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We propose a general, fully gate-based quantum algorithm for counterdiabatic driving. The
algorithm does not depend on heuristics as in previous variational methods, and exploits regu-
larisation of the adiabatic gauge potential to suppress only the transitions from the eigenstate of
interest. This allows for a rigorous quantum gate complexity upper bound in terms of the minimum
gap A around this eigenstate. We find that, in the worst case, the algorithm requires at most
O(A~BFoM) =(+eM)y quantum gates to achieve a target state fidelity of at least 1 — ¢2, where A
is the minimum spectral gap. In certain cases, the gap dependence can be improved to quadratic.

I. INTRODUCTION

Adiabatic quantum computing (AQC) is a paradigm of quantum computation that leverages the principles
of adiabatic processes in quantum mechanics to solve computational problems [1]. AQC relies on the adiabatic
theorem, which states that a quantum system approximately remains in its instantaneous eigenstate if a given
time-dependent hamiltonian that governs its energy levels is changed slowly enough [2]. In this sense, AQC is a
conceptually straightforward way to prepare ground states or other eigenstates of complex systems, by starting
from an eigenstate of a simple hamiltonian (e.g. a product state) and slowly time evolving towards the complex
hamiltonian.

Contrary to AQC, counterdiabatic driving (CD) aims to prepare target states through a fast time evolution,
actively suppressing excitations that would typically accompany such rapid driving. Traditional adiabatic processes
require slow evolution to maintain the system in its instantaneous eigenstate, which can be impractically long. CD
involves adding auxiliary, non-adiabatic control fields to counteract the diabatic transitions, thereby simulating
the effect of a slow adiabatic process in a (much) shorter time [3]. It is a specific method within a broader class
of techniques known as “shortcuts to adiabaticity” [4], designed to achieve the same goal of mimicking adiabatic
evolution on a small time scale. Its original formulation is due to Demirplak & Rice [5-7]; in this formalism,
the central object is the adiabatic gauge potential (AGP), which is an auxiliary field that is added to the system
hamiltonian and cancels what is akin to a Coriolis force in the rotating system eigenbasis, thereby supressing all
excitations. The issue however is that determining an AGP exactly for a given system is computationally difficult
— possibly as difficult, if not more, as preparing the eigenstate of interest — and analytical expressions are only
known for very specific systems [3]. This is due to the fact that, typically, the AGP is highly nonlocal and contains
high-rank (two-body, three-body etc.) interactions [8-11]; moreover, if the spectrum of the system is gapless, the
AGP does not exist [12].

For this reason, much effort has been focussed on computational methods that approximate the AGP. In this
context, a pivotal role has been played by variational methods [13]; these methods assume a parametrised ansatz
that is optimised with respect to an action function that approaches zero as the ansatz approaches the exact AGP.
This approach has enabled approximate CD in a large number of different contexts, leading to improved fidelities as
compared to standard AQC [14-20]. Among these variational methods, gate-based (digitised) approaches have been
proposed as well [21], where the dynamics is trotterised for implementation on a gate-based quantum computer.
However, the limit to the variational approach lies in the fact that evaluating the action function itself becomes
harder when higher-rank (two-body, three-body etc.) interactions are taken into account in the ansatz; therefore
only ansétze with low-rank interactions are computationally feasible for variational methods.

Further improvements to this scheme were made through the invention of a nested commutator ansatz to the
AGP [22] and subsequent Krylov space methods to solve for the optimal coefficients in this ansatz [23, 24]. Here,
Krylov spaces are subspaces of operator space that are specifically chosen such that the coefficients can be found by
solving a linear equation, which avoids optimisation heuristics with unpredictable running times. At the same time,
this approach sheds more light on the computational complexity of computing the AGP. Numerical experiments [23]
suggest that the relevant search space for weakly interacting and integrable systems is a small subspace in operator
space, so that the AGP is easily approximated with an ansatz containing few coefficients; on the other hand, for
strongly interacting, chaotic systems, this tends not to be the case, and the whole operator space may need to be
explored. In this sense, the complexity of CD is tightly connected to quantum Krylov complexity [25-30]. More
recently, interesting suggestions have been put forward to apply tensor network approaches for approximating the



gauge potential by expressing it as a matrix product operator [31, 32].

The main issue, however, in these developments, is that a precise description of the computational complexity
of CD has so far been lacking. In particular, while the implementation of the aforementioned variational methods is
straightforward, none of these have been accompanied with any rigorous computational complexity statement. The
reason for this is twofold: (i) these approaches do not present any clear-cut quantification of the accuracy to which
an AGP for a given system must be approximated in order to achieve a desired fidelity; (ii) the use of optimisation
schemes makes complexity analysis of several of the methods prohibitively difficult.

In this work, address the complexity issue by asking the following question: does the computational effort we
put into determining the AGP, in order to boost the fidelity of the output state with the target state, compare
favourably to that of AQC with simply a longer evolution time? Following up on this question, how should we define
computational complexity so that a fair comparison is made between the two methods? After all, the complexity of
AQC is typically measured in terms of physical evolution time, whereas that of CD, in the light of aforementioned
variational and Krylov space methods, boils down to the computing time a classical machine requires to solve a
(linear) equation for the ansatz coefficients. To address this question, we place AQC and CD on an equal footing
by considering the complexity of both approaches in terms of the number of quantum gates as required by a fault-
tolerant quantum computer. To this end, we develop a gate-based quantum algorithm for CD (sections III and IV)
that can be compared to gate-based version AQC (section V). This method is nonvariational, and differs from the
variational digitised approach previously put forward [21] in that it evades the difficulty of evaluating complexity
that comes with variational methods. We give upper bounds on the number of quantum gates required for both
gate-based CD and gate-based AQC. In this way, we contribute to the answering of the posed questions.

A crucial insight here is that the complexity of AQC is state dependent, in the sense that it is known to
scale with the inverse of the spectral gap around the instantaneous eigenstate of interest, while that of currently
known approaches to CD is not. So far, CD approaches have aimed to approximate the exact AGP, which cancels
excitations on the entire spectrum; however, if the objective is to prepare only a single eigenstate, this is inefficient,
since only the excitations from the eigenstate of interest need to be suppressed. We remedy this by basing our
CD algorithm on an approximate AGP that effectively ignores excitations below a certain energy gap cutoff; this
cutoff is then chosen small enough so that at least the transitions from the relevant eigenstate are suppressed. In
this way, the gap around this eigenstate enters into the complexity description of CD. While the idea of an energy
cutoff to suppress large-gap transitions itself is not new, and appears for example in the theory of quasi-adiabatic
continuation [33-35], it has so far been overlooked in studies on the computational complexity of implementing
counterdiabatic driving.

The main contribution of this paper is theorem 1, which states the gate-based CD algorithm and an upper
bound on its worst-case quantum gate complexity. The gate complexity bound we find is O(A~G+e(1)¢=(1+o(1)))
where A is the minimum energy gap along the path, and € is the square root of the infidelity between the output
state and the target state!. Since A often decreases exponentially in the system size, especially in complex systems,
the A dependence is usually the dominant factor in the complexity of AQC. The formalism we introduce in the
work allows for the evaluation of CD in terms of A as well.

This work is structured as follows. In section II, we discuss the formalism of counterdiabatic driving and set
out notational conventions used throughout this work. We also detail the Lie-Suzuki-Trotter (LTS) decomposition
of a path-ordered exponential that translates a physical time description to a gate-based description. Section III
introduces the regularised truncated AGP, which brings the aforementioned gap cutoff into play and is at the heart
of the gate-based CD algorithm. In section I'V, we construct the gate-based CD algorithm, which is a simulation, in
the form of a LTS decomposition, of the path-ordered exponentiation of the regularised truncated AGP. In section
V, we compare the CD result to gate-based AQC by applying LTS simulation to standard adiabatic theorems. We
conclude in section VI. For lemmas 2—4 and theorem 1, we provide concise proof sketches in the main text, with the
details deferred to appendices A—E. Besides the main body of work, appendix F discusses a randomised approach
to gate-based CD which, depite its inferior complexity upper bound, may be of independent interest.

! The notation f € o(g) means that limz ,e0 f(z)/g(z) = 0. Specifically, o(1) is used to indicate a quantity that can be made
arbitrarily small by increasing z. Additionally, we write f € O(g) to indicate f € O(gpolylog(g)), f € Q(g) if limz— oo f(z)/g(x) > 0
and ©(g) = O(g9) N (g)-



II. PRELIMINARIES
A. Counterdiabatic driving

Consider the time-dependent Schrodinger equation for a system parametrised by a time-dependent parameter
At):

ide|y(t)) = H(A®)) [ (1) (1)

Clearly, the solution |w( )) will be dependent on A(¢). Let U(A(t), A(0)) be the unitary that connects the instanta-
neous eigenstates [n(A(t))) of H(A(t)) with those of H(A(0)) — that is, let H(A(¢)) admit the spectral decomposition

H(A(®) =Y Ea(A®) In(A®)) (n(A®)]|
=" E. (A1) U(A(®), M0)) [n(A0)))(n(M0)) [UT (A(£), A(0)). (2)

with F, ()\(t)) the corresponding energies (eigenvalues). We can view this system in a rotating (A-dependent) basis

by writing [¢(t)) = U()\(t),)\(()))|1/~1>, where [¢) is some reference state that is independent of A and . In the
rotating basis then, the time-dependent Schrédinger equation becomes

idJ¢h) = (UTHU — iAUT0,U)|¢)). (3)

Since UTHU is diagonal in the rotating eigenbasis of H, any nonadiabatic transitions can only be generated by
the second term of the effective hamiltonian in eq. 3. Thus we can suppress all nonadiabatic transitions by time
evolving with a different hamiltonian that cancels out this second term in the rotating frame:

U'HepU = UTHU + 1AUTO\U, (4)
or, going back to the fixed (MA-independent) basis — i.e. conjugating with U on both sides, we find
Hep (1) = H(A(®)) + A A (M) (5)

where the operator A = 10, UUT is called the adiabatic gauge potential (AGP). Since evolution under Hcp, known
as the counterdiabatic hamiltonian, causes no transitions into excited states, one may carry out a perfect evolution
at any speed:

U(Ag, Ai) = T exp {—1/ dtHep (¢ )} for any T € [0, ). (6)
The adiabatic gauge potential, then, can be viewed simply as the derivative operator i0y:

(mMAN[n(A) = Hm (N[O U Ai)[n(A))
= i{m(N)[0an(A)), (7)

and therefore generates motion in A\ space,

Af
U(Ae, A) = T exp [—1 dX A()\)} (8)
A
which is simply a special case of eq. 6, namely the limit 7' — 0. From the Hellmann-Feynman theorem, A may be
expressed in the eigenbasis of H(A), and has the off-diagonal matrix elements

(MmN HAN)[n(V))
iWmn(A)
where Wy = Epn(A) — En(A). The diagonal elements are arbitrary since they depend on a gauge choice (namely,

the phase of the eigenstates of H(A)) — this makes the AGP nonunique for a given hamiltonian. Lastly, the form of
the AGP in eq. 9 may be expressed as a time integral [22, 36]

(mNAN)[n(N) =

(9)

1 o i .
AQ) =5 lim [ dre™ " sgn(r) e T H(A) e T (10)

— 00



since

(mOAN () = 3 (mA)AHN) (M) lim /_ " dr el ggn(r) emiwnn N7

= (mHN)In(V)) lim %

_ {m)IoHW[n(A))

iWmn,

(11)

Note that the limit n — 0 must be taken after integration for the integral to converge.

B. Norms and notation

In this work, we will make use of two matrix norms: the spectral norm || - || (also known as operator norm) and
the trace norm || - [|;. The spectral norm is defined as [|O = supyy.jy|=1 O}, or equivalently as the largest
singular value of O. For hermitian matrices, this corresponds to the largest absolute eigenvalue. The trace norm is
defined by ||O]j; = tr vVOTO, which equates to the sum over all singular values of O (or absolute eigenvalues if O
is hermitian). Both norms satisfy a triangle inequality and are multiplicative, as well as unitarily invariant, in the
sense that |[UOV||(1)y = ||Ol|(1) (using subscript (1) to indicate either spectral or trace norm) for unitary matrices
U, V. The norms are related by the inequality ||OQ|l1 < ||O||||Q]|1 for any matrices O and Q, which may be derived,
for example, from Hélder’s inequality or Von Neumann’s inequality. Furthermore, both norms satisfy the so-called
telescoping property: let Uy, Us, V1, Vo be unitary matrices; then

[UiUz — ViVall1y < [|[Ur = Villa) + [U2 = V2|, (12)

which follows from the unitary invariance of the norms and a triangle equality. From this it may be immediately
seen that errors in a product of unitaries scale at most linearly in the number of factors.

The spectral and trace norms give rise to the spectral distance [|[O — Q]| and trace distance %HO = Qlh
respectively. The trace distance is especially useful when dealing with density matrices. In particular, for pure
states, it can be shown that

%IIWJW)I — &) (8l = V1= [{¥]e)[>. (13)

The derivation follows from explicit calculation of the eigenvalues of |) (| — |¢){¢| after Gram-Schmidt orthogo-
nalisation. We will call the right-hand side of this equation the square-root infidelity between |¢) and |¢). It may
be shown that the square-root infidelity is upper bounded by the euclidean distance:

V1=l < [llp) —19)]]. (14)

Throughout this work, we will frequently encounter A-dependent vector norm expressions of the form ||O(A)|n(A))||
where |n())) is an instantaneous eigenstate of the system hamiltonian. To simplify notation, we will use the
shorthand

[0llny = IOV [n(A)] (15)

for this purpose. When clear from context, the A argument will be omitted. Finally, we introduce convenient
notation for the following integral expressions:

= ([ ax O<A>|n<A>||p)1/p ; (0w~ ([ ax omnp)w (16)

for p € Nso; [|Ofln,c0 and [|Olloc,00 are understood to mean maxye;,a,] [|O(A)[n(A))| and maxyeix g [ON)]]
respectively.

1]

C. Lie-Trotter-Suzuki decompositions

Since the main objective of this work is to describe a counterdiabatic driving protocol that runs on a digital
quantum computer, a significant portion of the paper will be dedicated to simulation — that is, the approximation



as a sequence of quantum gates — of ordered exponentials. The problem of implementing ordered exponentials of
hermitian operators is far from new: several time-dependent hamiltonian simulation routines exist for implementing
ordered exponentials. The most notable of these are Lie-Trotter-Suzuki (LTS) decompositions [37, 38] and truncated
Dyson series methods [39, 40], though more approaches exist [41, 42]. A typical requirement for these methods is

that the hamiltonian be provided as a sum of finitely many terms H(t) = Zle H;(t); or more specifically, as a linear
combination of unitaries (LCU), H(¢) = Zle Bi(t)V;, where the V; are unitary and the 3; are nonnegative scalars?.
LTS formulae approximate a time-ordered exponential U(t¢, t;) = T exp[—i fttf dtH(t)] as a product U(te, t;) =~

11 y e~ ()% Each factor in this product may then be simulated through time-independent hamiltonian simula-
tion methods such as qubitisation [45], or in the case of LCU, as a multi- qubit rotation gate. Truncated Dyson series,

on the other hand, seek to implement the approximation U(ts,t;) = Zk 0 k' )t ttif .. tti" TIH(ty) - --H(ty)]d*. In
this process, oracle access to the hamiltonian is assumed, in the form of a time-independent and a time-dependent
oracle, where the time-dependent oracle is a direct sum of time-independent oracles over a finite set of times in
the simulation interval (see ref. 39 for details). While efficient methods have been developed to decompose the
time-independent oracle into a sequence of quantum gates [45-48], such decompositions for the time-dependent
oracle are only known in special cases [39]. For this reason, we will use LTS formulae to describe gate-based AQC
and CD throughout the rest of this work.

The starting point in the description of LTS formulae is the following observation: for time-independent
operators O and Q and 6t € R, the exponential e~ (O+tQ)% can be split into the product e~ 19%%e~1Q% at the cost
of an error ||e~1(OFQ) _ o=100t,=1Q3t|| ¢ O(§t2). Clearly, if the time step 0t is small, so is the error. If &t is large,
one may divide 0t into r parts to obtain [|e~1(OTQI _ (¢=109t/re=iQ3t/m)7|| ¢ O(§t2 /r). Here, the additional factor
r in the error follows from linear propagation of errors as a result of the telescoping property of the operator norm.
The parameter r can then be chosen to achieve any desired precision; namely, to upper bound the error by €, r
must be taken to be at least O(6t2/e). This is the most elementary kind of Trotter formula, and forms the essence
of all Trotter-based decompositions.

Lie-Trotter-Suzuki (LTS) formulae are more sophisticated decompositions, and are due to Suzuki [37]. These
decompositions may be defined for any order k € Ny, with every order representing a more fine-grained approxi-
mation, and achieve O(6t2%1) error scaling. Again dividing a large dt into r smaller segments, this results in an r
scaling 0(5751“‘1/2]C 1/2k) to achieve precision e.

So far, we have described the Trotter method only in relation to time-independent operator exponentials, but the
concept naturally extends to time-dependent operator exponentials. While the generalisation of time-independent
decompositions themselves to time-dependent ones is straightforward, general error bounds were found only years
later by Wiebe et al. [38]. Their result is very similar to the path-independent case, but imposes conditions on the
differentiability of the operator exponents. We base the analysis in this section on their work, accurately describing
the decomposition of the ordered exponential U(ts, t;) = T exp[—i [, ttif dt H(t)] and the requirements to achieve a
given precision.

The first-order single-segment LTS approximation Uy j(t¢, ;) of U(ts,t;), for the operator H(t) = Zle H;(¢)
is given by

4 1
Uy (te, ) = (H exp|—iH;(t; + 5151/2)&1/2]) (H exp|—iH;(t; + 5t1/2)6t1/2]> . (17)

i=1 i=0
where 0t; = ty — t;. Higher-order LTS product formulas are built by repeatedly applying the following recursive
process to Uy i:
fjk+1’1(t + dt, t) = ‘Okyl(t + ot t + [1 - Sk]5t) ﬁk’l(t + [1 — Sk]5t7 t+ [1 - 28k]5t)
X Upa(t 4 [1 — 2s1]0t, t + 25,0t) Up 1 (t + 251,0t,t + 50t) Up 1 (t 4 51,01, 1) (18)

with s, = (4 — 4Y/Ck+1)=1 Now if every H;(t) is 2k times differentiable in ¢, then the error is bounded as in the
path-independent case:

|U(ts, t5) — Upa(ts, )] € O(5t2FF1). (19)

2 For many-body hamiltonians, these LCUs can be readily constructed as linear combinations of Pauli strings (tensor products of Pauli
operators) through the Jordan-Wigner and Bravyi-Kitaev transforms, as well as more sophisticated methods [43, 44].

3 The Trotter decomposition e~ 1(O+Q)t — (¢=106t/re—iQ8t/ryr L O(§t2 /1) may be viewed as analogous to a LTS formula of order
k=1/2.



This means that if §¢ is small, then the approximation error decreases monotonically with the order k. If §t is not
small, we divide it into r segments and apply a LTS product formula for each segment:

Uk (t + 0t t) = H Ukt + sot/r,t + (s — 1)6t/r). (20)

s=1

We refer to this decomposition as a k*'-order r-segment LTS formula. The work of Wiebe et al. [38] now provides
a condition on r that is sufficient to upper bound the spectral distance between an ordered exponential of a sum of
operators and its LTS simulation.

Lemma 1 (Wiebe et al. [38], theorem 1). Let H(t) = >, H;(t) be defined on the interval [t;,ts] such that each
H;(t) is hermitian and 2k times differentiable on the entire interval. Let 6t =ty — t;. Furthermore, suppose

or 1/(p+1)
—H; < A.
e (S )

te[ti,te]

If e < min{(9/10)(5/3)* Adt, 1}, then the spectral distance between the ordered exponential T exp[—i f:f dtH(t)] and

i

its k™-order r-segment LTS decomposition is at most €, provided that

k 1/2k
e (2) (24 )
€

III. REGULARISED TRUNCATED GAUGE POTENTIAL

In the following sections, we will describe our approach to a gate-based counterdiabatic driving algorithm. We
will base our methods on the time-integral expression for the adiabatic gauge potential from eq. 10. However, in
its stead, we will use its regularised truncated version A, ,. Here, regularised means that we fix an 7 > 0 instead
of taking the limit 7 — 0; furthermore, we restrict the integration to a bounded interval [—a, a]. That is:

Apa(N) = % / dre Ml sgn(r)e N, H(N) BT, (23)

One may view this approximation choice as a straightforward way to get rid of unworkable infinities. But there
is a more intuitive reason to regularise the AGP: considering the matrix elements of A in the energy eigenbasis
(eq. 11), one would intuitively expect counterdiabatic driving with the regularised AGP to suppress only those
level transitions where 7% < w?,,, [36]. In this sense, 1 can be viewed as a gap cutoff. Since we're only interested
in suppressing the level transitions from the n-th eigenstate, a cutoff n ~ Al for some v > 0, with A,, the
minimum gap around the n-th eigenstate, should suffice. This energy cutoff n is also turns out to be related
to the cost of implementing approximate CD with the regularised AGP: as we will show later, the algorithm
complexities grow with 7! and a. Besides that, there is a connection (albeit qualitative) between n~! and the
thermodynamic cost associated with CD [49, 50]. In these works, the norm of the AGP is introduced as a cost of
implementing CD; at the same time, one can easily see that the spectral norm of the regularised truncated AGP
satisfies || Aol <771 (1 —e ™) [[ONH| < n~t[|0xH].

For the remainder of the work, we will work in the limit T — 0 (eq. 8). The most important reason for this is
that, in the proofs of the error bounds that follow, the system hamiltonian always cancels out (see eq. Al in the
proof of lemma 2). As such, working in the limit 77 — 0 and thereby leaving out the system hamiltonian merely
simplifies the calculations. Nonetheless, one might argue that a better complexity can be achieved by choosing an
optimal T" which is not reflected in the presented bounds. We expect that such an optimal T* would be at least
on the order T* € Q(A™!), and possibly T* € Q(||0rH||oo,00/A?%). (Larger times essentially revert the protocol
to adiabatic evolution.) In such cases, we expect the added complexity of trotterising H to be asymptotically
subdominant to that of CD in the limit 7' — 0, since the complexity of AQC at a time scale T' grows almost linearly
in T (see proposition 1 in section V). However, we do not expect such schemes to provide significant gains over
either our CD algorithm or AQC, since CD in the 7" — 0 limit can be essentially be viewed as AQC in a different
coordinate system (i.e. a coordinate change from time to A) and a 7' > 0 setting in a sense interpolates between
the two.

We proceed to establish a more precise relation between 7, a and A,,, which puts conditions on 7 and a for
arbitrary approximation error.



Lemma 2. Let U, o(As, i) = T exp —1f/\ dAA, o (N)], where A, o(X) is defined as in eq. 23, and let [n(X;)) be
the n-th eigenstate of H(\;). Then

(U M) = Upa(Ars Ai))[n(Ai)]] < e (24)

if we take

1 - 1 A, + S
n= ALY a= o (2 A, ”||6AH||M) €0(™). (25)

’ﬂ

Proof sketch. We first express the error in terms of the exact and approximate AGP by bounding ||(U(A¢, Ai) —
Una(As, M) |[n(A)) ]| < f dA A — Ay 4llnexn) with a triangle inequality. By expanding A(A) and A, ,(A) in the
instantaneous energy elgenbasis, we find that the absolute values of the off-diagonal matrix entries (m|(A—A, ,)|n)
are upper bounded by

2

[ml(A — Ay a)ln)| < | (m]@xHln)| (|Em+E| n 0<e”“>). (26)

The result then follows from a simple calculation. O

The full proof is given in appendix A.

IV. GATE-BASED COUNTERDIABATIC DRIVING

With the regularised truncated AGP in hand, we can now discuss approaches to gate-based counterdiabatic
driving. For this purpose, we will understand CD as the task of implementing the ordered exponential U,, o (Af, Ai) =
T exp[—i f;f dAA; o(N)] with some unitary U(Ag, Ai), up to a given precision ¢; by a simple triangle equality, the
total error |[(U(Ag, A)—U(Ag, A))|n(A))]| is then at most O(e). In this section, we present a deterministic gate-based
algorithm that achieves exactly this goal, and provide an upper bound on the complexity of running this algorithm
on a fault-tolerant gate-based quantum computer.

Evidently, time-dependent simulation of the ordered exponential U, , is an integral component of gate-based
CD, and we will employ LTS formulae for this purpose, as described in section IIC. However, since the LTS
formalism assumes that the integrand in the exponent is a sum of finitely many operator terms, and A,, , is defined
as an operator integral, we first need to approximate A, , with a suitable sum. To this end, we give a construction
that is similar to an operator-valued Riemann approximation to the integral, except we make a more clever choice of
evaluation points and weights way to obtain a smaller error bound. As such, all terms in the sum are proportional
to the integrand in eq. 23, i.e. an operator of the form exp[—iH(A)7]O\H(X) exp[iH(A)7].

This leads nother issue: the mentioned time-dependent hamiltonian simulation routines assume that the op-
erator terms in the sum are given, in the same sense that we assume H(A) and J\H(X) given as sums of simple
(weighted unitary) terms. Clearly, this is not the case here, since one would first have to simulate all operators
exp[£iH(A)7] to construct the desired operator terms. To avoid nested simulation, we should integrate the simu-
lation of the exp[+iH(A)7] operators in the procedure for approximating U, ,. Fortunately, this can be done in a
straightforward way using Trotter-based formulae, since when we exponentiate the integrand terms, the operators
exp[£iH(\)7] may be taken out of the exponent:

exp[—i(e T HOTHH(N) e HNT)§A] = exp[—iH(A)7] exp[—idyH(A)GA] exp[iH()7]. (27)

This follows immediately from the fact that exp[UOU'] = Uexp[O]UT, for any O and unitary U, which may be
shown using a Taylor expansion. As such, we avoid double exponentiation and are left with only a product of
ordinarily simulatable operator exponentials.

In what follows, we first give a detailed description of our summation method, which gives rise to an AGP
approximation A4 ~ A, , and a corresponding evolution operator UpLi(A¢, Aj) = T exp —1f/\ dAAA(N)].

Subsequently, we give a LTS construction to simulate Ufygzq, producing the unitary U. We establish conditions

on the relevant parameters to upper bound the errors ||(Uy.q(Ae, Ai) — UNo9(Ag, X)) [n(Ai)) || and [[(U)59(Ag, X)) —

UM, M) (M) [; the error [[(U,y o (Ae, Ai)—U (A, Ai))|[n(As))]] is then simply the sum of these two errors, by a triangle
inequality. Finally, setting this error to at most O(e) leads to a gate complexity expression for the algorithm.



A. Weighted sum approximation

The most elementary way of approximating an integral of a scalar-valued function is a Riemann sum: the

integration range is partitioned into M subintervals and one approximates f: dz f(x) =~ Zﬁil f(zg)dzx,. A similar
thing can be done with operator functions. Let us write

Apa=j [ dre (uti(r) ~ outi(-r)) (28)

where we dropped the A argument for legibility, and denote O(7) = e~ 'H7OQe!H" for any operator O. We partition the
interval [0, a] into M subintervals, picking 79 < 71 < - -+ < 7 such that 7o = 0 and 7y = a; define d7,, = 7 — T—1.
Note that the subintervals need not be uniform. The operator Riemann sum then takes the form

M
Apa ™ % 3" Sree ™™ (03H () — OaH(—7)). (29)

k=1

However, this is a rather crude method in that the error in each subinterval is relatively large, so that many
subintervals are needed to make the overall error small. A more clever method evaluates the integrand at multiple
points in each interval and weighs each term accordingly:

M
Ao~ AM =~ Z 07 Y Weae” o (02 H(Tr0) — ONH(=Twa)).- (30)

Here, ¢ < 0 is introduced as a free parameter, so that ¢ + 1 evaluations are made within each subinterval. The
Welghts Wy, o are determined through Lagrange interpolation (see appendix B) and are such that Y ¢ _ 0 Wrya =1
for all k. Furthermore, they depend only on our choice of the interpolation points 7, , and not on the value of the
integrand at those points. We will not specify the choice of the interpolation points, and instead rely on general
Lagrange interpolation bounds for estimating the error made in the approximation. This gives rise to the following
lemma.

Lemma 3. Let Uy (s, \i) be given as in lemma 2, let A)L9(N) be given as in eq. 30 and let U)L9(Ag, Ai) =
T exp[—i f)\i d/\A%aq(/\)]. Assume 1 < minyep;,ag [[H(A)|[. If we choose

__at2 _ B emna/(at)
=1 1og(1 Sl )), ke {0,..., M} (31)

and if we set, for any choice of interpolation points T, < Tra1 < -+ < Tx,q Within each subinterval [Tx—1, x|,

1 [ _—
w,{,a:—/ dr H &, aed0,...,q} (32)
Tk—1

O Jros gpg T b
BF#o
then
1(Up,a(Aes M) = Uge? e, ) In(A)) || < e (33)
provided that
3e(2a)t 1/ (@) 1/(0+D) e/ (a2
Mzmax{m|Hlooooa)\H| -1 (34)

Proof sketch. As before, we bound [[(Uy o (A, Ai) — UMLI(Ar, Ay) N < f dX[[Ay.a — A4, and then apply
another triangle inequality to bound this quantity by a sum of contrlbutlons from each of the M subintervals:

M
1 Z

”An,a - A%f“n = 5 (H / dr e_m-a/\H § : We,o © T “8AH(7’K oc)
r=1

+(r o —T)>. (35)

n



Given that the weights wy o in eq. 32 are chosen according to the Lagrange polynomial basis (cf. eqs. B3 and B5
in appendix B), it turns out that the general quadrature error bound in eq. B7 may be used in an element-wise
fashion to bound the expression in eq. 35. We obtain

BIH|) |02 H||
(g +1)!

The next step is to choose the intervals d7,. The motivation behind the choice in eq. 31 is to make the intervals
small when e~"7~ is large, and large when e~ is small. In this way, every term in the sum in eq. 36 is almost
constant, and can be bounded precisely by a constant at most Q% (2a/M)?*? assuming M > e"9/(a+2) _ 1. This
gives a better error bound than, for example, intervals of constant size.

In the end, with a bit of rewriting we find

M
I QLY TiTe e Q=

k=1

1An.a — AT

(36)

39T (2q)9F
(Ul ) = U O A0 < G2 JosHO s (37)
and this error can be made at most € by taking M as in eq. 34. O

The detailed proof is deferred to appendix C.

B. Lie-Trotter-Suzuki expansion of the weighted sum

The path-ordered exponential UM:2(A¢, Xj) = P exp[—i fA dX A]%4(X)] may be implemented by a k"™-order
r-segment LTS product formula. These formulas follow the same description as given in section 11 C, except we will
be working in A space instead of time space.

The first-order single-segment formula Uy 1(Af, Ap), for the operator

q

M
At = Y0 D Cral) (38)

k=—M a=0
where
. . 1
Cr,a(N) = e HHN)Tw o Bu.o(N) e HN) T Bua(A) = §6an,€,a e MTral Sgn Ty o ONH(A) (39)
(with Cp o = 0), is given by
-M 0
UM, \i) = ( H H exp[—1Ch o (A +5>\/2)5>\/2]>< 111 exp[iCn,a()\iJr(;/\/Q)(;)\/Q]). (40)
—M a=0 r=M a=q

where A = Af — )\;. Here, the operator exponentials in the product take the form
exp[—i1Cy o (A)OA] = exp[—1H(A)7y o] exp [—%e’”’w S8 Th, 0 Wr o aAH(A)aTﬁaA} exp[iH(N) 70l (41)

Higher-order, multi-segment formulas are constructed as in egs. 18 and 20. In the same way, we can use lemma 1
to put a bound on the number of path-independent operator exponentials required to achieve a certain precision.
We apply this result to our case by glvmg an explicit expression for A corresponding to the ordered exponential
UM 4. If the spectral distance between U '24 and its LTS decomposition Uy , is at most €, then the euclidean state

dlbtance [(UMLa(Ag, Ai) — U (As, A ))\n( )>|| is also at most €.
To use lemma 1, we require bounds on the operator norms of the higher-order derivatives of the C, o operators.
For the case of interpolating hamiltonians H(A) = H; + f(A)H,,, these norms take on a simple form, since

o s

NP o+l
however, for general hamiltonians, the higher-order derivatives of Cy, () are less straightforward and their norms
can grow rapidly with p, as a result of compounding product rules. Since there can be a significant discrepancy in
the the scaling of the derivatives between interpolating case H(A\) = H; + f(A)H,, and the general case, and better
bounds on the norm of ||(9P /ONP)C, o(N)|| require more specifics about the definition of H(A), we will stick to the
interpolating case for the rest of the section. A condition on the number r, and thereby the number of exponentials
required in our gate-based counterdiabatic driving algorithm, is then given by the following lemma.

(efiH()\)Ta)\HefiH()\)'r) H,| = H@f“H()\)H; (42)
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Lemma 4. Let H(A\) = H; + f(A\)H, for hermitian H; and H,, and a scalar function f(X) defined on the interval
[Ai, Af] that is 2k + 1 times differentiable. Let UM(X, A;), {T,{} {Tr.a} and {wy,o} be as in lemma 3, and let

kar()\f, 1) be the k' -order r-segment LTS decomposition of UM’q (A, Ai) as in eq. 20. Let the conditions of lemma
3 be satisfied. Suppose

2(1 — e~ M@ 1/p ~
w | (P o) | <A (43)
1<p<2k+1 n
If [03H|[1 > 37+ L and € < min{(9/10)(5/3) AoA, 1}, then
IURSE e M) = Upr s, M| < € (44)

provided that

"> max( ) (A‘”)W. (45)

€

Proof sketch. We identify A with the quantity A from lemma 1. We therefore need to bound the sum

=—M a=0

or .
53 OV = 18 HOy Z 3 Gt e, (16)

—M a=0

Since the right-hand side of eq. 46 is a discrete approximation of the integral ffa dr e "7l with Lagrange weights,
we can use the same bounds as in the proof of lemma 3. This is a straightforward calculation that leads to

k=—M a=0

J ozt ). (47)

2(1—e™
= S
O] <

Therefore the condition on A in eq. 43 suffices to satisfy the requirements of lemma 1, and the result follows. [

The calculation is worked out in appendix D. The assumption on ||OyH]||,.1 is justified since 3@+ can be
made arbitrarily small and we work in the regime where 7 is small and a is large (note approaches zero in
the limit a — oo, n — 0).

N —
l—e—na

C. Gate complexity

Finally, we turn to the quantum gate complxity of the gate-based CD algorithm. In order to bound this com-
plexity, we need to associate with each path-independent operator exponential in the product formula Uy - (Af, A;)
a gate complexity and sum over all operator exponentials. In the case of AQC, all these operator exponentials
were assumed to be simulatable with a single multi-qubit rotation gate, and unit cost was associated with each
simulation. This is not the case for CD, since the constituents of the LTS formulae are exponentials of H(\) and
O H(\). Simulation costs for these exponentials in terms of quantum gates are provided through established time-
independent hamiltonian simulation methods. We use a technique known as qubitisation [45] for its optimality in

the relevant parameters. In short, if an operator H is given as a linear combination of unitaries* H = Z izt BiVi,
qubitisation provides a routine that simulates e+ to error € in spectral norm using O(||B]|16 + log1/€) queries
to an oracle that provides access to the hamiltonian, where [[B8[l1 = >_; |8;|. Since this oracle can be implemented

with O(f) elementary gates [45-47], the simulation can be done with O([||B]|16 + log 1/¢€]¢) gates.?
With a clear definition of gate complexity, we can now state the main theorem of this paper, establishing a
gate complexity bound for our gate-based counterdiabatic driving algorithm.

4 The qubitisation subroutine requires that the hamiltonian be supplied as a LCU or as a sparse matrix with oracle entry access. Since
the former is more natural and more common form for most physics settings (in particular many-body problems), we go with the
LCU formulation here.

5 Since the qubitisation method is rather technical and its details are out of the scope of this work, we will use it as a black-box
subroutine in the rest of the paper. Nevertheless, the method is well known, and for readers interested in implementing our algorithm
on quantum hardware or simulators, libraries exist that implement this subroutine for out-of-the-box usage. See for example ref. 51.



11

Theorem 1 (gate-based CD). Suppose H(A) = Hi+ f(AM)H, = Zle Bi(AN)V; with hermitian H; and Hy, and a scalar
function f(X\) that is 2k + 1 times differentiable on the interval [\, X¢], B:(X) € R and V; unitary. Let {|{n(\))} be
the set of its instantaneous eigenstates. Suppose the spectrum of H(N) around an eigenstate |n(X\)) has a gap of at

least A, on the entire interval. Let U(Ae, Aj) = D, [n(Ae))(n(Ay)|. Define ~, = (\/ﬁAESﬂH@\HH:ﬁ 185 |oo,00) /7,
p* = argmax1§p§2k+1(e_1/2p7p) and A = 6_1/2’”*%*. Furthermore, let € > 0, ¢ € N and suppose that

(a) € < min{[(9/10)(5/3) - (Ar = A~ 7 1}
(b) ||a/\H||n’1 > 3_2(q+1)/3An61/3;
(¢) minsep,ag [HO) | = A7 /2 [asH], .
Then there exists a quantum algorithm U(Xg, \;) such that
I(U: M) = T M) In() | < O(e) (48)
which can be implemented with

25\ * [EN:] I artaarn

A 1 n,1

O(( 3 ) k<A6>\)1+2k 3 3 343 y_3 H B”l,oo) (49)
Tt A, F 2D

quantum gates, where ||B|1,00 = Maxye(x; ] Zf:l |B:(A)] and A = max;<p<aor+1 ||8§H||ééf’oo,

Proof sketch. Let Uy, be as in lemma 4; assumptions (a)—(c) serve to fulfill the conditions of lemmas 3 and 4 so
that, by a triangle inequality, ||(U(As, \i) — Ug.»(Ar, X)) [2(A))]| € O(e) provided that i and a are set as in lemma
2. To finalise the proof, we must determine how Ij;w is decomposed into elementary quantum gates to precision
€ (in spectral norm) and how many are needed. Since INJ;W. is a sequence of alternating exponentials of the form
e 19 and e~ 1 HY we only need to count the number of such exponentials and apply the standard qubitisation
result mentioned earlier. Carrying out this counting and identifying the dominant terms yields

gate complexity € O~(€5k_1rM(q + 1)) (50)

where M and ¢ are the number of subintervals and interpolation points in the integral approximation, as before.
We note that the dependence on the precision € is logarithmic and has been absorbed into the O(---) notation.
Inserting the values for M from lemma 3 (eq. 34) and r from lemma 4 (eq. 45), recognising that A< 2n~'A and
subsequently inserting 1 and a from lemma 2 (eq. 25) then lead to the final result. O

We provide the complete proof in appendix E.

V. COMPARISON TO GATE-BASED ADIABATIC COMPUTING

We now return to the matter of comparing counterdiabatic driving to adiabatic computing. The complexity of
AQC is typically quantified by the physical evolution time 7" which sets the speed at which A(t) is varied. However,
in the previous sections we have quantified the complexity of CD in terms of the number of digital quantum
operations (quantum gates); as such, physical time, with which the performance of adiabatic computing is typically
quantified, is insufficient here since it is not a meaningful quantity in the description of gate-based CD and therefore
leads to an apples-to-oranges comparison. Instead, we will describe the complexity of AQC in the same gate-based
fashion, counting the number of quantum gates with which gate-based AQC can be implemented. In this context,
the standard adiabatic theorems which state bounds on the physical time are still important, since in the end, the
number of quantum gates that is needed for gate-based AQC is mostly determined by the physical time.

Several versions of the adiabatic theorem exist. Nonrigorous, “folk” versions typically estimate T € Q(A,?); but
since we conducted a rigorous complexity analysis of CD, such statements do not suffice for a comparison. Rigorous
theorems typically yield a cubic or near-quadratic worst-case scaling in A1, though a quadratic dependence may
be obtained [52] if it is assumed that H()) belongs to a Gevrey class®. A general result, and, to the best of our
knowledge, the tightest bound in terms of the minimum gap A,, is due to Reichardt [53]. We quote this result here.

6 A hamiltonian H()) belongs to a Gevrey class G* if 9\H # 0 VA € [\, A¢] and there exist constants C, D > 0 such that for all p > 1,
Ina)()\E[)\i»\f] \\8§H(A)|| S CDpkak.
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Lemma 5 (adapted from Reichardt [53]). Let T > 0, and let A(-) : R — R be a function such that A(0) = X\ and
MT) = X¢. Suppose H(X) is hermitian, gapped and K + 1 times differentiable in X on the interval [\, A¢], with

p > 1. Let U(T,0) = Texp[—ifOT dt H(A(t))]. Let [n(\;)) be the the n-th instantancous eigenstate of H()\;), and
In(Af)) = imr_oo U(T,0)[n(N;)) (i.e. the n-th eigenstate of H(Xs)), and assume |[OYH(N)|| < T for all s < K + 1.
Then

[{n(AD)[U(T, 0)[n(M))|* > 1 — ¢ (51)
provided that

T > Qe /KA CH/EOTIH/K) (52)
where A, is the minimum spectral gap around |n(X\)) on the interval [\, A¢].

We proceed to put a bound on the gate complexity of gate-based AQC by combining lemmas 5 and 1. Lemma
1 gives a bound on the number of operator exponentials with which a time evolution in a time interval of given
length can be simulated by a LTS decomposition (cf. section ITC). If we assume the hamiltonian is given as a linear
combination of unitaries H(¢) = Zle Bi(t)V;, every exponential is a multi-qubit rotation gate; if required, such
gates can be decomposed into a number of elementary gates (single-qubit rotations, CNOT gates and the like) that
depends only on the locality of the respective unitary V; (i.e. the number of qubit it acts on nontrivially). We will
consider the maximum locality of these terms as a constant, and as such, in big-O notation, we equate the number
of elementary gates to the number of (time-independent) operator exponentials. The following then gives a bound
on the number of operator exponentials to implement gate-based AQC.

Proposition 1 (gate-based AQC). Let T > 0 as in lemma 5, and let A(t) be such that A(0) = A and \(T') = A¢. Sup-
pose H(A(t)) = Zle Bi(A(t))V; is hermitian and 2k+1 times differentiable int on the interval [0, T], with B;(A(t)) €
R and V; unitary. Let {|n(A(t)))} be the set of its instantaneous eigenstates. Suppose the spectrum of H(A(t)) around
an eigenstate n(A(t))) has a gap of at least A, on the entire interval. Let U(Xe, Ni) =D [n(Ae))(n(\i)|. Assume

1OFHN)|| < T for allp <2k +1 and T € 9(e_1/%Aﬁ(2+1/2k)1"1+1/2k), Then there exists a gate-based quantum
algorithm U(T,0) such that

I(UQ: X) = U(T,0) (M) < O(e) (53)
which can be implemented with
k (1+35)?
o) £<§> kAL SR (54)
3 e @3 AZHaR) ()

quantum gates, where A = maxocp<on [0 BT and 0F Bllv.oe = maxiepo.r) Siy |0F il
Proof. Let U(T,0) = Texp[—ifOT dtH(t)] and identify U(T,0) as a k*-order r-segment LTS decomposition of
U(T,0). Observe that a first-order single-segment LTS decomposition U; 1 of U(T,0) (eq. 17) contains 2¢ operator

exponentials, and that ﬁk,r is a product of 2¢5%~1r operator exponentials. Lemma 5 gives the conditions under
which || (U(Ae, A1) — U(T,0))|n( M) || < O(e); we use the bound on r from lemma 1, which assures that ||(U(T,0) —

U(T,0))n(M))]] < O(e) so that, by a triangle inequality, eq. 53 holds. To use this bound, we first notice that the
choice A = maxg<p<ak ||8fB||i/C§f+1)
then insert 7" to obtain that

k k )’
(e[ 2 parari+sies ) —of e[ 2) par+* e (55)
3 3 e @t AP (4 3)

quantum gates are sufficient to guarantee an overall error of at most O(e). O

is sufficient to fulfill the requirement of eq. 21 in lemma 1. From lemma 5 we

In short, we find that the physical time T € @(6_0(1)A7L(2+0(1))) leads to a similar gate complexity upper
bound of O(e=°M A, @MW)y,

Besides the bound by Reichardt and the subsequent gate complexity, another result that deserves a mention
is that by Jansen et al. [54]. Their bound is T > (e~ f;\lf dA [[0H(N)[[? /wn(A)?) for hamiltonians that are twice
differentiable, where w,, () is the instantaneous gap around the eigenstate |n(X)) of H(\). At first glance, this seems
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equivalent to Reichardt’s result for K = 1. However, the authors point out that, at least for unstructured (Grover)
search, the result should not be viewed as an inverse cubic dependence on the mimimum gap. They show that

instead, [ ;‘ fdhw,(A\)73 € ©(A,?), and that further improvement is achieved by tuning the interpolation function

f(X) to the instantaneous gap, which leads to a linear scaling in A !. Similar results were obtained for the quantum
linear systems problem (QLSP) by Cunningham et al. [55]. Looking at proposition 1, we would therefore also find
a quadratic or linear inverse gap scaling in the number of quantum gates.

Comparing the O (e~ (o) AL ETMW)) 10und from theorem 1 for CD to the O(e=°MW A, #T°M)) from proposi-

tion 1 for AQC, it appears that there is room for improvement in the analysis of gate-based CD. One such improve-

ment can be easily spotted: in the proof of lemma 2, we determined 7 from the condition 2n? f;\f dA W <

2n?(|0zH| 14,2 < e. However, in the same vein as the argument put forward by Jansen et al. [54], the integral
may in certain cases be reduced to ©(A;?), which leads to a linear gap dependence 1 € ©(¢'/2A,,). Since the gate
complexity of CD depends at most quadratically on n~! (up to logarithmic factors), we obtain an (almost) inverse
quadratic overall gap scaling instead of inverse cubic. Improving this to linear for problems like unstructured search
is however less straightforward, and likely requires a variable () throughout the driving, which may be tuned to
the instantaneous gap, instead of a constant 7. In principle, one could adopt optimisation schemes to find good
cutoff functions 7n()), in a way similar to optimisation of scheduling functions [56]. However, given the difficulty of
analysing optimisation methods, this would add a layer of uncertainty regarding the computational complexity of
the complete procedure.

VI. CONCLUSION

In this work, we have presented what is, to the best of our knowledge, the first fully gate-based quantum
algorithm for counterdiabatic driving. This algorithm is constructed from the regularised truncated adiabatic
gauge potential (eq. 23). By discretising the integral form of this AGP approximation, it is fed into a Lie-Trotter-
Suzuki formula to produce a gate-based algorithm that may be run on a quantum computer. We have shown that

this algorithm, starting from an initial eigenstate |n(X;)), can be run with O(e~ (oM AL ETMW))) quantum gates
in the worst case in order to achieve a fidelity at least 1 — €2 with the target eigenstate |n(A;)) (theorem 1). Here,
A, is the minimum energy gap around the instantaneous eigenstate |n(A)). The o(1) scaling is an inverse linear
dependence on the order k of the LTS formula (see eqs. 40 and 18) and the degree g of the Lagrange interpolation
polynomial used in the discretisation of the integral form. We remark that ¢ can be made large cheaply using purely
classical precomputation of the quadrature weights.

This scaling is almost equivalent to the O(A~G+oM)e=(1+e(1)) gate complexity bound that follows from
applying LTS simulation to the worst-case result of Jansen et al. [54] (up to logarithmic factors), but is polynomially
worse than the O(A~(G+e(M)e=o(M)) hound that results in a similary way from the scaling given by Reichardt [53].
However, an inverse quadratic gap scaling 0(A‘<2+0(1))e_1+°(1)) may be achieved with our gate-based CD method
in certain cases such as unstructured (Grover) search and the QLSP problem.

All in all, CD remains an interesting approach for quantum state preparation. After all, there may exist more
efficient gate-based CD algorithms or better complexity bounds. And while CD cannot be generally faster than
AQC, at least in terms of gap scaling — this would violate Grover optimality — our work opens up a new formalism
for finding gate complexity upper bounds based on an approximation of the AGP.

Furthermore, CD can still be valuable in settings where quantum resources are scarce. For example, in noisy
setups where the ability to work on small timescales is paramount to countering noise, adiabaticity is not available;
achieving satisfactory fidelities then necessitates the use of some kind of classically precomputed shortcut field. We
also remark that the algorithm presented in this work is intended as a fault-tolerant routine, whose implementation
may remain out of reach for the near future, especially for settings with small minimum gaps which lead to deep
circuits.

Lastly, we remark that, in order to obtain the presented gate complexity of CD, it turned out crucial to tailor
the AGP approximation to the eigenstate of interest, through an appropriately chosen nonzero gap cutoff. This
insight that it is unnecessary to suppress all transitions in the spectrum allowed us to reduce the complexity down
from the dimensionality of the operator space to a scaling in the minimum gap around that specific eigenstate. While
this idea has been recognised [7, 57], it was not taken into account in the currently most prevalent algorithmic CD
approaches [13, 22-24]. As such, we would like to stress its importance once again, and hope to see it replicated in
future work on counterdiabatic driving.
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Appendix A: Proof of lemma 2

Proof. We first bound the unitary error by an error in the AGP:

1T, A1) = Upahe, ) | = (U] 2 (e, AU e, As) = D) |

H/Af d/\— (U L\ A)U(A, )\i))|n()\i))H

H /Af AAUT (A M) [AA) = Ay a (DU, A ()

S/ A = AgaA) (D] (A1)

i

where the last inequality follows from a triangle inequality on the integral. To evaluate the AGP error, we make
use of the energy eigenbasis expansion (omitting the A argument for brevity and using that (k|0 k) = 0)

efiH‘raAHeiHT _ Za)\Ek|k><k| + Z e*i(Emek)T|m><m|8>\H|k><k|. (A?)
k k; m#k

Since e~ 7l is symmetric in 7, it follows that”
1 [ o
> 5/ drsgn(r) (1 — e M, ¢, o) OrEx|k) (k] = 0. (A3)
k — 00
Furthermore, for any eigenstate |n),

1 > —n|T —1i — T
S5 [ drsen(r) (1 - e e e En B ) ml Oy HIb) (k)
k? — 00
m#k

= —i Y cyalwmn)(m|OxHn) [m) (Ad)
m#n
where
Cpa(w) = % — w?Lm? + e‘“"cos(awlfizizn(aw)n (A5)
Observe that
n? a1 1
enal6)] < gna(w) i= g e (24 1) (A6)

and that g, .(w) is a decreasing function of |w|; therefore we may give the upper bound

At
/ A (AR = Ay ()R = / S [ a(@mn ) ()OO (M) 2
i m#n
Af
< dA manna wmn Z | ‘a)\H )|m(>‘)>|2
A m#n

Af
< / X max gy, o (Wmn (A) |93 HO)|
i m

< [19xHl|n,199,q (min minwpnn (4))
= [[0xHln.19y.0(An)- (A7)

7 We abuse notation in eqs. A3 and A4 since ffooo d7 sgn 7 does not converge. The implied meaning is lim, .o ffooo dre #ITlsgnT.
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The requirement that this error be at most € is then satisfied by setting

n= AV OHIY? = oM < S (49)

and
a=1lo (A +/Z||6AH||H 1) = e—m(Ain + %) [OxH ] < 5 (A9)
which proves the lemma. O

Appendix B: Lagrange interpolation and scalar quadrature

Scalar functions may be approximated as weighted sums through Lagrange interpolation. The idea of this
interpolation method is to approximate a function f(z) in some interval [a, b] by some polynomial p,(7) of degree
at most ¢ such that the interpolation condition

f(.’L‘a) :pq(xa)v T, ", Xg € [avb] (Bl)

is satisfied for a set of ¢ + 1 points in [a,b]. It can be shown that such a polynomial is unique, and is given by

where

@)= [ —= (B3)

0<p<q T T B
B

are the Lagrange basis polynomials. It is straightforward to check that l,(xg) = dqp, which also verifies the
interpolation condition (eq. B1). Clearly, if f itself is a polynomial of degree at most ¢, then p, = f since p, is unique,
and the interpolation is exact. For other functions, it may be shown [58] that the remainder r,(z) = f(z) — pq(x)
at any point in [a, b] is given by

(o f(q+1)(§)

Q) (B4)

for some ¢ € [a, b], where [,(z) = [T _o(z — zq).
The integral f: f(x)dz is then approximated as

q

/ab flz)de ~ /abpq(x)dx => f(:ca)/ab lo () dz. (B5)

a=0 N ,

Note that > ? _;ws = b—a; this can be seen by taking f(z) = 1, in which case the approximation is exact (because
f is a polynomial of degree zero). For general functions, the error is

B q+1)(5) b
R= /rq Ydx = I /alq(x)dx. (B6)

Clearly, |R| is bounded above by

(b = )" maxero. |/ ()]

IRl < (q+1).
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Appendix C: Proof of lemma 3

Proof. As before, we start from the observation that

At
1(Una(Ats X)) = UL (s, X)) ()| < / AA Ay (A) = AJLI V) [ner)- (C1)

i

By a triangle inequality, we have

M
1 T
[An.a — A%f“n < 3 Z ( dre ™" O\H(T Z Weae T R H(Tea)| +
k=1 Trk—1 a—0 n
‘ / dre” T ONH(— anae 1o N H(~Tra) > (C2)
Trk—1 a=0 n

The first term on the right-hand side of eq. C2 can be upper bounded by expanding in the eigenbasis of
H and applying element-wise interpolation. For each vector element e~""(m|O\H(7)|n), which is a scalar
function of 7, we can then use the error bound in eq. B7. This works for our vector-valued case because

(m %&\ (e H(7T))|r=0,, |n>| is identical for every m. We obtain

arg maXO'm (S [7'»@ —1 77-»@]

/ dre” "T&\H Z Wi, o€ nTHQ@)\H(TfC (1)
Tr—1

K= a=0

n

2)1/2

(Z‘/ dr ™" (m|OxH(7)|n) — Zwme 17 (| Oy H(Tp o) 1)

a=0
S7a+? 2 1/2
S @+ <Z hax >

Om €[Tr—1,Tx]

dat1
(m|—7

(e7""ONH(T)) n)

T=0m

dratl

srat? q+1 g1 . ' |
:—(qj-l)!e NTe—1 Z( ) >(_77) [—iH, [-iH,--- , [-iH,0,H] - - -]]
s=0 .
gt+1l—s
srav: q+1 g1 3§
SCEST MIZ( 5 )ﬂ CH[)T | 0xH]
5=0
STa+2
= e (1 2| H[) T 95 H -
G 2HDTOH] )

The calculation for the 7 <+ —7 term in eq. C2 is identical; therefore
M
1An.a(N) = ALV Iy < QAN Y o742 e (C4)

where we have defined

(n + 2[HN) D HIAHN) [an)
(¢ + 1)

We will now choose the 7., so as to ultimately derive the required value of M. Instead of using constant intervals

0T, it should be intuitively beneficial to pick 07, small for those x where e™"" is large, and pick d7, large when

e~ is small. An ansatz that makes every term in the sum Eﬁle d7dT2e="Te-1 approximately constant can be
found by regarding 7(x) as a continuous function of k and solving the differential equation

dr

Q=

(C5)

2 enm/(a+2) C6
e ¢ (Co)
for some positive constant ¢, subject to the boundary condition 7(0) = 0. This differential equation is solved by
7(k) = —‘1:—2 log(1 — gﬁ) the condition 7(M) = a then implies
q+2 _ a
= 1T 201 _ gna/(a+2) el Q7
(=Ll )<+ (1)
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so we obtain the solution
2
7(k) = ———log (1 - Ea- e_"“/(q+2))). (C8)

Each term in the sum then contributes approximately (?2. To make this exact, we Taylor expand 7(x) about x — 1
to obtain®

) d’T
dk
=¢

5Tnefn7,€71/(q+2) e NTr— 1/(g+2

— (k-1

1d%r
— o NTk— 1/(a+2) =
¢ 2 dk? 3z

g + 2 o at2) 1 — e—ma/(a+2) 2
“on ¢ M — (1 — e—ne/@+2)z

(for some % € [k — 1, k])

L at2 (1 efna/(q+2))) ( (1— e*niz/(q+2)) >2
M — (1 —e 77“/(‘1+2))K;
q+ 2 [1—e na/(q+2)] [1 — e me/(a+2))3
~ 2My < (I —o /@2y M — (1= e—na/(q+2)),<;]2)
(q+2)1—e na/(q+2)] <ena/( 2) _1q N (ena/(q+2) — 1)2>
- 2M17 M
_la+2) = /] _ it M > /@) 1 (C9)
n

In the end, we find that the interpolation error obeys
2a)7*% (n + 2|[H|)* |0 H] |

[Ana — ALl < M( )q+2Qq ! (C10)
n,a n = n Ma+1 (g+1)!
implying that
M (2a)7+ A +1
[(Un,a(Ar, Ai) = U7 (As, M) [n(i) || < Mg+ 1) /\ dX (7 + 2[[HA)[[oo) T [OAH(A) [l () - (C11)
We simplify the expression above by using the assumption that n < miny [[H(\)||, and by using Holder’s inequality”:
Mg 3q+1(2a)q+2 At o
[(Un,a(Ar, Ai) = Uy a? (e, M) ()| < m/Ai A [[HO) L oA H ) [l
3q+1(2a)q+
< WHHWH [OXH(A) [, 1- (C12)
To make this error at most ¢, it is sufficient to take
39(2a)1+1/(q+1) 1/(q+1) _na/(q+2)
M 2 {25 oA e ) (c13)
where we used Stirling’s approximation to rewrite ((g + 1)!)~(@+1) < el=1/(a+D) (g 4 1)~ <e(g+ 1)1, d

Appendix D: Proof of lemma 4

Proof. We merely need to bound the sum Zﬁ/[:7 ot || 73 C ()\)H to determine the A quantity from lemma
1. Clearly,

M q
k=—M a=0

P
%CK(A)H —Ha”“H Z Zéwme Tl (D1)

—M a=0

8 To be precise, we Taylor expand 7(z) about x = kK — 1 with quadratic Lagrange remainder, and this expansion is then evaluated at .

. b 1 .
9 Define the integral norm ||f|l, = ([, dz|f(z)|P) /P with I flloc = SUPge[q,p) [f(2)| and let f,g be such that || f|lp, lgllp and ||fgllp
are bounded for 1 < p < oo; then Hélder’s inequality states that || fgll1 < || fllpllgll,s if 1/p+1/p" = 1. We choose p = oo and p’ = 1.
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We see that the sum on the right-hand side of this equation approximates the integral ffa dr el Considering
only the positive half of the integration range, i.e. x > 0, we have

M q M Tr a
S S bt e e = 3 [ [ e RK] = [Career (D2)
k=1 a=0 k=1 Tr—1 0

where R, € R, R = ZQ/LI R, and, much like in the proof of lemma 3,

q+1 §ra+2 q+1 20\ 9+2
IR,| < W0k o= < N (_a) . (D3)
(¢+ 1) (¢g+ 1)I\M

but since the conditions of lemma 3 are assumed satisfied, we have

391 (2a)aF
W” 9 SO H g < e <1 (D4)
as well as n < miny [|[H(N)||, so that
nq+1(2a)q+2 77q+1.s 1

< . D5
P R Y ¥ s N N T T N (0?)

The premise that [[OxH||,1 > 3_(‘”‘1)17677m then directly implies that |R| < 1*‘2_77@. The calculation for x < 0 is
identical, and we finally have

M q

2. 2

k=—M a=0

opP

2(1 —e
oNP

Vo m(n). (D6)

CH(A)H <

Therefore the condition on A in eq. 43 is sufficient to fulfill the requirements of lemma 1, and the result follows
immediately. O

Appendix E: Proof of theorem 1

Proof. Consider ﬁk7r(Af7 Ai) as in lemma 4, as well as U, (¢, A;) for n, a > 0 as in lemma 2 and Uf‘]{&q for M € Ny as

in lemma 3. Let INJ:I:I be the simulated version of ka}r, that is a version of ﬁk’r which replaces all (path-independent)
operator exponentials with their (qubitisation) simulations. Clearly, if

(1) [[(Un,a(Ae; Ai) — U(Ae, M) (X)) < OCe),
(i) [J(UMI(Ar, i) = Upa(Xe, M) (M) | < O(e),
(i) [1(Tr.r(Ars As) = UM (A, M) [n(A)) || < O(e) and

sim

(i) (U (At M) = Uper (g, M) (M) || < O(e)
then [|(Ux» (A, i) = U, M) n(A)) | < Ofe) by a triangle inequality. If we set n = AY2e/2|oyH|, 5
and a = %log (2AA ';;7”0)\H||n1) as in eq. 25, then by lemma 2, condition (i) is satisfied. By assumption (c),
minyepx,, ] [H(A)|| > 7, so according to lemma 3, condition (ii) can be made true by setting parameters {7}, {w,_C ot
and M as in egs. 31, 32 and 34. Furthermore, assumption (b) implies that [|O\H|,,,; > 3¢tV > 3=(a+1) 1.

assumption (a) implies that ¢ < (9/10)(5/3)*A(\s — \); and the choice of v, and A ensures that eq. 43 holds.
Therefore, by lemma 4, condition (iii) is fulfilled if we set r according to eq. 45.

What remains is to calculate the number of quantum gates required to simulate Ijk;’r()\f, Ai) to precision e

— that is, implement f]ilf:()\f,)\i) such that condition (iv) is fulfilled — given the settings of 1, a, M, ¢, k and
r. For this purpose, we write C(-) for the gate complexity of simulating a unitary to precision € in spectral
norm. We first compute the gate complexity for the simulation of the first-order, single-segment decomposition
U1.1(As, Ai), as given in eq. 40, and subsequently extend this to k*®-order, r-segment formulas Uy .(\¢, A;). For this
purpose, we conveniently relabel the x, « indices with an additional subscript index i = 1,..., M (¢ + 1), as follows:



21

(k1,00) = (=M, 0), (Kit1,it1) = (ki o5 + 1) if @ < ¢ and (k; + 1,0) otherwise. Now, an important observation
is that the exp[+iH7, o] exponentials surrounding each exp[—iB 0] (see egs. 39-41) in the product formula
partially cancel out, since

exp[—iCy,, 0, 0N exp[—iChr,, | ais 0]
= exp[_iHTﬁiyai} exp[_iBlﬂ,aié)‘] exp[iHTﬁi,ai] exp[_iHT’”vi+17ai+l] exp[_iBHi+1,&i+1(S)‘] exp[iHTlii+1,Oti+1]
= eXp[iiHTﬁi ai} exp[—iBm aié)\] exp[fiH(THH-l,aH-l - Tﬁivai)] eXp[iiBKwﬂﬁ—lyaiﬁ—ld)\] eXp[iHTR71+1,Ot7‘,+1]' (El)

As such, we find that the task of simulating Uy 1(Af, Ai) to precision € has gate complexity (taking 0A = A\f — \;)

M(g+1)
Ce(Up1( A, Ai ( Z Cz(exp[—iBy, o, (Ai + 67/2)5)/2])
M(q+1)71
+ Z Cé(exp[_iH()‘i + 6)‘/2)(Tﬁi+1,ai+1 - Tﬁhai)}
=1

+ Ce(exp[—iH7_p0]) + C(exp[—iHTMﬂ]))
M q
<>
k=—M a=
M(g+1)—1

1
+ Z O(||3<)‘i+6)‘/2)|1(7-ﬁi+1,0ti+1 _Tliz‘,oéi) + log E)O(E)
i=1

1 1
0 (ﬁe_”""'awmu 07w |OxB(Ni 4+ 6A/2)][10X + log :> o(0)
€
0

n 20(|| B 1 5A/2) [ a + é)om

_ A—7a
§O<1 e
n

where € will be specified shortly, and we used the fact that %Zma e_”‘”wa‘wn)a&'ﬁ < 2% from the proof of

5Bl + [Blls -+ (g + 1) o6 £ O(0) (62)

lemma 4. Now, to generalise this to ka,r, observe that a k*™-order LTS formula is a product of 5*~! first-order
formulas and that an r-segment formula is a product of r single-segment formulas. At the same time, the integration
interval d\ is divided into smaller subintervals such that the sum of the lengths of the subintervals over all first-
order, single-segment factors is exactly dA. Therefore, only the second and the third term in the last line of eq. E2
grow with k£ and r, and we obtain

e_n

a
Ce(Urr(As, A1) < O<TI5ABII1,00 SA+5"717]|Bll1.00a + 5 1M (g + 1) log %) o(0). (E3)
We will now specify & Evidently, Uy,.(\f, \j) is a product of O(5*~'+M(q 4+ 1)) (time-independent) operator
exponentials. For this product to be simulated to precision O(e) in operator norm, we require all constituent
operator exponentials to be simulated to precision O(e/(5*~1rM(q + 1))), since errors (in the sense of spectral
distance) add up at most linearly by the telescoping property of the spectral norm. This means that we must set
€ =¢/(5*"1rM(q + 1)) to ensure that condition (iv) is satisfied.
We proceed to insert the values for M from lemma 3 (eq. 34) and 7 from lemma 4 (eq. 45). Since r grows
superlinearly with A, A grows with n~! and M grows superlinearly with a, the third term in eq. E3 is dominant in
the regime of small n and large a; therefore

- 1
Ce(Upr (A, A1) < O<€5k1TM(q +1)log :)
€

. k 1+1/(q+1)
< o(e(?) k(A&)\)l“/%a— /ot ) (E4)

Note that the log 1/€ has been absorbed into the O( -+ ) notation, since the gate complexity scales polynomially in

1/e. Lastly, we insert a € O(n~') with the previously specified expression 7 = %ASN 172|105 H||71/2 to find

+
B B 25 B . oOHH 2 2(q+1)
Ce(Urr(Ag, A1) < O(é( >k(A5/\)1+ﬁ [OxH .. ——— 1Bl |- (E5)

3 EESEE E
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1

Finally, we observe that A grows at least linearly in n~ ", and that A< 2n~'A. Inserting this inequality into eq.

Eb5, we obtain the upper bound

k 1+4k+2<q+1>
N - (25 2 [OaH]l
AT v ) £ O ¢ ) kasni+ Bl (E6)
€1+@+—2(Q+I)An ik T2+
which is exactly eq. 49. The theorem is thus proved. |

Appendix F: Sampling approach to gate-based CD

In this appendix, we describe an alternative, randomised method to gate-based counterdiabatic driving. It is
based on the qDRIFT algorithm [41, 59], which is a sampling protocol for time-dependent hamiltonian simulation.
As in trotterisation-based CD, A space is discretised, in the sense that we approximate U, , as a product of unitaries

Un,ao\f,)\') na >\fa HUna ) (Fl)

for a given partition of the interval [A;, A¢] into r subintervals [)\j 1, A;] such that A\g = A; and A\, = A;. However,
the U()\ Aj—1) are no longer deterministically constructed, but instead sampled according to an appropriate distri-
bution. In other words, randomised evolution is provided by a channel [’ =1 U (Aj, Aj—1). The idea of randomised

gate-based CD is rooted in a Monte Carlo evaluation of the time integral expression for A, ,(A;). In this setting,
one would sample

e_anl ‘T| S a

. L . PR/ E—
Ba( ) =00 (LT () o P<T>={2“e_m) (F2)

n 0 else

so that the expected value of B, (), 7) over 7 equals A, (). The procedure for randomised evolution is then as
follows: for each subinterval [A;_1, A;], we sample a A € [A\;_1, \;] according to a distribution p(A) (which will be
specified later) and a 7 € [—a, a] from the distribution P(7) defined above, and apply a unitary U, ,(),7) in each
case. This gives rise to the channel

)\j o0

oy o)) = [ ) [ 4P Uy 7) 0T (7). (F3)
)\j71 — 00

The intuitive choice of ﬁn o (A, 7), which will be used in the algorithm, is then as follows:

Upa(A, 7) = exp[—iB;, o (A, 7) /p(N)]

— expl-iHO)r]exp| -1 U= T

We will now prove a bound on the number of quantum gates that is required to upper bound the resulting error in
terms of the trace distance between the constructed channel and exact evolution. As in theorem 1, we assume that

ONH(N) | exp[iH(\)7]- (F4)

the hamiltonian H can be decomposed as a linear combination of finitely many unitaries, H(A) = Z§=1 Bi(AMV
(this assumption is always fulfilled in finite-dimensional Hilbert spaces).

Theorem 2 (randomised gate-based CD). Suppose H(\) = Zle Bi(N)V; is hermitian and differentiable on the
interval [Ai, X¢]. Define Z;{n a(Aj, Aj—1) and fJn (A, T) as in egs. F3 and F/ respectively, for any partition \j = Ao <

- < A= A of [Ai, Ag]. Let U()\f, i) = T exp] 7lfA dAA(N)] and U, M) (p) = UAe, M) pUT (Mg, Ai), and let
p,(A) = In(A\))(n(X)|. Then there exists a partition and a distribution p(\) such that

|t 906, Huna )| < (F5)
1
and the channel ngldn,a()\j» Aj—1) can be implemented with
~ - NBW)1
O( —9/2-5/2119, H 7/2 [max BN 1 + |10xH| s, max ” F6
103 H[oc}1€ | max [[BA)[[1 + [[O3H] |01 T (F6)

quantum gates.
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Proof. Define Uy o(Ar, Ai)(p) = Un.a(As, Ai)pUS (A, Ai) where Uy o (Ag, A) = T exp —1f/\ dAA, o (N)] and A, 4(N)
is the regularised truncated AGP as in 23. "From lemma 2, it immediately follows that [|U(Ag, A)(p,(Ni)) —
Una (A, M) (pr (A1) ]J1 < € if we set 1,0 as in eq. 25. We are therefore interested in upper bounding the error

[CMESIENES IS § CACYS YRITNEN) (#7)
j=1 1

This error may be telescoped into multiple short-evolution errors:
(eq. F7) <Y Ui Aj-1)(pr(Ag—1)) = Un.aNgs Aj—1) (0 (Ag-1)) 1 (F8)

Jj=1

We will now bound each term following a similar strategy to that of Berry et al. [41]. First we define scaled versions
of Uy o and Uy, 4:

Unas(Njs Aj=1)(p) = Upa,s (A Aj—1)pUT 4 (A5, Aj-1),

Aj
Upa.s(Aj, Ajo1) = Pexp {1/ d)\sAn,a()\)]; (F9)
A

j—1

Aj 0o B
d)\p(/\)/ drP(7) Uy a,s(A,T)p U77 as(AT),

— 00

Uy as (s Ay be
Uyas(A, 7) = exp[—isB,(\, 7)/p(\)]. (F10)

j—1

Since Uy 0(p) = Up,0(p) = p, we may write (dropping the A;, A\;_; arguments for legibility)
12,0 (pr) = Una(pu)lln = || {tna pn) — Uno(pn)} = {Un1(pn) = Uno(pn) 1,

H/ ds nas Pn) unas Pn H (Fll)

For the derivatives in the last line, we use lemma 6 from Berry et al. [41],

d A ,
&Un,a,s(/\ﬁ)\j—l) = //; dA UT’],a,S(Aj7A)[_IAT],G()‘)]UW,a,S()‘a)\j—l)7 (Fl?)

and

d A

Eunas()‘ )‘ )():/)\

—iH(A)Te—i (1—e™ ") ssgnTOrH(N)/p(A\)n

a n 3
dAp(\ / dr ——— =17l
() —a 2(1—e™m)

j—1
X e

" [—i (1—e")sgnr ONH(N), eiH(A)Tpe—iH()\)‘ri|
p(A\)n
ol (1=e™"") s sgn 7O H(N) /p(A\)n o i H(N) T (F13)

We observe now that the derivatives of U}, 4, and Z:{n’a,s agree at s = 0:

d

Aj -
- = [ AN A0 = Tl ) 0] (F1)

Tenas(Xis Aj=1)(p) 3

s=0 i1

hence, we may invoke the fundamental theorem of calculus a second time to express

Uy alp) - na%M—M/m/dv (Up00) =y (15)
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We proceed to bound this error following Berry et al. [41, proof of theorem 5]:

o)~ o)l < [ s [0 | L0000},
Aj
4 / A p(\) / dr P(r)
Aj-1 -

| {,iwaﬁm, [fiwa,\H(A), T e | Hl}

T T
+2Hd1} navpdvUnav +HU'nGUPd 2Una'u 1

p(M)n p(M)n
1 s >\j 2 >\j 1 —ena H )\ 2
< / ds/ dv {4(/ dA ||AW()\)||> +4/ d)\p(A)(( ™) [oAH( )”> }
0 0 Aj—1 Aj—1 p(M)n
(F16)
Now from the definition of A, ,, we find
At Af a 1 ale] 1 —eN@
AMAgall < [ dA [ drgem T 0zH]| = T||8AH||OO,1 (F17)
i Ai —a
where ||OzH||oo,1 = ;f dA|OAH(N)|); if we now conveniently choose
[oAHN)I
A F18
I v (F18)
then the last line of eq. F16 reduces to
~ 4(1 —e"ne)2
[Ua(Njs Aj—1)(p) = Un.a(Njs Aj—1)(p) |1 € ———5——[I0\H|% ;. (F19)
Lastly, we can directly follow the proof of theorem 7 from Berry et al. [41] to show that
4(1 — e—"a)2
r> A —emm) 103H]|% 1 (F20)
is sufficient to guarantee that the error from eq. F7 satisfies
‘ Un,aAes M) (00 () = [ [ UnaXgs X-1) ()| < e (F21)
j=1 !

We thus find that one should sample and apply a unitary ﬁn’a [r] times, with r given by eq. F20, to achieve a
total error of at most 2e. But each of these unitaries will have to be simulated, which can be done through known
hamiltonian simulation techniques. With qubitisation [45], one can simulate an operator exponential exp[—iH#] of
a hamiltonian H = Z§:1 B;V; to error e with O([||B||1|6] + log 1/€]¢) elementary gates. For the simulation error of
a product of r unitaries to be at most ¢, each unitary should be simulated with error at most ¢/r. Observing that
7| <a,1—e"™ <1, a€O0(m ") andn = %Ai/zel/QHa)\HH;Ol’{z, we find the total gate complexity of simulating
our channel to error € in trace norm to be

gate complexity < O (TE {a max I1B(A)]|1 + log f} ) +0 (M |:m§LX [10xBI + log f} )
€ €

p(A)n
AIEN: (e ENSSTHENT
so(—kngg ! [m§X||B(A)||1+m§X TN ])

IN

O( 87722 0ytITL ¢ [ max 1B s + oaT ] (AN ) ()

which proves the theorem. O



