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Abstract
Consider words of length n. The set of all periods of a word of length n is a subset of
{0, 1, 2, . . . , n−1}. However, not every subset of {0, 1, 2, . . . , n−1} can be a valid set
of periods. In a seminal paper in 1981, Guibas and Odlyzko proposed encoding the set
of periods of a word into a binary string of length n, called an autocorrelation, where
a 1 at position i denotes the period i . They considered the question of recognizing a
valid period set, and also studied the number κn of valid period sets for strings of length
n. They conjectured that ln κn asymptotically converges to a constant times (ln n)2.
Although improved lower bounds for ln κn/(ln n)2 were proved in 2001, the question
of a tight upper bound has remained open since Guibas and Odlyzko’s paper. Here,
we exhibit an upper bound for this fraction, which implies its convergence and closes
this longstanding conjecture. Moreover, we extend our result to find similar bounds
for the number of correlations: a generalization of autocorrelations that encodes the
overlaps between two strings.

Keywords Autocorrelation · Period · Border · Combinatorics · Correlation ·
Periodicity · Upper bound · Asymptotic convergence

1 Introduction

A word overlaps itself if one of its prefixes is equal to one of its suffixes. The corre-
sponding prefix (or suffix) is called a border and the shift needed to match the prefix

A preliminary version of this work appeared in the proceeding of the 50th International Colloquium on
Automata, Languages, and Programming (ICALP 2023) [1].
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to the suffix is called a period. The dual notions of period and border are critical con-
cepts in combinatorics on words: important definitions such as periodic and primitive
words, and the normal form of a word rely on them. These concepts play a role in
key results of the field like the critical factorization theorem [2, 3]. In computer sci-
ence, in the field of string algorithms (a.k.a. stringology), pattern-matching algorithms
heavily exploit borders/periods to optimize the search for occurrences of a word in
a text [4]. For clarity, note that the terms word and string both mean a sequence of
letters taken from an alphabet. These notions also play a role in statistics. The set of
periods of a word controls how two occurrences of the sameword can overlap in a text.
Hence, the set of periods (or autocorrelation) is a key variable to study the statistics
of word occurrences in random texts (waiting time, the distance between successive
occurrences, etc.) [5]. The notion of autocorrelation was extended to describe how
two distinct words can have overlapping occurrences in the same text. This is used,
for instance, to study the number of missing words in random texts [6] or to design
procedures for testing pseudo-random number generators [7].

An autocorrelation is a binary vector representing the set of periods of a word. The
concept of autocorrelation was introduced by Guibas and Odlyzko in [8]. They gave
a characterization of autocorrelations and proved the following bounds on κn—the
cardinality of the set �n of autocorrelations of words of length n;

1

2 ln 2
+ o(1) ≤ ln κn

(ln n)2
≤ 1

2 ln(3/2)
+ o(1).

They conjectured that ln κn is asymptotic to a constant times (ln n)2. Later, Rivals and
Rahmann [9] studied the combinatorial structure of the set of autocorrelations �n , and
improved the lower bound on κn as follows:

ln κn

(ln n)2
≥ 1

2 ln 2

(
1 − ln ln n

ln n

)2

+ 0.4139

ln n
− 1.47123 ln ln n

(ln n)2
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(
1

(ln n)2

)
.

However, up to now, there has been no improvement on the upper bound on κn . In this
work (Sect. 3), we apply the notion of irreducible period sets introduced by Rivals and
Rahmann [9, 10] to prove that

ln κn

(ln n)2
≤ 1

2 ln 2
+ 3

2 ln n
∀n ∈ N≥2.

Together with known asymptotic lower bounds [9], we find that

ln κn

(ln n)2
→ 1

2 ln 2
as n → ∞,

thus resolving the conjecture of Guibas and Odlyzko.
In their paper about autocorrelations [8], Guibas and Odlyzko also introduced the

notion of the correlation of two words. For two words u and v, the correlation of u
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over v is a binary vector indicating all overlaps between suffixes of u and prefixes of
v. In particular, an autocorrelation is the correlation of a word with itself. In Sect. 4,
we first characterize the set, denoted by �n , of distinct correlations between words
of length n, and then show that the ratio ln δn

(ln n)2
, where δn denotes the cardinality of

�n , has the same asymptotic convergence behavior as the ratio ln κn
(ln n)2

(i.e., the ratio
involving the number of autocorrelations of words of length n), that is

ln δn

(ln n)2
→ 1

2 ln 2
as n → ∞.

The seminal characterization of autocorrelations in�n from [8] includes a recursive
predicate that certifies whether a binary vector is an autocorrelation of length n. The
basic period of an autocorrelation is defined as its smallest nonzero period if one
exists, or n otherwise. This predicate partitions autocorrelations of �n in two cases:
when the basic period of an autocorrelation is smaller than or equal to � n

2 	 it is in case
a; if not, it is in case b. Enumeration of �n for n ≤ 60 shows that autocorrelations are
unequally distributed among cases a and b. Thus, in Sect. 5 we study the cardinalities,
denoted by κa

n and κb
n , of the two subsets of �n corresponding to case a and to case

b, respectively. For both κa
n and κb

n , we demonstrate a convergence result similar to
the one obtained for κn in Theorem 3.4.1. Section5 is new compared to the previous
version of this work presented at ICALP 2023 [1]. Finally, we conclude in Sect. 6 with
related open questions.

1.1 RelatedWorks

Apart from previously cited articles that deal with the combinatorics of period sets,
some related works exist in the literature.

For instance, the question of the average period of a random word was investigated
in [11]. Clearly, the number of periods of a word of length n lies between 1 and n. A
recent work exhibits an upper bound on the number of periods of a word as a function
of its initial critical exponent—a characteristic of the word related to its degree of
periodicity [12], but this was not used to bound the number of period sets. Finally,
the combinatorics of period sets was also investigated in depth for a generalization of
the notion of words, called partial words [13]. In partial words, some positions may
contain a don’t care symbol, which removes some constraints of equality between
positions. To study the combinatorics of period sets, Blanchet-Sadri et al. defined
weak and strong periods, and proved several important theorems [14], including lower
and upper bounds on the number of binary and ternary autocorrelations [13, 15].
However, the cardinality of the family of period sets differs between normal words
and partial words, and a tight upper bound for normal words cannot be deduced from
that for partial words. Several works investigate sets of words with constraints (either
absence or presence) on their mutual overlaps: mutually bordered (overlapping) pairs
of words are studied in [16], while algorithms for constructing a set of mutually
unbordered words (also called cross-bifix-free words or non-overlapping words) are
provided in [17–22]. These algorithms aim to compute non-overlapping codes, which
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are used for frame synchronization in network communication or for DNA-based data
storage [17, 23].

2 Preliminaries

Let � be a finite alphabet: a set of letters of cardinality σ . A sequence of elements of
� is called a string or a word. Let us denote by �n the set of all strings of length n
over �, with n ∈ N. For a string x , |x | denotes the length of x . For two strings x, y,
we let xy denote their concatenation and the k-fold concatenation of x with itself by
xk for any integer k > 0. A string u = u[0n̈ − 1] ∈ �n is a sequence of n letters over
a finite alphabet �. For any 0 ≤ i ≤ j ≤ n − 1, we let u[i j̈] denote the substring
starting at position i and ending at position j . In particular, u[0 j̈] denotes a prefix,
u[i n̈ −1] denotes a suffix, and u[ j, j] = u[ j] denotes the j-th letter of u. Throughout
this paper, all our strings and vectors are indexed starting at position 0.

2.1 Periodicity

In this subsection, we define the concepts of period, period set, basic period, and
autocorrelation, and then review some useful results.

Definition 2.1 (Period) The string u has a period p ∈ {1, . . . , n − 1} if and only if for
any 0 ≤ i, j ≤ n − 1 such that i ≡ j (mod p), we have u[i] = u[ j]. Moreover, we
consider that p = 0 is a period of any string.

An equivalent definition is the following.

Definition 2.2 (Period) The string u has period p ∈ {0, 1, . . . , n − 1} if and only if
u[0n̈ − p − 1] = u[pn̈ − 1], i.e., for all 0 ≤ i ≤ n − p − 1, we have u[i] = u[i + p].

Recall that the basic period of u is the smallest non-zero period of a string. We
let π(u) denote the basic period of u. The period set of a string u is the set of all its
periods and is denoted by P(u). We now list some useful properties about periods,
which we will need later on.

Lemma 2.1 Let p be a period of u ∈ �n and k ∈ Z≥0 such that kp < n. Then kp is
also a period of u.

Proof If p = 0 or k = 0, the statement trivially holds. Suppose p ∈ {1, . . . , n − 1}
and k > 0. If i, j ∈ {0, . . . , n − 1} such that i ≡ j (mod kp), then we also have
i ≡ j (mod p), and hence u[i] = u[ j] by Definition 2.1. This shows kp is a period of
u by Definition 2.1. ��
Lemma 2.2 Let p be a period of u ∈ �n and q a period of the suffix w = u[pn̈ − 1].
Then p + q is a period of u. Moreover, p + kq is also a period of u for all k ∈ Z≥0
with p + kq < n.

Proof ByDefinition 2.2 of period, the fact that p is a period ofu impliesu[0n̈−p−1] =
u[pn̈ − 1], while q is a period of w implies w[0n̈ − p − q − 1] = w[qn̈ − p − 1].
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As w is the suffix of u starting at position p, we can combine the above results to find
that

u[0n̈ − p − q − 1] = u[pn̈ − q − 1] = w[0n̈ − p − q − 1]
= w[qn̈ − p − 1] = u[p + qn̈ − 1],

which indicates that p + q is a period of u. Moreover, if p + iq is a period of u for
some i ∈ N, then we can similarly show that p + (i + 1)q is also a period of u if
p + (i + 1)q < n. It follows by induction that p + kq is a period of u for all k ∈ N

with p + kq < n. The case k = 0 is trivial. ��
Lemma 2.3 Let p, q be periods of u ∈ �n with 0 ≤ q ≤ p. Then the prefix and the
suffix of length (n − q) have the period (p − q).

Proof Since p, q be periods of u ∈ �n with 0 ≤ q ≤ p, we have

u[0n̈ − p − 1] = u[pn̈ − 1] (by periodicity p)

= u[p − qn̈ − q − 1] (by periodicity q).

It follows that u[0n̈ − q − 1] has period p − q. Similarly the suffix of u of length
(n − q) also has period p − q. ��
Lemma 2.4 Suppose p is a period of u ∈ �n and there exists a substring v of u of
length at least p and with period r , where r | p. Then r is also a period of u.

Proof If p = 0, then r = 0 and the lemma trivially holds.
Otherwise, p is non-zero. Let i, j ∈ [0, n − 1] with i ≡ j (mod r). We can write

v = u[hk̈] with 0 ≤ h < k ≤ n − 1. Since v has length at least p, there exist
i ′, j ′ ∈ [h, k] such that i ≡ i ′ (mod p) and j ≡ j ′ (mod p). By Definition 2.1 of
period, we have u[i] = u[i ′] and u[ j] = u[ j ′]. Note that i ′ ≡ i ≡ j ≡ j ′ (mod r),
because r | p. Applying Definition 2.1 again, we obtain u[i ′] = u[ j ′]. It follows that
u[i] = u[i ′] = u[ j ′] = u[ j]. Therefore r is a period of u. ��

We will also use the famous Fine and Wilf theorem [24], a.k.a. the periodicity
lemma, for which a short proof was provided by Halava and colleagues [25].

Theorem 2.5 (Fine and Wilf) Let p, q be periods of u ∈ �n. If n ≥ p+q −gcd(p, q),
then gcd(p, q) is a period of u.

2.2 Autocorrelation

We now give a formal definition of an autocorrelation.

Definition 2.3 (Autocorrelation) For every string u ∈ �n , its autocorrelation is the
string s ∈ {0, 1}n such that for all i ∈ {0, . . . , n − 1},

s[i] =
{
1, if i is a period of u;
0, otherwise.
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Table 1 This table illustrates the set of period and the autocorrelation of the word u = abbaabba of
length 8. The first copy of the word u is shown on the second line. Another copy of u is displayed on
(each) line (3+ i) shifted by i positions to the right, with i going from 0 to 7. If the suffix of the copy of u
matches the prefix of the first copy u on line 2, then i is a period, and both the line and the corresponding
position/shift (on the first line) are colored in blue. The last column contains the autocorrelation of u, with
1 bits corresponding to periods colored in blue

To illustrate this concept, consider the following example (detailed in Table 1).

Example 1 We consider the word u = abbaabba of length 8. Its period set is P(u) =
{0, 4, 7}, its basic period is 4 and its autocorrelation is s = 10001001. See Table 1.

Guibas and Odlyzko [8] show that any alphabet of size at least two gives rise to
the same set of correlations (Corollary 5.1). Autocorrelations have many other useful
properties [8, 9]. The most significant one for our work is the following.

Lemma 2.6 (Lemma 3.1 [8] and Theorem 1.3 [9]) If s ∈ {0, 1}n is an autocorrelation
and s[i] = 1, then s[i n̈ − 1] is the autocorrelation of u[i n̈ − 1].
Proof Note that s[i] = 1 means that i is a period of u. Suppose s[i + j] = 1. Then
i + j is a period of u. Thus u[i n̈ − 1] has period (i + j) − i = j by Lemma 2.3.
Conversely, suppose u[i n̈−1] has period (i + j)− i = j . Then i + j is a period of u by
Lemma 2.2. Thus s[i + j] = 1. Combining these results, we find that s[i + j] = 1 if
and only if j is a period of u[i n̈ − 1], and equivalently s[i n̈ − 1] is the autocorrelation
of u[i n̈ − 1]. ��

2.3 Irreducible Period Set

To prove the upper bound on the number of autocorrelations, we use the notion of
irreducible period sets as introduced byRivals andRahmann [9]. An irreducible period
set is the minimum subset of a period set that determines the period set using the
forward propagation rule. Before formally introducing the irreducible period set, we
first explain what forward propagation is.

Lemma 2.7 (Forward Propagation Rule) Let p ≤ q be periods of a string u of length
n and let k ∈ Z≥0 such that p + k(q − p) < n. Then p + k(q − p) is a period of u.
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Proof It follows fromLemma2.3 that u[pn̈−1] has period q− p. ApplyingLemma2.2
we find that u[0n̈ − 1] has period p + k(q − p) for all k ∈ Z≥0. ��
The forward closure FCn(S) of a set S ⊆ {0, . . . , n − 1} (not necessarily a period set,
typically a subset of one) is the closure of S under the forward propagation rule.

Definition 2.4 (Forward Closure) Let S ⊆ {0, . . . , n − 1}. Its forward closure FCn(S)

is the minimum superset of S such that for every p, q ∈ FCn(S) and k ≥ 0 with p ≤ q
and p + k(q − p) < n, we have

p + k(q − p) ∈ FCn(S).

We can now define the irreducible period set.

Definition 2.5 (Irreducible Period Set) Let P be the period set of a string u ∈ �n . An
irreducible period set of P is a minimal subset R(P) ⊆ P with forward closure P .

Observe that there exists an irreducible period set for any period set P , because
FCn(P) = P by the forward propagation rule. We now give a useful characteri-
zation of an irreducible period set as the set of periods that are not in the forward
closure of the set of all smaller periods. Consequently, every period set has exactly
one irreducible period set, whose elements we call irreducible periods.

Recall that for a given length n, we let �n denote the set of all period sets. Formally
stated �n is defined as

�n = {S ⊆ {0, 1, . . . , n − 1} : ∃u ∈ �n such that P(u) = S}.

As in [9], for a given length n, we let 	n denote the set of all irreducible period sets:

	n = {T ⊆ {0, 1, . . . , n − 1} : ∃u ∈ �n such that R(P(u)) = T }.

The bijective relation between period sets and irreducible period sets implies that
|�n| = |	n|.
Lemma 2.8 Let P be the period set of a string u ∈ �n and R(P) an irreducible period
set of P. Then

R(P) = {q ∈ P | q /∈ FCn(P ∩ [0, q − 1])} .

Proof Let p ∈ P . Let us prove the two alternative cases separately:

1. p /∈ {q ∈ P | q /∈ FCn(P ∩ [0, q − 1])} �⇒ p /∈ R(P) and
2. p ∈ {q ∈ P | q /∈ FCn(P ∩ [0, q − 1])} �⇒ p ∈ R(P).

1. Suppose p /∈ {q ∈ P | q /∈ FCn(P ∩ [0, q − 1])}, or equivalently p ∈ FCn(P ∩
[0, p − 1]). Since FCn(R(P) ∩ [0, p − 1] ⊆ FCn(R(P)) ∩ [0, p − 1]),

p ∈ FCn(P ∩ [0, p − 1]) = FCn(FCn(R(P)) ∩ [0, p − 1])
⊆ FCn(FCn(R(P) ∩ [0, p − 1]))
= FCn(R(P) ∩ [0, p − 1])
⊆ FCn(R(P) \ {p}).
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It follows that FCn(R(P)\{p}) = FCn(R(P)). Byminimality of irreducible period
sets, we have p /∈ R(P).

2. Suppose on the other hand that p /∈ FCn(P ∩ [0, p − 1]). Then p /∈ FCn(P \ {p}).
As

FCn(P \ {p}) ⊇ FCn(R(P) \ {p}),
then p /∈ FCn(R(P) \ {p}). However, as p ∈ P and P = FCn(R(P)), it follows
that p ∈ R(P).

��

3 Asymptotic Convergence of �n

In this section, we present a new upper bound on κn , the number of distinct autocor-
relations of strings of length n. Moreover, we prove that ln κn converges to c · (ln n)2,
where c = 1

2 ln 2 .

Theorem 3.1 (Upper bound on κn) For all n ∈ N≥2 we have

ln κn

(ln n)2
≤ 1

2 ln 2
+ 3

2 ln n
.

To prove this theorem, we need several lemmas.

Lemma 3.2 Let u ∈ �n with period set P and irreducible period set R(P) = {0 =
a0 < · · · < ai < · · · < ak < n}. Then for all 0 ≤ i ≤ k, there exists qi ∈
{1, . . . , n − ai } such that

1. qi ≤ n/2i , and
2. ai + qi = n or ai + qi is in the forward closure of {a0, . . . , ai }.
Proof We prove this by induction.
BasisBypickingq0 = n ∈ {1, . . . , n−a0}, we satisfy bothq0 ≤ n/20 anda0+q0 = n.

Hypothesis For some 0 ≤ i < k, there exists a qi ∈ {1, . . . , n − ai } such that

1. qi ≤ n/2i , and
2. ai + qi = n or ai + qi is in the forward closure of {a0, . . . , ai }.
Induction Step We first note that if n − ai+1 ≤ n/2i+1, then we can pick qi+1 =
n − ai+1. Suppose on the other hand that n − ai+1 > n/2i+1. We distinguish two
cases.

• If ai + qi = n, then

ai+1 − ai = (n − ai ) − (n − ai+1)

< n/2i − n/2i+1

= n/2i+1

< n − ai+1.

Thus, we can pick qi+1 = ai+1 − ai ∈ {1, . . . , n − ai+1}, since
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1. it satisfies qi+1 ≤ n/2i+1 and
2. ai+1 + qi+1 = ai + 2(ai+1 − ai ) is in the forward closure of {a0, . . . , ai+1}.

• If ai + qi is in the forward closure of {a0, . . . , ai }, then

ai + λqi = ai + λ(ai + qi − ai )

is in the forward closure of {a0, . . . , ai } for all integers 0 ≤ λ ≤ (n − 1 − ai )/qi .
Since ai+1 is an irreducible period, there exists an integer λ0 ∈ [0, (n −1−ai )/qi ]
such that

ai + λ0qi < ai+1 < ai + (λ0 + 1)qi .

In other words, ai+1 is bounded below and above by two successive, non-
irreducible periods generated from ai and qi using the FPR (or n ≤ ai +(λ0+1)qi ).
We pick

qi+1 = min(ai+1 − (ai + λ0qi ), (ai + (λ0 + 1)qi ) − ai+1, n − ai+1)

and note that

qi+1 ≤ ai+1 − (ai + λ0qi ) + (ai + (λ0 + 1)qi ) − ai+1

2
= qi/2

≤ n/2i+1.

It follows that ai+1 +qi+1 < n. Consequently, either ai+1 +qi+1 = (ai +λ0qi )+
2(ai+1 − (ai + λ0qi )) or ai+1 + qi+1 = ai + (λ0 + 1)(ai + qi − ai ). Hence,
ai+1 + qi+1 is in the forward closure of {a0, . . . , ai+1}. Therefore qi+1 has all
desired properties.

The lemma now follows, by induction on i . For all 0 ≤ i ≤ k, there exists qi ∈
{1, . . . , n − ai } such that

1. qi ≤ n/2i , and
2. ai + qi = n or ai + qi is in the forward closure of {a0, . . . , ai }.

��
Lemma 3.3 Let R(P) = {0 = a0 < a1 < · · · < ak} be the irreducible period set of a
string of length n. Then k ≤ log2 n.

Proof It follows from the Lemma 3.2 that there exists an integer qk ∈ {1, . . . , n − ak}
such that n/2k ≥ qk . Hence k ≤ log2 n. ��
To count the number of irreducible period sets, we count the number of possibilities
for each ai with 1 ≤ i ≤ k. We know that a0 = 0 is fixed. The other ai take values in
the set {1, . . . , n − 1}.
Lemma 3.4 Let 0 ≤ i ≤ k − 1. Then ai+1 can take at most 21−i n − 1 possible values
given a0, . . . , ai .

123



Algorithmica (2025) 87:690–711 699

Proof Let qi be defined as in Lemma 3.2. We distinguish three cases:

1. If ai+1 ≤ ai +qi , there are at most qi −1 ≤ n/2i −1 possible values for ai+1 (note
that ai+1 �= ai + qi , because ai+1 cannot be in the forward closure of {a0, . . . , ai },
nor can it be equal to n).

2. If ai+1 ≥ n − qi , there are at most qi ≤ n/2i possible values for ai+1.
3. In the remaining case, ai+1 ∈ [ai + qi + 1, n − qi − 1].
Let us first show that case 3 is impossible. For the sake of contradiction, assume we
are in case 3. Since ai + qi < n, we know that ai + qi is in the forward closure of
{a0, . . . , ai } (by property 2 from Lemma 3.2). Hence qi is a period of u[ai n̈ − 1].
Moreover ai+1 − ai is also a period of u[ai n̈ − 1]. By the Fine and Wilf theorem, it
follows that

(a) either n − ai < qi + (ai+1 − ai ) − gcd(qi , ai+1 − ai )

(b) or gcd(qi , ai+1 − ai ) is a period of u[ai n̈ − 1].
We are not in subcase (a) since by hypothesis ai+1 ≤ n − qi − 1. Suppose we are in
subcase (b). Note that ai + gcd(qi , ai+1 − ai ) ≤ ai + qi < ai+1 and that ai+1 is in
the forward propagation of {a0, . . . , ai , ai + gcd(qi , ai+1 − ai )}. It follows that ai+1
is not an irreducible period, which is a contradiction because ai + gcd(qi , ai+1 − ai )

is a period by Lemma 2.2. Therefore both subcases (a) and (b) are impossible by
Lemma 3.2. Summing over cases 1 and 2 (since case 3 is impossible), we conclude
that, given a0, . . . , ai , there are at most

(n/2i − 1) + n/2i + 0 = 21−i n − 1

possibilities for ai+1. ��
Note that the bound of Lemma 3.4 is not tight: indeed, there are n − 1 possible

values for a1, while the lemma gives an upper bound of 2n − 1. However, this bound
suffices to prove our asymptotic result.

Proof (of Theorem 3.1) Since an autocorrelation is uniquely defined by its irreducible
period set, it suffices to count the possible such sets {a0, . . . , ak} for all possible values
of k. Recall that a0 is fixed at 0 and that k ≤ log2 n by Lemma 3.3. We thus derive a
bound on the total number of autocorrelations by taking the product of all possibilities
for ai+1 with i going from 0 to k −1 and sum this over all integers k from 1 to �log2 n	,
as follows:

κn = |�n| = |	n| ≤
�log2 n	∑

k=1

k−1∏
i=0

(
21−i n − 1

)

≤
�log2 n	∑

k=1

((
22−kn − 1

) k−2∏
i=0

21−i n

)
.
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Writing 22−kn
∏k−2

i=0 2
1−i n and

∏k−2
i=0 2

1−i n in exponential form, we get

κn ≤
�log2 n	∑

k=1

(
exp

(−k(k − 3) ln 2

2
+ k ln n

)

− exp

(−(k − 1)(k − 4) ln 2

2
+ (k − 1) ln n

) )
.

Observe that this is a telescoping sum, so all but two terms cancel out.

κn ≤ exp

(−�log2 n	(�log2 n	 − 3) ln 2

2
+ �log2 n	 ln n

)
− 1.

Since d
dk

(−k(k−3) ln 2
2 + k ln n

)
= (−2k+3) ln 2

2 + ln n is positive for all k ≤ log2 n, we

have

κn < exp

(
ln n(3 ln 2 − ln n)

2 ln 2
+ (ln n)2

ln 2

)

= exp

(
3 ln n

2
+ (ln n)2

2 ln 2

)
.

Taking the natural logarithm of both sides and dividing by (ln n)2, we get that

ln κn

(ln n)2
≤ 1

2 ln 2
+ 3

2 ln n
,

thereby proving Theorem 3.1. ��
Corollary 3.4.1 (Asymptotic Convergence of κn) Let κn be the number of autocorrela-
tions of length n. Then

ln κn

(ln n)2
→ 1

2 ln 2
as n → ∞.

Proof It follows from Theorem 3.1 that for n ∈ N≥2

ln κn

(ln n)2
≤ 1

2 ln 2
+ 3

2 ln n
= 1

2 ln 2
+ o(1).

The lower bound for κn from Theorem 5.1 in [9] indicates that asymptotically

ln κn

(ln n)2
≥ 1

2 ln 2

(
1 − ln ln n

ln n

)2

+ 0.4139

ln n
− 1.47123 ln ln n

(ln n)2
+ O

(
1

(ln n)2

)

= 1

2 ln 2
− O

(
ln ln n

ln n

)
.
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Fig. 1 The true values of ln kn/(ln n)2 for n ≤ 500 are compared to the upper bound of Guibas & Odlyzko
(G&O upper bound) [8], the Fröberg lower bound (R&R lower bound) [9], and our upper bound. Our upper
bound seems not so tight: the reason is that n is small, as ln 500 ≈ 6.2

Combining this lower bound with our upper bound, we obtain

1

2 ln 2
− O

(
ln ln n

ln n

)
≤ ln κn

(ln n)2
≤ 1

2 ln 2
+ o(1).

Using the classic sandwich theorem, we conclude that

ln κn

(ln n)2
→ 1

2 ln 2
as n → ∞,

thereby proving the conjecture by Guibas and Odlyzko. ��
The known values of κn are recorded in entry A005434 (see https://oeis.org/

A005434) of the On-Line Encyclopedia of Integer Sequences [26]. Because the enu-
meration of �n takes exponential time, the list of κn values is limited to a few hundred.
In Fig. 1, we compare the values of κn with the so-called Fröberg lower bound from [9],
the upper bound of Guibas and Odlyzko [8], and our new upper bound. The figure
illustrates the improvement brought by the new upper bound compared to that given
by Guibas and Odlyzko [8]. At n = 500, the lower bound, our new upper bound, and
the values of κn clearly differ, meaning the sequences are far from convergence at
n = 500.

4 Characterization of Correlations and Growth of 1n

In this section, we show that the number of correlations between two strings of length
n has the same asymptotic convergence behavior as the number of autocorrelations of
strings of length n.
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Table 2 The correlation of word u = aabbaa over word v = baabaa (both of length 6) is t = 000100.
This table is organized as Table 1—see the corresponding caption for details

In [27], Guibas and Odlyzko introduced the notion of correlation of two strings:
it encodes the offset of possible overlaps between these two strings. In [8], the same
authors investigate the self-overlaps of a string, which are then encoded in an auto-
correlation. Before we start, let us precisely define the notion of correlation (which is
illustrated in Table 2).

Definition 4.1 (Correlation) For every pair of strings (u, v) ∈ �n×�m , the correlation
of u over v is the vector t ∈ {0, 1}n such that for all k ∈ {0, . . . , n − 1},

t[k] =

⎧⎪⎨
⎪⎩
1, if u[i] = v[ j] for all i ∈ {0, . . . , n − 1}, j ∈ {0, . . . , m − 1}

with i = j + k;
0, otherwise.

Intuitively, we can find correlations as follows. For each index i ∈ {0, . . . , n − 1}
we write v below u starting under the i th character of u. Then the i th element of the
correlation is 1, if all pairs of characters that are directly above each other match, and
0 otherwise. See Table 2 for an example.

Observe, that if v ∈ �m is longer than u ∈ �n , then the correlation of u over v

equals the correlation of u over v[0n̈ − 1]. Conversely, any binary vector t ∈ {0, 1}n

is the correlation of u = t ∈ {0, 1}n over v = 1 ∈ {0, 1}1. Therefore we restrict
ourselves to the interesting case where both strings have the same length.

Let �n be the set of all correlations between two strings of the same length n. We
can characterize �n as follows.

Lemma 4.1 The set of correlations of length n is of the form

�n =
{
0(n− j)s j | s j ∈ � j , j ∈ [0, n]

}
,

where � j is the set of autocorrelations of length j .

Proof Let t = 0(n− j)s j with s j the autocorrelation of some string w of length j
with 0 ≤ j ≤ n. Without loss of generality, w does not start with the letter a. Let
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u = a(n− j)w and v = wb(n− j). Observe that the correlation of u over v is precisely
0(n− j)s j = t . Therefore

{
0(n− j)s j | s j ∈ � j , j ∈ [0, n]

}
⊆ �n .

Conversely, let u, v ∈ �n and let t ′ be the correlation of u over v. We can write t ′
in the form 0(n− j)s j , where s j is a binary string starting with 1 (or is empty). If s j is
the empty string, then it is the only autocorrelation of length 0. Otherwise, there is a
1 at position n − j , which indicates that u[n − j n̈ − 1] = v[0 j̈ − 1]. Moreover, s j is
the correlation of u[n − j n̈ −1] over v. It follows that s j is exactly the autocorrelation
of u[n − j n̈ − 1] = v[0 j̈ − 1]. Therefore

�n ⊆
{
0(n− j)s j | s j ∈ � j , j ∈ [0, n]

}
.

��

4.1 Alphabet Independence of1n

In the above characterization, we consider strings over a finite alphabet and find that
a correlation depends on some autocorrelation. As it is known that �n is independent
of the alphabet size (provided |�| > 1), the reader may wonder whether the number
of correlations depends on it. Below, we show that the set of correlations for equally
long strings is independent of the alphabet size, provided that � is not unary.

Guibas and Odlyzko showed that for every autocorrelation, there exists a string
over a binary alphabet with that autocorrelation [8]. A nice alternative constructive
proof appears in [25]. Let us now show that the same holds for arbitrary correlations
of equally long strings.

Corollary 4.1.1 For every t ∈ �n, there exist u, v ∈ {a,b}n such that the correlation
of u over v is t .

Proof Let t be the correlation of u′ over v′ with u′, v′ ∈ �n . By Lemma 4.1, we can
write t = 0(n− j)s j , where s j ∈ {0, 1} j is the autocorrelation of u′[n − j n̈ − 1] =
v′[0 j̈ − 1]. By the result of Guibas and Odlyzko, we know that there also exists some
binary string w ∈ {a,b} j with the same autocorrelation. Without loss of generality,
we can assume thatw starts withb. It follows that the constructed strings u = a(n− j)w

and v = wb(n− j), which have a correlation of t by the proof of Lemma 4.1, use the
same binary alphabet. ��
We conclude that the number of correlations between strings of equal length is
alphabet-independent (i.e., every alphabet of size at least 2 gives rise to the same
set of correlations).

Remark Such a binary string w can be constructed from u′[n − j n̈ − 1] in linear time
using the algorithm of Halava, Harju, and Ilie [25]. Therefore u and v can also be
constructed in linear time given u′ and v′.
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4.2 Growth of the Cardinality of1n as a Function of theWord Length

Now that we have characterized �n , let us give the formula to count correlations. Let
δn be the cardinality of �n . The characterization of Lemma 4.1 implies the following
formula for δn .

Lemma 4.2 Let κn be the number of autocorrelations of length n and δn the number
of correlations between two strings of length n. Then

δn =
n∑

j=0

κ j .

Proof Since autocorrelations do not start with a zero, no two strings of the form
0(n− j)s j with s j ∈ � j and j ∈ [0, n] are the same. Therefore

δn = |�n| =
∣∣∣{0(n− j)s j | s j ∈ � j , j ∈ [0, n]

}∣∣∣ =
n∑

j=0

|� j | =
n∑

j=0

κ j .

��
Theorem 4.3 (Asymptotic Convergence of δn) Let δn be the number of correlations
between two strings of length n. Then

ln δn

(ln n)2
→ 1

2 ln 2
as n → ∞.

Proof From Lemma 3.4 we know that for all n ∈ N≥2, we have

ln κn ≤ (ln n)2

2 ln 2
+ 3 ln n

2
.

It follows that for all n ∈ N≥2 we have

ln δn

(ln n)2
= ln

(
n∑

i=0

κi

)
/(ln n)2

≤ ln

(
2 + (n − 1) exp

(
(ln n)2

2 ln 2
+ 3 ln n

2

))
/(ln n)2

≤
(

(ln n)2

2 ln 2
+ 3 ln n

2
+ ln n

)
/(ln n)2

= 1

2 ln 2
+ o(1) as n → ∞.

Conversely, using the fact that δn ≥ κn , we find

ln δn

(ln n)2
≥ ln κn

(ln n)2
= 1

2 ln 2
+ o(1) as n → ∞.
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Again, by the sandwich theorem, we conclude

ln δn

(ln n)2
→ 1

2 ln 2
as n → ∞.

��

5 Convergence Behaviors of �a
n and �b

n

In [8], Guibas and Odlyzko exhibit a recursive predicate, denoted by�, which charac-
terizes if a binary vector of length n belongs to �n or not. The predicate distinguishes
two cases, denoted by a and b, depending on whether the potential basic period (that
is, the position of the second leftmost position with a one) is smaller than or equal
to � n

2 	 (case a) or not (case b). Thus, the predicate � partitions �n into two subsets
of autocorrelations that do satisfy this condition or do not. Let us denote these two
subsets by �a

n and �b
n respectively, and their respective cardinalities by κa

n and by κb
n .

Hence, we have �n = �a
n � �b

n and κn = κa
n + κb

n .
The predicate � emphasizes that the most important variable of an autocorrelation

is its basic period, since in case a it imposes constraints on larger periods. This raises
the question of comparing the growth with n of �a

n and �b
n ; in particular, do the ratios

ln(κa
n )

(ln n)2
and ln κb

n
(ln n)2

converge as does ln(κn)

(ln n)2
?

Figure 2, which plots κa
n , κ

b
n , and κn as a function of the word length n for n ≤ 60,

suggests that the three cardinalities have similar exponential growth. However, if κb
n

can be shown to be non-decreasing, this is not the case for κa
n , which sometimes

decreases. Figure3 displays an example for n = 57 of the distribution of the number
of period sets (on y-axis) with a given basic period (on x-axis). Clearly, the counts for
basic periods smaller than � n

2 	 = 27, which correspond to case a, follow a different
distribution than thosewhose basic periods lie strictly above 27. This example suggests
that perhaps the functions κa

n and κb
n could behave quite differently.

Clearly, both κa
n and κb

n are both bounded from above by κn . In the sequel, we show
that the abovementioned ratios converge towards 1

2 ln(2) when n tends to ∞, and thus

that they admit the same limit as ln(κn)

(ln n)2
(see Corollary 3.4.1). In both cases, we exploit

lower bounds that also converge towards this limit and use the sandwich theorem.

5.1 Convergence Behavior of �b
n

In this subsection, we show that ln κb
n /(ln n)2 converges asymptotically to 1

2 ln(2) .

Theorem 5.1
ln κb

n

(ln n)2
→ 1

2 ln(2)
as n → ∞

Proof To get a lower bound for κb
n , we use Theorem 5.1 from [9], which originally

states a lower bound for κn . In their proof, the authors only consider autocorrelations
of case b: they show for any integer n > 0 that κb

n ≥ 1
2 · Bn+1, where Bn is the number
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Fig. 2 Exponential growth of κa
n , κ

b
n , and their sum κn

Fig. 3 The distribution of the number of autocorrelations of length n = 57 as a function of their basic
period
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of binary partitions of n (i.e., the number of ways to write n as an unordered sum
of powers of 2). The number Bn of binary partitions of n corresponds to the entry
A018819 of the Encyclopedia of Integer Sequences [26]. Reformulating Theorem 5.1
from [9], we get that κb

n asymptotically satisfies

ln κb
n

(ln n)2
≥ 1

2 ln 2

(
1 − ln ln n

ln n

)2

+ 0.4139

ln n
− 1.47123 ln ln n

(ln n)2
+ O

(
1

(ln n)2

)

= 1

2 ln 2
− O

(
ln ln n

ln n

)
.

Combining the above lower bound and the upper bound from Theorem 3.1, we obtain

1

2 ln(2)
− O

(
ln ln n

ln n

)
≤ ln κb

n

(ln n)2
≤ 1

2 ln(2)
+ o(1).

Using the sandwich theorem, we conclude that ln κb
n

(ln n)2
→ 1

2 ln(2) when n tends to ∞. ��

5.2 Convergence Behavior of �a
n

To demonstrate the convergence of the ratio of ln(κa
n )/(ln n)2, we first derive a lower

bound for κa
n stated in Corollary 5.2.1. For anyword u, let us denote the autocorrelation

of u by s(u). The idea behind Lemma 5.2 is to identify a subset of �a
3n in which each

autocorrelation includes as a substring a distinct autocorrelation of �n . Thus, it allows
bounding κa

3n from below by κa
n . The same idea is also used to get a lower bound for

κa
3n−1 and for κa

3n−2.

Lemma 5.2 Let n ≥ 3 and let w be any word of �n. We let w1 and w2 denote,
respectively, the prefixes of length n − 1 and n − 2 of w. Let us define three subsets of
autocorrelations of length 3n, 3n − 1, and 3n − 2, and their cardinalities as follows:

• �c
3n = {s(w3) : w ∈ �n} and its cardinality κc

3n.
• �c

3n−1 = {s(w2w1) : w ∈ �n} and its cardinality κc
3n−1.

• �c
3n−2 = {s(w2w2) : w ∈ �n} and its cardinality κc

3n−2.

Then the following three set inclusions and three corresponding inequalities between
cardinalities hold:

1. �c
3n ⊂ �a

3n,
2. �c

3n−1 ⊂ �a
3n−1,

3. �c
3n−2 ⊂ �a

3n−2,

4. κa
3n ≥ κc

3n ≥ κn,
5. κa

3n−1 ≥ κc
3n−1 ≥ κn−1,

6. κa
3n−2 ≥ κc

3n−2 ≥ κn−2.

Proof • First, we prove the three set inclusions. Let s(w3) be an element of �c
3n .

Sincew3 is a power of thewordw ∈ �n , n and 2n are periods ofw3.Hence,π(w3),
the basic period of w3, satisfies π(w3) ≤ n ≤ � 3n

2 	, and thus s(w3) belongs to
�a
3n . This yields �c

3n ⊂ �a
3n . Applying the same reasoning to an element of �c

3n−1
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or �c
3n−2, we get π(w2w1) ≤ n ≤ � 3n−1

2 	 and π(w2w2) ≤ n ≤ � 3n−2
2 	, which

imply �c
3n−1 ⊂ �a

3n−1 and �c
3n−2 ⊂ �a

3n−2, respectively.• Proof of the three inequalities. Note that the left-hand sides of the inequalities
are consequences of the set inclusions. Thus, we focus on their right-hand sides.
For any w in �n , we claim that s(w) is a suffix of s(w3), s(w1) is a suffix of
s(w2w1), and s(w2) is a suffix of s(w2w2). Let us show the last claim (i.e., the
case of s(w2)); the proof of two others are similar. First note that w2 is a border
of w2w2, since w2 is a prefix of w. Thus, by the property of borders (see Lemma
1.3.1 of [4, Chap. 1]), all other borders shorter than |w2| of w2w2 are only and
necessarily borders of w2. Thus, the autocorrelation of w2 is a suffix of that of
w2w2. It follows that κn−2 ≤ κc

3n−2, what we wanted. Proving the right-hand sides
of the two other inequalities goes along the same line.

��
The incremental algorithm to enumerate �n from �n−1 given in [28] implies that

for every length n > 0, we have κn ≤ 2κn−1. Combining this with the inequalities of
Lemma 5.2, we obtain a bound for κa

n stated in Corollary 5.2.1. When n ∈ [1, 2] one
can check that κa

n ≥ κ� n
3 �.

Corollary 5.2.1 For all n ∈ N
+, we have κa

n ≥ κ� n
3 �/4.

Note that when n → ∞, the asymptotic lower bound of
ln(κ� n

3 �)
(ln� n

3 �)2 is the same as that

of ln(κn)

(ln n)2
. Thus, we obtain the desired convergence result.

Theorem 5.3
ln(κa

n )

(ln n)2
→ 1

2 ln(2)
as n → ∞.

Proof Combining the upper bound κa
n ≤ κn and the lower bound fromCorollary 5.2.1,

we get that there exists some N ∈ N such that for n > N , the following inequalities
are true

ln(
κ� n

3 �
4 )

(ln� n
3 �)2 = ln(

κ� n
3 �
4 )

(ln n − O(1))2
≤ ln(κa

n )

(ln n)2
≤ ln(κn)

(ln n)2
≤ 1

2 ln(2)
+ 3

2 ln n
.

From the lower bound from Theorem 5.1 in [9] and from Theorem 3.1, asymptotically,
we have

1

2 ln(2)
− O

(
ln ln n

ln n

)
≤ ln κa

n

(ln n)2
≤ 1

2 ln(2)
+ o(1)

and using the sandwich theorem we conclude that

ln(κa
n )

(ln n)2
→ 1

2 ln(2)
as n → ∞.

��
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6 Conclusion

Although this work closes a long-standing conjecture about the combinatorics of
period sets (a.k.a. autocorrelations), wewish tomention that its topic still offers several
interesting open questions regarding the sets �n and �n . Each string has a unique
period set, but many strings can share the same. In other words, the mapping from �n

to �n is surjective. Two recursive algorithms were proposed to compute the so-called
population size of a period set in general, i.e., the number of strings of �n sharing
a given period set [8, 9], but a closed-form expression for computing population
sizes remains open. Note that a specific recurrence is known for counting bifix-free
(a.k.a. unbordered)words, which correspond to autocorrelation 10 . . . 0 [29]. Globally,
an issue is to understand how the σ n words of �n are distributed among the κn

autocorrelations of �n , and how this distribution evolves with the alphabet cardinality,
σ , and with the string length, n. A similar question arises regarding the relation of
pairs of strings to correlations [30], i.e, the mapping between �n × �n to �n , which
is of interest for pattern matching and vocabulary statistics [6, 27, 31].

The definition of correlation for an ordered pair of string (u, v) is asymmetrical (see
Definition 4.1 on page 13). An alternative could be to define a vector of length 2n − 1
that combines the correlations for both pairs (u, v) and (v, u) (for this, it suffices to
allow k to lie in the range [−(n − 1), n − 1] in Definition 4.1). Let us term this vector
the bidirectional correlation of (u, v). Now, for some length n, consider t and t ′ two
correlations of �n . It turns out that the combination of t and t ′ does not necessarily
form a bidirectional correlation. Thus, the characterization of the set of bidirectional
correlations of pairs of strings of length n arises as a challenging open question.

Despite some algorithmic progress, efficient enumeration algorithms for both �n

and �n remain open [28]. In this work, we provide an upper bound on the logarithm
of the number of period sets for strings of length n, which leads to a proof for the
Guibas and Odlyzko conjecture on the convergence of the ratio ln κn

(ln n)2
. However, as

illustrated in Fig. 1, there is room to improve the bounds on κn , especially the upper
bound. Recall that period sets of �n are partitioned according to their basic period into
cases a and b. The lower bound for κn is in fact a lower bound for κb

n—see the Proof
of Theorem 5.1. Furthermore, we conjecture that κa

n < κb
n for n > 6 and that κn is

strictly increasing from n > 0, as suggested by initial values of κa
n , κ

b
n , and κn—see

Fig. 2.
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