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Abstract

Electric breakdown in non-conducting gases is a complex process that in its first stages is
characterized by filamentary discharges called streamers. Streamer dynamics are inherently
nonlinear and span broad temporal and spatial scales, making numerical simulation challenging.
Although Monte Carlo methods are intuitive and they model the full electron energy distribution
without a priori prescriptions, they suffer from artificial sampling noise which, combined with the
non-linearity of streamers, distorts their evolution. Here we investigate the use of deep-learning
techniques to mitigate the noise introduced by Monte Carlo sampling. We observe that traditional
techniques for noise reduction in images are not satisfactory because they do not impose strict
conservation of electric charge. Then we present a charge-conserving denoising filter to improve
the efficiency of Monte Carlo simulations of streamers.

1. Introduction

The breakdown process by which a gas, initially exhibiting poor electrical conductivity, transforms into an
efficient conductor under the application of a high electric field, is complex, nonlinear and remains
inadequately understood. The initiation of a discharge typically involves a limited number of free electrons,
which gain sufficient energy from the electric field to exceed the ionization potential of the gas molecules,
subsequently liberating new electrons and triggering an exponential avalanche. This avalanche is
self-limiting, as a high electron density eventually screens the electric field within the avalanche’s core. If the
system size is large compared with the size of this avalanche (this is typical, for example, in
atmospheric-pressure, point electrode discharges [1]), the discharge evolves into a streamer—a sharply
delimited continuously elongating filament featuring a shielded electric field internally and an intensified
electric field at its tip, where persistent electron multiplication promotes the streamer’s expansion [1, 2]. The
inherently nonlinear and multi-scale characteristics of streamer discharges present challenges for numerical
simulations, creating opportunities for machine learning techniques to enhance their modeling and analysis.

One computational technique that has been succesfully applied to streamer discharges (e.g. [3-5]) and,
more generally, to the physics of ionized gases is the particle-in-cell with Monte Carlo collisions (PIC-MCC)
technique [6]. It is based on sampling the full particle distribution function by a computationally feasible
number of representative particles (called computational particles or super-particles) which are placed in a
grid in order to compute their electrostatic long-range interaction (hence Particle-In-Cell) while
simultaneously experiencing random collisions that instantaneously change their velocities (hence the Monte
Carlo Collisions). Some advantages of this modelling approach are its simplicity in face of arbitrarily complex
collision cross sections as well as its capability to reproduce, in the low-density regime, the inherent
stochasticity of some physical processes. That is the case, when investigating streamers, of the effects of the
finite number of photons emitted around the streamer tip that may induce the streamer to bifurcate [7].

A limitation of PIC-MCC techniques is the artificial noise introduced when sampling the full particle
distribution function into a limited number of super-particles. When the coupling between particles and the

© 2025 The Author(s). Published by IOP Publishing Ltd
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electric field is strongly nonlinear (as is the case for streamers) the artificial noise may lead to non-physical
behaviour such as the premature bifurcation of streamers. The necessity of including enough super-particles
to minimize this effect, with the corresponding demand for computational resources, has prevented a more
widespread use of PIC-MCC.

Our work is partly motivated by one puzzling observation about streamers. In many cases they are
accompanied by x-rays with photon energies reaching hundreds of electron-volts (eV) [8, 9]. This radiation
indicates a potentially very small population of free electrons with energies several orders of magnitude
above the mean electron energy (typically a few eV). In principle PIC-MCC, possibly complemented with
the proper management of super-particle weights, is the most natural approach to model this phenomenon
because it does not impose restrictions on the electron energy distribution function. We want however to
avoid the computational costs inherent to the simulation of a streamer discharge with an acceptably low level
of sampling noise.

Here we explore the approach of allowing the higher noise level of a relatively low number of
super-particles but then mitigating the adverse effects of this noise by passing the noisy charge density
through a denoising filter before computing the electrostatic field.

One simple denoising filter is the convolution of the noisy charge density with a properly normalized
Gaussian. This straightforward filter offers a significant reduction in computational costs with a moderate
sacrifice of accuracy. However it amounts to averaging over a window with a shape and width that are
independent of the underlying streamer features. Given the wide separation in relevant length-scales
exhibited by different streamer regions, we expect an improved performance for a denoising filter that is
capable of adapting to the different areas of the streamers. Trainable neural networks are natural candidates
on which to base this adaptable filter, as they have shown outstanding performance both in denoising and in
feature detection in images.

The main result of this paper is describing some of the conditions that must be satisfied by such a
denoising filter. As we describe below, the straightforward application of deep-learning denoising algorithms
to the charge density in a streamer simulation offer outstanding levels of noise reduction but, when coupled
with the streamer dynamics, they produce unphysical results. We attribute this failure to small but
cumulative violation of charge conservation. Therefore we introduce a new deep learning architecture that
ensures an exact conservation of electric charge. As this architecture is based on applying space-dependent
convolutions to the original charge density, it is vulnerable to a convolutional instability and we discuss a
regularization that mitigates this problem.

The architecture that we present can be naturally generalized to conserve any other physical quantity
such as mass or momentum in a fluid, which in our view makes it valuable for future applications in
physics-informed deep-learning applications.

2. Methods

Our objective is to build a PIC-MCC model with an embedded denoising model that allows us to simulate
the evolution of a streamer with minimal distortion. In this pursuit we combine several elements that will be
detailed in later sections of this work. The relations between the different elements are summarized in

figure 1.

(i) The PIC-MCC model incorporates ballistic popagation of free electrons, collisions with molecules of
the gas medium, locating particles in an uniform cartesian grid and the solution of the Poisson
equation in order to compute the electric field at the position of each electron. The model also includes
a particle management scheme that limits the number of super-electrons in each grid cell. This
limitation, controlled by prescribed parameters, determines the noise level of the PIC-MCC simulation.

(if) After assigning particles to each grid cell we apply a denoising filter before the resulting charge density is
provided as an input to the Poisson solver.

(iii) Because PIC-MCC simulations with low noise levels are expensive, we also employ a fluid-based
(noiseless) streamer model. We use this model for two purposes: (a) to initiate PIC-MCC simulations
from the state of a fully developed streamer, thus sidestepping the problem of noise reduction in the
earlier phases of evolution and (b) to build a library of streamer simulations that serves to train the
denoising model and restrict its output to physically acceptable streamer states.
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Figure 1. The different elements of our approach and the relations among them.

2.1. Physical models

2.1.1. Particle-In-Cell, Monte Carlo Model

PIC-MCC have been frequently used to investigate the physics of streamers (e.g. [3—5, 10-12]) and here we
mostly follow standard practices in the field of Low-Temperature Plasma Physics. A PIC-MCC simulation

[6] follows the position and velocities of a representative sample of the total particle population, assigning a
weight to each computational particle. The particle dynamics alternates between ballistic propagation (where
charged particles are accelerated by the electric field) and instantaneous scattering by collision events with
molecules of the background gas. At fixed intervals the particle locations are tallied into a grid of cells and the
resulting charge density is used to compute the self-consistent electric field. Our model is 2.5D, which means
that the particle positions and velocities are three-dimensional vectors but the charge density is computed in
a cylindrically symmetrical (i.e. two-dimensional) grid.

We include electrons and photons but ions, which are too slow to influence the streamer dynamics, are
treated as immobile and only contribute to the charge density. For the cross sections for electron-molecule
collisions, we take those of Phelps [13, 14], retrieved from the LxCat database [15-17] and assume an
isotropic distribution of outgoing velocities. We use a simplectic fourth-order scheme [18-20] to integrate
the electron propagation between collisions. The Poisson equation is solved by means of geometric multigrid
[21] in an uniform cartesian mesh. At the radial boundaries of the domain we impose free boundary
conditions to the electrostatic potential [22] whereas the upper and lower boundaries act as infinite planar
electrodes. All our simulations are performed in a homogeneous cartesian grid in cylindrical coordinates
with dimension R X L = 1.5 x 10 cm and cell sizes Az = Ar = 9.8 ym. The time step for the integration of
particle trajectories and the re-computation of the electric field is 1 ps. A typical simulation of the PIC-MCC
model involves from 2 x 10® to 2 x 10° super-electrons and a similar number of photons and the running
time varied from a few days to two weeks using 32 computer cores.

Two aspects of our model deserve some attention as relevant in the context of noise reduction.

(i) Particle management. To prevent the number of simulated particles to become unwieldly, at uniform
time intervals we resample the particle population inside each computational cell. Let P be the number
of super-particles inside the cell. We set a maximal (Py) and a target (Pr) number of super-particles per
cell.

If the number of super-particles inside the cell is too large (P > Py;) we choose Pr representative
particles among the population underlying the P super particles. Let w; (1 < i < P) be the weight of
particle i and define normalized cumulative weigths as

G =p7 (1)

The sampling is performed by drawing Pr random numbers &, uniformly distributed in the unit interval
and selecting (possibly repeated times) particle i if ¢;_; < & < ¢; (defining cp = 0). Note that it is not
necessary to generate and store all £ at the same time: given &; we can generate &1 = & + Bi(1 — &),
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where (3} is a random number sampled from the probability distribution of the minimum of Pr — k
random variables uniformly distributed in the unit interval. This can be computed as

Br=1-(1-¢)""h, 2)

with ¢ being a random variable uniformly distributed in the unit interval. This allows us to re-sample
particles without bias using only two passes over super-particles (one to count particles and compute
the total weight per cell, one to draw the &, and select particles). Finally, we give each of the newly
sampled particles a weight

P
1

w==) w. (3)
PT; /

On the other hand, if the number of super-particles in a cell is too low (P < Pr) we split a maximum of
Pr — P super-particles randomly selected among those with weight larger than two. In low-density
regions, where many particle weights are unity, we may still end up with less than Pr super-particles.
After each splitting the initial weight is divided equally between the two resulting super-particles
although to favor integer weights one of them is rounded to the closest integer. For example, a
super-particle of weight 3.5 will be divided in two particles of weight (1.5, 2) or (1, 2.5), chosen at
random.

(ii) Photoionization. In a streamer discharge in air, energetic electrons excite nitrogen molecules which then
quickly give away this energy by emitting an ultra-violet photon which can ionize an oxygen molecule.
Because photons travel much faster than the characteristic velocities in a streamer, this photoionization
process effectively introduces a degree of non-locality in the physics of streamers. On the other hand,
the number of photoionization events is significantly lower than impact ionization events so
photoionization introduces additional stochasticity in the propagation of streamers, associated with
streamer branching (7, 23].

We consider photoionization in our PIC-MCC code in a similar manner as proposed by Teunissen
and Ebert [4]. We include a photo-excitation cross section which, following Zhelezniak et al [24], we
approximate as proportional to the ionization cross sections of nitrogen and oxygen. For example, for
O,, the photo-excitation cross section is Gphoto-exc,0, = A 7Timpact-0,> Where Timpact-0, is the cross section
of impact ionization of O,. Note that this cross section does not model the underlying physical process,
where the relevant excitation is only of N, but Zhelezniak’s model considers photoemission as
proportional to the total impact ionization, including N, and O,. The factor 1 accounts for the
efficiency of excitation and the probability of quenching at atmospheric pressure. For the first, we use
6 x 1072 as representative of the values in table 1 of [24], for the second we take the quenching
pressure to be p, = 4 x 1072 bar [24] so the probability of emission without quenching is
pq/(pg + 1bar) = 0.038, resulting in 77 = x 10~. The scaling factor A reduces the noise associated with
the relatively low probability of photo-emission: it increases the number of photoexcitations but when a
particle of weight w induces a photoexcitation the number of photons emitted is sampled from a Poisson
distribution with mean w/A (all photons have unit weight). Here we use A = 10x?; as this is much
smaller than typical particle weights, stochastic noise is not reduced beyond what is physically expected.

Finally, the absorption rate per unit length for each photon, ;, is sampled such that log x is uniformly
distributed between 10g Ymin and 10g X max With Xmin = 1.09 X 10*?m? x [O,] and
Xmax = 6.21 X 1072 m? x [O,], derived from [24] by assumming a temperature of 300 K, and where
[O;] is the oxygen number density.

2.1.2. Fluid model
In a fluid-based approach, the dynamics of electrons and ions in a streamer discharge can be described by the
drift-diffusion-reaction equations:

One

;t + V- (=nepteE — D V) = Sph + Ce, (4a)
al’li
i Sph + G, (4b)

where 7., and n; are, respectively the electron and ion densities, (i, D., and C. denote the electron mobility,
diffusion coefficient, and chemical source term, C; is the source term for ions and E represents the electric
field. As in the PIC-MCC model described above, ion mobilities and diffusion coefficients are neglected as

4
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their motion is significantly slower compared to the motion of electrons. The term Sy}, denotes the
photoionization and is computed according to Zheleznyak’s model [24] using a Helmholtz approach [25,
26], with the parameters of the three-exponential fit performed by Celestin [26]. This term only applies to
electrons and O3 as explained in section 2.1.1.

The interactions between electrons and gas molecules in the fluid model are based on the same processes
and cross sections as the PIC-MCC described above. The streamer propagates in an air admixture of 79% N,
and 21% O, at 300 K and 1 atm. The chemical model includes electron-impact ionization, dissociative
attachment and three-body attachment. Electron transport coefficients and reaction coefficients depend on
the local reduced electric field (E/ Ny, where Ny, is the number density of molecules in air), and they have
been computed from Phelps’ cross sections [13] with BOLSIG+ [27], a solver for the steady-state Boltzmann
equation that is widely used in low-temperature plasma research.

The electric field is computed as E = Ey,; — V¢, with E;,g being the background electric field, and ¢ the
electrostatic potential that relates to its sources according to the Poisson equation

qshs

Vz(b = €0 ’ (5)

s

where € is the vacuum permittivity, g, is the electric charge of the species s and the sum extends over all the
charged species (electrons and ions).

We use finite volume methods (FVMs) [28] to solve equations (4). In particular, our code is built on top
of CLAWPACK/PETCLAW [28-30] a library of FVMs. PETCLAW relies on PETSc [31-33] and allows us to
split the simulation domain into different subdomains that can be solved in parallel. The Poisson
equation (5) is solved using the Generalized Minimal Residual method and the geometric algebraic multigrid
preconditioner, both from the PETSc numerical library.

2.2. Streamer dataset
One use of the fluid model was to generate datasets of streamer discharges to train the denoising models.
These datasets contain pairs of noisy samples (input) and their corresponding noiseless data (ground truth).

2.2.1. Noiseless samples
The noiseless samples were generated with the fluid model described in section 2.1.2, which was used to
simulate the propagation of single positive and negative streamers. The simulation domain is 2D
axisymmetric (1, z) with the same dimensions and cell sizes as for the PIC-MCC model above: a length of
10 cm and a radial extension of 1.5 cm and a uniform spacing of size Az = Ar = 9.8 um. This domain was
bounded by two grounded and infinite planar electrodes, with free boundary conditions applied at the radial
boundary for the electrostatic potential [22]. For the different densities, homogeneous Neumann boundary
conditions were used on all boundaries.

The streamer propagation is initiated with a neutral (n. = oy + nN;) needle-like seed attached to the
lower electrode, with its tip located at zy = 2 cm, and with an electron density given by

max (z —z9,0)> 7 )

M = Me g + Meo EXP (—2 - — (6)

w w2

where 71, denotes a uniform background electron density and 1¢9 = 2.2 x 10** m™~ is the peak electron
density of a Gaussian distribution with e-fold radius w =1 mm.

We simulated the same number of positive and negative streamers, adding up to a total of 90 streamer
discharges. These simulations account for five logarithmically-spaced background electron densities 7. pg,
ranging from 10'° to 10" m~> and 9 evenly-spaced background electric fields Ey,, ranging from 10 to
30kVem ™!, We include both positive and negative streamers. The choice of ranges aim at covering relevant
values for the simulation of streamer discharges [2]. The simulations resulted in a set of nearly 2000 samples,
corresponding to the temporal evolution of streamers with the initial conditions and parameters described
above. This initial set was cut down to 1895 samples by removing those where the streamer discharge showed
boundary effects due to its proximity to the upper electrode. The number of noiseless samples was chosen as
a compromise between dataset size and dense coverage of the explored parameter space.

2.2.2. Noisy samples

Given a noiseless electron density (anologously a noiseless ion density) from the fluid model, its noisy
counterpart is generated by adding synthetic noise, aiming to emulate the noise resulting from a PIC-MCC
simulation. The actual probability distribution of the particle densities sampled by a PIC-MCC simulation is
complex and entails correlations between different cells. To have a tractable probability distribution we

5
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instead use multiplicative white Gaussian noise applied independently to the electron and ion densities.
Thus, the noisy density of species s in a given cell with a noiseless density #; is

~ 4

ng = (1+\/Sp) N, (7)
where the g, are independent random values sampled from a normal distribution with a mean of 0 and a
standard deviation of 1 and p modulates the amplitude of the density fluctuations. Density fluctuations for a
given value of p are roughly of the same size as those in a MC simulation where p ~ Pr ~ Pj;. So as

representatives for the number of particles per cell that we want to consider, in our training we employed
p = 5,10,50 for the U-Net filter and p = 10 for the charge-conserving one (see below).

2.3. Initialization of the PIC-MCC model
As mentioned above, we avoid the streamer-initialization phase in the PIC-MCC model by initializing it with
the state of a fluid simulation. This entails converting from a fluid (continuous) description to a
representation based on super-particles.

We consider the target number of super particles per cell Pr introduced in 2.1.1. For each species s
(electrons or positive ions) and for each cell in the domain we compute a target particle weight as

nsAV)

T

Ws = max (1, (8)
where AV is the volume of the cell. The final number of particles of species s in the cell is then sampled from
a Poisson distribution with mean
n AV
:uS = ) (9)

Ws

which matches Pr in densely populated regions. The weight for all the super-particles is w, and they are
initialized at rest. As the time-scale for electron energies to reach equilibrium is much shorter than the
evolution time-scale for a streamer, we consider that the perturbation introduced by this zero-energy
initialization plays a minor role in our results.

2.4. Denoising models

2.4.1. Scaling of input data

We consider only axially symmetrical streamers. To apply a noise-reduction scheme we start with the charge
density evaluated in each cell of our uniform cartesian mesh, g;; (i = 1...M,j = 1...N). This charge density
represents a total charge per cell Q;; = 2 g;;7iArAz where r; = (i — 1/2)Ar. Therefore we consider a more
natural choice to take as input data g;; = (i — 1/2)g;;, which is proportional to Q;;. Besides, measuring g;; in
Ccm® produces quantities of order unity so we opted for using gij in those units without further rescaling.

2.4.2. Denoising U-Net

There are many types of deep-learning architectures for noise reduction, but most of them are based on the
concept of autoencoder. Several works gave rise to the autoencoder [34-36], but it was Kramer in 1991 [37],
who clearly and concisely detailed its structure as we know it today. Although in their origins autoencoders
were only used to obtain compressed or low-dimensional representations of the input data for subsequent
reconstruction, nowadays autoencoders are used in multiple tasks, such as identification of anomalies,
generation of new data, feature extraction, recommendation systems, watermark removal and noise
reduction [38]. An autoencoder mainly consists of two parts (see figure 2):

(i) The encoder maps the input data into a low-dimensionality representation, generally known as a latent
space, bottleneck, or simply code.
(ii) The decoder reconstructs the original input data from the latent space representation.

A denoising autoencoder 39, 40] is a particular type of autoencoder that is configured and trained to
reconstruct a clean or repaired version of some corrupted input data. Training a denoising autoencoder is
carried out by minimizing the difference between the original and the reconstructed data. With this training,
one conditions the denoising autoencoder to produce outputs from the same distribution as the input data,
which generally allows it to outperform traditional filters for noise removal. In our use case, we anticipate an
autoencoder to develop a preference for configurations of the streamer discharge similar to those in our
training set and thus more consistent with the physics of the discharge.

6
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encoder decoder &Y
botleneck
latent space

Input Output

Figure 2. General Autoencoder structure. The input data X is mapped by the encoder into a representation with a lower
dimensionalty (code or bottleneck, residing in the latent space). Using the information contained in the bottleneck, the decoder
attempts to restore the input data.

Despite of their good performance, models based on the autoencoder architecture can sometimes lose
during the compression (or encoding) stage certain details or characteristics of the input data that may be
relevant when reconstructing the data in the decoding stage. To reduce this information loss and overcome
this problem we explore another deep learning architecture called U-Net [41]. Similarly to the autoencoder,
the U-Net consists of a contraction stage (encoder with convolutional and downsampling layers) and an
expansion stage (decoder with deconvolutional and upsampling layers). However an U-Net additionally
includes data connections between the contraction and expansion paths called skip connections. This enables
the network to propagate relevant context information directly from the contraction to the expansion path,
providing the later layers with more original information to use, increasing the number of feature channels.
The use of skip connections entails symmetrical contraction and expansion paths, producing the
characteristic U shape that lends its name to the architecture.

Streamer discharges involve widely separated spatial scales and U-Nets are known to excel at preserving
spatial hierarchies and feature details so they seem to be better suited for our task. We confirmed this by
comparing the performance of different configurations of autoencoders and U-Nets applied to our particular
problem. Therefore, we take a U-Net and not an autoencoder as one of the baseline models for our results.
The architecture and training parameters are detailed in appendix B.

2.4.3. Charge-conserving denoising model

Anticipating our results, described in section 3, we find that, even though U-Nets perform exceptionally in
noise reduction, they are unsuitable for our puroposes since coupled to the PIC-MCC code they result in
unphysical streamer dynamics. We attribute this to the lack of exact charge conservation.

To mitigate this problem we designed a novel type of convolutional neural network architecture which
ensures exact charge conservation at the expense of lower performance in noise reduction. This model works
by identifying local features in the input data and applying different charge-conserving convolutions for each
feature type. For example, different kernels act around the sharp gradients in the streamer head and in the
smooth region far ahead of it.

Given the original scaled discrete charge density g;; and a kernel of size (214 1) x (214 1) with elements

Kap (o, 8 = —1...1), the result of the convolution of these two is
Qon = Z QiiKm—in—j, (10)
i=m—1...m+1,
j=n—Il...n+l

where we momentarily leave aside the results of this convolution close to the domain boundaries, discussed
below. The total charge is

Z érlnn_ Z Z Km in ]qu ZKaﬁZQm a,n— B—ZK ,szqmn (11)

..m+Il,m=1...M,
n=1...N j=n— l ol n=1..N

Therefore, charge conservation holds if the kernel elements add up to unity:

Z KaB =1. (12)

We additionally impose that the kernel elements are non-negative, K,g > 0. This facilitates stability and
enables us to interpret the convolution in (10) as charge redistribution within a rectangle with the kernel size
21+ 1.
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Figure 3. Charge-conserving denoising model. The noisy charge density from a PIC-MCC code g; (A) is partitioned by
space-dependent coefficients ¢, and convolved with charge-preserving kernels K2, (B). The results (C) are added back together
(D) into a denoised charge density 7, .

Let us now consider the convolution close to the domain boundaries. There are multiple ways to extend
input values g;; to cells out of the domain by padding with ghost cells. However, a general kernel that
satisfies (12) does not in principle lead to charge conservation in all these cases. One possible approach
would be to impose symmetrical padding together with symmetrical kernel elements
(Kop = K—ap = Kqa,— ). However we consider that approach too restrictive given the asymmetry of our
problem with respect to inversions of the z or r axes.

Instead, we (a) used zero padding to ensure that no fictitious external charge is introduced into the
domain and (b) we add back the charge that exits the domain. To accomplish the latter, we modify
equation (10) close to the boundary. Consider the behaviour close to m = 1; in that case we add to g,,, the
term corresponding to gy, ,:

~7 ~ ~

Qpn= > GiiKim—in—j + N 4iiK1—m—i,n—j- (13)
i=m—L...m+lI, i=l—m—L..1—m+I,
j=n—Il...n+l j=n—I...n+l

So far we have described a filter involving a single kernel but the charge-conserving convolution can be
generalized and extended to use S independent kernels K, 5 withy =1...5. To achieve that, we partition the
charge inside each cell 7j into S terms with space-dependent coefficients:

Gi= Y. a= > i (14)
y=I1...§ y=I1...§

where

chQ
WV
<o

(15a)

> g=1 (15b)
S
Then (10) is updated as

Qr/nn = Z Z ;{qijl(rl_i,n_j- (16)

i;m—l...m-i—lxy:l...S

v
¢ = (17)

where h;f are in general non-linear functions of all the input charges {g;;}.
During training, the charge-conserving neural network learns the kernel coefficients K7, ; as well as the
mapping from charges g;; to the charge-partitioning coefficients c;’ The latter can in general make use of any
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Figure 4. Convolutional instability in a denoised streamer simulation. Consider here a one-dimensional sinusoidal mode in the
charge density g (panel (A)). The resulting electric field peaks at the location of nodes in the charge distribution and has the
directions indicated in the figure. As the electric current follows the direction of the field, the amplitude of the mode decreases
and the dynamics is stable. Now consider that, in an attempt to reduce noise, we apply a convolution as indicated by the boxcar
windows in panel (A). A narrow window leads to the situation in panel (B): the amplitude is changed but otherwise the sign of the
charge density remains unaltered. Applying this convolution maintains the system’s stability. A wider convolution window
produces the outcome of panel (C), where the sign of the charge density is inverted. The resulting electric field points in
directions that will amplify the mode amplitude and the system becomes unstable. As discussed in the text, this happens for
wavenumbers for which the real part of the Fourier transform of the kernel is negative.

convolution-based, deep architecture. Figure 3 contains schematic representation of the charge-conserving
denoising procedure for one-dimensional problems. The architecture used in our study is detailed in
appendix C.

Our charge-conserving scheme is reminiscent of kernel density estimation (KDE) methods [42] and
indeed (16) can be reformulated in terms of a KDE where the kernel depends on the particle location. The
novelty of our formulation with respect to other KDE approaches is that we define the kernel shapes in terms
of trainable kernel coefficients K7, ; and charge-partitioning coefficients CZ- which are obtained from a trained
convolutional neuronal network that accounts for the context of each cell.

2.4.4. Convolutional instability

A major limitation of a streamer denoising scheme based on convolutions is the appearance of a
convolutional instability, which we describe qualitatively in figure 4. Consider the interior of the streamer,
not very close to the streamer boundary, and thus far from steep gradients in the electron density. In that
region the streamer behaves like a electrical conductor with conductivity o = eyt = epteny, where e is the
elementary charge, . is the electron mobility and #. and n,. are the electron and positive ion number
densities. The evolution of the charge density q is given by

0q

Combined with V - E = q/¢ and taking, as first approximation, o as homogeneous, we obtain

0q o
—=— 19
at 60 q7 ( )
which states that a perturbation in the charge density relaxes with a time scale ¢ /0.
Now consider the case where the electric field is computed after convolving the charge density with a

kernel K,

1

V-E=—q®K. (20)
€o

In that case equation (19) reads

0q o

—_=—— K. 21

Bt €0 q ® ( )

Let us now decompose this equation into Fourier modes and consider the space and time dependence of
q as q = qoexp(ik - r — iwt). Noting that a convolution maps to a product in Fourier space we reach the

9
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following dispersion relation:

iw®) = 2K (K), (22)

where K(k) is the Fourier transform of the convolution kernel. The mode is stable (i.e. dos not grow
exponentially) if Re(iw) > 0, which, given (22), implies Re(K(k)) > 0. Any kernel with a Fourier transform
that reaches negative values for some k included in the simulation is numerically unstable. Furthermore, the
growth rate of the unstable mode is proportional to |Re(K(k))|.

Two issues are worth commenting at this point:

(i) In our case we deal with an axially symmetric charge density g(r,z). As described in section 2.4.1, we
operate with 2D kernels and on quantities that are proportional to rq. In that case equation (21) still
holds after the transformation g — rg.

(ii) The Fourier transform of a Gaussian kernel is also a Gaussian, which is everywhere real and positive.
Therefore a convolution with a Gaussian kernel is immune to this convolutional instability.

In our experiments we found that indeed a charge-conserving denoising scheme that is trained only to
minimize the mean square error (MSE) of the predicted charge density produces an oscillating charge
density when in the streamer simulations. To prevent this, we defined a regularization loss as

ac ~
L= 155 Y RelU (—Kj) (23)
iy
where S is the number of kernels (defined above), ReLU is defined as ReLU(x) = x if x > 0 and 0 otherwise,
Kg is the 2D Discrete Fourier Transform of the kernel K7 after padding it with zeros to a size L x L and a is
a weighting factor for the regularization term. We used L =128, ac = 10%.

3. Results

We run fluid (noiseless) simulations of a negative streamer discharge propagating in air under standard
temperature and pressure (STP, 1 atm, 273.15 K) with an applied electric field of 15kV cm~!. At 18 ns, the
streamer is fully developed and its charge density is represented in the leftmost panel of figure 5. Note that we
did not take any measure to exclude this initial condition from our training set. We consider overfitting a
minor concern, as we test the application of the denoising schemes to a later time, when the streamer has
diverged from the state in the fluid simulation.

At this point we switch to a PIC-MCC simulation with the procedure described in section 2.3 to translate
the fluid density into super particles. This procedure introduces high-amplitude noise as shown in the
second panel of figure 5, in that case with a target of Py = 40 super-particles per cell.

The PIC-MCC simulation then evolves, possibly applying one of the denoising algorithms described
above. The two rightmost panels of figure 5(CC for charge-conserving) show the outcome of these denoising
algorithms acting on the the noisy charge density of the second panel. As we anticipated, the U-Net
architecture apparently performs well in reducing the noise and inferring the original, noiseless density. The
charge-conserving architecture, on the other hand, suffers from the imposed constraint whereby charges can
only be re-arranged within a window of limited size; this is most visible in the small-amplitude charge
fluctuations in the streamer body.

3.1. U-Net simulation

We focus first on the results of a PIC-MCC simulation coupled with the denoising U-Net architecture
described above. For a simulation with a target number of particles per cell Py = 40 and maximal number of
particles per cell Py; = 60 figure 6 shows the magnitude of the electric field on the streamer axis as well as the
charge density integrated in cross sections of the streamer.

Despite the good noise-reduction performance of U-Net exhibited in figure 5, when coupled with the
PIC-MCC simulation, imprecisions in inferring the underlying charge density accumulate over time. The
charge carried by the streamer, plotted in the lower panel of figure 6 grows at a faster rate than the natural
evolution of the streamer, increasing by about 10% in 0.1 ns. The electric field also increases and reaches
150kV cm ™. This evolution in such a short time-scale is unrealistic for a streamer and is not seen in either
fluid simulations or in low-noise PIC-MCC simulations.

We attribute this failure of the U-Net noise reduction model to the absence of strict charge conservation.
Apparently, even a weak bias in the inference of charge density leads to unphysical conditions and prevents
the application of an U-Net architecture to our problem.
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Figure 5. Charge density in a negative streamer head at different stages of our algorithm and under two denoising schemes. The
leftmost panel shows the charge density resulting from a fluid (noiseless) simulation. The second panel (MC) represents the
charge density resulting from converting the fluid density into a set of particles with a target of 40 super-particles per cell. Note
that in this panel many of the values are outside the limits of the colormap. The third panel (U-Net) contains the noise-less charge
density inferred from the noisy density by means of the U-Net architecture. The fourth, rightmost panel (CC) contains the
inference from the charge-conserving architecture.

Although not shown here, we have tested tens of modifications to the basic U-net architecture. This
includes adding a penalty for the violation of charge conservation into the training loss function. However,
all these trials resulted in an slightly over- or under-estimated charge density that lead to clear deviations
from the expected streamer dynamics.

3.2. Charge-conserving simulation

The shortcomings of the U-Net approach led us to develop the charge-conserving deep-learning scheme
described in section 2.4.3. To test its performance we run simulations with a relatively low number of
super-particles per cell (Pt = 10, Py = 15) and compare them with a simulation without any denoising
scheme but a large number of particles per cell (Pr = 360, Py; = 440). We also compare with a Gaussian filter
with a standard deviation of 29.4 um, which in our tests performed the best among Gaussian filters. We
remind the reader that the Gaussian filter also conserves charge exactly and that it is stable against the
instability described in section 2.4.4.

The result, shown in figure 7 indicates a better performance of the deep-learning model. A major
difference is visible around the streamer boundary, the reason being that the propagation speed of the
deep-learning model matches better that of the reference simulation. We note however that there is
significant variability in the propagation speed between different simulations with the same denoising
model, presumably due to random differences in the initial translation from the fluid density to a particle
description. The lower noise in the streamer interior exhibited by the machine learning simulation is a more
consistent result in all our simulations.

In figure 8 we show the evolution of the streamer simulations close to the streamer axis. In this plot we
also include results from a simulation without any denoising filter but the same number of particles per cell
as the two denoising simulations. The main conclusion of figure figure 8 is that adding a denoising filter is
almost as effective as increasing the number of particles in a simulation but at a lower computational cost.

It is also clear that the charge-conserving denoiser performs better than the U-Net presented in the
previous section. The simulation does not show signs of obviously unphysical behaviour.

Figure 7 also shows that the deep-learning model performs better than the Gaussian filter. As mentioned
above, part of this difference can be attributed to differences in the sampling of particles in the conversion

11



10P Publishing Mach. Learn.: Sci. Technol. 6 (2025) 015036 F M Bayo-Munoz et al

140 -
120
IS
§ 100
53
W 80
el
© 60 -
£ 40
8
w 20 -
0 .
-20 : :
— 01
£
(&)
£ -50
o
ey
S 100 -
<
hd —— 0.00ns
5 .
© —150
B —— 0.02ns
g 0.04 ns
-2 2007 0.06 ns
- —— 0.08ns
-250 - —— 0.10ns
6.40 6.45 6.50 6.55 6.60 6.65 6.70 6.75 6.80

z (cm)

Figure 6. Evolution of the axial electric field (above) and the cross-sectional charge density (below) in the PIC-MCC model
coupled with a U-Net. Shown are snapshots of the two variables at intervals of 20 ps after the conversion from fluid densities to
particles. The arrows indicate the direction of evolution.
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Figure 7. Comparison of our deep-learning charge-conserving denoising scheme (upper panel) and a Gaussian filter (lower
panel). Both simulations are compared against a low-noise reference simulation with a large number of particles per cell. In each
panel we plot the norm of the difference between the electric field resulting from the denoising and the reference simulations. We
plot here snapshots 0.6 ns after the switch to a particle-based simulation.
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Figure 8. Evolution of the axial electric field (above) and the cross-sectional charge density (below) in the PIC-MCC model
coupled with the charge-conserving denoising scheme. We show snapshots at the time of conversion from fluid to particle
descriptions as well as 0.5 ns and 1 ns later. The results are compared with a simulations without denoising and a simulation with
where charge is locally averaged within a fixed-size window.

from a fluid density. Nevertheless the deep-learning model exhibits a lower noise amplitude, especially visible
around the streamer edge.

4. Discussion and concluding remarks

The strong nonlinearity of streamers and their high sensitivity to small deviations of charge conservation
turn these electrical discharges into valuable testing grounds for physically-informed noise-reduction
schemes. We have shown that a direct application of conventional deep-learning techniques for noise
reduction in 2D images, even if it performs remarkably well in restoring the charge distributions of the test
set, still introduces a bias that, when coupled with the streamer evolution, produces unphysical results.
Although not presented here, we tried several corrections and extensions to our U-Net architecture and
training conditions, including the use of a penalty for violating charge conservation in the loss function.
None of these modifications achieved a significantly better performance than the case that we present and all
of them led to unphysical states within a fraction of a nanosecond.

These observations motivated us to develop a scheme that ensures exact charge conservation in the
denoising stage. The outcome in this case is significantly better, producing a stable simulation that closely
reproduces the reference results but at a lower computational cost. The results of this model improve over a
simpler Gaussian convolution. Additionally, in terms of running time, our simulations are dominated by the
particle advancement: the computational cost associated with either Gaussian convolution or deep-learning
inference are negligible. However, at this point we hesitate on recommending the use the deep-learning
denoising filter, as the increased software complexity and training costs may not compensate for its benefits.

Nevertheless our results indicate potential future applications of deep-learning denoising schemes in
highly demanding numerical simulations, such as streamer simulations. Here we point to the flexibility of
the deep-learning charge-conserving denoiser, which allows the splitting coefficients to be derived from
arbitrary network architectures. This suggests future improvements in our architecture such as replacing it
with other schemes that have proven useful for image segmentation such as the HR-Net of Sun et al [43].
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Our approach to noise reduction complements existing particle managing methods that reduce the
variance of selected outcomes in Monte Carlo simulations [44]. In this work we limited ourselves to a
relatively simple particle management where we aimed for an approximately homogeneous signal to noise
ratio of particle densities (section 2.1.1). Alternatively, one may consider different objectives in the particle
management, such as improving momentum and energy conservation [45] or preferentially sampling
higher-energy electrons [46]. However, the trade off between noise amplitude and computational
requirements is an inherent feature of all PIC simulations. By mitigating noise without a significant penalty
in computational cost, our approach would improve the terms of this trade off.

Other approaches have been proposed for the reduction of noise in PIC simulations. The so-called
Of -method decomposes the particle distribution function into a known or easily computable f, and a
perturbation 6f, with computational particles representing only the &f component [47-49]. The strong
nonlinearity and sensitivity of streamer dynamics likely hinder the application of the f method, though we
have not extensively explored this approach. Another approach, based on KDE with machine-learned,
optimized kernels was proposed by Wu and Qin [50]. Although the application of that KDE scheme to
streamer simulations is a possible avenue of research, the method of Wu and Qin does not account for the
different dynamics and length-scales that characterize the different areas surrounding a streamer (within the
channel, at the leading edge, in the volume ahead of the tip), which call for various smoothing scales.

Another relevant question is whether any of the existing image denoising algorithms can replace the
U-Net or the charge-conserving scheme that we have discussed. This question is addressed briefly in A.
While an exhaustive comparison of denoising schemes is beyond the scope of this work, we conclude that
existing methods, primarily designed for processing visual images, are unlikely to serve as effective starting
points for streamer simulations.

We must, nevertheless, be aware of the limitations of our method. The main issue is a restricted training
set: although we aimed at including a large range of input conditions and streamer development stages, one
can image physical conditions far from these conditions were the denoising results are questionable.
Examples are stagnating [51] or branching streamers [7]. Another issue is the possible existence of additional
biases in the denoising filter. Although we have applied our scheme to a realistic setting, before it can be
included in a standard toolbox of streamer simulations it needs to undergo further optimizations and testing
for conditions farther away from the training set.

The method proposed here joins the portfolio of machine-learning or data-driven approaches for the
modeling of low-temperature plasmas, recently reviewed by Trieschmann et al [52]. These approaches offer
potentially more efficient numerical algorithms but they are also prone to unknown biases and difficulty in
interpretation. Our work exemplifies these problems by underlining the relevance of exact charge
conservation in streamer simulations.

We conclude by noting that Monte Carlo methods are widely used to investigate systems subjected to
conservation laws in physics. Their application is however limited by artificial sampling noise when the
number of particles in a physical system exceeds the capacity of a computer. Deep-learning denoising filters
and, in particular, filters that ensure conservation of relevant physical quantitites such as the one presented
here open the possibility of preserving the advantages of Monte Carlo approaches with acceptable noise at an
affordable computational cost.
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Appendix A. Other image denoising algorithms

Image denoising is a widely studied task due to its practical applications, leading to the development of
numerous algorithms. A recent review can be found in the work by Fan et al [56].

In principle, these algorithms can be applied also to the task of denoising the charge density in a streamer
simulation. In practice, however, the best-performing image-denoising algorithms are tailored to the
reduction of noise in photographic images, with priors and noise distributions that differ markedly from
those required in a streamer simulation.

As an example, we consider the block-matching and 3D filtering (BM3D) method proposed by Dabov et al
[57]. This method scans the image for correlated patches, arranges them in a 3D array and filters out
high-frequency spectral features, which are assumed to emerge from noise. Because the spectral transform is
performed along an axis perpendicular to the image plane, this method effectively preserves sharp image
features. BM3D and some of its descendants are considered among the best denoising schemes for
photographic images.

However, in its application to a streamer simulation, two issues immediately become apparent. First,
BM3D assumes an homogeneous noise distribution through the image (assumes independent, additive
Gaussian noise) and requires as input the variance of such distribution to be used as threshold in the spectral
filtering. The noise in a PIC-MCC simulation, however, presents strong inhomogeneities in the noise
variance. The second issue is that, because BM3D requires a scanning of the image for the patch grouping, it
requires significant computations that may dominate the running time of a simulation.

Figure A1 shows the results of applying BM3D to a PIC-MCC streamer simulation. Comparing with
figure 5, we see that BM3D performs noticeably worse than both the U-Net and the charge-conserving
denoiser discussed in our work. Particularly, the assumption of homogeneous variance leads to a division of
the simulation volume into areas where noise is either not reduced or reduced too strongly. The resulting
axial electric field, also represented in figure A1 is also poorly estimated.

An exhaustive investigation of the performance of the image-denoising methods described in the
literature [56] is out of the scope of our work. The poor performance of BM3D on streamer simulations
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Figure Al. Application of the BM3D image denoising algorithm [57] to a streamer simulation. Here we show the application to a
PIC-MCC charge distribution of the BM3D algorithm with a variance threshold o> = 1C? m°. The left panel contains the
denoised charge density; there we notice that fixed variance threshold of BM3D combined with an inhomogeneous noise variance
distribution leads to areas where noise persists at its original level. In our experiments, increasing the variance threshold to reduce
noise in this area leads to erasing the charge density in the streamer edge. The right panel plots the axial electric field resulting
from the charge distribution in the left panel. Compared with a reference simulation (Py = 400, no denoising; see main text), we
notice that BM3D severely underestimates the electric field.
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indicates that noise-reduction algorithms optimized for real-world images are not well-suited even as
starting points for this specific problem.

Appendix B. U-Net architecture and configuration

B.1. Architecture

To obtain the model that performs best in our Monte Carlo simulation, we have carried out multiple tests
with several configurations of denoising autoencoders and U-Nets until reaching the configuration
illustrated in B2. Its structure is as follows:

(i) Contraction Path. This part of the network is responsible for transforming the input data into a
low-dimensional representation of them, obtaining the bottleneck. It consists of 5 stages or blocks, with
the following layers in each one:

e Conv2D(filters = num_filters, kernel_size = 3x 3, strides = 1x 1, padding = same)
The value of the num_filters parameter is [4, 8, 16, 32, 64], depending on the stage we are in, as can be
seen in the figure B2.

o AveragePooling2D(pool_size = 2) + GroupNormalization(groups = num_filters) + ReLU

(ii) Expansion Path. Once we have the bottleneck, we do the inverse process through the expansion path to
get the denoised streamer. For this task we have also implemented 5 stages, the first 4 being composed of
the following layers:

e Upsampling2D(size = 2, interpolation = nearest)

e Conv2D(filters = num_filters, kernel_size = 3x 3, strides = 1x 1, padding = same)
+ GroupNormalization(groups = num_filters) + ReLU

e Concatenate the previous result with the corresponding symmetric contraction stage. This operation
attempts to recover relevant details of the streamer that were possibly lost during downsampling.

and the last one, designed to obtain a streamer of the same size as the original and with a single channel,
is composed of:

e Upsampling2D(size = 2, interpolation = nearest)
e Conv2D(filters = 1, kernel_size = 1x 1, strides = 1x 1, padding = same)

Our code is written in Python and based on the TensorFlow [58] and Keras [59] frameworks.

B.2. Hardware
The training of the models has been carried out on a computing server whose main hardware components
are the following:

e AMD Epyc 7H12 CPU with 128 cores at 2.60GHz,
e 1TB of RAM,
e 1 GPU NVidia A100 40GB PCle.

B.3. Dataset partitioning

We start from the dataset of 1895 streamers generated as described in section 2.2.1. For each original
streamer snapshot we synthesize 3 images with noise levels p = 5,10, 50 (see section 2.2.2), resulting in 5685
samples. To follow a holdout validation procedure, the data is split into three subsets: training (3979 samples
= 70%), validation (1137 samples = 20%) and test (569 samples = 10%). During the training process, the
training and validation subsets have been used, reserving the test subset for a final model evaluation.

B.4. Training meta-parameters
These are the most relevant parameters of the training process:

Epochs: 1000 maximum

Early Stopping Callback: 50 epochs with no improvement in validation loss (val_loss)

Optimizer: Adam(learning_rate = 0.001)

Learning Rate Callback: The value of learning_rate is halved if there is no improvement in val_loss for 10
consecutive iterations, reaching a minimum value of 1 X 10>
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Figure B2. U-net implemented for streamer denoising.

Loss function: Mean Squared Error (MSE)
Batch size: 8
Number of filters used on each stage: 4, 8, 16, 32, 64

Appendix C. Charge-conserving neural network architecture and configuration

C.1. Architecture
Figure C1 shows the architecture employed in our charge-conserving scheme. The first component deals
with computing the partitioning coefficients c;f for each cell 7, . This is accomplished by a series of three

convolutions supplemented by activation layers. The two first convolutions are supplemented with a
concatenation of the input layer.

o Conv2D(filters = 8, kernel_size = 9x9, strides = 1x1) + ReLU,
o Conv2D(filters = 16, kernel_size = 9x9, strides = 1x 1) + ReLU,
e Conv2D(filters = 32, kernel_size = 9x9, strides = 1x1) + ReLU.

The output of this layer is normalized (so that it has zero mean and unit variance) and then passed to a
softmax layer to compute (17).
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Figure C1. Scheme of the charge-conserving denoising network. We describe the main layers and operations using the notation of
the keras framework (‘Copy’ and ‘Sum’ are implemented by Conv2D with untrainable parameters). Under the layers we show the
dimensionality in feature space. The shaded area labelled as ‘partition’ marks the section of the model that computes the partition
coefficients cg As we discuss in the text, this network admits arbitrary topologies but we show the one employed in this work.

The second component of the network takes these coefficients and multiplies them by the input, thus
obtaining 32 charge-density components. Each of these components is then convolved with a different
13 x 13 kernel and the result is summed along the feature dimension to obtain the output.

C.2. Loss function

The loss function that is minimized in the training of the charge-conserving network is based on the MSE
but incorporates some modifications that in our experience improve its performance:

(i) Because the noise-reduction performs worse around the symmetry axis, instead of using the charge

density scaled with radius, g;; = (i — 1/2)g;j (see section 2.4.1), we directly employed the un-scaled
charge density gj;.

(ii) To prevent the large, almost-empty volume surrounding the streamer from dominating the loss, we also
weighted more strongly those regions with a significant charge density. This is implemented with a
weighting factor (1 + Fﬁj /w?), where gj; is the reference (ground truth) charge density and w is a
parameter that we set to 2.5 x 1072Cm ™.

The error-based loss function then reads

1 . a;
LE:m - Z (qij—q,-j)z 1+ 7. (C1)

w2

To this loss function we add the regularization loss L¢ defined in (23) to suppress the convolutional
instability, as discussed in section 2.4.4.

C.3. Hardware

The hardware used to train the charge-conserving network is the same as for the U-Net. Also here we employ
the keras framework.

C.4. Dataset partitioning

For the charge-conserving network the dataset is randomly partitioned into 80% of training set and 20% for
validation. Only data with p = 50 was used to train this network.

C.5. Training meta-parameters
These are the most relevant parameters of the training process:
Epochs: about 30,

Early Stopping: the training was stopped manually after about 10 epochs without improvement in the
validation loss,
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Optimizer: Adam,

Activation function: LeakyReLU with slope 0.1 for negative values,
Loss function: Mean Squared Error (MSE),

Batch size: 4,

Weight decay: 0.01.
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