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Abstract

We prove that the scaled maximum steady-state waiting time and the scaled maxi-
mum steady-state queue length among N GI/GI/1-queues in the N-server fork-join
queue converge to a normally distributed random variable as N — oo. The maximum
steady-state waiting time in this queueing system scales around < log N, where y is
determined by the cumulant generating function A of the service times distribution
and solves the Cramér-Lundberg equation with stochastic service times and deter-
ministic interarrival times. This value & log N is reached at a certain hitting time.
The number of arrivals until that hitting time satisfies the central limit theorem, with

standard deviation «/% By using the distributional form of Little’s law, we can
Vv

extend this result to the maximum queue length. Finally, we extend these results to a
fork-join queue with different classes of servers.

Keywords Extreme value theory - Supply chains - Distributional Little’s Law -
Heterogeneous servers - Tail behaviour
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1 Introduction

Fork-join queues model parallel-processing systems, where incoming jobs consist-
ing of subtasks are forked among different service stations. After completion of the
subtasks at the service stations, the subtasks are joined to complete the processing of
the whole job. This queueing system has been studied in the context of congestion in
complex networks, such as assembly systems, healthcare, communication networks,
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and supply chains. For example, in supply chains, the arriving jobs represent orders
for products arriving to a manufacturer, the service stations represent different sup-
pliers of the manufacturer, and joining the completed subtasks represents the process
of manufacturing the components into a final product. Fork-join queues capture the
(single) arrival process of jobs (e.g., orders) to the system, and their decomposition
into parts processed independently in the network (e.g., by different machines in an
assembly system).

Our work is motivated by supply chains in high-tech manufacturing. High-tech
companies, such as ASML, Philips, and Boeing, are types of original-equipment man-
ufacturers that assemble thousands of components, each produced using specialized
equipment, into complex systems. These supply chains are distinguished by general
supply chains by the following characteristics. First, high-tech companies typically
have thousands of direct suppliers. For instance, the Dutch lithography equipment
manufacturer ASML had 4750 direct suppliers in 2020; see [1, p. 53]. Second, high-
tech supply chains often comprise multiple tiers, as suppliers make products involving
parts delivered by other suppliers; see [1, p. 57]. Due to this structure, the state supply
chain is less observable [27]. Next, suppliers may be highly specialized, and thus,
no backup may be possible. As a result, the supply chain is vulnerable and can be
easily disrupted; see [1, p. 95]. For instance, of the 4750 suppliers of ASML, 188 are
called critical suppliers. Last, in high-tech manufacturing revenue is derived from a
relatively small number of products that have high value. For example, the ASML total
production in 2020 was 258 machines [1, p. 92], each costing more than 150 million
USD [44]. This underlines the cost of potential delays in high-tech supply chains. For
further background, see also [40].

Such networks can be large and assembly is only possible upon availability of all
parts. If one component is missing, the final product cannot be assembled, giving rise
to costly delays. Because of the common arrival process, the total inventory per part,
including backlogged jobs, is equal for all parts. However, as a result of variations
in the service times, the number of backlogged jobs may vary per part. Thus, the
bottleneck of the system is caused by the slowest production line in the system. Hence,
a straightforward measure for the performance of high-tech supply chains is the delay
of the slowest supplier. The maximum queue length and the longest waiting time are
the two performance measures that capture delays and are thus of particular interest
to the manufacturer. This setting motivates us to investigate delays in a large fork-join
queueing system. We consider a fork-join network of N queues driven by a common
arrival process and having independent, identical service processes.

In this setting, a key quantity of interest is the behavior of the longest queue when
the system is in steady-state. As we try to model systems with many servers, we are
typically interested in the behavior of this random variable as N — oco. Under Brow-
nian assumptions, in [26], we showed that the maximum queue length is in the domain
of attraction of the normal distribution. Specifically, assuming that {B;(¢), ¢t > 0} and
{Ba(t),t > 0} are Brownian motions with standard deviations o and o4, represent-
ing the independent service times and the common arrival process, respectively, it is
shown that the maximum queue length max; <y (B;(s) + Ba(s) — Bs) satisfies:
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2
P(%%((Bi(s) + Ba(s) — Bs) > ;—ﬁlogN —i—x\/logN) Noge ]P)(\/_Tﬂx > x),
)]

with X 4 N (0, 1). We see from the limit in (1) that max; <y (B;(s) + Ba(s) — Bs)
centers around % log N and deviates with order /log N. This convergence result
provides a prediction of the typical delay.

In this study, we aim to extend this result to a more general setting. In partic-
ular, we investigate the maximum steady-state waiting time among the N servers
max; <y W;(oo) with acommon arrival process A(-). Denote by S; () the service time
of the j-th customer in queue i, while A(j) indicates the interarrival time between
the (j — 1)-st and the j-th customer. Assume that both (S;(j),j > 1,1 <i < N)
and (A(j),j > 1) are i.i.d. and the interarrival times and service times are mutu-

ally independent. Then by Lindley’s recursion, we have that max;<y W;(co) 4
max; <y SUPg=g Z’;zl(Si (j) — A())), i.e., the maximum steady-state waiting time
is a maximum of N dependent random variables due to the common arrival process
(A(j), j = 1).In Theorem 1, we prove that the maximum steady-state waiting time in
the N queues satisfies a central limit result: Centered around a term with the orderlog N
and scaled with a term with the order /log N, it converges to a normally distributed
random variable. In Theorem 2, we show that a similar result holds for the maximum
queue length. Last, in Corollary 1, we present a similar result for non-homogeneous
servers having different service distributions.

This paper is organized as follows. We briefly discuss the literature on fork-join
queues in Sect. 2. The main results are gathered in Sect. 3. In Sect. 4, we give an intuitive
explanation why the results hold and how to prove them, while Sect.5 is devoted to
proofs.

2 Related literature

Fork-join queues have been extensively studied. The first papers on this topic were
focused on two service stations. In [12, 13], the authors consider a Poisson arrival
stream and two independently working servers with exponential service times. The
authors describe the asymptotic behavior of the joint queue-length probability distri-
bution as the number of tasks in one queue goes to infinity [13, Thm. 7.2]. Furthermore,
asymptotic expressions are given for the expectation and distribution of the length of
one queue conditioned on the number of tasks in the other queue as the number of
tasks in the second queue goes to infinity [12, Thm. 1 & 2]. These results were later
extended and generalized in [4, 18, 45, 53]. The fact that both service stations have
the same arrival stream complicates the exact analysis of fork-join queues; already for
fork-join queues with two servers there are no exact expressions for the joint probabil-
ity distribution of the number of tasks outside the asymptotic regime of one of the two
queues. Before our work [41], there were no asymptotic results known to fork-join
queues with more than two servers.
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For the fork-join queue with more than two servers, stability has been shown in
[21]. The main focus has been traditionally on finding bounds for performance mea-
sures, e.g., by using inequalities on the maximum of associated random variables and
stochastic orderings [6, 32, 33]. For instance, in [6, Cor. 3.4], the authors report that
the fork-join queue with i.i.d. single servers and deterministic arrivals minimizes the
expected maximum response time among all possible interarrival distributions with
fixed mean. This is a computable lower bound, as the fork-join queue with determin-
istic arrivals can be seen as a queueing system with N independent parallel queues.
Thus, the cumulative distribution function of the longest waiting time of a fork-join
queue with deterministic arrivals is known. As seen also in our previous work [41],
the maximum queue length of a fork-join queue with light-tailed services is relatively
stable in probability and possesses the same first-order behavior as the fork-join queue
with deterministic arrivals. Thus, the first-order convergence result is the same as the
first-order convergence result of the lower bound in [6] as N — oc0. In [19], the analy-
sisin [6] is extended to fork-join queues with exponential interarrival times and service
stations all having s memoryless servers. In [16], an algorithm is described to obtain
the average response time when service times are Erlang distributed. Furthermore, in
[51] the authors interpolate between light-traffic and heavy-traffic results and obtain
approximations for symmetric fork-join queues. In [20], the authors present a closed-
form approximation of the sojourn time of a job in a G/M /1 fork-join queue. In [38],
approximations of the response time distribution are provided. In [52], the fork-join
queue is studied under the assumption that the number of subtasks is less than or equal
to the number of service stations. It is proven that when the number of subtasks ky
is o(N'1/%), the queues at any ky servers are asymptotically independent as N — oo
[38, Thm. 4.1]. The authors also prove that for each ky < N the longest steady-state
waiting time is stochastically dominated by the longest steady-state waiting time of
an identical system, but with independent arrivals [38, Thm. 4.3].

Heavy-traffic approximations are discussed in [17, 23-25, 34, 35, 46, 50]. In [50],
the author gives a heavy-traffic analysis for fork-join queues and shows weak con-
vergence of several processes, such as the joint queue lengths in front of each server.
Furthermore, in [34] it is proven that various emerging limiting processes are in fact
multi-dimensional reflected Brownian motions. Nguyen [35] extends this result to a
fork-join queue with multiple job types, which is also the setting in [36] that proposes
an asymptotically optimal scheduling policy in diffusion scale. Lu and Pang study
fork-join networks in [23-25]. In [23], they investigate a fork-join network where
each service station has multiple servers under non-exchangeable synchronization and
operates in the quality-driven regime. They derive functional central limit theorems
for the number of tasks waiting in the waiting buffers for synchronization and for the
number of synchronized jobs. In [24], they extend this analysis to a fork-join network
with a fixed number of service stations, each having many servers, where the system
operates in the Halfin—Whitt regime. In [25], they investigate these heavy-traffic limits
for a fixed number of infinite-server stations, where services are dependent and could
be disrupted.

Research has also been done on controlling performance measures in the fork-join
queue, see, for instance, [3] that investigates the control of a fork-join queue in heavy
traffic by using feedback procedures. Using a stochastic gradient projection method
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that reacts to queue-length changes, the authors in [37] propose a general framework
for the design of robust scheduling policies for flexible fork-join networks when the
system parameters are unknown. Other studies are carried out in [28, 29].

Specific results on the interplay between fork-join queues and heavy-tailed services
can be found in [39, 54, 55]. In [39, Thm. 2], asymptotic lower and upper bounds for
the tail probability of the longest waiting time in steady state are given; however, these
bounds are not sharp when N is large.

In [54] and [55], the authors investigate the fork-join queue with blocking. More
work on fork-join queues with blocking is presented in [7, 8]. In [11], the fork-join
queue, under different execution programs, is studied. In [48], the mean-value approach
is used to approximate performance measures. In [49], several bounds for performance
measures of the fork-join queue with exponential interarrival and service times are
given under a variable number of subtasks. In [47], approximation techniques are
derived for the fork-join queue with exponential interarrival and general service times.
In [30], a fork-join queueing model is studied where the available computational
resources are allocated among the different servers, according to a certain algorithm,
with the aim to minimize the maximum queue length.

In previous work [41], we study an N-server fork-join queue with nearly determin-
istic arrival and service times, deriving a fluid limit for the maximum queue length as
N — oo. The fluid limit is shown to depend on the initial number of tasks. In order
to prove these results, we develop extreme-value theory and diffusion approximations
for the queue lengths. Further, in [26] we prove the same convergence results as in
this paper, but for the special case of symmetric fork-join queues under Brownian
assumptions. Here, we extend these results to general light-tailed distributions and
allow for non-homogeneous servers. In [42], we derive tail asymptotics for the delay
in a Brownian fork-join queue, showing that the behavior is different in three regimes
defined by a threshold. Deviations beyond a threshold exhibit a form of asymptotic
independence, and small deviations reveal a highly irregular behavior with a clear
dependence among the N suprema, while a non-trivial transition occurs on the thresh-
old. Last, in [43], motivated by parallel computing systems we study the maximum
waiting time in an N-server fork-join queue with heavy-tailed service times and slow-
downas N — oo, providing sharp convergence results to the supremum of an extremal
process with negative drift. Further, we extend the analysis to the sojourn time of tasks
and to independent service times (i.e., without the slowdown process common among
all servers). An extended discussion of all these results can be found in the thesis
[40].

3 Model and main results

Consider a fork-join queue with N servers. Each of the N servers has the same arrival
stream of jobs and works independently from all other servers but with the same service
distribution. In this section, we state the main result for the longest steady-state waiting
time in Theorem 1. We also show that a similar result holds for the maximum queue
length in Lemma 2 and Theorem 2. Furthermore, we extend the result in Theorem 2
to a heterogeneous model in Corollary 1.
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We now specify the service, interarrival and waiting times, and queue lengths for
this system. First, the sequence of nonnegative random variables (S; (j),i > 1, j > 1)
are i.i.d. with S;(j) ~ S, and S;(j) indicating the service time of the j-th subtask in
queue i. Furthermore, the sequence of nonnegative random variables (A(j), j > 1)
are i.i.d. with A(j) ~ A, E[A(j)] = 1/A, Var(A(j)) = O’i, and A(j) indicating
the interarrival time between the (j — 1)-st and the j-th task. Finally, we have that
E[S:(j) — A()] = —p, with o > 0, and (A(j), j = D and (5;(j),i = 1,j = 1)
are mutually independent. Next, the waiting time of the n-th task in front of server i
is denoted by W;(n), which by Lindley’s recursion [22] is known to be given by

Wi(n) = sup > (Si(j) — A}, )

Osk=n ;i1
using the convention Z?:n 41 [']; = 0 and assuming that the system is empty upon
arrival of the first task.
Last, Q;(n) is the number of tasks waiting in line (excluding the task in service)
to be processed at server i upon arrival of the n-th job. Without giving a detailed
sample-path representation of Q;(n), note that

n—+k
Qin+k) =k} =1{ ) A() < Wi ¢. 3)

j=n+l

Under the assumptions above, building on [21], there existrandom vectors (Q; (00), i =
1,...,N) and (W;(c0),i = 1,...,N) such that (Q;(n),i = 1,...,N) —d>
(Qi(c0),i = 1,...,N) and (W;(n),i = 1,...,N) —d> (Wi(c0),i = 1,...,N)

as n — 0o, where — denotes convergence in distribution. Their marginal distribu-
tions satisfy distributional Little’s law [2, Thm. X.4.3]

0:(00) £ N (W;(00)), )

where Ny (7) indicates the number of total arrivals until time ¢ and is independent of
the steady-state waiting time W; (0co) at queue i.

We can now write the cumulative distribution function of the longest steady-state
waiting time max; <y W;(co) as the cumulative distribution function of the maximum
of N all-time suprema of random walks involving the interarrival and service times.

Lemma 1 For the model given in Sect. 3 with W; (1) = 0 for alli < N, we have that
the longest waiting time in steady state satisfies

k
d . .
max Wi(o0) = max igl(a) E I(Si () — AG)).
2012

@ Springer



Queueing Systems (2025) 109:9 Page 7 of 26 9

Proof From the definition of waiting times (2), the maximum waiting time of the n-th
subtask across all queues is given by

max W;(n) = max su Si(j) — A()).
i=N i=N O<kI<)”J;H ’ !

Additionally, the steady-state maximum waiting time satisfies

P(max W;(c0) > x) = lim P(max W;(n) > x).
i<N n—oo <N

Since by reversibility we have that

max W; (n) < max oi‘;l‘in Z (Si()) = AU,

we obtain the lemma by using the monotone convergence theorem. O

Note that this representation is consistent with the well-known [2, Prop. X.1.1] result
4 k
W;(00) = sup Y (Si(j) — A()).
k>0 ",
=Y j=1

In order to prove the convergence of the longest steady-state waiting time, we need
some additional structure for the service-time distribution. We define

A@) := log(Elexp®(S — 1/M)]).

Moreover, we write D(A) := {6 : A(f) < oo} and D°(A) as the interior of D(A).
Assumption 1 We assume there exists a constant ¥ > 0 such that

1. A(y) =0,
2.y € D°(A).

The first assumption indicates that the random variable S—1/X has a tail that is bounded
by an exponential. The second assumption is needed for our proofs. In [9, Ex. 2.2.24],
it is namely stated that when y € D°(A), A is infinitely differentiable at the point y
For example, when § —1/A has density function fg 1/ (x) = c1 exp(—x)/(1 +x2) for
x > 0, where ¢y, A are chosen such that P(S — 1/A < x) is a cumulative distribution
function and y = 1, then the first assumption is satisfied but the second is not, since
A(0) is not differentiable at 0 = y.
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3.1 Homogeneous servers

For the model described thus far, we prove the convergence of the centered and scaled
steady-state maximum waiting time and maximum queue length to an external nor-
mally distributed random variable in the following two theorems.

Theorem 1 Let X be a standard normal random variable independent of everything
else. For the model in Sect. 3 where the sequence of service times (S; (j),i > 1,j > 1)
satisfies Assumption 1, we have that as N — o0

max;<y W;(oo) — %logN d oA X
—
Vlog N VA ()Y

A heuristic of the proof of this theorem is provided in Sect. 4, while the full details
are given in Sect. 5. In order to derive a similar result for the maximum queue length,
we link it to the maximum waiting time by proving for our model a distributional
Little’s law in the lemma below.

Lemma 2 (Distributional Little’s Law) For t > 0 and i.i.d. interarrival times with
A(j) ~ A, let No(t) indicate the number of arrivals up to time t. Then,

max Q;(c0) 4 Ng (max W; (oo)) ,
i<N i<N

with N4 independent of max;<y W;(00).

Proof We modify the approach of [2, Thm. X.4.3], where (3) is used to prove (4):
Using (3), we obtain

{rrf}\)/( Qiln+k) < k} =N {0i(n+k) <k}

n+k
=nV, Z A(j) > Wi(n)

j=n+1

n—+k
= Z A(j) > max W;(n) ¢ . (5)
j=n+1 =N

Taking the complement of the probabilities in (5) and also using that Z;’:lr‘l L1 AQ) s

independent of max; <y W;(n) and equal in distribution to Zl;zl A( J), with A( j) an
independent copy of A(j), we obtain, after taking n — oo,

k
P(max 0;(00) = k) = IF’(; A()) = max Wi (). 6)
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Since N4 (1) = max{k : lef:l A(j) < t}, we see that the right-hand side of (6) equals
P(N4 (max;<y W;(c0)) > k), completing the proof. ]

Now, combining the result in Lemma 2 with the main result in Theorem 1, we can find
a similar convergence result for the maximum queue length in steady state.

Theorem 2 Let X be a standard normal random variable independent of everything
else. For the model in Sect. 3 where the sequence of service times (S; (j),i > 1,j > 1)
satisfies Assumption 1, we have that as N — 00

max;<y Qi(00) — SlogN ;[ 3202 RS
—
Jloe N Ny Ty

Proof For all j > 1 take a collection of mutually independent random variables
A(j) ~ A, with A(j) independent of max;<y W;(oc0). Then, using Theorem 1 and
Lemma 2, we get that

A
]P’(ma}\)/(Qi(oo) < —logN —i—x\/logN)
1< Y

:IP’(NA <rr5$]( Wi(oo)> < L%logN + x4/log NJ)

L% log N+x./log NJ
=P max Wi(o0) < Z; AGj)
j:

&logN—Q—xa/logN -~
max; <y W;(c0) — %logN _ Z]L:yl A(j) — ilogN

J/log N - J/log N

N A
Nosop(_oa y _oavhy L x)
VA )y VY A

with X1, X» independent and standard normally distributed. Thus, the theorem follows
by standard properties of the normal distribution. O

=P

A natural question is whether similar results hold for the maximum sojourn time
max;<y Wi(oo) + S;, where S; is taken to be independent of W;(oco). We expect
that the extra service time should not play a substantial role in the asymptotic behav-
ior, but we have not found a straightforward proof. For example, the upper bound
max; <y (W;(00)+S;) < max;<y W;(00)+max;<y S; (together with the lower bound
max; <y (W;(00) + S;) > max;<y W;(00)) is in general not sharp enough to produce
a sharp limit theorem for the sojourn time, unless max;<y S;/+/log N — 0, which
holds if the distribution of S; has bounded support.
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3.2 Heterogeneous servers

So far, we have considered the fork-join queueing network where each server has the
same service distribution. In Corollary 1, we extend the convergence of the maximum
steady-state waiting time to a heterogeneous setting. We examine a fork-join queueing
network with N servers, where each of these N servers belongs to one of K classes.
Additionally, we assume that the size of class k, k € {1, ..., K}, grows as ax N as N
becomes large, with 0 < o < 1.

Corollary1 Let K € N, let k € {1,..., K}, and take an increasing sequence of
positive integers MO(N), MI(N), MQ(N), e M;(N) with M(()N) =1, M;(N) = N, and
M,EN) — M,Elf)l € N. Assume that

(N) (N)
M -M
% N=oo o € (0,1]

with Z,le ar = 1.

Further, for i such that M,g)l < i < M,EM, let all S;(j), j = 1, be i.id.
with S;(j) ~ Sk. Additionally, S;, (j1) and Si,(j2) are mutually independent for
all iy, ia, j1, jo. Moreover, for all j > 1 take A(j) be i.i.d. with A(j) ~ A,
E[A(j)] = 1/A, Var(A(j)) = o}, and E[S; (j) — A(j)] = —pk with pi > 0.

Forallk € {1, ..., K}, take the functions Ay (0) = log(E[exp(6(Sx — 1/A)]) and
assume that Ay satisfies Assumption 1 for a constant yy. Let K* be the set of indices
minimizing yi. That is, K* = argmin {yx}. We assume that there exists a unique
minimizer k*, i.e., |[K*| =1 and k* € K*.

Then,

max; <y W;(co) — yk%logN d oA

—_—
viog N o A Vi) vier

with X ~ N(0, 1), as N — oo.

X, (N

Proof We prove this corollary by giving an asymptotically sharp lower and upper
bound. Recall the definition of stochastic ordering, namely X >, Y implies that
P(X > x) > P(Y > x) for all x. Observe that

k
max W;(o0) >;. max sup Si(j) — A()).
isN T i ® k>oj§ ’

The lower bound of (7) is then derived by Theorem 1.
By using the union bound, we get the following upper bound:

1
P(max Wi(oo) > — log N + x+/log N)
iI<N Vicx
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k

K
=> P max pZ(S () — A()) = L1ogN + xy/log N
=1 j

™ <i<u®™ k

For [ # k* and from Theorem 1, we obtain that

max pZ(S () — A(j)) > —1ogN+x,/1ogN

M) <ismu™ k>0
/
Nesoo VA v
— P

11— —x,
OA

with & the cumulative distribution function of a standard normal random variable.
Since yg+ < y;, we have

1 N—00
P M(N)rilla:M(N) 2382(5 i(j) — A())) = y—logN +xy/logN | — 0.

The corollary follows. O
Remark 1 In Corollary 1, we assume that |K*| = 1. The case |K*| > 1 follows
analogously. Assume, for instance, that |K*| = 2; then, we can introduce a new

random variable S such that S‘i (j) ~ 81 with probability o and S‘,- (j) ~ S2 with
probability 1 — «, such that y; = y» = yg+. As N is large enough, this fork-join queue
behaves analogously to the original fork-join queue, for which |[K*| = 1.

In the remainder of the paper, we focus on the proof of Theorem 1, which we first
sketch in the next section.

4 Heuristic analysis

To prove Theorem 1, we analyze lower and upper bounds of the tail probability of the
steady-state maximum waiting time among the N servers. We namely focus on

1
]P’(maxg Wi (oc0) > —logN+x\/@>,
i< 1%

and we show that the lower and upper bounds we derive converge to the same limit as
N — oo.

As seen from Lemma 1, the steady-state maximum waiting time is the all-time
supremum of the maximum of N random walks. Additionally, for any process
(X(t),t > 0), we have that for allt > 0

P(sup X(s) > x) > P(X (1) > x), ®)

s>0
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and that, due to the union bound, for all 0 < 1| < 1,

IP’(supX(s) > x) < IP’( sup X(s) > x)

s>0 O<s<n
+]P< sup X(s) > x) —HP’(sup X(s) > x). )
Hn=<s<n Lt )

We use these types of lower and upper bounds to prove Theorem 1. Obviously, not all
choices of ¢, t1, and #, give sharp bounds. We can, however, make an educated guess
about which choices will give the sharpest bounds.

Letus first replace the sequence of random variables (A(j), j > 1) with their expec-
tation 1/A. Thus, we look at a simplified fork-join queue with deterministic arrivals.
Because the arrivals are deterministic, the waiting times are mutually independent,
and we are able to use standard extreme-value theory. We know from the Cramér—
Lundberg approximation [2, Thm. XIII.5.2] that P(supy~q Zﬁ:l Si(H—=1/1) > x) ~

Cexp(—yx),as x — oo, with 0 < C < 1. Thus, ]P’(supkzo lezl(Si(j) —1/x) >

% logN) ~ C/N,as N — oo. Now, we can conclude by using basic extreme-value
results; see [14, Thm. 5.4.1, p. 188], thatas N — oo,

max; <y SupP;= Zl;zl (Si(j)— %) p o1
— —.
log N 14

We thus prove that in this case, the steady-state maximum waiting time centers around
% log N; cf. Lemma 1.

Continuing with the case of deterministic arrivals, in order to find suitable lower
and upper bounds of the form as in (8) and (9), we need to estimate the hitting time

k
1 1
(N) ._: . N
T = inf kzO.riIgsl(jE_l(Sl(]) )\)zylogN

As mentioned above, we have that P(supy~ le‘:l (Si () — %) > % logN) ~ C/N
as N — oo. Thus, a good estimate M) for () should also satisfy the property that

(V)
liminf NP TZ Si(j) ! 1l N 0 (10)
imin i(j) — — —
N—o00 o i A ~ y o8 g
and
& 1 1
limsup NP <S-(j)——> > —logN | < oo. (11
N—00 Z l A 14

j=1

Now, by using Cramér’s theorem [2, Thm. XIII.5.2] and by using the fact that A is at
least twice differentiable at y, we know that
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n

1 L] «
lim - log | P 2; <S,-(]) — X) >nx | | = —-A"(x), (12)
=

for all x > E[S;(j) — 1/A] with A*(x) = sup,cp(tx — A(7)); see [2, Thm. XIII1.2.1
(2.3)]. We write V) = ¢log N. Then, we can conclude from Eq. (12) that

[clog N] 1
log | P X; (Si(j) — X) > xClog N =—-A*(x)e.  (13)
J:

lim
N—oo log N

Thus, in order to find a good estimate 7 ) for the hitting time 7™ we need to solve two
equations. First, x¢ = 1/y, because we know that the steady-state maximum waiting
time under deterministic arrivals is approximately equal to % log N and therefore the

expression x¢log N in (13) should be the same as 1 log N. Second, —A*(x)¢ = —1,
because we know from (10), (11), and (13) that for large N

[¢log N
Pl > (siG)- L xélog N | ~ 1 exp(—A*(x)¢log N)
et ’ )= N '
Combining these two equations gives ¢ = W and x = A/(y). Clearly, x¢ = 1/y,
and
.~ AFA
A (x)é = ( / ()
y A (y)

From [9, Lem. 2.2.5(c)], we know that A*(A’(y)) = y A’(y); thus indeed, A*(x)¢ =
1. Finally, we can conclude that ) = ¢log N = m log N. Obviously, in order
to be a good estimation for a hitting time we need to have that A’(y) > 0. This is the
case because A (6) is convex; see [2, Thm. XIII.5.1].

Until this point, we know the first-order scaling of the largest of N steady-state
waiting times with deterministic arrivals, and we can give an estimation of the hitting
time of this value. Now, we can use these results to obtain a second-order convergence
result for the longest steady-state waiting time with stochastic arrivals. Following the
analysis above together with the lower bound in (8), we see that

(maxiSN W; (c0) — %logN )
> X

J1og N
. k () — i) — L
. max; <y Sup(A/(ly)y 75) log N <k< A’(ly)y log N Zj:] Si(j) — A()) y log N
> >x|,
- Jlog N -

(14)
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with € > 0 and small. In Lemma 3, we prove that the right-hand side in (14) converges
to a function that is close to the tail probability of a normally distributed random vari-
able. Furthermore, we show in Lemmas 4, 5, and 6, that this lower bound is sharp. To
achieve this, we first divide the supremum over all positive numbers of the random
variable max;<y W;(co) in three parts. After that, we take the supremum over the

intervals [0, (m — e) log N], ((m — e) log N, (m + 6) log N], and

((m + e) log N, oo), with € > 0 and small. Consequently, we show that the

tail probabilities of the first and third suprema of the maximum of N random walks
asymptotically vanish, while

k

P| max sup Z(S () —A())) > llogN + x+/log N

i=N (A,(ly)y )logN<k<(A( M )logN] 1

converges to a limit close to the lower bound as N — oo.

Remark 2 The lower bound presented in Eq. (8) gives us information about the conver-
gence rate of the result in Theorem 1. From the Berry—Esséen theorem [31], we know

that when \/Lﬁ Y Xi N X ~ N0, 1), the convergence rate is of order 1/./n.
Thus, the lower bound in (8) shows that the convergence rate is of order 1/./log N.

5 Proof of Theorem 1
Following the path sketched in the previous section and for the model in Sect. 3, we
now state and prove all related lemmas and close with the proof of Theorem 1, which

is the main goal of this section.

Lemma 3 Given the model in Sect. 3 where the sequence of service times (S;(j),i >
1, j > 1) satisfies Assumption I, a constant € such that0 < € < 470, and two times

Wy’
tl(N) and tzN) defined as follows: t(N) (A,(ly)y ) log N andt(N) A,(y)y log N,
then for all x € R, we have that
k
lim inf P | max Z(s () — A()) > —logN—i—x,/logN
N—o0 i<N t(N)<k<t j ]
1

1
EP(UA‘IW—GXI—GA\/aXﬂ >x>, (15)

with X1, X2 ~ N (0, 1) and independent.
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Proof In order to prove this result, we first observe that the following bound holds
trivially:

1
max o Z(S(n A(j)) = max sup Z(Sim—;)

<k<t i=N (N) k<t )]:1
L
inf - —A®)) ).
+ M) Do Z (A (]))

4 <k<l‘ j=1

We treat the two terms on the right-hand side separately. We first prove that

inf iV ket Z, (3= AG)) J 1
—> 04 —€X1 —oavelXa|, (16)
JIog N A (y)y

as N — oo. Afterward, we prove that

& .
Max; <N SUP, W) (M) pBy (Si(j) — %) - %ng P

NET — 0, a7

as N — oo. These two results together yield the lemma.

The first convergence result follows from Donsker’s theorem [10]. The left-hand
side of (16) is an infimum of a random walk with drift 0. Then, for (B(z),t > 0) a
Brownian motion with drift O and standard deviation 1, by Donsker’s theorem and the
fact that the infimum is a continuous functional, we obtain that

. k 1 .
inf, vy 00 Lj=1(x — AU Voo .
P NET >x| — P inf oAB(s) > x
og L) . 1
(A’(y)y €)<3<A/<y>y

Furthermore, we can rewrite

inf o4B(s),

. d 1
f B(s) =0saB| ——— — —
n oaB(s) o4 (A/(y))/ 6) O<s<e

1
o —€<S<
ANy Ay

where B is an independent copy of B. Obviously, we have that o4 B (WL)V — e) 4

oA /A,(W X1 with X1 ~ N(0, 1). Because info—y—c o4 B(s) = o4+/€| X2, with
~ N(0, 1), we have that the limit in (16) follows.
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In order to prove the second convergence result, we define for A € Fj, with
{Fk, k > 1} the natural filtration, the probability measure

k
1
P;(A) :=E | exp VZ(Si<J'>—;> L(A) |;

j=1

see [2, §XII1.3]. Denote by [E; the expectation associated with this probability measure.
Then, we have that

1 1 1
Ei [Si(j) - ﬂ =E [(Si(j) - X) exp <J/ (Si(j) - X))} = A (y).

Thus, by checking the conditions in [2, Thm. XIIL.5.6], we see that

1
P sup Z(S (])——) ;logN—i—x‘/logN

0<k<t
1 VYA ()
=C — [ —log N + x/1 N))d)(— —%)(1+ (D).
exp( y(y Og X Og X A ( )
(18)

With the same approach, we get from [2, Thm. XIII.5.6] that

1 1
P sup Z(S (J)——>>—logN+x\/logN

0<k<t ] 1

=0<Cexp<—y(£logN+x\/@>>>, (19)

as N — oo, for all x € R. By applying the union bound, we get that

1
P sup Z(&(])——) ;logN+xw/10gN

O<k<t

\_/

<P| sup Z(sm -

0<k<t

1
—log N + x/log N
J/

k

+P sup Y <S,~(j) -

i et S

1
) —log N + x/log N
v

> =

1
<P sup Z(S(])——) ;logN—i—x\/logN

O<k<[ ]:1
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1
+P| sup Z(S(J)——)>—logN+x\/logN

0<k<t{™ j=1
We can conclude from these bounds, together with (18) and (19) that
k

1 1
P sup Z <S,'(j) — X) > ;logN + xy/log N

tl(N)<k<t£N) j=1

1 VYA ()
—cexp( -y LiogN +xyi N))Cb(— —)<1+ (1)).
exp( y(y og x/log x ) 0

By using this expression, it is easy to derive that for x > 0

k

1 1
Pl max sup Z (S,-(j) — —) < —logN + xy/log N
P A Y
1 2 J=
N
1 1
=P Z(S(])——)<—logN+x‘/logN Nzgoy,
t(N)<k t M
1 < jf
Similarly, for x < 0,
d 1\ 1
P| max su Z(S,(J)——)<—logN+xa/logN
=N ) N) ST
1 <k<t Jj=1
L N
1 1
=P| sup Z(S,-(j)—-)g—logN+x,/1ogN N=go,
tl(N)<k<téN)/ 1 A Y

Combining these two results gives us the limit in (17). Thus, the convergence result

in (15) follows from the two limits in (16) and (17).

O

We proceed to prove that the lower bound in Lemma 3 is sharp by decomposing the
supremum in three intervals, which we deal with separately in Lemmas 4, 5, and 6.

Lemma4 Given the model in Sect. 3 where the sequence of service times (S;(j), i

(N (N)

1,j = 1) satisfies Assumption I, the time t| ) that was defined as t,

1
(W — )logN, a constant § = 5 (V)y

€ =8l/4 then for all x € R, we have that

k

P|max sup Z(S(,)—A(]))>—1ogN+x,/1ogN Nz,
[ (N)
O<k<t™’ j=1

=

+ & with 81, 62 > 0 and small, and

(20)
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Proof We derive upper bounds for the left-hand side of (20) that converge to 0 as
N — oo. We get by using the subadditivity property of the supremum operator and
the union bound that

P|max sup Z(S(])—A(]))>—10gN

0<k<tl j=1
1 1
< PP| max sup Z S,(J)——+81 > ——382)]logN 21
i<N Y
0<k<t ] 1

+P supZ <— -8 — A(j)) > 8log N + x,/log N |. (22)

k>0

First, because E[% — 81 — A(j)] < 0, for the term in (22) we get that

P supz<——51 A<j>)>azlogzv+xm Nog

k>0

Second, we can bound the term in (21) as follows:

P| max su Z S()—1+5 l—a log N
sy p J 1 ” 2 g

i (V)

0<k<t j=1
1 1 81
<Pl max sup (S(])——)><—— —Sz)logN
=N 0kt >/X; y ANy

Now, we can bound this further by

1 81
P ma}s/c sup Z(S(])——) (——m—Sz)logN

0<k<tl j=1 4

1 1 8
<> NP Z(S,-(j)—x> > (—— A,(;)y —82>1ogN

14

By using Chernoff’s bound, we obtain that for A(6) < oo
1™ k
Y NP Z(S'(j)—l>><l—6—l—82>logN (23)
~ ’ A Ny

j=1 v
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1Y)
<N IZ exp(kA(0)) exp ( - 9(1 - /8—1 - 52> log N)
pard vy ANy

—1+exp ((Ltl(N)J + 1)A(0)) | 5,

=N exp(—@(—— —82)10gN).
exp(A(0)) — 1 y Ny

(24)

Now,

~ttexp((11Y 14D AO)) | 5
log (N xp(A@) T exp| — 0|y — oy — %2 |logN

log N
gy (U (7 - -8 ) - —€e)AW©)).
y Ny AN (y)y

In order to make the bound in (24) as sharp as possible, we need to choose a
convenient 6. The choice of 6 that gives the sharpest bound maximizes the function

9 (l A/(y)y 82) (m — e) A(0). Recall that we defined § = + 8

i A (J/)V
and € = §'/4. Furthermore, we choose & = y + +/8. This gives us a sharp enough
bound in (24). We obviously have that

(1) = (s ) 20)
neR 14 A (y)y
> ((y+d5) (1—8) —( . —81/4)A<y+¢§>).
Y A(y)y

The first-order Taylor series of A(y + +/8) around y gives

Ay +8) = A(y) + VBN () + 0(8) = VA () + 0(9).

Thus,

((y +V/8) (1 - 8) - (L - 31/4> Ay + \/S)> =148\ () +00) > 1,
Y Ay

for § small enough. Thus, the expression in (24) is upper bounded by the term
N8N =06 N2 O

Lemma 5 Given the model in Sect. 3 where the sequence of service times (S;(j), i >

1, j > 1) satisfies Assumption 1, 0 < € < A,(ly)y, tl(N) = (A,(ly)y — e) log N, and
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t3(N) (A,(y) + e) log N, then for all x € R, we have that

k
1
lim sup P| max Z(S,(]) A())) > —logN + x+/log N

N—00 =N (N)<k<t AL

[ 1
f]P’(O’A NG —€eX1 +0oaV2e|Xo] >x>, (25)
vy

with X1, X2 ~ N (0, 1) and independent.

Proof In order to prove this lemma, we first rewrite

max; <y Sup, 0y 00 Xy (Si()) = AG)) = 5 log N

ViogN
_ AN U 0 Yoo (SiG)—§) — SlogN N SUP, ) g, Y (= AG)
- ViogN ViogN
- max; <y SUpPg>( le‘:l (S: () — %) - %1021\/ N SUP, (V) e (V) Z/ 1 ( —A()) 26)
- ViogN ViogN

We start with the first term in (26). This term gives the rescaled longest steady-state
waiting time of N i.i.d. D/G/1 queues. We know that

P supZ(S,(])—l>>x ~ Cexp(—yx),

k=0

asx — oo, with 0 < C < 1; see [2, Thm. XIII.5.2]. Thus, for x > 0,

MK SUPro 215:1 (SiH)— 1) - %logN AT
Jlog N
N—oo

—(1—Cexp(—y(l/ylogzv+x,/1ogN)))N =0,

Similarly, for x < 0,

b max; <y SUpP;= Zﬁ':] (Si(H)— 1) - %logN AT
J1log N
N—

N
— (1 — Cexp(—y(1/y log N + x+/log N))) 0.
Thus, the first term in (26) converges in probability to 0.
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Now, we prove convergence of the tail probability of the second term in (26). This
term is a supremum of a random walk with drift 0. Then for (B(¢), t > 0) a Brownian
motion with drift 0 and standard deviation 1, by using Donsker’s theorem [10] and the
fact that the supremum is a continuous functional, we obtain with a similar analysis
as in Lemma 3 that

sup oy Y521 G = AU

Jlog N

1
N:)ooP oA - —eX| +0oavV2e| X >x ).
A(y)y

Lemma 6 Given the model in Sect. 3 where the sequence of service times (S; (j),1 >
L, j = 1) satisfies Assumption 1, § = 5705 + 82 with 81, 82 > 0 and small, € = 81/4
(N) _

> X

m}

(y)y

and ty (A’(V)}/ + 6) log N, then for all x € R, we have that

k

P max sup D SiG) = AG)) > —logN—i—x\/logN Nz, (27)
1= (N)
=ty j=1

Proof As in the proof of Lemma 4, we derive upper bounds for

1
P| max sup Z(SZ(J) —A())) > —logN—i—x,/logN

i<N (N)
23 j=1

that converge to 0 as N — oo.
First, we see that by using subadditivity and the union bound, we obtain

k

1
P| max sup Z(S,(j) A(j)) > —10gN+x\/10gN

i<N
! (N) j=1

k>l‘
< P| max su Z S()——+8 1—8 log N
= o p J 1 y 2 g

k>l(N)

k

1
+P supZ(——él A(]))>8210gN+xw/logN

k=0

@ Springer



9 Page220f26 Queueing Systems (2025) 109:9

As in the proof of Lemma 4, we have that

P supZ(——Sl A(j)) > 6y log N + x/log N N=gop,

k=0

Furthermore, observe that log E[exp(6(S;(j) — 1/A + 61))] = A(0) + 65;. Now, as
in the proof of Lemma 4, we can bound

1 1
P rlriz%( sup Z (S ) - +51) > <; —62) log N (28)

k=™ j=1

k
<N > P Z(Si(j)—%+51>><%—82)logN (29)

k=) =t

<N Z exp(k(A(0) + 681)) exp (—9 (% — 52) log N)

N
k=[5

exp (Lth)J (AO) + 951)) |
=N exp (—9 <— — 82) log N> , (30)
exp(A(6) + 057) — 1 y

when A(0) 4+ 081 < 0. When A(0) + 651 > 0 the sum in the upper bound diverges
to 0o. Now, for the case A(0) + 651 < 0, we have that

exp (15" (A ©)+651)) .
10g <N exp(A(0)+651)—1 exp <_9 (7 — 82) lOg N)
log N

1 1
_— A 051) —0|——62).
+<A’(y)y +e>( ©) +661) (y 2)

As in the proof of Lemma 4, we have § = ~ (V)V + 8 and € = 8'/*. We now get

after a similar derivation as in the proof of Lemma 4 that & = y — /3 gives a sharp
bound. First, observe that A(y — \/3) = —x/gA’()/) + 0(6), thus A(O) + 661 =
VBN () + (y — V881 + 0(8) = —/SA (y) + 0(8) < 0 for § small enough,
thus the upper bound in (30) holds. Second, we see that

1 1
—— 5 ) - A )
b (" (y 2) (A/(W +E>( (1 ‘)>
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2()/—\/3)<l—52>—< ! +e><A(y—¢§>+<y—J3)81>.
14 AN(y)y

So, we can conclude that

1 1
—9) (— - 82) - ( , +61/4> (Aly = V&) +(y = V)s1)
Y A(y)y
=1484A @)+ 06) > 1
for § small enough, and thus, the expression in (30) converges to 0 as N — co. O

Proof of Theorem 1 First, to prove a lower bound, we see that

L loe V]
max Wi (00) 2,1, max Zl (8i(/) = AG).
J=

Thus, combining this inequality with the result from Lemma 3, we see that

[ 1
lk]nllgof]I”(rlnaxW (c0) > —logN + x/log N) > ]P’(aA A/(J/)J/X > x).

Second, by using the union bound of the types as given in (9) and explained in

Sect.4, we get from Lemmas 4, 5, and 6, with t(N) = (A,(ly)y - 6) log N and
(N)
I3 (A,(y)y + 6) log N, that
1
lim sup[P’(max Wi(00) > —logN + x/log N)
N—o00
k
< lim sup P | max Z(S,(]) A())) > —logN + xy/log N
N—>00 isN (N)<k<t et

[ 1
5]?(0,4 o) —€X1 +0oaV2e |X2|>x>.
vy

Finally, we have that

[1 €l0 [ 1
P(O’A W—EX1+UAV26|X2|>X)—)P<O'A WX>X)
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