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ABSTRACT

Motivated by the Matrix Spencer conjecture, we study the problem
of finding signed sums of matrices with a small matrix norm. A well-
known strategy to obtain these signs is to prove, given matrices
Al,..., A, € R™M 3 Gaussian measure lower bound of 2701 for
a scaling of the discrepancy body {x € R™ : || XT_, x;A;]| < 1}. We
show this is equivalent to covering its polar with 20(1) translates
of the cube %Bgo, and construct such a cover via mirror descent. As
applications of our framework, we show:

Matrix Spencer for Low-Rank Matrices. If the matrices satisfy
lAillop < 1and rank(A;) < r, we can efficiently find a coloring x €
{£1}" with discrepancy || X1, xiAillop < ynlog(min(rm/n,r)).
This improves upon the naive O(4/nlogr) bound for random col-
oring and proves the matrix Spencer conjecture when rm < n.

Matrix Spencer for Block Diagonal Matrices. For block diagonal
matrices with ||A;|lop < 1 and block size h, we can efficiently find
a coloring x € {+1}" with || X1, x;A;llop S nlog(hm/n). This
bound was previously shown in [Levy, Ramadas and Rothvoss,
IPCO 2017] under the assumption k < +/n, which we remove. Using
our proof, we reduce the matrix Spencer conjecture to the existence
of a O(log(m/n)) quantum relative entropy net on the spectraplex.

Matrix Discrepancy for Schatten Norms. We generalize our
discrepancy bound for matrix Spencer to Schatten norms 2 <
p < q. Given ||A,-||5P < 1 and rank(A;) < r, we can efficiently
find a partial coloring x € [-1,1]" with [{i : |x;| = 1}| > n/2
and || X1, xiAills, < y/nmin(p, log(rk)) - k1/P=1/4 where k :=

min(1, m/n).

Our partial coloring bound is tight when m = (/). We also pro-
vide tight lower bounds of Q(+/n) for rank-1 matrix Spencer when
m = n, and Q(y/min(m, n)) for S — Se discrepancy, precluding a

matrix version of the Komlés conjecture.
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1 INTRODUCTION

Discrepancy minimization has been a well-studied area of research
both in mathematics and computer science [17, 31]. We start with
a classical setting: given vectors ay,...,a, € R™ each satisfying
llaille < 1, the goal is to find a coloring x € {x1}" that mini-
mizes the discrepancy, defined as || XI_; xiaillco. A seminal result
of Spencer [42] improves upon the O(W) bound of a random
coloring via Chernoff and union bound:

THEOREM 1.1 (SPENCER [42]). Letm > n. Given ay,...,an € R™
with ||aillec < 1, there exists x € {£1}" so that || X1 xiaillc <
ynlog(2m/n).

In particular, when m = n, Theorem 1.1 states that the discrep-
ancy is at most O(+/n), as opposed to the O(+/nlogn) bound for

a random coloring. Spencer’s theorem is known to be tight up to
constants for all m > n [17, 31].

The Partial Coloring Method. All known proofs of Spencer’s
theorem are essentially based on the partial coloring method, one of
the most important and widely applied techniques in discrepancy
theory. The method states that to obtain the type of discrepancy
bound in Theorem 1.1, it suffices to prove the same bound for a
partial coloring x € [-1,1]" with at least Q(n) coordinates in
{£1}. This process is then iterated over the set of coordinates {i :
|xi| < 1} to obtain a full coloring. For Spencer-type problems, the
discrepancy of the full coloring is at most a constant factor off from
the discrepancy of the partial coloring (see Corollary 3.2).

The partial coloring method was developed in the early 80s
by Beck and refined by Spencer using the entropy method [13,
42]. A convex geometry view of partial coloring was developed
independently by Gluskin [21]. While these original arguments used
the pigeonhole principle and were non-algorithmic, a breakthrough
result of Bansal [6], followed by a rich line of work [20, 27, 28, 37, 39],
gave various algorithmic versions. These recent developments also
led to new results in approximation algorithms and differential
privacy [7, 11, 35, 38].

Matrix Spencer Setting. A natural generalization of Spencer’s
setting to matrices is the following. Given matrices Ay,...,A, €
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R™*™ each satisfying || A;llop < 1, the goal is to find a coloring

x € {«1}" that minimizes || X1, x;A;||op. In particular, Spencer’s
setting corresponds to the case where all matrices A; are diagonal.

In the matrix Spencer setting, the non-commutative Khintchine
inequality of Lust-Piquard and Pisier [29, 36] shows that a uni-
formly random coloring x € {+1}" has expected discrepancy
E[ll X, xiAillop] < y/nlogr, where each matrix A; has rank at
most r < m. It is conjectured that the discrepancy bound in Theo-
rem 1.1 can be generalized as follows:

CONJECTURE 1.2 (MATRIX SPENCER CONJECTURE [33, 44]). Let
m > +/n. Given matrices Ay, ..., Ap € R™™ with || A;|lop < 1, there
exists x € {+1}" such that

|3, = Vo

In particular, when vn < m < n, the conjectured discrepancy
bound is O(y/n). Despite significant effort, Conjecture 1.2 has re-
mained largely open, with partial progress for block diagonal ma-
trices [27] and related bounds for matrices with small trace [25, 30].
A solution to Conjecture 1.2 will thus likely lead to new techniques
and insights in discrepancy theory beyond what is currently known
for vector discrepancy.

We note that in Spencer’s setting (Theorem 1.1) we may assume
without loss of generality that m > n by the iterated rounding
technique [12, 14, 26]. For matrix Spencer, however, the interesting
regime starts at m > +/n (iterated rounding only works when
m? < n). Conjecture 1.2 remains open even when m = nl/2*e for
any constant ¢ > 0.

Matrix Discrepancy for Schatten Norms. More generally, let!
2 < p < q < oo, we consider the following matrix discrepancy
setting for Schatten norms. Given matrices Ay, ..., A, € R™*™
each satisfying ||A,~||51J < 1, where || - ||51J denotes the Schatten-
p norm. The goal is to find a coloring x € {+1}"” to minimize
| X7 xiA;ll S, the Sp — Sq discrepancy. In particular, the matrix
Spencer setting corresponds to the case where p = g = co.

The diagonal case of S, — Sy discrepancy, i.e. £, — £4 discrep-
ancy for vectors, is well studied (see [19, 37] and the references
therein). In fact, the well-known Komlos conjecture asserts that
the fp — fw discrepancy can be upper bounded by a universal
constant. For general £, — {4 discrepancy, Reis and Rothvoss [37]

proves an optimal partial coloring bound of O(+/min(p, log(m/n)) -
nl/2-1/p+l/q), assuming m > nand 2 < p < g < oo. It is a natural
question whether these bounds generalize to S, — Sy discrepancy.

The Challenge in Using Partial Coloring Method for Matrix
Discrepancy. Central to the partial coloring method is to show that
the discrepancy body D := {x € R" : || XL, x;A;|| < t}, i.e. the set
of fractional colorings with discrepancy at most ¢ under norm ||- ||, is
“large” in some sense. A natural notion of largeness, due to Gluskin
[21], is that the body D has Gaussian measure at least 270(n) This
measure of largeness has been adopted (sometimes implicitly) in
essentially all work on partial coloring [6, 20, 27, 28, 37, 39].

'We make the assumption that p < g to avoid a polynomial dependence on m in
the discrepancy bound. If ¢ < p, then even a single matrix (i.e. n = 1) can have
discrepancy m'/4-1/P,
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For the setting in Theorem 1.1, the discrepancy body D is a
polytope defined by the intersection of strips of the form [{r, x)| <
t, where r; € R™ are the rows of the m X n matix whose columns
are ay, . . ., an. Therefore, Sidak’s lemma [41] can be readily used
to give a Gaussian measure lower bound of the form y,(D) >
[TZ yn({x € R" : [(ri,x)| < £}).

In the setting of matrix discrepancy, however, the discrepancy
body D has an infinite number of facets. This prevents the use
of Gaussian correlation inequalities to lower bound y, (D). To get
around this barrier and use the partial coloring method for matrix
discrepancy, one needs a different approach for proving Gaussian
measure lower bounds.

1.1 Our Results

We lower bound the Gaussian measure of the discrepancy body
D via covering numbers for its polar D° with respect to the foo-
ball (see Section 3.1). We then prove the desired covering number
estimates using mirror descent, the powerful convex optimization
primitive of Nemirovski and Yudin [34] (see Sections 3.2 to 3.4).
Our method yields the following applications.

Matrix Spencer for Low-Rank Matrices. Our first result is the
following improvement over the O(y/nlogr) bound for random
coloring in the matrix Spencer setting.

THEOREM 1.3 (MATRIX SPENCER FOR LOW-RANK MATRICES). Let
m > +/n. Given symmetric matrices Ay, ...,Ap € R™™ with op-
erator norm ||Ajllop < 1 and rank(A;) < r for alli € [n], one can
efficiently find a coloring x € {£1}" such that

H ZXiAi"op S \/n -max (1, log(r - min(1, m/n))).

When the input matrices have rank r < n/m, the discrepancy
bound in Theorem 1.3 is O(y/n) and this proves Conjecture 1.2 for
low rank matrices in the regime where m < n.?

Matrix Spencer for Block Diagonal Matrices. Our second appli-
cation is the following improved matrix Spencer bound for block
diagonal matrices.

THEOREM 1.4 (MATRIX SPENCER FOR BLOCK DIAGONAL MATRICES).
Let m > /n and h < m. Given block diagonal symmetric matrices
Ay, Ay € R™™ with ||Ajllop < 1 and block size h X h, one can
efficiently find a coloring x € {£1}" with

n
H Z xiAj
i=1

In particular, Theorem 1.4 proves Conjecture 1.2 whenever h <
n/m. This bound was previously proved in [27] under the assump-
tion h < /n,? which we remove here.

We also obtain the following reduction of Conjecture 1.2 to
the construction of a better quantum relative entropy net for the
spectraplex S, == {X € R™*™ : X > 0,tr(X) = 1}.

< +/n - max(1,log(hm/n)).
op

%In this case, the conjecture already follows from Corollary A.2, which gives a bound
of \r-m = /n - \Jrm/n for matrices of rank at most r, but Theorem 1.3 scales
exponentially better in terms of rm/n.

3While their Theorem 3 does not make this assumption explicit, their analysis requires

Lﬁ] to be a positive integer and that m > n. In particular, this last assumption is

used in the last inequality of their proof, namely that log(h®m/n) = O(log(hm/n)).

'G20Z ‘0T |1udy uo ApsleAiun 1oaN Ag Areid1 eMBIA IND Y a3 Wolj papeojumoq



A New Framework for Matrix Discrepancy: Partial Coloring Bounds via Mirror Descent

COROLLARY 1.5 (BETTER ENTROPY NET IMPLIES MATRIX SPENCER).
Letm > /. If we can find T € Sy, with |T| < 200") such that for
each X € Sy, there exists Y € T with S(X||Y) < max(1,log(m/n)),
where S(X||Y) is the quantum relative entropy between X andY, then
the matrix Spencer conjecture is true.

In particular, in the proof of Theorem 1.4, we construct a relative
entropy net with error O(max(1,log(hm/n))) for the set of block
diagonal matrices on Sy, with block size hx h (see Section 3.4). Our
construction of such relative entropy nets might be of independent
interest.

Matrix Discrepancy for Schatten Norms. Theorem 1.3 is a spe-
cial case of the following general matrix discrepancy bound for
Schatten norms.

THEOREM 1.6 (MATRIX DISCREPANCY FOR SCHATTEN NORMS). Let
m > \nand2 < p < q < co. Given symmetric matrices Ay, . .., Ap €
R™MXM vyith ||Ai||5p < 1 andrank(A;) < r foralli € [n], one can
efficiently find x € [-1,1]" so that |{i : |x;| = 1}| = n/2 and

n
” Z XiAj
i=1

where we denote k := min(1,m/n). Moreover, we can find a full
coloring x € {+1}" at the expense of a factor of (1/2+1/q —1/p)~ 1.

|S < /n - min(p, max(1, log(rk))) - kl/p-1/q
a

Our partial coloring result in Theorem 1.6 is tight when either
m = O(4/n) (for which we give an alternative proof using Ba-
naszczyk’s result [4] in Appendix A), or whenr = 1and m > n.
We provide matching lower bounds for both cases in Sections 6.1
and 6.2. In particular, our lower bound examples imply a tight
Q(+/n) lower bound for rank-1 matrix Spencer when m = n, which
is a corollary of Lemma 6.2:

COROLLARY 1.7 (RANK-1 MATRIX SPENCER LOWER BOUND). There
exist rank-1 symmetric matrices Ay, . .., A, € R™" with lAillop < 1
such that any x € {£1}" has|| X1 xiAillop 2 Vn.

Another immediate consequence of our lower bounds is an opti-
mal Q(+/min(m, n)) lower bound for S — S discrepancy. This is
in stark contrast to the well-known Komlds conjecture for vectors,
which asserts that the £, — £ discrepancy is O(1). Corollary 1.8
states that such a conjecture is far from being true for matrices.

COROLLARY 1.8 (LOWER BOUND FOR MATRIX KoMLOs). For any
m and n, there exist symmetric matrices Ay, ..., An € R™™ with

lAillF < 1sothatanyx € {£1}" has|| XL, xiAillop 2 vmin(m, n).

Finally, we propose the following generalization of Conjecture 1.2:

CONJECTURE 1.9 (S — Sq MATRIX DISCREPANCY). Letm > /n
and2 < p < q < oo. Given matrices Ay, ...,A, € R™™M with
||A,-||5p < 1, there exists x € {x1}" such that

n
” Z XiAj
i=1

When m = n, the right hand side is O(+/n), and for diagonal
matrices the conjecture is known to be true for any 2 < p < q.
When p = g, the conjecture is also known to be true for diagonal
matrices for all m and n [37].

L,

< y/n - min(p, max(1, log(m/n))) - min(1, m/n)t/P-1/4,
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1.2 Overview of Our Approach

We give a brief overview of our partial coloring framework in this
subsection, and leave a more detailed discussion to Section 3.

Partial Coloring via Covering Numbers. Let K := {x € R" :
| X%, xiA;ill < 1} be the unit discrepancy body* and ¢ be the target
discrepancy bound. A recent refinement by Reis and Rothvoss [37]
of Gluskin’s convex geometry approach [21] shows that whenever
Yn(tK) > 270() for any constant in the exponent, one can effi-
ciently find a partial coloring x € O(tK) N [-1, 1]™ with at least
n/2 coordinates in {—1, 1} (see Theorem 3.1). For settings where
the target discrepancy bound is n2(1) we may iterate the partial
coloring to find a full coloring with the same discrepancy bound
up to constants (see Corollary 3.2).

Our new approach for proving a Gaussian measure lower bound
yn(tK) > 270 is via the covering numbers (Definition 2.2) of
K or K° with respect to the Euclidean ball B} or the {w ball B,.
In particular, since yn(\/ﬁBg) has constant Gaussian measure, as
long as N (v/nBj, tK) < 2001 we get y,(tK) > 279 Using
the duality of covering numbers and connections with volume, we

O() in terms

obtain several equivalent conditions for y, (tK) > 2~
of covering (Lemma 3.3). The condition that we will work with
is N(K° LBP) < 200" where K° = {((A1,U),...,{(An,U)) :

[[U|l« < 1} is the polar discrepancy body.

Covering via Mirror Descent. We prove the covering number
bound N(K°, %B{’,o) < 20(m) using mirror descent, a powerful
convex optimization primitive of Nemirovski and Yudin [34] (see
Section 3.2 for an overview). In particular, denote the linear map
AU) = ((A1, U), ..., (Ap, U)). We shall assume that each ||A;|| <
1. This is true for the matrix Spencer setting with || - || being the
operator norm. In the more general setting of matrix discrepancy
for Schatten norms, we have || A;|| s, <1 while the norm for mea-
suring discrepancy is || - ||s,. One can get around this issue by
leveraging known covering number estimates between Schatten
classes (Theorem 2.6).

For any matrix ||U||« < 1, consider minimizing the function
fu(X) = || A(X = U)||e over the dual unit ball B, := {U : ||U]|+ <
1}. The function has minimum value fi;(U) = 0 and since it has
subgradients in {+A;1, ..., +A,} with [|A;|| < 1, the function fy; (X)
is 1-Lipschitz with respect to the dual norm || - ||+. So as long as there
exists a 1-strongly convex mirror map ® on Bs, we can minimize
fu(X) by starting from some matrix Uy = Up(U) € B, and running
mirror descent for n steps. Denoting by Us the matrix in the s-th
step, standard guarantees for mirror descent (Theorem 3.5) yield

min fu(U) = min fu(U) = fu(U) < /2220

where Do (U, Up) = ©(U)-®(Uy)—(VP(Up), U-Up) is the Bregman
divergence. We let T be the set of all matrices encountered when
running mirror descent for all possible U € By, i.e. T := {Us : s €
[n],U € B}, and Ty := {Up : U € B.} be the set of all starting
matrices. The net A(T) will be our covering for K°.

To see that this indeed gives a good covering, we denote Dg'®* :=
supyep, Do(U||Up). By the definition of the function f7, we have

4To avoid confusion when talking about discrepancy bodies, K denotes the unit dis-
crepancy body, and D denotes a scaling of K by the target discrepancy bound.
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from (1) that

2D (U, U 2Dgx
min [A(U) = AU o < | 22G00) ([P0
se[n] n n

and so the dual body admits the covering K° € A(T) +,/2Dg* /n-
B Thus as long as our target discrepancy bound ¢t < /2nDg?,

we have N (K°, %Bgﬁ,) < |T|, which we need to show to be at most
20(n),

The key observation we make here is that for our choices of the
mirror maps in Sections 4 and 5, Us only depends® on the sum of
the subgradients, but not on their order. Since there are only 2n
choices of subgradients {+A;};c[,] and we run mirror descent for

n steps, a counting argument reveals that there are at most 20(n)
possible sums of gradients (Lemma 3.6). So long as the starting
matrices satisfy |Tp| < 20(n) we have |T| < |Ty| - 20(") < 20(m)

A View of Mirror Descent as Refining the Net. In the diagonal
case, i.e. Spencer’s setting, we can directly build the net T by re-
peatedly sampling the ith diagonal coordinate eie;'— proportional to
its weight in the target matrix. Since the set of diagonal matrices
on the Schatten-1 ball has only 2m vertices {+e;e] };c [m] the ap-
proximate Carathéodory theorem (see [43], Theorem 0.0.2) implies
that the image of the net A(T) already gives a good covering for
K°, and mirror descent is not necessary in this case.

However, this argument fails beyond diagonal matrices, as the
number of vertices becomes infinite. In these more general cases,
we use mirror descent to boost a coarse net Ty to a finer net T which
has a better covering guarantee in the image space, at the expense
of increasing the size of the net by a factor of 20(n)

Relative Entropy Nets for the Spectraplex. For our application
in Section 5 to low-rank matrices, it suffices to take Ty = {0}. For
the application in Section 4 to block diagonal matrix Spencer, we
run mirror descent on the spectraplex S, := {X € R™*™ : X >
0, tr(X) = 1} and carefully construct a set |Tp| < 20(") with small
Dg®. Since Dg(X||Y) is the quantum relative entropy between X
and Y in the spectraplex setup, we refer to such Tp as a (quantum)
relative entropy net (Definition 3.7).

We use an operator norm net for the Schatten-1 ball from [22]
to construct a relative entropy net with error O(log(m?/n)) for the
spectraplex Sy, (Lemma 3.8). When restricted to block diagonal
matrices with block size h X h, we use a hybrid of this argument and
the earlier approximate Caratheodory argument to find a refined
relative entropy net with error O(log(hm/n)) (Theorem 3.9). Taking
Tp to be this net in our mirror descent framework gives Theorem 1.4.
This also allows us to reduce the matrix Spencer conjecture to the
existence of a better relative entropy net with error O(log(m/n))
for the spectraplex (Corollary 1.5).

1.3 Further Related Work

Banaszczyk’s Approach. While the partial coloring method has
been extensively applied in discrepancy and obtains the optimal

5In general, mirror descent projects back onto the feasible set according to the Bregman
divergence in each iteration, and therefore might not satisfy this property.
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bound for many problems, for several applications where the tar-
get discrepancy bound is no() (e.g. the Komlés problem or Tus-
nady’s problem), partial coloring is potentially sub-optimal by a
logarithmic factor. In breakthrough work, Banaszczyk [4] obtained
an improvement over the partial coloring method for these ap-
plications using deep techniques from convex geometry. While
Banaszczyk’s original proof is non-constructive, a fascinating re-
cent line of work has obtained algorithmic versions of Banaszczyk’s
result [8-10, 18, 27].

Matrix Spencer Conjecture and Non-commutative Random
Matrix Theory. The typical value of || 2., x;A;l|op for a random
coloring has attracted significant attention in random matrix the-
ory. For commutative matrices, the bound E[|| X1, xiA;llop] <

y/nlog m by matrix Khintchine [29, 36] or matrix Chernoff [1] is
in general tight. It is also known to be tight for Toeplitz matrices
[32]. For matrices with certain non-commutative structures (e.g.
random Gaussian matrices), improved bounds of O(y/n) are known
(see [5, 43]). In the context of Conjecture 1.2, these results imply
that a random coloring already achieves the conjectured bound
when the input matrices have certain non-commutative structures.
On the other hand, by Theorem 1.1, Conjecture 1.2 is known when
all the matrices commute.

Concurrent and Independent Work. In concurrent and indepen-
dent work, Hopkins, Raghavendra and Shetty [23] proved a bound

of \/n log (tr(Z?:1 A?)/nlf’) for matrix Spencer using quantum

communication. For matrices of rank at most r, this gives a bound
of y/n - max(1,log(r2/n)). For r < +/n, this simplifies to O(~y/n),
whereas Theorem 1.3 gives O(\/Kgr). When r = m, the discrep-
ancy bound in [23] coincides with Theorem 1.3, both giving a bound

of \/n - log(m/~/n) which is optimal when m = +/n. However, our
approach is completely different and can also be used to show
matrix discrepancy bounds for block diagonal matrices and gen-
eral Schatten norms. We believe both approaches are interesting
and may lead to further progress in resolving the matrix Spencer
conjecture.

2 PRELIMINARIES

Norms and Convex Bodies. A convex body is a compact convex
set with non-empty interior. We say a convex set K is symmetric if
x € Kimplies —x € K. We use ||| to denote the £,-norm and ||‘||5P
to denote the Schatten-p norm. In particular, the operator norm
[Illop = IIIls,, and the Frobenius norm ||-||r = || - ||s,- We use Bg to
denote the unit £,-ball in R"” and ng = {A e R™": lAlls, <1}

to denote the unit Schatten-p ball in R™*", with By, = B - Let
R’} denote the set of non-negative vectors in R” and denote the
simplex Ap, := {x € R} : ||x||; = 1}. Let ST (resp. S¥,) denote the
set of positive semidefinite (resp. positive definite) n X n matrices,
and define the spectraplex Sy, := {X € S} : tr(X) = 1}. For a norm
[| - |l in R, we define the dual norm as ||x||« := sup{{y,x) : y €
R™, |ly]| < 1}. Dual norms are similarly defined for matrix norms.

Convex Functions. A convex function f : X — R is said to be L-
Lipschitz with respect to anorm ||- || if ||g||+ < L for all subgradients
g € If (x). We say that f is a-strongly convex with respect to a
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norm || - [ f(y) > f(x) + g7 (y—x) + &|lx - y|2 forall x,y € X
and all subgradients g € df (x).

Polar. Given a convex set K C R" with 0 € K, we define the polar
of K tobe K° := {y € R" : sup, g (x,y) < 1}. It is immediate from
the definition that for any constant ¢ > 0, (tK)° = %KO. When K is
closed, the polarity theorem states that (K°)° = K.

LEMMA 2.1 (POLAR OF DISCREPANCY SET). Given symmetric ma-
trices Ay,...,Ay € R™™ and a norm || - || in R™*™, we define
the unit discrepancy set as K = {x € R" : | ¥ xA;l| < 1}.
Then K’ = {({A1,U),...,{An,U)) : |[U|l« < 1} is the polar body
K’ =K°.

ProOF. By the definition of polar body, we may write
n
(K")° = {x eR": in(Ai, U)<1,VUst|U|« < 1}
i=1
n
= {x eR": < xiAj, U> <1, VUst|UJs < 1}
i=1

=K,

by the definition of dual norm. It then follows from the polarity
theorem that K’ = K°. ]

Covering Numbers. We start with the definition of covering num-
bers.

Definition 2.2 (Covering Numbers). For two convex bodies K, T C
R", we define the covering number N (K, T) as the minimum num-
ber N such that there exist centers x1,...,xy € R" with K C
Uﬁ\il (xi +T), i.e. K can be covered by N translates of T.

We need the following few standard facts about covering num-
bers (see [2]).

LEMMA 2.3 (VOLUME BoUNDs FOR COVERING NUMBERS). Given

convex bodies K,T C R". If T is symmetric, we have ://zll':,((I;)) <
vol, (K+1)
N(K.T) < 2" =i

LEMMA 2.4 (SYMMETRIZATION). Let K C R" be a convex body,
then N(K - K,K) < 20(m)

THEOREM 2.5 (DUALITY OF COVERING NUMBERS, [24]). Given
symmetric convex bodies K, T C R", we have

279 . N(T°, K°) < N(K, T) < 220" . N(T°,K°).

We will also need the following upper bound on the covering
numbers of Schatten balls®.

THEOREM 2.6 ([22], THEOREM 1.1). Letm,n € Nand1 < p <q <
oo, Then we have

N(Bg;,min(l, %)1/;;—1/qu) < 20(n),

Gaussian Measure. We use y, (+) to denote the standard Gaussian
measure on R™. Gaussian measure is log-concave, i.e. y, (1A + (1 —
AMB) > yn (A)’lyn(B)l_)L for any compact subsets A,B € R". In
particular, by taking A = —x + K and B = x + K for any x € R"

%We note that [22] claims the bound only up to a constant depending on p and g, but
their argument readily gives a universal constant in the regime of p,q > 1.
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and symmetric convex body K, and A = 1/2, we have the following
lemma.

LEMMA 2.7 (TRANSLATION DECREASES GAUSSIAN MEASURE). Given
any symmetric convex body K C R" and x € R", we have y,(K) >
Yn(x +K).

We also use the following powerful Gaussian correlation inequal-
ity.
THEOREM 2.8 (GAUSSIAN CORRELATION INEQUALITY, [40]). Given

any symmetric convex sets K,T C R", we have y,(KNT) > yp(K) -
yn(T).

3 OUR FRAMEWORK FOR PARTIAL
COLORING

3.1 Partial Coloring via Covering Numbers

Given symmetric matrices Ay, ..., A, € R™™ anorm || - || on
R™X™ for measuring the discrepancy, and a target discrepancy
bound ¢, let D := {x € R" : || ¥, x;A;|| < t} be the associated
discrepancy body. The following partial coloring lemma from [37]
states that one can efficiently find a partial coloring with discrep-
ancy O(t) as long as y, (D) > 270,

THEOREM 3.1 ([37], SPECIAL CASE OF THEOREM 6). For any con-
stant o > 0, there is a constant ¢ := c(c) > 0 and a randomized poly-
nomial time algorithm that for a symmetric convex set D C R"™ with
Yn(D) = 27%" gnd a shifty € (-1, 1)", findsx € (¢c- D) N [-1,1]"
sothatx +y € [-1,1]" and |{i € [n] : |[(x +y)i| = 1}| = n/2.

We have the following corollary for full colorings. Here Kg :=
Kn{xeR":x; =0,Vi¢S}.

COROLLARY 3.2. Let K C R" be a symmetric convex set. Given an
increasing function f : [n] — Rso with ys(f(|S]) - Ks) > 2-0(SD)
for every S C [n], there exists a randomized polynomial time al-
gorithm to find a full coloring x € {x1}" so that x € AK, where

S Z%i%gnj f(n/2Y). In particular, when f(n) < nﬁforsomeﬁ <1,
we have A < %nﬂ.

Proor. Indeed, repeated iterations of Theorem 3.1 with yg :=
0 and subsequent shifts y;4; being the coordinates not reaching
{-1,1} find x :== xo + -~ + xp € {£1}" for T := |logn| with
x; € O(f(n/2")) - K. When f(n) < n#, the summation is upper
bounded by

[

. 1
Sz = -2 h o < 2w,
i=0 p
and this proves the statement. O

We show that a 279(") Gaussian measure lower bound is equiv-
alent to a 20(") upper bound for certain covering numbers.

LEmMA 3.3. The following conditions are equivalent for a symmet-
ric convex body D C R":

(1) ya(D) > 270,

(2) N(ynBI, D) < 20(m,

(3) N(nB™,D) < 20(m),

1 o
(4) N(D°, J-B}) <2 (m),
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(5) N(D°, 1Br) < 20(m),

Proor. We start by proving that condition (1) implies (2). Sup-
pose yn(D) > 279" then Theorem 2.8 implies y,(D’) > 279",
where we define D’ := D N v/nBj}. We thus also have vol,(D’) =
yn(D’) = 2790 Then by Lemma 2.3, we have

voln(\/ﬁBg‘ +D’)
vol, (D)
n voln(Z\/ﬁB;’) < 20
vol,(D’)

We next show that condition (2) implies (1). Since yp, (\/ﬁBg) =Q(1),
we have y,(x + D) > 279(1) for some x € R™. Lemma 2.7 then
gives yp(D) = yp(x+ D) > 270,

The implication (3) = (2) immediately follows from \/ﬁBg c
nBT. To prove the reverse implication (2) = (3), we use Lemma 2.3
to obtain

N (\nB%,D) < N(\nB?,D’) < 2" .

vol, (\/nBY + BY)

N((VnB" B < 2™.
(VnBj, B) vol, (B

< 20(n) voln (VnBY) < 90(n)
- voln(BY) ’

It follows that ' (nB?", D) < N (nB, ynB) - N (vnBJ, D) < 20(),
The last two equivalences follow from the duality of covering
numbers in Theorem 2.5. O

For our mirror descent framework, we use the following corol-
lary:

COROLLARY 3.4. Given symmetric matrices Ay, ..., A, € R™*™M,
letK(‘;Jr = {((A1,U),...,(Ax,U)) : U € B2, U = 0}. If we have
q
N(Kgy Lpr) < 20(1) then we can efficiently find a partial coloring
x € [-1,1]" with |{i : |x;| = 1}| 2 n/2 and || X}, xiAills, <t

ProoF. Recall that D := {x e R" : || X1, xiAills, < t} denotes
the discrepancy body. Since tD° C K“; K ; .
N(D°, %B{}o) = 20(m) The equivalence (1) & (5) in Lemma 3.3

implies y,(D) > 279 and Theorem 3.1 gives the corollary. O

by Lemma 2.4 we have

3.2 Mirror Descent: An Overview

The mirror descent method was introduced by Nemirovski and
Yudin [34]. Here, we follow the presentation in [15]. Let D be an
open subset of R” and X a subset of its closure. We fix a convex
function f : X — R assumed to be L-Lipschitz with respect to
anorm | - ||, and a differentiable function ® : D — R that is p-
strongly convex with respect to || - || and has a surjective gradient
V@ : O — R™. The mirror descent algorithm, given a starting
point xg € X N D, consists of the iterations

VO(yt11) = VO(x¢) — 19z,
Xt+1 = argming ¢ yn Do (X, Yr+1),

where g; € 3f (x;) and Dg(x,y) = ®(x) — ®(y) — VO(y) " (x — y)
is the Bregman divergence. Note that y; € D and x; € X N D for
all t > 0. We use the following convergence guarantee:
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THEOREM 3.5 ([15], THEOREM 4.2). Let f be L-Lipschitz and ® be
p-strongly convex with respect to||-||, and D§** > D (x*, x0) be any

Dmax
upper bound. Then the mirror descent algorithm withn = %\/ ZPT"’

satisfies

gax
Srélllgjf(xs)—f(X)sL T

The Spectraplex Setup. Here we take X := S, = {X € S :
tr(X) = 1}. The mirror map is ®(X) = tr(XlogX), defined on
D = ST, which is %—strongly convex with respect to the Schatten-
1 norm by the quantum Pinsker inequality [16]. Then the con-

vergence bound in Theorem 3.5 becomes ZLNIW, where

S(X|Y) = tr(X(log X — logY)) is the quantum relative entropy
between matrices X, Y € Sy,. The projection step corresponds to a
trace normalization, so given a starting point Xy € Sy, N ST, we
may write in closed form

exp(log Xo — n 2., gi)

X1 = , 2
tr(exp(log Xo — 7 X1_y 91))
for subgradients g; € af(X;).
The Schatten Norm Setup. Here we take X = D = R™*"™
so that X; = Y; for all ¢. The mirror map is ®(X) := 2(p+1) ||X||f,,

which is known to be 1-strongly convex for all p € (1, 2] [3]. Thus
given a starting point Xy € R™*™ we may write in closed form

t
Xp41 = VO (ch(xo) -n Z g,-), (3)
i=0

for subgradients g; € 9f(X;).

3.3 Covering via Mirror Descent

Given symmetric matrices Ay, ..., A, with ||A;|| < 1foralli € [n],

where the dual norm || - ||« is either the Schatten-1 norm or the

Schatten-p norm for some p € (1, 2], we apply mirror descent on

functions of the form fy(X) = m[ax] [{Aj, X = U)| to cover the
1€|n

polar discrepancy body
K° = {A{) : ||U||« < 1}, where A(U) = ({(A1,U),..., (A, U)).

Note that fy(X) = || A(X) — A(U)||lw and that f is 1-Lipschitz
with respect to || - ||«. The key property of such functions is that
we may always choose subgradients from the set of 2n matrices
{£A; : i € [n]}, which allows us to upper bound the number of
different matrices encountered during the mirror descent process.

LEMMA 3.6. Let || - ||« be either || - ||s, as in the Spectraplex Setup,
or| - ||5P with p € (1,2] as in the Schatten Norm Setup, and X, D be
defined accordingly. Let Ty € X N D be a set with size |Tp| < 20(n)
andK® 2 K’ = A(T’) the convex body to be covered, where T’ C XN
D. If for every U € T’ there exists a starting point Uy := Uy(U) € Ty
with Dg (U, Up) < Dglax, then we can bound

N(K’,\/?Bf}o) < 20(m),

Proor. The key observation is that in either setup of mirror
descent, the point X; in (2) or (3) depends only on the starting
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point Up and on the sum of gradients g, . .., gr—1, but not on their
order. Moreover, we can always choose from the set of 2n gradients
{£A; : i € [n]} at each step. Thus applying mirror descent to the
function fi; for all possible U with the same starting point U, the
total number N(Up) of points visited in T := n iterations satisfies

& (t+2n—1 3n
N(UO)SZ( )S(n+1)-( )520(").
2n—1 n
=0
Since |Ty| < 29 we obtain a set of 20(") points U such that
for every Y = A(U) € K’, there exists some U € U so that

IAU) = AWl = fu(U) = fu(U) - fu(U) S \/Dg™/n. O

In the Schatten Norm Setup, we shall pick K’ = K° and Ty = {0},
i.e. Uy is always 0. For the Spectraplex Setup, we carefully choose
a set of starting points [Ty| < 29 which has small D™ with
respect to K’ = {A(U) : U € Sy, }. Since Dg(X||Y) is the quantum
relative entropy between X and Y in the Spectraplex Setup, we shall
refer to the set of starting points Ty as a (quantum) relative entropy
net for Sy,.

Definition 3.7 (Quantum Relative Entropy Net). Given subsets
T, M C Sy, T is a relative entropy net of M with error ¢ if for any
X € M, wecan find Y € T such that S(X||Y) < e.

3.4 Initialization for Spectraplex Setup: Relative
Entropy Net

We start with the following lemma which constructs a relative
entropy net on Sy, from an operator norm net.

LEmMMA 3.8 (RELATIVE ENTROPY NET FROM OPERATOR NORM NET).
Let X,Y € Sy, satisfies || X — Yllop < & for some e > 1/m. Then
S(X|IY’) < log(2me), where Y’ := (Y + Im) € S,

ProorF. Recall that log(-) is operator monotone and note that
X =Y + ¢l,. We then have

S(XNIY') = tr(X - (log X — log Y"))
< tr(X - (log(Y + ely) —log Y'))
< tr(X) - || og(Y + elm) — log ¥ [lop

Y +ely,

<log|2- < log(2me),

im
Y+ 2 op

where the first inequality follows from the operator monotonicity of
log(-), the second follows from matrix Holder, and the last follows
because £ > 1/m and [|Y||op < 1. O

Using the lemma above, we give the following construction for
relative entropy nets on Sp,.

THEOREM 3.9 (ENTROPY NET FOR SPECTRAPLEX). Given positive
integers h,m and n such that m/h is an integer, let Sfln C S, be the
set of m X m block diagonal matrices on the spectraplex with block
size h X h. Then we can find a relative entropy net T for S,};l with error
at most max(1,log(2hm/n)) and size |T| < 20(n),

Proor. By merging blocks as needed, we may assume hm > n.
By Lemma 3.8, it suffices to find an operator norm net T” with

size |T’| < 20(") and distance ¢ = M. Let £ :=m/h
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be the number of blocks, X3,..., X, € R"*! denote the blocks of
matrix X € S,}ﬁl, and N := 2/¢ = 2n/max{h,log(¢/n)} (we assume
that N is an integer). Let Z := {z € Z‘;O : Zle zi = N}, and for
each z € Z, we define

T, = {X € 8" : tr(X;) = z:/N,Vi € [£]}.

It follows from a standard rounding argument that for any matrix
X e S,};l, one can find a matrix Y € U,ezT; with [|X = Ylop <
1/N =¢/2.

We first show that |Z] < 20(n) When ¢ < 2n, we have

2
N+e) _ (N+2n) 5 +2n < 20(n)
¢t )]\ 2n )~ 2n )~

|Z|s(

When ¢ > 2n > N, we can bound

2n
7| < (N+€) < (2{) < ( gs ) < (eflog({’/n))ilog(!/n) < 0(n)
N N Tog(£/m) n

It therefore suffices to construct an ¢/2-operator norm net for
each T,.

Fix an arbitrary z € Z. Note that the ith block of the matrices in
T, comes from ]zT} - 8y, Pick n; := z;h, we have from Theorem 2.6
that

Zig zi h o h on 0(n;)
N(5ESn 2 - Bl ) = N(Sh Bl ) <200,
N h N n; op h n; op
We denote this net as T‘z, It follows from the above that for any
X; € Z_]\l[§h there exists Y; € T;; with ﬂXi —Yillop < JZ—\} . nﬁl =¢/2.
Define T; := {diag(Y1,...,Yr) : V; € T;; Vi € [£]}. Then for any
X € Ty, there exists Y € T, such that ||X — Y|op < £/2, and thus T,

is indeed an ¢/2-operator norm net for T,. Furthermore, the size of
T, can be upper bounded as

|Tz| < 1—] 20(ni) _ 20(2?:1 zih) _ 9O(Nh) < 20(")’
ie[f]
since N < 2n/h. This proves that T := UzeZi:z is an e-operator
norm net for S,},’i and has size at most |T| < 20" where we recall
that e = MA Finally, invoking Lemma 3.8, T can be
transformed into a relative entropy net T with size |T| < 20(n) and

error at most log(2me) < log(2hm/n). This finishes the proof of
the theorem. O

4 APPLICATIONS OF THE SPECTRAPLEX
SETUP

In this section, we prove our matrix Spencer bound for block diag-
onal matrices in Theorem 1.4, which we restate below.

THEOREM 1.4 (MATRIX SPENCER FOR BLOCK DIAGONAL MATRICES).
Let m > vn and h < m. Given block diagonal symmetric matrices
Ay, .. Ap € R™ with ||Ajllop < 1 and block size h X h, one can
efficiently find a coloring x € {£1}" with

n
H Z XiAj
i=1

ProOF oF THEOREM 1.4. By Theorem 3.9, we can find a relative
entropy net Ty of S,};l with error Dgi®* := max(1,log(2hm/n)) and

‘ < «/n - max(1,log(hm/n)).
op
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size |Ty| < 2©(") Then using Lemma 3.6 with the Spectraplex Setup
for K’ := A(S!) and Ty being the relative entropy net, we obtain

N(K’, %Bf}o) < 20(m)

where t = \/nmax(1,log(2hm/n)). Let Si’n be the set of m X m sym-
metric block diagonal matrices with block size A X h. Define convex
body K := ?((Bgi ﬂS},’n NST). We first prove that N (K", %Bgo) <
20 Since N (K’, %Bg’o) < 20(n) by Theorem 3.9, we also have
N(#K', %BZO) < 20(") for each integer j € [pz]. We let Hj be the
set of centers for the minimum covering of #K ’ by translates of
LBn and define H = Uje[n2Hj- Since |H;| < 20(m) it follows'that
|H| < 20 For each X € Bg’I that satisfies X > 0, we let # be
the multiple of # that is closest to tr(X), and set X’ := X.
Then we have

_J__.
n’tr(X)

1 t
[AX) = AX) oo < ol A lleo < -
Astr(X’) = niz,wecanalsoﬁndY € Hj with [A(X")=Y|le < %
Therefore, || A(X) — Y|l < 2£, and it follows that K”” C H + %Bgo.
This implies N (K", %B&) < 20(m),
Next note that the dual discrepancy body K° := .?I(Bg’i) =
A(Bg N Sh) since each A; € SI,. We have K° = K” — K"/, so
using Lemma 2.4 we get N (K°,K”’) < 2°(") Thus

N (K, ZBL) < MK K - N(K”, 2BL) < 2000,

and y, (tK) > 279" by using Lemma 3.3. Corollary 3.2 then
gives a full coloring x € {£1}" with discrepancy || X1, x;Aillop <
O(t). This finishes the proof of the theorem. O

The analysis above also shows that if we can improve the bound
in Theorem 3.9 to O(log(m/n)) for any block size h, then the matrix
Spencer conjecture is true.

COROLLARY 1.5 (BETTER ENTROPY NET IMPLIES MATRIX SPENCER).
Let m > \/n. If we can find T € Sp, with |T| < 200 such that for
each X € Sy, there exists Y € T with S(X||Y) < max(1,log(m/n)),
where S(X||Y) is the quantum relative entropy between X and Y, then
the matrix Spencer conjecture is true.

5 MATRIX DISCREPANCY FOR SCHATTEN
NORMS

In this section, we prove the following generalization of Theo-
rem 1.3 for arbitrary Schatten norms by using a different regularizer
for mirror descent.

THEOREM 1.6 (MATRIX DISCREPANCY FOR SCHATTEN NORMS). Let
m > ynand2 < p < q < 0. Given symmetric matrices A1, ...,An €
R™MXM yyith lAills, < 1 andrank(A;) < r foralli € [n], one can
efficiently find x € [-1,1]" so that |{i : |x;| = 1}| = n/2 and

n
” Z xiAj
i=1

where we denote k := min(1, m/n). Moreover, we can find a full
coloring x € {£1}" at the expense of a factor of (1/2+1/q —1/p)~1.

|S < /n - min(p, max(1, log(rk))) - Kl/p-1/q
a

656

Daniel Dadush, Haotian Jiang, and Victor Reis
We first use mirror descent to prove the following covering
lemma.

LEMMA 5.1. Letm > v/n, 2 < p < q < oo, k := min(1,m/n),
t = +[(p—Dn-kVP=149 and ¢* = q/(q - 1). Given symmetric

matrices Ay, ..., Ap € R™X™ yith lAills, <1, we have
t
N(&—’I(Bg“*), —B’go) <20,
q n
Proor. Denote p* := p/(p — 1). Theorem 2.6 implies
N(ABR ), k=" qBm ) < 200,
q »

so it suffices to show

N(ﬂ(Bg*),,/pT_lB’;,) < 200,

This is a direct consequence of Lemma 3.6 with norm || - || Sy @8
the Bregman divergence is Dy (U, 0) = ®(U) < 2(p+1) = p%l for
101, < 1. o

Lemma 5.1 together with Lemma 3.3 immediately gives the fol-
lowing weaker measure bound, which we then bootstrap to prove
the stronger bound in Theorem 1.6.

COROLLARY 5.2. Let m > Vn, 2 < p < q < oo and k =
min(1, m/n). Given symmetric matrices Ay, ...,Ap € R™™ with
lAills, < 1, define the convex body

n
K= {x cR": H Al < 1}.
; 1411 Sq

Then )/n( (p — l)n . kl/P—l/q . K) > Z—O(I‘l).

ProoF oF THEOREM 1.6. Let pg := max(2, log(2rk)). For p < po
the result follows directly from Corollary 5.2, so we may assume
P = po. Also note that we may assume rk > 1 since we can increase
smaller values of r without changing the bound on the right side.
Remark that [|Aills, < rl/po_l/pHAiHsp < rl/P=1/P since the
matrices have rank at most r. Corollary 5.2 then implies that the
convex body

Vpon - kM/Po=1/a pHpo=1/p

has Gaussian measure 29" _Since \/pon - k!/Po=1/4 . p1/po=1/p <
/ot - k1/P=1/4 by the choice of py, it follows that

Yn(y/nmax(1,log(rk)) - kP14 . gy > 270,

so that Theorem 3.1 and Corollary 3.2 yield the partial coloring and
full coloring, respectively. The factor (1/2+ 1/p — 1/¢q)~! comes
from the contribution of the exponent of n in the geometric sum,
analogous to the second part of Corollary 3.2. O

6 LOWER BOUND EXAMPLES FOR MATRIX
DISCREPANCY
In this section, we give a few examples to illustrate the tightness of

our results in Theorem 1.6 for various regimes of the dimension m
and rank r of the input matrices.
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6.1 Low Dimension Regime of m = ©(+/n)

In the regime of m = ©(~/n), we have k = min(1, m/n) = ©(1/+/n)
and r < O(+/n) and our partial coloring bound in Theorem 1.6 is
thus O(n'/2+1/24-1/2P) This bound is tight up to constants due to
the following example’.

LEMMA 6.1 (EXAMPLE: m = +/n). Let m = +/n be a power of 2,
and2 < p < q < oo. There exist matrices® Ay,...,A, € R™X™
with |Aills, < 1 such that || XL, xiAills, 2 nl/2+1/24-1/2p for

any partial coloring x € {x1}" with |{i : |x;| = 1}| = n/2.

Proor. The idea is to construct an orthogonal basis on R™*™

with ||A,-||% = m. Let H € R™*™ be the Walsh-Hadamard ma-
trix, and Dy, ..., Dp, be diagonal matrices with (D;);; = Hjj.
Let Py, ..., Py, be disjoint permutation matrices, i.e. each P; per-

mutes the standard orthonormal basis {ey,. .., en} and each pair
P;, Pj have disjoint non-zero entries. For instance, we may take
(Pi)jk =1if j—k =i mod m and 0 otherwise. We then define
the n matrices Ajymj := D;iP;j for i, j € [m]. Note that these matri-
ces form an orthogonal basis of R™*™, so for any partial coloring
x € {x1}" with |[{i : |x;| = 1}| > n/2, we have

n n
H inAi| inAi
i=1 i=1
By Holder’s inequality, this implies that

n n
“inAiH > ml/q—l/Z . HzxiAiH > n1/2+1/2q.
i=1 Sq = F

Also note that each matrix A; has all singular values equal to
1, and therefore ||A;|ls, = ml/P = nl/2P_ Scaling the matrices A;

2
2 5,
=tr :m-inZmn/Z.
F
i=1

down by a factor of nl/2p proves the lemma. O

6.2 Rank-1 Matricesand m > n

In the regime of r = 1 and m > n, we may assume wlog that p = 2.
Then the discrepancy bound in Theorem 1.3 is O(+/n). This bound
is again tight up to a constant factor.

LEMMA 6.2 (EXAMPLE: r = 1 AND m = n). Let 2 < q < co. There
exist symmetric rank-1 matrices A1, . .., A, € R™" with ||A;||p < 1
such that any partial coloring x € [—1,1]" with |{i : |x;| = 1}| > n/2
satisfies

2 .

n
| 25
i=1

n
54 > H Z xiAi
i=1

op

Proor. For each i € [n — 1], we define the rank-1 matrices
A = %(ei +ep)(ei +en)T fori € [n], where e; € R” is the unit
vector with a single 1 in the ith coordinate and 0 elsewhere, and
Apn = 0. Note that each ||A;||[r = 1 by definition. For any partial

"Thanks to Aleksandar Nikolov for suggesting this construction.
8These matrices can easily be made symmetric in R?X2m,
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coloring x € [—1,1]" with |{i : |x;| = 1}| = n/2, we have

x1 0 - 0 X1
n 0 x9 - 0 X2
inAi =3
= 0 0 Xn-1  Xn-1
X1 X2 Xno1 XX

It then follows that

n n
HinAi | > HinAien
i=1 R

This completes the proof of the lemma. O

2 V.

2

As an immediate corollary of Lemma 6.2, we obtain an Q(+/n)
lower bound for matrix Spencer when m = n and all matrices are
rank-1.

CoROLLARY 1.7 (RANK-1 MATRIX SPENCER LOWER BOUND). There
exist rank-1 symmetric matrices Ay, . .., Ay € R™" with [|Alop < 1
such that any x € {+1}" has || X1, xiAillop 2 Vn.

Another immediate consequence of Lemma 6.2 is a lower bound
of Q(+4/min(m, n)) for Schatten-2 to operator norm discrepancy,
which is the generalization of the Komlés problem to matrices.
This shows that the Komlds conjecture, which states that the £ to
feo vector discrepancy is upper bounded by a universal constant,
cannot be true for matrices.

COROLLARY 1.8 (LOWER BOoUND FOR MATRIX KoMLOS). For any
m and n, there exist symmetric matrices Ay, ..., A, € R™™ with

lAillF < 1sothatanyx € {£1}" has|| X1, xiAillop 2 vmin(m, n).
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A AN APPLICATION OF BANASZCZYK’S
THEOREM

We give an alternative simpler proof of the O(m*1/4-1/P) bound
for S, to Sq matrix discrepancy when m = O(+/n) using the follow-
ing theorem of Banaszczyk [4].

THEOREM A.1 (BANAszczYK [4]). Let K € R™ be a convex body
with ym(K) > 1/2. Then for any vectors vy,...,0n € R™ with
lloill2 < 1, there exists x € {+1}" such that 37| x;0; € 5K.

Applying Theorem A.1 to a suitable scaling of the operator norm
ball immediately gives the following matrix discrepancy bound.
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COROLLARY A.2. Let2 < p < q < oo. Given symmetric matrices
Aq,..., A, € RMXM yith lAills, < 1, there existsx € {£1}" such

that || DL, xiAills, < mi*/a-1p.

ProoF. Note that ||A;lls, < 1 implies [|A;lls, < m!/2=V/P. It
is well-known that ym(4m1/2 . ng) > 1/2 (see Theorem 7.3.1
of [43]). Thus, Theorem A.1 yields some x € {+1}" such that
I xiAi € O(m'~V/P) . BIL Tt follows that || X7, xiAills, <
O(m!*1/a-1/p). O

CoROLLARY A.3 (MATRIX KoMLOS). Given symmetric matrices
Ay, ..., Ay € R™M with ||Aj||p < 1, there exists x € {+1}" such

that || ¥1-, xiA,-||5q < A/min(m, n), matching the lower bound in
Corollary 1.8.

Proor. It suffices to take the best between a random coloring,
which has discrepancy O(+/n), and that of Corollary A.2. ]
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