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1. Introduction

The seminal result in operator space theory of Christensen and Sinclair for matrix
algebras establishes that a t-linear form 7" : M,, x - - - x M,, — C is completely contractive
if and only if it can be factorized into a sequence of *x-representations interlaced with
contractions [3]. Here, M, is the space of complex n x n matrices equipped with the
operator norm of matrices when they are regarded as linear maps from ¢5(C) to £5(C).
The completely bounded norm of T is defined in the following way. For every m € N,
consider the map T, : My, X -+ X My, — M, defined via

To(X1,..., Xy) = > TU(X i (X2)ry s s (X)) :

T1yeery ri—1€[m] ijE€[m]
where (X1);; is the (¢, j)-th block of X1 € My, = M, (M,,) when X; is regarded as a
matrix with n x n blocks of size m x m. Then, the completely bounded norm of T is
given by

1T\l = sup{[| Tl : m € N},

where || T}, is the operator norm of T),. Now we are ready to state the Christensen-
Sinclair factorization theorem, which is the main result of [3] specified for the case where
the C* algebra is M,,.

Theorem 1.1. (Christensen-Sinclair) Let T : My, X -+ x M, — C be a t-linear form.
Then, ||T||cb < 1 if and only if there exist d € N, unit vectors u,v € C% and matrices
Ao € Mg pna, A1,..., A1 € Mpgna and Ay € Mpg q with operator norm at most 1 such
that

T(Xl, N ,Xt) = <’U,7 AO(Xl X Idd)Al . Atfl(Xt ® Idd)At’U> s (1)
for every X1,..., Xy € M,.

To the best of our knowledge, all the proofs of Theorem 1.1 are done in more gener-
ality, considering the space of endomorphisms of some complex Hilbert space instead
of M,. Even when specified to the finite-dimensional case, they require tools from
operator spaces, several applications of the Hahn-Banach theorem, going through infinite-
dimensional spaces and are not constructive [3,7,2].

By contrast, we give an elementary and constructive proof that does not require the use
of an infinite-dimensional separation theorem. We do this by showing that Theorem 1.1
is an instance of the strong duality of semidefinite programming. In the proof we use as
a black-box a standard and elementary result due to Slater that ensures strong duality.
We stress that the proof of Slater’s theorem just requires a finite-dimensional separation
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theorem, but no application of the infinite-dimensional Hahn-Banach theorem (for a
proof see [10]). Assuming Slater’s theorem, our argument just requires simple notions of
linear algebra.

Semidefinite programming is an extension of linear programming that includes a bigger
family of problems and can still be efficiently solved up to arbitrary precision (see [5]
for an introduction to semidefinite programming). To be more precise, let Hy be the
space of Hermitian matrices of My and let HJJ(, be the cone of positive semidefinite
matrices. A collection of matrices C, By,...,Br € Hy and a vector b € R” define a
primal semidefinite program (P) and a dual semidefinite program (D), which in their
canomnical form are given by

(P) inf (CY) (D) sup (b, y) (2)
s.t. Y € H]T, s.t. y € RE
B(Y)=b C - B*(y) € Hy,,

where B : Hy — R is given by B(Y) := ((B1,Y),...,(Br,Y)), B*(y) = Dicrr) YiBi
and (B,Y) = Tr(BY). It is always satisfied that the optimal value of (P) is at least
the optimal value of (D), what is known as weak duality. In addition, under some mild
assumptions provided by Slater’s theorem (see Theorem 2.2 below), both values are
equal, what is known as strong duality.' Note that if all matrices C, By, ..., By were
diagonal, (P) and (D) would be linear programs. Indeed, in that case the value of (P)
would not change if we further impose that Y is diagonal, which makes (P) a linear
program. Also, the constraint C' — B*(y) € HJJ{, is equivalent to saying that the diagonal
entries of C' — B*(y) are non-negative, so (D) is also a linear program.

It will be convenient to introduce the representation norm of a t¢-linear form T :
M, x .-+ x M, — C, which is given by

[T |lrep =inf — w
s.t. T(X1,...,Xt) = (u, Ag(X1 @ 1dg) Ay ... Ar1 (Xt @ Idg) Asv)
vX1,...,Xy € My,
deN, u,veC |ul2=|v|?=mw,

Ao € Mg pnd, A1,..., Ar—1 € Mpand, At € Myq,q contractions.
Il - llrep is & norm, as shown in [3]. Now, we are ready to state our main result.

Theorem 1.2. Given a t-linear formT : My x---x M, — C, there is a pair of semidefinite
programs (Pcs) and (Dcs) such that

L Usually semidefinite programs are phrased in terms of real symmetric matrices, but the weak and strong
dualities hold when one substitutes symmetric matrices by Hermitian ones, as they are general properties
of conic programs (see for instance [12]).
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i) (Pcs) optimal value equals ||T||rep,
it) (Dcs) optimal value equals ||T||cb,
iii) (Dcg) is the dual of (Pos) and their optimal values are equal.

Theorem 1.2 has three important consequences. The first one is already clear from
the statement, and the other two will become clear later (see Remark 2.1). These conse-
quences are:

a) Theorem 1.2 implies Theorem 1.1;

b) (Pcs) and (Des) have O(poly(n)t) variables, so the known algorithms to approx-
imate semidefinite programs can be used to efficiently compute the completely
bounded norm;

¢) from the solution returned by these algorithms one can extract a description of the
vectors and matrices appearing in a factorization as in Eq. (1).

1.1. Some remarks

We note that Theorem 1.2 works when we substitute M,, by any subspace of M,
i.e., when we consider an operator space that inherits its structure from M,,, and the
algorithmic consequences hold as well. By this we mean that if V' is a normed subspace
of M,,, then, for every m € N, V ® M,, inherits a norm as a subspace of M,,,, and that
norm defines a notion of completely bounded norm for ¢-linear maps 7 : V x---xV — C.
We also remark that our proof of Theorem 1.2 can be extended to the case where M,
is substituted by the space of endomorphisms of a separable complex space. However,
in that case one requires Hahn-Banach to prove strong duality and the algorithmic
consequences would be lost. It is not clear to us how to extend the proof to the non-
separable case, as our technique heavily relies on the existence of a countable orthonormal
basis.

1.2. Related work

An analogous result for the linear case (¢ = 1) was proven by Watrous [10,11]. Gri-
bling and Laurent showed that the completely bounded norm of a form 7' : ¢ (C) x

- x 42 (C) — C can be computed as a semidefinite program, so item (b) above, for
the special case of £7(C), also follows from their work [4]. The initial motivation of
our work comes from the applications of the Christensen-Sinclair theorem to quantum
information. Arunachalam, Briét and Palazuelos used this result to give a characteri-
zation of quantum query complexity, showing that every quantum query algorithm is
a completely contractive form, and vice versa [1]. However, prior to this work, given a
completely contractive form there was no way of obtaining the corresponding algorithm,
which in our context is equivalent to finding the matrices that define a factorization as
in Eq. (1). Ttem (c) fills this gap.
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Our work is not the first example of an elementary proof of a celebrated result in op-
erator algebras via ideas of theoretical computer science. Previously, Regev and Vidick,
who, after finding applications of the operator space Grothendieck theorem in quantum
computing [6,9], gave an elementary proof of that result using ideas of theoretical com-
puter science [8]. We expect this interplay to be fruitful in the future, potentially leading
to the proof of new results in operator algebras.

2. Proof of Theorem 1.2

We divide the proof in 3 parts. In the first, we introduce (Pcs) and prove Theorem 1.2
(i), in the second we introduce (D¢ g) and prove Theorem 1.2 (i4), and in the third we
show that (Pcg) and (Dcg) are semidefinite programs and prove Theorem 1.2 (ii3).
Before diving into the proof, we introduce some notation.

We use [n] to denote {1, ...,n}. Sometimes we will consider multi-indices in ([n] x [n])*
and refer to them as I, where I,...,I; € [n] x [n]. My, is the space of m x n complex
matrices and M,, = My, . {E; ;j}; jen) is the canonical basis of M,, where the (i’, j')-th
entry of E; ; is given by d; ;/0, ;. Given a matrix X € M,, and I = (i,j) € [n] x [n], we
say that X7 is the coordinate of X in the former basis, corresponding to F; ;. Sometimes
we will consider X € M,,, and I € [n] X [n], in which case X(I) will be I-th block
when we regard X as n x n block-matrix with blocks of size m x m. Given s matrices
X1,...,Xs € M, we denote by X the matrix-vector defined by (Xi,...,Xs). Given
I € ([n] x[n)® and X € (Mpyn)®, X(I) is defined as the matrix product given by
X1(I) ... X¢(I;) € M,,. The norm of vectors of C% is the Euclidean norm, and the norm
of matrices is the operator norm when considered as linear maps from ¢3(C) to £2(C).
We say that a matrix is a contraction if its norm is at most 1. Given a vector o € C",
Diag(«) is the diagonal matrix of M,, whose diagonal is a. Id, is the identity matrix of
My. Given z € C, Rz € R is its real part and Sz € R its imaginary part.

We will often identify a t-form T : M, x --- x M,, — C with its tensor of coefficients
(TI>I € ((Cnxn)t defined via Tt = T(E117...7E[t)7 SO T(X) = ZIG([n]x[n])t TI)((I)7
where X € (M,)!. One can also write T}, : My, X -+ X My, — C in terms of these
coefficients, namely, T, (X) = 3= () x ) 71X (I); where, given I € [n] x [n] and X €
My, X(I) is the I-th m x m-dimensional block of X when regarded as a block-matrix
with n x n blocks. In particular, the completely bounded norm of 7' can be written as

ITlep =sup| > Ti(u, Xi(I1)... Xe(I)v)], (3)
1e([n] x [n])*

where the supremum runs over all m € N, all contractions Xi,...X; € M,,, and all
unit vectors u,v € C™.

We recall the reader that for Y € My, Y € H]J(, if and only if there exist vectors v;
such that Y{; ;) = (vs,v;) for every i,j € [n]. In that case, we say that Y is the Gram
matrix of {v;}iepn-
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2.1. The primal semidefinite program

In this section, we introduce (Pcs) and prove Theorem 1.2 (i). Before doing that we
give some intuition of why ||T'||;ep can be formulated as a semidefinite program. Assume
that T factors as in Eq. (1) with vectors of u and v of square norm w. Then, we consider
the following block structure for the contractions Ag:

AO = (Ao(l) Ao(n)),
As(1,1) ... Ag(l,n) A1)
Ag = : : ,At:< ) (4)
As(n,1) ... Ag(n,n) As(n)
We define the following vectors,
v; = Ai(i)v, for i € [n], (5)
v = Ar_s(I) ... A—1(I) At (Is11)v, for T € ([n] x [n])° x [n], s€[t—1], (6)
vr = Ag(I1)A1(I2) ... Ay(Ii1)v, for T € [n] x ([n] x [n])'™! x [n]. (7)

We note that Ty = (u, vr), where we understand I as an element of ([n] x [n])! in the
left-hand-side and as an element of [n] x ([n] x [n])*~! x [n] in the right-hand side. Hence,
Ty is encoded in the entries of Y =Gram{u,v1} (which corresponds to (9) below). In
addition, the fact that A; are contractions can be encoded in the entries of this Gram
matrix (which gives rise to Egs. (11) to (13) below). With these intuitions, we are ready
to state (Pos):

inf w (Pes
s.t. w>0,Y =0, (8
RYo1 = RT1, SYo1= ST, 1€ ([n] x [n])Y, (

Y0,0 =w, (10

> Yii<w, (11
i€[n]

Z (Y(i,j)Ja(iJ’)J’)j,j’e[n]’J,J’G([ﬂ]X[n])s’l x[n]

i€[n]
= @rein)(Y3,3) 5,37 €(In)x[n))s~1 x[n], 8 € [t —1], (12)
(Y3,3)5,37€(in)x[n))* = Pren)(Y3,3) 3,37 ([n]x[n])*— x [n]» (13)

where Y e Mpand D =14+n+n3+ - +n%3 + n?=1 4 n2* The rows and columns
of Y are labeled by the elements of {0} U [n] U [n]3 U ... [n]?*=3 U [n]?'~1 U [n]*.
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Proof of Theorem 1.2 (i). Note that Eq. (9) ensures that (Yo 1)1 equals (T1)1 for every
I € ([n] x [n])!. Thus, it suffices to show that a multilinear form R satisfies ||R||yep < w
if and only if there is a matrix Y that satisfies Egs. (10) to (13) and Yy 1 = Ry.

Assume first that (yo 1)1 factors as in Eq. (1) for some vectors with |lu? = ||v
Then, consider the block structure for the contractions Ag given in Eq. (4), and define
the vectors {u,vr : I € [n] Usepe—1y ([n] x [n])® x [n] U [n] x ([n] x [n])'! x [n]} as in
Egs. (5) to (7). Then, yo1 = (u,vr), for every I € ([n] x [n])*. This way, if we consider
the positive semidefinite matrix

|? = w.

Y = Gram{u,vr : I € [n]Usep—1 ([n] x [n])* x [n] U [n] x ([n] x [n])~! x [n]},

and we label the rows and columns corresponding to v with 0 and the ones corresponding
to vr with I, we have that yo 1 = Yo 1 for every I € ([n] x [n])’. Eq. (10) follows from the
fact that |lul|? = w. From the fact that A; is a contraction, Eq. (11) follows:

ZYH—Z Vi, Vi) —< ZA YT A(4) >:<v,AIAtv>§<v,v>:w.

i€[n] i€[n]

From the fact that A; are contractions for s € [t — 1] Eq. (12) follows. Indeed, let
X € Crx(nxm)* i xn Then,

<A D (Ya),.913)5.57€ 3.9 1x[n]>“x[nM>
1€[n]

= > i (V)3 V00 ) A
i€[n),j,7'€[n],J,J’€([n]x[n])s—1 x[n]

Z <UJ7 ZAt 3]7 At é(Z]) UJ’>A]'/J/
j7j/6[’n],J,J'E([n]x[n])s—lX[ ]

_ 3 e (AI,SAt,s>(j,j’>w> Aya,

7,4 €[n],J,J"€([n] x[n])*~1 x[n]

(*)

where in the second equality we have used that 4,_,(i, )" = A]__(j, ). Now, if we define
wy = ()\131}_], ey )\n_]’UJ), it follows that

(*) = Z<wJ7AI_sAt—st’> = <<Z wJ) 7AI—sAt—S <Z wJ/) > '
J J’

JJ

Hence, as Al A, , < 1d, it is satisfied that
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*) < <<Z’U}J> 5 (Zw_]/>> = Z )‘;J<UJ7UJ'>)\jJ’
J J jeln],J,J37e([n]x [n])* =1 x[n]

= (N @rem)(Y3,3) 3,3 €l xn]) s~ x[n] A)»

as desired. The fact that Ag is a contraction implies Eq. (13), and this can be shown
similarly to how we showed that Eq. (12) holds.

Now, assume that there exists Y > 0, satisfying equations Egs. (10) to (13) and
Y01 = Yo 1. Consider d € N and vectors {u,vr : I € [n] Usep—1j ([n] X [n])® x [n] U [n] x
([n] x [n])*=1 x [n]} € C? such that

Y = Gram{u,vr : 1€ [n] Usep—1) ([n] % [n])® x [n] U [n] x ([n] x [n])""" x [n]},

where again we label by 0 the rows and columns corresponding to u and by I the ones
corresponding to vr. Eq. (10) implies that ||ul|*> = w. We define A, through its blocks.
Let v € C? be a vector with ||v||? = w. A;(i) € My is defined as the matrix that maps v
to v; and is extended by 0 to the orthogonal complement of span{v}. This way, A; is a
contraction, because

A2 = (1 bder)

v, 1 ) . 1
T T 2 () = 3 () = Z st

where in the inequality we have used Eq. (11). The definition of A;_, for s € [t — 1] is
slightly more complicated. Given (z j) € [n] x [n], the block A;_s(7, j) is defined as linear
map on span{vr : I € ([n] x [n])*~" x [n]} by

A4, 5)vs = v jya

and extended by 0 to the orthogonal complement. First, we have to check that this a
good definition, namely that for every A € ¢ "

Z ANuy =0 = Z )\JU(Z-J)J =0.
Je([n]x[n]) (== x[n] Je([n]x[n]) (== x[n]
Indeed, we can prove something stronger. For any A € (C"z(kl)ﬂ, we define \ €
Cn T by Ajrg = d; Ay, where j is the second index in the pair (7,7) that in-
dexes the block A;_4(4, 7). Hence,

< Z AJV(i,5)3 Z /\J/U(i,j)J’>
Je([n] [n]

X [n])s—1x[n] J'e([n]x[n])s—1x[n

= <)‘7 (Yv(i,j).],(i,j).]’)J,J/E([n] X [n])s—1 ><[n])‘>

= (A (Y(i,53,(6,) 3 ) 7 5 €[] 3,37 ([n] x [n]) s x[n]s A)
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<A > (Viigna,(igma)ir grein) 3.3€(n)x n 1>slxw>
i€[n]

< (N Brepn) (Y3,30) 3,37 () x [n])s—1 x [n] A)
= (N (Y3.3) 3,30 €(in] x [n])*~ 1 x[n] A)

= < Z Ajvg, Z >\J’UJ’>7
Je([n]x[n])*~1x[n] J'e([n]x[n])*~1 x[n]

where in the first inequality we have used that

(Y6,513,(1,5)31) 7,57 €[n], 3,37 €([n] x [n]) =~ x[n] = O

for every i € [n], and in the second inequality we have used (12). Now, we have to check

that A;_s is a contraction. By the definition of A;_s, we just have to check that for every
142(s—1)+1

AeCr T

ZJE([n]X[n])S—lx[n] A13vg
AU =

ZJE ([n]x[n])*—1tx[n] An.]’U.]

is mapped to a vector with smaller or equal norm. Indeed,

(Ai_sdv, Ay v) = Z Aja (V)35 VG ) N

i,5,3' €[n], 3,3’ €[n]2(s—V+1

<)‘ Z J,(4,5")F’ JJ"E[n]aJJ/G(["]X[n])Slx[n])‘>

i€[n]

<N Brein) (Y3,3) 3,37l x [n]) =~ x ] A)
= (v, \v),

where in the inequality we have used Eq. (12). Finally, we define Ag through its blocks.
Ap(i) € My is defined by Ag(i)vy = v;3 and extended by 0 to the orthogonal complement
of span{vy : J € [n] x ([n] x [n])!~1}. Using Eq. (13), we can check that these blocks are
well-defined and that Ag is a contraction using a similar argument to the one that we
have just used to verify the same properties of A;_.

It just remains to show that the form

R(Xy,....X)= Y YorXi(h)...Xi(Iy)
1€ ([n] x [n])*

satisfies
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R(Xl, . ,Xt) = (u, Ao(Xl ® Idd)Al R Atfl(Xt & Idd)AtU> . (14)
Eq. (14) holds if and only if it holds for a basis of M,,. We verify it for the canonical
basis {E1}1e[n)x[n], Where the (i, j)-th entry of Ey is 1 if I = (4, j) and 0 otherwise. On
the one hand, by definition, we have that
R(E]l, ey E]t) = YO,I = (u, A(I)’U> .
On the other hand, a simple calculation shows that
Ao(Er, @ Idg)Ar ... Ar—1(Er, @ Idg) Ay = Ai (L) ... Ac(),

o (u, Ag(Er, ® Idg)A; ... A1 (Fr, @ Idg)Arv) = (u, A(I)v), as desired. O

Remark 2.1. (Pcs) has O(poly(n)*) variables, so item (b) holds. Item (c) can be inferred
from the proof of Theorem 1.2 (i), where a recipe to extract a factorization as in Eq. (1)
for (Yp,1)1 satisfying Egs. (10) to (13) is given.

2.2. The dual semidefinite program

In this section, we introduce (D¢ g) and prove Theorem 1.2 (ii). (D¢g) is given by:

sup > RTDR(yox) + S(T)S(yo.x) (Des)
Ie([n]x[n])*
s.t. v0,Y6 > 0, (ya,3 )J,J/E([n]x[n])s =0, for s € [t], (15)
Yo + 1o < 1, (16)
Diag(yo, - - -, %0) = Z (Yki ks )i jen)s (17)
ke[n]

Drefn) (¥3,3')3 37 (fn)x )+

= Z J,(i5)I Jj/e[nLJ,J/E(["]X[nDS ’ (%)
i€[n]
for s € [t — 1],
b ’ o (Y0,3)3e(n)x[n))t/2
(Y0.1) 5 ((n)x [n))t =Y 1

o (yJ,J/)J,J’E([n]X[n])t

Before diving into the proof, we give some intuition of why the optimal value of (D) is
|T||cb- One should note that Eq. (19) means that the variables yo 1 can be written as the
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{u, vr) for some vectors u, vr. Then, roughly speaking, Eqgs. (17) and (18) encode that vy
equal X1([1)... X¢(I)v for some contractions X7, ..., X; and a vector v, and Eq. (16)
encodes that u and v are bounded vectors. From there, one can relate the optimal value
of Eq. (D¢cg) to the formula of | T||ch given in Eq. (3).

Proof of Theorem 1.2 (ii). First, we note that Eq. (15) means that there exist d € N
and vectors {u,v,vr : I € ([n] x [n])®, s € [t]} € C™ such that yj = (u, u), yo = (v,v),
and yrrv = (vr,vr) for every I € ([n] x [n])® and s € [t]. Then, Eq. (17) means that
(u,u)+(v,v) < 1and Eq. (19) means that yo1 = 2(u, vr) for every I € ([n] x [n])". Thus,
we can rewrite Eq. (Dcg) as

sup 28?( Z TIW> , (20)

Ie([n]x[n])*
s.t. m e N, u,v,ur € C™ I€([n] x[n]))? selt,
(u, u) 4 (v, v) <1,
Diag((v,v), ..., {(v,v)) = Z (k> Vrj))i,jeln] (21)

keln]

@ke[n] (<UJ7 UJ’> )J Je([n)x[n])*

= 2 (63 v6), jremya.3vemxiny (22)
icln)
for s € [t —1].

Next, we will show that Egs. (21) and (22) are equivalent to the existence of contrac-
tions X1,...,X; € My, such that

(%) :Xt—s+1(11)---Xt([S)U7 (23)

for every I € ([n] x [n])® and every s € [t], where X (Is) € M, is the I,-th block of
X when regarded as a block-matrix with n x n blocks. Indeed, assume that Egs. (21)
and (22) hold. Then, we define the I-th block of X;_; by

Xt_s(I)UJ =U13

for every J € ([n] x [n])® and extend it by 0 on the orthogonal complement of span{vy :
J € ([n] x [n])®}. Before proving that X are contractions, we have to check that X(I)
are well-defined as linear maps. Namely, that for every A\ € C"" we have

Z Ajvy =0 = Z Ajvry = 0.

Je([n]x[n])® Je([n]x[n])®

In fact, we can prove something stronger. Let A € (C”zs7 and define A € C* " b

Njrg = 8; i A3, where I = (i, 7). Then
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< Z AJvr3, Z )\J’UIJ’>
[n])*

Ie([n)x [n))* 3 ([n]x[n))
- <A’ ({013, 013)) 3 31 () ) A>

- <5\, ((V(i,5)35 V(i,5)37) )j,j’e[n],J,J'e([n]X["DS 5\>
</\ Z .03 V0393) ) jreln] 3,37 € (n]x ) A>
'€ln
< <)\, ( <UJ3 UJ/> )J,J’e([n]x[n])S )\>

= < Z Ajvg, Z >\J’UJ’>7
Je(]

n]x[n])* J7e([n]x[n])*

where in the first inequality we have used that

(<’U(i’j)-]’v(ivj')‘]'>)j,j/e[n],J,J/e([n]x[n])s =0

for every i € [n], and in the second inequality we have used Eq. (22) (or Eq. (21) if
s = 0). Now we shall prove that X are contractions. By their definition, we only have
to check that for every A\ € €™ the vector

ZJe([n]x[n])s A1yvy
AV = :

2_3€([n]x [n])s AnIV3

is mapped through X; , to a vector of smaller or equal norm. That is true because

(X, X Av) = > X3 (V06,303 VG313 ) gt
i.4.4'€[n), 3,3/ €(n) x n])*

<A > (63 v6593)); et 3,30l x ) A>

i€[n]

({vs, ”J/>>J,J’e([n]X[”l)S
< <)\, A>
({03, 03)) 5 31¢((n)x [n])*
= <)\/U’ )\'U> 9
where in the inequality we have used Eq. (22) (or Eq. (21) in the case of s = 0).

On the other hand, if Eq. (23) holds, it is a routine check showing that Egs. (21)
and (22) hold. Putting everything together, we can rewrite (20) as
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sup 2?}%( Z TIE) ,
Ie([n]x[n])*

s.t. Re (C™™! meN, u,veC™ X, €M, contractions for s € [t],
(u,u) + (v, v) <1,
Rr = (u, X1(L1) ... X:(It)v), for I € ([n] x [n])".

Note that R satisfies the constraints above if and only if R does it, so we can change R
by R in the supremum above. Additionally, by multiplying the v of an optimal solution
of this optimization program by an appropriate complex phase we can change the real
part by the module, so we can express (Dcg) as

sup 2‘ Z TiRx ‘ , (24)
Ie([n] x[n])t
s.t. Re (C™™ meN, u,veC™ X, € M, contractions for s € [t],

(u,u) + (v,v) <1,
Ry = (u, X1(I1) ... X¢(I)v) , for 1€ ([n] x [n))".

We finally claim that the above optimization problem is equivalent to

s 2| Y TR, (25)
Ie([n]x[n])*
s.t. Re (C™™! meN, u,ve C™ X, € M, contractions for s € [t],

(u,uy, (v,v) < 1/2,
Ry = (u, X1 (L) ... X:(I;)v), for I € ([n] x [n])*.
We first note that the value of Eq. (24) is greater or equal than the one of Eq. (25),

because the feasible region is larger in the case of Eq. (24). On the other hand, if one
picks a feasible instance (u,v, X) of Eq. (24), one can define the instance (@, 9, X) by

uy/ul® + [lol? o/l + [lvf”

u= y ’
V2|uf V2|J]|

which is feasible for Eq. (25) and attains a value greater or equal than (u,v, X ), because

3

el + ol

> X Xu(1)5) | = STl [>T, Xa(h) - XL |

> ‘ ZTI <U,X1(Il) .. ~Xt(It)U>

Now, the result follows from the fact that the optimal value of Eq. (25) is ||T||cb as in
Eq. (3). O
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2.8. Strong duality

Finally, we prove Theorem 1.2 (iii). Before that, we formally state the condition that
ensures strong duality (for a reference see [5, Theorem 2]).

Theorem 2.2 (Slater’s theorem). Let (P) and (D) be a primal-dual pair of semidefinite
programs, as in Eq. (2). Assume that (P) is feasible and there exists a strictly positive
instance for (D), i.e., there exists y € RY such that C — B*(y) is strictly positive. Then
the optimal values of (P) and (D) are equal.”

Proof of Theorem 1.1 (iii). First, we show that (Pcgs) can be expressed as in the canon-
ical form of (P) in Eq. (2). To do that we introduce the slack matrix variable Z and
write (Pog) as

inf w (ﬁcs)
w 0 0
s.t. X=10Y 0]>=0
0 0 Z
3%5/071 = %TI, C\}YQJ = STI, Ic ([n] X [n})t, (26)
Yo0 = w, (27)
Z Yii—w= Zy, (28)
i€[n]

D (Yi03.66.513 ). €ln) 3.3/ € (nl x )+ x [n]

i€[n]

— ®ren)(Y3,0)3,3/€(n)x[n])*~ 1 x[n] (29)

= (ZjJJ'J')j,j’e[n],J,J’E([n]><[n])5*1X[n]7 s € [t - 1]7

(Y3,3)3,37€(nixn])t — @ren](Y3,3)3,3 €([n]x[n])— x[n]

= (Z3.3)3,3€(nxn))t- (30)
One can regard X as a positive semidefinite matrix with some entries set to 0, which can
be imposed via linear constraints. Additionally, note that the objective function w is a
linear function of the entries of X, and so are the restrictions Eqgs. (26) to (30). Hence,
(Pcs) has the form of (P) in Eq. (2).

Second, we show that (Dcg) can be expressed as in the canonical form of (D) in
Eq. (2). We can rewrite (Dcg) as

sup Z R(T1)r1 — S(T1)ax (Dcs)
Ie([n]x[n])*

2 We recall that an optimization problem is feasible if there exists an instance satisfying its constraints.
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s.t. Y0, Y0, "1, e, y1r € ([n] x [n])°, s € [t]
Yo > 0, yo >0, > yaEyy =0, fors € [t], (31)
J,J’e([n]x[n])*
Yo +yo < 1, (32)
voldn = > ykik;Eij, (33)
i,5,k€[n]

Z Y3,3° Oren) E3,5
J,J’€([n]x[n])*

= > Yij)a, i3 Ejs s, (34)
i,3,5'€[n],J,I"€([n] X [n])®
for s € [t — 1],
Eoy+ Ejzp 1By g —1E30
Z r3y 5 +c3 5
Je([n]x[n])t

T+ > wyrEur =0 (35)
LI’e([n]x[n])?

yoEo,0 +

Thus, we have written (Dcg) as an optimization problem (D(S) on the variables
Y0, Y0, T, €1, Y1, Moreover, the objective function is a linear combination of these vari-
ables. Also, the constraints are positive semidefinite constraints on matrices that are
linear combinations of other matrices, where the coefficients of these linear combinations
are Yo, Yo, 1, c1, Yr,v. Putting everything together, it follows that (D¢ g) is of the form
of (D) in Eq. (2).

Third, we show that (D¢ ) is the dual of (Pog). Equivalently, we prove that (13(5) is
the dual of (15(; 5). To take the dual of a primal semidefinite program such as (]BCS) it is
convenient to assign a dual variable to every linear constraint. We assign r1 and ¢y to the
constraints in Eq. (26), y; to Eq. (27), yo to Eq. (28), and yr1 to Egs. (29) and (30). In
addition, one should note that every variable in the primal corresponds to a restriction
in the dual. With this in mind, from the definition of the dual given in Eq. (2), it follows
that (Dcs) is the dual of (Prg), and that the constraints of Eq. (31) correspond to
variable Z in (Pcs), BEq. (32) to variable w, and Egs. (33) to (35) to variable Y.

Finally, we show that the conditions of Theorem 2.2 are satisfied by (13(;5) and (5(75),
which implies that their values are equal. (Prs) is feasible, as every T factors as in Eq. (1)
for some wu,v with sufficiently large norm (if this was not true, ||T'||c, would not be a
norm). In addition, we claim that the following parameters define a strictly positive
feasible instance for (5(75)
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o = g for LI € () o))", s € [
ri=c =0,forI€ ([n]®[n])°, se€lt]

Indeed, with these parameters Eqs. (31) to (35) read as follows:

%

0, Id>0

+
W =
IN
J—‘

Wl Wl Wl
—
o,
3
Y

3n+1)s " 3(n41)sHL

i 0
3 =0,
(0 mmnt)

and these identities are true because 1 >n/(n+1). O

Id,,, for s € [t —1],
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