electrical flow, meaning it satisfies Ohm’s Law. We
then invoke Theorem 6.2.10, allowing us to efficiently approximate the s-t electrical flow
and sample from it to find a marked vertex, recovering some of the results from [BLH23].

6.3.1 One-dimensional random hierarchical graphs

Following [BLH23], we now define the one-dimensional random hierarchical graph model
with nodes S0, . . . , Sn.

Definition 6.3.1 (Hierarchical graph on a line supergraph G). A hierarchical graph on a
line supergraph G = (V = [n]0, E) of length n is defined by a set of nodes Sv for each v ∈ V
and a set of edges Eu,v for each (u, v) ∈ E such that sv = |Sv| and e(u,v) = |Eu,v|. There
are two special start and exit nodes S0 = {s} and Sn = {t}, meaning s0 = sn = 1. Define
V =

⋃
v∈V Sv, E =

⋃
(u,v)∈E Eu,v and G = (V,E). For each (u, v) ∈ E(G), the edge set Eu,v

denotes the set of edges between the nodes between Su and Sv.

Here, the term “one-dimensional” refers to the fact that the supergraph G forms a line.
In Section 6.3.4, we revisit the welded trees graph from Section 4.4, which serves as an
example of a one-dimensional random hierarchical graph. For additional examples, we
refer the reader to the original work in [BLH23]. We restrict our attention to a subclass
of the above definition such that the hierarchical graph exhibits enough symmetry for the
quantum algorithm to efficiently explore the graph:
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S0

w1

S1

w2

S2

w3

S3

w4

S4

w5

S5

w6

S6

Figure 6.4: A line supergraph G with nodes S0, . . . , S6. The black nodes are subsets of
Veven, where the edge directions are reversed and where all adjacent edges have the same
weight and direction.

Definition 6.3.2 (Balanced hierarchical graph). A hierarchical graph on a supergraph G is
said to be balanced if for every (u, v) ∈ E(G), the number of edges connecting a fixed node
α ∈ Su to nodes in Sv is the same for each α.

Definition 6.3.3 (Edge-edge ratio). Consider a hierarchical graph on the line supergraph G
with nodes S0, . . . , Sn, where each node Si contains s0, . . . , sn vertices. Let ek and Ek denote
the number of edges and the set of edges between the nodes Sk−1 and Sk respectively. Then
the edge ratios rk for k ∈ [n− 1] are defined as

rk =
ek+1

ek
.

Definition 6.3.4 (Edge-vertex ratio). A hierarchical graph on the line supergraph G =
(V,E) with nodes S0, . . . , Sn possesses edge-vertex ratios κ1, . . . , κn given by

κj =
ej
sj
. (6.24)

Lastly, we require that the above graph be D-regular. This ensures that the degree of
a vertex does not reveal any information about its position in the graph. Note that when
we refer to a graph as being D-regular, as is the case for the welded trees graph from
Section 4.4, we allow for the entrance and exit vertices to have a different degree. For the
rest of this section, we assume that the these vertices are of degree D− 1. For a D-regular
random balanced hierarchical graph on a line supergraph G = (V,E), we have

ei + ei+1 = ei + riei = κisi + riκisi = Dsi, κi(1 + ri) = D. (6.25)

Let ` = Θ(n) be an integer such that 2` � |V |, where |V | is the number of vertices in
the one-dimensional random hierarchical graph G. This imposes the restriction that |V |
can be at most exponential in n. To each vertex in V , we assign a random name from
the set {0, 1}`. To access the neighbours of a particular vertex, we are given quantum
access to an adjacency list oracle OG for the graph G. Given an `-bit string σ ∈ {0, 1}`
corresponding to a vertex u ∈ V , the adjacency list oracle OG provides the bit strings of
the neighbouring vertices in Γ(u). If σ does not correspond to any vertex, which will often
be the case since 2` � |V |, the oracle instead returns ⊥. This oracle structure effectively
forces any algorithm to start at s and traverse the graph G from there, as it is infeasible to
try and guess the name of any other vertex in V .

Problem 6.3.5 (One-dimensional random hierarchical graph problem). We are given an
adjacency list oracle OG to the one-dimensional random hierarchical graph G (a D-regular
graph) on the line supergraph of length n, and the possibility to check whether any vertex u
is equal to t. Given the `-bit string associated with the starting vertex s ∈ {0, 1}`, the goal is
to output the `-bit string corresponding to the other root t.

6.3.2 The electrical network

Before we can use Theorem 6.2.10 to tackle this problem, we must turnG into an electrical
network (see Definition 3.2.2), meaning we need to assign a weight and direction to each
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of its edges. We assign all edges in Ek =
⋃

(u,v)∈Ek Eu,v the same weight for k ∈ [n], and
the weight wk changes every two layers (starting at w2). Without loss of generality, we
assume that n is an even number and set w1 = 1 and

wk =

bk/2c∏
i=1

(
1

r2i−1

)2

. (6.26)

For each vertex u ∈ Si where i ∈ [n− 1], we find that

wu =
∑

v∈Γ(u)

wu,v = κiwi + (D − κi)wi+1.

We define the set of directed edges as follows:

−→
E =

⋃
k mod 4∈{1,2}

{(u, v) : u ∈ Sk−1, v ∈ Sk} ∪
⋃

k mod 4∈{0,3}

{(u, v) : v ∈ Sk−1, u ∈ Sk}.

(6.27)
See Figure 6.4 for an example of a line supergraph where this edge orientation and weight
assignments are visualised. By viewing G as an electrical network, it is straightforward to
compute the effective resistance Rs,t via the resistance laws for electrical circuits in series
and parallel [Sie86]. As a result, we find for the weight assignment from (6.26) that

Rs,t =
n∑
k=1

1

ekwk
. (6.28)

We can verify this by noting that this effective resistance is obtained via the natural choice
of flow θ that, for each vertex u in the node Si for i ∈ [n − 1], comes in from the parent
in node Si−1 and then distributes this flow evenly along all of each children in node Si+1.
That is,

∀k ∈ [n], e ∈ Ek, θe :=
1

ek
. (6.29)

Recall that we defined the weights in (6.26) and the edge directions in (6.27) in an
alternating fashion. This induces a partition of V into Veven =

⋃
v∈V:v is even Sv and Vodd =⋃

v∈V:v is odd Sv. Recall from Section 4.4.8 that we can assume without loss of generality
that we know for any u ∈ V whether it belongs to Veven or Vodd by keeping track of the
parity of the distance from s, which is initially 0 and flips every time the algorithm takes
a step.

At each vertex in Veven the edge directions are reversed and all adjacent edges have
the same weight (see Figure 6.4). It is therefore straightforward to generate the star state
|ψ?(v)〉 for each v ∈ Veven \ {s, t}, since:

|ψ?(v)〉 = ± 1√
D

(|v, u1〉+ · · ·+ |v, uD〉) . (6.30)

So even though we don’t know which supernode v is in, nor which of it neighbours are
in Si−1 or Si+1, we can always generate (6.30) up to a sign difference, which poses no
problem if we wish to reflect around its span. To avoid possible confusion, we emphasise
that in Section 4.4 this was the case for Vodd, due to a slightly different weight and edge
direction assignment.

On the other hand, for each u ∈ Vodd \ {t}, the situation is more complicated. Let k
such that u ∈ Sk and let v1, . . . , v` ∈ Γ(u) ∩ Sk−1 be the neighbours of u that lay in the
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node Sk−1 and similarly let v`+1, . . . , vD ∈ Γ(u) ∩ Sk+1 be the neighbours of u that lay in
the node Sk+1, where ` = D

1+rk
, which is in fact an integer. Then

|ψ?(u)〉 ∝ ±
∑̀
i=1

−ek+1|u, vi〉+
D∑

i=`+1

ek|u, vi〉. (6.31)

Although we can learn all the neighbours of u with a single query, we can’t distinguish
which neighbours are in Si−1 or Si+1 and it is hence computationally infeasible to generate
(6.31). This problem can be circumvented using the alternative neighbourhood technique
(see Definition 4.2.1) and since one-dimensional random hierarchical graphs generalise
the welded trees graph, it should come as no surprise that we will use a collection of
alternative neighbourhoods that generalises the one used in Claim 4.4.4 to traverse the
welded trees graph:

Definition 6.3.6 (Alternative Fourier Neighbourhood). For any positive integerD, let ωD =
exp(2πi/D) be the D-th root of unity. For a vertex u ∈ V (G) with neighbours v1 < · · · < vD,
define for j ∈ [D − 1]0:

|ψ̂j(u)〉 :=
1√
D

D−1∑
i=0

ωi·jD |u, vi+1〉.

Then these vectors form an orthonormal set and they can be used to define the alternative
Fourier neighbourhood of dimension D of the vertex u:

Ψ̂D
? (u) = {|ψ̂1

u〉, . . . , |ψ̂D−1
u 〉}.

For any u ∈ Vodd\{t}, we let the set of alternative neighbourhoods be the alternative
Fourier neighbourhood Ψ?(u) = Ψ̂D

? (u). It is straightforward to verify that |ψ?(u)〉 ∈
span{Ψ̂D

? (u)} for any u ∈ Vodd\{t}, due to (6.25) that

〈ψ̂0
u|ψ?(u)〉 ∝ −` · ek+1 + (D − `)ek = D · ek − `(ek + ek+1) = D(ek − ` · sk) = 0.

This means that for every u ∈ Vodd\{t}, generating Ψ?(u) does not depend on u (apart
from making the query to obtain its neighbours) and it will allow us to efficiently imple-
ment the quantum walk operator UAaltB, which we prove in Lemma 6.3.8.

Before we do this however, we first finish showing that we can apply Theorem 6.2.10 to
this electrical network. On these one-dimensional random hierarchical graphs, it turns out
that the s-t electrical flow (see (6.29)) actually matches the alternative s-t electrical flow
with respect to our alternative neighbourhoods. We verify this via the following lemma:

Claim 6.3.7. For any u ∈ V (G), define |θu〉 = (|u〉〈u| ⊗ I)|θ〉. If u ∈ Veven, then |θu〉 ∝
|ψ̂0(u)〉. If u ∈ Vodd, then |θu〉 ∝

∑
v∈Γ(u) θu,v|u, v〉. As a consequence, for every u ∈ V and

|ψ?〉 ∈ Ψ?(u) the state |θu〉 satisfies 〈ψ?|θu〉 = 0.

Proof. By (3.29) we obtain that

|θ〉 =
1√

2Rs,t

∑
(u,v)∈

−→
E (G)

θu,v√
wu,v

(|u, v〉+ |v, u〉)

=
1√

2Rs,t

n∑
k=1

∑
(u,v)∈

−→
E k

(−1)∆u,v
1

ek
√
wk

(|u, v〉+ |v, u〉),
(6.32)

meaning that for any u ∈ V (G) the state |θu〉 is equal to

|θu〉 =
1√

2Rs,t

∑
v∈Γ(u)

θu,v√
wu,v
|u, v〉.
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Let k such that u ∈ Sk and let v1, . . . , v` ∈ Γ(u) ∩ Sk−1 be the neighbours of u that lay in
the node Sk−1 and similarly let v`+1, . . . , vD ∈ Γ(u) ∩ Sk+1 be the neighbours of u that lay
in the node Sk+1, where ` = D

1+rk
, which is in fact an integer. This means by (6.29) that

θu,vi = (−1)∆u,vi/ek for i ∈ [`] and θu,vi = (−1)∆u,vi/ek+1 for i ∈ [D]\[`]. If u ∈ Veven, then
the weights (see (6.26)) satisfy √

wk+1

wk
=

ek
ek+1

=
1

rk
,

meaning
1

ek
√
wk

=
1

ek+1
√
wk+1

.

Additionally, since u ∈ Veven, it holds that (−1)∆u,vi (−1)∆u,vj = −1 for any i ∈ [`] and
j ∈ [D]\[`], meaning |θu〉 ∝ |ψ̂0(u)〉. Since for u ∈ Veven we defined Ψ?(u) to be the
alternative Fourier neighbourhood (see Definition 6.3.6) and the Fourier basis states form
an orthonormal basis, it follows that 〈ψ?|θu〉 ∝ 〈ψ?|ψ̂0(u)〉 = 0.

Now if instead u ∈ Vodd, then we know that wk = wk+1 and (−1)∆u,vi (−1)∆u,vj = 1
for any i ∈ [`] and j ∈ [D]\[`]. So |θu〉 ∝

∑
v∈Γ(u) θu,v|u, v〉. Since for u ∈ Vodd we

defined Ψ?(u) = {|ψ?(u)〉 = |ψ̂0(u)〉}, it follows by the conservation of the flow θ that
〈ψ?(u)|θu〉 =

∑
v∈Γ(u) θu,v = 0.

We can therefore apply Theorem 6.2.10, but to analyse the resulting complexity we
still need to compute the cost of implementing the quantum walk operator. We do this via
the following lemma, which is essentially similar to Lemma 4.4.5, but it tackles the more
general case where every vertex (except s and t) is of degree D:

Lemma 6.3.8. The quantum walk operator UAaltB as defined in (4.1) can be implemented in
O(1) queries to OG and O(nD) elementary operations.

Proof. Let

H′ = span{|j〉|u, v〉 : j ∈ [D − 1]0, u ∈ V (G), v ∈ Γ(u) ∪ {⊥}},

so in particular |0〉 ⊗ H ⊂ H′. Here H is as in (6.1), meaning we once again consider the
modified graph G′ where s0 is connected to s with an edge of weight

√
w0 and we have to

reflect around the star state of s with respect to G′.
We first describe how to implement 2ΠA − I. We describe a unitary U? on H′, and

in particular, its behaviour on states of the form |j〉|u,⊥〉, where j = 0 whenever u ∈
Veven∪{t}, and j ∈ [D− 1] whenever u ∈ Vodd \ {t}. We begin by querying the neighbours
of u in an auxiliary register, Q, initialised to |0〉 using OG:

|j〉|u,⊥〉|0〉Q 7→ |j〉|u,⊥〉|v1, . . . , vD〉Q

where if u ∈ {s, t}, v1 < · · · < vD−1 and vD = ⊥ (which we can interpret as the extra
vertex s0 when u = s), and otherwise, since we assume u ∈ V (G), v1 < · · · < vD are
the neighbours of u. We initialise an auxiliary register A, and compute a trit |a〉A for
a ∈ {0, 1, 2} as follows, to determine what happens next. If vD 6= ⊥, then a = 0. Else if
u = s, we let a = 1. Else if v3 = ⊥ but u 6= s, so u = t, we let a = 2. Controlled on |0〉A,
apply QFTD to |j〉 to get

|̂j〉 =
1√
D

(|1〉+ ωjD|2〉+ · · ·+ ω
(D−1)j
D |D〉),
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which requires O(log2(D)) elementary operations (see Definition 2.2.1). Then, still con-
ditioned on |0〉A, swap the first and third registers, so now the first register contains |⊥〉,
and then perform |⊥〉 7→ |0〉 on the first register to obtain

|0〉|u〉|̂j〉|0〉|v1, . . . , vD〉Q|0〉A.

Then, conditioned on the value in the |̂j〉 register, we can copy over the first, second or
third value in the |v1, . . . , vD〉 register to get

1√
D
|0〉|u〉

(
|1〉|v1〉+ ωjD|2〉|v2〉+ · · ·+ ω

(D−1)j
D |D〉|vD〉

)
|v1, . . . , vD〉Q|0〉A.

This requires O(nD) basic operations, since ` = Θ(n). We can uncompute the value |i〉 in
|i〉|vi〉 by referring to the last register to learn vi’s position, and then we are left with:

|0〉|ψ̂j(u)〉|v1, . . . , vD〉Q|0〉A.

Next, we control on |1〉A, meaning u = s. In that case, we assume that j = 0. Using
v1, . . . , vD1 in the last register, we can map |⊥〉 to a state proportional to

√
w0|v0〉+

√
w1|v1〉+ · · ·+

√
w1|vD−1〉

to get
|0〉|ψG′? (s)〉|v1, · · · , vD〉Q|1〉A.

Lastly, we control on |2〉A, meaning u = t. Using v1, . . . , VD−1, we map |⊥〉 to a state
proportional to:

|v1〉+ · · ·+ |vD−1〉

to get
|0〉|ψG′? (t)〉|v1, · · · , vD〉Q|2〉A.

We can uncompute the register A, since the registers containing u, and v1, . . . , vD
haven’t changed. Since the register containing u has not changed, we can uncompute
the register |v1, · · · , vD〉Q using another call to OG. Then we have performed a map, U?
that acts, for j = 0 when u ∈ Veven ∪ {t} and j ∈ [D − 1] when u ∈ Vodd \ {t}, as
|j〉|u,⊥〉 7→ |0〉|ψ̂j(u)〉, where, using (6.30), for all u ∈ Veven ∪ {t},

span{|ψ̂0(u)〉} = span{|ψG′? (u)〉} = span{Ψ?(u)}

and using Definition 6.3.6 for all u ∈ Vodd \ {t}:

span{|ψ̂1(u)〉, . . . , |ψ̂D−1(u)〉} = span{Ψ̂D
? (u)} = span{Ψ?(u)}.

Thus, U? maps the subspace

L := span{|0, u,⊥〉 : u ∈ (Veven ∪ {s}) \ {t}} ∪ {|j, u,⊥〉 : u ∈ Vodd \ {t}, j ∈ [D − 1]}

of H′ to |0〉 ⊗ span{ΨA} ∼= A, and thus, 2ΠA − I = U? (2ΠL − I)U †? .
We describe how to implement 2ΠL − I. First, initialise four auxiliary flag qubits

|0〉F1 |0〉F2 |0〉F3 |0〉F4 . For a computational basis state |j〉|u, v〉 of H′, by assumption (which
is removed at the end of this section) we can efficiently check whether u is in Vodd or Veven,
and we can check whether u = s or u = tM in O(n) cost. If u ∈ Veven∪{s}\{t}, we check
if the first register is 0, and if not, flip F1 to get |1〉F1 . If u ∈ Vodd \ {t}, we check if the
first register is 1 or 2, and if not, flip F2 to get |1〉F2 . If the last register is not ⊥, flip F3 to
get |1〉F3 . Lastly if u ∈ {t} ∪ {s0}, flip F4 to get |1〉F4 . Reflect if any flag is set, and then
uncompute all flags. This can all be done in O(n) basic operations.
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Next, we describe how to implement 2ΠB − I. We describe a unitary US on H′, and
in particular, its behaviour on states of the form |1〉|u, v〉 for (u, v) ∈ E(G′) with u < v.
First, apply a Hadamard gate to the first register, and then, controlled on its value, swap
the second two registers to get

(|0〉|u, v〉 − |1〉|v, u〉) /
√

2.

We can uncompute the first register by adding in a bit indicating if the last two registers
are in sorted order, to get

|0〉 1√
2

(|u, v〉 − |v, u〉) ∈

 span{|0〉|ψu,v〉} if (u, v) ∈
−→
E (G′),

span{|0〉|ψv,u〉} if (v, u) ∈
−→
E (G′).

Thus US maps
L′ := span{|1〉|u, v〉 : (u, v) ∈ E(G′), u < v}

to span{|0〉|ψu,v〉 : (u, v) ∈
−→
E (G′)} ∼= B, and so 2ΠB−I = US (2ΠL′ − I)U †S . To implement

(2ΠL′ − I), it is enough to check that the first register is 1, and u and v are in sorted
order (we know (u, v) ∈ E(G′) by the structure of H′). This can be done in O(n) basic
operations.

6.3.3 The algorithm

In this section, we provide a quantum algorithm that approximates the s-t electrical flow
state and samples from it to find the ending vertex t ∈ V in a one-dimensional random
hierarchical graph, to solve Problem 6.3.5. As an example of such a one-dimensional
random hierarchical graph, we then apply our algorithm to the welded trees graph from
Section 4.4 to solve Problem 4.4.1.

Algorithm 1 Solving the one-dimensional random hierarchical graph problem

Require: One-dimensional random hierarchical graph G = (V,E) with adjacency list ora-
cle OG, the `-bit string corresponding to the starting vertex s ∈ V , a success probability
parameter δ.

Ensure: The `-bit string corresponding to the ending vertex t ∈ V .

1. Set i = 1 and T1 = Θ(Rs,tDwn).

2. Run phase estimation on the quantum walk operator UAaltB and state |ψ0〉 =
1√
2

(|s0, s〉+ |s, s0〉) to precision O( ε2√
ET

), where ε = 1
2Rs,tDwn

, and measure the

phase register. If the output is “0”, return the resulting state |θ̃〉.

3. Measure |θ̃〉 to obtain an outcome |u, v〉, representing the edge (u, v) ∈ E. Check
if u or v is equal to t and if this is the case, return the `-bit string corresponding to
t. Otherwise, if i < T1, increment i by 1 and return to Step 2.

Theorem 6.3.9. Let G be a D-regular one-dimensional random hierarchical graph on the
line supergraph of length n with edge ratios r0, . . . , rn−1. Let wn =

∏bn/2c
k=1 ( 1

r2k−1
)2 and let

each vertex in G be identified by an `-bit string where ` = Θ(n). Given access to an adjacency
list oracle OG to the graph G, there exists a quantum algorithm that solves Problem 6.3.5,
i.e. recovering the `-bit string associated with the root t, with bounded error using

O(
√
ETsR3

s,tD
3w3

n) queries, O(n
√

ETsR3
s,tD

4w3
n) time.
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Proof. The proof consists of a cost and success probability analysis of Algorithm 1. By
Theorem 6.2.10, the phase estimation algorithm in Step 2 succeeds and returns an ap-
proximation of |θ〉 with bounded error.

Suppose that we had a perfect copy of |θ〉, then after measuring it we would obtain an
edge (u, v) ∈ E containing the vertex t with probability

1

Rs,t

∑
u∈Γ(t)

θ2
u,t

wu,t
=

1

Rs,tDwn
.

Instead, we have access to a state |θ̃〉, which by Theorem 6.2.10 satisfies

1

2

∥∥∥|θ̃〉〈θ̃| − |θ〉〈θ|∥∥∥
1
≤ ε =

1

2Rs,tDwn
.

Hence, by measuring |θ̃〉, we obtain an edge (u, v) ∈ E that contains the vertex t with
probability at least Θ

(
1

Rs,tDwn

)
. The probability that at least one out of the at most

T1 = Θ(Rs,tDwn) repetitions succeeds in returning the vertex t is therefore constant.
For the cost of Step 2, we require

O


√
ETalt

s

ε2

 = O(
√
ETsR2

s,tD
2w2

n)

calls to UAaltB, since the s-t electrical flow matches the alternative s-t electrical flow, mean-
ing ETalt

s = ETs. By Lemma 6.3.8, each such call has a cost of O(1) queries and O(nD)
elementary operations. Since we can set up the initial state |ψ0〉 in O(`) = O(n) elemen-
tary operations (and no queries) and we run at most T1 = Θ(Rs,tDwn) iterations of phase
estimation, we find that the total contribution of Step 2 to the cost is

O(
√

ETsR3
s,tD

3w3
n) queries, O(n

√
ETsR3

s,tD
4w3

n) time.

For the cost of Step 3, we must only verify whether u or v is equal to t, which can
be done in zero queries and O(`) = O(n) elementary operations. So the cost of Step 2
dominates the total cost of the algorithm.

6.3.4 Welded trees

As an example of a one-dimensional hierarchical graph, we apply Theorem 6.3.9 to the
welded trees. This shows how sampling from the electrical flow can recover the expo-
nential speedup from Theorem 4.4.2. Our parameterisation will be slightly different com-
pared to Section 4.4 since we view the welded trees as a one-dimensional hierarchical
graph of length n. This means that the graph consists of two full binary trees of depth
h and contains 2h+2 − 2 vertices. The leaves of both trees are connected via two disjoint
perfect matchings, resulting in a one-dimensional random hierarchical graph on the line
supergraph of length n = 2h+ 1. For each k ∈ [2h+ 1]0, every node Sk contains

sk =

 2k if k ∈ [h]0

22h+1−k if k ∈ {h+ 1, . . . , 2h+ 1},

vertices, meaning that its edge ratios are equal to

rk =

 2 if k ∈ [h]

1
2 if k ∈ {h+ 1, . . . , 2h+ 1}.
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Figure 6.5: The welded trees graph with depth h = 3: the black vertices are the vertices in
Veven, where the edge directions are reversed and where all adjacent edges have the same
weight and direction.

Since V = 2h+2 − 2, we find that ` = 2h satisfies 2` � |V |, meaning each vertex is
assigned a 2h-bit string as an identifier. Before we apply Theorem 6.3.9 to the welded trees
graph, we first obtain a little more insight about its weights wk. The weight assignment
and edge directions are slightly different from Section 4.4, as we will apply the ones from
(6.26) and (6.27) and we assume without loss of generality that h is odd:

wk =

 2−2bk/2c if k ∈ [h+ 1]

2−2(h+1−bk/2c) if k ∈ {h+ 2, . . . , 2h+ 1}.
(6.33)

This is visualised in Figure 6.5.

Corollary 6.3.10. Given an adjacency list oracle OG to the welded trees graph G, there exists
a quantum algorithm that solves Problem 4.4.1 with bounded error and cost

O
(
n3
)

queries, O
(
n4
)

time.

Proof. The proof follows by bounding the quantities Rs,t, D,wn and ET in Theorem 6.3.9.
From (6.33), we see that wn = 1/4. Additionally, the effective resistance from (6.28) can
be computed to find that Rs,t = Θ(n). Since D = 3 and ps = Rs,t is the largest potential
value, we only need to bound ET using (3.42):

ETs =
1

Rs,t

n∑
k=0

∑
u∈Sk

p2
uwu = O(n2).

The result of Corollary 6.3.10 is worse than our previous result from Theorem 4.4.2,
since by approximating the electrical flow, we infer much more information than is actually
needed to recover the bit string associated with t, but it exemplifies how sampling from
the electrical flow can provide an exponential speedup.
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6.4 An exponential speedup for pathfinding

In this section, we show that the electrical flow in a multidimensional electrical net-
work can also be used to demonstrate an exponential quantum-classical separation for the
pathfinding problem relative to an oracle. We achieve this by constructing and sampling
from the s-t alternative electrical flow that we defined in Definition 6.2.2, which is the
flow achieving minimal energy out of all unit s-t flows satisfying Alternative Kirchhoff’s
Law. We show that this flow also satisfies Alternative Ohm’s Law by explicitly constructing
the alternative potential palt. Throughout this section, we assume that the parameter n is
odd for readability, though the results can be slightly modified to also hold for even n.

We construct a family of regular graphs, which we name welded trees circuit graphs
(see Figure 6.6), that have exponentially many vertices in n. Our framework allows us to
approximate the alternative s-t electrical flow state |θalt〉 in polynomial time for these types
of graphs. We then show that the overlap between each edge of an explicit s-t path and
the s-t alternative electrical flow is at least inverse polynomial. Therefore, by sampling
from a polynomial number of copies of |θalt〉, we can obtain a polynomial-sized subgraph
that contains an s-t path. A classical algorithm such as Breadth First Search can then be
used to traverse the subgraph and output this s-t path.

We explicitly compute what the s-t alternative electrical flow looks like in the welded
trees circuit graph. Unlike the s-t alternative electrical flow generated in one-dimensional
unweighted random hierarchical networks, which matches the actual electrical flow in the
electrical network, the s-t alternative electrical flow in our pathfinding example is signifi-
cantly different from any ”real” electrical flow.We shall see that the s-t alternative electri-
cal flow in the welded trees circuit graph essentially follows the s-t alternative electrical
flow in the simple example graph G1, visualised in Figure 6.7. The additional alternative
neighbourhoods ensure that the s-t alternative electrical flow splits evenly at the coloured
vertices, which employ alternative Fourier neighbourhoods. This is a direct consequence
of Alternative Kirchhoff’s Law. Although multiple such s-t flows exist, the s-t alternative
electrical flow is the one that minimises the energy among all possible flows.

6.4.1 Example graph G1

Since the welded trees circuit graph that we will try to find an s-t path for is quite large, we
start by analysing the s-t alternative flow and alternative potential for smaller graphs that
will form the building blocks for the larger graph. We begin with a networkG1 = (V,E,w),
whose vertex set is given by V = {s, v1, . . . , v8, t}. We have visualised G1, with its directed
edge set and weights in Figure 6.7. These directions and weights give rise to the star states
|ψ?(u)〉 for each u ∈ V , but we will also consider the following additional alternative
neighbourhoods for the vertices v2, v3, v8 ∈ V :

|ψalt
v2 〉 =

√
2

3

(
−|v2, v4〉+

1

2
|v2, s〉+

1

2
|v2, v5〉

)
,

|ψalt
v3 〉 =

√
2

3

(
1

2
|v3, v1〉 − |v3, v6〉+

1

2
|v3, v7〉

)
,

|ψalt
v8 〉 =

√
2

3

(
1

2
|v8, t〉 − |v8, v5〉+

1

2
|v8, v6〉

)
.

(6.34)

These alternative neighbourhoods are the same as those used for the welded trees graph in
Section 4.4, ensuring that for u ∈ {v2, v3, v8}, we have Ψ?(u) = Ψ̂3

?(u), i.e. the alternative
Fourier neighbourhood of dimension 3 (see Definition 6.3.6).

Any s-t alternative unit flow θalt must be conserved at every vertex and satisfy θalts,v1 = x,
θalts,v2 = y for some x, y ∈ [0, 1] such that x + y = 1. For θalt to also satisfy Alternative
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i = 1

s

W1 W2W3

i = 2

W1 W2 W3

· · ·

i = n

W1 W2W3

t

· · ·

Figure 6.6: The welded trees circuit graph. Each W1,W2,W3 represents a welded trees
graph of depth n.

Kirchhoff’s Law (see Definition 6.2.1), the flow coming into any vertex v2, v3, v8 through
the edge with the highest weight must be evenly distributed along the other two neigh-
bours. This is visualised in Figure 6.7, and we end up with a single parameter x (because
y = 1 − x) that parametrises all possible s-t alternative unit flows θalt on G1. The energy
of each such θalt can be explicitly calculated as E(θalt) = 5y2 + 4x2 + 3, and the energy is
minimised for x = 5/9, resulting in the alternative effective resistance Ralt

s,t = 47/9.
We now explicitly construct the alternative potential palt corresponding to this s-t al-

ternative electrical flow, satisfying palts,v1 = palts,v2 = Ralt
s,t = 47/9, paltt,v8 = 0, and Alter-

native Ohm’s Law (see Definition 6.2.4). We do this by constructing the states |palt|u 〉 ∈
span{Ψ?(u)} from (6.9):

|palt|s 〉 =
47

9
|s, v1〉+

47

9
|s, v2〉, |palt|v1〉 = −43

9
|v1, s〉+

43

9
|v1, v3〉,

|palt|v2〉 = −42

9
|v2, s〉+

19

9
|v2, v4〉+

23

9
|v2, v5〉, |palt|v3〉 = −39

9
|v3, v1〉+

26

9
|v3, v7〉+

13

9
|v3, v6〉,

|palt|v4〉 = −|v, u〉+ |v, t〉, |palt|v5〉 = −2|v5, v8〉 − 2|v5, v7〉 − 2|v5, v2〉,

|palt|v6〉 = −|v6, v8〉 − |v6, v4〉 − |v6, v3〉, |palt|v7〉 = −22

9
|v7, v3〉+

22

9
|v7, v5〉,

|palt|v8〉 = −|v8, t〉+ 0|v8, v6〉) + |v8, v5〉, |palt|t 〉 = 0|t, v8〉.
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Figure 6.7: The graph G1 with corresponding edge directions where the coloured vertices
have an additional alternative neighbour as defined in (6.34). For each directed edge
(u, v), the weights wu,v are denoted in black and the flow values θaltu,v in red for any valid
unit s-t alternative flow are parametrised by x and y = 1− x.

It is straightforward to verify that these states indeed satisfy Alternative Ohm’s Law as well
as the equations palts,v1 = palts,v2 = 47/9, paltt,v8 = 0. It is also clear that |palt|u 〉 ∈ span{Ψ?(u)} for
every u without additional alternative neighbourhoods, i.e. for u ∈ {s, v1, v4, v5, v6, v7, t},
since all outgoing edge potentials are the same. For u ∈ {v2, v3, v8}, we can confirm that
|palt|u 〉 ∈ span{Ψ?(u)} by calculating that all the amplitudes of |palt|u 〉 sum to 0.

6.4.2 Example graph G2

The second example graph, G2 = (V,E,w), depicted in Figure 6.8, is constructed by
combining the graph G1 (see Figure 6.7) with three welded trees graphs, W1,W2,W3 (see
Figure 6.5). The ”starting” roots of these three welded trees graphs are w1, w4, and w6,
respectively. In the following section, we will use multiple instances of G2 to assemble the
final graph for our pathfinding example.

As seen in Section 6.3.4, the welded trees graph is an example of a one-dimensional
random hierarchical graph with nodes {S0, . . . , Sn}. We previously observed that the
weight assignments, edge directions, and alternative neighbourhoods in Section 6.3.4 re-
sulted in an s-t electrical flow that matched the s-t alternative electrical flow, as it also
satisfied Alternative Kirchhoff’s Law. This means that from the perspective of electrical
networks, each welded trees graph Wi can be considered as an edge with resistance Ri.
We will formalise this intuition shortly. The weights and directions of W1 in G2 follow
those from Section 6.3.4, so R1 = R, where R is the effective resistance of a welded trees
graph of depth n (see (6.28)). For W2 and W3, the weights have been scaled down by a
factor of 1/4, and their edge directions are reversed (due to their respective roots being
w4 and w6), resulting in R2 = R3 = 4R.

In G2, the motivation behind the alternative neighbourhoods, edge directions, and
weight assignments used in G1 becomes evident. Similar to the one-dimensional ran-
dom hierarchical graphs in Section 6.3, these assignments induce a partition of V into
two sets: Veven and Vodd, as indicated by the coloured vertices in Figure 6.8. For each
vertex u ∈ Veven, all adjacent edges have uniform weight and direction, which makes it
straightforward to generate the star state |ψ?(u)〉. For vertices u ∈ Vodd \ {s, t}, we have
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|ψ?(u)〉 ∈ Ψ?(u) = Ψ̂3
?(u). As in Section 6.3, we can assume without loss of generality that

we know whether any given u ∈ V belongs to Veven or Vodd, by keeping track of the parity
of the distance from s, which starts at 0 and toggles each time the algorithm takes a step.

Since each welded trees graph effectively routes all incoming flow from one root to
the other, any s-t alternative unit flow on G2 behaves like an s-t alternative unit flow on
G1, with the addition that some flow passes through the welded trees graphs. From the
configurations in Figure 6.7 and Figure 6.8, it is clear that the energy of an s-t alternative
unit flow θalt can be decomposed into the energy within G1 plus the energy associated
with these welded trees graphs. Therefore, the total energy is given by

E(θalt) = 5y2 + 4x2 + 3 +R1y
2 +R2

(x
2

)2
+R3

(y
2

)2
= (2 + 5R)y2 + (4 +R)x2 + 3.

The energy is minimised by setting x = 2+5R
6+6R , which implies y = 1 − x = 4+R

6+6R . For
readability, we keep x in the expression for the alternative effective resistance, but we
simplify it using the fact that for these values of x and y, we have (2 + 5R)y = (4 +R)x:

Ralt
s,t = (2 + 5R)y2 + (4 +R)x2 + 3 = (4 +R)(x2 + xy) + 3 = (4 +R)x+ 3.

Next, we explicitly construct the alternative potential palt corresponding to this s-t
alternative electrical flow, ensuring that palts,w1

= palts,v2 = Ralt
s,t = (4 + R)x + 3, paltt,v5 = 0,

and that it satisfies Alternative Ohm’s Law. We achieve this by constructing the states
|palt|u 〉 ∈ span{Ψ?(u)} from (6.9). For simplicity, we will only show the edges that are
visible in Figure 6.8, meaning we will not explicitly write down the amplitudes and basis
states for edges inside the welded trees graphs:

|palt|s 〉 = (3 + 5y + 2Ry)|s, w1〉+ (3 + 4x+Rx)|s, v2〉, |palt|w1
〉 = −(3 + 4y + 2Ry)|w1, s〉,

|palt|w2
〉 = (3 + 4y +Ry)|w2, v1〉, |palt|w3

〉 = −(1 + x+Rx)|w3, v2〉,

|palt|w4
〉 = (1 + x)|w4, v3〉, |palt|w5

〉 = −(4 + 2y + 2Ry)|w5, v1〉,

|palt|w6
〉 = (4 + 2y)|w6, v4〉, |palt|t 〉 = 0|t, v5〉,

|palt|v1〉 = −(3 + 3y +Ry)|v1, w2〉+ (2 + 2y +Ry)|v1, w5〉+ (1 + y)|v1, v3〉,

|palt|v2〉 = (1 + 2x+Rx)|v2, w3〉+ (2 + x)|v2, v4〉 − (3 + 3x+Rx)|v2, s〉,

|palt|v3〉 = −|v3, v5〉 − |v3, w4〉 − |v3, v1〉,

|palt|v4〉 = −2|v4, v5〉 − 2|v4, v2〉 − 2|v4, w6〉,

|palt|v5〉 = −|v5, t〉+ 0|v5, v3〉) + |v5, v4〉.

It is straightforward to verify that these states indeed satisfy Alternative Ohm’s Law for
all edges outside the welded trees graphs, as well as the conditions palts,w1

= palts,v2 = Ralt
s,t,

given that (2 + 5R)y = (4 +R)x and paltt,v5 = 0. It is also evident that |palt|u 〉 ∈ span{Ψ?(u)}
for every u ∈ {s, v3, v4, t}, since all edge potentials are consistent. For u ∈ {v1, v2, v5}, we
confirm that |palt|u 〉 ∈ span{Ψ?(u)} by calculating that all the amplitudes of |palt|u 〉 sum to 0.

For the edges in the welded trees graphs, we saw in Section 6.3.4 that the s-t alter-
native electrical flow through each welded trees graph satisfies Ohm’s Law. This implies
there exist potential values for all vertices (and thus edges), that are lower than the poten-
tial at the root where the flow enters, for each welded trees graph that satisfy Alternative
Ohm’s Law. These potentials are consistent with our potential palt because

(paltw1,s − paltw2,v1)
1

y
= (paltw3,v2 − paltw4,v3)

1

x
=
(
paltw5,v1 − paltw6,v4

) 1

y
= R.
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Figure 6.8: The graph G2 with corresponding edge directions where the coloured vertices
are the vertices in Vodd and have the alternative neighbourhoods Ψ?(u) = Ψ̂3

?(u) (see
Definition 6.3.6). Each diamond, indexed by i ∈ [3] represents a welded trees graph of
depth n. For each directed edge (u, v), the weights wu,v are denoted in black and the flow
values θaltu,v in red for any valid unit s-t alternative flow parametrised by x and y = 1 − x.
The black vertices are the vertices in Veven, where the edge directions are swapped and
where adjacent edges have the same weight and direction.

Recall from the proof of Corollary 6.3.10 that for a welded trees graph of depth n, we
have R = Θ(n), which implies that Ralt

s,t = Θ(n). For the alternative potential, since each
edge potential satisfies paltu,v = O(n), we find by (6.9) and (6.19) that:

ETalt
s =

1

Ralt
s,t

∑
u∈V (G)

au−1∑
i=0

(
palt(u,i)

)2
wu =

1

Ralt
s,t

∑
(u,v)∈E

(paltu,v)
2wu,v = O(n2).

We can now invoke Theorem 6.2.10 to approximate the state |θalt〉. Since the energy
along the s-t path (s, v2), (v2, v4), (v4, v5), (v5, t) contains a constant fraction of the total
energy Ralt

s,t, we could sample from this state to recover an s-t path. However, since this
path is of constant length, any classical algorithm can also find this path by performing an
exhaustive search of its neighbours in constant time.

6.4.3 The welded trees circuit graph G

The construction of the welded trees circuit graph G involves connecting n graphs that
are isomorphic to G2 (as defined in Section 3.2) sequentially, forming a path structure as
shown in Figure 6.10. Each layer in this construction includes three welded trees graphs
W1,W2,W3, along with the following set of seven vertices:

Vp,i := {vp,i,j : j ∈ [7]}.

The layers are connected such that for each i ∈ [n − 1], the vertex vp,i,7 is identified with
vp,(i+1),2. The structure of the welded trees graphs is illustrated in Figure 6.9 for the case
j = 1; for j ∈ {2, 3}, the edge directions are reversed. The weights and directions of the
edges in these welded trees graphs, as well as in the remaining edges, follow the same
pattern described for G2 in Figure 6.8.

The complete welded trees circuit graph G is shown in Figure 6.10. Due to this con-
struction, all vertices have degree 3, except for the vertices s = vp,1,1 and t = vp,n,7.
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1

vw,i,1,2n+1
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Figure 6.9: The 1st welded trees graph in the ith layer. For j ∈ {2, 3} the edge directions
are simply reversed. The black vertices are the vertices in Veven, where the edge directions
are reversed and where adjacent edges have the same weight and direction.

This setup induces the same partition of V into Veven and Vodd as in G2 (visualised by
coloured vertices in Figure 6.10). For each vertex u ∈ Veven, all adjacent edges have the
same weight and direction, allowing us to easily generate the star state |ψ?(u)〉. For each
u ∈ Vodd\{s, t}, we have |ψ?(u)〉 ∈ Ψ?(u) = Ψ̂3

?(u).
All these names va,b,c for referring to vertices are used purely for notation purposes

to define the graph clearly. As in Section 6.3, we assign a random name from the set
{0, 1}3n to each vertex u ∈ V . To access the neighbours of a particular vertex, we are
given quantum access to an adjacency list oracle OG for the graph G. Given a 3n-bit string
σ ∈ {0, 1}3n corresponding to a vertex u ∈ V , the adjacency list oracle OG provides the
bit strings of the neighbouring vertices in N (u). If σ does not correspond to any vertex,
which is usually the case since 23n � |V |, the oracle returns ⊥.

Since the graph G consists of n identical subgraphs isomorphic to G2, the analysis of
the flow and potential vectors directly follows from Section 6.4.2. Beginning with the
s-t alternative electrical flow θalt, we can construct this flow by simply connecting n s-t
alternative electrical flows on each copy of G2. This results in an alternative effective
resistance Ralt

s,t = Θ(n2). The alternative potential palt can also be obtained directly by
combining all the alternative potentials from each copy of G2, where we add ((4 +R)x+
3)(n−i) to each edge potential obtained from the copy of G2 in the i-th layer. This ensures
that for every i ∈ [n− 1],

|paltvp,i+1,1
〉 = ((4 +R)x+ 3)(n− i)|ψvp,i+1,1

〉,

implying ETalt
s = O(n4). We now consider the following problem on the graph G, for

which we present a quantum algorithm that can solve it exponentially faster than any
classical algorithm.

Problem 6.4.1 (The pathfinding problem on a welded trees circuit graph). Given an adja-
cency list oracle OG to the welded trees circuit graph G (as defined in Section 6.4.3) and the
name of the starting vertex s = 03n, the goal is to output the names of the vertices on an s-t
path.
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Figure 6.10: The welded trees circuit graph G showing all edge directions and edge
weights. The coloured vertices are the vertices in Vodd and have the alternative neigh-
bourhoods Ψ?(u) = Ψ̂3

?(u) (see Definition 6.3.6). The black vertices are the vertices in
Veven, where the edge directions are swapped and where adjacent edges have the same
weight and direction. Each diamond, indexed by j ∈ [3] represents the j′th welded trees
graph in that layer. See Figure 6.9 for a detailed overview of the welded trees graph’s
structure.
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6.4.4 The algorithm

In this section, we provide a quantum algorithm that can find the s-t shortest path in the
welded trees circuit graph G, thereby solving Problem 6.4.1 in polynomial time.

Algorithm 2 Quantum algorithm for solving Problem 6.4.1

Require: Graph G as defined in Section 6.4.3, the starting vertex s = 03n, and a success
probability parameter δ > 0.

Ensure: The labels of an s-t path on G.

1. Set i = 1, S = ∅, and T1 = Θ(n2 log(n)).

2. Run phase estimation on the quantum walk operator UAaltB and state |ψ0〉 =
1√
2

(|s0, s〉+ |s, s0〉) to precision O
(
ε2

n2

)
, where ε = O

(
1
n2

)
, and measure the

phase register. If the output is ”0”, return the resulting state |θ̃〉.

3. Measure |θ̃〉 to obtain an outcome |u, v〉, representing the edge (u, v) ∈ E, and
add it to S. If i < T1, increment i by 1 and return to Step 2.

4. Use Breadth First Search to search through S for an s-t path and output the path
if found.

Theorem 6.4.2. Let the graph G be defined as in Section 6.4.3. Given an adjacency list
oracle OG for the graph G, there exists a quantum algorithm that solves Problem 6.4.1 with
success probability 1−O(δ) and a cost of

O
(
n10 log(n) log(n/δ)

)
queries, O

(
n11 log(n) log(n/δ)

)
time.

Proof. The proof involves analysing the cost and success probability of Algorithm 2, where
we focus on the probability that the algorithm outputs the shortest path

P = ((s, vp,1,2), (vp,1,2, vp,1,3), (vp,1,3, vp,1,4), . . . , (vp,n,4, t)).

By Theorem 6.2.10, the phase estimation algorithm in Step 2 succeeds and returns an
approximation of |θalt〉 with bounded error.

Suppose we had a perfect copy of |θalt〉. Measuring it would yield an edge (u, v) ∈ P
with probability at least

min
(u,v)∈P

1

Ralt
s,t

(θaltu,v)
2

wu,v
= Ω

(
1

n2

)
.

Instead, we have access to a state |θ̃〉, which by Theorem 6.2.10 satisfies

1

2

∥∥∥|θ̃〉〈θ̃| − |θ〉〈θ|∥∥∥
1
≤ ε = O

(
1

n2

)
.

Hence, measuring |θ̃〉 yields an edge (u, v) ∈ E containing the vertex t with probability
at least Ω

(
1
n2

)
. The probability that one of the edges in P is not present in S after T1 =

Θ(n2 log(n)) repetitions of Step 2 and Step 3 is therefore by the union bound at most:

|P|
(

1−O
(

1

n2

))T1
= O(1).

For the cost of Step 2, we require O
(
n4
)

calls to UAaltB. By Lemma 6.3.8, each such
call has a cost of O(1) queries and O(n) elementary operations. Since we can set up
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the initial state |ψ0〉 in O(n) elementary operations (and no queries) and we run at most
T1 = Θ(n2 log(n)) iterations of phase estimation, we find that the total contribution of
Step 2 to the cost is

O(n6 log(n)) queries, O(n7 log(n)) time.

For Step 4, performing a Breadth First Search to find any s-t path in the subgraph
defined by S requires O(T1) = O(n2 log(n/δ)) queries and basic operations. Thus, Step 2
dominates the overall cost.

6.4.5 Classical lower bound

In this section, we demonstrate that our Algorithm 2 algorithm provides an exponential
speedup compared to any classical algorithm, under the assumption that the following
welded trees pathfinding problem is classically hard. To simplify the proof of our lower
bound for the pathfinding problem Problem 6.4.1, we use the following assumption and
the known classical lower bound for the welded trees problem.

Problem 6.4.3 (The welded trees pathfinding problem). Given an adjacency list oracle OG
for the welded trees graph G and the names of the starting vertex s and the ending vertex t,
the objective is to output the names of the vertices along an s-t path.

It is generally accepted that the welded trees pathfinding problem is difficult for clas-
sical algorithms, although no formal statement of this fact is widely available.

Assumption 6.4.4. There exist constants c1 > 0 and c2 ∈ (0, 2) such that any classical
algorithm making at most 2n/6 queries to the oracle OG for the welded trees graph G solves
Problem 6.4.3 with probability at most c1 · 2−c2n.

Lemma 6.4.5 (Theorem 9 in [CCD+03]). For the welded trees problem Problem 4.4.1, any
classical algorithm making at most 2n/6 queries to the oracle OG finds the ending vertex or a
cycle with probability at most 4 · 2−n/6.

We follow the proof of the lower bound presented in [Li23], which builds on the lower
bound proof from [CCD+03]. To establish the lower bound, we analyse the difficulty for
any classical algorithm A to succeed in a simpler game:

Game A Let n be odd, and let G be the graph defined in Section 6.4.3. In Game A,
a classical algorithm A wins if it outputs the name of the vertex vp,(n+1)/2,1, or if the
vertices visited by A contain a cycle. Following [CCD+03], we include the cycle condition
to facilitate analysing the probability of A winning. This analysis involves determining
whether a random embedding of a rooted binary tree into the random graph G contains
either a cycle or the vertex vp,(n+1)/2,1.

Given the starting vertex s, the random embedding of a rooted binary tree T into the
graph G is defined as a function π from the vertices of T to the vertices of G, such that
π(ROOT) = s, and for any (u, v) ∈ E(T ), π(u) and π(v) are neighbours in G. We say that
an embedding π is proper if π(u) 6= π(v) for u 6= v. We say that T reaches its destination
under π if π(v) = vp,(n+1)/2,1. The random embedding can be generated as follows:

1. Set π(ROOT) = s.

2. Let i and j be the two neighbours of ROOT in T , and let u and v be the neighbours
of s in G. With probability 1/2, set π(i) = u and π(j) = v, otherwise set π(i) = v
and π(j) = u.



3. For any vertex i in T , if i is not a leaf and π(i) /∈ {s, vp,(n+1)/2,1}, let j and k denote
the children of vertex i, and let ` denote its parent. Let u and v be the two neighbours
of π(i) in G other than π(`). With probability 1/2, set π(j) = u and π(k) = v,
otherwise set π(j) = v and π(k) = u.

Theorem 6.4.6. Let G be the graph defined in Section 6.4.3. Given the constants c1 and
c2 from Assumption 6.4.4, and assuming that this assumption holds, any classical algorithm
making at most 2n/6 queries to OG solves Problem 6.4.1 with probability at most (5 + c1) ·
2−min{c2,1/6}n.

Proof. Let T be a random rooted binary tree with 2n/6 vertices, and let π(T ) denote its
image in the graph G under the random embedding π. Given the starting vertex s, similar
to [CCD+03], the probability of A winning Game A can be expressed as the probability
that π(T ) contains either a cycle or the vertex vp,(n+1)/2,1.

Firstly, A must enter a welded trees subgraph to find a cycle, as illustrated in Fig-
ure 6.10. There are two possibilities for finding a cycle in a welded trees subgraph. One
is to find a cycle that includes only one root in one of the welded trees subgraphs. In
this case, Lemma 6.4.5 states that, starting from one root, any classical algorithm making
at most 2n/6 queries to the oracle finds the other root or a cycle with probability at most
4 · 2−n/6. The other possibility is to find a cycle that includes two roots of a welded trees
subgraph. According to Assumption 6.4.4, any classical algorithm making at most 2n/6

queries to the oracle finds such a cycle with probability at most c1 · 2−c2n.
Now we assume that A does not encounter any cycles. Under this condition, the

probability thatA finds the vertex vp,(n+1)/2,1 can be expressed as the probability that π(T )
reaches vp,(n+1)/2,1, which requires π to follow the correct path 2n times, with probability
2−2n. Given that there are at most 2n/6 attempts along each path of T , and there are at
most 2n/6 paths, the probability of finding vp,(n+1)/2,1 is at most 2n/32−2n ≤ 2−5n/3 by the
union bound. The same result applies if the given name is t. Thus, the probability of A
finding vp,(n+1)/2,1 is at most 2 · 2−5n/3.

Combining these cases with the union bound gives a probability of at most 2−5n/3 +
(4 + c1) · 2−min{c2,1/6}n ≤ (5 + c1) · 2−min{c2,1/6}n for A winning Game A. Since solving
Problem 6.4.1 guarantees a win in Game A, the theorem follows.
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CHAPTER 7

The compressed oracle is a worthy
adversary

Lower bounds zijn heel simpel, maar het
moeilijkste wat er is, zijn simpele lower
bounds.

Johan Cruyff

This chapter is based on the paper The Compressed Oracle is a Worthy Adversary [JZ],
which is joint work with Stacey Jeffery and is currently in preparation.

While it is fascinating to explore what quantum computers are capable of, it is equally
important to study their limitations. One way to do this is by proving explicit lower
bounds on the quantum query complexity of computational problems. In this chapter we
study the compressed oracle technique [Zha19], which gives a framework to derive
quantum query lower bounds for problems where a quantum algorithm interacts with a
quantum oracle that accesses a random function. This framework was later
formalised [CFHL21] and has proven to be very useful and convenient to use. It was
unclear, however, how this frameworks compares with the more established lower bound
methods for quantum query complexity. In this chapter, we answer this question by
giving an explicit reduction to the multiplicative adversary method [Špa08]. To aid in
this reduction, we introduce a simplification of the multiplicative adversary method that
we call the multiplicative adversary ladder (MLA) method. This simplification is still
powerful enough to encompass the compressed oracle technique and exhibit a strong
direct product theorem. This could position the MLA method as a contender in the
current quest to generalise the compressed oracle technique beyond non-product
distributions. As further evidence of the potential of our MLA method, we demonstrate
that it captures a recent approach by [Ros21].
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7.1 Lower bounds and cryptography

Quantum query complexity lower bounds and the quantum security analysis of crypto-
graphic protocols are two sides of the same coin, since proving security against a quantum
adversary often requires upper-bounding the success probability of any quantum algo-
rithm to solve a specific quantum query problem, in terms of the number of queries made
by the adversary. The tools required for security proofs are generally stronger, since they
should apply even for average-case inputs, and since it is usually necessary to show that
the success probability with insufficient queries is much smaller than a constant, whereas
quantum query lower bounds are most commonly in the bounded error setting.

7.1.1 Adversary methods

On the side of quantum query lower bounds, we have the original adversary method
by [Amb00]. Applying this method reduces to mostly combinatorial arguments, which
makes it very convenient to use, as shown by its many applications [BS04, DHHM06,
BŠ06, DT07]. However, this method does have some technical limitations, one of which is
the certificate complexity barrier [Zha05], which shows that there are problems for which
this method cannot be tight. This limitation is addressed by the strictly stronger negative-
weights adversary method [HLŠ07]. This method is, in fact, tight for the bounded-error
regime for all quantum algorithms [Rei09], but this power comes at the cost of making it
more complicated to use, as it lacks the primarily combinatorial reasoning present in the
original adversary method. This means that even for very symmetric problems such as the
collision problem [AS04], it is highly non-trivial to come up with an explicit lower bound
resulting from the negative-weights adversary method, and the current construction relies
on studying the symmetries of the problem via representation theory [BR17]. Moreover,
the resulting lower bounds of the negative-weights adversary method are proportional to
the algorithm’s success probability, making them negligible for exponentially small success
probabilities.

The latest and most powerful iteration in adversary methods is the multiplicative ad-
versary method [Špa08], which is strictly stronger than the negative-weights adversary
method [AMRR11]. Since the latter is already tight in the bounded-error case, this gen-
eralisation is particularly relevant in the low success probability regime, where it works
even for exponentially small probabilities of success. This is a necessary condition for
the method to exhibit a strong direct product theorem (SDPT), which intuitively states
that to solve k independent instances of a function, one needs Ω(k) more queries to
achieve better than an exponentially small (in k) probability of success. It was already
shown in [Špa08] that the multiplicative adversary method satisfies a SDPT, which al-
lowed [LR13] to prove a SDPT for quantum query complexity. Just as the negative-weights
adversary method is more complex than the original adversary method, the multiplicative
adversary method is much more complicated and, as a result, has not yet been used to
provide novel quantum query lower bounds. This statement requires some nuance, how-
ever, as the multiplicative adversary method is a generalisation of an ad-hoc technique
proposed in [Amb10a, AŠdW06] with the goal of showing a SDPT for symmetric Boolean
functions.

For completeness, we also mention another ubiquitous quantum query lower bound
technique, which predates the adversary bound: the polynomial method [BBC+01]. The
multiplicative adversary method also includes the polynomial method as a special case, as
shown in [MR15].
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7.1.2 Compressed oracle technique

For cryptographic security proofs, quantum query lower bounds make little sense in the
bounded-error regime. Ruling out adversaries that succeed with a high probability of suc-
cess (at least 2/3) is not enough, and it is necessary to rule out adversaries with very small
probabilities as well. Moreover, average-case complexity is more relevant than worst-case
complexity for this purpose: it is better to know that most cryptographic keys yield a se-
cure construction than that there exists a cryptographic key such that the construction
is secure. The compressed oracle technique [Zha19] does precisely this, as it yields an
upper bound on the probability of success for any quantum algorithm interacting with
a random oracle, giving an average-case complexity result that works even for exponen-
tially small probabilities of success. Moreover, its analysis works via mostly combinatorial
arguments, which makes it straightforward to apply and has quickly resulted in many
results [LZ19a, CMSZ19, LZ19b, CFHL21, GHHM21, DFMS22]. It also satisfies a SDPT,
allowing for quantum time-space tradeoffs [HM23]. The downside of this technique, how-
ever, is that it does not work for oracles that are not instantiated with a random function,
or functions where each f(x) is assigned independently [CMSZ19, HM23]. This is not
only an issue for worst-case quantum query complexity but also rules out applications
involving certain interesting cryptographic primitives such as random permutations.

7.1.3 Comparison

Both the adversary methods and the compressed oracle technique operate by tracking
some progress that can only increase because each query establishes some amount of en-
tanglement between the algorithm and the input. Since the adversary and compressed
oracle techniques have different drawbacks that do not seem to exist in the other, it is
interesting to see what the explicit relationship between these techniques is. This could
aid in the ongoing search for a fusion of both techniques: a compressed oracle technique
that can be applied to input distributions where each f(x) is not necessarily assigned in-
dependently. On the cryptographic side, this could lead to quantum security proofs for
schemes using random permutations, such as the sponge construction [BDPVA07]. On the
quantum query lower bounds side, this might result in a technique that marries the power
of the multiplicative adversary method—which works for all certificate complexities and
exhibits a SDPT — with the pleasant intuitive combinatorial reasoning of the compressed
oracle technique. Currently, the most promising result towards this “holy grail” has been
a representation theory approach by [Ros21] that allows for tackling the problem of in-
verting a random permutation. This approach has recently been improved by [MMW24],
where the algorithm has access to both a random permutation oracle and its inverse.

In this chapter, we demonstrate that a generalised compressed oracle technique — one
that accommodates distributions beyond random functions and permutations — must fall
somewhere between the compressed oracle technique and the multiplicative adversary
method. We explicitly show this by proving that the compressed oracle technique reduces
to the multiplicative adversary method. This implies that any lower bound obtained by
the compressed oracle technique can also be achieved through the multiplicative adversary
method. We achieve this by constructing a weaker version of the multiplicative adversary
method, which still satisfies a strong direct product theorem (SDPT) and remains more
powerful than the compressed oracle technique. We hope that this intermediate version
will aid in the search for an extended compressed oracle technique, as we show that it
incorporates the approach from [Ros21] as a special case.
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7.1.4 Quantum query complexity

In the quantum query model (see Section 2.2.5), we are generally interested in computing
a function F : Func → Σ on an input f ∈ Func. We consider the case where Func is a
subset of Y X , so each f can itself also be viewed as a function from X to Y . For example,
if Y = {0, 1} and X = [n], then f ∈ Func is an n-bit string (which might have a promise
defined by the subset Func). In this chapter, we restrict ourselves to X being any finite set
of size N and consider Y to be the finite set [M − 1]0.

The memory of our quantum algorithm A, tasked with computing F on an input f , is
described without loss of generality by the registers W, X , and Y. Here, the input oracle
acts on X ×Y (as detailed below), whileW represents an additional workspace. The input
function f ∈ Func can be accessed by A via an oracle, defined as follows:

Definition 7.1.1 (Oracle). Fix a finite set X of size N and let Y = [M − 1]0. An oracle Of ,
encoding the input function f ∈ Func, is a unitary transformation that acts on

span{|x〉X |y〉Y : x ∈ X, y ∈ Y },

with its action on the basis state |x〉X |y〉Y defined as

Of |x〉X |y〉Y = |x〉X |(y + f(x)) mod M〉Y .

The input f is typically drawn from some (hard) input distribution σ over Func, de-
noted f ∼ σ. Consequently, Of is a random variable. In adversary methods and the
compressed oracle technique, this randomness is avoided by introducing an additional
register I, which stores a superposition of function tables representing the input f . In
quantum information theory, this is known as purification. If f ∼ σ, the register I will be
initialised as

|σ〉 =
∑
f∈Y X

√
σ(f)|f〉I .

Here, |σ〉 represents the initial state of the input register. It is important to note that this
should not be confused with the initial state of the algorithm, which is the all-zero state. In
the adversary frameworks literature, the initial state of the input register is often denoted
by |δ〉. This purification of the input leads to the following purified oracle:

Definition 7.1.2 (Purified Oracle). Fix a finite set X of size N and let Y = [M − 1]0. A
purified oracle O is a unitary transformation that acts on

span{|x〉X |y〉Y |f〉I : x ∈ X, y ∈ Y, f ∈ Y X},

with its action on the basis state |x〉X |y〉Y |f〉I defined as

O|x〉X |y〉Y |f〉I = |x〉X |(y + f(x)) mod M〉Y |f〉I .

From the perspective of the algorithm, it is indistinguishable whether it interacts with
the random variable Of or the purified oracle O with input register initialised to |σ〉. The
relationship between the two is captured by the following expression:

O =
∑
f∈Y X

Of ⊗ |f〉〈f |I .

It is equivalent, and in this work more convenient, to encode the query into the phase by
viewing the Y register in the Fourier basis {|ŷ〉}y∈Y (see Definition 2.2.1) instead of the
computational basis {|y〉}y∈Y . In this Fourier basis, the oracle from Definition 7.1.2 acts
on any basis state |x〉X |ŷ〉Y |f〉I as

O|x〉X |ŷ〉Y |f〉I = e
2πι
M
yf(x)|x〉X |ŷ〉Y |f〉I .
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Additionally, it will often be convenient to decompose the oracle O into diagonal unitary
matrices Ox,y given by

O =
∑

x∈X,y∈Y
|x〉〈x|X ⊗ |ŷ〉〈ŷ|Y ⊗Ox,y, (7.1)

where each Ox,y acts on the basis state |f〉I as

Ox,y|f〉I = e
2πι
M
y·f(x)|f〉I .

Definition 7.1.3 (T -Query Quantum Algorithm). Fix a setX of sizeN and let Y = [M−1]0.
A T -query quantum algorithm A on Y X is a sequence of unitaries U0, . . . , UT on

span{|w〉W |x〉X |y〉Y : w ∈W,x ∈ X, y ∈ Y },

for some finite set W . For a fixed algorithm A and a fixed input distribution σ, let

|σ〉 =
∑
f∈Y X

√
σ(f)|f〉I ,

and let
|ψt(A, σ)〉 = UtOUt−1O . . .OU0|0〉WXY |σ〉I

denote the state of the algorithm before the (t+ 1)-th query is made, and let

ρtI(A, σ) = TrWXY [|ψt(A, σ)〉〈ψt(A, σ)|]

denote the reduced state of the input register (see (2.5)), which we call the input register
states for A and |σ〉. When A and |σ〉 are clear from context, we will omit the (A, σ)
notation.

In the definition of |ψt(A, σ)〉, both the queries O and the unitaries U1, . . . , Ut act on a
larger Hilbert space than originally defined, but recall from Section 2.2.1 that each oper-
ator is implicitly understood to act tensored with the identity operator on any unaffected
registers.

In this chapter, we compare two methods designed to lower bound the quantum query
complexity of a problem F :

Definition 7.1.4 (ε-error Quantum Query Complexity). Fix F : Func → Σ. Then the
ε-error quantum query complexity of F , denoted by Q1−ε(F), is the minimum number of
queries needed by any quantum query algorithmA to successfully output F(f) for every input
f ∈ Func with success probability at least 1− ε.

7.2 The frameworks

In this section, we introduce the two lower bound frameworks that will be compared
throughout this chapter: the multiplicative adversary method and the compressed oracle
technique.

7.2.1 The multiplicative adversary method

The general idea behind the adversary methods is that any algorithm for F , run on a
superposition of different inputs |σ〉 with different values of F , must entangle the al-
gorithm’s workspace WXY (which must eventually contain the answer) with the input
register I, resulting in the reduced density matrix on I, which is initially the pure state
ρ0
I(A, σ) = |σ〉〈σ|, becoming some mixed state ρTI (A, σ).
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This idea was already present in the original quantum adversary method [Amb00],
which was later generalised to the stronger negative-weights adversary method [HLŠ07]
(now often called the adversary method), which is tight in the bounded-error regime,
i.e. ε ≤ 1/3. We will be interested in the even more powerful multiplicative adversary
method, first formalised in [Špa08] and further developed in [AMRR11]. We now describe
this method.

Definition 7.2.1 (Multiplicative Adversary Matrix). Fix F : Func → Σ. A multiplicative
adversary matrix for problem F is a positive definite matrix Γ ∈ CFunc×Func with smallest
eigenvalue 1.

Any multiplicative adversary matrix gives rise to a progress measure, which is a way of
quantifying how much progress a quantum algorithm A has made after t queries towards
solving a particular problem F .

Definition 7.2.2 (Progress). Fix a problem F : Func → Σ, and input distribution σ sup-
ported on Func. Fix a multiplicative adversary matrix Γ for F , as in Definition 7.2.1, with
1-eigenstate |σ〉 and a T -query quantum algorithm A, as in Definition 7.1.3. Let ρtI(A, σ) be
the input register states for A and input distribution σ before the (t + 1)-th query is made.
The associated progress measure for t ∈ [T ]0 is defined as

W t(Γ,A) := Tr[ΓρtI(A, σ)].

Theorem 7.2.3 quantifies in what way we can think of W t(Γ,A) as a “progress mea-
sure.” After 0 queries, we have made no progress, which is indicated by W 0(Γ,A) = 1
(Item 1). After T queries, if we want to claim that the algorithm actually solves F with
probability 1 − ε, then it must be the case that the progress W T (Γ,A) has increased suf-
ficiently above 1 (Item 3). Item 2 bounds the amount of progress that can be made in a
single query.

Theorem 7.2.3 ([Špa08, AMRR11]). Fix a problem F : Func→ Σ, an input distribution σ
on Func, and a multiplicative adversary matrix Γ for F with 1-eigenstate |σ〉. Let λ be a real
number with 1 < λ ≤ ‖Γ‖. Let Λbad be the projector onto the eigenspaces of Γ corresponding
to eigenvalues smaller than λ and let η ≤ 1−ε be a positive constant such that ‖FzΛbad‖2 ≤ η
for every z ∈ Σ, where Fz =

∑
f∈Func:
F(f)=z

|f〉〈f |. Then:

1. For any quantum algorithm A, W 0(Γ,A) = 1.

2. For any T -query quantum algorithm A, and t ∈ [T − 1]0,

W t+1(Γ,A)

W t(Γ,A)
≤ max

x∈X,y∈Y

∥∥∥O†x,yΓ1/2Ox,yΓ−1/2
∥∥∥2
.

3. For any T -query quantum algorithm A that solves F on input |σ〉 with success proba-
bility at least 1− ε, W T (Γ,A) ≥ 1 + (λ− 1)

(√
1− ε−√η

)2.

Corollary 7.2.4. For any η that satisfies the constraints of Theorem 7.2.3, ε ∈ (0, 1 − η),
problem F : Func→ Σ, and input distribution σ on Func,

Q1−ε(F) ≥ max
Γ,λ

log
(

1 + (λ− 1)
(√

1− ε−√η
)2)

log

(
max

x∈X,y∈Y

∥∥∥O†x,yΓ1/2Ox,yΓ−1/2
∥∥∥2
) ,

where Γ ranges over all multiplicative adversary matrices for F with 1-eigenstate |σ〉 (see
Definition 7.2.1) and λ ranges over [1, ‖Γ‖].
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7.2.2 Dealing with search problems

By Definition 7.1.4, we aim to lower bound the number of queries that any quantum query
algorithm makes to successfully output F(f) ∈ Σ for any input f ∈ Func. All decision
problems can be phrased in this form, where the set Σ is equal to {0, 1}. However, it is not
always possible to interpret more general search problems as computing a single-valued
function F(f).

For instance, consider the simplest search problem, known as Search (see Section 2.2.5).
In this case, all goes well: we have f ∈ Func as an n-bit string with Hamming weight 1,
and F(f) is defined as the unique index i such that f(i) = 1, implying Σ = [n]. However,
if we relax Func to include all n-bit strings with Hamming weight at least 1, then there
are multiple correct indices i such that f(i) = 1. Consequently, there is no longer a single
correct value for F(f) for each f ∈ Func. Further generalising Func to include all n-bit
strings leads to cases where some inputs contain no indices mapping to 1, making F(f)
undefined for such inputs.

In search problems, the problem is therefore characterised by a relation R ⊂ Func×Σ,
and the algorithm must output some σ ∈ Σ on input f such that (f, σ) ∈ R. This formu-
lation generalises the concept of computing a function F , as we can define the relation R
corresponding to F as the set {(f,F(f)) : f ∈ Func}. We shall see in Theorem 7.2.7 that
the compressed oracle framework solves such search problems.

However, to remain closer to the notation used in Theorem 7.3.4, we still choose to
frame search problems in terms of computing a function F . To accommodate the fact that
search problems can have multiple, or even no, correct outputs, we define that a quantum
query algorithm A has successfully computed a function F on an input f ∈ Func if it
outputs z such that z ∈ F(f). Consequently, if Σ is the set of possible outputs, then each
F(f) is a subset of Σ. To distinguish this from the earlier case where F(f) is a single
value, we now write F : Func→ 2Σ for search problems.

To reflect the modified definition of “success”, we also update the projector Fz for each
z ∈ Σ in Theorem 7.2.3 to:

Fz =
∑

f∈Func:
F(f)3z

|f〉〈f |.

We show that these modifications do not impact Item 3 in Theorem 7.2.3, thereby gener-
alising Theorem 7.2.3 to search problems:

Lemma 7.2.5. Let Γ be a multiplicative adversary matrix for a problem F : Func→ 2Σ and
let λ satisfy the constraints of Theorem 7.2.3. Let Λbad be the projector onto the eigenspaces
of Γ corresponding to eigenvalues smaller than λ and let η ≤ 1− ε be a positive constant such
that ‖FzΛbad‖2 ≤ η for every z ∈ Σ, where Fz =

∑
f∈Func:
F(f)3z

|f〉〈f |.

Then for any T -query quantum algorithm A that solves F on input |σ〉 with success
probability at least 1− ε,

W T (Γ,A) ≥ 1 + (λ− 1)
(√

1− ε−√η
)2
.

Proof. Consider the final state |ψT (A, σ)〉 at the end of the computation. The output is
correct if and only if z ∈ F(f), meaning we can define a “success” measurement on the
input register I and the workspace registerWO containing the output z ∈ Σ:

Λsucc :=
∑
z∈Σ

|z〉〈z|WO
⊗ Fz.

Since the algorithm A solves F with success probability at least 1− ε on the input |σ〉,
we know that

‖Λsucc|ψT (A, σ)〉‖ ≥
√

1− ε. (7.2)
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As in the original proof of Item 3 in [Špa08], we define Λgood := I − Λbad as the
projector onto the orthogonal complement of the bad subspace, which we call the good
subspace. Using these projectors, we decompose |ψT (A, σ)〉 as follows:

|ψT (A, σ)〉 =
√

1− β|Ψbad〉+
√
β|Ψgood〉, (7.3)

where

|Ψbad〉 =
Λbad|ψT (A, σ)〉
‖Λbad|ψT (A, σ)〉‖

, |Ψgood〉 =
Λgood|ψT (A, σ)〉
‖Λgood|ψT (A, σ)〉‖

, and β = ‖Λgood|ψT (A, σ)〉‖2 .

We proceed by separately bounding the contributions of the “good” and “bad” com-
ponents to ‖Λsucc|ψT (A, σ)〉‖. For the “good” component, we can use the trivial bound,
namely ‖Λsucc|Ψgood〉‖ ≤ 1. For the “bad” component, we bound it by

‖Λsucc|Ψbad〉‖ ≤ max
z∈Σ
‖FzΛbad‖ ≤

√
η.

Combining this with (7.3) and (7.2), we find that
√

1− ε ≤ ‖Λsucc|ψT (A, σ)〉‖ ≤
√

1− β ‖Λsucc|Ψbad〉‖+
√
β ‖Λsucc|Ψgood〉‖ ≤

√
η +

√
β,

which we can rearrange to obtain β ≥
(√

1− ε−√η
)2.

Having found a lower bound on β, we can now apply the same decomposition from
(7.3) to our progress measure to conclude the lemma:

W T (Γ,A) = Tr(ΓρTA(A, σ)) ≥ Tr(λΛgoodρ
T
A(A, σ)) + Tr(Λbadρ

T
A(A, σ))

≥ λβ + (1− β) ≥ 1 + (λ− 1)
(√

1− ε−√η
)2
.

7.2.3 The compressed oracle technique

In the compressed oracle technique [Zha19], Zhandry observes that in query problems
where the algorithm interacts with a quantum random oracle, it is equivalent (by applying
a purification) to assume that the algorithm is run on a uniform superposition over all
possible functions from the set X to the set Y . In this picture, a quantum adversary
interacting with the quantum random oracle towards some nefarious end is analogous
to a quantum algorithm run on input distribution σ, which is initialised to the uniform
distribution over all functions from X to Y :

|Uniform〉I :=
1√
MN

∑
f∈Y X

|f〉I . (7.4)

We refrain from discussing the compressed oracle in depth here. For more details,
see [Zha19, CMSZ19, CFHL21]. Instead, we summarise the necessary parts needed to
show how the compressed oracle technique can be used to derive quantum query lower
bounds whenever Func = Y X . The input register I holding any computational basis state
|f〉I , where f ∈ Y X , can be viewed as a tensor product of the different function values for
f for different values of x ∈ X:

|f〉I =
⊗
x∈X
|f(x)〉Ix .

This can be interpreted as a look-up table that fully describes the action of f . We
can also consider a Fourier basis (see Definition 2.2.1) for this register that represents a
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function in Y X . Let {|f̂〉}f∈Y X be the Fourier basis of I ≡ Y⊗N , where each |f̂〉 is defined
as

|f̂〉I :=
⊗
x∈X

QFTM |f(x)〉Ix =
⊗
x∈X
|f̂(x)〉Ix .

From the look-up table perspective, this means that we change the basis of all our entries
in the look-up table. The key insight that Zhandry makes is that if we view both the input
register I in this Fourier basis, as well as the Y register, then a query (as in Definition 7.1.2)
acts on a basis state |x〉X |ŷ〉Y |f̂〉I as follows:

O
(
|x〉X |ŷ〉Y |f̂〉I

)
= |x〉X |ŷ〉Y | ̂f − y · δx〉I . (7.5)

Here, δx denotes the point function satisfying δx(x) = 1 and δx(x′) = 0 for all x′ 6= x. This
change of perspective is quite peculiar: where in a regular query (as in Definition 7.1.2)
the information stored in the Ix register is “copied” into the Y register, this interaction is
mirrored when viewing the Ix register in the Fourier basis. Another added benefit of this
basis change is that the initial state |Uniform〉 simplifies to

QFT⊗NM |Uniform〉I =
⊗
x∈X
|0̂〉Ix . (7.6)

The action of the oracle in (7.5), combined with (7.6), implies the following conse-
quence, which is the cornerstone of the compressed oracle technique:

Fact 7.2.6. For any T -query quantum algorithm A and for any t ∈ [T ]0, we have that
ρtI(A,Uniform) is supported on vectors in the Fourier basis of the form |f̂〉 where

f = y1 · δx1 + · · ·+ ys · δxs ,

for some x1, . . . , xs ∈ X, y1, . . . ys ∈ Y , and s ∈ [t]0.

In Lemma 7.3.1, we will establish a stronger relationship that directly implies Fact 7.2.6.
We can construct an isometry Compx : C[Y ] → C[Y ∪ {⊥}], for every x ∈ X, that

maps the Ix register to |⊥〉 if and only if this register contains |0̂〉, which represents the
algorithm knowing nothing about the value stored in register Ix:

Compx = |⊥〉〈0̂|+
∑

z∈Y \{0}

|ẑ〉〈ẑ|.

By doing this for every x ∈ X we obtain the isometry

Comp =
⊗
x∈X

Compx.

This isometry Comp compresses the information of each of the basis vectors |f̂〉, for f =
y1δx1 + · · · + ysδxs , in the support of ρtI(A,Uniform), since Comp|f̂〉 ∈ C[(Y ∪ {⊥})X ] has
|⊥〉 everywhere except for those s ≤ t registers indexed by x1, . . . , xs. Let us extend QFTM
to C[(Y ∪ {⊥})X ] by defining QFTM |⊥〉 = |⊥〉. We can view

|D〉 = QFTMComp|f̂〉 ∈ C[(Y ∪ {⊥})X ]

as a database, where we have applied QFTM to bring the databases back to the computa-
tional basis. We say that D has size s if |{x ∈ X : D(x) 6= ⊥}| = s, which we denote by
|D| = s, and remark that by QFTM |⊥〉 = |⊥〉, this basis conversion leaves the size of the
database unaffected. We write

Ds := {D ∈ (Y ∪ {⊥})X : |D| = s}, D≤s := {D ∈ (Y ∪ {⊥})X : |D| ≤ s}, (7.7)

for the sets of all databases of size s and at most s, respectively. In this chapter, we use set
notation when working with databases:
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• For any x ∈ X, y ∈ Y and D ∈ (Y ∪ {⊥})X such that D(x) = ⊥, we can add a new
entry (x, y) to D, to obtain D′ = D ∪ (x, y). This means that the resulting database
D′ satisfies D(x′) = D′(x′) for every x′ ∈ X \ {x} and D′(x) = y.

• For any x ∈ X, y ∈ Y and D ∈ (Y ∪ {⊥})X such that D(x) = y, we can delete the
entry (x, y) from D, to obtain D′ = D\(x, y). This means that the resulting database
D′ satisfies D(x′) = D′(x′) for every x′ ∈ X \ {x} and D′(x) = ⊥.

The compressed oracle gets its name from the fact that each databaseD of size s can be
efficiently represented by the list of pairs (x1, D(x1)), . . . , (xs, D(xs)), which is bounded
in size due to Fact 7.2.6. Hence, the oracle operation Ox,y can be efficiently computed
by a quantum algorithm that lazy samples from the uniform distribution, and this circuit
(see [CMSZ19] for its explicit construction) is referred to as the compressed (Fourier)
oracle:

cOx,y = Comp ◦ Ox,y ◦ Comp†. (7.8)

This framework has many applications in cryptography [CMSZ19, LZ19b, GHHM21,
DFMS22] by being able to analyse the interaction of an adversary with a random oracle,
which as we have seen is equivalent to where the input register I is initialised to the
uniform superposition over all functions (see (7.4)). In [CMSZ19, HM23], it was shown
that this can be generalised to uniform superpositions over distributions where there is no
correlation between the values in the registers Ix and Ix′ for distinct x, x′ ∈ X. In this
chapter, we focus only on the application of the compressed oracle technique to quantum
query lower bounds. A rigorous framework of this application has been given in [CFHL21],
where the main ingredient of this lower bound (see Theorem 7.2.7 for the full statement)
is of the following form:

max
x∈X,y∈Y

‖PDRcOx,y (I − PDR)‖ .

Here, the relation R ⊆ (X × Y )k defines a set of tuples of size k over X × Y . Each
tuple R ∈ R is an element of (X × Y )k and represents a list of input-output pairs
((x1, y1), . . . , (xk, yk)). Compared to our discussion of search problems in Section 7.2.2,
the input f ∈ Func is omitted from the relation R. To address this, Theorem 7.2.7 intro-
duces the additional constraint that the input-output pairs in each tuple R ∈ R must be
consistent with the input f .

The relation R induces a subset DR ⊆ D, where D ∈ DR if and only if it is con-
sistent with one of the tuples in R, meaning that there exists a k ∈ [N ] and R =
((x1, y1), . . . , (xk, yk)) ∈ R such that D(x1) = y1, . . . , D(xk) = yk. For any subset A ⊆ D,
we denote the projection onto this subset as

PA =
∑
D∈A
|D〉〈D|. (7.9)

Since these projectors project onto computational basis states, we have the added benefit
that they commute for distinct choices of A.

Theorem 7.2.7 ([CFHL21]). Fix a finite set X of size N and let Y = [M − 1]0. Let R ⊆
(X × Y )k be a relation for some k ∈ [M − 1] and consider a quantum algorithm A that
outputs (x1, y1), . . . , (x1, yk). Let p be the probability that both (x1, y1), . . . , (x1, yk) ∈ R
and yi = f(xi) for every i ∈ [k] when A has interacted with a random oracle, initialised with
a uniformly random function f in Y X . Then:

√
p ≤

T∑
t=1

max
x∈X,y∈Y

∥∥∥PD≤t∩DRcOx,yPD≤t−1\DR

∥∥∥+

√
k

M
.
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Remark 7.2.8. The framework in [CFHL21] allows for an adversary that makes both se-
quential as well as parallel queries, whereas we restrict to only the sequential query version of
their result. Moreover, they also allow for a series of relations R0, . . . ,RT instead of a single
relation R, where they bound∥∥∥PD≤t∩DRt cOx,yPD≤t−1\DRt−1

∥∥∥ .
Since the latter generalisation has thus far not been used for any application in the se-

quential query model, we consider the simplified lower bound as described and applied in
[Zha19, LZ19a, HM23].

The form of Theorem 7.2.7 is restricted compared to that of Theorem 7.2.3. We saw
that we cannot run A on any input distribution, but only on Uniform, since Theorem 7.2.7
requires the register I to be initialised with a uniformly random function f in Y X . Since
A has to output (x1, y1), . . . , (x1, yk) ∈ R ⊆ (X × Y )k, the technique always deals with
search problems instead of decision problems. Despite this restriction, it does seem to
come with a large advantage compared to the adversary methods. In practice, it appears
to be much more straightforward, or at least more intuitive, to come up with a good bound
on ‖PD≤t∩DRcOx,yPD≤t−1\DR‖ than it is to derive a good multiplicative adversary matrix Γ

and accompanying constants λ, η, and bound its progress ‖O†x,yΓ1/2Ox,yΓ−1/2‖. Further-
more, it also works well whenever one considers exponentially small success probabilities,
whereas the negative-weights adversary method fails in this regime.

7.2.4 Average-case query complexity

We cannot immediately conclude a lower bound on Q1−ε(F) from Theorem 7.2.7. Recall
from Definition 7.1.4 and Section 7.2.2 that Q1−ε(F) captures the number of queries
required for any quantum query algorithm A to successfully output z ∈ F(f) for any
input f ∈ Func with success probability at least 1 − ε. By convexity, Q1−ε(F) is lower
bounded by the number of queries required for any input distribution σ, since:

Pr
f∼σ

[A outputs z ∈ F(f)] ≥ min
f∈Func

Pr[A outputs z ∈ F(f)].

However,Q1−ε(F) is not an interesting metric in the case where minf∈Func Pr[A outputs z ∈
F(f)] = 0, i.e. when there exists an input f ∈ Func when the algorithm can’t successfully
output z ∈ F(f) for any input f ∈ Func. This can occur in Theorem 7.2.7, as the input
distribution σ is Uniform. For instance, consider the collision problem, where for any input
f ∈ Y X , the goal is to output a pair (x1, y), (x2, y) such that f(x1) = f(x2) = y, referred
to as a collision. Some inputs f ∈ Y X may contain no collisions, making it impossible for
the quantum algorithm to output z ∈ F(f).

Additionally, even if the worst-case input admits a non-zero probability of success, it
can often be more meaningful to show that the problem is hard on average rather than
merely demonstrating the existence of an input where the problem is hard. This is par-
ticularly relevant in the context of cryptography, where it is more desirable to know that
most cryptographic keys yield a secure construction than to prove that there exists a single
cryptographic key ensuring security.

Therefore, in the remainder of this chapter, we focus on deriving a lower bound for
the average-case complexity Q1−ε(F) (see, e.g., [AdW01] for further details) rather than
the worst-case complexity Q1−ε(F):

Definition 7.2.9 (ε-error Average-Case Quantum Query Complexity). Fix F : Func→ 2Σ.
Then the ε-error average-case quantum query complexity of F and input distribution σ on
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Func, denoted by Qσ1−ε(F), is the minimum number of queries needed by any quantum query
algorithm A such that

Pr
f∼σ

[A outputs z ∈ F(f)] ≥ 1− ε.

We can now use Theorem 7.2.7 to lower bound QUniform
1−ε (F):

Corollary 7.2.10. Fix a finite set X of size N and let Y = [M − 1]0. Let R ⊆ (X × Y )k

be a relation for some k ∈ [M − 1]. Then for any ε ∈ (0, 1− k/M) and any problem
F : Y X → 2R, the ε-error average-case quantum query complexity QUniform

1−ε (F) is lower
bounded by the smallest T satisfying

√
1− ε−

√
k

M
≤

T∑
t=1

max
x∈X,y∈Y

∥∥∥PD≤t∩DRcOx,yPD≤t−1\DR

∥∥∥ .
Corollary 7.2.10 is slightly less conveniently phrased compared to Corollary 7.2.4 due

to its dependence on t in the term∥∥∥PD≤t∩DRcOx,yPD≤t−1\DR

∥∥∥ .
As an example of how to determine the “smallest T ” in Corollary 7.2.10, we consider the
collision problem. In [Zha19], it is shown that for the collision relation

R = {((x1, y), (x2, y)) ∈ (X × Y )2 : f(x1) = f(x2) = y},

we can bound

max
x∈X,y∈Y

∥∥∥PD≤t∩DRcOx,yPD≤t−1\DR

∥∥∥ ≤√ t− 1

M
.

Hence, QUniform
1−ε (F) is lower bounded by the smallest T satisfying:

√
1− ε−

√
2

M
≤

T∑
t=1

√
t− 1

M
≤ T 3/2

√
M
,

which can be rearranged to yield

T ≥

(
√

1− ε−
√

2

M

)2/3

M1/3.

7.3 Multiplicative ladder adversary method

Here, we propose a simplified version of the multiplicative adversary method, that we
name the multiplicative ladder adversary (MLA) method, which we later prove in Sec-
tion 7.4 has the compressed oracle technique as a special case. The MLA method is weaker
than the multiplicative adversary method as it only considers a subset of all possible mul-
tiplicative adversary matrices Γ, which we refer to as MLA matrices, but despite this re-
striction, it still exhibits a strong direct product theorem, as will be shown in Section 7.5.

7.3.1 Making the adversary matrix time-dependent

Before we define these MLA matrices in Definition 7.3.2, we first provide some motivation
behind their definition. In Section 7.2.3, we saw that the compressed oracle seems to
make more explicit use of the number of queries to compute the incremental progress
by decomposing the set of all possible databases D =

⊔N
t=0Dt based on their sizes and
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integrating these into the projection PDR . We generalise this notion by introducing the
following construction, that captures the subspace of C[Y X ] that is reachable from |σ〉
after a fixed number of queries.

First, we define a few components necessary for our construction. Let σ be an initial
distribution on Func ⊆ Y X . For any t ∈ [N ] and any choice of x1, . . . , xt ∈ X and
y1, . . . , yt ∈ Y , define

|vy1,...,ytx1,...,xt〉 :=
1√

αy1,...,ytx1,...,xt

∑
f∈Func:

∀i∈[t],f(xi)=yi

√
σ(f)|f〉, (7.10)

where αy1,...,ytx1,...,xt is the normalisation factor, defined as

αy1,...,ytx1,...,xt :=
∑

f∈Func:
∀i∈[t],f(xi)=yi

σ(f). (7.11)

Lemma 7.3.1. Define the sequence of subspaces Spacet(σ) as follows:

• For t = 0, let Space0(σ) = span{|σ〉}, where |σ〉 =
∑

f∈Func
√
σ(f)|f〉 is the initial

state of the input register I.

• For t ∈ [N ], set

Spacet(σ) := span
{
|vy1,...,ytx1,...,xt〉 : (xi, yi) ∈ X × Y for i = 1, . . . , t

}
.

• For t > N , define Spacet(σ) = SpaceN (σ).

Then each space Spacet(σ) represents the subspace of C[Y X ] that is reachable from |σ〉
after t queries:

• For every t ∈ [N ]0, there exists a t-query quantum algorithm A, such that

Spacet(σ) ⊆ span
{

supp
(
ρtI(A, σ)

)}
.

• For every t ∈ [N ]0 and t-query quantum algorithm A, we have

Spacet(σ) ⊇ span
{

supp
(
ρtI(A, σ)

)}
.

Before we prove the lemma, we discuss some of its implications. First of all, we find
that SpaceN (σ) = span{|f〉 : f ∈ supp(σ)}. Moreover, in the special case where |σ〉 =
|Uniform〉, we have that

Spacet(Uniform) = Comp† (span{|D〉 : D ∈ D≤t})Comp, (7.12)

which recovers Fact 7.2.6.
We can combine Γ with the projection Π≤t that projects onto Spacet(σ), to ensure that

the progress keeps track of the number of queries done by the algorithm. The “≤” in the
subscript of each of the projectors Π≤t is there to emphasise that Π≤t−1 � Π≤t. This is due
to the fact that we can let (xt, yt) = (xt−1, yt−1) in |vy1,...,ytx1,...,xt〉. For any T -quantum algorithm
A, initial distribution σ, t ∈ [T ]0, and multiplicative adversary matrix Γ, we have

W t(Γ,A) = Tr
[
ΓρtI(A, σ)

]
= Tr

[
ΓΠ≤tρ

t
I(A, σ)

]
= Tr

[
ΓρtI(A, σ)Π≤t

]
. (7.13)
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Proof of Lemma 7.3.1. To prove the first inclusion in Lemma 7.3.1, we show that for any
fixed x = (x1, . . . , xt) ∈ Xt and y = (y1, . . . , yt) ∈ Y t, we can construct a quantum
algorithm A such that

|vy1,...,ytx1,...,xt〉 ∈ supp
(
ρtI(A, σ)

)
.

Let A be the t-query algorithm that computes |f(x1), . . . , f(xt)〉W in its working regis-
ter using t queries and t+ 1 unitaries. Additionally, its final unitary Ut uncomputes the Y
register. Then the final state of the algorithm A is

|ψt(A, σ)〉 =
∑

f∈Func

√
σ(f)|f(x1), . . . , f(xt)〉W |xt〉X |0〉Y |f〉I .

By tracing out all but the input register I, we obtain (see (7.10) and (7.11)):

ρtI(A, σ) =
∑
y∈Y t

1

αy
x
|vyx〉〈vyx|. (7.14)

For the second inclusion in Lemma 7.3.1, we show inductively that for every quantum
algorithm A and t ∈ [N ]0, we have

|ψt(A, σ)〉 ∈ WXY ⊗ Spacet(σ).

For t = 0, we know for any quantum algorithm A that

|ψ0(A, σ)〉 = U0|0〉WXY ⊗ |σ〉I ∈ WXY ⊗ Spacet(σ),

since U0 acts non-trivially only on the WXY registers. Now suppose that (7.14) holds
for some choice of t ∈ [N − 1]0 and quantum algorithm A, meaning there exist complex
coefficients βw,x,y,x,y satisfying

|ψt(A, σ)〉 =
∑

x∈X,y∈Y,w∈W,
x∈Xt,y∈Y

βw,x,y,x,y|w, x, ŷ〉WXY |vyx〉I .

Here |vyx〉I = |σ〉 if t = 0. For each x ∈ X, we can decompose the state |vyx〉 based on the
value of f(x) in the computational basis states |f〉 in |vyx〉:

|ψt(A, σ)〉 =
∑

x∈X,y∈Y,w∈W,
x∈Xt,y∈Y

βw,x,y,x,y|w, x, ŷ〉WXY

 1√
αy
x

∑
yt+1∈Y

√
α
y,yt+1
x,x |vy,yt+1

x,x 〉

 ,

(7.15)
which is an element of WXY ⊗ Spacet+1(σ). Here αy

x = 1 if t = 0. For each such state
|vy,yt+1

x,x 〉, we only pick up a global phase when applying a phase query:

O|x, ŷ〉XY |vy1,...,yt,yt+1
x1,...,xt,x 〉 = e

2πι
M
y·yt+1 |x, ŷ〉XY |vy1,...,yt,yt+1

x1,...,xt,x 〉. (7.16)

Moreover, since the unitary Ut acts non-trivially only on theWXY registers, we find that

|ψt+1(A, σ)〉 = UtO|ψt(A, σ)〉 ∈ WXY ⊗ Spacet+1(σ).

7.3.2 Mapping the progress onto a ladder

The structure of the database projections PD≤t∩DR and PD≤t−1\DR in the compressed ora-
cle technique (see Theorem 7.2.7) is, in practice, more convenient to work with than the
more abstract projections Λi. This is because these projections are built from the database
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basis states, which are more intuitive and allow for easy tracking of their sizes with each
query (see Fact 7.2.6).

We aim to establish a similar structure on the eigenspaces of Γ. These eigenspaces
should resemble steps on a ladder, where each query moves the state up or down by at
most one step. Additionally, these steps should be evenly spaced. To formalise this idea,
we impose structural constraints on the spectral decomposition of Γ:

Γ =
∑̀
i=0

λiΛi. (7.17)

Here, `+ 1 denotes the number of distinct eigenvalues of Γ, which are sorted in ascending
order, and each Λi is the projector onto the eigenspace associated with the eigenvalue λi.

Definition 7.3.2 (Multiplicative Ladder Adversary Matrix). Let Γ =
∑`

i=0 λiΛi be a multi-
plicative adversary matrix. We say that Γ is a multiplicative ladder adversary (MLA) matrix
if the following conditions hold:

• The eigenvalues of Γ satisfy λi = κi for some κ > 1, so that

Γ =
∑̀
i=0

κiΛi.

• For every t ∈ [N ]0, Γ commutes with Π≤t.

• For all x ∈ X , y ∈ Y, and i, i′ ∈ [`]0, the projections onto the eigenspaces satisfy

‖Λi′Ox,yΛi‖ = 0, if
∣∣i′ − i∣∣ > 1. (7.18)

The condition expressed in (7.18) ensures that each query can move the state up or
down by at most a single eigenspace. Meanwhile, the construction Γ =

∑`
i=0 κ

iΛi ensures
that the multiplicative progress between successive eigenspaces is constant, specifically a
factor of κ.

It might initially seem restrictive to consider only multiplicative adversary matrices
that commute with Π≤t for all values of t, given that we are only guaranteed that Γ
commutes with |σ〉〈σ| = Π≤0, since |σ〉 is a 1-eigenvector of Γ. However, the following
lemma demonstrates that this is not a restriction for the class of all multiplicative adversary
matrices:

Lemma 7.3.3. Let Γ be a multiplicative adversary matrix with 1-eigenstate |σ〉. Then there
exists a multiplicative adversary matrix Γ′ with 1-eigenstate |σ〉 such that for every t ∈ [N ]0:

• Γ′ commutes with Π≤t,

• W t(Γ′,A) = W t(Γ,A) for every t-query quantum algorithm A.

Proof. By construction of Spacet(σ), we know that for every t ∈ [N ]0, Spacet(σ) is con-
tained in SpaceN (σ) = span{|f〉 : f ∈ supp(σ)}. Hence, there exists an eigenbasis
{|ej〉}j∈[|Func|] for SpaceN (σ) that also diagonalises each Π≤t:

Π≤t =

|Func|∑
j=1

λt,j︸︷︷︸
∈{0,1}

|ej〉〈ej |. (7.19)



174 Chapter 7. The compressed oracle is a worthy adversary

Since |σ〉 lies in the 1-eigenspace of Π≤0, and therefore also in the 1-eigenspace of every
Π≤t, we can assume without loss of generality that |e1〉 = |σ〉. We construct Γ′ using this
eigenbasis:

Γ′ :=

|Func|∑
j=1

〈ej |Γ|ej〉|ej〉〈ej |.

We now show that Γ′ satisfies the requirements stated in the lemma. First, since |σ〉 =
|e1〉 is a 1-eigenstate of Γ, we also have

Γ′|σ〉 =

|Func|∑
j=1

〈ej |Γ|ej〉|ej〉〈ej ||σ〉 = 〈σ|Γ|σ〉|σ〉 = |σ〉.

Moreover, since Γ′ is diagonal in the shared eigenbasis {|ej〉}j∈[|Func|] for all Π≤t, it com-
mutes with every Π≤t. Finally, we find from (7.13) and (7.19) that

W t(Γ′,A) = Tr
[
Γ′Π≤tρ

t
I(A, σ)

]
= Tr

|Func|∑
j=1

λt,j〈ej |Γ|ej〉|ej〉〈ej |ρtI(A, σ)


= Tr

|Func|∑
j=1

λ2
t,j〈ej |Γ|ej〉〈ej |ρtI(A, σ)|ej〉

 = Tr
[
ΓΠ≤tρ

t
I(A, σ)Π≤t

]
= W t(Γ,A).

This new definition allows us to prove an MLA-version of Theorem 7.2.3. This result
is strictly weaker, as it only considers a subset of all possible multiplicative adversary
matrices, but it greatly simplifies the upper bound on the progress achievable in a single
query (Item 2).

Theorem 7.3.4. Fix a problem F : Func→ 2Σ, an input distribution σ on Func, a constant
κ > 1, and an MLA matrix Γ =

∑`
i=0 κ

iΛi with 1-eigenstate |σ〉 (see Definition 7.3.2). Let
λ be a real number with 1 < λ ≤ κ`. Let Λbad be the projector onto the eigenspaces of Γ
corresponding to eigenvalues smaller than λ and let η ≤ 1− ε be a positive constant such that
‖FzΛbad‖2 ≤ η for every z ∈ Σ, where Fz =

∑
f∈Func:
F(f)3z

|f〉〈f |. Then:

1. For any quantum algorithm A, W 0(Γ,A) = 1.

2. For any T -query quantum algorithm A, and t ∈ [T − 1]0,

W t+1(Γ,A)

W t(Γ,A)
≤ max

i∈[`−1]0,
x∈X,y∈Y

1 + max
i∈[`−1]0,
x∈X,y∈Y

κ− 1√
κ
‖Λi+1Π≤t+1Ox,yΠ≤tΛi‖

2

3. For any T -query quantum algorithm A that solves F on input |σ〉 with success proba-
bility at least 1− ε, W T (Γ,A) ≥ 1 + (λ− 1)(

√
1− ε−√η)2.

Note that the upper bound on W t+1/W t, the progress made in one step now depends
on t. This is necessary to capture the power of the compressed oracle method, where,
for example, the probability of (i.e. amplitude on) finding a collision in a single query is
greater the more queried values you have stored in memory.
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Corollary 7.3.5. For any η that satisfies the constraints of Theorem 7.3.4, any ε ∈ (0, 1 −
η), problem F : Func → 2Σ, and input distribution σ on Func, the ε-error average-case
quantum query complexity Qσ1−ε(F) is lower bounded by the smallest T such that satisfying

1 ≤ min
Γ,λ

(
− (λ− 1)(

√
1− ε−√η)2 +

T∏
t=1

(
1 + max

i∈[`−1]0,
x∈X,y∈Y

κ− 1√
κ
‖Λi+1Π≤tOx,yΠ≤t−1Λi‖

)2)
,

Proof of Theorem 7.3.4. Item 1 and 3 follow from Theorem 7.2.3 and Lemma 7.2.5, so we
focus on proving Item 2. We fix any T -query algorithm A and begin by following similar
steps as in [Špa08] to upper bound the ratio

W t+1(Γ,A)

W t(Γ,A)
.

Observe that the query operator O cannot directly be inserted into the progress mea-
sure since it acts on all registers XYI, whereas each MLA matrix is only defined on I.
Thus, we lift Γ to this larger space by constructing Υ = IWXY ⊗ Γ, which immediately
yields

W t(Γ,A) = Tr [Υ|ψt(A, σ)〉〈ψt(A, σ)|] .
Because A and |σ〉 are fixed, we simplify the notation in the rest of the proof and omit
(A, σ). The addition of Υ results in

W t+1 (Γ,A)

W t (Γ,A)
=

Tr [Υ|ψt+1〉〈ψt+1|]
Tr [Υ|ψt〉〈ψt|]

=
Tr
[
ΥUt+1O|ψt〉〈ψt|O†U †t+1

]
Tr [Υ|ψt〉〈ψt|]

=
Tr
[
O†U †t+1ΥUt+1O|ψt〉〈ψt|

]
Tr [Υ|ψt〉〈ψt|]

,

where in the final equality we have used the cyclic property of the trace. Since the unitary
Ut+1 acts as the identity on register I, we obtain that U †t+1ΥUt+1 = Υ. This allows us to
simplify

Tr
[
O†U †t+1ΥUt+1O|ψt〉〈ψt|

]
Tr [Υ|ψt〉〈ψt|]

=
Tr
[
O†ΥO|ψt〉〈ψt|

]
Tr [Υ|ψt〉〈ψt|]

.

At this point, we deviate from [Špa08] by making use of the projection Π≤t onto
Spacet(σ) from Lemma 7.3.1. Our goal is to show that the following equation holds:

W t+1 (Γ,A)

W t (Γ,A)
≤ max

x∈X,y∈Y

∥∥∥Γ1/2Ox,yΠ≤tΓ−1/2
∥∥∥2
. (7.20)

Let |τ〉 = Υ1/2|ψt〉, meaning |ψt〉 = Υ−1/2|τ〉. Then

Tr
[
O†ΥO|ψt〉〈ψt|

]
Tr [Υ|ψt〉〈ψt|]

=
〈ψt|O†ΥO|ψt〉
〈ψt|Υ|ψt〉

=
〈ψt| (IWXY ⊗Π≤t)O†ΥO (IWXY ⊗Π≤t) |ψt〉

〈ψt|Υ|ψt〉

=
〈τ |Υ−1/2 (IWXY ⊗Π≤t)O†ΥO (IWXY ⊗Π≤t) Υ−1/2|τ〉

〈τ |τ〉

≤
∥∥∥Υ1/2O (IWXY ⊗Π≤t) Υ−1/2

∥∥∥2
= max

x∈X,y∈Y

∥∥∥Γ1/2Ox,yΠ≤tΓ−1/2
∥∥∥2
,

where we use the fact that Γ, and hence also Υ, is Hermitian, as well as (7.1). Using the
triangle inequality, we can further bound this expression (for any fixed x, y and without
the square) as∥∥∥Γ1/2Ox,yΠ≤tΓ−1/2

∥∥∥ ≤ 1√
κ

+

∥∥∥∥(Γ1/2Ox,yΠ≤t −
1√
κ
Ox,yΠ≤tΓ1/2

)
Γ−1/2

∥∥∥∥ . (7.21)
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Here is where we make the second deviation from [Špa08]. Since the projections onto
the eigenspaces of a Hermitian matrix form a resolution of the identity, we can write the
matrix (

Γ1/2Ox,yΠ≤t −
1√
κ
Ox,yΠ≤tΓ1/2

)
Γ−1/2

as a block matrix with entries indexed by i, i′ ∈ [`]0, equal to

Λi′

(
Γ1/2Ox,yΠ≤t −

1√
κ
Ox,yΠ≤tΓ1/2

)
Γ−1/2Λi

=

(√
κi′Λi′Ox,yΠ≤t −

1√
κ

Λi′Ox,yΠ≤tΓ1/2

)
Γ−1/2Λi

=

√
κi′√
κi

Λi′Ox,yΠ≤tΛi −
1√
κ1

Λi′Ox,yΛi =

√
κi′−i+1 − 1√

κ
Λi′Ox,yΠ≤tΛi,

(7.22)

where we used Γ =
∑`

i=0 κ
iΛi (see (7.17)) and consequently Γ−1 =

∑`
i=0 κ

−iΛi. As Γ
is an MLA matrix, all entries in this block matrix must be zero by (7.18), apart from the
entries on diagonal, superdiagonal and subdiagonal. The entries on the superdiagonal
however are also zero, which can be verified by substituting i′ = i − 1 in (7.22). This
enables us to bound the norm of this block matrix by the block matrix Mx,y, which will
contain only zero blocks, except for the blocks on the diagonal and subdiagonal, which
have respective entries a and b (that depend on x and y) multiplied by identity matrices
of the appropriate dimensions. We set these values to

a := max
i∈[`−1]0

∥∥∥∥∥
√
κi−i+1 − 1√

κ
ΛiOx,yΠ≤tΛi

∥∥∥∥∥ ≤ 1− 1√
κ
,

b := max
i∈[`−1]0

∥∥∥∥∥
√
κ(i+1)−i+1 − 1√

κ
Λi+1Ox,yΠ≤tΛi

∥∥∥∥∥ = max
i∈[`−1]0

κ− 1√
κ
‖Λi+1Ox,yΠ≤tΛi‖ .

Using this new matrix Mx,y we can therefore bound

max
x∈X,y∈Y

∥∥∥∥(Γ1/2Ox,yΠ≤t −
1√
κ
Ox,yΠ≤tΓ1/2

)
Γ−1/2

∥∥∥∥ ≤ max
x∈X,y∈Y

‖Mx,y‖ . (7.23)

For a block matrix of the form

Mx,y =



a 0 0

b a 0

0 b
. . . . . .
. . . . . . 0

b a


,

we upper bound its spectral norm by a + b, since ‖Mx,y‖ ≤
√
‖Mx,y‖1 ‖Mx,y‖∞ (see

Lemma 2.1.1). We can now nearly conclude the proof by combining (7.20) with (7.21)
and (7.23):

W t+1(Γ,A)

W t(Γ,A)
≤
(

1√
κ

+ max
x∈X,y∈Y

‖Mx,y‖
)2

≤

1 + max
i∈[`−1]0,
x∈X,y∈Y

κ− 1√
κ
‖Λi+1Ox,yΠ≤tΛi‖

2

.
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To conclude Item 2, we still need to replace Λi+1Ox,yΠ≤tΛi with Λi+1Π≤t+1Ox,yΠ≤tΛi.
This follows directly from (7.15) and (7.16), which shows that for every one of the basis
states |vy1,...,ytx1,...,xt〉 spanning Spacet(σ) and for every x ∈ X and y ∈ Y , we have:

Ox,y|vy1,...,ytx1,...,xt〉 =
1√

αy1,...,ytx1,...,xt

∑
yt+1∈Y

√
α
y1,...,yt,yt+1
x1,...,xt,x Ox,y|vy1,...,yt,yt+1

x1,...,xt,x 〉

=
∑

yt+1∈Y

√
α
y1,...,yt,yt+1
x1,...,xt,x e

2πι
M
y·yt+1 |vy1,...,yt,yt+1

x1,...,xt,x 〉 ∈ Spacet+1(σ),

meaning
Ox,yΠ≤t = Π≤t+1Ox,yΠ≤t. (7.24)

The machinery of MLA matrices is not necessary for the reduction in Section 7.4. For
this reduction, we construct multiplicative matrices with ` = 1, which automatically sat-
isfy (7.18). However, a general ` is required if we aim to compute a function F on
` independent instances simultaneously, as discussed in Section 7.5. Furthermore, al-
most all multiplicative adversary matrices constructed so far to establish lower bounds
(see [AŠdW06, Špa08, AMRR11]) are, in fact, MLA matrices. This observation suggests
that MLA matrices form a natural subset worthy of deeper analysis.

The following is a useful property that follows from (7.24), which we will employ in
the subsequent sections:

Fact 7.3.6. ‖ΛiΠ≤tOx,yΠ≤t−1Λi−1‖ is monotonically non-decreasing in t ∈ [N ] for all i ∈ [`].

Proof. Let Πt := Π≤t − Π≤t−1 be the projection onto Spacet(σ) ∩ Spacet−1(σ)⊥. Since
unitaries preserve inner products, we have by (7.24) that

Π≤t+1Ox,yΠt = Ox,yΠt⊥Ox,yΠ≤t−1 = Π≤tOx,yΠ≤t−1.

This means that Π≤t+1Ox,yΠt and Π≤tOx,yΠ≤t−1 have orthogonal images and coimages.
This orthogonality is preserved after multiplying with Λi and Λi−1 since Γ commutes with
Π≤t−1,Π≤t and Π≤t+1. Hence, we have

‖ΛiΠ≤t+1Ox,yΠ≤tΛi−1‖ = ‖Λi (Π≤t + Πt+1)Ox,y (Π≤t−1 + Πt) Λi−1‖
= ‖Λi (Π≤tOx,yΠ≤t−1 + Π≤tOx,yΠt + Πt+1Ox,yΠ≤t−1 + Πt+1Ox,yΠt) Λi−1‖
= ‖Λi (Π≤tOx,yΠ≤t−1 + Π≤t+1Ox,yΠt) Λi−1‖ ≥ ‖Λi (Π≤tOx,yΠ≤t−1) Λi−1‖ .

7.4 The reduction

In this section, we present an explicit reduction from the compressed oracle technique to
our new MLA method:

Theorem 7.4.1. Fix a finite set X of size N and let Y = [M − 1]0. Consider a relation
R ⊆ (X × Y )k for some k ∈ [M − 1]. Let ε ∈

(
0, 1− (9− 4

√
2) kM

)
, and fix any problem

F : Y X → 2R. Define the quantities MLADVUniform
1−ε, 2k

M

(F) and COMPUniform
1−ε (F) as the lower

bounds on QUniform
1−ε (F) obtained by Corollary 7.3.5 (with η set to 2k

M ) and Corollary 7.2.10,
respectively. Then, we have

COMPUniform
1−ε (F) ≤ 6 ·MLADVUniform

1−ε, 2k
M

(F).
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Recall from Corollary 7.2.10 that COMPUniform
1−ε (F) is equal to the smallest T satisfying

√
1− ε−

√
k

M
≤

T∑
t=1

max
x∈X,y∈Y

∥∥∥PD≤t∩DRcOx,yPD≤t−1\DR

∥∥∥ . (7.25)

We start by removing the compressed oracle cOx,y in (7.25). For t ∈ [T ]0, consider the
following projections:

Π1,t := Comp†PD≤t∩DRComp,

Π0,t := Comp†PD≤t\DRComp.
(7.26)

By the definition of cOx,y from (7.8), we find that the projections in (7.26) allow us to
rewrite the right-hand side of (7.25) as:

T∑
t=1

max
x∈X,y∈Y

∥∥∥PD≤t∩DRcOx,yPD≤t−1\DR

∥∥∥
=

T∑
t=1

max
x∈X,y∈Y

∥∥∥(CompΠ1,tComp†
)(

CompOx,yComp†
)(

CompΠ0,t−1Comp†
)∥∥∥

=
T∑
t=1

max
x∈X,y∈Y

‖Π1,tOx,yΠ0,t−1‖ .

Hence, by Corollary 7.2.10, COMPUniform
1−ε (F) is upper bounded by the smallest value of T

satisfying
√

1− ε−
√

k

M
≤

T∑
t=1

max
x∈X,y∈Y

‖Π1,tOx,yΠ0,t−1‖ . (7.27)

Next, we show that for any R ⊆ (X × Y )k, we can always construct an explicit MLA
Γ (see Definition 7.3.2), with accompanying parameter λ and η = 2k

M satisfying the condi-
tions of Theorem 7.3.4, such that any T that satisfies

1 + (λ− 1)(
√

1− ε−√η)2 ≤
T∏
t=1

max
i∈[`−1]0
x∈X,y∈Y

(
1 +

κ− 1√
κ
‖Λi+1Π≤tOx,yΠ≤t−1Λi‖

)2

also satisfies
√

1− ε−
√

k

M
≤

6T∑
t=1

max
x∈X,y∈Y

‖Π1,tOx,yΠ0,t−1‖ . (7.28)

This then proves Theorem 7.4.1 by Corollary 7.3.5 and (7.27).
For ` = 1, we know from Definition 7.3.2 that any multiplicative ladder adversary

matrix has the following form for some κ > 1:

Γ = Λ0 + κΛ1.

We set the eigenspaces of Γ to correspond to the projections Λ1 := Π1,N (see (7.26)) and
Λ0 := I − Λ1.

Claim 7.4.2. For each t ∈ [T ]0

Π≤tΛ0 = Π0,t, Λ1Π≤t = Π1,t. (7.29)
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Proof. Since PD≤N is the identity on C[(Y ∪ {⊥})X ], we find that

Λ0 = I − Λ1 = Comp†PD≤NComp− Comp†PD≤N∩DRComp

= Comp†PD≤N\DRComp.

By (7.12) we know that Π≤t = Comp†PD≤tComp. Together with the commutativity of the
projectors onto subsets of D (see (7.9)), this implies that

Π≤tΛ0 = Comp†PD≤tCompComp†PD≤N\DRComp

= Comp†PD≤t\DRComp = Π0,t.

Similarly we have

Λ1Π≤t = Comp†PD≤N∩DRCompComp†PD≤tComp

= Comp†PD≤t∩DRComp = Π1,t.

Claim 7.4.3. Let Λ1 := Π1,N (see (7.26)), Λ0 = I − Λ1 and Γ = Λ0 + κΛ1 for some
constant κ > 1. Then Γ is an MLA matrix as defined in Definition 7.3.2 with |Uniform〉 as a
1-eigenvector.

Proof. It is clear that this construction makes Γ positive definite with smallest eigenvalue
1 and largest eigenvalue κ. Moreover, since ` = 1, we automatically satisfy (7.18) from
Definition 7.3.2. Γ also commutes with every Π≤t due to the commutativity of the projec-
tors onto subsets of D. Hence, it only rests us to verify that |Uniform〉 = 1√

MN

∑
f∈Y X |f〉

is indeed an eigenvector of Γ with eigenvalue 1:

Λ0|Uniform〉 = |Uniform〉 − Λ1|Uniform〉 = |Uniform〉 − Comp†PDR |⊥〉
⊗N = |Uniform〉,

since the empty database |⊥〉⊗N can never be an element of DR.

Knowing that Γ is an MLA with |Uniform〉 as a 1-eigenvector, we may apply Corol-
lary 7.3.5. By taking the natural logarithm of both sides, it states

ln
(
1 + (λ− 1)(

√
1− ε−√η)2

)
≤ 2

T∑
t=1

ln

(
1 + max

x∈X,y∈Y

κ− 1√
κ
‖Λ1Π≤tOx,yΠ≤t−1Λ0‖

)
.

To show that this implies (7.27), we set λ = κ = 1 + (e− 1)/
(√

1− ε−√η
)2 and multiply

both sides of the equation with
√

1− ε−√η to arrive at

√
1− ε−√η ≤ 2

(√
1− ε−√η

) T∑
t=1

ln

(
1 + max

x∈X,y∈Y

κ− 1√
κ
‖Λ1Π≤tOx,yΠ≤t−1Λ0‖

)

≤ 2
(√

1− ε−√η
) κ− 1√

κ

T∑
t=1

max
x∈X,y∈Y

‖Λ1Π≤tOx,yΠ≤t−1Λ0‖

≤ 3

T∑
t=1

max
x∈X,y∈Y

‖Λ1Π≤tOx,yΠ≤t−1Λ0‖ . (7.30)

To finalise the proof, we show that the choice of η = 2k
M satisfies the conditions of

Theorem 7.3.4. By our choice of Γ, λ, κ, the projection Λbad is equal to Λ0. The proof of
the following lemma can be skipped if the reader is familiar with the compressed oracle
technique, as the technique is reminiscent to the proof of the lemma in [Zha19] that links
the compressed Fourier oracle to the original oracle.
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Lemma 7.4.4. Let Γ = Λ0 + κΛ1 be a multiplicative adversary matrix (see Definition 7.2.1)
with Λ1 = Comp†PDRComp and Λ0 = I − Λ1. Then for every z ∈ R ⊆ (X × Y )k we have

‖FzΛ0‖2 ≤
2k

M
,

where Fz =
∑

f∈Y X :
F(f)3z

|f〉〈f |.

Proof. We know that z is of the form (x1, y1), . . . , (xk, yk). Hence, we have that the pro-
jector Fz is equal to Fz =

⊗k
i=1 |yi〉〈yi|Ixi (and acts as the identity on all other registers

of I). Fz is therefore equal to PD{z} , but the latter acts on C[(Y ∪ {⊥})X ], whereas the
former acts on C[Y X ]. By definition of Λ0, we find that

Λ0 = I − Comp†PRComp � I − Comp†PD{z}Comp.

Combined with the projection Fz this yields

‖FzΛ0‖ ≤
∥∥∥Fz − FzComp†PD{z}Comp

∥∥∥ . (7.31)

The projections Fz and PD{z} are easier to analyse if we view each Ixi register in the
Fourier basis. If we abuse the equality sign, since both projectors act on slightly different
Hilbert spaces, they look as follows in the Fourier basis:

Fz = PD{z} =
k⊗
i=1

 1

M

∑
v,w∈Y

e
2πι
M

(w−v)·yi |w〉〈v|Ixi

 , (7.32)

and hence

FzComp†PD{z}Comp

=

k⊗
i=1

 1

M

∑
v,w∈Y

e
2πι
M

(w−v)·yi |w〉〈v|Ixi

 k⊗
i=1

 1

M

∑
v,w∈(Y \{0})

e
2πι
M

(w−v)·yi |w〉〈v|Ixi



=
k⊗
i=1

M − 1

M2

∑
v,w∈Y :
v 6=0

e
2πι
M

(w−v)·yi |w〉〈v|Ixi

 .

(7.33)

We abbreviate v := (v1, . . . , vk) and similarly introduce |v〉Ix :=
⊗k

i=1 |vi〉Ixi . We also
abbreviate

e
2πι
M

(w−v)·y :=
k∏
i=1

e
2πι
M

(wi−vi)·yi .

Using this new notation, we can apply both (7.32) and (7.33) to expand the expression
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Fz − FzComp†PD{z}Comp from (7.31) as

k⊗
i=1

 1

M

∑
v,w∈Y

e
2πι
M

(w−v)·yi |w〉〈v|Ixi

− k⊗
i=1

M − 1

M2

∑
v,w∈Y :
v 6=0

e
2πι
M

(w−v)·yi |w〉〈v|Ixi


=

1

Mk

∑
v,w∈Y k

e
2πι
M

(w−v)·y|w〉〈v|Ix −
(
M − 1

M2

)k ∑
v,w∈Y k:
@i:vi=0

e
2πι
M

(w−v)·y|w〉〈v|Ix

=
1

Mk

∑
v,w∈Y k
∃i:vi=0

e
2πι
M

(w−v)·y|w〉〈v|Ix +

(
1

Mk
−
(
M − 1

M2

)k) ∑
v,w∈Y k:
@i:vi=0

e
2πι
M

(w−v)·y|w〉〈v|Ix .

We now bound its norm by applying a counting argument on the number of v,w ∈ Y k

where either one or none of the vi is equal to 0:∥∥∥Fz − FzComp†PD{z}Comp
∥∥∥2

≤ 1

M2k

(
M2k −Mk(M − 1)k

)
+

(
1

Mk
−
(
M − 1

M2

)k)2

Mk(M − 1)k

= 1−
(
M − 1

M

)k
+

(
1−

(
M − 1

M

)k)2(
M − 1

M

)k
= 1− 2

(
1− 1

M

)2k

+

(
1− 1

M

)3k

≤ 1−
(

1− 1

M

)2k

≤ 2k

M
.

In the final inequality we have made use of the fact that M > k ≥ 1, allowing us to apply
Bernoulli’s inequality: (

1− 1

M

)2k

≥ 1− 2k

M
.

Knowing that 2k
M is a valid value for η, suppose that ε ≤ 1− (9− 4

√
2) kM . Then

√
1− ε−

(
2
√

2− 1
)√ k

M
≥ 0.

Together with Claim 7.4.2, (7.30) and Lemma 7.4.4, this means that our MLA matrix
Γ satisfies (7.28), where in the penultimate step we use that ‖Λ1Π≤tOx,yΠ≤t−1Λ0‖ is
monotonically non-decreasing in t (see Fact 7.3.6):

√
1− ε−

√
k

M
≤
√

1− ε−
√

k

M
+
√

1− ε− (2
√

2− 1)

√
k

M
= 2

(√
1− ε−√η

)
≤

6T∑
t=1

max
x∈X,y∈Y

‖Λ1Π≤tOx,yΠ≤t−1Λ0‖ ≤
6T∑
t=1

max
x∈X,y∈Y

‖Π1,tOx,yΠ0,t−1‖ .

7.5 A Strong Direct Product Theorem

The machinery of MLA matrices seems a bit overcomplicated compared to what we ac-
tually needed in the reduction in Section 7.4. Since we only considered multiplicative
matrices where ` = 1, we obtain the “ladder” prefix automatically. We will need general `
however if we want to compute a function F on ` independent instances simultaneously.
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Although it does not seem to fit in the framework of [CFHL21] directly, the compressed
oracle framework also has the powerful property of being able to exhibit strong direct
product theorems (SDPT), as shown in [LZ19a, HM23]. Such a theorem states that if
we try to compute F on k independent inputs in fewer queries than k times the queries
needed for a single instance of F , then our success probability will decrease exponentially
in k.

It was already shown by [Špa08] that the multiplicative adversary method directly
satisfies a SDPT. Here we show that a similar proof as in [AMRR11], which is based on
the proof in [Špa08], also holds for the MLA method due to the fact (which we will prove)
that the set of MLA matrices is closed under tensor powers. This motivates the study of the
MLA method as a simplification of the multiplicative adversary method, since it maintains
the property of satisfying a SDPT.

We introduce the following notation for this section: for any problem F : Func → 2Σ

and integer k ≥ 1 let F (k) : Funck → (2Σ)k be defined as

F (k)(h1, . . . , hk) = (F(h1), . . . ,F(hk)).

Theorem 7.5.1. For any problem F : Func → 2Σ, input distribution σ on Func, and fixed
η ≤ 1

2 , let MLADVσ1−ε,η(F) be the lower bound on Qσε (F) obtained by Corollary 7.3.5. Then
there exists a constant c ∈ (0, 1) and integer k > 361 we have

MLADVσ
k

ck,η
2k
5 (F (k)) ≥ k

10
MLADVσ1−ε,η(F).

Proof. Let Γ, λ denote the optimal values in Corollary 7.3.5 for a fixed η ≤ 1
2 . We use these

to construct Γ′ (with eigenspaces denoted by Λ′j), λ′ and η′ for F (k) as follows:

Γ′ := Γ⊗k, λ′ := λ
k
10 , η′ := η

2k
5 .

This construction yields a positive definite matrix Γ′ ∈ CFunck×Funck with smallest eigen-
value 1 of the form

Γ′ = Γ⊗k =

k·∑̀
j=0

κjΛ′j , (7.34)

where
Λ′j =

∑
i1,...,ik∈[j]0:
i1+···+ik=j

Λi1 ⊗ · · · ⊗ Λik .

We similarly define
Π′≤t =

∑
t1,...,tk∈[t]0:
t1+···+tk=t

Π≤t1 ⊗ · · · ⊗Π≤tk ,

where each Πt := Π≤t − Π≤t−1 (as in the proof of Fact 7.3.6). We now set out to show
that Γ′ is of the correct form to use it as an upper bound for MLADVσ

k

ck,η
2k
5 (F (k)):

Lemma 7.5.2. Let Γ be an MLA matrix for F (see Definition 7.3.2) with |σ〉 as a 1-
eigenvector. Then for any non-negative integer k, Γ⊗k is an MLA matrix for F (k) with |σ〉⊗k
is a 1-eigenvector .

Proof. By construction, Γ′ = Γ⊗k is already of the desired form (see (7.34) and Defini-
tion 7.3.2), and since |σ〉 is a 1-eigenvector of Γ, |σ〉⊗k is a 1-eigenvector of Γ′. Addi-
tionally, since Γ commutes with each Π≤t, it follows that Γ′ commutes with Π′≤t. What
remains to verify is that Γ′ satisfies (7.18).
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Since Funck = (Y X)k = (Y X′), where X ′ is a set of size kN , there exist unique x and
k′ for every x′ ∈ X ′ and y ∈ Y such that

Ox′,y = I⊗k
′−1 ⊗Ox,y ⊗ I⊗k−k

′
,

where I is the identity on CFunc×Func. Then, since Γ commutes with each Πt, we can
decompose

∥∥∥Λ′j′Π
′
≤tOx′,yΠ′≤t−1Λ′j

∥∥∥ as∥∥∥∥ ∑
i1,...,ik∈[j]0,
i′1,...,i

′
k∈[j′]0:

i1+···+ik=j,
i′1+···+i′k=j′

∑
t1,...,tk∈[t]0,
t′1,...,t

′
k∈[t]0:

t1+···+tk=t−1,
t′1+···+t′k=t

Λi′1Πt′1
Πt1Λi1︸ ︷︷ ︸

=δi1,i′1
δt1,t′1

Πt1

⊗ · · · ⊗ Λi′
k′

Πt′
k′
Ox,yΠtkΛik′ ⊗ · · · ⊗ Λi′kΠt′k

ΠtkΛik︸ ︷︷ ︸
=δik,i

′
k
δtk,t

′
k

Πtk

∥∥∥∥

≤
∥∥∥∥ ∑
i∈[j]0,i′∈[j′]0:
i′−i=j′−j

Λi′Π≤tOx,yΠ≤t−1Λi

∥∥∥∥ ≤ max
i∈[j]0,i′∈[j′]0:
i′−i=j′−j

‖Λi′Π≤tOx,yΠ≤t−1Λi‖ .

(7.35)

In the last inequality, we have used the fact that each term Λi′Π≤tOx,yΠ≤t−1Λi in the sum
has orthogonal images and coimages. It now follows from (7.35) that for every x′ ∈ X ′,
y ∈ Y , t ≤ T , and j, j′ ∈ [k · `]0 with |j − j′| > 1, we have∥∥Λ′j′Π

′
≤tOx′,yΠ′≤t−1Λ′j

∥∥ ≤ max
x∈X,i∈[j]0,i′∈[j′]0:

i′−i=j′−j

‖Λi′Ox,yΛi‖ = 0, (7.36)

since Γ is an MLA matrix and thus satisfies (7.18) itself and the fact that Γ commutes with
both Π≤t−1 and Π≤t.

To prove Theorem 7.5.1, we show that any T satisfying

1 +
(
λ′ − 1

)
(
√
ck −

√
η′)2 ≤

T∏
t=1

1 + max
j∈[k·`−1]0,

x′∈Xk,y∈Y

κ− 1√
κ

∥∥Λ′j+1Π′≤tO′x,yΠ′≤t−1Λ′j
∥∥


2

,

(7.37)

also satisfies

1 + (λ− 1) (
√

1− ε−√η)2 ≤
(10/k)T∏
t=1

1 + max
i∈[`−1]0,
x∈X,y∈Y

κ− 1√
κ
‖Λi+1Π≤tOx,yΠ≤t−1Λi‖

2

.

(7.38)

The theorem then follows from Corollary 7.3.5. For the choices of λ′ and η′, we know
by the assumptions in Theorem 7.3.4 that ‖FzΛbad‖2 ≤ η for every z ∈ Σ, where Λbad

is the projector onto the eigenspaces of Γ corresponding to eigenvalues smaller than λ
and Fz =

∑
f∈Func:F(f)3z |f〉〈f |. Now let Λ′bad be the projector onto the eigenspaces of

Γ′ corresponding to eigenvalues smaller than λ′. Abbreviate z = (z1, . . . , zk) ∈ Σk and
define Fz =

⊗k
j=1 Fzj . Let Vbad denote the space that Λbad projects onto, let Vgood be

its orthogonal complement and analogously define V ′bad. By construction of Γ′ = Γ⊗k, we
know that Λ′bad is a subspace of the direct sum of spaces

⊗k
j=1 Vvj where v = (v1, . . . , vk) ∈

{good, bad}k. Since all the eigenvalues of Γ are bounded below by 1 and V ′bad is the direct
sum of all eigenspaces of Γ′ with eigenvalue smaller than λ′ = λk/10, it must be that
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the number of good subspaces, denoted by |v|, is at most k/10. This means that we can
decompose any state |φ〉 ∈ V ′bad as a product state

|φ〉 =
∑

v∈{good, bad}k:

|v|≤ k
10

αv|φv〉 =
∑

v∈{good, bad}k:

|v|≤ k
10

αv

k⊗
j=1

|φvj 〉,

where |φvj 〉 ∈ Vvj . It now follows, as in [Špa08], whenever η ≤ 1/2 and k ≥ 361 for every
z ∈ Σk that there exists |φ〉 ∈ V ′bad such that for every z ∈ Σk

∥∥FzΛ′bad
∥∥2

=
∥∥ ∑
v∈{good, bad}k:

|v|≤ k
10

αvFz|φv〉
∥∥ ≤ ∥∥ ∑

v∈{good, bad}k:

|v|≤ k
10

k⊗
j=1

Fzj |φvj 〉
∥∥

≤ η
9k
10

∑
v∈{good, bad}k:

|v|≤ k
10

≤ η
9k
10

k/10∑
i=0

(
k

i

)
≤ k

(
k

k/10

)
η

9k
10 ≤ k(10e)k/10η

9k
10 .

Under the assumptions of the lemma, we know that η ≤ 1
2 and k ≥ 361, meaning

k(10e)k/10η
9k
10 ≤ 2k/2ηk/2η2k/5 ≤ η2k/5 = η′.

To finalise the proof, note that for any fixed η < 1/2, ε ∈ (0, 1− η), and λ > 1 we have

1 + (λ− 1) (
√

1− ε−√η)2

λ
<

1 + (λ− 1)

λ
= 1.

Hence, there exists a constant c ∈ (0, 1) such that for every k ≥ 361 we have

(
1 + (λ− 1) (

√
1− ε−√η)2

λ

) k
10

+ η
k
5 ≤ c

k
2 . (7.39)

Therefore, given our choices of λ′ and η′, we find

1 +
(
λ′ − 1

) (√
ck −

√
η′
)2
≥ 1 +

(
λ′ − 1

)(1 + (λ− 1) (
√

1− ε−√η)2

λ

) k
10

= 1 + (1− λ−
k
10 )
(
1 + (λ− 1) (

√
1− ε−√η)2

) k
10

≥
(
1 + (λ− 1) (

√
1− ε−√η)2

) k
10 ,

(7.40)

where the final inequality is due to the fact that 1 + (λ− 1) (
√

1− ε−√η)2 ≤ λ by (7.39).
We can conclude the theorem by showing that if (7.37) holds, then so must (7.38),

by combining (7.35) with (7.36) and (7.40) and the fact that ‖Λi+1Π≤tOx,yΠ≤t−1Λi‖ is
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monotonically non-decreasing in t (see Fact 7.3.6):

1 + (λ− 1) (
√

1− ε−√η)2 ≤
(

1 +
(
λ′ − 1

) (√
ck −

√
η′
)2
) 10

k

≤

 T∏
t=1

1 + max
j∈[k·`−1]0,

x′∈Xk,y∈Y

κ− 1√
κ

∥∥Λ′j+1Π′≤tOx′,yΠ′≤t−1Λ′j
∥∥


2
10
k

≤

 T∏
t=1

1 + max
i∈[`−1]0,
x∈X,y∈Y

κ− 1√
κ
‖Λi+1Π≤tOx,yΠ≤t−1Λi‖

2
10
k

≤
(10/k)T∏
t=1

1 + max
i∈[`−1]0,
x∈X,y∈Y

κ− 1√
κ
‖Λi+1Π≤tOx,yΠ≤t−1Λi‖

2

.

7.6 Inverting permutations

In this section, we show that the approach in [Ros21] to generalise the compressed oracle
framework to permutations is also captured by the multiplicative ladder adversary (MLA)
method. Since in the setting of [Ros21] we are working with random permutations, rather
than random functions, we consider Perm: the set of all permutations from X to X, where
X = [N − 1]0. Our objective is to find the unique preimage of 0 under a permutation f ,
meaning F : Perm → X, where F(f) = x if and only if f(x) = 0. Note that here, we can
revert to the original notion of “success” (see Definition 7.1.4 and Definition 7.2.9). We
aim to apply Corollary 7.3.5 to recover the following result:

Theorem 7.6.1 (Corollary 5 in [Ros21]). Let Perm be the set of all permutations from X to
X, where X = [N − 1]0 and let F : Perm 7→ X, where F(f) = x if and only if f(x) = 0. Any
T -query quantum algorithm A successfully outputs F(f) when f is drawn uniformly from
Perm with success probability at most

(
1 + 2

√
2T
)2
/ (N − 4T ).

We apply Corollary 7.3.5 by constructing an MLA matrix Γ from the constructions
in [Ros21]. In the permutation case, the states that make up Spacet(|σ〉) (see (7.10)) are
(for any t ∈ [N ]0):

|vy1,...,ytx1,...,xt〉 :=
1√

(N − t)!

∑
f∈Perm

∀i∈[t]:f(xi)=yi

|f〉.

Each such state can be interpreted as the database |D〉 from Section 7.2.3, where D con-
tains the input-output pairs (x1, y1), . . . , (xt, yt). In [Ros21], the span of these states is
denoted by At:

At := Spacet(|σ〉) = span
{
|vy1,...,ytx1,...,xt〉 : ((x1, y1), . . . , (xt, yt)) ∈ (X ×X)t

}
.

The second space introduced in [Ros21], where t ∈ [N ], is

Bt := span
{
|v0,...,yt
x1,...,xt〉 : ((x1, 0), (x2, y2), . . . , (xt, yt)) ∈ (X ×X)t

}
⊆ At, (7.41)

where a preimage of zero is captured in the database. We have already seen in (7.15)
that At ⊆ At+1. Instead of summing over the different possible y values of the new input-
output pair, we can also sum over the possible x values:

|vy1,...,ytx1,...,xt〉 :=
√
N − (k + 1)

∑
x∈X\{x1,...,xt}

|vy1,...,yt,yx1,...,xt,x〉,
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where y is any fixed element in Y \ {y1, . . . , yt}. By choosing y = 0, we actually obtain for
every t ∈ [N ] that

At−1 ⊆ Bt ⊆ At. (7.42)

With these spaces, we can construct our MLA matrix Γ. Although it seems reasonable to let
the eigenspaces of Γ correspond to the spaces At and Bt, (7.42) shows that these spaces
are not orthogonal. We address this by introducing the projectors Π̂1,t and Π̂0,t, which

project onto
⊕t

i=1

(
Bi ∩ (Ai−1)⊥

)
and

⊕t
i=1

(
Ai ∩ (Bi)

⊥
)

, respectively. In [Ros21], these

projectors are called Π̂
high
t and Π̂low

t . To understand the intuition as to why these spaces
are considered, we refer the reader to [Ros21]. For now, we can think of the projectors
Π̂1,t and Π̂0,t as the permutation counterparts of Π1,t and Π0,t that we defined in (7.26).
Once again, our MLA matrix will be of the form Γ = Λ0 + κΛ1, where we set Λ1 = Π̂1,N ,
and accordingly set Λ0 = I − Λ1:

Claim 7.6.2. Let Λ1 := Π̂1,N , which projects onto
⊕N

i=1

(
Bi ∩ (Ai−1)⊥

)
, let Λ0 = I − Λ1

and Γ = Λ0 + κΛ1 for some constant κ > 1. Then Γ is an MLA matrix as defined in
Definition 7.3.2 with |σ〉 as a 1-eigenvector.

Proof. It is clear that this construction makes Γ positive definite with smallest eigenvalue
1 and largest eigenvalue κ. Additionally, by (7.42) each component of the direct sum⊕N

i=1

(
Bi ∩ (Ai−1)⊥

)
is a subspace of AN , meaning Λ1 (and hence also Γ by construction)

commutes with Π≤N (which projects onto AN) and hence also with every Π≤t � Π≤N .
Lastly, since ` = 1, we automatically satisfy (7.18) from Definition 7.3.2, meaning we only
need to verify that |σ〉 = 1√

N !

∑
f∈Perm |f〉 is indeed an eigenvector of Γ with eigenvalue

1. Recall from (7.42) that At−1 ⊆ At for t ∈ [N ] . In particular, this means that |σ〉 ∈ A0

is orthogonal to each (At)
⊥ for t ∈ [N ]0 and therefore in particular also to the direct sum⊕N

t=1Bt ∩ (At−1)⊥, meaning

Γ|σ〉 = |σ〉 − Π̂1,N |σ〉 = |σ〉.

By choosing λ = κ = 1 + (e − 1)/
(√

1− ε−√η
)2 (as seen in (7.30)), Corollary 7.3.5

now tells us that Q1−ε(F) is lower bounded by the smallest T satisfying

√
1− ε−√η ≤ 2

√
2

T∑
t=1

max
x∈X,y∈Y

‖Λ1Π≤tOx,yΠ≤t−1Λ0‖ . (7.43)

To be able to continue, we first need to show that Claim 7.4.2 also holds in the case of
permutations:

Claim 7.6.3. For each t ∈ [N ]0, we have

Π≤tΛ0 = Π̂0,t, Λ1Π≤t = Π̂1,t. (7.44)

Proof. Both parts of the claim follow from the fact that At−1 ⊆ Bt ⊆ At (see (7.42)):
Starting with Λ1, we know that Λ1Π≤t projects onto

At ∩
N⊕
i=1

(
Bi ∩ (Ai−1)⊥

)
= At ∩

t⊕
i=1

(
Bi ∩ (Ai−1)⊥

)
=

t⊕
i=1

(
Bi ∩ (Ai−1)⊥

)
,

which is the space that Π̂1,t projects onto. Similarly, we obtain that Π≤tΛ0 projects onto

At ∩

(
N⊕
i=1

(
Bi ∩ (Ai−1)⊥

))⊥
= At ∩

N⋂
i=1

(
Ai−1 ∪ (Bi)

⊥
)

=

t⊕
i=1

(
Ai ∩ (Bi−1)⊥

)
,

which is the space that Π̂0,t projects onto.
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By Claim 7.6.3, we can relate the right-hand side of (7.43) to the projectors Π̂0,t, Π̂1,t

via the inequality

‖Λ1Π≤tOx,yΠ≤t−1Λ0‖ =
∥∥∥Π̂1,tOx,yΠ̂0,t−1

∥∥∥ . (7.45)

It is shown in Claim 11 and Claim 12 in [Ros21] that∥∥∥Π̂1,tOx,yΠ̂0,t−1

∥∥∥ ≤ 2
√

2√
N − 4t

.

By plugging this into (7.43), together with (7.45), we obtain

√
1− ε−√η ≤ 2

√
2

T∑
t=1

max
x∈X,y∈Y

2
√

2√
N − 4t

≤ 8T√
N − 4T

. (7.46)

The last step in proving Theorem 7.6.1 consists of finding a valid value for η, meaning we
have to bound ‖FzΛbad‖. By construction of Γ and our choice of λ, the projection Λbad

is equal to Λ0. The final piece of the puzzle can again be found in [Ros21], this time in
Claim 10, where it is shown that

‖FzΛ0‖ ≤
1√

N − 2T
.

Combining this with (7.46), results in an upper bound on our success probability of(
8T√
N − 4T

+
1√

N − 2T

)2

≤ (1 + 8T )2

N − 4T
,

which recovers Theorem 7.6.1 up to a constant factors.
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[AMRR11] Andris Ambainis, Löıck Magnin, Martin Roetteler, and Jérémie Roland.
Symmetry-assisted adversaries for quantum state generation. In 2011 IEEE
26th Annual Conference on Computational Complexity, pages 167–177. IEEE,
2011. arXiv: 1012.2112

[AP22] Simon Apers and Stephen Piddock. Elfs, trees and quantum walks. arXiv
preprint arXiv:2211.16379, 2022. arXiv: 2211.16379

[AS04] Scott Aaronson and Yaoyun Shi. Quantum lower bounds for the collision and
the element distinctness problems. Journal of the ACM, 51(4):595–605, 2004.
arXiv: quant-ph/0112086

[AS19] Simon Apers and Alain Sarlette. Quantum fast-forwarding: Markov
chains and graph property testing. Quantum Information and Computation,
19(3&4):181–213, 2019. arXiv: 1804.02321
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Abstract

Quantum computing holds the promise of solving certain problems far more efficiently
than classical computing, but understanding its power and limitations requires grappling
with concepts that are fundamentally different from classical algorithms. This dissertation
aims to provide a structured approach to understanding quantum algorithms by focusing
on frameworks that retain a connection to classical intuition and concepts, advancing our
understanding of what quantum algorithms can—and cannot—achieve.

In Part I, we explore the capabilities of a specific class of quantum algorithms known
as quantum walks. These quantum walks, the quantum analogs of classical random walks,
serve as powerful yet accessible tools for solving a variety of computational problems.
Designing a quantum walk algorithm typically begins with a classical random walk algo-
rithm, which is then adapted into a quantum version with improved runtime performance.
Our key contribution is the development of a novel way to adapt the underlying classi-
cal random walk, resulting in multidimensional quantum walks, a new class of quantum
walks that significantly broadens the scope of existing techniques. By constructing a mul-
tidimensional quantum walk for the k-distinctness problem, we achieve a time-efficient
solution that matches the best-known query upper bound up to polylogarithmic factors.
Furthermore, by applying multidimensional quantum walks to the welded tree problem,
we demonstrate that this new class of quantum walks is capable of achieving exponential
speedups, making it the first instance of a (discrete) quantum walk to do so. Additionally,
we extend the known connection between quantum walks and electrical networks to the
multidimensional setting, introducing the concept of multidimensional electrical networks,
which provide deeper insights into the underlying structure of quantum walk algorithms.

In Part II, we turn to the limitations of quantum algorithms by examining techniques
for establishing quantum query lower bounds. These lower bounds represent the mini-
mum computational cost required for any quantum algorithm to solve a given computa-
tional problem, regardless of the quantum algorithm used. We investigate the compressed
oracle technique, a method renowned for deriving strong, yet intuitive quantum query
lower bounds. However, this technique has historically been restricted to a limited range
of problems. To overcome this limitation, we introduce the multiplicative ladder adversary
method, a simplified and more intuitive adaptation of the well-established multiplicative
adversary method. This new method not only unifies the compressed oracle technique
within the broader adversary framework but also incorporates recent generalisations of
the compressed oracle technique, providing a concrete method to extend its applicability.
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Computers hebben onze manier van problemen oplossen compleet veranderd. Van
de eerste rekenmachines tot moderne supercomputers: ze stellen ons in staat om steeds
grotere en complexere berekeningen uit te voeren. Tegenwoordig zijn computers onmis-
baar in de wetenschap, techniek en het dagelijks leven. Ze helpen ons bij het analyseren
van grote hoeveelheden data, het simuleren van natuurkundige processen, en het automa-
tiseren van ingewikkelde taken. Achter deze vooruitgang zit een belangrijk concept: algo-
ritmen—duidelijke stap-voor-stap instructies die computers gebruiken om een probleem
efficiënt op te lossen.

Hoewel het woord ’algoritme’ misschien technisch klinkt, gebruiken we dit concept in
feite elke dag zonder erbij na te denken. Een recept is een goed voorbeeld: het vertelt
je welke ingrediënten je nodig hebt, hoe je ze moet combineren en in welke volgorde je
ze moet bereiden. Dit lijkt sterk op hoe een computer een taak uitvoert met een algo-
ritme. Veel basisprincipes van programmeren kun je herkennen in koken: Conditionele
acties lijken op het nemen van beslissingen in recepten (“Als de saus te zuur is, voeg dan
suiker toe”), iteratieve processen komen overeen met herhaalde taken (“Roer voortdurend
tot de saus is geëmulgeerd”), en parallellisme komt overeen met multitasking (“Terwijl de
aubergine braadt in de oven, maak je de saus klaar”).

In tegenstelling tot klassieke computers, die werken volgens de wetten van de klassieke
mechanica, maken kwantumcomputers gebruik van principes uit de kwantummechanica,
zoals superpositie en verstrengeling. Dankzij deze principes kunnen kwantumcomputers
sommige (maar zeker niet alle) berekeningen veel sneller uitvoeren dan klassieke com-
puters. Dit geldt bijvoorbeeld voor het ontbinden van grote getallen in priemfactoren,
het zoeken in ongestructureerde databases, en het simuleren van natuurkundige syste-
men. Binnen het veld van kwantumcomputatie onderzoeken wetenschappers hoe krachtig
kwantumalgoritmen zijn en waar hun grenzen liggen. Ze proberen te begrijpen voor welke
problemen kwantumcomputers echt sneller zijn en voor welke problemen ze geen voorde-
len bieden. Dit helpt bij het bepalen waar kwantumtechnologie in de toekomst het meest
nuttig kan zijn.

Hoewel kwantumcomputers indrukwekkende voordelen bieden, is het ontwerpen van
kwantumalgoritmen een grote uitdaging. Klassieke algoritmen volgen vaak een logische,
intüıtieve structuur, maar kwantumalgoritmen vereisen een compleet andere manier van
denken. Het proces lijkt minder op het volgen van een recept en meer op het componeren
van muziek. Kwantumcomputers gebruiken interferentie om juiste oplossingen te ver-
sterken en verkeerde oplossingen uit te doven. Dit werkt net als muzikale harmonie:
constructieve interferentie zorgt voor een mooi akkoord, terwijl destructieve interferentie
valse tonen wegneemt. Helaas kan een kleine fout in het ontwerp van de kwantumalgo-
ritme deze delicate balans verstoren waardoor de berekening niet meer werkt. Zoals een
muzikale harmonie die een beetje uit de toon valt schril klinkt, zo wordt een kwantumal-
goritme dat niet perfect is afgestemd nutteloos.

De reden dat kwantumalgoritmen minder intüıtief zijn, ligt in de unieke beginselen van
de kwantummechanica. In tegenstelling tot klassieke berekeningen moet elke stap van de
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kwantumalgoritme omkeerbaar zijn; informatie kan niet zomaar worden gekopieerd of
verwijderd. Bovendien zijn de uitkomsten van een kwantumalgoritme probabilistisch,
wat betekent dat het resultaat niet altijd met volledige zekerheid vaststaat. Deze eigen-
schappen maken het ontwerpen van kwantumalgoritmen extra uitdagend en vereist het
begrijpen van kwantumalgoritmen ook een diepgaande kennis van de kwantummechan-
ica. In dit proefschrift onderzoeken we methoden die het begrijpen van kwantumalgorit-
men eenvoudiger maken. Deze methoden vereenvoudigen de onderliggende kwantum-
mechanische complexiteit door problemen terug te brengen tot een vorm die dichter bij
klassieke berekeningen ligt. Opmerkelijk genoeg laten we zien dat deze vereenvoudiging
de kracht van kwantumalgoritmen grotendeels behoudt. Dit helpt ons beter te begrijpen
waar kwantumcomputers écht voordeel bieden en waar hun beperkingen liggen.

Het ontwerpen van krachtigere kwantum toevalsbewegingen

In het eerste deel van dit proefschrift onderzoeken we een specifieke strategie voor het
ontwerpen van kwantumalgoritmen, bekend als kwantum toevalsbewegingen. Dit zijn
kwantumversie van toevalsbewegingen (Engels: random walks), die vaak als basis dienen
voor efficiënte zoek- en optimalisatie-algoritmen. Een toevalsbeweging is een proces waar-
bij iemand willekeurige stappen neemt, zoals een dronken persoon die zonder plan door
een stad zijn weg naar naar huis zoekt. Elke volgende stap alleen afhangt van de huidige
positie en daarom kan dit process makkelijk wiskundig worden geanalyseerd. Hierom
wordt het veel gebruikt om efficiënte zoekalgoritmes te ontwikkelen.

In een van de bekendere technien om kwantum toevalsbeweging te maken, wordt
er inspiratie getrokken uit hoe elektriciteit zich verspreid door een elektrisch netwerk.
Hoewel deze techniek erg toegankelijk is, zelfs voor onderzoekers zonder uitgebreide
kwantumkennis, heeft het een beperking: het kan hoogstens een kwadratische versnelling
bieden ten opzichte van een klassieke toevalsbeweging. Dit betekent dat als een klassieke
toevalsbeweging één miljoen stappen nodig heeft, de bijbehorende kwantum toevalsbe-
weging slechts duizend stappen nodig heeft, want

√
1.000.000 = 1.000. In dit proefschrift

zoeken we naar manieren om deze techniek te verbeteren en mogelijk een exponentiële
snelheidswinst te behalen, terwijl de oorspronkelijke intüıtie behouden blijft. Met andere
woorden: kunnen we de efficiëntie van kwantum toevalsbewegingen vergroten zonder
de basisprincipes van toevalsbewegingen en elektrische netwerken los te laten? In dit
proefschrift laten we zien dat het antwoord hierop ja is.

Eerst introduceren we in Hoofdstuk 4 het multidimensionale kwantum toevalsbeweg-
ingen raamwerk. Dit raamwerk maakt een nieuwe klasse van kwantum toevalsbewegin-
gen mogelijk, die wél een exponentiële versnelling kunnen behalen. Dit gaat echter wel
ten koste van directe analogie met elektrische netwerken. Daarom generaliseren we in
Hoofdstuk 6 het concept van elektrische netwerken, zodat deze ook geschikt zijn voor
multidimensionale kwantum toevalsbewegingen. Hierdoor kunnen we de sterkte van
kwantum toevalsbewegingen behouden én de intüıtieve link met elektrische netwerken
herstellen.

Een belangrijke toepassing van onze nieuwe kwantum toevalsbewegingen is een sneller
algoritme voor het volgende probleem: we krijgen een lijst met n getallen en we moeten
bepalen of er ergens k identieke getallen in voorkomen. Neem als voorbeeld n = 100
en k = 2. Voor klassieke algoritmen is dit probleem niet erg efficiënt op te lossen. In
het slechtste geval moeten we bijna de hele lijst doorzoeken: als we 99 getallen hebben
bekeken, kunnen we nog steeds niet uitsluiten dat het laatste getal een dubbeltelling
oplevert. Dit betekent dat klassieke methodes bijna altijd een groot deel van de lijst
moeten doorzoeken. Kwantumalgoritmen kunnen dit echter veel efficiënter aanpakken
en onze aanpak is te zien in Hoofdstuk 5.
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Beperkingen van kwantumalgoritmen

Het ontwerpen van snellere kwantumalgoritmen om rekenproblemen efficiënter op te
lossen is een interessant en waardevol onderzoeksgebied. Het is echter net zo nuttig
om de grenzen van kwantumalgoritmen in de kaart te brengen. Niet alleen is de beschik-
baarheid van kwantumhardware van belang, maar vooral ook de tijd van onderzoekers.
Dit wordt gedaan door wiskundig te bewijzen dat de uitvoertijd van elk kwantumalgoritme
dat een bepaald probleem oplost niet lager kan zijn dan een bepaalde ondergrens. Met
andere woorden, we tonen aan dat geen enkel kwantumalgoritme het probleem sneller
kan oplossen dan deze limiet toestaat. Hoewel deze zogenaamde no-go resultaten miss-
chien minder spectaculair lijken, spelen ze een cruciale rol: ze helpen vast te stellen welke
snelheidswinsten wel en niet mogelijk zijn.

Voor klassieke algoritmen is het vaak intüıtief mogelijk om dit soort ondergrenzen
te bepalen. Stel dat iemand wil inschatten hoeveel tijd nodig is om dit proefschrift te
begrijpen. Een simpele aanpak zou zijn om te berekenen hoeveel tijd nodig is om een
enkele pagina volledig te begrijpen, en dit te vermenigvuldigen met het aantal pagina’s.
Dit geeft een ruwe ondergrens, maar het is niet perfect: sommige pagina’s zijn moeilijker
en kosten meer tijd dan de gemakkelijkste pagina. Ditzelfde principe wordt gebruikt bij
het analyseren van de complexiteit van algoritmen.

In de kwantumwereld werkt het bepalen van ondergrenzen anders dan in de klassieke
context. Een “kwantumlezer” zou in theorie meerdere pagina’s tegelijk kunnen lezen in
superpositie of de inhoud van een stelling verstrengelen met de uitleg ervan. Hierdoor
zou informatie efficiënter verwerkt kunnen worden dan klassiek mogelijk is. Dit weer-
spiegelt een fundamentele balans tussen kracht en intüıtiviteit: kwantumcomputers kun-
nen bepaalde taken sneller uitvoeren, maar het analyseren van hun limieten wordt hier-
door ingewikkelder. Deze balans zien we terug in de technieken die worden gebruikt om
kwantum ondergrenzen te bewijzen. Hoewel sterkere technieken striktere ondergrenzen
geven, zijn ze vaak wiskundig complexer en minder intüıtief.

In het tweede deel van dit proefschrift onderzoeken we technieken om kwantum on-
dergrenzen vast te stellen. We richten ons specifiek op de compressed oracle techniek, die
opvalt omdat hij sterke ondergrenzen afleidt op een intüıtieve manier, maar helaas slechts
in beperkte situaties toepasbaar is.

Wij introduceren een nieuwe methode, die bestaande methodes verbindt met de com-
pressed oracle techniek, waardoor het afleiden van ondergrenzen intüıtiever en toeganke-
lijker wordt. Daarnaast biedt deze verbinding nieuwe mogelijkheden om de compressed
oracle techniek uit te breiden naar een breder scala aan problemen.
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Alexander, for taking the time to read my thesis and for your valuable feedback.

Thank you to my coauthor Jianqiang, for our endless zoom talks and your unwavering
positivity about whatever technical problem we were stuck on. It was an absolute pleasure
to work with you.

I would like to thank Andrew, François, Frédéric, Simon, Yassine and Yi-Kai for your
hospitality and the memorable academic visits. Special thanks to Frédéric and Simon for
always extending these invitation to my partner as well and I am glad that my academic
journey continues alongside you both.

A warm thank you to my colleagues at QuSoft, CWI, and the adopted ones. Adam,
Ailsa, Akshay, Ake, Aldo, Alicja, Aljosja, Alvaro, Amira, Anna, Arie, Arjan, Carla, ChrisC,
ChrisS, Daan, Davi, Dima, Doutzen, Dyon, Emiel, Erik, Filippo, Florian, Fons, Fran, Freek,
Galina, Garazi, Giada, Gina, Hani, Harold, Harry, Hema, Henrik, Ido, Ila, Jana, Jelena,
Jeroen, John, Jonas, Jordi, Jop, Joppe, Joran, Kareljan, KoenG, KoenL, Krystal, Laurens, Léo,
Llorenç, Lorenzo, Luca, Ludo, Ludovico, Lynn, Mani, Marc, Māris, Marten, Martine, Matteo,
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