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CHAPTER 1

Introduction

Spatial and spatio-temporal point process models have been widely applied in var-
ious disciplines, such as geology (e.g., Unwin, 1996; Bray & Schoenberg, 2013),
epidemiology (e.g., Gatrell et al., 1996; Dong et al., 2023; Schoenberg, 2023),
ecology (e.g., Stoyan & Penttinen, 2000; Waagepetersen, 2008) and society (e.g.,
Xu, Luo & Zha, 2017; D’Angelo et al., 2022; Zhu & Xie, 2022), to model the
occurrence of random events, such as earthquakes, infections, species distribu-
tions and crimes, in space and/or time. These models are particularly suitable
for analyzing point pattern data, where points are observed within some specific
window (see, examples in Figure 1.1), and the objective is to understand the
underlying mechanisms that govern the spatial and/or temporal distributions of
these points.

Figure 1.1 Point patterns of locations of two tree species, Beilschmiedia pendula and
Capparis frondosa, on Barro Colorado Island in Panama (Condit et al., 2019).

A key advantage of point process models lies in their probability structure,
which not only allows for capturing the spatial and temporal spread of individual
events but also for explaining how the events are influenced by the surrounding
environment and interact with one another. For example, in ecology, the dis-
tribution of tree species observed in a region, as shown in Figure 1.1, is usually
determined by environmental factors, such as terrain elevation and slope, cf. Fig-
ure 1.2. In geology, the occurrence of a major earthquake is typically followed
by multiple aftershocks, and the influence of the main shock on the occurrence
of an aftershock can be modelled by some triggering function, e.g. exponential
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decay exp(—|t — to|/3) with ty and t denoting the time of the main shock and
the aftershock, respectively, and g denoting a scale parameter > 0. In epidemi-
ology, the spread of diseases, like COVID-19, may be captured by incorporating
pairwise interactions within a population network, where each vertex represents
an individual, and social relationships are modelled as edges which may activate
a vertex to become a point of infection depending on actual physical contacts
between individuals.

005 015 025

120 130 140 150

Figure 1.2 Terrain elevation and slope measured in the region of the forestry data
displayed in Figure 1.1 (Condit et al., 2019).

By leveraging these increments as introduced above, spatial and spatio-
temporal point process models offer both flexibility and interpretability in learn-
ing first- and second-order features of point pattern data (cf., Sections 1.1.1 and
1.1.2) and enables us to understand complex spatial and temporal phenomena of
occurrences of events in real-world applications.

In particular, this thesis advances methodological and theoretical research in
point process modelling, with a focus on its application to fire risk prediction
in the Netherlands. Moreover, as an important contribution, it integrates sev-
eral machine learning techniques to the point process context, addressing certain
challenges presented in particular data scenarios that are difficult to solve by
traditional statistical approaches.

1.1 Point Process Theory

Generally speaking, a point process is a mathematical model that describes the
occurrence of points at random locations within a given space (Daley & Vere-
Jones, 2009). More formally, to define a point process X, we shall start with a
probability space (Q, F, P), where ) is the sample space, F is the event space,
and P is a probability function assigning probabilities to the events in F. We
also need a measurable space (S,B), where S is a complete, separable metric
space and B is its Borel o-algebra. Under this framework, X is a mapping from
(Q, F, P) into (S, B) and can be further considered as an integer-valued random
measure N(-) on S that counts the number of points in a subset of S.

Similar to most of the literature, we restrict ourselves to point processes whose
realizations are locally finite subsets of S. To define such point configurations,
we denote the cardinality of a subset & C S by n(xz). For every bounded set
B C S, x is said to be locally finite if n(zp) < co, where x g is the restriction of
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x to B. Denote the family of the locally finite point configurations that consist
of all subsets of & which place finitely many points in every bounded Borel set
B C S by Niy. The following definition of point processes is used throughout the
thesis.

Definition 1.1. A point process X on S is a mapping from a probability space
(Q,F,P) into Niy such that, for all bounded Borel sets B C S, the number of
points of X that fall in B, denoted by N(B), is a finite random variable.

For spatial point processes, S C R2, while in the spatio-temporal context, S
is typically a bounded observation window in space and time, which we denote
by W x T C R? x RT with W representing the spatial domain and 7 denoting
the temporal interval. Consequently, X becomes a random countable subset of
WxT.

There are various point process models, with the Poisson point process be-
ing the most fundamental one, as it assumes no interactions between points.
Specifically, it is defined as follows.

Definition 1.2. A point process X on S is called a Poisson process if it satisfies
the following two conditions: (i) for any bounded Borel set B C S, N(B) is Pois-
son distributed with a mean proportional to the Lebesque measure of B; (ii) for
any disjoint bounded Borel sets By, By C S, N(B1) and N(Bs) are independent
from each other.

These properties are known as ‘complete spatial randomness’ in statistical
theory, allowing the Poisson point process to act as a reference process when
testing summary statistics for complex model structures.

More advanced point process models introduce dependencies between points,
enabling suitable modelling for different types of point pattern data. A well-
known example is the log-Gaussian Cox process (Coles & Jones, 1991; Mgller,
Syversveen & Waagepetersen, 1998), where the occurrence of points within the
observation window is driven by a latent Gaussian random field. It introduces
spatial and temporal correlations to the model such that nearby locations and
times exhibit similar point patterns, whereas distant locations are less dependent.
Another common example is the Markov point process (Ripley & Kelly, 1977;
Van Lieshout, 2000), in which the occurrence of new points is influenced by the
presence of existing events. Depending on the selected interaction function, such
models can capture either clustered or repulsive phenomena in data.

1.1.1 First-order Features

The first-order features of a point process are characterized by its intensity func-
tion. To introduce it, we need the definition of the first-order moment measure.

Definition 1.3. The first-order moment measure of a point process X on S is

defined as
> 1(z e B)

xecX

A(B) =E[N(B)] =E (1.1)
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for any bounded Borel set B C S.

Here, 1(-) denotes the indicator function and the sum is over all point re-
alizations in X. Suppose that A exists as a o-finite measure that is absolutely
continuous with respect to Lebesgue measure with Radon-Nikodym derivative
A. Then, A : S — [0, 00) is called the intensity function of X.

Alternatively, the intensity function can be explained in a more intuitive way
(Diggle, 2013). Let |B| denote the area of B and let ds denote an infinitesimal
ball centred at s € S. The intensity A(s) then represents the approximated
probability for ds to contain exactly one point from X. Hence,

A(s) = lim E{N(ds)] (1.2)

N |ds|—0 |d5|

For Poisson point processes, its probability distribution is completely specified
by the intensity function. Under the conditions in Definition 1.2, the likelihood
of a Poisson point process X is given by

[H )\(az)] exp {— /5 )\(s)ds] (1.3)

xcX

When A(s) is a constant for all s € S, X is said to be a homogeneous Poisson
point process. Moreover, if A\(s) = 1, it is called the unit-rate Poisson point
process.

1.1.2 Second-order Features

The second-order features of a point process refer to statistical properties that
describe point dependencies between pairs. More than the intensity function, it
provides deeper insights into how points interact with one another, particularly
in terms of clustering or regularity. In analogy to Definition 1.3, we shall need
the following definition of the second-order factorial moment measure.

Definition 1.4. The second-order factorial moment measure of a point process
X on S is defined as

AP(ByxBy)=E|Y > lxeByc B (1.4)
rzeX ye X, y#x

for any bounded Borel sets By, By C S.

Here, the sum is over all pairs of distinct points in X. Suppose that A(?) exists
as a o-finite measure that is again absolutely continuous with respect to Lebesgue
measure with Radon-Nikodym derivative A(?). Then, A(?) : §? — [0, 00) is called
the second-order product density function of X.



1.1. Point Process Theory

Similarly, the second-order product density function at locations & and y can
be explained as the approximated probability that X places a point in each of
the two infinitesimal balls centred at «,y € S. Hence,

A (z,y) =

Ml )] L)

lim
|da|,|dy|—0 { |de||dy|

For Poisson point processes, A (zx,y) = \(x)A(y).
One of the most commonly used summary statistics to assess the second-order
feature of a point process is the pair correlation function, which measures how
likely two points in X are to occur together compared to what would be expected
under the assumption of Poisson point processes, i.e. completely independent.
Suppose that both A and A®) exist, the pair correlation function of a point
process X is defined as
A2 (z,y)
9(z.y) e

provided that A(x)A(y) > 0. Furthermore, if one assumes second-order intensity-
reweighted stationarity (Baddeley, Mgller & Waagepetersen, 2000), (1.6) can be
simplified to g(|j& — y||) which only depends on the distance between x and y.

Another popular statistics for detecting second-order features is the K-
function, also known as Ripley’s reduced second moment function (Ripley, 2012).
It examines the expected number of events within a given distance from any ar-
bitrary point, divided by the intensities. The Ripley’s K-function of an inhomo-
geneous spatial point process X is defined as

(1.6)

K@«):ﬁ@ D —|‘” vll<n)) (L.7)

zceXNByeX,y#x (y)

For spatio-temporal point processes, one needs to separate the distance above in
space and time. In an inhomogeneous version, it takes the form of

Kinhom (’I“, ’U) =

15 D 1([Jw(z) — w(y)|| < [|t(z) — t(y)|] < v) , (1.8)
|B| xeXNB yeX,y#x )\((E))\(y)
where the spatial distance and temporal interval r,v > 0, and @ and y are distinc-
tive points with w(x),w(y) and t(x),t(y) denoting their spatial and temporal
coordinates.

The pair correlation function and Ripley’s K-function play a significant role
in point pattern analysis. First, they can be directly used to assess the second-
order properties of an observed point pattern. Specifically, a pair correlation
function larger than 1 or a spatial Ripley’s K-function larger than 772 indicates
clustering, while the values smaller than one and 7r? suggest dispersion (note
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that, in the spatio-temporal case, 7r? changes to 27r%v). For ease of understand-
ing, an example of clustered, Poisson and repulsive point patterns is displayed
in Figure 1.3. Second, the observed pair correlation function and Ripley’s K-
function from point pattern data, when equipped with inference techniques like
the minimum contrast estimation, can help determine the second-order structure
of a proposed point process model (Waagepetersen & Guan, 2009). Last but not
least, in statistical testing, Monte Carlo simulations can be conducted based on
a fitted model to generate confidence envelopes for the two functions, allowing
for validation of model adequacy (Baddeley, Rubak & Turner, 2015).

Figure 1.3 An example of clustered, Poisson and repulsive spatial point patterns in
the unit window S = [0, 1)%.

1.2 Fire Risk Prediction in the Netherlands

The research in this thesis is motivated by the fire risk prediction practices in
the Netherlands. In recent decades, the Dutch fire and rescue services have in-
creasingly explored the use of business intelligence to optimize their operations.
Key strategy priorities include enhancing public safety, improving financial over-
sight and strengthening risk management. As a first step, substantial efforts have
been devoted to data collection, resulting in an extensive database with detailed
information on fire incidents. The ultimate objective is to use these data to gener-
ate reliable, actionable predictions for formulating better staffing and equipment
arrangements and developing more effective fire prevention measures.

Spatial and spatio-temporal point processes provide a natural framework for
modelling fire data (e.g., Mgller & Diaz-Avalos, 2010; Serra et al., 2014; Koh et
al., 2023), where fire incidents are treated as randomly occurring events, observed
across the space and time of interest. The primary goal of fire prediction is thus
to estimate the intensity function of the underlying point process, which specifies
the fire risk intuitively. Given the critical role of uncertainty quantification in
risk management, establishing confidence intervals for fire risk estimates is also
important. In a prior study, Wendels (2017) demonstrated that different types
of fires exhibit distinct patterns of occurrence, necessitating tailored models to
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accurately capture these phenomena. Moreover, the practical complexity of fire
risk prediction poses significant challenges to the statistical literature on point
process modelling. Through consultations with the firefighters, we identified
three common phenomena in fire data. We describe them below in detail and
will discuss the associated statistical challenges afterwards.

1.2.1 Covariate-based Phenomenon

The risk of certain fires is dominated by environmental factors, which are referred
to as covariates in statistical theory. A typical example are chimney fires, occur-
ring more frequently in residential areas with a larger population and especially
in winter. The reasons are straightforward: the population size determines the
use of chimneys and the cold weather prompts people’s reliance on chimneys for
heating. Beyond these basic factors, other variables can also influence the risk
of chimney fires. For instance, old chimneys made of brick are more susceptible
to fires compared to the new ones constructed from metal. Moreover, modern
buildings are equipped with central heating systems and lack chimneys entirely.
Temporally, certain weather conditions, e.g. fog, can heighten the risk. For such
fire types, analyzing the relationship between fire intensity and related covariates
is essential for accurate risk prediction. To comprehensively assess the impact
of environmental factors, firefighters have compiled a wide range of putative co-
variates according to their experience. Specifically, for chimney fires, 27 putative
explanatory variables are accessible, cf. Chapter 2. However, not all of them are
necessary for effective fire risk modelling. Properly selecting the most important
covariates and utilizing them to build an interpretable, accurate fire prediction
model is crucial for addressing this type of covariate-based phenomenon.

1.2.2 Random Effect Phenomenon

In addition to the covariate information, some fire risks can also be influenced
by random effects, which in statistical theory, account for unexplained spatio-
temporal correlations in point pattern data. For example, School (2018) at-
tempted to predict chimney fire risk by incorporating population and temper-
ature as covariates in a homogeneous Poisson point process model. However,
validation revealed that the purely covariated-based model underestimated fire
occurrences, with residuals exhibiting a clustering phenomenon. To tackle this,
a Gaussian random field was introduced as a random effect to model the spatial
and temporal residuals. In fact, these correlations could be interpreted as ad-
ditional covariates, although relevant data are often unavailable. In the case of
chimney fires, spatial correlations may arise from shared behaviors among neigh-
bours, such as purchasing high-quality chimneys and regularly cleaning them.
Temporally, unexpected storms may also bring short-term dependencies into the
fire risk. While including random effects sometimes improves prediction accuracy
by capturing the ‘hidden’ correlations, they are not always necessary, especially
when sufficient covariates are available. Instead, model underfitting may result
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from insufficiently leveraging the covariate information, underscoring the need to
exploit the use of accessible environmental data.

1.2.3 Hierarchically Clustered Phenomenon

Another common phenomenon in fire data is the clustering pattern in a hierar-
chical structure, which differs from the correlations introduced by random effects
as discussed above because it is driven by certain latent cluster centres. A typical
example of this phenomenon are car arson fires, which are often committed by
a specific group of arsonists around particular activity centres, e.g. frequently
in low-income and low-education neighbourhoods. In addition, according to the
police, arsonists tend to target specific locations and times, such as outside a bar
on a Sunday evening or near a stadium following a football match. For mod-
elling purposes, this clustered phenomenon can be explained in a hierarchical
framework of two layers: the first layer represents the latent activity centres of
arsonists and the second layer involves the observed fire incidents aggregated
from all clusters. Predicting risk for this type of fires requires not only estimat-
ing the occurrences of actual incidents across space and time but also identifying
the underlying arson clusters based on past fire data. By pinpointing the cluster
centres, firefighters, in collaboration with the police, can implement safety mea-
sures more effectively in high-risk areas, as arson fires, being criminal acts, pose
additional challenges compared to accidental fires.

1.3 Research Problems

This thesis explores statistical problems on spatial and spatio-temporal point pro-
cess modelling that arise from the fire risk prediction practices discussed above.
In this section, we present the research problems that will be specifically ad-
dressed in subsequent chapters, by introducing the related background and our
proposed solutions.

1.3.1 Variable Selection in Point Process Modelling

Intensity estimation for point process models based on covariates has been ex-
tensively studied (e.g., Schoenberg, 2005; Waagepetersen, 2008; Guan & Shen,
2010; Guan, Jalilian & Waagepetersen, 2015). The classic approach is to con-
sider a parametric intensity function that models the log-intensity as a linear
combination of available covariates. Although this parametric model is easy to
apply, existing studies worked on point pattern data with only a few covari-
ates. When a larger number of environmental variables is available, directly
incorporating them into the log-linear intensity function becomes problematic.
To select the important variables, some studies relied on manual selection or
simple correlation criteria. Recent research has explored regularized estimation
techniques (Thurman & Zhu, 2014; Yue & Loh, 2015; Choiruddin, Coeurjolly &
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Letué, 2018), however, they typically decided the model structure before fitting
covariates, which may limit the use of covariate information and thus often re-
quires additional modelling of residuals, i.e. with random effects. Moreover, due
to potentially strong correlations among environmental variables, these variable
selection methods can also perform unstably when handling a large number of
putative covariates.

In contrast, machine learning approaches can detect the relationship between
numerous variables and the response variable without prior information on model
structure. Given specialized tools, they can mitigate the impact of correlations
among candidate variables. A well-known technique in this domain is random
forest, which relies on an ensemble of decision trees (Breiman, 2001). Each tree is
trained on a subset of the data and the output is obtained by averaging the pre-
dictions across all trees. To assess the importance of a variable, one can permute
its values over data observations and measure the mean increase of prediction er-
ror over the trees computed on the permuted data versus the original data. While
machine learning methods can capture the complex covariate-response relation-
ships, they are often difficult to interpret and are typically applicable for discrete
data. Aggregating point pattern data into discrete areal unit data, however, can
lead to information loss.

To tackle the variable selection challenge when fitting point pattern data with
a large number of putative covariates, we propose a modelling procedure that
combines the strengths of random forests with the rigorous framework of standard
point process modelling for intensity estimation. We first employ random forests
to identify the most important variables using aggregated areal unit data and
then integrate the selected variables into a point process model to estimate the
intensity based on original point pattern data. This approach is applied to the risk
prediction of chimney fires, which exhibits obvious covariated-based phenomenon
as introduced in Section 1.2.1. Beyond variable selection, the proposed method
retains statistical interpretability, provides theoretical confidence intervals for
intensity estimates, and enables second-order analysis for model validation.

1.3.2 Uncertainty Quantification under the Infill Regime

Uncertainty quantification plays a significant role in establishing comprehensive
statistical inference for point process modelling. In the context of the log-linear
parametric model for intensity estimation, the consistency and asymptotic nor-
mality have been studied for various estimators, including Poisson likelihood es-
timators (Schoenberg, 2005; Waagepetersen, 2008), logistic regression estimators
(Baddeley et al., 2014; Choiruddin, Coeurjolly & Letué, 2018), and the quasi-
likelihood approach (Guan, Jalilian & Waagepetersen, 2015; Xu, Waagepetersen
& Guan, 2019). However, it is worth noting that most of the asymptotic results
were derived under the increasing-domain regime where the observation window
expands. In contrast, the literature focusing on the infill regime, where more
points are observed in a fixed window, is relatively limited.

In chimney fire risk prediction, we opted for logistic regression estimators to
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estimate the intensities of fire patterns. This choice is motivated by its straight-
forward implementation using standard software for generalized linear models
and its effective use of a so-called dummy point process which allows for tun-
ing so as to focus on important regions and times during model fitting. While
the increasing-domain asymptotics can theoretically yield confidence intervals
for fire predictions, the regime is unrealistic in practice. Firefighters point out
that fire patterns often vary considerably from region to region. For example,
chimney fires occurring in T'wente, an eastern region of the Netherlands, exhibit
clear, population-based spatial heterogeneity. In contrast, Amsterdam, the cap-
ital, shows a more stationary phenomenon, characterized by a lower risk due to
the prevalence of newly constructed buildings of flats, hotels and stores where
the use of chimneys is rare. In such scenarios, we obtain independent and iden-
tically distributed point patterns within fixed spatial domains across different
time intervals, which was referred to as an infill asymptotic regime by Ripley
(2012). Investigating the asymptotic properties of the intensity estimators under
this regime is significant to construct reliable confidence intervals particularly for
these cases.

To fill in the theoretical gap of infill asymptotics for intensity estimation in
point process modelling, we derive the results of strong consistency and asymp-
totic normality for logistic regression estimators for the log-linear intensity func-
tion under the infill regime. Compared to related studies, we introduce easy-
to-verify conditions and provide explicit, self-contained proofs. We also propose
consistent estimators for the asymptotic covariance matrix. Furthermore, we ex-
tend the results to other estimators obtained from general unbiased estimating
equations.

1.3.3 Flexible Nonparametric Intensity Estimation

The modelling procedure mentioned in Section 1.3.1 for estimating the inten-
sity function of a point process over a large set of covariates has limitations,
as variable selection and model fitting are performed at different levels of data
aggregation. This separation may lead to inconsistencies because the important
variables identified using areal unit data can differ from those identified based
on point pattern data. In addition, the assumption of the log-linear paramet-
ric model is not always suitable in practice. In a follow-up study to predict
the risk of kitchen fires, which also exhibits covariate-based phenomenon, Van
Leeuwen (2022) applied the same variable selection method as for chimney fires,
using random forests and conditional permutation importance techniques (cf.,
Section 2.7.2). Although key variables have been identified, it is challenging
to formulate a similar, interpretable model structure, as many covariates were
deemed significant. Therefore, it would be valuable to develop a fully integrated
data-driven approach that combines variable selection and intensity estimation
within a unified framework for point process modelling.

To this end, we explore nonparametric intensity estimation for point pro-
cesses using covariates. Existing approaches include kernel intensity estimators
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(e.g., Guan, 2008; Baddeley et al., 2012) and Gaussian Cox process models (e.g.,
Cunningham, Shenoy & Sahani, 2008; Kim, Asami & Toda, 2022). Kernel-based
approaches apply standard kernel smoothing techniques to the covariate space,
achieving computational efficiency but suffering from high local variability. More-
over, they are sensitive to bandwidth selection and are limited to data with no
more than two covariates. Gaussian Cox process approaches model the latent
intensity as a function of a Gaussian process and maximize the posterior prob-
ability function for model estimation. While performing better than kernel in-
tensity estimators, they often require significant computational resources due to
the complexity of approximating the intractable integration of the Gaussian pro-
cess and their performances show a significant deterioration as the dimension of
covariates increases. More recently, neural network-based point process models
have been proposed by the machine learning community to capture the complex
relationships between covariates and the intensity function in point processes
(e.g., Okawa et al., 2019; Zhang, Kong & Zhou, 2023). Although powerful, these
models typically require large data sets with millions of events for predictive
performance. In classic statistics, however, point pattern data are often medium-
sized, comprising hundreds or thousands of events, which emphasizes the need
for an approach adept at handling a higher dimension of covariates when smaller
data sets are available.

To address the challenge of flexibly estimating intensities for medium-sized
point patterns in the presence of a large number of covariates, we build upon the
concept introduced in Section 1.3.1. We propose a tree-based model to estimate
the intensity function of a point process nonparametrically and design the asso-
ciated learning algorithm and validation procedure. We also derive a dynamic
weighted loss function, leveraging the boosting mechanism of XGBoost (Chen &
Guestrin, 2016) over random forests, to improve the estimation efficiency for clus-
tered point pattern data. We validate the superiority of our proposed method
over existing approaches by comparing corresponding performance metrics in
both numerical and real-world data experiments.

1.3.4 Bayesian Inference for Hierarchical Models

The hierarchical clustering model discussed in Section 1.2.3 has been well-studied
in the literature (e.g., Van Lieshout, 1994; Mgller & Waagepetersen, 2004).
Among various structures, the most widely used one is the Neyman-Scott point
process (Neyman & Scott, 1958), where both layers modelling the latent clus-
ter centres and the actually observed events are assumed to be Poisson point
processes. This model structure is quite popular due to the straightforward
probability density of Poisson processes. For inference, frequentist methods
(e.g., Waagepetersen, 2007; Mrkvicka, Muska & Kubecka, 2012; Prokesovd &
Vedel Jensen, 2013) typically employ moment-based estimation, while Bayesian
approaches (e.g., Van Lieshout & Baddeley, 2002; Moller & Waagepetersen,
2004) develop reversible jump Markov chain Monte Carlo algorithms to sam-
ple both state information of cluster centres and model parameters. Although

11



Chapter 1. Introduction

the Neyman-Scott process model is easy to build, it is not always suitable in
real-world applications. First, the Poisson assumption for latent cluster centres
may cause an overestimation of clusters when fitted to real data. Second, the
Poisson assumption on the structure of a cluster is also restricted and may not
adequately capture data complexity. Third, when the clustering evidence in data
observations is weak, classic model fitting procedures can produce unstable and
unreliable estimation results (Baddeley et al., 2022).

In arson fire risk prediction, a repulsive Strauss process (Strauss, 1975) is used
to model cluster centres and a shifted Poisson distribution is assumed to govern
the number of fire incidents in each cluster. These non-Poisson structures lead
to an independent cluster point process, which shares the same framework of the
Neyman-Scott process but allows both layers to be modelled by geneal point pro-
cesses. This flexibility enables the independent cluster process model to introduce
various interactions between cluster centres and accommodates a wide range of
cluster structures, however, increases the difficulty of model inference even when
only small deviations from the Poisson structure are added. For example, Mgller
& Torrisi (2005) derived explicit expressions of the second-order features of a
general independent cluster point process. While the achieved formulas are the-
oretically insightful, they involve intractable high-dimensional integrals, making
them challenging to solve and impractical for parameter estimation.

To solve the inference problem for general independent cluster point process
models, we develop a two-step Bayesian approach. In the first step, we propose
a Markov chain Monte Carlo method to sample the state information of cluster
centres while holding the model parameters fixed. In the second step, we imple-
ment a Monte Carlo expectation-maximization algorithm to iteratively optimize
model parameters, using the sampled states from the first step. Our inference
approach allows for general point processes for both layers within the hierarchical
framework, provided that their probability density functions have an analytical
form with respect to the probability measure of a unit-rate Poisson process on the
same observation window. Notably, compared to frequentist methods, Bayesian
approaches offer the additional advantage of providing the density surface when
estimating the locations of latent cluster centres.

1.4 Outline of the Thesis

The remainder of this thesis is organized as follows:

Chapter 2 presents the combined modelling procedure of machine learning and
point process techniques to estimate intensities of point pattern data, storylined
by the case study on chimney fire risk prediction. This chapter is based on the
following two papers:

Lu, C., Lieshout, M. N. M. van, Graaf, M. de & Viss-
cher, P. (2021).  Chimney fire prediction based on environ-
mental variables. In Proceedings of the 63rd ISI World Statis-
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tics Congress, 288-291. https://www.isi-web.org/publication/
chimney-fire-prediction-based-environmental-variables.

Lu, C., Lieshout, M. N. M. van, Graaf, M. de & Visscher, P. (2023).
Data-driven chimney fire risk prediction using machine learning and
point process tools. Annals of Applied Statistics, 17(4), 3088-3111.
https://doi.org/10.1214/23-A0AS1752.

Chapter 3 derives the theoretical asymptotic properties of logistic regression
and other estimators obtained from general unbiased estimating equations for
intensity estimation for spatio-temporal point processes under the infill regime.
This chapter is based on the preprint:

Lieshout, M. N. M. van & Lu, C. (2022). Infill asymptotics
for logistic regression estimators for spatio-temporal point pro-
cesses.  arXw:2208.12080. https://doi.org/10.48550/arXiv.
2208.12080.

Chapter 4 introduces the model, the learning algorithm and the applications
of the fully data-driven, nonparametric tree-based estimation approach for point
process intensity functions, based on the well-known gradient boosting mecha-
nism, XGBoost. This chapter is based on the following two papers:

Lu, C., Guan, Y., Lieshout M. N. M. van & Xu, G. (2024). XG-
BoostPP: Tree-based estimation of point process intensity functions.
Journal of Computational and Graphical Statistics, tentatively ac-
cepted. https://doi.org/10.48550/arXiv.2401.17966.

Lieshout M. N. M. van & Lu, C. (2024). M.N.M. van Lieshout and
C. Lu’s contribution to the discussion of ‘the Discussion Meeting on
probabilistic and statistical aspects of machine learning’. Journal
of the Royal Statistical Society: Series B (Statistical Methodology),
86(2), 306-307. https://doi.org/10.1093/jrsssb/qkad150.

Chapter 5 proposes the two-step Bayesian inference framework to estimate
general independent cluster point processes and validates the approach on a spe-
cific model structure designed for predicting car arson fire risk. It will also be
submitted as a preprint.

Chapter 6 concludes the thesis and gives directions for future work.
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CHAPTER 2

Data-driven Chimney Fire Risk
Prediction Using Machine Learning and
Point Process Tools

2.1 Introduction

During the last decade, the Dutch fire and rescue services have been developing
an interest in applying business intelligence to improve their strategy of fire pre-
diction and prevention (NVBR, 2010). To prepare for risk reducing measures,
such as essential public awareness campaigns and proper fire staffing and equip-
ment arrangements, accurate predictions are required. In this chapter, we focus
on chimney fires, as they occur frequently, rely heavily on environmental factors
and impact people’s daily life. Collaborating with the Twente Fire Brigade, we
conduct a complete risk prediction study for chimney fires. We define fire risk
prediction as an occurrence modelling problem, analyze underlying patterns and
design appropriate prediction models. Our approach for chimney fire prediction
is general and can be transferred to similar fire patterns.

The literature for fire risk prediction is mostly concerned with wildfires. Over-
all, the prediction approaches can be divided into two categories: machine learn-
ing based approaches (e.g., Rodrigues & De la Riva, 2014; Jain et al., 2020; Malik
et al., 2021) and statistical approaches (e.g., Turner, 2009; Mgller & Diaz-Avalos,
2010; Xu & Schoenberg, 2011). Usually, machine learning based approaches do
not require prior knowledge but can detect the dependence between fire risk and
a large number of environmental variables automatically using specialized learn-
ing algorithms, such as logistic regression (Preisler et al., 2004), support vector
machine (Sakr et al., 2010), decision tree (Stojanova et al., 2012), random for-
est (Rodrigues & De la Riva, 2014) and neural network (Satir, Berberoglu &
Donmez, 2016). Most machine learning algorithms are applicable for discrete
data, whereas hazard maps of fire risk are continuous. Moreover, fire occur-
rences are usually recorded as spatio-temporal point patterns. To resolve such
discrepancies, certain studies (e.g., Sakr et al., 2010; Stojanova et al., 2012; Satir,
Berberoglu & Donmez, 2016) discretized fire incidents into areal unit data and
transformed risk prediction from an occurrence modelling problem to a risk scale
classification problem, i.e. labelling different amounts of fires to corresponding
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risk scales. However, doing so may result in a loss of information. In addition,
machine learning approaches often require relatively large amounts of data to
obtain a satisfactory performance and, due to their ‘black box’ behaviour, it is
difficult to interpret the influence of an explanatory variable on fire risk in terms
that are meaningful for practical implementation for fire services.

In contrast, statistical approaches enable to learn spatio-temporal point pat-
terns directly. Moreover, they are interpretable based on specific, parametric,
mathematical models and allow for theoretical confidence intervals. For instance,
Hering, Bell and Genton (2009) and Costafreda-Aumedes, Comas & Vega-Garcia
(2016) used the K-function to analyze clustering patterns of wildfire data. Man-
dallaz & Ye (2011) and Boubeta et al. (2015) employed Poisson structures to gen-
erate hazard maps of fire occurrences. Mgller & Diaz-Avalos (2010) considered
spatial and temporal explanatory variables in a shot-noise Cox process and fitted
it with minimum contrast techniques. Pereira et al. (2013) and Serra et al. (2014)
modelled fire occurrences using log-Gaussian Cox processes, which were partic-
ularly designed to simulate latent phenomena. Recently, a Bayesian framework
was developed and suggested to improve fire prediction (Verdoy, 2019). Pimont
et al. (2020) also employed a log-Gaussian Cox process model to predict wildfires
but established Bayesian inference for model components using integrated nested
Laplace approximation (Rue, Martino & Chopin, 2009). Koh et al. (2023) de-
veloped a joint hierarchical model framework by combining extreme-value theory
and point processes and studied summer wildfire data for the French Mediter-
ranean basin. For chimney fires, School (2018) proposed a log-Gaussian Cox pro-
cess model to predict the risk based on explanatory variables selected by Pearson
correlation coefficients and random effects simulated by Gaussian random fields.
Most statistical studies (e.g., Mgller & Diaz-Avalos, 2010; Pereira et al., 2013)
first determined their model structures and selected and fitted explanatory vari-
ables afterwards. This procedure does not fully exploit information contained in
variables and sometimes requires complex modelling of residuals. In addition, the
selection of explanatory variables is conducted either manually (Turner, 2009) or
using basic statistical methods (Yang et al., 2015; School, 2018). Some studies
(Thurman & Zhu, 2014; Yue & Loh, 2015; Choiruddin, Coeurjolly & Letué, 2018)
applied regularized penalty functions in the estimation of point processes for vari-
able selection. However, a parametric form of the intensity function including all
variables needs to be specified in advance.

To conduct a data-driven fire risk prediction study, we combine machine learn-
ing and point process tools in our modelling procedure to leverage the advantages
of both types of approaches. Specifically, we use the permutation importance
techniques of random forests to select important variables, as they are recom-
mended as relatively accurate machine learning methods for fire prediction (Ro-
drigues & De la Riva, 2014). In a pilot study, cf. Section 2.4.6, we designed a
generalized linear Poisson model based on the selected variables and fitted it on
areal unit data to predict the chimney fire risk in Twente. In this chapter, we
complete the theoretical background and implementation details for the variable
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selection part and refine the areal unit model to a spatio-temporal Poisson point
process model. Since point patterns (cf., Figure 2.1 (right)) are targeted directly,
the new model does not depend on the scale of the areal units, leads to a con-
tinuous hazard map for fire prediction and enables more detailed data analyses,
such as point interaction tests.

Specifically, our contributions are as discussed below. First, we propose a
modelling procedure for fire prediction, which is fully data-driven and, mean-
while, allows for model interpretability: (i) we use machine learning algorithms
in a supporting role to select explanatory variables for fire risk nonparametrically,
so that variable information can be exploited; (ii) we adhere to a statistical Pois-
son point process model for fire occurrences with parametric structures designed
on the selected explanatory variables, so that complete model inference can be
conducted. Second, in the fitting of the point process model, we efficiently esti-
mate the parameters using logistic regression estimation (Baddeley et al., 2014)
by tuning it to focus on important parts in space and time and provide theoretical
confidence intervals.

The remainder of this chapter is organized as follows. Section 2.2 introduces
the chimney fire data and some data pre-processing steps. Section 2.3 elaborates
on the selection of important variables. In Section 2.4, we motivate and fit a
Poisson point process model and compare it to the areal unit model proposed in
the pilot study. Section 2.5 tests for point interactions in the fire data and vali-
dates the Poisson model assumption of absence of such interactions. Section 2.6
reviews our modelling procedure and explores the role of the dummy intensity
in logistic regression estimation. In Section 2.7, we present extended applica-
tions of our approach to other fire prediction case studies. Section 2.8 provides
a summary and some ideas on future work.

2.2 Data

In this section, we introduce the chimney fire data, the relevant environmental
variables and the data pre-processing operations.

2.2.1 Chimney Fires and Environmental Variables

Collaborating with the Twente Fire Brigade, we collected the data of all reported
chimney fire incidents occurring between January 1, 2004 and December 31, 2020,
in the Twente region, in the eastern part of the Netherlands (map shown in
Figure 2.1 (left)). After a manual check to remove obvious mistakes, the data
set consists of 1759 incidents. Each incident is reported individually with its ID
number, location, time and a brief description of the circumstances of the fire
and rescue processes. Locations are documented using Dutch RD coordinates
in the unit of metre, while time is recorded in the unit of day to match the
weather data. The spatial and temporal projections are plotted, respectively, in
Figure 2.1 (right) and Figure 2.2. It is clearly visible in Figure 2.1(right) that
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the spatial distribution of chimney fires is heterogeneous in the sense that most
incidents occur in urban areas, especially in cities with a higher population such
as Almelo, Hengelo and Enschede (cf., Figure 2.1(left)). Apparent clustering
may also arise, because neighbouring buildings tend to have identical chimney
types. Moreover, locations neighbouring in space and time share similar weather
conditions. In Figure 2.2, the temporal distribution of chimney fires is periodic:
chimney fires occur more frequently in winter than in summer.

Figure 2.1 Map of Twente municipalities (left) and spatial projection of the chimney
fire incidents during 2004-2020 (right).
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Figure 2.2 Temporal projection (monthly counts) of the chimney fire incidents during
2004-2020.

According to the experts from the Twente Fire Brigade, various environmental
factors may influence the risk of chimney fires. Spatially, building types, popu-
lation density and compositions and urbanity degrees in an area may determine
the baseline fire risk. Temporally, season and weather conditions influence the
risk as well. Other factors, such as fueling sources, chimney types and dominant
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human causes, may also affect it, however, their information is not accessible.
Table 2.1 lists 27 putative explanatory variables with specific abbreviations, de-
scriptions and sources. Among them, population and urbanity information are
recorded over 6291 pre-defined 500m x 500m area boxes in Twente, whereas
building information contains the precise locations, ages and functions of houses.
Temporal data comes in the form of daily weather observations from the weather
station (Twenthe) at Twente airport. To assess the influence of small variations
in weather among different parts of the Twente region, we also collected the data
from two neighbouring weather stations (Heino and Hupsel) outside Twente for
analysis. Their locations can be found on https://www.knmi.nl.

2.2.2 Data Pre-processing

To unify the data to be used in our modelling procedure, we perform several data
pre-processing operations on environmental variables.

First, we further extract building information at the level of living units, as
it may reflect the geographical information of chimneys in a more representative
way. For instance, two families living in one semi-detached house actually use
their individual chimneys. Second, some spatial variables (i.e., population and
urbanity information) consist of a list of historical data, whereas others (i.e.,
building information) are only accessed in a single actual value. To enable similar
treatment of the data, we use averaged values over the time period of interest
for those variables consisting of a list of historical data, so that for all spatial
variables, a single value is accessible. Moreover, we only consider the buildings
that are currently in use and assume that buildings keep their functions and types
during the time period of interest. Observing that the age and type information of
some buildings are missing, we assign them the label ‘extra’ during the counting
process. Finally, we exclude the fire incidents and weather data on the leap days
in the leap years, while in future fire risk prediction, we will use the prediction of
February 28 to compensate for the missing prediction of the leap day, February 29.

In addition, particularly for the point process modelling phase in Section 2.4,
in order to obtain the data that records spatial variables for every location in
Twente (i.e., density maps) from either areal unit data (i.e., population and ur-
banity information) or data with precise coordinates (i.e., building information),
we employ kernel smoothing. For temporal variables, we assume that their val-
ues at different times of a day remain invariant and equal to daily mean values.
Recalling Table 2.1, we then introduce the following notation for environmental
variables:

e V, ;(w): the smoothed value of the i-th spatial variable at location w,

o V. :(t): the assigned value of the i-th temporal variable at time ¢,
where (w,t) denotes any location and time combination in the spatio-temporal
domain.

It is worth noting that ‘Urbanity’ is a categorical variable, where the urban-
ity of a neighbourhood is evaluated into levels varying from 1 to 5 (urban-not
urban), thus will be treated as numerical in random forests. ‘Visibility’ is also
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Table 2.1 Putative explanatory variables, with their abbreviations, descriptions and
sources. o: spatial variables, 7: temporal variables. V, 1—V; 11 are collected from NIPV:
Nederlands Instituut Publieke Veiligheid; Vg 12—V4 22 are collected from CBS: Centraal
Bureau voor de Statistiek; V;1-V: 5 are collected from KNMI: Koninklijk Nederlands
Meteorologisch Instituut.

Variable Abbrev Description

Vo1 House The total number of houses

Vo2 House_indu The number of houses with an industrial function

Vo3 House_hotl The number of houses with a hotel function

Vo4 House_resi The number of houses with a residential function

Vo5 House_20 The number of houses constructed before 1920

Vo6 House_2045 The number of houses constructed between 1920 and 1945
Vo7 House_4570 The number of houses constructed between 1945 and 1970
Vo8 House_7080 The number of houses constructed between 1970 and 1980
Vo9 House_8090 The number of houses constructed between 1980 and 1990
V.10 House_90 The number of houses constructed after 1990

Vo1 House_frsd The number of free standing (detached or semi-detached) houses
Vo,12 Resid The total number of residents

Vs,13 Resid_14 The number of residents with an age in the range of 0 till 14
Vo,14 Resid_1524 The number of residents with an age in the range of 15 till 24
Vo,15 Resid_2544 The number of residents with an age in the range of 25 till 44
Vo,16 Resid_4564 The number of residents with an age in the range of 45 till 64
Vo,17 Resid_65 The number of residents with an age of 65 or higher

Vo,18 Man The number of male residents

Vo,19 ‘Woman The number of female residents

V.20 Address The number of addresses in the neighbourhood

Vo,21 Urbanity The urbanity of the neighbourhood

Vis,22 Town Boolean variable indicating the presence of a town

Via WindSpeed Daily mean wind speed (km/h)

Vo Temperature  Daily mean temperature (°C)

Vi3 WindChill Daily mean wind chill (°C) (calculated from V7 1, V7 2)

Vra Sunshine Daily sunshine duration (h)

Vis Visibility Daily minimum visibility

a categorical variable, where the minimum visibility distances (0—oco km) are de-
fined to levels varying from 1 to 80, thus will be treated as numerical in random
forests as well.

2.3 Selection of Explanatory Variables

Obviously, not all environmental variables listed in Table 2.1 are required to
model the risk of chimney fires and some of them are mutually dependent.
To select the most informative ones, we perform a nonparametric variable
importance analysis using the permutation importance techniques of random
forests (Breiman, 2001). For completeness, we elaborate here on both the theo-
retical background and implementation details.
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2.3.1 Random Forests and Permutation Importance

Random forests (Breiman, 2001) are widely used as robust classification and re-
gression methods in many applications, such as risk prediction (Wongvibulsin,
Wu & Zeger, 2019) and data mining (Schonlau & Zou, 2020). A random forest is
usually composed of hundreds or thousands of decision trees, where each tree is
generated on a sampled subset of the data by repeated bagging (i.e., bootstrap
sampling with replacement) and trained to fit explanatory variables to the re-
sponse variable. Afterwards, a combined result over all trees will be reported as
the final output. In addition, random forests can also be used to assess the im-
portance of a variable by means of permutation importance techniques (Breiman,
2001; Strobl & Zeileis, 2008; Altmann et al., 2010). Through randomly permut-
ing the values of a variable over the observations, the importance of a variable is
defined as the mean increase of prediction error over all trees computed on the
permuted data compared to that computed on the original data.

More formally, consider a regression problem on a dataset D with n observa-
tions. Suppose that, for each observation in D, there are m explanatory variables.
Let 2] and y;, with ¢ = 1,...,n and j = 1, ..., m, denote the j-th explanatory vari-
able and the response variable, respectively, for the i-th observation; x; is the
vector that collects all 27. The construction of a random forest consists of the
generation of E decision trees. To generate a tree e, a subset of D, denoted as
B(e), is sampled by bagging. At each node of the tree, a number of explanatory
variables are selected randomly from all variables as the candidates. Then, one
of the candidates, say 7, is used to split the node into two subsets, B (e) and
Br(e) (e.g., for a numerical 27, Br(e) = {(zi,y;) : ¥] < ¢;(x;,y;) € Ble)} and
Br(e) = {(zi,yi) : ) > ¢; (z4,5:) € B(e)}), in such a way that the residual sum
of squares

Z [vi - gBL(e)]Q + Z lyi — ?BR(e)]Z (2.1)

(xi,yi)EBL(e) (zi,y:)EBR(e)

is minimized. Here, ¥z, (o) and §p,(.) denote the mean of the response variables
in corresponding subsets. Such a node splitting procedure is continued until tree
e satisfies certain preconditions, e.g. reaching the maximum number of levels of a
tree. Similar tree generation processes are employed to construct all other trees in
the forest. To measure the importance of an explanatory variable, again say z7,
in tree e, we randomly permute its values over the out-of-bag observations of the
tree, denoted as OB(e) (i.e., OB(e) = D\ B(e)). Write 7; for the permutation.
The value of the j-th explanatory variable for the response y; for an observation
(@i, y;) then changes from z? to zﬁrj(l.) with (x;,y;) € OB(e), while the values of
other explanatory variables are left unchanged. Thus, the increase of prediction
error is

J. o\ — (yi_@\ivﬂj)Q (%’*%)2
I = 2 Seel . 2 Cose Y

(wi,yi)eoB(e) (mi7yi)608(e)
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where 7; denotes the prediction in tree e for observation (x;,y;) using original
explanatory variables, ¥; », denotes the corresponding prediction but using ex-
planatory variables with the j-th variable permuted and |OB(e)| denotes the
number of out-of-bag observations for the tree. Finally, the mean increase of the
prediction error over all trees, > I (27;e)/E, is used to illustrate the importance
of the j-th variable, 27, in the forest.

In practice, the original construction algorithms of random forests tend to bias
the variable selection at tree nodes to factorial variables with many categories
or continuous variables with many cut points. Moreover, traditional permuta-
tion importance techniques can sometimes be misled by correlated explanatory
variables. To address these problems, unbiased random forests (Hothorn, Hornik
& Zeileis, 2006; Strobl et al., 2007) and conditional permutation importance
techniques (Strobl et al., 2008) were proposed based on a conditional inference
framework of recursive partitioning. Compared to earlier methods, the idea is to
partition the variable space in order to obtain groups of observations with similar
association patterns instead of groups of observations with merely similar values
of the response variable. For instance, to measure the importance of variable
27 under conditional permutation in tree e, the set of out-of-bag observations,
OB(e), is first partitioned into a grid where each block shares the same informa-
tion on the remaining variables, «\ 27. Then, the same permutation operation as
introduced above is applied to each block and the increase of the prediction error
is computed and summed up over all blocks to illustrate the importance of 7.
With significant increments and optimizations, the random forest approach has
been very useful to measure variable importance nonparametrically considering
variable dependence (Strobl, Hothorn & Zeileis, 2009).

Note that the notation used in this section is only valid here to explain random
forests and permutation importance techniques statistically.

2.3.2 Variable Importance Analysis

To measure the importance of spatial and temporal variables, we implement
separated experiments in space and time on areal unit data (cf., Section 2.4.6).
The reason for this is that, in the original data, spatial variables are available as
a single actual value for every area box while temporal variables are available as
historical time series.

Specifically, for spatial variables, we group the incidents by the 6291 pre-
defined 500m x 500m area boxes and merge them into a large data frame con-
sisting of 6291 rows and 23 columns. Each row indicates an area box and the 23
columns refer to the number of incidents occurring in that box (response vari-
able) as well as the values of 22 spatial environmental variables. We find that
some boundary area boxes lie only partially in Twente. However, the population
statistics for such boxes do not distinguish between Twente and the neighbour-
ing regions. To avoid bias, we filter out the data of these boundary boxes in
our variable importance analysis. For temporal variables, we group the incidents
in 6205 days and merge them into a data frame consisting of 6205 rows and 6
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columns. Each row indicates a specific day and the 6 columns refer to the number
of incidents on that day (response variable) as well as the values of 5 temporal
environmental variables.

In the analysis, we construct two unbiased random forests of 2000 trees to fit
spatial and temporal variables to the number of incidents in corresponding data
tables respectively and set the proportion of the number of input variables that
are randomly sampled as the candidates at a tree node to approximately 1/3 (i.e.,
spatial: 7 candidates, temporal: 2 candidates). Considering high correlations
between certain variables (e.g., population and urbanity information), we use
conditional permutation importance techniques (Strobl et al., 2008) instead of
the traditional ones (Breiman, 2001) to suppress the importance scores biasing
towards correlated variables. Our implementation of variable importance analysis
is based on the R-package party (Hothorn et al., 2006; Strobl et al., 2007). We
use the method proposed in Debeer & Strobl (2020) to compute the conditional
permutation importance, which provides a faster computation and shows more
stable results than the original implementation (Strobl et al., 2008).

The variable importance results under conditional permutation for spatial
and temporal variables are plotted in Figure 2.3 and Figure 2.4, respectively.
Note that the importance scores for spatial and temporal variables are not com-
parable, as the two random forests are fitted on spatial and temporal variables,
separately. For comparison, we also plot the results under traditional permuta-
tion. In all plots, the y-axis refers to the increase of the squared prediction error
when traditional or conditional permutation on a variable is applied. A large in-
crease indicates that the variable is very important for correct predictions, while
a decrease indicates that the variable has no influence on or even hampers the
prediction. If we compare the results under traditional and conditional permuta-
tion, we see that the bias caused by correlated variables is suppressed well. For
instance, the number of residents aged between 45 and 64 and the total number
of residents have the largest importance scores under traditional permutation,
with the number of free standing houses coming third. However, the latter has
the highest variable importance score under conditional permutation. A possible
explanation could be that free standing houses are mostly occupied by families
whose adult members are aged between 45 and 64, which implies a strong positive
correlation among all three categories. Moreover, other age groups such as the
elderly or families with young children may be less inclined to use their chimneys.
The importance scores of the two variables concerning residents decrease a lot
under conditional permutation. Similar observations hold for temporal variables
as well. Both wind chill and temperature obtain high importance scores under
traditional permutation although they are correlated. Conditional permutation
detects the underlying correlation and suppresses temperature, as wind chill is
defined in terms of both temperature and wind speed information. However,
since wind speed still obtains a relatively large importance score even under con-
ditional permutation, we will further consider it in the modelling phase. The
additional analysis to assess the influence of small weather variations among dif-
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ferent parts in Twente indicates that these variations can be ignored (detailed
results are provided in Appendix 2.9).
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Figure 2.3 Importance obtained for spatial variables using traditional (left) and con-
ditional (right) permutation techniques.
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Figure 2.4 Importance obtained for temporal variables using traditional (left) and

conditional (right) permutation techniques.

Overall, according to the variable importance under conditional permutation,
the number of buildings constructed between 1920 and 1945 and the number
of free standing houses are the most important spatial variables, and wind chill
and wind speed are the most important temporal variables. The results could
have the following explanations: (i) most free standing houses contain chimneys
whereas other types do not; (ii) chimney pipes in old buildings tend to be made of
brick rather than metal, which increases the risk to catch fires; (iii) strong wind
can fuel a fire; (iv) wind chill reflects people feeling cold thus inducing them to
use their fires and chimneys.
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2.4. Poisson Point Process Model

2.4 Poisson Point Process Model

In this section, we develop a spatio-temporal point process model for chimney
fire prediction. First, we discuss the motivation for a nested model structure
based on the selected variables from Section 2.3. Second, we define a Poisson
point process model using this structure. Afterwards, we present model fitting
and selection procedures and propose theoretical confidence intervals for both
model parameters and predicted fire intensities. Finally, we compare the point
process model to the areal unit model developed in our pilot study and illustrate
the former’s advantages.

2.4.1 Model Motivation

In preparation for an appropriate model structure for chimney fire prediction,
we perform a preliminary investigation on the relations between the selected
explanatory variables and chimney fire occurrences using areal unit data.

Recalling the selected variables in Section 2.3, we divide the houses in T'wente
into four house types depending on their ages (i.e., whether they have been
constructed between 1920 and 1945 or not) and on whether they are free standing
or not and plot the monthly intensities of chimney fires per house for different
house types separately. Figure 2.5 shows that, generally, chimney fire occurrences
in all house types are periodic, with incidents concentrated in the colder seasons.
However, different house types run different risks of chimney fires: the intensities
for old houses (i.e., House 2045) and free standing houses are higher than others.
Moreover, note that the patterns are not perfectly periodic; the amplitudes of
the peaks vary per year. To model such varying patterns, we need to take wind
chill and wind speed into account.
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Figure 2.5 Monthly intensities of chimney fires per house for different house types
during 2004-2020.
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In addition, we plot the numerical relations between chimney fire occurrences
and the number of houses of different types in Figure 2.6. To approximate the
underlying trends in the scatter plots, we apply the locally estimated scatter
plot smoothing method (Cleveland, Grosse & Shyu, 1992) and plot the estimated
trends. It is interesting to find that, for each house type, chimney fire occurrences
increase approximately linearly in the number of houses of that type. However,
this observation only holds when the number of houses is not very large. If it is
too large, the number of chimney fires tends to a saturated value.

2

0 0
0 100 200 300 400 0 500 1000 1500

Figure 2.6 Numerical relations between chimney fire occurrences (y-axis) and the
number of houses of different types (x-axis). The blue curves are the estimated trends
using the locally estimated scatterplot smoothing method with parameter span = 1.
The 95% envelopes are also included to show the confidence of such estimates.

To summarize, we draw the following conclusions: (i) chimneys in different
house types catch fires at a type-dependent rate, and the rate is influenced by
both seasonal information and temporal explanatory variables; (ii) chimney fire
occurrences in the houses of a specific type are approximately proportional to
the number of houses of that type.

2.4.2 Model Structure

Based on the motivation above, we design a nested Poisson model structure for
chimney fire risk prediction. A model using this structure for fitting areal unit
data will be introduced in Section 2.4.6. Here, we construct a point process
model which considers the same structure but learns point patterns (cf., Fig-
ure 2.1(right)) directly. We assume that the explanatory variables for the areal
unit model and the point process model are identical.

Suppose that each house catches chimney fires independently at a type-
dependent rate that varies in time. Under this assumption, the fire predic-
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tion model is a spatio-temporal Poisson point process defined on the Twente
region and the period 2004-2020 with an intensity function of the form \(w,t) =
> ok Me(w, t), where A\(w, t) indicates the overall fire risk at location w at time ¢
and A\g(w,t) indicates the risk at location w at time ¢ for the houses of type k.
Furthermore, we define \g(w,t) = hy(w)dr(t), where hy(w) indicates the den-
sity of house type k at location w and ¢4 (t) indicates the risk for a house of that
type at time ¢. Such a structure reflects the conclusions reached in Section 2.4.1,
although it relies on the condition that the density of houses at a location is not
too large (cf., Figure 2.6).

More formally, our nested Poisson point process model is defined by its in-
tensity function

4 4
Aw, 1) = 37 (e, 0) = 3 I (w) (), (23)
k=1

k=1

The density maps of houses of four types, hi(w), as shown in Figure 2.7, are
derived from corresponding building information (i.e. V;(u) and V; 11 () in Ta-
ble 2.1), by smoothing using Gaussian kernels with a standard deviation of 1000
metres. This standard derivation is suggested by the experts from the Twente
Fire Brigade, considering the distance between cities in Twente. Moreover, since
both seasonal information and temporal variables, wind speed and wind chill (i.e.
V;1(t) and V; 3(t) in Table 2.1) are taken into account, we propose a temporal
intensity function ¢ (t) for houses of type k of the form

¢r(t) = exp [Harmonic(; og,1) + Polynom(V; 1 (¢); ok 2)+
Polynom(V; 5(t); ox,3) + Polynom(V; 1 (t)V;.3(t); 0k.4)] »

)

(2.4)

where a harmonic function (cosine and sine functions) with order oy, ; is employed
to model seasonal variations and two polynomial functions with order oy and
o3 are used to model information of wind speed and wind chill. In addition,
we employ another polynomial function of V; 1 (¢)V; 3(¢) with order o 4 to allow
for interactions between wind speed and wind chill. The exponential function is
applied to guarantee that the intensity function stays positive. For purposes of
parametric representation, the temporal intensity function ¢ (t) can also be de-
scribed as ¢ (t; 0 ), where 8}, indicates the vector of coefficients in the harmonic
and polynomial functions for house type k. Accordingly, A\x(w,t) = A\ (w, t; 0%).

2.4.3 Model Fitting

In principle, we could apply maximum likelihood estimation here to maximize
the log-likelihood function of our Poisson point process model which reads

4
> Zlog)\k(wk;ek)—/ / Ae(w, t; 0 )dwdt |, (2.5)
k=1 Twente J Year 2004-2020

Tk
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Figure 2.7 Density maps of houses of four types. The unit in all plots is metre 2.
Note that the intensity bars have different scales.

where xj denotes combinations of location and time and runs through chimney
fire incidents occurring in houses of type k. However, since we have a continuous
space-time domain, the integral in the log-likelihood function must be approx-
imated numerically, e.g. using quadrature points (Baddeley & Turner, 2000).
In our case, the number of quadrature points would have to be rather large,
thus, we prefer to use logistic regression estimation (Baddeley et al., 2014) to fit
the Poisson point process model, where we can freely adjust the distribution of
quadrature points.

The idea behind the logistic regression estimation approach is the well-known
Campbell-Mecke theorem (see, e.g., Daley & Vere-Jones, 2009). Consider a point
process X that is defined on a space-time domain W x T C R? x R with inten-
sity function A(w,t). For any vector of real-valued non-negative or integrable
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functions f(w,t) defined on W x T, the Campbell-Mecke theorem reads

Flw, )\ (w, t)dwdt, (2.6)
ol =,

where = runs through the points of X. Suppose that the intensity function A
is parametric and depends on a parameter vector €, thus can be described as
A(w, t;0). One may estimate both sides of the Campbell-Mecke theorem and
then equate them to obtain estimating equations for 6.

The logistic regression estimation approach is based on the components of the
vector function

E

zGX

0 Mw, t;0)

00 AMw,t;0) + p(w, t)

 plw, )/ \(w, :6)
ANw, t;0) + p(w, t)

F(w,t) = ;- log

(2.7)

VA(w,t;0),

where VA(w, t; @) denotes the gradient of A\(w, t; @) with respect to 6 and p(w, t)
is a positive-valued function defined on W x T. Here, one needs to assume that
A > 0. To estimate the integral in (2.6) with f(w,t) defined in (2.7), one can use
a ‘dummy’ point process D on W x T that is independent of X and has intensity
function p(w,t). Applying the Campbell-Mecke theorem (2.6) to D, one has

! p(w,t)VA(w, t;0)
E a;)/\(w;ﬁ)wLp() ] // (w,£:0) + p(w, t)dwdt. (2.8)

Having obtained unbiased estimators for both left and right hand side of equation
(2.6) with f(w,t) given by (2.7), one can plug them in to obtain the estimating
equation. It solves

x)/A(z; 6) .
s(X,D;0) Z)\wO—i-p )V/\(w,e) »
2.9

wae )+ p(x) VA(@;6) =0

over the parameter 6. Note that the subscript @ in the two sums runs through
the points of X and D, respectively. It is interesting to observe that (2.9) is
precisely the derivative of a logistic log-likelihood function

L(X,D;8) w;l {W] Zlog[ Jr)p(m)} (2.10)

In this way, the fitting of a Poisson point process model can be transformed into
a maximum likelihood estimation problem of logistic regression. It can be easily
implemented based on the R-package stats (Venables & Ripley, 2002) and treated
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as the fitting of generalized linear models with a logit link function. Since the log-
likelihood function is concave, the existence and uniqueness of parameter 8 that
maximizes the log-likelihood are guaranteed under certain conditions (Silvapulle,
1981).

It is worth noting that the point process model itself is not a logistic model,
only the estimation takes the form of logistic regression.

2.4.4 Modelling Chimney Fire Data

As introduced above, we use logistic regression estimation to fit the intensity
functions of our four house types separately. Consider (2.4) for fixed k and
write 0} as above for the vector of coefficients in the harmonic and polynomial
functions. Also, consider the chimney fires occurring in houses of type k as a
point process X with intensity function Ag(w,t;6y). Denote the corresponding
dummy point process by Dy with intensity function pg(w,t). Assuming that we
have p parameters in 6y, the estimating equations then read

(5 01)zi(x)
Si Xk,Dk;Bk E E =0 (2.11
( o )\k (z; Ok —I—pk oD Ak (x5 0)) + pr(x) (2.11)
with p = 1,...,m, where z;(x) denotes the i-th temporal covariate (i.e., the

harmonic components, wind speed and wind chill terms with different orders and
the interaction terms of wind chill and wind speed in (2.4)) at point .

To estimate the parameters in 8y, we perform a three-step implementation.
First, we specify the intensity function py(w,t) of the dummy point process Dj.
Note that the role of the dummy point process is to approximate the integral in
the Campbell-Mecke theorem (2.6) by (2.8). In order to efficiently estimate the
parameters, we need to put more dummy points in the regions and times with
a relatively high number of fire occurrences so that the approximation of the
integral in those parts can be more accurate. Considering that, spatially, most
chimney fires occur in urban areas, and that temporally, there are more chimney
fires in winter than in summer, specifically, we use the density map of houses
of the given type k (cf., Figure 2.7) to distinguish urban areas from rural areas
and employ a sine function to assign higher pg(w,t) to cold seasons to comply
with the observations in Figure 2.2. Thus, the intensity function py(w,t) of Dy
is given by

p(w, t) = ryhy(w) {0.5 10.25 [Sin (326”515 1 ;T) n 1} } 7 (2.12)

where 7y is a multiplication factor used to ensure that pg(w,t) is at least four
times A (w, t; 0)) as suggested in Baddeley et al. (2014) and hy (w) is the density
of houses of type k at location w. Specifically, we set r;’s to 60, 20, 20 and 8
for the four house types, respectively. Second, we generate a realization from
the dummy point process Dy, using the R-package spatstat (Baddeley, Rubak &
Turner, 2015). Thirdly, based on the observation of X; and the realization of
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the dummy point process Dy, we use the R-package stats (Venables & Ripley,
2002) to estimate model parameters 0. In addition, in order to determine the
optimal function orders, oy 1, 0 2, Ok 3, Ok,4, in (2.4) simultaneously, we apply a
grid search to select the combination that yields the smallest Akaike information
criterion (Choiruddin, Coeurjolly & Waagepetersen, 2020) given a set of ranges
—op1: 14, op 2 1-5, o 30 1-5, opa: 1-5 — for them. Considering that wind
chill already contains some information of wind speed, we also perform likelihood
ratio tests over the best models with and without wind speed and the interaction
terms.

We separate the fire data into two sets: the data on the period 2004-2019
and the data on the year 2020, for fitting and predicting purposes, respectively.
Performing the model selection introduced above on the data over 2004-2019, we
obtain the models for each of the four house types. We find that wind chill alone
is mostly sufficient to obtain accurate risk predictions, except for house type
4, where including the interaction terms provides a better fitting performance.
Finally, the temporal intensity functions obtained for the four house types read
as follows:

2w
¢1(t;01) = exp {91 1+ 61,2 cos (365 ) + 61 3sin (365t)

+0 +0 +0 bm,
1,4 €08 365 1580 365 1605 | 365

(2.13)
+ 61 7sin i + 61 g cos Sit + 601 g sin S—Wt
v 365" L8 365 1o 65
+ 01,10V 3(t) + 91,11VT273(15)} ,
D2(t;02) = e 05 1 + 05 5 cos + 05 3sin 2—7Tt
2) = €Xp |b2,1 2,2 365 2,3 365
47 47 67
+ 03 4 cos <365 > + 03 5sin (365 > + 05,6 cos <365t>
(2.14)

61
+ 0o 7 sin (365 ) + 02,8V73(t) + 92,9‘/72,3@)

+ 0210V, 5(t) + 92711VT4,3(15)} ;

27 . 21
#3(t;03) = exp {93 1+ 03,2 cos <365 > + 63 3 sin (365t)
Ar am 67
v 2.1
+‘934COS<365 >+935SID(365 >+936cos(365t> (2.15)

6m
+ 93 7 sin (365 ) + 93,8V7,3(t):| ,
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2m . 2w
d4(t;04) = exp [94 1+ 642 cos (365 ) + 04.3sin (365t>
+0 ) ve AT Ly 6,
4,4 COS 365 4,5 sin 365 4,6 CcOs 365

6 8 [ 8x (2.16)
+04751n (365 > +948605 (365 > +94gbln (365t>

+ 0410V 3(t) + 0211 V25(1)

+ 94,12‘/5:3(15) + 0413V 1 (8) Ve s (t)] .

We provide the estimates of all model parameters (i.e., 8’s) in Table 2.2.
Moreover, we plot the spatial and temporal predictions and the actual realizations
for the year 2020 in Figure 2.8(top). The spatial realization is smoothed by
Gaussian kernels with a standard deviation of 1000 metres.

Table 2.2 Parameter estimates for the Poisson point process model defined by the
intensity functions of (2.13)—(2.16) and their 95% confidence intervals (CI). The ‘e’
denotes a base of 10.

Parameter Estimate (CI) Parameter Estimate (CI)

01,1 -1.22e1(+3.82¢-1) 01,2 -2.78¢-1(+ 4.81e-1)
01,3 -1.44e-1(% 2.84e-1) 01,4 -1.63e-1(+£ 2.64e-1)
01,5 7.99¢e-2(+ 3.04e-1) 01,6 -9.21e-3(+ 2.49¢-1)
01,7 -2.33e-2(+ 2.62e-1) 01,8 3.05e-1(+£ 2.19e-1)
01,9 1.59e-2(4 2.20e-1) 01,10 -7.42e-2(+ 3.56e-2)
01,11 -6.12e-3(+ 3.31e-3) 021 -1.30el(+ 2.31e-1)
02,2 6.40e-2(+ 2.74e-1) 02,3 1.42e-2(+ 1.56e-1)
02 4 -3.14e-2(+ 1.64e-1) 025 1.69e-1(+ 1.60e-1)
02,6 1.48e-1(+ 1.24e-1) 02,7 -4.54e-2(+ 1.27e-1)
028 -6.81e-2(+ 2.64e-2) 029 2.33e-3(+ 3.65e-3)
02,10 -8.50e-6(+ 2.47e-4) 02,11 -2.76e-5(+£ 1.93e-5)
03,1 -1.43e1(+ 9.48e-1) 03,2 1.57e0(+ 1.60e0)

03,3 2.25e-1(+£ 6.00e-1) 03,4 -1.19e0(=% 1.09€0)
93,5 -3.19e- 1(:|: 7.20e-1 ) 93,6 6.32e-1 (i 6.06e-1 )
03,7 1.65e-1(+ 5.39¢-1) 03,8 -1.12e-1(+ 5.25e-2)
04,1 -1.39¢el(+ 2.41e-1) 04,2 1.49e-1(=+ 3.05e-1)
04,3 6.11e-2(+ 1.76e-1) 04,4 -2.06e-1(+ 1.83e-1)
04,5 9.00e-2(+ 1.95e-1) 04,6 2.77e-2(+ 1.61e-1)
04,7 7.11le-2(+ 1.72e-1) 04,8 1.82e-1(=+ 1.36e-1)
04,9 -4.84e-2(+ 1.38e-1) 04,10 -9.38e-2(+ 4.06e-2)
04,11 -7.92e-4(+ 1.99¢-3) 04,12 -2.35e-4(+ 1.62e-4)
04,13 2.99¢e-3(+ 2.10e-3)

Overall, both spatial and temporal predictions capture the correct trends
of fire occurrences. Specifically, in the spatial domain, our model learns the
urbanity features of the T'wente region which are highly relevant for chimney fires.
Since the spatial prediction depends on the distribution of houses of different
types which can only be accessed as actual data, our model displays similar
spatial patterns for different years. In the temporal domain, our model captures
the periodic pattern on an annual basis and adds weather variable dependent
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Figure 2.8 Spatial and temporal predictions (top left, top right) based on our point
process model and actual realizations (bottom left, bottom right) for the year 2020.
Shadows in the temporal predictions of the point process model bound the 95% con-
fidence intervals. The unit in spatial plots is metre 2; the unit in temporal plots is
day .

information, which explains the noisier aspect of Figure 2.8(top right) compared
to Figure 2.8(top left). A comparison to the areal unit model and some p-tuning
experiments will be discussed in Section 2.4.6 and Section 2.6.2. In summary,
given appropriate building information, our prediction model can detect areas
with higher risks of chimney fires in Twente and, additionally, estimate the risk
for specific days based on weather forecast.

2.4.5 Confidence Interval

For risk prediction problems, it is important to quantify the uncertainty of the
estimates. In the literature, Baddeley et al. (2014) demonstrated asymptotic
normality for their logistic regression estimators for stationary Gibbs point pro-
cesses in space when the domain increases. Recently, Choiruddin, Coeurjolly &
Letué (2018) proved asymptotic normality also in an increasing-domain setting
for spatial point process models that involve explanatory variables. For chimney
fires, the increasing-domain setting is unrealistic as fire patterns can vary con-
siderably from region to region. In Chapter 3, we will study strong consistency
and asymptotic normality for the logistic regression estimators we use above for
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spatio-temporal point processes in an infill regime. R

Specifically, under appropriate conditions, we prove that the maximizer 6 of
(2.11), under the true value @y, is approximately normally distributed with mean
0o and covariance matrix G given by the inverse of the Godambe matrix (Go-
dambe & Heyde, 2010). A plug-in estimator for G is

p

[/ /T/\'wte +p(w t) zi(w, t)z;(w, )dwdt i’j:17 (2.17)

assuming that we have p parameters in 6. Approximate confidence intervals for
model parameters are then readily obtained.

For chimney fire data modelling, the approximate numerical 95% confidence
intervals of model parameters are listed in Table 2.2. The Delta method (Ver
Hoef, 2012) can again be used to calculate approximate confidence intervals for
predicted fire intensities. We visualize the temporal risk predictions for the year
2020 in Figure 2.8(top right) as an example.

2.4.6 Comparison to an Areal Unit Model

As a pilot study, we propose an areal unit fire prediction model using the same
selected variables as described in Section 2.3. In contrast to the data preparation
procedure introduced in Section 2.2, the fire data and environmental variables
for this model are aggregated at the level of 500m x 500m area boxes and daily
time intervals. As a result, it has a different notation:

- Nyt the number of chimney fires occurring in box w on day t,

- Vo,iw: the value of the i-th spatial variable in box w,

- V;i+: the value of the i-th temporal variable on day ¢.
Here, 0 and 7 again refer to spatial and temporal variables, cf. Table 2.1. We
also divide the houses into four types based on age and on whether or not they
are freestanding, leading to the following Poisson model

Ny = Z Njf;,t ~ Poisson(z hEAF), (2.18)
k k

with k = 1,...,4, where h¥ represents the number of house of type k in box
w and AF is the fire risk intensity for house of type k on day t. The intensity
function A} is defined as

A = exp [Harmonic(t, o} ) + Polynom(V; 1 4, ];1)+

. (2.19)
Polynom(V,. .1, ofy) + Polynom(Vy.1,,Vy.a.0, ofs)] -

We fit this model by maximum likelihood estimation and select the function
orders 0’5,0];1,0’;270’;3 based on the Akaike information criterion. To compare
the areal unit model to the point process model, we again estimate parameters
in the former using the data on the period 2004-2019 and test its performance
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for the year 2020. We establish theoretical confidence intervals for parameter
estimates and predicted fire intensities based on classical theories: the Fisher
information for asymptotic normality for generalized linear models (Fahrmeir &
Kaufmann, 1985; McCullagh & Nelder, 2019) and the Delta method (Ver Hoef,
2012).

The spatial and temporal predictions based on the areal unit model for the
year 2020 are plotted in Figure 2.9. Since the spatial predictions from the areal
unit model are computed for 500mx 500m area boxes, we average them by the
volume of these boxes to comply with the scaling level of the point process model.
Generally, comparing Figure 2.9 to Figure 2.8, we see that both areal unit model
and point process model capture similar spatial and temporal patterns from the
fire data. However, the spatial predictions from the point process model by
construction are smoother than those from the areal unit model, as we apply
kernel smoothing in the former to obtain the density of a house type at a location,
which helps establish spatially continuous predictions. The temporal predictions
from the two models are almost identical for every day, because we assume that
temporal variables at different times of a day remain invariant and the spatial
aggregation is integrated out. Specifically, in terms of the total chimney fire risk
predicted for the year 2020, the areal unit model predicts 92.86 and the point
process model predicts 92.95, which are very close to each other. The observed
actual count of 81 lies in the 95% confidence intervals of both models. However,
the areal unit model overestimates many more fire risks for certain area boxes of
big city centres (e.g., Enschede) and underestimates for rural area boxes.
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Figure 2.9 Spatial (left) and temporal (right) predictions based on the areal unit
model for the year 2020. The unit in the spatial plot is metre™2; the unit in the

temporal plot is day 1.

To conclude, the point process model generates continuous hazard maps of
chimney fires, which avoids the classic modifiable area unit data problem and
enables to access fire risks at exact locations in T'wente, thus is more user-friendly
for fire services. The predictions do not depend on the scale of the area boxes,
while only the smoothing bandwidth is inevitably inherited. Moreover, from a
computational perspective, the logistic regression estimation approach used to
fit the point process model is more efficient and captures more accurate data
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patterns.

2.5 Model Validation

In this section, we validate the independence assumption underlying our Poisson
point process model by analyzing the second-order properties of the chimney fire
data. We also validate the first-order structure of our model by visualizing the
residuals.

2.5.1 Second-order Analysis

To assess the validity of the Poisson assumption, we perform a second-order anal-
ysis on the fire data using two summary statistics: the pair correlation function
and the K-function (cf., Section 1.1). The pair correlation function can help
detect inter-point interactions for specific distances, whereas the K-function is a
cumulative statistic that can be used to test the existence of point interactions
in data.

The pair correlation function

For visualization purposes, we test pair correlation functions for the projections
in space and time, separately. In the spatial case, under appropriate stationarity
and isotropy assumptions (Baddeley, Moller & Waagepetersen, 2000), the pair
correlation function is a function of the spatial distance between two points,
r = ||z — yl|, and can be estimated by

O Ky (r — || — y]|)
g =—> > /\(ccb/\(y)|Wme,y|’ (2.20)

zeX ye X, y#x

where kp(+) is a one-dimensional smoothing kernel with bandwidth b and 1/|[WnN
Wa_y| is the spatial edge correction factor (Ohser & Stoyan, 1981). For temporal
use, || — y|| becomes the time interval between two points, and one needs to
change 77 to one and 1/|[WNWg_y| to 1/|T N Tp—y|, accordingly. If there is no
interaction, the pair correlation function is one. At short distances, a value of
g(r) larger than one suggests clustering in the sense that points are more likely
to occur from one another, whereas a value smaller than one suggests inhibition,
that is, points tend to mutually avoid each other. If the intensity function A(x)
is unknown, a plug-in estimator can be used.

In practice, we employ (2.20) with Gaussian smoothing kernels as k; and
plug in the fitted intensity functions based on the data from all 17 years. We set
the possible interaction intervals for the spatial and temporal domain to 10000
metres and 100 days, respectively, and the smoothing bandwidths to 500 metres
and 10 days. The estimated pair correlation functions are plotted in Figure 2.10.
Overall, both the spatial and temporal results show a curve that converges to
one. At smaller distances, there is some attraction between the points spatially.
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Temporally, possibly because of the precision of the observations (daily basis),
there is some repulsion and a weak peak at an interval of about twenty days. The
latter might also be due to underestimates of the intensity function on a specific
pair of days, cf. (2.20).
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Figure 2.10 Estimated (solid black line) and theoretical (dashed red line) pair cor-
relation functions for the spatial and temporal projections (cf., Figure 2.1(right) and
2.2) of the chimney fire incidents during 2004—-2020 using the intensity functions fitted
by our Poisson point process model.

The K-function

Since the pair correlation function shows some point interactions at small dis-
tances and time intervals, we perform a joint space-time K-function test on the
fire data. Under appropriate weak stationarity assumptions (Gabriel & Diggle,
2009), a point-wise unbiased estimator of the inhomogeneous K-function is

R _ L(w(z) —w(y)|| < r|t(x) — ty)| <v)

where w(z), w(x) and t(x),t(y) represent the spatial and temporal coordinates
of  and y, 1(-) is the indicator function and the other notations are as in the
previous section. In the absence of interaction, K (r,v) = 2wr?v. Moreover, when
the intensity function A(x) is unknown, a plug-in estimator can be used.

We compute the inhomogeneous K-function over the chimney fire data from
all 17 years. To obtain an elegant view, we set the testing sequences of spatial
and temporal distances to 10000 metres and 100 days and divide both of them
into 100 step size pairs of 100 metres and 1 day. We calculate the K-function
using the fitted intensity functions by our Poisson point process model to estimate
A in (2.21) and plot the result in Figure 2.11(left). As for the pair correlation
function, we find some evidence of clustering. To test whether the interaction is
statistically significant, we implement a Monte Carlo test (Baddeley, Rubak &
Turner, 2015). We generate 99 realizations of a Poisson point process with the
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fitted intensities (i.e., by our Poisson point process model) and compute their K-
functions and that of the actual chimney fire data but now using kernel estimators
to estimate the intensity function X in (2.21). We plot the local envelopes in
Figure 2.11(right). As the empirical K-function of the actual chimney fire data
lies completely within the envelope, there is no reason to look beyond a Poisson
model.
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Figure 2.11 Estimated (solid black line) and theoretical (dashed red line) inhomoge-
neous K-functions for the space-time pattern of the chimney fire incidents during 2004—
2020 using the intensity functions fitted by our Poisson point process model (left). Es-
timated (solid black line) and theoretical (dashed red line) inhomogeneous K-functions
for the chimney fire data and the envelope of the estimated inhomogeneous K-functions
(shadows) for the 99 Monte Carlo simulations of a Poisson point process with the fitted
intensities, both using the intensity functions fitted by kernel estimators (right).

2.5.2 Residual Analysis

In order to further verify the validity of our point process model, we perform
a residual analysis to check the remaining structure after the modelling of a
Poisson point process with specific forms defined in (2.3), (2.4) and (2.13)—(2.16).
We fit the model using the data from all 17 years and compute spatial and
temporal residuals separately. As suggested in Baddeley et al. (2005), the spatial
residuals are defined as the difference between the smoothed fitted fire risk and the
smoothed actual realizations using Gaussian kernels with a standard deviation
of 1000 metres. Temporally, we show the residuals of the difference between the
predicted and actual monthly counts.

The results of the residual analysis are plotted in Figure 2.12. In the spatial
domain, no specific pattern is shown, except that our Poisson point process model
still overestimates for big city centres (e.g., Enschede and Hengelo) whereas it
underestimates a bit for small city centres. This could be expected, as our model
depends only on the density of houses of various types and we observe a saturation
pattern of chimney fire occurrences when the density of a house type increases (cf.,
Figure 2.6). A possible solution for that is to apply a piece-wise function instead
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of the linear function to model the relation between chimney fire occurrences and
the density of a house type. In the temporal domain, no particular pattern is
apparent.
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Figure 2.12 Spatial (left) and temporal (right) residuals based on the chimney fire
data during 2004-2020. The unit in the spatial plot is metre™?; the unit in the temporal
plot is month~*.

2.6 Discussion

In this section, we discuss the data-driven modelling procedure designed for chim-
ney fire prediction, which can be generalized to similar fire patterns. We also
investigate the influence of tuning the dummy intensity p to important regions
and times in logistic regression estimation on model fitting.

2.6.1 Modelling Procedure

The data-driven modelling procedure is two-step. In the first step, we com-
bine machine learning and statistics, where the former is utilized to help select
the most important environmental variables and the latter appropriately approxi-
mates and explains the relations between explanatory variables and fire incidence.
We employ parametric functions to model such relations and fit them using lo-
gistic regression estimation, so that the influence of a variable on chimney fires
can be analyzed by its coefficient in the function model. This combination offers
significant advantages. From the machine learning side: (i) compared to naive
statistics used for the selection of explanatory variables, random forests can detect
both linear and non-linear correlation between a candidate variable and chimney
fire occurrences; (ii) random forests consider the dependence among candidate
variables nonparametrically; (iii) through applying the conditional permutation
importance techniques instead of the traditional ones, the bias towards correlated
variables is suppressed; (iv) machine learning algorithms can handle the selection
with a large number of putative variables while statistical methods often behave
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unstable or even fail in such cases. From the statistics side: (i) classic statisti-
cal methods for regression modelling with specific mathematical expressions are
more interpretable and based on natural assumptions; (ii) statistical methods
also allow for significance testing for detailed analyses and uncertainty quantifi-
cation. However, due to the fact that the environmental variables relevant to our
chimney fire data are not available for every point in space and time, we per-
form variable selection and model fitting at different levels of data aggregation,
which has the disadvantage that the selected explanatory variables might not be
consistent. Here, we leave it as an important direction in future work.

In the second step, we use summary statistics, the pair correlation function
and the K-function, to detect point interactions. We also perform a residual anal-
ysis to validate the model structure. Although, in our study, a Poisson point pro-
cess model is sufficient for chimney fire prediction, a hierarchical model (Baner-
jee, Carlin & Gelfand, 2014), where random effects are incorporated to deal with
latent variables, might be useful for other fire types.

2.6.2 p Tuning in Logistic Regression Estimation

Recall that the role of the dummy point process in logistic regression estimation
is to estimate the integral in (2.6). In Baddeley et al. (2014), a rule of thumb
was proposed that the intensity function p of the dummy point process should be
at least four times the intensity function A of the point process to be estimated;
additionally, a data-driven selection of p was suggested.

In Section 2.4.4, we tuned p to concentrate on the urban areas and cold
seasons by (2.12) in order to efficiently obtain more precise estimates for model
parameters provided a limited number of dummy points. Here, we perform two
experiments to verify the influence of this p tuning operation in the spatial and
temporal domains separately. Specifically, we fit our fire prediction model on
the data from all 17 years using logistic regression estimation with and without
tuning the dummy intensity p and plot the difference of the fitted values. For
comparison, we set the expectations of the number of dummy points as equal
in both cases. In addition, since the realizations of the dummy point process
generated in different runs contain randomness, we perform each experiment
60 times and plot the averaged spatial and temporal differences to reduce the
randomness.

The results show that, under the premise of the same amount of calculation,
concentrating on important regions and times enables the model to obtain more
accurate patterns of chimney fires. Spatially, according to Figure 2.13(left), the
bias caused by the saturation effect shown in Figure 2.6 is reduced. Tempo-
rally, plotted in Figure 2.13(right), the fitted fire intensities increase in March
and April, which are known as the weather tipping seasons and are found more
likely to catch chimney fires in School (2018). To summarize, tuning the dummy
intensity p to regions and times that are salient for fire risk is helpful to estimate
the risk more efficiently and capture important underlying patterns.
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Figure 2.13 Spatial (left) and temporal (right) difference of the fitted intensities
using tuned p compared to uniform p with an equal expected number of dummy points
in logistic regression estimation (averaged on 60 random runs). The unit in the spatial

plot is metre™?; the unit in the temporal plot is day .

2.7 Extended Applications

To demonstrate the generalizability of our proposed approach, this section
presents applications of our approach to other types of fires and chimney fire
patterns in other geographical regions.

2.7.1 Kitchen Fire Prediction in Twente

The first application is concerned with kitchen fire prediction in the same re-
gion, Twente, whose point pattern is plotted in Van Leeuwen (2022). The fire
incidents, along with the relevant environmental variables, were collected in the
same manner as introduced in Section 2.2. Similar to chimney fires, kitchen
fires show pronounced spatial heterogeneity, with more incidents occurring in
densely populated areas (cf., Figure 2.1(right)). Unlike chimney fires, they do
not exhibit a clear temporal pattern (cf., Figure 2.2), thus the risk prediction
was restricted to the spatial domain. In addition to the 22 spatial variables listed
in Table 2.1, the experts from the Twente Fire Brigade suggested five additional
putative covariates: the percentage of residents in the first and last 20% of the
income distribution as well as the average property value and the average gas
and electricity consumptions in the neighbourhood.

Van Leeuwen (2022) adapted the areal unit method in Section 2.4.6 to predict
the kitchen fire risk. She conducted the same variable selection analysis with
random forests and permutation importance techniques. Her results revealed
multiple variables with high importance scores, contrasting with the straight-
forward results obtained for chimney fires in Section 2.3. While key variables
were identified, formulating an interpretable model structure as in Section 2.4.2
proved more challenging. Instead of replicating the areal unit model for chim-
ney fires, Van Leeuwen (2022) constructed a stepwise Poisson regression model,
selecting the best-fitting variable components based on the Akaike information
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criterion. Although the final predictions were plausible, this case study concludes
that our proposed modelling procedure may not always produce an interpretable
and well-structured statistical model for fire risk prediction, as variable selection
and model formulation are performed separately.

2.7.2 Chimney Fire Prediction in IJsselland

In the second application, Van Kasteren (2024) tested our approach for predicting
the chimney fire risk in IJsselland, a neighbouring region of Twente. Although
geographically close, IJsselland exhibits distinct characteristics: (i) it has a higher
concentration of historical buildings, e.g. churches and museums; (ii) the cities
are more centralized and densely populated. Again, he collected the fire incidents
and environmental variables as in Section 2.2, with the exception that the tem-
poral variable of visibility was unavailable. The spatial and temporal projections
of chimney fires in IJsselland presented in Van Kasteren (2024) display similar
patterns to those in T'wente.

Different from the kitchen fire prediction study, Van Kasteren (2024) consid-
ered a point process model to predict chimney fires in IJsselland. His variable
selection results were similar to those in Section 2.3, but with specific features
unique to IJsselland. Specifically, he identified old, freestanding houses and wind
chill as the most significant variables. However, unlike in Twente, the number
of buildings constructed before 1920 also emerged as an important factor, which
may be due to the presence of historical buildings in IJsselland. Following our
work in this chapter, Van Kasteren (2024) divided the buildings into six types,
developed a corresponding Poisson point process model as in Section 2.4.2, ap-
plied the logistic regression estimation for model fitting, and achieved promising
predictions. This case study shows that our proposed modelling procedure can
be effectively applied to model similar fire patterns in geographical regions with
different underlying characteristics.

2.8 Summary

In this chapter, we proposed a data-driven modelling procedure for chimney fire
risk prediction, which can be generalized to studies on other fire data that involves
covariate-based phenomenon. First, we applied random forests and permutation
importance techniques to select the explanatory variables nonparametrically from
a large number of environmental variables. From a practical perspective, our
results indicate that pre-war detached or semi-detached houses run a higher risk
of chimney fires and therefore public awareness campaigns should preferentially
target the owners of such houses. Second, based on the observed relations between
the selected variables and chimney fire occurrences, we defined a Poisson point
process model to learn the observed spatio-temporal point pattern in order to
predict fire risk. We applied logistic regression estimation for model fitting and
provided infill asymptotic confidence intervals, the construction of which will
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be studied in Chapter 3. Additionally, to validate our model assumptions, we
performed a second-order analysis and a residual study. Last but not least,
we reviewed our modelling procedure and showed the advantages of the tuned
intensity function of the dummy point process in logistic regression estimation.

For future work, as presented in Section 2.7, the first direction would be to
extend the data-driven modelling procedure to a broader range of fire types to
assess its applicability. Additionally, in this chapter, we performed our nonpara-
metric variable selection on areal unit data while fitted our statistical model on
point process data, which may lead to inconsistencies due to different levels of
data aggregation. Hence, it would also be valuable to develop a fully integrated
data-driven approach for point process modelling that combines both variable
selection and intensity estimation within a single framework.

2.9 Appendix

Results for additional variable importance experiments

In the selection of explanatory variables, to test the influence of different hyper-
parameter settings of random forests (i.e., the number of randomly sampled input
variables at each tree node, mtry, and the random seed) on variable importance,
we particularly perform experiments that construct random forests with multiple
configurations. Moreover, to assess the influence of small variations in weather
among different parts of the Twente region on variable importance, we perform
another analysis on the temporal data from two neighbouring weather stations.

The variable importance results for testing the influence of different hyper-
parameter settings of random forests on variable importance are plotted in Fig-
ures 2.14 and 2.15. It shows that both mtry and random seed settings may
influence the detailed importance scores (the increase of the prediction error) of
some variables, but they will not influence the detection of the most significant
variables. The variable importance results for assessing the influence of small
variations in weather among different parts of the Twente region on variable
importance are plotted in Figure 2.16. The significant variables do not change,
which indicates that those small variations can be ignored.
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Figure 2.14 Tests on the influence of the hyperparameter — mtry — in the selection of
explanatory variables. Top left: spatial, mtry=15; top right: spatial, mtry=22; bottom
left: mtry=3; bottom right: mtry=>5.
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Figure 2.15 Tests on the influence of the hyperparameter — random seed — in the se-
lection of explanatory variables. Top left: spatial, seed=30; top right: spatial, seed=200;
bottom left: seed=30; bottom right: seed=200.
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Figure 2.16 Tests on the influence of the weather variation in the selection of ex-
planatory variables. Left: Heino; right:Hupsel. Note that the variable. visibility, is not
accessible in these two weather stations.
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CHAPTER 3

Infill Asymptotics for Logistic
Regression Estimators for
Spatio-temporal Point Processes

3.1 Introduction

In Chapter 2, we developed a heterogeneous spatio-temporal Poisson point pro-
cess model to estimate the risk of chimney fire occurrences in the Twente region
of the Netherlands. The intensity function we proposed is log-linear in a number
of explanatory covariates. Similar model structures have been widely used, for
instance, in Mgller & Waagepetersen (2007) and Coeurjolly & Mgller (2014).
To estimate the parameters of such a Poisson point process model, one
may consider maximum likelihood estimation (e.g., Kutoyants, 1998; Mgller &
Waagepetersen, 2004). In practice, this approach involves an integral that needs
to be approximated numerically, e.g. using quadrature points (Berman & Turner,
1992). For a non-Poisson point process model, the likelihood — if available at all —
involves an intractable normalizing constant that must be approximated by clus-
ter expansions (e.g., Ogata & Tanemura, 1981) or Markov chain Monte Carlo
simulations (e.g., Moller & Waagepetersen, 2004), which are computationally
expensive. Therefore, alternative approaches have been developed, such as min-
imum contrast estimation (e.g., Guyon, 1995) and, particularly, M-estimators
based on unbiased estimating equations (e.g., Van der Vaart, 1998; Sgrensen,
1999). Early examples of the latter approach are Takacs and Fiksel’s pioneer-
ing work in the 1980s (Fiksel, 1984; Takacs, 1986; Fiksel, 1988) and maximum
pseudo-likelihood estimation (Besag, 1978; Baddeley & Turner, 2000) for Gibbs
and Markov point process models (e.g. Van Lieshout, 2000; Georgii, 2011). More
recent methods include Poisson likelihood estimation (Schoenberg, 2005), logistic
regression estimation (Baddeley et al., 2014) and the quasi-likelihood approach
(Guan, Jalilian & Waagepetersen, 2015). Typically, these estimators are based
on either the Campbell-Mecke theorem or the Nguyen—Zessin theorem (see, e.g.,
Daley & Vere-Jones, 2009). In Chapter 2, we opt to use logistic regression esti-
mation because — in contrast to the quasi-likelihood approach - it is easy to im-
plement using standard software for generalized linear models (Baddeley, Rubak
& Turner, 2015), and because — other than Poisson likelihood estimation — it
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involves a so-called dummy point process which can be tuned to focus on salient
regions and times efficiently.

From a theoretical perspective, it is important to analyze the asymptotic
properties of parameter estimators in order to establish statistical inference for
point process models. In the current context, two asymptotic regimes can be
formulated: increasing-domain asymptotics and infill asymptotics (Ripley, 2012).
In the former, the observation window grows; in the latter, the window remains
fixed but contains more and more points. A hybrid framework that combines the
two regimes can be considered as well (e.g., Kutoyants, 1998).

For Poisson likelihood estimators, a vast body of asymptotic theory exists.
Assuming that the point process of interest is Poisson, Rathbun & Cressie (1994)
proved increasing-domain asymptotics and Kutoyants (1998) gave a detailed and
comprehensive account in the hybrid framework. For general point processes,
Schoenberg (2005) provided simple but sufficient conditions for consistency in
the increasing-domain regime; Waagepetersen (2007) studied infill asymptotics
for a class of clustered point processes models. For modified Poisson likelihood
estimators designed to handle partially observed covariates, Rathbun, Shiffman
& Gwaltney (2007) developed increasing-domain asymptotics for Poisson point
processes in space and time; infill asymptotics for cluster point processes using
similar estimators were treated in Waagepetersen (2008). Recently, for vari-
able selection purposes, Thurman et al. (2015) considered increasing-domain
asymptotics for regularized versions of Poisson likelihood estimators, whereas
Choiruddin, Coeurjolly & Letué (2021) worked in the hybrid framework. Similar
results for mis-specified models were also derived by Choiruddin, Coeurjolly &
Waagepetersen (2020) for model selection purposes.

In contrast, the literature for logistic regression estimators is more limited.
Rathbun (2013) discussed asymptotic theory for Poisson point processes in the
increasing-domain regime. Baddeley et al. (2014) developed increasing-domain
asymptotics for stationary spatial Gibbs point processes. Afterwards, Choirud-
din, Coeurjolly & Letué (2018) proved asymptotic normality for general point
process models but also in the increasing-domain framework. In this chapter, we
study consistency and asymptotic normality for logistic regression estimators for
spatio-temporal point processes in the infill regime and extend our central limit
theorem to the estimators from general unbiased estimating equations that are
based on the Campbell-Mecke theorem. Note that the infill framework is quite
natural for Poisson point patterns observed in a fixed window; it is also suitable
for general point patterns when replications are available (e.g., Pawlas, 2011;
Chiu et al., 2013; Van Lieshout, 2021). In practice, replications can be obtained
by observing point patterns within fixed domains over different time windows or
by dividing a large-scale point pattern into independent, identically distributed
pieces at various locations.

Specifically, our contributions are three-fold. First, we develop infill asymp-
totic theory for logistic regression estimators. Our asymptotic regime is based
on independent and identically distributed point processes (cf., Section 2.4), dif-
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fering from Waagepetersen (2008), who grew the intensity function by a factor
of n. Moreover, other than in most of the literature, we give direct, explicit and
self-contained proofs and provide sufficient conditions that are easy to verify in
practice. Second, our asymptotic results enable us to improve the efficiency of lo-
gistic regression estimation by using regular dummy point processes. We propose
consistent estimators for the asymptotic covariance matrix and demonstrate its
practical use in a simulation study. Third, we extend our central limit theorem
to the estimators obtained from general unbiased estimating equations, paving
the way for further studies on the design of test functions.

The remainder of this chapter is organized as follows. Section 3.2 introduces
the background and notation. Sections 3.3 and 3.4 present infill asymptotic
results for logistic regression estimators for Poisson and general point process
models, respectively. Section 3.5 proposes consistent estimators for the asymp-
totic covariance matrix and provides a simulation study. Section 3.6 discusses the
extension to general unbiased estimating equations. Finally, the chapter finishes
with a summary.

3.2 Background and Notation

3.2.1 Parametric Intensity Function

Let X be a spatio-temporal point process defined on a bounded non-empty open
set W x T C R? x R with intensity function A\(w,t). For ease of notation, we
will write s = (w,t) € W x T. In this chapter, we assume that X is of log-linear
form offset by a measurable function b and parameterized by a vector € in some
parameter space ® C RP:

A(s;0) = b(s) exp [eTz(s)] : (3.1)
where b(s) : W x T — [0,00) is a measurable function that serves as the
baseline or reference intensity, z(s) = [21(8),...,2,(s)]T : W x T — RP is
an p-dimensional measurable vector of spatial and temporal covariates, and
0 = [01,...,0,]" is the parameter vector. The gradient vector of A(s;6) with
respect to 6 then takes the form

VA(s;0) = A(s;0)z(s). (3.2)

Conditions must be imposed on b and z to ensure that A is integrable. In
the sequel, it will sometimes also be necessary to assume that b, and thus A, is
strictly positive. When this is the case, we will state it explicitly.

3.2.2 Logistic Regression Estimation

Unbiased estimating equations for the parameters of a spatio-temporal point
process model in general and logistic regression estimation in particular are based
on the Campbell-Mecke theorem (see, e.g., Daley & Vere-Jones, 2009).
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The theorem states that, for any real-valued measurable function f defined
on W x T such that f\ is absolutely integrable,

3 f<w>] - /Wfo(s)A(s)d& (3.3)

xcX

where x runs through the points of X. When A is parameterized by a vector
as A(s; 0), (3.3) provides a basis for estimating 6.
The logistic regression estimation is based on the vector function

. A5i6) ] pls)/A(5:6)
$650) = Vs |3 Ut = Mot ol

Here, one assumes that A(s;0) is a positive-valued differentiable function such
that its gradient vector VA(s;0) is absolutely integrable, and that p(s) is a
positive-valued measurable function also defined on W x 7. The idea is then to
estimate both sides of (3.3) and solve the equations for 8. In order to approx-
imate the right-hand side, one may use a ‘dummy’ point process D on W x T
which is independent of X and has integrable intensity function p. Applying the
Campbell-Mecke theorem to D, one finds that

(:0).  (34)

1

is an unbiased estimator for the right-hand side of (3.3) with f as in (3.4). Hence,

x)/A(z; 6) .
s(X,D;0) ZA$6+p )V)\(a:,G) o
3.6

"~ 2 5w ) =

is an unbiased estimating equation. It is interesting to observe that the middle
part of (3.6) is exactly the gradient of a logistic log-likelihood function

L(X,D;0) =) log [m} Zlog[)p(m)] (3.7)

xzecX xeD

Thus, (3.6) can also be interpreted as a score function and solved using stan-
dard software for logistic regression for exponential family models such as the
R-package stats (Venables & Ripley, 2002). The existence and uniqueness of a
maximizer of (3.7) are ensured under proper conditions (Silvapulle, 1981).

For convenience, in the remainder of this chapter, we write s(0) and L(0) for
s(X,D;0) and L(X, D;0) to suppress the dependence on the point patterns X
and D. Moreover, we use g and 0 to, respectively, denote the true value and
the estimator of 6.
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3.2.3 First Two Moments of First-order U-statistics

Following Reitzner & Schulte (2013), we call random vectors of the form
T
H=>"[h(x),... ") (3.8)
reX

first-order U-statistics of X if every ;A is absolutely integrable.
Suppose that X also has second-order product density function A(?). By the
Campbell-Mecke theorem and in analogy to (3.3),

T = s, u)A\? (s, u)dsdu .
B S g = [ [ e wdsan @9

zeX yeX,y#x

for any real-valued measurable function f defined on (W x T)? such that fA(?)
is absolutely integrable. Then, they can be used to derive the first two moments
of H. Indeed,

E(H) = [/WXThl(s)/\(s)ds] j_l (3.10)
and
E(HH') = [/WXThk(s)hl(s)k(s)ds}:l1

P (3.11)
Jr

// Ry (8)ha(w) AP (s, u)dsdu]
(WxT)?

If E[HH "] is finite and A > 0, the entries in the covariance matrix of H are
finite and can be expressed in terms of the pair correlation function g(s,u) of X
as

k=1

Cov(H) = [/WXThk(S)hl(S))\(S)ds] :1—1 (3.12)
+ //(WXT)’z hi(s)lu(u)[g(s,u) — HA(S)A(u)deU] k=1

3.2.4 Infill Asymptotic Regime

The infill asymptotic regime considered in this study is as defined in Pawlas
(2011), Chiu et al. (2013) and Van Lieshout (2021).

Let {Y;} and {F;}, with ¢ € NT, be two independent sequences of indepen-
dent and identically distributed spatio-temporal point processes with intensity
functions A and p, respectively. Set

X, = OIY D, = QE (3.13)
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Chapter 3. Infill Asymptotics for Spatio-temporal Point Processes

Write A, for the intensity function of X,, and p,, for that of the ‘dummy’ point
process D,,. Thus A\, = nA and p,, = np. We assume that the intensity functions
of X,, and D,, increase at the same rate. If ) is of the form (3.1), for any n € N*,
the score function (3.6) based on X,, and D,, becomes

x ANax; 0
$,(0) = w; W;g;jp@z@) - EEZD W()z(m). (3.14)

Note that the terms in the two sums above do not depend on n while the subscript
ax runs through the points of X,, and D,,. Taking the limit as n — oo, one obtains
an asymptotic regime that Ripley (2012) calls ‘infill asymptotics’.

Intuitively, under this regime, the estimate for the parameter vector 8 will
become more precise when the points observed in the fixed window W x 7T become
more dense. Our aim in the remainder of this chapter is to analyze the asymptotic
behaviour of the estimator 6,, defined by (3.14) as n — oo.

3.3 Infill Asymptotics for Poisson Point Process
Models

In this section, we derive infill asymptotics for logistic regression estimators in the
case that the point process of interest is Poisson. As discussed in Section 2.4.5,
it is motivated from the fire prediction study, where the Poisson point process of
interest existed in a fixed window only.

It is worth noting that the probability distribution of a Poisson point process
is completely specified by its first-order moment measure, cf. Section 1.1. The
assumption of a log-linear intensity function parameterized as (3.1) is natural
and constitutes an exponential family with the components of ) _ .\ z(x) as
sufficient statistics. Moreover, the pair correlation function of a Poisson process
is always equal to one. Thus, the infill asymptotic regime defined in Section 3.2.4
is particularly appropriate due to the conditional independence of points given a
fixed number.

For ease of reference, we list the following conditions that are required to
derive the asymptotic results.

(C1) {Yi} and {E;} with i € N are two independent sequences of indepen-
dent and identically distributed spatio-temporal point processes on some
bounded open set W x T C R? x R and defined on the same underlying
probability space. Set X,, = U ,Y; and D,, = U | E;.

(C2) Y; is a Poisson point process with intensity function A(s; ) given by (3.1),
where b > 0 is an integrable function, z is a measurable vector of covariates
and the parameter vector 0 lies in an open set ® C RP; E; has integrable
intensity function p(s) > 0.

(C3) E; has bounded pair correlation function g(s, w): Sup(s .)eowx7)2 9(8,0) <
00.
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3.3. Infill Asymptotics for Poisson Point Process Models

(C4) For every 8 € O, there exist €;(0),e2(0) > 0 such that €(0) <
infgewsx7 p(8)/A(s8;0) and sup ey p(8)/A(s;0) < €2(0).

(C5) The elements of the measurable covariate vector z are all bounded:
Subacyyecr 12(8)] < .

(C6) The parameter space © is convex.

(C7) The parametric model for A is identifiable: A(s;8) = A(s; 8) almost every-
where on W x T implies 6 = 6.

(C8) The [p x p|]-dimensional matrix s, whose (k,I)-th entry reads
Swsr A(8:60)p(5) 2i(8)z1(s)/[A(s;80) + p(s)]ds with 8g € ©, is positive
definite.

A few remarks on some of the conditions are appropriate. In condition (C2),
Y; is assumed to be a Poisson point process, however, this assumption will be
relaxed in Section 3.4. In condition (C3), E; is not required to be a Poisson point
process, as its realizations are only used to approximate an integral. Condition
(C4) is reasonable, recalling the rule of thumb recommended by Baddeley et al.
(2014) for selecting p such that p ~ 4\. Condition (C7) is necessary for strong
consistency (cf., Theorem 3.2). Condition (C8) helps ensure the attainment of
the estimator 8, as n — 0o (cf., Theorem 3.9).

In the remainder, we will use Py, to denote the distribution of (X,,, D,,) under
the true parameter value 6.

3.3.1 Strong Consistency

To establish strong consistency, we start our investigations with the asymptotic
behaviour of the scaled log-likelihood function.

Lemma 3.1. Assume that conditions (C1)-(C2) and (C4)-(C5) hold. Define
L, (0) = L(X,,, Dy;0) by (3.7) with @ € ©®. Then, asn — oo, L,(6)/n converges
Py, -almost surely to

L P00 sy | +oto1o8 |3y Ty o

Proof. Under conditions (C1)—(C2) and recalling the logistic log-likelihood func-
tion (3.7),

mez;;lg[ R ngg[ gﬁp()}

which consists of two first-order U-statistics defined on X,, and D,,. We derive
their strong convergence separately.
Write the first-order U-statistic defined on X, as

P el Z{ZM4Q3J}'

i=1 \xzeY;
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The sum is the average of independent and identically distributed real-valued
random variables. By the Campbell-Mecke theorem,

{Z“g[wﬁ%]}:

/Wleog {)@g%} A(s;60)ds.

Conditions (C2) and (C5) imply that the intensity function A(s;8g) is integrable
on W x T. By conditions (C2) and (C4),

(3.15)

5] <o ]

Thus, the Pg,-mean in (3.15) is finite for all 8. Kolmogorov’s strong law of
large numbers implies that the first-order U-statistic defined on X,, converges
Py,-almost surely to the integral in the right-hand side of (3.15).

Similarly, for the first-order U-statistic defined on D,,, as n — oo,

: Z log [;sz(w)} Poo {Z log [))p(“”)“

:cED xcE;
p(s)

=/, ) L) P

because p(s) is integrable by condition (C2) and

o[ < s 3 ) < [t

by conditions (C2) and (C4).
The proof is completed by combining the two strong convergence results. [

Recall that the logistic regression estimator minimizes U, (0) = —L,(0)/n
and thus can be considered as a minimum contrast estimator. The next theorem
is concerned with strong consistency.

Theorem 3.2. Assume that conditions (C1)-(C2) and (C4)-(C7) hold. Define
L,(0) = L(X,, Dy;0) by (3.7) with @ € © and set 0,, = arg maxgeeg L, (0). If

0,, is attained, as n — oo, 0, converges Pg,-almost surely to Bg.

Proof. Conditions (C2) and (C6) ensure that the parameter space © is open and
convex.

First, we prove that, for almost every sample in the underlying probability
space, the realizations of the function 8 — U,,(0) are convex. By condition (C2),
the intensity function A(a;0) has the log-linear form (3.1) and is thus twice
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differentiable with respect to the parameter vector 8 € ©. Then, the Hessian
matrix of —L,(0) reads

NaiOp(x)
[XZD Nw:0) + pla)f H )]

k=1

By decomposition, it can be written into the product of a matrix M and its
transpose as M ' M, where M is a [|X,, U D,,| x p]-dimensional matrix given by

P op)?

‘| |XnUDn‘)p

i=1,k=1

Here, |X,, U D,,| denotes the number of points in X,, U D,,, the subscript ¢ runs
through all points in X,, U D,, and k runs through p covariates. One can readily
obtain that the Hessian matrix of —L,,(0) is positive semi-definite for every 0 €
©®, which implies that —L,,(0) as a function of 8, and thus —L,,(0)/n, is convex.

Secondly, we prove that, as n — oo, U,(0) — U,(6g) converges Py,-almost
surely to a function K (6, 6¢) which is non-negative and vanishes only at 8 = 6.
By Lemma 3.1, under conditions (C1)—(C2) and (C4)—(C5), U,(6) — U,(6o)
converges Py,-almost surely to

Denote this limit by K (6, 8g) and the integrand by k(s; 0, 6¢). Clearly, K (08¢, 60)
= 0. Furthermore,

k(s;0,00) = A(s;0)x
A(s;60) o(s)

. . . 27 T e
As:60) | [/\(5,00)] 3 {A(Sﬁo) p(s) ]log A(5:0) ' A(s:6)

Ae:0) A0 | A0 T AG0) L+ 2%

By condition (C2), A(s; @) > 0. Consider the function a — aloga—(a+b)log[(a+
b)/(1 4+ b)] with a,b > 0. Its derivative with respect to a is logla(1 + b)/(a + b)].
The function is strictly decreasing when a € (0,1) and strictly increasing when
€ (1,400). For a =1, aloga— (a+b)log[(a+b)/(14+b)] = 0. Thus, k(s;0,00)
is non-negative and is strictly positive when A(s;0) # \(s; 6p).
Under condition (CT7), strong consistency then follows from an appeal to the
Proposition below Guyon (1995, Theorem 3.4.4). O

Remark 3.3. Note that the proofs of Lemma 3.1 and Theorem 3.2 do not depend
on the assumption that Y;, and thus X, is a Poisson point process. However,
strong consistency relies on the concavity of the log-likelihood function of logistic
regression estimation.
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3.3.2 Asymptotic Normality

To establish asymptotic normality, we start our investigations with the Taylor
series of the score function (3.14).
For every component of the score function, denoted by s,, ;(0) with 1 < i < p,

the second-order Taylor expansion of sm(én) with respect to 8 at @g reads
$0.i(0) = $1.i(80) + V5,,.4(80) (6., — 8o)

1 ~ PN
+ 5(971 —00)"'V?s,,,(07%)(0,, — 69),
where Vs, ;(0) is the [1 x p]-dimensional vector containing the first-order partial
derivatives of s, ;(0) with respect to 8 and V?s,, ;(0) is the [p x p]-dimensional
matrix containing the second-order partial derivatives of s,, ;(8). Moreover,

(3.16)

is a convex combination of 8,, and 6y which, by condition (C6), lies in © as well.

Write Vs, (0) for the matrix whose i-th row is Vs, ;(6¢) and assume its
inverse is well-defined. Heuristically, the idea is to equate (3.16) to zero, ignore
the error term which is the quadratic form in (3.16), and rearrange the remaining
terms to obtain

(3.17)

2B, — 60) ~ {_ m(%)} " 5u(60)

n ni/2
In the next two lemmas, we study the asymptotic behaviours of the terms
—V5,(00)/n and s,(00)/n'/?, respectively.

Lemma 3.4. Assume that conditions (C1)-(C2) and (C5) hold. Define s,(0)
= 8(Xy, Dy; 0) by (3.14) with @ € ©. Then, as n — 0o, —Vs,(00)/n converges
Po, -almost surely to

= —A(S.GO)()zszs sp
v= {/WxTMS 0o) + p(s) t(8)z(s)d Lz:f
(C

Proof. Under conditions (C1)—(C2) and recalling the score function (3.14),

 Vsa(6o) A; 00)p() !

" - Lexnan n[ANz; 0o) + p(x)]

To prove component-wise strong convergence, consider the (k,[)-th entry of the
matrix above which, recalling condition (C1), is given by

1 A& 60)0(a)
") { 2 (w60 + @) Zk(w)z““”}'

zcY;UFE;

5 Zk(w)zl(w)]

k=1

The sum is the average of independent and identically distributed real-valued
random variables. By the Campbell-Mecke theorem,

A@; 0o)p(x) 2 (z) 2 () | A(s: o)p(s)zi(8)a(s) |
o {mE;JE (A 80) + p(2)]? }_/WXT A(s;60) + p(s) ds.
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By condition (C5), the covariate terms in the integrand are bounded. By con-
dition (C2), 0 < A(8;600)p(8)/[A(s;60) + p(s)] < p(s) and p(s) is integrable.
Kolmogorov’s strong law of large numbers implies the claimed Pg,-almost sure
convergence. ]

Lemma 3.5. Assume that conditions (C1)-(C3) and (C5) hold. Define s,(0)
= 8(X,, D,,;0) by (3.14) with @ € ©. Then, as n — oo, 8,(00)/n'/? converges
under Py, in distribution to a p-dimensional normally distributed random vector
with mean zero and covariance matric

V= [/WMs;eoHp(s) we)ale)ds]

(8;00)\(u; 00)p(8)p(uw)zi(8)z(u) e
L s 0] £ Ao 50T ] o)~ 1o

k=1

Proof. Under conditions (C1)—(C2) and recalling the score function (3.14),

5n(60) plx)z(z) (; 00) ()
W= 2 o) + @] 2 W@ o) + o]

zeX, xeD,
It consists of two first-order U-statistics defined on X,, and D,,. Write it as
Sn (00) Sn(Xn; 00) Sn (Dn; 00)

nl/2 T /2 12

(i

i=1

1 & AMzx;00)z(x)
nz—l[ZE 00 +p(m)]}

> oo
zE€Y; /\(x 00) T p
We discuss the two first-order U-statistics separately.

Consider n=/2s,,(X,,;0o). Note that the term in the first curly bracket is the
average of independent and identically distributed real-valued random vectors.
By the Campbell-Mecke theorem and recalling Section 3.2.3,

_ p@)z(x) | p(s)A(s;00)z(s) - 17
gy" A: 8o) +p(m)] - [/WXT A(s;00) + p(s) dSL—l

and, because Y; is a Poisson point process under condition (C2),

Cove, Z : p(:c)z(:c) _ [/ )\(3;90?p2(s)zk(s)zé(3)dsr |
ot (x;00) + p(x) wxT  [A(s:60) + p(s)] k=1

(3.18)

By condition (C5), the covariate terms in the integrand are bounded. By con-

dition (C2), 0 < A(s;60)p*(s)/[A(8;00) + p(8)]? < A(s;00) and A(s;800) is in-

tegrable. The multi-variate Lindeberg-Lévy central limit theorem implies that

n~t/ 2[8,,(Xpn;600) —nMpg,] converges under Py, in distribution to a p-dimensional

Mg, =
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Chapter 3. Infill Asymptotics for Spatio-temporal Point Processes

normally distributed random vector with mean zero and covariance matrix given
by (3.18).

Analogously, by condition (C3), n=/?[s,,(D,,00) — nMg,] converges under
Py, in distribution to a p-dimensional normally distributed random vector with
mean zero and covariance matrix

(x;00)z(x) | A?(s;60)p(s)z1(s)z(s) s !
coven [Z A(@; o) +p($)] - [/WXT (s:80) + ps)P }

k=1
/ / 3601 O0)r()1) 24211
oy A(8560) + pls)[[A(u; Bo) + plu)]

p

[9(s,u) — 1]dsdu]
k=1

By condition (C2),

A(8;00)A(u; 00)p(s)p(u)
[A(8;60) + p(s)][A(u; 6o) + p(u)]

and A(s;0¢), A(u; 0g) are integrable.

Applying Lévy’s continuity theorem and using the independence of X, and
D,, under condition (C1), the weak limits for the two first-order U-statistics can
be combined, which completes the proof. O

0<

< A(8;60)A(u; 6o)

Remark 3.6. The pair correlation function g(s,u) of E; can be tuned to control
the covariance matriz V.. When E;, and thus D,,, is a Poisson point process,
g(s,u) = 1 and the second term in V wvanishes. Moreover, considering regular
point processes E;, whose g(s,u) < 1, may be useful to reduce the variance.

Recalling (3.17), we are now in a position to conjecture a central limit theorem
for logistic regression estimators. For a formal proof, though, we need to analyze
the error term in the Taylor series (3.16). The next theorem is concerned with
asymptotic normality.

Theorem 3.7. Assume that conditions (CZ) (C8) hold.  Define s,(0) =
8(X,, Dp; 0) by (3 14) with @ € © and let 0n be the estimator for which
sn(gn) = 0. If 6, is altained, as n — oo, n1/2(0 — 6o) converges under
P, in distribution to a p-dimensional normally distributed random vector with
mean zero and covariance matriz U~V (U1 T, where U,V are as defined in
Lemma 3.4 and Lemma 8.5.

Proof. Consider the error term in the Taylor series (3.16) which, under conditions
(C1) and (C2) and recalling the score function (3.14), reads

50— 00) V5, i(60) (B, — 60) = %f:f: »— 00)1(0, — B0): %
k=11=1
[Ma;07) — p()] Aw; 07%) pla) 2i(x) 24 () 2 ()}
{megm [A(z; 0"%) +p(w)]
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for all choices of 8% among the convex combinations of @n and 0.
First of all, note that

> [Mm; 07%) — p(@)] Aa; 07 p(a) 2 (@) 24 () ()
v, n [Mz; 07%) + p(=))’

is bounded in absolute value by

(3.19)

= 3 E@a@a()]

n

xeX,UD,

This bound does not depend on 6’* and thus does not depend on @n By the
Campbell-Mecke theorem,

o (Gri) = [ N(s:0)+ pls)] zs(s) ()21 (5)] d.
WXT
Under conditions (C2) and (C5), Eg,{Gp iri} is a non-negative constant. If it is
zero, the product of the covariate terms inside has to be zero almost everywhere
on Wx T, which contradicts condition (C8). Thus Eg, (G, ki) is strictly positive.
Then, by Markov’s inequality, for any § > 0, there always exists a finite H;;(0) =
Ego (Gn,,kl)/(S such that Pgo HGn,ikl| > Hm(é)] < 4. Since Hikl((s) depends only
on ¢ but not on n, G, ;x;, and thus (3.19), converges under Py, in probability to
O(1). This result applies to every component of (3.19) with 1 <, k,1 < p.
Move back to the Taylor expansion (3.16). By Lemma 3.4, —Vs,(00)/n
converges almost surely, and thus in probability, under Py, to U. Collecting all
i with 1 <4 < p and recalling the results obtained above, (3.16) can be rewritten

We appeal to strong consistency (cf., Theorem 3.2) to conclude that (én —6o)"
times Op(1) converges under P, in probability to zero. Furthermore, by condi-
tion (C8), the matrix U is invertible. Thus, U + op(1) is also invertible with a
probability tending to one as n — co. Multiplication by this inverse yields that

—1 80(00)

nl/2 -

The remainder of the proof is a straightforward application of Slutsky’s the-
orem. Obviously, [U + op(1)]~! converges under Py, in probability to U~!. By
Lemma 3.5, s,,(60)/n'/? converges under Py, in distribution to a p-dimensional
normally distributed random vector with mean zero and covariance matrix V.
Thus, as n — oo, n1/2(9n — 6g) converges under Py, in distribution to a p-
dimensional normally distributed random vector with mean zero and covariance
matrix U 1V(U1)T. O

n'2(6, — 6o) = [U + op(1)]

Remark 3.8. In Theorem 3.2, we have proved that én s a strongly consistent
estimator. Here, observing that U and V' are constant matrices, we thus provide
the convergence rate: (6, — 0g); = Op(n="?) for every 1 <1 < p.
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3.3.3 Existence of the Estimator

Note that both strong consistency and asymptotic normality of the logistic re-
gression estimator rely on the attainment of 6,,. For the sake of completeness,
we also formulate the asymptotic existence of the estimator in the next theorem.

Theorem 3.9. Assume that conditions (C1)-(C8) hold. Define s,(0) =

$(X,, Dp; 0) by (3.14) with @ € ©. Then, for every n, an estimator 0, ex-
ists that solves 8,(0,,) = 0 with a probability tending to one as n — oo.

Proof. The proof follows from an appeal to Sgrensen (1999, Corollary 2.6). By
condition (C2), s,(0) is continuously differentiable with respect to 8 for all 8 €
©. Thus, we only need to verify Serensen (1999, Condition 2.5). For elegance
of writing, we omit the proof here but provide a proof in more general cases in
Lemma 3.15. O

3.4 Infill Asymptotics for General Point Process
Models

By releasing the Poisson assumption of X,, and modifying the corresponding
conditions, the asymptotic results obtained in Section 3.3 can be extended to
general models for which replicated point patterns are available. The log-linear
form (3.1) for the intensity function may not be always natural though. In this
section, we give sufficient conditions for consistency and asymptotic normality
and discuss the applicability for some specific families of point processes.

3.4.1 Asymptotic Results

For general point processes, we shall need the following modified conditions.

(C9) Y; is a general point process with intensity function A(s; @) given by (3.1),
where b > 0 is an integrable function, z is a measurable vector of covariates
and the parameter vector @ lies in an open set ® C RP; E; has integrable
intensity function p(s) > 0.

(C10) Both E; and Y; have bounded pair correlation functions g(s, ) and h(s, u):

SUP(s,u)e(WxT)2 9(8,u) < 00 and sup(, ,yeonvx7)2 h(s,u) < 0o .

The next theorems are concerned with strong consistency, asymptotic nor-
mality and existence of logistic regression estimators for general point processes
in analogy to Theorems 3.2, 3.7 and 3.9.

Theorem 3.10. Assume that conditions (C1), (C4)-(C7) and (C9) hold. Define
L,(0) = L(X,,Dy;0) by (3.7) with 8 € © and set 0,, = argmaxgcg Ln(0). If
0,, is attained, as n — oo, 0, converges Pg,-almost surely to B.
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Proof. The same proofs as of Lemma 3.1 and Theorem 3.2 can be applied straight-
forwardly. O

Theorem 3.11. Assume that conditions (C1), (04) (C10) hold. Define s,(0) =

(Xn,Dn,O) by (3’ 14) with @ € © and let O,L be the estimator for which
sn(an) = 0. If 0, is attained, as n — oo, nl/2 (0 — 6g) converges under P,
in distribution to a p-dimensional normally distributed random vector with mean
zero and covariance matriv UV (U1, where U is as defined in Lemma 3.4
and V' is now given by

T Asi00)p(s) ]
V= /W><T A(8;00) + p(s) e(s)a(s)d k=1

(
83 60)A(u; 00)p(s)p(u)zp(s)z(u)
" //WXT)2 S5 0)

p

p(8)][A(u; 6o) + p(u)]

A(s: B0)A (s Bo)pls)plw)zi(s)an(w) (o
+ //WXT)Q [/\ S; 90)+p(3)][)\(u’90)+p(u)] [h(S,’u) 1]d d ‘|

[9(s,u) — l]dsdul
kl=1

k=1

Proof. Similar proofs as of Lemma 3.4, Lemma 3.5 and Theorem 3.7 can be
used. Note that, by condition (C10), the pair correlation function of Y;, h(s,u),
is bounded, which ensures the entries of V' to be finite. O

Theorem 3.12. Assume that conditions (C1), (C4)-(C10) hold. Define s,(0) =
$(Xn, Dp; 0) by (3.14) with @ € ©. Then, for every n, an estimator 0,, exists
that solves s,(0,) = 0 with a probability tending to one as n — co.

Proof. A similar proof as of Theorem 3.9 can also be applied. O

3.4.2 Applicability Discussion

As an example, consider an inhomogeneous Neyman-Scott point pro-
cess (Waagepetersen, 2007) with a stationary Poisson parent point process of
intensity x > 0 and clusters that are independent Poisson point processes with
intensity functions pk(s — u)exp[@' z(s)] centred around the parent points w
Here, p is the baseline offspring intensity and k(-) is some probability density
function determining the spread of offspring points in clusters. The intensity
function of the combined offspring process then reads ruexp[@' z(s)], which is
of the log linear form (3.1) upon adding a component with the entry one to z
and combining x and p.

Also the strength of interactions may enter into the intensity function. For
instance, consider a log-Gaussian Cox process (Coles & Jones, 1991; Mgller,
Syversveen & Waagepetersen, 1998) driven by a Gaussian random field with
mean function [@ ' z(s)] log[b(s)] and covariance function o2¢(s, u) where ¢(s, u)
is some correlation function and o > 0 denotes the variance at distance zero. Its
intensity function reads exp[@' z(s) + 02/2], which still has the log-linear form
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(3.1) upon adding a component with the entry one to z. Should ¢(s,u) depend
on further parameters, e.g. the decay rate of interactions, additional estimating
equations are required.

3.5 Construction of Asymptotic Confidence In-
tervals

Central limit theorems, such as Theorems 3.7 and 3.11, can be used to con-
struct approximate confidence intervals, which enables uncertainty quantification
for predictions, for instance, in Chapter 2. To this end, we propose consistent
estimators to approximate the asymptotic covariance matrices obtained in Sec-
tions 3.3 and 3.4. Afterwards, we conduct a simulation study to demonstrate
how a regular dummy process can help reduce the asymptotic variance.

3.5.1 Estimation of the Asymptotic Covariance Matrix

By Theorems 3.7 and 3.11, the entries in the covariance matrix n 'U " 'V(U )T
of /én decrease as n increases. However, as they depend on the unknown true
intensity function A(s; 8g), they must be estimated. For the Poisson point process
model considered in Section 2.4, we used a simple plug-in estimator of A\(s;68p)
based on the dummy point process D,,. Here, we investigate consistent estimators
based on replications.

In the context of Poisson point processes X,, (cf., Section 3.3), consider two
sequences of independent and identically distributed point processes A , = Ul
By ; and Ay, = U}, By, defined on W x T that are mutually independent and
also independent from X, and D,,. Assume that B;; and By; have the same
intensity function p(s) as E;. Furthermore, let By ; be a Poisson point process
and Bs; distributed as E; having pair correlation function g(s,u). We propose
estimators for U and V defined in Theorem 3.7 as follows:

P
n

_ A3 0,,) 25 () 2 ()
nU = iz 3.20
ZZT wezB:I A@:6,) + p() (3200

k=1

N i Z Z Ax; b\n)zk(w) Ay; /H\n)zl(y)
i=1 |®€By,i y€By i, y#x )\(w’ On) * p(:L‘) /\(y7 an) + P(y)_ k=1 (321)

r qP

N Mz;0,)2 () My;0.)z(y)
2|2 2 A: 6, ) My; 0

i=1 |x€B1,; YEB1,i , y#=




3.5. Construction of Asymptotic Confidence Intervals

Note that p(s) and ¢(s,u) are known explicitly.

Theorem 3.13. Assume that conditions (C1)-(C8) hold. Define s,(0) =
8(Xpn,Dpn; 0) by (3.14) with @ € © and let 0, be the estimator for which

sn(0,) = 0. If 0, is attained, as n — oo, U and V are consistent estima-
tors of the matrices U and V defined in Lemma 3.4 and Lemma 3.5.

Proof To show the consistency of approxunatlng nlU'VUHT by
(nU) LnV [(nU)~]T using estimators nU and nV, we need to prove that U

and V converge in Pg,-probability to U and V', respectively.
For

k=1

)zi(x) B lz Z AM@x; 00)zk(x) 2 () Y

(z
iy 0,) + p(x) s Ax; 60) + p(x)

Since A(z;0) is differentiable with respect to 6, one can derive the first-order
Taylor series for the terms between the absolute brackets and bound the left-
hand side above by

Y (0 n) @)

j=1

where 6 is a convex combination of 6,, and Bg. Considering that 0 < \(a;0)p(x)/
[A(x;0) + p(x)]?> < 1, by condition (C5), one can find a constant vector ¢ =
[c1,...,¢p] | such that the term above is further bounded by

%Z > la(@)a(@)| Z (5n - 00)jcj : (3.22)

i=1xeB; ;

Since 0 depends on X, and D,, while A; ,, = U], By ; is independent of X,,, D,,,
one may separately analyze the two terms: n—1 > i1 Yowen, L [ze(@) 2i(x)| and

~

| >°0_1(6n — 60);c;|. Note that the former is the average of independent and
identically distributed real-valued random variables. By the Campbell-Mecke
theorem,

%i > la@a@)| = /WXT|zk<s>zl<s>|x<s;eo>ds

i=1 @EB, ;
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Condition (C5) implies that the covariate terms in the integrand are bounded.
Conditions (C2) and (C5) imply that the intensity function A(s;8g) is integrable
on W x T. By condition (C8), the product of the covariate terms cannot be zero
almost everywhere on WWx 7. Kolmogorov’s strong law of large numbers then im-
plies that n=' Y7 | 37 5 |zk(x)z ()| converges Pg,-almost surely, and thus
in Py,-probability, to the integral above which is O(1). Under Conditions (C1),
(C2) and (C4)-(C7), by Theorem 3.2, |Z§:1(5n — 609);c;| converges in proba-
bility to zero. Hence, (3.20) converges in Py, -probability to zero.

On the other hand, Kolmogorov’s strong law of large numbers also implies
that

A@; 00 )2k(x)21(T) Pog—a.s. A(s;00)p(s)
,Z Z T n el /WXTMWzk(s)zl(s)ds,

i=1 xeB;,

from which convergence in Py,-probability follows. By the triangle inequality, U
converges in Py, -probability to U.

‘The remainder of the proof mostly proceeds along similar lines for the terms
in V. For instance, we need to show that, for every 1 < k.1 < p,

1 — 'A x) A ,/é
EZ Z Z /\(( n) 2k () (y )21(y)

i1 we By, yeBa e MNE On) + p(T) A(Y; 0,) + p(y)

(8;00)\(u; 00)p(8)p(u)zi(8)z(u)
//WXT)2 S 00)+p( )][A(u,00)+p( )] g(s7u)d8du~

To do so, we first note that the absolute value of

IVl oy mfdale A

n i=1 xE€By ; yEBs2 ;,y#x )\(CC, 0”) + p(.’]}) )‘(y7 0”) + p(y)

1 Az; 60)zi(T)  Ay;60)z(y)
nz 2 2 Az; 00) + p(x) My; 00) + p(y)

i=1 | *€B2,; YEBa i,y#x

is op(1). This can be readily seen from arguments similar to those in the proof
above. In a second step, we show that

1 - A3 60)z(x)  My;00)z1(y)
”Z 2 2 A(x;00) + p(x) A(y;00) + p(y)

i=1 | ®€B2,; Y€B2,i,y#x

converges in Pg,-probability to

5;00)A(u; 00)p(s)p(u) 2k (5) 21 (w)
//WXW A(s;60) + p(s)][A(u; 00) + p(u)] 9(s, u)dsdu

by Kolmogorov’s strong laws of large numbers, noting that g(s,u) is bounded by
condition (C3) so that the limit is finite. O
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3.5. Construction of Asymptotic Confidence Intervals

For general point processes X,, (cf., Section 3.4), again consider two inde-
pendent sequences of independent and identically distributed point processes
Ay = U Bi; and Ay, = U, By; defined as above. Additionally, con-
sider another sequence of independent and identically distributed point processes
As,, = Ui, Bs; where the B3 ; are independent and have the same distribution
Y; such that Az, is independent from X,,, D,,, A, ,, and Ag,,. With U as above,
set

S
r . R P
- ANx;0,)z(x)  AMy; 0,)z(y)
2 2 S e Nw) + o)
i=1 |@€B2,; yEBa,i,y#w o P Y n Py d k=1
— P

YT p(@)zi(@) Py)a(y) (3.23)

i=1 | ®EBs ; YEBs i, y#x M; 0n) + p(x) AMy; 0n) + p(y)

dri=1
R R p
- 2i Z Z Mzx; 0,)zk(x)  AMy;0,)z(y)
i=1 |®€B1,; yeB1,i,y#a M@ 0n) + p(x) A(y;0n) + p(y) k=1

The following consistency holds.

Theorem 3.14. Assume that conditions (C1), (04) (C10) hold. Define s,(0)
(X,L,Dn,g) by (8.14) with 0 € © and let 0” be the estimator for which

Sy, (Gn) =0.If Hn 18 attained, as n — oo, U and V are consistent estimators of
the matrices U and V' defined in Lemma 3.4 and Theorem 3.11.

Proof. The same proof as of Theorem 3.13 can be applied. Note that, by condi-
tion (C10), h(s,u) is bounded, which also ensures that

(s: eowu- bo)p()olwa()w),
/ / werye N85 00) + p()[IA(w: B) + pla)] |1 )dsd

is finite. O

In the literature, bootstrapping and kernel techniques have been proposed to
approximate the asymptotic covariance matrix. In contrast to the former (Guan
& Loh, 2007), our estimators are consistent and computationally more efficient.
An example of the latter is the estimator proposed in Coeurjolly & Guan (2014)
but in the increasing-domain regime.

3.5.2 Simulation Study

In this section, we investigate the use of regular dummy point processes with
pair correlation functions smaller than one in reducing the variance of logistic
regression estimators, referring to Remark 3.6.
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For simplicity, we consider two examples of spatial point process models for
X, = U Y; on W = [0,1]°. In the first example, Y; is an inhomogeneous
Poisson point process with intensity function A(s) = exp[fy + 02w, + 03w, ]. Note
that w, and w, are spatial coordinates at location s. In the second example, Y;
is a log-Gaussian Cox point process driven by a Gaussian random field with mean
function m(s) = 5w, + sw, and covariance function c(s,u) = o2 exp[—||s —
w||/~]. Thus, its intensity function reads \(s) = exp[fsw, + Osw, + 02/2]. For
elegance, we write 0, = 02 /2.

We also consider two options for dummy point processes D,, = U} E;. In the
first option, E; is a homogeneous Poisson point process with intensity function
p(s) = p1 and pair correlation function g(s,u) = 1. In the second option, E; is a
Gaussian determinantal point process also with intensity function p(s) = p; but
with pair correlation function g(s,u) < 1. Note that determinantal point pro-
cesses have also been used for similar efficiency improvement purposes in Monte
Carlo integration (Gautier, Bardenet & Valko, 2019). Moreover, their realiza-
tions are easy to obtain (Lavancier, Mgller & Rubak, 2015), and the pair corre-
lation functions of Gaussian determinantal point processes are known explicitly,
g(s,u) =1 —exp[-2(||s — ul|/n)’].

Specifically, we set 81 = 0, 05 = 1, 63 = 2, 0, = 0.5, 05 = 1, 65 = 2,
v =0.1, pr = 30 and n = 0.1. We conduct two experiments, one in which Y; is
Poisson and the other in which Y; is a log-Gaussian Cox point process. In each
experiment, we generate n replicates Y1, ...Y,, and form their union X,. We also
generate n replicates F1y,..., E, and take the union D,, from either of the two
dummy point process options. We carry out logistic regression estimation and
report the parameter estimates as well as their approximate variances and 95%
confidence intervals using the consistent estimators proposed in Section 3.5.1.
The results for n = 200, n = 600 and n = 1000 are shown in Tables 3.1 and
3.2. We observe that, for both point process models, the estimators using the
regular dummy point process option achieve a smaller variance than those using
the Poisson point process option. Additionally, as expected, such difference in
variance decreases as n increases (cf., Theorems 3.7 and 3.11).

3.6 General Unbiased Estimating Equations

The Campbell-Mecke theorem provides the theoretical foundation for a wide
range of unbiased estimating equations. Although strong consistency of these es-
timators may not hold due to the loss of the likelihood interpretation, asymptotic
normality and existence of the estimator hold under appropriate conditions. In
this section, we extend our central limit theorem (cf., Theorems 3.11 and 3.12) to
more general unbiased estimating equations by introducing the necessary back-
ground and providing full proofs.

Recalling (3.3), a more general unbiased estimating function based on the
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Table 3.1 Simulation results for the Poisson point process model using Poisson or
regular dummy point process options in logistic regression estimation.

n Dummy Parameter True Estimate Variance 95% CI
01 0 0.150 0.012 [-0.062, 0.362]
Poisson 02 1 0.869 0.014 [0.638, 1.100]
200 03 2 1.854 0.016 [1.608, 2.100]
01 0 0.131 0.011 [-0.076, 0.338]
Regular 02 1 0.914 0.013 [0.692, 1.135]
03 2 1.865 0.015 [1.626, 2.104]
01 0 -0.025 0.0042 [-0.152, 0.102]
Poisson 02 1 0.896 0.0048 (0.760, 1.032]
600 03 2 2.126 0.0054 [1.982, 2.270]
01 0 -0.042 0.0039 [-0.165, 0.081]
Regular 02 1 0.913 0.0046 (0.781, 1.045]
03 2 2.139 0.0050 [2.000, 2.278]
01 0 -0.011 0.0024 [-0.108, 0.086]
Poisson 02 1 1.019 0.0028 [0.915, 1.123]
1000 03 2 2.025 0.0031 [1.915, 2.135]
01 0 -0.016 0.0023 [-0.110, 0.078]
Regular 62 1 1.036 0.0026 [0.936, 1.136]
03 2 2.008 0.0029 [1.902, 2.114]

Table 3.2 Simulation results for the log-Gaussian Cox process model using Poisson
or regular dummy point process options in logistic regression estimation.

n Dummy Parameter True Estimate Variance 95% CI
04 0.5 0.507 0.007 [0.342, 0.672]
Poisson 05 1 1.053 0.013 [0.832, 1.274]
200 06 2 1.907 0.013 [1.684, 2.130]
04 0.5 0.511 0.005 [0.372, 0.650]
Regular 05 1 1.052 0.012 (0.838, 1.265]
06 2 1.902 0.012 [1.687, 2.117]
04 0.5 0.501 0.0034 [0.386, 0.616]
Poisson 05 1 1.049 0.0044 [0.920, 1.178]
600 O¢ 2 1.927 0.0045 [1.795, 2.059]
04 0.5 0.502 0.0031 [0.393, 0.611]
Regular 05 1 1.014 0.0040 (0.891, 1.137]
Os 2 1.970 0.0042 [1.844, 2.096]
04 0.5 0.495 0.0020 [0.408, 0.582]
Poisson 05 1 0.981 0.0023 (0.887, 1.075]
1000 O¢ 2 2.026 0.0027 [1.924, 2.128]
04 0.5 0.491 0.0019 (0.407, 0.575]
Regular 05 1 0.996 0.0021 [0.906, 1.086]
06 2 2.023 0.0025 [1.925, 2.121]

Campbell-Mecke theorem (e.g., Daley & Vere-Jones, 2009) can take the form

s(0)= > flx;0)— > f(w;e)/\[(ff;?) =0, (3.24)

zeX xeD

for some test vector function f : W x T — RP such that every component
of f, denoted by f; with 1 < ¢ < p, has the property that f;\ is absolutely
integrable. For instance, the test function f may contain some non-negative
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quadrature weight functions (e.g., Waagepetersen, 2008; Guan & Shen, 2010)
depending on the first- and second-order characteristics of X to reduce the bias
caused by numerical approximation or ignoring the interaction structure. In
the quasi-likelihood approach (Guan, Jalilian & Waagepetersen, 2015) and the
increasing-domain framework, the optimal f is the solution to a Fredholm integral
equation.

To extend our central limit theorem to such unbiased estimating equations in
the infill asymptotic regime, we shall need the following additional conditions.

(C11) The component functions f;(s, @) are twice continuously differentiable with
respect to 6. Its components and the first- and second-order partial deriva-
tives, denoted by a%lfi(s; 0) and ﬁzglﬁ(s; 0), in a neighbourhood of 8¢
are bounded in absolute value by some functions d;(s),d;(s) and d(s),
respectively, that are absolutely integrable with respect to A(s;6p).

(C12) The second-order partial derivatives satisfy an adapted Holder condition
in a neighbourhood of @g: there exist some « € (0, 1] and some functions
eik1(s) which are absolutely integrable with respect to A(u; @) such that

2 2

g Ji(8:0) — ——fi(s:00)| < ¢ 0 — 60| “.

o (550) — o £(5160)| < au(s)]0 ol

(C13) The [p x pl-dimensional matrix U, whose (k,I)-th entry reads
st fr(8:00)A(s;00)z(s)ds with 6 € ©, is invertible.

(C14) The product of any two component functions, fi(s;600)fi(s;600), is abso-
lutely integrable with respect to A(s;8p).

A few remarks on the conditions are appropriate. Conditions (C11) and (C12)
restrict the smoothness of f and its first-order and second-order derivatives. Con-
dition (C13) is the counterpart of condition (C8) for general unbiased estimating
equations. The technical constraints in condition (C14) ensure that the entries
in the covariance matrices of the corresponding estimators are finite.

For the elegance of writing, we start our investigations with the following
lemma.

Lemma 3.15. Assume that conditions (C1), (C5), (C9) and (C11) hold. Define
s$n(0) = s(X, Dy 0) by (3.24) with @ € ©. Then, as n — oo, for all § > 0,

sup
0,€Cn.p

1 ~
— Vs, (6],....60p) —UH

converges under Pg, in probability to zero, where Cp, g3 = {0 € © : || — Og|| <
B/n'?} and

P

U= [/WXTfk(S;90)>‘(3;90)Zz(3)d3]

k=1
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Proof. Under conditions (C1), (C9) and (C11), recalling the unbiased estimating
equation (3.24), —Vs, (07, ... ,0;,)/71 reads

1 Ofr(x; 0, A
n[z:_k%la+§:<

xreX, xzeD,, P

p

;0;,) [0/ (x:6}) .
ol +f’“(“”9’“)zl(m>”

k=1

Fix 8 > 0. We prove the convergence of the supremum component-wise.
First, by condition (C11), for large enough n and every 1 < i,k,1 < p,

0fi(s;0)
00,

0% fi(s;0)

(o < d.
|fi(s;0)] < di(s), ‘ 00,00,

’ < du(s). ‘ ' <dw(s),  (325)
for all s € W x T and 6 € C),, 3. Note that, taking n large enough, C) g
lies entirely within @, as the parameter space © is open by condition (C9).
Furthermore, under condition (C9), the first-order Taylor expansion of A(u;8)

with respect to 0 at g reads
P
A(5:8) — A(s;00) = b(s) exp [QTz(s)} 3 (0 60),zi(s)
i=1

where @ is a convex combination of @ and 6p. By condition (C5), the co-
variate terms in the inner product QTZ(S) and the sum above are bounded.
Thus, recalling the definition of C,, g, when n — oo, one obtains that A(s;0) =
A(s;60) + b(s)o(1) for all s EWXTandOGC’nﬁ.

Consider —Vs,(0%,...,07)/n. In the remainder of this proof, denote its
(k,1)-th entry by | Vsn i ( 5)/ . The difference between [—V's,, 1(0},)/n]; and
[—V5,(00)/n], reads

Of(x;6,) 1 O fr(x;00)
n Z 00, T EZ a0,

EEX xeX
1 A@; 0;) Of(x:0;) 1 Az; 00) 0 fr(; 60)
" wEZD p(x) 90, n S ) 90, (3.26)
1 NCH AP 1 Ax;60) ,
+ ﬁ ng:n Tg;)kfk(w? ak)Zl(w) - ﬁ ng:n Wfk((lﬁ, 00)2[(%)

Below, we analyze the asymptotic behavior of the second line in (3.26). The
analysis of the other two lines proceeds along similar lines.

Under condition (C11), the first-order Taylor expansion of 6%1 fr(x; 6;,) with
respect to 6 at @g reads

Ofi(w:;6;)  Ofn(z;600) i(% B 00)_52fk(93;9;/)

00, 00, P 90,00,
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where 6/ is a convex combination of 8}, and 8, and thus 8 € C,, 3. Recalling
that A(z;0;,) = A(x;00) + b(x)o(1), the second line in (3.26) is bounded in
absolute value by

" Na; 00) |,
% | o

which, recalling the definition of C,, 3 and the bound functions in (3.21), is further
bounded by

- Ax; 60
Z l Z n3/2 gd’“l

i=1 LxeD, p(.’B)

9% fr.(x; 0))
00,00,

b(x)o(1) ‘ ‘m(w; 6:.)
np(x) 90,

N+ - ‘; Dldu(@)  (3.27)

xeD,,

for large enough n. Note that this bound depends only on n and not on 6y,.
Furthermore, by condition (C11), one can apply the Campbell-Mecke theorem
and Markov’s inequality as in the proof of Theorem 3.7 to obtain that the inner
sum in the first term of (3.27) converges under P, in probability to zero. Since
this result applies to every component of the inner sum with 1 < i < p and also
to the second term, (3.27) converges under Py, in probability to zero. Hence,

1 Z ANe; 0) Ofu(x:6;) 1 Z A(x; 00) O fk(x; 6o)

p(x) 00, n p(x) a0, = or(D).

sup
0,eCn 5|

xeD, xeD,

Applying similar proofs to the other two lines in (3.26) and combining the
obtained results, by the triangle inequality, one obtains that

sup =op(1). (3.28)

0,.€Cnp

[—iVsn,k(e'k)] - {—Tllen(Go)]

l k.l

Finally, consider the analogue of Lemma 3.4 for the unbiased estimating equa-
tion (3.24). Under conditions (C1), (C9) and (C11), —Vs,,(0¢)/n reads

% S lz Afk wleo)+ 3 A(

1=1 LxecY; xEFE; P

P

x;60p) [afk(ac; 6o)
(CC) 891

N fk<w;eo>zl<w>ﬂ

k=1

Again, by conditions (C5) and (C11), one can apply the Campbell-Mecke theo-
rem and Kolmogorov’s strong law of large numbers to obtain that —Vs,,(69)/n
converges Py, -almost surely, and thus in Py, -probability, to U. Accordingly,

‘ [—iVsn(Bo)} — Up| = op(1). (3.29)

k,l

The proof is completed by applying the triangle inequality to (3.28) and (3.29).
U
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3.6. General Unbiased Estimating Equations

The next theorem is concerned with the extended central limit theorem.

Theorem 3.16. Assume that conditions (C1), (C4)-(C5) and (C9)-(C14) hold.
Define s,(0) by (3.24) with @ € ©. Then, as n — oo, for every n, an estimator
0,, exists that solves s,(0) = 0 with a probability tending to one. Moreover, 0,

converges under Py, in probability to O, and nt/2 (5 —0o) converges under Pp,
in distribution to a p-dimensional normally distributed random vector with mean
zero and covariance matriz U~ 1V(U T, where U is as defined in Lemma 3.15
and V is given by

V= :/WXTfk(s;eo)fl(s;GO)A(s;Oo) {1 + A(S;a")] ds]p

k=1

P

+

/ / fi(5:00)A(: 80) f1 (: 80)A(w: 80)[g (5, w) — 1stdu}
i (WxT)?

k=1
P

+ / /(WXT)2 f1(8;00)A\(5;00) f1(u; 00) A(u; 0)[h(s, u) — 1]dsdu]

k=1

Proof. First of all, by condition (C11), s,(0) is twice continuously differentiable
with respect to 8. Then, we verify the analogues of Lemmas 3.4 and 3.5 for the
unbiased estimating equation (3.24).

The analogue of Lemma 3.4 has been established in Lemma 3.15. For Lemma
3.5, under conditions (C1) and (C9), s,,(8)/n'/? now reads

R IO WIETIEES D P Bl

1=1 x€Y; =1 x€FE;

The two terms between the curly bracket above are both averages of indepen-
dent and identically distributed real-valued random vectors. By conditions (C9)—
(C11), their means are finite and identical. Additionally by conditions (C4) and
(C14), their variances are also finite and given by the entries of V. Then, similar
to the proof of Lemma 3.5, one can apply the Campbell-Mecke theorem and
multi-variate Lindeberg-Lévy’s central limit theorem to obtain that s,,(8o)/n'/?
converges under Py, in distribution to a p-dimensional normally distributed ran-
dom vector with mean zero and covariance matrix V.

From Sgrensen (1999, Condition 2.7, Corollary 2.8 and Theorem 2.9), by
condition (C13), we thus only need to prove that

1 1 ~
sup _S'rl(g)’ ) sup —7VS7L(017~-.,0;) -U )
6eC,pll M 0,eChpll T
and
1 ~
sup —7V2sn7i(91,...,0;) - Q;
0,,€Cy 3 n
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all converge under Py, in probability to zero, where Qi is given by

p

Q= [ [ sts.000s eo>zk<s>zl<s>ds}
WxT k=1
[ [P0 ) OO ) /\(s,Ho)dsKJ_l

In Lemma 3.15, we already proved that

Pe
sup — 0.

0,.€Cn

1 .
_EVsn(Oi, s ) — U‘

The remainder of the proof mostly proceeds along similar lines for the other two
cases.

Condition (C12) is required in proving the convergence of some terms in the
entries of —V?s,, (0}, ... ,0;)/71. For instance, we need to prove that

1 > Az 0;,) O fr(;6,) 1 5 A(z; 00) 9° fi (2 6o)

ey p(x) 00;00, n p(x) 00;00,

= Op(l).
0,.cC, 5|

xeD,, xeD,,

Since fi(s,0) is only twice continuously differentiable with respect to 6, the
proof in Lemma 3.15 does not apply here. However, recalling from the proof of
Lemma 3.15 that A(zx; 6;,) = A(x;609) + b(x)o(1), the absolute value term above
is bounded by

which, under the adapted Holder condition in condition (C12), is further bounded
by

1 Z z; 00) | 0% fr(x; 0},) 9 fu(; 60)
n o@) | 06,00, 06,00,

b(x)o(1) || 0% fi(x; 6},)
oulwos

xzeD,,

p >\($;90)6. 1 b(x)
S | e s+ 5

o(1)) dkm]

xeD,

for large enough n. This bound depends only on n and not on ). By conditions
(C11) and (C12), one can again apply the Campbell-Mecke theorem and Markov’s
inequality as in the proof of Theorem 3.7 to obtain that the bound converges
under Py, in probability to zero. O

Remark 3.17. Looking back on logistic regression estimators given by (3.4),
its component functions are smooth with respect to @ and thus the second-order
derivatives satisfy the adapted Hélder condition. Moreover, its component func-
tions and the first- and second-order derivatives are bounded under condition

(C5).
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3.7 Summary

In this chapter, under conditions that are easy to verify in practice, we established
strong consistency and asymptotic normality for logistic regression estimators
for the parameters in the intensity function of a spatio-temporal point process
model under the infill framework. Such a regime is quite natural for Poisson point
processes observed in a fixed window, as is the case in our study on chimney fire
prediction in Chapter 2 which motivated this work. It is also suitable for general
point processes when replications are available. Since, in Chapter 2, the data
was collected spatio-temporally, we chose to work in space and time, but the
asymptotic results are equally valid in R?. We also extended our central limit
theorem to the estimators solving general unbiased estimating functions that are
based on the Campbell-Mecke theorem.

From a practical perspective, in a simulation study, we demonstrated how the
results can be used to obtain approximate confidence intervals based on consistent
estimators for the asymptotic covariance matrices. Logistic regression estimators
are computationally fast, as they can be implemented using standard software.
In addition, we showed another advantage that regular dummy point processes
can be used to increase precision.

For future work, note that additional higher order estimating equations are
usually required to estimate interaction parameters for general point processes.
Thus, the first direction would be to study infill asymptotics there as well. More-
over, we assumed that the intensity function is log-linear in covariates, which
simplified the computations. We believe, however, that similar asymptotic re-
sults can be proved for a much wider class of intensity functions. Finally, it
would also be interesting to study infill asymptotic results for Gibbs and Markov
point processes under similar appropriate conditions on Papangelou conditional
intensity functions.
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CHAPTER 4

XGBoostPP: Tree-based Estimation of
Point Process Intensity Functions

4.1 Introduction

Intensity estimation is a fundamental task when analyzing a point process, as it
defines the likelihood of event occurrences within the observation window. The
existing literature explores two primary scenarios: one based on the Cartesian
coordinates of events (Diggle, 1985) and the other involving spatial covariates
(Guan, 2008; Baddeley et al., 2012). Chapter 2 introduces an important context
related to the latter: estimating the intensity function for classic medium-sized
point patterns in the presence of a large number of covariates. These data sets
typically consist of only hundreds or thousands of events in the observation win-
dow and replicates are generally unavailable (e.g., Yin & Sang, 2021; Dong et
al., 2023; Zhang et al., 2023). In this chapter, we continue to focus on this re-
search scenario. It is worth noting that, theoretically, modelling the intensity as
a function of covariates can achieve consistency (Guan, 2008) and, practically,
the intensities at nearby locations may vary due to differences in their covari-
ates whereas distant locations might exhibit similar intensities owing to shared
covariates.

Relating spatial covariates to the intensity of a point process has a well-
established history. A particularly useful approach is to assume a parametric
form for the intensity function, e.g. a log-linear model that formulates the log-
intensity as a linear combination of accessible covariates. Extensive studies have
been conducted on the estimation accuracy and asymptotic properties of the re-
sulting estimators (Schoenberg, 2005; Waagepetersen & Guan, 2009; Guan, Jalil-
ian & Waagepetersen, 2015; Hessellund et al., 2022; Xu et al., 2023). Although a
parametric model is easy to estimate and interpret, it may not be flexible enough
for certain applications due to the inherent rigidity of the parametric form.

In contrast, nonparametric approaches impose fewer and less unrealistic as-
sumptions and have gained considerable attention recently. Examples include
kernel intensity estimators (Guan, 2008; Baddeley et al., 2012), Gaussian Cox
process approaches (Cunningham, Shenoy & Sahani, 2008; Kim, Asami & Toda,
2022) and Bayesian nonparametric models (Yin et al., 2022). Specifically, kernel
intensity estimators apply the standard kernel smoother in the covariate space
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and are computationally efficient (Baddeley, Rubak & Turner, 2015). However,
due to the high local variability and bandwidth selection problems, their es-
timation accuracy may not be as good as others. Gaussian Cox process ap-
proaches model the latent intensity as a function of a Gaussian process and re-
quire more computational resources to approximate the intractable integration of
the Gaussian process, either via Markov chain Monte Carlo algorithms (Mgller &
Waagepetersen, 2004) or domain discretization (Rue, Martino & Chopin, 2009; TI-
lian, Serbye & Rue, 2012). Recent studies have proposed various approximation
schemes to reduce the computational demand associated with this integration
(e.g., Walder & Bishop, 2017; Aglietti et al., 2019), although the computational
cost remains a significant challenge.

Another important limitation of existing nonparametric approaches is the
constraint to consider only a small number of covariates, primarily due to the
well-known ‘curse of dimensionality’ phenomenon. For instance, Kernel inten-
sity estimators typically accommodate only one or two spatial covariates without
imposing additional, potentially unrealistic restrictions, such as isotropy. Gaus-
sian Cox process approaches, on the other hand, usually treat the intensity as
a function of spatial coordinates, thereby lacking the capability to incorporate
additional covariates. A noteworthy exception is the augmented permanental
process (Kim, Asami & Toda, 2022), which extends the work of Flaxman, Teh &
Sejdinovic (2017). In Kim, Asami & Toda (2022), the square root-intensity is as-
sumed to be a Gaussian process defined on a multi-dimensional covariate domain.
Although, theoretically, there is no limit on the dimension of the covariate space,
our numerical results suggest a significant deterioration in the performance of the
augmented permanental process approach as the covariate dimension increases.

With the rapid development of data-collection technologies, an expanding ar-
ray of covariates has become accessible for point pattern analysis (e.g., Zhu & Xie,
2022). This surge underscores the necessity for an approach adept at handling
the dimensionality of covariates in intensity estimation. Neural network-based
point processes (Okawa et al., 2019; Zhang, Kong & Zhou, 2023) have been ex-
plored to learn the deep dependence of covariates on event occurrences. However,
they require large data sets, containing millions of events, to obtain predictive
performance and may not be suitable for classic medium-sized point patterns.
Tree-based models have proven to excel in predicting the relationship between
numerous covariates and the response (Grinsztajn, Oyallon & Varoquaux, 2022)
on medium-sized data. Moreover, ensemble methods, such as random forests
(Breiman, 2001) and gradient boosting machines (Natekin & Knoll, 2013), lever-
age the combination of multiple weak learners to build a robust learner, behaving
highly effective across various tasks. Surprisingly, to the best of our knowledge,
no existing work in the point process literature has employed tree-based models
for intensity estimation.

This work fills the gap discussed above. Specifically, our contributions are
three-fold: (i) we propose a novel tree-based approach, XGBoostPP, for intensity
estimation of classic medium-sized point pattern data, particularly over a high-
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dimensional covariate space, and design the associated learning algorithm and
validation procedure; (ii) we derive a dynamic weighted loss function, tailored
for our tree-based ensemble model whose variable space varies considerably dur-
ing the fitting process, to improve the estimation efficiency for clustered point
patterns; (iii) we demonstrate the superiority of the proposed approach to the
state-of-the-art via numerical and real data experiments: XGBoostPP achieves
comparable performance to the best baseline, the augmented permanental pro-
cess approach, when the covariate dimension is small, while it outperforms all
existing methods when the dimension increases.

The remainder of this chapter is organized as follows. Section 4.2 introduces
the background and literature. Section 4.3 presents the proposed model, along
with the design of the loss functions, the learning algorithm, and the procedure
for hyperparameter selection. Section 4.4 displays a simulation study to evaluate
the performance of our proposed method and compares it against the state-of-
the-art approaches. In Section 4.5, we apply the method to real-world data sets
to further demonstrate its practical utility. Finally, the chapter concludes with
a discussion of the findings, limitations and directions for future research.

4.2 Background and Literature

In this section, we provide a brief overview of the point process models that
will be used in the simulation study in Section 4.4, along with a summary of
nonparametric intensity estimation approaches documented in the literature.

4.2.1 Point Process Models

Consider a point process X defined on a bounded domain W C R? with in-
tensity function A(s). Assuming second-order intensity-reweighted stationarity
(Baddeley, Mgller & Waagepetersen, 2000), the pair correlation function of X,
cf. Section 1.1, can be simplified to g(r) at distance r = || — y|| where z,y € W.

Poisson point process

A Poisson point process assumes point independence within X and its log-
likelihood function is given by

> log[A(x)] — /W A(s)ds. (4.1)

xeX

Note that, for any Poisson process, the pair correlation function g(r) = 1.

Log-Gaussian Cox process

A Cox process is a Poisson process with a random intensity function. In par-
ticular, we consider the log-Gaussian Cox process whose log-intensity reads

7
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log[A(s)] = log[A(s)] + Y (s), where A() is a deterministic function of covari-
ates and Y(-) is a zero-mean Gaussian process with a covariance kernel p(-,-).
The kernel can take, but is not limited to, the exponential form

pla,y) =% exp <”$y|> (4.2)

g

with 72 as the variance and o as the scaling parameter. The intensity function of
this process is given by A(s) = E[A(s)] = A(s) exp(72/2), and the pair correlation
function reads g(r) = exp[r? exp(—r/o)] which quickly approaches one as r grows
large.

Neyman-Scott point process

A Neyman-Scott point process is generated in two stages. First, a set of parent
points are produced from a homogeneous Poisson process of intensity «. Then,
for each parent a, a set of offspring points are generated independently from a
Poisson process with an intensity function Ag(s) = k(s — a;0)A(s) where k(-;0)
is a density function parameterized by a scalar o, quantifying the scattering
distance. In particular, the Thomas process assumes k(-;0) to be an isotropic
Gaussian kernel with a standard deviation . The intensity function of such a
process is given by A(s) = kA(s), and the pair correlation function reads g(r) =
1+ exp(—r?/40?)/(47ro?) which also quickly approaches one as 7 increases.

4.2.2 Intensity Estimation Approaches

Recent related work on nonparametric point process intensity estimation include
kernel intensity estimators, Gaussian Cox process approaches and neural network-
based point process models.

Kernel intensity estimators

Kernel intensity estimators (Guan, 2008; Baddeley et al., 2012) are extensions
of kernel density estimators (Silverman, 1998) to point pattern data. Similar
to kernel density estimators, estimation can be challenging for kernel intensity
estimators when the dimension of the covariate space is high (Cronie & Van
Lieshout, 2018). To address this challenge, several dimension-reduction tools
have been developed (e.g., Guan & Wang, 2010). Implementations of kernel
intensity estimators are available in the R-package spatstat (Baddeley, Rubak &
Turner, 2015), however, only data with at most two covariates is supported.

Gaussian Cox processes

Gaussian Cox process approaches (Cunningham, Shenoy & Sahani, 2008; Adams,
Murray & MacKay, 2009; Gunter et al., 2014; Samo & Roberts, 2015; Lloyd et
al., 2015; Walder & Bishop, 2017; Donner & Opper, 2018; John & Hensman,
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2018; Aglietti et al., 2019; Kim, Asami & Toda, 2022) can be viewed as Bayesian
alternatives to the kernel intensity estimators. Gaussian Cox processes model
the intensity by a Gaussian process with a positive link function and maximize
the posterior probability. Different link functions lead to variants of Gaussian
Cox processes, such as log-Gaussian Cox processes (exponential link; Mgller,
Syversveen & Waagepetersen, 1998), permanental processes (quadratic link; Mc-
Cullagh & Mpgller, 2006) and sigmoidal Gaussian Cox processes (sigmoid link;
Adams, Murray & MacKay, 2009). To our knowledge, most Gaussian Cox pro-
cess approaches estimate the intensity as a function of spatial and temporal
coordinates, with the exception of the augmented permanental process approach
(Kim, Asami & Toda, 2022). It assumes that the square root-intensity is gen-
erated from a Gaussian process defined on the covariate domain and tackles the
intractable integration via path integral formulation, achieving great computa-
tional improvements. However, it is not immune to the curse of dimensionality.
In our numerical experiments, a significant deterioration in its performance is
observed as the dimension of the covariate space increases.

Neural network-based point processes

Neural network-based point process models (Du et al., 2016; Mei & Eisner, 2017;
Zuo et al., 2020; Zhu & Xie, 2022; Okawa et al., 2019; Zhang, Kong & Zhou, 2023)
employ deep neural networks to capture the complex occurrence features of point
patterns. Related to our work, the deep mixture point process (Okawa et al.,
2019) models the intensity as a mixture of kernels centred at finite representative
points in the observation window, and the mixture weight of a representative
point is estimated by a multi-layer perceptron over its covariates. The deep kernel
mixture point process (Zhang, Kong & Zhou, 2023) extends the deep mixture
point process by adopting another neural network to project the coordinates of
points to a hyper-plane and learns the similarity between the representation point
and the estimated point using kernels there. Although, methodologically, both
the deep mixture point process and the deep kernel mixture point process can be
directly applied for classic medium-sized point patterns, their performance needs
to be evaluated since deep structures usually require plenty of data for model
training to obtain predictive performance.

4.3 Methodology

In this section, we present the proposed model and the likelihood-based loss
functions for nonparametric intensity estimation of classic medium-sized point
patterns. We also introduce the additive learning algorithm and the associated
hyperparameter selection procedure.
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4.3.1 The XGBoostPP Model

Consider a point process X defined on an observation window W. Assume that
its intensity A is a function of a p-dimensional covariate vector z(s) with s € W.
To estimate the mapping A\[z(s)] : R — R™, we propose a tree-based ensemble
model, XGBoostPP, following the classic scalable tree boosting system (Chen
& Guestrin, 2016). The standard XGBoost was designed for general regression
or classification tasks and is not directly applicable to point pattern data, espe-
cially with specific point correlations. Hence, we propose two carefully designed
likelihood-based loss functions, an efficient learning algorithm and a validation
procedure to adapt to the point process context.

Formally, our XGBoostPP model estimates the log-intensity of X by K ad-
ditive trees:

log {A[z(8)]} =Y ful2(s)], fr€F, (4.3)
k=1

where F = {f[2(s)] = 042(s))} is the space of regression trees with ¢[z(s)] :
RP — {1,..., Ny} and O,1.(s) € RNa. Here, g represents a tree structure that
maps the covariate information at a location s to a corresponding leaf index, IV,
is the number of leaves in this tree, and 6, is the vector of leaf scores. Each tree
fi is uniquely defined by an independent tree structure ¢, and the associated
leaf score vector 0, . We denote the estimated intensity function by A(x; fx)
with fx = (f1,--- ., fx) and write 8y, for 6, , with 0}, representing the element
of ;. on leaf v. Given a location s, the decision rules of the trees in fx will
first classify z(s) into K leaves and then calculate the estimated log-intensity by
adding up the scores on all corresponding leaves.

4.3.2 Likelihood-based Loss Functions

To estimate the structures of the K tree predictors in the XGBoostPP model,
as well as their leaf scores, we design two likelihood-based loss functions: the
Poisson likelihood loss and the dynamic weighted likelihood loss.

Poisson likelihood loss

It is well-known that a parametric intensity function defined as A(s;0) =
expl@”z(s)] can be consistently estimated by maximizing the Poisson log-
likelihood (4.1), even when the underlying point process is not Poisson (Schoen-
berg, 2005). Motivated by this phenomenon, we propose to estimate the optimal
tree predictors and leaf scores in model (4.3) by minimizing the following penal-
ized loss function

K
L(fx) =Y _ Q) = Y o(@; fx) + /W exp [¢(s; fx)] ds, (4.4)

k=1 rzeX
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where ¢(s; fr) = log[A(s; fx)| and Q(fi) = v, |0k,v| with some v > 0. The
last two terms in (4.4) compute the negative Poisson log-likelihood and the first
term penalizes the complexity of fx to avoid overfitting.

Note that one needs to minimize (4.4) with respect to both tree structures
{gr} and leaf scores {0}, simultaneously. However, it is impractical to exhaust
all possible tree structures. Hence, for feasible computation, we develop a greedy
search algorithm, which will be illustrated in Section 4.3.3, to approximate the
optimal intensity estimates.

Dynamic weighted likelihood loss

When the underlying point process deviates from a Poisson process, e.g. the
log-Gaussian Cox process and the Neyman-Scott process, maximizing the Pois-
son log-likelihood, as discussed in Schoenberg (2005), still results in a consistent
estimator for a parametric intensity function. However, the estimation efficiency
can be poor due to inter-point dependence (Guan & Shen, 2010). Such a limi-
tation also applies to XGBoostPP when minimizing (4.4). To improve the esti-
mation efficiency for clustered processes, we propose a dynamic weighted likeli-
hood loss, inspired by the quasi-likelihood method developed in Guan, Jalilian
& Waagepetersen (2015).

To motivate our proposal, we first assume that the optimal tree structures
under model (4.3) exist, denote them by g© and examine the ‘oracle’ estimator
for the associated optimal leaf scores that minimizes E[L(fx)] in (4.4). In this
case, all values of 6}, ,, that do not correspond to a ‘terminal’ node in q© are set
to zero. Our focus will then shift to the estimation efficiency of the scores on the
remaining nodes, denoted by 0 4, with A indicating the set of the true supporting
leaves.

It is important to note that, with the knowledge of the optimal tree structures
q®, the XGBoostPP model can be interpreted as a generalized linear model over
a vector of transformed covariates Z 4(s) that denote the membership identities
of a location s with respect to the supporting tree leaves. Specifically, if a point
belongs to a leaf in a tree, the corresponding element in the membership vector
is assigned one, and zero otherwise. Then, A(s;04) = exp[8Z.a(s)]. In this
setting, the estimated intensity function is always positive and differentiable with
respect to 6 4.

By the Karush—-Kuhn—Tucker optimality condition, the estimate of 64 ob-
tained by minimizing (4.4) must satisfy the estimating equation

ep(0.4) =7 sgn(04) +

xcX

A(s;04)ds =0. (4.5)

9¢(x;60.4) _/ O0p(x; 0 4)

Here, we change ¢(s; fir) and A(s; fx) to ¢(s;04) and A(s;604) due to the
knowledge of g©. According to Guan, Jalilian & Waagepetersen (2015), a direct
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generalization of e4(0.4) = 0 is to consider the following more general form

n(0.) =7 sen(®4) + 3 h(@i64) ~ [ h(s:00\(s:0.)ds =0, (10)
xeX w

where h(s; 0 4) can be any measurable vector function defined on W and of the
same dimension as 0 4. Following Guan, Jalilian & Waagepetersen (2015), we
call (4.6) a first-order penalized estimating function.

To quantify the estimation efficiency of 8 4 for clustered point processes, we
may analyze the estimation variance of (4.6). Recall that 8 4 # 0, and denote
the sensitivity matrix

_E [8eh 0_,4
00

/ VA(s;0.4)h" (5;0.4)ds (4.7)
by sp and the variance matrix

Var [ep, (0.4)] :/ h(s;04)h" (s;0 0)\(s;0.4)ds

w (4.8)

[ [ Bus0.0n" (5:0.0Mws0.0(5:0.0) o(s. w) — 1] duds
W2

by 3. Under a proper asymptotic scheme, e.g. as derived in Chapter 3, the esti-
mation covariance matrix reads s;lﬁh(sgl)T, and its inverse, G, = le,:lsh,
is known as the Godambe information.

The optimal h*(s;64) that minimizes the inverse Godambe information
reduces the estimation variance for 64 the most. By Guan, Jalilian &
Waagepetersen (2015), h*(s;04) must satisfy a Fredholm integral equation of
the second kind (Hackbusch, 1995), that is, for any w € W,

/ B (0 )\ (; 0.4) [9(s — ) — 1] dus
w

07 (0. = P04 a5,

(4.9)

Solving (4.9) for h*(s;04) requires numerical quadrature approximation
(Nystrom, 1930) or stochastic approximation (Xu, Waagepetersen & Guan,
2019); both are computationally expensive.

Alternatively, a special case (Guan & Shen, 2010) can be considered:

/ B (0 )M (u; 0.4) [g(s — ) — 1] dus
w (4.10)
~ h*(5:0.,0\(s:0.4) / lg(s — ) — 1] du,

w

assuming that h*(u;04)\(u;0.4) ~ h*(s;0.4)\(s;0.4) for proximate pairs of
locations and that g(s — u) ~ 1 for distant pairs, which yields a closed-form
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solution of h*(s;0 4) to (4.9):

8)\ S OA)

h*(8;0.4) = w(8;0.4) ——/A(5;0.4) (4.11)

with a location-dependent weight function

1
14+ X(8;04) [y l9(s —u) — 1] du

w*(s;0,4) = (4.12)

Under these assumptions, it is straightforward to show that solving (4.9) with
h*(s;0 4) is equivalent to minimizing the weighted negative log-likelihood

0041 = 3w (510, lox Max04)] + | w(s0.0M(s:0.0ds.  (413)

zeX

where | - | indicates the Li-norm of a vector. However, this weighted negative
log-likelihood, in practice, is unobtainable as the optimal tree structures q© are
inaccessible.

For the parametric model with a fixed covariate space as in Guan & Shen
(2010), the intensity term in w*(s;0.4) needs to be estimated in advance by
maximizing the Poisson likelihood and are treated as fixed afterwards, while the
integral [}, [g(s —u) — 1]du is approximated by [ 27r[g(r) — 1]dr for some
sufficiently large distance m.

Such an estimation procedure does not suit our XGBoostPP model as the
latter has a considerably varying variable space. The intensity estimated by
minimizing (4.4) may not properly approximate A(s;0.4). Instead, we decide
to compute the weights dynamically at each iteration of the fitting process and
propose the following penalized weighted loss function

K
K) = ZQ(fk) - Z w(w; fr)o(x; fi)
k=1 zeX (4.14)

+ /W w(s; fx) exp[d(s; fi)] ds

to estimate the intensity of X. It is worth emphasizing that the weight func-
tion w(s; fi), introduced later in (4.16), depends on fx and varies based on
updated tree structures, which incorporates the approximation of w*(s; 6 4) into
the estimation of the optimal fg, simultaneously.

4.3.3 Additive Learning Algorithm

Given the impracticality of exhaustively exploring all possible tree structures in
the minimization of (4.4) and (4.14), we adopt a sequential exploration in the
space of f. To maintain generality, we focus on the minimization of (4.14) in the
subsequent demonstration.
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Adding regression trees

Let us denote the estimated log-intensity over the k& — 1 trees fk_l =
(f1,"+, fk—1) by &(s; fx—1). At the k-th iteration, we add a tree predictor
fr to minimize

L (fi) = fe) = 3 wlas fo) [0a; Fir) + ful@)]
zeX (4.15)
+ [ wtsi Foyexp [6(s: Fin) + fuls)] ds
w

Without the knowledge of fi and for computational efficiency, we iteratively
approximate w(s; fi) based on fi_1:

w(s; fr) =

Wk

1+ exp {5(3; fk—l)] F((m) - 7”"2] |

(4.16)

The normahzmg scalar wy here is chosen such that fw S; fk 1)ds = 1, and

K(m) — 7m? estimates Jo" 2mrg(r) — 1]dr, where K(-) is Ripley’s K-function
(cf., Section 1.1) and can be computed by the following standard nonparametric
estimator (Mgller & Waagepetersen, 2004)

||z —yll <m}
= S . (4.17)
;6; ye)§¢m AMz; HMNY; £) IW N Wy y|

Here, 1{-} is the indicator function, X(, f) is the estimated intensity that may
be replaced with the one fitted using (4.4), and 1/[W N Wy_,| is the translation
edge correction factor (Ohser & Stoyan, 1981). We manually set K (m) — mm? to
zero when it is negative.

By simple calculations, one can apply a quadratic approximation to (4.15) to
obtain

LP(fr) =~ Qfx) = > Br(@)d(x; Fro1)

xcX

+ /W e(s)exp [3(s; f )| ds — 3 Bu(@) fulw) (4.18)

zeX
+/W k( eXp (8 Fre 1)} [fk(s)—i-;f,f(s)] ds

Since wg(s) and (b(  Fre 1) are known at the k-th iteration, one can remove the
constant terms in (4.18). The loss to be minimized at this iteration can thus be
simplified to

Egc)(fk) =Q(fr) - Z Wi () fr(x)

zeX

4 /W @i (s) exp [o(s: Fi1)] { flo) + 152 (S)} o (4.19)
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To compute the integrals throughout the above derivation, we employ a numerical
quadrature approximation. Suppose that the observation window W can be
divided into m grid cells By,---,B,,, and each cell is centered at b; and has
volume |B;|. Then,

m

/W @(s)h(s)ds ~ 3 @ (bi)h(by)|Bi, (4.20)

i=1

where h(s) is any measurable function defined on W such that wi(s)h(s) is
absolutely integrable.

Growing an added tree

To grow an added tree fi, we adopt a top-down greedy search algorithm. Start-
ing from the root node, we iteratively identify the optimal split among various
candidates until a predefined convergence criterion is reached. The key to de-
veloping a computationally feasible algorithm is to efficiently compute the loss
reduction upon any node split.

To achieve this goal, we denote the set of locations whose z(s) belongs to leaf
v by Iy, = {s: qx(s) = v}. Then, we can extract the contribution of this leaf to
(4.19), expand Q(fi) and replace fi by 6, to obtain

LE) = A|0k0| = > @p(@)1{x € Ii o}k
xeX

(4.21)
+ [ an(s)exp [3(s: Fin)] 1s € 1) (ek,v + ;%) ds.
w

For any given tree structure g, the optimal score é\k’v on a leaf v, minimizing
(4.21), has the following closed-form expression

oo Sgn(Rkﬂ) - Tk}ﬂ)) max (‘Rk,v - Tk,v' -7 0)

= 4.22
ekz,v Tk,y 5 ( )
where
Rk’,v - Z @k(m)l{m € Ik,v} (423)
zeX
and
e :/ W (s) exp[p(s; fr—1)]1{s € Ij, }ds. (4.24)
w

It is important to mention that, when é\;w = 0, the leaf will be eliminated from
the tree. Hence, the Li-penalized loss always tends to produce a smaller tree.

Consequently, for any gy, one can compute a performance score by plugging in
all optimal leaf scores as above into the loss (4.19). Utilizing these performance
scores, one can find the best split that minimizes (4.19) among various candidate
splits for each node and grow the tree sequentially. To exhaust possible candidate
splits at a node, we use Chen & Guestrin (2016, Algorithm 1).
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More stable learning

To achieve a more stable learning performance during the fitting of the XG-
BoostPP model, we also incorporate the shrinkage and subsampling techniques
of the standard XGBoost (Chen & Guestrin, 2016). The former shrinks the im-
pacts of the newly added tree by a parameter n > 0, which is well-known as
the learning rate in stochastic optimization problems. By replacing fi with 7 fy,
one leaves more room for future trees to improve model performance. The latter
randomly subsamples covariates as the candidate dependent variables for each
node split, leading to a boosted random forest.

4.3.4 Hyperparameter Selection

Selecting proper hyperparameters, including the number of tree predictors K,
the learning rate n and the penalty scalar -, is crucial for a well-performing
XGBoostPP. To this end, we propose a two-fold cross-validation method.

The validation procedure can be approximately regarded as model fitting on
two thinned point processes, both of which have around a half intensity and the
same second-order information of the original process (Cronie, Moradi & Biscio,
2023). Specifically, we randomly split data points into two parts and, at each
time, use one part to train the model and compute the Poisson log-likelihood
based on the estimated intensities of the other test part. We summarize the
Poisson log-likelihoods on two test parts as the performance measure. To further
reduce the randomness in the data splitting, we repeat such a procedure three
times and report the averaged test Poisson log-likelihood as the final evaluation
metric to choose the optimal combination of hyperparameters.

4.4 Numerical Study

To evaluate the performance of XGBoostPP, we conduct a numerical study on
synthetic data from the point process models introduced in Section 4.2.1 and test
on various covariate complexities in different scenarios. The intensity function of
the simulated point pattern is governed by a set of covariates that are indepen-
dently generated from an isotropic Gaussian process with a covariance function
exp(—10r). For comparison, we adopt kernel intensity estimators (KIE) with
the ratio (ra) and the reweight (re) methods (Baddeley et al., 2012). For de-
tails of the two methods, please refer to Baddeley, Rubak & Turner (2015). It is
again worth noting that kernel intensity estimators implemented in the R-package
spatstat only support data with at most two covariates. For Gaussian Cox pro-
cess approaches, we implement the augmented permanental process (APP) with
the naive kernel (naive) and the degenerate kernel of the random Fourier map
(rfm) (Kim, Asami & Toda, 2022). The naive kernel also encounters computa-
tional problems when applied to a high-dimensional covariate space. For neural
network-based point process models, we reproduce the deep kernel mixture point
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process (DKMPP) with the radial basis function kernel (rbf) (Zhang, Kong &
Zhou, 2023).

We use two evaluation metrics to measure the performance of all approaches:
the Poisson log-likelihoods on new randomly generated test data under the same
model and the integrated absolute errors from true intensities. The former fo-
cuses on important locations where points occur more often and the latter reads
S IX(8) = A(s)|ds with A(s) and A(s) denoting the theoretical and estimated
intensities. For each method to be tested, we report the averaged values and
include the standard deviations of the two metrics across 500 simulations. In
experiments, we employ the subscripts ‘p” and ‘w’ to represent the XGBoostPP
models fitted using the Poisson likelihood loss and the dynamic weighted likeli-
hood loss, respectively. The hyperparameters — K, v and 1 — are chosen from
the candidate sets {1,...,600}, {10,30,50} and {0.1,0.05,0.01}. Moreover, we
employ ten parallel trees for each training iteration of XGBoostPP and set the
proportion of the subsampled covariates at a node split to 1/3.

4.4.1 Low-dimensional Covariate Space

The intensity function in this scenario is determined by two covariates, denoted by
z1(8) and z5(s). For the Poisson process, we set A\(s) = aexp{f[z1(s) + z2(s)]},
where § = 0.5 or 1.0 and « is chosen such that the expected number of events in
W = [0,1]? is 400. For the log-Gaussian Cox process, we simulate data from a
Poisson process with the random intensity A(s) = aexp{S[z1(s)+22(s)]+Y (s)},
where Y(s) is a zero-mean isotropic Gaussian random field with a covariance
function 72 exp(—r/0) and 72 = 1.0 or 2.0 and o = 0.02 or 0.04. For the Neyman-
Scott process, we generate parent points from a homogeneous Poisson process
with intensity x = 100 or 200 and, for each parent, simulate a Poisson number
of offspring points, maxscyy [ exp{B[z1(8) + 22(s)]}], where the location of each
relative to its parent follows a Gaussian distribution with standard deviation
o = 0.02 or 0.04. We then keep a offspring point with a probability exp{S[z1(s)+
Bz2(8)]}/ maxsewlexp{B[z1(s) + 22(s)]}]. The distance m used to approximate
the weights of (4.16) is set to 0.06 for the Poisson process and to 3o for the other
two processes.

We report the Poisson log-likelihood and the integrated absolute error re-
sults on the Poisson process test data in Tables 4.1 and 4.2 and those on the
log-Gaussian Cox process test data and the Neyman-Scott process test data in
Tables 4.3, 4.4, 4.5 and 4.6. In general, the integrated absolute error conveys
similar messages to those reflected by the Poisson log-likelihood. Specifically,
XGBoostPP achieves competitive performance on all types of data under various
parameter settings, although the augmented permanental process mostly exhibits
the best behavior. The kernel intensity estimator performs poorly as spatial het-
erogeneity increases, as it tends to produce overly smooth estimates. The deep
kernel mixture point process seems unsuitable for this estimation task, which
may be due to the lack of data for sufficient training. For all approaches, inten-
sity estimation is challenging when observed point patterns are more spatially
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varying (i.e., large 3) and clustered (i.e., large 72 and o for the log-Gaussian Cox
process and small x and o for the Neyman-Scott process). Moreover, comparing
XGBoostPP,, with XGBoostPPy,, it is evident that the performance improves on
clustered processes while it remains almost unchanged on Poisson processes. This
indicates that the proposed dynamic weighted likelihood loss and the designed
learning algorithm work well when the clustering feature of a point pattern is
unknown. Furthermore, these improvements are greater when point patterns are
more spatially heterogeneous and clustered, aligning with the findings in Guan
& Shen (2010).

Table 4.1 Averaged Poisson log-likelihoods (standard deviations) of different inten-
sity estimation approaches on the Poisson process test data.

Covariates  Poisson £5=0.5 £=1.0
True 2089.4 2290.3
KIE;s 2072.9(3.2) 2226.6(5.9)
9 APPaive 2077.7(3.9) 2273.6(4.3)
(§4.4.1) APP,tm 2077.8(3.9) 2273.5(4.2)
o DKMPP, ¢ 2055.2(12.5)  2195.5(46.9)
XGBoostPP,  2073.2(3.0) 2261.4(5.0)
XGBoostPPy,  2073.2(3.0) 2261.6(5.3)
APP ey 1943.8(15.0)  2127.3(14.4)
10 DKMPP, ¢ 2050.7(5.3) 2180.9(30.8)
(84.4.3) XGBoostPP,  2062.3(4.5) 2245.4(5.5)
XGBoostPPy,  2062.4(4.5) 2245.4(5.5)
Covariates Poisson £=0.2 £=0.4
True 2048.1 2160.9
10 APP, sy 1857.9(41.2)  1962.2(18.0)
(§4.4.2) DKMPP, ¢ 2015.0(4.9) 2088.7(8.9)
XGBoostPP,  2025.9(3.8) 2115.9(6.3)
XGBoostPPy,  2025.9(3.8) 2115.9(6.3)

Table 4.2 Averaged integrated absolute errors (standard deviations) of different in-
tensity estimation approaches on the Poisson process test data.

Covariates Poisson £=0.5 B5=1.0
KIE;s 91.1(10.2) 170.0(8.9)
APPraive 59.8(11.0)  75.8(11.1)
2 APP.¢n 60.7(10.6) 77.7(10.6)
(§4.4.1) DKMPP,1¢ 125.6(25.9)  236.1(52.4)
XGBoostPP,,  86.0(10.3) 103.9(12.0)
XGBoostPPy,  86.1(10.3)  103.7(12.2)
APP,m 191.7(7.2)  218.4(7.7)
10 DKMPP ¢ 134.8(9.8) 222.5(35.0)
(§4.4.3) XGBoostPP,  116.9(12.0) 137.0(11.3)
XGBoostPP,,  116.9(12.0) 137.0(11.3)
Covariates Poisson £=0.2 £=0.4
APPey 210.0(15.0)  226.5(7.9)
10 DKMPP, ¢ 124.2(9.4)  178.3(12.3)
(§4.4.2) XGBoostPP,  109.3(10.2)  149.8(11.9)
XGBoostPP,,  109.3(10.2) 149.8(11.8)
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Table 4.3 Averaged Poisson log-likelihoods (standard deviations) of different inten-
sity estimation approaches on the log-Gaussian Cox process test data.

Covariates Log-Gaussian =1 Ti=2
Cox 0=0.02 0=0.04 0=0.02 0=0.04
£=0.5
True 2070.2 2080.5 2089.7 2102.5
KIE;a 2052.7(5.4) 2060.5(7.8) 2071.5(7.1) 2077.4(12.8)
9 APPaive 2057.2(6.6) 2064.3(9.3) 2074.5(8.2) 2075.7(17.1)
(§4.4.1) APP ¢ 2057.3(6.6) 2064.6(9.2) 2074.8(8.2) 2076.2(16.7)
o DKMPP, ¢ 2029.4(11.3)  2021.0(12.8) 2029.9(11.8) 1995.7(17.2)
XGBoostPPp 2051.8(5.0) 2059.0(8.0) 2069.0(6.9) 2074.0(14.7)
XGBoostPPy, 2052.6(5.7) 2060.9(7.7) 2072.1(6.8) 2078.9(12.9)
APP ¢y, 1909.3(21.7) 1901.5(28.9) 1907.1(28.3)  1872.4(42.0)
10 DKMPP, ¢ 2022.5(9.6) 2007.7(14.5)  2018.7(13.4) 1973.1(22.4)
(84.4.3) XGBoostPPp 2042.5(6.5) 2049.4(8.8) 2059.0(11.0)  2054.5(25.0)
XGBoostPPy, 2044.2(6.9) 2051.6(9.0) 2062.7(8.4) 2061.5(16.3)
£=1.0
True 2304.8 2269.1 2256.0 2283.2
KIE;, 2238.8(11.4)  2202.3(15.7) 2188.2(15.1) 2211.1(22.8)
9 APPaive 2284.7(8.2) 2244.0(12.6)  2229.6(13.4)  2243.4(27.7)
(§4.4.1) APP ¢ 2284.7(8.1) 2244.0(12.5)  2229.9(12.8)  2244.4(25.9)
o DKMPP, ¢ 2166.2(45.2)  2126.3(43.6) 2143.1(43.0)  2094.6(43.5)
XGBoostPPp 2272.2(8.0) 2231.8(11.8)  2219.4(11.6) 2234.5(21.6)
XGBoostPPy, 2275.8(8.7) 2235.5(12.9)  2228.8(9.6) 2244.9(18.6)
APP ¢y 2116.5(22.6)  2062.9(30.7) 2038.5(31.7) 2021.0(51.3)
10 DKMPP, ¢ 2160.2(30.1)  2120.7(29.8) 2140.0(29.8) 2077.3(31.2)
(§4.4.3) XGBoostPPy 2256.4(8.3) 2214.6(12.6)  2199.3(14.7)  2207.3(32.8)
XGBoostPPy, 2258.8(9.1) 2215.7(13.0)  2208.5(12.2)  2215.1(23.5)
£=0.2
True 2032.9 2066.7 2080.8 2080.7
10 APP ¢ 1848.3(31.6)  1871.8(30.8) 1879.9(34.4) 1838.5(42.0)
(§4.4.2) DKMPP ¢ 1983.7(9.1) 1961.7(14.0)  1959.2(12.1)  1903.7(21.5)
o XGBoostPPp 2011.5(4.3) 2041.7(7.0) 2054.1(11.1)  2040.5(19.0)
XGBoostPPy, 2012.8(4.2) 2042.4(7.0) 2056.0(7.8) 2042.3(15.0)
£=0.4
True 2134.6 2181.9 2153.3 2171.0
10 APP. g, 1923.8(24.5)  1944.8(30.6)  1916.3(30.3)  1887.6(45.7)
(§4.4.2) DKMPP, ¢ 2060.9(9.9) 2029.6(15.5)  2015.8(13.4) 1993.6(23.5)
o XGBoostPPy 2092.0(7.8) 2130.7(12.4)  2106.2(12.4) 2105.4(24.6)
XGBoostPPy, 2096.0(8.7) 2133.5(11.8)  2112.6(10.8)  2110.6(20.3)

4.4.2 Higher-dimensional Covariate Space

In this scenario, we conduct similar experiments but increase the number of acces-
sible covariates to ten. Denote the covariates by z1(s), ..., z10(s). The intensity
function is now defined as A(s) = aexp(8{z1(s) + z2(s)z3(s)/2 + exp|z4(s)]/6 +
25(8)?/2 + 3sin[z6(s)]})-
variables which exist often in real-world applications. We set o, 72, k to the same
values as in Section 4.4.1 while 8 = 0.2 or 0.4 to balance the spatial heterogene-
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Table 4.4 Averaged integrated absolute errors (standard deviations) of different in-
tensity estimation approaches on the log-Gaussian Cox process test data.

Covariates Log-Gaussian =1 =2
Cox 0=0.02 0=0.04 0=0.02 0=0.04

£5=0.5
KIE;a 93.7(14.7) 99.5(19.6) 96.8(18.0) 110.8(29.8)
APPaive 65.9(15.4) 78.0(23.0) 74.9(20.0) 101.7(38.2)
2 APP ¢y 66.3(15.0) 77.9(22.9) 74.8(19.7) 100.8(37.7)
(84.4.1) DKMPP, ¢ 138.3(23.2)  147.3(23.7) 145.2(21.7)  158.0(25.5)
XGBoostPPy, 94.1(14.9) 102.6(20.3)  100.5(18.4)  120.0(31.2)
XGBoostPPy, 92.6(17.0) 97.7(21.1) 92.1(19.2) 108.4(29.2)
APP 200.2(9.9) 213.2(17.5)  213.5(18.0)  243.9(36.0)
10 DKMPP, ¢ 147.9(13.5) 165.1(20.4) 159.6(18.5)  184.2(30.8)
(84.4.3) XGBoostPPp, 118.8(16.1)  126.9(19.8)  125.8(20.3)  155.0(36.6)
XGBoostPPy, 115.1(16.8)  121.2(19.8) 116.0(17.0) 141.5(26.2)

£5=1.0
KIE;a 171.5(12.3)  175.7(16.6)  174.0(15.9) 182.0(24.4)
APP aive 84.0(15.4) 98.7(26.8) 97.2(27.0) 125.7(52.2)
2 APP. ¢ 85.3(15.1) 99.2(26.5) 97.6(26.3) 124.7(50.5)
(84.4.1) DKMPP, ¢ 237.0(47.9) 238.8(44.6) 238.0(44.6)  240.7(39.4)
XGBoostPPp, 113.3(17.3)  127.1(25.4) 123.8(23.1)  146.2(40.7)
XGBoostPPy, 108.6(18.2)  121.8(26.8) 110.0(18.9) 131.8(33.6)
APP ¢y, 232.0(12.6) 247.4(23.0) 250.8(25.5)  280.1(50.7)
10 DKMPP, ¢ 236.8(32.7)  249.3(33.8)  246.9(32.8)  263.2(35.3)
(§4.4.3) XGBoostPPy, 146.1(14.8)  162.2(22.2) 164.4(22.3) 193.8(39.8)
XGBoostPPy, 142.2(15.9)  160.2(22.7)  147.5(19.1)  179.1(31.6)

£=0.2
APP ¢y 208.0(12.2) 214.2(14.2) 214.2(14.9) 240.9(32.6)
10 DKMPP, ¢ 135.9(13.5)  155.6(21.1) 148.7(18.2) 176.3(31.0)
(§4.4.2) XGBoostPPy, 109.2(12.0) 116.9(17.7) 117.6(20.6)  142.0(34.3)
XGBoostPPy, 104.9(11.8) 112.9(16.8) 110.5(16.4) 135.6(26.4)

£=0.4
APP ¢y, 234.4(10.2)  246.1(17.5) 246.5(17.0) 272.7(40.1)
10 DKMPP, ¢ 189.2(14.2)  203.1(21.0) 199.7(18.8) 222.1(29.2)
(§84.4.2) XGBoostPPy, 149.5(14.3)  160.1(20.0)  156.0(20.5)  180.4(35.8)
XGBoostPPy, 140.9(16.7)  154.3(20.3)  139.7(17.3)  166.9(29.8)

ity to a reasonable scale. Considering that the detection of clustering patterns
over complex covariate relationships is difficult, we change m for approximating
the weights of (4.16) to 0.04 for the Poisson process and to 20 for the other two
models.

The relevant Poisson log-likelihood results are also reported in Tables 4.1, 4.3
and 4.5, and the integrated absolute error results are displayed in Tables 4.2,
4.4 and 4.6. Again, the two evaluation metrics give similar information. In
this scenario, the performance of the augmented permanental process deterio-
rates considerably while the deep kernel mixture point process outperforms it,
showcasing the advantage of deep neural networks in approximating complex
reponse-covariate relationships. XGBoostPP achieves the best performance and
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Table 4.5 Averaged Poisson log-likelihoods (standard deviations) of different inten-
sity estimation approaches on the Neyman-Scott process test data.

Covariates Neyman-Scott o K_l(:fozo.m 0=0.02 K_2og:0.o4
=05
True 2090.9 2074.8 2091.2 2071.7
KIFya 2071.1(8.0)  2055.2(6.9)  2072.2(6.2)  2053.4(5.1)
) APPaive 2073.3(10.4)  2060.2(8.0)  2077.5(7.2)  2059.0(5.9)
41 APPrm 2073.6(10.2) 2060.4(3.0)  2077.6(7.2)  2059.1(5.8)
DKMPP, ¢ 2043.6(12.4) 2030.1(12.4) 2047.0(11.2) 2031.7(12.1)
XGBoostPP,, 2068.0(8.0)  2054.6(6.9)  2070.7(6.1)  2052.8(4.8)
XGBoostPPy, 2071.2(8.1)  2056.2(7.7)  2072.6(6.7)  2053.1(5.0)
APP, g, 1890.8(34.2)  1905.0(26.5) 1919.6(24.6) 1912.1(21.0)
10 DKMPP, ¢ 2022.1(17.8) 2014.2(14.8) 2035.3(13.2)  2021.5(10.6)
(§4.43)  XGBoostPP, 2057.6(11.5) 2044.4(8.4)  2061.4(7.3)  2043.0(6.2)
XGBoostPPy, 2060.9(9.8)  2046.4(3.3)  2064.0(7.7)  2043.2(6.3)
£=1.0
True 2263.1 2255.6 2272.5 2306.9
KIFya 1995.3(17.5)  1990.0(14.2)  2206.2(13.5) 2238.9(10.8)
) APP, v 2233.6(16.0) 2233.5(11.8) 2248.9(11.7) 2285.6(8.1)
41  APPrm 2234.4(15.1)  2233.6(11.6) 2248.9(11.9) 2285.8(8.1)
DKMPP, ¢ 2125.9(44.9) 2127.7(44.6) 2145.6(44.6) 2181.7(47.8)
XGBoostPP,, 2222.1(13.9) 2219.9(10.8) 2236.4(10.6) 2273.2(7.7)
XGBoostPPy, 2234.1(12.6) 2223.7(11.2) 2246.2(9.5)  2274.2(8.4)
APP, g, 2022.2(39.8) 2054.3(31.8) 2063.8(31.7) 2102.1(24.9)
10 DKMPP, ¢ 2107.0(31.5) 2117.7(29.3) 2138.8(27.3)  2181.7(32.2)
(84.4.3)  XGBoostPP, 2202.1(17.2) 2203.3(11.8) 2220.9(11.4) 2257.2(8.5)
XGBoostPPy, 2211.7(19.9)  2204.6(11.9) 2228.7(11.9) 2257.2(8.5)
£=0.2
True 1977.8 1963.7 2070.6 2047.9
" APP,¢, 1777.1(33.2)  1786.8(27.5)  1884.5(27.5)  1865.6(29.5)
(§442)  DKMPPay 1916.1(17.8)  1911.1(13.7)  2023.0(11.9)  2005.0(9.6)
A XGBoostPP,, 1950.2(10.3) 1938.4(6.3)  2048.1(5.1)  2025.8(4.8)
XGBoostPPy, 1952.1(8.1)  1939.8(6.1)  2049.2(5.4)  2026.1(4.7)
£=0.4
True 2227.0 9214.4 2128.7 2175.2
" APP,gn 1955.6(39.4)  1980.7(32.3) 1916.2(30.2)  1961.8(24.3)
(§442)  DKMPPay 2113.3(290.6) 2114.4(17.4)  2005.0(9.6)  2090.2(11.1)
XGBoostPP,, 2173.2(13.0) 2163.9(12.0) 2087.4(8.1)  2128.3(8.4)
XGBoostPPy 2176.6(16.0) 2166.0(11.8) 2089.0(8.4)  2128.4(8.4)

the standard deviations are much smaller than those of the augmented permanen-
tal process and the deep kernel mixture point process, indicating a more stable es-
timation accuracy of XGBoostPP. Comparing XGBoostPP,, with XGBoostPPy,
the latter again shows better performance on clustered processes and the im-
provements are, overall, slightly higher for spatially heterogeneous and clustered
point patterns. However, compared to those in the lower-dimensional case, such

improvements become less distinguished.
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Table 4.6 Averaged integrated absolute errors (standard deviations) of different in-
tensity estimation approaches on the Neyman-Scott process test data.

Covariates =~ Neyman-Scott  _ ;5 H_1(;0:0.04 azo.ozn_zogzo.m
=05
KIE.a 08.5(19.4)  97.8(18.1)  95.4(15.7)  94.0(14.4)
APP,aive 79.6(22.7)  72.8(20.2)  69.2(17.2)  66.3(14.8)
2 APP,g, 79.3(22.5)  72.9(20.0)  69.3(17.1)  66.8(14.5)
(§4.4.1)  DKMPP 148.3(21.6)  144.5(23.2) 142.5(21.8)  137.5(24.8)
XGBoostPP,, 103.9(19.3)  99.9(19.0)  96.8(16.1)  94.1(14.6)
XGBoostPPy, 95.3(20.1)  95.4(20.5)  92.4(184)  93.6(15.5)
APP,, 223.3(16.0) 209.6(13.5) 206.8(11.3) 199.5(9.8)
10 DKMPP, ¢ 173.3(19.8)  166.0(19.3) 156.8(15.4) 152.1(14.7)
(§4.43)  XGBoostPP, 129.6(20.6)  124.6(19.2) 121.2(16.7)  119.9(15.3)
XGBoostPPy, 119.5(17.5)  119.9(18.6) 114.7(17.2)  119.4(15.5)
£5=1.0
KIEra 175.3(17.4)  174.5(14.6) 173.6(13.3) 172.3(11.7)
APP,aive 104.9(26.8) 93.6(22.7)  91.2(18.8)  85.9(16.1)
2 APP,g, 104.9(26.8)  93.6(22.7)  91.2(18.8)  85.9(16.1)
(§4.4.1)  DKMPP,u; 239.2(43.5) 234.4(46.4) 233.6(48.2)  230.9(50.6)
XGBoostPP,, 129.7(25.4)  122.5(21.9) 120.6(19.7) 114.8(17.3)
XGBoostPPy, 112.0(22.3)  117.5(22.7)  105.0(17.6) 113.7(18.1)
APP, g, 263.4(20.8) 242.6(16.5) 240.7(14.3) 230.0(11.0)
10 DKMPP, ¢ 260.4(28.1)  249.4(30.7) 244.4(28.8)  235.4(34.1)
(§443)  XGBoostPP, 172.2(22.3)  155.9(20.1)  153.1(17.1)  146.1(15.8)
XGBoostPPy 148.7(22.2)  153.7(20.1)  138.8(17.9) 146.1(15.8)
5=0.2
APP,p 221.1(13.8) 211.0(1L6) 209.0(10.6) 207.3(11.4)
10 DKMPP, ¢ 164.7(22.2)  155.4(19.4) 146.4(15.5) 141.6(14.4)
(§4.42)  XGBoostPP, 120.0(19.4) 114.8(16.2) 110.0(13.3) 110.9(13.4)
XGBoostPPy, 113.9(17.0)  111.2(15.3) 104.9(13.1)  109.9(13.1)
5=0.4
APP, g, 253.9(14.7) 241.1(12.0) 238.7(11.1) 232.7(9.2)
10 DKMPP, ¢ 212.9(18.2) 204.3(18.6) 196.8(16.6) 191.9(15.4)
(§442)  XGBoostPP, 161.3(17.7)  158.1(16.8) 143.5(13.4) 153.3(14.2)
XGBoostPPy 143.6(17.5)  153.0(17.8) 138.4(12.9) 153.2(14.2)

4.4.3 Simple Intensity with Many Nuisance Variables

As an extensive experiment, we simulate data of the same models with the simple
intensity function \(s) = aexp{B[z1(s) + 2z2(8)]} as in Section 4.4.1, however,
input the ten covariates from Section 4.4.2, z1(s),..., z10(s), for intensity esti-
mation, thus with a large number of nuisance variables. Such a scenario occurs
widely in practice when numerous covariates are available while researchers are
uncertain about which ones are most relevant and should be included, e.g. in the
situation of chimney fire prediction in Chapter 2.

We again evaluate all approaches with the two performance metrics and re-
port the results. From Tables 4.1- 4.6, it is obvious that XGBoostPP exhibits
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more robust behavior compared to the augmented permanental process and the
deep kernel mixture point process, which can be evidenced by the significantly
smaller reductions in the Poisson log-likelihoods and smaller increases in the in-
tegrated absolute errors when comparing the results to those of Section 4.4.2.
Such robustness suggests great potentials of XGBoostPP in practical applica-
tions of classic medium-sized point pattern data. In addition, the reductions and
increases of the deep kernel mixture point process is less than the augmented
permanental process, revealing that, while the true intensity function is simple,
the augmented permanental process is less robust when there is considerable
uncertainty in selecting the most relevant covariates.

4.4.4 Poisson Toy Examples

In addition to the main simulation study, we test XGBoostPP on three Poisson
toy examples to intuitively visualize its flexibility in modelling various nonlinear
relationships between covariates and the intensity function. The examples are
also created on W = [0,1]? but take the spatial x,y coordinates as covariates.
The first example has the intensity function A(z,y) = exp(3 + 2z + Ty), which is
simply log-linear. The second example employs the intensity A(z,y) = exp[8 +
16(x — 0.5)%], which aims to show the automatic variable selection capability
of XGBoostPP. The third example considers the intensity function A\(z,y) =
exp[2 + 4sin(16z) 4 6sin(16y)], which intends to show the capacity for modelling
extraordinary covariate responses.

For all examples, we generate a point pattern based on the designed intensity
function and fit XGBoostPP using the Poisson likelihood loss function to estimate
the intensity as they are all Poisson processes. To test the flexibility, we only
input x,y to XGBoostPP and force it to learn the covariate relationships and
the intensity trends on its own. We plot point patterns, true intensities and the
estimated intensities by XGBoostPP in Figure 4.1. The plots clearly show that
our XGBoostPP model can detect different covariate relationships and perform
an automatic variable selection.

4.5 Real Data Analyses

To demonstrate the utility of XGBoostPP in practice, we apply it to two real
data sets: tropical forest data on Barro Colorado Island in Panama and kitchen
fire data in the T'wente region in the Netherlands.

For each data set, we conduct a four-fold cross-validation to evaluate different
intensity estimation approaches based on the test Poisson log-likelihood (i.e., we
randomly split the data points into four subsets, assign one for test and the
others for training). Based on the four-fold cross-validation, the test Poisson
log-likelihood over the data of one of the four subsets x;, with X = {x1,...,x4},
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Figure 4.1 Point patterns, true intensities and estimated intensities by XGboostPP,
for the three Poisson toy examples.

reads

1~ 1 [~
PLyesti = Y log {SAi(m)} -3 / Ai(s)ds, (4.25)
w

TEX;

where Xl(s) is the estimated intensity function for fold 7 using the other three
folds of training data. We sum up this test Poisson log-likelihood over all four
subsets of x; as the cross-validated test Poisson log-likelihood

~

> log [;Xi(m)] - % /W )\i(s)ds}. (4.26)

TEX;

4 4
PLtest = Z PLtest,i = Z {

=1 i=1
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4.5.1 Tropical Forestry Data

The tropical forest data set documents the spatial distributions of various tree
species across the 50-hectare Barro Colorado Island over the past 30 years (Con-
dit et al., 2019). We select two tree species to study here: the Beilschmiedia
pendula (Bei) and the Capparis frondosa (Capp), containing 3604 and 3299 tree
locations, respectively. We investigate eight covariates that may explain their
spatial distributions, including terrain elevation and slope, four soil nutrients
and solar and wetness indices. Details of these covariates are listed in Table 4.7.

Table 4.7 The covariates involved in the tropical forestry data set.

Data Covariate Description

Elev The terrain elevation

Grad The terrain slope

Cu The content of Cu
Bei Nmin The content of Nmin
Capp P The content of P

pH The pH value of soil

Solar The solar index

Twi The wetness index

We report the cross-validated test Poisson log-likelihoods in Table 4.9. It in-
dicates that, on both the Beilschmiedia pendula and the Capparis frondosa data,
XGBoostPP outperforms the augmented permanental process and the deep ker-
nel mixture point process. Since the Beilschmiedia pendula species appears more
clustered compared to the Capparis frondosa (Guan & Shen, 2010; Yue & Loh,
2011), XGBoostPP,, improves the performance on the former relatively more.
Figure 4.2 displays the estimated log-intensities by the augmented permanental
process and XGBoostPP, showing that, in comparison to the former, XGBoostPP
produces significantly different estimates for the areas with a small number of
point observations.

4.5.2 Kitchen Fire Data

The kitchen fire data (Fire) comprises 699 kitchen fire incidents in Twente from
2004 to 2020 (cf., Section 2.7.1). The covariates of interest include building
information, urbanity degrees, population components and energy consumption,
leading to 29 covariates in total. Details of these covariates are listed in Table 4.8.

Table 4.9 provides the cross-validated test Poisson log-likelihoods results for
XGBoostPP only, as the other two approaches encounter computational problems
and produce significantly less accurate estimates. We also plot the fire data and
the estimated log-intensities by XGBoostPP in Figure 4.3. On this data set,
XGBoostPP demonstrates its strong capacity to handle covariate spaces of high
dimensions given very limited training data. As expected, XGBoostPP,, again
yields a higher test Poisson log-likelihood than XGBoostPP, due to the apparent
spatial dependence observed in the raw data.

95



Chapter 4. Tree-based Estimation of Intensity Functions

Figure 4.2 Observed tree locations of Beilschmiedia pendula and Capparis frondosa
and estimated log-intensities by XGBoostPPy, and the augmented permanental process
(APP).
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Figure 4.3 Kitchen fire locations and estimated log-intensities by XGBoostPP.,.

4.5.3 Practical Utility

The estimated intensities by XGBoostPP better reflect the distribution of point
occurrences than the stat-of-the-art approaches, which can help forestry scientists
learn the suitable living environment for tree species and can provide firefight-
ers with the risk information for proper personnel and equipment arrangements.
Moreover, XGBoostPP can accommodate more available covariates, providing
prior knowledge for further analyzing the relationship between a putative vari-
able and the intensity function. For instance, forestry researcher may thus be
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Table 4.8 The covariates involved in the kitchen fire data set.

Data Covariate Description
House The total number of houses
House_indu The number of houses with an industrial function
House_hotl The number of houses with a hotel function
House_resi The number of houses with a residential function
House_20 The number of houses constructed before 1920
House_2045  The number of houses constructed in [1920,1945)
House4570  The number of houses constructed in [1945,1970)
House_7080  The number of houses constructed in [1970, 1980)
House-8090  The number of houses constructed in [1980, 1990)
House_90 The number of houses constructed after 1990
House_frsd The number of free standing houses
House_other = The number of other houses
Resid The number of residents
Resid_14 The number of residents with an age in [0, 14)

Fire Resid_1524 The number of residents with an age in [15,24)
Resid_2544 The number of residents with an age in [25, 44)
Resid_4564 The number of residents with an age in [45, 64)
Resid_65 The number of residents with an age over 65
Man The number of male residents
Woman The number of female residents
Resid_frsd The number of residents living in free standing houses
Address The density of addresses in the block
Urbanity The urbanity of the block
Town Boolean variable indicating the presence of a town
Poor The percentage of poor residents (income 0 — 20 percent)
Rich The percentage of rich residents (income 80 — 100 percent)
Value_house  The average value of the houses in the block
Gas_use The average gas use in m? in the block
Elec_use The average electricity use in kW h in the block

Table 4.9 Cross-validated (4-fold) test Poisson log-likelihoods of different intensity
estimation approaches on tropical forestry and kitchen fire data.

Data set Bei Capp Fire
Covariates 8 8 29
APP -24955.4  -24295.8 -
DKMPP, ¢ -26505.6  -24487.8 -
XGBoostPPy, -24557.6  -24097.3  -10773.2

XGBoostPPy, -24376.1  -24080.5 -10519.7

motivated to investigate the specific influence of a nutrient on the growth of a tree
species, and firefighters may use the information to organize public campaigns

for fire prevention.

4.6 Summary

In this chapter, we proposed a novel tree-based ensemble method, XGBoostPP, to
nonparametrically estimate the intensity of a point process as a function of covari-
ates, working extremely well for classic medium-sized data. Two loss functions
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were carefully designed for model estimation, the second of which was especially
derived for our tree-based ensemble model to improve the estimation efficiency for
clustered processes. We also developed an efficient learning algorithm for model
fitting and proposed an associated validation procedure to select hyperparame-
ters. Numerical and real data analyses show that XGBoostPP achieves superior
performance to state-of-the-art approaches, suggesting it a useful and flexible
tool for analyzing unknown, complex medium-sized point patterns in practice.

However, one limitation of the proposed approach is the computational de-
mand of hyperparameter selection due to the combination of the greedy search
algorithm and the cross-validation procedure (if one has many hyperparameter
candidates). In experiments, by using parallel computing tools to tune hyper-
parameters, XGBoostPP has a slightly larger running time than the augmented
point process and a smaller running time than the deep kernel mixture point
process.

For future work, the first direction would be to improve the estimation of
Ripley’s K-function for point patterns with high-dimensional covariate spaces,
so that the approximated dynamic weighted likelihood loss could be improved.
Moreover, it would also be interesting to extend the proposed method to esti-
mating second-order intensities for non-stationary point pattern data.
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CHAPTER 5

Bayesian Inference for Independent
Cluster Point Processes

5.1 Introduction

Neyman-Scott point processes (Neyman & Scott, 1958) have been widely used
to model spatial and spatio-temporal clustered point patterns. A Neyman-Scott
process consists of two layers: the first layer is a Poisson point process that in-
troduces latent cluster centres, often referred to as parents; secondly, around
cluster centres, independent Poisson processes are generated to produce off-
spring points per cluster. Due to the straightforward probability density func-
tion of Poisson processes, statistical inference for Neyman-Scott processes has
been well established, encompassing both frequentist and Bayesian approaches.
Frequentist methods primarily focus on moment-based estimation (Guan, 2006;
Waagepetersen, 2007; Tanaka, Ogata & Stoyan, 2008; Waagepetersen & Guan,
2009; Mrkvicka, Muska & Kubecka, 2012; Prokesova & Vedel Jensen, 2013;
Tanaka & Ogata, 2014; Baddeley, Rubak & Turner, 2015; Baddeley et al., 2022).
For instance, first-order estimating equations are used to estimate the coefficients
related to spatial and temporal heterogeneity, and minimum contrast estimation
is performed based on second-order statistics, such as Ripley’s K-function or the
pair correlation function (cf., Section 1.1), to optimize the shape parameters of
a cluster (i.e., describing the spread of offspring points in it). On the Bayesian
side, inference is more challenging since neither the number of latent cluster cen-
tres nor their locations are known. To address this trans-dimensional problem,
reversible jump Markov chain Monte Carlo algorithms (MCMC) (Green, 1995,
2003), equipped with birth-and-death moves, have been developed (Van Lieshout
& Baddeley, 2002; Mgller & Waagepetersen, 2004, 2007; Mrkvicka, Muska &
Kubecka, 2012). Compared to frequentist methods, Bayesian methods not only
enable parameter estimation but also allow for a more comprehensive inference
on the overall doubly stochastic model.

A well-known limitation of Neyman-Scott processes in modelling clustered
point patterns is the assumption of a Poisson point process for latent cluster
centres, which may cause an overestimation of clusters when fitted to real data.
The problem arises since treating each offspring point as a single-event cluster
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could result in a higher posterior probability of the model. To address this,
a generalization has been proposed, replacing the Poisson prior with a repul-
sive point process, leading to a family of Cox cluster point processes (Daley &
Vere-Jones, 2009). A typical example is the use of a Strauss process (Strauss,
1975) to introduce regularity among cluster centres. In this context, Bayesian
inference approaches are particularly suitable due to the Markovian properties
of Strauss processes: Van Lieshout & Baddeley (2002) employed a spatial birth-
and-death process to sample latent cluster centres and applied the Monte Carlo
maximum likelihood method to estimate the intensity and shape parameters of
clusters, while the parameters in the Strauss prior were treated as fixed in prac-
tice. For frequentist approaches, some general results for summary statistics have
been derived (Mgller & Torrisi, 2005), however, their formulas involve intractable
high-dimensional integrals. To overcome the computational challenges posed by
the Strauss prior, Yau & Loh (2012) developed a closed-form approximation of
Ripley’s K-function, which again allows the model to be fitted using minimum
contrast estimation.

Although the Poisson prior has been generalized to a broader class of point
processes, Cox cluster process models are still limited in many applications. Two
key issues persist: (i) the Poisson assumption on the structure of a cluster re-
mains limited and may not adequately capture the complexity of real data; (ii)
when the evidence of clustering in data observations is weak, classic model fitting
procedures can become unstable and unreliable, as pointed out by Baddeley et
al. (2022). Such challenges are prevalent in practical scenarios, for instance, in
a risk prediction study of car arson fires that motivates our work. According to
firefighters, car arson fires are driven by activities of specific groups of arsonists
and tend to occur in clusters. A cluster can be identified when there is at least
one fire incident reported. Arson attempts may also occur but are not registered,
as the interest of the fire service is to detect emerging arson clusters and imple-
ment immediate measures to put out actual fires. Due to inherent positivity, the
number of offspring points in a cluster does not follow a Poisson distribution as
in Cox cluster processes. Additionally, joint crime records from the police indi-
cate that only about 10% of arsonists are repeat offenders, resulting in a large
proportion of single-event arson clusters (cf., Figure 5.1(right)). Consequently,
the clustering strength is rather weak and is difficult to learn. To effectively
model and fit this kind of data, a more general framework — independent cluster
point processes (Daley & Vere-Jones, 2009), where both parent and offspring pro-
cesses are not restricted to the Poisson assumption — is required, and an inference
method to flexibly and stably capture data complexity is essential.

The body of literature addressing inference for independent cluster point pro-
cesses is quite small. Van Lieshout (1994) designed deterministic and stochastic
algorithms to sample the cluster information from complicated posterior distri-
butions. Swain & Clark (2011) proposed a Bayesian method to estimate the
intensity function of a special class of independent cluster models whose parent
processes contain only one cluster. The most recent related work is that con-
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cerned with Bayesian mixture models, which extend traditional finite mixture
models (Everitt & Hand, 1981) by assuming explicit prior distributions on the
number of clusters (Richardson & Green, 1997; Miller & Harrison, 2018). To re-
duce redundant cluster components, repulsive priors, as those used in Cox cluster
processes (Van Lieshout & Baddeley, 2002; Yau & Loh, 2012), were incorporated
to enforce regularity among cluster centres, and MCMC methods, such as Gibbs
sampling algorithms, were developed for efficient model inference (Xie & Xu,
2020; Beraha et al., 2022). Although Bayesian mixture models share similarities
with independent cluster processes, the latter class is better-suited to modelling
spatial or spatio-temporal data for two reasons: (i) the number of clusters in
an independent cluster process is governed by the intensity function of the par-
ent process, which can be tuned easily to the spatial or spatio-temporal domain
of interest; (ii) point process models have a well-defined probabilistic structure,
treating both cluster centres and offspring points as random variables, whereas
mixture models estimate clusters conditional on fixed point observations. No-
tably, Wang et al. (2023) built a theoretical connection between Neyman-Scott
processes and Bayesian mixture models and adapted the standard collapsed Gibbs
sampling algorithm to infer the former with Gamma weights.

In this study, we continue to explore the independent cluster point process
as a framework for modelling spatial and spatio-temporal data and develop a
two-step Bayesian approach for its statistical inference. The proposed method
offers significant flexibility for introducing interactions between cluster centres
and accommodating customized cluster structures, provided that their proba-
bility functions have an analytical form. As a specific example, we present a
structure for modelling the arson fire data mentioned above, where the prior is
set to a Strauss process and the number of offspring points in each cluster follows
a shifted-Poisson distribution. We derive the posterior probability components
for this model structure and conduct numerical experiments on it across various
parameter settings to validate our Bayesian inference approach. In a follow-up
step, we will demonstrate the practical utility of the proposed method by apply-
ing it to the real fire data and highlighting its effectiveness in predicting emerging
clusters in a spatio-temporal manner.

The remainder of this chapter is organized as follows. Section 5.2 describes the
framework of independent cluster point processes in detail. Section 5.3 introduces
our proposed Bayesian inference approach. In Section 5.4, we present a novel
model structure for arson fire data, followed by a simulation study in Section 5.5
to validate the inference method. Section 5.6 discusses the application of our
approach to real fire data to demonstrate its applicability. Finally, the chapter
concludes with a summary.

5.2 The Independent Cluster Point Process

An independent cluster point process can be mathematically formulated in the
language of a marked point process (Daley & Vere-Jones, 2009). The ground

101



Chapter 5. Bayesian Inference for Independent Cluster Processes

process of points, representing cluster centres, is typically modelled by a Markov
point process (Ripley & Kelly, 1977; Van Lieshout, 2000), leveraging its analytical
probability density with respect to a unit-rate Poisson process on the same obser-
vation window. The mark kernel generates events for each cluster through first
using a probability mass function to determine the number of offspring points,
followed by a scatter allocation function to assign their locations.

In this section, we start with revisiting the structures of the ground process
and the mark kernel. Then, we integrate these components to obtain the overall
independent cluster process model and introduce its probability framework.

5.2.1 The Ground Process

In principle, the ground process can be any locally stable Markov point process.
Let us denote the ground process by X, defined on some space-time window
St C R? x R, with a probability density Px(-) that is absolutely continuous
with respect to a unit-rate Poisson point process on ST. Let x = {x1,..., T}
represent a realization of X, thus x € exp[S*]. The process X is said to be a
Markov point process at range (rs, ) if the ratio

(e = €D (5.1

is well-defined for all €& € ST and depends only on those * € x for which
les — @s]l2 < rs and |@: — x¢| < 1, where xs and x; represent the spatial
and temporal coordinates of x, respectively, and ry,r; are related interaction
distances. Moreover, this ratio, also known as the conditional intensity function
of X, must be uniformly bounded in both of its arguments to ensure the local
stability of the ground process.

As mentioned in Section 5.1, to avoid an overestimation of the number of
clusters in analyzing real data, it is useful to assume X to be a repulsive point
process. A common example is the pairwise interaction process (Ripley & Kelly,
1977), which is characterized by some trend function be(-) : ST — R* and
interaction function hy (-, ) : ST x ST+ RT, parameterized by a. This process
has the following probability density with respect to a unit-rate Poisson process
on ST

el | GO | NCER) (5.2)

1<j<k<m

where C'(e) is a normalizing constant and m denotes the number of points in x.
Intuitively, the trend function be(-), if not constant, modulates the intensity of
points in X by capturing the spatial and temporal heterogeneity of cluster centres,
while the interaction function hq (+) introduces interactions between these centres.
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5.2.2 The Mark Kernel

For an independent cluster process, the mark kernel is independently applied to
every cluster centre @ € X to produce corresponding offspring points. Denote
the mark of the cluster centred at x; by Y;, defined on a slightly smaller window
S € 8T c R? x R. This setup allows a cluster centred outside S but within
ST to have offspring points falling inside S. Let y, = {y1,...,¥yn, } represent a
realization of Y;, thus y; € exp[S]. The probability density of Y; with respect to
a unit-rate Poisson process on S is given by

Huey k(ulz;)
;i) = €ex S T mz nl
style) = expS)Po et o

Here, n; is the number of offspring points, P(n;|x;) is the probability of observing
n; points in Y;, k(-|x;) is a scatter allocation kernel centred at x; that describes
the spatial and temporal spread of offspring points, and |S| is the volume of S.

In general, the probability mass function P(:|z;) and the scatter allocation
kernel k(-|x;) can be chosen freely, provided that (5.3) is integrable. For instance,
consider a cluster Y; centred at x; with a total of a; offspring points in R? x R,
where a; follows a probability mass function f(a) > 0 and ), f(a) = 1. The
probability of observing n; offspring points within S € R? x R is given by the
condition that the cluster contains at least n; offspring points, with exactly n;
of them falling in S and the remaining a; — n; in the complement. Since only
offspring points within & are observable, summing over all possible values of a;
leads to

(5.3)

Pl = 3 flar) (2 )ater 1= e (5.4)

a;=mn;

where ¢(;) is the success probability of the binomial distribution. Following
(5.3), we have q(x;) = [5k(s|x;)ds. The symmetric joint conditional prob-
ability of assigning the n; points to specific locations of y, is thus given by
[Lsey, [k(s|zi)/q(x:)]. Then, (5.3) becomes

g(yilz:) = exp(I8]) [T k(slas) Z f(ai) [1—q(@)]" ™. (5.5)

s€y; a;=mn;

|
a; — nz)
Setting ¢; = a; — n; > 0, we can rewrite (5.5) as

atiken) = exp(181) T[ Kslea) 3 stci+ ) L 1 - g 66)

SEYy; c;=0

Cox cluster processes assume f(-) to be a Poisson mass function with some mean
p > 0, so that f(a) = pu%e #/a! for a € N. Substituting this into (5.6) and
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recalling the power series of the exponential function, we obtain

(Yz‘mz) = exp |S| H k S|$z Z {'u ]}
o (5.7)
= exp[|S| — pg(a:)] [] wk(slzs),

S€y;

which is indeed the probability density for Y; to be a Poisson point process on S
with intensity function pk(s|x;). Classic choices for k(-|x;) include the disc and
the Gaussian kernels. The disc kernel is defined as k(s|x;) = 1 if the distance
between s and «; is within a specified range, and k(s|x;) = 0 otherwise. The
Gaussian kernel reads

k(s|x;) = —x;) B (s —xy)|, (5.8)

1

G das) P | T2
where X is the spatio-temporal covariance matrix and det(X) is its determinant.

Such a combination of the probability mass function P(-|z;) and the scatter
allocation kernel k(-|x;) under the structure of (5.3) defines a class of finite point
processes that assume independence among points. Indeed, this structure can be
extended to point processes involving point interactions by replacing the terms
in (5.3) with products of conditional intensity functions, e.g. (5.1) for a Markov
point process. More general models allow the mark kernel to be specific to its
cluster centre x;, for instance, changing the mean parameter p in (5.7) to u;
that depends on x;. However, it is worth noting that our proposed Bayesian
inference framework will remain applicable despite these modifications to the
explicit form of (5.3), ensuring flexibility in handling general independent cluster
process models.

5.2.3 The Independent Cluster Model

Combining the ground process and the mark kernel defined in Sections 5.2.1 and
5.2.3, we obtain the complete independent cluster model.

Let a realization of this complete process be denoted by {(x;,y,;)}, with
i=1,...,n{x}, where n{-} denotes the number of points in a set. Each (x;,y;)
then resides in ST x exp[S]. Since the processes Y; are assumed to be condition-
ally independent given x, we can directly aggregate all y;’s to collect the overall
process of offspring points. With respect to the n{x}-fold product of unit-rate
Poisson processes defined on S, the aggregated process has the following condi-
tional probability

n{x}
Py Yo X1 Vg 1%) = exp(IS]) [T loile) exo(=IS])]. (5.9)

i=1

In practice, only the offspring points are observed, without any information
regarding the underlying cluster assignments. Let U represent the process of
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all offspring points, with a realization denoted by u = {u1,...,u,}, so that
u € exp[S]. Tt is important to note that different partitions of yq,--- s Ynix}
can result in the same realization of u. For ease of notation, we consider a
mapping to assign an offspring point to its parent cluster and denote it by

x : 11,...,np = {1,...,n{x}}. It uniquely specifies the marks y, -, ¥, (5
over x given u. In the remainder of this chapter, we use 1 1(-) to denote the
inverse of ¥x(-) and {w, 1} to collect the offspring points of the cluster cen-
tred at ; from u by setting the constraint: u = {w, -1} U - U{w 1,00}
Corresponding to (5.9), the conditional probability of observing u glven x reads

n{x}

Pyix(ux) = exp(S) D" T 9 ({woer } 1) exp(-IsD]. (5.10)

Ux =1

again with respect to the n{x}-fold product of unit-rate Poisson processes defined
on S.

When the processes Y; are Poisson, the independent cluster process reduces
to a Cox cluster process, yielding that

nx)
Pyix(ux) =exp(IS) D [[ ¢expl-pa@)] [ wk(slm)
- o) (5.11)
nix) nx)

= exp(|S]) exp Z paq(x;) H Z 1k (s|x;)

scu | 1=1

This simplification removes the dependence on 1y, implying that for Cox clus-
ter processes, U, conditional on X, is a superposition of independent Poisson
processes Y;, which is again a Poisson process with the summed intensity func-
tion Z?z{’l‘} pk(s|x;). Various frequestist (e.g., Waagepetersen & Guan, 2009;
Yau & Loh, 2012) and Bayesian (e.g., Van Lieshout & Baddeley, 2002; Mgller &
Waagepetersen, 2004, 2007) approaches have been developed to infer such models
based on their elegant, analytical moment and probability expressions.

When the processes Y; are non-Poisson, g(-|x;) may include additional terms
that depend explicitly on the partition mapping ¥ (see, e.g. the model struc-
ture designed for arson fire data in Section 5.4), preventing the simplification
achieved in (5.11). In these cases, standard statistical inference approaches, such
as estimating equations, composite likelihood estimation and minimum contrast
estimation (Guan, 2006; Waagepetersen, 2007; Mrkvicka, Muska & Kubecka,
2012), become difficult or intractable when deriving the closed-form expressions
of first- and second-order properties.

To enable flexible inference for a general independent cluster point process
given only the overall offspring observations u, we decide to build a Bayesian
estimation framework by focusing on the following two terms determining the
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posterior distribution of the overall model:

P(x[u) = ﬁP(X)P(MX), (5.12)
and
P(Yx|x,u) = P(¢x, ulx)/P(ulx), (5.13)

where C'(u) is a normalizing constant, and recalling (5.10)

n{x}
P ux) = exp(IS) [T |9 ({osr } l:) exp(=ISD] . (5.14)

1=

In the case of a pairwise interaction point process defined by (5.2) as the ground
process,

n{x}
P(x|u) = @ H ba(z:) [ halz, ) Plulx). (5.15)

1<j<k<n{x}

Note that the normalizing constant in (5.2) now becomes C(aju).

For a complete inference, we will need to estimate both state information,
including the locations of cluster centres x and the mapping function ¥x(-), as
well as model parameters, including the trend and interaction parameters « in
the ground process and the intensity and shape parameters p,3 of a cluster,
simultaneously. Moreover, it is worth pointing out that the number of latent
cluster centres n{x} varies, yielding the trans-dimensional challenge encountered
when sampling from doubly stochastic point processes.

5.3 A Two-step Bayesian Inference Approach

In this section, we develop a two-step Bayesian approach to estimate the inde-
pendent cluster point process model introduced in Section 5.2 based on (5.12)
and (5.13). Specifically, in the first step, we propose a Markov chain Monte
Carlo (MCMC) method to sample the state information of the model given cer-
tain parameters. In the second step, we develop a Monte Carlo expectation-
maximization (MCEM) algorithm to optimize model parameters iteratively, with
the sampled states.

5.3.1 State Estimation by Markov chain Monte Carlo

Reversible jump MCMC algorithms (Green, 1995, 2003) have been used to ad-
dress the trans-dimensional problem when sampling from doubly stochastic point
processes (Mgller & Waagepetersen, 2004). For the independent cluster model,
similar ideas can be considered, however, adjustments are necessary due to more
complex formulas related to the posterior probability. Below, we first describe
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the design of our Markov chain and then introduce the specific moves we propose
for efficiently sampling the states from the posterior distribution.

Recall that the state of the model consists of both the locations of latent
cluster centres and the allocation mapping of the offspring points. We define
the state space of the Markov chain as {7} with 7 = (x,%x|u), where each
state T determines a unique configuration of {(x;, {u,_1.,})} given u. A state
7' distinct from another 7 can be that it has a different set of cluster centres,
or a change in the allocation mapping, or a combination of both. To ensure
that the equilibrium distribution of the designed Markov chain aligns with the
posterior distribution of the independent cluster model determined by (5.12) and
(5.13), we propose four types of move and construct corresponding transition rules
that satisfy the detailed balance condition. Although detailed balance imposes
stricter constraints than actually needed, it facilitates a more tractable design.
For completeness, we will conclude this section by summarizing the designed
sampling algorithm and proving the convergence of our MCMC method.

Move type 1: merging and splitting clusters

This move type is similar to the birth and death moves that are commonly used
for sampling from a Cox cluster point process (Preston, 1975). Note that, we
also need to reallocate the offspring points of the merged or split cluster. Take
the merging move as an example. The procedure involves randomly selecting
two clusters to merge, deciding the new location of the merged cluster, and
combining the offspring points from the two clusters into the new cluster. Denote
the centres of the two selected clusters by xj,x; € x, with their corresponding
sets of offspring points represented by {ud};l(k)}, {uw;l(l)}7 and denote the new
cluster centre by £€. The state information at this move changes from x to x \
{@k, x} U{&} and the parent of {w, 1)} and {w, 1} becomes §. Therefore,
the posterior probability ratio, recalling (5.12)—(5.14), for the merging move is

Pmcrgc(a:kv &y, E‘X, Uy, u) =
P\ {mp, i} ULEN 9 ({0 U {uyon | 1€) (5.16)
P(x)g ({uwgl(k)} |wk) g ({uw;l(l)} |$l> exp(—|S])

where the additional term exp(—|S]) in the denominator accounts for the dimen-
sion change. The proposal probability for this move is

2
Prﬁerge(mkamlaﬂwixau) = WP(E‘mkﬂml)7 (517)

where P(&|xy,x;) is the probability density or mass function of sampling a new
location € € 8. One may simply consider a uniform distribution over ST as
P(&|xk, x;), however, to improve sampling efficiency, we set £ to be either xy or
x; thus P(&|xy, x;) = 1/2. On the other hand, the reverse proposal probability
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is
Prilerge(mka xl7€|x ¢X7 ) =

P(zy|€) P(@i]€) (2>”{“ o) ( % >"{%xlu>} | (5.18)

n{x}—1

Again, for efficiency, we let & = @y thus P(xi|zy) = 1, and set P(a;|zy) to
a Gaussian density centred at xj with a covariance matrix Xp. The last two
terms in (5.18) represents the likelihood of evenly reallocating the offspring points
between the two clusters. Analogously, one can derive the posterior probability
ratio and the proposal and reverse proposal probabilities for the splitting move.

Move type 2: shifting the location of a cluster centre

This move type acts as a shortcut of the first one. Consider the case where
a cluster of offspring points are close to each other while the current centre
is mis-estimated. Instead of executing multiple merging and splitting moves,
i.e. deleting the mis-estimated cluster centre, merging its offspring points into
another cluster and splitting them again to obtain a new cluster, the shifting
move bypasses the intermediate steps. It directly selects the cluster to shift,
relocates its centre, and attaches the offspring points. Denote the centre of the
selected cluster by x) € x, with its offspring points represented by {u w;l(k)},
and denote the new centre location by £. The state information at this move
changes from x to x \ {@x} U {{} and the parent of {w,_1,} becomes &. The
posterior probability ratio, recalling (5.12)—(5.14), for the shifting move is

Px\{@} UiED g ({u,o0 } I€)

P(x)g ({uwgl(k)} |90k>

and the proposal probability is P. .. (@k, &|x,¥x,u) = P(&|zy)/n{x}. Here,
P(€|xy) denotes the probability density of sampling a new location £ € ST
and is again set to a Gaussian density centred at xj; with a covariance matrix
3,. The reverse proposal probability for this move is PP, (@, &[x, ¥x, u) =
P(x|€)/n{x}. For convenience, we set P(xx|€) to be the same symmetric Gaus-
sian density as P(&|xy) so that PL . (@k, &|x, ¥x, u) = Pile (xr, €]%, 1, 1).

Pshift(xkag‘)g 1/)x’u) = (519)

Move type 3: switching the cluster label of an offspring point

This move type modifies a state by adjusting the allocation label of an offspring
point while keeping all cluster centres unchanged. The procedure involves ran-
domly selecting an offspring point to switch, reallocating it from the current
cluster to a new one, and updating the sets of offspring points for both clusters.
Denote the selected offspring point by w € u, and suppose that it is switched
from the cluster centred at xj to the cluster centred at ;. The original sets
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of offspring points of the two clusters are {w,—1(;,} and {w,-1)}. The related
state information at this move changes to {w,-1 .} \ {w} and {wu, 1)} U{w}.

Therefore, the posterior probability ratio, recalling (5.12)—(5.14), for the switch-
ing move is

Pawiten (W, Tr, T1|X, x, 1) =
9 ({oz 0\ 1wtmn) g ({0 JULwH2) (520

o ({mco)ler)s ({wmo o)

and both the proposal and reverse proposal probabilities are

Pspwitch(w’ L, Ly ‘Xa wxa u) - Psrvgitch(w’ Lk, T ‘X7 wx’ 11)
1 (5.21)

~ nfuf (n{x} - 1)

Move type 4: adding and deleting an empty cluster at the outer bound-
ary

An important practical consideration arises when a cluster centre located outside
the observation window of offspring points &, but near the boundary, may pro-
duce children within S, as discussed in Section 5.2.2. Conversely, even though
no offspring points are observed at the inner boundary of S, there remains a
small possibility of cluster centres existing just at the outer boundary of S. This
phenomenon is known as ‘sampling bias’ in Van Lieshout & Baddeley (2002). To
account for it, we propose an additional move type that introduces such random-
ness efficiently by adding and deleting clusters at the outer boundary that appear
empty in . Take the move of adding such an cluster as an example. The proce-
dure involves randomly selecting a location in the area near the outer boundary
as the centre of the new cluster and attaching an ‘empty’ set of offspring points
to it. Denote the added cluster centre by &. The state information at this move
changes from x to x U {€} and includes a cluster centred at & The posterior
probability ratio, recalling (5.12)—(5.14), for this move is

P(xU{£})g(0[€)
P(x)exp(|S])

and the proposal probability is P2, (&|x,¥x,u) = 1/(|ST \ S|), where ST\ S
represents the area outside S but within S*. The reverse proposal probability for
this move is P, §; (§[x, ¥x, u) = 1/n{i : x; € xU{€},z; € ST 2 ¢ S, {u 1)} =
(0}, whose denominator counts the number of ‘empty’ clusters located in the
outer boundary area. Similarly, one can derive the posterior probability ratio
and the proposal and reverse proposal probabilities for the move of deleting such
an ‘empty’ cluster.

It is important to highlight that, in all four move types, we introduce the
posterior probability ratio of the independent cluster model in general terms of

Padd(E‘Xv wxa ll) =

(5.22)
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probability densities of the ground process and the mark kernel. Therefore, the
proposed MCMC method can be easily adapted to various structures of cluster
centres and offspring points by simply substituting those functions with specific
expressions.

To sample the states T = (X,%x,u), we consider a standard Metropolis-
Hasting algorithm. Let 7 be the current state of the Markov chain. At each
iteration, we first generate a uniform random number d € [0,1] to decide the
next move type to perform. Specifically, if d < 1/6, the merging move is selected;
if 1/6 < d < 1/3, the splitting move is selected, and so on. With a determined
move type, we propose a random candidate state 7' according to the proposal
distribution in that move and compute the acceptance ratio

Puove (T, T') Pl o (T, T')
Pr;?lovc(T, T,) .

Amove(’r, 7'/) = min {1, (523)

For instance, in the merging move, Pyove(T,7’), Pi2  (T,7"), PP (T,7) are
given by (5.16)—(5.18), respectively. Then, we generate another uniform random
number e € [0,1]. If e < Anove(T,7’), we accept 7/ to be the next state;
otherwise, the current state 7 stays. The transition probability for the move is
thus P(7,7') = min{P?_ (7, 7"), Puove(T, 7' ) PL2 (T,7')}. Such an algorithm
guarantees the convergence of the proposed MCMC method in the next theorem.

Theorem 5.1. Let {7}, be the Markov chain defined in this section, equipped
with the Metropolis-Hasting algorithm introduced above to sample T. For almost
all states with a positive probability density as the initial state Ty, the distribution
of this Markov chain converges to the posterior distribution of the independent
cluster process determined by (5.12) and (5.13) as t — co. Moreover, denote

(1) = P(x|u) P(¢x|x, u),
then, for any measurable test function f : {T} — R, the MCMC estimate of the
expectation of f(T) converges almost surely to the true expectation under m:

1 Z
lim T Z f(m) = Ex[f(7)[u].

The theorem is proved by verifying the detailed balance condition, along with
the irreducibility and aperiodicity properties of the Markov chain. The details
are given in Appendix 5.8. The convergence result of f allows us to approximate
the expectation of test functions based on MCMC samples, which will be used
in the following section to construct the expectation-maximization algorithm for
estimating the parameters of the independent cluster process model.

5.3.2 Parameter Estimation by Monte Carlo Expectation-
maximization

To estimate the intensity and shape parameters of a cluster in Cox cluster pro-
cesses, Van Lieshout & Baddeley (2002) considered a Monte Carlo maximum like-
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lihood method. Similar techniques, equipped with an expectation-maximization
algorithm, have been used to estimate parameters in deep Neyman-Scott pro-
cesses (Hong & Shelton, 2022). For independent cluster process models, we need
to estimate the parameters of both the ground process and the mark kernel, si-
multaneously. To this end, recalling (5.12) and (5.13), we propose to maximize
the following integrated likelihood given observed offspring points

P(u; 9):/P(x;9) ZP(¢X,U;9|X) dP(x), (5.24)
Px

where we use 0 to represent the set of all parameters in the independent cluster
process model and P(x) to denote the reference probability measure of observing
x from a unit-rate Poisson process on ST. In the case of (5.2), (5.7) and (5.8),
6 = {a,pn,X}. Note that the parameters specifying the interaction range in
a Markov point process prior, cf. Section 5.2.1, also need to be approximated,
however, we treat them as an nuisance parameter in this chapter. In practice,
these parameters can be determined by a profile likelihood approach (Murphy &
Van der Vaart, 2000).

Directly maximizing (5.24) is intractable due to the complexity introduced
by the latent state variables (x,1x). To address this, we develop an efficient
expectation-maximization algorithm (Dempster, Laird & Rubin, 1977) to esti-
mate the parameters 0, iteratively. At each iteration, the integration of the
latent state information is approximated by samples obtained using the MCMC
method proposed in Section 5.3.1. Specifically, our MCEM algorithm iterates
between calculating the expected complete-data log-likelihood given observed
offspring points

Q(016,) = Eg, {log [P(x; 0) P(¢x, u; 0[x)] [u} =

n{x}
o, (1084 Px0) 1] [o({upors} 0l:) exp-lsp] fla) O

i=1

and maximizing Q(0|60,) over 6. Here, 6, denotes the maximum of € estimated
at the ¢-th iteration in the algorithm. The expectation above is taken over the
latent state variables (x,1x) and can be approximated by

n{x;}
;ZJ: log § P(x;:0) [] 9 ({uer) } 101 € ;) exp(—1))] (5.26)

1=

with (x1,%x,),- .., (X7, ¥x,) the samples of states drawn from the posterior dis-
tribution of the independent cluster process model given the parameters 6,.

It is important to note that sampling (x1,vx,), ..., (X7, ¥x,) is required at
every iteration as 6; is constantly updated. However, the computational cost of
this procedure can be high. To improve efficiency, we apply importance sam-
pling (Levine & Casella, 2001) to account for new samples by weighting the fixed
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samples from a reference posterior distribution. Let 8, be the parameters for the
reference distribution and denote the state samples drawn according to (5.12) and
(5.13) given @, by (X1, %x,,)s- - - (Xp7,Ux, ,). At the (t41)th-iteration, instead
of generating new samples (X1, ¢x, ), - - -, (X, ¥x, ) based on the estimated param-
eters ;, we importance weight the reference samples (%1, ¥x, . ), - - - (X7, ¥x,. ;)
and approximate

Q(016;) ~
J nixngl J 5.27
Zwt,j log | P(x,,;;6) H g ({ulp;:’j (i)} ;0|lx; € xr,j) /Zwt’j’ (5.27)
j=1 i=1 j=1
where
= SO 00T g ) L)

C(0:[w)p(x,.5:0,) T3 g ({U‘l’ib (i)} 16, |z € Xr,j) .

Here, p(x;-) denotes the unnormalized part in (5.2). Moreover, the constant
ratio C(6,|u)/C(6;|u) applies to every weight w, ; with j =1,...,J and will be
cancelled out in (5.27).

If one decides to use a pairwise interaction point process, cf. Section 5.2.1,
as the ground process, an additional concern is that P(x;#) in (5.27) includes a
normalizing constant, denoted as C'(a) recalling (5.2). This constant does not
depend on the latent state variables (x,1x) but changes along with different 6,
and needs to be approximated to maximize Q(0]60;). Again, write P(x;a) =
C(a)™!p(x; ) with p(x; a) denoting the unnormalized part in (5.2). Since

dP(x) = Eo [;’((:;(f,))] , (5.29)

Cla) [ plxa) p(x;0)
_/p(X;a’) Cla)

we can approximate C'(a) using another set of samples of x drawn from the distri-
bution P(x; ) based on the parameters 8’ as C(a) = C(a) S5, 262/ f¢.

p(xx;a’)
Note that x1,...,xx are independently generated from xi,...,xs used in the
importance sampling. To ensure the accuracy of this approximation, o’ needs to
be selected close to ae. Therefore, at each iteration, we set 8’ = 6, and draw new

samples x1,...,xx from the distribution P(x; o).

The importance sampling technique used in (5.27) has the drawback that if
the importance density terms are far from the one to be approximated, i.e. the
numerator and denominator in wy ;, the weights will vary widely, giving many
samples little weights and allowing a few variates to be overinfluential. To avoid
this phenomenon, we may perform some warm-up iterations with the standard
MCEM algorithm to obtain good starting values and conduct the efficient im-
portance sampled algorithm afterwards.
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5.4 An Example Model for Arson Fire Data

In this section, we present an example of an independent cluster point process
for modelling the arson fire data, which motivates this study, as mentioned in
Section 5.1. We start with introducing data patterns and conducting preliminary
analyses to guide the model design. Based on the achieved insights, we propose
a model structure tailored to capture the specific characteristics of arson clusters
and fire incidents.

5.4.1 Arson Fire Data

The data set consists of 326 car arson fire incidents that occurred in the Twente
region in the Netherlands from 2017 to 2021. Figure 5.1(left) plots their spatial
locations and temporal marks, with larger, darker circles indicating more recent
events. Overall, firefighters suggest that arson fires occur in clusters, driven by
underlying activity centres of arsonists, where each cluster contains at least one
incident. Moreover, the arson centres exhibit spatial and temporal heterogeneity,
often appearing in low-income neighbourhoods with a higher demand of social
welfare dependence and more frequently on Sundays. For prevention purposes,
such as conducting public awareness campaigns to educate potential arsonists
and intervening to cease a cluster based on observed incidents, it is necessary
to identify historical latent activity centres, detect emerging arson clusters, and
predict the fire risk in advance.

Frequency
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50
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X Size

Figure 5.1 Spatio-temporal plot of arson fire incidents (left) and frequencies of cluster
sizes identified by a manual analysis (right).

A natural starting point to model the arson fire data is to consider a hier-
archical cluster point process, where parent points represent the latent centres
of arson activities and offspring points correspond to the observed fire incidents.
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However, the two aforementioned challenges discussed in Section 5.1 indicate the
need for an independent cluster process model instead of a Neyman-Scott or Cox
cluster process model, along with a flexible and robust inference method. Below,
we will examine the two challenges in the arson fire data, separately, in detail
and discuss their implications for the model design.

Firstly, arson clusters do not adhere to a Poisson structure: the number of ar-
son fires in a cluster is always positive, whereas the Poisson distribution allows for
the possibility of empty clusters. To illustrate this, we conduct a manual analysis
by linking fire incidents to recorded criminal series in additional data provided
by the police, revealing arson clusters with sizes ranging from one to eight fires.
Figure 5.1(right) displays the frequencies of various cluster sizes. To capture
the distribution of fire intensities in a cluster here, one possible adaptation is to
truncate the Poisson distribution by removing the probability mass at zero and
normalizing over the remaining values, thereby preserving some computational
advantages of the Poisson framework. However, as shown in Figure 5.2(left), the
adjusted probability mass function does not fit the data well. A better alternative
is to adopt a shifted-Poisson distribution, depicted in Figure 5.2(right), where
the probability mass of a € N¥ is replaced by that of a —1 in the original Poisson
distribution. While this modification effectively recovers the observed pattern
of cluster sizes, it introduces additional complexity to the cluster point process
model. Consequently, closed-form expressions for summary statistics become in-
tractable, and the posterior distribution of the model becomes more complicated.

1 1 1
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Figure 5.2 Fitted Poisson (left) and shifted Poisson (right) distributions for cluster
sizes over the frequencies displayed in Figure 5.1(right).

Secondly, according to police reports, only a small number of arsonists repeat-
edly commit arson fires. This is also reflected in our manual analysis by the large
proportion of single-event clusters, as shown in Figure 5.1(right), indicating weak
clustering strength in the fire data. Such a pattern brings challenges to classic in-
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ference approaches for producing plausible and stable estimates. To address this,
Baddeley et al. (2022) proposed model increments to the Neyman-Scott process
within a frequentist framework, however, their method is not directly applica-
ble to general independent cluster processes. An alternative strategy is to treat
some of the single-event clusters as background noise, i.e. randomly, individu-
ally occurred arson fires, modelled by a Poisson point process, but it introduces
the risk of non-identifiability when distinguishing between background noise and
events induced by the cluster process (Wang et al., 2023). Our Bayesian inference
framework handles this risk by incorporating the uncertainty into the sampling
process of the posterior distribution of the independent cluster process.

5.4.2 Model Structure

Based on the investigations above, we design an independent cluster point process
customized to model the arson fire data. In line with the framework outlined in
Section 5.2, we first introduce the model structure by describing the ground
process and the mark kernel. Then, we combine them and derive the terms in
analogy to (5.12) and (5.13) that determine the posterior distribution.

For the ground process, we consider a particular type of pairwise interaction
point process to model the latent arson activity centres: the inhomogeneous
modification of Strauss processes (Strauss, 1975). We assume that its trend
function is governed by exp[B' z(x)] and its interaction function is defined as
Ml s =@k sll2<rsilese—@re[<re} (with xz,zj,x, € ST. Here, z(-) and B are p-
dimensional vectors of covariates and coefficients, both € RP, 1{-} is the indicator
function, and x; s, xk, s and x; ¢+, T+ represent spatial and temporal coordinates
of the points x;, ;. The probability density of the ground process with respect
to a unit-rate Poisson process on St then becomes

1 n{x}
P(x) = W H eXP[IBTZ(mi)}
1) (5.30)
H ryl{Hmj,S_mk,s‘|2<7"S§|mj,t—mk,t|<7’t}.
1<j<k<n{x}

Note that this model is well-defined for 0 < v < 1 (Ripley & Kelly, 1977). If
~v =1, it reduces to an homogeneous Poisson process; if v = 0, it is a hard-core
process in which no pairs of points lie closer than a distance of (rs,r;) in space
and time. It again deserves to mention that, by incorporating such a repulsive
prior process, the arson fire model will not return excessive clusters of one single
fire incident.

For the mark kernel, motivated by Figure 5.2(b), we assume that the number
of fires in a arson cluster follows a shifted-Poisson distribution with a mean p > 0.
Therefore, the probability mass function in (5.4) reads f(a) = p*~te=*/(a —1)!
for @ € NT. It fulfills the restriction that there must be at least one fire incident
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in a cluster. Consequently, referring to (5.6), we have

oty fe) = explls] — s [T Kl - 5 (a1 - glal)® 1)

S€y; ¢;=0

which can be simplified to

g(yim):expnswq(mz-)]”l*“ WE T ub(sls). (5.32)

sey;

Note that (5.31) yields the expression for n; > 1 as a; > 1. In the special case of

n; = 0, where all offspring points fall outside S, the corresponding g(y,|x;) can
be derived from

g(y;|z:) = eXp(|S|)aiZ:1f(ai) [1—q(zi)]" )

= exp||S| — pg(z:)] [1 — q(=;)]

which also conforms with the form in (5.32). To model the spread of fire incidents
in an arson cluster, we consider a Gaussian scatter allocation kernel of k(-|x;).
We assume that the scatter allocation kernels in all arson clusters share the
same covariance matrix and that the kernels in spatial and temporal domains are
separable and isotropic. It then yields the following expression

1
(2m)3/2020,
1
202

k(s|xi) =
(5.34)
exp [ (85 — i) (85 — Tis) — =5 (8t — Tir)?|
20}
where o, 0; denote the spatial and temporal standard deviations, respectively.
Combining the ground process and the mark kernel above, we can derive the

conditional probability of observing u given x, which is given by

P(ulx) =exp(|S]) exp [ Zuq x; ]

(5.35)
Vg ¢+ —a(@)]
ZH i ”}M [[ sl

e = “E{”w;%)}

Furthermore, for inference purposes under our Bayesian framework, the two terms
dominating the posterior distribution of the overall independent cluster model,
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cf. (5.12) and (5.13), for the arson fire example, now read

P( n{x}
P(x[u) = B 7| HexpﬁT ()]
(5.36)
H ,yl{‘lmj‘s_mk‘sH2<TS;|mJ,f«_wk,t‘<rt}
1<j<k<n{x}
and
p(|S])
P(ix|x,u )—P( exp Zuq z;)
(5.37)

| vy o [ = g(w)]
I L) ; I skl
= ”G{”w;lm}

5.5 Simulation Study

To validate our two-step Bayesian inference approach proposed in Section 5.3,
we conduct two experiments on the model structure of an independent cluster
process designed for the arson fire data in Section 5.4 to test state and parameter
estimation. For visualization purposes, we set the domain of interest to spatial
windows S C ST C R2. Accordingly, we reduce (5.30) to

— n{x} Hllzj—zxll2<r}
P(x) = Frg=ylex(f)] KKlgn{x}v (5.38)
and (5.34) to
1 1
k(s|lx;) = 503 OXP [_M(S —x;) (s — (L’Z):| . (5.39)

To obtain the observed offspring points of the independent cluster model, we
first generate a Strauss point process x on ST and produce a shifted-Poisson
distributed number of offspring points for each x; € x. Then, we allocate these
points from x; to specific locations based on the Gaussian kernel above and collect
all offspring points observed within S as u

5.5.1 State Estimation

In this experiment, we test the effectiveness of our proposed MCMC method in
Section 5.3.1 for sampling the state information of (x,x|x) from the posterior
distribution of the independent cluster process model, given true values of the
parameters of 3,~,r, u,0. Specifically, we explore two scenarios of the mark
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kernel: one with strong clusters that are well-separated and easy-to-distinguish,
ie. p=2and o = 0.02, and the other with weak clusters that are more mixed
and sometimes overlapped, i.e. © =1 and ¢ = 0.05. The former aims to show the
fundamental utility of our state estimation method, while the latter evaluates its
performance to handle more complex data, e.g. the weakly clustered patterns in
arson fire incidents (cf., Section 5.4.1).

For both scenarios, we fix S to the unit window [0, 1]? and set ST to a slightly
larger window which extends 30 beyond &. The default test values for param-
eters (,~,r are chosen to log(20),0.1,0.1. For each of these three parameters,
we examine an additional value to illustrate how the performance of the pro-
posed method varies when encountering less clustered point patterns. In the
implementation, we first generate a data realization of x and u for each param-
eter setting and initialize the Markov chain by assigning each observed offspring
point to be an individual cluster, with itself as the cluster centre. We then run
the MCMC method for a burn-in period of 100000 steps, followed by the col-
lection of 300 state samples of (x,1x|u) obtained from the subsequent 150000
steps, with a sampling interval of 500 steps. To visualize the distribution of the
sampled cluster centres x, we apply kernel smoothing with a standard deviation
of 0. Technically, the evidence of the Markov chain reaching its steady state is
reflected in the stabilization of the number of cluster centres in sampled x; an
example showing the convergence of our MCMC method is plotted in Figure 5.3.

Number of cluster centres
15 20 25 30 35 40

10

0e+00 2e+04 4e+04 6e+04 8e+04 1e+05

Step

Figure 5.3 The variation in the number of cluster centres within state samples x
when applying the proposed MCMC method to a data realization generated from the
independent cluster model with parameters 8 = log(20),7 = 0.1, = 0.1,u = 2,0 =
0.02 (cf., the first row in Figure 5.4).

The data realizations and the results of the sampled cluster centres x under
different parameter settings in the two scenarios are shown in Figures 5.4 and
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5.5, respectively. In the data plots, the black dots represent the generated clus-
ter centres, while the hollow dots denote the offspring points. Overall, in both
scenarios, the MCMC samples successfully capture the high-risk regions where
latent cluster centres may exist. Since no additional covariate information is
involved in the simulation, the distributions of sampled cluster centres are pri-
marily driven by the spatial trends of the observed offspring points. Notably,
the state estimation establishes the posterior density surface for the locations
of latent cluster centres, which plays a significant role in risk analysis. For in-
stance, in the context of arson fire modelling, these estimates can help identify
the neighbourhoods of potential arsonist activity. In addition, comparing Figure
5.4 to Figure 5.5, alongside an analysis on the results under different parameter
settings, we observe that when actual cluster strength is weak (i.e., larger 3, «, o
and smaller 7, p), the MCMC estimates of x also become fused. This behaviour
illustrates that, rather than pinpointing precise clusters as in mixture model ap-
proaches, our state estimation method emphasizes producing a general risk map.
This map highlights the regions where clusters are likely to form, making it par-
ticularly suitable for analyzing point pattern data. Furthermore, Figures 5.4 and
5.5 only plot the samples of x. Indeed, the information of 1y that specifies the
mapping between the sampled cluster centres and the offspring points given u
can also be reached. An example is displayed in Figure 5.6, where colours are
added to sampled cluster centres to indicate the attribution of offspring points.
Although this mapping is informative, in practice, the interest is more concen-
trated on x to provide insights into the distribution of clusters for prediction
purposes of new offspring points.

Another advantage of our state estimation method is its capacity to properly
recover the risk of latent cluster centres at the boundary region of the observation
window of offspring points S. Specifically, three cases can be considered. When a
cluster centre locates at the boundary outside S, it can produce offspring points
which are observed inside §. The risk associated with this latent cluster centre
will be highlighted, resulting in many samples of cluster centres nearby. If none
of its offspring points are observed within S, instead of ignoring the existence of
this latent cluster centre, a general risk, indicated by random samples of x € x,
as well as the light blue band, along the outer boundary of S, will be added
to account for the uncertainty. However, compared to a cluster centre locating
within S, this inference for the boundary region is weaker, because for areas well-
located in S, if no offspring points are observed nearby, it conveys high confidence
that no cluster centre exists in them. Lastly, if a cluster locates at the boundary
inside §, it can produce offspring points outside S, which may not be observed.
This risk can be captured by random samples of x € x, as well as the light blue
band, along the inner boundary of S.

5.5.2 Parameter Estimation

In the second experiment, we test the MCEM algorithm proposed in Section 5.5.2
for estimating the parameters of the independent cluster process model. Since
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Figure 5.4 Data realizations (left), samples (middle) and smoothed distributions
(right) of cluster centres x obtained by our proposed MCMC method under different
parameter settings of 3,v,r when p = 2 and o = 0.02. The first row: 8 = log(20),v =
0.1, = 0.1; the second row: B = log(60),y = 0.1, = 0.1; the third row: g =
log(20),~ = 0.5, = 0.1; the forth row: 8 = log(20),y = 0.1, = 0.01.
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Figure 5.5 Data realizations (left), samples (middle) and smoothed distributions
(right) of cluster centres x obtained by our proposed MCMC method under different
parameter settings of 8,v,r when u =1 and o = 0.05. The first row: 8 = log(20),v =
0.1, = 0.1; the second row: B = log(60),y = 0.1, = 0.1; the third row: g =
log(20),~ = 0.5, = 0.1; the fourth row: 8 = log(20),v = 0.1, = 0.01.
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Figure 5.6 An example of data realizations (left), samples (middle) and smoothed
distributions (right) of cluster centres x obtained by the MCMC method, with the
mappings between estimated cluster centres and offspring points 1x highlighted by
different colours.

the interaction range is treated as a nuisance parameter, we fix it to the true
value. Again, we test on the two scenarios of the mark kernel with different clus-
tering strengths as introduced in Section 5.5.1. To achieve more stable estimates
of the parameters in the Strauss prior (5.36), we set S = [0, 1.5]? because there is
significant randomness when generating a realization of a Strauss point process
on a small window. Accordingly, we set ST to a slightly larger window, extending
30 beyond [0, 1.5]2. The target values for parameters 3,v,r are log(20),0.1,0.1.
In the implementation, we generate three point patterns of offspring points for
each scenario using three different random seeds. We then perform the MCEM
algorithm on these data realizations to estimate the parameters 3,~, i, o by con-
ducting 50 warm-up iterations, followed by 50 importance sampling iterations,
as detailed in Section 5.3.2. We collect the last 30 iterations of the estimation
results of parameters and report the average values in Table 5.1. Moreover, we
input these values into the MCMC method to produce the MCMC samples of
the state information x and perform a kernel smoothing again to visualize the
estimated high-risk regions where latent cluster centres may exist. The plots of
samples and smoothed distributions of cluster centres x are presented in Figures
5.7 and 5.8.

Table 5.1 Parameter estimates obtained by our proposed MCEM algorithm applied
to data realizations generated with different random seeds.

Seed True Estimate
B v r wu o B g I o
1 3 0.1 01 2 0.02 312 0.107 2.35 0.0214
2 3 0.1 01 2 0.02 3.06 0.105 1.82 0.0213
3 3 01 01 2 0.02 278 0.095 187 0.0213
1 3 01 0.1 1 0.05 316 0.103 0.88 0.0393
2 3 0.1 01 1 0.05 281 0.094 1.36 0.0561
3 3 01 01 1 0.05 319 0.110 1.13 0.0417
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Figure 5.7 Data realizations (left), samples (middle) and smoothed distributions
(right) of cluster centres x obtained by the MCMC method on offspring point patterns
generated with different random seeds, using related parameter estimates of 3,v, u, o
obtained by the MCEM algorithm, when p = 2 and o = 0.02. The first to third rows
correspond to random seeds of 1 to 3.

Overall, the MCEM approach correctly estimates the model parameters of
the independent cluster process model, despite some variations arising from the
randomness of generating offspring point patterns with different random seeds.
The repulsiveness parameter 7 in the Strauss prior exhibits relatively low esti-
mation variance due to its sensitivity during data generation. Compared to the
clearly clustered scenario (i.e., p = 2 and o = 0.02), parameter estimation is more
challenging in the weakly clustered case (i.e., u = 1 and o = 0.05), especially
for the shape parameter of a cluster . In addition, using the estimated model
parameters, the proposed MCMC method effectively recovers high-risk regions of
latent cluster centres by sampling the state information x. This includes produc-
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Figure 5.8 Data realizations (left), samples (middle) and smoothed distributions
(right) of cluster centres x obtained by the MCMC method on offspring point patterns
generated with different random seeds, using related parameter estimates of 3,~v, u, o
obtained by the MCEM algorithm, when p = 1 and o = 0.05. The first to third rows
correspond to random seeds of 1 to 3.

ing specific risks for the boundary areas, similar to those detailed in Section 5.5.1.
The smoothed plot of the sampled states x by the MCMC method again builds
appropriate posterior density surface for the locations of latent cluster centres.

5.6 Application to the Arson Fire Data

As a follow-up step, we plan to infer the proposed independent cluster point
process model on the real arson fire data introduced in Section 5.4 by applying
the MCMC method and the MCEM algorithm to estimate model parameters and
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identify the latent arson activity centres. However, the repulsiveness parameter in
the Strauss prior and the shape parameter that determines the spread of offspring
points within a cluster are highly sensitive. Selecting reasonable initial values for
these parameters poses a challenge, particularly in a spatio-temporal domain of
interest. To address, we will need to conduct additional preliminary analyses,
incorporating the expertise and experience of firefighters.

At the final stage, the estimated results of the independent cluster process
model for arson fire data can be practically utilized in two directions: (i) with the
estimated most recent state information, one may extend the MCMC sampling
procedure to generate the risk map for the upcoming period, helping fire predic-
tion efforts; (i) with the estimated intensity parameter u of an arson cluster, one
can perform a threshold analysis to identify potential emerging arson clusters,
enabling fire prevention measures.

5.7 Summary

In this chapter, we proposed a two-step Bayesian inference framework to esti-
mate hierarchical independent cluster point processes whose parent and offspring
processes can be arbitrarily non-Poisson. It was motivated by a case study on
arson fire risk prediction, where arson fire incidents occur in clusters of arsonist
activities and is modelled by a independent cluster processes with a Strauss prior
for cluster centres and a shifted-Poisson number of offsprings within each clus-
ter. For inference, we develop a Markov chain Monte Carlo method to estimate
the state information of the complete process given fixed model parameters and
design a Monte Carlo expectation-maximization algorithm to estimate the pa-
rameters with obtained MCMC samples. We validate the effectiveness of the pro-
posed approach through a simulation study and will apply it to the real fire data
to demonstrate its practical utility. Our Bayesian framework offers significant
flexibility for different ground processes and mark kernels which can introduce
various interactions between cluster centres and accommodate customized cluster
structures provided that their probability functions have an analytical form.

For future work, note that the independent cluster process still assumes inde-
pendence among the generation of clusters given cluster centres. It would also be
interesting to study more general processes where the realization of an offspring
point in a cluster not only depends on its own cluster centre but also on offspring
points from neighbouring clusters.

5.8 Appendix

Proof of Theorem 5.1

The verification of the detailed balance condition is straightforward, due to the
standard Metropolis-Hasting algorithm we use. Note that the transition proba-
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T, T/)a Prove(T, T/)Pr;{))ve<7-7 T/)}v then

bility in a move is P(7,7') = min{P2_.(

A(P(r ) = (i { Phelr, 7). D Pz 7}

(r,7), m(T") Pille (T, 7))

move

= min {7 (1) PP

move

=n(r")P(r',T).

Irreducibility is guaranteed by the fact that both the proposal and reverse pro-
posal probabilities in our move designs are always positive. For any two states
T;,T; in the state space of our Markov chain, where 7(7;),m(7;) > 0, one can
transition to the other in a finite number of steps by adding or deleting the clus-
ters and reallocating the labels of the offspring points. The transition probability
is positive as long as, for all intermediate states in 7,...,7,..., 7, 7(7) > 0.
Exceptions may occur, for example, when v = 0 in (5.30), P(x) = 0 if two cluster
centres are closer than the interaction range (r,7;), resulting in 7(7) = 0. How-
ever, our Metropolis-Hasting algorithm avoids moving into such states as long as
the initial state satisfies w(7) > 0, because the transition probability into these
states would be zero. Aperiodicity can be verified by P(7,7) > 0, which is again
straightforward since the proposal and reverse proposal probabilities are positive.
The proof is then completed by applying the strong law of large numbers to the
Markov chain when computing the expectation of a test function f.
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CHAPTER 6

Conclusions and Future Directions

6.1 Conclusions

This thesis addressed four important research challenges within the field of spa-
tial and spatio-temporal point processes: variable selection in point process mod-
elling, uncertainty quantification under the infill regime, flexible nonparametric
intensity estimation, and Bayesian inference for hierarchical independent clus-
ter models. These challenges were motivated by fire risk prediction problems in
the Netherlands. While some of these issues have received limited attention in
traditional statistical point process literature, they are of great significance for
effectively modelling and analyzing point pattern data in real-world applications.

To manage an extensive set of environmental variables when building a point
process model, we developed a combined machine learning and statistical mod-
elling procedure and applied it to a case study on chimney fire risk prediction. We
first used random forests and permutation importance techniques to identify the
most informative explanatory variables and then designed a Poisson point process
model and employed logistic regression estimation to estimate the parameters.
We further validated the Poisson model assumption using second-order summary
statistics and residuals. By implementing this modelling procedure on data col-
lected by the Twente Fire Brigade, we obtained plausible fire risk predictions.
Compared to similar studies, our approach has two advantages. With random
forests, we can select explanatory variables nonparametrically considering vari-
able dependence. Using logistic regression estimation, we can fit the statistical
model efficiently by tuning it to focus on important regions and times.

To construct confidence intervals for model estimates in chimney fire pre-
diction under the infill regime, we derived asymptotic results for independent
and identically distributed spatio-temporal point processes whose intensity func-
tions are of log-linear form. We first proved strong consistency and asymptotic
normality for the parameters of a Poisson point process model estimated by logis-
tic regression estimators and then extended the results to general point process
models for which replicated realizations are available. Consistent estimators of
the asymptotic covariance matrix were proposed for both cases, and through a
simulation study, we demonstrated the effectiveness of a regular dummy point
process on variance reduction in logistic regression estimation. Additionally, un-
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der proper conditions, we also extended our central limit theorem to general
unbiased estimating equations that are based on the Campbell-Mecke theorem.
It lays the foundation for further research on the design of test functions in these
equations.

To model complex relationships between covariates and the intensity function
of a point process and estimate the latter simultaneously, we proposed a nonpara-
metric tree-based ensemble method, which extends the use of gradient-boosted
regression trees to the point process context via two carefully designed loss func-
tions. The first loss was based on the Poisson likelihood and works for general
point processes. The second loss was derived from a weighted likelihood, where
spatially dependent weights are dynamically computed and incorporated to im-
prove the estimation accuracy for clustered point processes. An efficient learning
algorithm and an associated validation procedure were designed for model esti-
mation, and the effectiveness of the proposed method was demonstrated through
extensive simulation studies and two real data analyses. Notably, XGBoostPP
demonstrated strong performance when applied to kitchen fire risk data whose
dimension of covariate space is large and training data is very limited, while other
approaches encountered computational problems and produced significantly less
accurate estimates. It highlights the advantages of using tree ensembles to esti-
mate complex point process intensities.

To estimate the hierarchical independent cluster point process model with ar-
bitrary non-Poisson ground processes and mark kernels, we developed a Bayesian
inference framework, motivated by a case study on arson fire risk prediction,
where a repulsive Strauss process was employed to model latent cluster cen-
tres of arsonist activity and a shifted-Poisson offspring process with spatial and
temporal Gaussian spreading kernels was considered for generating the actual
fire incidents within each cluster. For inference, we developed a Markov chain
Monte Carlo method to estimate cluster states given fixed model parameters and
a Monte Carlo expectation-maximization algorithm to estimate the parameters
themselves. We showed convergence of the proposed approach and validated its
effectiveness through a simulation study on the model structure designed for ar-
son fire data. Our Bayesian framework is flexible, accommodating a wide range
of ground processes and mark kernels as long as their probability density func-
tions with respect to related Poisson processes are sufficiently expressive. As a
follow-up work, we will apply the proposed inference approach to real arson fire
data, identifying underlying arsonist activity centres and predicting emerging ar-
son clusters, which will help provide important insights for risk assessment for
firefighters.

In conclusion, the studies presented in this thesis provide both practical and
theoretical advancements. Practically, they offer reliable, accurate risk predic-
tions for different fire patterns, with complete confidence intervals, which can be
directly applied by the fire service to enhance operational planning and response.
Theoretically, the contributions fill in key gaps in the literature on point pro-
cess modelling and, more importantly, bridge traditional statistical and modern
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machine learning communities together.

6.2 Future Directions

Machine and deep learning techniques have become increasingly popular in point
pattern analysis due to their strong ability to capture complex data relation-
ships. In addition to the tree-based methods proposed in this thesis for intensity
estimation, neural temporal point processes — developed under the framework of
Hawkes processes (Hawkes, 1971) — leverage sequential learning architectures of
deep neural networks to predict future events based on historical data by esti-
mating conditional intensities (Shchur et al., 2021). Building upon these works,
further research could continue to explore the utility of machine and deep learn-
ing techniques in the point process domain. For instance, one promising direc-
tion would be to investigate covariate-dependent second-order properties of point
processes, where interactions of two points depend not only on the distance in
between but also on covariate information at the two locations of interest. This
concept has been preliminarily studied using parametric models (Tang, 2020),
but machine learning methods could enable more flexible, integrated estimators
by combining the first- and second-order analyses of point processes into a multi-
class classification or regression problem based on the composite likelihood. The
challenge, however, lies in finding appropriate machine learning architectures to
accommodate particular spatial and spatio-temporal dependence structure inher-
ent to point pattern data.

Secondly, while numerous machine and deep learning approaches have demon-
strated superior performance over traditional statistical approaches in point pro-
cess modelling, establishing theoretical foundations and interpretations is essen-
tial to substantiate and understand these advantages fully. Another important
research direction, therefore, is to frame machine and deep learning methods
within the general framework of statistical models by drawing connections to
classic parametric or non-parametric approaches. For instance, in change point
detection, deep learning models were formulated as a generalized form of the
standard cumulative sum-based classifiers and thus obtained at least as good
performance as the latter (Li et al., 2024). We considered something similar for
XGBoostPP in Chapter 3, where we interpreted it as a generalized linear model
with transformed covariates that denote the membership identities of a point
with respect to the supporting leaves of tree ensembles. Beyond interpretability,
it is also necessary to examine the estimation efficiency and algorithm complex-
ity of machine and deep learning approaches. Specifically, the research question
would be, given a number of data points or replicated point patterns, what are
the convergence rates and error bounds for these methods as they approach op-
timal solutions? To address it, we could adapt the constructed asymptotic and
non-asymptotic theories (e.g., Chi et al., 2022; Wang & Lin, 2023) to the context
of spatial and spatio-temporal stochastic processes.

The development of methodology and theory for these machine and deep
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learning approaches forms a new, important branch in point process modelling.
It enables more effective integration of classic spatial and spatio-temporal frame-
works with the intricate structures presented in modern, complex point pattern
data and deserves further investigation.
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Summary

Point pattern data are ubiquitous in both the natural environment and human ac-
tivities. Spatial and spatio-temporal point processes are widely utilized to model
the occurrence of random events across space and time. These models aim to
uncover the underlying patterns of such events by analyzing environmental vari-
ables that influence their probabilities, and by testing, estimating and simulating
spatial or spatio-temporal correlations. Despite significant advances in point pro-
cess theory and methodology in the last decades, classical approaches still require
continuous refinement and extension. This need arises from the distinctive char-
acteristics of point pattern data in practical applications, as well as the increasing
amount and complexity of data available in contemporary research. This thesis
explores spatial and spatio-temporal modelling in the context of fire risk pre-
diction in the Netherlands. Fire occurrences exhibit unique features that pose
specific challenges in point process modelling. Four critical research questions
are identified based on real applications of point process methods to the data.
To address these challenges, we developed novel statistical and machine learning
approaches, proposing targeted solutions that advance the state-of-the-art in the
research domain.

Chapter 1 of this thesis employs chimney fire risk prediction as a case study
to examine the difficulties of feature selection in point process modelling when
faced with a large number of covariates. Traditional approaches often incorpo-
rated only a limited number of covariates, neglecting the practical complexities
introduced by the numerous potential environmental variables. While some stud-
ies addressed variable selection, they typically relied on the estimation of covari-
ate importance through specific statistical metrics, often assuming a parametric
framework for the point process of interest in advance. This assumption limits
the ability to capture nonlinear relationships and exacerbates the issue of inter-
ference among correlated variables. To address these limitations, we combine ma-
chine learning techniques with point process modelling to propose a novel hybrid
approach. Initially, random forests are used to perform data-driven variable se-
lection, identifying the most important covariates without reliance on parametric
assumptions. Subsequently, a parametric point process model is constructed and
analyzed based on the selected variables. This method offers several advantages:
it avoids the limitations of parametric assumptions during variable selection, en-
sures interpretability by utilizing classical statistical methods for model inference,
and facilitates uncertainty quantification. The proposed approach demonstrates
excellent predictive performance in chimney fire risk prediction. Additionally,
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this framework is extended to other fire prediction projects, highlighting its gen-
eralizability and effectiveness in addressing similar modelling challenges.

Chapter 2 addresses uncertainty analysis in the parameter estimation of inten-
sity functions of point process models, an important component for completely
predicting the occurrences of random events. Uncertainty analysis facilitates the
construction of confidence intervals for estimated models, enhancing their re-
liability and interpretability. While existing research has explored uncertainty
analysis for point process models, most studies provide asymptotic results based
on the increasing-domain framework. Increasing-domain and infill asymptotic
regimes represent two principle frameworks for uncertainty analysis for point
process models. The former indicates that the accuracy of parameter estima-
tion improves as more events are observed in an increasing window. However,
in some cases, point pattern data may exhibit domain-specific characteristics,
e.g. fire patterns may differ in urban and rural areas. In such cases, it is more
appropriate to adopt the infill asymptotic framework, which fixes the window
while observing more and more events across different observation intervals. In
this chapter, we systematically study the asymptotic distribution of estimated
parameters under the infill regime. For logistic regression estimators, as well
as more general estimators derived from unbiased estimating equations, we pro-
vide comprehensive asymptotic results applicable to both Poisson and general
point processes of interest. In addition, we develop a consistent estimator for
the covariance matrix, enabling practical computation of confidence intervals.
This theoretical advancement completes the statistical literature on uncertainty
quantification in scenarios where domain-specific characteristics require a fixed
observation window.

Chapter 3 builds upon the work presented in Chapter 1, extending the pro-
posed methodology for handling a large number of covariates in point process
modelling. Although Chapter 1 introduces a data-driven modelling procedure
for variable selection on medium-sized point pattern data, it still exhibits sev-
eral limitations when applied to practical scenarios. The covariates identified
as important by machine learning techniques in Chapter 1 are concluded at an
aggregation level of areal unit data, which may be different from those concluded
at the level of point pattern data. Moreover, complex, potentially non-linear re-
lationships between covariates and the intensity function of a point process bring
significant difficulties in constructing appropriate parametric models. Paramet-
ric models impose restrictive assumptions that may not hold in real-world point
patterns. To overcome these limitations, we propose a nonparametric tree-based
method for estimating the intensity functions of point processes, leveraging the
flexible function approximation capability of the XGBoost system. To adapt the
standard XGBoost framework to point process modelling, we employ a Poisson
likelihood-based loss function for model fitting. To improve estimation efficiency
for clustered point processes of interest, we analyze the estimation variance of
the estimated intensities and design a dynamic weighted loss function in order
to align with the boosting mechanism. The proposed method is validated on
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both simulated and real-world data sets and demonstrated superior performance
compared to existing state-of-the-art approaches. This methodological advance-
ment offers improved accuracy and flexibility in modelling point process intensity
functions.

Chapter 4 studies a broad class of hierarchical cluster point processes, known
as independent cluster point processes, which are particularly suitable for analyz-
ing point pattern data with hidden cluster centres. These processes comprise two
components: a parent point process that generates cluster centers and a mark
process associated with each cluster that simulates the observed events. In the
literature, simplified versions of these processes, such as Neyman-Scott processes,
have been well investigated, where both parent and mark processes are assumed
to Poisson point processes. Moment-based approaches have been proposed to es-
timate model parameters. However, in more general processes whose parent and
mark processes are not Poisson, classical estimation methods face difficulties due
to the complex probability density function of the model, which involves high-
dimensional integrals in high-order summary statistics. An additional challenge
arises in estimating the distribution of cluster centres, also referred to as state es-
timation in point process modelling. This task is particularly crucial in practical
applications like arson fire risk prediction, where identifying cluster centres pro-
vides valuable prior information for the police and firefighters to guide prevention
and rescue operations. Frequentist methods, however, are inherently limited in
this context, as they cannot construct posterior density surfaces for cluster cen-
tres. In this chapter, we propose a two-step Bayesian inference framework. In the
first step, we employ Markov chain Monte Carlo sampling to estimate the cluster
centres, conditional on certain given model parameters. In the second step, these
samples were utilized within a Monte Carlo expectation-maximization algorithm
to estimate the true model parameters. By iteratively alternating these two
steps, the independent cluster point process model can be effectively resolved.
Simulation studies demonstrate the effectiveness of the proposed method, and its
application to real-world data is currently underway.

In conclusion, this thesis brings novel contributions to the development of
spatial and spatio-temporal point process modelling. It establishes methodologies
and theories to address significant challenges in the research domain. In future
work, we aim to refine these methodologies and theories to better accommodate
specific characteristics and complexities of real-world point pattern data.
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Samenvatting

Puntpatronen zijn alomtegenwoordig, zowel in de natuur als ter beschrijving van
menselijke activiteiten. Om dit type gegevens te modelleren, gebruikt men in
de wiskunde puntprocessen in het platte vlak of in ruimte-tijd. In het model
kan de invloed van omgevingsvariabelen op het voorkomen van een punt wor-
den meegenomen, alsmede de onderlinge afhankelijkheid van punten. Vervolgens
kan men dan een hypothese toetsen, modelparameters schatten of puntpatronen
simuleren.

Ondanks dat er in de afgelopen decennia aanzienlijke vooruitgang is geboekt
in de theorie van puntprocessen, vereisen klassieke benaderingen voortdurende
verfijning en uitbreiding. Deze noodzaak vloeit voort uit de specifieke ken-
merken van een gegeven toepassing, evenals uit de toenemende complexiteit van
de gegevens die voor hedendaags onderzoek beschikbaar zijn. Dit proefschrift
verkent modellering in ruimte en tijd binnen de context van brandrisicovoor-
spelling in Nederland. Wij formuleren vier onderzoeksvragen gemotiveerd door
de praktijk en ontwikkelen nieuwe statistische en machine learning-technieken
teneinde gerichte oplossingen te bieden.

Hoofdstuk 1 bestudeert de casus van het voorspellen van het risico op
schoorsteenbrand in Twente aan de hand van een groot aantal omgevingsvari-
abelen. De onderzoeksvraag is om te bepalen welke variabelen van belang zijn,
en welke kunnen worden genegeerd. Traditionele benaderingen gaan uit van een
beperkt aantal variabelen binnen een parametrisch statistisch kader. Voor onze
casus met vele, onderling gecorreleerde variabelen combineren wij het statistisch
kader met niet-parametrische technieken uit de machine learning. Wij gebruiken
willekeurige beslissingsbossen om de belangrijkste variabelen te vinden. Vervol-
gens wordt een parametrisch model opgesteld en geanalyseerd op basis van de
geselecteerde variabelen. Deze aanpak biedt belangrijke voordelen: hij vermijdt
de beperkingen van parametrische modelaannames bij het selecteren van vari-
abelen, waarborgt de interpreteerbaarheid door gebruik te maken van klassieke
statistiek en kwantificeert de onzekerheid. In de genoemde casus werden uitstek-
ende resultaten behaald. Bovendien kan de geschetste methode worden uitgebreid
naar andere veiligheidsregio’s.

Hoofdstuk 2 is gewijd aan een analyse van de onzekerheid bij het schatten
van de parameters van de intensiteitsfunctie van een puntproces. Bestaand on-
derzoek richt zich vooral op asymptotische resultaten voor het regime waarin het
waarnemingsvenster groter en groter wordt. Soms echter vertonen puntpatronen
domeinspecifieke kenmerken. De patronen van brandincidenten in stedelijke en
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landelijke gebieden, bijvoorbeeld, zijn verschillend. In dergelijke gevallen is het
beter om een asymptotisch regime te hanteren waarin meer en meer gebeurtenis-
sen worden waargenomen binnen hetzelfde venster. In dit hoofdstuk bestuderen
we de asymptotische verdeling van logistische regressieschatters (en andere M-
schatters) onder laatstgenoemd regime. Wij presenteren resultaten voor zowel
Poissonprocessen als puntprocesmodellen in het algemeen. Daarnaast is een
asymptotisch rake schatter voor de covariantiematrix ontwikkeld.

Hoofdstuk 3 bouwt voort op het werk van Hoofdstuk 1. In dat hoofd-
stuk was het mogelijk om met de geselecteerde variabelen een interpreteerbaar
parametrisch statistisch model op te stellen. In het algemeen echter kan de re-
latie tussen omgevingsvariabelen en de intensiteitsfunctie van een puntproces
complex zijn. Voor dergelijke gevallen stellen wij een niet-parametrische, op
een beslissingsbos gebaseerde methode voor, waarbij wij gebruikmaken van het
flexibele XGBoost-kader voor het benaderen van functies. Om deze methode
aan te passen aan onze context, gebruiken we een verliesfunctie gebaseerd op de
Poisson waarschijnlijkheidsfunctie. Voor processen die gekenmerkt worden door
ophopingen van punten kan de verliesfunctie dynamisch worden gewogen. De
nieuwe methode is vergeleken met de huidige stand der techniek en superieur
bevonden.

Hoofdstuk 4 betreft de klasse der onafhankelijke clusterprocessen, die bijzon-
der geschikt is voor het analyseren van puntpatronen met verborgen informatie.
Onze motivatie bestaat uit het opsporen van pyromanen aan de hand van gerap-
porteerde aangestoken autobranden. Voor specifieke modellen gebaseerd op een
Poissonaanname voor zowel het verborgen als waargenomen puntproces bestaat
een uitgebreide literatuur. In het algemeen is de kansverdeling van het proces
echter niet expliciet te beschrijven. Ook het schatten van de verdeling van het
verborgen proces is uitdagend, omdat frequentistische methoden hiervoor niet
geschikt zijn. In dit hoofdstuk ontwikkelen wij daartoe een twee-staps Bayesi-
aans statistisch kader. In de eerste stap gebruiken we Monte Carlo methoden om
de kansverdeling van het verborgen proces te schatten op basis van de waarne-
mingen. In de tweede stap gebruiken we monsters uit deze kansverdeling binnen
een Monte Carlo EM-algoritme om de modelparameters te schatten. Een sim-
ulatiestudie bewijst de effectiviteit van de voorgestelde methode; toepassing op
autobrandgegevens is in uitvoering.

Concluderend kunnen wij stellen dat dit proefschrift bijdragen levert aan het
modelleren en de analyse van puntprocessen met specificke toepassingen binnen
het onderzoek naar brandincidenten.
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