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1. Introduction

Let # be a family of probability measures over a space & and
let P be an unknown probability measure in this family. We are
interested in finding an 0 < e-suboptimal solution to the stochastic
optimization problem

z(P) € arg, inf {Ep [€(z,6)] = [ (z,6)dP (&)} (1)

In practice, however, the distribution P which describes the
uncertain parameter & is not known. The stochastic optimization
community has in recent years focused on making decisions di-
rectly based on a finite collection of independent data observations

&~P Vie[l,...,N], (2)

instead. In this paper we will denote this observational model,
considered by the overwhelming majority of the literature on data-
driven decisions, described in Equation (2) as noiseless. That is, the
decision maker has access to uncorrupted independent samples
from the probability measure of interest P. However, it is often
the case in practice that the data itself is not observed directly
but rather through a measurement device with known limitations.
Such noisy data is better known as censored data in statistics [16].
An observational model in which the noisy data

E=g+n Vie[l,..., Nl 3)
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is observed instead where the noise terms n; are independent and
share a known distribution has been widely studied in the system
control and identification literature. We will come back to this ob-
servational model and further generalizations in Section 2.1. In the
remainder of this section we first briefly discuss various results of
interest in the noiseless observational model.

In case the probability measure P is only known to belong
to the probability simplex #(E), one reasonable substitute for
P could be its empirically observed counterpart denoted here as
Py := Z,N:] 8¢ /N. If on the other hand some prior information is
available in the sense that the probability measure P is known to
belong to a subset £ C P(&), a maximum likelihood estimate [19]
may be considered instead. In the machine learning and robust
optimization community such point estimates are widely known
to be problematic when used naively in subsequent analysis. In
particular, it is widely established both empirically as well as in
theory that a sample average formulation

z(Py) € arg, Zigg Ep, [£(z,8)] (4)

which substitutes P with a mere point estimate Py tends to disap-
point out of sample. That is, the actual cost (Ep [£(z(Pn), £)]) ob-
served out of sample exceeds the predicted cost (Ep, [£(z(Pn), §)])
of the data-driven decision z(Py). This adversarial phenomenon is
well known colloquially as the “Optimizer’s Curse” [25] or over-
fitting. Such adversarial phenomena related to over-calibration to
observed data but poor performance on out-of-sample data can be
attributed primarily to the treatment of mere point estimates as
exact substitutes for the unknown probability measure.
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Ambiguity sets consisting of all probability measures suffi-
ciently compatible with the observed data can offer a better al-
ternative to simple point estimates. As the data observations are
here independent and identically distributed, their order is irrele-
vant, and ambiguity sets An(Py) € % can be made functions of
the empirical probability measure Py rather than the data itself.
A large line of work in the robust optimization community, pio-
neered by [29], focuses consequently on data-driven formulations
of the form

za(Py) € arge inf sup {Ep [£(z.£)] = P € An(PN)} (5)

which can be thought of as robust counterparts to the nomi-
nal sample average formulation stated in Equation (4) and where
by convention consider the supremum to take the value —oo in
case its feasible set An(Py) is empty. The recent uptick in pop-
ularity of such robust formulations is in no small part due to
the fact that they are often just as tractable and typically en-
joy superior statistical properties than their nominal counterpart.
Earlier work [5,11,17,32,34] focused on ambiguity sets consisting
of probability measures sharing certain given moments. More re-
cent approaches [3,6,18,20,21] however consider ambiguity sets
An(PN)={P €® : D(Pn, P) <ry} which are based on some sta-
tistical distance D : P(E) x P(E) — R U {4+00}. Such ambiguity
sets are interpretable as the set of probability measures suffi-
ciently close to the empirical probability measure Py. Two qual-
itatively different distances have recently positioned themselves as
the front runners for data-driven decision-making and are now
briefly discussed.

The optimal transport distance between a measure x4 on E and
a measure v on another set &’ can be defined as

Wo(w.v)i= _inf / d(e, &) dT (. &) ()

X

[m
[

for a given the cost function d : E x E + R U {+o00}. Here
T(u,v):={T eP(Ex &) : Nz T =pu, HgT =v} is the so called
transport polytope and consists of all transport measures with
given marginal measures p and v. Assume for a moment that
E=E =R" and d(§,&') = | —&'|,. Then, the optimal trans-
port distance coincides with the classical Wasserstein distance
between probability measures [28]. Optimal transport distances
have received a lot of attention both in the context of prescriptive
analytics [7,8,15,30,35] as well as in the machine learning com-
munity at large [23,27]. In the context of prescriptive analytics
such distances have become very popular after the seminal work
[15] pointed out that the resulting robust formulation zw ,(Pn) €
minzez {cw r(z, Pn) = sup {Ep[€(z,§)] : Wo(Pn, P) <r}} need
not be intractable and enjoys strong out-of-sample guarantees.
For r <1 and 2 < dim(E) < oo, we have [23] for any P with
A =Ep[exp([I€]|9)] < oo for some a > 1 that with I’ = (r/C)!/d4im(E)
we have

— 1
Jim_ - logPr [Ep[€Gzw.r (PN), §)] > cw,r (zw, (PN), PN)] < T
(7)

where C is a known positive constant depending only on a, A and
dim(E). In other words, the probability of being disappointed (the
actual cost Ep [£(zw (PN). )] of the decision zy r(Py) exceeds
the predicted worst-case cost cy »(zw (Pn), Pn)) decays expo-
nentially fast in the number of samples.

Optimal transport distances are however computationally quite
challenging as even determining the optimal transport distance
between two given measures requires the solution of the associ-
ated linear optimization problem in Equation (6). In fact, optimal
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transport distances are often computed numerically, cf., [9], by
considering their embedding in the larger family of entropic op-
timal transport distances W¢ (i, v) defined as

inf / d(&,£dT (£, + eKL(T, IgT ® Mg T) (8)
TeT (1k,v) )

&)
[

X

as the limit € | 0 where we denote the entropic divergence be-
tween two finite measures (4 and v on the same space as

KL(,u,v)=c/log<3—/j>du—/du+/dv

where the random variable du/dv denotes the Radon-Nikodym
derivative between p and v. By convention if u « v then the
entropic distance is taken as +oo. The previously discussed en-
tropic divergence is a particular member of the class of convex
f-divergences which like the Wasserstein distance are well known
[21] to yield tractable robust formulations. Moreover, when the
loss function £(z, &) is continuous on the compact set Z x E the
associated robust prescriptive formulation (5) can be specialized to
ZkLr(PN) € mingez{ckLr(z, Pn) := max {Ep [£(z,§)] : KL(Pn, P) <
r}} and enjoys strong statistical out-of-sample guarantees. One can
prove [33, Theorem 11] for all P € P(E) that indeed

— 1
A}Lmooﬁlogpr [Ep [£(zkLr(PN). &)]>ckir(zkLr(PN). PN)+€] <—T
9)

for any € > 0. In other words, the probability of being disappointed
(the actual cost Ep [€(zkr(Pn).&)] of the decision zg(Pn)
exceeds the predicted worst-case cost sup {Eq [€(zkL.r(Pn).§)]:
KL(Py, Q) <r} by any small amount € > 0) decays exponentially
fast in the number of samples with rate precisely the size r of the
considered ambiguity set.

Equations (7) and (9) reflect the fact that when properly cal-
ibrated robust entropic and Wasserstein formulations enjoy es-
sentially the same out-of-sample guarantees. The classical sample
average formulation can also be made to enjoy similar out-of-
sample guarantees by naively inflating its objective in Equation (4)
by some bias term b > 0. Indeed, taking the bias term b sufficiently
large we can guarantee that for all P € £ we have

— 1
Jim_ - logPr [Ep [¢(zn(PN), £)] > Epy [£(zn(PN), §)]+b] <~
(10)

When several prescription formulations enjoy the same out-of-
sample guarantees, we should prefer that formulation which in-
flates the cost prediction the least. However, any formulation
which enjoys for all P € P the out-of-sample guarantee

— 1 -~
Jim_ - logPr [Ep [£(zy (PN). §)] > & (Zr(Pr). P1)] <=1 (11)

must be more conservative in its cost predictions compared to
an entropic formulation [33, Theorem 11], i.e. ¢;(z-(Pn), Pn) >
ckLr(zkL.r(PN), Pn) indicating that the entropic formulation is uni-
versally least conservative or efficient. We remark however that
the efficiency of the entropic formulation is intimately tied to the
noiseless data model. Indeed, the efficiency of the entropic formu-
lation is established [33] by pointing out that the Kullback-Leibler
divergence is precisely the rate function characterizing large devia-
tions between the empirical distribution Py and the noiseless data
generating distribution P [12].
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11. Notation

-

We will assume that & and E’ are Polish topological spaces
and hence so is the product space & x & when equipped with
the product topology. Given any set S C & we denote with
SP={s'e® : |s—5'| <5, seS} its s-inflation. We denote with
M4 (BE), M (E") and M (E x E') the sets of all positive Borel
measures on the spaces &, &' and E x E/, respectively. Similarly,
we denote with P(E), P(E") and P(E x E') the sets of all Borel
probability measures on the spaces E, £ and E x &/, respectively.
Given two measures i and v we denote with © ® v as their prod-
uct measure. The probability simplices P(E), P(E') and P(E x &)
when equipped with the topology of weak convergence of proba-

bility measures are Polish spaces too [12, Section 6.2].
1.2. Contributions

In this paper we generalize the framework of efficient formula-
tions introduced by [33] to problems with noisy data. We present
three contributions.

First, we prove in Theorem 2.9 that the family of robust formu-
lations

2 (Py) e arg, inf sup [Eq €z, 6)] : QeP, I°(Py,Q) <1}
(12)

parameterized in § > 0 and where P} = >N 8¢//N denotes the
empirical distribution of the noisy data essentially dominates all
other formulations mirroring the notion of efficiency enjoyed by
the entropic distance in the noiseless regime. Perhaps surprisingly
we show that the rate function I in the noisy setting is too irregu-
lar and its §-smoothed counterparts

IP(u,v) :=inf{I(v,v) : vePE), LP(v, p) <8} (13)

must be considered instead. This implies in particular that in stark
contrast to the noiseless setting there is not any longer a single
most efficient formulation but rather a family of increasingly more
efficient formulations.

Second, we show in Section 2.3 that by reducing the smooth-
ing parameter §y and robustness parameter ry at an appropriate
rate, consistent formulations with finite sample guarantees can be
obtained under an identifiability condition and a mild assumption
on the loss function £.

We finally state tractable reformulations of the proposed novel
family of efficient robust prescriptive formulations (12) under cer-
tain technical conditions on the loss function ¢ and space E in
Section 3. In particular, we exploit a classical representation result
[31] which seems to be novel in this context and derive a dual
formulation whose size is independent of the event set E’.

2. Decision-making with noisy data
2.1. Noisy data

As stated in Equation (3) the distribution of the noisy data &’
may be distinct from the distribution of the unobserved noiseless
data &. We will allow the noisy data to take value in & which may

be different from E. We only assume here that the noisy observa-
tions are drawn independently as

Si/f\«o&. Vle[l,sN]

That is, each noisy data point & is obtained as an independent
draw from a distribution O € P(E’) given a noiseless observa-
tion &. We stress here again that we assume that the mapping
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0 : E — P(E") which characterizes our observational model is
given. In other words, the distributional nature of the noise cor-
rupting the unobserved data points is known. We will refer to O
as our observational model as it precisely characterizes how the
noisy data is derived from the noiseless data.

To establish the decomposition result in Theorem 2.10 the ob-
servational model will be required to satisfy the following techni-
cal condition.

Assumption 2.1. The measure O¢ is absolutely continuous with re-
spect to a base measure m’ for all £ € E, i.e,, O «<m' forall &£ € E.
Furthermore, there exists a measurable function d: & x & — R so
that dO¢ /dm’(¢') = exp(—d(§,&")) for all ' € E'.

The relationship between the probability measure P’ of the
noisy observations and the probability measure P of the unob-
served noiseless data can be characterized as the convolution P’ :=
0P and is given explicitly as P’(B) = (O P)(B) := [ 0z (B)dP(§)
for all measurable sets B € B(E’). We will denote with the set
P :={0«PeP(E) : PeP} the family of potential distributions
of our noisy data.

We point out that this noisy data model is quite flexible and
captures a wide variety of settings.

Example 2.2 (Additive noise). Practical measurements are typically
corrupted by some amount of measurement error. We consider
here independent additive measurement error e; from some distri-
bution E € P(8') with & = RIME) 35 an example. In this case we
observe the noisy data & = &; +e; instead of the data &; itself. This
observational model is characterized by the map 04F : & — E(&)
where E(£) denotes the error distribution translated by &, i.e.,
E@&)[Bl= [1{& +e e B}dE(e) for every measurable set B in E.

Example 2.3 (Gaussian noise). Perhaps the most classical example
of the additive noise model discussed previously is the simple case
of independent zero mean Gaussian additive noise z; with vari-
ance o2]. This observational model is characterized by the map
0CN : & > N(&,021) where N(u, V) denotes here a normal dis-
tribution with mean vector p € RI™E) and variance matrix V €
RAME) xdim(E) - Assumption 2.1 holds for 0N with & = RIM(E)

and d(¢,&) = ||& — §’||§ /0%y and m’ = w' /(o +/ (2m)dimEN) with
' the Lebesgue measure on E’.

Example 2.4 (Clipping noise). Most measurement devices have a

—~/

limited output range, i.e.,, & = [a, b] with a < b, which is a strict
subset of all potential outcomes E = R. In this case we may
only observe the censured data & = max(min(¢/, b), a) instead of
data &/ which itself has been corrupted by Gaussian noise as dis-
cussed in Example 2.3. This observational model is characterized
by the map 0N : & N(&, 02)[—00,a) - 8, + N (&, 0%) (b, o0] - 8 +
N(&,02)[a, b]- Ny p)(£, 02) where Nig (£, 02) denotes here a nor-
mal distribution truncated to the interval [a, b]. Assumption 2.1
holds here with

—logN(,0%)[—00,a] ifé =a,

d &) =15 &3 /@20? if§' € (a.b),
—logN(¢,02)[b,00] ifE =b

for all £ € 8 and m’' = u' /(o v/ (2m)dmEN) 4+ 5, + 8, with ' the

Lebesgue measure on R and §, and 8, two Dirac measures at loca-
tions a and b, respectively.

Example 2.5 (Quantization noise). Digital measurements quantize
the noisy measurements of Example 2.3 further in the sense that
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&' is necessarily only a finite subset of E. Let & denote the col-
lection of all inputs & in & which get quantized into the digital
symbol & € E'. This observational model is characterized by the
map 09N : & 3 o N(&, 0%)[Ep] - 8. Assumption 2.1 holds

here with

d(&,&") = —logN(&,02)[Ee']

for all ¢’ € E' and & € E with p’ the counting measure on E'.

We will attempt to infer the unknown probability measure P
from the noisy data based on its empirical probability measure P}.
Clearly, considering the empirical probability measure rather than
the noisy data directly imposes no loss of information as the order
of the data points is of no consequence here. Sanov’s theorem [12,
Theorem 6.2.10] ensures also here that the sufficient statistic P},
enjoys a large deviation property. That is, the empirical probabil-
ity measure P), satisfies for any open subset O € P(E') the large
deviation lower bound

R 1
— Inf KL(P',0+P) = lim = logPr(Py €O

(14a)
pPreo N—o00

and for any closed subset C C P(E’) the large deviation upper
bound

im - log P[P} € C] < — inf KL(P’, O x P), (14b)
N—>oo N PreC
for the good rate function [12] I(P’, P) := KL(P’, O % P). We re-
mark that large deviation inequalities generally are quite rough in
nature as indeed (14a) and (14b) only pertain to open or closed
sets (in the topology of weak convergence), respectively. The rate
function is observed to be nonnegative and in fact I(P’, P") =0 if
and only if P’ = P’. For any € > 0, the large deviation inequality
(14b) implies that for all P € £ we have

— 1 N N
lim — log Pr[LP(P) ,P’)ze]g—min{I(P’,P):LP(P’,P’)ZE}<O
N—oo N

where the minimum is indeed achieved as our good rate function
has compact sublevel sets and the set of all P’ € P(E) such that
the Lévy-Prokhorov metric ball {P’ : LP(P’, P’) > €} is closed and
does not contain the distribution P’. Hence, the large deviation
property immediately implies that the empirical probability mea-
sure P} converges in probability to P’ with an increasing number
of observations. In fact, the rate function can be interpreted to
quantify the exponential speed with which this convergence in
probability takes place.

2.2. Efficiency

We consider a prescriptive problem in which we attempt to
learn the solution to the stochastic optimization problem stated in
Equation (1) from the noisy observational data described in Sec-
tion 2.1. Let us denote with Pﬁl the maximum likelihood estimate
for the unobserved probability distribution P. A straightforward
extension of the sample average formulation in Equation (4) to this
noisy data would be to consider

z(Pr,\?l) € arg, 2125 Epwl [£(z,8)]. (15)

Many other formulations based on different distributional esti-
mates are evidently possible as well. This naturally leads us to
question if between these many alternative data-driven formula-
tions one ought to be preferred over the other from a statistical
point of view? To answer this question more broadly we must of
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course first define precisely what constitutes a data-driven for-
mulation and secondly agree on how its statistical performance
should be quantified. We follow the framework presented in [33]
and define a data-driven formulation as consisting of a predictor
and prescriptor.

Definition 2.6 (Predictors and prescriptors). A measurable function ¢ :
Z x P(B') — R is called a predictor. A measurable function Z :
P(E") — Z is called a prescriptor if there exists a predictor ¢ that
induces Z in the sense that z(P') e arg, inf,c7 C(z, P’y for all P’ €
P(E"). That is, we have &Z(P"), Py — € < ¥(P') := inf,ez E(z, P))
where we denote the function v : P(E£’) — R as the optimal value
function of the formulation.

The maximum likelihood formulation (15) employs the cost
predictor Epwl [£(z,&)] to prescribe its decision z(P}f,"). However,

the maximum likelihood is a mere point estimate of the unob-
served probability distribution P. The maximum likelihood formu-
lation can consequently be expected to suffer similar shortcomings
as the sample average formulation in the noiseless regime. That is,
the cost budgeted for its prescribed decision is likely to disappoint
out of sample. Here we say a formulation based on a predictor
prescriptor pair (¢, Z) disappoints if the event

L eDE. 7 P) = {13’ cP(E)) : cz(P), P) > EG (P, 13’)]

occurs with c(z, P) = Ep [£(z, &)] the unknown out-of-sample cost.
Such disappointment events in which the actual cost of our
decision, ie., c(z(Py), P), breaks the predicted cost or budget,
i.e, ¢(z(Py), Py), are undesirable and should be avoided by the
decision-maker. Consequently, we prefer formulations which keep
the disappointment rates

— 1 ~ ~
lim — logPr[Py € D(, Zz; P)] (16)
N—oo N

as small as possible for all P € £. We will only denote here for-
mulations as feasible if their out-of-sample disappointment proba-
bility decays sufficiently fast, i.e., (16) < —r. Evidently, sufficiently
fast disappointment probability decay can be achieved trivially
by simply inflating the cost budgeted for each decision by some
large nonnegative amount. We would hence prefer those formu-
lations which promise minimal biased long term cost prediction
limy_, o0 E(Z(PY), Pyy) for all P e P.

We consider here the family of robust formulations defined by
the predictor prescriptor pairs

&(z, Py) :=sup |Eq [€(z,6)] : Q e P, I°(Py, Q) =T},

y Fes (17)
2’ (Py) earg infyez ¢ (z, )

based on our smooth large deviation rate function defined in Equa-
tion (13). We will show using a large deviation argument that this
family dominates the very rich class of regular formulations.

Definition 2.7 (Regular predictors and prescriptors). A predictor ¢ :
Z x P(E') — R is called regular if it is continuous on Z x P(E").
A prescriptor Z: P(E') — Z is called regular if it is continuous and
there exists a regular predictor ¢ that induces Z in the sense that
z(P') e arg, inf,e7 E(z, P') for all P’ e P(E).

For regular predictors we have that the observed random cost
¢(Z(Py), Py) converges almost surely to ¢(Z(O  P), O  P) as the
empirical distribution P} converges almost surely to O x P fol-
lowing [14, Theorem 11.4.1] for every P € . Remark that the
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class of all regular formulations is very rich as Definition 2.7 im-
poses only mild structural restrictions. The Berge maximum the-
orem [4, p. 116] indeed implies that the optimal value function
7(P") = mingez &(z, P) of any regular formulation is a continuous
function on #'(E) already when the constraint set Z is merely
compact. The correspondence P+ {ze€ Z : &z, P') < #(P) + €}
of e-suboptimal solutions in a regular formulation is consequently
lower semicontinuous [2, Corollary 4.2.4.1] for any € > 0. Hence,
for formulations employing a convex predictor ¢ and P(E’) a com-
pact set, an associated regular predictor can always be found [1,
Theorem 9.1.]. Should a regular formulation admit unique optimal
decisions, such decisions will constitute a regular prescriptor as
well following [4, p. 117]. The need to focus on this restricted but
nevertheless quite rich class of regular formulations is necessary
due to the rough nature of the employed large deviation argument.

Assumption 2.8. The cost function c: Z x P — R,
Ep [£(z,&)] is continuous.

(z, P) —

We remark that Assumption 2.8 is rather mild and is already
satisfied when the loss function £: Z x € — R is merely bounded
and uniformly continuous. The proofs of all results are found in
Appendix A.

Theorem 2.9. Let Assumption 2.8 hold. Then, the family of predictor pre-
scriptor pairs (€%, 7°) is feasible for any § > 0, i.e.,

1 =5 58
A}gllmﬁlogPr[P;V €DE,2°;P)|<—r VPeP. (18)

Furthermore, consider any regular predictor prescriptor pair (C, Z) which
satisfies

_— -
Jim logPr[Py € D, Z; P)|<—r VPe®P. (19)

Then, we have that for all € > 0 there exists 0 < &' so thatany 0 < § < §’
we have almost surely

lim Z(Z(Py), Py) +3€ > lim &z (Py), Py) (20)
N—oo N—o0
when the noisy data is generated by any distribution P’ € .

Inequality (18) guarantees that any formulation in our fam-
ily is feasible. Inequalities (19) and (20) guarantee that any other
feasible regular formulation is dominated (modulo the small con-
stant 3¢ > 0) by members of our efficient family for all parameters
0 <§ <& with 0 < § sufficiently small. The previous theorem
hence indicates that our family dominates any regular formulation
in terms of balancing the desire for small out-of-sample disap-
pointment as well as minimal bias under Assumption 2.8 and is
thus efficient.

In view of the previous discussion it is tempting to con-
sider the data-driven formulation (17) with § = 0. However, re-
call again that for noisy data when the base measure m’ de-
fined in Assumption 2.1 fails to be atomic, the ambiguity set
{Qe® : I(Py.Q) <oo} =9 is trivial for any empirical distri-
bution Py and consequently (17) with § =0 is here obviously
infeasible. Hence, considering a somewhat smoothed rate function
I° instead of the rate function I directly seems unavoidable when
faced with noisy observational data.

We conclude here by providing an interesting connection be-
tween the actual rate function I and the entropic optimal transport
which sheds a light on the role entropic optimal transport plays in
this noisy observational data regime.
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Theorem 2.10. Let Assumption 2.1 hold. The jointly convex rate function
can be decomposed as

I(P', P) = onf_ KL(Q, P)+ KL(P',m') + W1(P’, Q) > 0. (21)
€ =

In the proof of the previous result we indicate that if P’ <«
m’ the infimum in Problem (21) is achieved at Q* whose
Radon-Nikodym derivative with respect to P is dQ*/dP(&) =
Jzlexp(—d(€, &)/ [ exp(—d(€", £')dP(E")IdP' ') for all £ € E.
The optimization variable Q in Theorem 2.10 can be interpreted to
represent the unobserved empirical distribution Py of the noise-
less data points. With this interpretation in mind the first term
KL(Q, P) ensures that Pr[Py ~ Q] =< exp(—N - KL(Q, P)) follow-
ing Sanov’s theorem and accounts for the fact that the empirical
distribution Py of the noiseless data may differ from unknown
the distribution P when the number of training data points is
finite. The last two terms account for the fact that we only ob-
serve the empirical distribution P} of the noisy data. One can
show that this term quantifies indeed Pr[P} = 13’|PN ~ Q] <
exp(—N - (KL(P’, m) + W1 (P’, Q))). Informally, we have using the
law of total probability that

Pr[Py ~ P']
= [Pr[Py ~ P'|Py ~ Q] Pr[Py ~ Q]
= [exp(=N - (KL(P’,m") + W1(P’, Q))) exp(~N - KL(Q, P))
=<exp(—N -infgep KL(Q, P) + [KL(P",m’) + W1 (P, Q)]).

We remark that the entropic optimal transport term W1(I3’, Q)
is defined in Equation (8) where its marginal transport cost d is
identified here as the logarithm of the density function of the
noise corrupting our data as indicated in Assumption 2.1. The term
KL(P’,m’) can be interpreted as a compensation term for the fact
that any density function arbitrarily depends on the base measure
m’ considered.

2.3. Consistency

Strong out-of-sample guarantees such as those we impose in
Equation (18) yield conservative formulations even when a large
amount of data points are observed. Indeed, even in the noise-
less regime [33], imposing the out-of-sample guarantee (11) with
r > 0 necessarily leaves any feasible formulation to be incon-
sistent, i.e., Ep [Z(zKLr(PN),S)] does not necessarily converge to
inf, Ep [€(z, §)]. Intuitively, this is a direct result from the fact that
the employed ambiguity set {Q € # : KL(Py, Q) <r} does not re-
duce to {P} when N is large as the robustness radius r is here
constant. Nevertheless, if the probability of disappointment is only
required to be remain bounded rather than to decay exponentially
as in Equation (9) a consistent formulation can be derived [13,24]
by simply reducing the robustness radius ry with increasing N un-
der mild technical conditions on the cost function £.

We remark here that by imposing the strong out-of-sample
guarantee in Equation (18), our family of efficient formulations
is also inconsistent as their associated ambiguity sets {Q e P:
(P}, Q)< r} do not shrink to {P} even when N is large as both
here both r as well as § are constant. Motivated by the previous
discussion we consider simply reducing ry and Sy as N grows and
consider the robust formulation

En(z, Py) :=sup {Eq [€(z.£)]:Q € P, I’M(Py, Q) <N},

- . - , (22)
ZN(Py) €arg, inf;ez Cn(z, Py).
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We first show that the ambiguity set associated with the previ-
ously introduced formulation contains indeed P with high proba-
bility as the number of observations is large and both ry and 8y
are reduced at appropriate rates with increasing N.

Proposition 2.11. Assume that P’ = O » P has bounded fourth
moment and consider two nonincreasing sequences ry > 0 and
Sy > 0 with ry = Q(N”~1) and 8y = Q(N~Y/@dmEN) for some
0 <y’ <y <1 Then, limy_oPr{3Q € P(E') s.t. LP(P}, Q) <
SN, 1(Q,P) <rN]=1.

When there exists Q € P(E’) so that LP(P), Q) < 8y and
1(Q, P) <ry, the distribution P must be contained in the am-
biguity set of the predictor ¢y which by definition implies that
cn(z, Py) > Ep[€(z,£)] for any z € Z. The previous proposition
hence immediately implies that Pr{Ep[¢(Zy (P}), €)1 > ENGZN(P)),
P})] decays to zero, however, not necessarily exponentially fast.

Remark 2.12 (Finite sample guarantees). We remark that Equation
(A.9) in the proof of Proposition 2.11 provides a finite sample guar-
antee on the disappointment probability Pr[Ep [¢(Zn(P}).&)] >
EnGEN(PY), Py ] This enables the construction for any desired
maximum disappointment probability 8 € (0, 1] of two particu-
lar sequences ry > 0 and y > 0 tending to zero at an appropriate
speed (with in fact 1§, = O(N¥~') and &% = O(N~7'/@dimED) for
some 0 <y’ <y < 1) so that Pr[Ep[£(Zn(Py), £)] > cN(GZN(PY),
P\)1< B for all N > 1. Furthermore, we remark that our efficiency
guarantee in Theorem 2.10 on the formulation proposed in Equa-
tion (17) is asymptotic in nature. The result does hence not say
after what number of samples our asymptotic guarantees are sup-
posed to kick in. In particular, for small § > 0, the associated am-
biguity set {Q € P : I*(Pn, Q) <r} may be empty and hence the
formulation disappoints as by convention here Ep[lZ(Z‘;(P}\,), &)] >
e(Z°(Py), Py) = —oo. If finite sample guarantees are a con-
cern, we propose the robust formulation in Equation (22) with
8y =8/2 4 8y and ry =1+ ry which trivially satisfies both the
finite sample guarantee Pr[Ep[£(Zn(P}), &)1 > En(Zn(P)), Py)] <
B, YN >1 as cn(n(Py), Py) = €/2(z%/2(P}), P)y) and the asymp-
totic guarantee limy_.oc 7 10gPI[Ep[L(ZN(PY), )] > ENGN(PY),
P\)1 < —r as 8y = 8y and ry > rj. Furthermore, the proposed
formulation does not asymptotically impose any additional con-
servatism as indeed limy_, o ¢ (Z°(P}), Py) > limy_o0 En (2N (P},
P}) due to limy_.0c 6y =68/2 < 8.

When there exists Q € P(E') so that LP(P), Q) < §y and
1(Q,P) = KL(Q, P’) <ry, in fact all distributions in the set
{Qe®P : 0xQ =P’} are contained in the ambiguity set of the
predictor Cy. Proposition 2.11 establishes that with high probabil-
ity the ambiguity set will not only contain P but in fact all distri-
butions in the set {Q € P : 0« Q = P’}. Unsurprisingly, consis-
tency demands at a bare minimum that the distribution P is iden-
tifiable from P’, i.e., we must impose {Q € : 0xQ =P’} ={P}
on the observational model O. Not all observational models satisfy
this assumption as certain types of measurement noise may lead
to information loss. In an extreme case where O¢ = P’ indepen-
dent of & then clearly all information regarding the noiseless data
is lost and in fact {Q € : 0« Q =P’} =P. We remark that our
efficiency notion is independent of identifiability. We prove here
consistency for the additive error setting under a mild assumption
on the loss function ¢ which is slightly stronger than the condition
imposed in Assumption 2.8.

Assumption 213 (Identifiability). Let g : RIME 5 ¢t >
f exp(i (t,e)) dE(e) be the characteristic function of the error dis-
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tribution E. Assume that @ has no roots, i.e., @g(t) # 0 for
tGRdim(E).

Assumption 2.14 (Bounded Lipschitz loss). Assume that the loss
function ¢ is uniformly bounded and Lipschitz, i.e., we have L > 0
and £ > 0 so that supggll(z,§)] < L as well as
SUP,ez & 26,e3 [€(Z, 1) — (2, 82)1/1151 — &2ll < L for all ze Z.

Recall that any distribution in PRYI™E)) js uniquely deter-

mined by its characteristic function and that the characteristic
function of a convolution between two distributions is given as the
product of their characteristic functions [22, Chapter 6]. Assump-
tion 2.13 guarantees that from the noisy distribution P’ = 04E « P
we can identify the noiseless distribution P via its characteris-
tic function @p = @p//@e. Remark that the characteristic function
of a zero mean normal distribution with variance o2 is given as
©On,021) () =exp(— ||at||% /2) > 0 and hence Example 2.3 satisfies
Assumption 2.13.
Theorem 2.15 (Consistency). Consider an additive error model 04E
for which Assumption 2.13 is satisfied. Assume that P’ = OAE x P has
bounded fourth order moment, the loss £ satisfies Assumption 2.14 and
assume that ry and Sy decay to zero with ry = Q(NY~1) and sy =
Q(N~2V/dmE)y  for some 0 < y’ < y < 1. Then,
limy— 0o PI{Ep[€(Zn (Py), £)] < infzez Ep[£(z, £)] 4+ 2€] = 1.

3. Finite formulations

Our family of efficient robust formulations in Equation (17) is
stated in terms of a saddle-point problem which may be difficult to
solve in general. Indeed, even the original stochastic optimization
problem (1) may not be easy to solve. For the sake of simplic-
ity we assume here that nothing is known about P and hence
P = P(E). We remark though that the presented analysis gener-
alizes to the case where # is a convex subset of P(E) with only
minor modifications. If the loss function £(z, &) is convex in the de-
cision variable z for any & then the robust formulations in Equation
(17) only require the solution of a convex optimization problem
in the decision variable. Whether or not the convex optimization
problem characterizing the optimal decision is tractable depends
on whether the prediction function ¢ (z, P}) can be evaluated ef-
ficiently which we will discuss now in more depth.

The maximization problem characterizing the prediction func-
tion ¢ (z, P;\,) in Equation (17) is convex in the distribution P.
Indeed, the closed metric balls {P’ € P(E") : LP(P’, Py) <8} :=
(P epPE) : Py(B) < P/(B% +8 VB C E'} are convex. Conse-
quently, we have that the predictor is characterized here as

&z, Py)=sup Eq [£(z )]
st. Q eP(E), P eP(E), (23)
I(P', Q) <r, LP(P', P}) <56.

—

However, even in the case where both event sets & and E’ have
finite cardinality the terminal Lévy-Prokhorov constraint is char-
acterized using 21%'1 linear inequalities which becomes prohibitive

=/

even for moderately sized event sets Z'.
3.1. Strassen representation

Surprisingly, by exploiting the Strassen [31] representation the
Lévy-Prokhorov metric need not result in intractable formulations.
To the best of our knowledge, the application of the Strassen repre-
sentation to derive a tractable reformulation of the Lévy-Prokhorov
distance is novel.
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Theorem 3.1 (Strassen representation). Let 2}, = supp(P},) denote the
support of Py Then, &(z, P, n) Is equal to

sup Eq [£(z.6)]

st. Q €P(B), PPe My(8), T e My(E' x B,
IP.Q) <, ”
MgT =P Mg T=P,
Joree, HIE =& <8}dTE &) =1 -3,

The equivalent formulation stated in Theorem 3.1 can be solved
efficiently using an off-the-shelf exponential cone optimization
solver [10] when both event sets £ and E’ have finite cardinality.
Perhaps the only complication is that the size of this equivalent
formulation counts O(|E’||E)|) variables for O(|E'| 4+ |E)[) con-
straints which may limit its practicality.

We now indicate that even if the event set &’ is not finite, op-
timization problem (24) still admits a finite reduction. Consider a
finite partition of &’ which is generated by the closed balls around
the observed data points, i.e.,

£ —¢
£ —¢

for 0 <k < K—1 with K = 2/=v| and b(k, i) the ith digit of the nat-
ural number k written down in binary notation. Clearly, we have
g, NE uk/ =¢ if k#k' and U\ 8, = &'. Note that it may happen
that u, =( for some 0 <k <K —1.

_ﬂ|“”|!§ eg :

<5 ifb(k,i)=1
>5 ifbk,i)=0

Lemma 3.2. Let 8} = supp(P}) denote the support of Py, and let E be
finite. Then, & (z, Py _cf(z Py) with
¢h(z, Py) =sup  Yecz (2, 6)qe
st. g >0VEeE, p'eRK, teRK*En]

k 0 pk log <Z$E’“ Oé(uk)%) =h (25)
S ti=p, 0=k=k-1.
Yoo ti=PyE) 1<i<|E)y
Z}“N‘ ZK ]b(k l)tkl >1-36.

It should be remarked although optimization problem (25) is
of finite size it may be very large as indeed we have that K =
O(2|EM). This clearly limits the practical usefulness of (25) to sit-
uations where the number of observed distinct data points E is
very small. Surprisingly, using a dual equivalent formulatlon in-
stead the computatlonal burden of evaluating c®(z, P} N) can be
further reduced to O(|Ey|) variables and O(1) constramts which
is the subject of the following section.

3.2. Dual representation

Consider the minimization problem

inf Br— [z v(E)dPN(E) +y (3 —1)
+ maxzez[0(z,§) + B [z exp (u(g')/B —1)d0s ()]
st. >0, u:E8 - R, v:Ey—>R, y=>0,
v1{|g' =& <s}+vE)H<u@E) Ve € B, & € E).
We label the previous problem as the dual problem of the pri-
mal problem (24) which is nontrivial if ¢%(z, P} ) 1s finite.

(26)

Theorem 3.3 (Dual representation). Let E be finite. Suppose that (23)
enjoys the Slater constraint qualification condition, i.e., there exist Qs €

Operations Research Letters 54 (2024) 107089

Fig. 1. The associated partition of the event set E} = U](Vl)Jrl g

the vector v given in Example 3.4. (For an interpretation of the colors the reader is
referred to the web version of this article.)

-(v) associated with

P(E), P, € P(E") with [(P,, Qs) < r and LP(P], P}) < &. Then, we
have & (z, P, n) =(26).

First note that the dual characterization of the prediction func-
tion in Theorem 3.3 allows for the convex saddle-point formulation
(17) to be solved as an ordinary convex minimization problem
as the dual formulation (26) is jointly convex in z € Z and the
dual variables. This may be desirable in practice as saddle-point
optimization solvers are typically not as mature as solvers address-
ing standard optimization problems. This dual formulation counts
O(|E\| +|E’|) variables for O(|E||E}|) constraints.

We now show that this can be further reduced to O(|Ey|)
variables for O(1) constraints and in fact allows for a finite
optimization characterization independent of the cardinality of
the event set &’. Consider v : 8y — R and define J(v) :=
l{v(E") : & e By} Let E[/j](v) for je[1,...,J(v)] denote any
partition of the observed data points in u;\, such that the dual

=/

variables v(g(“(v)) are non-increasing. That is, we have Ej, =
[0y (), 8y (] and v(E) = v(E)) for all & € &;(),§ €
S[/j,](v) with 1 < j < j < J(v) as well as v() = v(¢') for all
£ E ¢ £/;;(v) with 1< j < J(v). We may now partition the event
g =yl E/(v) using the sets Ey(v) =0, Ej(v) = (§' €
min{||§" — &'|| £ e E[/j](v)} < 8\ Uien,...,.j-118(v) for
jell,.... J], and &) (V) = E"\ Uier,... jon)1 E[(V).

set

=/
]

Example 3.4. Let B\ = [£],...,&/] and consider v : Ey — R

given as v(§)) =1, v(§) = v(&) =3, v(§) =4 and v(§) = 2.
Then, Jv)y=4 and E[/”(V) = {Eé}v S[/z](v) = {‘i:z/s éé}- 5{3](V) = {3,:‘/1}'
E[/4](v) = {&1}. The associated partition of the event set & is given
in Fig. 1.

Lemma 3.5 (Finite convex dual representation). The dual problem (26)
admits the following convex reformulation

inf gr— Z””v(g g DY -1
+ maxeez [z(z,s)+oE(aj(vm(v))geXp (W)

+ Zf.i") o; (& (v)E exp <‘“ax(v@m<v>;v@(n<v»+y>> ]

s.t. >0, v:

v~ R y=>0.
(27)

The dual representation (27) can be solved as a finite con-
vex optimization problem using a (stochastic) black-box optimiza-
tion method [26] as long as we have a (stochastic) oracle which
can evaluate the probabilities Og(E;.(v)) for all £ € E and j €
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[1,..., J(v) + 1]. The complexity of our efficient formulation (23)
is hence reduced to the complexity of integration of the noise dis-
tribution over certain intersections and unions of norm balls; see
also Fig. 1.

Data availability
No data was used for the research described in the article.
Appendix A. Supplementary material

Supplementary material related to this article can be found on-
line at https://doi.org/10.1016/j.0rl.2024.107089.

References

[1] J.-P. Aubin, H. Frankowska, Set-Valued Analysis, Springer Science & Business
Media, 2009.

[2] B. Bank, J. Guddat, D. Klatte, B. Kummer, K. Tammer, Non-linear Parametric
Optimization, Springer, 1982.

[3] G. Bayraksan, D. Love, Data-driven stochastic programming using phi-
divergences, in: The Operations Research Revolution, in: INFORMS, 2015,
pp. 1-19.

[4] C. Berge, Topological Spaces: Including a Treatment of Multi-Valued Functions,
Vector Spaces, and Convexity, Courier Corporation, 1997.

[5] D. Bertsimas, I. Popescu, Optimal inequalities in probability theory: a convex
optimization approach, SIAM J. Optim. 15 (3) (2005) 780-804.

[6] D. Bertsimas, V. Gupta, N. Kallus, Data-driven robust optimization, Math. Pro-
gram. 167 (2) (2018) 235-292.

[7] J. Blanchet, Y. Kang, K. Murthy, Robust Wasserstein profile inference and appli-
cations to machine learning, J. Appl. Probab. 56 (3) (2019) 830-857.

[8] R. Chen, I.C. Paschalidis, A robust learning approach for regression models
based on distributionally robust optimization, J. Mach. Learn. Res. 19 (13)
(2018) 1-48.

[9] M. Cuturi, Sinkhorn distances: lightspeed computation of optimal transport,
Adv. Neural Inf. Process. Syst. 26 (2013) 2292-2300.

[10] J. Dahl, E. Andersen, A primal-dual interior-point algorithm for nonsymmetric
exponential-cone optimization, Math. Program. (2021) 1-30.

[11] E. Delage, Y. Ye, Distributionally robust optimization under moment uncer-
tainty with application to data-driven problems, Oper. Res. 58 (3) (2010)
595-612.

[12] A. Dembo, O. Zeitouni, Large Deviations Techniques and Applications, vol. 38,
Springer Science & Business Media, 2009.

[13] J. Duchi, P. Glynn, H. Namkoong, Statistics of robust optimization: a generalized
empirical likelihood approach, Math. Oper. Res. (2021).

Operations Research Letters 54 (2024) 107089

[14] R.M. Dudley, Real Analysis and Probability, CRC Press, 2018.

[15] P.M. Esfahani, D. Kuhn, Data-driven distributionally robust optimization using
the Wasserstein metric: performance guarantees and tractable reformulations,
Math. Program. 171 (1-2) (2018) 115-166.

[16] 1. Gijbels, Censored data, Wiley Interdiscip. Rev.: Comput. Stat. 2 (2) (2010)
178-188.

[17] J. Goh, M. Sim, Distributionally robust optimization and its tractable approxi-
mations, Oper. Res. 58 (4-part-1) (2010) 902-917.

[18] J. Gotoh, M. Kim, A.E.B. Lim, Robust empirical optimization is almost the same
as mean-variance optimization, Oper. Res. Lett. 46 (4) (2018) 448-452.

[19] P. Groeneboom, J.A. Wellner, Information Bounds and Nonparametric Maximum
Likelihood Estimation, vol. 19, Springer Science & Business Media, 1992.

[20] V. Gupta, Near-optimal Bayesian ambiguity sets for distributionally robust op-
timization, Manag. Sci. 65 (9) (2019) 4242-4260.

[21] Z. Hu, LJ. Hong, Kullback-Leibler divergence constrained distributionally robust
optimization, Available at Optim. Online (2013).

[22] A.E. Karr, Probability, Springer, New York, 1993.

[23] D. Kuhn, P.M. Esfahani, V.A. Nguyen, S. Shafieezadeh-Abadeh, Wasserstein dis-
tributionally robust optimization: theory and applications in machine learning,
in: Operations Research & Management Science in the Age of Analytics, in: IN-
FORMS, 2019, pp. 130-166.

[24] H. Lam, Recovering best statistical guarantees via the empirical divergence-
based distributionally robust optimization, Oper. Res. 67 (4) (2019) 1090-1105.

[25] R.O. Michaud, The Markowitz optimization enigma: Is “optimized” optimal?,
Financ. Anal. J. 45 (1) (1989) 31-42.

[26] Y. Nesterov, Introductory Lectures on Convex Programming Volume i: Basic
Course, Springer, 1998.

[27] G. Peyré, M. Cuturi, Computational optimal transport: with applications to data
science, Found. Trends Mach. Learn. 11 (5-6) (2019) 355-607.

[28] F. Santambrogio, Optimal Transport for Applied Mathematicians, Birkhduser,
NY, 2015.

[29] H. Scarf, A min max solution of an inventory problem, in: Studies in the Math-
ematical Theory of Inventory and Production, 1958.

[30] S. Shafieezadeh-Abadeh, D. Kuhn, P.M. Esfahani, Regularization via mass trans-
portation, J. Mach. Learn. Res. 20 (103) (2019) 1-68.

[31] V. Strassen, The existence of probability measures with given marginals, Ann.
Math. Stat. 36 (2) (1965) 423-439.

[32] B.P. Van Parys, PJ. Goulart, D. Kuhn, Generalized Gauss inequalities via semidef-
inite programming, Math. Program. 156 (2016) 271-302.

[33] B.P. Van Parys, PM. Esfahani, D. Kuhn, From data to decisions: distributionally
robust optimization is optimal, Manag. Sci. (2020).

[34] W. Wiesemann, D. Kuhn, M. Sim, Distributionally robust convex optimization,
Oper. Res. 62 (6) (2014) 1358-1376.

[35] W. Xie, Tractable reformulations of distributionally robust two-stage stochas-
tic programs with co— Wasserstein distance, arXiv preprint arXiv:1908.08454,
2019.


https://doi.org/10.1016/j.orl.2024.107089
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib14948BB6A0B2C8618CD15108E086BD59s1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib14948BB6A0B2C8618CD15108E086BD59s1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bibE8852F8522FEB51262C38C3545A5A7C5s1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bibE8852F8522FEB51262C38C3545A5A7C5s1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib64217A2AF95E3BB10F5EE934D5DE27A1s1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib64217A2AF95E3BB10F5EE934D5DE27A1s1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib64217A2AF95E3BB10F5EE934D5DE27A1s1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib6827AB8757B9B79CCA1D3F375ABD56D8s1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib6827AB8757B9B79CCA1D3F375ABD56D8s1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bibACF5CD0BF2052552DFACC74B6F8931DEs1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bibACF5CD0BF2052552DFACC74B6F8931DEs1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib5B1130D574861FA52BA986098076C5A5s1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib5B1130D574861FA52BA986098076C5A5s1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib751B376BB30A8A067FA21918DF07CF74s1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib751B376BB30A8A067FA21918DF07CF74s1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib384A0AE7B679660E230E55ACFFC9A416s1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib384A0AE7B679660E230E55ACFFC9A416s1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib384A0AE7B679660E230E55ACFFC9A416s1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bibDCD7E524F4A8FF1A50EE40DAA376F636s1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bibDCD7E524F4A8FF1A50EE40DAA376F636s1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib4ACEBF48E879442BCDB1173BB346E68Fs1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib4ACEBF48E879442BCDB1173BB346E68Fs1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib6745B8F1B154A8294E1A2150097B4E36s1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib6745B8F1B154A8294E1A2150097B4E36s1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib6745B8F1B154A8294E1A2150097B4E36s1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib3F388198AA15A03B9D3632F3B0CA3C71s1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib3F388198AA15A03B9D3632F3B0CA3C71s1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib436DF6C831E7A605B2EAE00A2175096As1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib436DF6C831E7A605B2EAE00A2175096As1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bibE6DE8C88AE2CD79200AE7FC84FD88712s1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib929F3B858F7D4456B38D010845B349C3s1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib929F3B858F7D4456B38D010845B349C3s1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib929F3B858F7D4456B38D010845B349C3s1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib9164EBFB4EF84D9C8ED1C7642531BDDFs1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib9164EBFB4EF84D9C8ED1C7642531BDDFs1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib293427049567D86B0C51AB38FCBF8ECAs1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib293427049567D86B0C51AB38FCBF8ECAs1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib481744143DB4FD884C092ADCEDBCAEEEs1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib481744143DB4FD884C092ADCEDBCAEEEs1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib8B86D27D78668510074D5E4F0D76322As1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib8B86D27D78668510074D5E4F0D76322As1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib12F12183AE493035EFE96E7CFB419B5As1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib12F12183AE493035EFE96E7CFB419B5As1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib12B8522C83AA6FF5493225178401DF90s1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib12B8522C83AA6FF5493225178401DF90s1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib21BCD6B2C3F863CC47C7BD1203987A91s1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bibFF8F53152DA8A4213060B0F14DD123DFs1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bibFF8F53152DA8A4213060B0F14DD123DFs1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bibFF8F53152DA8A4213060B0F14DD123DFs1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bibFF8F53152DA8A4213060B0F14DD123DFs1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib4CB589F440F3F6A6A86E267E0247CB37s1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib4CB589F440F3F6A6A86E267E0247CB37s1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bibFF4651EBB7881617845A6BDAB547BBCBs1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bibFF4651EBB7881617845A6BDAB547BBCBs1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib79E0C057ADE0F6A2F9E5AE4F0A258159s1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib79E0C057ADE0F6A2F9E5AE4F0A258159s1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bibE23E3F40CF9F3B6DC3649C4F842669CFs1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bibE23E3F40CF9F3B6DC3649C4F842669CFs1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib1ACA2BADF9BA85DFC04E43489B93D909s1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib1ACA2BADF9BA85DFC04E43489B93D909s1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib73422876E6F79D225F53B7C53A49BE33s1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib73422876E6F79D225F53B7C53A49BE33s1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib21A1816A8584A797FE416E24627566D5s1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib21A1816A8584A797FE416E24627566D5s1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bibE9014DB2B536DC2F744692822400D83Ds1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bibE9014DB2B536DC2F744692822400D83Ds1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib0D225AD0ABEC36B746FD2D6DE7BE0009s1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib0D225AD0ABEC36B746FD2D6DE7BE0009s1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib1120A27B2E7AB760D173EED2BD4BC086s1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib1120A27B2E7AB760D173EED2BD4BC086s1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib0319B8D28FF4ECC0443C6D4D740DDCBBs1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib0319B8D28FF4ECC0443C6D4D740DDCBBs1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib9DD0968E8371910BB7D283778B63B30Fs1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib9DD0968E8371910BB7D283778B63B30Fs1
http://refhub.elsevier.com/S0167-6377(24)00025-7/bib9DD0968E8371910BB7D283778B63B30Fs1

	Efficient data-driven optimization with noisy data
	1 Introduction
	1.1 Notation
	1.2 Contributions

	2 Decision-making with noisy data
	2.1 Noisy data
	2.2 Efficiency
	2.3 Consistency

	3 Finite formulations
	3.1 Strassen representation
	3.2 Dual representation

	Data availability
	Appendix A Supplementary material
	References


