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We propose a general, fully gate-based quantum algorithm for counterdiabatic driving. The
algorithm does not depend on heuristics as in previous variational methods, and exploits regu-
larisation of the adiabatic gauge potential to suppress only the transitions from the eigenstate of
interest. This allows for a rigorous quantum gate complexity upper bound in terms of the minimum
gap ∆ around this eigenstate. We nd that, in the worst case, the algorithm requires at most
Õ(∆−(3+o(1))ϵ−(1+o(1))) quantum gates to achieve a target state delity of at least 1− ϵ2, where ∆
is the minimum spectral gap. In certain cases, the gap dependence can be improved to quadratic.

I. INTRODUCTION

Adiabatic quantum computing (AQC) is a paradigm of quantum computation that leverages the principles
of adiabatic processes in quantum mechanics to solve computational problems [1]. AQC relies on the adiabatic
theorem, which states that a quantum system approximately remains in its instantaneous eigenstate if a given
time-dependent hamiltonian that governs its energy levels is changed slowly enough [2]. In this sense, AQC is a
conceptually straightforward way to prepare ground states or other eigenstates of complex systems, by starting
from an eigenstate of a simple hamiltonian (e.g. a product state) and slowly time evolving towards the complex
hamiltonian.

Contrary to AQC, counterdiabatic driving (CD) aims to prepare target states through a fast time evolution,
actively suppressing excitations that would typically accompany such rapid driving. Traditional adiabatic processes
require slow evolution to maintain the system in its instantaneous eigenstate, which can be impractically long. CD
involves adding auxiliary, non-adiabatic control elds to counteract the diabatic transitions, thereby simulating
the eect of a slow adiabatic process in a (much) shorter time [3]. It is a specic method within a broader class
of techniques known as shortcuts to adiabaticity [4], designed to achieve the same goal of mimicking adiabatic
evolution on a small time scale. Its original formulation is due to Demirplak & Rice [5–7]; in this formalism,
the central object is the adiabatic gauge potential (AGP), which is an auxiliary eld that is added to the system
hamiltonian and cancels what is akin to a Coriolis force in the rotating system eigenbasis, thereby supressing all
excitations. The issue however is that determining an AGP exactly for a given system is computationally dicult
– possibly as dicult, if not more, as preparing the eigenstate of interest – and analytical expressions are only
known for very specic systems [3]. This is due to the fact that, typically, the AGP is highly nonlocal and contains
high-rank (two-body, three-body etc.) interactions [8–11]; moreover, if the spectrum of the system is gapless, the
AGP does not exist [12].

For this reason, much eort has been focussed on computational methods that approximate the AGP. In this
context, a pivotal role has been played by variational methods [13]; these methods assume a parametrised ansatz
that is optimised with respect to an action function that approaches zero as the ansatz approaches the exact AGP.
This approach has enabled approximate CD in a large number of dierent contexts, leading to improved delities as
compared to standard AQC [14–20]. Among these variational methods, gate-based (digitised) approaches have been
proposed as well [21], where the dynamics is trotterised for implementation on a gate-based quantum computer.
However, the limit to the variational approach lies in the fact that evaluating the action function itself becomes
harder when higher-rank (two-body, three-body etc.) interactions are taken into account in the ansatz; therefore
only ansätze with low-rank interactions are computationally feasible for variational methods.

Further improvements to this scheme were made through the invention of a nested commutator ansatz to the
AGP [22] and subsequent Krylov space methods to solve for the optimal coecients in this ansatz [23, 24]. Here,
Krylov spaces are subspaces of operator space that are specically chosen such that the coecients can be found by
solving a linear equation, which avoids optimisation heuristics with unpredictable running times. At the same time,
this approach sheds more light on the computational complexity of computing the AGP. Numerical experiments [23]
suggest that the relevant search space for weakly interacting and integrable systems is a small subspace in operator
space, so that the AGP is easily approximated with an ansatz containing few coecients; on the other hand, for
strongly interacting, chaotic systems, this tends not to be the case, and the whole operator space may need to be
explored. In this sense, the complexity of CD is tightly connected to quantum Krylov complexity [25–30]. More
recently, interesting suggestions have been put forward to apply tensor network approaches for approximating the
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gauge potential by expressing it as a matrix product operator [31, 32].
The main issue, however, in these developments, is that a precise description of the computational complexity

of CD has so far been lacking. In particular, while the implementation of the aforementioned variational methods is
straightforward, none of these have been accompanied with any rigorous computational complexity statement. The
reason for this is twofold: (i) these approaches do not present any clear-cut quantication of the accuracy to which
an AGP for a given system must be approximated in order to achieve a desired delity; (ii) the use of optimisation
schemes makes complexity analysis of several of the methods prohibitively dicult.

In this work, address the complexity issue by asking the following question: does the computational eort we
put into determining the AGP, in order to boost the delity of the output state with the target state, compare
favourably to that of AQC with simply a longer evolution time? Following up on this question, how should we dene
computational complexity so that a fair comparison is made between the two methods? After all, the complexity of
AQC is typically measured in terms of physical evolution time, whereas that of CD, in the light of aforementioned
variational and Krylov space methods, boils down to the computing time a classical machine requires to solve a
(linear) equation for the ansatz coecients. To address this question, we place AQC and CD on an equal footing
by considering the complexity of both approaches in terms of the number of quantum gates as required by a fault-
tolerant quantum computer. To this end, we develop a gate-based quantum algorithm for CD (sections III and IV)
that can be compared to gate-based version AQC (section V). This method is nonvariational, and diers from the
variational digitised approach previously put forward [21] in that it evades the diculty of evaluating complexity
that comes with variational methods. We give upper bounds on the number of quantum gates required for both
gate-based CD and gate-based AQC. In this way, we contribute to the answering of the posed questions.

A crucial insight here is that the complexity of AQC is state dependent, in the sense that it is known to
scale with the inverse of the spectral gap around the instantaneous eigenstate of interest, while that of currently
known approaches to CD is not. So far, CD approaches have aimed to approximate the exact AGP, which cancels
excitations on the entire spectrum; however, if the objective is to prepare only a single eigenstate, this is inecient,
since only the excitations from the eigenstate of interest need to be suppressed. We remedy this by basing our
CD algorithm on an approximate AGP that eectively ignores excitations below a certain energy gap cuto; this
cuto is then chosen small enough so that at least the transitions from the relevant eigenstate are suppressed. In
this way, the gap around this eigenstate enters into the complexity description of CD. While the idea of an energy
cuto to suppress large-gap transitions itself is not new, and appears for example in the theory of quasi-adiabatic
continuation [33–35], it has so far been overlooked in studies on the computational complexity of implementing
counterdiabatic driving.

The main contribution of this paper is theorem 1, which states the gate-based CD algorithm and an upper
bound on its worst-case quantum gate complexity. The gate complexity bound we nd is Õ(∆−(3+o(1))ϵ−(1+o(1))),
where ∆ is the minimum energy gap along the path, and ϵ is the square root of the indelity between the output
state and the target state1. Since ∆ often decreases exponentially in the system size, especially in complex systems,
the ∆ dependence is usually the dominant factor in the complexity of AQC. The formalism we introduce in the
work allows for the evaluation of CD in terms of ∆ as well.

This work is structured as follows. In section II, we discuss the formalism of counterdiabatic driving and set
out notational conventions used throughout this work. We also detail the Lie-Suzuki-Trotter (LTS) decomposition
of a path-ordered exponential that translates a physical time description to a gate-based description. Section III
introduces the regularised truncated AGP, which brings the aforementioned gap cuto into play and is at the heart
of the gate-based CD algorithm. In section IV, we construct the gate-based CD algorithm, which is a simulation, in
the form of a LTS decomposition, of the path-ordered exponentiation of the regularised truncated AGP. In section
V, we compare the CD result to gate-based AQC by applying LTS simulation to standard adiabatic theorems. We
conclude in section VI. For lemmas 2–4 and theorem 1, we provide concise proof sketches in the main text, with the
details deferred to appendices A–E. Besides the main body of work, appendix F discusses a randomised approach
to gate-based CD which, depite its inferior complexity upper bound, may be of independent interest.

1 The notation f ∈ o(g) means that limx→∞ f(x)/g(x) = 0. Specically, o(1) is used to indicate a quantity that can be made
arbitrarily small by increasing x. Additionally, we write f ∈ Õ(g) to indicate f ∈ O(g polylog(g)), f ∈ Ω(g) if limx→∞ f(x)/g(x) > 0
and Θ(g) = O(g) ∩ Ω(g).
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II. PRELIMINARIES

A. Counterdiabatic driving

Consider the time-dependent Schrödinger equation for a system parametrised by a time-dependent parameter
λ(t):

i dtψ(t)⟩ = H

λ(t)


ψ(t)⟩ (1)

Clearly, the solution ψ(t)⟩ will be dependent on λ(t). Let U

λ(t),λ(0)


be the unitary that connects the instanta-

neous eigenstates n

λ(t)


⟩ of H


λ(t)


with those of H


λ(0)


– that is, let H


λ(t)


admit the spectral decomposition

H

λ(t)


=



n

En


λ(t)


n

λ(t)


⟩⟨n


λ(t)




=


n

En


λ(t)


U

λ(t),λ(0)


n

λ(0)


⟩⟨n


λ(0)


U†λ(t),λ(0)


 (2)

with En


λ(t)


the corresponding energies (eigenvalues). We can view this system in a rotating (λ-dependent) basis

by writing ψ(t)⟩ = U

λ(t),λ(0)


ψ̃⟩, where ψ̃⟩ is some reference state that is independent of λ and t. In the

rotating basis then, the time-dependent Schrödinger equation becomes

idtψ̃⟩ = (U†HU − iλ̇U†∂λU)ψ̃⟩ (3)

Since U†HU is diagonal in the rotating eigenbasis of H, any nonadiabatic transitions can only be generated by
the second term of the eective hamiltonian in eq. 3. Thus we can suppress all nonadiabatic transitions by time
evolving with a dierent hamiltonian that cancels out this second term in the rotating frame:

U†HCDU = U†HU + iλ̇U†∂λU, (4)

or, going back to the xed (λ-independent) basis – i.e. conjugating with U on both sides, we nd

HCD(t) = H

λ(t)


+ λ̇(t)A


λ(t)


(5)

where the operator A = i∂λUU† is called the adiabatic gauge potential (AGP). Since evolution under HCD, known
as the counterdiabatic hamiltonian, causes no transitions into excited states, one may carry out a perfect evolution
at any speed:

U(λf ,λi) = T exp


− i

 T

0

dtHCD(t)


for any T ∈ [0,∞) (6)

The adiabatic gauge potential, then, can be viewed simply as the derivative operator i∂λ:

⟨m(λ)A(λ)n(λ)⟩ = i⟨m(λ)∂λU(λ,λi)n(λi)⟩
= i⟨m(λ)∂λn(λ)⟩, (7)

and therefore generates motion in λ space,

U(λf ,λi) = T exp


− i

 λf

λi

dλA(λ)


(8)

which is simply a special case of eq. 6, namely the limit T → 0. From the Hellmann-Feynman theorem, A may be
expressed in the eigenbasis of H(λ), and has the o-diagonal matrix elements

⟨m(λ)A(λ)n(λ)⟩ = ⟨m(λ)∂λH(λ)n(λ)⟩
iωmn(λ)

(9)

where ωmn = Em(λ) − En(λ). The diagonal elements are arbitrary since they depend on a gauge choice (namely,
the phase of the eigenstates of H(λ)) – this makes the AGP nonunique for a given hamiltonian. Lastly, the form of
the AGP in eq. 9 may be expressed as a time integral [22, 36]

A(λ) =
1

2
lim
η→0

 ∞

−∞
dτ e−η|τ | sgn(τ ) e−iH(λ)τ∂λH(λ)eiH(λ)τ (10)
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since

⟨m(λ)A(λ)n(λ)⟩ = 1

2
⟨m(λ)∂λH(λ)n(λ)⟩ lim

η→0

 ∞

−∞
dτ e−η|τ | sgn(τ ) e−iωmn(λ)τ

= ⟨m(λ)∂λH(λ)n(λ)⟩ lim
η→0

ωmn(λ)

i(ωmn(λ)2 + η2)

=
⟨m(λ)∂λH(λ)n(λ)⟩

iωmn
 (11)

Note that the limit η → 0 must be taken after integration for the integral to converge.

B. Norms and notation

In this work, we will make use of two matrix norms: the spectral norm ∥ · ∥ (also known as operator norm) and
the trace norm ∥ · ∥1. The spectral norm is dened as ∥O∥ = sup|ψ⟩:∥ψ∥=1 ∥Oψ⟩∥, or equivalently as the largest
singular value of O. For hermitian matrices, this corresponds to the largest absolute eigenvalue. The trace norm is

dened by ∥O∥1 = tr
√
O†O, which equates to the sum over all singular values of O (or absolute eigenvalues if O

is hermitian). Both norms satisfy a triangle inequality and are multiplicative, as well as unitarily invariant, in the
sense that ∥UOV∥(1) = ∥O∥(1) (using subscript (1) to indicate either spectral or trace norm) for unitary matrices
U,V. The norms are related by the inequality ∥OQ∥1 ≤ ∥O∥∥Q∥1 for any matrices O and Q, which may be derived,
for example, from Hölder’s inequality or Von Neumann’s inequality. Furthermore, both norms satisfy the so-called
telescoping property: let U1,U2,V1,V2 be unitary matrices; then

∥U1U2 − V1V2∥(1) ≤ ∥U1 − V1∥(1) + ∥U2 − V2∥(1), (12)

which follows from the unitary invariance of the norms and a triangle equality. From this it may be immediately
seen that errors in a product of unitaries scale at most linearly in the number of factors.

The spectral and trace norms give rise to the spectral distance ∥O − Q∥ and trace distance 1
2∥O − Q∥1

respectively. The trace distance is especially useful when dealing with density matrices. In particular, for pure
states, it can be shown that

1

2
∥ψ⟩⟨ψ − ϕ⟩⟨ϕ∥1 =


1− ⟨ψϕ⟩2 (13)

The derivation follows from explicit calculation of the eigenvalues of ψ⟩⟨ψ − ϕ⟩⟨ϕ after Gram-Schmidt orthogo-
nalisation. We will call the right-hand side of this equation the square-root indelity between ψ⟩ and ϕ⟩. It may
be shown that the square-root indelity is upper bounded by the euclidean distance:


1− ⟨ψϕ⟩2 ≤ ∥ψ⟩ − ϕ⟩∥ (14)

Throughout this work, we will frequently encounter λ-dependent vector norm expressions of the form ∥O(λ)n(λ)⟩∥
where n(λ)⟩ is an instantaneous eigenstate of the system hamiltonian. To simplify notation, we will use the
shorthand

∥O∥n(λ) := ∥O(λ)n(λ)⟩∥ (15)

for this purpose. When clear from context, the λ argument will be omitted. Finally, we introduce convenient
notation for the following integral expressions:

∥O∥n,p :=

 λf

λi

dλ ∥O(λ)n(λ⟩∥p
1p

; ∥O∥∞,p :=

 λf

λi

dλ ∥O(λ)∥p
1p

(16)

for p ∈ N>0; ∥O∥n,∞ and ∥O∥∞,∞ are understood to mean maxλ∈[λi,λf ] ∥O(λ)n(λ)⟩∥ and maxλ∈[λi,λf ] ∥O(λ)∥
respectively.

C. Lie-Trotter-Suzuki decompositions

Since the main objective of this work is to describe a counterdiabatic driving protocol that runs on a digital
quantum computer, a signicant portion of the paper will be dedicated to simulation – that is, the approximation
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as a sequence of quantum gates – of ordered exponentials. The problem of implementing ordered exponentials of
hermitian operators is far from new: several time-dependent hamiltonian simulation routines exist for implementing
ordered exponentials. The most notable of these are Lie-Trotter-Suzuki (LTS) decompositions [37, 38] and truncated
Dyson series methods [39, 40], though more approaches exist [41, 42]. A typical requirement for these methods is

that the hamiltonian be provided as a sum of nitely many terms H(t) =
ℓ

i=1 Hi(t); or more specically, as a linear

combination of unitaries (LCU), H(t) =
ℓ

i=1 βi(t)Vi, where the Vi are unitary and the βi are nonnegative scalars
2.

LTS formulae approximate a time-ordered exponential U(tf , ti) = T exp[−i
 tf
ti

dtH(t)] as a product U(tf , ti) ≈


j e
−iHij

(tj)δtj . Each factor in this product may then be simulated through time-independent hamiltonian simula-

tion methods such as qubitisation [45], or in the case of LCU, as a multi-qubit rotation gate. Truncated Dyson series,

on the other hand, seek to implement the approximation U(tf , ti) ≈
K

k=0
(−i)k

k!

 tf
ti

· · ·
 tf
ti

T [H(tk) · · ·H(t1)]d
kt. In

this process, oracle access to the hamiltonian is assumed, in the form of a time-independent and a time-dependent
oracle, where the time-dependent oracle is a direct sum of time-independent oracles over a nite set of times in
the simulation interval (see ref. 39 for details). While ecient methods have been developed to decompose the
time-independent oracle into a sequence of quantum gates [45–48], such decompositions for the time-dependent
oracle are only known in special cases [39]. For this reason, we will use LTS formulae to describe gate-based AQC
and CD throughout the rest of this work.

The starting point in the description of LTS formulae is the following observation: for time-independent
operators O and Q and δt ∈ R, the exponential e−i(O+Q)δt can be split into the product e−iOδte−iQδt at the cost
of an error ∥e−i(O+Q)δt − e−iOδte−iQδt∥ ∈ O(δt2). Clearly, if the time step δt is small, so is the error. If δt is large,
one may divide δt into r parts to obtain ∥e−i(O+Q)δt− (e−iOδtre−iQδtr)r∥ ∈ O(δt2r). Here, the additional factor
r in the error follows from linear propagation of errors as a result of the telescoping property of the operator norm.
The parameter r can then be chosen to achieve any desired precision; namely, to upper bound the error by ϵ, r
must be taken to be at least O(δt2ϵ). This is the most elementary kind of Trotter formula, and forms the essence
of all Trotter-based decompositions.

Lie-Trotter-Suzuki (LTS) formulae are more sophisticated decompositions, and are due to Suzuki [37]. These
decompositions may be dened for any order k ∈ N>0, with every order representing a more ne-grained approxi-
mation, and achieve O(δt2k+1) error scaling. Again dividing a large δt into r smaller segments, this results in an r
scaling O(δt1+12kϵ12k) to achieve precision ϵ.3

So far, we have described the Trotter method only in relation to time-independent operator exponentials, but the
concept naturally extends to time-dependent operator exponentials. While the generalisation of time-independent
decompositions themselves to time-dependent ones is straightforward, general error bounds were found only years
later by Wiebe et al. [38]. Their result is very similar to the path-independent case, but imposes conditions on the
dierentiability of the operator exponents. We base the analysis in this section on their work, accurately describing

the decomposition of the ordered exponential U(tf , ti) = T exp[−i
 tf
ti

dtH(t)] and the requirements to achieve a
given precision.

The rst-order single-segment LTS approximation Ũ1,1(tf , ti) of U(tf , ti), for the operator H(t) =
ℓ

i=1 Hi(t),
is given by

Ũ1,1(tf , ti) =

 ℓ

i=1

exp[−iHi(ti + δt12)δt12]

 1

i=ℓ

exp[−iHi(ti + δt12)δt12]


 (17)

where δt1 = tf − ti. Higher-order LTS product formulas are built by repeatedly applying the following recursive
process to Ũ1,1:

Ũk+1,1(t+ δt, t) = Ũk,1(t+ δt, t+ [1− sk]δt) Ũk,1(t+ [1− sk]δt, t+ [1− 2sk]δt)

× Ũk,1(t+ [1− 2sk]δt, t+ 2skδt) Ũk,1(t+ 2skδt, t+ skδt) Ũk,1(t+ skδt, t) (18)

with sk = (4 − 41(2k+1))−1. Now if every Hi(t) is 2k times dierentiable in t, then the error is bounded as in the
path-independent case:

∥U(tf , ti)− Ũk,1(tf , ti)∥ ∈ O(δt2k+1) (19)

2 For many-body hamiltonians, these LCUs can be readily constructed as linear combinations of Pauli strings (tensor products of Pauli
operators) through the Jordan-Wigner and Bravyi-Kitaev transforms, as well as more sophisticated methods [43, 44].

3 The Trotter decomposition e−i(O+Q)δt = (e−iOδt/re−iQδt/r)r + O(δt2/r) may be viewed as analogous to a LTS formula of order
k = 1/2.
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This means that if δt is small, then the approximation error decreases monotonically with the order k. If δt is not
small, we divide it into r segments and apply a LTS product formula for each segment:

Ũk,r(t+ δt, t) =

r

s=1

Ũk(t+ sδtr, t+ (s− 1)δtr) (20)

We refer to this decomposition as a kth-order r-segment LTS formula. The work of Wiebe et al. [38] now provides
a condition on r that is sucient to upper bound the spectral distance between an ordered exponential of a sum of
operators and its LTS simulation.

Lemma 1 (Wiebe et al. [38], theorem 1). Let H(t) =


i Hi(t) be dened on the interval [ti, tf ] such that each
Hi(t) is hermitian and 2k times dierentiable on the entire interval. Let δt = tf − ti. Furthermore, suppose

max
p=0,1,,2k


max

t∈[ti,tf ]



i


∂p

∂tp
Hi(t)


1(p+1)

≤ Λ (21)

If ϵ ≤ min(910)(53)kΛδt, 1, then the spectral distance between the ordered exponential T exp[−i
 tf
ti

dtH(t)] and

its kth-order r-segment LTS decomposition is at most ϵ, provided that

r ≥ 5kΛδt


5

3

k
Λδt

ϵ

12k

 (22)

III. REGULARISED TRUNCATED GAUGE POTENTIAL

In the following sections, we will describe our approach to a gate-based counterdiabatic driving algorithm. We
will base our methods on the time-integral expression for the adiabatic gauge potential from eq. 10. However, in
its stead, we will use its regularised truncated version Aη,a. Here, regularised means that we x an η > 0 instead
of taking the limit η → 0; furthermore, we restrict the integration to a bounded interval [−a, a]. That is:

Aη,a(λ) =
1

2

 a

−a

dτ e−η|τ | sgn(τ )e−iH(λ)τ∂λH(λ)eiH(λ)τ  (23)

One may view this approximation choice as a straightforward way to get rid of unworkable innities. But there
is a more intuitive reason to regularise the AGP: considering the matrix elements of A in the energy eigenbasis
(eq. 11), one would intuitively expect counterdiabatic driving with the regularised AGP to suppress only those
level transitions where η2 ≪ ω2

mn [36]. In this sense, η can be viewed as a gap cuto. Since we’re only interested
in suppressing the level transitions from the n-th eigenstate, a cuto η ∼ ∆ν

n for some ν > 0, with ∆n the
minimum gap around the n-th eigenstate, should suce. This energy cuto η is also turns out to be related
to the cost of implementing approximate CD with the regularised AGP: as we will show later, the algorithm
complexities grow with η−1 and a. Besides that, there is a connection (albeit qualitative) between η−1 and the
thermodynamic cost associated with CD [49, 50]. In these works, the norm of the AGP is introduced as a cost of
implementing CD; at the same time, one can easily see that the spectral norm of the regularised truncated AGP
satises ∥Aη,a∥ ≤ η−1(1− e−ηa)∥∂λH∥ ≤ η−1∥∂λH∥.

For the remainder of the work, we will work in the limit T → 0 (eq. 8). The most important reason for this is
that, in the proofs of the error bounds that follow, the system hamiltonian always cancels out (see eq. A1 in the
proof of lemma 2). As such, working in the limit T → 0 and thereby leaving out the system hamiltonian merely
simplies the calculations. Nonetheless, one might argue that a better complexity can be achieved by choosing an
optimal T which is not reected in the presented bounds. We expect that such an optimal T ∗ would be at least
on the order T ∗ ∈ Ω(∆−1), and possibly T ∗ ∈ Ω(∥∂λH∥∞,∞∆2). (Larger times essentially revert the protocol
to adiabatic evolution.) In such cases, we expect the added complexity of trotterising H to be asymptotically
subdominant to that of CD in the limit T → 0, since the complexity of AQC at a time scale T grows almost linearly
in T (see proposition 1 in section V). However, we do not expect such schemes to provide signicant gains over
either our CD algorithm or AQC, since CD in the T → 0 limit can be essentially be viewed as AQC in a dierent
coordinate system (i.e. a coordinate change from time to λ) and a T > 0 setting in a sense interpolates between
the two.

We proceed to establish a more precise relation between η, a and ∆n, which puts conditions on η and a for
arbitrary approximation error.
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Lemma 2. Let Uη,a(λf ,λi) = T exp[−i
 λf

λi
dλAη,a(λ)], where Aη,a(λ) is dened as in eq. 23, and let n(λi)⟩ be

the n-th eigenstate of H(λi). Then

∥(U(λf ,λi)− Uη,a(λf ,λi))n(λi)⟩∥ ≤ ϵ (24)

if we take

η =
1√
2
∆32

n ϵ12∥∂λH∥−12
n,1 ; a =

1

η
log


2
∆n + η

∆nϵη
∥∂λH∥n,1


∈ Õ(η−1) (25)

Proof sketch. We rst express the error in terms of the exact and approximate AGP by bounding ∥(U(λf ,λi) −
Uη,a(λf ,λi))n(λi)⟩∥ ≤

 λf

λi
dλ∥A − Aη,a∥n(λ) with a triangle inequality. By expanding A(λ) and Aη,a(λ) in the

instantaneous energy eigenbasis, we nd that the absolute values of the o-diagonal matrix entries ⟨m(A−Aη,a)n⟩
are upper bounded by

⟨m(A − Aη,a)n⟩ ≤ ⟨m∂λHn⟩


η2

Em − En3
+O(e−ηa)


 (26)

The result then follows from a simple calculation.

The full proof is given in appendix A.

IV. GATE-BASED COUNTERDIABATIC DRIVING

With the regularised truncated AGP in hand, we can now discuss approaches to gate-based counterdiabatic
driving. For this purpose, we will understand CD as the task of implementing the ordered exponential Uη,a(λf ,λi) =

T exp[−i
 λf

λi
dλAη,a(λ)] with some unitary Ũ(λf ,λi), up to a given precision ϵ; by a simple triangle equality, the

total error ∥(U(λf ,λi)−Ũ(λf ,λi))n(λi)⟩∥ is then at most O(ϵ). In this section, we present a deterministic gate-based
algorithm that achieves exactly this goal, and provide an upper bound on the complexity of running this algorithm
on a fault-tolerant gate-based quantum computer.

Evidently, time-dependent simulation of the ordered exponential Uη,a is an integral component of gate-based
CD, and we will employ LTS formulae for this purpose, as described in section II C. However, since the LTS
formalism assumes that the integrand in the exponent is a sum of nitely many operator terms, and Aη,a is dened
as an operator integral, we rst need to approximate Aη,a with a suitable sum. To this end, we give a construction
that is similar to an operator-valued Riemann approximation to the integral, except we make a more clever choice of
evaluation points and weights way to obtain a smaller error bound. As such, all terms in the sum are proportional
to the integrand in eq. 23, i.e. an operator of the form exp[−iH(λ)τ ]∂λH(λ) exp[iH(λ)τ ].

This leads nother issue: the mentioned time-dependent hamiltonian simulation routines assume that the op-
erator terms in the sum are given, in the same sense that we assume H(λ) and ∂λH(λ) given as sums of simple
(weighted unitary) terms. Clearly, this is not the case here, since one would rst have to simulate all operators
exp[±iH(λ)τ ] to construct the desired operator terms. To avoid nested simulation, we should integrate the simu-
lation of the exp[±iH(λ)τ ] operators in the procedure for approximating Uη,a. Fortunately, this can be done in a
straightforward way using Trotter-based formulae, since when we exponentiate the integrand terms, the operators
exp[±iH(λ)τ ] may be taken out of the exponent:

exp[−i(e−iH(λ)τ∂λH(λ)eiH(λ)τ )δλ] = exp[−iH(λ)τ ] exp[−i∂λH(λ)δλ] exp[iH(λ)τ ] (27)

This follows immediately from the fact that exp[UOU†] = U exp[O]U†, for any O and unitary U, which may be
shown using a Taylor expansion. As such, we avoid double exponentiation and are left with only a product of
ordinarily simulatable operator exponentials.

In what follows, we rst give a detailed description of our summation method, which gives rise to an AGP

approximation AM,q
η,a ≈ Aη,a and a corresponding evolution operator UM,q

η,a (λf ,λi) = T exp[−i
 λf

λi
dλAM,q

η,a (λ)].

Subsequently, we give a LTS construction to simulate UM,q
η,a , producing the unitary Ũ. We establish conditions

on the relevant parameters to upper bound the errors ∥(Uη,a(λf ,λi) − UM,q
η,a (λf ,λi))n(λi)⟩∥ and ∥(UM,q

η,a (λf ,λi) −
Ũ(λf ,λi))n(λi)⟩∥; the error ∥(Uη,a(λf ,λi)−Ũ(λf ,λi))n(λi)⟩∥ is then simply the sum of these two errors, by a triangle
inequality. Finally, setting this error to at most O(ϵ) leads to a gate complexity expression for the algorithm.
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A. Weighted sum approximation

The most elementary way of approximating an integral of a scalar-valued function is a Riemann sum: the

integration range is partitioned into M subintervals and one approximates
 b

a
dx f(x) ≈ M

κ=1 f(xκ)δxκ. A similar
thing can be done with operator functions. Let us write

Aη,a =
1

2

 a

0

dτ e−ητ

∂λH(τ)− ∂λH(−τ)


(28)

where we dropped the λ argument for legibility, and denote O(τ ) = e−iHτOeiHτ for any operator O. We partition the
interval [0, a] into M subintervals, picking τ0 < τ1 < · · · < τM such that τ0 = 0 and τM = a; dene δτκ = τκ − τκ−1.
Note that the subintervals need not be uniform. The operator Riemann sum then takes the form

Aη,a ≈ 1

2

M

κ=1

δτκe
−ητκ


∂λH(τκ)− ∂λH(−τκ)


 (29)

However, this is a rather crude method in that the error in each subinterval is relatively large, so that many
subintervals are needed to make the overall error small. A more clever method evaluates the integrand at multiple
points in each interval and weighs each term accordingly:

Aη,a ≈ AM,q
η,a =

1

2

M

κ=1

δτκ

q

α=0

wκ,α e
−ητκ,α


∂λH(τκ,α)− ∂λH(−τκ,α)


 (30)

Here, q ≤ 0 is introduced as a free parameter, so that q + 1 evaluations are made within each subinterval. The
weights wκ,α are determined through Lagrange interpolation (see appendix B) and are such that

q
α=0 wκ,α = 1

for all κ. Furthermore, they depend only on our choice of the interpolation points τκ,α and not on the value of the
integrand at those points. We will not specify the choice of the interpolation points, and instead rely on general
Lagrange interpolation bounds for estimating the error made in the approximation. This gives rise to the following
lemma.

Lemma 3. Let Uη,a(λf ,λi) be given as in lemma 2, let AM,q
η,a (λ) be given as in eq. 30 and let UM,q

η,a (λf ,λi) =

T exp[−i
 λf

λi
dλAM,q

η,a (λ)]. Assume η ≤ minλ∈[λi,λf ] ∥H(λ)∥. If we choose

τκ = −q + 2

η
log


1− κ

M
(1− e−ηa(q+2))


, κ ∈ 0,    ,M (31)

and if we set, for any choice of interpolation points τκ,0 < τκ,1 < · · · < τκ,q within each subinterval [τκ−1, τκ],

wκ,α =
1

δτκ

 τκ

τκ−1

dτ


0≤β≤q
β ̸=α

τ − τκ,β
τκ,α − τκ,β

, α ∈ 0,    , q (32)

then

∥(Uη,a(λf ,λi)− UM,q
η,a (λf ,λi))n(λi)⟩∥ ≤ ϵ (33)

provided that

M ≥ max


3e(2a)1+1(q+1)

ϵ1(q+1)(q + 1)
∥H∥∞,∞∥∂λH∥1(q+1)

n,1 , eηa(q+2) − 1


 (34)

Proof sketch. As before, we bound ∥(Uη,a(λf ,λi)− UM,q
η,a (λf ,λi))n(λi)⟩∥ ≤

 λf

λi
dλ∥Aη,a − AM,q

η,a ∥n, and then apply

another triangle inequality to bound this quantity by a sum of contributions from each of the M subintervals:

∥Aη,a − AM,q
η,a ∥n ≤ 1

2

M

κ=1


 τκ

τκ−1

dτ e−ητ ∂λH(τ)−
q

α=0

wκ,α e
−ητκ,α∂λH(τκ,α)


n

+ (τ ↔ −τ)


 (35)
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Given that the weights wκ,α in eq. 32 are chosen according to the Lagrange polynomial basis (cf. eqs. B3 and B5
in appendix B), it turns out that the general quadrature error bound in eq. B7 may be used in an element-wise
fashion to bound the expression in eq. 35. We obtain

∥Aη,a − AM,q
η,a ∥n ≤ Qq

n

M

κ=1

δτ q+2
κ e−ητκ−1 ; Qq

n =
(3∥H∥)q+1∥∂λH∥n

(q + 1)!
 (36)

The next step is to choose the intervals δτκ. The motivation behind the choice in eq. 31 is to make the intervals
small when e−ητκ is large, and large when e−ητκ is small. In this way, every term in the sum in eq. 36 is almost
constant, and can be bounded precisely by a constant at most Qq

n(2aM)q+2 assuming M ≥ eηa(q+2) − 1. This
gives a better error bound than, for example, intervals of constant size.

In the end, with a bit of rewriting we nd

∥(Uη,a(λf ,λi)− UM,q
η,a (λf ,λi))n(λi)⟩∥ ≤ 3q+1(2a)q+2

M q+1(q + 1)!
∥H∥q+1

∞,∞∥∂λH(λ)∥n,1 (37)

and this error can be made at most ϵ by taking M as in eq. 34.

The detailed proof is deferred to appendix C.

B. Lie-Trotter-Suzuki expansion of the weighted sum

The path-ordered exponential UM,q
η,a (λf ,λi) = P exp[−i

 λf

λi
dλAM,q

η,a (λ)] may be implemented by a kth-order

r-segment LTS product formula. These formulas follow the same description as given in section II C, except we will
be working in λ space instead of time space.

The rst-order single-segment formula Ũ1,1(λf ,λi), for the operator

AM,q
η,a (λ) =

M

κ=−M

q

α=0

Cκ,α(λ) (38)

where

Cκ,α(λ) = e−iH(λ)τκ,α Bκ,α(λ) e
iH(λ)τκ,α ; Bκ,α(λ) =

1

2
δτκwκ,α e−η|τκ,α| sgn τκ,α∂λH(λ) (39)

(with C0,α = 0), is given by

Ũ1,1(λf ,λi) =

 M

κ=−M

q

α=0

exp[−iCκ,α(λi + δλ2)δλ2]

 −M

κ=M

0

α=q

exp[−iCκ,α(λi + δλ2)δλ2]


 (40)

where δλ = λf − λi. Here, the operator exponentials in the product take the form

exp[−iCκ,α(λ)δλ] = exp[−iH(λ)τκ,α] exp


− ı

2
e−η|τκ,α| sgn τκ,αwκ,α∂λH(λ)δτκδλ


exp[iH(λ)τκ,α] (41)

Higher-order, multi-segment formulas are constructed as in eqs. 18 and 20. In the same way, we can use lemma 1
to put a bound on the number of path-independent operator exponentials required to achieve a certain precision.
We apply this result to our case by giving an explicit expression for Λ corresponding to the ordered exponential
UM,q

η,a . If the spectral distance between UM,q
η,a and its LTS decomposition Ũk,r is at most ϵ, then the euclidean state

distance ∥(UM,q
η,a (λf ,λi)− Ũk,r(λf ,λi))n(λi)⟩∥ is also at most ϵ.

To use lemma 1, we require bounds on the operator norms of the higher-order derivatives of the Cκ,α operators.
For the case of interpolating hamiltonians H(λ) = Hi + f(λ)Hp, these norms take on a simple form, since


∂p

∂λp


e−iH(λ)τ∂λHe−iH(λ)τ

 =


∂p+1f(λ)

∂λp+1
Hp

 = ∥∂p+1
λ H(λ)∥; (42)

however, for general hamiltonians, the higher-order derivatives of Cκ,α(λ) are less straightforward and their norms
can grow rapidly with p, as a result of compounding product rules. Since there can be a signicant discrepancy in
the the scaling of the derivatives between interpolating case H(λ) = Hi + f(λ)Hp and the general case, and better
bounds on the norm of ∥(∂p∂λp)Cκ,α(λ)∥ require more specics about the denition of H(λ), we will stick to the
interpolating case for the rest of the section. A condition on the number r, and thereby the number of exponentials
required in our gate-based counterdiabatic driving algorithm, is then given by the following lemma.
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Lemma 4. Let H(λ) = Hi + f(λ)Hp for hermitian Hi and Hp and a scalar function f(λ) dened on the interval
[λi,λf ] that is 2k + 1 times dierentiable. Let UM,q

η,a (λf ,λi), τκ, τκ,α and wκ,α be as in lemma 3, and let

Ũk,r(λf ,λi) be the kth-order r-segment LTS decomposition of UM,q
η,a (λf ,λi) as in eq. 20. Let the conditions of lemma

3 be satised. Suppose

max
1≤p≤2k+1


2(1− e−ηa)

η
∥∂p

λH∥∞,∞

1p 
≤ Λ̃ (43)

If ∥∂λH∥n,1 ≥ 3−(q+1) η
1−e−ηa and ϵ ≤ min(910)(53)k Λ̃δλ, 1, then

∥UM,q
η,a (λf ,λi)− Ũk,r(λf ,λi)∥ ≤ ϵ (44)

provided that

r ≥ 5k Λ̃δλ


5

3

k
Λ̃δλ

ϵ

12k

 (45)

Proof sketch. We identify Λ̃ with the quantity Λ from lemma 1. We therefore need to bound the sum

M

κ=−M

q

α=0


∂p

∂λp
Cκ(λ)

 =
1

2
∥∂p+1

λ H(λ)∥
M

κ=−M

q

α=0

δτκwκ,α e−η|τκ,α| (46)

Since the right-hand side of eq. 46 is a discrete approximation of the integral
 a

−a
dτ e−η|τ | with Lagrange weights,

we can use the same bounds as in the proof of lemma 3. This is a straightforward calculation that leads to

M

κ=−M

q

α=0


∂p

∂λp
Cκ(λ)

 ≤ 2(1− e−ηa)

η
∥∂p+1

λ H(λ)∥ (47)

Therefore the condition on Λ̃ in eq. 43 suces to satisfy the requirements of lemma 1, and the result follows.

The calculation is worked out in appendix D. The assumption on ∥∂λH∥n,1 is justied since 3−(q+1) can be
made arbitrarily small and we work in the regime where η is small and a is large (note η

1−e−ηa approaches zero in

the limit a → ∞, η → 0).

C. Gate complexity

Finally, we turn to the quantum gate complxity of the gate-based CD algorithm. In order to bound this com-
plexity, we need to associate with each path-independent operator exponential in the product formula Ũk,r(λf ,λi)
a gate complexity and sum over all operator exponentials. In the case of AQC, all these operator exponentials
were assumed to be simulatable with a single multi-qubit rotation gate, and unit cost was associated with each
simulation. This is not the case for CD, since the constituents of the LTS formulae are exponentials of H(λ) and
∂λH(λ). Simulation costs for these exponentials in terms of quantum gates are provided through established time-
independent hamiltonian simulation methods. We use a technique known as qubitisation [45] for its optimality in

the relevant parameters. In short, if an operator H is given as a linear combination of unitaries4 H =
ℓ

i=1 βiVi,
qubitisation provides a routine that simulates e±iHθ to error ϵ in spectral norm using O(∥β∥1θ + log 1ϵ) queries
to an oracle that provides access to the hamiltonian, where ∥β∥1 =


j βj . Since this oracle can be implemented

with O(ℓ) elementary gates [45–47], the simulation can be done with O([∥β∥1θ + log 1ϵ]ℓ) gates.5

With a clear denition of gate complexity, we can now state the main theorem of this paper, establishing a
gate complexity bound for our gate-based counterdiabatic driving algorithm.

4 The qubitisation subroutine requires that the hamiltonian be supplied as a LCU or as a sparse matrix with oracle entry access. Since
the former is more natural and more common form for most physics settings (in particular many-body problems), we go with the
LCU formulation here.

5 Since the qubitisation method is rather technical and its details are out of the scope of this work, we will use it as a black-box
subroutine in the rest of the paper. Nevertheless, the method is well known, and for readers interested in implementing our algorithm
on quantum hardware or simulators, libraries exist that implement this subroutine for out-of-the-box usage. See for example ref. 51.
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Theorem 1 (gate-based CD). Suppose H(λ) = Hi+f(λ)Hp =
ℓ

i=1 βi(λ)Vi with hermitian Hi and Hp and a scalar
function f(λ) that is 2k + 1 times dierentiable on the interval [λi,λf ], βi(λ) ∈ R and Vi unitary. Let n(λ)⟩ be
the set of its instantaneous eigenstates. Suppose the spectrum of H(λ) around an eigenstate n(λ)⟩ has a gap of at

least ∆n on the entire interval. Let U(λf ,λi) =


n n(λf)⟩⟨n(λi). Dene γp = (
√
2∆

−32
n ∥∂λH∥12n,1 ∥∂p

λH∥∞,∞)1p,

p∗ = argmax1≤p≤2k+1(ϵ
−12pγp) and Λ̃ = ϵ−12p∗

γp∗ . Furthermore, let ϵ > 0, q ∈ N>0 and suppose that

(a) ϵ ≤ min[(910)(53)kγp∗(λf − λi)]
1− 1

2p∗+1 , 1;

(b) ∥∂λH∥n,1 ≥ 3−2(q+1)3∆nϵ
13;

(c) minλ∈[λi,λf ] ∥H(λ)∥ ≥ ∆
32
n ϵ12∥∂λH∥−12

n,1 .

Then there exists a quantum algorithm Ũ(λf ,λi) such that

∥(U(λf ,λi)− Ũ(λf ,λi))n(λi)⟩∥ ≤ O(ϵ) (48)

which can be implemented with

Õ


25

3

k

k(Λδλ)1+
1
2k

∥∂λH∥1+
1
4k+ 3

2(q+1)

n,1

ϵ1+
3
4k+ 3

2(q+1)∆
3+ 3

4k+ 3
2(q+1)

n

∥β∥1,∞


(49)

quantum gates, where ∥β∥1,∞ = maxλ∈[λi,λf ]

ℓ
i=1 βi(λ) and Λ = max1≤p≤2k+1 ∥∂p

λH∥1p∞,∞.

Proof sketch. Let Ũk,r be as in lemma 4; assumptions (a)–(c) serve to fulll the conditions of lemmas 3 and 4 so

that, by a triangle inequality, ∥(U(λf ,λi) − Ũk,r(λf ,λi))n(λi)⟩∥ ∈ O(ϵ) provided that η and a are set as in lemma

2. To nalise the proof, we must determine how Ũk,r is decomposed into elementary quantum gates to precision

ϵ (in spectral norm) and how many are needed. Since Ũk,r is a sequence of alternating exponentials of the form
e−iHθ and e−i∂λHθ, we only need to count the number of such exponentials and apply the standard qubitisation
result mentioned earlier. Carrying out this counting and identifying the dominant terms yields

gate complexity ∈ Õ

ℓ5k−1rM(q + 1)


(50)

where M and q are the number of subintervals and interpolation points in the integral approximation, as before.
We note that the dependence on the precision ϵ is logarithmic and has been absorbed into the Õ( · · · ) notation.

Inserting the values for M from lemma 3 (eq. 34) and r from lemma 4 (eq. 45), recognising that Λ̃ ≤ 2η−1Λ and
subsequently inserting η and a from lemma 2 (eq. 25) then lead to the nal result.

We provide the complete proof in appendix E.

V. COMPARISON TO GATE-BASED ADIABATIC COMPUTING

We now return to the matter of comparing counterdiabatic driving to adiabatic computing. The complexity of
AQC is typically quantied by the physical evolution time T which sets the speed at which λ(t) is varied. However,
in the previous sections we have quantied the complexity of CD in terms of the number of digital quantum
operations (quantum gates); as such, physical time, with which the performance of adiabatic computing is typically
quantied, is insucient here since it is not a meaningful quantity in the description of gate-based CD and therefore
leads to an apples-to-oranges comparison. Instead, we will describe the complexity of AQC in the same gate-based
fashion, counting the number of quantum gates with which gate-based AQC can be implemented. In this context,
the standard adiabatic theorems which state bounds on the physical time are still important, since in the end, the
number of quantum gates that is needed for gate-based AQC is mostly determined by the physical time.

Several versions of the adiabatic theorem exist. Nonrigorous, folk versions typically estimate T ∈ Ω(∆−2
n ); but

since we conducted a rigorous complexity analysis of CD, such statements do not suce for a comparison. Rigorous
theorems typically yield a cubic or near-quadratic worst-case scaling in ∆−1

n , though a quadratic dependence may
be obtained [52] if it is assumed that H(λ) belongs to a Gevrey class6. A general result, and, to the best of our
knowledge, the tightest bound in terms of the minimum gap ∆n is due to Reichardt [53]. We quote this result here.

6 A hamiltonian H(λ) belongs to a Gevrey class Gα if ∂λH ̸= 0 ∀λ ∈ [λi,λf ] and there exist constants C,D > 0 such that for all p > 1,
maxλ∈[λi,λf ]

∥∂p
λH(λ)∥ ≤ CDpkαk.
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Lemma 5 (adapted from Reichardt [53]). Let T > 0, and let λ(·) : R → R be a function such that λ(0) = λi and
λ(T ) = λf . Suppose H(λ) is hermitian, gapped and K + 1 times dierentiable in λ on the interval [λi,λf ], with

p ≥ 1. Let U(T, 0) = T exp[−i
 T

0
dtH(λ(t))]. Let n(λi)⟩ be the the n-th instantaneous eigenstate of H(λi), and

n(λf)⟩ = limT→∞ U(T, 0)n(λi)⟩ (i.e. the n-th eigenstate of H(λf)), and assume ∥∂p
λH(λ)∥ ≤ Γ for all s ≤ K + 1.

Then

⟨n(λf)U(T, 0)n(λi)⟩2 ≥ 1− ϵ2 (51)

provided that

T ≥ Ω(ϵ−1K∆−(2+1K)
n Γ1+1K) (52)

where ∆n is the minimum spectral gap around n(λ)⟩ on the interval [λi,λf ].

We proceed to put a bound on the gate complexity of gate-based AQC by combining lemmas 5 and 1. Lemma
1 gives a bound on the number of operator exponentials with which a time evolution in a time interval of given
length can be simulated by a LTS decomposition (cf. section II C). If we assume the hamiltonian is given as a linear

combination of unitaries H(t) =
ℓ

i=1 βi(t)Vi, every exponential is a multi-qubit rotation gate; if required, such
gates can be decomposed into a number of elementary gates (single-qubit rotations, CNOT gates and the like) that
depends only on the locality of the respective unitary Vi (i.e. the number of qubit it acts on nontrivially). We will
consider the maximum locality of these terms as a constant, and as such, in big-O notation, we equate the number
of elementary gates to the number of (time-independent) operator exponentials. The following then gives a bound
on the number of operator exponentials to implement gate-based AQC.

Proposition 1 (gate-based AQC). Let T > 0 as in lemma 5, and let λ(t) be such that λ(0) = λi and λ(T ) = λf . Sup-

pose H(λ(t)) =
ℓ

i=1 βi(λ(t))Vi is hermitian and 2k+1 times dierentiable in t on the interval [0, T ], with βi(λ(t)) ∈
R and Vi unitary. Let n(λ(t))⟩ be the set of its instantaneous eigenstates. Suppose the spectrum of H(λ(t)) around
an eigenstate n(λ(t))⟩ has a gap of at least ∆n on the entire interval. Let U(λf ,λi) =


n n(λf)⟩⟨n(λi). Assume

∥∂p
λH(λ)∥ ≤ Γ for all p ≤ 2k + 1 and T ∈ Θ(ϵ−12k∆

−(2+12k)
n Γ1+12k). Then there exists a gate-based quantum

algorithm Ũ(T, 0) such that

∥(U(λf ,λi)− Ũ(T, 0))n(λi)⟩∥ ≤ O(ϵ) (53)

which can be implemented with

O


ℓ


25

3

k

kΛ1+ 1
2k

Γ(1+ 1
2k )2

ϵ
1
2k (2+ 1

2k )∆
(2+ 1

2k )(1+ 1
2k )

n


(54)

quantum gates, where Λ = max0≤p≤2k ∥∂p
t β∥1(p+1)

1,∞ and ∥∂p
t β∥1,∞ = maxt∈[0,T ]

ℓ
i=1 ∂

p
t βi.

Proof. Let U(T, 0) = T exp[−i
 T

0
dtH(t)] and identify Ũ(T, 0) as a kth-order r-segment LTS decomposition of

U(T, 0). Observe that a rst-order single-segment LTS decomposition Ũ1,1 of U(T, 0) (eq. 17) contains 2ℓ operator

exponentials, and that Ũk,r is a product of 2ℓ5k−1r operator exponentials. Lemma 5 gives the conditions under
which ∥(U(λf ,λi)− U(T, 0))n(λi)⟩∥ ≤ O(ϵ); we use the bound on r from lemma 1, which assures that ∥(U(T, 0)−
Ũ(T, 0))n(λi)⟩∥ ≤ O(ϵ) so that, by a triangle inequality, eq. 53 holds. To use this bound, we rst notice that the

choice Λ = max0≤p≤2k ∥∂p
t β∥1(p+1)

1,∞ is sucient to fulll the requirement of eq. 21 in lemma 1. From lemma 5 we
then insert T to obtain that

O


ℓ


25

3

k

kΛ1+ 1
2k T 1+ 1

2k ϵ−
1
2k


= O


ℓ


25

3

k

kΛ1+ 1
2k

Γ(1+ 1
2k )2

ϵ
1
2k (2+ 1

2k )∆
(2+ 1

2k )(1+ 1
2k )

n


(55)

quantum gates are sucient to guarantee an overall error of at most O(ϵ).

In short, we nd that the physical time T ∈ Θ(ϵ−o(1)∆
−(2+o(1))
n ) leads to a similar gate complexity upper

bound of O(ϵ−o(1)∆
−(2+o(1))
n ).

Besides the bound by Reichardt and the subsequent gate complexity, another result that deserves a mention

is that by Jansen et al. [54]. Their bound is T ≥ Ω

ϵ−1

 λf

λi
dλ ∥∂λH(λ)∥2ωn(λ)

3

for hamiltonians that are twice

dierentiable, where ωn(λ) is the instantaneous gap around the eigenstate n(λ)⟩ of H(λ). At rst glance, this seems
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equivalent to Reichardt’s result for K = 1. However, the authors point out that, at least for unstructured (Grover)
search, the result should not be viewed as an inverse cubic dependence on the mimimum gap. They show that

instead,
 λf

λi
dλωn(λ)

−3 ∈ Θ(∆−2
n ), and that further improvement is achieved by tuning the interpolation function

f(λ) to the instantaneous gap, which leads to a linear scaling in ∆−1
n . Similar results were obtained for the quantum

linear systems problem (QLSP) by Cunningham et al. [55]. Looking at proposition 1, we would therefore also nd
a quadratic or linear inverse gap scaling in the number of quantum gates.

Comparing the Õ(ϵ−(1+o(1))∆
−(3+o(1))
n ) bound from theorem 1 for CD to the Õ(ϵ−o(1)∆

−(2+o(1))
n ) from proposi-

tion 1 for AQC, it appears that there is room for improvement in the analysis of gate-based CD. One such improve-

ment can be easily spotted: in the proof of lemma 2, we determined η from the condition 2η2
 λf

λi
dλ ∥∂λH(λ)∥

ω3
n(λ)

≤
2η2∥∂λH∥∞,1∆

−3
n ≤ ϵ. However, in the same vein as the argument put forward by Jansen et al. [54], the integral

may in certain cases be reduced to Θ(∆−2
n ), which leads to a linear gap dependence η ∈ Θ(ϵ12∆n). Since the gate

complexity of CD depends at most quadratically on η−1 (up to logarithmic factors), we obtain an (almost) inverse
quadratic overall gap scaling instead of inverse cubic. Improving this to linear for problems like unstructured search
is however less straightforward, and likely requires a variable η(λ) throughout the driving, which may be tuned to
the instantaneous gap, instead of a constant η. In principle, one could adopt optimisation schemes to nd good
cuto functions η(λ), in a way similar to optimisation of scheduling functions [56]. However, given the diculty of
analysing optimisation methods, this would add a layer of uncertainty regarding the computational complexity of
the complete procedure.

VI. CONCLUSION

In this work, we have presented what is, to the best of our knowledge, the rst fully gate-based quantum
algorithm for counterdiabatic driving. This algorithm is constructed from the regularised truncated adiabatic
gauge potential (eq. 23). By discretising the integral form of this AGP approximation, it is fed into a Lie-Trotter-
Suzuki formula to produce a gate-based algorithm that may be run on a quantum computer. We have shown that

this algorithm, starting from an initial eigenstate n(λi)⟩, can be run with Õ(ϵ−(1+o(1))∆
−(3+o(1))
n )) quantum gates

in the worst case in order to achieve a delity at least 1− ϵ2 with the target eigenstate n(λf)⟩ (theorem 1). Here,
∆n is the minimum energy gap around the instantaneous eigenstate n(λ)⟩. The o(1) scaling is an inverse linear
dependence on the order k of the LTS formula (see eqs. 40 and 18) and the degree q of the Lagrange interpolation
polynomial used in the discretisation of the integral form. We remark that q can be made large cheaply using purely
classical precomputation of the quadrature weights.

This scaling is almost equivalent to the O(∆−(3+o(1))ϵ−(1+o(1))) gate complexity bound that follows from
applying LTS simulation to the worst-case result of Jansen et al. [54] (up to logarithmic factors), but is polynomially
worse than the O(∆−(2+o(1))ϵ−o(1)) bound that results in a similary way from the scaling given by Reichardt [53].

However, an inverse quadratic gap scaling Õ(∆−(2+o(1))ϵ−1+o(1)) may be achieved with our gate-based CD method
in certain cases such as unstructured (Grover) search and the QLSP problem.

All in all, CD remains an interesting approach for quantum state preparation. After all, there may exist more
ecient gate-based CD algorithms or better complexity bounds. And while CD cannot be generally faster than
AQC, at least in terms of gap scaling – this would violate Grover optimality – our work opens up a new formalism
for nding gate complexity upper bounds based on an approximation of the AGP.

Furthermore, CD can still be valuable in settings where quantum resources are scarce. For example, in noisy
setups where the ability to work on small timescales is paramount to countering noise, adiabaticity is not available;
achieving satisfactory delities then necessitates the use of some kind of classically precomputed shortcut eld. We
also remark that the algorithm presented in this work is intended as a fault-tolerant routine, whose implementation
may remain out of reach for the near future, especially for settings with small minimum gaps which lead to deep
circuits.

Lastly, we remark that, in order to obtain the presented gate complexity of CD, it turned out crucial to tailor
the AGP approximation to the eigenstate of interest, through an appropriately chosen nonzero gap cuto. This
insight that it is unnecessary to suppress all transitions in the spectrum allowed us to reduce the complexity down
from the dimensionality of the operator space to a scaling in the minimum gap around that specic eigenstate. While
this idea has been recognised [7, 57], it was not taken into account in the currently most prevalent algorithmic CD
approaches [13, 22–24]. As such, we would like to stress its importance once again, and hope to see it replicated in
future work on counterdiabatic driving.
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Appendix A: Proof of lemma 2

Proof. We rst bound the unitary error by an error in the AGP:

∥(U(λf ,λi)− Uη,a(λf ,λi))n(λi)⟩∥ = ∥(U†
η,a(λf ,λi)U(λf ,λi)− I)n(λi)⟩∥

=


 λf

λi

dλ
d

dλ
(U†

η,a(λ,λi)U(λ,λi))n(λi)⟩


=


 λf

λi

dλU†
η,a(λ,λi)[A(λ)− Aη,a(λ)]U(λ,λi)n(λi)⟩



≤
 λf

λi

dλ ∥(A(λ)− Aη,a(λ))n(λ)⟩∥ (A1)

where the last inequality follows from a triangle inequality on the integral. To evaluate the AGP error, we make
use of the energy eigenbasis expansion (omitting the λ argument for brevity and using that ⟨k∂λk⟩ = 0)

e−iHτ∂λHeiHτ =


k

∂λEkk⟩⟨k+


k;m ̸=k

e−i(Em−Ek)τ m⟩⟨m∂λHk⟩⟨k (A2)

Since e−η|τ | is symmetric in τ , it follows that7



k

1

2

 ∞

−∞
dτ sgn(τ)(1− e−η|τ |1τ∈[−a,a])∂λEkk⟩⟨k = 0 (A3)

Furthermore, for any eigenstate n⟩,


k
m ̸=k

1

2

 ∞

−∞
dτ sgn(τ)(1− e−η|τ |1τ∈[−a,a])e

−i(Em−Ek)τ m⟩⟨m∂λHk⟩⟨kn⟩

= −i


m ̸=n

cη,a(ωmn)⟨m∂λHn⟩m⟩ (A4)

where

cη,a(ω) :=
1

ω
− ω

ω2 + η2
+ e−aη cos(aω)ω + sin(aω)η

ω2 + η2
 (A5)

Observe that

cη,a(ω) ≤ gη,a(ω) :=
η2

ω3 + e−ηa


1

ω +
1

η


(A6)

and that gη,a(ω) is a decreasing function of ω; therefore we may give the upper bound

 λf

λi

dλ ∥(A(λ)− Aη(λ))n(λ)⟩∥ =

 λf

λi

dλ



m ̸=n

cη,a(ωmn(λ))2⟨n(λ)∂λH(λ)m(λ)⟩2
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 λf

λi

dλ max
m

gη,a(ωmn(λ))
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m ̸=n

⟨n(λ)∂λH(λ)m(λ)⟩2

≤
 λf

λi

dλ max
m

gη,a(ωmn(λ))∥∂λH(λ)∥

≤ ∥∂λH∥n,1gη,a(min
m

min
λ

ωmn(λ))

= ∥∂λH∥n,1gη,a(∆n) (A7)

7 We abuse notation in eqs. A3 and A4 since
∞
−∞ dτ sgn τ does not converge. The implied meaning is limµ→0

∞
−∞ dτ e−µ|τ | sgn τ .
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The requirement that this error be at most ϵ is then satised by setting

η = ∆32
n (ϵ2)12∥∂λH∥−12

n,1 ⇒ η2

∆3
n

∥∂λH∥n,1 ≤ ϵ

2
(A8)

and

a =
1

η
log


∆n + η

∆nηϵ2
∥∂λH∥n,1


⇒ e−ηa


1

∆n
+

1

η


∥∂λH∥n,1 ≤ ϵ

2
(A9)

which proves the lemma.

Appendix B: Lagrange interpolation and scalar quadrature

Scalar functions may be approximated as weighted sums through Lagrange interpolation. The idea of this
interpolation method is to approximate a function f(x) in some interval [a, b] by some polynomial pq(τ ) of degree
at most q such that the interpolation condition

f(xα) = pq(xα), x0, · · · , xq ∈ [a, b] (B1)

is satised for a set of q + 1 points in [a, b]. It can be shown that such a polynomial is unique, and is given by

pq(x) =

q

α=0

f(xα)lα(x) (B2)

where

lα(x) =


0≤β≤q
β ̸=α

x− xβ

xα − xβ
(B3)

are the Lagrange basis polynomials. It is straightforward to check that lα(xβ) = δαβ , which also veries the
interpolation condition (eq. B1). Clearly, if f itself is a polynomial of degree at most q, then pq = f since pq is unique,
and the interpolation is exact. For other functions, it may be shown [58] that the remainder rq(x) = f(x) − pq(x)
at any point in [a, b] is given by

rq(x) = l̃q(x)
f (q+1)(ξ)

(q + 1)!
(B4)

for some ξ ∈ [a, b], where l̃q(x) =
q

α=0(x− xα).

The integral
 b

a
f(x)dx is then approximated as

 b

a

f(x)dx ≈
 b

a

pq(x)dx =

q

a=0

f(xα)

 b

a

lα(x)dx

  
=wα

 (B5)

Note that
q

α=0 wα = b−a; this can be seen by taking f(x) = 1, in which case the approximation is exact (because
f is a polynomial of degree zero). For general functions, the error is

R =

 b

a

rq(x)dx =
f (q+1)(ξ)

(q + 1)!

 b

a

l̃q(x)dx (B6)

Clearly, R is bounded above by

R ≤ (b− a)q+2 maxξ∈[a,b] f (q+1)(ξ)
(q + 1)!

 (B7)
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Appendix C: Proof of lemma 3

Proof. As before, we start from the observation that

∥(Uη,a(λf ,λi)− UM,q
η,a (λf ,λi))n(λi)⟩∥ ≤

 λf

λi

dλ ∥Aη,a(λ)− AM,q
η,a (λ)∥n(λ) (C1)

By a triangle inequality, we have

∥Aη,a − AM,q
η,a ∥n ≤ 1

2

M

κ=1


 τκ

τκ−1

dτ e−ητ ∂λH(τ)−
q

α=0

wκ,α e
−ητκ,α∂λH(τκ,α)


n

+


 τκ

τκ−1

dτ e−ητ ∂λH(−τ)−
q

α=0

wκ,α e
−ητκ,α∂λH(−τκ,α)


n


 (C2)

The rst term on the right-hand side of eq. C2 can be upper bounded by expanding in the eigenbasis of
H and applying element-wise interpolation. For each vector element e−ητ ⟨m∂λH(τ)n⟩, which is a scalar
function of τ , we can then use the error bound in eq. B7. This works for our vector-valued case because

argmaxσm∈[τκ−1,τκ]

⟨m dq+1

dτq+1 ∂λ(e
−ητH(τ))τ=σm

n⟩
 is identical for every m. We obtain


 τκ

τκ−1

dτ e−ητ ∂λH(τ)−
q

α=0

wκ,α e
−ητκ,α∂λH(τκ,α)


n

=



m


 τκ

τκ−1

dτ e−ητ ⟨m∂λH(τ )n⟩ −
q

α=0

wκ,α e
−ητκ,α⟨m∂λH(τκ,α)n⟩


212

≤ δτ q+2
κ

(q + 1)!



m

max
σm∈[τκ−1,τκ]

⟨m d
q+1

dτ q+1
(e−ητ∂λH(τ ))


τ=σm

n⟩

212

=
δτ q+2

κ

(q + 1)!
e−ητκ−1


q+1

s=0


q + 1

s


(−η)s[−iH, [−iH, · · · , [−iH,  

q+1−s

∂λH] · · · ]]

n

≤ δτ q+2
κ

(q + 1)!
e−ητκ−1

q+1

s=0


q + 1

s


ηs(2∥H∥)q+1−s∥∂λH∥n

=
δτ q+2

κ

(q + 1)!
e−ητκ−1(η + 2∥H∥)q+1∥∂λH∥n (C3)

The calculation for the τ ↔ −τ term in eq. C2 is identical; therefore

∥Aη,a(λ)− AM,q
η,a (λ)∥n(λ) ≤ Qq

n(λ)

M

κ=1

δτ q+2
κ e−ητκ−1 (C4)

where we have dened

Qq
n =

(η + 2∥H(λ)∥)q+1∥∂λH(λ)∥n(λ)
(q + 1)!

 (C5)

We will now choose the τκ, so as to ultimately derive the required value of M . Instead of using constant intervals
δτκ, it should be intuitively benecial to pick δτκ small for those κ where e−ητ is large, and pick δτκ large when

e−ητ is small. An ansatz that makes every term in the sum
M

κ=1 δτ
q+2
κ e−ητκ−1 approximately constant can be

found by regarding τ(κ) as a continuous function of κ and solving the dierential equation

dτ

dκ
e−ητ(q+2) = ζ (C6)

for some positive constant ζ, subject to the boundary condition τ(0) = 0. This dierential equation is solved by

τ(κ) = − q+2
η log(1− ηκζ

q+2 ); the condition τ(M) = a then implies

ζ =
q + 2

ηM
(1− e−ηa(q+2)) ≤ a

M
(C7)
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so we obtain the solution

τ(κ) = −q + 2

η
log


1− κ

M
(1− e−ηa(q+2))


 (C8)

Each term in the sum then contributes approximately ζq+2. To make this exact, we Taylor expand τ(κ) about κ−1
to obtain8

δτκe
−ητκ−1(q+2) − e−ητκ−1(q+2) dτ

dκ
(κ− 1)

  
=ζ

= e−ητκ−1(q+2) 1

2

d2τ

dκ2
(κ) (for some κ ∈ [κ− 1,κ])

=
q + 2

2η
e−ητκ−1(q+2)


1− e−ηa(q+2)

M − (1− e−ηa(q+2))κ

2

≤ q + 2

2η


1− κ− 1

M
(1− e−ηa(q+2))

 (1− e−ηa(q+2))

M − (1− e−ηa(q+2))κ

2

=
q + 2

2Mη


[1− e−ηa(q+2)]2

[M − (1− e−ηa(q+2))κ]
+

[1− e−ηa(q+2)]3

[M − (1− e−ηa(q+2))κ]2



≤ (q + 2)[1− e−ηa(q+2)]

2Mη


eηa(q+2) − 1

M
+

eηa(q+2) − 1

M

2


≤ (q + 2)[1− e−ηa(q+2)]

Mη
= ζ if M ≥ eηa(q+2) − 1 (C9)

In the end, we nd that the interpolation error obeys

∥Aη,a − AM,q
η,a ∥n ≤ M

2a
M

q+2

Qq
n =

(2a)q+2

M q+1

(η + 2∥H∥)q+1∥∂λH∥n
(q + 1)!

(C10)

implying that

∥(Uη,a(λf ,λi)− UM,q
η,a (λf ,λi))n(λi)⟩∥ ≤ (2a)q+2

M q+1(q + 1)!

 λf

λi

dλ (η + 2∥H(λ)∥∞)q+1∥∂λH(λ)∥n(λ) (C11)

We simplify the expression above by using the assumption that η ≤ minλ ∥H(λ)∥, and by using Hölder’s inequality9:

∥(Uη,a(λf ,λi)− UM,q
η,a (λf ,λi))n(λi)⟩∥ ≤ 3q+1(2a)q+2

M q+1(q + 1)!

 λf

λi

dλ ∥H(λ)∥q+1
∞ ∥∂λH(λ)∥n(λ)

≤ 3q+1(2a)q+2

M q+1(q + 1)!
∥H∥q+1

∞,∞∥∂λH(λ)∥n,1 (C12)

To make this error at most ϵ, it is sucient to take

M ≥ max


3e(2a)1+1(q+1)

ϵ1(q+1)(q + 1)
∥H∥∞,∞∥∂λH∥1(q+1)

n,1 , eηa(q+2) − 1


(C13)

where we used Stirling’s approximation to rewrite ((q + 1)!)−(q+1) ≤ e1−1(q+1)(q + 1)−1 ≤ e(q + 1)−1.

Appendix D: Proof of lemma 4

Proof. We merely need to bound the sum
M

κ=−M

q
α=0

 ∂p

∂λpCκ,α(λ)
 to determine the Λ̃ quantity from lemma

1. Clearly,

M

κ=−M

q

α=0


∂p

∂λp
Cκ(λ)

 =
1

2
∥∂p+1

λ H(λ)∥
M

κ=−M

q

α=0

δτκwκ,α e−η|τκ,α| (D1)

8 To be precise, we Taylor expand τ(x) about x = κ− 1 with quadratic Lagrange remainder, and this expansion is then evaluated at κ.
9 Dene the integral norm ∥f∥p =

  b
a dx |f(x)|p

1/p
with ∥f∥∞ = supx∈[a,b] |f(x)| and let f, g be such that ∥f∥p, ∥g∥p and ∥fg∥p

are bounded for 1 ≤ p ≤ ∞; then Hölder’s inequality states that ∥fg∥1 ≤ ∥f∥p∥g∥p′ if 1/p+ 1/p′ = 1. We choose p = ∞ and p′ = 1.
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We see that the sum on the right-hand side of this equation approximates the integral
 a

−a
dτ e−η|τ |. Considering

only the positive half of the integration range, i.e. κ > 0, we have

M

κ=1

q

α=0

δτκwκ,αe
−ητκ,α =

M

κ=1

  τκ

τκ−1

dτ e−ητ +Rκ


=

 a

0

dτ e−ητ +R (D2)

where Rκ ∈ R, R =
M

κ=1 Rκ and, much like in the proof of lemma 3,

Rκ ≤
ηq+1δτ q+2

κ

(q + 1)!
e−ητκ ≤ ηq+1

(q + 1)!

2a
M

q+2

 (D3)

but since the conditions of lemma 3 are assumed satised, we have

3q+1(2a)q+2

M q+1(q + 1)!
∥H∥q+1

∞,∞∥∂λH∥n,1 ≤ ϵ ≤ 1 (D4)

as well as η ≤ minλ ∥H(λ)∥, so that

R ≤ ηq+1(2a)q+2

M q+1(q + 1)!
≤ ηq+1ϵ

3q+1∥H∥q+1
∞,∞∥∂λH∥n,1

≤ 1

3q+1∥∂λH∥n,1
 (D5)

The premise that ∥∂λH∥n,1 ≥ 3−(q+1) η
1−e−ηa then directly implies that R ≤ 1−e−ηa

η . The calculation for κ < 0 is

identical, and we nally have

M

κ=−M

q

α=0


∂p

∂λp
Cκ(λ)

 ≤ 2(1− e−ηa)

η
∥∂p+1

λ H(λ)∥ (D6)

Therefore the condition on Λ̃ in eq. 43 is sucient to fulll the requirements of lemma 1, and the result follows
immediately.

Appendix E: Proof of theorem 1

Proof. Consider Ũk,r(λf ,λi) as in lemma 4, as well as Uη,a(λf ,λi) for η, a > 0 as in lemma 2 and UM,q
η,a forM ∈ N>0 as

in lemma 3. Let Ũ
sim

k,r be the simulated version of Ũk,r, that is a version of Ũk,r which replaces all (path-independent)
operator exponentials with their (qubitisation) simulations. Clearly, if

(i) ∥(Uη,a(λf ,λi)− U(λf ,λi))n(λi)⟩∥ ≤ O(ϵ),

(ii) ∥(UM,q
η,a (λf ,λi)− Uη,a(λf ,λi))n(λi)⟩∥ ≤ O(ϵ),

(iii) ∥(Ũk,r(λf ,λi)− UM,q
η,a (λf ,λi))n(λi)⟩∥ ≤ O(ϵ) and

(iv) ∥(Ũsim

k,r (λf ,λi)− Ũk,r(λf ,λi))n(λi)⟩∥ ≤ O(ϵ)

then ∥(Ũk,r(λf ,λi) − U(λf ,λi))n(λi)⟩∥ ≤ O(ϵ) by a triangle inequality. If we set η = 1√
2
∆

32
n ϵ12∥∂λH∥−12

n,1

and a = 1
η log


2 ∆n+η

∆nϵη
∥∂λH∥n,1


as in eq. 25, then by lemma 2, condition (i) is satised. By assumption (c),

minλ∈[λi,λf ] ∥H(λ)∥ ≥ η, so according to lemma 3, condition (ii) can be made true by setting parameters τκ, wκ,α
and M as in eqs. 31, 32 and 34. Furthermore, assumption (b) implies that ∥∂λH∥n,1 ≥ 3−(q+1)η ≥ 3−(q+1) η

1−e−ηa ;

assumption (a) implies that ϵ ≤ (910)(53)kΛ̃(λf − λi); and the choice of γp and Λ̃ ensures that eq. 43 holds.
Therefore, by lemma 4, condition (iii) is fullled if we set r according to eq. 45.

What remains is to calculate the number of quantum gates required to simulate Ũk,r(λf ,λi) to precision ϵ

– that is, implement Ũ
sim

k,r (λf ,λi) such that condition (iv) is fullled – given the settings of η, a, M , q, k and
r. For this purpose, we write Cϵ(·) for the gate complexity of simulating a unitary to precision ϵ in spectral
norm. We rst compute the gate complexity for the simulation of the rst-order, single-segment decomposition
Ũ1,1(λf ,λi), as given in eq. 40, and subsequently extend this to kth-order, r-segment formulas Ũk,r(λf ,λi). For this
purpose, we conveniently relabel the κ,α indices with an additional subscript index i = 1,    ,M(q+1), as follows:
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(κ1,α1) = (−M, 0), (κi+1,αi+1) = (κi,αi + 1) if α < q and (κi + 1, 0) otherwise. Now, an important observation
is that the exp[±iHτκ,α] exponentials surrounding each exp[−iBκ,αδλ] (see eqs. 39–41) in the product formula
partially cancel out, since

exp[−iCκi,αi
δλ] exp[−iCκi+1,αi+1

δλ]

= exp[−iHτκi,αi
] exp[−iBκi,αi

δλ] exp[iHτκi,αi
] exp[−iHτκi+1,αi+1

] exp[−iBκi+1,αi+1
δλ] exp[iHτκi+1,αi+1

]

= exp[−iHτκi,αi
] exp[−iBκi,αi

δλ] exp[−iH(τκi+1,αi+1
− τκi,αi

)] exp[−iBκi+1,αi+1
δλ] exp[iHτκi+1,αi+1

] (E1)

As such, we nd that the task of simulating Ũ1,1(λf ,λi) to precision ϵ has gate complexity (taking δλ = λf − λi)

Cϵ(Ũ1,1(λf ,λi)) = 2

M(q+1)

i=1

Cϵ̃(exp[−iBκi,αi
(λi + δλ2)δλ2])

+

M(q+1)−1

i=1

Cϵ̃(exp[−iH(λi + δλ2)(τκi+1,αi+1
− τκi,αi

)]

+ Cϵ̃(exp[−iHτ−M,0]) + C(exp[−iHτM,q])



≤
M

κ=−M

q

α=0

O


1

2
e−η|τκ,α|wκ,α δτκ∥∂λβ(λi + δλ2)∥1δλ+ log

1

ϵ̃


O(ℓ)

+

M(q+1)−1

i=1

O


∥β(λi + δλ2)∥1(τκi+1,αi+1

− τκi,αi
) + log

1

ϵ̃


O(ℓ)

+ 2O


∥β(λi + δλ2)∥1a+

1

ϵ̃


O(ℓ)

≤ O


1− e−ηa

η
∥∂λβ∥1,∞ δλ+ ∥β∥1,∞a+M(q + 1) log

1

ϵ̃


O(ℓ) (E2)

where ϵ̃ will be specied shortly, and we used the fact that 1
2


κ,α e−η|τκ,α|wκ,αδτκ ≤ 2 1−e−ηa

η from the proof of

lemma 4. Now, to generalise this to Ũk,r, observe that a kth-order LTS formula is a product of 5k−1 rst-order
formulas and that an r-segment formula is a product of r single-segment formulas. At the same time, the integration
interval δλ is divided into smaller subintervals such that the sum of the lengths of the subintervals over all rst-
order, single-segment factors is exactly δλ. Therefore, only the second and the third term in the last line of eq. E2
grow with k and r, and we obtain

Cϵ(Ũk,r(λf ,λi)) ≤ O


1− e−ηa

η
∥∂λβ∥1,∞ δλ+ 5k−1r∥β∥1,∞a+ 5k−1rM(q + 1) log

1

ϵ̃


O(ℓ) (E3)

We will now specify ϵ̃. Evidently, Ũk,r(λf ,λi) is a product of O(5k−1rM(q + 1)) (time-independent) operator
exponentials. For this product to be simulated to precision O(ϵ) in operator norm, we require all constituent
operator exponentials to be simulated to precision O(ϵ(5k−1rM(q + 1))), since errors (in the sense of spectral
distance) add up at most linearly by the telescoping property of the spectral norm. This means that we must set
ϵ̃ = ϵ(5k−1rM(q + 1)) to ensure that condition (iv) is satised.

We proceed to insert the values for M from lemma 3 (eq. 34) and r from lemma 4 (eq. 45). Since r grows

superlinearly with Λ̃, Λ̃ grows with η−1 and M grows superlinearly with a, the third term in eq. E3 is dominant in
the regime of small η and large a; therefore

Cϵ(Ũk,r(λf ,λi)) ≤ O


ℓ5k−1rM(q + 1) log

1

ϵ̃



≤ Õ


ℓ


25

3

k

k(Λ̃δλ)1+12k a1+1(q+1)

ϵ12k+1(q+1)
∥β∥1,∞∥∂λH∥1(q+1)

n,1


 (E4)

Note that the log 1ϵ̃ has been absorbed into the Õ( · · · ) notation, since the gate complexity scales polynomially in

1ϵ. Lastly, we insert a ∈ Õ(η−1) with the previously specied expression η = 1√
2
∆

32
n ϵ12∥∂λH∥−12

n,1 to nd

Cϵ(Ũk,r(λf ,λi)) ≤ Õ


ℓ


25

3

k

k(Λ̃δλ)1+
1
2k

∥∂λH∥
1
2+

3
2(q+1)

n,1

ϵ
1
2+

1
2k+ 3

2(q+1)∆
3
2+

3
2(q+1)

n

∥β∥1,∞

 (E5)
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Finally, we observe that Λ̃ grows at least linearly in η−1, and that Λ̃ ≤ 2η−1Λ. Inserting this inequality into eq.
E5, we obtain the upper bound

Cϵ(Ũk,r(λf ,λi)) ≤ Õ


ℓ


25

3

k

k(Λδλ)1+
1
2k

∥∂λH∥1+
1
4k+ 3

2(q+1)

n,1

ϵ1+
3
4k+ 3

2(q+1)∆
3+ 3

4k+ 3
2(q+1)

n

∥β∥1,∞


(E6)

which is exactly eq. 49. The theorem is thus proved.

Appendix F: Sampling approach to gate-based CD

In this appendix, we describe an alternative, randomised method to gate-based counterdiabatic driving. It is
based on the qDRIFT algorithm [41, 59], which is a sampling protocol for time-dependent hamiltonian simulation.
As in trotterisation-based CD, λ space is discretised, in the sense that we approximate Uη,a as a product of unitaries

Uη,a(λf ,λi) ≈ Ũη,a(λf ,λi) =

r

j=1

Ũη,a(λj ,λj−1) (F1)

for a given partition of the interval [λi,λf ] into r subintervals [λj−1,λj ] such that λ0 = λi and λr = λf . However,

the Ũ(λj ,λj−1) are no longer deterministically constructed, but instead sampled according to an appropriate distri-

bution. In other words, randomised evolution is provided by a channel
r

j=1 Ũ(λj ,λj−1). The idea of randomised

gate-based CD is rooted in a Monte Carlo evaluation of the time integral expression for Aη,a(λj). In this setting,
one would sample

Bη,a(λ, τ) = e−iH(λ)τ


(1− e−ηa) sgn τ

η
∂λH(λ)


eiH(λ)τ , P (τ ) =


η

2(1−e−ηa)e
−η|τ | τ  ≤ a

0 else
(F2)

so that the expected value of Bη,a(λ, τ) over τ equals Aη,a(λ). The procedure for randomised evolution is then as
follows: for each subinterval [λj−1,λj ], we sample a λ ∈ [λj−1,λj ] according to a distribution p(λ) (which will be

specied later) and a τ ∈ [−a, a] from the distribution P (τ ) dened above, and apply a unitary Ũη,a(λ, τ) in each
case. This gives rise to the channel

Ũη,a(λj ,λj−1)(ρ) =

 λj

λj−1

dλp(λ)

 ∞

−∞
dτP (τ ) Ũη,a(λ, τ)ρŨ

†
η,a(λ, τ) (F3)

The intuitive choice of Ũη,a(λ, τ), which will be used in the algorithm, is then as follows:

Ũη,a(λ, τ) = exp[−iBη,a(λ, τ)p(λ)]

= exp[−iH(λ)τ ] exp


− i

(1− e−ηa) sgn τ

p(λ)η
∂λH(λ)


exp[iH(λ)τ ] (F4)

We will now prove a bound on the number of quantum gates that is required to upper bound the resulting error in
terms of the trace distance between the constructed channel and exact evolution. As in theorem 1, we assume that

the hamiltonian H can be decomposed as a linear combination of nitely many unitaries, H(λ) =
ℓ

j=1 βj(λ)Vj

(this assumption is always fullled in nite-dimensional Hilbert spaces).

Theorem 2 (randomised gate-based CD). Suppose H(λ) =
ℓ

i=1 βi(λ)Vi is hermitian and dierentiable on the

interval [λi,λf ]. Dene Ũη,a(λj ,λj−1) and Ũη,a(λ, τ) as in eqs. F3 and F4 respectively, for any partition λi = λ0 <

· · · < λr = λf of [λi,λf ]. Let U(λf ,λi) = T exp[−i
 λf

λi
dλA(λ)] and U(λf ,λi)(ρ) = U(λf ,λi)ρU†(λf ,λi), and let

ρn(λ) = n(λ)⟩⟨n(λ). Then there exists a partition and a distribution p(λ) such that
U(λf ,λi)(ρn(λi))−

r

j=1

Ũη,a(λj ,λj−1)(ρn(λi))


1

≤ ϵ (F5)

and the channel
r

j=1 Ũη,a(λj ,λj−1) can be implemented with

Õ


∆−92

n ϵ−52∥∂λH∥72∞,1ℓ


max
λ

∥β(λ)∥1 + ∥∂λH∥∞,1 max
λ

∥∂λβ(λ)∥1
∥∂λH(λ)∥


(F6)

quantum gates.
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Proof. Dene Uη,a(λf ,λi)(ρ) = Uη,a(λf ,λi)ρU†
η,a(λf ,λi) where Uη,a(λf ,λi) = T exp[−i

 λf

λi
dλAη,a(λ)] and Aη,a(λ)

is the regularised truncated AGP as in 23. From lemma 2, it immediately follows that ∥U(λf ,λi)(ρn(λi)) −
Uη,a(λf ,λi)(ρn(λi))∥1 ≤ ϵ if we set η, a as in eq. 25. We are therefore interested in upper bounding the error

Uη,a(λf ,λi)(ρn(λi))−
r

j=1

Ũη,a(λj ,λj−1)(ρn(λi))


1

 (F7)

This error may be telescoped into multiple short-evolution errors:

(eq. F7) ≤
r

j=1

∥Uη,a(λj ,λj−1)(ρn(λj−1))− Ũη,a(λj ,λj−1)(ρn(λj−1))∥1 (F8)

We will now bound each term following a similar strategy to that of Berry et al. [41]. First we dene scaled versions

of Uη,a and Ũη,a:

Uη,a,s(λj ,λj−1)(ρ) = Uη,a,s(λj ,λj−1)ρU
†
η,a,s(λj ,λj−1),

Uη,a,s(λj ,λj−1) = P exp


− i

 λj

λj−1

dλsAη,a(λ)


; (F9)

Ũη,a,s(λj ,λj−1)(ρ) =

 λj

λj−1

dλp(λ)

 ∞

−∞
dτP (τ ) Ũη,a,s(λ, τ)ρŨ

†
η,a,s(λ, τ),

Ũη,a,s(λ, τ) = exp[−isBη(λ, τ)p(λ)] (F10)

Since Uη,0(ρ) = Ũη,0(ρ) = ρ, we may write (dropping the λj ,λj−1 arguments for legibility)

∥Uη,a(ρn)− Ũη,a(ρn)∥1 =
Uη,1(ρn)− Uη,0(ρn)


−


Ũη,1(ρn)− Ũη,0(ρn)


1

=


 1

0

ds
d

ds


Uη,a,s(ρn)− Ũη,a,s(ρn)

 (F11)

For the derivatives in the last line, we use lemma 6 from Berry et al. [41],

d

ds
Uη,a,s(λj ,λj−1) =

 λj

λj−1

dλUη,a,s(λj ,λ)[−iAη,a(λ)]Uη,a,s(λ,λj−1), (F12)

and

d

ds
Ũη,a,s(λj ,λj−1)(ρ) =

 λj

λj−1

dλp(λ)

 a

−a

dτ
η

2(1− e−ηa)
e−η|τ |

× e−iH(λ)τ e−i (1−e−ηa)s sgn τ ∂λH(λ)p(λ)η

×

−i

(1− e−ηa) sgn τ

p(λ)η
∂λH(λ), eiH(λ)τ ρe−iH(λ)τ



× ei (1−e−ηa)s sgn τ ∂λH(λ)p(λ)ηeiH(λ)τ  (F13)

We observe now that the derivatives of Uη,a,s and Ũη,a,s agree at s = 0:

d

ds
Uη,a,s(λj ,λj−1)(ρ)


s=0

=

 λj

λj−1

dλ [−iAη,a(λ), ρ] =
d

ds
Ũη,a,s(λj ,λj−1)(ρ)


s=0

; (F14)

hence, we may invoke the fundamental theorem of calculus a second time to express

∥Uη,a(ρn)− Ũη,a(ρn)∥1 =


 1

0

ds

 s

0

dv
d2

dv2

Uη,a,v(ρn)− Ũη,a,v(ρn)

 (F15)
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We proceed to bound this error following Berry et al. [41, proof of theorem 5]:

∥Uη,a(ρ)− Ũη,a(ρ)∥1 ≤
 1

0

ds

 s

0

dv

 d2

dv2
Uη,a,v ρU

†
η,a,v


1
+ 2

 d

dv
Uη,a,v ρ

d

dv
U†

η,a,v


1
+

Uη,a,v ρ
d2

dv2
U†

η,a,v


1

+

 λj

λj−1

dλ p(λ)

 ∞

−∞
dτ P (τ )

×


−i

(1− e−ηa) sgn τ

p(λ)η
∂λH(λ),


−i

(1− e−ηa) sgn τ

p(λ)η
∂λH(λ), eiH(λ)τ ρe−iH(λ)τ


1



≤
 1

0

ds

 s

0

dv


4

 λj

λj−1

dλ ∥Aη,a(λ)∥
2

+ 4

 λj

λj−1

dλ p(λ)


(1− e−ηa)∥∂λH(λ)∥

p(λ)η

2


(F16)

Now from the denition of Aη,a, we nd

 λf

λi

dλ ∥Aη,a∥ ≤
 λf

λi

dλ

 a

−a

dτ
1

2
e−η|τ |∥∂λH∥ =

1− e−ηa

η
∥∂λH∥∞,1 (F17)

where ∥∂λH∥∞,1 =
 λf

λi
dλ∥∂λH(λ)∥; if we now conveniently choose

p(λ) =
∥∂λH(λ)∥
∥∂λH∥∞,1

(F18)

then the last line of eq. F16 reduces to

∥Uη,a(λj ,λj−1)(ρ)− Ũη,a(λj ,λj−1)(ρ)∥1 ≤ 4(1− e−ηa)2

η2
∥∂λH∥2∞,1 (F19)

Lastly, we can directly follow the proof of theorem 7 from Berry et al. [41] to show that

r ≥ 4(1− e−ηa)2

η2ϵ
∥∂λH∥2∞,1 (F20)

is sucient to guarantee that the error from eq. F7 satises

Uη,a(λf ,λi)(ρn(λi))−
r

j=1

Ũη,a(λj ,λj−1)(ρn(λi))


1

≤ ϵ (F21)

We thus nd that one should sample and apply a unitary Ũη,a ⌈r⌉ times, with r given by eq. F20, to achieve a
total error of at most 2ϵ. But each of these unitaries will have to be simulated, which can be done through known
hamiltonian simulation techniques. With qubitisation [45], one can simulate an operator exponential exp[−iHθ] of

a hamiltonian H =
ℓ

j=1 βjVj to error ϵ with O([∥β∥1 θ+ log 1ϵ]ℓ) elementary gates. For the simulation error of

a product of r unitaries to be at most ϵ, each unitary should be simulated with error at most ϵr. Observing that

τ  ≤ a, 1 − eηa ≤ 1, a ∈ Õ(η−1) and η = 1√
2
∆

32
n ϵ12∥∂λH∥−12

∞,1 , we nd the total gate complexity of simulating

our channel to error ϵ in trace norm to be

gate complexity ≤ O


rℓ


amax

λ
∥β(λ)∥1 + log

r

ϵ


+O


rℓ


max
λ

∥∂λβ(λ)∥1
p(λ)η

+ log
r

ϵ



≤ Õ

∥∂λH∥2∞,1ℓ

η3ϵ


max
λ

∥β(λ)∥1 +max
λ

∥∂λβ(λ)∥1∥∂λH∥∞,1

∥∂λH(λ)∥



≤ Õ


∆−92

n ϵ−52∥∂λH∥72∞,1ℓ


max
λ

∥β(λ)∥1 + ∥∂λH∥∞,1 max
λ

∥∂λβ(λ)∥1
∥∂λH(λ)∥


(F22)

which proves the theorem.


