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Chapter 1

Introduction

In today’s world, data surrounds us like air. For instance, devices like the Apple Watch
continuously collect data about our daily routines, exercise habits, and more. However,
this vast amount of data must be organized and analyzed before meaningful conclusions
can be drawn. Solving practical problems with data is at the core of the science called
statistics. Over the years, statistics has demonstrated its value across various research
fields, such as bioinformatics and sociological research. In the era of big data, where
new data constantly accumulates, we need statistical methods that can handle these
continuous data flows and enable real-time decision-making.

This dissertation focuses on an anytime-valid method (called the e-value method), a
powerful approach designed to tackle hypothesis testing problems within streaming
data contexts. Throughout this work, we develop numerous mathematical results
concerning the theory of the e-value method for hypothesis testing. In this introductory
chapter, we introduce the key topics covered in the dissertation.

First, Section [L.1] introduces the hypothesis testing problem and discusses how it
is addressed by classical methods. We then illustrate the problems that arise when
these traditional methods are used sequentially as the data come in. In Section [[.2} we
present the core concept of the e-value method and explain why it works “safely” for
real-time decision-making. Section [L.3| covers preliminary knowledge that is frequently
referenced in later chapters but not introduced in detail in those chapters. Section
provides an introduction to the exponential families, which are a central focus of
this dissertation. Lastly, in Section [[.5] we offer an outline of each chapter of the
dissertation.

1.1 Hypothesis testing

Hypothesis testing is a common practice in everyday life. For example, during winter,
I often feel discomfort in my stomach after having lunch at the CWI canteen. Since I
rarely ate cold food in China during winter, I suspect that the cold vegetable salad
might be causing this discomfort. To test my suspicion, I eat the cold salad on some
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random days over the course of a month and monitor how my stomach feels each day.
If my stomach consistently feels bad after eating the cold salad but feels fine on other
days, this would provide strong evidence that my suspicion is correct. Of course, one
could argue that it might just be coincidence, but such coincidence would have an
extremely low probability if my suspicion is wrong.

To explain hypothesis testing further, suppose we have collected n observations,
denoted X1y, X(2),.... We are interested in whether these observations are consistent
with one of two hypotheses: the null hypothesis (Hg) or the alternative hypothesis
(H1). In the example above, Hy might be “Eating cold vegetable salad does NOT
cause stomach discomfort”, while 1 would be “Eating cold vegetable salad does cause
stomach discomfort”. In general, H represents a status quo assumption or a standard
model that the data might conform to, while 7 represents a departure from H.

Ho and H; are usually formalized as probability distributions. For example,
the data X(;), X(),... are independent and identically distributed (i.i.d.). Each
Xy is of the form (Y(;),G;) with Y(;) € {FEEL GOOD, FEEL BAD} and G(; €
{EAT SALAD, NOT EAT SALAD}. Then H, is the set of conditional distributions with

Pr(Y(;) = FEEL GOOD|G(;) = EAT SALAD)
=Pr(Y(;) = FEEL GOOD|G ;) = NOT EAT SALAD);

and H; is the set of conditional distributions, in which the first probability is smaller
than the second one.

There are many approaches to hypothesis testing, roughly categorized as frequentist
or Bayesian methods, as explained in detail by Royall [74]. The frequentist approach is
further divided into Fisherian and Neyman-Pearson tests. Fisherian testing focuses on
measuring the evidence against Ho using the p-value (defined later); the smaller the
p-value, the stronger the evidence against Hy. In this framework, there is no explicit
H1, as the test focuses solely on Hy. On the other hand, the Neyman-Pearson approach
explicitly compares two hypotheses, Hg and H;, with the goal of choosing one over the
other. We will omit Bayesian methods here because we do not use them so much in
the thesis.

In some chapters in the thesis, we use Hy to denote the statement defining the
null hypothesis (Chapter [2 and Chapter [3)), and P to denote the corresponding set of
distributions. Similarly, we use H; to denote the statement defining the alternative,
and Q to denote the distributions. In other chapters including this introduction, we use
Ho and H; to directly denote both the set of distributions and their defining statement.

The general goal in all chapters of this thesis is to choose between a null hypothesis
Ho and an alternative H; based on the observations x(y), x(2),.... Both H; and Hg
can be composite, meaning they may consist of multiple possible distributions rather
than a single, fixed one. For example, consider testing whether a coin is fair. The null
hypothesis H( asserts that the coin is fair, meaning the probability of getting “heads”
in a coin toss is exactly 0.5. In this case, the null model space is simple, corresponding
to a Bernoulli distribution with parameter 0.5. Hj is referred to as a simple hypothesis.
On the other hand, the alternative hypothesis H; claims the coin is not fair. This
means the probability of getting “heads” could be any value except 0.5, specifically any
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real number 6 € [0,0.5) U (0.5,1]. Since this allows for a range of different probabilities,
H1 is referred to as a composite hypothesis.

This is one of the most common settings today. While we will not cover all classical
hypothesis testing methods, we will introduce one of the most well-known: the p-value
method.

p-value A p-value is the probability of obtaining test results at least as extreme
as the result actually observed, under the assumption that the null hypothesis Hy is
true. Mathematically, a strict p-value is a random variable p such that for any given
significance level @ € [0,1] and for all Py € H,,
Pyp<a)=a.
In practice, for a set of observations z(") := T(1), -+, T(n), We reject Ho if the p-value
computed from these observations is less than or equal to «, which is commonly set at
0.05. Otherwise, we fail to reject Hy.
To better understand this, let us look at a couple of classical examples.

Example 1. [Correct coin toss test] This test examines whether a coin is fair. The
same example is discussed in Pérez-Ortiz’s PhD dissertation [69]. We toss the coin n
times, and from these observations z(™) = T(1),-- T (n), We record each time whether
“heads” or “tails” appears. The empirical mean is defined as:

1
t(z™) = E#{heads in (™},

The number of heads follows a binomial distribution, and by the Central Limit Theorem
(CLT), if Ho (the coin is fair) is true, (X (™)) approximately complies with a Gaussian
distribution.

Suppose we have an observation (™ and get #(2(™) = 1/24t*. Then the event “If
we would replicate the experiment, we get a result ¢(X (")) that is at least as extreme
as the result actually observed” is given by t(X(") € (—00,1/2 — t*] U [1/2 + t*, 00).
Note that now X (") refers to “new” data, whereas (™) refers to the actually observed
data—see the red intervals in Figure[[.1} Then the p-value corresponding to statistic
t(z(™) is defined as the probability that ¢(X (™)) falls within the red intervals. For each
value of t*, there is a corresponding p-value. If t* = 0.98/1/n, then the p-value is 0.05.

The p-value method would reject Hg if (X (™) falls inside these red intervals,
resulting in a Type-I error (i.e., false rejection of Hy) guarantee with a probability of
0.05. That is

Type-I error := Pr(REJECT Ho|Ho IS TRUE),

which equals 0.05 in this example. This demonstrates the validity of the p-value method
in this example, as it controls the Type-I error at a significance level 0.05.

Example 2. [Incorrect coin toss test] If we extend the previous example to an
online streaming case, the p-value method violates the Type-I error control. Here, we
keep tossing the coin, collecting new observations, and computing t(ac(”)) at each step
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Figure 1.1: If the p-value p = 0.05, then t* = 0.98/+/n.

until ¢(z(™) eventually falls outside the interval [1/2 — 0.98//n,1/2 4 0.98/+/n]. Due
to the randomness in sampling, extreme values will occur eventually, leading us to
reject Hg even if Hy is true. In this scenario, the Type-I error becomes 1, showing that
the p-value method is no longer valid. This will be illustrated in Figure [1.2

We will demonstrate that the e-value method remains valid in the scenario described
in the above examples, to be discussed in Section [I[.:2} Furthermore, to illustrate why
the Type-I error exceeds o in Example 2] we provide a clearer explanation in the next
example.

Example 3. [Multi-stage tests] Consider the following multi-stage experiment.
Initially, researchers collect a dataset X (") and compute the p-value p;. They reject
Ho if p1 < 0.05, and accept Hg if p; > 0.1. However, if 0.05 < p; < 0.1, they deem the
evidence inconclusive but promising. Therefore, they collect a new sample X'("™) and
compute a new p-value py based on joining datasets X (™ and X’("). They reject H
if po < 0.05, otherwise they accept Hy.

Let us represent the event where 0.05 < p; < 0.1 as G. The total Type-I error
exceeds 0.05 because:

Type-I error = 0.05 + Py(G) - Po(p2 < 0.05 | G) > 0.05.

This shows that the p-value method fails to control the Type-I error in the multi-stage
testing, which already happens when there are just 2 stages. In practice, there are
often multiple stages, which further increases the overall Type-I error.

In the next subsection, we will show that the e-value method consistently succeeds
in the scenarios presented in these examples. More generally, the test process using
the e-value method can be halted at any time without requiring a predefined stopping
rule, offering greater flexibility compared to traditional methods.

1.2 Anytime-valid tests: e-value, e-process

In Section [I1] we discussed a flaw of the p-value in sequential testing. The issue of
sampling until a significant result is obtained has actually been debated by statisticians
since at least the 1940s. Feller in 1940 [34] observed this issue in studies of extra-sensory
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perception, and Anscombe in 1954 [4] famously called it “sampling to a foregone
conclusion.” Robbins in 1952 [73] also pointed out this problem. However, it was not
until 2019 that a fully general framework emerged to address it. In that year, four
papers from different research groups were published on arXiv, laying the foundation
for what would soon become known as the concept of the e-value [42] 05 0T [76]. We
will now introduce this general framework.

e-variable, e-value Consider a batch of data (a random vector) X, which can be
collected sequentially or all at once. We define a nonnegative statistic S(X), that is a
function of the observed data. Let Ho = {Pg : @ € O} be the set of distributions for X
defined within their parameter space ©. If the statistic S(X) satisfies the condition:

for all P € Hy : Ep[S(X)] <1, (1.2.1)

then we refer to S(X) as an e-variable relative to Hgy. The value of S(X) computed
from the observed data is called the e-value.

Similar to how we test with p-values, we first set a significance level a € [0, 1] before
conducting an e-value-based test. Given a sample X, we construct an e-variable S(X)
using the entire sample at once, and we reject Hg if and only if S(X) > 1/«. This is
analogous to the traditional p-value approach. This approach ensures a Type-I error
guarantee, as can be explained by Markov’s inequality:

sup Ep[S(X)]
PcHo < o

Type-I error = Pr(S(X) > 1/a|Ho 1S TRUE) < # <
@

However, data is sometimes collected sequentially, requiring us to make decisions
at any time using the data collected so far. A specific example of this is provided
in Example 2] and Example 3] In contrast to p-value methods, the e-value method
can also be applied for testing with a data stream while maintaining a Type-I error
guarantee. We divide this situation into two types: optional continuation and optional

stopping.

Optional continuation Consider a stream of data batches X(;), X(2),.... We

assume the X(;) are independent. Let S(X(;)) be an e-variable based on X(;). Then,
N

for any positive integer N € N*, we define the product SV) := [] S(X(;)), which
i=1

remains an e-variable. In other words,

forall P€Ho:  Ep [S(M] <1, (1.2.2)

which can be shown as follows: since S(X(1)),...,S(X(n)) are independent, it follows
that for all P € Ho,

Ep |S™)] = ﬁ]EP [S(Xa)] <1.
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Then, if we reject Ho when SO) > 1/a, the Type I error is bounded by level o. This
is because, by Markov’s inequality,

sup Ep [S(N)]
PeHo

Type-I error = Pr (S(N) > l/a’Ho IS TRUE) < 7
a

<a.  (1.2.3)

This inequality holds for every fixed N. However, as shown by Griinwald et al [42],
still holds if N is any data dependent stopping time. A stopping time is a
time determined by a rule that, at each step N, decides—based on the data observed
so far, X1, Xo,..., Xy—whether to stop or continue. For example: “stop as soon as
SN) > 1/a”, or “N = 10", or “stop if Xy contains 0”. For a formal definition of
stopping time, we refer to Ramdas et al. [71].

In more detail, Griinwald et al [42] show that S™), S(?) . is a test supermartingale [T7],
which is a nonnegative supermartingale with Ep[S(1)] < 1. This implies (1.2.3) and
also implies that Ville’s inequality [90] holds, then further implies, for all P € H,, we
have

< —— <aq, (1.2.4)

Type-I error < Pr ( sup SV > 1/a|’Ho IS TRUE 1/
«

N:N>0

) O EplsY]

where (x) follows from Ville’s inequality. We say that the e-value method preserves
Type-I error guarantees under optional continuation.

Optional stopping Now suppose each X(;) is a single (just one) data point and we
have an e-variable S(X(;)) for each point X(;. But now by (1.2.4), we can do optional
stopping - stop at any point we like, and still preserve Type-I error guarantees.

e-process So far, we have assumed that the data stream Xy, X(2),... is composed
of independent observations, which also led to the independence of S(X (1)), S(X(2)), - - -
by construction. However, in practice, they can be dependent. In this thesis, the X
in the data streams considered will always be independent, but we may use different
e-variables S that could be dependent. We directly define a stochastic process
SM 8@ with S a nonnegative statistic of X1y, -+ X(5), satistying

forall Pe Ho:  sup Ep {SW)} <1, (1.2.5)
NeT

where T is the set of all valid stopping times. We call such a process an e-process.

Ramdas et al. [72] show that if a stochastic process SV, S() ... is an e-process,
then for all P € H,, there is a test martingale Mg), Mg), ... such that S® < M}(;)
holds for every i > 0. Therefore, an e-process ensures that the Type-I error remains
bounded, which is derived by Ville’s inequality again, as in .

Let us run a simple simulation comparing an e-process with the traditional p-value
method, as illustrated in Example The results of this simulation are shown in
Figure In this example, the p-value method fails to maintain the Type-I error
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Figure 1.2: A toy simulation for Example [2| is conducted. Similar simulations are also
presented by Ly et al. [65] and Turner et al. [88]. In this setup, samples are drawn from

a Bernoulli(1/2) distribution. We define Sy := %, where po.o(X(;)) denotes the

probability mass function (pmf) of a Bernoulli(O.Q) distribution. S(iy is an e-variable because
it can easily be checked that it complies with . We obtain a new observation at each

time step, then calculate the p-value p(¢(X t))) and e-value S® := H S(;) at time ¢ using

the first ¢t samples observed. This process continues until all samples are examined. If, at
any time t € {1,2,...,300}, p(¢ (X(t>)) < 0.05, we reject Ho; similarly, we reject Ho based on
the e-value if there exists a time ¢’ € {1,2,...,300} such that S > 20. This simulation is
repeated 3000 times, and we compute the rejection rates for both the p- value and e-value.
This simulation shows that the Type-I error of sequentially testing S > 5o remains forever
below 0.05, whereas the Type-I error of sequentially using the p(¢ (Xm)) < 0 05 violates the
level 0.05.
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guarantee, while the e-process method successfully controls the Type-I error rate as
expected. This demonstrates the robustness of the e-process approach in contrast to
the p-value method, which can be prone to inflation of Type-I error in certain scenarios.

In this thesis, we rely on various pieces of preliminary knowledge, though they may
not be explicitly mentioned in each corresponding chapter. Therefore, we have included
essential preliminary knowledge in the following subsections.

1.3 Preliminary knowledge: RIPr and e-power

RIPr Suppose we have a distribution @ and a set of distributions P. The goal is
to find the distribution in P that is ‘closest’ to (). One common way to measure the
divergence between two distributions is by using Kullback-Leibler (KL) Divergence,
denoted as D(Q||P), which is defined as:

D(Q||P) :==Ex~q {log q(X)} ,

p(X)

where ¢(X) and p(X) are the probability densities of @ and P, respectively.

We define W(P) to be the Choquet convex hull of P. This means that W(P) is a
convex set, and distribution Py € W(P), if and only of there is a proper prior W on
‘P such that:

pw(X) = /p(X)dW(p)-

Tt is clear that P C W(P) because, for any P € P, we can place all the prior mass on
P. We define P*, the Reverse Information Projection (RIPr) of @ onto P [60], [27], as
the distribution in W(P) that minimizes the KL-divergence from @ to W(P). This
means that, if the minimum in W(P) can be attained, P* is the distribution that is
‘closest’ to @ in the KL-divergence sense:

P* = argmin D(Q||P). (1.3.1)
PewW(P)

In our simplified introductory statement here, the RIPr is undefined if there is no
distribution in W(P) that minimizes the KL divergence. However, the RIPr can be
defined for such cases as well - see [42], [43] and [58].

e-power In traditional hypothesis testing with a p-value, we use the term ‘power’ to
describe the probability that a test rejects the null hypothesis Hgy when the alternative
hypothesis H; is true. Similarly, in the context of e-values, we aim to measure a test’s
effectiveness through a concept called ‘e-power’. The e-power of an e-variable S = S(X)
based on a data X and alternative H, = {Q} is defined as the expected logarithm of



Chapter 1. Introduction

S under the alternative distribution Q:
Bx~qllogS(X)] = [ log S(2) dQ(w)

as introduced by [42] and [92].

Let H1 = {Q} and Ho = P. Griinwald et al. [42] prove that Sy, = pq*((XX)) is an
e-variable, where P* is specified as in . They also demonstrate that among all
e-variables for Hg, the RIPr e-variable Sg;p yields the highest e-power relative to the
alternative H; and the null Hg.

In p-value testing, rejecting Ho requires a small p-value, but in the e-value framework,
Ho is rejected when S > 1/a. Therefore, if H; is true, we want S to be as large as
possible. The e-power captures this by measuring the strength of S in providing

evidence against H.

1.4 Preliminary knowledge: Exponential family

The probability density function (pdf) of the exponential distribution is well-known
and can be expressed as:

pa(z) = A 2 € [0,00), A € (0,00), (1.4.1)

where x represents the data, and A is the rate parameter. Interestingly, many other
families, such as the Gaussian, Poisson and Beta distributions, can be written in a
similar form to the exponential distribution. These types of distributions are part of a
broader class known as exponential families. We will now explain this concept in more
detail.

Definition of exponential family Consider a set of probability distributions
P e {Py:0 € O} for data U, where O is the parameter space of P. If there exists
a re-parametrization P = {Pg : 3 € B} with B C R? for some d € N*, and a random
vector X that is a function of U and the probability density (or mass) functions can
be written as:

1 T

pa(U) = 78) &P (B'X), (1.4.2)
where Z(3) is a normalizing factor, then P is called an exponential family. We call
X the sufficient statistic for 3, which can be verified easily using the Fisher—Neyman
factorization theorem. (3 is the natural or canonical parameter of the distribution. (Note
that in Chapter @ we use A for the canonical parameter, whereas in Chapter [5} we use
0.) When the functions X and 8 := B(0) are fixed, they define a specific exponential
family. Some people prefer to write the exponential family form as:

pa(U) = ﬁ exp (87 X) h(U),
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where h(U) is called the carrier function. However, this is essentially the same as the
previous form since it can be rewritten as:

1 T oy
pe(U =7eXp<ﬁ’ X),
)= 7
where 8’ = (B7,1)" and X' = (X ", logh(U)) .
This re-parametrization highlights how various familiar distributions can be unified
under the exponential family framework. We explain it using the Gaussian example.

Gaussians are an exponential family For simplicity, we only show the one-dimensional
case here. In this example, the standard parameterization would be 8 = (u, 0?) and
® =R x R*. The pdf of a Gaussian can be written as

(1) = 1o

1 " 1 1
=exp (—MuQ + Pl Tc?lﬂ —logo — 3 log(27r))

=exp (Bz —log Z(8))
where the last equality holds if we let 8 = (L3, fﬁ)T, = (u,u?)" and log Z(B) =
log [exp (B8Tz) dz = 5z p* + log o + 1 log(2m).

In this section, we introduced the basic concept of the exponential family. However,
throughout this dissertation, more advanced knowledge about the exponential family
is frequently used, though not explicitly explained in the corresponding chapters. We
have placed these more technical details in Appendix

1.5 Outline

We provide a brief overview of the content of each chapter in the following subsections.
Each chapter reports our research on various e-variables for exponential family null
hypothesis and/or alternative hypothesis, addressing different problems. Additionally,
Chapter [f introduces a novel concentration inequality for multivariate exponential
families.

Chapter Conditions for the existence of simple e-variable

In many academic fields, such as social sciences, biology, and physics, researchers often
aim to infer the underlying distribution of data. To do this, they may assume a specific
model structure. For example, they might hypothesize that the data follow a binomial
distribution, then estimate the parameters that best fit the data. However, the data
may come from a different set of distributions, such as a set of negative binomial
distribution. In mathematics, a correct assumption is referred to as a well-specified

10
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model assumption. Therefore, determining whether a model is well-specified is crucial
for accurately learning the structure of the data. This involves testing whether the
observed data are actually distributed according to an element of the given set of
distributions.

Chapter [2| addresses this task using e-variables for exponential families. Specifically,
we may want to test if a certain parameter in an exponential family is zero, or not—this
includes linear regression testing as a particular case. In this chapter, we study the
GRO e-variable for this task, for a single outcome U. As was announced in Section [T.3]
the GRO e-variable is closely connected with the RIPr. The simplest example of GRO
e-variables is the likelihood ratio between simple alternative and simple null hypotheses.
However, for composite hypotheses, the situation becomes more complex. Nevertheless,
GRO e-variables in the form of a likelihood ratio involving a single, specific element of
the composite null hypothesis can sometimes still be found. We refer to such GRO
e-variables as ‘simple’ e-variables. As we will demonstrate, their existence is closely
linked to properties of the aforementioned RIPr.

When simple e-variables exist, they can be easily computed and are known to be
optimal in terms of e-power [53] 42]. In the context of repeated experiments with a fixed
stopping rule for data collection, and a simple alternative, using a simple e-variable will,
asymptotically, provide the strongest evidence against the null hypothesis compared to
other e-variables. Therefore, it is important to determine when simple e-variables exist
in specific contexts. Chapter [2] offers a set of equivalent conditions under which simple
e-variables exist for exponential family null hypotheses.

Chapter General exponential family test

Chapter [3] continues from Chapter 2] In this chapter, we explore the scenario where
a condition ‘opposite’ to the previous conditions applies, which we refer to as the
anti-simple case, meaning that simple e-variables do not exist. For both cases—whether
simple e-variables exist or not—we analyze common types of e-variables and e-processes
related to composite exponential family nulls, but now for sequences of outcomes
rather than a single one: we examine and compare their e-power [94] for i.i.d. data
Uy, Uy, - - .- Recall that e-power plays a pivotal role, as it is maximized by the optimal
e-variable (i.e. GRO e-variable) across all e-variables defined on U(™). As we announced
in Section it can be determined using the reverse information projection (RIPr).
We denote this optimal e-variable as Sg;p. Additionally, we consider a sequentialized
version of the RIPr e-variable, Sgpq-rip, Which is optimal at the individual outcome level
but not necessarily over the entire sample. We also investigate a conditional e-variable,
Sconp, based on conditioning on the sufficient statistic, along with a well-known version
of the universal inference e-variable, Sy, [95].

Instantiating such e-variables requires specifying an alternative hypothesis. We
begin by considering a simple alternative @ = {Q}. Our results demonstrate that the
RIPr prior W that achieves the minimum in is approximately Gaussian with
variance O(1/n) in an asymptotic sense, and exactly if Hp is a Gaussian location family
and @ is also Gaussian. To our knowledge, this is the first time that insights into a
nondegenerate RIPr prior have been obtained for the case of a parametric, non-convex
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null.

This result is made possible by our key theoretical insight: the conditional e-variable
Sconp can be analyzed using a local central limit theorem with explicit bounds on the
error terms [16]. Consequently, we derive not only explicit o(1) bounds on its e-power
but also establish that Sconp is closely related to Sgip (in the Gaussian anti-simple case,
they even coincide). We extend these results to other types of e-variables, not only
under the ‘true’ alternative ) but also in the misspecified case, where the data are
sampled i.i.d. from a distribution R # Q.

We employ two standard methods to design e-variables for composite alternatives
Q: the sequential plug-in method [38] and the method of mixtures [71]. We observe
that, when using the method of mixtures and equipping the alternative with a prior
Wi, under regularity conditions, the RIPr prior W in is, approximately, the
same prior W7, regardless of whether we are in the simple case or not. Summarizing
some of our main findings for the composite case, we derive the following relationships.
Under appropriate (though mild) regularity conditions on Hy and H1, for all @ € H;,
(in the chapter we use P and Q because it fits better with other notations.) we have:

Egllog S}({’;;)/S((J’roll)\ll)] =o(1).
d
Eq [log S((ng)\ID/SI(J?)] :5 logn + O(1).

. d
Eq[log S e/ S5 :% logn + O(1)
with 0 < dgp < d, in the strict simple case.

Eq[log S8 e/ Sn] < — ne

for some € > 0, all large n, in the strict anti-simple case.

Here, d represents the dimensionality of the exponential family, and dg, is a measure of
‘effective dimension’, whose exact value depends on ). Of course, we provide precise
definitions of “strict simple, anti-simple” in Chapter

Chapter k-sample tests with exponential families

A k-sample test is the general version of a two-sample test. It involves analyzing data
from k independent random samples, each drawn from a possibly different population.
For example when k = 2, in studying the effectiveness of a new treatment (such as a
new blood pressure medication), patients are divided into two groups: a treatment
group and a placebo group. Researchers track the number of recoveries in each group
after a set treatment period. If the treatment is effective, a higher recovery rate is
expected in the treatment group compared to the placebo group. The statistical test is
used to determine if the observed difference in recovery rates between the two groups
is significant, or if it could have occurred by chance. Two-sample tests are designed
to model such situations. Mathematically, the objective is to determine whether the
observed difference between the two populations is statistically significant, meaning
whether the difference is likely due to chance or represents a true difference between
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the populations.

Chapter [4] centers on k-sample tests. Some of the results presented in the chapter are
special cases of those from Chapter 3| However, it remains valuable to include them in
this chapter because we provide full details that were not covered in Chapter [3
We develop four (pseudo-) e-variables for k-sample tests in exponential families:
Srirs Sconn, Suix, and Spspupo.  Skips Sconp, Swix are real e-variables, while Spspupo is
an e-variable only when it coincides with Sg;p, which happens whenever the latter is
computationally straightforward; in other instances, it is not a true e-variable but
remains useful for our theoretical analysis. Suppose the (shortest) ¢5-distance between
the k-dimensional parameter of the alternative and the null parameter space is denoted
by §. Our results show that, for any two of the aforementioned e-variables S and 57,
the difference in e-power is given by E[log S — log S’] = O(54).

Chapter [5; GROW e-variables and a novel concentration inequality

The link between optimal rejection regions for anytime-valid tests at a fixed level o and
optimal anytime-valid concentration inequalities is well-documented [47]. Chapter
explores a variation of this connection, focusing on a simple multivariate null hypothesis
and a range of composite alternatives. We examine both absolute and relative GROW
(‘growth-rate optimal in the worst-case’) e-variables as introduced by Griinwald et
al. [42). Further, we illustrate how these e-variables connect to a concentration inequality,
which we refer to as the Csiszdr-Sanov-Chernoff (CSC) inequality.

To start, we analyze the GROW e-variable Sgrow within this framework, considering
cases where H; is either the set P; of all distributions with means in a specified
convex set Mp, the set & of all distributions in the exponential family generated
by Py with means in M;, or any H; for which & C H; C P;. Remarkably, the
GROW e-variables coincide across all such H;1. We derive this result by applying the
well-known Csiszar-Topsge Pythagorean theorem for relative entropy, which leads us
to the fundamental CSC concentration inequality. This section’s focus is primarily on
rephrasing established findings, familiar to the information-theoretic community but
perhaps less so to those working with e-values.

Chapter [f] then introduces a novel approach, examining cases where the complement
of My forms a connected, bounded set containing Py — a scenario more commonly
encountered in practical applications and more aligned with the multivariate central
limit theorem (CLT). This configuration, which we call the surrounding H, case because
P, is “surrounded” by i, has rarely been considered in the derivation of CSC bounds,
with an exception being the variation studied by Kaufmann and Koolen [51].

We extend the previous Sqrow e-variable to this surrounding #H; case in two ways.
The first approach is a straightforward absolute extension of the GROW e-variable
to the multivariate case, still denoted as Sgrow. Or we can determine a relatively
optimal GROW e-variable Sy, that is as close as possible to the largest Sqrow among
all e-variables Sgrow that can be defined on convex subsets of Hi, where we define
relative optimality in a minimax-regret sense. We characterize Sgrow for the univariate
case (d = 1) while leaving the multidimensional case (d > 1) as an open problem, and
we fully characterize Sy, for general dimensions. We then show that Sy, leads again
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to a CSC bound — and this CSC bound is new.

Appendix 1.A More exponential family preliminaries

Mean parameterization Since X is the sufficient statistic for parameter, it is often
more useful to directly study X rather than U, as we often do in this dissertation.
From equation , we know that X has the same dimension as the canonical
parameter 3. We already know that when the functions X (U) and (3(0) are fixed, we
may define a specific class of exponential family distributions, denoted by P (e.g., the
Gaussian family). A natural approach is to represent Py using the expectation of X,
defined as p(0) := Ey..p,[X], which is called the mean parameterization, and p(0)
is the mean-value parameter. It can be shown that for 6,0’ € @, (O is the standard
parameter space of the distribution family P), if Py # P, then p(6) # pu(6’), ensuring
a distinct probability model for each parameter.

Canonical parameterization For simplicity, we use the notation 38 := 3(0), u :=
©(0) going forward. Since Z(3) is the normalizing factor, we have:

Z(B) = /exp (,BTx) dx,

where the integral becomes a sum in the discrete case. Then taking the first derivative
of log Z(B) w.r.t. B gives us the mean of X under Pg:

dlog Z(B)  [wexp (B7z) dx _ /x

a8 Jew(BTa)de exp (87 ) do = Ep, [X] i= ().

(1.A.1)

Z(B)

We call p(3) the mean-value parameter corresponding to 3. We continue to take the
second derivative of log Z(3) w.r.t. 3. This gives us the covariance matrix of X under
P,@:
5, _ PlogZ(8) _ du(B)

dp? ag
Since X p is positive definite, the transformation from 3 to p is one-to-one, ensuring
that P can be uniquely represented using the canonical parameter 3.

Empirical mean as MLE In the mean parameter space, the mazximum likelihood
estimator (MLE) for the sufficient statistic X generated from a data set & has an
important property, frequently used in the following chapters. Consider a set of i.i.d.
data points (1), Z(2), -, T(n) = (™. The likelihood function is given by:

LB |z™) = ﬁ exp (ﬂT Z“’Yz‘)) :
i=1
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To find the MLE, we take the derivative of the log-likelihood and set it to zero:

dlog £(B | z(™) dlogZ -
— a3 Zw @ —np+ Zx(i) =0. (1.A.2)
where (a) follows from (1.A.1). If L Z 7(;) is in the interior of the the mean-value

parameter space, then (1.A.2) has solutlon This shows that in such cases, the MLE

for the mean parameter is fi = E Z Z(;), i.e., the empirical mean.
i=1

Robustness properties These properties are shown in detail in [35, Chapter 19].
We briefly introduce some of them that are used frequently in the following chapters.
Let P be a regular exponential family, take X = U and let M be its mean parameter
space (See [13] or [19] for the definition of regular). Consider P, € P such that
Ep,[X] = p € M. Let @ be an arbitrary distribution with Eq[X] = pu* € M. For all
P,, € P, we have:

Bo [toe 2 00| — . [l 2 50] o= Derc 1),

where D(P,-||P,) is the KL-divergence between P,- and P,. This statement holds in
the canonical parameter space (B) of P as well. For all Pg € P with 8 € B, we have:

o o ];ﬁ;(())f())] ~En,. [lg ZZ*(%)} =D

which is equivalent to the statement in M because Pg and P,, with p = pu(3) represent
the same distribution.

Moreover, Ep,. [~logpg(X)] is a strictly convex function with respect to 3,
achieving its unique minimum at 3*. Since Pg and P, represent the same distribution,
Ep,. [~logp,(X)] is also a function of u, achieving its unique minimum at p*.

P,@)7
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Chapter 2

Optimal E-Values for
Exponential Families: the
Simple Case

Abstract

We provide a general condition under which e-variables in the form of a simple-vs.-simple
likelihood ratio exist when the null hypothesis is a composite, multivariate exponential
family. Such ‘simple’ e-variables are easy to compute and expected-log-optimal with
respect to any stopping time. Simple e-variables were previously only known to exist
in quite specific settings, but we offer a unifying theorem on their existence for testing
exponential families. We start with a simple alternative ) and a regular exponential
family null. Together these induce a second exponential family Q containing @, with
the same sufficient statistic as the null. Our theorem shows that simple e-variables
exist whenever the covariance matrices of @ and the null are in a certain relation. A
prime example in which this relation holds is testing whether a parameter in a linear
regression is 0. Other examples include some k-sample tests, Gaussian location- and
scale tests, and tests for more general classes of natural exponential families. While in
all these examples, the implicit composite alternative is also an exponential family, in
general this is not required.

2.1 Introduction

The work of Andrew Barron has been enormously influential in the development of
e-variables, an alternative to the p-value that is suitable for designing hypothesis

OThis chapter is based on Peter Griinwald, Tyron Lardy, Yunda Hao, Shaul K Bar-Lev, and Martijn
Jong. Optimal E-Values for Exponential Families: the Simple Case. arXiv preprint arXiv:2404.19465,
2024. It has been submitted as a contribution to the Festschrift for Andrew Barron on the Occasion
of his 65th Birthday.
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tests and confidence intervals with a flexible design, i.e. when sample sizes are not
pre-specified, or when the decision to conduct new experiments may depend on past
data — [71] provides a recent overview of this exciting new area of statistical research.
While Andrew himself has never published on e-variables, his seminal work on Reverse
Information Projection (RIPr) [6I] (see also the work by his Ph.D. students [60] and
[18]) is the cornerstone of the math underlying [42], which connects optimal e-variables
to a RIPR onto the null hypothesis. On the other hand, there is Andrew’s fundamental
work on universal coding and modeling (there are far too many papers to cite here —
the earliest one may be [22] while the most recent one is [48]). This work is directly
connected to finding optimal e-variables for the alternative hypothesis, as explained by
[42, [71]. Originally, much of it was done in the context of the Minimum Description
Length (MDL) Principle [I4]. For one of us (Griinwald) MDL was the major research
topic until around 2010 [35], while e-values have become his main topic since 2015 —
as such the influence of Barron’s work on Griinwald’s work can hardly be overstated,
and he would like to express his debt and gratitude.

In this paper we bring e-variables and in particular the RIPr together with another
one of Andrew Barron’s central research interests: exponential families [I5] [81]. An
important task is to test whether these models are well-specified, that is, whether
observed data are indeed distributed by an element of an exponential family; or more
specifically whether a specific parameter in an exponential fmaily is 0 or not — the
latter including linear regression testing as a special case. Many classic tests are
well-suited for this purpose [3] [63] [79]. However, the vast majority of these methods
are based on p-values, and thus designed for fixed sample size experiments. Here, we
are instead interested in hypothesis tests that are based on e-values [42], which is the
value taken by an e-variable. The most straightforward example of e-variables are
likelihood ratios between simple alternatives and simple null hypotheses. E-variables
for composite hypotheses, and in particular ‘good’ e-variables, are generally more
complicated. However, e-variables in the form of a likelihood ratio with a single, special
element of the null representing the full, composite null sometimes still exist. We refer
to such e-variables as ‘simple’ e-variables. As we shall see below, their existence is
intimately tied to properties of the aforementioned RIPr, connecting our work strongly
to Barron’s.

Simple e-variables, if they exist, can easily be computed, and are known to be
optimal in an expected-log-optimality sense [53] 42]. That is, if we combine evidence
from a repeated experiment where data is collected using a fixed stopping rule, then
using the simple e-variable will asymptotically result in the most evidence against the
null, among all e-variables; details can be found in Section [2.1.4] As such, it is desirable
to find out whether or not simple e-variables exist in specific settings. The main result
of this paper, Theorem [I] provides a set of equivalent conditions under which simple
e-variables exist for exponential family nulls.

2.1.1 Main Result and Overview

Here we briefly describe Theorem [I} assuming prior knowledge on e-variables and
exponential families, and we provide an overview of the rest of the paper — all
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Chapter 2. Optimal E-Values for Exponential Families: the Simple Case

relevant definitions and explanations are given in Section We fix a regular
multivariate exponential family null P for data U with some sufficient statistic vector
X =t(U) and a distribution @ for U, outside of P, and with density g. As our most
important regularity condition, we assume that () has a moment generating function
and that there exists P~ € P with the same mean of X, say p*, as ). It is known
that P, is the Reverse Information Projection (RIPr) of @ onto P [60], that is, it
achieves minpep D(Q||P). Denoting the density of Py« by p,-, it follows by Theorem 1
of [42] that q(U)/pu-(U) would be an e-variable in case infpcoony(p) D(Q|P) =
minpep D(Q||P). Our theorem establishes a sufficient condition for when this is
actually the case. It is based on constructing a second exponential family Q with
densities proportional to exp(87t(U))q(U) for varying 3: Q contains @ and has the
same sufficient statistic as P. In some cases, but not all, @ may be thought of as
the composite alternative we are interested in. Letting 3,(p) and ¥,(u) denote the
covariance matrices of the P, € P and @, € Q with mean p, Theorem below implies
the following: under a further regularity condition on the parameter spaces of P and
Q, simple e-variables exist whenever X, (u) — 3, (p) is positive semidefinite for all p in
the mean-value parameter space of @ (additionally, three equivalent conditions will be
given). If this happens, then we may further conclude that for every element @, of
the constructed Q, the likelihood ratio ¢,/ (U)/pu (U) is an e-variable, where P, is the
element of P to which @, is projected. An example pair (@, P) to which the theorem
applies is when, under @, U ~ N(m, s?) for fixed m, s?> and P = {N(0,0?) : 0% > 0}
is the univariate (scale) family of normal distributions. This situation is illustrated in
Figure 2] and is treated in detail in Section 2:4.3] and extended to linear regression
testing — arguably our most important application — in Section [2.4.4

We stress that, while our approach starts with a simple alternative @, the results
are still applicable if one is interested in a composite alternative H;. To this end, take
any () € H; and use our main result to determine whether a simple e-variable with
respect to @ exists. If one exists for every @, an e-variable for the full alternative can
easily be constructed either by the method of mixtures or the prequential (sequential
plug-in learning) method [71].

Things conceptually simplify in this composite alternative case if H; can be
parameterized as H; = {Q® : § € O} in such a way that for each Q € H;, the
associated family Q constructed from P and Q is equal to Q?) for some 0. As is
suggested by Figure this happens, for example, in the Gaussian scale example
of Section [2:4:3] if we consider as alternative H; the full Gaussian family. We can
start with any Q = N(m, s?) and generate Q which then coincides with some Q)
corresponding to a specific sloped line in the figure. Together, all these sloped lines
span H;. In fact, it turns out that a natural choice of #; that partitions into Q)
is possible in all our examples, and that this H; is itself an exponential family in all
these examples. Nevertheless, we stress that in general our method does not in any
way require H; to be an exponential family — only P is required to be so.

A specific interpretation of the result is obtained when restricting to the 1-dimensional
case. The best squared-error predictor of X sampled according to () has @Q-expected
squared error prediction equal to VARg[X] = Eg(X — p*)%. If X is really sampled
from @ but we think it comes from P,- and want to make the best P,--expected
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Figure 2.1: The family Q for various (m, s?). The coordinate grid represents the parameters
of the full Gaussian family, the horizontal line shows the parameter space of P, the sloped
lines show the parameters of the distributions in Q, and the dashed lines show the projection
of (m, 82) onto the parameter space of P. For example, we may start out with ) expressing
U ~ N(m,s?) with m = —3.0,s% = 9.0, represented as the green dot on the green line. Its
RIPr onto P is the green point on the yellow line. The corresponding family Q, constructed in
terms of @ and P, is depicted by the green solid line. The theorem implies that the likelihood
ratio between any point on the green line and its RIPr onto the yellow line is an e-variable;
similarly for the red and blue lines.

squared error predictions, we would predict with the mean, which is still u*, but we
assess our squared error as VARp, . [X]| whereas the real expected squared error is still
VARQ[X]. Thus, in the 1-dimensional case, in the situation that our result does not
hold, there is a mismatch between () and its projection Py~ in the sense that the closest
approximation we can provide to () promises a better squared-error prediction than
can be obtained with @ itself. Our result says that if the mismatch does not occur,
then we cannot get closer to @) by convexifying P.

The proof of Theorem [I| is based on convex duality properties of exponential
families. In the remainder of this introductory section, we fix notation and definitions
of exponential families and e-variables. In Section we show how, based on the
constructed family Q, one can often easily construct local e-variables, i.e. e-variables
with the null restricted to a subset of P. Then, in Section we present our main
theorem, extending the insight to global e-variables. Section provides several
examples. This includes cases for which simple e-variables were already established,
such as certain k-sample tests [88, 44] or — in an unpublished master’s thesis — the
linear regression model [30], as well as cases for which it was previously unknown
whether simple e-variables exist, such as for a broad class of natural exponential families.
Theorem [I| can thus be seen as a unification and generalization of known results on the
existence of simple e-variables, leading to deeper understanding of why they sometimes
exist. Section provides the proof for Theorem [I] Finally, Section provides a
concluding discussion and points out potential future directions.
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2.1.2 Formal Setting

We study general hypothesis testing problems in which the null hypothesis P is a
regular (and hence full) d-dimensional exponential family. Here and in the sequel, we
will freely use standard properties of exponential families without explicitly referring
to their definitions and proofs, for which we refer to e.g. [I3], 19, [33]. Each member
of P is a distribution for a random element U, that takes values in some set U, with
a density relative to some given underlying measure v on Y. The sufficient statistic
vector is denoted by X = (X1, ..., Xg) with X; = ¢;(U) for given measurable functions
t1,...,tq. We furthermore define M,, to be the mean-value parameter space of P, i.e.
the set of all p such that Ep[X] = p for some P € P. For any p € M,, we denote
by P, the unique element of P with Ep, [X] = p, so that P = {FP, : p € M,}. As
usual, this parameterization of P is referred to as its mean-value parameterization.
Furthermore, we use ¥, to denote the variance function of P. That is, for all pu € M,
Yp(p) is the covariance matrix corresponding to P,.

Since P is an exponential family, the density of any member of P can be written,
for each fixed p* € M,, as

d
Pasu-(u) = Zp(,;;u*)eXp ;Bjtj(u) P~ (1), (2.1.1)

where Z(B; u*) = [exp(3 Bit;(u))pu- (w)dv, and B € R? such that Z,(8; u*) < occ.
Therefore, P can also be parameterized as P = {Pg.,+ : 3 € B, u+ }, where B« C R?
denotes the canonical parameter space with respect to pu*, i.e. the set of all 3 for which
Zp(B; *) < oo. We use B (p'; 1) to denote the B € By .~ such that Ep, . [X] =/
and set p,(; p*) = ﬁ;l(-; p©*) to be its inverse. B,(-; u*) maps mean-value parameters
to corresponding canonical parameters and g, (-; u*) vice versa. Note that p,- = po pu-,
and that we can see from the notation (one versus two subscripts) whether a density is
given in the mean- or canonical representation, respectively.

The reason for explicitly denoting the mean p* of the carrier density, which is
unconventional, is that it will be convenient to simultaneously work with different
canonical parameterizations, i.e. with respect to a different element of M,, below. These
are all linearly related to one another in the sense that for each i, po € M, there is a
fixed vector « such that for all 3 € B, ,,, it holds that pg.., = Pg4~;u,. This can be
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seen by taking v = —8,(2; p1), since one then has

d d

1
P (u) = 7.6 &P ;(53' +7)t;(u) | exp ; =5t5() | P, (u)
_ Zp(—; p1) exp i(ﬂ + )t (W) | peryips, () (2.1.2)
Zp(ﬂ§ﬂ1) = J J7%3 Vi1
1 d
= m Z Bj + i)t (W) | pus(u) = patyips ().

2.1.3 The Composite Alternative Generated by A Simple One

We are mostly concerned with testing the null hypothesis P against simple alternative
hypotheses of the form {Q} for some distribution ) on Y. In particular, we will consider
distributions @ that admit a moment generating function and that have a density ¢
relative to the underlying measure v. While the former is a strong condition, it holds
in many cases of interest. For our analysis, it will be beneficial to define a second
exponential family @ for U with distributions @g;,» and corresponding densities

qBsp (1) = Zq(ﬂl - exp ZB] ~q(u), (2.1.3)

where p* is the mean of X under @, and Z,(8; u*) is the normalizing constant. The
notational conventions that we use for @ will be completely analogous to that for P,
e.g. By(-1*), pg(-,p*), Xy, etc. Since @ is assumed to have a moment generating
function, the canonical domain B, ,,~ is nonempty and contains a neighborhood of 0.
Similarly, the mean-value space M, is also nonempty and contains a neighborhood of
p*. We further have the following: if we take any other Q' € Q, say Q' = Q. for
w1 € Mg, then the ‘constructed’ family around @', i.e. {gg,. : B € By, } coincides with
Q (as was the case for P, by (2.1.2)).

We may think of the null P and the generated family Q as two different exponential
families that share the same sufficient statistic. Moreover, as we shall see below, there
are many examples where their mean-value spaces are equal, that is, M; = M,. In this
case P and Q are “matching” pairs: they share the same sufficient statistic as well as
the same set of means for this statistic.

2.1.4 E-variables

We use e-variables to gather evidence against the null hypothesis P. An e-variable
is a non-negative statistic with expected value bounded by one under the null, i.e. a
non-negative statistic S(U) such that Ep[S(U)] < 1 for all P € P. We give only a brief
introduction to e-variables here and refer to e.g. [42] [71] for detailed discussions. The
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realization of an e-variable on observed data will be referred to as an e-value, though
the two terms are often used interchangeably. Large e-values give evidence against the
null hypothesis, since by Markov’s inequality we have that Q(S(U) > é) < «a for any
e-variable S(U) and @) € P. The focus here is on a static setting, where e-variables are
computed for a single block of data (i.e. one observation of U). However, the main
application of e-variables is in anytime-valid settings, where data arrives sequentially
and one wants a type-I error guarantee uniformly over time. Indeed, it is well-known
that the product of sequentially computed e-variables again gives an e-variable, even if
the definition of each subsequent e-variable depends on past e-values, which leads to an
easy extension of the methods described here to such anytime-valid settings [T}, 42].

Since large e-values give evidence against the null, we look for e-variables that
are, on average, ‘as large as possible’ under the alternative hypothesis. In particular,
we study growth-rate optimal (GRO) e-variables, an optimality criterion embraced
implicitly or explicitly by most of the e-community [71]. [42] define the GRO e-variable
for single outcome U, relative to a simple alternative {Q}, to be the e-variable S
that, among all e-variables, maximizes the growth-rate Eyg[log S(U)] (also known as
e-power [94] [100]). In a celebrated result, Griinwald et al. [42] (see also [57, 58]) show
that the GRO e-variable is given by:

q(U)
pwq(U)’

where p..., denotes the reverse information projection of () on the convex hull of the null
P. The reverse information projection of @ on CONV(P) is defined as the distribution
that uniquely achieves inf pcoony(py D(Q||P), which is known to exist whenever the
latter is finite [60}, 57]. Here, D(Q||P) denotes the Kullback-Leibler (KL) divergence
between Q and P, both defined as distributions for U. In this article, all reverse
information projection will be on CONV(P), so we will not explicitly mention the
domain of projection everywhere (i.e. referring to it simply as ‘the reverse information
projection of @’). The growth rate achieved by the GRO e-variable is given by

q(U)
pwq(U)

However, due to the fact that, with the exception of the Bernoulli and multinomial
models, exponential families are not convex sets of distributions, finding the reverse
information projection can be quite challenging [56] [44]. In this paper we provide a
simple and easily verifiable condition under which

(2.1.4)

g |0 105 | = D@IP-) =, _int  D(@IP) (2.15)

inf D(Q|P) = min D(Q|P 2.1.
pednf  D(@IP) = min D(QIP) (2.1

that is, the infimum is achieved by an element of P, so that the problem greatly
simplifies.

In that case, the GRO e-variable simply takes on the form of a likelihood ratio
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2.2. Existence of Simple Local E-Variables

between () and a particular member of P, i.e.

q(U)

—, (2.1.7)

p(U)
which we will refer to as a simple e-variable relative to ). We will frequently use the
fact (following from Corollary 1 of [42], Theorem 1]) that there can be at most one
simple e-variable with respect to any fixed alternative, i.e. of the form (2.1.7). This is
captured by the following proposition.

Proposition 1. Fiz a probability measure Q@ on U. If there exists a simple e-variable
relative to Q, then it must be the GRO e-variable for testing P against alternative {Q}.

A big advantage of simple e-variables—besides their simplicity—is that their
optimality extends beyond the static setting. That is, suppose we were to observe
independent copies Uy, Us,... of the data and assume that a simple e-variable of
the form exists. As alluded to before, we can measure the total evidence as
[T, ¢(U;)/p(U;), which defines an e-variable for any fixed n € N. Instead of thinking
of this as multiplication of individual e-variables, one can think of it as a likelihood
ratio of Uy, ...,U,. Proposition [l| then implies that [, ¢(U;)/p(U;) is the GRO
e-variable for testing P against {Q)} based on n data points. This statement shows
that for any fixed sample size n, the best e-variable (in the GRO sense of is the
simple likelihood ratio. Moreover, for applications where the sample size is not fixed
beforehand, Koolen et al. [53] Theorem 12] show that a more flexible statement is also
true: if 7 is any stopping time that is adapted to the data filtration, then ¢(U™)/p(U7)
is also a maximizer of E[In S;] over all processes S = (S, )neny with E[S;] < 1. While
we will not explicitly consider this type of sequential optimality in the following, it is
one of the main motivating factors behind this work.

We assume throughout this paper that, for any considered alternative @, there
exists a pu* € M, such that Ex..g[X] = p*. By a standard property of exponential
families, the KL divergence from @ to P is then minimized by the element of P with the
same mean as Q. If holds, then P,,- must therefore be the reverse information
projection of @. It follows that, if a simple e-variable with respect to @) exists, then it

is given by ¢(U)/pu-(U).

2.2 Existence of Simple Local E-Variables

Here we will show how the family Q is related to the question of whether ¢(U)/py-(U)
is a local GRO e-variable around p*. We say that a nonnegative statistic S(U) is a
local e-variable around p* if there exists a connected open subset Bj,. of By« M By,
containing O such that S is an e-variable relative to P’ = {Pg : B € Bj.}, ie.
SUPges, . Epg,,.- [S] < 1. If S also maximizes Eq[ln S(U)] among all e-variables relative
to P’, then we say that S is a local GRO e-variable with respect to @. A local (GRO)
e-variable may not be an e-variable relative to the full null hypothesis P, but it is a
an e-variable relative to some smaller null hypothesis, restricted to all distributions in
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the null with mean in a neighborhood of p*. Investigating when local e-variables exist
provides the basic insight on top of which the subsequent, much stronger Theorem [I]
about ‘global” e-variables is built. As stated in Section 2.1.3] we may view P and Q as
two families with the same sufficient statistic, only differing in their carrier, which for
P is pu+ = po,u~ and for Q is go,u+ = ¢ = qu+: we can and will denote the original @
also by Q.

Define the function f(-;p*) : Bp,ux N By — R as

u~ (U)
Pp= (U)

f(B;p*) :=1ogEp,,,. [ ] = log Z,(B; u*) — log Z,,(B; ™), (2.2.1)

where the equality comes from the fact that we can rewrite the density in the numerator
as qu-(U) = Zy(B; 1*) Cxp(Z?:l Biti(u))"tqg.u(U) and similar for the density in the
denominator. It should be clear that the function f(-; u*) is highly related to the
question we are interested in. Indeed, g,-(U)/pu~(U) is a local e-variable relative
to P’ = {Pg : B € B,.} if and only if SUPgep, . f(B; u*) < 0. Equivalently, since
f(0; u*) = 0, we have that gy~ /p,- is a local e-variable around p* if and only if there
is a local maximum at 0. To investigate when this happens, a standard result on
exponential families gives the following:

VIBiu") =Equ,..[X] — Epg .. [X] (2.2.2)

In particular, it follows that Vf(0; u*) = p* — p* = 0. Thus, ¢u+/pu- is a local
e-variable around p* if and only if the d x d Hessian matrix of second partial derivatives

of f(-; u*), is negative semidefinite in 0. By (2.2.1)-(2.2.2)) and using a convex duality
property of exponential families, this is equivalent to

I,(0; ™) — I,(0; u*) = 2, (n*) — Ly(p™) is positive semidefinite,

where I, and I, denote the Fisher information matrix in terms of the canonical
parameter spaces of P and Q, respectively. We have thus proven our first result:

Proposition 2. ¢,-(U)/pu-(U) is a local e-variable around p* (and therefore, by
Proposition |1}, a GRO local e-variable) if and only if X,(pu*) — 3,(pn*) is positive
semidefinite.

The surprising result that follows below essentially adds to this that, if for every
B €My, qu-/pu~ is a local e-variable, then also for every pu*, we have that g« /pp- is
a full, global e-variable!

2.3 Existence of Simple Global E-Variables (Main
Result)

The theorem below gives eight equivalent characterizations of when a global GRO
e-variable exists. Not all characterizations are equally intuitive and informative: the
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simplest ones are Part 1 and 3. To appreciate the more complicated characterizations
as well, it is useful to first recall some convex duality properties concerning derivatives
of KL divergences with regular exponential families [see e.g. [35, Section 18.4.3]:

Bp(ps ™) = VuD(Py|| Pyus), (2.3.1)
1 B d?
(Ep ('u))ij = duidutD(P”HP”*% (2.3.2)

and analogous for Q. That is, the gradient of the KL divergence in its first argument
at p is given by the canonical parameter vector corresponding to p, and the Hessian is
given by the Fisher information, i.e. the inverse covariance matrix.

Theorem 1. Let P be a regular exponential family with mean-value parameter space Mp,.
Fiz a distribution Q for U with Eg[X] = p* for some p* € M, C R? and consider the
corresponding Q as defined above. Suppose that My is convex, My € M,, and By, € Bg.p
for all p € My. Then the following statements are equivalent:

1. 2,(pn) — 24(p) is positive semidefinite for all p € M,.
(Bp(m; 1) = Bg(pa; )" - (1 — ') 0 for all p, p' € M.
D(QulQu) > D(Pyll Pyr) for all ' €,
log Z,,(B; n) > log Zy(B; p) for all p € Mg, B € By
qu(U)/pu(U) is a global e-variable for all p € M.
)/Pu(U) is the global GRO e-variable w.r.t. Q, for all p € M,.
)

Sl S N

au(U
qu(U)/pp(U) is a local e-variable for all p € M,.
qu(U)/pu(U) is a local GRO e-variable w.r.t. Q, for all p € M.

Note that the canonical parameter space of a full exponential family is always
convex, but the mean-value space need not be [33]. Still, in all examples we consider
below, the constructed family Q will in fact be a regular exponential family, and then
the convexity requirement must hold.

In the one-dimensional case, the first statement simplifies to o2 () > o2 (u) for all
W € M,. Similarly, the second statement reduces to By (u; p') > Bp(p; 1) for all p € M,
such that p > p and By(u; ') < Bp(u;p') for all p € M, such that p < ' for all
p €M,

Using standard properties of Loewner ordering, it can be established that X,(p) —
¥¢(p) is positive semidefinite if and only if ¥ () — X! () is [see e.g. 2]. Therefore,
recalling and , statement [1]in Theorem can be thought of as a condition
on the second derivative of D(Py||Pyu+) — D(Qp||Qu+), whereas statement [2 refers
to its first derivative, and statement [3] to the difference in KL divergence itself. It
is somewhat surprising that signs of differences between the second derivatives and
separately signs of differences between the first derivatives are sufficient to determine
signs of difference between a function itself.
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2.3.1 Simplifying Situations

In some special situations, the conditions needed to apply Theorem[I]may be significantly
simplified. We now identify two such situations, embodied by Proposition [3| and
Corollary [1} that will be useful for our examples below.

First, we note that it is sometimes easy to check that either M, = M, or B« = Bg;p,+.
The following proposition shows that, in the 1-dimensional setting, this is already
sufficient to apply the theorem (we do not know whether an analogous result holds in
higher dimensions):

Proposition 3. Let P be a 1-dimensional regular exponential family with mean-value
parameter space M, C R. Fiz a distribution Q for U with Eq[X] = u* for some p* € M,
and consider the corresponding Q as defined above. Suppose that for all p € My, we
have o2 () > 02(p), i.e. the first condition of Theorem holds. Then:

1. If Mg =M, then for all i’ € My, Bp.w C By, d.e., Theorem is applicable.

2. If for some p € My, we have that By, = By, then My CM,,. Hence if for all p € My,
we have that By, = By, then Theorem[1] is applicable.

The proof is simple and we only sketch it here: for part 1, draw the graphs of
Bp(; ') and By (p; 1) as functions of p € My, noting that both functions must take
the value 0 at the point y = p/. Using that 1/02(u) is the derivative of 8, (y; p') and
similarly for o ( ), the function S, (y; 1) must lie above B,(p; p') for p > p/, and
below for p < /. Therefore the co-domain of 3, must include that of 8,. The second
part goes similarly, essentially by flipping the just-mentioned graph of two functions
by 90 degrees.

Second, we note that in practice we often have a composite alternative H; in
mind such that the union of the set of families Q that can be constructed from P
and any Q € H; in fact coincides with H;. This is the case in the examples of
Section 2.4.1] P.4.3| .4.3| and 2.4.4] The following immediate corollary of Theorem
simplifies the analysis in such cases (although we will only explicitly need to invoke
it in Sectlon . While in that section, H; will itself be an exponential family, we
stress that in general, this need not be the case: to apply the corollary it is sufficient
for Hy to be a union of exponential families.

Corollary 1. Let P be a d-dimensional reqular exponential family as before with
mean-value parameter space My, and let Hy = Jgcgo Q) where each Q9 is a d-dimensional
reqular exponential family with the same sufficient statistic as P and with mean-value
parameter space M((IG) and canonical parameter spaces B for e M . Suppose that,
for each 0 € ©, for each Q € QY the correspondzng set Q as constructed above
mn termsﬂp and Q, happens to be equal to Q) and satisﬁes the pre-condition of

Theorem |1, t.e. Mée) 18 convew M((] ) C My, and By, C Bq o forall p € M(o).

have, with Q(e) (density q,. )) denoting the element of Q9 with mean p. for all @ € O:

Then we

For all p € M(g) q;#i() is the global GRO e-variable w.r.t. Q(g)

)
For all p € M(a). Ep(p) — Eég)(u) is positive semidefinite.
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Here E,(]e) (p) denotes the d x d covariance matriz of the element of Q) with mean-value
parameter vector .

2.4 Examples

In this section we discuss a variety of settings to which Theorem [I] can be applied. In
some cases, this gives new insights into whether simple e-variables exist, and in others
it simply gives a reinterpretation of existing results. The examples are broadly divided
in terms of the curvature of the function f(-;u*), as defined in . Instances
where f(-; u*) is constant will be referred to as having ‘zero curvature’, those with a
constant second derivative as having ‘constant curvature’, and ‘nonconstant curvature’
otherwise.

2.4.1 Zero Curvature: Gaussian and Poisson k-sample tests

[44] provide GRO e-values for k-sample tests with regular exponential families. In their
setting, data arrives in k € N groups, or samples, and they test the hypothesis that all
of the data points are distributed according to the same element of some exponential
family. That is, let U = (Y7,...,Y%) for Y; € Y, so that & = Y* for some measurable
space ). Furthermore, fix a one-dimensional regular exponential family on ), given in
its mean-value parameterization as Pyrarr = { Py : 1t € Msrare} with sufficient statistic
tsrarr(Y). The composite null hypothesis P considered in the k-sample test expresses
that Y1,...,Y% bd- P, for some i € Mgpagr. On the other hand, the simple alternative
Q that Hao et al. [44] consider is characterized by u = (p1,...,ux) € M5, .., and
expresses that the Y7,...,Y) are independent with Y; ~ P, for i =1...k. They show
that, for the case that Pyrarr is either the Gaussian location family or the Poisson
family,

= , withh = — i,
i=1 pa(Yi) ki Z

is a simple e-value relative to @), and that its expectation is constant as the null varies.

That is, for any g’ € Mgrarr, it holds that

Eu~p, x--xp, [SU)] = 1. (2.4.1)

This finding can now be re-interpreted as an instance of Theorem [T} as we will show in
detail for the Poisson family; the analysis for the Gaussian location family is completely
analogous. In the Poisson case, tsrarr(Y) =Y, so that P defines an exponential family
on U with sufficient statistic X = Zle Y; and mean-value space M, = RT. The latter
follows because the sum of Poisson data is itself Poisson distributed with mean equal to
the sum of means of the original data. Under the alternative, the mean of the sufficient
statistic is given by u* := Eq[3>5_, il = 32, i, so that the elements of the auxiliary
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exponential family Q as in (2.1.3]) can be written as

k
ag;u> (Y17 s 7Yk) = Zq(ﬂllu*) - €Xp (BZE) : q(Y17 B Yk) (242)
' i=1

Note in particular that Q is, by construction, a one-dimensional exponential family
with sufficient statistic Zle Y;, which does not equal (yet may be viewed as a subset
of) the full k-dimensional exponential family from which @ was originally chosen. The
normalizing constant Z,(8; u*) is equal to the moment generating function of X under
@, which is given by

k
Z4(B; 1) = Eq [eXp (ﬂZE)

4 = exp (u*(eﬁ -1)).

It follows that i

DY

i=1

d * *
= g5 o8 ZBin) = e,
which shows that mean-value space of the alternative is again given by M, = RT.
Therefore, via Proposition [3] the assumptions of Theorem [l are satisfied. The element
of P with mean p* is given by Py X --- x Py, so that

G (U) 15 s (V3)
P (U) 1} pa(Y:)

Under P,-, the sufficient statistic Zle Y; has the same distribution as under Q-,

so that Z,(8; u*) = Z,(8; u*). Consequently, f(-; pu*) as in (2.2.1)) is zero, so that its
second derivative is zero, and condition [1| of Theorem [I] is verified. It follows that,

qu+(U)/pu-(U) is the global GRO e-variable with respect to Q.

EQﬁ;M*

2.4.2 Constant Curvature: Multivariate Gaussian Location

Suppose that P is the multivariate Gaussian location family with some given nondegenerate
covariance matrix ¥, and let @ be any Gaussian distribution with nondegenerate
covariance matrix ¥ . Note that in this case we have that X = U, i.e. the sufficient
statistic is simply given by the original data. The family Q, generated from ) and
P as in , is the full Gaussian location family with fixed covariance matrix X,.
For both P and Q, the mean-value and canonical spaces are all equal to R?, so that
Theorem [I] applies to the pair P and Q. Furthermore, the covariance functions are
constant, since ¥, () = ¥, and ¥, (u) = X, for all p € R Tt follows that, if 3, — %,
is positive semidefinite, then ¥, (p) — ¥,(p) is positive semidefinite for all p € R%. In
that case, Theorem shows that the simple likelihood ratio ¢, /p, is the GRO e-value
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w.r.t. Q, for every p € R?. The growth rate is given by

U
Eq [IOg ;ZEUH = DGAUSS(qugl)a
where Dgauss(B) = 3 (—logdet(B) — (d — tr(B))), i.e. the standard formula for the
KL divergence between two multivariate Gaussians with the same mean.

In the case that ¥, — ¥, is negative semidefinite, the simple likelihood ratio does
not give an e-value; the GRO e-value for this case can also be derived however and will
be reported on in future work.

2.4.3 Nonconstant Curvature: Univariate Examples

We now discuss three examples with nonconstant curvature. In the first two, Theorem [i]
can be used to show the existence of simple e-variables. All three are univariate in
nature; in the separate Section [2.4.4) we provide the example of linear regression, which
has nonconstant curvature but is multivariate.

More k-Sample Tests

Consider again the k-sample test setting of Section [2.4.1] Besides the Gaussian and
Poisson case, [44] identify one more model that gives rise to a k-sample test with
a simple e-value: the case that Pyryrr is the Bernoulli model. The difference with
the Gaussian location- and Poisson family is that the involved e-value does not have
constant expectation 1 here. Nevertheless, this result for the Bernoulli model can also
be cast in terms of Theorem 1| using a different argument.

1.00
0.75
HD
— (0.2,0.4)
£0.50
— (0.5,0.9)
— (0.8,0.2)
0.25
0.00

0.00 0.25 0.50 0.75 1.00
Ha

Figure 2.2: The family Q for various p*. The coordinate grid represents the parameters
of the full 2-sample Bernoulli family, the straight line shows the parameter space of P, the
curved lines show the parameters of the distributions in @, and the dashed lines show the
projection of pu* onto the parameter space of P.

Again, P is an exponential family on U/ that states that the k samples are i.i.d.
Bernoulli, which has sufficient statistic X = Zle Y;. Its mean-value space is given by
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M, = (0, k), since the sum of k i.i.d. bernoulli random variables with parameter y has a
binomial distribution with parameters (k, ). Under the alternative @, the k samples
are independently Bernoulli distributed with means given by p € (0,1)%, in which case
the sum has mean p* = Ele ;. When constructing the family Q as in , it can
be verified that Qg ,~ is the product of Bernoulli distributions with means

8 8
< S > (2.4.3)
1 — 1+ e 1 — e+ ePpuy,

This family of distributions is illustrated in Figure 2.2 for different choices of p*. Seen
as a function of 3, all entries in behave as sigmoid functions, so that the sum
takes values in (0, k). It follows that the mean-value space of Q is given by M, = (0, k),
which equals M,, — ana also, the canonical spaces are all equal to R. Furthermore, the
normalizing constant Z,(3; u*) of Q must be given by

k
Zy(Bs ™) = 111 = ps + pae®).

i=1

We will now verify that item M| of Theorem [l] is satisfied by doing a similar
construction for arbitrary p € (0,%). The element in P with mean u corresponds to
Bernoulli parameter p/k, so that we have

k
(i3]
i=1

Furthermore, there is a corresponding p’ € (0,1)* such that Zle wi = pand p’ can
be written as (2.4.3)) for a specific 5. Repeating the reasoning above gives

(g5

Zp(ﬁ% 1) = EPH* i

k
Zy(Bs ) = [ [0 = wf + ie?).

=1

By concavity of the logarithm, it holds that

k
log Z,(8; p) = klog (1= %+ £e”) > 3" log(1 — i} + ie”) = log Z,(8: ).
i=1

We can therefore conclude that ¢(U)/p,-(U) is the GRO e-variable with respect to Q.

[44] investigate several other exponential families for k-sample testing, such as
exponential distributions, Gaussian scale, and beta, but none of these give rise to a
simple e-value. Parts 1-4 of Theorem [I] provide some insight into what separates these
families from the Gaussian location, Poisson, and Bernoulli.
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Gaussian Scale Family

Another setting in which Theorem [I| applies is where P equals the Gaussian scale
family with fixed mean, which we take to be 0 without loss of generality. That is,

P ={P,2: 0% € M,} where P,: is the normal with mean 0 and variance o2, i.e.
1 _1_y?
po2(U) = ce 2027, (2.4.4)
2o

We will substantially extend this null hypothesis, and hence this example, in Section[2.4.4]
For now, note that P is an exponential family with sufficient statistic X = U?,
mean-value parameter o2 and mean-value space given by M, = R*. The canonical
parameterization of the null relative to any mean-value o? € M, is given by

1 2 1 2 2
o (U) = PV _e~UT/(207) 2.4.5
pﬁﬁdz( ) Zp(ﬂ; 0,2) € 902 € ( )

with canonical parameter space By.,2 = (—00,1/(20?)).

As alternative, we take Q to be a Gaussian distribution with some fixed mean
m # 0 and variance s2. We use m and s? instead of y and 2 here to avoid confusion
with the mean-value parameters of P. The expected value of X under @ is given by
0*? := Eg[X] = s + m?. The family Q = {Qp : B € By o2} as defined by
therefore becomes:

1 2 1 2
o2(U) = ————— . &PV cemeU=m)” 2.4.6
o) = 2 G © Vams .
where ¢ = 1/(2s?), with B,,,«2 = (—o0,¢). Comparing (2.4.5) and the above confirms
that Q is an exponential family that has the same sufficient statistic, namely U?2, as P,
but different carrier.

The normalizing constant Z, can be computed using (for example) the moment
generating function of the noncentral chi-squared.

Z4(510°%) = Bo 7] = Bq [#°F] = (1 - 20 e 120,

where we use that (U/s)? has noncentral chi-squared distribution with one degree
of freedom and noncentrality parameter m?/s?. Plugging this back in shows
that ¢g o2 is a normal density with mean em/(c — ) and variance 1/(2(c — 3)) =
s2/(1 —2p3s%). This gives

2¢*m? — (B —c¢)
2(8 —c)?
The mean-value parameter space of Q is thus given by My = {Eq,_ ., [U ,B<ct=RT

which is equal to M,. Thus, this constructed family does not equal the natural choice of
composite alternative that @) was also chosen from, i.e. the (two-dimensional) set of all

Eq,.,..[U%] = (2.4.7)
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Gaussians with arbitrary variance mean unequal to zero. However, it does correspond
to a specific one-dimensional subset thereof, as was illustrated in Figure 2] in the
introduction.

Since My, = M,, we get, via Propositionrg’l that a simple e-variable w.r.t. () exists if,
for all 0 > 0, we have that VARp_,[U?] > VARq_, [U?]. We now show this to be the
case. We have

VARp, [U?] = 20" = 2(Ep , [U%))* = 2(Eq,, [U?])*.

It is therefore sufficient to check whether, for all 0 > 0, it holds that VARq_, [U?] <

2(Eq_,[U 2])2. We can either verify this using existing results by noting that, no matter
how m and s? were chosen, U? has a noncentral x2-distribution under each @2, for
which it is known that the inequality holds. We can also easily verify it explicitly
now that we have already found an expression for Z,(3;c*?): since there is no more
mention of the null hypothesis, it is equivalent to check whether for each 3 € By,,+2 we
have

2
VAR, .[U%] <2 (Eq, .[U7]) .
To this end, the variance function in terms of 3 can be computed as

4c*m? — (B —¢)
dﬂ 2(8—c)?

Comparing this to shows that the condition above indeed holds, from which we
can conclude that ¢(U)/ps+2(U) is an e-value.

Finally, note that even though the mean-value parameter spaces of P and Q are
equal, the canonical spaces are not: B,,,+2 is a proper subset of By,,+2. More generally,
for any 0’2 > 0 different from the 0*? we started with, the canonical spaces B,.,2 and
B,.;» both change but remain unequal. Still, Proposition El ensures that we will have
Bpio2 C Bgsor2

VARg, ..U =

— logZ (B;0*?) = — (2.4.8)

NEFS and their Variance Functions

In this section, we consider the setting where P is a one-dimensional natural exponential
family (NEF) and @ is also an element of an NEF. This setting is particularly suited
for the analysis above, because the constructed family Q can be seen to equal the
NEF that @ was chosen from. We therefore do not differentiate between the simple or
composite alternative in this section. Furthermore, NEFs are fully characterized by the
pair (o2(u),M), where M is the mean-value parameter space and o2(y) is the variance
function as defined before. A wide variety of NEFS and their corresponding variance
functions have been studied in the literature [see e.g. 66, B0, 9] and this can be used
in conjunction with Theorem [I] to quickly check on a case-by-case basis whether any
given pair of NEFs provides a simple e-variable.

For example, let P = {Py, : A € RT} be the set of Gamma distributions for U with
varying scale parameter A and fixed shape parameter » > 0. The sufficient statistic
is given by X = U and its mean under P, , equals 7}, so the mean-value parameter
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space is M, = RT. The variance function is given by o2(u) = p?/r. If we set Q to
Py- v for specific \*,7" € RT, then Q is the set of Gamma distributions with fixed
shape parameter 7.

Similarly, let P be the set of negative binomial distributions with fixed number
of successes n € N and let @@ be any Poisson distribution, so that Q equals the
Poisson family. The variance functions are given by o> (u) = p?/n + p and o2 () = p,
respectively. It is trivially true that o2 (1) > o2 () for all 4, so Theorem [1| reveals that
a simple e-variables exists with respect to any element of the Poisson family. More
generally, we may look at the Awad-Bar-Lev-Makov (ABM) class of NEFs [10} 5] [TT]
that are characterized by mean-value parameter space M = R* and variance function

O’g(,u,):,u<l+%) L s>0, 7r=0,1,2,...

This class was proposed as part of a general framework for zero-inflated, over-dispersed
alternatives to the Poisson model (which would arise for » = 0). The case r = 1 recovers
the negative binomial distribution and r = 2 is called the generalized Poisson or Abel
distribution. As was the case for the negative binomial distribution, it follows from
Theorem [1| that simple e-variables exist for testing any of the ABM NEFs against the
Poisson model.

Much more generally, consider the Tweedie-Bar-Lev-Enis class [7] of NEFs that
have mean-value space M = Rt and power variance functions

o*(n) =ap’, a>0, p>0, y>1.

We require v > 1 because there are no families of this form with v € (0,1) and while
there are families in this class with v < 0, they are not regular and therefore beyond
the scope of this paper. The cases v = 1 (Poisson) and v = 2 (Gamma families, with a
depending on the shape parameter) were already encountered above. If we test between
two of such families, say P with 0‘12)(/,6) = a,p and Q with ag(u) = a7 that share
the same underlying sample space, there do not exist simple e-variables in general.
Indeed, we have that o2(u) > o7 () if and only if 7»~% > a,/a,, which, for certain
combinations of parameters, does not hold for all © € M. Since this condition might
hold for some p but not for others, this suggests that there may be cases where we
find local e-variables that are not global.

Let us investigate this for (ap,,) = (1,2) and (aq,v4) = (1/2, 3), which corresponds
to the family of exponential distributions and the family of inverse Gaussian distributions
with shape parameter A\ := aq’1 = 2 respectively. In this case, it holds that Jg () >
o2(p) & p<ag'. It follows from the analysis in Section that ¢, (U)/p.(U) is a
local e-variable for p < aq_l. However, since the condition does not hold for all p we
cannot use Proposition 3| (or, equivalently, because, as we will see, the preconditions
for Theorem [1| do not hold), this need not necessarily also be a global e-variable. In
fact, the expected value under p’ € M is given by

2.(U) /°° 1 \/T Mz —p)? z
Bu~p, - w - = — = )dx, 2.4.
vrE L%(U)} o MV 2mad xp 2ulx + woo dx (2.4.9)
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Chapter 2. Optimal E-Values for Exponential Families: the Simple Case

which diverges for i/ > (1/p — \/(2u?)) L. The latter is vacuous for u < \/2, which
means that for such p we might still get a global e-variable. For p € (A/2,)\), this
shows that we will get a local e-variable that is not a global e-variable. These different
regimes are illustrated in Figure [2.3] For p > 1, the lines stop when the integral
in starts diverging. To see how the potential divergence (for large enough p/,
in the regime 1 < p < 2) plays out in terms of the function f in , consider for
example p = 3/2. Then, as is immediate from the definition of exponential distributions
and the inverse Gaussian density with A = 2 we have ¢g,,(z) x exp((8 — 4/9)z)h(z)
with A the probability density on Rt given by h(x) = 1/1/(mx?) exp(—1/z), whereas
Py X exp((6—2/3)x). We see that By, = (—00,6/9) whereas By, = (—00,4/9). Thus,
as B 14/9, we get that log Z,(5) converges to a finite constant whereas log Z,(8) 1 oo,
so that f(B, 1) — oo, with f the function in (2.2.1]), as it should.
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Figure 2.3: The expected value of q,(U)/p,(U) under the null P,/ for varying p'.

2.4.4 The Linear Model

We now show that Theorem [I] allows us to conclude that simple e-variables exist
for the linear model, i.e. standard linear regression with Gaussian noise, where the
null hypothesis P is a subset of the alternative 7; obtained by setting the regression
parameter of a control random variable to 0, as soon as we allow the variance in P
to be a free parameter. This was shown directly, without associating a specific family
Q to P, in an unpublished master thesis [30]. De Jong’s treatment involved a lot of
hard-to-interpret calculus, much of it discovered by trial-and-error. The advantage
of the present treatment is that Theorem [1| clearly guides the reasoning and suggests
what formulas to verify. The setting is really a vast extension of that of Section [2.4.3]
which is (essentially) retrieved if below we set d = 0. Interestingly, e-variables for linear
models were already derived by [(0] and [64], based on right-Haar priors. The current
approach provides a different type of e-variable which has the advantage that it does
not require the variance under the alternative to be equipped with a right-Haar prior:
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2.4. Examples

while for convenience we give the treatment below for H; with the variance o2 being
left a free parameter, we can freely apply the results to any H} C H1, in particular
with H} restricted to densities with a fixed variance. The price to pay is that the
e-variables derived below, while growth-optimal for the fixed Q) € H; relative to which
they are defined, will in general not be GROW (worst-case growth optimal, see [42])
in the worst-case over all distributions in H; when ¢? varies within #;.

Assume then that data arrives as a block of outcomes together with given covariate
vectors, i.e. U = ((Y1,21),...,(Yp, ®n)) with YV; € R and ®; = (240,751, .., Tia)T €
R*1. Define the conditional normal distributions G~ with corresponding densities

n n n 1 -3z i—vi)?
Joy(Y") 1= gon(Y" | 2") = W cem 37 2 (2.4.10)

with v = (70,71, - - -,7a)T € R and
vi =~z (2.4.11)

Here and in the sequel, sums without explicitly denoted ranges are invariably taken
to be over ¢ = 1..n and we omit the conditional ™ from the notation, since they are
fixed throughout the following analysis.

We focus on the most common case in which one of the covariates, z; ¢, has a
special status and we want to test whether the corresponding coefficient g is equal to
0. We thus want to design an e-variable for testing any simple alternative @) taken
from the full alternative hypothesis H; vs. the null P, where H; and P are respectively
given by:

Hi ={Gory: v ERM™ 7 #£0,0 >0} ;5 P={Gyr:vER™ ~,=0,0>0}.

(2.4.12)
We make the standard assumption that n > d + 1 and that the matrix (x1,...,x,)
has maximal (i.e. d + 1) rank. Now define the transformed parameters A :== —1/(20?)

and B = (B1,...,B4)T with, for j = 1..d, 3; := 7j/0? and 0 := v /0? and set t;(Y") =
> Yz, ;. Rewriting the likelihood (2.4.10) in terms of this new parameterization and
the ;, denoting the resulting densities by f/s%, we see that

d
A" = gom ™) = exp [ A" 92 +0t0(y™) + D Bt (") | - ha(y")ha(o, )
j=1
(2.4.13)

for some function h; not depending on the parameters and hs not depending on the

data 3. Let, for § € R, Q¥ be the set of distributions Ff\% with densities figé We

see that for each # € R, Q) is a (d+ 1)-dimensional exponential family with sufficient

statistic vector
(vt aem,.. (). (2.4.14)
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and mean-value parameter space M((IQ) = (0,00) x R?. The original parameter vector

corresponding to (), B) is (02,~) with 02 := —1/(2\) and v = (020,0284,...,0%84)
and the corresponding mean-value parameter vector is

o= (n02+ZVZ-2,Z£U¢,1I/¢,...7in’dui)T. (2.4.15)

with v; as in 1|2.4.1 ). Observe that Hy = UeeR\{o} 900 and P = Q. For expository
€ slig

convenience, w htly deviated from our previous notation here by having a canonical
parameter space vector of the form (A, 3) rather than 8 = (f1,...,84); thus 8 is
d-dimensional but g still represents a full (d 4+ 1)-dimensional mean-value parameter.

Having established that Q(®) and P are, indeed, exponential families, we will now
show that Theorem [I] in the form of Corollary [I] is applicable to them. Thus, fix
arbitrary Q° € H;. We must have that Q° € Q°) for some #° and the density of
QQ° can be written as f/\o e Or equivalently as gso 4o with o° 'y and v° related to
6°,\° and 3° in the same way as before, in particular v¥ = v°Tx; (we can now see
how this example extends Section [2.4.3f using the notation from that example, i.e. m
the mean of U and s? its variance under Q, weset n=1,d =0, z; =1, v} =75 =m
and 0°% = s%).

Simple differentiation gives that the element in P that minimizes KL divergence,
i.e. achieves minpep D(Q||P), is given by P = G« o« with parameters ¢*? and
~* = (0,7f,...,7;) where v* is a Euclidean projection and o*? is related to this
projection via

d
1
*2 . 2
— _E Y, — .
o=  min  Eq > ;% ij)

This link to Euclidean projection implies, upon setting v; := v*Tx; the following easily
derivable consequences:

forall j € {1,...,d}: Z z/fmi,]:z [
o*? =02 + % Z(l/z* —19) =02 4 — (Z vi? — Z °2> , (2.4.16)

where we note that (2.4.16]) may be seen as versions of the standard normal equations
in linear regression analysis. Again we define A\*, 3%, u* correspondingly as above, in

particular p* is given in terms of o* and v* via (2.4.15)) .

We now simply follow the steps needed to apply Theorem[I]in the form of Corollary I}
First, we reparameterize P in terms of the specific canonical parameterization in which
(A, B8) = 0 must correspond to Gy« 4+. We obtain:

Prsu ) = 5 ,6 - exp AZyﬁZﬁj Osy™),  (2417)
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2.5. Proof of Theorem

with Z, (A, 8; p*) the normalizing constant, defined for all (A, 3) € By~ where
Bpur = {(\,B) : Zp(\, B; u™) < 00} = (—00, —A") X RY.

We see that this family coincides with P. Similarly, relative to our fixed (6°, A°, 3°)
we define the family with densities

d

0° x 1 . 0°) (o

qg\ﬂ)(y”;u )= SO N A &P )\ZZU? + Zﬁjtj@ ) f,go,p)aO ("), (2.4.18)
Zg (N B p*) j=1

with normalizing constant Z§9°)(A, B; u*). We see that this family coincides with Q")

and has canonical parameter space B((I(?;)* = (=00, —A°) x R9,

To apply Corollary [1, we need to verify that for each choice of °, we have (i)
M((IHO) C M,, and (ii) for each p € ME;)O), we have that By, C B,(Z?:L). We already
verified MSIOO) = M, implying (i), further above. As to (ii), note that the inclusion
holds for p = p* since, using (2.4.16), —\* = (1/20*2) < (1/20°%) = —X°. We
next note that for each #° € R, there is a 1-to-1 correspondence between the choice
(X°,3°) € (—00,0) x R? used to determine f(zogo and the resulting p* € M,. We
thus see that we can obtain the desired inclusion for arbitrarily chosen p € M, by
picking (A°, 3°) such that u* becomes equal to this p. This shows that (ii) holds for
all p e, = ME;)O). Corollarynow gives the following: for all v° € R? with 4§ # 0,
all 0° > 0, we have that gye o (Y™)/gox 4+ (Y") = ;20%0 (Y")/f(g)ﬂ*(yn) is the GRO
e-variable relative to Ggo o if Xpp(pt) — Z((Ieo)(p,) is positive semidefinite for all u € R<.
But this condition is readily established to hold: we do so in Appendix [2:A]

2.5 Proof of Theorem

To get some intuition first, we note that the distributions Pg and ()g indexed by the
B in the definition of f(8; u*), i.e. , are difficult to compare in the sense that
they do not necessarily have any properties in common. In particular, Pg generally
does not achieve minpep D(Qg||P), so that Pg and Qg do not have the same mean.
This suggests to replace f(3; u*) by a function g(p; u*) on the mean-value parameter
space and also to re-express f(3; u*) < 0, the condition for being an e-variable, by a
condition on g — and this is what we do in the proof of Theorem [I} inside the proof
below we establish, using well-known convex duality properties of exponential families,
that this can be done with function and condition, respectively, given by:

9(psn”) = D(Pul|Pu+) — D(Qul|Qpu+), (2.5.1)
g(p; ™) <0.

This condition on g corresponds to item [3] in Theorem [I] The key insight for showing
the suitability of g is the following well-known convex-duality fact about exponential
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Chapter 2. Optimal E-Values for Exponential Families: the Simple Case

families: for all p, ' € M, all B € By, we have:

—log Zy(B; ') = D(Py, s 1Pur) = B  1p(Bi 1) < D(Pul|Pw) = BT . (2.5.3)

This can be derived as follows:

Z o ’ /
DBy | Fo) = DUP | Pur) =10 220D ) — B,
(B 1)

= log 72”2( fé“ ’,L)/)) + B (1p(Bs 1) — 1) — By i) — B)
=B (1p(B: 1) — 1) = D(Pull Py (i)
< BT (p(Bs 1) — ).

We now prove the chain of implications in the theorem.

(1) = (2) Let p,p’ € My and denote p(a) := (1 — a)p’ + ap. By assumption of
convexity, we have that p(a) € M, for all @ € [0,1]. Furthermore, define h(a) =

(Bp(p(a); ') — By(p(); )T (p(e) — '), so that 7(0) = 0 and h(1) = (B, (p: p') —
Bq(p; )T (1w — p'). The derivative of h is given by

T
Tt = (e Bulut@)in) - Bylut@)in)) (ule) - )
F(Byl0a(0): 1) — By 1)) ).

The chain rule gives

where we use (2.3.1]) and (2.3.2) together with the fact that the Jacobian of the gradient
of a function equals the transpose of its Hessian. The derivative of B4(p(a); p’) can be
found with the same argument, so we see

L) = (55 (1te) — 55 (o)) (1~ 1) (pa(0) — )

By (pn(0): 1) — Bylanlo: 1)) (1 — )
= () — 1) (55 (1(0)) — 55 () (1) — )
F(By(pu(0): 1) — Bylaulo: 1) (1 — 1)
=L (10) — )T (5 () — 57 (@) (p0) — ) + (). (254

If 3, (@) — Xq(p) is positive semidefinite for all g, then X! (p) — X1 (p) is negative
semidefinite (as discussed below the statement of Theorem' In this case, the first
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2.6. Conclusion and Future Work

term in (2.5.4)) is negative and, since h(0) = 0, the second term is also negative on
[0,1]. It follows that h is decreasing when X, (p) — 3, () is positive semidefinite, so

that (B, (p; ') — By(ps )" (1w — 1)) < 0, as was to be shown.

(2) = (3) We use a similar argument as was used to prove the previous implication, so
let p, ' € My and denote p(a) = (1 — a)p’ + ap as before. Define h(a) := g(p(a); p').
Using the chain rule of differentiation together with (2.3.1]), we see that the derivative
of h is given by

d / NT !

Za @) = (By(u(a); ') = By(p(a); w))" (1 — 1)

1
= —(Bp(p(a); 1) = By(p(e); )" (1) = ).

If item (2) holds, then we have that -Lh(a) < 0. Since h(0) = 0 and h(1) =

D(Pu||Pu) — D(Qu||Qu ), we see that item (2)) implies that
D(Pul|Pu) = D(QullQpu) <0,

as was to be shown.

(3) = (4) Assume that D(Py||Py) — D(Qu||Qu) < 0 for all p, u’ € M,. Together
with ([2.5.3)) this gives, for all g, " € My, all B € By, e

D(Pup(ﬁ;u’)HPu’) - fGTﬂp(ﬁ§ H/) < D(PHHPH') - ﬂTl" < D(QMHQM’) - ﬁTIL
(2.5.5)

Applying this with g = p,(8; p’) and re-arranging gives
~D(Py, (3.1 1Puwr) + BT 1p(Bs 1) 2 =D (Quy i | Qur) + B by (B 1), (2.5.6)

which, by the equality in key fact (2.5.3)) is equivalent to log Z,(8; u’) > log Z,(8; 1'),
which is what we had to prove.

Remaining Implications (4) = (5) now follows by the equality in and
the definition of an e-variable. (5) = (6) follows from proposition |1} (6) = (7)
follows because a global e-variable is automatically also a local one, and (7) = (8)
again follows from Proposition [1} Finally, (8) = (1) has already been established as
Proposition [2] O

2.6 Conclusion and Future Work

We have provided a theorem that, under regularity pre-conditions, provides a general
sufficient condition under which there exists a simple e-variable for testing a simple
alternative versus a composite regular exponential family null. The characterization
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was given in terms of several equivalent conditions, the most direct being perhaps the
condition ‘X, (p) — X4 () is positive semidefinite for all p € M,’. A direct follow-up
question is: can we construct GRO or close-to-GRO e-variables, in case either the
regularity pre-conditions or the positive definiteness condition do not hold? The
example of Section [2.4.3] and in particular Figure [2.3] indicated that in that case,
many things can happen: under some p € M, (green curve), q,,/p, still gives a global
simple e-variable; for other p (blue), it gives a local but not global e-variable; for yet
other p (pink), it does not give an e-variable at all.

Nevertheless, it turns out that if the pre-regularity conditions hold and the ‘opposite
of the positive semidefinite condition holds, i.e. if £, (p) — X4 () is negative semidefinite
for all p € My, then there is again sufficient structure to analyze the problem. The
GRO e-variable will now be based on a mixture of elements of the null, but the specific
mixture will depend on the sample size: we now need to look at i.i.d. repetitions of U
rather than a single outcome U. We will provide such an analysis in future work.

Another interesting avenue for future work is to extend the analysis to curved
exponential families [33]. While we do not have any general results in this direction
yet, the analysis by [62] suggests that this may be possible. Liang [62] considers a
variation of the Cochran-Mantel- Haenszel test, in which the null hypothesis expresses
that the population-weighted average effect size over a given set of strata is equal
to, or bounded by, some §. This can be rephrased in terms of a curved exponential
family null, for which [62] shows that a local e-variable exists by considering the second
derivative of the function f(8;pu*) as in , just like in the present paper but
with 3 representing a particular suitable parameterization rather than the canonical
parameterization of an exponential family. The local e-variable is then shown to be
a global e-variable by a technique different from the construction of Q we use here.
Still, the overall derivation is sufficiently similar to suggest that it can be unified
with the reasoning underlying Theorem [I| Finally, the analysis of the linear model
in Section [2.4.4] suggests that the results may perhaps be extended to say something
about existence of generalized linear models without assuming a model-X condition
[39] — a situation about which currently next to nothing is known.

b

Appendix 2.A Details for Section [2.4.4

We need to establish that X, (p) — fo)o) (n) = Ego)(u) —2590) (p) is positive semidefinite
for all u € R4,

Thus, take any p* € R%. By (2.4.15), we have that qff*o) = )(\ioléo and py- =

qI(LO*) = §2)B* for some \°, 8° and \*, 3* that are related to each other via the normal

equations7 (2.4.16)). Based on the sufficient statistics (2.4.14)), we can thus write, for
0 € {0,6°}, that
(9) B®
@y = (4
X (w) = <(B(9))T C(a))

where A() is the variance of 3 Y;? according to distribution Y %O and C?%) is the
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2.1. Details for Section |2.4.4|

d x d covariance matrix of the ¢;(Y™) according to this distribution and

B = (cov (Z Y2 0(Y") ) , GOV (Z Y7 ta(Y™) ))

where the covariances are again under this distribution. Similarly, A(®) is the variance

of Y1 Y? according to distribution F' (E?ﬁ* and B(®, C() are defined accordingly.
Positive semidefiniteness of ES,‘” (n*) — E((Ieo)(u*) is easily seen to be implie if we
can show that C'(©) — C(°) is positive definite and that

(A — 4@y _(BO) — BONT(¢©) — ¢ )=1(BO) _ B*)) > 0. (2.A.1)

To show that C'(© — C(?°) is positive deﬁnite note that C(?°) (as is readily established,
for example, by twice differentiating log Zq (>\ B;p*) at A =0,8 = 0) is simply the

. o
standard covariance matrix in linear regression scaled by 1/0°2, i.e. C°) = 5°2 3" x;xT

which by the maximal rank assumption is positive definite. Similarly C(?) = ¢*2 3" x;x7
so that, since by assumption 6° # 0 and using the normal equations , we have
that C© — C®) = cC® for ¢ = 0*2 — ¢°2 > 0 is also positive definite.

It only remains to show . As again easily established (for example, by
twice differentiating logZ(geo)()\,,B; p*) at A = 0,8 = 0), we have that Al =
20°2 (2(3 v§?) 4+ no°?) and similarly we find A© = 20*2 (2(31?) + no*?) and
Bj(p") —20°% (Y vfx; ;) and similarly B( ) = 902 (3" vfx; ;). By the normal

equations (2.4.16])) we find that BJ(O) - BJ(-‘9 ) = 72(0*2 —0°?) > vra; ;. After some
matrix multiplications (where we may use the cyclic property of the trace of a matrix
product) we get that (2.A.1)) is equivalent to

(A® — A7) — 40 = 0°%) Y " 12 > 0.
But this is easily verified: it is equivalent to
202 (2 (Z 1/;‘2> +no?—2 (Z 1/;‘2)>72c7°2 (2 (Z VfQ> +no®? -2 (Z l/;‘2>) >0
which in turn is equivalent to
2no*t — 2no°t + 4(2 vi? — Z V9o >0
which by the normal equations is equivalent to
o o 4 202 — 0°%)0°2 > 0

but this must be the case since by the normal equations, ¢*? > ¢°2

IFor an explicit derivation see https://math.stackexchange.com/questions/2280671/
definiteness-of-a-general-partitioned-matrix-mathbf-m-left-beginmatrix-bf.
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Chapter 3

E-Values for Exponential
Families: the General Case

Abstract

We analyze common types of e-variables and e-processes for composite exponential
family nulls: the optimal e-variable based on the reverse information projection (RIPr),
the conditional (COND) e-variable, and the universal inference (UI) and sequentialized
RIPr e-processes. We characterize the RIPr prior for simple and Bayes-mixture based
alternatives, either precisely (for Gaussian nulls and alternatives) or in an approximate
sense (general exponential families). We provide conditions under which the RIPr
e-variable is (again exactly vs. asymptotically) equal to the COND e-variable. Based
on these and other interrelations which we establish, we determine the e-power of the
four e-statistics as a function of sample size, exactly for Gaussian and up to o(1) in
general. For d-dimensional null and alternative, the e-power of Ul tends to be smaller
by a term of (d/2)logn 4+ O(1) than that of the COND e-variable, which is the clear
winner.

3.1 Introduction

Interest in e-values — a term coined only in 2019 — has exploded in recent years. Key
publications include [95] 42}, 9T, [76]; see the introduction [71] for many more references.
E-values are the values taken on by e-variables and e-processes. E-variables allow for
effortless null hypothesis testing under optional continuation — combining data from
different studies when the decision to perform the study may depend in unknown ways
on past data. E-processes additionally allow for optional stopping within a study.

In this paper we consider various types of e-variables and -processes for multivariate
exponential family null hypotheses, given in their mean-value parameter space M, as

OThis chapter is based on Yunda Hao, and Peter Griinwald. E-Values for Exponential Families:
the General Case. arXiv preprint arXiv:2409.11134, 2024, under submission.
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3.1. Introduction

P ={P, : p € M}. We investigate and compare their e-power [94] for i.i.d. data
Uy, Uy, - - .- Recall that an e-variable for sample size n is any nonnegative statistic
S = §M(UM) of the data U™ = (U, ..., U,)) such that, under all P € P, we
have Ep[S(™] < 1. For a simple alternative Q = {Q}, expressing Uy, Ugy, ... ~iid.
Q, the e-power of e-variable S(™) is given by

Eq[log ™). (3.1.1)

A central role is played by the optimal e-variable (known variously as GRO (growth
rate optimal) or numéraire) that maximizes e-power over all e-variables that can be
defined on U™, A (perhaps the) central result in e-value theory [42] 57, 58] says that
it can be calculated based on the reverse information projection (RIPr). We shall
denote this optimal e-variable as Sg;p. We also consider a sequentialized version of the
RIPr e-variable, Ssgq-rie that is ‘locally’ (outcome-wise) but not ‘globally’ (sample-wise)
optimal [88] [83] [44]. We further look at e-variable Sconp that is based on conditioning
on the sufficient statistic and a popular version of the universal inference e-variable Sy,
[95]. Instantiating such e-variables requires specifying an alternative. We first consider
a simple alternative Q = {Q} as in (3.1.1). In this case, under mild further conditions
(see Section , the optimal e-variable for a sample of size n can be written as

n) q(U™)
S = T ()’ (3.1.2)

where ¢ is the density of @, p, the density of P, and W a prior on the parameter
space M, of P. In a ‘companion’ paper [40], we showed that under some conditions
on the covariance matrices corresponding to ) and the P,, € P, the RIPr is achieved
by a degenerate prior, putting all mass on a single P, € P. We refer to this as the
simple case, since in this case, a simple-vs.-simple likelihood ratio provides the optimal
e-variable, even though the null is composite. Companion paper [40] (which has ‘simple’
in the title), only considers (a) the GRO e-variable for (b) the simple case at (¢) n = 1;
the present paper (with ‘general’ in the title) considers (a) various types of e-variables,
in (b) general settings with (¢) n varying.

Main Results A major finding of this paper is that, if the ‘opposite’ condition holds
(we refer to this as the anti-simple case) then the RIPr prior W in is a Gaussian
with variance O(1/n), in an approximate asymptotic sense in general, and even exactly
if P is a Gaussian location family and @ is also Gaussian. This is the first time, as far
as we know, that insight into a nondegenerate RIPr prior is obtained for the case of a
parametric, non-convex null.

This finding is enabled by our main theoretical insight: the conditional e-variable
Sconp can be analyzed via a local central limit theorem with explicit bounds on the
error terms [I6]. As a result, we not only get explicit o(1) bounds on its e-power,
but we also find that it is closely related to Spp (in the Gaussian anti-simple case
they even coincide), leading to the result above and to explicit expressions for e-power
. We also develop these for our other types of e-variables, not just under the ‘true’
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alternative @, but also in the misspecified case when the data are sampled i.i.d. from a
distribution R # Q. In Section [3.2] Theorem [2| provides exact expressions for the case
that P is a multivariate Gaussian location family and @ a Gaussian with a different
covariance matrix. In Section [3.3] Theorem [] we consider general exponential family
nulls and @ that satisfy a regularity condition. Here our results hold up to o(1). We
also extend our results to a specific composite alternative, namely, a second exponential
family with the same sufficient statistic as the null. Many practical parametric testing
problems are of this form, as recalled in Example [4 and [6] below.

There are two standard methods to design e-variables for composite Q: the sequential
plug-in method and the method of mixtures [71]. We consider both, resulting in an
(again exact) extension of Theorem [2| to Theorem [3| for composite null and alternative
Gaussians (Section [3.2), and an extension of Theorem [] to Theorem [5] (Section
for general exponential family nulls and alternatives, with results holding (mostly)
up to o(1). As another central contribution, we find that, when using the method of
mixtures, equipping the alternative with a prior W1, then, under regularity conditions,
the RIPr prior W in is, in an approximate sense, given by the same prior W1,
irrespective of whether we are in the simple case or not.

Additional theoretical insights regarding these results include that, in the Gaussian
case of Theorem the e-variable Sconp coincides with the e-variable obtained by
equipping P and Q with the improper right Haar prior, that is suggested by Pérez-Ortiz
et al. [70] (Section[3.2.2] (3.2.25))); and that the conditions needed for well-behavedness
of the plug-in method and universal inference are ‘dual’ to each other: compare

Condition [3] Section with Condition [2] Section [3.3.2]

Summarizing (and for simplicity leaving some O(1) terms unspecified) some of our
main findings for the — practically more relevant — composite case, we obtain the
following relations. These are obtained from Corollary (Section and Corollary
(Section [3.3.3)). Here we used particular, convenient versions of the plug-in and mixture
method to deal with composite Q, with precise definitions (including the definition
of ‘strict’, ‘simple’, ‘anti-simple’ and dg;,) in Section and We find that, under
appropriate (yet mild) regularity conditions on P and Q, that for all Q € Q,

Eq |log Si | =o(1) (3.1.3)
“1 sl
Stk | _d
Eq |log W | =3 logn + O(1). (3.1.4)
SUI
[ Sgg(g-mp dqp . . . .
Eq |lo o) == logn + O(1) with 0 < dgp < d, in the strict simple case.
Ul
(3.1.5)
I Sé::l(%-R.IP- . . ..
Eq |log 50 < — ne for some € > 0, all large n, in the strict anti-simple case.
COND

(3.1.6)
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where d is the dimensionality of the exponential family and d, is a notion of ‘effective
dimension’ whose exact size depends on (). Note in particular that Sspq g is not
competitive in the anti-simple case. The resemblance of to the ubiquitous BIC
model selection criterion is no coincidence: both are derived via a Laplace approximation
of a Bayesian marginal likelihood. The occurrence of dg, < d arises due to the use of
plug-in methods — it also appears in the results on prequential model selection by
[38, 54], whose techniques for analyzing log-loss of sequential plug-in estimators we
employ and (vastly) generalize. Given that, in contrast to Sg;p, we always know how to
calculate Sconp, it appears that Sconp is in some sense the clear winner — a fact that
came as a surprise to us, especially since its definition requires neither a prior on the
alternative (as in the method of mixtures) nor an estimator (as in the plug-in method):
in a sense, it’s not “learning”! However, Sconp does carry one big disadvantage: in
contrast to Sy and Ssgqrip, usually (i.e. for most exponentially family nulls), Scoxp
does not define an e-process. We explain this rule of thumb, discuss exceptions and
derive conditions under which Sy does not define an e-process in Section Finally,
we emphasize that while some of our results on e-power are asymptotic, the four
types of e-variables we employ, ad hence the Type-I error guarantees they lead to, are
invariably nonasymptotic, i.e. valid at each sample size.

Contents In the remainder of this introductory section, we first (Section [3.1.1])
provide preliminaries on exponential families. We then (Section [3.1.2)) define the
various types of e-variables we consider. In Section [3.2] we provide our theorems for
multivariate Gaussians, in Section we provide the analogous results for general
exponential family nulls. Section provides the proofs of the Gaussian results,
Section provides the proofs of the general exponential family results — these
are given in terms of various lemmas that are interesting in their own right and
whose (relatively basic but very tedious) proofs are delegated to appendices. Finally,
Section [3.6| provides the implications for e-process-ness and discusses potential future
work.

3.1.1 Preliminaries on Exponential Families, Notation and KL
Divergence

In all our results, the null hypothesis P is a regular d-dimensional exponential family
defined on underlying random element U taking values in some set U and sufficient
statistic vector X = (X1,...,Xq)". We can write X; = ¢;(U) for given functions
t1,...,tq. For the Gaussian case, Section we can take X = U, but in general (see
e.g. Example, distinguishing between X and U is crucial. Here and in the sequel we
will freely use standard properties of exponential families without explicitly referring
to their proofs, for which we refer to, e.g. [19, 3] B3]. We parameterize P in terms of
the mean-value parameter space M,, so that we can write

P={P,:peM}
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with M, C R? and Ep, [X] = p. We denote the d x d covariance matrix of X under P,
as Xp,(p). Recall that ¥,(p) is continuous and positive definite for all g € M, and,
since the family is regular, M, is a convex open set.

All elements of such a P have densities relative to some underlying measure v. We
fix such a v and denote the density of U under P, as p,.

As to canonical parameterizations of P, which we will only use in Section [3:3.1] we
note that we can take any p € M, and define

1 d
PIN(U) = ——— ezj=1 Bit; (U) cpu(0), 3.1.7
5 (U) Z,08) w(U) (3.1.7)

where Z,(83) is the normalizing constant and we define the canonical parameter space
B, = {B: Z,(B) < oo}. As is well known, the set of distributions {P§*¥ : 8 € By}

CAN

where Pg*" has density pg*", coincides with P.

P is extended to multiple outcomes by the i.i.d. assumption. It thus becomes
a set of distributions for random process U(y),U(g), ..., with for i > 1, U an i.i.d.
copy of U, and Xy = (X@y1,...,X@),a) with Xy ; = t;(Ugyy). We abbreviate
XM = (Xq),...,X(m) and similarly U™ = (Upy),...,Uy) and write P, (U™)
(density p,,(U™)) for the marginal distribution of U™ under P,,. We use the notation
P to refer both to the set of distributions for a single outcome U and for the random
processes (U )ien, as in each instance it will be clear what is meant. When referring
to the set of marginal distributions for the first n outcomes, we use the notation
PUM™) = {P,(U™): peM,}

Since we assume P to be regular, the maximum likelihood estimator (MLE) in
the mean-value parameterization, fi,, based on data U (") exists, is unique and equal
ton~! Dy X(;y whenever the latter quantity lies in the set M,. With slight abuse
of notation, we shall extend the definition of fi,, and simply set it to be equal to
n~t 3" | X(;) even if the latter quantity is not contained in M,; this can happen, for
example, with the Bernoulli distribution if all X;) are equal to 1, or all are equal to 0.
We then set pﬂm(U(")) i= SUp,ey, p”(U(”)), which will make all quantities appearing
in our results well-defined.

The alternative hypothesis Q will either (Section Theorem [2| and {]) be a
singleton @ = {Q} or (Theorem [3| and [5)) will itself be another regular exponential
family, defined on U, with the same sufficient statistic X as P. In the latter case, Q is
invariably extended to sequences of outcomes by the i.i.d. assumption. In both cases
we assume that all elements of @ have a density relative to v. For the case that Q
is an exponential family, we extend all notation in the obvious way: M, denotes the
mean-value parameter space, B, is a canonical parameter space, X,(p) is the d x d
covariance matrix corresponding to (),,, and so on.

The KL (Kullback-Leibler) divergence D(-||-) plays a central role in our analysis.
For R, P distributions for i.i.d. random process U(1),U(z),... as above, we write
D(R(V)||P(V)) to denote the KL divergence between the Q- and P-marginal distributions
for random vector V', respectively; for example, D(R(U™)||P(U™)). Whenever we
write D(R||P), this is meant to abbreviate D(R(U)||P(U)).
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3.1.2 Preliminaries on E-Variables: The E-Zoo

An e-variable S™ for sample size n is a statistic of data U™ (i.e. a random variable
that can be written as a measurable function of U(™)) that is (a) nonnegative, and (b),
that satisfies, for all P € P, By p[S™] < 1.

To define an e-process (a concept only analyzed in Section , suppose that
U = R? for some d > 0 and let o(U(™) be the g-algebra generated by Uays - Umy-
We call (o(U™)),en the filtration induced by the data or ‘data filtration’ for short. An
e-process relative to the data filtration is a random process (S(), ey defined relative to
the data filtration such that for each stopping time 7 (defined again relative to the data
filtration), S(7) is an e-variable. We refer to [71] for more background on e-processes.

For parametric testing problems such as ours, there exist several standard ways to
define e-variables and e-processes. These invariably take as their starting point a single
distribution @ for random process U1y, Ua), . ... In basic cases the alternative Q is
simple, and then we may think of @) as representing the alternative, i.e. @ = {Q}. If Q
is not simple, then @ is usually taken to be a Bayes marginal distribution or ‘plug-in’
distribution chosen so as to represent Q [71]. In both cases, the data will not be i.i.d.
under () even if they are under all elements of Q: therefore, for now we let () be an
arbitrary distribution for random process U(y), U(2) such that its conditional densities
q(z(1)), q(z(2) | (1)), ... relative to the chosen background measure are well-defined.

[42] define the GRO (growth-rate optimal) e-variable for a sample of size n, relative
to @, to be the e-variable S(™ that, among all e-variables that can be written as
a function of data U("), maximizes growth-rate , also known as e-power [94],
Eym ~gllog S(M)], and show that it is given by:

n) q(U™)

=t 3.1.8
Q,RIP pwq(UW)(U(n)) ( )

where p._ )y is the reverse information projection (RIPr) of Q(U™) on the set
CONV(P(U™)) where CONV denotes the convex hull. More precisely, [42, Theorem 1]
implies that the RIPr exists, and gives the growth-optimal e-variable, whenever
D(Q||Py) < oo for all p € M, (this result has later been generalized [57, 58] but for us
the initial, simple version suffices). The RIPr often finds itself in the Choguet convex
hull of P and in that case, it can be written as a Bayes marginal distribution: there
then is a prior W on M, such that pwq(Um))(U(”)) = pw (U™). Here we defined

pur (U™) = / Pu (U)W (1)

to be the Bayes marginal distribution based on W. Whenever below we write ‘optimal’,
we mean ‘optimal in terms of e-power’. While in some nice cases (the ‘simple’ case of

Section below) calculating this optimal Sgﬁm, is easy, in general, it can be quite
difficult to compute. In that case we may prefer any of the following alternatives.

First, by conditioning on the sufficient statistic, we obtain an alternative, potentially
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sub-optimal e-variable that is always well-defined:

m  _aU™|2)
Q,COND p(U(") | Z)a (3.1.9)

where Z = Z?:I(X(i)J? . ,X(Z-)’d)—r and p is the density of the conditional distribution

of U™ given Z, which is identical for all P € P because Z is a sufficient statistic and

the family is regular. To see that S, (n) indeed is an e-variable, note that for all

@Q,COND
PeP,
EP[Sé,éonn] = EZNP[EU(”)NP[S(Q,)OND|ZH =Ez.p {/p(u( )| Z) - WdV(U( ))

—Ez.p[l] = 1.

Although there are important exceptions (Section [3.6)), in general neither the sequences
(Sé;f])-{[}))neN nor (Sé;:)COND)neN define an e-process. Here are two standard ways to define

such an e-process for testing Q = {Q} vs. P:

5 :ﬁ «Ua U)o _ a@™) U™
@sramr = A p e we-mUm) T TN supey pp(U™) T pp, (UM)
(3.1.10)

where S

0.550-RIP is well-defined whenever all involved conditional densities are well-defined
and the final equality holds whenever P is well-defined. Here S’gfgm_mp is the
sequential or ‘local’ (in time) version of (3.1.8): for each UG- e yi-1, Pevq(Ugsy [uli-1)) is
the reverse information projection of Q(U;y | U= = w(*=1) on the set cONV(P(U;))),
i.e. the convex hull of P restricted to a single outcome. Finally, Sg y is one possible
(and in fact quite standard) instantiation of the universal inference method pioneered
by [95].

All e-variables and processes mentioned so far are important in practice and have
been studied theoretically for some specific null hypotheses P [71]. In particular,
[70] employs RIPr e-variables; sequential RIPr e-variables are implicitly employed
ubiquitously in nonparametric settings [71], and, in parametric settings, by [88] [83] [44].
UI appears in [95 32, [85]. Sg.cono has been implicitly used a lot as a likelihood
ratio within the likelihoodist paradigm, reducing a composite null to a simple one by
conditioning on a sufficient statistic, e.g. for contingency tables; see e.g. [74, Chapter 7).
Sq,conp 18 in general only available for exponentially family nulls, all other e-variables
and -processes mentioned here can be applied more generally.

By the growth optimality of S((;zm we have, for general @,
Eqlog S50, > max {Eqlog S5y el Eallog SG ), Eqllog S§ hoxsl b (3.1.11)

Q,SEQ-RIP

Our aim in this paper is to quantify such relations in more — essentially full —
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detail.

3.2 The Gaussian Location Family

In the present section we consider the special case that under the null hypothesis,
X = U has a multivariate Gaussian distribution with fixed covariance matrix ¥, and
the alternative is also Gaussian or a set of Gaussians, with some other fixed covariance
matrix X,.

3.2.1 Q simple, P multivariate Gaussian location

Let P be the Gaussian location family for X = U = (X}, ..., X4) with nondegenerate
d x d covariance matrix 3,. Fix a particular mean vector u* € M, = R% We let
Q = {Q} with @ a Gaussian for X with mean p* but with nondegenerate covariance
matrix ¥, # ¥,. For invertible d x d matrix B, we let

Deross(B) i= % (—logdet(B) — (d — TR(B))), (3.2.1)

where TR(B) is the trace of B and det(B) is the determinant of B. The subscript derives
from the fact that DGAUSS(EqE; 1) is the KL divergence between two d-dimensional
Gaussians that share the same (arbitrary) mean vector and have covariances 3, and
>p respectively — which also tells us that for general positive definite and symmetric
X Xp, DGAUSS(Equjl) > 0 with equality iff ¥, = 3,. The following characterization,
derived from standard properties of determinant and trace, will prove useful below:
letting A1, ..., Aq be the eigenvalues of 251/22(12;1/2’ we have

d
_ _ _ 1
DGAUSS(E(]Ep 1) = DGAUSS(EP 1/22(1213 1/2) =3 Z (—logh; —(1—X5) |. (322)
j=1

It will be most helpful for stating our results to introduce the following nonstandard
notation: for positive definite d x d matrices X, X, we define dgp, := TR(ZaEb_l). In
particular,

dgq = dpp = d,0 < dyp, and if ¥, — X, is negative semidefinite, then dg, < d, (3.2.3)

the latter inequality becoming strict if 3, — X, is negative definite. To derive the
inequality, note that if ¥, — ¥, is negative definite, then ¥, 1/ QEqE; V2 _ris negative
definite, and then all eigenvalues )\; above are smaller than 1, so dg, = 27:1 Aj is
smaller than d.

We now present our characterization of e-values and their growth rate for this
setting. It turns out that the proof technique remains usable if we replace the sampling
distribution @ by any other sampling distribution R with the same mean p*, so we
will state and prove our results for such general R. We shall refer to the case R # @
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as the misspecified case, in contrast to the well-specified case R = Q. Allowing R # Q
mainly adds strength to Theorem [3]for composite alternatives further on; in Theorem [2]
directly below, if a statistician employs Sg it implies she has knowledge of p*, so the
added generality of allowing general R with the same p* is somewhat limited.

For compactness in notation, we further introduce (as was already done by [55])
the generalized KL divergence between @ and P under sampling distribution R (also
assumed to have a density relative to v) as

qU)] @ B
23] @ owip) - i)

where (a) holds whenever either D(R||P) or D(R||@) is finite. Yet Dg(Q|P) is still
well-defined in some cases in which both D(R||P) or D(R||Q) are oo [57].

As to the conditional e-variable (3.1.9)), in this context it becomes

DR(Q|IP) == Buor [bg

gU™ | Z)
p(U™ | Z)’

S((ng)\ID =

(3.2.4)

where we remark that, by sufficiency, the conditional distributions of U™ given
Z = 3" | X are equal to each other for all @ € Q (i.e. g, (U™ | Z) = q,,, (U™ | Z)
for all p1, po € My) and similarly for P € P, hence (3.2.4) is well-defined. Finally, we
define:

drp — drq

2
(3.2.5)

_ _ 1 _
Ds, (%4]15p) = Daauss(SrE, ") — Daavss (5,5, 1) = —5 log det(E,5, 1) +

as a generalization (in the sense that Dy, (3q[3,) = Doauss(3¢3, 1) ), of (3.2.1). Then,
for any distribution R on X with mean p* and covariance 3., we have (as shown in
Section as part of the proof of the theorem below):

DR(QH*

In (3.2.8) below and later in ([3.2.19)) we use both notations Dy and Dy, simultaneously—
which, as will be seen, will greatly ease comparison to the exponential family version
of our results.

Pu-) = Ds, (5,]5,). (3.2.6)

Theorem 2. Let P and Q be as above and let R be a distribution on X = U with
the same mean Er[X] = p* as Q and with covariance matriz ¥,. Let Uy, Uy, ... be
i.i.d. ~ R. Then Dgr(Q||Py-~) is finite and we have:

1. (UI) Let Sglz,l = % be defined as in (3.1.10). We have:
U B

dpy
.

Erllog S5, = nDR(Q|| Pu-) - (3.2.7)
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2. (COND) Let nglOND = % be defined as in (|3.1.9). We have:

Er[log Sg tox) = (= D Dr(Q|Pur) = n - Dr(Ql|Pu-) — Ds, (34]|%5)-
(3.2.8)

3. (seq-RIPr/RIPr Simple Case; seq-RIPr Anti-Simple Case)) Let st gt

be defined as in (3.1.§) and (3.1.10). If £, — X, is negative semidefinite (the
‘simple’ case) , then we have, for all n, that

n n Q(U(")) n
Ség,zup = Sé),gEQ—RIP = W so that ER[log Sé},zup] = nDR(QHPIL*)'
P ( )
(3.2.9)
If ¥, — X, is positive semidefinite (‘anti-simple case’), then Sézn,;mmp =11is
trivial.
4. (RIPr, Anti-Simple Case) Let ng})m,SgéOND and ng;m_mp be defined as in
, and (3.1.10). If ¥4 — X, is positive semidefinite, then we have
(n)
gm — _aU™) g (3.2.10)

Q,RIP — pWO(U(”)) Q,COND"

where Wy is a Gaussian prior with mean p* and covariance matriz 1y =
(3g = %p)/n. Pw, = Py is then the RIPr of Q onto coNV(P(U™)).

Some remarks are in order.

Simple vs. Anti-Simple We see that, if ¥, — X, is negative semidefinite, then the
RIPr is simply an element of P and the growth-optimal e-variable is of the same form
as it would be if P were simple. Following [40] we call this the simple case and indeed
Part 3 of the theorem is really a direct corollary of the main result of that paper. We
will formalize the notion of ‘simplicity’ for general exponential families in Section [3.3

Comparing E-Power In the strictly simple case that ¥, — 3, is negative definite,
we have, already mentioned below (3.2.3)), that all X; in are smaller than 1.
Similarly, we are in the strict anti-simple case iff all these A; are greater than 1. This
eigen-characterization leads to the following corollary about the e-power for the strict
anti-simple and simple cases of Ul vs. the other e-variables. In the strict anti-simple

case, we have, by Part 4 above, ST = 8™ g0 using (|3.2.8|) and 1|3.2.2|) and the

@Q,COND Q,RIP?
fact that in this strict anti-simple case, all eigenvalues A; are larger than 1, we find

(3.2.11)) below. Using (3.2.3)) for the strict simple case, we find ([3.2.12]):
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Corollary 2. [e-power and growth optimality]

d
EQ {k)g SQ RIP/SQ LI:| :% - DZ (EQHZP) (3'2'11)
d 1< d
=3 + 3 ; og A > 2 in the strict anti-simple case;
() o] _dap _ d ot s
Eq [log SQ’RIP/SQVU] —7 <35 in the strict simple case. (3.2.12)

Even though Sg i therefore always has less e-power than Sg pe, the difference (in
contrast to the composite Q case in Section below) does not keep growing with
n. The conditional e-variable Sg conp is identical to Sg g in the anti-simple case but
in the simple case it is hard to compare to Ul; in general neither one outperforms the
other. Again, we will see that with composite Q, the situation changes.

3.2.2 P, Q both multivariate Gaussian Location

We now consider the case that P is a d-dimensional Gaussian location family as before,
but now Q is composite: it is itself the full d-dimensional Gaussian location family
with nondegenerate covariance matrix ¥, # ¥,. The mean-value parameter spaces are
M, =M, = R

We will establish explicit formulae and corresponding expected logarithmic growth
of the various e-variables defined in Section Since Q is composite, we need a
method to estimate the distribution in Q given a data sequence X(y,..., X(,), and
this will determine the () used in the definitions in that section. As stated in the
introduction, we use two standard methods for this. The first method, usually called
the plug-in method, is to use at each i a regularized ML estimator based on the past
and defining @ as the product of predictive distributions. We use the variation studied
by [B8] who, following [29], call this the prequential ML method, setting, for each i,

n
Tono + Y ()
1 v =1
Q" (U |U(l )) = Qs (U)), where fi, := Tlno (3.2.13)
for some fixed constant ny > 0 (not necessarily an integer) and zo € M,. We take
no > 0 to ensure that i) is well-defined and, when later applied to exponential families
rather than Gaussians, to make sure that the relevant KL divergences remain finite.
Whenever we use an e-variable of the form Sg- . with @Q* defined by (3.2.13)), we
abbreviate this to Sy,.. We use this method for e-variables of UI and sequential RIPr
type. In particular, we set

H Ay, L(Uw) . Qjn; 1(U(')) (3.2.14)

S(n _i=1 ’ S(Vn) _ _ ’
f, U1 pﬂ\n(U(n ) f1,SEQ-RIP E pqu”,l(U(i))(U(i))
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where p‘“‘Zﬁ‘i,l(U(i))(U(i)) is the RIPr of Qp'\i—l(U(i)) onto CONV(’P(U@))) as in .

The second method to learn the alternative as data comes in, known as Robbins’
method of mixtures [71], is to set Q* to a Bayes marginal distribution, Q*(U™) :=
Qw, (U™) where qw,(U™) = [q,(U™)dW;(u) for some prior Wi on M,. In
Theorem [3| below we uniquely consider Gaussian priors, i.e. priors of the form
W1 = N(p1,11;) where we implicitly fix the dimension to d, i.e. py € R? and
II; a d x d nondegenerate covariance matrix. We use this method for the Ul e-variables
and for the growth-optimal e-variables, i.e. of RIPr type, in the anti-simple case. In
particular, we set

g _ i (U™) ey e (U™)
Wy,ut Piiyn (U(")) ’ Wi, Rrip pqul (wm) (U(n))

(3.2.15)

with p._g,, (wom) the RIPr of Qw, (U™) onto conv(P(U™)) as in (3.1.8).

Theorem 3. Let P, Q be as above, and let R be a distribution on X (= U) with mean
Er[X] = pu* and with covariance matriz X,. Let U1y, Uy, ... be i.i.d. ~ R. Then
Dr(Qu~||Py-) is finite and we have:

1. (UI) Let nggn be as in (3.2.14}) above. We have:

Ey) ~rllog S,({L[)H] =n-Dr(Qu-

dy
PH*) - #lognJrOﬂ,Ul(l), (3.2.16)

where, with Oy, Oy given by (3.2.24) below,

dry
2

Similarly, let S‘(,{}l)’m be as in above. We have:

EU“")NR[IOg S{(/{r/Ll),UI] =n- DR(QH*

1 . dy
3" Ox(||wo — p*|13) — 7(1

Oﬁ,,UI(l) = - Og(1).

d n
PH*) - ilog% + Ow, (1), (3.2.17)

where a precise expression for Ow, v is given in (5.2.24]) below; up to o(1), it is:

drg — drp

OW1,U1(1) = D)

1
+ 3 log det 3 + log wi (p*) + o(1). (3.2.18)

2. (COND) Let Séﬁ?m be as in above. We have:

Eglog Stato] =(n — 1) - D5, (Sq]|5p) = n - Dr(Qp-

PM*) - DZT(Eq”Ep)
(3.2.19)

3. (seq-RIPr, Simple and Anti-Simple Case) Suppose that X, — X, is negative
semidefinite. Let ) be as in (|3.2.14}) above. We have: P 1(U(i))(U(i)) =

[1,SEQ-RIP meu_
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Pﬁ‘i,l(Ui) and
n dr - dr
Er[log S;(i,s)m-mp} =n- DR(QH* ||Pu*) + % logn + Ogpqrir(1), (3.2.20)

where Osgorip(1) = —Ox(||mo — p*|3) — % -0g(1). If ¥, — 3, is positive

semidefinite, then Sggmimp =1 s trivial.

4. (RIPr, Anti-Simple Case) Suppose that £, — X, is positive semidefinite. Let

Si(/gl),mp be as in so that S‘(/(,Ll)mp is the GRO e-variable. Then
pwqwl(U“))(U(n)) = pwo (U™) where Wo = N (p1, T + (£ — ) /n),
(3.2.21)
and we have .
(n) _ aw (U " ) _ aln)
SW1,RIP - m = Scorp- (3.2.22)

A few remarks are in order.

Plug-In vs. Bayesian Q* We studied the sequential RIPr (Part 3 of the theorem)
only in combination with a plug-in Q* and the full, ‘global’ RIPr (Part 4) only in
combination with a Bayesian Q*, but this was done for mathematical convenience only:
one could in principle (though the analysis would be substantially more complicated in
both cases) also study the RIPr for plug-in Q* or the sequential RIPr for Bayesian Q*.

Comparing E-Power of the Various Methods To determine e-power, we focus
on the well-specified case again with R = Q- so that ¥, = ¥,. Theorem [3 then
implies:

Corollary 3. [e-power and growth optimality] Under the conditions of Theorem@
Eg[log Sé’SLD] > ne for some € >0 and all n > 1, and we have,

Eq,. llog Sy /S50 = 0(1).

f2,U1

n n d
EQM* [log S((‘/OI)\ID/SI(L%I] = b logn + O(1).

d
Eq,.[log S;(;gEQ-RIP/S;(;t)n] = % logn + O(1) with dgy < d, in simple case. (3.2.23)
Eq,. [log S;(“:s);m-mp] =0 in anti-simple case.

Eq,.[log SI(/SLRIP/S(EZLD} = 0 in anti-simple case,

where dgp, 15 as in, and we used the inequality in, . Note that the inequality in
becomes strict in the strict simple case. Importantly, we only know how to
explicitly calculate Sy, rie in the anti-simple case (then it is equal to Sconn) and we
never need to specify any prior Wi or fi when calculating Sconp-
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One may now check that this is consistent with the results (3.1.4)-(3.1.6)) provided
informally in the introduction, where S, may stand for both Sw, v; and Sp v and Skie
stands for Sy, wie. ((3.1.3) will be implied by Corollary [5| later on).

The O(1) Terms Precise expressions for O,, Oz, Ow, u are as follows.

Oa((lzo — p*[I3) Z i Z/n e —m0) 8w — o). (3.2.24)
=0
n—1 i
1) = — 1 .
) (; —m ogn>
dr d n 1 «
Owyu(1) = ==F = Ds, (2g[%q +nll) + 5 log o— = 5 0c((ln” = p[9)-

Oc(llp” = pull3) = (1" = pa) (I + Bg /) ~H(W" — ).

Note that the O, and O terms measure alighment between prior belief (xg or 1)
and true p*, and become 0 if the belief is correct. Oy is small: for all n, we have
Og(1) <~y +1/(2n) (where v = 0.577. .. is Euler’s constant).

Relation to Optimal E-Variables for Group Invariant Testing Perez et al.
[70] showed that if @ and P are both location families then the Bayes factor obtained
by equipping both models with the (improper) right Haar prior gives an e-variable; it is
even the GROW (worst-case growth optimal) e-variable for the two models. The right
Haar prior for a location family is just the Lebesgue measure on p. We may apply
this result to our Gaussian location families. Using the fact [45] that the resulting
(UM) =1 and

e-variable satisfies 5",

St (U™) = aw, x ) (X2 X)) /Pwal ) (X2)s - X)),

where W1| Xy = N(X1),%,) and Wy|X(1) = N(Xq),%,) are the formal Bayes
posteriors (based on the right Haar prior), after observing X(;), we may employ the
same techniques as used in proving Theorem [3|to prove (see Appendix for details)
that

Egflog S™. ] =(n — 1) - Dg, (54]|%,), (3.2.25)

HAAR]
and thus has the same e-power as the conditional e-variable. This e-power must then

also be worst-case growth optimal (GROW) in the sense of [42i and by the results in

that paper, we must have that S’I({Z)AR = é’g?m are in fact equal

LGiven the existence of the right Haar-based e-variable, the reader may wonder why we bother with
all these other e-variables at all — the reason is that we really view them as idealized versions that
should guide our analysis for general exponential families, for which Haar-based e-variables simply do
not exist.
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3.3 Multivariate exponential family

We extend the results of the previous section to general exponential families. We first
introduce an important condition under which the form of Sy simplifies. Then, in
Section we present Theorem [4] the analogue to Theorem [2| (simple alternative)
and then, in Section [3.3:3] Theorem [5] the analogue to Theorem [3]

3.3.1 The Simple and Anti-Simple Cases of [40]

In some special situations which we shall collectively refer to as The Simple Case
(precise definition below), SS,)mp (notation as in Section reduces to a simple
likelihood ratio between @) and a single element of 7. This is the upshot of the central
result of [A0], which we now summarize. We refer to [40] for more extensive discussion.

Fix a regular exponential family null hypothesis P for outcome U with sufficient
statistic X. Let @ be a distribution on U. Suppose X has a moment generating
function under ) and has density ¢ relative to v. We may then generate a second
exponential family Q%N with carrier density ¢ and the same sufficient statistic X as P.
The elements of this family are defined like but with p,, replaced by ¢, and Z,
by Z,. We will adopt precisely the same notational conventions for Q°*N as we did
for Q, in particular M;* is its mean-value parameter space and %¢™ (p) is its d x d
covariance matrix as a function of p.

To prepare for our definitions, we note that there exist a variety of canonical
parameterizations of an exponential family: by replacing the carrier density in
by the density of any element of the family, say with mean p*, we obtain a new
canonical parameterization in which p§*" = p,- has mean p*. For general regular
exponential families on U that share the same sufficient statistic, we say that canonical
parameterizations of P and Q match if P§*" and Qg*" are both well-defined and have
the same mean, i.e. for some p € M; N M, we have Epen [X] = Eggw[X] = p.

Definition 1. Fix an exponential family P as above.

1. Let Q be an exponential family for U. We say that P and Q are matching pairs
if they are both regular and they have the same sufficient statistic X and we
have that (a) M; C M, and, (b), for every matching canonical parameterization of
P and Q, we have that B, C B,.

2. Let Q be a collection of distributions on U so that each @ € Q, together with
sufficient statistic X, generates the same exponential family Q%*N. (i) We say that
we are in the simple case if Q°™ is a matching pair with P and, for all p € M;™,
5™ () — Xp(p) is negative semidefinite. We say that we are in the strictly simple
case if we are in the simple case and, for all p € M;™, 65 (1) — ¥, () is negative
definite. (ii) We are in the p-anti-simple case if g € Mg*™ MM, and SF™ () — %, (1)
is positive semidefinite (P and Q%N are not required to be matching pairs). We
are in the strict p-anti-simple case if g € M;™ and 7™ (u) — ¥, (p) is positive
definite.
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3.3. Multivariate exponential family

In the following subsection we will be concerned with simple alternative Q = {Q},
and then Q™ is well-defined as soon as X has a moment generating function under
Q. Then, in Section we consider Q that are themselves exponential families with
sufficient statistic X. As is well-known, each member of a regular exponential family
generates that same exponential family, so in that case we simply have @ = Q%*N. In
the ‘companion paper’ [40], we proved the following result:

THEOREM [Corollary of Theorem 1 of [40]] Consider a testing problem with null P
and alternative Q and suppose we are in the simple case. Then for every u* € My, the

RIPr of QL"*) is given by P‘(Ji) so that the RIPr e-variable is given by

(n) qu-(U™)

Quhmp - Pm (7(](")) .

[40] gives many examples of P and Q that are ‘matching pairs’ and that fall under
the ‘simple case’. These include, for example, Bernoulli k-sample tests, the k-sample
tests of Example [f] below, and also linear regression problems with Gaussian noise
(Example @ A prime example was already used implicitly in the previous section: if
P and Q are both sets of multivariate Gaussians, we have M, =M, =B, =B, = R? so
we have matching pairs. Since in this case, the covariance matrices X, and ¥, do not
depend on p, we are in the simple case as soon as ¥, — ¥, is negative semidefinite.
This was exploited in the proofs of Theorem [2] and

3.3.2 Q simple, P multivariate exponential family

We now assume P to be a regular exponential family and consider simple alternative
Q = {Q} with @ a distribution on U with density ¢, mean Eg[X]| = p* and covariance
matrix ;. Below we state Theorem [4] which extends Theorem [2] to this setting. The
results for UI, COND, SEQ-RIP and RIP will very closely follow those of that previous
theorem, but, because of the added generality, regularity conditions are needed for
some of them. We first discuss the most involved one, the COND condition:

We say that a d-dimensional random vector X is of lattice form if there exist
real numbers by,...,by and hy,..., hg such that, for all j € {1,...,d}, all u € U,
X;(u) € {bj + sh; : s € Z}. Obviously, most random variables with finite or countable
support that are commonly encountered are of lattice form. Being either of this form
or having a continuous density (with respect to Lebesgue measure) is the standard
condition for the (multivariate) local central limit theorem [16] to hold, which is
instrumental in the proof of below. Concretely, we require the following:

Condition 1. (COND) X has a moment generating function under @ and R in

Theorem below. Moreover, either X has a bounded continuous density (denoted ql®l

rlel pEf] respectively), with respect to Lebesgue measure under Q, R and all p € M, or

X is of lattice form (and then has probability mass functions gl rlel, pﬁf] respectively).

The support X C R? (X is countable in the lattice case) under Q, R and all P € P
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Chapter 3. E-Values for Exponential Families: the General Case

coincides. Moreover, there is a > 0 such that for all s > 0,

(=]
sup < log Py (2) cx €X, |z —ptle < sp=0(s?). (3.3.1)
qi*l(z)

Since all our results are only relevant for the case that Dg(Q||Py+) < oo anyway,
requirement merely says that the likelihood ratios cannot be super-exponentially
far apart, so in that sense it is quite weak; yet it requires R to have exponentially small
tails. From inspecting the proof it can be seen that if X has just three moments under
R, the result still holds if ¢ and p,,~ are only polynomially apart; we have not
bothered to formalize this. The requirement that X has a moment generating function
under @ (rather than R) is essential for the proof though.
We further need a condition to prove a lower bound of the e-power of Sy;:

Condition 2. (UIZ) R as in Theorem below is such that for some 0 < v < 1/2, for
all n:

Er [1”}1\7’,*#*”2271_”’ n- D(Pﬂ\n [Pus)| = o(1).

This condition refers to D(Pp,, || Pu-) also for cases in which f1,, & Mp; in Appendix
we extend the definition to that case. We suspect the condition is quite weak: it is
readily verified for one-dimensional models such as e.g. Poisson, negative binomial,
exponential and so on (we illustrate that it holds for the Poisson distribution, when X
has > 3 moments under R), in Appendix, but, unlike for the ‘dual’ Condition
that we will discuss in the next subsection, we have not been able to come up with
a general easy-to-verify ‘n-free’ condition that implies Condition [2| for multivariate
families.

In this section, the covariance matrices in P, Q and R are dependent on pu. We
thus extend our notation for the trace (3.2.3) to dup(p) = TR(Sq ()%, (1)) We
also use (and will keep using in Theorem [5{ and the proofs) the nonstandard notation
f(n) < O(1), to mean that there is a positive constant M > 0 such that, for all n € N,
we have f(n) < M; f(n) < o(1) means that there is a sequence of positive numbers
My, My, ... tending to 0 such that for all n € N, we have f(n) < M,,.

Theorem 4. Let P be as above, and let Q be a distribution on U with density q
and mean Eq[X] = p* where p* € M, and with covariance matriz 4. Let R be a
distribution on X with the same mean Er[X] = p* and with covariance matriz ,,
such that the first 8 moments of X exist under R and Q and Dr(Q||Py-) is well-defined
and finite. Then, letting U1y, Uy, ... be i.i.d. ~ R, we have:

1. (UI) Let Sé?ni,l = % be as in (3.1.10). We have:
: i

dwgﬁ)+oa) (3.3.2)

Egsoopllog S§0] < nDr(Q| P ) -

If, moreover, R is such that Condition@ (“UTIZ”) holds, then holds with
< replaced by =.
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3.3. Multivariate exponential family

2. (COND) Let 55, = D012 be defined as in (3.1.9) and Dy, () as in

(5:233). Suppose Condition[1 (“COND”) holds. We have:

Eyon w1108 S hoxo) = nDr(QIIPur) = Dy, (Sq]|Sp(1")) +0(1).  (3.3.3)

Moreover, if Condition |1 (“COND?”) also holds with the role of ¢ and py-
interchanged, holds with equality.

3. (seq-RIPr/RIPr Simple Case, seq-RIPr Anti-Simple Case) Let s gl

Q,RIP?

be defined as in (5.1.8) and (3.1.10}). Suppose that, with alternative Q = {Q},
we are in the simple case of Definition[l Then we have, for all n, that

q(U™)

S(éf%m = S&im-mp = o umy Eye~pllog S&LIP} =nDpr(Q| Pu~).
pu*( )
(3.3.4)
If ¥, — 2,(p*) is positive definite (‘strict anti-simple case’) then for some e >0
we have:
Eq[10g 85 kg mar] = 2(D(Q||Pu) — ). (3.3.5)

4. (RIPr, Anti-Simple Case) Let S&E{IP,S&)COND be defined as in and
and Dy, (-|-) as in . If ¥, — X,(p*) is positive semidefinite, then,
letting Wo () = N(p*, (84 — Xp)/n) be a Gaussian distribution on M,, we have

q(U™)

log ———~2——
Pwo, (ny (U(n) )

Eqllog She] < Eq < nD(Q||Pyu-) — D, (5=, (1)) + o(1).

(3.3.6)

Moreover, if Condition (‘COND’) holds, then holds with equality up to
o(1), i.e. Eqllog S5, = Eqllog S5 how] + o(1).

Note the very close resemblance between each part of this result and the corresponding
part in Theorem [2} We briefly remark on some specifics.

First, for the UI part: the case in which it holds with equality is related to the
celebrated Wilks phenomenon: if we let @ € P and set R = @, the theorem is still
valid and the problem becomes ‘well-specified’. The Dg(Q||P,+) term then becomes 0
and we are left with d/2, the expectation of a y2-random variable with d/2 degrees of
freedom, in accordance with Wilks’ result [54].

For the anti-simple case, we only consider the well-specified setting with R = @
because the statement for general R is rather involved.

Theorem [4 shows that in the anti-simple case, the RIPr-prior that achieves GRO
against () at sample size n can be approximated, in the e-power sense, by a Gaussian
with variance of order O(1/n), but it does not tell us if the approximation is good
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Chapter 3. E-Values for Exponential Families: the General Case

enough to get something close to a real e-value if we use this prior in the denominatorEl
Note that even though we do not know if the Gaussian prior gives us an e-variable, we
can still find another e-variable that provably is close to GRO — the theorem shows
that we can simply use Sg. conp-

Performing a similar analysis as in Corollary [2, we find:

Corollary 4. [e-power and growth optimality] The relations of Corollary@ still
hold in the setting of Theorem with dgp = dgp(p*) now dependent on p*.

Theorem [ provides an asymptotic analysis, but we note that the Gaussian case of
Theorem [2] is not the only case in which asymptotics are not required. For example,
another case which does not require asymptotics for all e-variables except UI occurs if
there is P € P whose marginal distribution P(X) for X coincides with Q(X). In case
P and Q are matching pairs we are then simultaneously in the (nonstrict) simple and
anti-simple cases. We then have

q(X)
Pp~ (X)

Proposition 4. Suppose that Q(X) = Py~ (X) for some p* € M,. Then for all n,
) - q(U™ | X)) /p(U™) | X)) 50 that

Q,RIP Q,SEQ-RIP Q,COND

q(U|X)
P (U]X)

DR(Q”PH*) =Ex-r |:10g :|+EU~R [10g

} —Epn [k)g q(U]X) }

P (U]X)

Eyon o 1108 S5 he) = B 1S5 2] = Evon ~rllog SGko] = Dr(Q|Pue)-

Proof of Proposition The results for S nip and S spq-nie follow from TheoremEl,
the Simple Case, since ¥, = 3,(n*). This only leaves the proof for Sg conn, Which
follows by inspecting the proof for Part 2 (‘COND’) of Theorem El and noting that
the result directly follows from .

Example 4. [Two-Sample Tests] Suppose that U = (Y,,V;), X =Y, +Y;, and
P ={P, : u* € M,} where P, expresses that Y,,Y} are independently ~ N(u*,o?)
for some fixed 02, whereas @ = {Q} with, under Q, Y, ~ N(pq,0?) and Y3, ~ N (1, 02)
independently, for some arbitrary fixed fiq, 1. Note that pu* = EQ[X] = p1q + pp. Then,
as shown by [44], P is an exponential family and we are in the setting of Proposition
They also show that the same holds if M, = R™ and P, represents that Y,,Y}, are i.i.d
according to a Poisson distribution with mean p, whereas under ), Y, and Y; are
independently Poisson with means p, and py, respectively. These examples, special
cases of corresponding k-sample tests for k = 2, are discussed in detail in [44] and [40].
They also look at several other exponential families P to take the role of Gaussian and
Poisson above. In all these other cases, the premise of Proposition [d] does not apply
and asymptotics kick in. With the Bernoulli model, we are in the simple case; with
the exponential, beta and Gaussian scale families, we are not [40} [44].

2Lardy et al.’s [57]’s Theorem 6 determines whether priors converging to the RIPr produce likelihood
ratios converging to an e-variable, but its preconditions are not easily verified in the present case.
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3.3. Multivariate exponential family

3.3.3 P, Q both multivariate exponential families

In the section, we provide similar results as above but with composite Q. That is,
Q={Qu:peM}tand P={P,:pecM,},

where Q and P are different exponential families for U with the same sufficient statistics,
and we invariably assume M; C M,,. The results involving the prequential plug-in method
now require the following condition, referring to the sampling distribution R in the
statement of Theorem which has ER[X] = p* € M,.

Condition 3. (plug-in) There (a) exists an odd integer m > 3 such that the first m
moments of X exist under R, and (b), for some 0 < v < 1/2,

Er [1umn—mnzznfv 1 D(Qu-

Qp‘n)} = o(1). (3.3.7)

As we show in Lemmal[d, (3.B.8), in Appendiz a sufficient condition for (3.3.7) is
that (a) holds, and (c) there also exist real s > 1 and A > 0 such that {p : [|p — p*||2 <

A} C My and for all zp € My, 0 < v < 1,

D(Qp~ —a)ptaz
sup (Qu-Qu-a)utaz) < . (3.3.8)

BEM :[[u—p*|2>A e — M*”?znis

As is well-known, locally both D(Qu||Qu+) and D(Qu-||Q.) are equal, up to
lower order terms, to the quadratic form (u* — p) 'S (" — p) < ||p* — pl|3. The
UIZ Condition [2| implies that, up to o(1), the KL divergence D(Q,||Q+), for fixed
p* and varying p, is determined by this local quadratic behaviour. The plug-in
Condition |3 implies the same for D(Qu+||Qp). As can be seen, as p moves farther
away from p*, this allows for a faster-than-quadratic increase of the KL divergences,
but it should be at most polynomial in the ¢5-distance, and the rate of increase
should be ‘matched’ by sufficiently high moments of R existing. The plug-in condition
appears to be quite weak and is easily verified with appropriate values for m (details
omitted) for 1-dimensional exponential families such as the Bernoulli, Poisson, geometric,
binomial and negative binomial model. Below, and in the appendix, we verify it for
some standard 2-dimensional models. Nevertheless, it does not always hold: for the
1-dimensional regular family Q with X = U € M; = R generated by the Landau
distribution [§], we find that D(Qp-||Que) grows exponentially in p°® as pu°® — oo,
thereby violating the condition. The appearance of the ‘anchor’ xy derives from
the existence of a similar regularization term in the definition of fi. Note that the
condition would in some cases not hold without it; for example, in the Bernoulli model,
SUP e (0,1) D(Pur | Pu) = D(Py~||P1) = 0.

Example 5. [Gaussian Location-Scale] Let Q be the 2-dimensional family of
Gaussian distributions N (u,02). In terms of the mean-value parameterization, we get
p= (p, p2) with gy = p and pp = p? + 0 and My = {(p, o) = 1 € R, pz > i3} so
that Q, with g = (u1, p2) represents N(uq, 2 — p?). A standard calculation gives,
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with p* = (uf, p3> +0*?), and p° = (uf, p3), that

1 ps — pg? 0"+ (pg — pf)?
Quo) == <log + S S —-1]. 3.3.9
) = 3 2 5 — i (3.3.9)

D(Qu-

Now let p° = (1 — a)p + axp. In Appendix we show (this involves some work)
that for every 0 < a < 1, every xg = (20,1, %0,2) € My, we have
inf (15 — pi?) = alzo2 — a7 1)- (3.3.10)
HEMg
with p® = (49, 43) a function of p and oo > 2§ ; (so (3.3.10) > 0) because ¢ € M,.
This implies that the second term in (3.3.9) is O(c*2 + (uf — u$)?). As we also show

in the appendix, this then easily implies that for every pu* € Mg, every A > 0, we have
(13.3.8). with m — s = 2, verifying Condition |3| as soon as R has 5 or more moments.

With similar arguments, one can show (3.3.8) holds with m — s = 2 for Q the family of
Gamma distributions; details are in Appendix

Theorem 5. Let P and Q be two regular exponential families for U with the same
sufficient statistic such that PN Q =0 and Mg CM,, as above. Consider a distribution
R as above with mean Eg[X] = p* € My C M, and with covariance matriz ¥, such that
the first 8 moments of X exist under R and Dgr(Q||P) is finite for all Q € Q,P € P.
Let Uy, Uggy, - .- be ii.d. ~ R. We have:

1. (UI) Let S‘({fg}l be as in . Suppose Condition@ (“plug-in”) holds. We

have:

Erllog Sy ] < nDr(Q-

1,01

Pu-) =

wlognu)(l). (3.3.11)

Moreover, suppose that R has density r, that W1 is a prior on My with continuous
and strictly positive density in a neighborhood of pw*, and such that for some
€ > 0, we have

Er|logpy-(U)/r(U)[**¢ < co. Then:

n d n
Er[log Sl(/Vl),UI] < nDR(Qpu-||Pu-) — ) log o + Ow,,u(1), (3.3.12)

where Ow, ui(1) was given up to o(1) in . If moreover Condition [3
(“UIZ7”) holds for R then and hold with equality.

2. (COND) Let S be as in and Dy _(-||-) be as in . Suppose

Condition (“COND”) holds for R, Q = Q- and Py«. We have:

Eg[log S&%y] = nDr(Qu-

Pur) = Ds, (Z() 1% (7)) +0(1).  (3.3.13)

Moreover, if Condition holds with the role of ¢ and py~ interchanged,
holds with equality.
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3.3. Multivariate exponential family

3. (seq-RIPr, Simple and Anti-Simple Case) Suppose Condition@ (“plug-in”
holds. Let SO be as in (3.2.14). If we are in the simple case of Deﬁm’tion

[1,SEQ-RIP

then we have: P”quufl(Uu))((i) = Pu,,_,(Ui) and

drp(p*) = dpg(p*)
2

Erllog SU) 1 =nDg(Qu-||Pur) +

f1,SEQ-RIP

log n + Ospg-rir (1) + 0(1),
(3.3.14)

where Ogspq-rip(1) s as below (3.2.20). On the other hand, if Lq(p*) — X,(p*) s
positive definite (‘strict anti-simple case’) then for some € > 0, for all n,

Egllog Su sEQ- arl < n(D(

Pu) —e). (3.3.15)

4. (RIPr, General Case) Let S‘(,TVLI)’RIP be defined as in with W1 a prior with
support contained in M, M, and with positive continuous density in a neighborhood

of w*, and let Dy, (-||-) be as in (3.2.5). We have

D(Q||Ppu~) — Deauss(Sq(p™) S, (1)) + o(1),

Eq[log SI(/IT/Ll),mP] <Eq [IOg p
(3.3.16)

and if additionally Condition (‘COND’) holds, then the inequality becomes an
equality.

Note again the very close similarity to the corresponding Theorem [3]for the Gaussian
case — with the exception of Part 4, where allowing for asymptotics (o(1)) leads to
a much more general result: we can take general continuous, rather than Gaussian,
priors, and the result holds not just in the anti-simple case but in general.

The theorem implies the following corollary, which, like Corollary [3] commensurates

with (3.1.3)-(3.1.6) in the introduction.

Corollary 5. [e-power and growth optimality] Suppose Condition (‘COND’)
and@ (plug-in) holds for R = Q = Qu~, P and Q. Then for some € > 0, it holds

Eg(log Sézl)m] > ne—o(1), and

n n a) d
Eq,- [IOgSéoLD/SLU] > logn+0( ).

Eqlog 54 /S5.) =0(1)~
[logS > %

580 mp/ i, UI] = logn 4+ O(1) with dg, < d, in the simple case.

Egllog SSEQ_RIP/SCOND] < —ne + o(1) for some € > 0, in the strict anti-simple case.

where (a) becomes an equality if Condition[q holds, and dg,(p*) is as in (3.2.3), with
dep(p*) < d in the simple case (with strict inequality in the strictly simple case)

following in the same way as in .
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Example 6. We consider two practically relevant settings in which Theorem [5] applies.
A particularly simple one is given by the two-sample tests of Example [ In the
setting of that example, we may start with a simple alternative ) under which
Y, ~ P,,, Yy, ~ P,, independently, and use it to generate a full alternative Q := Q%N
with the same sufficient statistic as Y, + Y}, as in Section [3.3.1l Such an alternative is
often a natural choice, corresponding to testing a particular notion of effect size. For
example, in Bernoulli two-sample tests, as shown by [40, Section 4.3], the generated
alternative Q"™ will correspond to the set of all (p), ;) that have the same log
odds ratio as the original @, i.e. with 6* = logua(1 — )/ (1 — wa)us), we have
that QN = {Q., . :log g (1 — 1) /(1 — pg) ) = 0}, whereas P is the set of all
distributions with p, = pp, i.e. log odds ratio of 0. Thhe log odds ratio has long been
a standard notion of effect size in two-sample tests, and our approach implicitly adopts
it. Of course, in practice we would often want to test the larger alternative hypothesis
that 6 > 0*. Clearly all four e-values we develop in this paper can be used in that
setting as well, since the validity of e-values is independent of the actually chosen
alternative; we suspect that they still have close to optimal e-power in a worst-case
sense (the GROW sense of [42]), and we plan to investigate whether this is really so
in future work. Another example is provided by the quintessential statistics problem:
linear regression. We assume X = 37 Z +~T + ¢ for some covariate vector (Z,T) and
0-mean Gaussian noise e. We want to test whether v = 0 or v = v* for ‘effect size’
~*. [40, Section 4.4] derives that this standard problem can be recast as an instance
of a test between two exponential families with the same sufficient statistic. Hence
Theorem [5 Part 3 on the sequentialized RIPr is applicable here, and gives us bounds
on e-power.

3.4 Proofs for Section |3.2

In the first subsection we gradually build up a series of remarkable properties of KL
divergences between multivariate Gaussians. Once we have established all of these,
proofs of the various parts of Theorem [2| and [3] established in the next subsections,
will become immediate.

3.4.1 Preparation for both Proofs

Let P,Q,R and R, be distributions on X = U € R? Suppose that, under R,
Er[X] = p* and the nondegenerate covariance matrix is ¥,, that R is Gaussian
with the same mean and covariance, and suppose that ) and P are Gaussian with
Eg[X] = Ep[X] = p* and nondegenerate covariance matrices ¥, and 3, respectively.
In Section we introduced the notation Dy (3,]|X,). The following equation
implies that Dy, (34]|X,) = Dr(Q||P), as claimed in (3.2.6); even more generally, if P
is replaced by Py with mean g and still covariance matrix ¥,,, we obtain a generalization
of the well-known formula for the KL divergence between two multivariate normals
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that do not necessarily have the same mean:

Dr(Q|P) = Eg {log ;)((XX))} = En, {log ;O((XX))] (3.4.1)

- — 1 * - *
= DGAUSS(ETEP 1) - DGAL‘SS(ETZ(I 1) + 5(” - IJ’O)TEp 1(” - HO)
1 * Ty -1 *
= Ds, (34[1%,) + 5(# —po) X, (B — po),

with Dgauss as in (3.2.1)) and Dy, as in (3.2.5). Here the first equality is definition, the
second follows by writing out the definitions, and in the third we used the standard
(easily derived) formula for the KL divergence between two multivariate Gaussians.

Now we let P and Q be two d-dimensional Gaussian location families for i.i.d.
data U, U1y, Uz, - .. as in Section with nondegenerate covariance matrices ¥,
and X, and notations as in that section. Let R be a distribution as above, with
Er[X] = p*, extended to Uy, U),... by independence. We have, by a standard
property of Gaussian distributions, with Z = n=1/23"" | X; = n/2. fi,,, that

Qu=(2) = Qu+(X); Pyu=(Z) = Pu-(X) so Dr(Qu+(2)[|Pu-(Z)) = Dr(Qp-||Py-).

Also, letting Wy and W, be arbitrary prior distributions on M, =M, = R? (which may
be degenerate, i.e. put all their mass on a single point), by sufficiency we have

wn(UO(Z) g (UM|2)
S = 1 = . 3.4.2
o = (TNZ) ~ pr (U)2) (342)

Also, abbreviating Q(U) to Q™ and similarly for P("),

nDr(Qu- | Pu-) = Dr(QV | PY) = Dr(QUY12) | BY12) + DR(Qu- (Z)||Pu*((Z))~)
3.4.3

Combining (3.4.2) and (3.4.3) gives
Dr(QW|Z | P§P|Z) = DR(Q1Z || PLY|Z) = (n — 1)DR(Qp- | Pu-).  (3.4.4)

A standard result (see for example [I7, Chapter 2.3.]) gives that the marginal
distribution of f,, € R? under Py, with W = N(u*,II) is given by:

i ~ N T+ 5, /n). (3.4.5)
Therefore, if W; puts mass 1 on {p*} and we have Wy = N(u*,IIy) with Iy such that
Iy + X, /n =X, /n. (3.4.6)

then we get by (3.4.5)) that fi,, and therefore Z has the same distribution under gy,
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as under pw, and then by (3.4.2)),

(U)o (U | D)3, (2) _ o
Pwy (U(”)) PW, (U(n) | Z)piO/VO (Z) Q,COND

(3.4.7)

where gy, denotes the density of Z under Qw,, and similarly for py, , and we have
T, = Py, -

Now assume that W7 = N (p*, II;) rather than degenerate, with II; some nondegenerate
covariance matrix. We can again determine the corresponding Wy such that (3.4.7))
holds: if we can set Wy = N(u*,Ily) with Iy such that

HO =+ Ep/n = H1 —+ Eq/n, (348)

then we again have (3.4.7)).

For both choices of W7, if a corresponding prior satisfying or, respectively,
exists, the Bayes factor qw, (U™)/pw,(U™) is equal to Sconp and hence
becomes an e-variable. From Theorem 1 (specifically Corollary 1) of [42] we know
that for every W; on My, there can be at most one corresponding prior Wy such that
this Bayes factor is an e-variable, and if this prior exists, this e-variable is the GRO
e-variable relative to Q. It follows that, if W7 is such that a W, satisfying or
(13.4.8) exists, then Suonp is the GRO e-variable that maximizes e-power.

We need one more proposition before giving the actual proof of Theorem [2| and
It provides variations of standard results, whose proofs we delegate to Appendix [3.A] —
note the remarkable symmetry between (3.4.12) and (3.4.10)) if f1,, is chosen equal to

ﬂ\n-

Proposition 5. Let i be as before with ng > 0, and let Wi, = N(u1,111) be a
multivariate normal on R?. We have, with O, O as in (3.2.24)):

(U
]EU,U<")~R llog qu ((U))

q#\n

= EU<n)~R [D(Qu* ”Qﬂ\n)] =

1 1

s (e~ w0+ () ) = 2540 ()
(3.4.9)

where the second equality holds if ng > 0. If ng = 0 (i.e. fi},, is chosen equal to fi,)
and n > 1 we get:

Byt 1108 (0 (0)/ 0, (0))] = By [ D(@u Q)] = 2. (3.4.10)
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We further have:

Eyo g |log =t G ZEU@ vor [D(QullQp,_,)] = (3.4.11)
H =194 1( )
d 1 d
a0+ L0u(o — u*2) + 0u())- 2.
(n)
qll\n(U ) o drq
q (U(") 1 x
Eym~r [10g L (U(”))) = Dy, (Zq[[(nlly + %)) + EOC(HN - NIH%) = (3.4.13)
d

n d
I ——71 Y, — 1 ) . 1).
5 og 5 5 ogdet X, — log wy (™) +0(1)

2

3.4.2 Proof of Theorem
Finiteness of Dr(Q||P) is immediate from evaluating the definition.
UI (3.2.7) follows almost immediately from Proposition (13.4.12)) applied with model

P in the role of Q, i.e. all ¢’s replaced by p’s (evidently it is still valid then), and using
that Er[log(qu-(U™)/pu-(U™))] = nDr(Qu- || Pus)-

COND (3.2.8) is a direct consequence of (3.4.2) and (3.4.4).

seq-RIPr Assume first that ¥, — ¥, is negative semidefinite. According to Theorem
1 in [40], this implies that the RIPr of Q(U) (i.e. Q restricted to a single outcome) is
equal to Py, (U), i.e. the single element of P with the same mean as . This implies
that S seq-rie is as in . Thus, ¢(U™)/p,-(U™) is an e-variable. The corollary
of Theorem 1 of [42] (‘there can be only one e-variable with @ in the numerator and
an element P’ of P in the denominator, and if it exists then P’ is the RIPr so ¢/p
is growth-rate optimal’) implies that P,-(U™) is the RIPr of Q(U™), and hence

(n) _ o)
SQ,SEQ-RIP - SQ,RIP'
Now assume X, — ¥, is positive semidefinite. S((anEQ wp = 1 then follows because

in this case, using the result for the Bayes marginal distribution applied with

= 1, we find that there exists a prior Wy such that pw,(X) = ¢(X), namely,
Wo = N(p*, (2, —X,)). It follows that the RIPr of @ onto P for a single outcome U
must be given by this very prior, i.e. Pt (U) = Pw,(U), and then the corresponding
ratio is 1.

RIPR, Antl-Slmple Case If we set IIj = “n 22 then by positive semidefinitess
of &, p, the prior Wy = N(p*,Ilp) is well-defined and (3.4.6) holds and we can

conclude with prior W7 that puts all mass on p* (i.e. on Q). The result (3.2.10)
3.4.8)

and the fact that Py, is the RIPr then follow by the reasoning underneath (|3.4.8
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3.4.3 Proof of Theorem

Finiteness of Dr(Q||P) is immediate from evaluating the definition.

UI (3.2.16) can be obtained from simple algebra from Proposition [5] combined with
[3.4.12) and (3.4.11)), the former applied with model P in the role of Q, i.e. all ¢’s
replaced by p’s (evidently it is still valid then), and using that Eg[log(g,- (U™)/p, (U™))] =
NDR(Q - || Pu+)- can be obtained similarly from (3.4.12)) and (3.4.13).

COND (3.2.19) is a direct consequence of (3.4.4)) and (3.4.2).

seq-RIPr We ‘sequentialize’ the reasoning of Theorem [2] Part 3: first consider the
case that ¥, — X, is negative semidefinite. According to Theorem 1 in [40], this
implies that the RIPr of Qg , (U)) onto CONV(P(U(y)) is an element of P. More
specifically, the theorem says it is Py ,_, (U(;)), i-e. the element of P with the same
mean. This proves the first part of the result. then follows by applying
in Proposition [5| twice, first directly, with elements of Q, and then again with P in the
role of Q, i.e. replacing all ¢’s by p’s, and then piecing together both equations by
simple algebra.

Now consider the positive semidefinite case. The fact that Séns)F = 1 now follows
because, at each i, using the result for the Bayes marginal distribution applied
with n = 1, we find that with the prior Wy = N(f1,—1, 24 — X;), we get ¢ (U(;)) =
pw, (Uiy). Tt follows that the sequential RIPr PWQa‘i,l(U(w)(U(i)) must be given by
this very prior, i.e. qu%il (U(i))(U(i)) = Pw,(U;)), and then the corresponding ratio
is 1. Since this holds for each 4, the result follows.

RIPr, Anti-Simple Case All results follow analogously to the RIPr Anti-Simple
Case of Theorem [2] In particular, (3.2:21)) and (3.2.22)) follow by the same reasoning,
but now the prior Wj is nondegenerate and we can conclude (3.4.7) from the fact that

(13.4.8)) (instead of (3.4.6))) holds.

3.5 Proofs for Section [3.3

3.5.1 Preparation for both Proofs

We start with Proposition [6] a direct asymptotic analogue of Proposition [5} for general
exponential families. It will play an analogous role in the proofs. The one (important!)
difference to Proposition [f] is that now W; is not required to be Gaussian. Note again
the remarkable symmetry, now between ([3.5.1)) and (3.5.2)).

Proposition 6. Let Q be a regular exponential family as in Section|3.5 Extend the
definition of D(Py,, || Pyu+) as in , Appendiz so that it is defined on the

whole co-domain of fi,. Further, suppose that the first m moments of X under R
exist, with m > 3 odd, and Eg[X] = p* € My. Let Wy be a fized distribution on M,
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with density w that is strictly positive and continuous in a neighborhood of pw*. If
Oonditionﬁ (‘plug-in’) holds, then we have:

1dr
-4 JrO( 5/4) so that

Eymor [D(QM*HQMH)] - 92

drq

EU,U<">~R [” -log (qu*(U)/Qﬁm(U))] =Eymor [n : D(Qu* i), )} =—+ O(”71/4)
(3.5.1)
du~ ( _drg
and By |log Z]Euu ver [DQullQu, )] = logn + O(1).
Hz 1 q#\q 1( 2
We further have:
qu- (U™) _ . X _drg
EU(">~R [IOg qﬂm(U(n)) EU(">~R [n D(Qum”@u*)] < 2 + 0(1)7 (3‘5'2)

where the inequality becomes an equality if further C’ondition (UIZ’) holds. And
finally, if R has density r and for some € > 0, Eg|log g, (U)/r(U)|'T¢ < oo, then

(U<n>)} d, n 1 \ _ drg(17)
2

T (T log — — - logdet ™ —log wy (™) + o(1).

(3.5.3)

Eym~r [log -3 or 9 q(N )

Proof. The proposition arises as an immediate corollary of Lemma [2] which provides
one-sided versions of the statements above. It is stated in Appendix [3.B.1] and proved
in Appendix To prove the corollary, take « = 1/4 in Lemma and simply piece
together the right equations in each case. O

3.5.2 Proof of Theorem

UI This is proved in exactly the same way as the UI proof for the Gaussian case,
Theorem [2] using Proposition [f] instead of Proposition

COND With Z := n'/2f,, defined as in the proof of Theorcm in the Gaussian
case, We can write

S(n) _ q(U(n) IZ) _ q(U(n)) . pIO_L* (Z)
Q,COND p(U(n) | Z) Pu* (U(’ﬂ)) qO(Z) s

where p° and ¢° are the densities, under P and @ respectively, of Z = \/nji),,. Taking
logarithms and expectation this gives

Erllog S$ o] = nDr(Ql|Pu-) + Er {log p;‘j((ZZ))] . (3.5.4)
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The difference to the Gaussian case is that py,. and ¢° are now not Gaussian densities,
but rather the densities or mass functions of two distributions which, by the Central
Limit theorem (CLT), both converge to a normal distribution. This already suggests
that the desired result might hold, but the convergence implied by the standard
CLT is too weak: we need convergence of the densities (not just the distributions) to
the density of a normal. This is provided by the multivariate local central limit theorem.
Even the standard version of this theorem is not enough: we need explicit bounds
on the errors made in the approximation. These are provided by the classic work of
Bhattacharya and Rao [I6]. The actual proof, bounding the final term in and
thereby giving , follows by Lemma [5| provided in Appendix which crucially
uses the results from [I6] and combines them with exponential concentration bounds.

seq-RIPr The simple case goes precisely as in the Gaussian case of Theorem [2]

It remains to prove in the strict anti-simple case. Since £, — X,(p*) is now
assumed positive definite, it follows from [0}, Proposition 2] that (U ™) /p,-(U™)
is not an e-variable. Yet P, achieves ming,ecy, D(Q| Py). For such a combination,
Theorem 1 in [42] gives that the infimum over all distributions P € coNnv(P(U)) of
D (Q(U)||P(U)) lies outside P(U), which implies that

o] gt

for some € > 0. The result then follows by the definition (3.1.10)).

RIPr, Anti-Simple Case (3.3.6) is based on the following:

Lemma 1. In the setting of Theorem the anti-simple case (i.e. L — X,(p*) is
positive semidefinite), we have, with Wy () as in the theorem statement:

DQU™) | Py ) (U™))] < nD(@IIPs) — Dorss(E455) + (1)
We place the proof in Appendix [3.B-5} Now note that
Eq {1Og Sé;l,Z‘,OND:| <Eq {IOg Sgljm’} = iII}VfD (Q(U(n))HPW(U(n)))
<D (QU™)|| Py, (U™)) .

where the first inequality follows from (3.1.11)), the infimum is over all priors on M,

and the equality follows from Theorem 1 in [42] (see also underneath (3.1.8])). The
second inequality is immediate. Together with the equality it implies (3.3.6). The first

equality together with (3.3.3) (use R = @) implies that, if Condition
holds, then ([3.3.6) holds with equality.

(‘COND")
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3.5.3 Proof of Theorem

Part 1, UI is proved in exactly the same way as the UI proof for the Gaussian case,
using Proposition [f] instead of Proposition Part 2, COND, follows in exactly the
same way as the corresponding result in Theorem [} Part 3, seq-RIPr, the simple
case, follows again in exactly the same way as the corresponding proof for the Gaussian
case, seq-RIPr in Theorem [3] with all applications of Proposition [5] replaced by
corresponding applications of Proposition [0}

seq-RIPr, Anti-Simple Case (3.3.15) follows by extending the proof of (3.3.5)
with straightforward continuity arguments; details are in Appendix

RIPr To prove , we equip M, with the same prior W7 as M, (with density
set to 0 on the set M, \ M;). We then use the familiar Laplace approximation of the
Bayesian marginal likelihood given by , both for Q@ and P. Thus, we apply
these bounds twice, both times with R = () and then first with gy, and g,~ and then
with pw, and p,~ respectively; the moment regularity condition automatically holds,
because it reduces to the expectation under ) of an expression that is a quadratic form
of X, and @ is a member of an exponential family with sufficient statistic X, implying
that such expectations are finite. This gives that
A (U‘ ) pw, (UM)
(
(1

Pu+)+Eg |log +log (
1 d t 3 _d *
€ YA\ ) M ) _|_ qp(/l’)+0(1)7

( “)+ dtzp *) 2

where in the second equality we used (3.5.3)). The result follows by recognizing that
the latter three terms together are equal to fDGAUSS(Equjl).

3.6 Implications, Conclusions and Future Work

3.6.1 Implications for E-Process-Ness

Tt is of interest to determine when a sequence of e-variables (S (n))n21 constitutes an
e-process as defined in Section[3:1.2] since in that case we can use it in optional stopping
scenarios. While S;?%_RIP and S[(J?) provide test martingales and hence e-processes by
construction, e-processness is not so clear for Sconp and Sgp. We present a final
little result that enables us to determine some scenarios in which they do not provide
e-processes.

Proposition 7. Suppose P = {Py: 0 € Oy} is a set of distributions (not necessarily
an exponential family) for U, extended to n outcomes by independence, where Py
has density pp, and @Q is a distribution for random process (U(”))nzo with densities
(q(U™)),>0. Let Wy, Wa, ... be a sequence of distributions on © such that for every n,
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we have that S := q(U™) /py, (U™) is an e-variable for samples of size n. Suppose
that for some n,

Q(Pyw, (U™) # Py, ., (U™)) > 0. (3.6.1)

Then the process (S("))nzo is mot an e-process relative to the data filtration.

Note that (3.6.1]) implies that, but is stronger than, W,, # W,,.1. The proposition
implies that if the process of RIPr e-variables (ngzup)n:l,gw takes on the form

(Pw, (U(n)))nzlygw. for some sequence Wy, Whs, ... as above, then the RIPr does not
yield an e-process relative to the data filtration. In particular, this will be the case in
the Gaussian anti-simple cases of Theorem [2] and Theorem [3] In these cases, Spp is
equal to Sconp, implying that Sconp also does not provide an e-process. Although we
have no formal proof, the proof for the anti-simple case for general exponential family
nulls with simple alternative (anti-simple case in Theorem [4)) suggests that the same
holds for Sconp and Sgp in the strict anti-simple setting, since then the RIPr prior
Wy can be approximated by a Gaussian prior with variance of order < 1/n, i.e. again
changing over time.

However, an interesting phenomenon happens in the case of composite alternative
Q, both in the Gaussian and in the general case. First, in the anti-simple setting in the
general case (Theorem Part 4, anti-simple case) the RIPr prior Wy is approximated
by taking a prior identical to the prior W7 that was put on Q, and this prior does not
change with the sample size. Similarly, in the Gaussian case with composite alternative,
the exact RIPr prior changes with n, but only very minimally so. This suggests that
somehow, with the conditional and RIPr e-variables we ‘almost’ obtain an e-process,
leading perhaps to ‘approximate’ handling of optional stopping. Investigating this
further and formalizing ‘approximate optional stopping’ is a main avenue for further
research.

To strengthen this conjecture further, consider the sequence of e-variables (ng)m)nzo
based on the right-Haar (uniform) prior on M, and My, as in Section It is known

that (SI({Z)AR)nZU defines an e-process, but relative to a coarser filtration generated
by (V)50 with V" = (X(9) — X(1), ..., X(») — X(1)), which still allows optional
stopping to all practical intents and purposes [45] [7(0]. Theorem 3| implies, by the
equality of Syaar and Sconp, that, at least in the anti-simple case, when RIP = COND,
since the prior Wy in depends on n, by Proposition then Spaar does not
define an e-process for the original, data-based filtration; but the fact that it is an
e-process in a coarser filtration suggests that perhaps something similar holds (“being
an approximate e-process in a coarser filtration”), for other conditional e-variables as

well; the insights on asymptotic anytime-validity by [06] may be of use here.

Finally, we note that there do exist exponential family settings in which Scoxp
provides an e-process relative to the data filtration. This happens in the settings of
Proposition[4] i.e. in Example[d] in which we are in the nonstrict simple and anti-simple
settings at the same time.
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3.6.2 Additional Future Work

Essentially all of our results except those for Sy, require the existence of a moment
generating function for X under the alternative(s), implying that the distribution
of X has exponentially small tails under the alternative. This is a strong regularity
condition. Investigating whether this condition can be relaxed is an interesting goal
for future work. This strong condition aside, we provided a general analysis of e-power
for the most prominent e-variables that have been proposed for parametric family
nulls: Sgip, Sur, Sconp and Sseq-rip- However, there exist at least two additional useful
e-variables that we did not investigate. First, we mention the sequential conditional
e-variable, which, with notation in spirit of Section [3.1.2} can be defined as:

S(”)

Q,SEQ-COND

mq(Uay | U, X)) (3.6.2)

i PUG [ Xw)
where ¢ and p refer to the density of the conditional distribution of U given X, with
p(u|z) again identical for all P € P. Sg spo-conp is the sequentialized version of Sconp:
it applies conditioning for each outcome to reduce the null to a point null, for which
the likelihood ratio ¢/p is the natural e-variable to use. Sg gsq-cono has been used
in classical sequential testing for the contingency table setting [I2] but can also be
fruitfully used for k-sample tests with general exponential families, as suggested and
analyzed by [44]. Second, we note that, for any alternative Q as in this paper and any
prior Wi on My, the random variables

o, [S(") } and B, [5<”>

1 RIP Qu ,SEQ—RIP] ’

(3.6.3)

being weighted averages of e-variables, are themselves an e-variable (in the simple case
they will both be equal to each other, as implied by Theorem |4 Part 3). It can be

seen that these e-variable in general do not coincide with either S‘(,;l)mp or S&}ismam
since the order of averaging and taking projections has been reversed; in contrast, for

Ul we do have E,ww, [Sc(gn:,l;l} = S‘(,TVLBVUI. It might be interesting to further study the

e-variables (3.6.2)) and (3.6.3)) in the exponential family setting of this paper.
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Appendix 3.A Proofs underlying Theorem |2 and :
the Gaussian Case

Proof of Proposition We first prove (3.4.12)). The first equality follows by simple
algebra (it is also a consequence of the robustness property of exponential families, see
Lemma later on). We first establish that the first expression is equal to the third.
Filling in the densities we find:

1 «— Ta .
Er [log Qﬂ‘n(U("))/qn*(U(”))] =3 > Er [(Xa — 1) S (X — 1Y)
=1

1 n
-3 D Er [(X) — ) "5 (X — fyn)] -
i=1
We have Er[X(;) — p*] = 0 and COVR(X(;) — p*, X5y — p*) = E,. By the property
of expectation of a quadratic form, we get that for the i-th term in the first sum
above that it is equal to TR(X,X;!). It is easy to show Eg[X(;) — fi,] = 0 and
COVR(X (i) = fpn, X3y — ) = (1 - %) Y,. Again by the property of expectation of a
quadratic form, we thus get for the i-th term in the second sum:

N _ N 1 _
Exonr [(Xa) = An) 251 (X6 — An)] = TR ((1 - n) 2, 1) :
so that the right-hand side of (|3.4.12) becomes %TR(ZTE(;I).

We proceed to prove (3.4.9). The first equality is straightforward. Filling in the
densities, we find that it is equal to

1 o — v 1 * — *

SE s o (X — i) T8 (X — )] — 5B [(X ) T8 (X — ).
We already showed the second term is equal to (1/2)TR(X,X;"). As to the first
term, it is easy to show Egr[X — f1,] = %74:50) and COVR(X — fijn, X — fij,) =

(1 + m) Y.. By the property of expectation of a quadratic form, we have

2
“ — v n * — *
Ex~r [(X_/'l’ln)Tqu(X_“’lm)] :<n0_£n)2 (V’ _-TO)Tqu(M —370)

+ TR ((1 + (710-7—71)2) 2@11) ,

and from this the second equality in (3.4.9) follows. The third equality is immediate,
and so is (3.4.10)). (3.4.11)) follows by repeatedly applying, for each i, the first equality
in (3.4.9) and then the second equality in (3.4.9)), both with 7 in the role of n.
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3.B. Proofs underlying Theorem El and the Gaussian Case

We now prove (3.4.13)). If W7 = N(p1,11;) is a normal prior, we find

Dr(Qu+(2)[|Qw,(Z2)) = Ds, (3q/|(nlly + 54)) + %(u* — 1) (T + 5 /n) (" — )
(3.A.1)

by combining (3.4.5)) and (3.4.1) above (setting P in (3.4.1) to Qw (Z)) . This gives the

first equality in (3.4.13). In combination with (3.4.4)) and (3.4.10)), which we already
proved, and using that

1 1, d 1
—logwy (u*) = 5(;1* — ) TN (e — ) + 5 log 27 + 3 log det Iy,

we get the second equality, by plugging it into (3.A.1)) directly; the o(1) derives from
II; + % — II; as n increases.

Proof of (3.2.25) We have:

Epon~pllog ST = (n — 1) Ds, (S4]|5,)+

aws 1 x0) (X2 X)) pW0|X(1)(X(2)a---aX(n)>:|:|
Ex.on |Exo ... x. |lo “lo
X (1) R|: X(2)s3 X (n) |: g q;L*(X(Z)aaX(n)) & pu*(X(Q),,X(n))
1, 1g
— B |~Ds (5100 = 1%, + 2y) = (5" = X)) (S + /0 = D) " = Xy +

i [ D (S0 = DS, + )+ 30" = X)) T (S + S/ = 1) (" = X +
(n—1)Ds, (Z,4]1Zp) (3.A.2)
= D, (BlnEy) — RS, (S, + 5,/ (n— 1))

+ D, (SylIn%y) + SRS, (S, + S/ (0 — 1)) + (0= 1)Ds, (5]%,)

7))~ 5 TR (S n/(n — 1))

STRE(05) ™ = 57 SRS (5, - n /(0 1)) + (1~ 1)Ds, (5,]15,)
= (0= 1)Ds, (%1,).

where for :3.A.2 we used (|3.4.13)) in Proposition and in the final equation we used
definition (3.2.5)).
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Chapter 3. E-Values for Exponential Families: the General Case

Appendix 3.B Proofs underlying Theorem 4| and :
the general case

3.B.1 Definitions for and Statement of Lemma

Condition [2{ and Lemma [2{refer to the KL divergence D(Py,, || Py~), which is undefined
if ft,, M, (which may happen even for the simple Bernoulli model if f,, € {0,1}). It
is highly convenient to extend its definition to such cases, and this can be done in a
straightforward manner. We first set M, to be the union of the mean-value parameter
space M, of P and the set of values that fi,, = n~ty X (i) can take. For all fi,, € M, \M,,

we first set
Pay, (U(n)) .= sup pu(U(n))
Pu(U™) " pew, pu- (UM)’
and we note that then, in terms of the canonical parameterization, by (3.1.7), with 3*
the canonical parameter corresponding to p* and Xy = (t1(Ug)), -, ta(Uw)) ",

(3.B.1)

i U™
W;g;ﬁ 8) ZX< —108(2,(8)/2,(8")),

log
which can be written as a function of f,,. Therefore, for f, € M, \ M, we can
unambiguously set
1 i, (U™
Py) = flog men( ),
n e (U (”))

D(Py,, (3.B.2)

since the expression on the right only depends on U™ through ft),,. The rationale
underlying definition is that ) holds any way as long as fi,, € M. This
is a well-known result, Wlth stralghtforward proof, sometimes referred to as the KL
robustness property for exponential families [35, Chapter 19]. We have thus extended
it to hold for all f),, € M,, by definition , and thereby already proved the first
statement in Lemma ] below.

We only give the remaining results in the lemma under existence of an odd number
of moments m under R, since, for even m/, if X has m’ moments then it also has
m = m’ — 1 moments and due to certain cancellations, the result one obtains with m/
in the proof would not be stronger than what one obtains for m.

Lemma 2. First, extend the definition of D(P, il
property for exponential families holds for all u™ € U™ :

P,-) as above. Then the robustness

nD(Py,, || Pu~) = log (3.B.3)

Suppose that the first m moments of X under R exist, with m > 3 odd, and ERr[X] = p*.
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3.B. Proofs underlying Theorem [4{ and the general case

Fiz 0 < o < 1/2. Let X, be a general d x d positive definite matriz. We have:

[P * —1/ * —(m—2)a—
Er |:1|[Ln—p,*|22n“‘_1/2 "ne §(u’|n —H )sz l(l’l‘|n —H ):| =0 (Tl (m=2) 1/2) )
(3.B.4)
TR(Z, X, (1))

. (3.B.5)

1 ~ * — *\ [~ *
B 5~ 1) TS5 () )| =
Nezt, let P be a regular exponential family with p* € M,,. Fiz ¢ > 0 and let M C M,
be an open neighborhood of w*. Let (Wo (n))nen be any sequence of distributions on

M, with continuous densities wy, (n) such that for every n, wg ) () > c for all p € M.
We have:

. w —(m—2)a—1/2
Er | Lja,,—p|ls>ne-1/2 longW(U(n)) <O0(n ), (3.B.6)

and, if Wy (n is as above and for some € > 0, Eg|logpy-(U)/r(U)|'*T¢ < oo, then

PWo. oy (U™)

Er |14 _,- >na—1/2'10g7
i —p*ll2> P (UM)

< O(n~am-(ne)y, (3.B.7)

Now let fu),, be defined as in (3.2.13), with ng > 0. If (c) in C’onditionﬁ (‘plug-in’)
holds (with P. in the role of Q.), then

Er |1, - fazno-12 -1 D(Pue | Py, )| = O 41/2), (3.B.8)
With
1 ~ * - *\ [ A~ *
f(n) =Eg {1|/ln—/.z*|2<n“—1/2 e (A — ) S () (g — e )} :

we have, with W now a fized distribution on M, with density w that is positive and
continuous in a neighborhood of pu*,

Er (1), - facno-va -7 D(Pay, [ Pus)| = f) +0 (n°712), (3B9)

Er [1\|mwwn2<na—1/2 1 D(By Pmn)} =f(n)+0 (na_”z) , (3B.10)
[ N0
pmn<U )

Er _1Hﬂ\n—ll'*\|2<n“*1/2 -log W (3.B.11)

d 1
=3 log % —logw(p*) — 3 log det X, (™) + o(1).

78



Chapter 3. E-Values for Exponential Families: the General Case

3.B.2 Preparatory Results for Lemma 2 and Lemma

Throughout the proofs for Lemma and Lemma and Theorem@ Part 3 (Appendix|3.B.4)),
we will use the following additional notations and abbreviations:

p* =05, :=3,(0), 5, = 54(0), K := (Xq — Ep)_lv J(p) = EP(N)_la J:=J(0)= 251-
(3.B.12)

Note that the first equation, u* = 0 — which will allow substantially shortening
equations — is really a definition rather than a notation; but we can enforce this
without loss of generality — since p* is fixed throughout all proofs, we can get the same
result as for 0 with arbitrary p* simply by adding p* as a constant to each outcome
X and transforming the resulting equations. Or, alternatively, one may modify all
equations by putting in ‘—p*’ at the appropriate places and note that nothing in the
derivation changes.

We will make repeated use of the following basic results whose proof can be found
in, for example, [38].

Lemma 3. Fiz ng > 0 and 9 € R. Let X, X4,... be (scalar-valued) i.i.d. random
variables, define fij, := (no - xo + Y Xi)/(n +ng). Suppose the first m € N moments
i=1

of X exist and let § > 0. Then Pr(\[;n—E[XH >6) = 0(n~I%167™). As a consequence,
via the union bound, for fived d, our d-dimensional reqularized MLE fi,, also satisfies
Pr(lljg — p*lla > 8) = O(nT%157m),

Lemma 4. Consider the setting of Lemma @ If the first m moments of (scalar) X
exist, then E [(/j‘n — E[X])m] = O(n—f%U,

We also need the following two propositions:

Proposition 8. Let 0 < oo < 1/2 and fix ¢ > 0. Then there is a constant C > 0 such

that for all large n, for all p = (p,. .., pma), ' = (i, ..., pwh) with (||pll2 V ||1']]2) <
n® 12 we have

D(Py||Py) — %(u — ) (- )

<SC Y Il = ) < OB,
i,5,k€(d]

Proof. Note that for all n large enough, with A, := {p: ||u)2 < n®~/?} and A/, :=
{p: ||pll2 < n®~/2}, we have that A, UA,, €M,. A third order Taylor-expansion of
D(Py||Py) in terms of p then gives that:

1
D(Pu|Pu) = 5 (=) " (=) +O | Y (il — il g = |l = o] |
i,5,k€[d]

where C; ;1 are the corresponding third-order derivatives. But since, for large n, A, is
a closed set in the interior of My, these derivatives are bounded; the result follows. [
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3.B. Proofs underlying Theorem [4{ and the general case

Proposition 9. We have:

sup |D(Pol|Pa,,.) = D(Pol| Py, )| = O(n* /).

Uil ll2<ne=1/2

Proof. Define f(p) := D(Pol||Py) and g(p) := V f(p). A first-order Taylor approximation
gives that

o ~ ny N
D(Pol|Py,,) = D(Pol|Pa,,) + (f1n — fn) "9(k') = D(Pol| Pay,,) + Ono (2o = A) " - 9(W),

(3.B.13)
where g/ is some point with |||y < n*~1/2
rewriting.

We can write g() = (91(1),.-.ga()) T with g;() = (8/0u;) (). Taylor
approximating g; () itself gives for each j = 1..d:

, and the second equation is straightforward

0

, ) N\
9; (1) = g;(0) + (8u 9 (1) »ng(ﬂm)> H

for d points uf,

Jl
nl/2=«  But since %gj(u) = %f(u) and for all large n, the set {p : ||p|l2 <

= (ij],l?"'?“?j],d)T’ where, for j = {1,...,d}, we have ||ufj]||2 <

nt/ 2oy ¢ M,, these d second-derivatives are uniformly bounded. Also, g(0) = 0
since the KL divergence is minimized at 0 and, for exponential families, is a smooth
function in the mean-value parameters. It follows that the final term in is
O(n~'n®~1/2), and the result follows. O

3.B.3 Proof of Lemma

Throughout the proof, we adopt the notations of (3.B8.12)). (3.B.3) was already proven.
(3.B.11) is a well-known result, see for example [35, Chapter 8]. (3.B.5)) is also known;
basically, the expectation on the right can be computed exactly like we did in the proof
of Proposition [5] yielding the desired result.

Proof of (3.B.4) In a variation of the proof of Markov’s inequality, we can write
the left-hand side, for fixed v > 0, as

(B, 3 g, (B3 )
Er|La H2>n(’_1/2"‘rp—| <C-Eg %
= (B \nzp Hln) nY(Ze—1)
AT s =1 \m/2
— C-Eg % —0 (n—'rw+m/2+2o¢—1 .n—<m+1>/2>
nmafm —

-0 (n*ma+2a73/2) —0 (nf(m72)a73/2)
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Chapter 3. E-Values for Exponential Families: the General Case

for some constant C' > 0, where we used that 3/ I is positive definite and fixed,
independent of fi),,. In the second line we set v = m/2— 1, using that the m-th moment
of the expectation exists, and then again the fact that ¥ 1 is positive definite and
Lemma using that m is odd. follows by multiplying left- and right-hand side
by n.

Proof of (3.B.6)) Assume without loss of generality that n is large enough so that
Ay, i={p : [|u]2 < n=1/?} is contained in M, and for some constant ¢ > 0, wg) (1) > ¢
for all u € A,,. Then

fpu(U(n))wO,(n)(ﬂ)dﬂ f 1y, - (minu’eAn pu’(U(n))) wO,(n)(/L)d/L

— log < —log
po(UM™) po(U™M)
(3.B.14)
pu(U™) ) d
= <,£r€1§4§ —log plc:(TW) —log Wo, ) (An) = n - max f(fijn, ) + O | 5logn |,
where

f(p; 1) = D(Ppe||Py) = D(Pyo || Po),

and we used the robustness property of exponential families (3.B.3) in the final step.

We now move to the canonical parameterization to further analyze the function f.
Let B, be the function mapping mean-value parameter vector p to the corresponding
canonical parameter vector. For general pu°® € M,, we can write

Vf(u®sp) =V (D(PMOHPgiN) — D(P,o HPO)) -
Vi (~(Bu — Bo) T1° +10g Z(B,)) = T () - (1t — p°),

which can be found by the fact that J(u) is the matrix of partial derivatives of 3,
as a function of u, and that p is the gradient of log Z(3), and using the chain rule
of differentiation. A first order Taylor approximation of f(ft|,,, s) around p = 0, and

then bounding its value on the set {g : ||p|]2 < n~'/2}, now gives:

ne f(fpn, ) =—np' J() - (8 — fuyn)
=—np J(p)ep+np T(W) -y, <np"I(W) - fuy,
=0(np" - fu) = O(n - [|pll2 - [|fgnll2) = OV~ || ynll2),

for p’ = cp, for some c € [0, 1]. Here we used that the maximum eigenvalue of J(p') is
bounded away from 0 since u is inside a compact set in the interior of the parameter
space, and we used Cauchy-Schwartz.

This gives that is O(v/n - || o l2 + (d/2) logn). On the set with |[fej,|l2 >
n®~1/2 we can weaken this to give that (|3.B.14 is O(n - ||f1),,]13). We can now bound
this further using from Lemma and the result follows.
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3.B. Proofs underlying Theorem [4{ and the general case

Proof of (3.B.7) Let A, denote the event that [|f, — p*[l2 > n®~1/2. We have,
with W = W,

P (U) pw (U) ()

Ep |14, log P71 —Ep (14, -log P00 4 Eg (14, -log — 2

R{ An 108 Ty | T MR Ty | TR | e 08 TGy
(3.B.15)

By Lemma [3| we have R(A,) = O(n(1/2=®)m . p=(m+1)/2 — O(p=am=1/2) '\which we
use to further bound the first term by

pw (U™ | Ay)

r(UM™ | A,)
R(A,)log(1/R(A,)) = O(n™ ™),

Pw(An) _

R(A,) -Eg [un -log R(A,)

| An} 1 R(A,) log 2 AR

where the penultimate inequality follows by Jensen and the fact that Py (A,) < 1.
The second term in (3.B.15)) can be bounded by Hoélder’s inequality, for arbitrary e > 0,
as

€ 1/(1+e)

€ € T U(n) 1+ o .

(R(An)) /(1+e) (ER <log p((U(n))>> — O(TL( 1/2) )7
w*

and it can be seen that both terms in (3.B.15) go to 0 with increasing n. The result
follows.

Proof of (3.B.8) Fix A > 0 as in Condition [3| (‘plug-in’) with P in the role of Q.
Define & = {p €M, : [|pll2 € [A+j — 1, A+ j]}. With a = ng/(n + ng), we have:

Er [1|\m,L—u “fla2a - D(Fu

; D P,
} %R Ji{%’é (P, [T | (1— a)m,ﬁaa:o)

@ZR(I% €ENO ((A+ 7)) <> R(llfanlla = A+5—1)) - O ((A+)")
jeN jeN

@ZO (n—(m/ﬂ (A4 — 1)—m> . (A+j)m—s _ O(n—[m/ﬂ) ) Zj_s © O(n_m/Q_l/Q),
JEN =~

where (a) follows from Part (c) of Condition [3} (b) follows from Lemma 3} and (c)
follows from the assumption s > 1 in Part (c) of Condition [3, and we use that m is
odd. It follows that

Er [1llﬂ\n*u*\|22A - D(Py- ﬁm)} = O(n_m/Q_l/Z)- (3.B.16)
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Chapter 3. E-Values for Exponential Families: the General Case

We now show how (|3.B.16]) implies the result. A second order Taylor approximation

gives:

]ER |:1Hﬂ|n“22na71/2 ’ nD(PI-"* ||Pl-u"|-n):|

. Lo iy + nozo TJ( ) (7t noro
ne=1/ 2@y, [2<A 2 u:H/-LHIz)SA n+ ng H n + ng

Er [1HHH2>A : ”D<Pu* Pﬂ\n)] .

The second term is, from the above, O(n'/2=™/2). The first term can be bounded
further, using that the supremum over g is on a bounded set in the interior of the
parameter space, so that the eigenvalues of J(u) are all bounded on this set, and using
again Lemma [3] by

<Er

O ((n- AR < |fyulla < 4)) = O (n- Rlllfuallz = n*2))
g O(fn . n7 (m/ﬂ n—m(a—l/Q)) — O(n*ma+1/2)'
The result follows.
Proof of (3.B.9) and (3.B.10) We first prove (3.B.9). Combining Proposition [9]

with the first inequality in Proposition (in which we bound || by n®~'/?), we find
that, absorbing d-factors into the O(:)-notation:

E (1 a2 - DPollPay)| =B [ jycnossz - D(PollPa,,) + 0 (n*=9/2)] =

1 o - -
B\ Ly ocnorie | 0" Tt O (0072 37 Jisllul | | +0 (n77%)
jkela

LT —1/2 (|2 -3/2
E[lln.nlmal/zd“ Tt (O (na " ol +0 (n77) | =

1 o
E [1|mn|2<nauz ok It 0 (n 3/2)] :

where in the final equality we used Lemma This proves (3.B.9). The proof of
(3.B.10) is analogous (now only using Proposition [8] with the components of D(:|-)
interchanged, and without the need to ‘match’ fi),, with fi,); we omit further details.

3.B.4 Proof for COND Part

Throughout the proof, we adopt the notations of (3.B.12)).
We write p,,. and ¢° as the densities of Z = n1/2ﬂ‘n under Py and Q = Qp-,
respectively.
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3.B. Proofs underlying Theorem [4{ and the general case

Lemma 5. Under the regularity Condition[]] (‘COND’), we have:

pf,,* (\/ﬁﬂ\n)

¢°(v/nfryn)

Proof. For the continuous case (X has Lebesgue density), the proof is based on the
following immediate corollary of Theorem 19.2 of Bhattacharya and Rao [I6] (page
192): consider an i.i.d. sequence of random vectors X, X (1), X(2),..., with X ~ ¥
with Eg[X] = 0 where ¥ has bounded continuous (Lebesgue) density and a moment
generating function (in particular, all moments of each component of X exist). Then
we have for v the density of n*1/2(2?21 X(;)) that, for all integers ¢ > 1, uniformly
for all y € R,

Er [bg ] > D (S () |5 (17)) + o(1). (3.B.17)

~ . 2 n=t/? V(y) ~ 2 nt/?
n=I321.(0) — o n=3/2r. 0
L2 ) <¢z(y)> S galy) ST W (@@))’

(3.B.18)

j=1 j=1

where ¢y is the density of a normal distribution with mean 0 and covariance matrix
Y and the f; : R? — R are specific 3j-degree degree polynomials in the components
of y (to see how this follows using Theorem 19.2. of [16, page 192] note that what
we call ¢ is, in their notation, s — 2, note that their Po(—¢(0,V) : {xv}) = ¢o,v
is the density of a normal distribution with mean 0 and covariance matrix V, and
their P1(—¢(0,V) : {xo})(y) = f(x)po,v [16, page 55-56]); their precondition on the
characteristic function is equivalent to our condition of bounded Lebesgue density by
their Theorem 19.1 and their precondition on moments being finite holds automatically
because we assume () has a moment generating function.

Below we only give the proof for the continuous case, based on (3.B.18); the proof
for the discrete (lattice) case goes in exactly the same way, but now we use Theorem
22.1 of [16], which is their analogue of Theorem 19.2 for the discrete, lattice case; we
omit details and continue with the continuous case.

We again adopt the notations , i.e. we set u* = 0 and we write X, :=
E,(p*) = 2,(0). For fixed A > 0, we define

R Alogn
An={x<">:|u|n||zs g }

n
B, = {z™ : max{[| X2 : i € [n]} < n}
B, = {2 n+j-1< max{[| Xl : i € [n]} <n+ 4},

and A,,, B, their respective complements. The expectation in (3.B.17) can be rewritten
as

ey | B (L, s | [ e )

(3.B.19)

E R 1 Ay IOg
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Chapter 3. E-Values for Exponential Families: the General Case

We now use the local central limit theorem with expansion as in (3.B.18]) above to
analyze (minus) the first term. Since X, is positive definite, we find

1/65,) = 0 (e (G101 Amncr ) )

where Apax,p is the maximum eigenvalue of E;l. Setting y = n~1/2 Dy z(;) and
plugging in ||y|| < +/Alogn which will hold on the set A,, (note scaling takes care of

1/4/n) we find that % =0(1) if t > AXmax,p- The same derivation holds with 3,

instead of ¥, so we get

n—t/2 n—t/2

o~ W~ oW

if t > A - max{Amax,p, Amax,q}. We then find that the remainder terms n*t/2fj (y) are
all O((logn)® /n)?/?) = o(1) on all y corresponding to z(™ in A,. We can thus set v

to p° and use the left inequality in (3.B.18) with this ¢ and then set ¥ to ¢° and using
the right inequality with the same ¢ to get

q° (V)
Eg |14, log —F—| <Er |14, log
pu*(\/ﬁ/‘”n)

b, (Vi) (1 + o(1))
93, () (1 — (1))
=Dy, (S,(1) [ S (1)) + 0(1), (3.B.20)

where the final equality follows because Q(A,) — 1, which follows because we assume
that @ has a moment generating function. This deals with the first term in (3.B.19).

Now consider the second term in (3.B.19). Since we assume R has a moment
generating function, we can with some work (details omitted) employ the Cramer-Chernoff
method to get that for all B > 0, if we take A sufficiently large, we get:

R (nﬂnu >/ Alf”) =0(n®). (3.B.21)

Now fix B = a + 2, with a the exponent in Condition [I} and choose A large enough so
that (3.B.21]) holds and then ¢ large enough so that (3.B.20]) also holds. For the second
term we then get,

(™)
=0(n %) . sup log Pu () = (3.B.22)

z(Med,NB, q(x(n))

po * (\/ﬁﬂ'\n)
B |14 g log V80
AnOBn qo(\/ﬁuln)

. ~.  pu(z() B Pu(2())
=0(n"""?).  sup log———== < O(n )-n- sup maxlog———==
(M eA,NB, ; q(z@)) z(meB, €] q(z())

=0(n™"),

where we in the penultimate equality we used (™ € B, and Condition [I| The first
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3.B. Proofs underlying Theorem [4{ and the general case

equality follows because with G (v(™) = {z(™) V() — fizm)| < €}, we have:

Dy (\/ﬁ[”\v(n)) e! fgf(v(n))pu (x(n))dx(n)

sup —— = sup lim (3.B.23)
v eA,nB, 4 (\/ﬁ“‘u(n)) vmed,nB, 0 €7 fg( ™) n))dx(n)
fgs(mm)pu* (™))™ B Pus (v( )

= sup  lim = sup )
s, 0 Jg o @A o Edns, )

where the final inequality follows by the assumed continuity of p,- and g.

(13.B.22)) gives the second term. For the third term we get, with again a the exponent
in Condition and using, in the first inequality below, analogously to (3.B.23)):

Dy f“\n .
Er {1/1”08”1 b ] R(A n-(n+j)"
f”\n JZGI;I
<Y R@ien):|Xi|>n+j—1)n-(n+5)*<n*> R(X|>n+j—1)(n+j)"
JEN
<92 i k . N—k “a
<2n” min Ex[| X| ]%(nﬂ 1)~*(n+j)
J

<9 mi k S y— 24a _ -1
<2min B[] X| 1> (n+i—=1)"Fn+3) O(n7")
JEN
where the penultimate equality follows by the fact that we can employ Markov’s
inequality with X, for all k, and the final equality is obtained by setting k = a + 4.

This proves (3.B.17) and hence (3.3.3). The statement right below (3.3.3]) follows
by the fact that the role of p,+ and ¢ becomes completely symmetric if Condition El

(‘COND’) holds with ¢ and p,,- interchanged. O

3.B.5 Proof of Lemma , underlying Anti-Simple case part of
Theorem

Proof. We use the notations as summarized in (3.B.12)). Fix 0 < a < 1/6. Without loss
of generality, let u* = 0. The integral below is over M,. Since n remains fixed throughout

the proof, we abbreviate W (,) to W and wy ) to w. Let SC(Q";IP, = pz‘fl(]l(]?l))). It is
easy to get that

Pu~ (U(n))

By 1-q108 S5 ] = nD(@IIPur) + By 108 Tt "
©
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so we just need to focus on the second term. By (3.B.6) in Lemma[2] we can write it
as:

[ Pu*(U(n)) } { pu*(U(n)) ]
Eqg |log =Eo |1y, na—1/2 - 10g +o(1) =
|8 Talp @ g | =5 [Mtesnrr 8 o G| T
(3.B.24)
i P (U™) P4, (U™)
Eq 1\|ﬂ|m|z<n“*”2'logp;: (Um) +Eq 1“ﬂln“2<"“’”2'logfw(u)pu(U(M)du *oll)=

- e log P, (UM)
I llz<n fw(,u)pu(U("))du

1
— TR (33, 1) + Eq +0(1),

where the final equality is obtained by Lemma (3.B.9). So we just need to upper
bound the expectation in (3.B.24)). For this, we fix any S with o < 8 < 1/6 and note
that, uniformly for all U™ € Y™ with ||| < n®~'/2, we have:

(n)
—log/w(ﬂ)mdﬂ = —log/w(u) exp (—nD(Pg,,||Py)) dp <

~log [ w(p) exp (~nD(Pa, || P) dpt <
il <nB=1/2

— log / w(p) exp (—
pillpl|2<np=1/2

— log / w(p) exp (f
pillpall2<nP=1/2

(1= ) T (= ) + O (- n*72) ) dpa <

N3 N3

(1= ) T = i) ) dpa+ 0(1) <

d 27 1
g R | K
5 og - 5 og det
n ~ A~
- log/ exp (—5 (n"Kp+(p—pp)" J(p - u|n))) dp + o(1),
ez <P =1/

(3.B.25)

where we first used the robustness property of exponential families (Lemma @ )
and then for the second inequality, we used the second inequality in Proposition
(with the « in that proposition set to aV § = 3). The third inequality uses that 3
was set < 1/6, and in the final line we used the definition of w as the density of a
Gaussian with mean 0 and covariance K ! /n. By a little computation, we can rewrite
the expression in the exponent in the integral in as

WK+ (= )T = ) = (= m) (K + J) (e —m) + C,
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3.B. Proofs underlying Theorem [4{ and the general case

where m = (K +J) ' J 1, and C = ;l‘TnJﬂ‘n —m" (K +J)m. which can be simplified
to C' = ,tllTnEglﬂ‘n by first noting C' = ﬂITn(J — J(K +J) ' J)fu, and then

J—JEK+ ) I=J(I-(K+JJ)"))=J([I-T+J'K)™") =
JUI-I-J " I+KJ ) 'K)=J(J ' U+KJH'K)=(K"+J7 =351,

where the third equality follows by the reduced Woodbury matrix identity (see e.g.
wikipedia). It follows that (3.B.25|) can be further rewritten as

d, 2w
log — T3 log det K + u‘nEq n (3.B.26)

g ew (—g (1= m) " (5 + ) (= m) ) dia + (1),

where m = (K +.J) "' Jfu,, does not depend on p and has norm [|m|2 = O(||fa},|2) =
O(n®~'/2) (recall that we are only evaluating the integral for values of ), with
£t ]l2 < n®~1/2). Now note (a) the distance between m and the boundary of the set
over which we integrate, {g : ||p|l2 < n®~1/2} is therefore of order nf~1/2 — no=1/2 =
n~1/2g(n) for a function g(n) with lim, . g(n) = oo (recall we chose 3 larger than )
; and (b) since K and J are inverses of positive definite matrices, they are themselves
positive definite and so is K + J. Therefore the integral in (3.B.26) converges, with
increasing n, to a Gaussian integral with covariance (K + J)/n, so we can rewrite

(13.B.26) as:
d 2 d 2 1
§logl — —logdet K + l'l’|n2q By — 3 log% + ilogdet(K +J)+o(1)
1 det(K +J) n
=5los g~ T FunEe B toD),

and then plugging this back into (3.B.24]) we see that (3.B.24) can be bounded as
det(K + J) L+

det K 2
so that , by (3.B.4) and (3.B.5) (recall we set p* = 0), (3.B.24]) can be further bounded

as

1 _ 1 N 1A
—5TR (22,1 + 3 log ‘Eg [1%”“2@&71/2 s 1u|n} + o(1),

1. det(K+J) d TR(ZX,1)
d_TR(Z,%")

1 _ _
25 log det(Ep 1Eq) + + 0(1) = _DGAUSS(EqZp 1) + 0(1)'

2 2
The penultimate equality holds by direct computation, using the definitions of K and
J. But (3.B.27)) implies the result. O
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3.B.6 Proof of 1} in Theorem

9, (U)

W and note that

Let A, :={p/ e M, NM, : |p/ — p*|]2 <~}. Define S(l)/ =
I

SS)/ is an e-variable for all 4’ € A, and in particular SSZ is the GRO (optimal)
e-variable relative to Q,». Therefore, we must have, for some € > 0, that

du (U)
P, () (U)

QU
~Eq,. [l055) ] < Eq,. [loas). ] =Eq,. [k,g e >] .

Eqg . |log
Cn [ Pu*(U)

where the final equality follows because, by the same reasoning as in the proof of
Theorem Part 3, we have , with @~ in the role of (). But, taking expectations
over Uy, Uy, ...1id. ~ @+, from the above we immediately get, using Fubini’s
theorem,

n
= Epi-veg,.Euag,.

i=1

n g (O
1OgH qu\z—l( ())

i=1 WLIﬁ'i,l(U(i))

<n(D(Qpu- | Pu-) — ¢),

Eyeyag,,-

log iy (U)
pwq‘;‘i71 (U) (U)

and the result is proved.

Appendix 3.C Proofs for Section |3.6

Proof of Proposition If Sr(Lng)o were an e-process relative to null hypothesis P, then,
as is immediate from the definition of e-process, it must also be an e-process relative to
the simple null hypothesis { Py, } for any i > 0. Thus, if Ejye) wp,, [@(U™)/pw,,,([U™)] >
1, then (S (n)>n20 cannot form an e-process and the result is proved. Therefore, we may

pw, (U™) }
PW, um)y | =
1. Using Jensen’s inequality, which by our assumption ([3.6.1)) is strict, now gives

o[22

Pwiga (U(n)

assume that By p,, [q(U™)/pw, ., (U™)] < 1, or equivalently, Eym g [

E PW, 41 (U(n))
vem~Q | T (U™)

n

or equivalently, Byreopy, | [q(U™) /pw. (U™)] > 1, and the result again follows.
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Appendix 3.D Additional Details for Section (3.3}
checking UI and plug-in Regularity
Conditions for Example Families

3.D.1 Condition Ul for the Poisson Model

Example 7. [Poisson] Let P be the Poisson family, given in its standard parameterization
o

as pu(z) = Pu(X = k) = 05 " with parameter 1> 0, and suppose X has m moments

under R. Standard and straightforward computations show that this is an exponential

family with mean-value parameter 4 = Ep, [X] and D(Py, [|Pu~) = fin log LL‘ =y

Fix 0 <y < 1/2 and define & = {p € (0,00) : [ —p*| € [n™ 7 +j—1,n"7 +j]}. We

have

Eg [1)mpe oz D(PalPus)] < D Rlfyn € &) ax D(Py, || Fu)
jEN+ Hin=Ss
_ ~ ~ :aln % N
- E R(;u'\n € EJ) mnax (:u'n log . +pt = ,U,|">
; n€E; )
JENT
<R (i — 7| = ™) - (—log u) - O(1) + " — O(1))

+ Z R(lfyn —p*1 2077 +5)-O((n™"+j+1)log(n™ 7 +j+1))

JENT
“o (n—(mm .nvm—w> +Y o (n—fmm (T j)*m) -0 (jlog )
JENT
:O (nf(m/ﬂ . n7m77> + O(ni[m/ﬂ) : Z jlim IOg] = f(n7m>7)7

JENT

where (a) follows from Lemma [3| in Appendix Plugging in any m > 3 and
v =1/3 we find that f(n,m,v) = O(n=*3) = o(n~1), which proves the result.

3.D.2 Proof for Example plug-in condition for the full
Gaussian

Proof of ((3.3.10)) We first consider the case of a p located on the boundary oM, of

M, (actually this cannot happen because M, is open, but it is still useful for proving the

result as it constitutes a limiting worst-case). In this case, for fixed 0 < o < 1 and xy,

we have:

ps = pi? = (1= a)pz + azoz — pi? = (1 — a)pf + a2 — (1 = @)pr + awo1)*.
(3.D.1)

90



Chapter 3. E-Values for Exponential Families: the General Case

Ho 4
u
"
L]
1
Iy
o o X0 .
(."lh/’l]z) ’
‘u_zi/
0 My 0 My
(a) Gaussian mean parameter space (b) Gamma mean parameter space

Figure 3.1: In the left figure, the area above the black curve uz = p? is the Gaussian mean
parameter space Mg. The blue curve is obtained by vertically shifting the black one upwards
such that p' is located on it. (3.3.10) expresses that al* is not larger than any other [ for
every u, I’ for every p’ with o € M, and a € (0, 1).

Taking the first derivative of u§ — us%: d%l(ug —p$%) =2(1 — a)a(pus — xo.1), we find
argmin (43 — 4) = (201,23, ). (3D.2)

HEM,

(note again p° is a function of p). Then (3.3.10) holds with the infimum over oM,
instead of My, as seen by plugging 1|3.D.2|) into (3.D.1f). The situation is depicted in

Figure a). I denotes pug — (115)?, I* denotes .2 — xf ;, and the statement ([3.3.10)
says that al* <.

Now consider the case of a g/ € M, not located on the boundary, and the
corresponding p'°. In terms of the figure, we now need to prove al* < I’, where
I' denotes 4> — (14/°)2. Let & be the vertical translation distance between the black
curve and the blue curve in the figure, i.e. the blue curve is y = 22 + §. Extending
the boundary-g analysis to this case, we find I’ — § > «(I* — §). This implies I’ > al*
(the boundary case above is really the worst-case). Note that the same reasoning still
applies when x( is below the blue curve — then [* is a negative real number and also [
might be negative in some cases. follows.

Proof that (3.3.8) holds For p € S, C {u € My : ||p — p*|l2 > A} where 8§ is

D D(Q
compact, we have max M M
A 2 [T=ra:

Thus, we just need to check points that tend to the boundary of M,. For this, let
(K[m])men be a sequence in {p € M, : [[u — p*|l2 > A} such that the limit in (3.D.3)

< 00 because is continuous w.r.t. pu.
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below exists. We know by (3.3.10)) that

D@Qu1@uz,) _ <log((u§)[m] - (M(I)Q)[m])> L0 (—ZMT(u‘f)[m] + (ui’Q)[m]> .
Tty — 12712 ) — 11

(3.D.3)
We need to show that for all such sequences with [, tending to the boundary of
Mgy, the above limit is finite. We first note that by , we cannot have that
ps — ps? — 0, because ug — ps? > a(xo2 — 23 ,). Thus, we only need to consider
the sequences with either p3 — u$? — oo or |uf| — oco. Using that ||p — p*||3 =
(p1 — i) + (U3 + 0% — ui? — 07?)?, it is easily checked that is finite on all such
sequences.

1m "
m— 0o ”ﬁﬂnﬂ -

2
2

3.D.3 Plug-in Regularity Conditions for Gamma Model

Example 8. [Gamma] The argument follows analogous stages as the one for the
Gaussian case, Example Let Q be the GAMMA («, ) family with densities g(z; o, 8) =

2= le—/8

L(a)B
can parameterize this family by p = (u1, pe) with p1 = ¥(a) + log 8 and ps = af,
where () is the digamma function. We first claim

, for z > 0 and «a, 8 > 0. In terms of the mean-value parameterization, we

My = {(p1, p2) 1 11 € R, pp > €'} (3.D.4)

To see this, rewrite p = (¥(«) — log a + log(af), aB). For any fixed ¢ = a8, we have
that 9 (a) —log a is increasing and () —loga € (—00,0), @ € (0,00). Then the mean
parameter space M, is located on the upper left part of f(af) = e e g = et
which proves ; see Figure b). Next, it is well-known that

e ° I'(a”)
Q”o) =a’log @ — log T(a®)

D(Qu*

1 1

( ) (a®) 5 5
(3.D.5)
with (a®, 8°) the parameters in the standard parameterization corresponding to (uS, 13).

Now let u® = (1 — k)p + kzg. Further below we show that for every 0 < k < 1,
every xg = (20,1, Z0,2) € My, we have

i —logps = ¥(a®) —loga® and 0 < a® < ay,, (3.D.6)
where oy, is a constant depending on zy. And we also show

k’(l’o)g — e%o1 )

Qg — e¥(ag)

Que) in (3.D.5)) can take. As we

pg — et = (a° —e?(@))3° and ° > (3.D.7)

This provides constraints on the values that D(Q -

92



Chapter 3. E-Values for Exponential Families: the General Case

also show below, it implies that for every p* € Mg, every A > 0,

sup D(Qu-|Qu) < 00, (3.D.8)

perylu—prlla>a 11— p*3

verifying Condition [3] as soon as R has 5 or more moments.

Detailed Proofs for Example To prove (3.D.6) and (3.D.7)), we first need to
prove the following formulas (recall p° is a function of p):

sup (py — log p3) =k(zo,1 —log o,2), (3.D.9)
nel,
inf (S — e1) =k(zgo — e™01). (3.D.10)
neNy

Proof of (3.D.9) Reasoning analogously to the Gaussian case, Example [5] we first
consider the case that p is located on the boundary oM, of M,.
In this limiting case, for every fixed 0 < k < 1, we get

O :=p] —logus = (1 —k)logus+k-x01 —log (1 —k)pe + k- x02).
Take the first derivative of §; w.r.t. uo, we get

arg max(pj — log n3) = (log zo 2, xo,2)-
peEM,
This implies (3.D.9) holds (with M, replaced by 0M,), by plugging (log x¢,2, zo,2) into
the above formula. In the case of a g’ not located on the boundary (an instance is
shown with corresponding p/° in Figure b))7 we may consider the line connecting
zo and p' in the figure; it intersects the boundary of M, at some point p’. Letting
W = (1—k)ub+k'zo, we have k' > k since p'° = (1 — k)’ + k - 29. Using the above
worst-case result, we get, in terms of Figure (b),

(51 < k/($071 — 10g 1‘072) < k‘(l‘oJ — log 37072),

where the last inequality holds since z¢1 — log o2 < 0. (3.D.9) now follows.

Proof of (3.D.10)) We still consider the worst-case, g on the boundary, and the case
with g/ in the interior of My, as above. In the boundary case, for every fixed 0 < k < 1,
we have:

6y = pS — e = (1 —k)e" + k- zo,2 —exp (L —k)ur +k-xo1) .
Take the first derivative of > w.r.t. p1, we get argming,cqy (13 — eMl) = (w01, e%01).
Then this implies (3.D.10) holds (with M, replaced by dM,) by plugging (xg 1, ") into

the above formula. The case with p' € My, not on the boundary, can now be proved in
the same way as (3.D.9)); we omit further details.

93



3.4. Additional Details for Section [3.3; checking UI and plug-in
Regularity Conditions for Example Families

Proof of (3.D.6) and (3.D.7)) (a°) —loga® is increasing and ¥ (a°) — loga® =
us —logps < k(zo1 —logzo2) from (3.D.9), which implies that a° is bounded by
some a,, depending on zo. Further, (a® — e?(®"))3° = us — e#1 > k(xg 2 — e*01) from

k(moyz—ewo'rl)
PICE

3.D.10), a® — e¥(@°) is increasing and 0 < a® < oy, which implies 8° >

Proof of We have ||p—p*||3 = (¢(a)+log B—1(a*)—log B*)*+(af—a* B*)2.
Reasoning analogously to the Gaussian case 7 we need to show that for any
sequence (f[m])men With all pp, € {u € Mg @ || — p*|l2 > A}, that tends to the
boundary of M,, we have

D * o
lim (Qu Q(“*)[;”) <
m=oo ||y — p* |3

We already know 0 < a® < ay, and 5° > E@o2—€¢"1) o the above limit satisfies, for

trag 7 (@20)
some constant C,
L D@ e, ot (108 B,y +C) +logT(af,,)
m=oo || ) — p¥I3 (Y(apm)) — log apm) +10g Bm))? + (am) Bm))?

(3.D.11)

af 1 log 50 logT'(af 1)
_0 [m] 8 Pfrm] ) 0 [m] ,
<(¢(a[m]) +log By )? " (Y () + log Bimy)?

where we also plugged in and the definition of p in terms of «, 8. Any sequence
tending to the boundary has p5 — eli — 0 or us — oo or uj — oo, i.e. a® — 0 or
a® — oo or B° — 0 or 5° — oco. Again using that «° is bounded above and (5° is
bounded below, we just need to check the cases (a) 8° — 00, a® — o* with a* € {0, 0o},
(b) p° — pB*, with g* € {0,000}, a® — 0, and (c) 8° — o0, a® — 0.

In Case (a), f° — 00, and then uf = ¥ (a®)+log ° — oo, so Y(a)+log B = p1 — o0
since py = (1 —k)p1 + k- o1 and then the first term in is 0(1) and the second
O(1). In Case (b), the first term in is (1) and we can evaluate the second
term by L’Hoépital’s rule:

log'(a®) ) Y(a®) 1

lim ———- =1

a®—0 1/}(040)2 a‘}IEO 2w(a°) . ’(/}/(ao)

= al(}glo 20 (%) < 00,

&)
since 9’ (a®) = kZ m It remains to show Case (c); but this follows by combining
=0

Case (a) and Case (b) above.
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Chapter 4

E-values for k-Sample Tests
With Exponential Families

Abstract

We develop and compare e-variables for testing whether k samples of data are drawn
from the same distribution, the alternative being that they come from different elements
of an exponential family. We consider the GRO (growth-rate optimal) e-variables for
(1) a ‘small’ null inside the same exponential family, and (2) a ‘large’ nonparametric
null, as well as (3) an e-variable arrived at by conditioning on the sum of the sufficient
statistics. (2) and (3) are efficiently computable, and extend ideas from [88] and [93]
respectively from Bernoulli to general exponential families. We provide theoretical and
simulation-based comparisons of these e-variables in terms of their logarithmic growth
rate, and find that for small effects all four e-variables behave surprisingly similarly;
for the Gaussian location and Poisson families, e-variables (1) and (3) coincide; for
Bernoulli, (1) and (2) coincide; but in general, whether (2) or (3) grows faster under
the alternative is family-dependent. We furthermore discuss algorithms for numerically
approximating (1).

4.1 Introduction

E-variables (and the value they take, the e-value) provide an alternative to p-values
that is inherently more suitable for testing under optional stopping and continuation,
and that lies at the basis of anytime-valid confidence intervals that can be monitored
continuously [42], 011 [76, [71), 46, B6]. While they have their roots in the work on
anytime-valid testing by H. Robbins and students (e.g. [28]), they have begun to be
investigated in detail for composite null hypotheses only very recently. E-variables can
be associated with a natural notion of optimality, called GRO (growth-rate optimality),

OThis chapter is based on Yunda Hao, Peter Griinwald, Tyron Lardy, Long Long, and Reuben
Adams. E-values for k-Sample Tests with Exponential Families. Sankhya A, 86(1):596-636, 2024.
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introduced and studied in detail by [42]. GRO may be viewed as an analogue of
the uniformly most powerful test in an optional stopping context. In this paper, we
develop GRO and near-GRO e-variables for a classical statistical problem: parametric
k-sample tests. Pioneering work in this direction appears already in [93]: as we explain
in Example [9 his SPRT for a sequential test of two proportions can be re-interpreted
in terms of e-values for Bernoulli streams. Wald’s e-values are not optimal in the GRO
sense — GRO versions were derived only very recently by [88, [86], but again only
for Bernoulli streams. Here we develop e-variables for the case that the alternative is
associated with an arbitrary but fixed exponential family, M, with data in each of the
k groups sequentially sampled from a different distribution in that family. We mostly
consider tests against the null hypothesis, denoted by H(M) that states that outcomes
in all groups are i.i.d. by a single member of M. We develop the GRO e-variable Sripg
for this null hypothesis, but it is not efficiently computable in general. Therefore, we
introduce two more tractable e-variables: Sy;x and Scoxp. The former is defined as the
GRO e-variable, for the much larger null hypothesis that the k groups are i.i.d. from
an arbitrary distribution, denoted by Ho(1ID): since an e-variable relative to a null
hypothesis H, is automatically an e-variable relative to any null that is a subset of Hy,
Suix 18 automatically also an e-variable relative to Ho(M). Whenever below we refer to
‘the null’, we mean the smaller Ho(M). The use of Syx rather than Sgypg for this null,
for which it is not GRO, is justifiable by ease of computation and robustness against
misspecification of the model M. However, exactly this robustness might also cause
it to be too conservative when M is well-specified. The third e-variable we consider,
Sconp, does not have any GRO status, but is specifically tailored to Ho(M), so that it
might still be better than Syx in practice. Finally, we introduce a pseudo-e-variable
Sprseupo, Which coincides with Sgripr whenever the latter is easy to compute; in other
cases it is not a real e-variable, but it is still highly useful for our theoretical analysis.

Results Besides defining Sgipr, Swuix and Scoxp and proving that they achieve what
they purport to, we analyze their behaviour both theoretically and by simulations.
Our main theoretical results, Theorem [7] and [§] reveal some surprising facts: for
any exponential family, the four types of (pseudo-) e-variables achieve almost the
same growth rate under the alternative, hence are almost equally good, whenever the
‘distance’ between null and alternative is sufficiently small. That is, suppose that the
(shortest) ¢5-distance between the k& dimensional parameter of the alternative and the
parameter space of the null is given by §. Then for any two of the aforementioned
e-variables S,5’, we have E[log S — log S| = O(§*), where the expectation is taken
under the alternative. Here, E[log S] can be interpreted as the growth rate of S, as
explained in Section

While Syix and Sconp are efficiently computable for the families we consider, this
is generally not the case for Sgripg, since to compute it we need to have access to the
reverse information projection (RIPr; [60, @2]) of a fixed simple alternative to the
set Ho(M). In general, this is a convex combination of elements of Hy(M), which
can only be found by numerical means. Interestingly, we find that for three families,
Gaussian with fixed variance, Bernoulli and Poisson, the RIPr is attained at a single
point (i.e. a mixture putting all its mass on that point) that can be efficiently computed.
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Furthermore, in these cases Sgipr coincides with one of the other e-variables (Syx
for Bernoulli, Sconp for Gaussian and Poisson). For other exponential families, for
k = 2, we approximate the RIPr and hence Sgipr using both an algorithm proposed
by Li [60] and a brute-force approach. We find that we can already get an extremely
good approximation of the RIPr with a mixture of just two components. This leads
us to conjecture that perhaps the deviation from the RIPr is just due to numerical
imprecision and that the actual RIPr really can be expressed with just two components.
The theoretical interest of such a development notwithstanding, we advise to use Sconp
or Syx rather than Sgripy for practical purposes whenever more than one component
is needed for the RIPr, as their growth rates are not much worse, and they are much
easier to compute. If furthermore robustness against misspecification of the null is
required, then Sy« is the most sensible choice.

Method: Restriction to Single Blocks and Simple Alternatives The main
interest of e-variables is in analyzing sequential, anytime-valid settings: the data arrives
in k streams corresponding to k groups, and we may want to stop or continue sampling
at will (optional stopping); for example, we only stop when the data looks sufficiently
good; or we stop unexpectedly, because we run out of money to collect new data.
Nevertheless, in this paper we focus on what happens in a single block, i.e. a vector
X* = (Xy,...,Xy), where each X denotes a single outcome in the j-th stream. By
now, there are a variety of papers (see e.g. [42] [71 [88]) that explain how e-variables
defined for such a single block can be combined by multiplication to yield e-processes (in
our context, coinciding with nonnegative supermartingales) that can be used for testing
the null with optional stopping if blocks arrive sequentially — that is, one observes one
outcome of each sample at a time. Briefly, one multiplies the e-variables and at any
time one intends to stop, one rejects the null if the product of e-values observed so-far
exceeds 1/« for pre-specified significance level . This gives an anytime-valid test at
level a:: irrespective of the stopping rule employed, the Type-I error is guaranteed to
be below «. Similarly, one can extend the method to design anytime-valid confidence
intervals by inverting such tests, as described in detail by [7I]. This is done for the
2-sample test with Bernoulli data by [86]; their inversion methods are extendable to the
general exponential family case we discuss here. Thus, we refer to the aforementioned
papers for further details and restrict ourselves here to the 1-block case. Also, [88] [87]
describe how one can adapt an e-process for data arriving in blocks to general streams
in which the k streams do not produce data points at the same rate; we briefly extend
their explanation to the present setting in Appendix [£-A] Finally, we mainly restrict to
the case of a simple alternative, i.e. a single member of the exponential family under
consideration. While this may seem like a huge restriction, extension from simple to
composite alternatives (e.g. the full family under consideration) is straightforward
using the method of miztures (i.e. Bayesian learning of the alternative over time)
and/or the plug-in method. We again refer to [42 [71] for detailed explanations, and
[88] for an explanation in the 2-sample Bernoulli case, and restrict here to the simple
alternative case: all the ‘real’ difficulty lies in dealing with composite null hypotheses,
and that, we do explicitly and exhaustively in this paper.
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Related Work and Practical Relevance As indicated, this paper is a direct (but
far-reaching) extension of the papers [88|, 86] on 2-sample testing for Bernoulli streams
as well as Wald’s [93] sequential two-sample test for proportions to streams coming from
an exponential family. There are also nonparametric sequential [59] and anytime-valid
2-sample tests [6l [68] that tackle a somewhat different problem. They work under much
weaker assumptions on the alternative (in some versions the samples could be arbitrary
high-dimensional objects such as pictures and the like). The price to pay is that they
will need a much larger sample size before a difference can be detected. Indeed, while
our main interest is theoretical (how do different e-variables compare? in what sense
are they optimal?), in settings where data are expensive, such as randomized clinical
trials, the methods we describe here can be practically very useful: they are exact
(existing methods are often based on chi-squared tests, which do not give exact Type-I
error guarantees at small sample size), they allow for optional stopping, and they need
small amounts of data due to the strong parametric assumptions for the alternative.
As a simple illustration of the practical importance of these properties, we refer to the
recent SWEPIS study [97] which was stopped early for harm. As demonstrated by [88],
if an anytime-valid two-sample test had been used in that study, substantially stronger
conclusions could have been drawn.

We also mention that k-sample tests can be viewed as independence tests (is the
outcome independent of the group it belongs to?) and as such this paper is also related
to recent papers on e-values and anytime-valid tests for conditional independence
testing [39, [75 BI]. Yet, the setting studied in those papers is quite different in that
they assume the covariates (i.e. indicator of which of the k groups the data belongs to)
to be i.i.d.

Contents In the remainder of this introduction, we fix the general framework and
notation and we briefly recall how e-variables are used in an anytime-valid/optional
stopping setting. In Section we describe our four (pseudo-) e-variables in detail,
and we provide preliminary results that characterize their behaviour in terms of growth
rate. In Section [£.3] we provide our main theoretical results which show that, for all
regular exponential families, the expected growth of the four types of e-variables is
of surprisingly small order 6 if the parameters of the alternative are at fo-distance &
to the parameter space of the null. In Section we give more detailed comparisons
for a large number of standard exponential families (Gaussian, Bernoulli, Poisson,
exponential, geometric, beta), including simulations that show what happens if § gets
larger. Section [£.5] provides some additional simulations about the RIPr. All proofs,
and some additional simulations, are in the appendix.

4.1.1 Formal Setting

Consider a regular one-dimensional exponential family M = {P, : u € M} given in its
mean-value parameterization (see e.g. [I3] for more on definitions and for all the proofs
of all standard results about exponential families that are to follow). Each member
of the family is a distribution for some random variable U, taking values in some set
U, with density p,.[y] relative to some underlying measure pjy; which, without loss of
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generality, can be taken to be a probability measure. For regular exponential families,
M is an open interval in R and p,,[y) can be written as:

Pusiv)(U) = exp (AM(p) - t(U) — A(M(p))) (4.1.1)

where A(y) maps mean-value u to canonical parameter 3. We then have p = Ep, [t(U)],
where ¢(U) is a measurable function of U and A(/3) is the log-normalizing factor. The
measure ppy] induces a corresponding (marginal) measure p := p[x] on the sufficient
statistic X := t(U), and similarly the density induces a corresponding density
P = Puy(x] on X, i.e. we have

Pu(X) = ppuyx) (X) = exp (A(p) - X — A(Mp))) - (4.1.2)

All e-variables that we will define can be written in terms of the induced measure and
density of the sufficient statistic of X; in other words, we can without loss of generality
act as if our family is natural. Therefore, from now on we simply assume that we
observe data in terms of their sufficient statistics X rather than the potentially more
fine-grained U, and will be silent about U; for simplicity we thus abbreviate p,. x
to p, and ppx) to p. Note that exponential families are more usually defined with a
carrier function h(X) and p set to Lebesgue or counting measure; we cover this case
by absorbing h into p, which we do not require to be Lebesgue or counting.

The data comes in as a block X* = (Xy,..., X) € X*, where X is the support of
p. To calculate our e-values we only need to know X* € X*, and under the alternative
hypothesis, all X;, j =1...k are distributed according to some element P, of M. In
our main results we take the alternative hypothesis to be simple, i.e. we assume that
= (p1,...,ux) €M is fixed in advance. The alternative hypothesis is thus given by

simple Hy : X1 ~ P,

M17X2 ~ P,

gy - Xg ~ P,, independent.

Note that we will keep g fixed throughout the rest of this section and Section[£.2} This
is without loss of generality as g is defined as an arbitrary element of M¥, so that all
results stated for g hold for any element of M¥. The extension to composite alternatives
by means of the method of mixtures or the plug-in method is straightforward, and
done in a manner that has become standard for e-value based testing [7T].

Our null hypothesis is directly taken to be composite, for as regards the null, the
composite case is inherently very different from the simple case [71] [42]. It expresses
that the X* are identically distributed. We shall consider various variants of this null
hypothesis, all composite: let P be a set of distributions on X, then the null hypothesis
relative to P, denoted Ho(P), is defined as

composite Ho(P) : X1 ~ P,Xo ~ P,..., X} ~ P i.id. for some P € P.

Our most important instantiation for the null hypothesis will be Hg = Ho(M) for
the same exponential family M from which the alternative was taken; then Hy(M)
is a one-dimensional parametric family expressing that the X; are i.i.d. from P, for
1o € M. Still, we will also consider Ho = Ho(P) where P is the much larger set of all
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distributions on X. Then the null simply expresses that the X* are i.i.d.; we shall
abbreviate this null to Ho(1ID). Finally we sometimes consider Ho = Ho(M') where
M’ C M is asubset of P, € M with p € M for some sub-interval M C M. The statistics
that we use to gain evidence against these null hypotheses are e-variables.

Definition 2. We call any nonnegative random variable S on a sample space  (which
in this paper will always be Q = X*) an e-variable relative to H, if it satisfies

for all P € Hy : Ep[S] < 1. (4.1.3)

4.1.2 The GRO E-variable for General H,

In general, there exist many e-variables for testing any of the null hypotheses introduced
above. Each e-variable S can in turn be associated with a growth rate, defined by
Ep, [log S]. Roughly, this can be interpreted as the (asymptotic) exponential growth rate
one would achieve by using .S in consecutive independent experiments and multiplying
the outcomes if the (simple) alternative was true (see e.g. [42, Section 2.1] or [52]).
The Growth Rate Optimal (GRO) e-variable is then the e-variable with the greatest
growth rate among all e-variables. The central result (Theorem 1) of [42] states that,
under very weak conditions, GRO e-variables take the form of likelihood ratios between
the alternative and the reverse information projection [60] of the alternative onto the
null. We instantiate their Theorem 1 to our setting by providing Lemma [6] and [7, both
special cases of their Theorem 1. Before stating these, we need to introduce some more
notation and definitions. For g = (u1,. .., ug) we use the following notation:

k
pu(X¥) = [ P (X0).
i=1

Whenever in this text we refer to KL divergence D(Q||R), we refer to measures @ and
R on X*. Here @ is required to be a probability measure, while R is allowed to be a
sub-probability measure, as in [42]. A sub- probability measure R on X k is a measure
that integrates to 1 or less, i.e [ _, dR(z) < 1.

The following lemma follows as a very special case of Theorem 1 (simplest version)
of [42], when instantiated to our k-sample testing set-up:

Lemma 6. Let P be a set of probability distributions on X* and let CONV(P) be its
convex hull. Then there exists a sub-probability measure PJ with density p§ such that

D(PullPg) = ,_inf _ D(PullP). (4.1.4)

Py is called the reverse information projection (RIPr) of P, onto CONV(P).

Clearly, if P; € coNV(P) (the minimum is achieved) then P§ is a probability
measure, i.e. integrates to exactly one. We show that this happens for certain specific
exponential families in Section However, in general we can neither expect the
minimum to be achieved, nor the RIPr to integrate to one. Lemma [7] below, again a
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Chapter 4. E-values for k-Sample Tests With Exponential Families

special case of [42, Theorem 1], shows that the RIPr characterizes the GRO e-variable,
and explains the use of the term GRO in the definition below.

Definition 3. Sgro(,)P is defined as

_ pu(X")
SGRO(/J,l)P = m (415)

where p§ is the density of the RIPr of P, onto CONV(P).

Lemma 7. For every set of distributions P on X, Sgrou)P 48 an e-variable for
Ho(P). Moreover, it is the GRO (Growth-Rate-Optimal) e-variable for Ho(P), i.e. it
essentially uniquely achieves

sgp Ep, [log S]

where the supremum ranges over all e-variables for Ho(P).

Here, essential uniqueness means that any other GRO e-variable must be equal to
Saro(ut)P with probability 1 under P,. This in turn implies that the measure Py
is in fact unique, as members of regular exponential families must have full support.
Thus, once we have fixed our alternative and defined our null as Hq(P) for some
set of distributions P on X, the optimal (in the GRO sense) e-variable to use is the
Saro(ut)P e-variable as defined above.

4.2 The Four Types of E-variables

In this section, we define our four types of e-variables; the definitions can be instantiated
to any underlying 1-parameter exponential family. More precisely, we define three ‘real’
e-variables Sripr, Sconp, Syix and one ‘pseudo-e-variable’ Spepuno, @ variation of Sgipr
which for some exponential families is an e-variable, and for others is not.

4.2.1 The GRO E-variable for H((M) and the pseudo e-variable

We now consider the GRO e-variable for our main null of interest, Ho(M). In practice,
for some exponential families M, the infimum over CONV(M) in is actually
achieved for some P,= € M. In this easy case we can determine Sgipy analytically (this
happens if Sgripr = Spseupo, see below). For all other M, i.e. whenever the infimum is
not achieved at all or is in CONV(M) \ M, we do not know if Sgipr can be determined
analytically. In this hard case will numerically approximate it by Shp, as defined
below. First, for a fixed parameter po € M we define the vector (ug) as the vector
indicating the distribution on X* with all parameters equal to uo:

<:U’O> = (Mov s 7#0) € Mk (421)
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Next, with W a distribution on M, we define

pw = /p%> (X*YAW (p1o0) (4.2.2)

to be the Bayesian marginal density obtained by marginalizing over distributions in
Ho(M) according to W. Clearly, if W has finite support then the corresponding
distribution Py has Py € cONV(M). We now set

S/ — pu(Xk)
P (X0)
0

where W is chosen so that pyy; is within a small € of achieving the minimum in ,
ie. D(Pyy,.. |l Piy,) = inf peconvim) D(Puy.,... || P)+€ for some 0 < € < e. Then, by
Corollary 2 of Griinwald et al. [42], Sp, Will not be an e-variable unless ¢ = 0, but in
each case (i.e. for each choice of M) we verify numerically that sup, ey Ep,, . [S] =
1+ ¢ for negligibly small ¢, i.e. § goes to 0 quickly as ¢ goes to 0. We return to the
details of the calculations in Section E.H

We now consider the ‘easy’ case in which Fj = P, for some pg € M. Clearly, we

must have pg := argmin, ey D(Pp||P,,)). An easy calculation shows that then

k
Z Lh;.- (4.2.3)

el

o =

Definition 4. Spqzupo is defined as

S S o = p“(Xk)
PSEUD! T .
Pug) (XF)

Shseupo 18 not always a real e-variable relative to Ho(M), which explains the name
pseudo’. Still, it will be very useful as an auxiliary tool in Theorem [7] and derivations.
Note that, if it is an e-variable then we know that it is equal to Sgipg:

‘

Proposition 10. Spspupo 98 an e-variable for M iff Spsrupo = SRIPR-

The proposition above does not give any easily verifiable condition to check whether
Shseupo 18 an e-variable or not. The following proposition does provide a condition
which is sometimes easy to check (and which we will heavily employ below). With

as in (4.2.3), define
k
fpo) == ZVARP‘Li+u07“6 [X] - kvarp,, [X].
i=1

Proposition 11. If f(ul) > 0, then Spseupo @ not an e-variable. If f(us) < 0, then
there exists an interval M C M with pf in the interior of M so that Spspupo S an

e-variable for Ho(M'), where M' ={P, : p e M'}.
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Chapter 4. E-values for k-Sample Tests With Exponential Families

4.2.2 The GRO E-variable for H,(11D)

Recall that we defined #H(1ID) as the set of distributions under which X;, j =1,...k,
are i.i.d. from some arbitrary distribution on X. By the defining property of e-variables,
i.e. expected value bounded by one under the null , it should be clear that
any e-variable for Ho(1ID) is also an e-variable for Ho(M), since Ho(M) C Ho(1ID).
In particular, we can also use the GRO e-variable for Ho(1ID) in our setting with
exponential families. It turns out that this e-variable, which we will denote as Syx,
has a simple form that is generically easy to compute. We now show this:

Theorem 6. The minimum KL divergence inf peconv(#o(in)) D(PullP) as in Lemmaﬁ
is achieved by the distribution P§ on X* with density

k k
.k 1
Po(xk) = H % me(xj)-
j=1"i=1

Hence, Syix, as defined below, is the GRO e-variable for Hoy(1ID).

Definition 5. Sy;x is defined as

S e pu(X*) .
jlill (i ;: Pus (Xj)>

The proof of Theorem [f] extends an argument of [88] for the 2-sample Bernoulli
case to the general k-sample case. The argument used in the proof does not actually
require the alternative to equal the product distribution of k& independent elements of
an exponential family — it could be given by the product of k arbitrary distributions.
However, we state the result only for the former case, as that is the setting we are
interested in here.

4.2.3 The Conditional E-variable S.ona

So far, we have defined e-variables as likelihood ratios between P, and cleverly chosen
elements of either Ho(M) or Ho(1ID). We now do things differently by not considering
the full original data X1i,... Xy, but instead conditioning on the sum of the sufficient
statistics, i.e. Z = Zle X;. It turns out that doing so actually collapses Ho(M) to
a single distribution, so that the null becomes simple. That is, the distribution of
X*| Z is the same under all elements of Ho(M), as we will prove in Proposition
This means that instead of using a likelihood ratio of the original data, we can use a
likelihood ratio conditional on Z, which ‘automatically’ gives an e-variable.

Definition 6. Setting Z to be the random variable Z := Zle X, Sconp is defined as

Pu (Xk_l | Z)
Doy (XL Z)7

SCOND L
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with o € M and (X) the sufficient statistic as in (4.1.2)).

Proposition 12. For all p' = (y},...,p1s) € M¥ | we have that p, (x*~1 | Z = 2)
depends on p' only through A; == A(uj) — Muy,), j=1,...k =1, d.e. it can be written
as a function of (A1,...,Ax—1). As a special case, for all po,uy € M, it holds that
Pl (2" | Z) = p<%>(x’“ | Z). As a direct consequence, Scoxp @S an e-variable for

HO(M);

Example 9. [The Bernoulli Model] If M is the Bernoulli model and k = 2, then
the conditional e-variable reduces to a ratio between the conditional probability of
(X1, X2) € {0,1}? given their sum Z € {0,1,2}. Clearly, for all u},ub € M= (0,1), we
have p, i, ((0,0) [ Z =0) = pur 0 ((1,1) | Z =2) =1, 50 Scoxp = 1 whenever Z = 0
or Z = 2, irrespective of the alternative: data with the same outcome in both groups
is effectively ignored. A non-sequential version of S¢oyp for the Bernoulli model was
analyzed earlier in great detail by [1].

Furthermore, for any ¢ € R, we have that M. := {(u], #5) : A(1) — A(p2) = ¢} is the
line of distributions within M? with the same odds ratio log (g1 (1—p2)/((1—p1)uz2)) = c.
The sequential probability ratio test of two proportions from [93] was based on fixing a
¢ for the alternative (viewing it as a notion of ‘effect size’) and analyzing sequences
of paired data X(1), X(a),... with X4y = (X;1, Xi2) by the product of conditional
probabilities

pe(Xay | Z(s))

po(X¢iy | Zi))
thus effectively using Sconp (here, we abuse notation slightly, writing p.(z | z) when
we mean pys . (v | z) for any pf, uh € Mc). Tt is, however, important to note that this
product was not used for an anytime-valid test but rather for a classical sequential test
with a fixed stopping rule especially designed to optimize power.

= SCOND(Xi)u

4.3 Growth Rate Comparison of Our E-variables

Above we provided several recipes for constructing e-variables S = S* whose definition
implicitly depended on the chosen alternative pu. To compare these, we define, for any
non-negative random variables S1* and S%, S = S5 to mean that for all p € M*, it
holds that Ep, [log S{'] > Ep, [log S5]. We write S}* - S if S}* = Sy and there exists
p € M* for which equality does not hold. From now on we suppress the dependency
on p again, i.e. we write S instead of S¥. We trivially have, for every underlying
exponential family M,

SPSEUDO t SRIPR t SMIX and SRIPR t SCOND- (4~3-1)

We proceed with Theorem [7] and [§| below (proofs in the Appendix). These results go
beyond the qualitative assessment above, by numerically bounding the difference in
growth rate between Spspupo and Syx (and, because Sgripr must lie in between them,
also between these two and Sgipr) and Spsgupo and Sconp respectively. Theoremm and
are asymptotic (in terms of difference between mean-value parameters) in nature. To
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Chapter 4. E-values for k-Sample Tests With Exponential Families

give more precise statements rather than asymptotics we need to distinguish between
individual exponential families; this is done in the next section.

To state the theorems, we need a notion of effect size, or discrepancy between the
null and the alternative. So far, we have taken the alternative to be fixed and given
by w, but effect sizes are usually defined with the null hypothesis as starting point.
To this end, note that each P, € Ho(M) corresponds to a whole set of alternatives
for which P, is the closest point in KL within the null. This set of alternatives
is parameterized by M*) (o) = {1}, ... S, €M %Zle W = po}, as in . We
can re-parameterize this set as follows, using the special notation (ug) as given by
. Let A be the set of unit vectors in R* whose entries sum to 0, i.e. « € A iff

\/Zle a? =1 and Zle a; = 0. Clearly p € M¥) (1) if and only if 1, ..., pux €M
and g = (uo) + da for some scalar § > 0 and « € A. We can think of § as expressing
the magnitude of an effect and o as its direction. Note that, if £ = 2, then there
are only two directions, A = {a;,a_;} with a; = (1/v/2,-1/v/2) and a_; = —ay,
corresponding to positive and negative effects: we have 11 — 1o = /26 if & = a1 and
p1 — pe = —V/2- 8 if @ = a_y, as illustrated later on in Figure Also note that, for
general k, in the theorem below, we can simply interpret § as the Euclidean distance
between p and (ug).

Theorem 7. Fiz some pg € M, some a € A and let p = {po) + dax for § > 0 such that
e Mk (o). The difference in growth rate between Spspupo and Syix is given by

EP‘L [10g Spseupo — log SMIX] = % / (ch(((z))))dp(x) a0 (54) =0 (54) ) (4.3.2)

k
where f,(8) = S0 puovses () = 3 pp, () and fI is the second derivative of fr, s0
i=1

that f5(0) = kpp,(x) and (with some calculation) f./(0) = dd—;pu(x) | =10 -

As is implicit in the O(-)-notation, the expectation on the left is well-defined and
finite and the integral in the middle equation is finite as well. The theorem implies that
for general exponential families, Syx is surprisingly close (O(6%)) to the optimal Sripr
in the GRO sense, whenever the distance ¢ between H; and Ho(M) is small. This
means that, whenever Sripr # Spseupo (80 Smripr is hard to compute and Spsgupo is not
an e-variable), we might consider using Syx instead: it will be more robust (since it is
an e-variable for the much larger hypothesis H(1ID)) and it will only be slightly worse
in terms of growth rate.

Theorem |Z| is remarkably similar to the next theorem, which involves Scoxp rather
than Syux. To state it, we first set X (zF71, 2) := 2z — Zf;ll z;, and we denote the
marginal distribution of Z = Zle X; under P, as Pz}, noting that its density p,,.[z]
is given by

Puiz)(2) = /c( )p” (xk_l,xk) dp(xk_l), (4.3.3)
z
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where p is extended to the product measure of p on X*~1 and
Clz) = {a" et 1. X;(a"1 2) e X}. (4.3.4)

Theorem 8. Fir some pg € M, @ € A and let p = (o) + dax for & > 0 such that
e M(k) (10). The difference in growth rate between Spspupo and Sconp 1S given by

Ep, [log S —log S _L (@O -6 §Y) =0(s*
PM[Og PSEUDO 0og COND]_8 9.(0) dp[z](z) +O( )—O( ), (4.3.5)

where g.(8) 1= Plug)+as:z](2) and ppz) denotes the measure on Z induced by the product
measure of p on X*; an explicit expresszon for g2(0) is

k

/C P () LI o) — 1(p10)) dpla),

j=1
where I(p) denotes the Fisher information for p and I'(u) is its first derivative.

Again, the expectation on the left is well-defined and finite and the integral on the
right is finite. Comparing Theorem [§] to Theorem [7} we see that f,(0), the sum of k
identical densities evaluated at x, is replaced by g.(0), the density of the sum of k i.i.d.
random variables evaluated at z.

Corollary 6. With the definitions as in the two theorems above, the growth-rate
difference Ep, [log Scoxp — log Swix] can be written as

L ([ SO (42(0)’ o
S(L n0) /zgzw)d”[Z]‘”)”“"(M—O(é‘*)- (4.3.5)

4.4 Growth Rate Comparison for Specific Exponential
Families

We will now establish more precise relations between the four (pseudo-) e-variables
in k-sample tests for several standard exponential families, namely those listed in
Table [4.1] and a few related ones, as listed at the end of this section. For each family
M under consideration, we give proofs for which different e-variables are the same,
ie. S =29’ where S,5" € {Sripr, Scoxps Smixs Spseupo }- Whenever we can prove that
Sripr # S for another e-variable S € {Scoxp, Sux}, we can infer that Sgipr = S
because Sgripr is the GRO e-variable for Ho(M). Whenever both Scoxp and Sy are
not equal to Sgipr, we will investigate via simulation whether Sy ;x = Sconp Or vice
versa — our theoretical results do not extend to this case. All simulations are carried
out for the case k = 2 in the paper. Theorem [7] and Theorem [§] show that in the
neighborhood of § =0 (p1, ..., u all close together), the difference Ep, [log S — log S’
is of order 6* when S, S’ € {Sripr; Spseupos Swixs Sconn }. Hence in the figures we will
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show (Ep, [log S —log 5'])*/4, since then we expect the distances to increase linearly as
we move away from the diagonal, making the figures more informative.

Our findings, proofs as well as simulations, are summarised in Table For each
exponential family, we list the rank of the (pseudo-)e-variables when compared with
the order ‘>". The ranks that are written in black are proven in Appendix [£.D} while
the ranks in blue are merely conjectures based on our simulations as stated above. The
results of the simulations on which these conjectures are based are given in Figure [4.1]
Furthermore, the rank of Spgeupo is colored red whenever it is not an e-variable for
that model, as shown in the Appendix. Note that whenever any of the e-variables
have the same rank, they must be equal p-almost everywhere, by strict concavity
of the logarithm together with full support of the distributions in the exponential
family. For example, the results in the table reflect that for the Bernoulli family,
we have shown that Spsgipo = Sripr = Swix and that Spegupo = Sconp. Also, for
the geometric family and beta with free § and fixed «, we have proved that Spspupo
is not an e-variable, that Sgipr # Swix and that Sgripr # Sconp, SO that it follows
from that Spspupo = SRIPR, SRIPR = Swix and Sripr = Sconp. Then the findings
of the simulations shown in Figure [{.1a] suggest that Syix = Sconp for beta with free
8 and fixed a and in Figure [L.ID] suggest that Sconp = Swix for geometric family, but
these are not proven. Figure [4.1d shows that Syx = Scoxp for Gaussians with free
variance and fixed mean. Finally, Figure shows that for the exponential, there
is no clear relation between Syx and Sconp. That is, Syx grows faster than Sconp for
some i1, ..., 1r €M, and slower for others, which is indicated by rank (3) — (4) in the
table.

Exponential Family Spseupo ORIPR  Swix Sconp
Bernoulli (1) (1) (1) (2)
Gaussian with free mean and fixed variance (1) (1) (2) (1)
Poisson (1) (1) (2) (1)
beta with free 8 and fixed « (1) (2) (3) (4)
geometric (1) (2) (4) (3)
Gaussian with free variance and fixed mean (1) (2) (3) (4)
Exponential (1) 2 B-@ -4

Table 4.1: The ranks of the four different e-variables when compared with the relation ‘>’.
The ranks in black are proved in Appendix [£.D] while the ranks in blue are conjectures based
on the simulations in Figure I} The rank of Spseupo is denoted in red whenever it is not an
e-variable, as shown in Appendix@

Finally, we note that for each family listed in the table, the results must extend to
any other family that becomes identical to it if we reduce it to the natural form .
For example, the family of Pareto distributions with fixed minimum parameter v can
be reduced to that of the exponential distributions: if U ~ Pareto(v, «), then we can
do a transformation X = ¢(U) with ¢(U) = log(U/v), and then X ~ Exp(«). Thus, the
k-sample problem for U with the Pareto(v, «) distributions, with « as free parameter, is
equivalent to the k-sample problem for X with the exponential distributions; the e-value
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Growth Rate Comparison for Specific Exponential Families
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Figure 4.1: A comparison of Syix and Sconp for four exponential families. We evaluated
the expected growth difference on a grid of 50 x 50 alternatives (u1, u2), equally spaced in
the standard parameterization (explaining the nonlinear scaling on the depicted mean-value
parameterization). On the left are the corresponding heatmaps. On the right are diagonal
‘slices’ of these heatmaps: the red curve corresponds to the main diagonal (top left - bottom
right), the blue curve corresponds to the diagonal starting from the second tick mark (10th
discretization point) top left until the second tick mark bottom right. These slices are
symmetric around 0, their value only depending on & =| u1 — po | /vV2 =| w1 — p | -v/2, where
1o = (11 + p2)/2 and ¢ is as in Theoremm
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Sripr Obtained with a particular alternative in the Pareto setting for observation U
coincides with Sripg for the corresponding alternative in the exponential setting for
observation X = t(U), and the same holds for Sy;x and Sconp. Therefore, the ordering
for Pareto must be the same as the ordering for exponential in Table Similarly,
the e-variables for the log-normal distributions (with free mean or variance) can be
reduced to the two corresponding normal distribution e-variables.

4.5 Simulations to Approximate the RIPr

Because of its growth optimality property, we may sometimes still want to use the GRO
e-variable Sgipg, even in cases where it is not equal to the easily calculable Spspypo. To
this end we need to approximate it numerically. The goal of this section is twofold: first,
we want to illustrate that this is feasible in principle; second, we show that this raises
interesting additional questions for future work. Thus, below we consider in more detail
simulations to approximate Sgipy for the exponential families with Sgripr # Spssupo
that we considered before, i.e. beta, geometric, exponential and Gaussian with free
variance; for simplicity we only consider the case k = 2. In Appendix [f.E| we provide
some graphs illustrating the RIPr probability densities for particular choices of pq, ps;
here, we focus on how to approximate them, taking our findings for & = 2 as suggestive
for what happens with larger k.

4.5.1 Approximating the RIPr via Li’s Algorithm

[60] provides an algorithm for approximating the RIPr of distribution @ with density ¢
onto the convex hull CONV(P) of a set of distributions P (where each P € P has density
p) arbitrarily well in terms of KL divergence. At the m-th step, this algorithm outputs a
finite mixture P(,,y € CONV(P) of at most m elements of P. For m > 1, these mixtures
are determined by iteratively setting P,,) := aP(,_1) + (1 — a)P’, where a € [0, 1]
and P’ € P are chosen so as to minimize KL divergence D(Q|laP(,—1) + (1 — a)P’).
Here, P(y) is defined as the single element of PP that minimizes D(Q||Py). It is thus a
greedy algorithm, but Li shows that, under some regularity conditions on P, it holds
that D(Q||Pm)) — infpeconvpy D(Q||P). That is, P, approximates the RIPr in
terms of KL divergence. This suggests, but is not in itself sufficient to prove, that
suppep Epq(X)/pm)(X)] — 1, ie. that the likelihood ratio actually tends to an
e-variable.

We numerically investigated whether this holds for our familiar setting with k = 2,
Q is equal to P, for some p = (u1, p2) € M?, and P = Ho(M). To this end, we applied
Li’s algorithm to a wide variety of values (u1, u2) for the beta, exponential, geometric
and Gaussian with free variance. In all these cases, after at most m = 15 iterations, we
found that sup, en Ep,, ., [Pu1,uo (X15 X2)/q(m) (X1, X2)] was bounded by 1.005: Li’s
algorithm convergences quite fast; see Appendix [£.E] for a graphical depiction of the
convergence and design choices in the simulation.

(note that, since we have proved that Sgripr = Seseupo for Bernoulli, Poisson and
Gaussian with free mean, there is no need to approximate Sgipg for those families).
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4.5.2 Approximating the RIPr via Brute Force

While Li’s algorithm converges quite fast, it is still highly suboptimal at iteration
m = 2, due to its being greedy. This motivated us to investigate how ‘close’ we
can get to an e-variable by using a mixture of just two components. Thus, we set
pa(z®) == apyu) (@) + (1 — @)ppu,) (2¥) and, for various choices of p = (u1, p2),
considered

pu(XF)

Sappr A (XF) (4.5.1)
as an approximate e-variable, for the specific values of a € [0,1] and g1, 02 that
minimize

5;134 EPWO) [SAPPR]'

(in practice, we maximize po over a discretization of M with 1000 equally spaced grid
points and minimize «, o1, to2 over a grid with 100 equally sized grid points, with left-
and right- end points of the grids over M determined by trial and error).

The simulation results, for k& = 2 and particular values of 1, us and the exponential
families for which approximation makes sense (i.e. Sripr 7 Spseupo) are presented in
Table We tried, and obtained similar results, for many more parameter values;
one more parameter pair for each family is given in Table [£-3]in Appendix [{.E] The
term sup,, e B Plug) [Sappr] is remarkably close to 1 for all of these families. Corollary
2 of Griinwald et al. [42] implies that if the supremum is exactly 1, i.e. Syppr is an
e-variable, then S,ppr must also be the GRO e-variable relative to P,,. This leads us
to speculate that perhaps all the exceedance beyond 1 is due to discretization and
numerical error, and the following might (or might not — we found no way of either
proving or disproving the claim) be the case:

Conjecture For k = 2, the RIPr, i.e. the distribution achieving

i D(P,
QGCQNI&I’;I-LIO(M)) (MlaMQHQ)

can be written as a mixture of just two elements of Ho(M).

4.6 Conclusion and Future Work

In this paper, we introduced and analysed four types of e-variables for testing whether
k groups of data are distributed according to the same element of an exponential family.
These four e-variables include: the GRO e-variable (Sgipg), a conditional e-variable
(Sconp), & mixture e-variable (Syx), and a pseudo-e-variable (Spspupo). We compared
the growth rate of the e-variables under a simple alternative where each of the k
groups has a different, but fixed, distribution in the same exponential family. We have
shown that for any two of the e-variables S, S’ € {Sripr, Scoxn, Smix, Seseuno }, we have
E[log S —log S"] = O(6%) if the ¢y distance between the parameters of this alternative
distribution and the parameter space of the null is given by §. This shows that when
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Distributions (g, p2) a (11, fo2) sup Exy, Xon Py g [Sarer]
Ho €
beta (0.5,0.25) 0.22 (0.24, 0.81) 1.0052
Exponential (0.5,0.25) 0.56 (0.35, 0.51) 1.0000

Gaussian with free variance

and fixed mean (0.5,0.25) 0.37 (0.5, 0.5) 1.0000
Exponential (2, %) 0.51 (0.62, 0.31) 1.0047
geometric (2.5) 047 (1.84,2.97) 1.0008

Gaussian with free variance 0 5
and fixed mean (2,2) 008 (3.64,2.73) 1.0002

Table 4.2: For given values of u = (u1,p2), we show «,po1 and poe for the
corresponding two-component mixture appg, (X1)Puo: (X2) + (1 — @)Pugs (X1)Puys (X2) arrived
at by brute-force minimization of the KL divergence as in Section [£5.2] and we show how
close the corresponding likelihood ratio Siper is to being an e-variable

the effect size is small, all the e-variables behave surprisingly similar. For more general
effect sizes, we know that Siipr has the highest growth rate by definition. Calculating
Sripr involves computing the reverse information projection of the alternative on the
null, which is generally a hard problem. However, we proved that there are exponential
families for which one of the following holds Spsgupo = SriPr, Scono = SRIPr O
Swuix = Sripr, Which considerably simplifies the problem. If one is interested in testing
an exponential family for which is not the case, there are algorithms to estimate the
reverse information projection. We have numerically verified that approximations of
the reverse information projection also lead to approximations of Sripgr. However,
the use of Sconp Or Syix might still be preferred over Sripg due to the computational
advantage. Our simulations show that depends on the specific exponential family which
of them is preferable over the other, and that sometimes there is even no clear order.
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Appendix 4.A Application in Practice: k£ Separate
I.I.D. Data Streams

In the simplest practical applications, we observe one block at a time, i.e. at time n,
we have observed X(yy,..., X(y), where each X ;) = (X 1,...,X; ) is a block, i.e. a
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vector with one outcome for each of the k groups. This is a rather restrictive setup, but
we can easily extend it to blocks of data in which each group has a different number
of outcomes. For example, if data comes in blocks with m; outcomes in group j, for
j =1... k, X(z) = (XZ'$171, e 7Xi’1’m1,Xi’2’17 e 7Xi,2,m27 e 7Xi,k,17 e 7Xi,k,mk,)7 we
can re-organize this having &’ = Z?Zl m; groups, having 1 outcome in each group,
and having an alternative in which the first m; entries of the outcome vector share
the same mean p) = ... = p;,, = p1; the next my entries share the same mean
Moy o1 = -+ = Moy 4m, = M2, and so on.

Even more generally though, we will be confronted with k separate i.i.d streams
and data in each stream may arrive at a different rate. We can still handle this case by
pre-determining a multiplicity mq, ..., my for each stream. As data comes in, we fill
virtual ‘blocks’ with m; outcomes for group j, j =1...k. Once a (number of) virtual
block(s) has been filled entirely, the analysis can be performed as usual, restricted
to the filled blocks. That is, if for some integer B we have observed Bm; outcomes
in stream j, for all j = 1...k, but for some j, we have not yet observed (B + 1)m;
outcomes, and we decide to stop the analysis and calculate the evidence against the
null, then we output the product of e-variables for the first B blocks and ignore any
additional data for the time being. Importantly, if we find out, while analyzing the
streams, that some streams are providing data at a much faster rate than others,
we may adapt myq, ..., m, dynamically: whenever a virtual block has been finished,
we may decide on alternative multiplicities for the next block; see [88] for a detailed
description for the case that k = 2.

Appendix 4.B Proofs for Section |4.2

In the proofs we freely use, without specific mention, basic facts about derivatives of
(log-) densities of exponential families. These can all be found in, for example, [I3].

4.B.1 Proof of Proposition

Proof. Since Sripr was already shown to be an E-variable in Lemma[7] the ‘if’ part of
the statement holds. The ‘only-if’ part follows directly from Corollary 2 to Theorem 1
in [42], which states that there can be at most one E-variable of the form p,, (X*)/r(X*)
where 7 is a probability density for X*. O
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4.B.2 Proof of Proposition

Proof. Define g(uo) := Ep,, , [Sesuuvo] and B(p;) := A (M) + Apo) — AMpg))-

“ l ] -l 5

zlp% Xi)

exp (A(pa)y — A (A1)
MOZ/ A Mo)))' \ d

0 Ny — A ()
() + A3i) = M(15)) = A (Awo) = A (o) + A (A1) dp(y)
exp (4 (A1) = A (A1) — 4 (Apo))) exp (Bl1w)

[ exp (A0 + A) = N5)) y ~ Bl do)

= H exp (A (M) — A (Mui)) — A (Mpo))) exp (B(ps)) - 1

k k
=exp <kA Am5) = D> AN ) = kA (o)) + > B(m)) : (4B.1)
i=1 i=1
Taking first and second derivatives with respect to pg, we find
d d (<
— - — B(p;) — kA (A 4.B.2
T 0(bo) = glm) - - (2_: (i) — RA( <u0>>> (4B

and

d2 d d (&
duzg(uo) <duog(“°)> T <; B(pi) — kA (A(uo))>
2 k:
o) o (Z B() - kA (/\(uo))>
Ho \;

k 2

=g (o) (Z(Ni + po — o) — k/m) (4.B.3)
(ZVAR Ptz |X] = kVARE, [X])

_g MO (ZVAR Pitno— 2% ] - kVARPuo [X]> = Q(MO) : f(MO)'
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where the second equality holds by (£.B.2), (d/dA(1)) A(A(1)) = Ep,[X] and (d?/dA(1)*) A((1))

VARp, [X]. is continuous with respect to ug. Therefore, if f(ug) > 0 holds,
it means that there exists an interval M* C M with p§ in the interior of M* on
which is strictly convex. Then there must exist a point uj € M* satisfying
IEP(%) [Spseuno) > Ep%) [Spseuno] = 1, i.e. Spspupo 18 not an E-variable. Conversely,

f(1$) < 0 means that there exists an interval M* C M with pf in the interior of M*, on
which (4.B.1]) is strictly concave. The result follows. O

4.B.3 Proof of Theorem |§|

To prepare for the proof of Theorem |§|, let us first recall Young’s inequality [99]:

Lemma 8. [Young’s inequality] Let p, g be positive real numbers satisfying %—l—% =1.

. . r q
Then if a,b are nonnegative real numbers, ab < & + 2.
b ) P q

The proof of Theorem |§| follows exactly the same argument as the one used by [8§]
to prove this statement in the special case that M is the Bernoulli model.

Proof. We first show that Sy;x as defined in the theorem statement is an E-variable.

k
For this, we set pj(X) = £ > pp,(X). We have:
=1

Pus (X1) P, (Xk)
B i) =Brier, [ B [ ] B
We also have
1 Puy (X1) 1 P (Xk)
“Ex. . Rty oot “Ex THEATR]
R [paxn]* TR [pmxk)
1 X X
=-Exp,, %17()+-~-+?k7() —1. (4.B.5)
%;me{) %;pm(X)

We need to show that (4.B.4) < 1, for which we can use (4.B.5). Stated more simply, it
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k k
is sufficient to prove [] r; < 1 with % i<l € R*. But this is easily established:
i=1 i=1

k—1
k k—1 k—1 3
1 E Ty = k-1 : 721:1 i + Tk > 7Zi:1 i Tk%
k = k k—1 k k—1

> <T1 s TQ) ‘ f[ f[ 2 (4.B.6)

. . 3 . . . 1 e k-_l
where the first inequality holds because of Young’s inequality, by setting 5=
1

k-1
z,aP = %, b1 :=ry in Lemma The other inequalities are established in the

Q|-

e

E oy k
same way. It follows that [] rF <1 and further [Irm <1

i=1 i=1

This shows that Syx is a e-variable. It remains to show that Syux is indeed the GRO
e-variable relative to Ho(IID); once we have shown this, it follows by Lemma 2 that it
is the unique such e-variable and therefore by Lemma 1 that Fj achieves the minimum
in Lemma 1. Since we already know that Sy is an e-variable, the fact that it is the
GRO e-variable relative to Ho(11D) follows immediately from Corollary 2 of Theorem 1
in [42], which states that there can be at most one e-variable of form p,, (X*)/r(X")
where r is a probability density. Since Syux is such an e-variable, Lemma 1 gives that
it must be the GRO e-variable. O

4.B.4 Proof of Proposition

Proof. The observed values of Xl,Xg, .. Xk are denoted as ¥ ( =x1,...,x). With
Xp(zF=1 2) = 2 — Zkfll x; and C(z) as in and py;[z) (z) and p(z"1) as in
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(4.3.3), we get:

.Tk
Pu (xk_1|Z = Z) = pzjz[i] (2)

exp (3 s — AN )

i=1

/klec< o r <k§ (Mpa)ys — A R)) + Mp) Xy, 2)) = A(Muk)))) dp(y*1)

i=1

Appendix 4.C Proofs for Section 4.3

4.C.1 Proof of Theorem EI

Proof. We prove the theorem using an elaborate Taylor expansion of F'(9), defined
below, around § = 0. We first calculate the first four derivatives of F(§). Thus we

k
define and derive, with p; = po + ;0 and f,(6) = > p,, (y) defined as in the theorem
i=1
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statement,

F(9) ::EP<“,0>+Q5 [log Spseupo — 1og Shux]

k k
1
=Ep, |log]] (k ZPM&')) — log Py (X*)
j=1 i=1

=Ep, Zlogfx z:logpu0 (X;)| —klogk

k
S Exen,, [log fx(8) —logp,, (X)) — klogk
j=1
Fi(6) Fa(9)

® /eX fy(0)log fy(0)dp(y) + (— /eX Jy(6)logpy, (y)dp(y)) —klogk, (4.C.1)

where we define F;(d) to be equal to the leftmost term in (4.C.1) and F»(d) to be equal
to the second, and (a) and (b) both hold provided that

forall j € {1,...,k}: Ex,~p,, (| log fx,; (6) = log pu, (X;) |] < o0 (4.C.2)

is finite. In the online supplementary material we verify that this condition, as well
as a plethora of related finiteness-of-expectation-of-absolute-value conditions hold for
all ¢ sufficiently close to 0. Together these not just imply (a) and (b), but also (c)
that we can freely exchange integration over y and differentiation over § for all such
0 when computing the first k& derivatives of F;(d) and F»(d), for any finite k£ and (d)
that all these derivatives are finite for ¢ in a compact interval including 0 (since the
details are straightforward but quite tedious and long-winded we deferred these to the
supplementary material). Thus, using (c), we will freely differentiate under the integral
sign in the remainder of the proof below, and using (d), we will be able to conclude
that the final result is finite.

For each derivative, we first compute the derivative of F;(J) and then that of F»(d).

6) = [ £i0)dptw) + [ 1360108 £,5)dp(w) =

F5(9) :*/f{,@) log pus (y)dp(y) = 0, so F'(0) = F{(0) + F5(0) =0,  (4.C.3)
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where the above formulas hold since f.(0) = 0 for all € X, which can be obtained by

del‘ﬂ d/’[/J )

Jj=1 A

APy () o dpy 1y ()
'(0) =—£2 —2(0) = =£o a; =0, 4.C.4
2(0) o ; 5() o ;; ( )

where we used that all ;; are equal to pp at § = 0. We turn to the second derivatives:

(s 2
F/(5) = / F7(0)dp(y) + / (f;’@ log £,(5) + (J;gy(( 5))) ) do(y)

/ 5 2
-/ (f{/(5) s ,06) + L0 )dp@)

Ho=[ (f;'m) s ,00) + ) ) dplw):

= / f/(0)1og pu, (y)dp(y) + (f1/(0)log k) dp(y) (4.C.5)

yeXx

_ / (£7/(0) log py, (1)) dp(y),

where [ f;/(0)dp(y) = 0 because [ f,(6)dp(y) = k, in which k is a constant that does
not depend on §. Then FY(4) is given by

F(0) = — / [y (8)log pu, (y)dp(y) 5 F5'(0) = — / £,/ (0)log pu, (y)dp(y), so
F"(0) =F/'(0) + FJ(0) = 0. (4.C.6)
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Now we compute the third derivative of F(J), denoted as F®)(§).

SYF (S " § 5 3
ﬂm)/@%)%m+%%w+%U&ﬁ$((»%M)

FP(0) = [ 19(0)10g £,0)dp)
= [ 50008, )dp(w) + [ 1(0)log kdp(y) (1.C.7)
= / £9(0) log pp, (y)dp(y)
F¥(5) =—/f(3) (9) log puq (y)dp(y)
0 = [ 19001081, (5)dp(w). s0 FO(0) = FIP(0) + K (0) =0,
which holds since f/(0) = 0 and [ £,(0)dp(y) = k.

The fourth derivative of F'(d) can be computed as follows:
(3) ’
(4) sy _ 4 y (6)fy(6)
F14 (6) —/ (fgs )(5) log f,,(0) + fy(‘”) dp(y)
(1520 £306) + (£/(6)2) £4(8) = £1(0) (£5(9))”
s 2
(f4(9))

- / 3 (£,(0)£1(8)” - £11(6) = 2 (£9)" - £,(6)
(£,(6))*

@) gy 3(f1(0))°
Hoo= [ <f§4)(0)10gfy(0)+ 1) ot

dp(y) ; (4.C.8)

2
3 (£7(0
/ £59(0)log pu, (y)dp(y) + log k F9(0)dp(y) + / — o
yeX yeX

/f 0) log pu, (y)dp(y )+/€X 3(?;(((;))))61/)(1/),
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and F2(4)(5) can be computed by

FY(6) = - / £ (8)log py (v)dp(y), ESV(0) = - / F59(0)log pyo (1)dp(y). s0

P00 =k o)+ 100 = [T 0 -0

Based on the above derivatives, we can now do a fourth-order Taylor expansion of F(§)
around 0 = 0, which gives:

1
]EPM [log SPSEUDO - log SMI)(] :EF(LL) (0)(54 + 0(54)

L)t

S/yEX F ) 40 (5Y).
k k 2

where f,(0) = > Puo(y) = kpu,(y) and f{;’(O) = (;C@) : ddTﬁpﬂ(y) |lp=po=

2
ﬁp# ¥) lp=po- O

4.C.2 Proof of Theorem

Proof. We obtain the result using an even more involved Taylor expansion than in
the previous theorem. As in that theorem, we will freely differentiate (with respect
to ¢) under the integral sign — that this is allowed is again verified in the online
supplementary material.

Let p, o, C(2), p(z*~1), P, etc. be as in the theorem statement. We have:

f((S) = IEPM [log Spseupo — log SCOND]
Xk Xk—l 7
=Ep, |log Pu ( ])C — log Pu ( k71| )
Pluoy (XF) Pluoy (XF71] 2)

k k kY do(zk—1
log Pu (X ) _log Pu (X ) +1log fC(z)pH (‘T ) G

Plugy (XF) Plugy (XF) IC(z)p(uo> (k) dp(x*~1)

=D (Pluoytas 21| Puo):12]) -

:]EPI-L

We will prove the result by doing a Taylor expansion for f(J) around 6 = 0. It is obvious
that f(0) =0 and the first derivative f/(0) = 0 since f(0) is the minimum of f(¢) over
an open set, and f(9) is differentiable. We proceed to compute the second derivative
of f(§), using the notation g.(8) = p(.y)+as;z)(#) as in the theorem statement, with
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g. and g7 denoting first and second derivatives.

/ / z 6 / / z 6

£0) = [ a-@1ox =S doin(e) + [ a2(0ania(e) = [ o1(0)108 G oz (o)
" 1 z 6 ; 6 2

f(9) Z/gz(5) log Sg]ZEO;d/)[Z](Z)ﬂL/(ggz((;)) dpz)(2),

where in the first line, the second equality follows since the second term does not change
if we interchanging differentiation and integration and the fact that [ g.(0)dz =1 is
constant in 6. We obtain

17(0) :/(ggzz((oo)))dp[z](z), (4.C.9)

and, with zj, set to Xy (2"~1, 2) and recalling that u = (uo) + @ and p; = po + 0,

d -
020 = [ Lepuyas(e)dp(at )
C(z) do

k

_ "y dp#j (x]) 2kl
—/C(Z)Z T pee) e dpar)

J=Lie Lk

k

dpy, () du, ,

:/ Zp,uh--wﬂj—l,M+1,~-7Hk (xlv R S ER Y B I Ik)%di(;dp(xk 1)
C(z) j,l Hj

o dl
/ ZPM ngu? (xj)ajdp(xk_l)
C(z ,u]

/c . Zpu — 11 (y)) asdp(a* 1)

where I(p;) is the Fisher information. The final equality follows because, with
A(u;) the canonical parameter corresponding to p;, we have dA(y;)/dp; = I(k;)
and dA(B)/dB) |s=x(u,)= 1; see e.g. [35, Chapter 18]. Now

k
- /c( pr () (I(po); — ol (o)) ydp(a™ ™)

k
:/C( | Doy (2 Zaz]ajdp (4.C.10)
z j=1

—I(po) - /C .

zjadp(x (4.C.11)

IIMw
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k
where the second equality follows from Y a; = 0. Because X* i.i.d. ~ P,, under Py,
j=1
and the integral in (4.C.10) is over a set of exchangeable sequences, (For understanding
the statement, we can consider the simple case k = 2, X; and X5 can be exchangeable
because they are ‘symmetric’ for given C(z).) we must have that (4.C.10) remains
valid if we re-order the a;’s in round-robin fashion, i.e. for all 7 = 1..k, we have, with

Qji = Q(j4+i—1) mod k>
k
92(0) = I(po) - /C( )pw(,)(xk) Z:z:jozj,idp(xkfl).

k
Summing these k equations we get, using that Y «; = 0, that kg, (0) = 0 so that
i=1
9.(0) = 0. From (4.C.9) we now see that
71(0) =0,

Now we compute the third derivative of f(8), denoted as f©)(§):

00s)— [ (o100 0 , 90)0L(0)
196 = [ (5907105 20 1+ DL 5

9:(0 g-
§)g. (8 Ik
+/( 92 (0)g. ((Z(((S)) (92(9)) >dpm(z)

So since ¢ (0) = 0 we must also have

F9(0) =0

The fourth derivative of f(d) is now computed as follows:

(3) Lt
f(4)(5):/ <gg4)(5)10g gz(é) +gz (6) gz<5)>dp[z](z)

9:(0) 9-(0)
(95766 - 9106) + (92(8))?) 9-(8) — 9(8) - (4£(6))*
+ /3 : 0-0)° dp(z)(2)-

Then

7 2
F9(0) = / ?’(;’:(((()))))dp[z](z) >0

We now have all ingredients for a fourth-order Taylor expansion of f(4) around § = 0,
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which gives:

1 " 0 2
]EPH [log Spseupo — log SCOND] — g / %((())))

which is what we had to prove. O

dpz (2) - §*+o ((54)

Appendix 4.D Proofs for Section 4.4

In this section, we prove all the statements in Table

4.D.1 Bernoulli Family

We prove that for M equal to the Bernoulli family, we have Spsguno = SrRiPr = Saix >

SG()ND .

Proof. We set pu§ =+ > pi.

= = SPSEUDO (4'D'2)

where the third equality holds since X; € {0,1}. So Spspupo is an E-variable and
Spseupo = Sripr according to Theorem Then the claim follows using
together with the fact that when Z =0 or Z = 2, we have Scoxp = 1, while this is not
true for the other e-variables, so that Scoxp # SriPr = Spsrupo = Swix- Lhe result then

follows from (4.3.1)). O

4.D.2 Poisson and Gaussian Family With Free Mean and Fixed
Variance

We prove that for M equal to the family of Gaussian distributions with free mean and
fixed variance 2, we have Spseuno = SrRiPr = Sconn > Swix. The proof that the same
holds for M equal to the family of Poisson distributions is omitted, as it is completely
analogous.
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4.D. Proofs for Section

Proof. Note that if we let Z := ’?:1 X;, then we have that Z ~ N(Ele wi, ko?) if
X* ~ P,. Let ug be given by (4.2.3)) relative to fixed alternative P, as in the definition
of Spseupo underneath . Since kugy = Zle i, we have that Z has the same
distribution for X* ~ Py sy This can be used to write

pu (X* | 2) pu (X*) Py (2) _ Pu (X*)

SCOND - - - k) = SPSEUDO-

Py XF1Z) puey (XF) pu(Z)  prugy (X

Therefore, Spspupo is also an e-variable, so we derive that Spspupo = Sripr by Theorem
Furthermore, we have that the denominator of Sy;x is given by a different distribution
than P(uz)> SO that Syix # Sripr = Spseupo = Sconp- The result then follows from
14.3.1).

O

4.D.3 The Families for Which Spseudo Is Not an E-variable

Here, we prove that Spspupo is not an e-variable for M equal to the family of beta
distributions with free 5 and fixed cv. It then follows from that Spszupo = SRIPk-
also gives Sgripr = Swix and Sripr = Sconp. The same is true for M equal to
the family of geometric distributions and the family of Gaussian distributions with
free variance and fixed mean, as the proof that Spgupo is not an e-variable is entirely
analogous to the proof for the beta distributions given below. In all of these cases, one
easily shows by simulation that in general, Sgipr 7# Swuix and Sripr # Sconp, SO then

SRIPR = Symx and SRIPR b SCOND follow.

Proof. First, let Qo g represent a beta distribution in its standard parameterization,
so that its density is given by

F(O{ + /6) ua—l

Gop(u) = T(a)T(3) (1-w’',  a,B>0uel01]

To simplify the proof, we assume « = 1 here. Then

1+ 8) _ 1 1
q1,5(u) NG (1—w) T, &P Blog(l —u) —log 3
where the first equality holds since I'(1 4+ ) = ST'(8). Comparing this to (4.1.1]), we
see that /3 is the canonical parameter corresponding to the family {Q1,5 : 8 > 0}, and
we have

M) =B, tu) =log(1 — u), A(ﬁ)=log%-

To prove the statement, according to Proposition we just need to show, for any
11, ..., p that are not all equal to each other, that, with X = ¢(U) = log(1 — U) and
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k
w =+ Z ; defined as in (4.2.3), we have

ZVARP — kVARp, [X] > 0. (4.D.3)

Straightforward calculation gives

d? 1 1. : 1
VARp, [X] = VARq, , [X] = 727, (log B—) =5 in particular VARP, . [X] = B
4 4 4
(4.D.4)
where f3; corresponds to fi;, i.e. Eqg, , [(X)] = pi. We also have:
e 1
Epgg [(X)] = :u'Ek) = P Zﬂi = % ZEP,Hi [(X)] . (4D5)
i=1 i=1

k
; — d 1y _ 1 1 _ 1 1
While Epﬁ [(X)] = dﬁ (1og ;) = —7;, therefore = E > We obtain, together

B
with ( and , that
k By LA 2
> varp, [(X)] - kVARp,. [(X)] = > BE k (k > ﬁ) : (4.D.6)
i=1 i=1 7" i=1""

Jensen’s inequality now gives that (4.D.6]) is strictly positive, whenever at least one of
the p; is not equal to pf, which is what we had to show. O

Appendix 4.E Graphical Depiction of RIPr-Approximation
and Convergence of Li’s Algorithm

0.004 —
N _n Eﬁl‘igi 2 1.0100
— Pu; (2= =
E 0.003 — pw; (the RIProf Py, ,,) % 1.0075
5 )
9] <
= 0.002 s 1.0050
© Q.
> w
o 0.001 é £1.0025
0.000_, ) - - - i 1.0000
0.0 0.5 1.0 1.5 2.0 2.5 0 20 40 60 80 100
X n

Figure 4.2: Exponential distribution. On the right, n represents number of iterations with
Li’s algorithm, starting at iteration 2
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0.041 — Pu (H1=1/6) —_
a) — Py, (12=1/10) g
& 0.034 — Pw; (the RIProfPy,,) | & 1.04
Y )
g £
30.021 3
S W 1.02
- En_l

0.001 1.00

00 02 04 06 08 10 0 20 40 60 80 100

X n

Figure 4.3: beta with free 8 and fixed . On the right, n represents number of iterations
with Li’s algorithm, starting at iteration 2

0.5q ¢ @ py (U1 =5) —

o Py, (2 =2) g 1.03
e pu; (the RIPFOf Py, ) | 8
%)

¢ 1.024
&
w

x <1.01
0 38 0. *

0.0 "0-..!‘.fj.'-l;tt..t:.so:ooo'oo-&ooa 1.00+, . . y y .
6 5 10 15 20 25 0 20 40 60 80 100
X n

Figure 4.4: geometric distribution. On the right, n represents number of iterations with
Li’s algorithm, starting at iteration 3

We illustrate RIPr-approximation and convergence of Li’s algorithm with four
distributions: exponential, beta with free 5 and fixed «, geometric and Gaussian with
free variance and fixed mean, each with one particular (randomly chosen) setting
of the parameters. The pictures on the left in Figure .2} give the probability
density functions (for geometric distributions, discrete probability mass functions)
after n = 100 iterations of Li’s algorithm. The pictures on the right illustrate the
speed of convergence of Li’s algorithm. The pictures on the right do not show the
first (or the first two, for geometric and Gaussian with free variance) iteration(s),
since the worst-case expectation sup,, cy[Sripr] is invariably incomparably larger in
these initial steps. We empirically find that Li’s algorithm converges quite fast for
computing the true Sgipr. In each step of Li’s algorithm, we searched for the best
mixture weight a in P,y over a uniformly spaced grid of 100 points in [0, 1], and for
the novel component P’ = P,/ ,» by searching for x in a grid of 100 equally spaced
points inside the parameter space M where the left- and right- endpoints of the grid
were determined by trial and error. While with this ad-hoc discretization strategy we
obviously cannot guarantee any formal approximation results, in practice it invariably

worked well: in all cases, we found that ng([ ]Ep“0 o [Sripr] < 1.005 after 15 iterations.
Mo !
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o
o
o

SR
é — p::; (the RIPr of Py, 1) %

45 0.041 W 1.04
v s
3 <
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£ 0.021 w02
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< ®© 3
=} En.l
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-20 -10 0 10 20 0 20 40 60 80 100
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Figure 4.5: Gaussian with free variance and fixed mean. On the right, n represents number
of iterations with Li’s algorithm, starting at iteration 3

Distributions (p1, p2) (fo15 pio2) — sup Ex, x,~p,, 0 [5]
o €M
beta (3,%) 057 (0.12,0.16) 1.00071
geometric (5,2) 0.39 (2.52,4.21) 1.00035
Exponential (3,5) 053 (0.13,0.51) 1.00083
Gaussian with free variance
o ed e (2,6) 041 (5.82,3.36) 1.00035

Table 4.3: Analogue of Table for pi,pe corresponding to the parameters used in

Figures

For comparison, we show the best approximation that can be obtained by brute-force
combining of just two components, for the same parameter values, in Table [£.3]

Supplementary Material
In this supplement we verify that all conditions are met for the implicit use of Fubini’s

theorem and differentiation under the integral sign in the proofs of Theorem 2 and 3,
and that all derivatives of interest are bounded.

Theorem 2

In the paper, notation is as follows:

tj = o + 0y
A(p;) = nat. param. A corresponding to mean p = p;

pu(y) = M y—AMA(w))

k
fy(6) = me (y)-
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Algorithm

As this will simplify the notation for the derivatives, we write g,(\) = e =4 g0
that

Zgy N7 ) and Puo (y) = gy()‘(ﬂo))~ (4.E.1)

To stress dependence on 4, we write u;(d) instead of p; in the following.
Step 1 We first establish the finiteness condition (4.C.2)). We note that

logzgy(A(w@))) < log(max g, (A1 (9)))k)

= maxlog(g, (A(1(9)))) + logk
< maxlog(max{gy (A(1;(9))), 1}) +log k

< Z log(max{g, (A(11;(9))), 1}) + log k
< Z [A(125(0))y — log A(A(1(6)))] + log k.

and

k
Z )+ log k

??'M—‘

k
1og > gy (A (
j=1

=

%Zloggywmm +logh

E

=2 3 A Oy = A 0) + g

Putting these together, we see that

|log fy ()] <
maX{ZI/\(w@))y—A(/\( 3(0)))] +logk,

< Z [A(13(6))y — A(A(;(6)))| + log K, (4.E.2)

A(A(1(9)))) + log k

T =
M?r

and, more trivially,

|1og g, (A(10))] < [A(po)y — A(A(po)] - (4.E.3)
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We know that A(p;(6)) and A(A(u;(0))) are smooth, hence finite functions for 1, (4)
in the interior of the mean-value parameter space M (see [I3, Chapter 9, Theorem 9.1
and Eq. (2)]). Since M is open and for all j = 1.k, p;(0) = uo € M, it follows that
|log f(y)(6) — log gy (A(o))| can be written as a smooth, in particular finite function
of |y| for all § in a compact subset of R with 0 in its interior. Since |y| < 1+ y? has
finite expectation under all P, with p € M, finiteness of follows by .

Step 2 We now proceed to establish that we can differentiate with respect to ¢ for §
in a compact subset of R with 0 in its interior. The proof will make use of (4.E.2) and
(4.E.3)). We denote derivatives of functions f, and g, as

S ds S ds
gy(\) = @gy()\) and /() = @fy(f;)
We will argue that, for any s € N, the family {dd—(;fy((S) log fy(6) — fy(0) log gy (A(po)) :
d € A} is uniformly integrable for any compact A C R, so that we are allowed to

interchange differentiation and integration [see e.g. 98 Chapter A16].

Using standard results for exponential families, we have, for A in the interior of the
canonical parameter space,

g N = (y — (X)) gy (V)
g2 V) = =I(Ngy(N) + (y — (X)) g, (M),

where p(\) denotes the mean-value parameter corresponding to A and I(\) the
corresponding Fisher information.

Continuing this using the fact that (d*/dA*)A(X) is continuous for all s, gives

S

95T () = gy(A) -y s (N) with By s(A) = >~ hyy (A (y = p(N)* (4.E.4)
t=1
for some smooth functions hy; 4, hj2 4], - - -5 his,s) Of A (we do not need to know precise

definitions of these functions). Similarly

F (8 Zgy Ay 8)) - (M((9)))

where A(p;(0)) = d%)\(uj(d)). We know that X (i;(d)) and further derivatives are
smooth functions for 1;(d) in the interior of the mean-value parameter space M (see [13}
Chapter 9, Theorem 9.1 and Eq. (2)]). Since this space is open and for all j = 1..k,
1i(0) = po €M, it follows that A'(u,(0)) are smooth functions of § for § in a compact
subset of R with 0 in its interior. Thus, analogously to what we did above with g(*),
we get that

f(s Z Z gyt) Tt,s(lij) (4E5)
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for some smooth functions r; s, the details of which we do not need to know. In
particular this gives, with

b = 109

that

)| < 25 9y A5 (0)) - (s Myt (A (9)) - 75 (113 (8))1)
- 22 9y (A5 (9)))

<X Z [yt (A5 (9)) 0,5 (11 (0))]-

Inspecting the proof in the main text, we informally note that all terms without
logarithms in the first four derivatives of Fy(d) and F;(J) can be written as products
£,8) 65 (8) - b7 (6) for the b we just bounded in terms of polynomials in |y;
similarly, the terms involving logarithms can be bounded in terms of such polynomials

as well using (4.E.2)) and (4.E.3)), suggesting that all terms inside all integrals can be
such bounded. This is indeed the case: formalizing the reasoning, we see that

s 2
/((isgfy((s) log £, (6) —fy((S)loggy()\(uO))) dp(y) =
2
/ (fﬁ(logfy(é)loggyu D+ 03w b0 ~b§fu><5>> doly)

= /(f;s)(log fy(8) —log gy (A(1o)))) )2+ ( ZC . b(sl) e bgf“(é))
+ £,(8) f5 (log £,(8) — log g, (A Zc b“l ) oo by (8)dp(y).

By (4.E.2) and (4.E.3) and the bound on |bz(f)| given above, all the terms within the

integral can be bounded by polynomials in y (or |y|), so the integral is given by linear
functions of moments of p and P,. Therefore, using also that p is itself a probability
measure and a member of the exponential family under consideration (equal to P,
with A(p) = 0), the integral can be uniformly bounded over § in a compact subset
of the mean-value parameter space. It follows that the family {% fy(9)log fy(0) —
fy(0)log gy(A(po)) : 0 € A} is uniformly integrable [see e.g. 98, Chapter 13.3], so
integration and differentiation may be interchanged freely [see e.g.[08, Chapter A16].
It also follows that the quantity on the right-hand side in the theorem statement is
bounded.

Theorem 3

As in the proof of Theorem 3, let f(J) = Ep, [log % — log %]
HO HO
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To validate the proof in the main text we merely need to show that f(d) is finite,
and that we can interchange differentiation and expectation with respect to § in a
compact interval containing § = 0. Thus, we want to show that, for any s € N, we

have that
as & pu(xh) pu(X* | 2) )}
) =L lo Lad —lo Lol .
a5 [d65< B oy (X 18 5 X[ 2)

To show this, first note that both Ep, [log m(i)(()?“)} and Ep, [bg % | Z] are

KL divergences between members of exponential families (the fact that conditioning on
a sum of sufficient statistics results in a new, derived full exponential family is shown
by, for example, [19]), which are finite as long as ¢ is in a sufficiently small interval
containig 0 in its interior (since then p is in the interior of the mean-value parameter
space). This already shows that f(¢) is finite, and it also allows us to rewrite

) L (X5) pa(X* | 2)
1) = Er, {log p<uo><Xk>} ~Er. {log Dy (X ZJ |

Furthermore, [19, Theorem 2.2] in combination with Theorem 9.1. and Chapter 9,
Eq.2. of [I3] shows that for any full exponential family, for any finite & > 0, the
k-th derivative of the KL divergence with respect to its first argument, given in the
mean-value parameterization, exists, is finite, and can be obtained by differentiating
under the integral sign, at any p in the interior of the mean-value parameter space.
We are therefore allowed to interchange expectation and differentiation for such terms
separately for all § in any compact interval containing 0. Thus, starting with the
previous display, we can write

ds ds pu(XP) } d* { pu(X¥ | Z) ]
§) = —Ep |log 222 ) | _ =" R, |log 2AZ 120
a5+ 1) = g5 [ gP(#o)(Xk) b gP(uo)(Xk | Z)

ds P (Xk) s P (Xk‘Z)
_Ep“ |: logﬂi _EP,,, lo e

dés p(uo)(Xk) dés p(ug}(Xk ‘ Z)

as pu(XF) s pu(X*) Pui(2)(Z)
:EPM|: log —"——~| —Ep, log —H# /4 log — 22| =

do® 7 Py (XF) dos 7 pug) (XF) Pluoyi2)(Z)

ds pu(X*) ] [ s pu(XF) ] [ds Puiz)(Z)

E log =2 | _E log —£ +E log —HZ12)_
P LMS ® Doy (XF) P (46578 pugy (XF) P 1465 pluoyiz1(2)

ds Pui(z)(Z) }
=FE log ——————|,
e [CMS Pz (Z)

where in the last line we use that all involved terms are finite. This is what we had to
show.

131



4.5. Graphical Depiction of RIPr-Approximation and Convergence of Li’s
Algorithm

132



Chapter 5

Growth-Optimal E-Variables
and an extension to the
multivariate
Csiszar-Sanov-Chernoft
Theorem

Abstract

We consider growth-optimal e-variables with maximal e-power, both in an absolute
and relative sense, for simple null hypotheses for a d-dimensional random vector, and
multivariate composite alternatives represented as a set of d-dimensional means M;.
These include, among others, the set of all distributions with mean in M;, and the
exponential family generated by the null restricted to means in M;. We show how these
optimal e-variables are related to Csiszar-Sanov-Chernoff bounds, first for the case that
M; is convex (these results are not new; we merely reformulate them) and then for the
case that M; ‘surrounds’ the null hypothesis (these results are new).

5.1 Introduction

FE-variables present a compelling alternative to traditional P-values, particularly in
hypothesis tests involving optional stopping and continuation [42] [91], [76], [7T], 46, 36].
As is well-known, there is a close connection between optimal rejection regions of

OThis chapter is based on Peter Griinwald, Yunda Hao, and Akshay Balsubramani. Growth-Optimal
E-Variables and an extension to the multivariate Csiszar-Sanov-Chernoff Theorem. arXiv preprint
arXiv:2412.17554, 2024.
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5.1. Introduction

anytime-valid tests at fixed level o and optimal anytime-valid concentration inequalities
[47]. In this paper we consider a variation of this connection in the context of a simple
multivariate null and several types of composite alternatives. We study absolute and
relative GROW (‘growth-rate optimal in the worst-case’) e-variables as introduced by
[42], and we show how such e-variables are related to a concentration inequality which
we call Csiszdr-Sanov-Chernoff (CSC from now on). The 1-dimensional version of
this inequality is well-known as a straightforward application of the Cramér-Chernoff
method and is sometimes called the generic Chernoff bound. The multivariate version
was apparently first derived by [26] as a (significant) strengthening of Sanov’s classical
theorem; we review this history in Section beneath Theorem Given all this
we decided to name the bound ‘Csiszar-Sanov-Chernoff’.

Formally, we consider a d-dimensional random vector Y = (Y7, ..., Yy) supported on
some (possibly finite or countable) subset ) of RZ. Whenever we speak of ‘a distribution
for Y’ we mean a distribution on ) equipped with its standard Borel o-algebra. Then
CONV(Y), the convex hull of Y, is the set of means for such distributions; we invariably
assume that the zero-vector (0,...,0)" (which we abbreviate to 0 whenever convenient)
is contained in ). We then let the null hypothesis Py be a distribution for Y with mean
equal to the zero vector: Ep,[Y] = 0. We fix a background measure p and assume that
Y has a density pg relative to p under Py (we may in fact take p equal to Py itself
without restricting the generality of our results). We assume that we are given a set of
means M; C cONV()) and an alternative (i.e. a set of distributions on )) H; that is
compatible with the given My, in the sense that, for all u € conv()):

wEM < there exists P € Hy with Ep[Y] = p. (5.1.1)

We consider various such H;. In general, H; is allowed to contain distributions that
do not have densities, but whenever a P, € H; does have a density, it is denoted by
small letters, i.e. p;. We further invariably assume that Py and H; are separated in
terms of the mean. That is, inf,eu, ||1|l2 > 0, and finally, that ¥ admits a moment
generating function under Py. This is a strong assumption, but it is the only strong
assumption we impose.

In Section we consider the GROW (growth-rate-optimal in the worst-case over
‘H1) e-variable Sgrow for this scenario, assuming either that #H; is the set Py of all P
with mean in some given convez set My, or that H; is the set &; of all elements of the
exponential family generated by P, with means in M, or any H; with & C H; C P;1
— it turns out that the GROW e-variables coincide for all such H; . We show how
this result can be derived using the celebrated Csiszar-Topsge Pythagorean theorem
for relative entropy and how it leads to the basic CSC concentration inequality. We
do not claim novelty for this section, which mostly contains re-formulations of results
that are well-known in the information-theoretic (though perhaps not in the e-value)
community. The real novelty comes in subsequent sections:

In Section we move to the case that the complement of My is a connected,
bounded set containing Py — a case that is more likely to arise in practical applications,
is more closely related to the setting of the multivariate CLT, yet has, as far as we
know, not been considered before when deriving CSC bounds, with the exception of
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[51] who consider a variation of this setting (we return to their results in the final
Section. We denote this as the surrounding H; case, since Py is ‘surrounded’ by
H1. We can extend the previous Sgrow e-variable to this case in two ways. We may
either look at the straightforward absolute extension of the GROW e-variable to the
multivariate case, which we still denote by Sgrow; or we can determine a relatively
optimal GROW e-variable Sy, that is as close as possible to the largest Sqrow among
all e-variables Sgrow that can be defined on convex subsets of H;, where, in this paper,
as in [49], we define relative optimality in a minimax-regret sense. We characterize
Scrow for the case that d = 1 (leaving the complicated case d > 1 as an open question),
and we characterize Sgy,;, for general dimension d. We then show that Sy, leads again
to a CSC bound, Theorem [I2]— and this CSC bound is new.

The CSC bound arrived at in Theorem [12| contains a minimax regret term MMREG,
which may be hard to verify in practice. In typical applications, we will have Y =
n~! Yo, X, with X; ii.d., for some fixed sample size n. Then, if the exponential
family generated by Py is regular (as it will be in most cases), we know that Y is equal
to fix,...., x,» the maximum likelihood estimator for the generated family, given in its
mean-value parameterization. We can then think of the CSC bound as a concentration
inequality that bounds the probability of the MLE falling in some set. Based on
this instantiation of Y, we provide, in Section based on earlier work by [23], 0],
asymptotic expressions of the minimax regret term MMREG,, as a function of n, and
show that, under regularity conditions on the boundary of the set My, it increases as

1
5 logn 4+ O(1),

It is no coincidence that this term is equal to the BIC/MDL model complexity for
d — 1-dimensional statistical family: it turns out that the boundary of M; is the relevant
quantity here, and it defines a (d — 1)-dimensional exponential family embedded within
the d-dimensional family generated by Fy. We show how this result gives us an
asymptotic expression for the absolute GROW e-variable Sgrow after all, provided that
the complement of M; is a Kullback-Leibler ball around Fj.

This paper is still a work in progress. In the final section we provide additional
discussion of the results, a comparison to the multivariate Central Limit Theorem, and
we indicate the future work we would like to add to our current results.

5.1.1 Background on GROW e-variables

Since it will help provide the right context, in this — and only in this — subsection we
allow composite null hypotheses Hy. Each P € Hy is then a distribution for Y.

Definition 7. A nonnegative statistic S = s(Y") is called an e-variable relative to Hg if
for all P € Ho: Ep[S] < 1.

Let Sy be the set of all e-variables that can be defined relative to Hy and such
that Ep[log S] is well-defined as an extended real number for all P € H;, where we
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adopt the convention that log oo = co and log0 = co. ‘Well-defined’ means that we
may have Ep[(logS) vV 0] = oo or Ep[(log S) A 0] = —oo but not both. [42] defines the
worst-case optimal expected capital growth rate (GROW) as

GROW := sup inf Epllog], 5.1.2
S5, A, Erlos (12

where EpllogS] is the so-called growth rate of S under P € H;. The GROW
E-variable, denoted as Sgrow, if it exists, is the e-variable achieving the supremum
above. We refer to [42] [T1] for extensive discussion on why this is, in a particular sense,

the optimal e-variable that can be defined for the given testing problem. As a special
case of their main result, Griinwald et al. [42, Theorem 2| show the following:

Theorem 9. [42, Theorem 2, Special Case] Suppose that (a) D(P1||Py) < oo for
all P, € Hy, Py € Ho and (b)

min min  D(P[|Py) (5.1.3)
Py ecoNV(H1) Poeconv(Ho)

is achieved by some Py, Py, then we have

. . . pi(Y)
f EypllogS]=D(P||Py) = GROW = f Eyv.p |l , (5.1.4
sup f By log 5] = D(P|) ot Brep o203 51
i (Y
and Sgrow, achieving , is therefore given by Sgrow = ?EY; (5.1.5)
0

Here p7 is the density of Py, which exists by the finite KL assumption.

5.1.2 Simple H, and the Pythagorean Property

Most recent work in e-variable theory has concentrated on the case of composite Hg and
simple #; [71]. Throughout this paper we consider the reverse case, simple Ho = {Pp}
and composite Hi. Now the problem clearly simplifies and in fact, a lot more has
been known about this special case since the 1970s, albeit expressed in the different
language of data-compression: in a landmark paper, Topsge [84, Theorem 9] proved a
minimax result for relative entropy which (essentially) implies for the simple
Ho case. In fact, his result even implies that a distribution P} such that and
hold exists under much weaker conditions, in particular condition (b) above is
not needed: P;* exists even if the minimum in minpecony(z,) D(P1||Po) is not achieved.
The key result that Topsge used to prove his version of (5.1.4) and (5.1.5) is Theorem
8 of his paper, a version of the Pythagorean theorem for KL divergence originally due
to Csiszar [25], 241 27] . We will re-state this result and explicitly use it to re-derive a
version of and that is slightly stronger than Topsge’s and better suited to
our needs (Topsge’s Theorem 9 still assumes condition (a); our derivation weakens it).

The Pythagorean theorem expresses that in the following sense, the KL divergence
behaves like a squared Euclidean distance: for arbitrary P, and H; as above, we have
as long as H; is conver and infp ey, D(P1]|Po) < oo, that there exists a probability
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distribution Py, called the information projection of Py on Hi, that satisfies:

for all P € Hi: D(P||Py) > D(P||Py) + D(Pf||Po) (5.1.6)
for every Q1,Q2,... € Hq with lim D(Q;||Py) = inf D(P||Fy), we have :
Jj—ro0 PeH,
lim D(Q;||Py)=0. (5.1.7)
j—o0
D(Py||Py) < Piéqu:[l D(P||Fy). (5.1.8)

In standard cases, the final inequality will hold with equality; in particular we have
equality if minp, ¢4, D(P1]Po) is achieved.

We call the Pythagorean property. Note that it is implied by convexity of H;
and finiteness of inf D(P;||Fp), but it may sometimes hold even if H; is not convex.

We now show, slightly generalizing Topsge’s result, how the Pythagorean property
implies a version of [42]’s theorem for simple Hy (in fact, in the reformulation as
a minimax theorem for data compression, the Pythagorean property is in fact equivalent
to the minimax statement but we will not need that fact here; see [37, Section 8] for
an extended treatment of this equivalence).

Proposition 13. [Pythagoras = Sgrow = pi/po] Suppose that Hy = {P}
and let Hy be any set of distributions (not necessarily convex!) for Y such that

inf peyy, D(P||Py) < 0o, and suppose that Py is such that (5.1.6)-(5.1.8) holds, so that
it has a density py. Further assume that, with ‘well-defined” defined as above ,

Epllogpi(Y)/po(Y)] is well-defined for all P € H, (5.1.9)

so that pi(Y)/po(Y) € So. Then we have:

) . : pi(Y)
f Ey.pllogS| = D(P||Py) = f Eyv..p|l 5.1.10
SS;{EO e, Y r[log 5] (Pr[|Fo) pes, YP {ngo(Y) ( )

so that Serow = P (Y)/po(Y).

Proof. Since we deal with a simple null, it holds that (as shown by [42]) any S € Sy
must be of the form ¢(Y)/po(Y) for some sub-probability density ¢ relative to the
measure p, and any such ratio defines an e-variable: the notions are equivalent. Here
‘sub-probability’ means that [ ¢(y)dp(y) <1 is allowed to be smaller than 1. We thus

have, with sup, denoting the supremum of all sub-probability density functions g for
Y

)

. ) q(Y)
: f Eyopll =5 f Eyop |l
g g B o) = o, B o

< supEy oy {log ;o((YY))} = D(P}||Py). (5.1.11)

At the same time, the Pythagorean inequality (5.1.6)) gives, by simple re-arranging of
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the logarithmic terms, that for all P € H; with D(P||Py) < oc:

pi(Y)
po(Y)

whereas if D(P||Py) = oo then by assumption (5.1.8)), the right-hand side of

SV
Ey.p [log ] > By npr [log i )} = D(P}||Py), (5.1.12)

po(Y)

5.1.12

) is

finite. ((5.1.6)) then implies D(P]||P;) = oo, and. because by assumption ([5.1.9)), the
left-hand side of (5.1.12]) is well-defined, we can again re-arrange (|5.1.6]) to give (5.1.12)).

Thus, we have shown that for all P € Hq, (5.1.12)) holds. But then

: : pi(Y) A
f Ey.p[logS] > inf Ey.p |l > D(Py||Po)- 5.1.13
22p o, Bvr 551> Jaf, Bvr [l G5 | 2 DUEIR). G119
Together, (5.1.11)) and (5.1.13)) imply the result. O

While Condition may look complicated, it is immediately verified to hold
if D(P1]|Py) < oo for all P, € H; but also under Condition ALT-H; presented in the
next section, which allows for H; to even contain distributions P; with P, & Py (see
Example [L1| for an instance of this).

5.1.3 The Roéle of Exponential Families

We shall from now on tacitly assume that the convex support of Py is d-dimensional (see
[19, Chapter 1] for the precise definition of ‘convex support’). This is without loss of
generality: if Y takes values in R? yet the convex support does not have dimension d, it
must have dimension d’ < d, and then we can replace Y by d’-dimensional Y’ that is an
affine function of Y and work with Y’ instead. Combined with our earlier assumption
that Y has a moment generating function under Py, it follows [I9, Chapter 1] that YV’
and Py jointly generate a d-dimensional natural exponential family £ = {Py : 6 € 0}:
a set of distributions for Y with parameter space © C R? . Each distribution Py has
density pg relative to p, given by:

po(Y) = %exp (07Y) - po(Y), (5.1.14)

where Z(#) is the normalizing factor and py is the density of the generating distribution
Py and ©® = {6 : Z(#) < co}. From now on, we freely use standard properties,
terminology and definitions concerning exponential families (such as ‘carrier density’
and so on), that can be found, in, for example, [I3] 33} [19]. We will only mention these
works, and then specific sections therein, when we refer to results that are otherwise
hard to find.

Parameterization is called the canonical or natural parameterization. As is
well-known, exponential families can be re-parameterized in terms of the mean of Y.
Thus, there is a 1-to-1 mapping p : © — M, mapping each 6 € © to () := Ep,[Y], with
M being the mean-value parameter space. We let 6(u) be the inverse of this mapping
and let P, := Py(,y with density p,(Y) := pg(u)(Y). Then we can equivalently write
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our exponential family as -
E={P,: peM} (5.1.15)

Without loss of generality, we assume that Y is defined such that 0 € M and the
natural parameterization is such that 6(0) = 0, 4(0) = 0. Clearly the null hypothesis
Ho = {FPo} is given by the element of £ corresponding to the parameter vector 6 = 0.
The mean-value parameterization will be the most ‘natural’ one (no pun intended) to
use to define the alternative. As said in the introduction, we restrict ourselves to cases
in which Y has a moment generating function under Py. Then M contains an open set
around 0 and the exponential family exists. We define the alternative H; in
terms of a given set of means M; C CONV())), invariably satisfying:

Condition ALT-M;: (a) M; is closed, and inf,,cy, ||it]2 > 0; and, (b), for all € My,
there is a ' € MNM; that lies on the straight line connecting 0 and .

For the actual alternative hypothesis we then invariably further assume:

Condition ALT-H;: (a) H1 and M; are compatible in the sense of (5.1.7), and (b)
& ={P,:peM NM} CH;y and, (c), for all P € Hy, Eyp[Y] is well-defined.

To appreciate these conditions, consider first the case that M = conv(}), i.e. the
mean-value parameter space of family £ contains every possible mean. Then Condition
ALT-M; (a) says that M; is separated from 0 and that it contains its boundary (note that
it does not need to be bounded: for example, in the case that £ is the 1-dimensional
normal location family, having My = [1,00) is perfectly fine). Condition ALT-M; (b)
holds automatically if M = cONV(Y) (e.g. in the Gaussian location case); the example
below illustrates the case that M is a strict subset of coNv(}). Condition ALT-H; (b)
simply says that for every mean in My, #; contains the element of the exponential
family £ with that mean.

Example 10. As a very simple example, suppose that Z;, Zs, ... are i.i.d. Bernoulli(p)
for some 0 < p < 1,and X; = 1/pif Z; = 1 whereas X; = —1/(1 — p) if Z; = 0. Let
Y =n"tY" , X;. Then conv(Y) = [-1/(1 — p),1/p] and according to Py, Y is a
linear transform of a BIN(n,p) random variable with Ep [Y] = 0. Then Condition
ALT-M; (a) expresses that M; must not contain a neighborhood of the mean of Py
(i.e., 0 = 0), and (b) that it must not be restricted to singletons at the boundary
(i.e. w=1/por p = —1/(1 —p)). However, for example, M; = [1/p — €,1/p] for
any 0 < € < 1/p satisfies Condition ALT-M;. We see that the condition only very
minimally restricts the set of M; that are allowed. It becomes more restrictive for the
(very seldomly encountered!) case that the generated exponential family £ is irregular
[13]. By construction of &, this is equivalent to it being not steep. For example, let YV’
be 1-dimensional and let Py have density po(y) = 1,51 - (2/y°) relative to Lebesgue
measure. Then we get £ = {Py | § < 0} with pg(y) o< exp(6y)po(y). Then M = (1, 2] yet
Y = (1,00) (from the fact that M is not open we immediately see that £ is not regular).
Condition ALT-M; now requires that M; contains a u < 2, even though Py(Y > b) > 0
for any b > 2.
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5.2 Convex M;

The Connection between Exponential Families and the Pythagorean Theorem
Although exponential families are usually employed as families that are reasonable in
their own right, as is well-known [25] [87] they can also be arrived at as characterizing
the information projection P;* in the Pythagorean property above for certain #;. We
will heavily use this characterization below. Variations of the following result (see
Figure for illustration) are well-known:

Proposition 14. [GROW e-variable is p,+ /po, with PH* an element of exponential
family £ | Let Ho = {FPo} and My be such that Condition ALT-M; holds. Furthermore
let My be convex. Then there exists u* € M\ {0} uniquely achieving inf,,ew, D(P, || Po),
and we have:

i, D(P|Po) = maip D(Pul| Po) = D(Pye[Po) = 07" —log 2(6%)  (5:2.1)
with 6* := 0(u*) € ©. Furthermore let Hy be convex and such that Condition ALT-H,
holds. Then the minimum in further satisfies:

inf D(P||P)) = D(P,«
Plélﬂl (P Po) (u

P) (5.2.2)

the minimum KL on the left being achieved uniquely by P,. As a consequence,

Sarow = Pu+ (Y)/Po(Y) € So and GROW = D(P,- || P).

Proof. The KL divergence D(P,||Py) is continuous in y, has its overall minimum over
CONV()Y) in the point g = 0 and is strictly convex. This implies (i) that by Condition
ALT-M; (a), ming,en, D(Pa,||Po) is uniquely achieved for some p* on the boundary of
M;. By Condition ALT-M;(b), the boundary of M is included in M, so p* € My NM. This
yields the first two equations in (5.2.1). Writing out the densities in D(P,« || Py) then
gives the rightmost equality.

It remains to prove . Condition ALT-H; implies that H; contains a PM €
&, hence M; contains a p € M, and since D(P,||Py) < oo for all u € M, we have
inf pegy, D(P||Py) < oo. Therefore, it suffices to show with the infimum taken
over {P € H; : D(P||Py) < oo}. In particular all P in this set have a density p. Thus,
fix any P in the set {P € H1: D(P||Py) < oo} and let u = Ep[Y]. We first consider
the case that p € M, so that PM € & (in particular then also p € MNM; and ]3“ =P
with @ = 6(u); note though that we may have P # P,). Straightforward rewriting and
linearity of expectation gives

o o 53] )] -2 iy -
0" 1 —log Z(0) = D(Py||Py) = D(P,||Py) > Mé?ﬁ%MD(Pu”PO% (5.2.3)

the final inequality following because p € MNM;. Together with (5.2.1) this shows
(5.2.2)) for the case that g € M. It remains to consider the case that y & M. In that case,
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Condition ALT-M; and ALT-#; imply that there exists a y/ € MNM; and P, € H1NE
such that p’ = ap for some 0 < o < 1. Retracing the steps of (5.2.3)) with ¢’ = 6(u’)
in the place of u, we find

D(PI|Py) = 6T —log Z(0') = £(1) (5.2.4)

where, for v € [0,1], we set f(y) = Ep,, [log z;‘;/((;/))] Since f(0) is minus a KL

divergence, f(0) < 0. Also, f(au) = f(i') > 0, since f(u') is a KL divergence. Since
f(=) is linear in =, it follows that f(y) is strictly increasing so f(1) > f(¢') and then
(5.2.4) gives that D(P||Py) > D(P,||Py) which again implies the result.

It remains to prove that Sgrow := S with S = p,+(Y)/po(Y). For this, first
note that for all P € #H;, we have P(py(Y) > 0) = 1 by definition (namely, Y
is the support of Y under P), from which it follows that P(S > 0) = 1, so that
log S = 0*TY — log Z(6*) whence Ey.p[log S] is well-defined; it follows that S € S.
By Topsge’s result and the assumed convexity of H; and finiteness of D(P,«||P), we
may now apply Proposition [[3} and the result follows. O

Example 11. Since £ is an exponential family, we know that all elements P € &
have the same support as Py € £, and, by definition of Py, this support is equal to ).
This implies that, even if P € H; puts positive mass on an outcome y € ) that has
mass 0 under Py, then (because y must be in Py’s support), well-definedness
may still hold. For example, consider the case that ¥ = R and P({0}) = 1/2 and
P|Y # 0= N(0,1) is a standard normal, and £ is the normal location family so
that P, = N(u,1). We get Ep[logp,(Y)/po(Y)] = (1/2)D(R||P,) + 1%/2, i.e. it is
well-defined. On the other hand, if we were to allow P, defined on a sample space
Y with Y’s support under Py a strict subset of ), and we would take P € H; that
put positive mass on an outcome that is not in the support of P, then p,(Y")/po(Y)
would evaluate to 0/0 with positive P-probability, and Sqrow of the form above would
be undefined. We avoid such issues by requiring ) to coincide with its support under
Py. We suspect that using the ideas of [58], we can even obtain well-defined growth
expressions for this case, but will leave this for future work.

5.2.1 CSC (Chernoff-Sanov-Csiszar) for convex M;

Note that the only role H; plays in the theorem below is to make Sgrow well-defined;
the bounds further do not depend on the specific choice of H; as long as Sgrow =

Pur(Y)/po(Y).

Theorem 10. Suppose Py and My are such that My is convexr and Condition ALT-M;
holds so that, by Proposition there exists pu* € M minimizing D(P,||Py) over My with
P, € E. Let Hy be any set of distributions such that Condition ALT-Hy holds, so
that, by Proposition [14, Scrow(Y) := pu+(Y)/po(Y). Define

D= ;LIQPED(P”HPO)' (5.2.5)
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Figure 5.1: Convex M;. M; is the mean parameter set that H; is compatible with, and M is
the mean parameter space of the exponential family generated from Py. The setting of this
figure satisfies Condition ALT-M;.

We have:
yeM = SGROW<y) > e (5.2.6)

so that
Ey~p, [1yem '62] < Ey~p [1ven, - Scrow]| < Ey~p, [Scrow] < 1.
As a consequence, we have:
Py(Y €My) =Eyop, [lyey, -] e 2 <e 2, (5.2.7)

and we also have, for the one-dimensional case with Y € R, for any D > 0 for which

there exists p1* € M such that D(P,+||Py) = D, with s = sgn(p*),

SupMeMﬁ,u(Y) D —s) = ﬁu*(y) oD e~ D
p (e 2 s =s) = m (B =) <ot s2y

(5.2.7)) is the bound first developed by [26], who presented it as an extension of part
of Sanov’s theorem. In the one-dimensional case, it can also be seen as the ‘generic’
Chernoff bound. This bound is usually formulated as

LLPO(Y > lu*) < gn%EF’o [eQTY]e—G'TM*‘n
>

Evaluating the infimum shows that the right-hand side is equal to exp(—D) with
D = D(P,-||Py) = inf,,>,- D(P,||Py), making the bounds equivalent; hence our choice
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of the C'SC-terminology (this is the generic Chernoff bound; when authors speak of the
Chernoff bound they usually refer to a specific instance of it, with Y = Z?:l X; and
X; binary). Links between Sanov’s theorem, Csiszar’s extension thereof and Chernoff
have been explored before; see e.g. Van Erven []9).

We also note that, while versions of have been known for a long time, it is

sometimes considered surprising, because a direct, more naive application of Markov’s
Sup,en ﬁu(y)

. . . . ;.
inequality would give, with S" = (V)

] SUup,en Pu (y)

-D
po(y) doly) > e

Py(S' > eP) <e P Ep,[S]=e"- /po(y)
which can be considerably weaker, since S’ is not an e-variable. The result (5.2.8))
shows that we can establish an underlying e-variable, and it is given by p,«/po.

Even though Theorem [10|is not new, we give its proof in full since its ingredients
will be reused later on:

Proof. [of Theorem Let M; and H; be as in the theorem, so that ALT conditions
hold. Note that we may choose H; to be convex. By the final part of Proposition

we then know that Seuow = 2257 and that for all P € H;, with g = Ep[Y] and

D = D(P,-

Py), we have

n e M = Ep |:10g

P (Y)
oY) } > D, (5.2.9)

where the expectation is well-defined. Now note that the right-hand side can be
rewritten, with 6* = 6(u*), as

0" —log Z(6*) > D.
Thus can be rewritten as:
yeM = 60"y —log Z(6*) > D,
or, again equivalently,
y €My = logp,-(Y)/po(Y) = D.

The result follows after exponentiating. The subsequent inequality now
readily follows as well.

For , we only consider the case p* > 0, the case p* < 0 being completely
analogous. We have

p.(Y
Py <logsupp“( ) >D,)Y >,u*> =R (Y >u")=
HEM pO(Y)
Sy
P, (p“ () >eP Yy > u*) < Py(Sgrow > D) < e P, (5.2.10)
po(Y)
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which follows because, by the robustness property of exponential families [35, Chapter
19](but also easily verified directly by considering the natural parameterization),
log pu-(y)/po(y) = D(Pyu-||Po) if y = p*, and logp,~(y)/po(y) is increasing in y for
w* > 0, which implies that the events inside the left and the right probability are

identical. On the other hand,

3

Sy _
Py (logsup u(Y) >D0<Y < u*)) =P (logp
pen po(Y)

Po(D(Py||Py) > D(P,-

>D,O<Y<u*)>=

P),0<Y < p*) =0, (5.2.11)

where the first equality follows because the p maximizing the likelihood p,(Y") is
uniquely given by Y if Y € M, and the second is again the robustness property of
exponential families, and the third follows because KL divergence D(P,||Pp) is strictly
increasing in p if g > 0.

Together, ((5.2.10) and (5.2.11)) imply the result. O

5.3 Surrounding M;

We now consider tests and concentration bounds in the often more relevant setting of
‘surrounding’ My. Formally, we call My surrounding if its complement, M{ := cONV(Y)\M;
is an open, bounded, connected set containing 0, and contained in R?. We will call
surrounding My nice if (a) M is contained in the interior of the mean-value space M of
exponential family £ generated by Py and also (b) M is 0-star-shaped, which means
that for any straight line going through 0, its intersection with M is an interval, so
that it crosses the boundary BD(M{) only once. Note in particular that any convex M{
is automatically star-shaped; see Figure and for two examples of star-shaped
M{. Note also that any nice M; automatically satisfies Condition ALT-M;.

We now develop optimal e-variables for surrounding and regular M;. The GROW
criterion is still meaningful in this setting, and we discuss it in Section [5.3.1] below.
Yet alternative, relative growth criteria are sometimes more meaningful in hypothesis
testing [71] 2] and one of these, minimax regret, more directly leads to corresponding
CSC-type bounds. We consider these in Section [5.3.2] and

5.3.1 GROW ford=1

We may again consider the GROW criterion for general #; that could be any set of
distributions compatible with a given nice surrounding M; and d > 1, but this turns
out to be surprisingly complicated in general. We only managed to find a simple
characterization of Sgrow for the case d =1,M; C Mand H, =& = {]5“ : i € My }; that
is, we are now testing Py, a member of 1-dimensional exponential family £, against a
subset & of £ that is bounded away from Fp.

In the sequel we denote by pyw (X™) := [ p,(X™)dW (u) the Bayes marginal density
corresponding to prior measure W.
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Figure 5.2: Surrounding, nice, M1 with a
finite nice partition into convex sets. This figure
is obtained by taking Py a Gamma distribution

Figure 5.3: Surrounding, nice M; that cannot
be partitioned into a finite number of convex
sets (again we show the translated Gamma

on X and defining Y = (Y1, Y2) = (log X, X —¢) family).
for a constant ¢ > 1. Then £ is a translated

Gamma family with sufficient statistic ¥ and
mean-value space M = {(y1,y2) : y1 € R,y2 =

e’' — ¢} (unlike in Figure we have M; C M

here).

Theorem 11. Let Py be a distribution for 1-dimensional Y C R, and suppose that
My is nice, i.e. M{ = (uy,ui) is an open interval containing 0 and contained in the
mean-value parameter space M for the 1-dimensional exponential family generated by Py.
Then, among all distributions W on the boundary BD(M{) = {uy , ui}, the minimum
D(Pw||Py) is achieved by a distribution W* that satisfies

D(Pur-||Pu) = Ep, {log m} =Ep, [log ZM} . (5.3.1)

The GROW e-variable relative to & =_{15H : p € My NM}, denoted Sgrow, and the
GROW e-variable relative to EEP := {P, : p € BD(M})}, denoted SER o, are both
given by:

pw(Y)
Scrow = ngg)w = W, (5.3.2)
i.e., the support of the prior W* on My minimizing the KL divergence D(Py«||Py) is
fully concentrated on the boundary of M.
Proof. (of Theorem [11]), Define, for 1 € M and w* € [0,1],
(1 =w)p,-(Y) +w'p,+(Y)
f(u,w*) =Ep |log = -t (5.3.3)
Fu p/»m (Y)

and note that, for each p, it holds that f(u,w*) is continuous in w*. Now consider
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flpy,w*) = —D(P#;HI:’W*) + D( 7||P0) Minus the first term, D( 7||PW*), is
0 at w* = 0 and continuously monotone increasing in w*, since KL dlvergence is
nonnegative and strictly convex in its second argument. Therefore f(u; ,w*) is itself
continuously monotone decreasing in w* with f(u;,0) = D(P _||P0) > 0. Also,
flpy,1) = =D(P _||P ) (pufHPO) < 0, since KL dlvergence D(P _HP 1) is
strictly increasing in u/, for wo> g

Analogously f (i, *) is continuously monotone increasing in w*, f(uf,1) =
D(P,|[Fo) > 0 and £(i},0) < 0.

This shows that there exists 0 < w® < 1 such that f(u,w®) = f(uf,w®). This
implies that there exists a W* (with W*({u] }) = w®) such that the rightmost equality
in (5.3.1) holds. But this rightmost equality implies that for all w" € [0, 1],

pw= (V) pw=(Y) pw+(Y)
1—w)Ep [10 pw- ]+w'E- [lo =Ep lo
( JEE, o8 ) P 1% po¥) P po(Y)
Plugging in w’ = w®, we get the left equality in (5.3.1). Now (5.3.1) in turn gives that
. Dw= (Y)} > B
min Ep |1 = D(Pw+||P,,), 5.3.4
min B, g 00— D(P- 17, (5.3.)

whereas for any probability density ¢ for ),
: q(Y) } { a(Y) } { Pw (Y)} 5 1B
min Ez |lo <Ep lo <Ep lo = D(Pw+||P.,),
MGBD(M(IJ) PM |: g pO(Y) = Py + g pO(Y) = Py = g pO(Y) ( w 2 0)

(5.3.5)
which together with 1' shows that SEhow = Pw (}(})/), since every well-defined

e-variable can be written as q(Y")/po(Y) for some probablhty density g. Also, similarly

to (5.3.5)), we have

q(Y) q(Y) } 5 115
fE loge —~=| <E5 log ——= | < D(Pw+||Py,),
l}ng P |:Og pO(Y):| = Py« |:Og pO(Y) = ( w HO)
so if we could show
pw=(Y) 5 5

fE 1 = D(Py+||P, 5.3.6
Jnf Ep, {og oY) ] (P Pao ) (5.3.6)
then the above two statements would together also imply that Sqrow = pw=(Y) and

“po(Y)
we would be done. But (| - ) follows by (5.3.1)) together with the following lemma,

which thus completes the proof:

Lemma 9. f(u,w®) is increasing on {u € My : pu > p*} and decreasing on {u € My :
p< T}
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Lemma [0 is proved in Section It follows from the fact that exponential families
represent variation reducing kernels [20], a notion in theoretical statistics that seems
to have been largely forgotten, and that we recall in Section In that section we
also explain why this result, even for d = 1, is difficult to prove, which also explains
why proving anything nonasymptotic for the case d > 1 is currently beyond our reach.

5.3.2 Alternative Optimality Criteria: minimax redundancy
and regret

Sarow 1is difficult to characterize when d > 1 and H; is surrounding; while it seems
intuitive that, at least under some additional regularity conditions, it is still given by a
likelihood ratio with a Bayes mixture concentrated on the boundary of M;, we did not
manage to prove this (we indicate what the difficulty is towards the end of Section;
we can say more though for the special case that M{ is a KL ball and Y = n~! Y X
as n — 00; see Section

However, in e-variable practice we often deal with #; that can be partitioned into
a family of subsets {#1, : 7 € R} such that, ideally, we would like to use the GROW
e-variable relative to the R that actually contains the alternative. This was called the
relative GROW criterion by [42] and it was used by, for example, [88]. We thus face
a collection of e-variables S = {S, crow : r € R} where each S, crow is GROW for
Hi . If an oracle told us beforehand “if the data come from P € 7, then in fact
P € H;,” then we would want to use S, crow. Not having access to such an oracle,
we want to use an e-variable that loses the least e-power compared to S, grow for
the ‘true’ r := r(P) (i.e. such that P € Hy,), in the worst-case over all » € R. This
is akin to what in the information theory literature is called a minimaz redundancy
approach [23| [35]. This approach is still hard to analyze in general but is amenable to
the asymptotic analysis we provide in the next section. In a minor variation of this
idea, used in an e-value context before by [67, 49], we may consider the e-variable that
loses the least e-power compared Sy crow for the 7 that is optimal with hindsight
for the data at hand, i.e. achieving max,cr Sr.grow; thus 7 can be thought of as a
maximum likelihood estimator. This is akin to what information theorists call minimazx
individual-sequence regret [35]. This final approach can be analyzed nonasymptotically
and leads to an analogue of the CSC theorem. We now formalizeboth the redundancy
and regret approaches.

Thus, suppose that M; is surrounding and nice as defined in the beginning of
Section[5.3] and let {M; . : r € R} be a partition of My (see Figure [5.2). We will restrict
attention to nice partitions, i.e. partitions such that

for all r € R, My, is a closed convex subset of M; with My , NBD(M{) # 0  (5.3.7)

Let 7‘[17,« = {P € Hy: EYNP[Y] € Ml,r}~

By strict convexity of D(P,||P) in p and the nice-ness condition, we have that
min,ew, . m D(P,||Po) exists and is achieved uniquely for a point x*(r) on the boundary
BD(M; ) N BD(M{). Every r € R is mapped to a point f(r) € BD(M{) in this way,
and the mapping f : R — BD(MY) is injective since My, N My ,» = @ for every r # 1’
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with 7,7/ € R. Therefore we will simply identify R with a subset of BD(M{), such that
f(p) = pfor all p € R. For P € Hy with Ep[Y] = p (so pn € My), we will now define
r(P) to be the r € R such that P € H; ,, i.e. such that p € M; .. Note we can think
of r(P) either as an index of sub-hypothesis H; , or as a special boundary point of the
space of mean-values My .

If we were to test Ho vs. Hy , for given r, then we would still like to use the GROW
e-variable S, crow = Pr/po. In reality we do not know r, but we aim for an e-value
that loses as little evidence as possible compared to S, crow, in the worst-case over
all . Formally, we seek to find e-variable S = ¢(Y)/po(Y'), where ¢ achieves

. q(Y prp)(Y) . [ q(Y) ]
sup inf Ey.p |lo —lo =sup inf Ey..p |log ——F—
& rer B Yy T % T pe(Y) s T R )
= —MMRED(H1) where MMRED(H1) := inf sup (D(P|Q) — D(P|Pyp))). (5.3.8)
4 PeH:

where the supremum is over all probability densities on Y and r(P) is again the unique
r € R C My such that P € H;,. MMRED(H) is easily shown to be nonnegative for
any H, and both equations in are immediate. From the rightmost expression,
information theorists will recognize the ¢ as minimizing the maximum redundancy
[24, 23, [82]: the worst-case additional mean number of bits needed to encode the
data by an encoder who only knows that P € H; compared to an encoder with the
additional knowledge that P € H; ..

As said, it is easier to analyze a slight variation of this approach which makes at
least as much sense: rather than comparing ourselves to the inherently unknowable
r(P), we may consider the actually observed data Y = y and compare ourselves to (i.e.
try to obtain as much evidence against Py as possible compared to) the #(y) we would
like to have used with hindsight, after seeing and in light of data y; and rather than
optimizing an expectation under an imagined distribution which we will never fully
identify anyway, we will optimize in the worst-case over all data. The setup works for
general functions 7, indicating what r» € R we would have liked to use with hindsight;
further below we discuss intuitive choices. We note that 7 maps data ) to a point in
R C BD(M{) C My, so we can think of 7 as an estimator of parameter u; however, the
estimator is restricted to a small subset of M, namely the set R.

Thus, we now seek to find e-variable Spg, = ¢(Y)/po(Y'), where ¢ now achieves

sup inf <log g(y) —log Prw) ) ) = sup inf <log 7q(y) )

g vey o(y) Po(y) g veY Pr(y) ()
= —MMREG(F) where MMREG(7) := inf sup (— log _qﬂ ) ) (5.3.9)
9 yey Pr(y) (y)

where again the supremum is over all probability densities that can be defined on
Y, the quantity MMREG(F) is easily seen to be nonnegative regardless of how 7 is
defined, and both equalities in are immediate. From the rightmost expression,
information theorists will recognize the optimizing ¢ as the ¢ minimizing individual
sequence regret: it minimizes the ‘regret’ in terms of the number of bits needed to
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encode the data, in the worst-case over all sequences, compared to somebody who has
seen 7(y) in advance; the word ‘regret’ is also meaningful in our setting — the aim is
to minimize regret in the sense of loosing as little evidence as possible compared to
the largest attainable e-value (evidence) with hindsight. In information theory, neither
the minimax redundancy nor the minimax individual sequence regret is considered
inherently superior or more natural, and (as we shall also see in our context, in the
next section), both quantities often behave similarly.

Indeed, being a variation of a standard problem within information theory
and sequential prediction with the logarithmic loss, it is well-known [T4] 2T, 35 AT]
that the solution for ¢ is uniquely achieved by the following variation of the Shtarkov
distribution, a notion going back to [7§]:

g A(y) = Gsrmanwoy (V)
SHTARKOV,#*\Y fy ﬁ%(y))(y)v(dy) .

S =)

(5.3.10)

We then get that <log ﬁ:ggy) ) = log fy Pi(y) (y)p(dy) == MMREG(7) independently of
y, where MMREG(7) is the mazimin regret (called ‘minimax regret’ originally, since in
data compression the rightmost expression, without the minus sign, is the relevant
one).

The most straightforward choice is to take #(y) := 7(y) the maximum likelihood
estimator within R, achieving

max pr(y) (5.3.11)

for the given y, since then gsyrarkov has minimal overhead compared to the Sgrow,»
that is largest with hindsight, i.e. that provides the most evidence with hindsight —
thus providing additional justification for the terminology ‘regret’ in this special case,
which was also Shtarkov’s [78] original focus. If ¥ is set to 7, then Qsurarkov is also
known as the normalized mazimum likelihood (NML) distribution relative to the set
R C BD(M{) (not relative to the full exponential family £!).

In the ensuing results we will mostly be interested in the case that R is either
finite (as in Figure [5.2)), or that it is in 1-to-1 correspondence with BD(M{) (as in
Figure . In both cases, the maximum in is achieved, although it may
be achieved for more than one r; in that case, we set 7 to be the largest r achieving
(5.3.11)) in lexicographical ordering, making 7 well-defined in all cases.

While the upcoming analogue of the CSC theorem will mention the MLE 7, it turns
out that in the proof, and in the detailed theorem statement, we also need to refer to an
estimator 7 that may differ from the MLE. The reason is that, intriguingly, in general
we may have that for some r € R and y € M;, we may have that #(y) # r, which
complicates the picture. To this end, we formulated the minimax regret approach for
general 7 : CONV(Y) — R, and not just the MLE, as was done earlier e.g. by [41].

Example 12. [Gaussian Example] We use the simple 2-dimensional Gaussian case
to gain intuition. Thus, we let Y = coNV(Y) = R?, and P, a 2-dimensional Gaussian
distribution on Y, with mean 0 (i.e., (0,0)) and ¥ a positive definite 2 x 2 covariance
matrix. Then M = R? and & is a 2-dimensional Gaussian location family. For now, take
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¥ to be the identity matrix. Then D(Pp|P,) = (1/2)||p||3 is simply the squared norm
of p, facilitating the reasoning. A simple case of a convex M; is the translated half-space
M1 = {(y1,92) : y1 > a} for constant @ > 0. The point x € My minimizing KL divergence
to Py must then clearly be (a,0). Therefore, if H; is any set of distributions with
means in My and containing PP = {P, : p € BD(M{)}, we have by Propositionthat
Scrow = D(a,0)(Y)/P0,0)(Y). We see that even if we have convex #;, the minimax
individual sequence regret approach leads to a different e-variable, if we carve up H;
into {H1, : r € R} for R with more than one element. For example, we can take
R = {(a, p2) : po € R} be a vertical line and let My (4 ,,,) be the subset of M; on the line
connecting (0,0) with (a, p2). Then, with # the MLE as in (5.3.11]), we get that 7(y)
is the point where the line R intersects with the line connecting (0,0) and y. Since
now 7(y), and hence the sub-hypothesis H; ;(,) we want to be almost GROW against,
changes with y, we get a solution Sgg;, in that differs from Sqrow.-

In the case of convex H;p, whether to use the absolute or relative GROW e-variable
may depend on the situation (see [42] for a motivation of when absolute or relative is
more appropriate). In the case of nonconvex H; with d > 1, we simply do not know
how to characterize the absolute GROW and we have to resort to the relative GROW.

5.3.3 CSC Theorem for surrounding H;

For given estimator # and probability density g on Y, define REG(q, 7) (‘regret’) as

REG(q, 7, y) := log <prézé;()y)> ; MREG(q, ) := ys;lell?’l log (W) . (5.3.12)

Whereas above we discussed an MLE 7, i.e. ¥ = 7, we now require it to be self-consistent,
i.e. we set it to be any function of y such that for all y € My, we have y € My 3(,). The
value of r(y) for y € conv(Y) \ M; will not affect the result below.

Theorem 12. [CSC Theorem for surrounding #;] Suppose that M; is nice and
let {My, : r € R} be any nice partition of My as in , with T any self-consistent
estimator as above. Let q be an arbitrary probability density function. Then:

Ep, |1yen, .eD(PﬂY»IIPo)*REG(q,v‘,Y)} <1.

so that in particular, with D := inf,,cgpue) D(Pul| o),

P (Y e Ml) < eMREG(q,'f‘)fg (;) el\rIMREG(%)fQ (*<*) eMMREG(f)fg (5.3'13)

— 9

where (%) holds if we take ¢ = Gsurarxov,i, and (x*) holds if the MLE estimator + is
well-defined.

Proof. Folllowing precisely analogous steps as in the proof of (5.2.6] as based on (5.2.9)
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within the proof of Theorem [10} we obtain, for all y € cONV(Y),

e - Pr(y) () > ¢D(Pry1Po) (5.3.14)

po(y)
Then ([5.3.14]) gives, using definition (5.3.12)):

Ep, [1Y€M1 'eD(P;‘(y)HPg)*REG(q,f,Y):| <Ep, {11/@41 Prn)(Y) .eREG(q,%,Y)} N

po(Y) B
Q(Y) EG(q,7,Y) . _—REG(q,#,Y’) Q(Y)
EP |:1y L. eREGLeT, -e DT SEP = 1,
(] €M Po(Y) (] po(Y)
which proves the first statement in the theorem. The second statement is then
immediate. O

Analyzing the CSC Result — Different Partitions {M; , : 7 € R} The next
question is how to cleverly partition any given nonconvex M; so as to get a good bound
when applying Theorem We first note that, for any given M;, the final bound
(5-3.13) does not worsen if we enlarge My, as long as D = inf,cpp ) D(P,||Py) stays
the same. Thus, we still get the same bound if we shrink the complement M{ to the
D-KL ball {z: D(P,||Py) < D}, without making the bound looser. We will therefore,
from now on, simply assume that we are in the situation in which M{ is the D-KL ball.
We know that such a KL ball is convex [I9] — with such a convex M§ we are thus in
the ‘dual case’, as it were, to the case of convex M; which we discussed in Section [5.2

There are now basically two approaches to apply the CSC Theorem [12] that suggest
themselves. In the first approach, we first determine a larger M} (hence smaller Mllc)
that contains My, such that M can be partitioned into a finite number |R’| of convex
subsets, {M . : 7 € R}, and then we apply Theorem |12|to M and R'. We could, for

example, take I"IllC be a convex polytope with a finite number of corners, all touching
BD(M). Such a situation is depicted in Figure if we interpret the dashed curve
the boundary of a KL ball and the M{ = M\ M; in the Figure as the polytope M/lc. In
the second approach, we set R = BD(M{), making it a manifold in R¢, and set

My, = {p €M : app = r for some a > 0},

i.e. the set of points in My on the ray starting at 0 and going through r. Then we have
for all y € BD(MY) that r(y) = y. We may think of this second approach as a limiting
case of the first one, when we let the number of corners of the polytope go to infinity.
In the next section we show that, if we apply the CSC Theorem [I2] in our main case
of interest, with Y = n~' 3" | X;, and M{ a KL Ball, then for large n, the second,
‘continuous’ approach always leads to better bounds than the first.
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5.4 Asymptotic expression of growth rate and regret

While the exact sizes of MMRED(#H;) and MMREG(7) are hard to determine, for the case
of nice M§ and our central case of interest, with Y = n=1 > X;, we can use existing
results to obtain relatively sharp asymptotic (in n) approximations of MMRED(#H1) and
MMREG(7)’s upper bound MMREG(7). We now derive these approximations and show
how they, in turn, lead to an approximation to GROW if moreover M{ is a KL ball,
which as explained above, is also the case of central interest.

Thus, we now assume that Y :=n~=1 Y X;, with X, X1, Xo, ... i.i.d. ~ P}, where

Pj is a distribution on X, inducing distribution Py = P(EY] for Y. Like Py, we have that
Pj also generates an exponential family, now with sufficient statistic X and densities

Ph(x) oc e “p(x) (5.4.1)

extended to n outcomes by assuming independence. Now Eps [Y] =n""Eps[377", Xi] =
Ep, [X] so that the mapping p(#) from canonical to mean-value parameter is the same
for both the family and the original family {Py(Y") : 6 € ©}, and the likelihood
ratio of any member P of the family to P} on n outcomes is given by, with

= p(0),

T2 O _ ) _ pult)
Lo ™ (X~ V) oY)

which in turn implies that D(P,||Py) = nD(PL |P}), where D(PLHPO’) is an expression
that does not change with n. This means that if we keep M; constant, the D =
inf e, D(P,||Py) in increases linearly in n. To avoid confusion here, it is
useful to make explicit the dependency of MMREG and D on n in Theorem by
writing it as MMREG,, and D, : we can then restate the bound in the theorem
as

P (Y e Ml) < eMMREGn(’f‘)—Qn — eMMREGn(f‘)—ngl' (5.4.2)

Thus, as n increases, if we keep M; fixed, then the quantity D,, in the bound increases
linearly in n. On the other hand, we will now show that, for sufficiently smooth
boundaries of My, we have that MMREG,, (#) only increases logarithmically in n, making
the strength of bound still grow exponentially in n. The result is a direct
corollary of a result by [82].

Theorem 13. [Corollary of Theorem 2 of [82]; see also [80]] Consider the setting
of surrounding My and suppose that My is nice, as defined in the beginning of Section|5.5,
and that there exists a bijective function ¢ : U — BD(M) so that U is a subset of RI~!
with open interior, ¢ has at least four derivatives and these are bounded on U. Then 7
is well-defined and there exists C > 0 such that for all n,

1
3 logn + C.

MMREG,, () <

We also have a bound on the minimax regret for the case that #; contains £PP,
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the subset of exponential family £ restricted to the boundary BD(MY):

Theorem 14. [Corollary of Theorem 1 of [23]] Consider the setting and conditions
of the previous theorem. Let EFP :={P, : p € BD(M{) NM}. Then there exists C' < 0
such that for all n,

MMRED,, () = inf sup D(P,[|Q) > d—1 logn+ C".
9 ueBDS) 2

To see how this result follows from Clarke and Barron’s, note that for this we
need to verify the regularity Conditions 1-3 in Section 2 of their paper. the
assumption of niceness implies that BD (M) is contained in a compact subset
M of the interior of M. Then also the corresponding natural parameters
are contained in a compact subset ©' of the interior of ©. Condition
1 of their paper is immediately verified for parameters in the natural
parameterization ©. Since the functions § : M — © and ¢ : i — M and their
first and second derivatives are themselves bounded on I/ and M’, Condition
1 of their paper is verified in terms of the relevant parameterization
]5¢(u) as well. Moreover, for all £k € N, all partial derivatives of form
%/ (Ouj, ... 0u;) [ Doy ()dp(y), with ji,...,jk € {1,...,d — 1}, can be
calculated by exchanging differentiation and integration (this follows from
[19, Theorem 2.2]. Since we already established [23]’s Condition 1, this
implies that their Condition 2 also holds, as they explain underneath their
Condition 2. Their Condition 3 is immediate.

Now, for any H; that contains £PP, Theorem implies that

d—1
MMRED,,(H1) > MMRED,, (£77) > 5 logn + ', (5.4.3)
and it is also immediate, by definition of #, that
MMREGy, (#) > MMRED,, (H1). (5.4.4)

Together with (5.4.3) and (5.4.4), Theorem above now gives that, under the
assumption of both theorems,

5 ! logn + O(1). (5.4.5)

MMRED,, (1) = MMREG,(7) + O(1) =

How to Partition M;, Continued We now restrict to the case that M{ is a D;-KL
ball. At the end of previous section we explained why this is the major case of interest.
As above, we want to keep My fixed as m increases, i.e. the set of parameters that
stays in My does not change with n. This means that, when viewed as a KL ball of
distributions on X, the radius of the ball remains constant with n, but when viewed as
a KL ball of distributions on Y, the radius of the ball does need to scale linearly with
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n, i.e. we set:
Mi = {p: D(P,||Fy) < D1} = {p: D(Pul|Py) < nDy}. (5.4.6)

We now return to the two approaches to applying the CSC Theorem which we
discussed at the end of the previous section: one based on a finite R defining a polytope,
one based on a ‘continuous’ R = BD(M{). It turns out that if My is defined in terms of a
KL ball (5.4.6 - then, for large n, it is always better to take the continuous R approach.
To see this, suppose that, in the polytope approach, we take a polytope Ml‘ with &
corners (e.g., k = 5 in Figure [5.2) E let 7x be the corresponding estimator and 7 be
the corresponding MLE in R and Qll,k < D, (Figure indicates why the inequality
holds) be the minimum KL divergence we then obtain in when replacing M§
by Mllc7 applied for n = 1; similarly we let 7, be the corresponding estimator for the
second, continuous approach and 7, be the corresponding MLE in R = BD(M{) and
Qll,oo = D, be the corresponding minimum KL divergence appearing in the bound.
Then the rightmost bounds in will, respectively, look like

o ’ ~ (7 /
eMMREGn(Tk)*’ﬂQLk < eMMREGn(Tk)*”QLk vVS. e

MMREGr, (oo ) —nD; < eMMREGn(fOO)—ngl.
Since MMREG,, (7' ) is always nonnegative, no matter the definition of # and the value
of k and n, whereas MMREG, () is logarithmic, and D' ; < D, for all finite k, the
continuous approach based on k = oo provides bounds that are eventually exponentially
better in n compared to the bound based on any finite k.

An Asymptotic GROW Result In the KL ball setting, we can also say something
about the asymptotic size of the worst-case optimal growth rate:

Proposition 15. In the KL ball setting above, let Hi be any set of distributions that
contains ELP and with means contained in My, i.e. {Ep[Y]: P € Hy} C M. Then the
growth rate GROW,, at sample size n is given by

GROW,, =nD — d—1 logn + O(1).

Proof. We have, with the supremum being taken over all probability densities ¢ for Y,

. q(Y) } { q(Y) ]

sup inf Ep |lo <su inf 5 |log ——=%| =

qp Pers [ gpo(Y) - qp pEBD(MS) T H ng(Y)

q(Y) pH(Y ] { pu(Y)} )

su inf Es |lo lo +E lo =

2 weBD) ( P { E ) p) ] T [ p0(Y)

. q(Y) pu(Y) -1

sup inf Ep {lo — —1lo +n ———logn+O(1) + nD,.

p /,LGBD(M&J) PH gp()(Y) g p()(Y) g ( ) 1

where the last equation follows from ([5.4.5)). On the other hand, with gsyrarkov,+ defined
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as in (6.3.10)), we also have:

. q(Y)
f Ep |l >
Sl;p P1£H1 P |: 8 po(Y):| -
QSHTARK()x’j(Y)]
po(Y)

. . DY) .
f f Ep |l — n
Jof per0f i EP [og po(7) | ~ MMREG (7)

Provy(Y)

PeH, po(Y)

inf Ep |1
in P [ og HEM1 PEH1:Ep[Y]=p

= inf inf Ep [log } — MMREGy,(7) >

*

,}2}2 Ep, [log ‘Zg‘gg] — MMREG,, (7) = ngg D(P,||Py) — MMREG, () =
nD, — — ! logn + O(1),

2

where () follows by rewriting the quantity inside the logarithm in terms of the
mean-value parameterization and evaluating the expectation. Combining the two
displays above, the result follows. O

5.5 Proof of Lemma |§| and further discussion of
Theorem (11

To prove Lemma [0 we first provide some background on wvariation diminishing
transformations [20].

Definition 8. Let X = {z1,...,2,} be a finite subset of R with 21 < 23 < ... < z,
and let g : X — R be a function, so that (g(z1),...,g9(zn)) € R™. We let S~(g) denote
the number of sign changes of sequence g(x1),...,g(x,) where we ignore zeros; if g is
identically 0 then we set S~(g) to 0.

Example 13. If ¢'(z1, 22, 23) = (—1,0,1), ¢" (1,22, x3) = (—2,1,4) and ¢""(x1, 22, x4)
(=2,0,0,3), then S7(¢') =S5~ (¢") = S~ (¢"") = L.

Definition 9. Now consider arbitrary X C R and let g : X — R. For finite V C X, say
V=A{x1,...,zp} with 21 < ... <z, we let gy = {g(z1),...,9(x,)}. Welet S~ (g)
be the supremum of S~(gy) over all finite subsets V of X.

Intuitively, S~ (g) is the number of times that the function g(x) changes sign as
x € X C R increases.

Lemma 10. [20, Example 3.1, Proposition 3.1] Let Py and Y be as above
, where Y =Y is 1-dimensional, so Y C R, and consider the 1-dimensional
exponential family generated by Py as in . In the terminology of [20], this
family is SVR,, (R, ©) and hence SVR,, (Y, 0) for all n. Rather than giving the precise
definition of SVR (‘strict variation reducing’), we just state the implication of this
fact that we need: for any function g : Y — R with f lgldp > 0 and v : © — R with

v(8) == [ po(y)g(y)p(dy), we have: S~(v) < S~ (g).
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In words, for any function g as above, the number of sign changes of Ep,[g(Y)] as
we vary 6 is bounded by the number of sign changes of g itself on y € Y C R. Since,
in one-dimensional full exponential families, 1(0) is a continuous, strictly increasing
function of 6, this also implies that, for any function g, the expectation y(u) :=
Ep, [9(Y)] also satisfies S~ (v) < S7(g).

(1—w®)p, -~ (¥)+wp + ()
1 1 .

Now for any constant ¢ € R, any w® € [0, 1], we set g.(y) = c+log o)
A little calculation of the derivatives shows that g.(y) is strictly convex on conv(})
and not monotonic. Therefore, g.(y) has exactly one minimum point y and is strictly
monotonic on both sides of y. Thus, g.(y) as a function of y € coNV()’) changes sign
twice; g.(y)’s domain being restricted to ) (which is not the same as CONV()) in the
discrete case), it changes sign at most twice. Thus, for all ¢ € R, we have S~ (g.) < 2.
Lemmathus implies that S~ (7.(u)) < 2 with v.(p) := f(u, w®) + ¢ where f(p,w) is
defined as in (5.3.3). Therefore, we know that go(u) = f(p, w®) as a function of y can
at most have one minimum point achieved at some p* and if it has such a minimum
point, it must be strictly monotonic on both sides of p*.

Now f(0,w°) = Ep,[go(Y)] = —D(Pol|Pwe) < 0; but by , which we already
showed, f(uf,w®) = f(ug,w°) > 0. It follows that a u* as mentioned above must
exist, and that it lies in between ug and pg; the result follows.

Why the case d > 1 is complicated We only managed to prove a general GROW
result for surrounding H; for d = 1. To give the reader an idea where the difficulties
lie, we first discuss the case d = 1 a little more. One may wonder why even there, we
had to resort, via Lemma [9] to the pretty sophisticated theory of variation diminishing
transformations. It would seem much simpler to directly calculate the derivative
(d/dp) f(u, w®) and show that, for appropriate choice of w®, the derivative is 0 at some
w* within the interval (], 17), and negative to the left and positive to the right of u*;
this would lead to the same conclusion as just stated. Yet the derivative is given by

%f(mw") =02 (Bp, [V 90(V)] = Ep, [V]- Ep, [0(V)]) . (5.5.1)
where 7 = Ep, V2] — (Ep, [Y])? is the variance of P,. While looks ‘clean’, it
is not easy to analyze — for example, it is not a priori clear whether the derivative can
be 0 in only one point. Taking further derivatives does not help either in this respect;
for example, the second derivative is not necessarily always-positive.

Another ‘straightforward’ route to show the result via differentiation might be the
following. We fix any prior with finite support, with positive probability (1—a)w(u]) >
0 on {uf} and (1 — @)w(uy) > 0 on {u; } and, for j = 1,..., k, prior aw; on Wi €
M \BD(M{), i.e. ; is not on the boundary of My, so that Z?Zl w; = w(p)+w(py) =1,
0<a<1 Welet

k
Ga(Y) = s, (V) + w5, (V) + w(iiy ), (V).
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Then, if we could show that the KL divergence

o (Y):l
po(Y)

were minimized by setting v = 0, it would follow, by applying Theorem [J] that Scrow
is given by p*(Y)/po(Y") where p*(Y) must be of the form w(ul_)ﬁuf + w(uf);ﬁur.

Yet, if we try to show this by differentiating (5.5.2)) with respect to «, we end up
with a similarly hard-to-analyze expression as nd it is again not clear how to
proceed.

These difficulties with showing the result in a straightforward way, by differentiation,
only get exacerbated if d > 1. So, instead, we might try to extend the above lemma
based on variation diminishing transformations to the case d > 1. But, literally quoting
[19, Chapter 2], ‘results concerning sign changes for multidimensional families appear
very weak by comparison to their univariate cousins’, and indeed we have not found
any existing result in the literature that allows us to extend the above lemma to d > 1.

Eq., {log (5.5.2)

5.6 Discussion, Conclusion, Future Work

We have shown how GROW e-variables relative to alternative #; defined in terms
of a set of means M; relate to a CSC probability bound on an event defined by the
same M;. We first considered the case of convex M;; here our work consisted mostly
of reformulating and re-interpreting existing results. We then considered nonconvex,
surrounding M;. We showed how GROW and the individual-sequence-regret type of
relative GROW again relate to a version of the CSC theorem, and we established
some additional results for the case that M is a fixed-radius KL ball for sample size 1,
whereas we let the actual sample size n grow. As far as we are aware, our CSC bounds
for surrounding M; that are KL balls are optimal for this setting. It is of some interest
though to consider the alternative setting in which, at sample size n, we consider a KL
ball that has a fixed, or very slowly growing, radius when considering distributions on
Y =n! Z?zl X; rather than on X. Thus, instead of we now set, at sample
size n,

M = {u: D(P,||Py) < D,} = {u: D(P,IP}) < D,,/n}, (5.6.1)

where either D,, = D is constant, or very slowly growing in n. First consider the
case that it is constant. Then, in terms of a single outcome, the corresponding ball
in Euclidean (parameter space) shrinks at rate 1/4/n, the familiar scaling when we
consider classical parametric testing. Since the boundary BD(M{) now changes with n,
the asymptotics ([5.4.5) we established above are not valid anymore. Therefore, while
the CSC Theorem I is still valid, it may be hard to evaluate the bound that
it provides.

Now, for the setting , we may also heuristically apply the multivariate
Central Limit Theorem (CLT): a second order Taylor approximation of D(P,||P) in
a neighborhood of y = 0 gives that, up to leading order, D(P,||Py) = " J(0)p, with
J () the Fisher information matrix of £ in terms of the mean-value parameterization,
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which is equal to the inverse of the covariance matrix. The multivariate CLT then
immediately gives that, as n — oo, we have that Py(Y € Mf) — A, where A is the
probability that a normally distributed random vector V, i.e. V ~ N(0, ), with I the
(d — 1) x (d — 1) identity matrix, falls in a Euclidean ball of radius v/D. This implies
that the bound would only remain relevant if for all large n, its right-hand
side evaluates to a constant smaller than 1. We currently do not know if this is the
case; it is an interesting question for future work.

Now let us consider the scaling for the case that D,, is growing at the very
slow rate a(log(b + clogn) for suitable a,b and c. [51] give an anytime-valid bound
for this case, in which the right-hand side is also a nontrivial constant (i.e. < 1),
for all large enough n. Again, we do not know if we can replicate such bounds with
our analyses — it is left for future work to determine this, and to further analyze
the relation between anytime-valid bounds and the bounds we derived here, which
are related to e-values and hence indirectly related to anytime-validity, but are not
anytime-valid themselves.
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Chapter 6

Discussion

In this dissertation, we presented several key mathematical results related to e-values
and e-processes within exponential families. Specifically, we demonstrated the theoretical
foundations for anytime-valid testing with well-specified exponential family models
and developed four types of e-variables for k-sample tests, comparing their respective
e-powers. We also analyzed the GROW e-variable under a composite H; and a simple
Ho, introducing a novel multivariate concentration inequality. In this discussion, we
summarize the main contributions of the dissertation and highlight potential directions
for future research.

6.1 Well-specified model tests

We can interpret Chapters [2| and as providing a comprehensive examination of
testing whether an exponential family model is well-specified. This involves determining
if the data fit the hypothesized exponential family distribution under a specific null
hypothesis H.

Griinwald et al. [42] showed that the growth-rate-optimal (GRO) e-variable can be
obtained via a specific Bayes factor between H; and Hy. When both Hg and H; are
simple hypotheses, the Bayes factor reduces to a likelihood ratio, often referred to as
a “simple e-variable.” However, when H, is composite, the GRO e-variable does not
always correspond to a simple e-variable, though it does in some cases.

In Chapter 2] we presented a theorem, under certain regularity conditions, providing
a general sufficient condition for the existence of a simple e-variable when testing a simple
alternative against a composite regular exponential family null. This condition can be
expressed as “X,(u) — Xq(p) is positive semidefinite for all g € M;.” We also explored
the possibility of constructing GRO or close-to-GRO e-variables when this condition
does not hold. We found that for some p within a specific parameter range, g, /py
still provides a global simple e-variable; for others, it provides a local but not global
e-variable, and for some, it does not provide an e-variable at all. An interesting direction
for future work involves extending these results to curved exponential families [33].
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6.2. k-sample tests

While we have no general results in this area yet, the work of Liang [62] suggests that
this may be feasible. Liang’s variation of the Cochran-Mantel-Haenszel test involves a
null hypothesis that can be reframed in terms of a curved exponential family, where a
local e-variable exists by considering the second derivative of a specific function. This
local e-variable is shown to be global by a different method than what we used in our
construction, suggesting the potential for unifying these approaches.

In Chapter [3| we investigated the ‘opposite’ scenario, where “X,(u) — X,(p) is
negative semidefinite for all u € M,”. In addition, we mainly studied various types
of e-variables and e-processes (Sgip, Sur, Sconn, Sseqrip) for multivariate exponential
family null hypotheses and compared their e-power for i.i.d. data. In this context,
we observed that in certain scenarios, the e-power of the “conditional” e-variable
Sconp 18 asymptotically equal to the e-power of GRO e-variables in the “opposite”
scenario. Additionally, we discovered an interesting phenomenon when considering
composite alternative hypotheses, both in the Gaussian and general case, particularly
regarding the relationship between conditional and RIPr e-variables, suggesting a near
“approximate optional stopping” result.

Future work We also highlighted two e-variables that have not been extensively
analyzed: the sequential conditional e-variable and a certain weighted average of
e-variables. The former is a sequentialized version of the conditional e-variable, used in
classical sequential testing and applicable to k-sample tests with exponential families
[44], which we study in the next chapter. The latter is a weighted average of RIPr
e-variables across different priors on the alternative, which, though an e-variable,
behaves differently from the e-variables we focused on in this thesis.

Finally, future research could focus on relaxing the assumption that the distribution
of the sufficient statistics X must have exponentially small tails under the alternative
hypothesis. This regularity condition underpins most of our results, but its relaxation
could broaden the applicability of e-variables in exponential family settings.

6.2 k-sample tests

In Chapter [ we introduced and analyzed four types of e-variables for testing whether
k groups of data are distributed according to the same element of an exponential family.
These e-variables include the GRO e-variable (Syp), a conditional e-variable (Sconp), &
mixture e-variable (Syx), and a pseudo-e-variable (Spsgupo)-

Our analysis focused on comparing the growth rates of these e-variables under a
simple alternative where each of the k groups has a distinct, but fixed, distribution
within the same exponential family. We demonstrated that for any pair of e-variables
S,8" € {Sup, Sconns Suix, Spseupo }, the difference in their expected log-growth rates
is O(6%), where § represents the £, distance between the alternative distribution’s
parameters and the null parameter space. This result indicates that when the effect
size is small, the performance of all four e-variables is remarkably similar. For more
substantial effect sizes, Sk has the highest growth rate by definition, making it
the most powerful e-variable. However, calculating Sy requires determining the
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reverse information projection of the alternative distribution onto the null, which is
computationally challenging. We provided theoretical results showing that for certain
exponential families, one of the following equalities holds: Spsrupo = Swir, Sconn = Suip,
or Syix = Srip- These cases significantly reduce the computational complexity of
identifying the most effective e-variable. In instances where such equalities do not
hold, algorithms can approximate the reverse information projection, and we verified
numerically that these approximations lead to near-optimal values for Sg;p. Despite this,
the choice of using Sconp Or Syix might still be preferable due to their computational
efficiency. Our simulations revealed that the optimal choice between Sconp and Syux
depends on the specific exponential family under consideration, and in some cases, no
clear ordering between them emerges.

These results provide practical insights into the trade-offs between different e-variables
in terms of their theoretical properties and computational demands, guiding the selection
of appropriate e-variables in real-world applications.

6.3 GROW e-variables and concentration inequality

Chapter [5| demonstrated how GROW e-variables, relative to an alternative hypothesis
‘H1 defined by a set of means My, connect to a Csiszdr-Sanov-Chernoff (CSC) probability
bound on events determined by the same set M;. Initially, we focused on cases where
M; is convex, largely involving reformulations and reinterpretations of known results.
Subsequently, we developed results for nonconvex, surrounding M;, showing that both
GROW and a form of relative GROW, based on individual-sequence regret, relate to
a modified CSC theorem. For cases where M is defined as a fixed-radius KL ball for
sample size 1, we also derived results that hold as the actual sample size n increases.

To our knowledge, the CSC bounds we derived for surrounding M; characterized by
KL balls are the best available for this context. It is, however, interesting to consider a
different approach: for sample size n, using a KL ball with a radius, in terms of the
Euclidean distance in parameter space, that is decreasing as O(%) or O(@) with
f(n) with very slowly increasing. Firstly, we consider the case that the KL ball is
decreasing as O(L). Since the boundary BD(M{) now varies with n, our asymptotic
results for the CSC bound derived earlier in Chapter [5| no longer apply in the same
form. While the CSC theorem itself remains valid, evaluating the bound may present
additional challenges.

Future work Now, let us explore the case that f(n) = alog(b+ clogn) for some
suitable constants a, b, and ¢. Kaufmann and Koolen [51] provide an anytime-valid
bound for this setting, where the bound’s right-hand side also stabilizes to a nontrivial
constant (i.e., less than 1) for all sufficiently large n.

It remains an open question whether our approach could yield similar bounds;
addressing this is left as a potential direction for future work. Additionally, further
analysis is needed to understand the relationship between anytime-valid bounds and
those derived here. Although our bounds are related to e-values and thus indirectly
connected to anytime-validity, they are not anytime-valid themselves.
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Samenvatting

Dit proefschrift richt zich voornamelijk op statistisch hypothesetoetsen, een
onderzoeksgebied met brede relevantie in verschillende academische disciplines en
industrieén. Een voorbeeld dat laat zien hoe belangrijk dit is het ontwikkelen van
nieuwe geneesmiddelen. Stel dat onderzoekers een nieuw medicijn aandragen dat
bedoeld is om de bloeddruk te verlagen. De nulhypothese zou kunnen stellen dat het
nieuwe medicijn geen effect heeft op de bloeddruk, terwijl de alternatieve hypothese

suggereert dat het medicijn de bloeddruk wel verlaagt.

De onderzoekers voeren een klinische studie uit waarbij een groep het nieuwe
medicijn krijgt en een andere groep een placebo. Stel dat na het verzamelen van de
gegevens een verlaging van de bloeddruk in de eerste groep wordt waargenomen. Met
een hypothesetoets kan vervolgens (statistisch) uitgesloten worden dat de waargenomen
verlaging op toeval berust. Als de toets aangeeft dat de bevinding statistisch
significant is, dan concluderen de onderzoekers dat het medicijn effectief is. Zonder
hypothesetoetsing zouden ze niet in staat zijn om rigoureus te beoordelen of het
medicijn echt werkt of dat de waarnemingen slechts het gevolg zijn van willekeurige
variaties. Door een kader te bieden om fouten (zoals fout-positieve resultaten) te
beheersen, zorgt hypothesetoetsing ervoor dat de meeste medicijnen die goedgekeurd
worden ook daadwerkelijk effectief zijn, wat cruciaal is voor de volksgezondheid en de

vooruitgang van de medische wetenschap.

De meeste klassiecke methoden voor hypothesetoetsing vereisen echter dat
onderzoekers — voordat de toets wordt uitgevoerd — een (vaste) steekproefgrootte
bepalen. Nadat de steekproef van de vooraf vastgestelde grootte is verzameld, wordt
de toets uitgevoerd en worden conclusies getrokken over het al dan niet verwerpen van
de nulhypothese.

Deze vaste steekproefgroottebenadering kent verschillende beperkingen:

1. Vastgestelde steekproefgrootte: Onderzoekers moeten van tevoren beslissen
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hoeveel gegevenspunten ze verzamelen, wat kan leiden tot studies waarbij het
onderscheidend vermogen van de toets of te laag, of te hoog is.

2. Geen tussentijdse analyse: In klassieke hypothesetoetsing mogen onderzoekers
doorgaans niet naar de gegevens kijken terwijl deze binnenkomen (om bevooroordeelde
beslissingen te voorkomen) en moeten zij wachten tot de volledige steekproef beschikbaar
is.

3. Inflexibiliteit: Als onverwachte resultaten optreden of als de steekproefgrootte
na gegevensverzameling onvoldoende blijkt te zijn, kunnen onderzoekers de
steekproefgrootte niet eenvoudig aanpassen zonder het risico te lopen de kans op
een fout-positief resultaat substantieel te vergroten.

Ondanks deze beperkingen vormt de vaste steekproefgrootte-benadering al vele
decennia de basis van statistische toetsing, en wordt deze nog steeds zeer breed toegepast.
Moderne methoden, zoals zogenoemde altijd-valide toetsen (bijvoorbeeld op basis van
e-waarden en e-processen), bieden echter meer flexibiliteit. Ze stellen onderzoekers in
staat om het bewijs, gekwantificeerd in termen van de e-waarde, continu te evalueren
terwijl gegevens worden verzameld, zonder een steekproefgrootte vooraf te specificeren.
Voor e-processen hoeven zelfs de regels voor het stoppen van het experiment niet vooraf
te worden bepaald.

Dit proefschrift richt zich voornamelijk op e-waarden en e-processen in de context
van exponentiéle families.

Hoofdstuk [2| behandelt het probleem van het bepalen of een steekproef verdeeld
is volgens een distributie van een specifiek model binnen de exponentiéle familie, in
wezen het toetsen of een model correct is gespecificeerd. We willen bijvoorbeeld
beoordelen of een steekproef een Gaussische verdeling volgt. In dit geval omvat
de nulhypothese de volledige set Gaussische verdelingen, waardoor de nulhypothese
composiet is. Het doel is de nulhypothese te verwerpen als er overtuigend bewijs is
dat de steekproef niet verdeeld is volgens een Gaussische verdeling. We richten ons
op de GRO (Growth-Rate Optimal) e-variabele, die doorgaans overeenkomt met een
specifieke Bayes-factor en het hoogst onderscheidende e-vermogen heeft (d.w.z. het
vermogen om alternatieven te detecteren). Het vinden van de a priori verdelingen voor
de GRO e-variabele kan echter computationeel intensief zijn. Dit hoofdstuk toont aan
dat in bepaalde situaties, de zogenoemde “eenvoudige gevallen”, de GRO e-variabele
vereenvoudigt tot een aannemelijkheidsverhouding en biedt verschillende equivalente
voorwaarden waaronder een dergelijke aannemelijkheidsverhouding bestaat voor
exponentiéle familie-nulhypothesen. In dit hoofdstuk worden ook (GRO) e-processen

afgeleid welke gebruikt kunnen worden om een altijd valide toets te construeren.
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Hoofdstuk [3] breidt het werk van Hoofdstuk [2] uit door meer algemene
theoretische resultaten te bieden voor verschillende e-variabelen in het kader van
modelspecificatietoetsen, zowel voor eenvoudige als composiete hypothesen. Het toont
aan dat in het “anti-eenvoudige geval” (het tegenovergestelde van het eenvoudige
geval), de conditionele e-waarde asymptotisch het hoogst onderscheidende e-vermogen
bereikt. Dit is bijzonder waardevol omdat de GRO e-variabele moeilijk te berekenen is
in dergelijke gevallen, terwijl de conditionele e-variabele computationeel werkbaar is.
Daarnaast introduceert en vergelijkt dit hoofdstuk verschillende soorten e-waarden,
waaronder de GRO e-variabele, de conditionele e-variabele, de UI (Universal
Inference) e-variabele en sequentiéle e-variabelen, met een uitgebreide analyse van hun
onderscheidende e-vermogen. Sommige van deze e-waarden vormen de basis van een
e-proces, dat dan weer leidt tot een altijd valide toets.

Hoofdstuk [ richt zich op het construeren van e-variabelen die gebruikt kunnen
worden om te toetsen of k steekproeven allen hetzelfde verdeeld zijn volgens een verdeling
van de exponenti€le familie. Bijvoorbeeld, in het geval van twee-steekproeventoets
(k = 2) kunnen deze methoden worden toegepast om te beoordelen of een nieuwe
medische behandeling effectief is voor een bepaalde ziekte door de uitkomsten tussen de
behandelings- en controlegroep te vergelijken. We introduceren vier soorten e-variabelen
voor de k-steekproeventoets: de GRO e-variabele, een conditionele e-variabele, een
gewogen middeling van e-variabelen en een pseudo-e-variabele. Deze e-variabelen
worden vergeleken op basis van hun groeisnelheden onder alternatieve hypothesen,
waarbij elke groep een andere, maar vaste, verdeling heeft uit dezelfde exponentiéle
familie. Het proefschrift biedt theoretische resultaten die aantonen dat bij kleine
effectgroottes de e-variabelen vergelijkbaar gedrag vertonen. Ook worden gevallen
geidentificeerd waarin een e-variabele vereenvoudigt tot de GRO e-variabele, wat de
computationele complexiteit vermindert. In complexere situaties worden algoritmen

voorgesteld om de zogenoemde omgekeerde informatieprojectie te benaderen.

Hoofdstukricht zich op growth-rate optimal in the worst-case (GROW) e-variabelen.
We analyseren de toepassing van GROW e-variabelen binnen een hypothesetoetsingskader
voor multivariate verdelingen. In dit kader heeft de nulhypotheseverdeling Py een
verwachting van nul, en worden verschillende alternatieve hypothesen H; gedefinieerd
door middel van verschillende gebieden voor de verwachting.

We laten zien dat de GROW e-variabele verbonden is met een nieuwe
concentratieongelijkheid die we de Csiszdr-Sanov-Chernoff (CSC) ongelijkheid noemen.
Deze CSC-ongelijkheid breidt eerder werk uit naar multivariate gevallen met een

convexe of begrensde alternatieve parameterregio rond 0. Een dergelijke ongelijkheid is
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waarschijnlijk waardevol in praktische toepassingen, zoals online (sequentieel) leren en
vooral op het gebied van bandit-algoritmen.

Samenvattend: dit proefschrift breidt de theorie van e-variabelen binnen exponentiéle
families uit door verschillende e-variabelen te construeren en te analyseren, en biedt
praktische inzichten voor situaties waarin traditionele p-waarde-gebaseerde toetsing
tekortschiet.
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This dissertation primarily focuses on statistical hypothesis testing, a critical area of
study with widespread importance across various academic disciplines and industries.
An example that highlights the importance of hypothesis testing comes from the field of
medicine, specifically in drug development. Suppose researchers are testing a new drug
designed to lower blood pressure. The null hypothesis might state that the new drug
has no effect on blood pressure, while the alternative hypothesis suggests that the drug
does reduce blood pressure. The researchers conduct a clinical trial, giving one group
the new drug and another group a placebo. After collecting the data, the method of
statistical hypothesis testing allows them to analyze whether the observed reduction
in blood pressure is significant or could have occurred by chance. If the test provides
strong evidence against the null hypothesis, the researchers can confidently conclude
that the drug is effective. Without statistical hypothesis testing, they cannot rigorously
assess whether the drug truly works or if the results are just random variations. By
providing a framework to control for errors (like false positives), hypothesis testing
ensures that the drug is only approved if there is strong statistical evidence of its
efficacy, which is critical for public safety and the advancement of medical science.

However, most classical hypothesis testing methods require researchers to collect
a fixed sample size in advance before conducting the test. Once the data from the
predetermined sample size is collected, the test is performed, and conclusions are drawn
about whether to reject or fail to reject the null hypothesis.

The fixed-sample approach has several limitations:

1. Pre-determined sample size: Researchers must decide in advance how many
data points to collect, which may lead to underpowered or overpowered studies if the
chosen sample size is not optimal.

2. No intermediate analysis: In classical hypothesis testing, researchers are

usually not allowed to look at the data as it comes in (to prevent biased decisions) and
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must wait until the full dataset is available.

3. Inflexibility: If unexpected results occur or if the sample size turns out to
be inadequate after data collection, researchers cannot easily adjust the sample size
without risking inflating the Type I error (false positive rate).

Despite these limitations, the fixed-sample approach has been the foundation of
statistical testing for many decades and remains widely used. However, newer methods,
such as anytime-valid tests (e.g., e-value- and e-process-based methods), offer more
flexibility, allowing researchers to evaluate the evidence continuously as data is collected,
without needing a pre-specified sample size. With e-values, one does not even need to
determine the rules for stopping the experiment before it starts.

This dissertation primarily explores e-values and e-processes within the context of
exponential families.

Chapter [2| addresses the problem of determining whether a sample conforms to a
specific exponential family model, essentially testing whether a model is well-specified.
For example, we may want to assess whether a sample follows a Gaussian distribution.
In this case, the null hypothesis includes the entire set of Gaussian distributions, making
it composite. The objective is to reject the null hypothesis if the sample deviates from
a Gaussian distribution. A key focus is on the GRO (Growth-Rate Optimal) e-variable,
which typically corresponds to a specific Bayes factor and has the highest e-power (i.e.,
the ability to detect alternatives) among all e-variables. However, finding the prior
for the GRO e-variable can be computationally expensive. This chapter demonstrates
that in certain scenarios, termed “simple cases,” the GRO e-variable simplifies to a
simple-vs.-simple likelihood ratio, and it provides several equivalent conditions under
which such a likelihood ratio exists for exponential family null hypotheses.

Chapter [3] extends the work of Chapter [2] by offering more general theoretical results
for several e-variables in the context of testing model specification, covering both simple
and composite hypotheses. It is shown that in the “anti-simple case” (the opposite of
the simple case), the conditional e-value achieves asymptotically highest e-power. This
is particularly valuable because, while the GRO e-variable is hard to compute in such
cases, the conditional e-variable is computationally more straightforward. Additionally,
this chapter introduces and compares various types of e-values, including the GRO
e-variable, the conditional e-variable, the UI (Universal Inference) e-variable, and
sequential e-variables, with a detailed analysis of their e-power. Some of these e-values
also lead to the development of anytime-valid tests, known as e-processes.

Chapter [4] focuses on developing methods for testing whether & groups of samples

are distributed according to the same element of an exponential family, using e-values.
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For instance, in the case of two-sample tests (k = 2), these methods can be applied
to assess whether a new medical treatment is effective for a particular disease by
comparing the distribution of outcomes between the treatment and control groups.
We introduce four types of e-variables for the k-sample test: the GRO e-variable, a
conditional e-variable, a mixture e-variable, and a pseudo-e-variable. These e-variables
are compared in terms of their growth rates under alternative hypotheses, where each
group has a different, but fixed, distribution from the same exponential family. The
paper provides theoretical results showing that, under small effect sizes, the e-variables
behave similarly. It also identifies cases where one e-variable simplifies to the GRO
e-variable, reducing computational complexity. In more complex settings, algorithms
for estimating the reverse information projection are suggested.

Chapter [5| focuses on growth-rate optimal in the worst-case (GROW) e-variables.
We analyze the application of GROW e-variables within a hypothesis testing framework
for multivariate distributions. In this framework, the null hypothesis distribution P
has a mean of zero, and various alternative hypotheses H; are defined by different
sets of means. Interestingly, we show that the GROW e-variable connects to a new
concentration inequality we call the Csiszdr-Sanov-Chernoff (CSC) bound. This CSC
inequality extends earlier work to handle multivariate cases with either a convex or
bounded alternative parameter region around 0. Such an inequality is likely to be
valuable in practical applications, such as online learning, and especially in the field of
bandit algorithms.

In summary, this dissertation expands e-variable theory within exponential families
by developing and analyzing several e-variables, providing practical insights for situations

where traditional p-value-based testing may fall short.
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