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ABSTRACT. A polynomial optimization problem (POP) asks for minimizing a
polynomial function given a finite set of polynomial constraints (equations and
inequalities). This problem is well-known to be hard in general, as it encodes
many hard combinatorial problems. The Lasserre hierarchy is a sequence of
semidefinite relaxations for solving (POP). Under the standard Archimedean
condition, this hierarchy is guaranteed to converge asymptotically to the op-
timal value of (POP) (Lasserre, 2001) and, moreover, finite convergence holds
generically (Nie, 2012). In this paper, we aim to investigate whether there
is an efficient algorithmic procedure to decide whether the Lasserre hierarchy
of (POP) has finite convergence. We show that unless P=NP there cannot
exist such an algorithmic procedure that runs in polynomial time. We show
this already for the standard quadratic programs. Our approach relies on
characterizing when finite convergence holds for the so-called Motzkin-Straus
formulation (and some variations of it) for the stability number of a graph.

1. Introduction. A polynomial optimization problem asks for minimizing a poly-
nomial function subject to a set of polynomial constraints (equations and inequali-
ties).  More precisely, given a polynomial f, and two sets of polynomials
g ={91,.-.,9m} and h = {hq,..., hy}, the task is to find (or approximate) the
infimum of the following problem:
.

f = if f(a), (POP)

where

K:{:EGR":gl-(x)20f0ri:1,...,mandhi(x):Oforizl,...,l}. (1)

Polynomial optimization captures many hard problems in many areas such as com-
binatorial optimization, portfolio and energy optimization (see, for example, [13]
and references therein). Consequently, solving (POP) is hard in general. A com-
mon approach for approximating (and solving) (POP) is given by the so-called
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Lasserre sum-of-squares hierarchy, which is a sequence of semidefinite programs of
increasing size as we now describe.

We first introduce some notation. Throughout the article N={1,2,...,} and R
will denote, respectively, the set of positive integers and real numbers, and for an
integer n € N, we set [n] = {1,2,...,n}. We denote by R[z] := Rlz1,2z2,...,2,)
the ring of polynomials with real coefficients in the variables z1,...,x,. For d € N,
R[z]q denotes the set of polynomials with degree at most d. A polynomial p is a
sum of squares if we have p = 7" ¢? for some other polynomials qi,...,gp.
The cone of sums of squares is denoted by . For an integer r € N, we let
Y, = ¥NRz]., and we define the r-th truncated quadratic module generated by
the set of polynomials g = {g1,...,9m} as

M(g), = {Zoigi 10y € ¥, deg(o;9;) <rfori=0,1,...,m, and go = 1}.
i=0
The union

M(g) = | M(g).
r=0

is called the quadratic module generated by g. Given a set of polynomials
h ={hy,..., b}, the r-th truncated ideal generated by h is defined as

l
I(h), := {Z%‘hi ¢ € Rlz],deg(g;h;) <rfori=1,2,.. .,l}.
i=1
The ideal generated by h is the union
I(h) = | I(h),.
r=0

The Lasserre sum-of-squares hierarchy of problem (POP) [12] is defined as the
following sequence of relaxations: for r € N,

F =sup{A: f = A€ M(g), + I(h),}. (2)

Clearly, for all » > 1, we have f(") < f+1) < f* We say that the sets of polyno-
mials g = {g1,...,9m} and h = {hy,..., h} satisfy the Archimedean condition if
we have

n
N - aj € M(g)+1I(h) forsomeN €N, (3)
i=1
If the Archimedean condition is satisfied, then the hierarchy f(") converges asymp-
totically to f* as r — oco. This is a consequence of the celebrated Putinar’s Posi-
tivstellensatz [23].
We say that the Lasserre hierarchy £ has finite convergence if

) = £* for some r € N.

Finite convergence does not hold in general (see, e.g., Example 6.19 in [15]). Howev-
er, it has been shown that finite convergence holds under some mild conditions. We
recall some known results from the literature. Laurent [14] showed that if the set of
common complex zeros of hy,...,h; is finite (i.e, if the set
{x € C" : hy(x) = --- = Iy(x) = 0} is finite), then the Lasserre hierarchy f()
has finite convergence. Later, Nie [22] extended this result to the case when the
set of common real zeros is finite. That is, if {z € R™ : hy(z) = --- = ly(z) = 0}
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is finite, then the Lasserre hierarchy f(") has finite convergence. In addition, Nie
[21] showed that under the Archimedean condition the Lasserre hierarchy has fi-
nite convergence generically (here, generically means that the property holds in the
entire space of input data except on a set of Lebesgue measure zero). It has also
been observed by Henrion and Lasserre [6, 7] that finite convergence holds in many
numerical experiments.

The above results raise the question of whether it is possible to fully identify the
cases in which finite convergence holds (or fails). More specifically, (given f, g, and
h) does there exist an algorithmic procedure for deciding if the Lasserre hierarchy
of problem (POP) has finite convergence. We show that such a procedure cannot
run in polynomial time unless P=NP. This is the main result of this paper.

Theorem 1.1. The problem of deciding whether the Lasserre hierarchy of a poly-
nomial optimization problem has finite convergence is NP-hard.

We remark that our complexity result holds, in fact, under the Archimedean con-
dition, and more specifically for the class of standard quadratic programs, i.e., when
f is a quadratic function and K = A, is the standard simplex (when
g ={x1,22,...,2,}, and h= {31, z; — 1}).

Our approach is based on considering variations of the so-called Motzkin-Straus
formulation, which is a quadratic optimization problem for computing (the inverse
of) the stability number of a graph, as we briefly now describe. Our results also
permit us to fully characterize the graphs for which the Lasserre hierarchy of the
(original) Motzkin-Straus formulation has finite convergence. This forms the second
main result of this article (see Theorem 1.3).

1.1. Strategy of the proof. Given a graph G = (V = [n], E), a subset of vertices
S C V is called stable in G if {i,j} ¢ E for all distinct ¢,j € S. The stability
number of G, denoted by (@), is the maximum cardinality of a stable set in G.
Computing «(G) is a well-known NP-hard problem [8]. The starting point of our
approach is to consider the following formulation of ﬁ as the minimization of a
quadratic function over the standard simplex

A, = {:c eR": Z:z:z =1,z; >0forie [n]}
i=1
This formulation is due to Motzkin and Straus [19]. Let G = ([n], E') be a graph.
Then we have
1

o(G)
Here, I is the n x n identity matrix, and Ag is the adjacency matrix of G (i.e.,
(Ag)i’j =1if {Z7j} € F and (Ag)i’j =0 if {Z,j} ¢ E)

It has been observed that certain variations of problem (M-S) also find ﬁ
(Section 2, see also [16, 5]). In particular, we consider the following reformulation
(M-S-e) of ﬁ Let e € E be an edge of G, and let G\ e = (V, E \ {e}) be the
graph obtained by deleting the edge e from the graph G. Then, we have

1
a(G)
In this paper, we study the finite convergence of the Lasserre hierarchy for problem
(M-S) and some variations of it, in particular the ones of the form (M-S-e). The

= min {xT(AG +DNz:z € An}. (M-S)

= min {mT(AG +I+Ag\e)r € An}. (M-S-¢)
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notion of critical edges plays a crucial role in this analysis, as previously observed
in [16]. An edge e € E in a graph G is critical if o(G \ e) = a(G) + 1. For
example, in the odd cycles Coy, 1 (for n > 1) all edges are critical, while no edge is
critical in an even cycle Cyy, (for n > 2). A pair of vertices (i,7) is called a twin
pair if {i,7} € E and their sets of neighbours are equal (excluding 7 and j), i.e.,
Ne(@)\ {4} = Ne(4) \ {i}. If (i,7) is a twin pair in G, then contracting the edge
{i,7} in G produces the same graph as deleting the node 4, denoted by G \ i (and
isomorphic to G \ j).

Under the assumption that G has no twin pairs, we will characterize when the
Lasserre hierarchy of problem (M-S-¢) has finite convergence.

Proposition 1.2. Assume G has no twin pairs and let e be an edge of G. The
Lasserre hierarchy of problem (M-S-¢) has finite convergence if and only if the edge
e is not critical in G.

The result of Proposition 1.2 combined with the fact that deciding whether an
edge is critical in a graph without twin pairs is NP-hard (see Theorem 4.1) gives the
main result of our paper (Theorem 1.1). We also characterize when the Lasserre
hierarchy of (M-S) has finite convergence. This forms our second main result.

Theorem 1.3. Let G be a graph. The Lasserre hierarchy of problem (M-S) has
finite convergence if and only if the graph obtained after successively contracting all
the twin pairs of G does not have critical edges.

We remark that the “if part” in Proposition 1.2 and Theorem 1.3 essentially
follows from the previous work [16]. This relies on using a result by Nie [21] (see
Theorem 2.3) claiming that finite convergence holds if the classical optimality con-
ditions hold at every global minimizer. We describe these results in Section 2 for
the sake of completeness.

For the “only if” part in Proposition 1.2 and Theorem 1.3, we will exploit the
structure of the (infinitely many) minimizers of problems (M-S) and (M-S-¢) to
obtain information about the polynomials appearing in the sum-of-squares decom-
positions for the finite convergence. In fact, we show the result for a more general
class of problems (see formulation (M-S-B) in Section 2 and see Theorem 3.1 for
the more general statement).

1.2. Link to related literature. The complexity status of several decision prob-
lems in polynomial optimization has been studied recently. In [1], Ahmadi and
Zhang show that given two sets of polynomials g = {g1,...,9m} and
h ={hy,...,h} it is NP-hard to test whether the Archimedean property (3) holds.
In the same work, they study the problem of deciding whether the optimum of
problem (POP) is attained. In particular, they show that this problem is NP-hard
already when the objective is linear, and the constraints are quadratic. In addition,
Ahmadi and Zhang [2] show that there is no polynomial-time algorithm that de-
cides whether a quadratic program with a bounded feasible set has a unique local
minimizer. In [16], the author and Laurent showed that it is NP-hard to decide
whether a polynomial optimization problem has finitely many minimizers. In fact,
this hardness result holds already for standard quadratic programs. The proof of
the last two results also considers variations of the formulation (M-S) by Motzkin
and Straus, as we do in the present paper.
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The finite convergence of the Lasserre hierarchy of problem (M-S) has been s-
tudied recently. Indeed, in [16] it is shown that finite convergence holds for graphs
without critical edges (also recalled later in Theorem 2.4). In fact, this result ex-
tends for several formulations for the stability number of weighted graphs. The
following reformulation of problem (M-S) has been also considered:

1 : [e] [e] .
o - min{(z°?)" (Ag + 1)z°? : > a7 =1},
i=1
where 1°2 = (22,23,...,22). Recently, the author and Schweighofer [26] showed

that the Lasserre hierarchy of this problem always has finite convergence, for every
graph G.

The Lasserre hierarchy of a (POP) has finite convergence if and only if a certain
polynomial (namely, f — f*) which is nonnegative (with zeros) on the semialge-
braic set K belongs to the quadratic module M(g) 4+ I(h). The representation of
nonnegative polynomials in quadratic modules has been intensively studied in the
literature. We highlight the works by Putinar [23], Scheiderer [24, 25], Marshall
[17, 18], Kriel and Schweighofer[10, 11], and references therein.

1.3. Organization of the paper. In Section 2 we recall the formulation (M-S)
by Motzkin and Straus and some variations of it. Then, we recap some known
results about their minimizers and their Lasserre hierarchies. In addition, we recall
a result by Nie that permits to show finite convergence of the Lasserre hierarchy
under the classical optimality conditions. In Section 3, we prove Theorem 1.3, that
is, we characterize the graphs for which the Lasserre hierarchy of problem (M-S)
has finite convergence. In fact, we show a more general result (Theorem 3.1) that
will be used later for showing our main complexity result. Finally, in Section 4
we show our main result. Namely, we show that the problem of deciding whether
the Lasserre hierarchy of a given polynomial optimization has finite convergence is
NP-hard.

The main results of this article were included in the PhD thesis [27].

2. Preliminaries.

2.1. Stability number of a graph. We start by recalling the result by Motzkin
and Straus that gives the following formulation (M-S) for ﬁ, already mentioned
in the Introduction.

Theorem 2.1. Let G = (|n], E) be a graph, then
1
a0 = min {xT(Ag—i—I)x tx € An}. (M-S)
Observe that given a graph G and a stable set S of G of size a(G) the vector
& = gigyx” is a minimizer of problem (M-S). Here, x* € R" is the characteristic
vector of S (defined by (x°); = 1 fori € S and (x°); = 0 for i € [n]\S). In general,
problem (M-S) might have infinitely many minimzers as shown in [5] (see also [16]
and Theorem 2.2).
In this paper, we consider some variations of problem (M-S). For this, given a
graph G we consider the following set of matrices

B(G)={BeS":By=1B;>1for {i,j} € E,B;; =0 for {i,j} ¢ E} (4)



6 LUIS FELIPE VARGAS

So, Ag + I € B(G). Moreover, for all B € B(G) we have B > Ag + I, where the
inequality is understood entry-wise. Then, for all B € B(G) the following equality
holds as a consequence of Theorem 2.1:

ﬁ = min {xTBx tx € An}. (M-5-B)

Indeed, the vectors of the form z = ﬁ x° (with S stable in G of size a(G)) give
2T Bx = ﬁ, and for all x € A,, we have 27 Bx > 27 (Ag + I)z. We now consider
the Lasserre hierarchy corresponding to problem (M-S-B).

For convenience, we denote by M(z1,...,z,) (resp. M(zx1,...,2,),) the qua-
dratic module (resp. the r-th truncated quadratic module) generated by the set
of polynomials {z1,x2,...,2Z,}. Also, we denote by Ia, (resp IA, » the ideal (re-
sp. r-th truncated ideal) generated by the polynomial " ; — 1. The Lasserre
relaxation of order r for problem (M-S-B) reads

fg)B =max{\: 2" Bz — X\ € M(z1,22,...,20)r + In, +}. (5)
When B = Ag + I, we simply write fg). That is, we define fg = g)Ac-‘rI’ ie.,
g) = max{\: el (Ag + Dz — X € M(zy,29,...,20)r + In, r}- (6)

It is a well-known fact that the Archimedean condition (3) is satisfied by the sets
g ={z1,...,z,} and h = {3, 2, — 1}. We repeat here the easy argument for
the sake of completeness. We have the following identities

1—xi=(1—2xk>—|— Z (7)
n)\{i}
1—9;?:%(1—%”%

Using identities (7) and (8), we have that 1 — 2? € M(x1,...,2,) + Ia, for all
i € [n]. Then, summing up the identities (8) for i € [n] we obtain

(14 24). (8)

n
Z(l—x Zm € M(z1,...,2n) + Ia,,
i=1

as desired.

It is also well-known that the program (5) (and thus (6)) is feasible and attains
its maximum, thus the ‘sup’ from the definition of the Lasserre hierarchy can be
replaced by a ‘'max’. We repeat the argument for completeness as well. If B > 0
(i.e., all its eigenvalues are nonnegative), then the polynomial 27 Bz is a sum of
squares and thus 27 Bz € M(x1,...,,). Otherwise, the matrix B — il is positive
semidefinite, where p := Apin(B) < 0. Then, the polynomial

e'Bx —np = 2T (B — pl)z — p(n — fo)
i=1

belongs to M(x1, 2, ...,x,)+ I, , showing feasibility of program (5). Finally, the
optimum of program (5) is attained because the feasible region is a closed set (see

[17]).-
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It has been shown in [16] that the notion of critical edges plays a role in the anal-
ysis of the minimizers of problem (M-S-B) and of the convergence of the hierarchies
f(GT)B and fg). Recall that an edge e € E is critical if G if a(G \ e) = o(G) + 1. For
a vector x € R™, we denote by supp(z) = {i € [n] : z; > 0} its support. We have
the following result.

Theorem 2.2 (particular case of Corollary 4.4. in [16]). Let G = (V, E) be a graph,
and let B € B(G). Let x € A, with support S = supp(x), and let C1,Cs,...,Cy
denote the connected components of the graph G[S]. Then, x is a minimizer of
problem (M-S-B) if and only if the following holds:

(i): Bij =1 for all edges {i,j} of G[S],

(ii): Cy, is a clique of G for all h € [k],

(iii): Y e, i = ﬁ for all h € [Kk].

In this case all edges of G[S] are critical in G.

This result is used to study the finite convergence of the hierarchies fgg, as
described in the following sections.

2.2. Optimality conditions and finite convergence. In this section, we recall
a result of Nie for proving the finite convergence of Lasserre hierarchies when the
classical optimality conditions hold. We first do a quick recap of the classical opti-
mality conditions applied to problem (POP) (although it holds for a more general
class of problems as described in [3]):

Let u be a local minimizer of problem (POP), and let

J(u) ={j € [m] : gj(u) = 0}
be the index set of the active inequality constraints at u. We say that the constraint
qualification condition (CQC) holds at w if the vectors

{Vg(u):jeJw)}U{Vh(u):ie[l]}

are linearly independent. If (CQC) holds at u, then there exist multipliers Ay, ...,
Aky 1, - -5 bm € R such that

l m
Vf(u) = Z AiVhi(u) + Z 15V 95 (w),

,Ltlgl(u) = 07 e 7Mmgm(u) = Oa,ul Z 07,Ltm Z 0.
If it holds that
p; > 0 for every j € J(u), and p; =0 for j € [m]\ J(u),

then we say that the strict complementarity condition (SCC) holds at u. We define
now the Lagrangian function
!

L(x) = f(z) = Y Nihi(x) = > pig;(x).

i=1 JE€JI(u)
A necessary condition for u to be a local minimizer is the following;:
vTV2L(u)v > 0 for all v € G(u)*,
where G(u) is defined as the matrix with rows the gradients of the active constraints

at u, and G(u)* is its kernel. Hence, we have

Gu)t ={zeR": xTng(u) =0 for all j € J(u) and
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TVh(u) = 0 for all i € [I]}.
If it holds that
vTV2L(u)v > 0 for all 0 # v € G(u)?*,
then we say that the second order sufficiency condition (SOSC) holds at w.

The relation between the optimality conditions just described and the finite con-
vergence of the Lasserre hierarchy of (POP) is given by the following result of Nie
[21].

Theorem 2.3 ([21]). Assume the Archimedean condition is satisfied by the sets
g ={g1,---,9m}y and h = {hy,...,i}. If the conditions (CQC), (SCC) and
(SOSC) hold at every global minimizer of (POP), then the Lasserre hierarchy f()
has finite convergence.

2.3. Finite convergence for graphs with no critical edges. As an application
of Theorem 2.2 and Theorem 2.3 we obtain the following result. This a particular
case of a more general result obtained in the previous work [16]. Specifically, it
follows by considering a particular case of Proposition 4.5. and Theorem 5.1. in
[16].

Theorem 2.4 ([16]). Let G = ([n], E) be a graph, and let B € B(G). The following
three assertions are equivalent:
(i): By > 1 for every critical edge {l,m} of G.
(ii): Problem (M-S-B) has finitely many minimizers.
(iii): All minimizers of problem (M-S-B) satisfy the optimality conditions (C-
QC), (SCC), (505C).

In addition, any of these three assertions imply the following:

(iv): The hierarchy fg)B has finite convergence.

In the next section, we will study situations in which assertion (iv) is equivalent
to assertions (i)-(ii)-(iii).

3. Characterizing finite convergence. In this section, we aim to characterize
when the hierarchy fg)B (and fg )) has finite convergence. As a main result, we
characterize the graphs for which the hierarchy fg ) (of problem (M-S)) has finite
convergence (Theorem 1.3). For this, we will show a more general result (Theo-

rem 3.1) that we will use also in Section 4 for showing our main complexity result
(Theorem 1.1).

In the absence of twin pairs. The result of Theorem 2.4 gives sufficient con-
ditions for the hierarchy fg ZB to have finite convergence. We show that when the
graph G does not have twin pairs these sufficient conditions are in fact necessary.

Theorem 3.1. Let G = ([n], E) be a graph without twin pairs and let B € B(G).

The Lasserre hierarchy fg)B has finite convergence to ﬁ if and only if, for every

critical edge {l,m} of G, we have By, > 1.

Proof. The ‘if’ part follows from Theorem 2.4. For the ‘only if’ part we proceed by
contradiction as follows. Assume there is a critical edge {l,m} such that By, = 1.
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We assume, moreover, that fg )B has finite convergence, that is, there exist o, 0; € %
for i € [n], and ¢ € R[x] such that

xTBx—a(lG):0+gxiai+q~<§xi—l). (9)

Since the edge {l,m} is critical, we observe that there exists S C V such that SU{l}

and SU{m} are stable of size a(G) in G. By Theorem 2.2, for ¢t € (0, 1), the vector
1
Up = ——~

a(@)'
is an optimal solution of problem (M-S-B), i.e., u] Bu; = ﬁ and u; € A,. We

tXSU{l} + (1 _ t)XSU{m})

evaluate relation (9) at = + u; and we obtain

' Bx + 207 Bu; = o(x 4 ug) + Z(SL‘ + up)ioi(x + up) + g(a + ut)(z x;). (10)
i=1 i=1
Now, we will reach a contradiction by comparing coefficients at both sides in relation
(10). First, since there is no constant term on the left-hand side, the constant term
on the right-hand side is equal to zero. That is,
1 t 1-1¢

N s A 7 nY9m =0.
o(ut) + (@) ;0 (ug) + a(G)al(ut) + Q(G)U (ug)

Since all terms are nonnegative we have that, for every ¢t € (0,1), o(us) =0 and
oi(ug) =0 for ¢ € SU{l,m}. Then, for every t € (0, 1), the polynomials o(x + u;),
and o;(x + u) (for i € SU{l,m}}) do not have a constant term and therefore do
not have linear terms. Now, we compare the coefficient of x5, where s € S. On the
left hand side of (10), it is equal to

2
2 ' Z Bsi(ut)i - 2Bss(ut)s - m
ieSuU{l,m}

On the right hand side of (10), the polynomials o(x + u;) and (x 4 ug);04(x + ug)
for i € SU{l, m} have no linear term, and for ¢ € [n]\ (SU{l, m}), the polynomials
(x+wut);0(x+uy) are divisible by x;. Hence, the coefficient of z is g(u;). Therefore,
q(u) = % Let j € [n] be such that j € Ng(l) and j ¢ Ng(m). Here, we use
that [ and m are not twin nodes (we switch [ and m if necessary). We compare the
coefficient of x; at both sides of (10). In the left hand side, the coefficient of x; is
2 EiGSU{l,m} Bij(ut); = ﬁBUt + ﬁ > icg Bij. Finally, on the right-hand side,

the coefficient of z; is o;(u;) + q(w) = o (wr) + % Hence, we obtain

2 2 2
O'j(ut) = a(G)Bljt+ a(G) ;Blj — m

This is a contradiction because o;(u;) is a sum of squares of polynomials in ¢, while
the polynomial in the right hand has degree 1 (since B;; > 1). O

Finite convergence for the Motzkin-Straus formulation (M-S). Now we
show Theorem 1.3. Namely, we characterize the graphs G for which the Lasserre

hierarchy fg) (of problem (M-S)) has finite convergence. For this, we first show

that the finite convergence of the hierarchy fg) is not affected by contracting twin
pairs.
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Lemma 3.2. Let G = {[n], E} be a graph such that (1,2) is a twin pair. The

hierarchy fg) has finite convergence if and only if the hierarchy fg\)l has finite
convergence.

Proof. Clearly, we have that a(G \ 1) = a(G). We now show that fg) = ﬁ if
and only if fg\)l = ﬁ
The ‘only if’ part follows directly by replacing z; = 0 in the definition of fg)

(see relation (6)). Assume now that fg\)l = a(lG)' Then, we have

1 n n
T _ . ) _
T (AG\I +I)x_m —00+§Jf10ﬁ+q (zz:;xl 1)7 (11)
for some o9 € Xy, 02,...,0, € Xr_1, q € R[z],. Now, we set

fo =" (Ag + Nz € R[z1, 20, .., 2,], and

fg\l = IT(Ag\l + Dz € Rlza, 23, ..., Tp].
Observe that the following equality holds:

fG(mla T, .. ) = fG\l(xl + T2, X3y ,Z’n).

Then, by replacing o by x1 + z2 in relation (11) we obtain

1 n n
T — g . ~. ~. o —
' (Ag + 1)z — a@) G0 + (x1 + 22)02 +§$z01 +q (;xz 1),
where
0i(T1,22, ..., Tpn) :=o(x1 + X2, T3, ..., Ty,), and
(j(xlax%'"axn) = q(xl +$2,£L’3,..-,$n)
Clearly, og € X, 02,...,0, € ¥,_1 and ¢ € R[z],. This shows pg) = ﬁ O

Now, we are able to proof Theorem 1.3. We repeat the statement for the sake of
clarity.

Theorem 1.3. Let G be a graph. The Lasserre hierarchy of problem (M-S) has
finite convergence if and only if the graph obtained after successively contracting
all the twin pairs of G does not have critical edges.

Proof. Let G be the graph obtained by successively contracting all the twin pairs
from G, so that G does not have twin pairs. By Lemma 3.2, the Lasserre hierarchy
of problem (M-S) for the graph G has finite convergence if and only the Lasserre
hierarchy of problem (M-S) for the graph G has finite convergence. By Theorem 3.1
(using B = I + Ag), the Lasserre hierarchy of problem (M-S) for the graph G has
finite convergence if and only if G does not have critical edges. O

4. Complexity result. In this section, we show the main result of the paper
(Theorem 1.1). Namely, we resolve the complexity status of the problem FINITE-
CONYV, defined as follows.

FINITE-CONYV: Given a polynomial optimization problem (POP), does the cor-
responding Lasserre hierarchy f(") have finite convergence to f*?
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We will show that (FINITE-CONV) is NP-hard, already for standard quadrat-
ic programs. For this, we will consider the class of problems (M-S-B), where
B € B(G) and G is a graph. As mentioned in the introduction, the formulation
by Motzkin and Straus for %G) has already been used for resolving the complexity
status of several problems in continuous optimization.

4.1. Linear programs. Consider first the case when (POP) is a linear optimiza-
tion problem of the form

p* =inf{c"2z: Az > b, Dx = f}, (L-P)

where A € R™*™ D e R™! b e R™, feR ceR™ Let a; (for i € [m]) and d;
(for ¢ € [I]) denote, respectively, the rows of the matrices A and D. Then, problem
(L-P) reads

p* = inf {ch :alx —b; >0 for i € [m)] LP)
L-P
ATz — fi =0 foric [l]}.

We show that for the class of problems (L-P) (FINITE-CONV) can be solved in
polynomial time. Observe that the first level of the Lasserre sum-of-squares hierar-
chy for problem (L-P) finds its optimum p*. Indeed, the first level of the hierarchy
pM) reads
m l
pM= sup {A:cTz—A= Zai(afx — b))+ Z,Bl(d,T —f)}
AER,a€RY i=1 i=1
BeR!

By equating coefficients at both sides we obtain that this problem reads

PV = sup {Tb+8Tf: c¢=ATa+ DTS
a€R’} ,BER!

Note that this is precisely the dual linear program of (L-P). Hence, finite con-
vergence always holds for linear programs, already at level r = 1.

4.2. Hardness in standard quadratic programs. We now show that the prob-
lem (FINITE-CONYV) is NP-hard already for the class of standard quadratic pro-
grams. For this, we recall the recall problem (M-S-¢) that was considered already
in the Introduction. Let G = (V, E) be a graph without twin pairs and let e € E.

L
a(G)
We will show that deciding whether the Lasserre hierarchy of problem (M-S-¢) has

finite convergence is NP-hard. First, we show the following result that was already
announced in the Introduction.

= min {a:T(AG + I+ Ag\e)r € An}. (M-S-¢)

Proposition 1.2. Assume G has no twin pairs and let e be an edge of G. The
Lasserre hierarchy of problem (M-S-¢) has finite convergence if and only if the edge
e is not critical in G.

Proof. This is a problem of the form (M-S-B) with B = Ag + 1+ Ag\.. As a direct
application of Theorem 3.1 we obtain the desired result. O
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To conclude, we show that deciding whether an edge is critical in a graph without
twin pairs is an NP-hard problem. For this, we consider the following two problems.

CRITICAL-EDGE*: Given a graph G = (V, E) without twin pairs and an
edge e € F, is e a critical edge of G?

STABLE-SET: Given a graph G and k € N, does a(G) > k hold?

The problem STABLE-SET is well-known to be NP-Complete [8]. From this,
we now prove that unless P=NP there is no polynomial-time algorithm for solving
CRITICAL-EDGE*. !

Theorem 4.1. If there is a polynomial-time algorithm that solves the problem
CRITICAL-EDGE¥, then P=NP.

Proof. Assume that there exists an algorithm A that solves CRITICAL-EDGE* in
polynomial time. We will describe an algorithm that finds the stability number of
a graph «(G) in polynomial time.

For describing the algorithm, we will first describe an operation that will be used
repeatedly.

Contract all twin pairs CTP(G):

Input: A graph G,

Output: The graph G’ obtained by successively contracting all the twin pairs

from G. We have that G’ does not have twin pairs,

V(G| < [V(G)], B(G") < E(G) and a(G') = o(G).

We observe that RT'P(G) can be carried out in polynomial time. Indeed, it can be
checked in polynomial time whether G has a twin pair, by checking all pair of nodes
and their sets of neighbors. If we find a twin pair (u,v), then update the graph
G — G\ u by deleting the node u, and we have a(G) = a(G \ u). This operation is
done successively until we obtain a graph G’ that does not have twin pairs. Observe
that the remaining graph satisfies that a(G’) = a(G).

Now we present an algorithm that finds the stability number of a graph.

Input: A graph G, Output: «(G).

Step 0: Initialize d=0,c=0, H=G

Step 1: Compute CTP(H),
Update d — d + |H| — |CTP(H)|,
Update H — CTP(H).

Step 2: If H has no edge STOP.

Step 3: Pick an edge e of H and decide if e is critical or not in H.
If e is critical, update ¢ = ¢+ 1
Update H — H \ e.
Go to Step 1.

Return: |[V(G)| —d —c.

In a previous work of the author with Monique Laurent [16] it was shown that the problem
of deciding whether an edge is critical in a graph is NP-hard. Here, we extend this argument to
the problem CRITICAL-EDGE*, which has the additional condition that G has no twin pairs.
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Observe that this algorithm runs in polynomial time. Indeed, Step 1 runs in poly-
nomial time as explained above. Step 3 runs in polynomial time by assumption, as
the graph does not have twin pairs. Now we verify the correctness of the algorithm.
Clearly, the algorithm terminates because at each step either the number of nodes
or edges is decreasing. Let G be the last update of the graph H in the algorithm.
The only step where nodes are deleted is in Step 1, in the operation CT P(H). The
parameter d counts the number of nodes that are deleted. Therefore, the number
of nodes of the remaining graph G is

V()| =V(G)|—d.

In Step 1 the stability number «(H) remains invariant. In Step 3 the stability
number increases by 1 precisely when e is critical. Hence,

a(G) = a(G) + .

On the other hand, when the algorithm terminates the graph H does not have
edges. Thus, a(G) = |V(G)|. In summary, we have found that

a(G) = V(@) —d—c,
which is precisely the output of the algorithm. O

We finally prove Theorem 1.1, which forms the main contribution of this paper.
We repeat the statement for the sake of clarity.

Theorem 1.1. The problem of deciding whether the Lasserre hierarchy of a poly-
nomial optimization problem has finite convergence is NP-hard.

Proof. Let G be a graph without twin pairs, and let e be an edge of G. We consider
the problem (M-S-¢). In Proposition 1.2, we show that the Lasserre hierarchy of
this problem has finite convergence if and only if e is not critical. In Theorem 4.1
we show that the problem of deciding whether an edge is critical in a graph without
twin pairs is NP-hard. Combining these two results we obtain that it is NP-hard to
decide whether the Lasserre hierarchy of problem (M-S-¢) has finite convergence. [
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