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ABSTRACT

Motivated by the Matrix Spencer conjecture, we study the problem
of finding signed sums of matrices with a small matrix norm. A well-
known strategy to obtain these signs is to prove, given matrices
𝐴1, . . . , 𝐴𝑛 ∈ R𝑚×𝑚 , a Gaussianmeasure lower bound of 2−𝑂 (𝑛) for
a scaling of the discrepancy body {𝑥 ∈ R𝑛 : ∥∑𝑛

𝑖=1 𝑥𝑖𝐴𝑖 ∥ ≤ 1}. We

show this is equivalent to covering its polar with 2𝑂 (𝑛) translates
of the cube 1

𝑛𝐵
𝑛
∞, and construct such a cover via mirror descent. As

applications of our framework, we show:

Matrix Spencer for Low-Rank Matrices. If the matrices satisfy
∥𝐴𝑖 ∥op ≤ 1 and rank(𝐴𝑖 ) ≤ 𝑟 , we can efficiently find a coloring 𝑥 ∈
{±1}𝑛 with discrepancy ∥∑𝑛

𝑖=1 𝑥𝑖𝐴𝑖 ∥op ≲
√︁
𝑛 log(min(𝑟𝑚/𝑛, 𝑟 )).

This improves upon the naive 𝑂 (
√︁
𝑛 log 𝑟 ) bound for random col-

oring and proves the matrix Spencer conjecture when 𝑟𝑚 ≤ 𝑛.

Matrix Spencer for BlockDiagonalMatrices. For block diagonal
matrices with ∥𝐴𝑖 ∥op ≤ 1 and block size ℎ, we can efficiently find

a coloring 𝑥 ∈ {±1}𝑛 with ∥∑𝑛
𝑖=1 𝑥𝑖𝐴𝑖 ∥op ≲

√︁
𝑛 log(ℎ𝑚/𝑛). This

bound was previously shown in [Levy, Ramadas and Rothvoss,
IPCO 2017] under the assumption ℎ ≤

√
𝑛, which we remove. Using

our proof, we reduce the matrix Spencer conjecture to the existence
of a 𝑂 (log(𝑚/𝑛)) quantum relative entropy net on the spectraplex.

Matrix Discrepancy for Schatten Norms. We generalize our
discrepancy bound for matrix Spencer to Schatten norms 2 ≤
𝑝 ≤ 𝑞. Given ∥𝐴𝑖 ∥𝑆𝑝 ≤ 1 and rank(𝐴𝑖 ) ≤ 𝑟 , we can efficiently
find a partial coloring 𝑥 ∈ [−1, 1]𝑛 with |{𝑖 : |𝑥𝑖 | = 1}| ≥ 𝑛/2
and ∥∑𝑛

𝑖=1 𝑥𝑖𝐴𝑖 ∥𝑆𝑞 ≲
√︁
𝑛min(𝑝, log(𝑟𝑘)) · 𝑘1/𝑝−1/𝑞 , where 𝑘 :=

min(1,𝑚/𝑛).

Our partial coloring bound is tight when𝑚 = Θ(
√
𝑛). We also pro-

vide tight lower bounds of Ω(
√
𝑛) for rank-1 matrix Spencer when

𝑚 = 𝑛, and Ω(
√︁
min(𝑚,𝑛)) for 𝑆2 → 𝑆∞ discrepancy, precluding a

matrix version of the Komlós conjecture.
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1 INTRODUCTION

Discrepancy minimization has been a well-studied area of research
both in mathematics and computer science [17, 31]. We start with
a classical setting: given vectors 𝑎1, . . . , 𝑎𝑛 ∈ R𝑚 each satisfying
∥𝑎𝑖 ∥∞ ≤ 1, the goal is to find a coloring 𝑥 ∈ {±1}𝑛 that mini-
mizes the discrepancy, defined as ∥∑𝑛

𝑖=1 𝑥𝑖𝑎𝑖 ∥∞. A seminal result

of Spencer [42] improves upon the𝑂 (
√︁
𝑛 log𝑚) bound of a random

coloring via Chernoff and union bound:

Theorem 1.1 (Spencer [42]). Let𝑚 ≥ 𝑛. Given 𝑎1, . . . , 𝑎𝑛 ∈ R𝑚
with ∥𝑎𝑖 ∥∞ ≤ 1, there exists 𝑥 ∈ {±1}𝑛 so that ∥∑𝑛

𝑖=1 𝑥𝑖𝑎𝑖 ∥∞ ≲√︁
𝑛 log(2𝑚/𝑛).
In particular, when𝑚 = 𝑛, Theorem 1.1 states that the discrep-

ancy is at most 𝑂 (
√
𝑛), as opposed to the 𝑂 (

√︁
𝑛 log𝑛) bound for

a random coloring. Spencer’s theorem is known to be tight up to
constants for all𝑚 ≥ 𝑛 [17, 31].

The Partial Coloring Method. All known proofs of Spencer’s
theorem are essentially based on the partial coloringmethod, one of
the most important and widely applied techniques in discrepancy
theory. The method states that to obtain the type of discrepancy
bound in Theorem 1.1, it suffices to prove the same bound for a
partial coloring 𝑥 ∈ [−1, 1]𝑛 with at least Ω(𝑛) coordinates in
{±1}. This process is then iterated over the set of coordinates {𝑖 :
|𝑥𝑖 | < 1} to obtain a full coloring. For Spencer-type problems, the
discrepancy of the full coloring is at most a constant factor off from
the discrepancy of the partial coloring (see Corollary 3.2).

The partial coloring method was developed in the early 80s
by Beck and refined by Spencer using the entropy method [13,
42]. A convex geometry view of partial coloring was developed
independently byGluskin [21].While these original arguments used
the pigeonhole principle and were non-algorithmic, a breakthrough
result of Bansal [6], followed by a rich line of work [20, 27, 28, 37, 39],
gave various algorithmic versions. These recent developments also
led to new results in approximation algorithms and differential
privacy [7, 11, 35, 38].

Matrix Spencer Setting. A natural generalization of Spencer’s
setting to matrices is the following. Given matrices 𝐴1, . . . , 𝐴𝑛 ∈

This work is licensed under a Creative Commons Attribution 4.0 Interna-

tional License.
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R
𝑚×𝑚 , each satisfying ∥𝐴𝑖 ∥op ≤ 1, the goal is to find a coloring

𝑥 ∈ {±1}𝑛 that minimizes ∥∑𝑛
𝑖=1 𝑥𝑖𝐴𝑖 ∥op. In particular, Spencer’s

setting corresponds to the case where all matrices 𝐴𝑖 are diagonal.
In the matrix Spencer setting, the non-commutative Khintchine

inequality of Lust-Piquard and Pisier [29, 36] shows that a uni-
formly random coloring 𝑥 ∈ {±1}𝑛 has expected discrepancy
E[∥∑𝑛

𝑖=1 𝑥𝑖𝐴𝑖 ∥op] ≲
√︁
𝑛 log 𝑟 , where each matrix 𝐴𝑖 has rank at

most 𝑟 ≤ 𝑚. It is conjectured that the discrepancy bound in Theo-
rem 1.1 can be generalized as follows:

Conjecture 1.2 (Matrix Spencer Conjecture [33, 44]). Let

𝑚 ≥
√
𝑛. Given matrices𝐴1, . . . , 𝐴𝑛 ∈ R𝑚×𝑚 with ∥𝐴𝑖 ∥op ≤ 1, there

exists 𝑥 ∈ {±1}𝑛 such that


 𝑛∑︁
𝑖=1

𝑥𝑖𝐴𝑖





op

≲
√︁
𝑛 ·max(1, log(𝑚/𝑛)) .

In particular, when
√
𝑛 ≤ 𝑚 ≤ 𝑛, the conjectured discrepancy

bound is 𝑂 (
√
𝑛). Despite significant effort, Conjecture 1.2 has re-

mained largely open, with partial progress for block diagonal ma-
trices [27] and related bounds for matrices with small trace [25, 30].
A solution to Conjecture 1.2 will thus likely lead to new techniques
and insights in discrepancy theory beyond what is currently known
for vector discrepancy.

We note that in Spencer’s setting (Theorem 1.1) we may assume
without loss of generality that 𝑚 ≥ 𝑛 by the iterated rounding
technique [12, 14, 26]. For matrix Spencer, however, the interesting
regime starts at 𝑚 ≥

√
𝑛 (iterated rounding only works when

𝑚2
< 𝑛). Conjecture 1.2 remains open even when𝑚 = 𝑛1/2+𝜀 for

any constant 𝜀 > 0.

Matrix Discrepancy for Schatten Norms.More generally, let1

2 ≤ 𝑝 ≤ 𝑞 ≤ ∞, we consider the following matrix discrepancy
setting for Schatten norms. Given matrices 𝐴1, . . . , 𝐴𝑛 ∈ R𝑚×𝑚 ,
each satisfying ∥𝐴𝑖 ∥𝑆𝑝 ≤ 1, where ∥ · ∥𝑆𝑝 denotes the Schatten-
𝑝 norm. The goal is to find a coloring 𝑥 ∈ {±1}𝑛 to minimize
∥∑𝑛

𝑖=1 𝑥𝑖𝐴𝑖 ∥𝑆𝑞 , the 𝑆𝑝 → 𝑆𝑞 discrepancy. In particular, the matrix
Spencer setting corresponds to the case where 𝑝 = 𝑞 = ∞.

The diagonal case of 𝑆𝑝 → 𝑆𝑞 discrepancy, i.e. ℓ𝑝 → ℓ𝑞 discrep-
ancy for vectors, is well studied (see [19, 37] and the references
therein). In fact, the well-known Komlós conjecture asserts that
the ℓ2 → ℓ∞ discrepancy can be upper bounded by a universal
constant. For general ℓ𝑝 → ℓ𝑞 discrepancy, Reis and Rothvoss [37]

proves an optimal partial coloring bound of𝑂 (
√︁
min(𝑝, log(𝑚/𝑛)) ·

𝑛1/2−1/𝑝+1/𝑞), assuming𝑚 ≥ 𝑛 and 2 ≤ 𝑝 ≤ 𝑞 ≤ ∞. It is a natural
question whether these bounds generalize to 𝑆𝑝 → 𝑆𝑞 discrepancy.

The Challenge in Using Partial Coloring Method for Matrix

Discrepancy. Central to the partial coloring method is to show that
the discrepancy body 𝐷 := {𝑥 ∈ R𝑛 : ∥∑𝑛

𝑖=1 𝑥𝑖𝐴𝑖 ∥ ≤ 𝑡}, i.e. the set
of fractional colorings with discrepancy at most 𝑡 under norm ∥ ·∥, is
łlargež in some sense. A natural notion of largeness, due to Gluskin
[21], is that the body 𝐷 has Gaussian measure at least 2−𝑂 (𝑛) . This
measure of largeness has been adopted (sometimes implicitly) in
essentially all work on partial coloring [6, 20, 27, 28, 37, 39].

1We make the assumption that 𝑝 ≤ 𝑞 to avoid a polynomial dependence on𝑚 in
the discrepancy bound. If 𝑞 < 𝑝 , then even a single matrix (i.e. 𝑛 = 1) can have

discrepancy𝑚1/𝑞−1/𝑝 .

For the setting in Theorem 1.1, the discrepancy body 𝐷 is a
polytope defined by the intersection of strips of the form |⟨𝑟𝑖 , 𝑥⟩| ≤
𝑡 , where 𝑟𝑖 ∈ R𝑛 are the rows of the𝑚 × 𝑛 matix whose columns
are 𝑎1, . . . , 𝑎𝑛 . Therefore, Šidák’s lemma [41] can be readily used
to give a Gaussian measure lower bound of the form 𝛾𝑛 (𝐷) ≥∏𝑚
𝑖=1 𝛾𝑛 ({𝑥 ∈ R𝑛 : |⟨𝑟𝑖 , 𝑥⟩| ≤ 𝑡}).
In the setting of matrix discrepancy, however, the discrepancy

body 𝐷 has an infinite number of facets. This prevents the use
of Gaussian correlation inequalities to lower bound 𝛾𝑛 (𝐷). To get
around this barrier and use the partial coloring method for matrix
discrepancy, one needs a different approach for proving Gaussian
measure lower bounds.

1.1 Our Results

We lower bound the Gaussian measure of the discrepancy body
𝐷 via covering numbers for its polar 𝐷◦ with respect to the ℓ∞-
ball (see Section 3.1). We then prove the desired covering number
estimates using mirror descent, the powerful convex optimization
primitive of Nemirovski and Yudin [34] (see Sections 3.2 to 3.4).
Our method yields the following applications.

Matrix Spencer for Low-Rank Matrices. Our first result is the
following improvement over the 𝑂 (

√︁
𝑛 log 𝑟 ) bound for random

coloring in the matrix Spencer setting.

Theorem 1.3 (Matrix Spencer for Low-Rank Matrices). Let

𝑚 ≥
√
𝑛. Given symmetric matrices 𝐴1, . . . , 𝐴𝑛 ∈ R𝑚×𝑚 with op-

erator norm ∥𝐴𝑖 ∥op ≤ 1 and rank(𝐴𝑖 ) ≤ 𝑟 for all 𝑖 ∈ [𝑛], one can
efficiently find a coloring 𝑥 ∈ {±1}𝑛 such that


 𝑛∑︁

𝑖=1

𝑥𝑖𝐴𝑖





op

≲
√︁
𝑛 ·max(1, log(𝑟 ·min(1,𝑚/𝑛))) .

When the input matrices have rank 𝑟 ≲ 𝑛/𝑚, the discrepancy
bound in Theorem 1.3 is 𝑂 (

√
𝑛) and this proves Conjecture 1.2 for

low rank matrices in the regime where𝑚 ≤ 𝑛.2

Matrix Spencer for Block Diagonal Matrices. Our second appli-
cation is the following improved matrix Spencer bound for block
diagonal matrices.

Theorem 1.4 (Matrix Spencer for BlockDiagonalMatrices).

Let𝑚 ≥
√
𝑛 and ℎ ≤ 𝑚. Given block diagonal symmetric matrices

𝐴1, . . . , 𝐴𝑛 ∈ R𝑚×𝑚 with ∥𝐴𝑖 ∥op ≤ 1 and block size ℎ × ℎ, one can
efficiently find a coloring 𝑥 ∈ {±1}𝑛 with


 𝑛∑︁

𝑖=1

𝑥𝑖𝐴𝑖





op

≲
√︁
𝑛 ·max(1, log(ℎ𝑚/𝑛)) .

In particular, Theorem 1.4 proves Conjecture 1.2 whenever ℎ ≲

𝑛/𝑚. This bound was previously proved in [27] under the assump-
tion ℎ ≤

√
𝑛,3 which we remove here.

We also obtain the following reduction of Conjecture 1.2 to
the construction of a better quantum relative entropy net for the
spectraplex S𝑚 := {𝑋 ∈ R𝑚×𝑚 : 𝑋 ⪰ 0, tr(𝑋 ) = 1}.
2In this case, the conjecture already follows from Corollary A.2, which gives a bound

of
√
𝑟 ·𝑚 =

√
𝑛 ·

√︁
𝑟𝑚/𝑛 for matrices of rank at most 𝑟 , but Theorem 1.3 scales

exponentially better in terms of 𝑟𝑚/𝑛.
3While their Theorem 3 does not make this assumption explicit, their analysis requires
⌊ 𝑛

16ℎ2
⌋ to be a positive integer and that𝑚 ≥ 𝑛. In particular, this last assumption is

used in the last inequality of their proof, namely that log(ℎ2𝑚/𝑛) = 𝑂 (log(ℎ𝑚/𝑛) ) .
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Corollary 1.5 (Better Entropy Net Implies Matrix Spencer).

Let𝑚 ≥
√
𝑛. If we can find 𝑇 ⊆ S𝑚 with |𝑇 | ≤ 2𝑂 (𝑛) such that for

each 𝑋 ∈ S𝑚 there exists 𝑌 ∈ 𝑇 with 𝑆 (𝑋 ∥𝑌 ) ≲ max(1, log(𝑚/𝑛)),
where 𝑆 (𝑋 ∥𝑌 ) is the quantum relative entropy between𝑋 and𝑌 , then

the matrix Spencer conjecture is true.

In particular, in the proof of Theorem 1.4, we construct a relative
entropy net with error 𝑂 (max(1, log(ℎ𝑚/𝑛))) for the set of block
diagonal matrices on S𝑚 with block size ℎ×ℎ (see Section 3.4). Our
construction of such relative entropy nets might be of independent
interest.

Matrix Discrepancy for Schatten Norms. Theorem 1.3 is a spe-
cial case of the following general matrix discrepancy bound for
Schatten norms.

Theorem 1.6 (Matrix Discrepancy for Schatten Norms). Let

𝑚 ≥
√
𝑛 and 2 ≤ 𝑝 ≤ 𝑞 ≤ ∞. Given symmetric matrices𝐴1, . . . , 𝐴𝑛 ∈

R
𝑚×𝑚 with ∥𝐴𝑖 ∥𝑆𝑝 ≤ 1 and rank(𝐴𝑖 ) ≤ 𝑟 for all 𝑖 ∈ [𝑛], one can

efficiently find 𝑥 ∈ [−1, 1]𝑛 so that |{𝑖 : |𝑥𝑖 | = 1}| ≥ 𝑛/2 and


 𝑛∑︁
𝑖=1

𝑥𝑖𝐴𝑖





𝑆𝑞

≲
√︁
𝑛 ·min(𝑝,max(1, log(𝑟𝑘))) · 𝑘1/𝑝−1/𝑞,

where we denote 𝑘 := min(1,𝑚/𝑛). Moreover, we can find a full

coloring 𝑥 ∈ {±1}𝑛 at the expense of a factor of (1/2 + 1/𝑞 − 1/𝑝)−1.

Our partial coloring result in Theorem 1.6 is tight when either
𝑚 = Θ(

√
𝑛) (for which we give an alternative proof using Ba-

naszczyk’s result [4] in Appendix A), or when 𝑟 = 1 and𝑚 ≥ 𝑛.
We provide matching lower bounds for both cases in Sections 6.1
and 6.2. In particular, our lower bound examples imply a tight
Ω(

√
𝑛) lower bound for rank-1 matrix Spencer when𝑚 = 𝑛, which

is a corollary of Lemma 6.2:

Corollary 1.7 (Rank-1Matrix Spencer Lower Bound). There

exist rank-1 symmetric matrices𝐴1, . . . , 𝐴𝑛 ∈ R𝑛×𝑛 with ∥𝐴𝑖 ∥op ≤ 1

such that any 𝑥 ∈ {±1}𝑛 has ∥∑𝑛
𝑖=1 𝑥𝑖𝐴𝑖 ∥op ≳

√
𝑛.

Another immediate consequence of our lower bounds is an opti-

mal Ω(
√︁
min(𝑚,𝑛)) lower bound for 𝑆2 → 𝑆∞ discrepancy. This is

in stark contrast to the well-known Komlós conjecture for vectors,
which asserts that the ℓ2 → ℓ∞ discrepancy is 𝑂 (1). Corollary 1.8
states that such a conjecture is far from being true for matrices.

Corollary 1.8 (Lower Bound for Matrix Komlós). For any

𝑚 and 𝑛, there exist symmetric matrices 𝐴1, . . . , 𝐴𝑛 ∈ R𝑚×𝑚 with

∥𝐴𝑖 ∥𝐹 ≤ 1 so that any𝑥 ∈ {±1}𝑛 has ∥∑𝑛
𝑖=1 𝑥𝑖𝐴𝑖 ∥op ≳

√︁
min(𝑚,𝑛).

Finally, we propose the following generalization of Conjecture 1.2:

Conjecture 1.9 (𝑆𝑝 → 𝑆𝑞 Matrix Discrepancy). Let𝑚 ≥
√
𝑛

and 2 ≤ 𝑝 ≤ 𝑞 ≤ ∞. Given matrices 𝐴1, . . . , 𝐴𝑛 ∈ R𝑚×𝑚 with

∥𝐴𝑖 ∥𝑆𝑝 ≤ 1, there exists 𝑥 ∈ {±1}𝑛 such that




 𝑛∑︁
𝑖=1

𝑥𝑖𝐴𝑖





𝑆𝑞

≲
√︁
𝑛 ·min(𝑝,max(1, log(𝑚/𝑛))) ·min(1,𝑚/𝑛)1/𝑝−1/𝑞 .

When 𝑚 = 𝑛, the right hand side is 𝑂 (
√
𝑛), and for diagonal

matrices the conjecture is known to be true for any 2 ≤ 𝑝 ≤ 𝑞.
When 𝑝 = 𝑞, the conjecture is also known to be true for diagonal
matrices for all𝑚 and 𝑛 [37].

1.2 Overview of Our Approach

We give a brief overview of our partial coloring framework in this
subsection, and leave a more detailed discussion to Section 3.

Partial Coloring via Covering Numbers. Let 𝐾 := {𝑥 ∈ R𝑛 :

∥∑𝑛
𝑖=1 𝑥𝑖𝐴𝑖 ∥ ≤ 1} be the unit discrepancy body4 and 𝑡 be the target

discrepancy bound. A recent refinement by Reis and Rothvoss [37]
of Gluskin’s convex geometry approach [21] shows that whenever
𝛾𝑛 (𝑡𝐾) ≥ 2−𝑂 (𝑛) for any constant in the exponent, one can effi-
ciently find a partial coloring 𝑥 ∈ 𝑂 (𝑡𝐾) ∩ [−1, 1]𝑛 with at least
𝑛/2 coordinates in {−1, 1} (see Theorem 3.1). For settings where
the target discrepancy bound is 𝑛Ω (1) , we may iterate the partial
coloring to find a full coloring with the same discrepancy bound
up to constants (see Corollary 3.2).

Our new approach for proving a Gaussian measure lower bound
𝛾𝑛 (𝑡𝐾) ≥ 2−𝑂 (𝑛) is via the covering numbers (Definition 2.2) of
𝐾 or 𝐾◦ with respect to the Euclidean ball 𝐵𝑛2 or the ℓ∞ ball 𝐵𝑛∞.
In particular, since 𝛾𝑛 (

√
𝑛𝐵𝑛2 ) has constant Gaussian measure, as

long as N(
√
𝑛𝐵𝑛2 , 𝑡𝐾) ≤ 2𝑂 (𝑛) , we get 𝛾𝑛 (𝑡𝐾) ≥ 2−𝑂 (𝑛) . Using

the duality of covering numbers and connections with volume, we
obtain several equivalent conditions for 𝛾𝑛 (𝑡𝐾) ≥ 2−𝑂 (𝑛) in terms
of covering (Lemma 3.3). The condition that we will work with
is N(𝐾◦, 𝑡𝑛𝐵

𝑛
∞) ≤ 2𝑂 (𝑛) , where 𝐾◦

= {(⟨𝐴1,𝑈 ⟩, . . . , ⟨𝐴𝑛,𝑈 ⟩) :

∥𝑈 ∥∗ ≤ 1} is the polar discrepancy body.

Covering via Mirror Descent. We prove the covering number
bound N(𝐾◦, 𝑡𝑛𝐵

𝑛
∞) ≤ 2𝑂 (𝑛) using mirror descent, a powerful

convex optimization primitive of Nemirovski and Yudin [34] (see
Section 3.2 for an overview). In particular, denote the linear map
A(𝑈 ) := (⟨𝐴1,𝑈 ⟩, . . . , ⟨𝐴𝑛,𝑈 ⟩). We shall assume that each ∥𝐴𝑖 ∥ ≤
1. This is true for the matrix Spencer setting with ∥ · ∥ being the
operator norm. In the more general setting of matrix discrepancy
for Schatten norms, we have ∥𝐴𝑖 ∥𝑆𝑝 ≤ 1 while the norm for mea-
suring discrepancy is ∥ · ∥𝑆𝑞 . One can get around this issue by
leveraging known covering number estimates between Schatten
classes (Theorem 2.6).

For any matrix ∥𝑈 ∥∗ ≤ 1, consider minimizing the function
𝑓𝑈 (𝑋 ) := ∥A(𝑋 −𝑈 )∥∞ over the dual unit ball 𝐵∗ := {𝑈 : ∥𝑈 ∥∗ ≤
1}. The function has minimum value 𝑓𝑈 (𝑈 ) = 0 and since it has
subgradients in {±𝐴1, . . . ,±𝐴𝑛} with ∥𝐴𝑖 ∥ ≤ 1, the function 𝑓𝑈 (𝑋 )
is 1-Lipschitz with respect to the dual norm ∥ · ∥∗. So as long as there
exists a 1-strongly convex mirror map Φ on 𝐵∗, we can minimize
𝑓𝑈 (𝑋 ) by starting from some matrix𝑈0 = 𝑈0 (𝑈 ) ∈ 𝐵∗ and running
mirror descent for 𝑛 steps. Denoting by 𝑈𝑠 the matrix in the 𝑠-th
step, standard guarantees for mirror descent (Theorem 3.5) yield

min
𝑠∈[𝑛]

𝑓𝑈 (𝑈𝑠 ) = min
𝑠∈[𝑛]

𝑓𝑈 (𝑈𝑠 ) − 𝑓𝑈 (𝑈 ) ≤
√︂

2𝐷Φ (𝑈 ,𝑈0)
𝑛

, (1)

where𝐷Φ (𝑈 ,𝑈0) = Φ(𝑈 )−Φ(𝑈0)−⟨∇Φ(𝑈0),𝑈−𝑈0⟩ is the Bregman
divergence. We let 𝑇 be the set of all matrices encountered when
running mirror descent for all possible 𝑈 ∈ 𝐵∗, i.e. 𝑇 := {𝑈𝑠 : 𝑠 ∈
[𝑛],𝑈 ∈ 𝐵∗}, and 𝑇0 := {𝑈0 : 𝑈 ∈ 𝐵∗} be the set of all starting
matrices. The net A(𝑇 ) will be our covering for 𝐾◦.

To see that this indeed gives a good covering, we denote𝐷max
Φ

:=

sup𝑈 ∈𝐵∗ 𝐷Φ (𝑈 ∥𝑈0). By the definition of the function 𝑓𝑈 , we have

4To avoid confusion when talking about discrepancy bodies, 𝐾 denotes the unit dis-
crepancy body, and 𝐷 denotes a scaling of 𝐾 by the target discrepancy bound.
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from (1) that

min
𝑠∈[𝑛]

∥A(𝑈 ) − A(𝑈𝑠 )∥∞ ≤
√︂

2𝐷Φ (𝑈 ,𝑈0)
𝑛

≤

√︄
2𝐷max

Φ

𝑛
,

and so the dual body admits the covering𝐾◦ ⊆ A(𝑇 ) +
√︃
2𝐷max

Φ
/𝑛 ·

𝐵𝑛∞. Thus as long as our target discrepancy bound 𝑡 ≤
√︃
2𝑛𝐷max

Φ
,

we have N(𝐾◦, 𝑡𝑛𝐵
𝑛
∞) ≤ |𝑇 |, which we need to show to be at most

2𝑂 (𝑛) .
The key observation we make here is that for our choices of the

mirror maps in Sections 4 and 5, 𝑈𝑠 only depends5 on the sum of
the subgradients, but not on their order. Since there are only 2𝑛

choices of subgradients {±𝐴𝑖 }𝑖∈[𝑛] and we run mirror descent for

𝑛 steps, a counting argument reveals that there are at most 2𝑂 (𝑛)

possible sums of gradients (Lemma 3.6). So long as the starting
matrices satisfy |𝑇0 | ≤ 2𝑂 (𝑛) , we have |𝑇 | ≤ |𝑇0 | · 2𝑂 (𝑛) ≤ 2𝑂 (𝑛) .

A View of Mirror Descent as Refining the Net. In the diagonal
case, i.e. Spencer’s setting, we can directly build the net 𝑇 by re-
peatedly sampling the 𝑖th diagonal coordinate 𝑒𝑖𝑒⊤𝑖 proportional to
its weight in the target matrix. Since the set of diagonal matrices
on the Schatten-1 ball has only 2𝑚 vertices {±𝑒𝑖𝑒⊤𝑖 }𝑖∈[𝑚] , the ap-
proximate Carathéodory theorem (see [43], Theorem 0.0.2) implies
that the image of the net A(𝑇 ) already gives a good covering for
𝐾◦, and mirror descent is not necessary in this case.

However, this argument fails beyond diagonal matrices, as the
number of vertices becomes infinite. In these more general cases,
we use mirror descent to boost a coarse net𝑇0 to a finer net𝑇 which
has a better covering guarantee in the image space, at the expense
of increasing the size of the net by a factor of 2𝑂 (𝑛) .

Relative Entropy Nets for the Spectraplex. For our application
in Section 5 to low-rank matrices, it suffices to take 𝑇0 = {0}. For
the application in Section 4 to block diagonal matrix Spencer, we
run mirror descent on the spectraplex S𝑚 := {𝑋 ∈ R𝑚×𝑚 : 𝑋 ⪰
0, tr(𝑋 ) = 1} and carefully construct a set |𝑇0 | ≤ 2𝑂 (𝑛) with small
𝐷max
Φ

. Since 𝐷Φ (𝑋 ∥𝑌 ) is the quantum relative entropy between 𝑋
and 𝑌 in the spectraplex setup, we refer to such 𝑇0 as a (quantum)
relative entropy net (Definition 3.7).

We use an operator norm net for the Schatten-1 ball from [22]
to construct a relative entropy net with error𝑂 (log(𝑚2/𝑛)) for the
spectraplex S𝑚 (Lemma 3.8). When restricted to block diagonal
matrices with block size ℎ×ℎ, we use a hybrid of this argument and
the earlier approximate Caratheodory argument to find a refined
relative entropy net with error𝑂 (log(ℎ𝑚/𝑛)) (Theorem 3.9). Taking
𝑇0 to be this net in our mirror descent framework gives Theorem 1.4.
This also allows us to reduce the matrix Spencer conjecture to the
existence of a better relative entropy net with error 𝑂 (log(𝑚/𝑛))
for the spectraplex (Corollary 1.5).

1.3 Further Related Work

Banaszczyk’s Approach.While the partial coloring method has
been extensively applied in discrepancy and obtains the optimal

5In general, mirror descent projects back onto the feasible set according to the Bregman
divergence in each iteration, and therefore might not satisfy this property.

bound for many problems, for several applications where the tar-
get discrepancy bound is 𝑛𝑜 (1) (e.g. the Komlós problem or Tus-
nady’s problem), partial coloring is potentially sub-optimal by a
logarithmic factor. In breakthrough work, Banaszczyk [4] obtained
an improvement over the partial coloring method for these ap-
plications using deep techniques from convex geometry. While
Banaszczyk’s original proof is non-constructive, a fascinating re-
cent line of work has obtained algorithmic versions of Banaszczyk’s
result [8ś10, 18, 27].

Matrix Spencer Conjecture and Non-commutative Random

Matrix Theory. The typical value of ∥∑𝑛
𝑖=1 𝑥𝑖𝐴𝑖 ∥op for a random

coloring has attracted significant attention in random matrix the-
ory. For commutative matrices, the bound E[∥∑𝑛

𝑖=1 𝑥𝑖𝐴𝑖 ∥op] ≲√︁
𝑛 log𝑚 by matrix Khintchine [29, 36] or matrix Chernoff [1] is

in general tight. It is also known to be tight for Toeplitz matrices
[32]. For matrices with certain non-commutative structures (e.g.
random Gaussian matrices), improved bounds of𝑂 (

√
𝑛) are known

(see [5, 43]). In the context of Conjecture 1.2, these results imply
that a random coloring already achieves the conjectured bound
when the input matrices have certain non-commutative structures.
On the other hand, by Theorem 1.1, Conjecture 1.2 is known when
all the matrices commute.

Concurrent and Independent Work. In concurrent and indepen-
dent work, Hopkins, Raghavendra and Shetty [23] proved a bound

of

√︂
𝑛 log

(
tr(∑𝑛𝑖=1𝐴2

𝑖 )/𝑛1.5
)
for matrix Spencer using quantum

communication. For matrices of rank at most 𝑟 , this gives a bound

of
√︁
𝑛 ·max(1, log(𝑟2/𝑛)). For 𝑟 ≤

√
𝑛, this simplifies to 𝑂 (

√
𝑛),

whereas Theorem 1.3 gives 𝑂 (
√︁
𝑛 log 𝑟 ). When 𝑟 =𝑚, the discrep-

ancy bound in [23] coincides with Theorem 1.3, both giving a bound

of
√︁
𝑛 · log(𝑚/

√
𝑛) which is optimal when𝑚 =

√
𝑛. However, our

approach is completely different and can also be used to show
matrix discrepancy bounds for block diagonal matrices and gen-
eral Schatten norms. We believe both approaches are interesting
and may lead to further progress in resolving the matrix Spencer
conjecture.

2 PRELIMINARIES

Norms and Convex Bodies. A convex body is a compact convex
set with non-empty interior. We say a convex set 𝐾 is symmetric if
𝑥 ∈ 𝐾 implies−𝑥 ∈ 𝐾 . We use ∥·∥𝑝 to denote the ℓ𝑝 -norm and ∥·∥𝑆𝑝
to denote the Schatten-𝑝 norm. In particular, the operator norm
∥ · ∥op = ∥ · ∥𝑆∞ and the Frobenius norm ∥ · ∥𝐹 = ∥ · ∥𝑆2 . We use 𝐵𝑛𝑝 to

denote the unit ℓ𝑝 -ball in R𝑛 and 𝐵𝑛
𝑆𝑝

:= {𝐴 ∈ R𝑛×𝑛 : ∥𝐴∥𝑆𝑝 ≤ 1}
to denote the unit Schatten-𝑝 ball in R𝑛×𝑛 , with 𝐵𝑛op := 𝐵𝑛

𝑆∞
. Let

R
𝑛
+ denote the set of non-negative vectors in R𝑛 and denote the

simplex Δ𝑛 := {𝑥 ∈ R𝑛+ : ∥𝑥 ∥1 = 1}. Let S𝑛+ (resp. S𝑛++) denote the
set of positive semidefinite (resp. positive definite) 𝑛 × 𝑛 matrices,
and define the spectraplex S𝑛 := {𝑋 ∈ S𝑛+ : tr(𝑋 ) = 1}. For a norm
∥ · ∥ in R𝑛 , we define the dual norm as ∥𝑥 ∥∗ := sup{⟨𝑦, 𝑥⟩ : 𝑦 ∈
R
𝑛, ∥𝑦∥ ≤ 1}. Dual norms are similarly defined for matrix norms.

Convex Functions. A convex function 𝑓 : X → R is said to be 𝐿-
Lipschitz with respect to a norm ∥ · ∥ if ∥𝑔∥∗ ≤ 𝐿 for all subgradients
𝑔 ∈ 𝜕𝑓 (𝑥). We say that 𝑓 is 𝛼-strongly convex with respect to a
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norm ∥ · ∥ if 𝑓 (𝑦) ≥ 𝑓 (𝑥) + 𝑔⊤ (𝑦 − 𝑥) + 𝛼
2 ∥𝑥 −𝑦∥2, for all 𝑥,𝑦 ∈ X

and all subgradients 𝑔 ∈ 𝜕𝑓 (𝑥).
Polar. Given a convex set 𝐾 ⊆ R𝑛 with 0 ∈ 𝐾 , we define the polar
of 𝐾 to be 𝐾◦ := {𝑦 ∈ R𝑛 : sup𝑥∈𝐾 ⟨𝑥,𝑦⟩ ≤ 1}. It is immediate from
the definition that for any constant 𝑡 > 0, (𝑡𝐾)◦ =

1
𝑡 𝐾

◦. When 𝐾 is
closed, the polarity theorem states that (𝐾◦)◦ = 𝐾 .

Lemma 2.1 (Polar of Discrepancy Set). Given symmetric ma-

trices 𝐴1, . . . , 𝐴𝑛 ∈ R𝑚×𝑚 and a norm ∥ · ∥ in R𝑚×𝑚 , we define

the unit discrepancy set as 𝐾 := {𝑥 ∈ R𝑛 : ∥∑𝑛
𝑖=1 𝑥𝑖𝐴𝑖 ∥ ≤ 1}.

Then 𝐾 ′ := {(⟨𝐴1,𝑈 ⟩, . . . , ⟨𝐴𝑛,𝑈 ⟩) : ∥𝑈 ∥∗ ≤ 1} is the polar body
𝐾 ′

= 𝐾◦.

Proof. By the definition of polar body, we may write

(𝐾 ′)◦ =

{
𝑥 ∈ R𝑛 :

𝑛∑︁
𝑖=1

𝑥𝑖 ⟨𝐴𝑖 ,𝑈 ⟩ ≤ 1, ∀𝑈 s.t. ∥𝑈 ∥∗ ≤ 1
}

=

{
𝑥 ∈ R𝑛 :

〈 𝑛∑︁
𝑖=1

𝑥𝑖𝐴𝑖 ,𝑈
〉
≤ 1, ∀𝑈 s.t. ∥𝑈 ∥∗ ≤ 1

}
= 𝐾,

by the definition of dual norm. It then follows from the polarity
theorem that 𝐾 ′

= 𝐾◦. □

Covering Numbers.We start with the definition of covering num-
bers.

Definition 2.2 (Covering Numbers). For two convex bodies 𝐾,𝑇 ⊆
R
𝑛 , we define the covering number N(𝐾,𝑇 ) as the minimum num-

ber 𝑁 such that there exist centers 𝑥1, . . . , 𝑥𝑁 ∈ R𝑛 with 𝐾 ⊆
∪𝑁𝑖=1 (𝑥𝑖 +𝑇 ), i.e. 𝐾 can be covered by 𝑁 translates of 𝑇 .

We need the following few standard facts about covering num-
bers (see [2]).

Lemma 2.3 (Volume Bounds for Covering Numbers). Given

convex bodies 𝐾,𝑇 ⊆ R𝑛 . If 𝑇 is symmetric, we have
vol𝑛 (𝐾 )
vol𝑛 (𝑇 ) ≤

N(𝐾,𝑇 ) ≤ 2𝑛 · vol𝑛 (𝐾+
𝑇
2 )

vol𝑛 (𝑇 ) .

Lemma 2.4 (Symmetrization). Let 𝐾 ⊆ R𝑛 be a convex body,

then N(𝐾 − 𝐾,𝐾) ≤ 2𝑂 (𝑛) .

Theorem 2.5 (Duality of Covering Numbers, [24]). Given

symmetric convex bodies 𝐾,𝑇 ⊆ R𝑛 , we have
2−Θ(𝑛) · N (𝑇 ◦, 𝐾◦) ≤ N (𝐾,𝑇 ) ≤ 2Θ(𝑛) · N (𝑇 ◦, 𝐾◦) .

We will also need the following upper bound on the covering
numbers of Schatten balls6.

Theorem 2.6 ([22], Theorem 1.1). Let𝑚,𝑛 ∈ N and 1 ≤ 𝑝 ≤ 𝑞 ≤
∞. Then we have

N
(
𝐵𝑚𝑆𝑝

,min
(
1,
𝑚

𝑛

)1/𝑝−1/𝑞
𝐵𝑚𝑆𝑞

)
≤ 2𝑂 (𝑛) .

Gaussian Measure. We use 𝛾𝑛 (·) to denote the standard Gaussian
measure on R𝑛 . Gaussian measure is log-concave, i.e. 𝛾𝑛 (𝜆𝐴 + (1 −
𝜆)𝐵) ≥ 𝛾𝑛 (𝐴)𝜆𝛾𝑛 (𝐵)1−𝜆 for any compact subsets 𝐴, 𝐵 ⊆ R𝑛 . In
particular, by taking 𝐴 = −𝑥 + 𝐾 and 𝐵 = 𝑥 + 𝐾 for any 𝑥 ∈ R𝑛
6We note that [22] claims the bound only up to a constant depending on 𝑝 and 𝑞, but
their argument readily gives a universal constant in the regime of 𝑝,𝑞 ≥ 1.

and symmetric convex body 𝐾 , and 𝜆 = 1/2, we have the following
lemma.

Lemma 2.7 (TranslationDecreases GaussianMeasure). Given

any symmetric convex body 𝐾 ⊆ R𝑛 and 𝑥 ∈ R𝑛 , we have 𝛾𝑛 (𝐾) ≥
𝛾𝑛 (𝑥 + 𝐾).

We also use the following powerful Gaussian correlation inequal-
ity.

Theorem 2.8 (Gaussian Correlation Ineqality, [40]). Given

any symmetric convex sets 𝐾,𝑇 ⊆ R𝑛 , we have 𝛾𝑛 (𝐾 ∩𝑇 ) ≥ 𝛾𝑛 (𝐾) ·
𝛾𝑛 (𝑇 ).

3 OUR FRAMEWORK FOR PARTIAL

COLORING

3.1 Partial Coloring via Covering Numbers

Given symmetric matrices 𝐴1, . . . , 𝐴𝑛 ∈ R𝑚×𝑚 , a norm ∥ · ∥ on
R
𝑚×𝑚 for measuring the discrepancy, and a target discrepancy

bound 𝑡 , let 𝐷 := {𝑥 ∈ R𝑛 : ∥∑𝑛
𝑖=1 𝑥𝑖𝐴𝑖 ∥ ≤ 𝑡} be the associated

discrepancy body. The following partial coloring lemma from [37]
states that one can efficiently find a partial coloring with discrep-
ancy 𝑂 (𝑡) as long as 𝛾𝑛 (𝐷) ≥ 2−𝑂 (𝑛) .

Theorem 3.1 ([37], special case of Theorem 6). For any con-

stant 𝛼 > 0, there is a constant 𝑐 := 𝑐 (𝛼) > 0 and a randomized poly-

nomial time algorithm that for a symmetric convex set 𝐷 ⊆ R𝑛 with

𝛾𝑛 (𝐷) ≥ 2−𝛼𝑛 and a shift 𝑦 ∈ (−1, 1)𝑛 , finds 𝑥 ∈ (𝑐 · 𝐷) ∩ [−1, 1]𝑛
so that 𝑥 + 𝑦 ∈ [−1, 1]𝑛 and |{𝑖 ∈ [𝑛] : | (𝑥 + 𝑦)𝑖 | = 1}| ≥ 𝑛/2.

We have the following corollary for full colorings. Here 𝐾𝑆 :=

𝐾 ∩ {𝑥 ∈ R𝑛 : 𝑥𝑖 = 0,∀𝑖 ∉ 𝑆}.

Corollary 3.2. Let 𝐾 ⊆ R𝑛 be a symmetric convex set. Given an

increasing function 𝑓 : [𝑛] → R>0 with 𝛾𝑆 (𝑓 ( |𝑆 |) · 𝐾𝑆 ) ≥ 2−𝑂 ( |𝑆 | )

for every 𝑆 ⊆ [𝑛], there exists a randomized polynomial time al-

gorithm to find a full coloring 𝑥 ∈ {±1}𝑛 so that 𝑥 ∈ 𝜆𝐾 , where

𝜆 ≲
∑⌊log𝑛⌋
𝑖=0 𝑓 (𝑛/2𝑖 ). In particular, when 𝑓 (𝑛) ≲ 𝑛𝛽 for some 𝛽 ≤ 1,

we have 𝜆 ≲ 1
𝛽
𝑛𝛽 .

Proof. Indeed, repeated iterations of Theorem 3.1 with 𝑦0 :=

0 and subsequent shifts 𝑦𝑖+1 being the coordinates not reaching
{−1, 1} find 𝑥 := 𝑥0 + · · · + 𝑥𝑇 ∈ {±1}𝑛 for 𝑇 := ⌊log𝑛⌋ with
𝑥𝑡 ∈ 𝑂 (𝑓 (𝑛/2𝑡 )) · 𝐾 . When 𝑓 (𝑛) ≲ 𝑛𝛽 , the summation is upper
bounded by

∞∑︁
𝑖=0

(𝑛/2𝑖 )𝛽 = (1 − 2−𝛽 )−1 · 𝑛𝛽 ≲
1

𝛽
· 𝑛𝛽 ,

and this proves the statement. □

We show that a 2−𝑂 (𝑛) Gaussian measure lower bound is equiv-
alent to a 2𝑂 (𝑛) upper bound for certain covering numbers.

Lemma 3.3. The following conditions are equivalent for a symmet-

ric convex body 𝐷 ⊆ R𝑛 :
(1) 𝛾𝑛 (𝐷) ≥ 2−𝑂 (𝑛) ,
(2) N(

√
𝑛𝐵𝑛2 , 𝐷) ≤ 2𝑂 (𝑛) ,

(3) N(𝑛𝐵𝑛1 , 𝐷) ≤ 2𝑂 (𝑛) ,
(4) N(𝐷◦, 1√

𝑛
𝐵𝑛2 ) ≤ 2𝑂 (𝑛) ,
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(5) N(𝐷◦, 1𝑛𝐵
𝑛
∞) ≤ 2𝑂 (𝑛) .

Proof. We start by proving that condition (1) implies (2). Sup-
pose 𝛾𝑛 (𝐷) ≥ 2−𝑂 (𝑛) , then Theorem 2.8 implies 𝛾𝑛 (𝐷′) ≥ 2−𝑂 (𝑛) ,
where we define 𝐷′ := 𝐷 ∩

√
𝑛𝐵𝑛2 . We thus also have vol𝑛 (𝐷′) ≥

𝛾𝑛 (𝐷′) ≥ 2−𝑂 (𝑛) . Then by Lemma 2.3, we have

N(
√
𝑛𝐵𝑛2 , 𝐷) ≤ N (

√
𝑛𝐵𝑛2 , 𝐷

′) ≤ 2𝑛 ·
vol𝑛 (

√
𝑛𝐵𝑛2 + 𝐷′)

vol𝑛 (𝐷′)

≤ 2𝑛 ·
vol𝑛 (2

√
𝑛𝐵𝑛2 )

vol𝑛 (𝐷′) ≤ 2𝑂 (𝑛) .

Wenext show that condition (2) implies (1). Since𝛾𝑛 (
√
𝑛𝐵𝑛2 ) = Ω(1),

we have 𝛾𝑛 (𝑥 + 𝐷) ≥ 2−𝑂 (𝑛) for some 𝑥 ∈ R𝑛 . Lemma 2.7 then
gives 𝛾𝑛 (𝐷) ≥ 𝛾𝑛 (𝑥 + 𝐷) ≥ 2−𝑂 (𝑛) .

The implication (3) ⇒ (2) immediately follows from
√
𝑛𝐵𝑛2 ⊆

𝑛𝐵𝑛1 . To prove the reverse implication (2) ⇒ (3), we use Lemma 2.3
to obtain

N(
√
𝑛𝐵𝑛1 , 𝐵

𝑛
2 ) ≤ 2𝑛 ·

vol𝑛 (
√
𝑛𝐵𝑛1 + 𝐵𝑛2 )

vol𝑛 (𝐵𝑛2 )

≤ 2𝑂 (𝑛) ·
vol𝑛 (

√
𝑛𝐵𝑛1 )

vol𝑛 (𝐵𝑛2 )
≤ 2𝑂 (𝑛) .

It follows thatN(𝑛𝐵𝑛1 , 𝐷) ≤ N (𝑛𝐵𝑛1 ,
√
𝑛𝐵𝑛2 ) ·N (

√
𝑛𝐵𝑛2 , 𝐷) ≤ 2𝑂 (𝑛) .

The last two equivalences follow from the duality of covering
numbers in Theorem 2.5. □

For our mirror descent framework, we use the following corol-
lary:

Corollary 3.4. Given symmetric matrices 𝐴1, . . . , 𝐴𝑛 ∈ R𝑚×𝑚 ,

let 𝐾◦
𝑞+ := {(⟨𝐴1,𝑈 ⟩, . . . , ⟨𝐴𝑛,𝑈 ⟩) : 𝑈 ∈ 𝐵𝑚

𝑆𝑞
,𝑈 ⪰ 0}. If we have

N(𝐾◦
𝑞+,

𝑡
𝑛𝐵

𝑛
∞) ≤ 2𝑂 (𝑛) , then we can efficiently find a partial coloring

𝑥 ∈ [−1, 1]𝑛 with |{𝑖 : |𝑥𝑖 | = 1}| ≥ 𝑛/2 and ∥∑𝑛
𝑖=1 𝑥𝑖𝐴𝑖 ∥𝑆𝑞 ≲ 𝑡 .

Proof. Recall that 𝐷 := {𝑥 ∈ R𝑛 : ∥∑𝑛
𝑖=1 𝑥𝑖𝐴𝑖 ∥𝑆𝑞 ≤ 𝑡} denotes

the discrepancy body. Since 𝑡𝐷◦ ⊆ 𝐾◦
𝑞+−𝐾◦

𝑞+, by Lemma 2.4we have

N(𝐷◦, 1𝑛𝐵
𝑛
∞) = 2𝑂 (𝑛) . The equivalence (1) ⇔ (5) in Lemma 3.3

implies 𝛾𝑛 (𝐷) ≥ 2−𝑂 (𝑛) , and Theorem 3.1 gives the corollary. □

3.2 Mirror Descent: An Overview

The mirror descent method was introduced by Nemirovski and
Yudin [34]. Here, we follow the presentation in [15]. Let D be an
open subset of R𝑚 and X a subset of its closure. We fix a convex
function 𝑓 : X → R assumed to be 𝐿-Lipschitz with respect to
a norm ∥ · ∥, and a differentiable function Φ : D → R that is 𝜌-
strongly convex with respect to ∥ · ∥ and has a surjective gradient
∇Φ : D → R

𝑚 . The mirror descent algorithm, given a starting
point 𝑥0 ∈ X ∩ D, consists of the iterations

∇Φ(𝑦𝑡+1) := ∇Φ(𝑥𝑡 ) − 𝜂𝑔𝑡 ,
𝑥𝑡+1 := argmin𝑥∈X∩D𝐷Φ (𝑥,𝑦𝑡+1),

where 𝑔𝑡 ∈ 𝜕𝑓 (𝑥𝑡 ) and 𝐷Φ (𝑥,𝑦) := Φ(𝑥) − Φ(𝑦) − ∇Φ(𝑦)⊤ (𝑥 − 𝑦)
is the Bregman divergence. Note that 𝑦𝑡 ∈ D and 𝑥𝑡 ∈ X ∩ D for
all 𝑡 ≥ 0. We use the following convergence guarantee:

Theorem 3.5 ([15], Theorem 4.2). Let 𝑓 be 𝐿-Lipschitz and Φ be

𝜌-strongly convex with respect to ∥ · ∥, and𝐷max
Φ

≥ 𝐷Φ (𝑥∗, 𝑥0) be any

upper bound. Then the mirror descent algorithm with 𝜂 := 1
𝐿

√︃
2𝜌𝐷max

Φ

𝑇
satisfies

min
𝑠∈[𝑇 ]

𝑓 (𝑥𝑠 ) − 𝑓 (𝑥∗) ≤ 𝐿

√︄
2𝐷max

Φ

𝜌𝑇
.

The Spectraplex Setup. Here we take X := S𝑚 = {𝑋 ∈ S𝑚+ :

tr(𝑋 ) = 1}. The mirror map is Φ(𝑋 ) = tr(𝑋 log𝑋 ), defined on
D = S

𝑚
++, which is 1

2 -strongly convex with respect to the Schatten-
1 norm by the quantum Pinsker inequality [16]. Then the con-

vergence bound in Theorem 3.5 becomes 2𝐿

√︃
𝑆 (𝑋 ∗ ∥𝑋0 )

𝑇 , where
𝑆 (𝑋 ∥𝑌 ) := tr(𝑋 (log𝑋 − log𝑌 )) is the quantum relative entropy
between matrices 𝑋,𝑌 ∈ S𝑚 . The projection step corresponds to a
trace normalization, so given a starting point 𝑋0 ∈ S𝑚 ∩ S𝑚++, we
may write in closed form

𝑋𝑡+1 =
exp(log𝑋0 − 𝜂

∑𝑡
𝑖=0 𝑔𝑖 )

tr(exp(log𝑋0 − 𝜂
∑𝑡
𝑖=0 𝑔𝑖 ))

, (2)

for subgradients 𝑔𝑖 ∈ 𝜕𝑓 (𝑋𝑖 ).
The Schatten Norm Setup. Here we take X = D = R

𝑚×𝑚 ,
so that 𝑋𝑡 = 𝑌𝑡 for all 𝑡 . The mirror map is Φ(𝑋 ) := 1

2(𝑝−1) ∥𝑋 ∥2𝑝 ,
which is known to be 1-strongly convex for all 𝑝 ∈ (1, 2] [3]. Thus
given a starting point 𝑋0 ∈ R𝑚×𝑚 , we may write in closed form

𝑋𝑡+1 = ∇Φ−1
(
∇Φ(𝑋0) − 𝜂

𝑡∑︁
𝑖=0

𝑔𝑖

)
, (3)

for subgradients 𝑔𝑖 ∈ 𝜕𝑓 (𝑋𝑖 ).

3.3 Covering via Mirror Descent

Given symmetric matrices 𝐴1, . . . , 𝐴𝑛 with ∥𝐴𝑖 ∥ ≤ 1 for all 𝑖 ∈ [𝑛],
where the dual norm ∥ · ∥∗ is either the Schatten-1 norm or the
Schatten-𝑝 norm for some 𝑝 ∈ (1, 2], we apply mirror descent on
functions of the form 𝑓𝑈 (𝑋 ) := max

𝑖∈[𝑛]
|⟨𝐴𝑖 , 𝑋 −𝑈 ⟩| to cover the

polar discrepancy body

𝐾◦ := {A(𝑈 ) : ∥𝑈 ∥∗ ≤ 1}, where A(𝑈 ) := (⟨𝐴1,𝑈 ⟩, . . . , ⟨𝐴𝑛,𝑈 ⟩) .
Note that 𝑓𝑈 (𝑋 ) = ∥A(𝑋 ) − A(𝑈 )∥∞ and that 𝑓 is 1-Lipschitz
with respect to ∥ · ∥∗. The key property of such functions is that
we may always choose subgradients from the set of 2𝑛 matrices
{±𝐴𝑖 : 𝑖 ∈ [𝑛]}, which allows us to upper bound the number of
different matrices encountered during the mirror descent process.

Lemma 3.6. Let ∥ · ∥∗ be either ∥ · ∥𝑆1 as in the Spectraplex Setup,

or ∥ · ∥𝑆𝑝 with 𝑝 ∈ (1, 2] as in the Schatten Norm Setup, and X,D be

defined accordingly. Let 𝑇0 ⊆ X ∩ D be a set with size |𝑇0 | ≤ 2𝑂 (𝑛)

and𝐾◦ ⊇ 𝐾 ′
= A(𝑇 ′) the convex body to be covered, where𝑇 ′ ⊆ X∩

D. If for every𝑈 ∈ 𝑇 ′ there exists a starting point𝑈0 := 𝑈0 (𝑈 ) ∈ 𝑇0
with 𝐷Φ (𝑈 ,𝑈0) ≤ 𝐷max

Φ
, then we can bound

N
(
𝐾 ′,

√︄
𝐷max
Φ

𝑛
𝐵𝑛∞

)
≤ 2𝑂 (𝑛) .

Proof. The key observation is that in either setup of mirror
descent, the point 𝑋𝑡 in (2) or (3) depends only on the starting
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point𝑈0 and on the sum of gradients 𝑔0, . . . , 𝑔𝑡−1, but not on their
order. Moreover, we can always choose from the set of 2𝑛 gradients
{±𝐴𝑖 : 𝑖 ∈ [𝑛]} at each step. Thus applying mirror descent to the
function 𝑓𝑈 for all possible𝑈 with the same starting point𝑈0, the
total number 𝑁 (𝑈0) of points visited in 𝑇 := 𝑛 iterations satisfies

𝑁 (𝑈0) ≤
𝑛∑︁
𝑡=0

(
𝑡 + 2𝑛 − 1

2𝑛 − 1

)
≤ (𝑛 + 1) ·

(
3𝑛

𝑛

)
≤ 2𝑂 (𝑛) .

Since |𝑇0 | ≤ 2𝑂 (𝑛) , we obtain a set of 2𝑂 (𝑛) points U such that
for every 𝑌 = A(𝑈 ) ∈ 𝐾 ′, there exists some 𝑈̃ ∈ U so that

∥A(𝑈̃ ) − A(𝑈 )∥∞ = 𝑓𝑈 (𝑈̃ ) = 𝑓𝑈 (𝑈̃ ) − 𝑓𝑈 (𝑈 ) ≲
√︃
𝐷max
Φ

/𝑛. □

In the Schatten Norm Setup, we shall pick 𝐾 ′
= 𝐾◦ and𝑇0 = {0},

i.e.𝑈0 is always 0. For the Spectraplex Setup, we carefully choose
a set of starting points |𝑇0 | ≤ 2𝑂 (𝑛) which has small 𝐷max

Φ
with

respect to 𝐾 ′
= {A(𝑈 ) : 𝑈 ∈ S𝑚}. Since 𝐷Φ (𝑋 ∥𝑌 ) is the quantum

relative entropy between𝑋 and𝑌 in the Spectraplex Setup, we shall
refer to the set of starting points𝑇0 as a (quantum) relative entropy
net for S𝑚 .

Definition 3.7 (Quantum Relative Entropy Net). Given subsets
𝑇,M ⊆ S𝑚 ,𝑇 is a relative entropy net ofM with error 𝜀 if for any
𝑋 ∈ M, we can find 𝑌 ∈ 𝑇 such that 𝑆 (𝑋 ∥𝑌 ) ≤ 𝜀.

3.4 Initialization for Spectraplex Setup: Relative

Entropy Net

We start with the following lemma which constructs a relative
entropy net on S𝑚 from an operator norm net.

Lemma 3.8 (Relative Entropy Net from Operator Norm Net).

Let 𝑋,𝑌 ∈ S𝑚 satisfies ∥𝑋 − 𝑌 ∥op ≤ 𝜀 for some 𝜀 ≥ 1/𝑚. Then

𝑆 (𝑋 ∥𝑌 ′) ≤ log(2𝑚𝜀), where 𝑌 ′ := 1
2 (𝑌 + 𝐼𝑚

𝑚 ) ∈ S𝑚 .

Proof. Recall that log(·) is operator monotone and note that
𝑋 ⪯ 𝑌 + 𝜀𝐼𝑚 . We then have

𝑆 (𝑋 ∥𝑌 ′) = tr(𝑋 · (log𝑋 − log𝑌 ′))
≤ tr(𝑋 · (log(𝑌 + 𝜀𝐼𝑚) − log𝑌 ′))
≤ tr(𝑋 ) · ∥ log(𝑌 + 𝜀𝐼𝑚) − log𝑌 ′∥op

≤ log
©­
«
2 ·






𝑌 + 𝜀𝐼𝑚
𝑌 + 𝐼𝑚

𝑚







op

ª®
¬
≤ log(2𝑚𝜀),

where the first inequality follows from the operator monotonicity of
log(·), the second follows from matrix Hölder, and the last follows
because 𝜀 ≥ 1/𝑚 and ∥𝑌 ∥op ≤ 1. □

Using the lemma above, we give the following construction for
relative entropy nets on S𝑚 .

Theorem 3.9 (Entropy Net for Spectraplex). Given positive

integers ℎ,𝑚 and 𝑛 such that𝑚/ℎ is an integer, let Sℎ𝑚 ⊆ S𝑚 be the

set of𝑚 ×𝑚 block diagonal matrices on the spectraplex with block

size ℎ×ℎ. Then we can find a relative entropy net𝑇 for Sℎ𝑚 with error

at most max(1, log(2ℎ𝑚/𝑛)) and size |𝑇 | ≤ 2𝑂 (𝑛) .

Proof. By merging blocks as needed, we may assume ℎ𝑚 ≥ 𝑛.
By Lemma 3.8, it suffices to find an operator norm net 𝑇 ′ with

size |𝑇 ′ | ≤ 2𝑂 (𝑛) and distance 𝜀 =
max{ℎ,log(𝑚/ℎ𝑛) }

𝑛 . Let ℓ :=𝑚/ℎ

be the number of blocks, 𝑋1, . . . , 𝑋ℓ ∈ Rℎ×ℎ denote the blocks of
matrix 𝑋 ∈ Sℎ𝑚 , and 𝑁 := 2/𝜀 = 2𝑛/max{ℎ, log(ℓ/𝑛)} (we assume
that 𝑁 is an integer). Let 𝑍 := {𝑧 ∈ Zℓ≥0 :

∑ℓ
𝑖=1 𝑧𝑖 = 𝑁 }, and for

each 𝑧 ∈ 𝑍 , we define

𝑇𝑧 := {𝑋 ∈ Sℎ𝑚 : tr(𝑋𝑖 ) = 𝑧𝑖/𝑁,∀𝑖 ∈ [ℓ]}.

It follows from a standard rounding argument that for any matrix
𝑋 ∈ Sℎ𝑚 , one can find a matrix 𝑌 ∈ ∪𝑧∈𝑍𝑇𝑧 with ∥𝑋 − 𝑌 ∥op ≤
1/𝑁 = 𝜀/2.

We first show that |𝑍 | ≤ 2𝑂 (𝑛) . When ℓ ≤ 2𝑛, we have

|𝑍 | ≤
(
𝑁 + ℓ
ℓ

)
≤

(
𝑁 + 2𝑛

2𝑛

)
≤

( 2𝑛
ℎ

+ 2𝑛

2𝑛

)
≤ 2𝑂 (𝑛) .

When ℓ ≥ 2𝑛 ≥ 𝑁 , we can bound

|𝑍 | ≤
(
𝑁 + ℓ
𝑁

)
≤

(
2ℓ

𝑁

)
≤

(
2ℓ
2𝑛

log(ℓ/𝑛)

)
≤

(
𝑒ℓ log(ℓ/𝑛)

𝑛

) 2𝑛
log(ℓ/𝑛)

≤ 2𝑂 (𝑛) .

It therefore suffices to construct an 𝜀/2-operator norm net for
each 𝑇𝑧 .

Fix an arbitrary 𝑧 ∈ 𝑍 . Note that the 𝑖th block of the matrices in
𝑇𝑧 comes from 𝑧𝑖

𝑁 · Sℎ . Pick 𝑛𝑖 := 𝑧𝑖ℎ, we have from Theorem 2.6
that

N
( 𝑧𝑖
𝑁
Sℎ,

𝑧𝑖

𝑁
· ℎ
𝑛𝑖
𝐵ℎop

)
= N

(
Sℎ,

ℎ

𝑛𝑖
𝐵ℎop

)
≤ 2𝑂 (𝑛𝑖 ) .

We denote this net as 𝑇𝑧,𝑖 . It follows from the above that for any

𝑋𝑖 ∈ 𝑧𝑖
𝑁 Sℎ , there exists 𝑌𝑖 ∈ 𝑇𝑧,𝑖 with ∥𝑋𝑖 − 𝑌𝑖 ∥op ≤ 𝑧𝑖

𝑁 · ℎ𝑛𝑖 = 𝜀/2.
Define 𝑇𝑧 := {diag(𝑌1, . . . , 𝑌ℓ ) : 𝑌𝑖 ∈ 𝑇𝑧,𝑖 ∀𝑖 ∈ [ℓ]}. Then for any
𝑋 ∈ 𝑇𝑧 , there exists 𝑌 ∈ 𝑇𝑧 such that ∥𝑋 − 𝑌 ∥op ≤ 𝜀/2, and thus 𝑇𝑧
is indeed an 𝜀/2-operator norm net for 𝑇𝑧 . Furthermore, the size of
𝑇𝑧 can be upper bounded as

|𝑇𝑧 | ≤
∏
𝑖∈[ℓ ]

2𝑂 (𝑛𝑖 ) = 2𝑂 (∑𝑛
𝑖=1 𝑧𝑖ℎ) = 2𝑂 (𝑁ℎ) ≤ 2𝑂 (𝑛) ,

since 𝑁 ≤ 2𝑛/ℎ. This proves that 𝑇 := ∪𝑧∈𝑍𝑇𝑧 is an 𝜀-operator
norm net for Sℎ𝑚 and has size at most |𝑇 | ≤ 2𝑂 (𝑛) , where we recall

that 𝜀 =
max{ℎ,log(𝑚/ℎ𝑛) }

𝑛 . Finally, invoking Lemma 3.8, 𝑇 can be

transformed into a relative entropy net𝑇 with size |𝑇 | ≤ 2𝑂 (𝑛) and
error at most log(2𝑚𝜀) ≤ log(2ℎ𝑚/𝑛). This finishes the proof of
the theorem. □

4 APPLICATIONS OF THE SPECTRAPLEX

SETUP

In this section, we prove our matrix Spencer bound for block diag-
onal matrices in Theorem 1.4, which we restate below.

Theorem 1.4 (Matrix Spencer for BlockDiagonalMatrices).

Let𝑚 ≥
√
𝑛 and ℎ ≤ 𝑚. Given block diagonal symmetric matrices

𝐴1, . . . , 𝐴𝑛 ∈ R𝑚×𝑚 with ∥𝐴𝑖 ∥op ≤ 1 and block size ℎ × ℎ, one can
efficiently find a coloring 𝑥 ∈ {±1}𝑛 with




 𝑛∑︁
𝑖=1

𝑥𝑖𝐴𝑖





op

≲
√︁
𝑛 ·max(1, log(ℎ𝑚/𝑛)) .

Proof of Theorem 1.4. By Theorem 3.9, we can find a relative
entropy net 𝑇0 of Sℎ𝑚 with error 𝐷max

Φ
:= max(1, log(2ℎ𝑚/𝑛)) and
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size |𝑇0 | ≤ 2𝑂 (𝑛) . Then using Lemma 3.6 with the Spectraplex Setup
for 𝐾 ′ := A(Sℎ𝑚) and 𝑇0 being the relative entropy net, we obtain

N
(
𝐾 ′,

𝑡

𝑛
𝐵𝑛∞

)
≤ 2𝑂 (𝑛) ,

where 𝑡 =
√︁
𝑛max(1, log(2ℎ𝑚/𝑛)). Let Sℎ𝑚 be the set of𝑚 ×𝑚 sym-

metric block diagonal matrices with block size ℎ ×ℎ. Define convex
body𝐾 ′′ := A(𝐵𝑚

𝑆1
∩Sℎ𝑚∩S𝑚+ ). We first prove thatN(𝐾 ′′, 𝑡𝑛𝐵

𝑛
∞) ≤

2𝑂 (𝑛) . Since N(𝐾 ′, 𝑡𝑛𝐵
𝑛
∞) ≤ 2𝑂 (𝑛) by Theorem 3.9, we also have

N( 𝑗
𝑛2
𝐾 ′, 𝑡𝑛𝐵

𝑛
∞) ≤ 2𝑂 (𝑛) for each integer 𝑗 ∈ [𝑛2]. We let𝐻 𝑗 be the

set of centers for the minimum covering of 𝑗
𝑛2
𝐾 ′ by translates of

𝑡
𝑛𝐵

𝑛
∞ and define𝐻 = ∪𝑗∈[𝑛2 ]𝐻 𝑗 . Since |𝐻 𝑗 | ≤ 2𝑂 (𝑛) , it follows that

|𝐻 | ≤ 2𝑂 (𝑛) . For each 𝑋 ∈ 𝐵𝑚
𝑆1

that satisfies 𝑋 ⪰ 0, we let 𝑗
𝑛2

be

the multiple of 1
𝑛2

that is closest to tr(𝑋 ), and set 𝑋 ′ := 𝑗
𝑛2tr(𝑋 ) ·𝑋 .

Then we have

∥A(𝑋 ′) − A(𝑋 )∥∞ ≤ 1

𝑛2
· ∥A(𝑋 )∥∞ ≤ 𝑡

𝑛
.

As tr(𝑋 ′) = 𝑗
𝑛2
, we can also find𝑌 ∈ 𝐻 𝑗 with ∥A(𝑋 ′)−𝑌 ∥∞ ≤ 𝑡

𝑛 .

Therefore, ∥A(𝑋 ) −𝑌 ∥∞ ≤ 2𝑡
𝑛 , and it follows that 𝐾 ′′ ⊆ 𝐻 + 2𝑡

𝑛 𝐵
𝑛
∞.

This implies N(𝐾 ′′, 𝑡𝑛𝐵
𝑛
∞) ≤ 2𝑂 (𝑛) .

Next note that the dual discrepancy body 𝐾◦ := A(𝐵𝑚
𝑆1
) =

A(𝐵𝑚
𝑆1

∩ Sℎ𝑚) since each 𝐴𝑖 ∈ Sℎ𝑚 . We have 𝐾◦
= 𝐾 ′′ − 𝐾 ′′, so

using Lemma 2.4 we get N(𝐾◦, 𝐾 ′′) ≤ 2𝑂 (𝑛) . Thus

N
(
𝐾◦,

𝑡

𝑛
𝐵𝑛∞

)
≤ N(𝐾◦, 𝐾 ′′) · N

(
𝐾 ′′,

𝑡

𝑛
𝐵𝑛∞

)
≤ 2𝑂 (𝑛) ,

and 𝛾𝑛 (𝑡𝐾) ≥ 2−𝑂 (𝑛) by using Lemma 3.3. Corollary 3.2 then
gives a full coloring 𝑥 ∈ {±1}𝑛 with discrepancy ∥∑𝑛

𝑖=1 𝑥𝑖𝐴𝑖 ∥op ≤
𝑂 (𝑡). This finishes the proof of the theorem. □

The analysis above also shows that if we can improve the bound
in Theorem 3.9 to𝑂 (log(𝑚/𝑛)) for any block sizeℎ, then the matrix
Spencer conjecture is true.

Corollary 1.5 (Better Entropy Net Implies Matrix Spencer).

Let𝑚 ≥
√
𝑛. If we can find 𝑇 ⊆ S𝑚 with |𝑇 | ≤ 2𝑂 (𝑛) such that for

each 𝑋 ∈ S𝑚 there exists 𝑌 ∈ 𝑇 with 𝑆 (𝑋 ∥𝑌 ) ≲ max(1, log(𝑚/𝑛)),
where 𝑆 (𝑋 ∥𝑌 ) is the quantum relative entropy between𝑋 and𝑌 , then

the matrix Spencer conjecture is true.

5 MATRIX DISCREPANCY FOR SCHATTEN

NORMS

In this section, we prove the following generalization of Theo-
rem 1.3 for arbitrary Schatten norms by using a different regularizer
for mirror descent.

Theorem 1.6 (Matrix Discrepancy for Schatten Norms). Let

𝑚 ≥
√
𝑛 and 2 ≤ 𝑝 ≤ 𝑞 ≤ ∞. Given symmetric matrices𝐴1, . . . , 𝐴𝑛 ∈

R
𝑚×𝑚 with ∥𝐴𝑖 ∥𝑆𝑝 ≤ 1 and rank(𝐴𝑖 ) ≤ 𝑟 for all 𝑖 ∈ [𝑛], one can

efficiently find 𝑥 ∈ [−1, 1]𝑛 so that |{𝑖 : |𝑥𝑖 | = 1}| ≥ 𝑛/2 and


 𝑛∑︁
𝑖=1

𝑥𝑖𝐴𝑖





𝑆𝑞

≲
√︁
𝑛 ·min(𝑝,max(1, log(𝑟𝑘))) · 𝑘1/𝑝−1/𝑞,

where we denote 𝑘 := min(1,𝑚/𝑛). Moreover, we can find a full

coloring 𝑥 ∈ {±1}𝑛 at the expense of a factor of (1/2 + 1/𝑞 − 1/𝑝)−1.

We first use mirror descent to prove the following covering
lemma.

Lemma 5.1. Let 𝑚 ≥
√
𝑛, 2 ≤ 𝑝 ≤ 𝑞 < ∞, 𝑘 := min(1,𝑚/𝑛),

𝑡 :=
√︁
(𝑝 − 1)𝑛 · 𝑘1/𝑝−1/𝑞 and 𝑞∗ := 𝑞/(𝑞 − 1). Given symmetric

matrices 𝐴1, . . . , 𝐴𝑛 ∈ R𝑚×𝑚 with ∥𝐴𝑖 ∥𝑆𝑝 ≤ 1, we have

N
(
A(𝐵𝑚𝑆𝑞∗ ),

𝑡

𝑛
𝐵𝑛∞

)
≤ 2𝑂 (𝑛) .

Proof. Denote 𝑝∗ := 𝑝/(𝑝 − 1). Theorem 2.6 implies

N(A(𝐵𝑚𝑆𝑞∗ ), 𝑘
1/𝑞∗−1/𝑝∗A(𝐵𝑚𝑆𝑝∗ )) ≤ 2𝑂 (𝑛) ,

so it suffices to show

N
(
A(𝐵𝑚𝑆𝑝∗ ),

√︂
𝑝 − 1

𝑛
𝐵𝑛∞

)
≤ 2𝑂 (𝑛) .

This is a direct consequence of Lemma 3.6 with norm ∥ · ∥𝑆𝑝∗ , as
the Bregman divergence is 𝐷Φ (𝑈 , 0) = Φ(𝑈 ) ≤ 1

2(𝑝∗−1) =
𝑝−1
2 for

∥𝑈 ∥𝑆𝑝∗ ≤ 1. □

Lemma 5.1 together with Lemma 3.3 immediately gives the fol-
lowing weaker measure bound, which we then bootstrap to prove
the stronger bound in Theorem 1.6.

Corollary 5.2. Let 𝑚 ≥
√
𝑛, 2 ≤ 𝑝 ≤ 𝑞 < ∞ and 𝑘 :=

min(1,𝑚/𝑛). Given symmetric matrices 𝐴1, . . . , 𝐴𝑛 ∈ R𝑚×𝑚 with

∥𝐴𝑖 ∥𝑆𝑝 ≤ 1, define the convex body

𝐾 :=
{
𝑥 ∈ R𝑛 :




 𝑛∑︁
𝑖=1

𝑥𝑖𝐴𝑖





𝑆𝑞

≤ 1
}
.

Then 𝛾𝑛 (
√︁
(𝑝 − 1)𝑛 · 𝑘1/𝑝−1/𝑞 · 𝐾) ≥ 2−𝑂 (𝑛) .

Proof of Theorem 1.6. Let 𝑝0 := max(2, log(2𝑟𝑘)). For 𝑝 ≤ 𝑝0
the result follows directly from Corollary 5.2, so we may assume
𝑝 ≥ 𝑝0. Also note that we may assume 𝑟𝑘 ≥ 1 since we can increase
smaller values of 𝑟 without changing the bound on the right side.
Remark that ∥𝐴𝑖 ∥𝑆𝑝0 ≤ 𝑟1/𝑝0−1/𝑝 ∥𝐴𝑖 ∥𝑆𝑝 ≤ 𝑟1/𝑝0−1/𝑝 since the
matrices have rank at most 𝑟 . Corollary 5.2 then implies that the
convex body

√
𝑝0𝑛 · 𝑘1/𝑝0−1/𝑞 · 𝑟1/𝑝0−1/𝑝 · 𝐾

has Gaussian measure 2−𝑂 (𝑛) . Since
√
𝑝0𝑛 ·𝑘1/𝑝0−1/𝑞 · 𝑟1/𝑝0−1/𝑝 ≲

√
𝑝0𝑛 · 𝑘1/𝑝−1/𝑞 by the choice of 𝑝0, it follows that

𝛾𝑛 (
√︁
𝑛max(1, log(𝑟𝑘)) · 𝑘1/𝑝−1/𝑞 · 𝐾) ≥ 2−𝑂 (𝑛) ,

so that Theorem 3.1 and Corollary 3.2 yield the partial coloring and
full coloring, respectively. The factor (1/2 + 1/𝑝 − 1/𝑞)−1 comes
from the contribution of the exponent of 𝑛 in the geometric sum,
analogous to the second part of Corollary 3.2. □

6 LOWER BOUND EXAMPLES FOR MATRIX

DISCREPANCY

In this section, we give a few examples to illustrate the tightness of
our results in Theorem 1.6 for various regimes of the dimension𝑚
and rank 𝑟 of the input matrices.
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6.1 Low Dimension Regime of𝑚 = Θ(
√
𝑛)

In the regime of𝑚 = Θ(
√
𝑛), we have 𝑘 = min(1,𝑚/𝑛) = Θ(1/

√
𝑛)

and 𝑟 ≤ 𝑂 (
√
𝑛) and our partial coloring bound in Theorem 1.6 is

thus 𝑂 (𝑛1/2+1/2𝑞−1/2𝑝 ). This bound is tight up to constants due to
the following example7.

Lemma 6.1 (Example: 𝑚 =
√
𝑛). Let 𝑚 =

√
𝑛 be a power of 2,

and 2 ≤ 𝑝 ≤ 𝑞 ≤ ∞. There exist matrices8 𝐴1, . . . , 𝐴𝑛 ∈ R𝑚×𝑚

with ∥𝐴𝑖 ∥𝑆𝑝 ≤ 1 such that ∥∑𝑛
𝑖=1 𝑥𝑖𝐴𝑖 ∥𝑆𝑞 ≳ 𝑛1/2+1/2𝑞−1/2𝑝 for

any partial coloring 𝑥 ∈ {±1}𝑛 with |{𝑖 : |𝑥𝑖 | = 1}| ≥ 𝑛/2.

Proof. The idea is to construct an orthogonal basis on R𝑚×𝑚

with ∥𝐴𝑖 ∥2𝐹 = 𝑚. Let 𝐻 ∈ R𝑚×𝑚 be the Walsh-Hadamard ma-
trix, and 𝐷1, . . . , 𝐷𝑚 be diagonal matrices with (𝐷𝑖 ) 𝑗, 𝑗 := 𝐻𝑖, 𝑗 .
Let 𝑃1, . . . , 𝑃𝑚 be disjoint permutation matrices, i.e. each 𝑃𝑖 per-
mutes the standard orthonormal basis {𝑒1, . . . , 𝑒𝑚} and each pair
𝑃𝑖 , 𝑃 𝑗 have disjoint non-zero entries. For instance, we may take
(𝑃𝑖 ) 𝑗,𝑘 := 1 if 𝑗 − 𝑘 ≡ 𝑖 mod 𝑚 and 0 otherwise. We then define
the 𝑛 matrices 𝐴𝑖+𝑚𝑗 := 𝐷𝑖𝑃 𝑗 for 𝑖, 𝑗 ∈ [𝑚]. Note that these matri-
ces form an orthogonal basis of R𝑚×𝑚 , so for any partial coloring
𝑥 ∈ {±1}𝑛 with |{𝑖 : |𝑥𝑖 | = 1}| ≥ 𝑛/2, we have




 𝑛∑︁
𝑖=1

𝑥𝑖𝐴𝑖




2
𝐹
= tr

©­«
(
𝑛∑︁
𝑖=1

𝑥𝑖𝐴𝑖

)2ª®¬
=𝑚 ·

𝑛∑︁
𝑖=1

𝑥2𝑖 ≥ 𝑚𝑛/2.

By Hölder’s inequality, this implies that




 𝑛∑︁
𝑖=1

𝑥𝑖𝐴𝑖





𝑆𝑞

≥ 𝑚1/𝑞−1/2 ·



 𝑛∑︁
𝑖=1

𝑥𝑖𝐴𝑖





𝐹
≳ 𝑛1/2+1/2𝑞 .

Also note that each matrix 𝐴𝑖 has all singular values equal to
1, and therefore ∥𝐴𝑖 ∥𝑆𝑝 = 𝑚1/𝑝

= 𝑛1/2𝑝 . Scaling the matrices 𝐴𝑖

down by a factor of 𝑛1/2𝑝 proves the lemma. □

6.2 Rank-1Matrices and𝑚 ≥ 𝑛
In the regime of 𝑟 = 1 and𝑚 ≥ 𝑛, we may assume wlog that 𝑝 = 2.
Then the discrepancy bound in Theorem 1.3 is 𝑂 (

√
𝑛). This bound

is again tight up to a constant factor.

Lemma 6.2 (Example: 𝑟 = 1 and𝑚 = 𝑛). Let 2 ≤ 𝑞 ≤ ∞. There

exist symmetric rank-1 matrices 𝐴1, . . . , 𝐴𝑛 ∈ R𝑛×𝑛 with ∥𝐴𝑖 ∥𝐹 ≤ 1

such that any partial coloring 𝑥 ∈ [−1, 1]𝑛 with |{𝑖 : |𝑥𝑖 | = 1}| ≥ 𝑛/2
satisfies




 𝑛∑︁
𝑖=1

𝑥𝑖𝐴𝑖





𝑆𝑞

≥



 𝑛∑︁
𝑖=1

𝑥𝑖𝐴𝑖





op

≳
√
𝑛.

Proof. For each 𝑖 ∈ [𝑛 − 1], we define the rank-1 matrices
𝐴𝑖 :=

1
2 (𝑒𝑖 + 𝑒𝑛) (𝑒𝑖 + 𝑒𝑛)⊤ for 𝑖 ∈ [𝑛], where 𝑒𝑖 ∈ R𝑛 is the unit

vector with a single 1 in the 𝑖th coordinate and 0 elsewhere, and
𝐴𝑛 = 0. Note that each ∥𝐴𝑖 ∥𝐹 = 1 by definition. For any partial

7Thanks to Aleksandar Nikolov for suggesting this construction.
8These matrices can easily be made symmetric in R2𝑚×2𝑚 .

coloring 𝑥 ∈ [−1, 1]𝑛 with |{𝑖 : |𝑥𝑖 | = 1}| ≥ 𝑛/2, we have

𝑛∑︁
𝑖=1

𝑥𝑖𝐴𝑖 =
1

2
·

©­­­­­­
«

𝑥1 0 · · · 0 𝑥1
0 𝑥2 · · · 0 𝑥2
...

...
. . .

...
...

0 0 · · · 𝑥𝑛−1 𝑥𝑛−1
𝑥1 𝑥2 · · · 𝑥𝑛−1

∑𝑛−1
𝑖=1 𝑥𝑖

ª®®®®®®
¬
.

It then follows that


 𝑛∑︁
𝑖=1

𝑥𝑖𝐴𝑖





op

≥



 𝑛∑︁
𝑖=1

𝑥𝑖𝐴𝑖𝑒𝑛





2
≳

√
𝑛.

This completes the proof of the lemma. □

As an immediate corollary of Lemma 6.2, we obtain an Ω(
√
𝑛)

lower bound for matrix Spencer when𝑚 = 𝑛 and all matrices are
rank-1.

Corollary 1.7 (Rank-1Matrix Spencer Lower Bound). There

exist rank-1 symmetric matrices𝐴1, . . . , 𝐴𝑛 ∈ R𝑛×𝑛 with ∥𝐴𝑖 ∥op ≤ 1

such that any 𝑥 ∈ {±1}𝑛 has ∥∑𝑛
𝑖=1 𝑥𝑖𝐴𝑖 ∥op ≳

√
𝑛.

Another immediate consequence of Lemma 6.2 is a lower bound

of Ω(
√︁
min(𝑚,𝑛)) for Schatten-2 to operator norm discrepancy,

which is the generalization of the Komlós problem to matrices.
This shows that the Komlós conjecture, which states that the ℓ2 to
ℓ∞ vector discrepancy is upper bounded by a universal constant,
cannot be true for matrices.

Corollary 1.8 (Lower Bound for Matrix Komlós). For any

𝑚 and 𝑛, there exist symmetric matrices 𝐴1, . . . , 𝐴𝑛 ∈ R𝑚×𝑚 with

∥𝐴𝑖 ∥𝐹 ≤ 1 so that any𝑥 ∈ {±1}𝑛 has ∥∑𝑛
𝑖=1 𝑥𝑖𝐴𝑖 ∥op ≳

√︁
min(𝑚,𝑛).
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A AN APPLICATION OF BANASZCZYK’S

THEOREM

We give an alternative simpler proof of the 𝑂 (𝑚1+1/𝑞−1/𝑝 ) bound
for 𝑆𝑝 to 𝑆𝑞 matrix discrepancy when𝑚 = 𝑂 (

√
𝑛) using the follow-

ing theorem of Banaszczyk [4].

Theorem A.1 (Banaszczyk [4]). Let 𝐾 ⊆ R𝑚 be a convex body

with 𝛾𝑚 (𝐾) ≥ 1/2. Then for any vectors 𝑣1, . . . , 𝑣𝑛 ∈ R𝑚 with

∥𝑣𝑖 ∥2 ≤ 1, there exists 𝑥 ∈ {±1}𝑛 such that
∑𝑛
𝑖=1 𝑥𝑖𝑣𝑖 ∈ 5𝐾 .

Applying Theorem A.1 to a suitable scaling of the operator norm
ball immediately gives the following matrix discrepancy bound.
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Corollary A.2. Let 2 ≤ 𝑝 ≤ 𝑞 ≤ ∞. Given symmetric matrices

𝐴1, . . . , 𝐴𝑛 ∈ R𝑚×𝑚 with ∥𝐴𝑖 ∥𝑆𝑝 ≤ 1, there exists 𝑥 ∈ {±1}𝑛 such

that ∥∑𝑛
𝑖=1 𝑥𝑖𝐴𝑖 ∥𝑆𝑞 ≲𝑚1+1/𝑞−1/𝑝 .

Proof. Note that ∥𝐴𝑖 ∥𝑆𝑝 ≤ 1 implies ∥𝐴𝑖 ∥𝑆2 ≤ 𝑚1/2−1/𝑝 . It

is well-known that 𝛾𝑚 (4𝑚1/2 · 𝐵𝑚op) ≥ 1/2 (see Theorem 7.3.1
of [43]). Thus, Theorem A.1 yields some 𝑥 ∈ {±1}𝑛 such that∑𝑛
𝑖=1 𝑥𝑖𝐴𝑖 ∈ 𝑂 (𝑚1−1/𝑝 ) · 𝐵𝑚op. It follows that ∥

∑𝑛
𝑖=1 𝑥𝑖𝐴𝑖 ∥𝑆𝑞 ≤

𝑂 (𝑚1+1/𝑞−1/𝑝 ). □

Corollary A.3 (Matrix Komlós). Given symmetric matrices

𝐴1, . . . , 𝐴𝑛 ∈ R𝑚×𝑚 with ∥𝐴𝑖 ∥𝐹 ≤ 1, there exists 𝑥 ∈ {±1}𝑛 such

that ∥∑𝑛
𝑖=1 𝑥𝑖𝐴𝑖 ∥𝑆𝑞 ≲

√︁
min(𝑚,𝑛), matching the lower bound in

Corollary 1.8.

Proof. It suffices to take the best between a random coloring,
which has discrepancy 𝑂 (

√
𝑛), and that of Corollary A.2. □
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