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Chapter 1

Introduction

The Universe is an enormous direct product of
representations of symmetry groups.

Steven Weinberg

Symmetry plays a fundamental role in mathematics and physics. For example, in classical
mechanics, thanks to Noether’s theorem, symmetry is responsible for conservation laws. At
the same time, symmetry is also the focus of a major area of mathematics—representation
theory, whose applications range from physics to biology, chemistry and the arts. “Symmetry
argument” is a common problem solving technique both in physics and mathematics: observing
the symmetries inherent to a problem often allows simplifying the problem. In the absence of
symmetry, difficult problems can often be made more tractable by assuming some form of
symmetry. Generally speaking, the more symmetry a problem has the more tractable it is.

Quantum mechanics, formally established in 1925 with Werner Heisenberg’s breakthrough
article [Hei25|, has transformed our fundamental understanding of nature and led to new tech-
nologies. As quantum theory approaches its 100th anniversary, it continues to pose significant
scientific challenges. In particular, questions regarding the quantum nature of information and
the computational foundations of quantum theory were largely overlooked during the field’s
early development. However, the current computation and information era naturally led peo-
ple to ask questions about the nature of quantum information. Interest in quantum information
theory has surged since the late 1980s, and with the discovery of Shor’s algorithm in 1995, inter-
est in quantum computing exploded. Today, quantum information and quantum computing are
thriving research areas, with many open questions that demand more developed mathematical
tools.

On the mathematical side, representation theory has played a crucial role in the development
of quantum mechanics throughout the 20th century, particularly in the study of symmetries,
conservation laws, and the classification of quantum systems. Its ability to reveal hidden
structures has had profound impacts, from understanding atomic spectra to the formulation
of the Standard Model. The broad goal of this thesis is to extend representation-theoretic
techniques to quantum information and computation. More concretely, we study in detail
and apply a certain generalisation of an important representation-theoretic tool, Schur—Weyl
duality, to a broader setting that naturally arises in quantum information theory.



2 Chapter 1. Introduction

Schur—Weyl duality

The unitary group of symmetries plays a special role in the context of quantum mechanics and
quantum information, and, for systems consisting of many identical parts, the unitary symmetry
becomes intertwined with permutational symmetry. This intimate connection between unitary
and permutation groups acting on several identical quantum systems is expressed via the so-
called Schur—Weyl duality. In its simplest form, it states that the two-qubit singlet state |¢p~) :=
(|01) — |10))/+/2 is the unique (up to a global phase) state that is invariant under identical
local unitary rotations: (U ® U)|y~) = det(U)[yp~) for any U € Uy, as well as the unique
anti-symmetric state: SWAP[)~) = —|¢)7). A similar dual characterisation in terms of unitary
and permutational symmetries applies not only to |)~) but also its orthogonal complement,
allowing to decompose the whole two-qubit space C?>®C? into invariant subspaces. This duality
extends also to (C?)®" where each of the n systems has dimension d.

More formally, Schur—Weyl duality states that unitary and permutation actions are mutual
centralisers within the algebra of linear transformations on (C%)®". This means that the algebra
generated by the action of Uy is the commutant of the permutation action of S,,, and vice versa.
This duality provides a powerful tool for understanding the representation theory of both groups
and has numerous applications in various branches of mathematics and physics.

A natural situation where Schur—Weyl duality arises in quantum information is when deal-
ing with many copies of some quantum state p. The total state p®" is then invariant under
permutations and transforms in a straightforward way under simultaneous unitary basis change
on each of the n systems. This scenario is very common in quantum information theory where
Schur-Weyl duality has become an important tool [Har05; Bot16|. It has also found numer-
ous applications in the design and analysis of quantum algorithms where weak Schur sampling
[CHWO07| and quantum Schur transform [Har05; BCH06; KS18; Krol9| play an important role
[Wril6]. Specific quantum algorithmic tasks where Schur—Weyl duality is used include quantum
spectrum [KW01a] and entropy [AISW20] estimation, quantum spectrum testing [OW15], state
tomography [Key06; HHJWY17; OW16; OW17]|, and quantum majority vote [BLMMO22].

Mixed Schur—Weyl duality

The classic Schur—Weyl duality admits various generalisations [Ber12; MS14; Ben96; Ben+94;
Dot08]. We are particularly interested in the setting referred to as mized Schur-Weyl duality.
In this setting, we consider the action U*™ @ U®™ on the space (C4)®"*™. The (n +m)-tensors
in this space are called mized!' because they have two types of indices: some are acted upon by
U while others by U [Hal96; Nik07]. The commutant of this action is known as walled Brauer
algebra and the concrete matrix representation of it on (C%)®"*™ is called partially transposed
permutation matriz algebra. The regular Schur—Weyl duality is then the special case when
either n = 0 or m = 0. We are interested in the general case of arbitrary n, m and local
dimension d.

The most common scenario is when either n = 1 or m = 1. Such symmetry naturally occurs
in many quantum tasks with a single input or a single output system, such as asymmetric
quantum cloning [Cer00; NPR21; NPR23|, port-based teleportation [IH08; MSSH18; SSMH17;
Led22; Chr+21; SMK22; SS23b; FTH23; WHS23|, quantum majority vote [BLMMO22]|, or
Ug-covariant quantum error correction [KL21; KL22]. It also occurs in situations that involve a
partial transpose on a single system, such as in entanglement detection [EW01; COS18; Hub21].

IThis has nothing to do with the notion of mixed states in quantum mechanics.



Group equivariance

Another place where mixed Schur—Weyl duality appears is in studies of quantum transforma-
tions of states that preserve symmetry. Such quantum transformations are called quantum
channels. A quantum channel ® is called G-covariant, for some group G, if there exist two
unitary representations of G, ¢y, and ¢y, such that <I>(¢in(g) p d)in(g)T) = Gout(9) P(p) dous (9T,
for any group element g € G and state p. The structure of group-covariant quantum chan-
nels can be much simpler than the structure of general channels [MSD17|. For example, while
perfect universal programming of general quantum channels is impossible [NC97]|, covariant
channels can be programmed [GBW21], even in infinite dimensions [GW21]. Group covariance
is important in many contexts. Let us briefly illustrate two that are less obvious: quantum
error correction and machine learning.

Group covariance is particularly important in the context of quantum error correction and
fault tolerance. Many quantum error correcting codes are covariant with respect to the Clifford
group and thus allow for simple or so-called “transversal” implementation of Clifford gates. An
even higher degree of symmetry, namely possessing a universal set of transversal gates, would
be ideal for devising schemes that can manipulate encoded quantum data. However, codes with
such continuous symmetries are ruled out by the well-known Eastin—Knill theorem [EK09]. The
interplay between continuous symmetries and quantum error correction has received revived
attention in the context of holography and quantum gravity, where an approximate version of
the Eastin—Knill theorem was recently established [Fai+20]. Group-covariant quantum codes
with continuous symmetries are also closely related to the notion of quantum reference frames
[HNPS21; YMRCW22|.

A special case of group covariance is equivariance, which means that the representations ¢;,
and ¢oy are either identical or related to each other in some simple way. Intuitively, equivari-
ance says that applying some transformation on the input is equivalent to applying the same
transformation on the output. This is a natural condition that occurs in many contexts. For
example, in machine learning, the structure of neural networks should respect the symme-
tries of the problem at hand, such as translations and rotations when dealing with images.
Such group-equivariant neural networks can have substantially increased expressive capacity
without the need to increase their number of parameters [Coh21; CW16; BBCV21]. In partic-
ular, unitary-equivariant neural networks that capture the symmetries of many-body quantum
systems have recently found applications in quantum chemistry [Qia+22]. More generally,
coordinate-independent convolutional networks on Riemannian manifolds require equivariance
under local gauge transformations [WEFVW21].

In quantum machine learning, group-equivariant convolutional quantum circuits have been
proposed to speed up learning of quantum states [ZLLSK23|. In general, equivariant gatesets
can be used to exploit symmetry in variational quantum algorithms [Mey+23|. A general
framework for group-invariant and equivariant quantum machine learning was recently outlined
in [Lar+422].

A particularly natural special case of group covariance is local unitary equivariance, which
corresponds to the case when ® is a quantum channel from n to m systems, each of dimension
d, the symmetry group G is the full unitary group Uy, and the two unitary representations
are given by ¢, (U) 1= U®" and @y (U) := U®™. In other words, applying the same unitary
U € U, on each of the n input systems of ® is equivalent to applying U on each of the m output
systems. This is precisely the setting of mixed Schur—Weyl duality.

Symmetries with general values of n > 1 and m > 1 correspond to scenarios with multiple
input and output systems [Key02, Section 7|, such as quantum state purification [KWO01b]
and cloning [SIGAO05; Fan+14], multiport-based teleportation [KMSH21; SMKH22; MSK21].
Such symmetries also occur in situations that involve the partial transpose on several systems,
such as the extendability problem [JV13; JSZ22|, entanglement detection [BCS20; BSH24|, or
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Figure 1.1: Standard teleportation (left) and port-based teleportation (right) represented as
quantum circuits. In standard teleportation Alice has a qubit state |¢)) and one half of the
maximally entangled state |UT); the other half is with Bob. Alice performs a Bell measurement
on her qubits and sends the two outcome bits 7,7 to Bob. Bob then performs a correction
operation by applying a product of Pauli unitaries X?Z%. In port-based teleportation, Bob
shares with Alice n copies of the |¥) state. Alice performs a joint measurement F on all her
qubits and obtains an outcome k € [n]. Upon receiving the measurement outcome k from Alice,
Bob simply discards (or “traces out”) all systems except for the k-th one (this is denoted by
Trp\k), where the teleported state is to be found without the need for any correction operations.

universality of qudit gate sets [SMZ22; DS23; SS23a|. Universality of quantum circuits with
two-local Ug-equivariant gates has recently been considered in [Mar22; HLM21; MLH24| from
the perspective of conservation laws. Finally, this class of symmetries is also of independent
interest in high-energy physics [KR07; Canll| and the study of quantum spin systems [Rya21;
BRR23].

Port-based teleportation

One of the examples mentioned above where mixed Schur-Weyl duality appears is port-based
teleportation (PBT). Before we describe port-based teleportation, let us remind the standard
teleportation protocol.

Quantum teleportation is a fundamental protocol within quantum information theory, al-
lowing an unknown quantum state to be transferred between parties without the state’s physical
transmission. First proposed by Bennett et al. in 1993 [Ben+93|, the classic protocol involves
Alice and Bob, who share an entangled qubit pair. Alice then performs a joint Bell-state mea-
surement on her qubit and the qubit she wishes to teleport. After that, she sends the outcome
to Bob through a classical communication channel. Based on the information provided by Al-
ice, Bob applies a specific unitary operation to his qubit to reconstruct the original quantum
state, see Fig. 1.1.

Port-based teleportation (PBT) is an interesting variant of teleportation that was proposed
by Ishizaka and Hiroshima in 2008 [IHO8|. PBT eliminates the need for Bob to perform any
corrective operations after receiving Alice’s classical message. Instead, Alice and Bob share
multiple entangled qubit pairs, known as “ports”. Alice performs a measurement that entangles
her input state with all her qubits and then sends the measurement result to Bob. Bob, upon
receiving this information, selects one of his qubits from the entangled ports as the teleported
state without needing to apply any further transformations, see Fig. 1.1.

A downside of PBT is that the teleportation implemented in this way cannot be perfect,
while standard teleportation achieves perfect transmission of the state. PBT also requires much
more entanglement resources compared to the standard protocol. However, as the amount of
shared entanglement grows, the quality of PBT improves and becomes arbitrarily close to
perfect. PBT offers a solution for teleportation in situations where performing conditional
operations is impractical or when a “correction-free” teleportation is desired. Such situation
arises in the study of non-local quantum computations and a quantum cryptographic primitive
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called quantum position verification.

The theoretical underpinnings of port-based teleportation are closely connected to the mixed
Schur-Weyl duality. However, efficient construction of quantum circuits for this task was a
long-standing open problem. That is why the tools we developed for mixed Schur-Weyl duality
enabled us to make progress on construction of efficient quantum algorithms for PBT.

1.1 Summary of the results

This thesis makes several contributions to the understanding and application of mixed Schur—
Weyl duality in quantum information and quantum computing. Our main contributions are as
follows.

1.

We find an explicit action of the generators of the matrix algebra of partially transposed
permutations in the Gelfand—Tsetlin basis of all irreducible representations, see Theo-
rem 3.7.1. This algebra appears naturally in the context of mixed Schur-Weyl duality,
and explicit knowledge of its action is crucial for applications in quantum information
and computing.

We adapt existing constructions of primitive and primitive central idempotents to the
matrix algebra of partially transposed permutations in Section 3.6. Our main technical
result here is Theorem 3.6.6, which adapts Jucys—Murphy elements of the walled Brauer
algebra to the matrix algebra of partially transposed permutations.

We introduce and develop an efficient quantum circuit for the mixed quantum Schur
transform in Theorem 4.3.1. Mixed quantum Schur transform is a key element to allow
applications of mixed Schur-Weyl duality in quantum computing. The main new ingredi-
ent of the mixed quantum Schur transform is the dual Clebsch—Gordan transform, which
we implement as a quantum circuit in Theorem 4.4.1.

We construct efficient quantum algorithms for port-based teleportation in Theorem 5.1.1,
thus solving a long-standing open problem. The key idea is the realisation of the Naimark
dilation theorem in the Hilbert space comprised of paths of the Bratteli diagram of the
matrix algebra of partially transposed permutations, see Section 5.3.

We apply mixed Schur—Weyl duality to symmetry reduction of certain semidefinite opti-
misation problems. We show that a class of SDPs with unitary equivariance symmetry
can be reduced to linear programs whose size does not depend on the local dimension d,
see Theorem 6.3.4. As a step towards generalisation of this result, we also describe in
Section 6.4 how a certain class of SDPs can be simplified without additional symmetry
assumptions, see Theorem 6.4.2.

As an application of our symmetry reduction framework, we show how to simplify different
SDPs with unitary equivariance symmetry, allowing new insights into previously unsolved
problems,; such as transposition of unknown unitaries (see Section 6.5.4).

We study the monogamy of entanglement for quantum states respecting unitary, mixed
unitary, and orthogonal symmetries, obtaining new results on the extendibility of these
states, see Theorem 7.1.1. In particular, we obtain the full extendibility region for qubit
Brauer states, see Theorem 7.1.2

These contributions advance the understanding of mixed Schur—Weyl duality and its ap-
plications in quantum information and computing and have implications for the design and
analysis of quantum algorithms and protocols involving unitary symmetries. We now provide
an overview of the chapters.
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1.2 Overview of the thesis

Chapter 2 sets the stage by introducing the notation, the basics of quantum information,
semidefinite programming, and the representation theory of groups and algebras. We describe
the basics of the module-theoretic language and introduce the key notions of Gelfand—Tsetlin
bases and Bratteli diagrams. We also introduce the basics of the representation theory of sym-
metric groups, and unitary and general linear groups. This chapter describes the fundamentals
of Schur-Weyl duality, which serves as a basis for our generalisation in the next chapter.

Chapter 3 describes the representation theory of the partially transposed permutation ma-
trix algebra and introduces the mixed Schur—Weyl duality, which is a generalisation of Schur—
Weyl duality. Our main result in this chapter is the explicit formula for the action of the
partially transposed permutation matrix algebra generators in the Gelfand—Tsetlin basis. This
result extends the Gelfand—Tsetlin basis for the symmetric group, also known as the Young—
Yamanouchi basis. The chapter also includes the construction of primitive and primitive central
idempotents in this basis. Overall, this chapter is central to the whole thesis, building a foun-
dation for the next chapters.

Chapter 4 constructs quantum circuits for the mixed Schur transform by using Clebsch—
Gordan transforms as the main building block. Quantum mixed Schur transform is a new
primitive in quantum information, which did not exist before our work [GBO23a| and an
independent work [Ngu23|, which constructs the same quantum circuits. Thus, our work fills
an important gap in the literature. We present two different encodings of the Gelfand—Tsetlin
basis, which we call “standard” and “Yamanouchi”. The first encoding is less space-efficient
but provides a more convenient possibility to implement more complicated unitary operations,
while the second encoding is more space-efficient but may not be optimal for implementing
certain quantum operations. We hope that our work will allow for a deeper understanding
of previously unsolved problems and will find a range of new applications within quantum
information theory. One example of such an application is port-based teleportation, which we
describe in the next chapter.

Chapter 5 presents efficient quantum algorithms for all port-based teleportation protocols,
thus solving a long-standing open problem. Building on previous chapters that study mixed
Schur transform and partially transposed permutation matrix algebras, this chapter presents
efficient quantum algorithms for both probabilistic and deterministic PBT protocols. Two en-
coding schemes are used: one with O(n) time complexity and O(n) space complexity, and
another with O(n2) time complexity but reduced O(1) space complexity for constant local
dimension and precision. It also includes the construction of efficient circuits for preparing
optimal resource states for probabilistic PBT. Overall, this chapter presents the culmination of
years of research into PBT, achieving significant advancement in the field of quantum informa-
tion by providing the first known efficient algorithms for this teleportation method. By closing
this long-standing gap, we pave the way towards practical implementation of PBT protocols.

Chapter 6 discusses unitary-equivariant linear and semidefinite programming. This chapter
provides a general framework to reduce unitary-equivariant SDP problems into simpler ones
and, by leveraging additional symmetry assumptions, transforming them into much simpler
linear programs that can be solved more efficiently. The reduction process is made possible by
using results from mixed Schur-Weyl duality and a compact parameterisation of the solution
space via walled Brauer algebra diagrams. The chapter illustrates practical applications of
this framework in quantum information theory, including tasks like determining the principal
eigenvalue of a quantum state, quantum majority vote, asymmetric cloning, and transposition
of a black-box unitary. Overall, this chapter presents a powerful method for solving a large
class of optimisation problems in quantum information and beyond, offering both theoretical
insights and practical tools for reducing the complexity of semidefinite programs.
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Chapter 7 focuses on a fundamental notion in quantum information theory—monogamy of
entanglement. Monogamy limits the degree to which different particles may share entanglement
with each other. This chapter studies a particular aspect of monogamy called “extendibility”
for highly symmetric quantum states on the complete graph. We go beyond the original mixed
Schur-Weyl duality and explore applications of the full Brauer algebra in our setting. The
Brauer algebra is larger than the walled Brauer algebra and appears in the Schur-Weyl duality
for the orthogonal groups. This chapter explores the extendibility problem for three classes
of symmetric quantum states: Werner, isotropic, and Brauer states. For each class, we deter-
mine the amount of bipartite entanglement that a global state can possess if all its two-party
marginals are identical and belong to the given class. We address this question by formulating
the problem as a semidefinite program (SDP), which we solve using tools from representation
theory and SDP duality. One of the key contributions of this chapter is the derivation of the
exact maximum values for projections onto the maximally entangled state and the antisym-
metric Werner state. This chapter also introduces the notion of G-extendibility for symmetric
states, generalising previous results in the area of quantum state extendibility.






Chapter 2

Preliminaries

Representation theory is a branch of mathematics that studies abstract algebraic structures by
representing their elements as linear transformations of vector spaces. This approach allows us
to study complicated abstract algebraic objects within the context of easy-to-understand linear
algebra, providing deep insights into their structure.

This chapter summarises the basics of the representation theory of finite groups and associa-
tive algebras. The aim here is to present the necessary representation-theoretic facts concisely
and introduce relevant notions needed for further chapters. We assume knowledge of standard
definitions such as groups, algebras, and knowledge of linear algebra, complex analysis, basic
topology and differential geometry.

We start this chapter by introducing the notation, basics of quantum information theory
and semidefinite programming, which we will use throughout this thesis.

We base our exposition on the following books on quantum information [NC10; Wat18| and
representation theory [FH91; GWO98; Sagl3; Eti+11; CR62; DK12; VK92; Kir08].

2.1 Notation

In this thesis, we consider only finite-dimensional complex Hilbert spaces H = C¢, where d is
the dimension of the space. Most of the time, we only need a vector space structure of a Hilbert
space, so we refer to H simply as C¢. We will often use the abbreviation [d] := {1,...,d}.

The set of all K-linear maps between two vector spaces V, W over field K is denoted by
Homg (V, W), and if W = V', we speak of the set of endomorphisms Endg (V') := Homg(V, V).
This notation is mostly used to highlight the underlying field. In this thesis, we mostly consider
the field K = C. Therefore we usually drop the subscript and simply write End(V') = End¢(V)
and Hom(V, W) = Hom¢(V, W). End(V) is a space of linear transformations of V. Equiva-
lently, End(C?) denotes the set of all complex d x d matrices.

We denote by Uy all unitary matrices on C?, i.e., all U € End(C?) such that U'U = I,
where [ is the identity matrix on C%. A complex d x d matrix H is Hermitian if H' = H, where
H' := HT is the conjugate transpose of H. The collection of all Hermitian matrices acting on H
is denoted by Herm(#). For a Hermitian matrix H € Herm(H), we use the notation H > 0 to
indicate that H is positive semidefinite, i.e. (¢)|H|) > 0 for all |¢p) € H. A Hermitian matrix
II = 0 is a projector if I1? = 1II.

To discuss the complexity of classical and quantum algorithms the big-O notation is often
used. If f(n) and g(n) are functions defined for large values of n, writing f(n) = O(g(n)) is for-
mally equivalent to 3C' > 0, ng > 0such that f(n) < Cg(n) for all n > ng. We also often use the
notation poly(n) and polylog(n) to mean poly(n) = O(n*) and polylog(n) = O(log* n) for some
constant k > 0, respectively. Moreover, we also use soft-O notation O(f(n)) to mean O(f(n)) :=

9
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O(f(n)log" f(n)) for some constant k > 0. Occasionally, we can also hide polylog dependence of
some additionally specified parameters into 5, slightly abusing this notation. Finally, we some-
times use f(n)polylogg(n,m,...) as abbreviation for O(f(n) polylog g(n,m,...)) for brevity
and for highlighting which parameters appear inside the logarithm.

2.2 Quantum information

In this section, we review basic notions and concepts of quantum information, which we need
throughout the thesis. For more background on quantum information theory see [NC10; Wat18].

Quantum states

In quantum theory, the state of a physical system is described by a vector in a complex Hilbert
space H. Pure quantum states are unit vectors [¢)) € H, where the unit norm condition is
|v|| = (¥]1p) = 1. For several physical systems, their combined state space is described by the
tensor product of their Hilbert spaces, e.g., Hi ® Hs.

More generally, in quantum information, a quantum state can be described by a density ma-
triz p, which is a positive semidefinite operator on ‘H with trace Tr(p) = 1. Density matrices
describe mized states, which formalise a physical intuition about classical uncertainty in prepar-
ing pure states, or, in other words, they correspond to probabilistic mixtures of pure states.
The density matrix of a pure state [1) is p = [¢)(¢)|. For a mixed state, p = Y. p;|v) (],
where {|¢;)}; are pure states and {p;} are probabilities with p; > 0 and ), p; = 1. We denote
by D(#) the set of all density matrices on H.

Evolution of states

The evolution of a closed quantum system is described by unitary operators. This unitary
evolution of density matrices is given by p — UpU'. However, unitary evolution is a math-
ematical idealisation. Interactions with an external environment lead to transformations of
quantum states that cannot be described solely by unitary operators. Therefore, in quantum
information, the most general form of evolution is given by the notion of quantum channel.
Let Hip, := C% and Hey := C% be finite-dimensional complex Hilbert spaces. A quantum
channel ®: End(Hi,) — End(Heu) is a completely positive and trace-preserving linear map.
Complete positivity means that, for any reference space H,or and state p € D(Hiy, @ Hyef), We
have (® ®1,ef)(p) = 0 where Lo denotes the identity channel on H,er. Trace preservation means
that Tr(®(p)) = Tr(p), for all p € D(Hiy).

Quantum channels could be expressed via several equivalent ways. One way is to express
them using the Kraus operators { K;}, where each K; is a linear operator K;: Hi, — Hous sSuch
that ®(p) = 3, KipK) and Y, K/ K; = I, . The condition 3", K] K; = I, ensures that the
map is trace-preserving, i.e., Tr(®(p)) = Tr(p). Another equivalent way to describe quantum
channels is via Stinespring dilation as ®(p) = Try, (V pV'1), where V is some isometry operator
End(Hin) — End(How ® He) for some environment system H, i.e. VIV = I, and Try, is
the partial trace over H,.

For this thesis, the most useful characterisation of a quantum channel is via its Choi matrix
X? € End(Hin ® Hous) defined as

X = S 9 (i) G)) (2.1

4,j=1
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where {|1),...,|din)} is an orthonormal basis for H;,. The action of ® on p € D(H;,) can be
recovered from its Choi matrix X? as follows:
®(p) = Try,, [X (" @ Low)]- (2.2)
A given matrix X € End(Hi, ® Hour) describes a quantum channel if and only if
X =0, Try, (X) = Lin. (2.3)

Quantum measurements

To extract classical information from a quantum system, a quantum measurement is performed.
The most general measurement in quantum mechanics is known as positive operator-valued
measure (POVM), which is a set £ := {E}}}_, of positive semidefinite operators Ej > 0 on
a given Hilbert space H that sum to the identity matrix: Y, Ey = Iy. The Born rule
postulates the outcome probabilities of this measurement: upon measuring state p the classical
outcome k € [n] is obtained with probability Tr(pEy).

An important simpler subclass of measurements are projective measurements: 11 := {II;}I' ,
is a projection-valued measure (PVM) on a given Hilbert space H if Y | II; = Iy and II; is an
orthogonal projection, i.e. II? = II; = HZT = 0, for every i € [n].

If {II;}, is a PVM then for every pair 4, j € [n], i # j the projectors II; and II; are mutually
orthogonal, i.e. ILIL; = §; ,II;. Indeed, take any vector |v) € im(Il;) € H where im(II;) denotes
the image of II;. Since ) II; = Iy we have 1+ 3. (v[ll;|v) = 1. Therefore, since each 1I; is
positive semidefinite it must be that (v|II;|v) = 0 for every j # 4, which implies ILII; = 6, ;II;.
The converse is also true: if every pair of operators in a given POVM is mutually orthogonal
then this POVM is a PVM.

Finally, we recall a particular instance of Stinespring dilation—the Naimark dilation theo-
rem. This fundamental result states that any POVM can be represented as a PVM on a larger
Hilbert space. This theorem allows any generalised measurement to be realised as a standard
projective measurement in an extended space, which is particularly useful in quantum infor-
mation theory and construction of quantum algorithms. However, finding an explicit Naimark
dilation, which is easy to implement on a quantum computer can be a highly non-trivial task.

2.3 Semidefinite programming

Semidefinite programming is an important subfield of optimisation [WSV12]| that has numer-
ous applications in quantum information theory [ST22; Wat18]. A typical formulation of a
semidefinite program (SDP) has the form [WSV12, Section 1.1]

sup  Tr(CTX)
X

st Tr(ATX) =b;, Vi€ [m] (2.4)
X =0,

where X is a symmetric real matrix variable, C' and A; are constant symmetric real matrices,
and b; are real constants.! A special case of SDPs are linear programs (LPs) which correspond
to the case when all matrices involved are diagonal. Any LP can be formulated in the standard

form -
sup ¢ x

st. a] by, Vi€ [m], (2.5)

a; T
x 2z

=

IThis formulation can be extended to complex numbers, i.e., X, C, A; could be Hermitian matrices.
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where x is a real vector variable, ¢ and a; are constant real vectors, and b; are real constants.
In practice, LPs are much faster to solve than SDPs. Therefore, being able to reduce a given
SDP to an LP under additional symmetry assumptions is often desirable. We will encounter
such a scenario in Chapter 6.

A fundamental idea in optimisation theory is that of weak duality: for a given primal
problem, there is an associated dual problem. For example, for the primal SDP (2.4) we can
write a Lagrangian [BVO04]:

m

L(X,2) :=Tr(CTX) + > Ai(b; — Tr(AT X)), (2.6)

i=1

where \; € R are real Lagrange multipliers. Note that the problem (2.4) is equivalent to
The Min-Max principle states that

. _ |
sup Jnf L(X,A) < inf sup L(X, ), (2.7)

therefore it is natural to define the dual problem of the primal problem (2.4) as infycgm
supyso L(X, ), which is equivalent to

S.t. i )\ZAl —C = O,
=1

A e R™.

(2.8)

Weak duality is based on Eq. (2.7) and asserts that p* < d*, where p* and d* are the optimal
values of primal and dual problems, respectively. If equality holds, then we say that strong
duality holds. There exist sufficient conditions for strong duality, such as Slater’s condition,

see [BV04; Wat18].

2.4 Representations of finite groups

Basic definitions

We start by defining a concept of representation which, intuitively, one should imagine as a
“shadow” of the group GG onto the space of linear transformations.

2.4.1. DEFINITION (Representation). Let G be a finite group. A representation of G on a
vector space V' over field K is a homomorphism R : G — End(V'). In other words, the map R
is such that

R(gh) = R(g)R(h) Vg,h €G. (2.9)

Abusing the notation, we could also specify a representation by mentioning a pair (R, V') or the
map R or the space V only. The dimension of V' is called the degree of the representation. We
also refer to |G| as the size of the group G. In the following, we always assume the ground field
K = C for all vector spaces, unless otherwise specified. Next, we define a concept of intertwiner.
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2.4.2. DEFINITION (Intertwiner). Let (R, V') and (R, W) be two representations of G. The
linear map ¢ : V. — W is called an intertwiner or G-homomorphism if for every g € G:

¢R1(g) = R2(9)9- (2.10)

The set of all G-homomorphisms between V' and W is denoted by Homg(V, W). In particular,
if W =V then we denote Endg (V') := Homg(V, V).

2.4.3. EXAMPLE (Trivial Representation). The simplest representation is the trivial represen-
tation, where every group element is mapped to the identity matrix of a one-dimensional vector
space. Formally, R(g) =1 for all g € G.

2.4.4. EXAMPLE (Left-Regular and Right-Regular Representations). The left-reqular represen-
tation L: G — End(CIl) acts on an |G|-dimensional vector space with the basis {|g) | g € G}.
Cl¢l is commonly denoted by

CG = spanc{lg) | g € G}. (2.11)

Each group element h € G acts by permuting these basis vectors: L(h)|g) = |hg). Similarly,
the right-regular representation R: G — End(C!¢l) is defined on CG such that each h € G acts
as R(h)|g) = |gh™!). Tt is easy to see that these actions commute with each other.

The most important definition in this theory is that of irreducible representation.

2.4.5. DEFINITION (Irreducible Representation). A representation R of G in V' is irreducible
if V' does not have proper non-zero invariant subspaces under the action of G. That is, there

is no subspace W C V' (other than {0} and V itself) such that R(¢g)W C W for all g € G.

We will call irreducible representations simply irreps most of the time. Intuitively, irreducible
representations for group representations are like primes for natural numbers, and we would
like to understand how different representations decompose into simple pieces — the irreducible
representations. The set of labels of all irreducible representations of G is usually denoted by

G = {A\ |V, is irreducible representation of G'}. (2.12)
Burnside’s theorem provides a useful way to understand what “irreducibility” means.

2.4.6. THEOREM (Burnside [LRO4|). Suppose R : G — GL(V) is an irreducible representation
of G, then
spanc{R(g) | g € G} = End(V). (2.13)

We can construct new representations by taking direct sum and tensor product. Namely, for
two representations (Ry, Vi), (Rz, Va) we can define

1. Direct sum: R: G — End(V; @ V), for every g € G

R(g) := Ri(g9) ® Ra(9), (2.14)

2. Tensor product: R : G — End(V; ® V), for every g € G

R(g) := Ri(g9) ® Ra(g). (2.15)
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Fundamental results

A fundamental fact about finite group representations over C is that every representation is
completely reducible in the following sense:

2.4.7. THEOREM (Maschke’s theorem). An arbitrary representation V- over C of a finite group
G decomposes into a direct sum of irreducible representations.

Maschke’s theorem implies, in particular, that left-regular representation of G can be decom-
posed into irreducibles.

2.4.8. THEOREM. Let G be a finite group. The left-reqular representation CG is completely
reducible and
CG=PHwney, (2.16)
\ed

where V¥ is a multiplicity space of the left-reqular action, which can be indentified with the
right-reqular representation of G.

One of the key technical results that permeates across all representation theory is Schur’s
lemma, which puts stringent restrictions on the classes of maps different irreducible represen-
tations can have.

2.4.9. THEOREM (Schur’s Lemma). Let V' and W be irreducible representations of G. If ¢ :
V. — W is a G-homomorphism, then ¢ is either an isomorphism or zero. If V.= W, then
any endomorphism ¢ : V. — V' commuting with all R(g) for g € G is a scalar multiple of the
identity map.

To study how representations decompose into irreps, the concept of a character is very handy.

2.4.10. DEFINITION (Character). The character of a representation R : G — GL(V) is the
function y : G — C defined by

x(g) :=Tr[R(g)] for every g € G, (2.17)
where Tr denotes the trace of a matrix. We say that x is irreducible whenever R is.

Character theory is a powerful tool to study the decomposition of a given representation into
irreps because they have several important properties:

e X(g) is a class function, i.e. it is constant on the conjugacy classes? of the group G;

e the character of the direct sum R\ @ R, of two representations is the sum of their char-
acters: Xaeu = X + X

e the character of the tensor product Ry ® R,, of two representations is the product of their
characters: xxgu = X * Xpu-

2.4.11. THEOREM (Character Orthogonality Relations). Let x1, x2, - - ., Xn be the complete set
of irreducible characters of G. Then the following orthogonality relations hold:

|_(1;| Z Xi(g)m = 0,5, ’_(1;| Z xi(9)xi(h) = dg.hs (2.18)

geG

where § 1s the Kronecker delta.

2Two elements a and b of a group G are conjugate if there exists an element g € G such that a = gbg™'.
This is an equivalence relation and its equivalence classes are called conjugacy classes.
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The information about characters is usually stored in a character table. The character table
of a finite group G is a square matrix where rows correspond to the irreducible characters and
columns correspond to the conjugacy classes of G.

Character orthogonality relations can be generalised to orthogonality relations between
matrix entries of the corresponding representations. This very important result, relating two
arbitrary unitary irreps Ry and R,,, is call Schur Orthogonality Relations:

2.4.12. THEOREM (Schur Orthogonality Relations). For two arbitrary unitary irreducible rep-
resentations of G, Ry : G — End(V)) and R, : G — End(V},), their matriz elements satisfy the
following orthogonality relations:
1 _— 1
@l Z BA(9)ijRu(9)m = d_/\(skuéikéjla (2.19)

geG

where dy is the dimension of the irrep Vi, R\(g)ij and R,(9)r are the (i,j)-th and (k,1)-th
elements of the matrices Rx(g) and R,(g), respectively.

Character and Schur orthogonality relations have several important consequences in rep-
resentation theory. They imply that any class function on G can be expressed as a linear
combination of irreducible characters. They also allow the construction of orthogonal projec-
tors onto the isotypic components of representations. Specifically, for a given representation
R : G — End(V) the isotypic projector R(ey) onto irreducible representations V), appearing
inside representation V', is given by

R(ex) = ‘% > xalg™HR(g), (2.20)

geG

where d) is the dimension of the irrep A. It projects onto all irreducible components within
the representation R. The image of this projection inside the space V is usually called isotypic
component \.

It is useful to think about €, as a formal linear combination in the group algebra CG (see
Example 2.5.8):

d _
€\ = @ ZX)\(Q Hg. (2.21)
geG
This provides an example of primitive central idempotent. We describe this notion in more
detail in Section 2.7.2.

2.5 Modules of finite-dimensional associative algebras

Representation theory of finite-dimensional associative algebras is a logical generalisation of
the representation theory of finite groups. We have already seen an example of an algebra con-
structed from a group — the group algebra, which we defined as the left-regular representation
in Example 2.4.4. However, the representation theory is richer in the case of finite-dimensional
associative algebras. Unlike finite group representation theory over C, representations of alge-
bras over C are not completely reducible. That gives rise to different types of modules. Key
objectives in this field include classifying simple and indecomposable modules, understand-
ing projective and injective modules, and studying extensions between modules. However,
for applications in quantum information, one is usually interested in finite-dimensional matrix
x-algebras, which are semisimple. Because of this, we will not need all the complicated ma-
chinery developed in the field of finite-dimensional associative algebras. More background on
finite-dimensional algebras and their modules can be found in [DK12; Cox12].
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Basic definitions

We start with the basic definition of an associative algebra.

2.5.1. DEFINITION (Associative Algebra). An associative algebra A over a field K is a vector
space over K equipped with a bilinear multiplication operation - : Ax A — A that is associative:

(@a-b)-c=a-(b-c) forall a,bce A (2.22)
We also assume that A has a multiplicative identity e® such that e-a =a-e =a for all a € A.

In the following, we usually drop the adjective “associative” most of the time. Similar to
Cayley’s theorem for groups, any algebra over K is isomorphic to a subalgebra of the full
matrix algebra End(K9™4). Indeed, the action of A on any basis of A produces a matrix
algebra that is analogous to the left-regular representation of a group.

A subalgebra B C A is a vector subspace of A which is closed under multiplication operation.
An important class of subalgebras are ideals.

2.5.2. DEFINITION (Ideal). An ideal I of an algebra A is a vector subspace I C A such that
for every a € Aand x € I, botha-x €[ and z-a € I.

If V' is a vector space, a matrixz algebra A on V is a linear subspace of End (V) that is closed
under matrix multiplication. The centraliser or commutant of a matrix algebra A in End(V)
is the set of all matrices acting on V' that commute with A:

Endy (V) :={B € End(V) | [4, B] = 0 for every A € A}, (2.23)

where [A, B] := AB — BA denotes the commutator of A and B.

If A and B are general abstract algebras, ¢: A — B is an algebra embedding if ¢ is an
injective homomorphism. The embedding is unity-preserving if p(e4) = eg. We write A — B
to mean that such embedding exists (in such case one can intuitively think of A as a subalgebra
of B). Similar to matrix algebras, we can define the notion of centraliser for abstract algebras.

2.5.3. DEFINITION (Centraliser and Center). If B C A then we denote by Zz(.A) the cen-
traliser of B in A:
Z5(A) :={a € A|ab = ba for every b € B}. (2.24)

If B = A in the above definition then Z(A) := Z4(.A) is known as the center of the algebra A.
A representation of A is a homomorphism R : A — Endg(V), where V is a finite-

dimensional vector space over K. This means that each element a € A is mapped to a linear
transformation R(a) € Endg (V') such that

R(ab) = R(a)R(b) for all a,be A. (2.25)

However, usually in the context of algebras the equivalent word “module” is used. The words
“representation” and “module” are essentially synonyms.

2.5.4. DEFINITION (Module). An A-module M is a vector space over K along with an action
of Aon M:
AX M — M, (a,m) — a-m,

satisfying the following properties:

3Sometimes, we simply write 1 instead of e.
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1. (a+b)-m=a-m+b-m, 3. (ab) -m=a-(b-m),

2.a-(m+n)=a-m+a-n, 4. e-m=m.

Given a subalgebra A of an algebra B and a B-module V', its restriction to the subalgebra
A is the module V' with action coming from A only. We denote such .A-module by Resﬁ‘/.

A submodule of an A-module M is a subspace W of M such that a-w € W for all w € W
and a € A. (Note that W is an A-module in its own right.) For example, M and {0} are
trivial submodules of an A-module M. If an A-module M has submodules W; and W5 such
that M = W; @& W5 as a vector space then we say that M is the direct sum of W; and Ws.
A module V' is indecomposable if it is not the direct sum of two non-zero submodules, and is
decomposable otherwise.

As in the context of finite groups, we can define “simple” representations, which we will call
simple modules. A module which decomposes into simple modules is semisimple — this is an
analogue of the concept of complete reducibility in the context of groups.

2.5.5. DEFINITION (Simple and Semisimple Modules). Let A be a finite-dimensional algebra
over a field K. A simple A-module is a non-zero finite-dimensional* A-module M such that
the only submodules of M are {0} and M itself. An .A-module M is said to be semisimple if
it is a direct sum of simple A-modules.

A “representation” of an algebra is called a “module”, and the adjective “irreducible” is
usually replaced by “simple”. We will use both terminologies interchangeably. The former is
used more often in the group context, while the latter is used in the context of algebras. We
denote the set of all simple A-modules by A.

To characterise algebras which only have semisimple modules, we need a concept of Jacobson
radical. The Jacobson radical is also known as simply the radical of the algebra, and it plays a
crucial role in the representation theory of finite-dimensional algebras, allowing to distinguish
between “easy” semisimple algebras and ‘non-easy” non-semisimple algebras.

2.5.6. DEFINITION (Jacobson Radical). Let A be a finite-dimensional algebra over a field K.
The Jacobson radical of A, denoted by rad A, is the intersection of all maximal left ideals of A.
Equivalently, it is the set of all elements a € A such that e + ax is invertible for all x € A.

In the following, we always assume that the ground field K = C unless specified otherwise.

2.5.7. THEOREM. Let A be a finite-dimensional algebra over C. It is semisimple as left A-
module if and only if rad A = 0.

A basic example of a semisimple algebra is the group algebra of a finite group G over a field
K, where the characteristic of K does not divide the order of the group GG — this is basically a
restatement of Maschke’s theorem.

2.5.8. EXAMPLE (Group algebra). The group algebra CG is constructed from a group G and
a field C. It consists of formal sums ) __ a,9 with a, € C, and multiplication extends linearly
from the group operation:

(Z agg) (Z bhh) = Z (agbn)(gh) = Z(Z agbgflt)t' (2.26)

geG heG g,heG teG geG

geG

4Usually, the requirement is that the module should be finitely generated. However, for the purposes of this
thesis it is enough to consider finite-dimensional modules.
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Another important class of semisimple algebras relevant to quantum information are matriz
x-algebras over C. Formally, x-algebra is defined as follows:

2.5.9. DEFINITION (x-algebra). A *-algebra is a finite-dimensional associative algebra A over
C, equipped with an involution * : A — A, which satisfies the following properties for all
a,be Aand k € C:

1. (a+0b)* =a* + b, 3. (ab)* = b*a’,
2. (ka)* = ka*, 4. (a*)* = a.

A matriz x-algebra is a matrix algebra, where the % operation is the conjugate transpose {. An
example would be the algebra of block-diagonal matrices:

2.5.10. EXAMPLE (Matrix x-algebra). Let V' and W be vector spaces. Then

A= {(gl g) ’ AcEnd(V), Be End(W)} (2.27)
is a matrix *-algebra. It is a subalgebra of the full matrix algebra End(V @& W).

An example of a non-semisimple matrix algebra is the upper triangular matrix algebra:
2.5.11. EXAMPLE (Non-semisimple matrix algebra).

c
0] |a,b,e,d, feCy. (2.28)
f

Intuitively, being closed under the { operation forbids the existence of “upper triangular”
matrix algebras as the one above. This is formalised in the following statement:

A=

o O Q
o Qo

2.5.12. LEMMA. FEvery finite-dimensional matriz *-algebra is semisimple.

Fundamental results

A crucial difference between the representation theory of finite groups and algebras is that for
algebras there can be reducible but indecomposable modules in the following sense:

2.5.13. DEFINITION. Let A be a finite-dimensional associative algebra over a field K. A module
M over A is called indecomposable if it cannot be expressed as a direct sum of two non-zero
submodules. In other words, M is indecomposable if for every decomposition M = M; & M,
where M; and M, are submodules of M, we have either M; = 0 or My = 0.

The Krull-Schmidt Theorem proves that indecomposable modules are elementary building
blocks of modules of algebras in the following sense:

2.5.14. THEOREM (Krull-Schmidt). A finite-dimensional module over a finite-dimensional as-
sociative algebra decomposes uniquely (up to isomorphism and order) into a direct sum of in-
decomposable modules.

Returning to the semisimple world, for the special case K = C relevant for this thesis the
Wedderburn—Artin theorem provides a classification of semisimple algebras.
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2.5.15. THEOREM (Wedderburn—Artin). A finite-dimensional semisimple algebra A over C is
1somorphic to a direct sum of matrix algebras over C:

A= PEnd(Vy), (2.29)

AeA

where each V) is a simple A-module.

This isomorphism is very useful since it allows us to think of an abstract semisimple algebra
A as an algebra of block-diagonal matrices, a perspective that we will repeatedly use. Note
that Theorem 2.5.15 implies

dimA =S (2:30)
AeA

which is analogous to the dimension formula for irreducible representations of groups. Another
way to look at Theorem 2.5.15 is to view A itself as left-regular representation of A, so the
statement of the Wedderburn—Artin theorem is equivalent to complete reducibility of this left-
regular representation.

Similar to finite groups, Schur’s lemma also holds for algebras. Namely, if M and N are
simple modules over an algebra A, then any A-module homomorphism f : M — N is either
zero or an isomorphism.

2.6 Young diagrams and tableaux

Now we would like to take a step back from discussing purely representation-theoretic basics
to introduce some fundamental combinatorial objects, which are needed to talk about repre-
sentations of symmetric groups S,, and unitary groups Uy.

A partition A F n of an integer n > 0 is a tuple of integers A = (Aq,...,\g) such that
A =2 = 0and A\ + -+ Ay = n. We denote by ¢(\) = max {k | A, > 0} the length of
A. We use the notation A 4 n to indicate that A n and ¢(\) < d. A partition A n can be
graphically represented as a Young diagram—a collection of n cells arranged in ¢(\) rows with
A; of them in the i-th row. For example,

[ ] (2.31)

represents the partition A\ = (3,1). Note that the same Young diagram could, for example,
also refer to A = (3,1,0,0). The size || of Young diagram is the number of boxes n. We call
= (p1,...,pa) a subpartition of A = (A1,...,Aq), and write up C X\ if ' < d and p; < \; for
i=1,....d.

The conjugate or transpose of the partition A\, denoted X', is the partition corresponding to
transposing the Young diagram representing A. E.g. if A = (3,1) then

u ]

and N = : (2.32)

A:

Sometimes we use column notation to represent partitions. For example, a partition A = (3, 2)
could be written as A = (22,11).

Any cell u € X of a Young diagram A can be specified by its row and column coordinates i
and j. The content of cell u = (i, ) is

cont(u) := j —i. (2.33)
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For example, the cells of the Young diagram (5,3, 3) have the following content:

0[1]2]3]4
—1{o0]1 . (2.34)
—2[-1]0

Note that content is constant on diagonals of A and indicates how far each diagonal is from
the main one. Content increases by one when going right or up, and decreases by one when
going left or down. The azial distance (also known as hook or Manhattan distance) from cell
u=(i,7) tov=(i,7) in a Young diagram is

r(u,v) := cont(v) — cont(u) = (j' — j) — (' — ). (2.35)

For example, the axial distance from cell u to all other cells in the Young diagram (5,3, 3) is
as follows:

—1ul1]2]3
—2[-1]0 . (2.36)
—3[—2[-1

For a Young diagram A, a cell u € X is called remowvable if the diagram A \ u obtained by
removing the cell u from A is a valid Young diagram. In the literature, removable cells are also
called corners of a given Young diagram. Similarly, a cell u ¢ X is called addable if the diagram
A U u obtained by adding the cell u to A is a valid Young diagram. The set of all removable
cells of A is denoted by RC(\), while the set of all addable cells by AC(\). We also need to
define a subset AC4(A) € AC(A) of addable cells to a Young diagram A that do not increase
the length of A beyond d:

AC4(N) = {a € AC(\) | £(AUa) < d}. (2.37)

For example, the Young diagram A = (5,3,3) (shown in gray) has two removable cells: r; =
(1,5), ro = (3,3), and three addable cells (shown in white): a; = (1,6), az = (2,4), ag = (4,1):

7’1|CL1|

a2

(2.38)

2

as

The addable cell ag is omitted from AC;(\).

A Young tableau T of shape A n is a Young diagram with cells filled with some natural
numbers. A standard Young tableau T of shape A F n is obtained by filling the cells of the
Young diagram A with numbers from [n] := {1, ..., n} strictly increasing downwards across the
rows and to the right across the columns. For example,

C11]2]3] C11]2]4] C[1]3]4]
T=n AN E AT

(2.39)

are all standard Young tableaux of shape A = (3,1). The set of all standard Young tableaux of
a given shape A is denoted as SYT()\). According to the famous hook length formula [Sagl3],

Mo+ M)
Hue)\ h(u)

SYT(V) = ¢ (2.40)
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where h(u) denotes the hook length of cell u (the number of cells in A either to the right of u or

below u, including u itself). The same value can also be obtained by the following alternative

formula [Sagl13]:

A+ )]
Al !

SYT()| = ¢ i %) (2.41)

1<i<j<d
where \; == \; +d — i.

Notice that any standard Young tableau 7' € SYT()) of shape A n can be represented as
a tuple or sequence of n + 1 Young diagrams:

T=1T°....,T"Y=T"—=T" - ... > T", (2.42)

such that T4, T* C T and T™ = \. Indeed, T" is obtained from the Young diagram A\ Fn
by keeping only those cells of T" whose symbols are in [i]. For example, the Young tableau T
from Eq. (2.39) is represented by the following sequence of Young diagrams:

T:(Q,D,[D,Djj, | ‘). (2.43)

This sequence can be thought of as a path in a so-called Bratteli diagram (see Fig. 2.1), a
concept which we will discuss in Section 2.7.

Another way to label such path T is via Yamanouchi word by recording a row where you
add a box at a given step. For example, the Yamanouchi word corresponding to the path T
from Eq. (2.43) is (1,1, 1, 2).

Consider a standard Young tableau 7" € SYT()) of shape AFn and an arbitrary permutation
m € S,. We will denote by 7T the tableau obtained by permuting cell fillings of T" according to
7. For example, the Young tableaux T, S, @ presented in Eq. (2.39) are related in the following
way: S = (34)T, Q = (23)S = (234)T, where (34),(23),(234) € S,. Note that 77" is not
necessarily a standard tableau, e.g., consider (14)7.

Given a standard Young tableau T', we define

cont;(T) := cont(T® \ 70-Y), (2.44)

This is simply the content of the cell of T" containing i. Moreover, we define r;(T") to be the
hook distance between the cells containing ¢ and 7 + 1, i.e.,

ri(T) := cont;,1(T) — cont;(T). (2.45)

A semistandard Young tableau M of shape A\ and entries in [d] is obtained by filling the cells
of the Young diagram A with symbols from [d], strongly increasing downwards across the rows
and weakly increasing to the right across the columns. For example,

1[1]1] C[1]1]2] [1]2]2]
2 ) M2_2 ) M3_2

Mlz

(2.46)

are all semistandard Young tableau of shape A\ = (3,1) with entries in [2]. We will denote the
set of all semistandard Young tableaux of shape A and entries in [d] by SSYT(A, d). According
to the well-known Weyl dimension formula |Lou08, eq. (11.46)| and hook-content formula,

ANi—Aj+3j—i  [len(d+ cont(u))
.]_Z HuE/\ h(u)

Recording the number of times each number appears in tableau M gives a sequence known
as the weight of M, denoted as w(M):

SSYT(\ d)| =[]

1<i<j<d

(2.47)

w(M); := “the number of i’s in tableau M”. (2.48)
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For example, the tableaux presented in Eq. (2.46) have weights (3,1), (2,2), and (1,3), re-
spectively. We can extend the notion of weight also to tuples of natural numbers. The weight
w(x) = w(zy,...,x;) of a sequence = (x4, ..., ;) records the number of times each natural
number appears in it. For example,

(1,2,2,2),  (2,1,2,2),  (2,2,1,2),  (2,2,2,1) (2.49)

are all sequences of weight w(M) = (1, 3).

2.7 Gelfand—Tsetlin basis

Now we would like to address the following question: are there algebras A for which one can
define a “canonical” basis for all simple A-modules? By “canonical” here we mean some natural
construction, which depends on arbitrary, “mathematically unmotivated” choices as little as
possible. It turns out that this question has a particularly nice answer when there exists a
family of subalgebras with a certain restriction property. This is formalised in the following
definition which is motivated by the canonical example of the sequence CSy — CS; < --- —
CS,, of symmetric group algebras considered by Okounkov and Vershik in [OV96; VOO05|. They
re-derive the classic representation theory of S, in what is now called the Okounkov—Vershik
approach. We review the key elements of this approach in a more general setting of semisimple
algebras presented in [DLS18|.

2.7.1 Bratteli diagram
We start with a key definition of multiplicity-free family.

2.7.1. DEFINITION (Definition 1.1 in [DLS18]). A family A, ..., A, of finite-dimensional semi-
simple® algebras over C is multiplicity-free if the following axioms hold:

(a) ./40 = C.
(b) For each k, there is a unity-preserving algebra embedding A < Aj1.

(c¢) The restriction of a simple Ag-module to Aj_; is isomorphic to a direct sum of pairwise
non-isomorphic simple A;_;-modules. We say that in that case the restriction from A,
to Ay_1 is multiplicity-free.

Given a multiplicity-free family of algebras, one can create a graph that shows how different
simple modules of these algebras restrict to their subalgebras. We denote by V) a simple A-
module corresponding to A € A. The dimension of this module is denoted by dy := dim V. We
can represent the multiplicity-free restrictions among A; by a directed acyclic graph known as
Bratteli diagram [BraT72].

2.7.2. DEFINITION. Let Ay,..., A, be a multiplicity-free family of algebras. Its Bratteli di-
agram </° is a directed acyclic graph whose vertices are the isomorphism classes | |;_, Ax of

simple Ag-modules. There is an edge A — p from vertex \ € A;, to vertex pu € A1 if and only

°In [DLS18] the algebras are also required to be split. However, since we consider only algebras over C,
which is an algebraically closed field, in our setting all algebras are automatically split.

6Throughout the thesis we mainly use different letters %, 4, <7 to refer to different Bratteli diagrams corre-
sponding to different algebras, which should be clear from a given context: % corresponds to symmetric group
algebras, % corresponds to walled Brauer algebras and 7 corresponds to partially transposed permutation
matrix algebras. In this chapter, we refer to o/ as an abstract Bratteli diagram.
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CSo CSy CS, CSs CS4

I —— 1]

\E'I‘

/'

Hj<:§
H4’E

Figure 2.1: The Bratteli diagram % for the family of symmetric group algebras CSy — CS; —
CSy < CS3 — CSy, also known as Young’s lattice. The vertices at level k£ are labelled by Young
diagrams A F k corresponding to all non-isomorphic irreducible representations of CSy.

1

D/
.

H

/\/\

if V) is isomorphic to a direct summand of Resj:“Vu, the restriction of V,, to the subalgebra

Aj.. We call .,Zl\k the k-th level/\ of the Bratteli diagram. We denote the unique vertex in /To by
@ and call it the root, while A,, are called leaves.

An example of a Bratteli diagram for the multiplicity-free family of semisimple symmetric group
algebras CSy [OV96] is shown in Fig. 2.1; it is also called the Young lattice or the Young graph
(see [Sagl3]).

Paths” in the Bratteli diagram play an important role in the representation theory of the
corresponding algebras, so we will introduce some notation for them. If A and p are two vertices
at levels ¢ < j of the Bratteli diagram <7, we will denote the set of all paths from A to u by

Paths; ;(A, i, &7). (2.50)

We will denote the set of all paths starting at the root @ and terminating at vertex A at level
J by
Paths;(\, &) := Pathsg; (@, A, &). (2.51)

When j = n, i.e., A is a leaf, we will abbreviate this to
Paths(\, «7) := Paths, (), o). (2.52)

Finally, we use Paths(/) to denote the set of all paths in the Bratteli diagram 7. If the
Bratteli diagram o7 is clear from a given context, we often drop &7 in the notation and simply
write Paths; j(A, ), Paths;(\), Paths(\).

An arbitrary path T = (T° ..., T™) in the Bratteli diagram can be decomposed at level
i €{0,...,n}as T =Ty — Ty where T} = (T°,...,T%) and Ty, = (T*',...,T") belong to
Paths;(T") and Paths; 1, (T, T™), respectively.

Finally, we often use notation p: A — p as a summation index to mean that a given sum
ranges over all vertices 1 which are connected to the vertex A on a previous level in a given
Bratteli diagram.

"By a “path” we always mean a directed path, i.e., a path that traverses edges only in the allowed direction
(from lower to higher levels).
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2.7.2 Idempotents

In this section, we summarize the [DLS18] algorithm for finding the primitive central idempo-
tents of any multiplicity-free family of algebras.

2.7.3. DEFINITION. An idempotent € in the algebra A is an element with the property €2 = «.
Two idempotents a,b € A are said to be orthogonal if ab = ba = 0. A central idempotent ¢ € A
is an idempotent that commutes with every element a € A, i.e., ca = ac.

Certain types of idempotents are extremely useful for studying the representation theory of
a given algebra. We define them as follows.

2.7.4. DEFINITION. A primitive idempotent is an idempotent that cannot be written as a sum
of two non-zero orthogonal idempotents. A primitive central idempotent is a central idempotent
that cannot be written as a sum of two non-zero orthogonal central idempotents.

If algebra A is semisimple, due to Wedderburn’s theorem (Theorem 2.5.15) we have the
isomorphism
A=PerA= PEnd(1y) (2.53)
AeA AeA
where e are the primitive central idempotents of A and the first direct sum should be un-
derstood as a decomposition of the left-regular representation of A. The primitive central
idempotents ¢, are in one-to-one correspondence with simple A-modules labeled by A € A and
provide a resolution of the unit element of the algebra A: » 7, _zex = 1.

2.7.3 Gelfand—Tsetlin subalgebra

Let Ay,..., A, be a multiplicity-free family of algebras (see Definition 2.7.1) with Bratteli
diagram /. We can now define a certain basis for the direct sum @, 4, Vi of all simple A,-
modules, where each element of the basis corresponds to a path in the Bratteli diagram 7. This
basis can be obtained by choosing any leaf A € A, and considering the restriction Res" V)
of the corresponding simple A4,-module V) to 4,1, which according to Definition 2.7.1 is
multiplicity-free. This restriction can then be iterated further along any path in the Bratteli
diagram towards the root & that corresponds to the one-dimensional algebra Ag = C. Doing
this along all Paths(\) between @ and A results in a decomposition of the chosen simple A,,-
module V) into one-dimensional simple Ao-modules. Repeating this procedure for all leaves
A € A, produces the Gelfand-Tsetlin basis of P, 2, W

{IT)| T € Paths(&/)}. (2.54)

These vectors are labeled by elements of Paths(.47) since each sequence of restrictions corre-
sponds to some leaf-root path in the Bratteli diagram.

Now we would like to explicitly construct primitive idempotents inside .4,, which project
onto the Gelfand-Tsetlin basis. To do that we need to look at the maximal commutative
subalgebras of Ay. Due to Eq. (2.53) one can think of them as subalgebras of diagonal matrices,
carrying the information about the projectors onto the Gelfand—Tsetlin basis. This motivates
the following definition.

2.7.5. DEFINITION. For each k € [n], the corresponding Gelfand—Tsetlin subalgebra is
Xy = (Z(A1), ..., Z(A)) C Ay (2.55)

where Z(.A;) denotes the center of the subalgebra A,.
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Note that &} C --- C A,,. The Gelfand—Tsetlin subalgebra A}, is a maximal commutative
subalgebra of A, see Proposition 1.1 of [OV96; VOO05]. We will later find a particular set
of generators for X}, known as Jucys—Murphy elements, which will help us to construct the
primitive central idempotents of A,,.

For each path T =T° — T — ... — T™ € Paths(&) in the Bratteli diagram, set

Ep = Ep1Ep2 - Eqn (2.56)

where e: are the primitive central idempotents of A;, see Eq. (2.53). Note that e7 is an element
of the Gelfand—Tsetlin subalgebra X, since e7: € Z(.A;) for each 1.

2.7.6. PROPOSITION (Proposition 1.6 and Corollary 1.7 in [DLS18|). The collection {er | T €
Paths(<7)} is a family of orthogonal primitive idempotents in A, that sums to the identity 1 and
15 a basis for the Gelfand-Tsetlin subalgebra X,,. Moreover, the primitive central idempotents

of A, are given by
E\x — Z Er. (257)

TePaths(\)

Using the isomorphism in Eq. (2.53), the primitive idempotents e correspond to the pro-
jectors [T)(T| onto the Gelfand-Tsetlin basis vectors |T') € @, 7. Va-

2.7.4 Jucys—Murphy elements

In this section, we define a certain nice set of elements of the algebra A, that generate the
Gelfand—Tsetlin subalgebra &}. They are commonly known as Jucys—Murphy elements.

2.7.7. DEFINITION (Definition 3.1 in [DLS18]). Let Ay, ..., .A, be a multiplicity-free family of
algebras and let Xy, ..., X, be their Gelfand—Tsetlin subalgebras. Let Ji, ..., J, be a sequence
of elements in A,, such that J, € A}, for each k € [n]. This sequence is

(a) additively central if Jy 4 -+ J, € Z(Ag) for all k € [n],
(b) separating if Xy = (J1,...,Jy) for all k € [n].

It is a Jucys—Murphy sequence if it is both additively central and separating.

Since Ji,...,J, € X, and {e7 : T € Paths(«7)} is a basis of &,, due to Proposition 2.7.6,
we can expand each .J; as a linear combination of 7.

2.7.8. DEFINITION. For a given sequence Ji,...,J, with J, € A}, we define a tuple called
weight vector ¢ = (er(1),...,cr(n)) where each ¢ (k) € C is such that for all k € [n]

Je= > cr(k)er. (2.58)

TePaths(«)

Sometimes in the literature the tuple ¢y is also called content vector. Note that under the
isomorphism in Eq. (2.53) {cr(k) | T € Paths(</)} are the eigenvalues of J;. An important
observation regarding the cr(k) is that the value of ¢y (k) does not depend on the whole path
T but only on the vertices T and T*~!, see Lemma 3.9 in [DLS18|, which is a consequence of
the property (a) in Definition 2.7.7. This means that the number ¢y (k) can be assigned to the
edge T"' — T* in the Bratteli diagram and we can equivalently write

CTk—1_yTk ‘= CT(k). (259)
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2.7.5 Algorithm for computing idempotents

We now have all ingredients to state the [DLS18] algorithm for computing primitive central and
canonical primitive pairwise orthogonal idempotents of any multiplicity-free family A, ..., A,
of semisimple finite-dimensional algebras.

Following [DLS18|, we assign to each edge A — p between levels k£ — 1 and k of the Bratteli
diagram an interpolating polynomial Py_,, of x € Ay, defined as

Pyu(z) = T Oon (2.60)

)
- =, Ca—p — O
fi A=t "

where the product is over all edges A\ — fi (other than A — p) outgoing from the vertex .
According to their main result [DLS18, Theorem 3.11], the primitive central idempotents of Ay,
can be computed recursively for any k € [n] and pu € Ay as follows:

Eu = Z P,\_W(Jk)s)\, (2.61)

A A=
where the sum is over all edges A — p incoming into p and Ji,...,J, is a Jucys—Murphy
sequence for the algebras Ay,...,.A,. The base case of the recursion is (&) = 1. According

to [DLS18, Theorem 3.8|, the canonical primitive idempotents corresponding to the Gelfand—
Tsetlin basis can be found by substituting Eq. (2.60) into Eq. (2.56):

er = ﬁ Prioi_ypi(Ji) = ﬁ 11 Ji = Criiy (2.62)

Crk—1 k — Cpk—1
k=1 k=1,u:Tk—1—m7éTk T —T T — U

where T'=T° — T! — ... — T is a path in the Bratteli diagram.
To summarize, using these formulas requires the following data about the family A,, ..., A,:

1. the Bratteli diagram of A, ..., A,,
2. a Jucys-Murphy sequence Ji, ..., J, for Ag,..., A,,

3. the scalars cr(k) for all k € [n] and paths T' € Paths(47) in the Bratteli diagram.

2.7.6 Matrix units

Matriz units generalise the notion of primitive idempotents ey for T' € Paths(/). Namely,
for every T, S € Paths(\, o) of every A € A,, we can construct elements Er g € A,, such that
under the isomorphism of Theorem 2.5.15 we have

Ers = @ o\,ulT)(S|, (2.63)

peA,
and correspondingly they provide a nice basis for the algebra A,
A, = spanc{Er | T,S € Paths(\, &), A € A,} (2.64)

whose elements satisfy

ErsEr.s = dsr B, > Erp=1 (2.65)
TePaths()

Note that we can choose Err = er.
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2.8 Representation theory of S,

Now we have all necessary ingredients and we are ready to summarize the representation theory
of S,,, which is crucial for the rest of this thesis. The representation theory of the symmetric
group is widely used and has a long history [Sagl3; Rut48; CST10; How22|.

Formally, the symmetric group is defined as follows:

2.8.1. DEFINITION. Let n > 1. The symmetric group S, can be presented with identity 1 and

generators o; for i € {1,...,n — 1} with relations:

ol =1, 004105 = 0410041, oio; =050, (|i—j|>1). (2.66)
One should think that o; correspond to permutations of elements ¢ and i+1 in the set {1,...,n}.
We use the notation (7,j) to label a permutation i — j, j — i, so that o; = (i, + 1). More
generally, we use the cycle notation (a,b,..., f) to mean a — b ... — f — a.

It is better to think about the elements of S, as diagrams, with group multiplication cor-
responding to concatenation of diagrams. For example, a permutation (1,4,5,3,2) € S5 corre-

sponds to

Irreducible representations of S,,, or equivalently simple modules of CS,,, are classified by
partitions A\ F n: .
CS, ={AFn}. (2.68)

One way to see this is via the Okounkov—Vershik approach [OV96]|, the general aspects of
which we outlined in Section 2.7. It is common to call the corresponding simple modules V)
Specht modules. The characters of Specht modules are given by the Murnaghan—Nakayama rule
[Sag13], which is a somewhat involved combinatorial formula that we will not present here. A
basis of Specht modules can be labelled by standard Young tableaux, which we introduced in
Section 2.6. In particular, the dimension d, of a Specht module corresponding to a partition
AFn is given by the hook length formula (see Eq. (2.40)):

n!
[Luex h(u)

The symmetric group S, has a natural action on the tensor product space (C?)®" that
permutes the n tensor factors. This so-called tensor representation of S, is given by a map
Yl : CS,, — End((C%)®") that acts as

dy = [SYT())| = (2.69)

(m)(l21) @ -~ @ |2n)) 1= |Tr11)) @ -+ @ [Tr1(m)) (2.70)

for every 7 € S,, and * = (z1,...,7,) € [d]". The image of CS,, under ¢ gives rise to an
important quotient algebra of CS,, — the permutation matriz algebra

A? = 42(CS,). (2.71)

We will often abuse the notation and simply write 1 instead of 1¢. It is important to observe
that 1¢ has a non-trivial kernel when the local dimension d is smaller than n. For this reason
we will often have to make a distinction between small and large local dimensions d.

2.8.2. EXAMPLE (Unfaithfulness of ). wg(zﬂ'ess sign(m)7) vanishes when d = 2. Namely,
any string x = (z1,22,23) € [2]® has two positions i # j such that x; = x;. Therefore,
for each m € S3 there is 7' € S3 with sign(r) = —sign(n’) such that 7z = 7'z, meaning
V3 (3 s, sign(m)m) o1, 22, 23) = 0. In contrast, it does not vanish when d > 3.
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Figure 2.2: The Bratteli diagram for the permutation matrix algebras A4 — A¢ — A —
Ad — A4 defined in Eq. (2.71) when d > 4 is the same as Young’s lattice in Fig. 2.1. When
d =2 or d = 3, vertices with Young diagrams containing more than d rows are removed. We
have highlighted the path corresponding to sequence (2.43) and terminating at leaf A = (3,1).

This unfaithfulness is reflected in the fact that the irreps of A¢ are different from those of CS,:
A = {(AFn|eN) < d). (2.72)

The Bratteli diagram for CSy — CS; < --- — CS,, is known as Young’s lattice, see Figs. 2.1
and 2.2. A path T in this Bratteli diagram can also be viewed as a standard Young tableau.
Jucys—Murphy elements of CS,, [Juc74; Mur81| are

0 if k=1,
Jk = E—1,. X (273)
> (k) if2<k<n,

where (i, k) is the transposition of elements i and k. Moreover, it turns out that the entries of
the weight vector ¢r are simply given by the contents, see Eq. (2.44), of the Young tableau 7"

cr(k) = conty(T), (2.74)

thus motivating the name “content vector” for the weight vector ¢y in Definition 2.7.8. The
Bratteli diagram of A¢ is closely related to the Young’s lattice and can be obtained by removing
vertices which violate the condition ¢(\) < d. The Bratteli diagrams for the symmetric groups
and permutation matrix algebras are presented in Fig. 2.2.

There are three commonly used forms for irreducible representations of the symmetric group
[Rut48] (see Table 2.1 for examples):

1. Young’s natural form provides invertible matrices with integer entries (i.e., in Z),
2. Young’s seminormal form provides invertible matrices with rational entries (i.e., in Q),

3. Young’s orthogonal form (also known as Young—Yamanouchi basis) provides real orthog-
onal matrices whose entries are square roots of rational numbers (i.e., in £4/Qxo).

The basis change between Young’s seminormal and orthogonal forms is diagonal and corre-
sponds to normalisation, while the basis change between seminormal and natural forms is
triangular [AH21].

The action of S,, on paths of the Bratteli diagram is given by the following famous result:
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T e Sg (& 0201 01029 01 010201 09

e = X XX ¥ &

ma (1) (0) () (%) ) (o)
N G I O i N G T R N 5 o I O )
rie | (30) (0 20) (0 G2 () ()

Table 2.1: Young’s natural, seminormal, and orthogonal form (denoted by Ry.i, Rsemi, and
Rorn, respectively) for the two-dimensional irrep H- of the symmetric group Ss.

—_

2.8.3. THEOREM (Young—Yamanouchi basis). For any irrep A € @n, a transposition o; acts
on a given path T € Paths(\, %) as follows:

n(0) |T) = m(lT) )+ (1 - ﬁ 0T)  fori £, (2.75)

where 0T denotes the path T with vertex T" at level i replaced by T*~' U (T \ T").

An example of this theorem in action is presented in the last row of Table 2.1. Somewhat
confusingly, for historical reasons this basis can be referred to by three different names: “Young’s
orthogonal form”, “Young—Yamanouchi basis”, and “Gelfand—Tsetlin basis”.

Finally, we mention that the primitive idempotents from Section 2.7.5 corresponding to the
Young—Yamanouchi basis are Young symmetrisers, see [DLS18; Sagl3]. Young symmetrisers
historically were constructed before the general algorithm in Section 2.7.5 was developed.

2.9 Representation theory of GL; and U,.

In this section, we summarize the representation theory of complex general linear groups GLg4
and unitary groups Uy, which are defined as follows:

GLg := {g € End(C?) | det g # 0}, (2.76)
Ug:={g€GLy | gg9' = I}. (2.77)

There are two important subgroups inside both of them: special linear SL, and special unitary
groups SU,, which are defined as

SLg :={g € GLy | det g =1}, (2.78)
SUg:={g €Uy |detg = 1}. (2.79)

Complex general linear group GL,; and special linear group SL; both can be seen from different
viewpoints as real Lie groups, or complex Lie groups, or linear algebraic groups. These three
structures highlight different nature of the group seen as a real smooth manifold, a complex-
analytic manifold, or an affine algebraic variety, respectively. Correspondingly, this group can
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be studied through the lens of differential geometry or via algebraic geometry. In contrast,
both U, and SU,, which are important subgroups of GLg4, are only real Lie groups, since the
complex conjugation in their definition obstructs them to be complex Lie groups or linear
algebraic groups. We are not going to review the corresponding theories in full detail, since
it is a hopeless task for the thesis format. We merely summarize the main aspects of their
representation theory.

Topology

Topologically, GL,; is connected, not simply connected and non-compact. SLy is connected,
simply connected and non-compact. U, is connected, not simply connected and compact; it
can be seen as maximal compact subgroup of GL;. SU, is compact and simply connected Lie
group; it can be seen as maximal compact subgroup of SL,.

Categories of Representations

Before delving into the representation theory of these groups, it is crucial to distinguish between
different categories of representations: continuous, smooth, analytic, and algebraic. For a Lie
group G, a representation ¢ : G — End(V) is called

e continuous if the map ¢ is continuous with respect to the given topology on G,
e smooth if ¢ is infinitely differentiable,

e analytic if ¢ is real-analytic if G is a real Lie group, or complex-analytic if G is a complex
Lie group,

e algebraic if G is an algebraic group and ¢ is a morphism of algebraic varieties; that is,
the matrix entries of ¢(g) are rational functions in the entries of g.

For compact Lie groups like U; and SUy, all finite-dimensional continuous representations
are automatically smooth and analytic due to the compactness and smooth manifold structure
of these groups. In contrast, for GL4, which is a complex algebraic group, we are particularly
interested in algebraic representations, where the action is given by polynomial or rational
functions. In this thesis, we focus on finite-dimensional representations, primarily smooth and
algebraic ones, as they are the most relevant for the study of GLg4, SLy4, Uy, and SUy.

Lie algebras and highest weights

Representation theory of Lie groups and linear algebraic groups is intimately connected with
representation theory of their Lie algebras. The Lie algebra g, defined as the tangent space at
the identity element of its associated Lie group G, carries a bilinear operation known as the
Lie bracket.

2.9.1. DEFINITION (Lie algebra). A Lie algebra over C is a vector space g together with a
binary operation called the Lie bracket, denoted by

[ ]rexg—g, (2.80)
which satisfies the following properties for all x,y, z € g:
1. bilinearity: [ax + by, 2] = a|x, 2] + bly, 2], Va,b e C,

2. antisymmetry: [z,y| = =y, z],
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3. Jacobi identity: [z, [y, z]] + [v, [z, z]] + [2, [z, y]] = 0.

Assume G is a connected reductive linear algebraic group (such as GL,;) with Lie algebra g.
To study a representation R: G — End(V) of a Lie group G, by analogy with Definition 2.7.5,
it is natural to understand how a given representation R restricts to mazimal abelian subgroup
T of a maximal compact subgroup of G. T is called a torus of G and its Lie algebra is denoted
by t with complexification . We can naturally restrict the action of g on V' to that of b to
obtain a weight decomposition of V:

V=@V.. (2.81)

weL

where L C h* is a weight lattice and h* := Hom(h, C). The classification of irreducible repre-
sentations of Lie groups relies on the concept of highest weights. Intuitively, highest weights
are special weights that label the “top” or “dominant” state in an irreducible representation,
from which all other (lower) weights are generated by applying lowering operators in the Lie
algebra, see [FHI1| for more details.

For the group GLg4, the highest weights are elements A\ = (\j,...,\q) € Z% satisfying
A1 = Ao > -+ > Ay These weights classify the irreducible representations, often referred to as
Weyl modules Wy:

GLi={A= oo M) €27 A = Mo > - > A (2.82)

In the context of polynomial representations, the highest weights correspond to partitions
(Young diagrams) with at most d parts:

GLa| , = {AF 0 [ €QN) < dn € Zso}. (2.83)

Here, it is customary to pad partitions with zeros to the right, ensuring that each A consists of
exactly d integers. We provide some examples of common irreps of GL,.

2.9.2. EXAMPLE (Defining representation). Highest weight A = (1,0,...,0) corresponds to
Young diagram [J and labels the following irrep ¢o: GLg — End(C?) for every g € GLg:

¢o(g) =g (2.84)

2.9.3. EXAMPLE (Dual of the defining representation). Highest weight A = (0,0, ..., —1), which
we label by [, corresponds to the following irrep ¢5: GLy; — End(C?) for every g € GLg:

oa(g) == (g )" (2.85)

2.9.4. EXAMPLE (Determinant irrep). Highest weight A\ = (1,1,...,1) = (1¢) corresponds to
the following irreducible representation:

baa)(g) = det(g). (2.86)

Moreover, for GLg any rational representation p € éid is of the form p = det” -\ for certain
ke€Z and \ € GLd‘poly'
Similarly, the irreducible representations of Uy and SU, are also classified by highest weights:

Us={A= (e M) €27 N 2 X > 2 M) (2.87)
SUs={A= N\, A1) €271 [ A = A9 2 - 2 Mgy =0} (2.88)
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Lie Algebra Representations and Gelfand—Tsetlin Bases

Simple modules of the Lie algebra gl; correspond to the Weyl modules W) of the group GLj,.
Although constructing explicit actions of GLy; in a Gelfand—Tsetlin basis is challenging, it is
more manageable to construct such bases for simple modules of gl;. In Section 2.9.2, we discuss
the Gelfand—Tsetlin basis for these modules.

The Gelfand—Tsetlin basis arises from a combinatorial object known as Gelfand—Tsetlin
pattern, which provides a convenient way to label basis vectors in the representation spaces of
gl; and GL,;. Each valid Gelfand-Tsetlin pattern corresponds to a basis vector in the Weyl
module W,. This combinatorial approach provides a powerful tool for studying representations
of gl; and, by extension, GL; through the exponential map. By constructing the Gelfand-
Tsetlin basis for the Lie algebra gl;, we effectively construct it for the group GL4 as well.

2.9.1 Gelfand—Tsetlin patterns

It turns out that the family GL; < GLy < -+ - < GL;_5 — GLg is multiplicity-free [VK92|,
meaning that we can label the Gelfand—Tsetlin basis for this family as a tuple

(my,my, ... ,my_,my),
where m; is a highest weight for GL;. We can arrange this tuple into a Gelfand—Tsetlin pattern

M of shape A and length d, which is represented by a triangular table with d rows and 7 integers
in the i-th row (when counted from the bottom):

-ml,d maq mq—1,d md,d- [ my |

miad—1 ce md—1,d-1 mg 1
M = : = o, (2.89)

mio ma.2 my

i mi1 ] | My
where m; := (myj,...,m;;) € Z’ denotes the j-th row of M. The entries m; ; of M are subject
to the following constraints: the top row of M is equal to A, i.e., my = (M1 4,...,Mya) =

(A1,-..,Aq), and all entries m; ; satisfy the so-called interlacing or in-betweenness condition:

my; ; = My -1 = Mit1,5 forall 1< <3< d. (290)

We will write m;_; C m; as a shorthand for the interlacing relations (2.90) between vectors
m;_; and m;. Then all constraints on m;; can be concisely summarised as

m CmsC...C my. (2.91)

We denote by My a smaller Gelfand—Tsetlin pattern which consists of the first k& rows of the
original pattern M:
my

m;

We will denote the set of all Gelfand—Tsetlin patterns of shape A and length d by GT(A, d)
or simply by GT()), since we will always assume that A is padded to the rank d of the
corresponding Lie group GLg;. However, sometimes it will be important to highlight d and we
will use notation GT(A, d) in that cases.
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For any partition A of length d, the Gelfand—Tsetlin patterns GT()A) are in one-to-one
correspondence with semistandard Young tableaux SSYT(\):

my = dim Wy = |GT(\)| = [SSYT(N)], (2.93)

where we assumed m; ; > 0 for every entry of the Gelfand-Tsetlin pattern M € GT()). Indeed,
for any tableau 7" € SSYT(A) let m; ; be the number of symbols from [j] in the i-th row of 7'
Equivalently, m; C X is the shape of the subtableau of 7" formed by entries less than or equal
to j. Then Eq. (2.89) constitutes the Gelfand—Tsetlin pattern of tableau T'. For example, the
Gelfand—Tsetlin patterns corresponding to the semistandard Young tableaux in Eq. (2.46) are

T R R C T N AT

which are in fact all Gelfand-Tsetlin patterns GT(A) for A = (3,1). Conversely, given any
Gelfand—Tsetlin pattern M, the corresponding semistandard tableau T has shape A = my
given by the d-th row of M, while the filling of the ¢-th row of T' can be deduced from the i-th
diagonal of M. Indeed, m; ; — m; ;_; is the number of j’s in the i-th row of 7"

The weight of Gelfand—Tsetlin pattern M consists of differences of consecutive row sums:

w(M) = (w(m;), w(ms)—w(m,),..., wimg)—w(mg_1)) where w(my):= me (2.95)

Notice that the weight of a Gelfand-Tsetlin pattern coincides with the weight (2.48) of the
corresponding semistandard Young tableaux. For example, patterns (2.94) have weights (3, 1),
(2,2), and (1, 3), respectively.

2.9.2 Gelfand—Tsetlin basis for gl,

The Lie algebra of GL; turns out to be the full matrix algebra:
gl; = End(C%). (2.96)

The matrices Fy, := |i)(k|, 1 < i,k < d, form a basis of the Lie algebra gl;. They satisfy the
following commutation relations:

(Eik, Eii) = Eii — Epy,. (2.99)

The explicit action of the generators Ej;;, on the Weyl modules W) was obtained by Gelfand
and Tsetlin [GT50]. They showed that the following explicit formulas satisfy the commutation
relations in Egs. (2.97) to (2.99):

2.9.5. THEOREM (p. 363 of [VK92|). Consider the Weyl module W with the basis labelled by
Gelfand-Tsetlin patterns M € GT(X). Let £, , :=my, — p and set

_ 1/2
i (i Cip = Gy )T (Gipa = Gipa = 1) (2.100)
o Hi¢j<€i7p—1 - Ejvp—l)(fi,p—l - gj,p—l - 1) '

B 1/2

yo o [ izaip =Gy +1) 1= (Cip2 = Lip1) 5101

p=l bip 1 —U; bip1—U; 1 ' (2.101)
Hz‘;ﬁj( i,p—1 Lp—l)( i,p—1 jp—1+ )
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Denote the Gelfand-Tsetlin pattern M in which m;,_; is replaced with m;,—1 £ 1 by M;E_jl.
Then the Gelfand-Tsetlin formulas for the action of the operators E,_1,, E,,—1, 2 < p < d,
and E,,, 1 < p < d, are as follows:

p
Ep1p|M) = Z agjg—l‘M;r—jﬁa (2.102)
j=1
p . .
Epp-1|M) = Z b1 | M,24), (2.103)
j=1
P p—1
Ep,p|M> = (Z mgp — Z mj,p—l) |M). (2.104)
i=1 j=1

The other operators E, , are obtained with the help of relations Eqgs. (2.97) to (2.99).

2.9.3 Tensor product decompositions

Understanding how tensor products of irreducible representations decompose into direct sums
of irreducible representations is a fundamental aspect of the representation theory of GL;. This
decomposition is governed by combinatorial coefficients known as Littlewood—Richardson coeffi-
cients. In this section, we introduce these coefficients and discuss their role in the representation
theory of GL4,.

Let Wy and W, be two Weyl modules of GL4 corresponding to highest weights A and p of
polynomial representations of GLg4. Their tensor product W, ® W, is, in general, a reducible
representation of GL,. It decomposes into a direct sum of irreducible representations as follows:

Mmew,= @ w,eC%, (2.105)
vl A+l
where the sum is over all partitions v of size [v| = [A| + |u|, and ¢, € Z are the Littlewood-

Richardson coefficients. When ¢, = 0 the convention is that the corresponding irrep W, does
not appear as a direct summand in Eq. (2.105). The precise statement on how to compute
general Littlewood—Richardson coefficients can be found in [FH91|. Importantly for our thesis,
in the special case when p is a single row or column there is a simple formula for ¢§, known as
Pieri’s Rule.

2.9.6. THEOREM (Pieri’s Rule [FHI1|). If u has only one row, i.e. u = (n), the Littlewood—
Richardson coefficient c§,, = 1 if the Young diagram v can be obtained from A by adding n boxes
such that no two of them are added in the same column; otherwise ¢, = 0. Simalarly, if i has
only one column, i.e. ' = (1), then 5, = 1 if the Young diagram v can be obtained from A
by adding n boxes such that no two of them are added in the same row; otherwise cf,, = 0.

Equation (2.105) only refers to the multiplicities in the decomposition of the tensor product.
However, how can we find an explicit basis change achieving this decomposition when given
Gelfand-Tsetlin bases in the Weyl modules W) and W,? The answer is given in the form of
Clebsch—Gordan coefficients, also known as Wigner coefficients [BL68]. The transformation
CG, , achieving this is called Clebsch—Gordan transform: for any g € GLg,

CGi (RA@) ® Ru(g)) CG;M - @ R,(9) ® [CK

v A+l

(2.106)

u’

where Ry, R,, R, are the corresponding irreps of GL4. The Clebsch-Gordan coefficients, which
are matrix entries of a Clebsch-Gordan transform CG, ,, can be obtained from Egs. (2.102)
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to (2.104) for matrix elements of gl; generators in the Gelfand-Tsetlin basis [VK92]. In Sec-
tion 4.A.1, we describe a special class of Clebsch—Gordan coefficients for GL,; (or equivalently
for Uy) corresponding to arbitrary A and p = (1,0,...,0) or u = (0,...,0,—1).

2.10 Schur—Weyl duality

Schur-Weyl duality reveals a connection between the general linear group GL; and the symmet-
ric group S, through their actions on tensor spaces (C?)®". This duality was first established
by Issai Schur in [Sch27|. Schur’s original motivation was to understand the decomposition
of tensor powers of the standard representation of GL, into irreducible components. He dis-
covered that the actions of GL; and S, on the tensor space (C?)®" commute and that their
centralisers are mutual centralisers within the matrix algebra End((C%)®"). This means that
the algebra generated by the action of GL,; is the commutant of the group algebra CS,, acting
via permutation of tensor factors, and vice versa.

Hermann Weyl later expanded upon Schur’s work in the 1930s, incorporating it into the
broader context of Lie group representations and invariant theory. Weyl recognised the signifi-
cance of this duality in understanding the representation theory of classical groups and utilised
it extensively in [Wey46|. The Schur-Weyl duality not only provides a clear framework for de-
composing tensor spaces into irreducible representations but also establishes a bridge between
the representation theories of finite groups and continuous groups.

Over the years, the Schur-Weyl duality has been generalised and extended to various set-
tings, including quantum groups and Hecke algebras. The duality also plays a crucial role
in theoretical physics, particularly in quantum mechanics and quantum information theory,
where it aids in the analysis of symmetries and entanglement in multi-particle systems. For
more background, see [FH91; GWO9S; Eti+11; Har05].

One way to view Schur-Weyl duality is through the lens of the double centraliser theorem,
see [Eti+11, Theorem 4.54].

2.10.1. THEOREM (Double centraliser). Let V' be a finite-dimensional vector space over C, and
let A C End(V) be a matriz subalgebra of the full matriz algebra on V. Then the double
commutant of A satisfies:

A=A", (2.107)
where A" := End4 (V) is the commutant of A in End(V'), and A" = (A’)".

To proceed, we need to define the action of GL,; on tensor space. A natural way for GLy to
act on (C%)®" is by applying an identical operator on each tensor factor. This is captured by
the tensor representation ¢%: GLg — End((C?)*") defined as

oL (U) == U®", (2.108)
for all U € GL,4. Let us denote the algebra generated by the image of Uy under ¢¢ by
U = spanc{¢(U) | U € Uy} (2.109)

It turns out that we could have instead considered the span over GLg4, SU,; or SLy instead of
Ugz—the result would not change.

2.10.2. LEMMA. Let ¢ be the map from Eq. (2.108) and U? the algebra defined in Eq. (2.109).
Then

U = spanc{¢?(U) |U € GLg} = spanc{¢?(U) |U € SLy} = spanc{¢%(U)|U € SU,}. (2.110)
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Proof:
For the purposes of the proof, we label

SUt = spanc{¢?(U) | U € SUy},  GL :=spanc{¢®(U) | U € GLg}. (2.111)
From SU,; C U,; C GLy we easily see that
Sut cutcgr (2.112)

We need to show the inverse inclusions in Eq. (2.112) to obtain the desired result.

Firstly, any U € Uy can be written as U = ¢V for some V € SU; and § € R. It means
that ¢2(U) = ¢2(e?V) = Ve = ¢d (V) so we can rewrite any linear combination of
¢2(U) as a linear combination of ¢ (V) for special unitaries V. That shows U¢ C SUZ.

Secondly, we would like to write M®" for arbitrary M € GL4 as a linear combination of
U®™ for U € Uy. To show that it is possible we present the argument from [Aub18]. Without
loss of generality, we can take M € GL, to have the following singular value decomposition:

d
M = Zsi|€i><fi|a (2.113)

where {|e;) }&, and {|f;)}&, are some orthonormal bases of C¢, and 0 < s; < 1 for every i € [d].
Cauchy’s formula tells us that for |s| < 1 we have the following contour integral

1 dz
= 5 2.114
Toni ) s ( )
r
where I' denotes the unit circle in the complex plane C. By defining

d
Ussooza = D 2iles) (fil (2.115)

i=1

d d
M@” — Z ZSil ‘--Sin|ei17'-~76in><fi17-"7fin| (2116)

= : Ziy - - - Riy, n |€i ,...,61‘n><fi 7""fin| (2117)
i17-§—1 (QWZ)nFn 1 Fip T Sy Rin = Sip ' !
1 dz; dz;
- j{U;@" J T (2.118)
(271'2)” o ! Ziy — Siy Rip = Sip
1_‘77.

which shows that GL£¢ C U
Finally, since SUy C SLy C GLg and SU% = GL? = U? then U? = spanc{¢2(U) | U € SLy}
as well. 0

Recall from Eq. (2.71) that A% denotes the permutation matrix algebra on n qudits of
dimension d, and recall from Eq. (2.23) that End 4. ((C*)®") denotes the centraliser of A2 in
End((C%)®"), i.e., all matrices in End((C%)®") that commute with A%. One way to state the
Schur-Weyl duality is that ¢? is the centraliser of A%, and vice versa.
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2.10.3. THEOREM (Schur-Weyl duality). The algebra U2 is the centraliser algebra of A% in
End((C%)®") and vice versa, i.e.,

Ul = End 44 ((CH=™), A? = Endye((C*)*"). (2.119)

Moreover, when d > n the representation 2 is faithful, i.e., A% = CS,,.
Equivalently, in more practical terms we can reformulate this statement as follows: there
exists a Schur transform unitary Usa, such that for every o € S,, and u € Uy:

UScth Ugch @ Iy ®QZ5)\ USch¢ Ugch @ 1/))\ ®],\, (2.120)
e Ad e Ad

where ¢y: Uy — End(W)) and ¥y : S, — End(V)) are irreps of Uy and S,, respectively, i.e. V)

is a Specht module and Wy, is a Weyl module. In other words, the vector space (C?)®"™ seen as
a representation of AL x U decomposes into its irreducible rperesentations as
(CH*" ~ P Va® Wa (2.121)
AeAd
Note that Eq. (2.121) implies to following remarkable combinatorial identity:
d" =" dymy. (2.122)

The Schur transform Usg, plays important role in quantum information. We explain the
construction of Usgy, in Chapter 4 where Us, appears as a special case of mixed Schur transform.
To get a feeling how Us,y, looks like, let’s consider the simplest non-trivial case.

2.10.4. EXAMPLE (n = 2 and d = 2). Since Sy = {e, (12)}, the algebra A2 is generated corre-
spondingly by the identity matrix and SWAP:

1 000 1 0 00

9. 01 00 0 010
A; =< x oo 10l™o 1 0 0 r,y e C 3, (2.123)

0 001 0 001

whereas U2 is generated by tensor squares of unitary matrices:

U2 = spanc{(cé Z) ® (Z Z) ‘ <‘CL Z) S U(Q)}. (2.124)

Using the two-qubit Schur transform [Har05, p. 121]

Yva —1va 0
1 0 0 O
Usen = Vs Yy 0| (2.125)
0 0 0 1
we can simultaneously block-diagonalize both algebras:
([z—y| O 0 0
27T 0 r+y 0 0
USChAQUSCh = 3 0 0 T4y 0 T,y € C s (2126)
L 0 0 0 z+4vy
((fad—bc| O 0 0
0 a? V2ab b? a b
U = 2) % 2.12
Usenldy Usen, = spanc 0 V2ac ad+bc /2bd ( d) €U (2.127)
\ 0 2 V2ed &
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These algebras centralize each other since
UsanA3Ugy, = C & Cl3, Useld2UJ, = C @ End(C?), (2.128)

where the second equality follows from Burnside’s theorem 2.4.6 since the 3 x 3 block in
Eq. (2.127) is irreducible.



Chapter 3

Mixed Schur—Weyl duality

In this chapter, we present a generalisation of Schur—Weyl duality, commonly referred to as
mixed Schur-Weyl duality, which plays an important role in various contexts within quantum
information theory. This duality relates the walled Brauer algebra to a centraliser of a natural
unitary group action on a mixed tensor space. The natural action of the walled Brauer algebra
on tensor spaces gives rise to the partially transposed permutation matrix algebra, serving as
a matrix representation of the diagrammatic walled Brauer algebra. In this chapter, we focus
on the representation theory of the partially transposed permutation matrix algebra.

Our main technical result is the derivation of an explicit formula for the action of the
walled Brauer algebra generators within the Gelfand—Tsetlin basis of the partially transposed
permutation matrix algebra. This result extends the well-known Gelfand—Tsetlin basis for the
symmetric group, also referred to as Young’s orthogonal form or the Young—Yamanouchi basis.
Furthermore, we provide a construction of both primitive and primitive central idempotents
within the Gelfand—Tsetlin basis for partially transposed permutation matrix algebras.

The results in this chapter are based on [GO24; GBO23al.

3.1 Introduction

The main focus of this chapter is a variant of Schur—Weyl duality, known as mized Schur—Weyl
duality, which is equally important in quantum information as Schur-Weyl duality but has
received less attention due to its more complicated nature. The simplest instance of mixed
Schur-Weyl duality is for two qubits. Here, instead of the anti-symmetric singlet state |¢)7)
which one considers in Schur-Weyl duality, we single out the canonical maximally entangled
state |¢) := (|00) + [11))/+/2. This state is invariant under the following unitary action
(U @ U)|¢*r) = |¢*) for any U € Us,. In addition, SWAP"|pT) = 2|¢t) where SWAP" =
2|¢") (1| denotes the partial transpose of SWAP. Similarly, the three-dimensional orthogonal
complement of |¢F) is also invariant under the action of both U @ U and SWAP'. Mixed
Schur-Weyl duality generalises this observation by partitioning (C¢)"*™ into subspaces that
are invariant under the unitary action U®" ® U®™ and the matrix algebra A% ~ of partially

n,m

transposed permutations that are transposed only on the last m systems [Koi89; Ben-+94;
Hal96; Nik07|. In particular, [A%,  U®" @ U®™] = 0 for all U € U;. The usual Schur—Weyl

duality corresponds to the speciaf case when either n =0 or m = 0.

Mixed Schur-Weyl duality appears in a variety of contexts, particularly in scenarios with
multiple input and output systems such as quantum state purification [KWO01b] and cloning
[SIGAO5; Fan-+14; NPR21|, port-based [MSSH18; SSMH17; Led22; Chr+21; SMK22| and
multi-port-based teleportation [KMSH21; SMKH22; MSK21|, and quantum algorithmic appli-

cations [BLMMO22|. This symmetry also occurs in situations that involve the partial transpose

39
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on several systems, such as in entanglement detection [BCS20; BSH24|, universality of qudit
gate sets [SMZ22; DS23; SS23a|, and Ug-equivariant quantum circuits [HLM21; ZLLSK23|. It
is also relevant in high-energy physics [KR07; Canl1].

Partially transposed permutations can be easily visualised as diagrams. The set of all
partially transposed permutation diagrams under composition forms the walled Brauer algebra
Bg?m. The walled Brauer algebra Bg’m is a restricted version of the full Brauer algebra [Bra37],
and a prominent example of a diagram algebra, which has been widely studied [Tur89; Koi89;
Ben+94; Ben96; Nik07; Bul20] (see [Koe08| for a survey on Brauer and other diagram algebras).
The characters of the walled Brauer algebra were first derived by Halverson [Hal96] (see also
[Nik07]). Mixed Schur-Weyl duality was established in [Ko0i89; Ben+94|, where the matrix
algebra Aﬁm of partially transposed permutations was first introduced.

The representation theory of walled Brauer algebras has been strongly influenced by repre-
sentation theory of symmetric group algebras, which correspond to the special case when either
n=0orm=0.

In the context of quantum information, Young’s orthogonal form is by far the most useful
since it provides unitary matrices that can readily be used as operations in a quantum computer.
In particular, irreps of this form are produced by the quantum Schur transform [Har05; Ber12].
Our goal in this chapter is to extend Young’s orthogonal form from the symmetric group to the
matrix algebra Az’m. In Chapter 4, we derive the corresponding mixed Schur transform that
decomposes mixed tensor representation of Aflhm into irreps of this form.

While the diagrammatic walled Brauer algebra Bjim is well studied, its matrix representation
A¢ . has received much less attention. A key difficulty in studying A% is the fact that it is a
quotient of the walled Brauer algebra, and hence has a rather complicated description in terms
of the walled Brauer diagrams. In addition, since Bﬁim is not semisimple when d < n+m — 1
[CDDMOS], it can be difficult to obtain results for BY ,, and then transfer them to Af  (which
is always semisimple).

Our strategy hinges on the close connection between the walled Brauer algebra Bg’m and
the group algebra C(S, x S,,) corresponding to its two symmetric subgroups. We will make
use of the fact that Bﬁ,m is generated by diagrams oy, ..., 0, 1m—1 |[Nik07] shown in Eq. (3.10),
where o; (i # n) are transpositions of consecutive systems i and i + 1 which generate S, x S,,,
while the remaining generator o,, contracts systems n and n + 1 (see Definition 3.2.2 for more
details). The matrix algebra AZ,m is generated by a matrix representation of these generators.

Results

Our main result in this chapter is Theorem 3.7.1, which provides an explicit construction of all
irreducible representations of AZ,W the matrix algebra of partially transposed permutations on
n + m qudits. We provide a formula that allows to evaluate the irrep matrix entries on each of
the generators, which by homomorphism and linearity fully determines the irrep on the rest of
the algebra.

An important feature of our construction is that it provides irrep matrix entries in the
Gelfand—Tsetlin basis. This basis has a recursive definition and hence is automatically adapted
to a natural sequence of subalgebras obtained by including the generators o; one by one. This
guarantees that the generators have a particularly sparse representation and gives a conceptually

simple way to pinpoint their non-zero entries and describe their action.

3.1.1. THEOREM (Qualitative statement of Theorem 3.7.1). When evaluated on one of the gen-
erators, any irreducible representation of the matrix algebra A‘fhm has the following form:

e Transpositions o; (i # n) are represented by a direct sum of 1 x 1 and 2 x 2 blocks, where
each 1 X 1 block is equal to +1, while for each 2 x 2 block there is a constant r € 7 such
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that the block is equal to
1 1—- 1

r2
T (3.1)

which 1s an orthogonal reflection. The exact signs and values of r can be inferred from
Young’s orthogonal form for symmetric groups.

e The contraction o, is represented by a direct sum of rank-1 matrices with eigenvalue d.

When n =0 or m =0, our formula reduces to the well-known Young’s orthogonal form for the
symmetric group, see Theorem 2.8.35.

A concrete example of how all irreps of Agg look like in the Gelfand—Tsetlin basis is provided
in Table 3.1. The main idea of the proof is that, thanks to this being the Gelfand—Tsetlin basis,
we already know from Young’s orthogonal form how all generators (except for the contraction
o) are supposed to act. We made an educated guess for the matrix representation of o, and
verified that it indeed works. This requires checking that the matrix representations of all
generators satisfy the walled Brauer algebra relations stated in Definition 3.2.2.

The second main result of this chapter is a construction of idempotents for the matrix algebra
Agm, which we adapt from Section 2.7. The main technical ingredient for this construction is
Theorem 3.6.6.

Related work

Young’s natural representation for the walled Brauer algebra has been constructed by Nikitin
[Nik07|, while Young’s orthogonal form for the full Brauer algebra is described in [Naz96|. In
addition, [ST17| has obtained a seminormal form for the g-deformed version of the walled Brauer
algebra. However, taking the “classical” ¢ — 1 limit of their construction and renormalising the
resulting basis vectors to obtain the corresponding orthogonal form is non-trivial. Moreover,
their construction only works for semisimple walled Brauer algebras Bim, so the problem
of adapting their construction to .Afl’m is still open. Motivated by applications to quantum
information, previously the algebra Aﬁ’m was studied in [ZKWO07; SHM13; MHS14; MSH1§]
for the m = 1 case. Some aspects of it were also studied for general m in [SMKH22; MSK21].
In particular, [SMKH22| constructs the same action as in our Theorem 3.7.1, but not for

very restricted class of irreducible representations. In this sense, our work generalises that of
[SMKH22]|.

3.2 Walled Brauer algebra

Let n,m > 0 be integers and d € C arbitrary!. The walled Brauer algebra B,‘im consists of

formal complex linear combinations of diagrams, where each diagram has two rows of n + m
nodes each and a vertical wall between the first n and the last m nodes [Tur89; Koi89; Ben-+94;
Ben96; Nik07; Bul20]. All nodes are connected in pairs, and any two connected nodes are either
on the same side of the wall and in different rows, or the other way around. For example, the

following diagram
n=23 m=2

K_HIK_M

D S N

'We will later require d > 2 to be an integer as well.
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belongs to l’.‘)’f{2 The addition in Bgm is defined by simply adding the respective coefficients
in the two formal linear combinations. Multiplication of two diagrams corresponds to their
concatenation by identifying the bottom row of the first diagram with the top row of the

second diagram. Any loops that may have appeared in this process are erased and the resulting

diagram is multiplied by the scalar d#'°°Ps:

where parameter d of a walled Brauer algebra B,‘im explicitly appear. Multiplication of diagrams
extends by linearity to multiplication in a walled Brauer algebra Bim

The walled Brauer algebra Bgm itself is a subalgebra of the so-called full Brauer algebra
Be, .. that is defined similarly but without the wall and with no restrictions on which pairs of
nodes can be connected [Bra37|. This algebra was originally introduced by Richard Brauer for
studying Schur-Weyl-like dualities of orthogonal and symplectic groups.

For any dlagram o€ Bnm, the partial transpose o' is obtained by exchanging the last m
nodes of both rows (i.e., the nodes on the right-hand side of the wall):

[ SR -] =2

Note that o € Bd is a walled Brauer algebra diagram if and only if o' € S,,,,. In particular,
dim(B¢ ) = (n ¥ m) since (B ,,)" = CS,4m as vector spaces.

The walled Brauer algebra carries the natural structure of a x-algebra. The star operation
on diagrams is defined by exchanging the bottom nodes with the top nodes:

[ <) ] 2

Walled Brauer algebras have a natural notion of trace and partial trace, resembling a similar
notion for matrix algebras. The trace Tr: B%, — C of a walled Brauer algebra diagram o is
defined as

p:

Tr(o) := dooP), (3.6)

where loops(o) denotes the number of loops formed by connecting all nodes in the top row of o
to the corresponding nodes in the bottom row. This definition is extended to the whole of B
by linearity. For any subset S C [n + m/, the corresponding partial trace Trg: Bd — Bg,,m, is
defined similarly, except we connect only those pairs of nodes in o that are 1nd1(:ated by S:

Trg(o) = do°Ps@)g’, (3.7)

where loopsg(c) denotes the number of loops formed in this way and ¢’ € B% , denotes
the smaller diagram left after erasing the loops. Note that n +m = n' +m/ + |S | where
n' :=n—1SN[n]| and m' :==m — (S —n) N [m]|.

3.2.1. EXAMPLE. The trace of a diagram in Bil:

n( X %) -0 (- as

The partial trace of the same diagram over S = {2,3,4}:

(] X ) -1 B - 1] 39
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Note that the group algebra of the permutation group S, X S,, forms a subalgebra of the
walled Brauer algebra Bjim consisting only of those diagrams where no edge goes through the
wall. In fact, the two algebras are isomorphic when n = 0 or m = 0, i.e., CS,, = Bt = B for
any value of d.

The walled Brauer algebra Bﬁ,m is generated by transpositions o; that swap the i-th and
(¢ + 1)-th node of the two rows, where ¢ € {1,...,n 4+ m — 1} \ {n}, and a contraction o,

between the n-th and (n + 1)-th node within each row. For example, B3, is generated by
' 3.10
N (3.10)

One can also define BY, abstractly in terms of relations between its generators [Nik07; BS12].

3.2.2. DEFINITION. Let n,m > 0 be integers and d € C. The walled Brauer algebra BE ,,
is a finite-dimensional associative algebra over C generated by o1,...,0,1m_1 subject to the
following relations:

(a) 0'7;2 =1 (Z 7é Tl), (b) 0;0;110; = 0;410;0;41 (Z 7é n — 1,n), (C) 0,05 = 0405 (‘Z —j’ > 1),

(3.11)
(d) o2 = do,, (€) 0pnOnt10, = Oy, (f) opo; =00, (i £nt1),

(3.12)
(g) OnOn+10n—10n0n—1 = 0n0pn4+10n—-10n0n+1, (313)
(h) On-10n0n4+10n—10n = Ont10n0n4-10n—10np- (314)

Sometimes, we could refer to the contraction generator o, as o, to highlight that it has
some horizontal strands.

More generally, we define o;; = (4, ) to be the transposition between i-th and j-th node,
which acts as identity on other n 4+ m — 2 nodes. Similarly, we define 7;; = m to be the
contraction between i-th and j-th node, which acts as identity on other n + m — 2 nodes.

In the quantum information context, the generator o, can be thought as “unnormalised
EPR state projector”. We can generalise this and introduce special elements 7, € Bﬁym defined

formally as

k—1
o= [[(n—in+1+4), (3.15)

which intuitively represent k copies of “unnormalised EPR projector”. They represented by
diagrams with £ contractions located near the wall, i.e

N
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3.3 DMatrix algebra of partially transposed permutations

Fix the integer d > 2. We now consider a matrix representation of the walled Brauer algebra
Bg?m by extending Eq. (2.70) from a tensor representation of S, to a mized tensor representation
¢ Ba = End((CY)®*" @ (C4)®™) of BY,,. Denoting the nodes in the first row of a diagram
o e Bzm by 1,...,n+ m and in the second row by 1,...,n + m, the action of wﬁym(a) on the

standard basis tensors of (C%)®" @ (C?)®™ is given by
(@) (21) © - @ lnm)) = D omE o) © - © [Takm), (3.17)

.....

1<ml ~~~~~ Tn+m gd

for all x1, ..., zpem € {1,...,d}, where the coefficients are given by
1 if x, = x, for all connected pairs of vertices

O'xi 7777 i = T,SE{1,...,n—|—m,l,...,n—i—_m} OfO', (318)
0 otherwise.

Equivalently,
oprtm = 1 Gerns (3.19)

where the product is over all pairs (r, s) of nodes that are connected in o.

3.3.1. EXAMPLE. According to Eqs. (3.17) and (3.19),

X1 X2 x3|x4 X5

el (]SSR ) ) = | S (3.20)

Y1 Y2 Y3'Ya Ys
- 5:51,y1 5952,3;3 5363@5 5$47y5 5y2,y4 (3'21)

for any choice of z1,...,x5 € [d] and y1,...,y5 € [d].

A crucial fact about the matrix zb,ff’m(a) representing a diagram o is that its partial traces
are related to those of the diagram. Namely, for any o € B, and S C [n + m),

Te(, () = Tr(0), s (1,m(0)) = U (Tis(0)), (3.22)

where the diagrammatic traces Tr(o) and Trg(o) are defined in Eqgs. (3.6) and (3.7), respectively.
We formally establish these two identities in Section 3.A.1.
Similar to Eq. (2.71), we denote the image of BY  under ¢¢ = by

AL =l (BYL) =B ker gt (3.23)

This is known as matriz algebra of partially transposed permutations as it is generated by
permutation matrices on n + m qudit registers, partially transposed on the last m registers.
Recall that the partial transpose T': End((C4)®"t™) — End((C%)®"*™) is defined as (M ®
N)':= M ® NT, for all M € End((C%)®") and N € End((C%)®™). This operation can be used
to relate the maps wg,m and 92, ~ defined in Eqs. (2.70) and (3.17), respectively:

n+m
1(0) = (¥ (o) (324

where o' denotes the partial transpose of the diagram o € B¢

spaces, the algebras A% —and AZ,  are related as follows: 7

see Eq. (3.4). Hence, as vector

A= (AL (3.25)

However, because of different product operations, the two algebras are not isomorphic.
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3.3.2. EXaAMPLE (Transposition versus contraction). When n = 2 and m = 0, the only non-
trivial element of BY is the transposition o1 = (12). Its matrix version acts as

vio( <) )l = i), (3.26)

for all 7,57 € {1,...,d}, since the diagram is encoded by J]i”]l‘ = 0;;0;%x. More generally, any
diagram that represents a permutation (i.e., has no edges across the wall) simply translates
into the corresponding permutation of the tensor factors.

When n = m = 1, the only non-trivial element of B{, is the contraction of 1 and 2. The
corresponding matrix acts as

d

v (S2) 5 100 = 005 D IRIR), (3.27)
k=1
for all 4,5 € {1,...,d}, since a,i’fl' = 0,0k, in this case. In particular, when d = 2,
1 000 1 001
2 o 0010 2 0\:/’ . 00 00 2 r
o) =10 10 0f h(E)=lo 00 0| =te(K). 62
0001 1 0 01

which are known as the SWAP operator and the unnormalised projector onto the canonical
maximally entangled state.

3.4 Mixed Schur—Weyl duality

The mixed Schur-Weyl duality is concerned with the action of Uy and B¢, on the mixed tensor
product space (C%)®" @ (C)®™ where n,m > 0. The m = 0 case is equivalent to the usual
Schur—-Weyl duality discussed in Section 2.10 while the n = 0 case is isomorphic to it. As a
generalisation of Eq. (2.108), consider the natural representation ¢¢ , : Ug — End((C?)®"+™)
of Uy defined as

d(U):=U"x U™ (3.29)

n,m

for all U € Uy, where the entry-wise complex conjugate U is the dual of the defining represen-
tation. Similar to Eq. (2.109), let

Z/{im = spanc{¢fb7m(U) |U € Uy} (3.30)

We are particularly interested in the matrix algebra Endya ((C*)®" @ (C%)®™), ie., the

centraliser of the natural Uy action on (C%)®"®(C%)®™ which captures the unitary equivariance
condition. The following result generalises Theorem 2.10.3 to the mixed tensor product space
(CHe" @ (C*)®™ and says that Endye ((C*)®" @ (C%)®™) is equal to the matrix algebra A%
of partially transposed permutations and, when d > n + m, isomorphic to the walled Brauer
algebra BY .

3.4.1. THEOREM (Mixed Schur-Weyl duality [Koi89; Ben+94|). The algebra UZ,, is the cen-
traliser algebra of A%, in End((C")®" @ (C*)®™) and vice versa, i.e.,

Uy m = Endag  ((C)*" @ (C)F™), Afm = Endyg  ((C)*" @ (C1)*™). (3.31)

Moreover, when d > n + m the representation wgm 18 faithful, i.e., Aim = Bg,m.
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The simplest non-trivial instance of this duality is illustrated in Example 3.4.2 below. It is
similar to Example 2.10.4, except here the second system of L{il and Ail is subject to the dual
action of Uy and the partial transpose, respectively.

3.4.2. EXAMPLE (n =m = 1 and d = 2). The algebra A7, is generated by the identity matrix
and the matrix @Z)il (%) given in Eq. (3.28):

2

1= z,y€eC,. (3.32)

SO O =
OO = O
o~ OO
_— o O O
+
<
_ o O =
OO OO
OO OO
_ o O =

Note from Eq. (2.123) that A}, = (A3,)". We can describe U7, by introducing the dual
representation: for any invertible matrix M, let M* := (M~!)T. Note that M* = M when M
is unitary and, for a general M, the entries of M* are rational functions in the entries of M.

In particular,
a b\" 1 d —c
<c d> "~ ad —be <—b a ) (3.33)

for any a, b, c,d € C such that ad — bc # 0. The algebra 2/11271 is then given by

9 a b a b\ | [(a b
Up, = spanc{ (c d) ® (c d) (c d) € Ug}.
Using the dual two-qubit Schur transform [BLMMO22]

Yvs 0 0 Yva
0 -1 0 0

—~

3.34)

U:= s 0 0 -1z | (3.35)
0O 0 1 0
we can simultaneously block-diagonalize both algebras:
([z+2y|0 0 0
2 T 0 z 0 0
UAL U = 0 0z ol lTVE Cy, (3.36)
L 0 0 0 =z
( ad — bc ‘ 0 0 0
1 0 a>  V2ab b a b
2 1T
Uul’lU — Shalie ad — be 0 V2ac ad+be 2bd (c d) €Uz (3.37)
{ 0 c? V2ed d?
These algebras centralize each other since
UA;,UT =CaCls, UU; .UT = C @ End(C?). (3.38)

While this appears identical to Eq. (2.128), the decompositions of Ai}m and uﬁl,m are generally
very different for d > 2 from those of A%, and U, see Section 3.6.

n-+m n+m?

3.4.3. REMARK. Theorem 3.4.1 can also be seen as an instance of the Double Centraliser
Theorem 2.10.1. Indeed, we can rephrase it as follows: as a representation of -AZ,m X L{,‘f’m, the
space (C4)®" @ (C4)®™ decomposes as

(CH)P" @ (Ch)®m = @ Vi@ Wy, (3.39)

AeAd
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where V) are simple modules of A%~ and W) are simple modules of ¢ . This automatically
implies the following combinatorial identity:

dn+m: Z dAm,\, (340)

AeAd .,

where d) = dim V), and m, = dim W,.

The distinction between Aﬁm and Bﬁm is crucial if one is interested in small dimensions
d < n+m since the two algebras are not isomorphic in this case. For example, the algebra szm
is always semisimple because Z/{ff,m is known to be semisimple from the representation theory
of Lie groups [Eti+11, Theorem 4.66], so its commutant A?  must also be semisimple by the
Double Centraliser Theorem 2.10.1. However, BZ  is not semisimple for integer d < n+m — 1
[CDDMOS|.

One of our main technical results is the determination of primitive central idempotents
of the matrix algebras Aflm, see Section 3.6, which will play a central role in our results in

Chapter 6 on optimisation with unitary-equivariant constraints.

3.5 Mixed Young diagrams, tableaux and staircases

In this section, we introduce combinatorial notions analogous to Young diagrams and tableaux
that can be used to describe paths in the Bratteli diagram for the algebra A% | later. First, let
us first describe three equivalent ways of representing a pair of Young diagrams.

A mized Young diagram of length d is a pair of Young diagrams A = (\;, \;)) of total length at
most d: ((\)+{(),) < d. Equivalently, we can represent A by combining the diagrams X, € Z<,
and \, € Zio into a single staircase X € Z2 obtained by subtracting from A\, = (Ai1,..., A\ia)
the reverse of A\, = (A 1,..., A\rq) [Ste87]:

X = ()\1,1 - )\r,d> A2 — )\r,d—la coy Ald — )\r,l)- (3-41)

Intuitively, the staircase by corresponds to rotating the diagram A, by 180 degrees and attaching
it at the bottom of A; (see Fig. 3.1). Since £(\;) + £(A;) < d, this operation is reversible and
one can easily recover \; and A\, from the staircase . Finally, a third way of representing the
same concept is via walled concatenation ()\ s) where s 1= A,; and A is a Young diagram of
shape

A=Ay + X = (At A1 = Ay A1+ N2 — Mgty -oos At 4+ Apat — Ao, Aig). (3.42)

This diagram corresponds to shifting the staircase X to the right by A,; boxes so that all its
entries become non-negative. Equivalently, we can obtain A by adding A, ; columns of d boxes
on the left of \; and then removing the diagram A, (rotated by 180 degrees) from the bottom of
these columns (see Fig. 3.1). This process is reversible, so we can easily convert (5\, s) back into
the pair of diagrams (\;, A.) or the staircase . Mixed Young diagrams, walled concatenations,
and staircases are three equivalent ways of thinking about the same combinatorial object, see
Fig. 3.1. Throughout the chapter, we will use the same symbol A to denote either of these three
concepts, depending on the convenience in a given context.
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|\> [ ]

I
1%

-

L]

N=(2) A =31 A=(53,200 s=3 A= (2,0,-1,-3)

Figure 3.1: Three equivalent ways of representing a pair of Young diagrams: as a mixed Young
diagram A = (\;, \,), as a staircase A, or as a walled concatenation (A, A.;). Here the total
length of all tableaux is d = 4.

Recall from Eq. (2.42) that a sequence of Young diagrams can be interpreted as a standard
Young tableau. Similarly, for any shape A = (A, \), where A\;Fn — k and A\, Fm — k for some
n,m > 0 and k > 0 such that 0 < k < min(n, m), we define a mized standard Young tableau
T of length d as a sequence (T°, T, T? ..., T""™) of mixed Young diagrams such that each T*
has length d and

1. T := (@,2) and T""™ := X\ = (\, \y),
2. ifn>i>1then T)"' C T} with |T] ™'+ 1= |T}| and T ! = T = &,
3. if n+m > i > n then either

(a) T} C T/ with [T+ 1= |T;7!| and T'~* =T, or
(b) Ti-' C T¢ with [T + 1 = [T7] and T}~ = T}.

This sequence corresponds to a path in a certain Bratteli diagram (see Section 3.6 for more
details).

Similar to Eq. (2.43), we can translate a sequence 7" of mixed Young diagrams into what is
essentially a pair of standard tableaux, thus justifying calling T" a mized standard Young tableau.
The first n steps of this translation build up the left tableau following the same procedure as
described in Section 2.6. The remaining steps either build up the right tableau in the same way
or add secondary entries to the left tableau indicating at which steps the corresponding boxes
are removed. For example, when n = 3, m = 2, and k£ = 1, the sequence

T = ((2,9), @0 9), (@), (D ), (@ 9),(00,0) (3.43)

corresponds to the following pair of tableau:

T=([1]2]s4], [5]). (3.44)

This is a mixed Young tableau of shape A = ((2), (1)) since the left tableau has only two boxes
remaining. Similarly to Section 2.6, for any permutation = € S, x S,, we will write 77" to
denote the tableau obtained by permuting the cell fillings of T" according to .

In the following section, we summarise a method for constructing primitive central idempo-
tents of multiplicity-free family of walled Brauer algebras which we described in Section 2.7.

3.6 Idempotents for the matrix algebras Ag,m

In this section, we provide the necessary ingredients for applying the [DLS18| framework, pre-
sented in Section 2.7, to the partially transposed permutation matrix algebras Ai,m- Our main
technical contribution is Theorem 3.6.6 which shows that Jucys—Murphy elements of partially
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transposed permutation matrix algebras can be obtained from Jucys-Murphy elements of walled
Brauer algebras, even when the corresponding walled Brauer algebras are not semisimple.
Consider the following multiplicity-free family of walled Brauer algebras:

C2Bjy—=Blg— - Biy =Bl = Bl (3.45)

n,m’

where the embeddings correspond to adding on the right of the diagram an extra pair of nodes
that are connected with a vertical line. For the sake of brevity, let us denote this family by

B := (By,...,B,tm) where

C if k=0,
By = ¢ B{, if 1 <k<n, (3.46)
Bl ., ifn+1<k<n+m.

Sometimes we want to highlight the dependence on local dimension, so we can refer to By, as
B,
Similarly, let A := (Ao, ..., Asim) where, for every k € {0,...,n+m},

Ay =8 (By) € End((CH)*" ® (C)®™) (3.47)

is the corresponding partially transposed permutation matrix algebra and w;‘im is the map from
Eq. (3.17). Note that Aj_; is the subalgebra of A that consists of all matrices of the form
M ® 1, for some M. We will later also write A{ & A;, when we want to highlight the dependence
on local dimension d.

For every k € [n+ m], let

AP = (Z(By),...,Z2(B), XL = (Z(A),..., Z(Ap) (3.48)

denote the Gelfand-Tsetlin subalgebras of B and A, respectively, see Definition 2.7.5.

Bratteli diagram for walled Brauer algebras

The simple modules of the walled Brauer algebra Bﬁ}m are labeled by pairs of Young diagrams
(A1, Ar) where A, and A, are partitions of n — k and m — k for some 0 < k£ < min(n,m) [BO20):

Bl ={x= () |0<k<min(n,m), NFn—& A\ Fm—k}. (3.49)

The Bratteli diagram % (see Definition 2.7.2) for the family B of walled Brauer algebras is
defined as follows. The only vertex at level k£ = 0 is the root (&, @).? For any k € [n + m], the
vertices at level k are given by By, see Eqs. (3.46) and (3.49). For any pair of adjacent levels
k —1 and k where k € [n + m|, an edge A — p between \ € B\k,l and p € gk is present if and
only if

1. k < n and the diagram g is obtained from A\ by adding one cell to the diagram A,
2. k > n and p is obtained from A\ by either adding a cell to A, or removing a cell from J;.

For example, the Bratteli diagram for the multiplicity-free family ending with 5‘2{2 is given in
Fig. 3.2.

By construction, the number of paths from the root vertex to any leaf A\ in the Bratteli
diagram is equal to the dimension of the corresponding simple module of B;im.

2Here we use (@, @) instead of @ for the root of the Bratteli diagram of the walled Brauer algebra because
the irreducible representations of this algebra are labeled by pairs of Young diagrams.
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d d d d d
Bo,o Bl,O B 0 82 1 BQ 2

\
\m
7
\

Figure 3.2: Bratteli diagram associated to the multiplicity-free family C = Boo — B‘f’o —
Bg{o — Bg{l — ng of walled Brauer algebras when they are semisimple.

(2, 9)

(mh

/
\

Jucys—Murphy elements and content vectors

If d € C is such that the walled Brauer algebras Bl
elements are given by [BS12; SS15; JK20|

n are semisimple, their Jucys-Murphy

0 if k=1,
JP =4 SN0 k) if 2 <k <, (3.50)
S (k) =0 (k) +d ifn+1<k<n+m,

where (i, k) is the transposition of elements i and k, and (i, k) is the corresponding contraction.
When the walled Brauer algebra is not semisimple, we still define JP via the above formula.
Let T € Paths(%) be an arbitrary root-leaf path in the Bratteli diagram of B, and let
T+' — T* where k € [n + m] denote an edge on this path. Recall from Eq. (3.49) that each
vertex T* of T is labeled by some bipartition (\;, \,). The number cpx-1_7+ introduced in
Definition 2.7.8 and Eq. (2.59) that corresponds to this edge is calculated via the following rule

[BO20; JK20]:

1. if 1 < k < n and T* is obtained from T%~! by adding a cell (4, j) to the left diagram in
the bipartition 7%~! then

Crk—1_ypk — j -1 = COHt(J}k \ 7—'lkil)’

2. if n+1 <k <n+mand TF is obtained from T%~! by removing a cell (4, j) from the left
diagram in the bipartition 7%~! then

ere1ypr =1 — j = — cont(TFH\ T}F),

3. if n+1 <k <n+mand T" is obtained from T%"! by adding a cell (i,5) to the right
diagram in the bipartition 7%~ then

Cri-1_ypr = j — i +d = cont(T"\ TF 1) +d.
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d d d
‘AO,O ‘Al,O A2,O

(2, 9)

Figure 3.3: Bratteli diagram associated to the multiplicity-free family C = A&O — Aio —
Ag{o — A%l — Ag? of partially transposed permutation matrix algebras for different values
of the local dimension d. When d > 4, this diagram coincides with that of the walled Brauer
algebras (see Fig. 3.2). However, for small values of d (i.e., d = 2 and d = 3) the diagram has
to be modified by removing the designated vertices. Note that removing the vertex (H,O) when
d = 2 eliminates the highlighted path from the root (@, @) to the leaf (O, ), which decreases
the dimension of the corresponding simple Agg—module Vio,g) by one, ie., dimVign) = 4 if
d > 2 while dim ‘/(EI,D) =3ifd=2.

Since these formulas are very similar to the definition of the content j—i of a cell (7, j) in a Young
tableau, see Eq. (2.33), it motivates us to introduce a notion of walled content of a cell containing
i in T similar to Eq. (2.44). Namely, for a given path "= (79, ..., T""™) € Paths(%) we define
cont(T} \ T;71) if i < n,
weont;(T) := { cont(TP\Ti 1) +d ifi>nand T} =T, (3.51)
—cont(T} "'\ T}) ifi>nand T} =T L
This definition is chosen so that for any k € [n + m)|
cre—1_ypr = weonty (7). (3.52)

For example, the path T given in Eqgs. (3.43) and (3.44) has the following values of walled
content: weont (7") = 0, weonto(7") = 1, weonts(T") = 2, weonty(T') = —2, weonts (1) = d.
We refer to the full vector of walled contents as ¢y := (weconty (1), . .., weont, ., (1)).

Adapting the Bratteli diagram from B¢, to A%

According to [Ben+94, Theorem 1.11], the simple modules of the AZ  are labeled by pairs of
Young diagrams (A, A,.) where \; and A, are partitions of n — k and m — k for some 0 < k <
min(n, m) with additional constraint:

Al =N = (M) |0 < E<min(n,m), Abn—k, A bm =k, 00) +£(\) < d}. (3.53)

The Bratteli diagram o7 for the family of partially transposed permutation matrix algebras
A can be obtained from the Bratteli diagram 2 for semisimple walled Brauer algebras B by



52 Chapter 3.  Mized Schur—Weyl duality

removing all vertices (\;, ;) that violate the condition £()\;) +¢(),) < d. Note that along with
the removed vertices we also remove their incident edges. For example, Fig. 3.3 shows how
Fig. 3.2 should be adapted for small values of d.

Depending on the local dimension d we may need to remove some vertices that are not
leaves of the diagram, which in turn can decrease the number of root-leave paths, thus affecting
the dimension of V) (see Fig. 3.3). In particular, a dimension

dy = dim V) = |Paths(\, &) (3.54)

of the simple A,,-module V) generally depends on the local dimension d.

Adapting Jucys—Murphy elements and content vectors to .Af%m

The Jucys—Murphy elements for semisimple walled Brauer algebras B, given in Eq. (3.50), can
be used in the algorithm from Section 2.7.5 to find the primitive central idempotents €5 and
canonical primitive idempotents €5 of B¢ . In this section, we show how this procedure can
be adapted to the partially transposed permutation matrix algebras A% . To construct the
primitive central idempotents ' and canonical primitive idempotents 5% of Afl,m, we can use
the modified Bratteli diagram from Section 3.6, and it only remains to adapt the Jucys—Murphy
elements and content vectors from Bﬁim to Ag’m. Below we show that we can use lifted versions
of Jucys-Murphy elements of szl,m and their content vectors for that purpose.
Throughout this section we set for every k € [n + m)|
Jt =l (JF) e Al

n,m?

(3.55)

where JF are the Jucys-Murphy elements of B given in Eq. (3.50) and ¢¢, is the map from
Eq. (3.17). To establish that Ji*,... J4 is a Jucys-Murphy sequence for A% . we need to

> “n4+m n,m’

show that it is both additively central and separating (see Definition 2.7.7).

3.6.1. LEMMA. The sequence Ji', ..., J;\,, is additively central in A%, .

» “n+m

Proof:

For any k € [n+m)], one can verify that the Jucys—Murphy elements JZ defined in Eq. (3.50) sat-
isfy JE € XP and JP+---+JP € Z(By,) [JK20]. Since ¢ is a homomorphism, ¢¢, (Z(By)) C
Z(Ag) and hence ¢ (XF) € XA Therefore Ji* = i (JF) € vd  (XF) C X,;A and the se-
quence J7', ..., J2A  is additively central in Al O

) Yn+m

3.6.2. LEMMA. For any T € Paths(<) in the Bratteli diagram of A°

(P 4+ i) e = (cont(N) + cont(A,) +d - |A]) e (3.56)
where 6? 1s the corresponding canonical primitive idempotent of Az,m, A= (A, ) =T s

the last vertex of the path T, cont(\) is the total content of all cells of the Young diagram X
and |\| is the number of cells in \.

Proof:
See Appendix 3.A.2 for proof. Our proof is reminiscent of [BS12, Lemma 2.3], which is a similar
statement for the walled Brauer algebras. O

3.6.3. COROLLARY. For any k € [n +m] and T € Paths(&/), Ji'eg = wconty,(T)eqt where
weontg(T') is the notion of content for the walled Brauer algebra BE, , see Eq. (3.51).

n,m’
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Proof:
Let Tl := 70 — 7" — ... — T* denote the first k edges of the path 7. Recall from Eq. (2.56)
that the canonical primitive idempotents of A are given by

E?[k] = 5?15?2 s E?k. (357)

Each value of k effectively corresponds to truncating the Bratteli diagram to a certain n and
m. Thus Lemma 3.6.2 with appropriate n and m allows us to compute the eigenvalue of
JA 4 -+ J for two consecutive 7Y :

(Ji 4+ 7)) g = (cont(T}) + cont(T}F) +d - |TF]) e, (3.58)
(P 4+ i) ey = (cont(TF1) + cont(T 1) +d - |TH) e (3.59)

Multiplying both equations with the primitive central idempotents of A ranging from g?k to
€7nim transforms the subscripts 7% and T%~! into 7" =T

(JA 4+ TN et = (cont(T}) + cont(TF) +d - |TF|) &7, (3.60)
(Ji' -+ Jily)er = (cont(T) 1) + cont(T) + d - [T7!) 7. (3.61)

Subtracting these two equations we get
Jiep = <cont(le) — cont(T}") + cont(T)¥) — cont(Tr ") + d - (|TF] — |Tf’1])> 7. (3.62)

If k < n then TF = T = & and cont(T}¥) — cont(7} ') = j — i, where (i, j) is the location
where adding a cell to the Young diagram le_l transforms it into 7). If k > n then there are
two cases. If T% = TF~! then cont(T}F) — cont(T}~') = i — j because the cell (i, 5) is removed
from T)~'. If T} = T;~! then cont(T}) — cont(T}"') = j — i and size(TF) — size(TF 1) = 1,
where (i, j) is the location where adding a cell to the Young diagram T*~! transforms it into
TF. In either case,

J{est = weonty, (T)e7, (3.63)

where weont(T) is exactly the notion of content for the walled Brauer algebra B, as defined
in Eq. (3.51). O

3.6.4. LEMMA. If S,T € Paths(«/) are two paths in the Bratteli diagram of A%, then S =T
if and only if cs = cr.

Proof:

The forward direction is obvious. For the reverse implication, assume that S # T and cg = cr.
We consider two cases depending on the first location k € [n + m| where the two paths differ,
i.e., S¥ £ TF while S*~1 = TF1 =: (N, \,).

If £ < n, we can only add cells to the Young diagram A;, so let (7, 5) and (¢, j') denote the
two possible locations. It follows from Corollary 3.6.3 that cp(k) = j — i and cg(k) = j' — ',
and hence j —i = j' — ¢’. Since any Young diagram has at most one location on any diagonal
where a new cell can be added, (i,7) = (i',j/) and therefore S* = T*.

If k£ > n, the condition cr(k) = cs(k) can be satisfied only if we assume (without loss of
generality) that cp(k) = i' — j' and cg(k) = j" —i" +d, implying that i' +i" = j' + ;" +d for the
removed cell (¢!, j') of \; and the added cell (i", j7) of \,. In particular, i'+i" = j'4+j"+d > d+2
since 5 > 0 and j” > 0. On the other hand, the total length of the two diagrams satisfies
¢(N) + £(\) < d, which implies that i + 4" < d, a contradiction. O
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3.6.5. COROLLARY. The sequence J{, ..., J;fﬂrm is separating in A.
Proof:
This follows from Lemma 3.6.4 and Proposition 3.5 of [DLS18|. O

3.6.6. THEOREM. JA, ..., JA s a Jucys-Murphy sequence for A.

) Yn+m

Proof:
This follows from Lemma 3.6.1 and Corollary 3.6.5. O

Theorem 3.6.6 establishes that the operators Ji', which were obtained in Eq. (3.55) by
lifting the Jucys-Murphy sequence JP of the walled Brauer algebras Bﬁ,m to the matrix algebras
Ag’m, are indeed Jucys—Murphy elements of Aﬁ}m. Furthermore, Corollary 3.6.3 shows that the

content vectors of the two families of algebras agree.

Primitive idempotents of A;im

We have now established the three ingredients required to apply the [DLS18| algorithm to the
partially transposed matrix algebras AZ,W

1. the Bratteli diagram for A is obtained by truncating the Bratteli diagram of B,

2. the Jucys—Murphy elements of A are obtained by applying wg,m to the Jucys-Murphy
elements of B given in Eq. (3.50),

3. the content vectors of A agree with those of B and are given in Section 3.6.

This allows us to use the algorithm described in Section 2.7.5 to compute the primitive central
idempotents and canonical primitive idempotents of A.

A major advantage of this approach is that the entire computation can be performed by
employing linear combinations of diagrams instead of actual matrices (i.e., staying within the
diagrammatic walled Brauer algebra B;im rather than working in the matrix algebra AZ,m)'
This results in a diagrammatic representation of an idempotent of Afhm as a preimage of the
actual idempotent under 1/1g7m. More explicitly, the primitive central idempotents of Aﬁm can
be computed iteratively as

el = Z Wl (Paou(JR)) 1, (3.64)

A A=

where the polynomials Py_,, from Eq. (2.60) are evaluated for the Bratteli diagram of the
family A described in Section 3.6. Similarly to Eq. (2.62), canonical primitive idempotents ep
are adapted to the matrix algebras A as follows:

n+m

A _ d J]{;B - C/\k,1—>/,l,
g=uvi (1T 11 , (3.65)

¢ —cC
k=1 p:Ap_1—p#ENg Ak—1— Ak A1

where the second product runs over edges in the Bratteli diagram .7 of the family A.

This representation of idempotents is more compact compared to the naive one when d is
large, and easily amenable to further fast diagrammatic calculations. This allows to signif-
icantly lower the computational complexity of various tasks within the partially transposed
permutation matrix algebra, as illustrated later in Chapter 6.
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3.7 Gelfand—Tsetlin basis for partially transposed permu-

tations
Ao Al A3 Ao 1 A3, A3,
| (mo,m) 1
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Figure 3.4: The Bratteli diagram associated with the family (3.67) of partially transposed
permutation matrix algebras when n = 3, m = 2, and local dimension d = 3. For a chosen
path T = ((@, @), (O, 9), (D, 9), (0o, 9), (O, 9), (ED,D)), we have highlighted in blue the set
M(T) of all paths that agree with 7" everywhere except for level n. For each leaf, we have
indicated the number of paths from the root to that leaf, which coincides with the dimension
of the corresponding irrep.

Now we are ready to state our main result of this chapter. Recall from Section 3.6 that the
irreducible representations of Ai,m are labelled by the following set of mixed Young diagrams
()\l, )\T)i

At = {/\ = (W)

0 <k <min(n,m), NFn—k AFm—k () +00\) < d}, (3.66)
which corresponds to the following multiplicity-free family of algebras:
Agp — .Aio s = ./4270 — .A,,dl71 s — Ag,m (367)

The set of paths Paths()\) in the Bratteli diagram of the family Eq. (3.67) correspond precisely
to the set of mixed standard Young tableaux of shape A (see Section 3.5). For example, Fig. 3.4
shows the Bratteli diagram for the sequence (3.67) ending with algebra A3 ,.

~

For any \ € A¢

,m?

we will denote the corresponding irrep by
Un: AL, — End(Vy) where V3 = CPhs(, (3.68)

Our main technical result, Theorem 3.7.1, provides an explicit formula for ¥, (o;), for any
generator o; of A% . This effectively describes how the matrix algebra A%~ acts on the
Gelfand—Tsetlin basis vectors |T'), where T is any root-leaf path in the corresponding Bratteli
diagram. Before presenting our formula, we introduce some auxiliary notation.

We define the walled azial distance between cells containing ¢ and i + 1 in T' € Paths()\) as

ri(T) := weont; 1 (T) — weont; (7). (3.69)
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The walled axial distance has a simple combinatorial interpretation. Indeed, r;(T") is the axial

distance between cells containing ¢ and ¢ + 1 in a staircase representation 7' of a mixed Young
diagram T, see Fig. 3.1 and Eq. (3.44).
Furthermore, if 77! = T"*! we denote by

M(T) o= {(T°,. .., ", " T ™) € Paths(T™™) | e A} (3.70)

and M(T') := @ otherwise. The set of all paths in the Bratteli diagram differing from 7" only at
the n-th level (see Fig. 3.4 for an example). For a given path T', we define a cell ar, containing
both numbers n and n + 1 in the mixed Young tableau T, formally as

{ Tr\T AT =T,
ar ‘=

: (3.71)
%] otherwise,

where T} denotes the left diagram in 7% = (T}, TF). With this notation at hand, we can state
our main technical result.

~

3.7.1. THEOREM (Gelfand-Tsetlin basis for A2 ). For any A € A% the following represen-

tation Py: A%, — End (CP#s™) is an irreducible representation of Al . Given a generator
o; of Afhm, i=1,...,n+m—1, the matriz ¥)(o;) acts on the Gelfand-Tsetlin basis vectors

|T") with T € Paths(\) as follows:

a(o3) IT) = % T) + /1 % 0.T), fori#n, (3.72)

Uale) [T) = o(T) fvr), for) ==Y o(T)|T), fori=n, (3.73)

T'eM(T)

where r;(T) is the walled azial distance defined in Eq. (3.69), 0,1 denotes the mized standard
Young tableau T with cell fillings permuted according to o; (see Section 3.5), and the coefficient
c(T) = 0 is given by

I w1, (cont(ar) — cont(c) .

o(T) == ,| (d + cont(ar)) SROT, )( ) — m_T’ (3.74)
ocacerr—1ar (cont(ar) — cont(a)) Mpn-1

where ar is defined in Eq. (3.71), RC /AC are the sets of removable/addable cells, and mpn, mpn-1

are dimensions of the corresponding Weyl modules.

Table 3.1 provides an example of how Theorem 3.7.1 can be used to compute all irreps of
Agz using the Bratteli diagram shown in Fig. 3.4. Note, that the second equality in Eq. (3.74)
is immediate consequence of Lemmas 3.7.4 and 3.7.5.

Our proof is similar in spirit to that of [ST17]. However, they described a seminormal basis
for the quantum walled Brauer algebra, while we consider orthonormal basis of the usual walled
Brauer algebra.

Before we start the proof, let’s recall the defining relations for the walled Brauer algebra.

3.7.2. DEFINITION. Let n,m > 0 be integers and d € C. The walled Brauer algebra B ,,
is a finite-dimensional associative algebra over C generated by o74,...,0,1m_1 subject to the
following relations:

(a) Uiz =1 (Z 7& n), (b) 0;0;410; = 0410041 (Z 7é n — 1,n), (C) 0,05 = 0,05 (|Z —]| > 1),

(3.11)
(d) o2 = doy, (€) Onons10, = 0y, (f) op0; =030, (i #n+1),

(3.12)
(g) OnOn4+10n—10n0pn—-1 = OpO0n410n—10n0n41, (313)

(h) On—-10n0n4+10n—10n = Opnt+10n0n410n—-10p. (314)
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Table 3.1: Example of Theorem 3.7.1 in action: the matrices 1, (o;) in the Gelfand—Tsetlin basis for all irreducible representations 1, and

generators o; of the matrix algebra Aj,. Rows correspond to generators o;, and columns correspond to irrep labels A

(A1, A). Note that

irreps with |A;| = 3 and |,| = 2 vanish on the contraction oy since they are irreps of Sg x S,. The Bratteli diagram for A3, is shown in Fig. 3.4.

)

(@)
-
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Proof:
We will prove the theorem in several steps. First, we check that such action defines a rep-
resentation of Af%m by checking the relations in Eq. (3.11) for transpositions. The relations
for transpositions in Eq. (3.72) are defined in the same way as the Young—Yamanouchi basis
of the symmetric group [Rut48|. It is essentially folklore knowledge today, however, we still
provide the proof for completeness. Next, we check the relations in Egs. (3.12) to (3.14) for
the contraction ¢,. Finally, we prove that such representation is irreducible. For simplicity, we
will write o instead of ¢5(o) for any o € A? . Note, that our further analysis will hold for all
irreps A € A?and all paths T € Paths(), ), which we fix at the start of the arguments.

(a) To verify o? = 1, consider the action of o; on the invariant subspaces Vr for each
T € Paths()\) defined as

Vi = span{|T), |o;T)}. (3.75)

It is clear from Eq. (3.72) that the matrix o;|y;. of this action is

ri(lT) 1 - ri(;’)Q
il = : (3.76)
T 1— : 1 . o Al
ri(T) ri(T)

meaning that trivially (o;]y,)? = 1. Since that holds for every T' € Paths()), then ¢ = 1 holds.
(b) To verify (0;04,1)® = 1, consider for every T' € Paths()) the action of 00,1 (according
to Eq. (3.72)) on the invariant vector space

VT = span{|T), |O'Z‘TY>7 |O'Z'+1O'Z'T>, |O'Z'O'Z'+1O'Z‘T>, |(UZ’+1O'Z')2T>7 |O'Z‘(O'Z‘+1O'i)2T>}. (377)
Now if we define
a:=ry(T), b:=riog10T), c:= Ti((o'i+10'i>2T)> (3.78)

then the action of o; and o;,1 on the V7 in the above basis is given by the following matrices:

1 -4 0 0 0 0
a a
1 1
-5 -1 0 0 0
0 0 1 -5 0 0
b 2
ol = Ve : (3.79)
T 0 0 -5 -3 0 0
1 1
0 0 0 0 1 -4
1 1
0 0 0 -5 -1
i 0 -5 0 0 0
(&
1 1
0 3 0 0 1-% 0
-4 0 -1 0 0 0
ity = ‘ ‘ 3.80
vy 0 0 0 1 0 -5 (3.80)
a a2
0 -5 0 0 -3 0
0 0 0 1-L o0 -1
a a

Taking into account the fact b = a + ¢, it is easy to verify that (o;]v,.0411]v;.)® = 1. Since this
holds for any T' € Paths()), it must be (0;0,,1)% = 1.
(c) Finally, to verify the relation o,0; = 0,0, for (]i — j| > 1) just note, that o,0,T = 0;0,T
and
a:=ri(o;T)=r,(T), b:=r;(0;T)=r;T). (3.81)
It means that on Vi defined for every T' € Paths(«/) as

Vr :=span{|T),|0;T), |o;T),|o;0:T)} (3.82)
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o; and o0; have a tensor product structure:

1 1
< - 0 0
-4 -1 0 0 1 1-%
il = - =1 . ‘ 3.83
(A VT 0 0 % 17% 2 ® 17% 1 ) ( )
a a a
1 1
0 0 I
1 1
3 0 lI-% 0
1 1 1 1
I A ey e A = R 3.84
O] v — I 1 —_— 1 1 ® 25 ( * )
T l-% 0 -3 0 -5 —3

and consecutively o;|v,.0;v, = 0j|v,0i|v,.. Therefore, 0,0; = 0;0; when [i — j| > 1.

(d) For each T' € Paths(\) there is an invariant subspace Vy := span{|T") | T" € M(T)}.
If M(T) = @, then we assume Vr := span{|T)}. Note that |||vr)||? = d, according to
Lemma 3.7.6. Moreover, it is easy to see from the definition that o,|y, = |vr)(vr|. From
this it is obvious (o,]v,)” = d - 0wy, and that implies 02 = d - 0,,.

(f) To check 0,0, = 0,0, (i # n + 1), we define subspaces

Wy = span{|T") | T' € M(T)U M(oiT)},  Vpi=span{|T") | T € M(T)}.  (3.85)

If o, T is not valid mixed Young tableau, then W = Vi and o; acts by scalar multiplication

v

on Wr, so it obviously commutes with o, Now assume that ;7 is valid mixed Young

I,
tableau, then Wr = Vp ® span{|1),|o;)}. In that case, we have a similar tensor product
structure as in the case of transpositions making these generators commute. Namely, since

ri(T) = r;i(T") for every T € M(T') then we have

O-n‘WT = ’UT><UT||VT X -[2) (386)
1 1— ;2
Tl(T) T‘Z(T)
Ol = Iy @ | e Y ) (3.87)
T'Z'(T)2 T‘l(T)

Therefore 0,0; = 0;0, (i # n £+ 1) holds.

(e) Now let’s first check the relation 0,0,_10, = 0,. Note that we can conveniently write
the generator o,, in terms of the matrix units Egp of A%m. To make our notation more compact,
we introduce the convention E2 := Egr.

S v, 1,0, S
ow= Yy > e O)elp, 0 EG b e, (3.88)
ueB(\) veC(Ay)  S1€Pathsn_a(v)
SaePathsp 1, n+m (1,A)
0,0'e D(\,pu,v)

where we highlighted that coefficients do not depend on paths T fully:
c(u,0) := c(T) for arbitrary T € Paths(\) : T" ' = T"" = p, T" = 0. (3.89)
Moreover, we introduced specific sets of vertices in the Bratteli diagram .7
BO\) = {pe Al_ ;|37 € Paths(\) : T"' = T"*' = 1}, (3.90)

C\p)={ve ./zl\fll_w | 3T € Paths(\) : 7" =T = p, T2 = v}, (3.91)
D\ p,v) :={0 € .»zl\‘,jl’() | 3T € Paths(\) : 7" ' =T =, T2 = v, T" = 6}. (3.92)
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Using the above notation, we can write generator o,,_; in terms of the matrix units E2, specif-
ically highlighting only the relevant ones,
S (1y1,0,1) — S
Onr= Y. > > Flo m, 0)EG b= 4+ (3.93)
pEB(A) veC(Au)  SiEPaths, (V)

Sz GPathSn+1,n+m (p,,)\)
0€D(Ap,v)

where we also highlight dependence of r,,_;(T") only on certain nodes of a given path 7"

f(V’ILL79) = Tnj(T)

In Eq. (3.93) we do not write terms with the matrix units which multiply to zero with the
matrix units from the sum of Eq. (3.88). We also abuse the notation by forgetting that v, u, 0 are
actually pairs of Young diagrams: we only refer to the left diagrams by dropping the subscript .
Using Egs. (3.88) and (3.93) we can deduce by direct multiplication, that ¢,0,_10, = 0, is
equivalent to

for arbitrary 7' € Paths(\) : 7" 2 = v, T" ' = pu, T" = 6. (3.94)

> fp0)-c(u6)* =1 (3.95)
9eD(\u,v)
for every p € B(\), v € C(\, ), S1 € Paths(v), Sy € Paths(u, A). Let ¢ := p\ v be the cell
containing n — 1, it is a corner cell of yu, i.e. ¢ € RC(u). Let also a := 6\ p, then Eq. (3.95) is
equivalent to

Z d + cont(a) HvGRC(“)(cont(a) — cont(v))

cont(a) — cont(c) [T, ac(uya(cont(a) — cont(v)) =1 (3.96)

ac€AC(p)

for every p € B(\) and ¢ € RC(u). By rewriting the previous formula as

p Z [Twerc(u\ (cont(a) — cont(w)) Z ont(a) [Twerc(u\ (cont(a) — cont(w))

a€AC(p) [Toeacqua(cont(a) — cont(v)) e AC() [Toeac(ua(cont(a) — cont(v))

=1,

and using Lemma 3.7.8 we conclude that Eq. (3.95) holds, finishing the proof of 0,,0,,_10, = 7,,.
Similar proof also works for the second relation ¢,0,,10, = 0, which we do not repeat here.
(g) Finally, checking the relations in Eq. (3.13) is the same in spirit as for (e), but more
cumbersome. Observe that relation (g) could we written in terms of 7 = ¢,0,,110,_10, from
Eq. (3.15) as
ToOp—1 = T20p+1- (397)
So we need to understand how 75 acts in the Gelfand-Tsetlin basis. Let’s first write the
generators in terms of matrix units:
on= > 3 o(p, 0)cpu, ) Eg it ) 20 (3.98)
HEB(A) S1€Pathsy,—2(v1)

(v1,12)€C (A 1) S2€Pathsy 42 ntm(v2,\)
0,0'e D(\va,p,v1)

_ S1—(v1,,0,1,02)—S2
On-1 = Z Z (f"_l(yl’ H: Q)Eslﬁ(lmuﬂ,um)%sz—{_
HEB(N) S1€Paths, _2(v1)
(1/1 ,VQ)EC()\,M) Sa EPathSn+2,n+m(V2,/\)
QED()“VQ:.U*:VI)

S —>(V uu‘ul’e’,“‘:l/ )—>S
* \/1 — P 0 0) By a5 2) e (3.99)
= S *)(V7 797 SV )HS
=) 2 (f”“(e’ o v2) Bl s i sat

HEB(X) S1€Pathsy,_2(v1)
(I/l,VQ)EC()\,,u,) So EPathSn+27n+m(V2,/\)
GGD()\7V2,M7V1)

(3.100)

S1— (V1,110,188 v2)—S2
2 v
- \/1 - f”+1(9’ s V2>E51—>(V1,#,9,u,1/2)—>52
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where notation y' (or 4f,) is a shorthand for p/ which appears at the index n — 1 (or n + 1)
of the corresponding mixed tableau o, 1T (or 0,.1T), where T' = S; — (v1, u, 0, p, v5) — So;
we also use the notation similar to the case (e):

B()\) == {u € A¢ 10| 3T € Paths(\) : T =T+ = i},

{(n, 1) € A?_ 2.0 X Al o | 3T € Paths(\) : T2 = v, T = p, T""? = 1}
{6 € A | 3T € Paths(\) : 7772 = vy, T"! = 11, T"2 = 1, T" = 6},

c¢(T) for arbitrary T € Paths(\) s.t. 7"t =T" =y, T" = 6,

) =

C(A\ ) :

D()\ Vo, iy V 1)
0) :

0) =

( 7

fn 1(V1 M,

for arbitrary T' € Paths(\) : 7" 2 = v, T" ' = p, T™ = 6,

1
n—l(T)

Jri1(p, 0,10) == for arbitrary 7' € Paths(A\) : T" = 0, T"" = py, 7" = v

Tn-l-l(T)
Let’s now analyse how 75 looks like in the Gelfand—Tsetlin basis. Assume v; # vy in the
previous expressions. In that case, o, 1p # o,114. Therefore the only terms, which survive
after mulpityling four different matrix units in the expansion of 0,0, 10, 10,, are as follows:

S TR N TR, S.
C(/”'v €/>C(/1'7 0”) Z cz(lua e)fn—l(yh Ky e)fn-‘rl(ea Ky VQ)ESJ:((VLLL’Q”,,;,VQQ)):SZ7 (3101)
0eD(\v2,u,v1)

where for brevity we omitted the sums over u, vy, v5,60',0”, 51, 5,. However, from Lemma 3.7.7
it follows by a similar technique which was used to show Eq. (3.95) from Lemma 3.7.8 that

> ) facr(vr.0) faia (0, pv2) = 0, (3.102)

0€D(A\v2,p,v1)

It is crucial that v; # 15, which allows to use Lemma 3.7.8. therefore 7, acts as zero on paths
of the form Sy — (vy, i, 0, p, v9) — Sa, where vy # vs.

Now assume v = 1, = 5. We would like to understand how 75 acts on paths of the form
T:=5 — (v,u, 0, u,v) — Sy. It is easy to see that any path 7" := S — (v, 1/, 0", 1/, v) — S
could be produced upon the action of 75 on S; — (v, i1, 0, 1, v) — Sa, where p = vUa, ' = vUad’
for a,a’ € ACy(v), and 0 = pUa for a € AC4(n), and ¢ = 1/ Uda' for a’ € ACy(p'). Let’s
calculate the diagonal elements (T'|75|T). Taking into account f,,_1(v, 1, 0") = foi1(0', u,v) we
can write

<T’7—2|T> = 02(/%9) Z 62(ﬂ7 el)fnfl(% 1,y el)fnJrl(e/?ﬂa V) (3103)
0’eD(\,v,u,v)
=(p,0) Y AppUa)fi i (v,ppUa). (3.104)
a€AC, (1)

By defining the cell x := u \ v, we can transform the sum in the expression above into

Z d + cont(a) ILercq (cont(a) — cont(v)) B
(cont(a) — cont(z))? [T e ac(u\a(cont(a) — cont(v)) B

d+ cont(a)  [loeroq.(cont(a) — cont(v))
-y + cont(a) () )

( _
cont(a) — cont(z) [T,eac(ualcont(a) — cont(v)) B

ac€AC(p)

a€AC(p)
= ) (d+cont(a)) [Lercqua(cont(a) — cont(v))
a€AC(p)Uz HUE(AC( \a(COHt(G) — cont(v))

Herogs(cont() — cont(v)) T (3.105)

HUeAC(M) (cont(z) — cont(v)) — m,

— (d + cont(x))
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where in the last equality we observed that the first term is zero due to Lemma 3.7.8 and the
second negative term is Z—‘V‘ due to Lemmas 3.7.4 and 3.7.5. This shows
My _ mom, _ o

(T|m|T) = (1, 0)—F = =2 (3.106)

My MMy, My
By a similar argument, we can deduce that

)

(T'|m|T) = (3.107)

mV
Now observing that (T"|m2(0y1 — 0ny1)|T) = 0 for every T, T’ € Paths(\, &) is easy. Indeed,
since matrix elements (T'|75|T) do not depend on the nodes p/ and p at levels n — 1 and
n + 1 of paths 7" and T', we can always collect the terms such that they cancel due to relation
foo1(v,1,0) = frni1(0, u,v). Similar proof also works for the relation (h) in Definition 3.2.2,
which we do not repeat here.

Finally, we need to show the irreducibility of our representation. Due to Lemma 3.7.3 the
spectrum of Jucys-Murphy elements in our basis coincides with the canonical definition of the
action of Jucys-Murphy elements in the Gelfand—Tsetlin basis, see Corollary 3.6.3. Since Jucys—
Murphy elements generate a maximal commutative subalgebra of Azm their action uniquely
determines the basis. Therefore our basis coincides with the Gelfand-Tsetlin basis for .44

T,m?

which is originally defined for irreducible representations. O

3.7.3. LEMMA. The action of Jucys—Murphy elements J of the algebra Aﬁvm s diagonal in
the Gelfand-Tsetlin basis and the spectrum is given by the walled content weonty(T). More

formally, for every A € A% and every T € Paths(\, &)

UA(J)|T) = weonty,(T)|T) (3.108)

Proof:

For k < n this is just a statement of the same result for the symmetric group, e.g. see [OV96;
VOO05|. In the following, we drop the index A and 1y, and we simply write J; := ¥\ (J7).
Moreover, we will drop 1, everywhere for brevity, but one should remember that all calculations
should be done within fixed irrep A for all A € A7 . The proof for that case can be done by
induction by exploiting the relation J..; = o Jyor + or. The base of the induction is trivial.
Now using the induction step we can immediately see that

= (op e + 1) (=T + /1 — L]0 T) (3.110)
k(T) &(T)
=l T) + /1 = spelonD) + (3.111)
wconty, (T
+ o0 (22D ) + weonty (o4 T), 1 — - lonT) )

_{ weont(T) |T) 1
_ ( onty(T) | 1) (W) . 1- Tk(T)2|0kT>)+ (3.112)
o
+ weonty (0, T)4/1 — W(—% +4/1 - ﬁﬂ»)
_ (Tk%T) + Wcontk(Tgk—(\tzlvggntk-&-l(T) + WCOntk+1> ‘T>_|_ (3113)

wcontg (1) —wcont T
+ . /1= rk(l.l‘)Q (1 4 K ( 2"k(T) k41 ( ))|(7kT>

= weont;(T)|T), (3.114)
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where we used that weonty (o4, 1") = weontyy1(T'), rp(oxT) = —ri(T) and ri(T) = weonty 1 (1) —
weonty (7).

Similarly, for £ > n+1 we have a similar relation Jy, 1 = 0, Ji0+ 0y and the same argument
holds, assuming that .J,,11|T) = wecont,1(7)|T). However, for k = n + 1 we need to prove the
claim separately.

To show the claim for k = n + 1, recall that J,,1 = d — p, where

n

pi=>> (i,n)on(i,n) (3.115)

i=1

and (i,n) is a transposition between sites ¢ and n with the convention (n,n) := 1. Without
loss of generality assume that m = 1. Note that since J,,; commutes with .Ano, 1 Must be
diagonal in the Gelfand—Tsetlin basis and it has the same eigenvalues for every path 7" which
goes through a given vertex u at the level n in the Bratteli diagram. Therefore, we now assume
T € Paths(\, A) has the property 7" = p. There are two cases:

1. If A, = (1), then there is no mobile cell in 7" and the action of o, is zero, meaning that
Jnt1|T) = d|T) which is consistent with J,,41|T) = wcont,,1(7T")|T) for that case.

2. If \, = @, then for every T' € Paths(\) with 7™ = u we can write:

Tty =+ 3 @im = S STl (3116)

P TePaths(\) B TePaths()) i=1
Tn_;,t T":N
= —Z > (Tl6,n ( > |v5><vs\)(z,n)\T> (3.117)
=1 T'cPaths(\) SePaths(\)
Tr=p S"h=u
Sn—1=)

:—Z ST sl mIT) P (3.118)

=1 T,SePaths(\)
T"L S7L7M
Sn—l=X

L Z S o(S) [SIG T (3.119)
=1 T,SePaths())
Tn=8"=y
Sn-l=x
Now let’s denote c¢(\, p) := ¢(S) to indicate that ¢(S) does not depend on the full path S
but only on the two nodes A, i belonging to S.

)\ u .
(TlpT) = Z > Sl mIT)P (3.120)
=1 T,SePaths(\)
Th= S":,u

S|zn< > |T)(T|)(z',n)|S) (3.121)

1=1 ScPaths(\) TePaths(\)
Sn=y, Tr=p
Sn=l=x

( > |T><T|) (i,n)°[S), (3.122)

=1 SePaths(\) TePaths(\)
Sh=y, Tr=y
S”*1=>\
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where in the last step we used that (i,n) commutes with €, := > 7. 7._,|T)(T| since ¢,
is a primitive central idempotent in Aio. Therefore,

(T|p|T) = |(SIT)[* (3.123)
i=1T SGPaths()\)
=S"=pu
Sn*:)\
c(A, p)? dy my
= dy=n-—-—=d t A 3.124
g, M= = d oo (1 \ A, (3.124)

where in Eq. (3.124) we used Lemmas 3.7.4 and 3.7.5. Therefore,

(T|Jur|T) = d — (T|p|T) = — cont (s )

3.125
= —cont(T™\ T"™) = wecont, 1 (7). ( )

Auxiliary Lemmas

3.7.4. LEMMA. For every ubFn and A\Fn—1, such that X is obtained be adding a cell to p and
() < d and L(N) < d,
d)\ mﬂ

=n.2. " 12
d+cont(pp\ A\) =n- d, my (3.126)

where dy and my are dimensions of the Specht module A\ and the Weyl module X\ respectively.

Proof:
Use the hook length formula (2.40) for d) and the hook-content formula (2.47) for my:
p (n—1)! [Tue, (d+cont(u))
u h(u
ne 2 gy H“@'h( ) uephtw) d + cont (g \ A). (3.127)
d, my 1 [Ty e (d+cont(w))
[Tuep h(w) [Tocy h(w)

a

3.7.5. LEMMA (Egs. (1.6) and (1.8) in [Kos03]). For every pkmn and A\Fn — 1, such that X is
obtained be adding a cell x to u, i.e. x = p\ X\. Then there holds

oy aeacapa(cont(z) — cont(a))  Ilaeacqy(cont(z) — cont(a)) (3.128)

d, [eercn (cont(z) — cont(c)) [eerc(u. (cont(z) — cont(c))

where dy is the dimension of the symmetric group irrep \.
3.7.6. LEMMA. For every T such that M(T) # @ there holds |||vr)||3 = d.

Proof:
Denote )\ := Tl'”_1 and use Lemmas 3.7.4 and 3.7.5:

o) z= 3 es?= Y _y (3.129)

my
SeM(T) a€AC4(N)

where the last equality is due to Pieri’s rule for the irreps of the unitary group. ]
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3.7.7. LEMMA ([War79; LB70; CL96]|). For each integer k > 0 and distinct x1,xo,...,x, € C

we have
n

k
L

- N hk—n-ﬁ-l(xly e ;xn)a
i—1 Hi;éj(xi — ;)
where h, is complete r-homogeneous symmetric polynomial, which is defined as h, = 0 forr <0
and hg = 1.

Proof:
Counsider the rational function

(3.130)

k
z
f(2) = =—F/. (3.131)
Hj:l(z — ;)
The function f(z) has simple poles at z = z; fori = 1,2, ..., n. At each pole z = z;, the residue
can be easily evaluated as
xk
Res,—, f(2z) = lim (2 — ;) f(2) = =——. (3.132)
s Hj;éz’(‘ri — ;)
Summing over all residues at finite poles, we get
Res,—., f(z (3.133)
Z Z Hm =

By the Cauchy’s residue theorem, the sum of all residues, including the residue at infinity, is
Zero:

ZResz —; f(2) + Res,—o f(2) = — Z x—f_ = —Res,—o f(2). (3.134)
To find Res,— f(2), expand f(z) as z — oc:
f(z) = & ﬁ( - %)1 (3.135)
j=1

Using absolute convergence of the geometric series for the function g(t) = (1 —¢)~! together
with the generating function for complete homogeneous symmetric polynomials h, [Mac98|, we
can expand the product in the previous formula into the following series:

ﬁ( - %>_1 = ihr(m, )2 (3.136)

=1

Therefore,

“Zh Ti,...,x Zh Ty, ..., )2 (3.137)

-1

The residue at infinity is minus the coefficient of 27" in this expansion. Set k —n —r = —1,

which gives » = k —n + 1. Thus,
Res,—oo f(2) = —hp—ni1(z1,. .., 20). (3.138)

Combining the results, we obtain

T =l (21, ). (3.139)
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H’WERC()\)\C cont(x

(cont(
zeAC()) HveAC(A)\I (cont(z
(
(

cont(x
Z cont(z) HU’ERC(A)\c
z€AC(N) HUEAC( Mz cont(z

)_
)_
)_
)_

(
cont(w)) B
comt() (3.140)
cont(w)) B
cont(0)) | (3.141)

Note that the degree of the numerator as polynomial in cont(z) is |[AC()| — 2 in the first
case and |AC(p)| — 1 in the second case. Now just apply Lemma 3.7.7 with n = |[AC(u)| and
variables being {cont(z) |z € AC(u)}.

|
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3.A Appendix

3.A.1 Lifting traces from BY, to A%

Representing the elements of the matrix algebra .Afl%m as preimages of diagrams under @Z’i,m

is particularly useful when computing traces and partial traces of ¢¢, (o) for any o € Bi .
The following two propositions relate the matrix traces of w;‘f’m to the diagrammatic traces of
o defined in Egs. (3.6) and (3.7).

3.A.1. PROPOSITION. For any o € B¢

n,m?’

Tr(v?, (o)) = Tr(o). (3.142)

n,m
In particular, when o is a single diagram,

Tr(¢ (o)) = d°oP) (3.143)

where loops(o) is the number of loops created by connecting all pairs of opposite vertices of o.
Proof:

To establish Eq. (3.142), it suffices to consider only the case when o is a single diagram since
the general case follows by linearity. Using Egs. (3.17) and (3.19),

Tr(Wpm(o) = DY (@@ @ (@um]) Uin(0) (J71) @ - @ |204m)  (3.144)
Llyenny Z’n+m€[d]
= > o ] Gem (3.145)
Z1 4oy Tgm €[] ke[n+m)
L1,y $n+m€[d}
- Z 5957‘7955 H 63?1@790@ (3146)
Z1 ey Tntm €[] (r,8)ET k€[n+m]
L1, Trtm E[d]
= (loors(o), (3.147)

The last equality follows by partitioning the product of delta functions into closed loops and
observing that all indices on a given loop must have the same value. The final value agrees
with the diagrammatic definition of Tr(o) in Eq. (3.6). O

The following generalisation allows to graphically compute the partial trace Trg(¢g, (o))
for any subset of systems S C [n + m)].

3.A.2. PROPOSITION. For any o € B¢, and subset S C [n + m],

n,m

Trs (v, () = ¥t (Trs(0)) (3.148)

where Trg(o) is defined in Eq. (3.7) and n’ and m' denote the number of leftover systems on
both sides of the wall. In particular, when o is a single diagram,

Trg (¢ (o)) = doPs Dy, (0%) (3.149)

n’,m’

where o denotes the diagram o with opposite pairs of nodes that belong to S contracted, and
loopsg (o) is the number of loops formed in this process.
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Proof:
By linearity, it suffices to establish the result for any diagram o € B¢ . Note from Eq. (3.17)
that

1@ = 3 A 0 @ )il = S DA (3150)
U1,y ln+m€[d} l7le[d]n+m
1 ool m €[]
where | = (I1,...,lysm) and I = (I1,...,lysm). Letting S := [n+m]\ S, we can generalize
Eq. (3.144) as follows:
Trs (U m(0)) = Y ({ils ® Is) ¥ () (|i)s © I5) (3.151)
i€[d]S
=Y (ses)( X ) (s e Is) (3.152)
i€[d)® Lle[d]ntm
=3 Y (I ot ) (Rt il (3.153)
i€[d)s lle[d]nt™ kesS keS

= 3 ol(IT o) (@) (3.151)

Li[dn+m  kesS
where we eliminated the sum over 7 in the last equality by noting that

Z 5$k,l&5lk,.’vk = 5lﬁ,lk (3155)

xkE[d]

for all k € S. Substituting the definition of o from Eq. (3.19) we get

Trs( = > ( H O, zs> (H O, zk) <®|lk (L > (3.156)

Lleldnt™  (r,s)€oc keS

:leOPSS(U Z < H 5l’ l/>|l l| (3157)

Ulelds (uv)eas

where the second equality is obtained by using a generalisation of Eq. (3.155) to contract the
chains of delta functions along all loops and paths. This collapses the sum from [d]"*™ to [d]®
and reduces the product to run over edges (u,v) in the remaining smaller diagram o°. Using
Egs. (3.19) and (3.150) in reverse,

Trs(Ul,(0)) = =@ 3 (Sl (3.158)
Ileld®
— dloopss(a) ;dll7m/<0_5) (3159)
= Y (Trs(0), (3.160)
where we used Eq. (3.7) that defines the diagrammatic partial trace Trg (o). a

Finally, note from Eq. (3.150) that we can also easily evaluate the trace of ¢ () with any
elementary rank-1 standard basis matrix |i)(j| for any 7, j € [d]"*™:

Tr(vg (o) i) (j]) = o}, (3.161)

where o7 is given in Eq. (3.19). The partial trace Trg(¢,,(0) i) (j|) can be evaluated similarly.
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3.A.2 Proof of Lemma 3.6.2
3.6.2. LEMMA. For any T € Paths(<) in the Bratteli diagram of A¢

(Ji+ o+ TA ) er = (cont(XA;) + cont(A,) +d - |A,]) 7 (3.56)
where 7 is the corresponding canonical primitive idempotent of Af%m, A= (M, A\) =T™ s

the last vertex of the path T, cont(\) is the total content of all cells of the Young diagram X
and |\| is the number of cells in \.

Proof:
We will use the correspondence between a path T and a pair (7, L) of a tableaux 7 = (7, 77)
of shape (A, \,) and a tuple L of pairs of numbers from the set [n + m], see Theorem 1.11 of
[Ben-+94]. For this proof we assume T := Ay = Ay = ... = Appno1 = A and ¢ = ¢ | see
Eq. (3.17). Moreover, we will use upper “left” and “right” letters, i.e. Ay = (AL, AL).

It follows from Lemma 3.6.1 that J{* + -+ + J2 € Z(A,m). Therefore it is enough to
consider how this sum acts on any vector in the isotypic component V) ® W, corresponding
to the simple module labeled by A = (A, \,) € A% in the mixed Schur-Weyl duality, see

Eq. (3.39). In particular, we can take a maximal vector
|tr1) = ¢(y-0L)|8r1) € (C)*" @ (CT)*™ (3.162)

from [Ben-+94, Definition 2.4, where y, € C(S, x S,,) C BY, is the Young symmetriser for the
tableaux 7, o € Bﬁm is a diagram that contracts all pairs in L. The Young symmetriser y., is
defined as y, := y.y,r, the product of standard Young symmetrisers y.. and y,-, see [Ben+94,
Eq. 2.2]. The Young symmetrisers y,. and y,» are products of column and row symmetrisers
(the terms which correspond to column and row groups in [Ben+94, Eq. 2.2|). The standard
basis vector |8,.1) € (C¥)®" @ (C4)®™ is defined as follows:

1Brr) = |u1) @ - @ |Up) ® |Upt1) @ -+ @ |Unjm) (3.163)

where each u; € [d] and we distinguish two cases: if 1 < i < n then

= j 1f@ belongs to the j-th row of 7, (3.164)
1 ifvelL,
whileif n +1 <7 < n -+ m then
" d—j+1 1fz belongs to the j-th row of 7", (3.165)
1 ifie L.

Recall that Ji + -+ JA € Z(A,4m), s0

(P4 4+ T ) ) = ©(yea0) (JE 4 -+ T2 18er)- (3.166)

Since Ji* := ¢(JP) and 1 is a homomorphism, we can use the definition of J? from Eq. (3.50)
to write the right-hand side more explicitly:

oo Y oD atdom))i). (3.167)

1<i<j<n or 1<ign
n+1<i<j<n+m n+1<j<n+m
To simplify this, we evaluate all expressions of the form ¢ (y.710;;)|6-1) and ¥(y-5.0;,)|5-.1),
where we distinguish between transpositions o; ; and contractions 7; ; which can be located in
three possible positions relative to L:
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1.i¢ L, j¢1L,
2.i€l,j¢Lori¢ L, jeL,
3.icLl,jel.

We now proceed to consider each of these six cases separately (we will write (1) and (1) to
distinguish between the cases with o, ; and ;).

Case (1): 0;; withi ¢ L, j ¢ L. There are two sub-cases:

(a) If i and j are in the same row of either 7! or 7", the row symmetriser of y, does not change
the resulting vector, i.e., ¥ (y,0;;)|6-) = ¥(y-)|Br.1). Since 7, and y, commute,

V(yrGL0i5)|BrL) = |trL). (3.168)

(b) If i and j are in different rows of either 7! or 7", we denote the corresponding row numbers
by r; and 7;. In this case the row symmetriser of y, acting on (o, ;)|5) produces a
product of two “W states” at positions defined by the rows r; and r; of 7" with the
numbers ¢ and j swapped. The column antisymmetriser of y, will then kill most terms,
leaving only the terms with basis vectors |r;), |r;) in positions within the same column.

There are \/" Lr

max{r;,r;} max{r;,r;}
rows 75, 7; within the corresponding left or right tableaux 7V/7. After this operation the
resulting vector acquires a minus sign and a different factor compared to ¥ (y,)|5;.1):

such terms, where A\ is the size of the smallest of the two

¥ (y-)|5-,
D)) = — L) Pr). (3.169)
)\max{ri,rj}
Again, since 67, and y, commute,
_ 1
U(Y-010i3)|BrL) = —)\l/r—|tr,L>- (3.170)

max{r;,r;}

Case (1): &;; withi ¢ L, j ¢ L. In this case ¥(;,)|5-.) can only be non-zero when u; = u;,
which is equivalent to r; = d—r;+1. Thus r;+7; = d+1. But since r;+r; < () +L(\,) < d,

U(y:010:5)|8-) = 0. (3.171)

Case (2): 0,; withi € L, j ¢ L ori ¢ L, j € L. Without loss of generality we can assume
that i € L and j ¢ L. There are two sub-cases:

(a) If u; = 1 then (610:,)|8-1) = ¥(61)|B-1). This happens when j € 7' and r; = 1 or
Jj € 7" and r; = d. Therefore

V(Yr0L0:4)|BrL) = ltrr)- (3.172)

(b) If u; # 1 then ¢(d.0,;)|Br) = 0 because 1(6,) would annihilate the vector ¢ (o; ;)|5-.1)-
Therefore

U(Yyr010i)|BrL) = 0. (3.173)

Case (2): Gij withi € L, j ¢ L ori¢ L, j € L. Assume again that i € L and j ¢ L. There
are two sub-cases:
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(a) If u; =1 then

$(010:4)6rL) = (IBTL +Y (olk) ook ®---)>, (3.174)

where the basis vectors labeled by k are in positions ¢ and j. But since j ¢ L all vectors
- ®k)® - ®|k)®--- for k > 2 are annihilated by 7. Therefore in this case

U(y-000:;)|BrL) = |trL)- (3.175)
(b) If u; # 1 then v(7;;)|8-,.) = 0 and therefore
w(yTa-La-i,j)|ﬂT,L> = 0. (3176)

Case (3): o,; with i € L, j € L. Since ¢ and j must belong together either to 7! or 77,
they cannot belong simultaneously to one pair of L. Since u; = wu; = 1, it follows that

Y(04j)|Br.L) = |Br) and therefore
V(Y-0L0i5)|Brr) = ItrL)- (3.177)

Case (3): G;; withi € L, j € L. In contrast to the previous case, two sub-cases can occur:

(a) If i and j belong to the same pair in L then

d

U(61.615)|Br) = ¥(or) (Z( @k @@k - -)) =d-(01)|Brr),  (3.178)

k=1

where the basis vectors labeled by k are in positions ¢ and j. Therefore
V(Y-010:)|Brr) = d - [trL) (3.179)

(b) If i and j belong to different pairs in L then similarly to the previous case we can write

d

Y(GL0:5)|Bre) = V(L) (Z( k) ®-- k) ®-- -)), (3.180)

k=1

where the basis vectors labeled by k are in positions ¢ and j. But now since the positions
i and j are not contracted with each other by (5 ), we will not acquire a factor of d:

V(Yr0L0:4)|BrL) = Itrr)- (3.181)

Collecting everything together and separating the sums in Eq. (3.167) according to the cases
above, we arrive at the following expression:

(JlA -+ J,ﬁm) lt- L) = w(yTﬁL( Z Oij — Z@',j +d- Q>) |Br.L)

1<i<j<n or 1<i<n
n+1<i<j<n+m n+1<j<n+m

Syt DD )+ D) ) +deg (3.182)

1<i<j<n or 1<i<j<n or 1<i<j<n or
n+1<i<j<n+m n+1<i<j<n+m n+1<i<j<n+m
case (la) case (2a) case (3)
|tT L>
D D/l R 2% BN SN B8 ) B S A2
1<i<j<n or max{r;,r;} 1<i<n 1<ign 1<ign
n+1<i<j<n+m n+1l<jsn+m n+1<j<n+m n+1<j<n+m

case (1b) case (2a) case (3a) case (3b)
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To simplify this we need to do some counting. Counting all possible pairs within each row of 7
gives us

€(N\) AL £(Ar) %
S b= (X (3) X (3) ) e (318
1<i<g<n or =1 =1
n+1<i<j<n+m
case (la)

Pairing 7 and j across different rows gives us:

Z l/‘fTL Z X —1) + Z Nt —=1) ) [trz). (3.184)

1<i<jsn or max{r;,r;}
n+1<i<gj<n+m
case (1b)

Note that for a single diagram A it is true that

£(N)
Z ( ) Z)\ i —1) = cont(\), (3.185)
=1
therefore
t,
Z trr) — Z % (cont(N;) + cont(A,)) [tr ). (3.186)
1<i<j<n or 1<i<j<n or max{r;,r;}
n+1<i<j<n+m n+1<i<j<n+m

case (la) case (1b)

Next, simple combinatorics gives us

Z |tT,L> = Z |tT,L> = (/\ll : |L| + /\Zl ) |L|) |tT,L>7 (3187)

1<i<j<n or 1<i<n

n+1<i<j<n+m n+1<j<n+m
case (2a) case (2a)
= =2 1] 3.188
|tr) = [ty =217 |ltrr), (3.188)
1<i<j<n or 1<i<n
n+1<i<j<n+m n+l1<j<n+m
case (3) case (3b)

so the corresponding sums cancel each other. Finally,

> delter) =d-|L] - [t (3.189)
1<i<n
n+l<j<n+m
case (3a)
Using m — |L| = || and combining everything together gives us the desired result:
(S 4+ A [nn) = (cont(N) + cont(N) +d - [A]) [trr)- (3.190)
Since JA + -+ JA € Z(Auim) and 2|t 1) = |t.1), we can draw the same conclusion for
A.
8T-
(JP+ -+ ) et = (cont(N) + cont(N,) +d - [\|) &7 (3.191)

which completes the proof. O



Chapter 4
Quantum circuits for mixed Schur transform

In this chapter, we describe how to generalise the Schur transform to tensors of mixed unitary
symmetry, resulting in the mized Schur transform. We develop an efficient quantum circuit
for the mixed Schur transform. An important feature of the mixed Schur transform is that
it produces the Gelfand—Tsetlin basis for partially transposed permutations, which has useful
applications in quantum information and computing. The essential novel component enabling
the construction of the quantum mixed Schur transform is the efficient dual Clebsch—Gordan
transform, for which we provide a comprehensive description. Additionally, we provide a ma-
trix product state representation of the mixed Schur—Weyl basis vectors. For constant local
dimension, this yields an efficient classical algorithm for computing any entry of the mixed
quantum Schur transform unitary.
This chapter is based on [GBO23a].

4.1 Introduction

Schur-Weyl duality is particularly useful in quantum information, where one often needs to deal
with many identical copies of a quantum state or to apply the same unitary to many systems in
parallel. Its algorithmic manifestation, the quantum Schur transform and the related Clebsch—
Gordan transform, can be efficiently implemented [BCH06; Har05; KS18; Krol9; WS23| and
have many applications [Wril6; Har05|, such as quantum spectrum [KWO01la| and entropy esti-
mation [AISW20|, quantum state tomography [Key06; HHJWY17; OW16; OW17|, black-box
inversion of an unknown qubit unitary [YSM23a|, and quantum majority vote [BLMMO22|.
Some applications do not require the full quantum Schur transform but only a weaker form
called weak Schur sampling [CM23].

Motivated by the wide range of applications of the quantum Schur transform, in this chapter
we investigate the mized quantum Schur transform which can be used both to block-diagonalize
the matrix algebra Afim as well as to prepare the Gelfand—Tsetlin basis vectors. More specif-
ically, in Lemma 4.2.1 of Section 4.2.1 we show that the rows of the mixed quantum Schur
transform (or the Schur basis states) admit a matrix product state representation with bond
dimension (n +m)0(d2). This means that, for a constant local dimension d, we can compute the
matrix entries of the mixed Schur transform in polynomial time. In addition, Theorem 4.3.1 of
Section 4.3 provides an efficient quantum circuit with O((n + m)d?*) gates for computing the
mixed Schur transform on a quantum computer. In particular, this transform produces the
Gelfand—Tsetlin basis from Theorem 3.7.1 on the walled Brauer algebra register. The key new
ingredient that allows us to generalise the standard quantum Schur transform from [BCHO6| to
the mixed setting is the construction of an efficient dual Clebsch—Gordan transform in Theo-
rem 4.4.1. Finally, we note that related independent work [Ngu23| constructs the same quantum
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circuits for mixed Schur transform as in our Theorem 4.3.1.

4.2 Mixed Schur transform

Recall from Theorem 3.4.1 that there is a mized Schur transform unitary Usen(n,m) that simul-
taneously block-diagonalises the actions of Uy and B¢, on the tensor space:

Usennm: (C)*™ = €5 Vi@ W (4.1)

AeAd

It maps the computational basis to a new basis composed of irreducible representations of .Azm
and Uy:

Usentnm) V(@) Udgpiny = €D r(0) @ Iy, Vo € B, (4.2)
AeAd

Usentnm) Gpm(U) Udpamy = €D Tan @ 0(U), VU € Uy, (4.3)
AeAd

where ¢¢ . and ¢f . are defined in Egs. (3.17) and (3.29), ¢, is described in Theorem 3.7.1,
and ¢, is the Weyl module A of the unitary group Uy.

Recall from Chapter 3 that we can choose the bases of V), and W), to be of Gelfand—Tsetlin
type! and label them by paths T' € Paths()\, &) and Gelfand-Tsetlin patterns M € GT(\),
respectively:

Vy = span{|T) | T' € Paths(\, )}, :
Wy = spanc{|M) | M € GT(\)}. (4.5)

When m = 0 we can equivalently think of 7" and M as a standard and a semistandard Young
tableau, respectively (see Sections 2.6 and 2.9.1). For general values of n, m, one can interpret
T as a mixed standard Young tableau (see Section 3.5) while M can still be interpreted as a
semistandard tableau by adding an appropriate constant to all entries of the Gelfand-Tsetlin
pattern so that they become non-negative. Note that the irrep label A € .Afl’m is implicit in
both T and M. Indeed, it can be recovered from the final vertex of the path T as well as from
the first row of the pattern M. Hence, we can treat the output space in Eq. (4.1) as a formal
linear span of all pairs (7', M):

B Vi@ Wi =spanc{[(T.M)) | A € AL, T € Paths(\, &), M € GT()\)}. (4.6)

AeAd

Note that because of the direct sum over A the output space of Uscn(n,m) does not have a tensor
product structure, i.e., one should not treat |(T,M)) as |T) ® |M). Nevertheless, for each
individual A the corresponding subspace C* @ C™ is indeed a tensor product.

!Note that mixed Schur transform, defined as a transformation (4.1) which simultaneously decomposes
(CH®n+m into irreducible modules of Ag’m and Uy, is not uniquely defined. Indeed, an arbitrary change of
basis within the modules V) and W, does not affect the decomposition (4.1). On the other hand, such a change
of basis within the modules is the only degree of freedom for the Schur transform. In this thesis, we make a
specific choice of bases and present the mixed Schur transform for the Gelfand—Tsetlin bases corresponding to
the sequence (3.67) of subalgebras of A‘fl’m and the sequence U; < - -+ < Uy of subgroups of the unitary group
Uy. For d = 2, it can be seen as a consecutive composition of spin-2 particles into a system with well-defined

2
global spin.
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We would like to find an efficient way of computing the mixed Schur transform matrix
entries

<(T, M)| USch(n,m) ‘1’1, s 7xn+m>- (47)

Here the rows are labeled by pairs (T, M), where T' € Paths(\, /) and M € GT(A) for all
choices of \ € Aim, while the columns are labeled by strings 1, ..., T, 1m € [d].? The matrix

entries (4.7) can be arranged into a matrix as follows:

USch(n,m) = Z Z Z <(T, M)| USch(n,m) |$1a s 7In+m> . |(T, M)><ZL'1, s 7J:n+m|-

)‘Gj%,m TePaths(N) z1,...,Tn4+mE[d]
MeGT())

(4.8)
In particular, the mixed quantum Schur transform of any standard basis vector |xy, ..., Zpim)
is

Uschnam) 1715 -2 Tngem) = D > (T M)| Usengum) 21, - Zogm) - (T, M), (4.9)

AeAd  TePaths(\)
T MeGT(N)

while the Schur basis vectors ((T', M)| can be expressed in the standard basis as

<<T7 M)’USch(n,m) = Z <(T7 M)' USch(n,m) |$17 cee 7xn+m> : <$17 s 7xn+m’- (410)

mlym:xn-kme[d}

The most common way of implementing the regular m = 0 Schur transform is by a sequence
of Clebsch-Gordan transforms [BCH06; Har05; KS18]. The basic idea is to view the space
(C%H)®" as tensor product of n defining representations Wy of Uy and sequentially decompose
this tensor product by including one new system at a time, see Section 2.9.3. This approach can
be generalised to any m > 0 in a straightforward way by incorporating dual Clebsch—Gordan
transforms for an inductive decomposition of

(CH*Hm 2 Wp ... Wo®@Wa®...® W (4.11)

where W5 denotes the dual of the defining representation. We can derive an explicit formula
for the matrix entries of the mixed quantum Schur transform obtained in this fashion.

We start with a single qudit in state |z1) where xy € [d]. At each step k =2,...,n+m we
use the Clebsch-Gordan transform CG® € Uy to couple the output state from the previous
iteration with an additional qudit in state |z)) where x} € [d]. The input and output spaces of
CG™ can be decomposed as follows:

CGW ( P vwe WA) ®C' > PV, @W,, (4.12)

id A1d
ACAY HEAT

where we are using the single-subscript convention for the sequence of algebras A¢ from
Eq. (3.47). For any path T = (T°,...,T*') and pattern M € GT(T*!) the action of CG®
is defined as

CG<k>(|(T, M) ® |xk>> = 3 S ET o N, (413)

w: Th=1—p NeGT(p)
w(N)=w(M)+w(zy)

2Note that Eq. (4.1) describes a passive transformation that changes the coordinate system from the com-
putational basis vectors into the basis labeled by tuples (T, M). As the number of such tuples matches the
dimension of (C%)®"*+™ it can be seen as a transformation of (C4)®"+™ onto itself, after applying any bijection
between the tuples (T, M) and the computational basis vectors. As such, the Schur transform is a unitary
transformation (also active transformation).
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where y: T*~1 — 1 means that p can be reached from T*~1 by one step in the Bratteli diagram
</, and cgf\}“’M are the so-called Clebsch—Gordan coefficients (see Section 4.A.1 for an explicit
formula). The mixed quantum Schur transform Usen(nm) is given by a cascade of n +m — 1
Clebsch—Gordan transforms:

Useh(nm) = cqtm) ,(Cg(n+m—1) ®[> . (Cg(s) ®[®n+m73> ) (CG(2) ®I®n+m72)' (4.14)

In particular, the usual Schur transform satisfies Ugenr,0) = CG(k)(USCh(k,LO) ® I) where k£ =
2,...,m.

Let us use Eq. (4.14) to derive an explicit formula for the matrix entries of the mixed
quantum Schur transform. For an arbitrary path T = (T°,...,7""™) € Paths()\) and Gelfand-
Tsetlin pattern M € GT(A), we get from Eqs. (4.13) and (4.14) that

<<T7 M)| USch(n,m) |l’1, v 7xn+m> = <M| CG;?;Y;:LTn+m—1 T CG;%Tl |IL‘1> (415)

where |M) is a Gelfand—Tsetlin basis vector of the unitary group irrep corresponding to the
staircase A, and CGZ) ., for k = 2,...,n 4+ m are rectangular matrices with rows labeled by
N € GT(T*) and columns labeled by M € GT(T*™!), with the corresponding matrix entry
equal to the Clebsch—Gordan coefficient:

(N|CGHiguor| M) := ¥ py- (4.16)

Hence, according to Eq. (4.15), any matrix entry of Usen(n,m) can be computed by applying a
sequence of matrices onto |x1). The complexity of this computation depends on the dimensions
of the matrices CGT’;Tk L

In practice, one can take advantage of the fact that the matrices CG7 ,_, are block-
diagonal. By tracking which blocks contribute non-trivially to a given ((T, M)|, Eq. (4.15) can

be modified as follows:

(T, M)| Useim) |1, -+, Tnm) = (M| CGEimslanintonst) | 0GE 2y), (4.17)

TkTk—1

weight w(N) = w(xy,...,z1) and columns labeled only by M € GT(T*™!) of weight w(M)
w(xk’—la s 73:1)'

where CGZe(Th-1-71) 10 submatrices of CGJh e_1 with rows labeled only by N € GT(T") of

4.2.1 MPS representation of mixed Schur basis vectors

Notice that Eq. (4.15) presents the Schur basis vectors |(T, M )) as matrix product states (MPS)
with bond dimensions given by mpx = dim Wy = | GT(T*)|, see Fig. 4.1. For fixed local
dimension d, the bond dimensions mq+ are upper-bounded by (n + m)o(dz). This can be easily
seen by counting the number of Gelfand-Tsetlin patterns GT(T*). Indeed, for any pair of
Young diagrams A = (\;, A) of size |A\| < n, |[\| < m and satisfying ¢(N\;) + ¢(\,) < d, the
corresponding set of Gelfand-Tsetlin patterns GT()) consists of entries m;; which must satisfy
—m < m;; < n. As the number of entries is d(d + 1) /2, the size of the set GT()) can be upper
bounded by (n+4m)° *). Note that the length of the MPS is n4m. As a consequence, for fixed
local dimension d the computational complexity of computing (7, M)| Usch(n,m) |1, - - - Trtm)
is upper bounded by

(n +m)°). (4.18)

Note that the complexity of computing the entries of the matrices CGZf ., (see Section 4.A.1)
is absorbed into the above bound. Thus, we have established the following result.
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4.2.1. LEMMA (MPS representation of mixed Schur basis vectors). The mized Schur basis vec-
tors Ugch(n,m)‘(T ,M)) (or rows of the mized quantum Schur transform matriz Usennm)) admit a
o), Hence, the matrix entries

@) In particular, for

matriz product state representation with bond dimension (n+m)
of the mized Schur transform Usenmm) can be computed in time (n+m)
constant local dimension d, this is polynomial in system size n + m.

Notice that Eq. (4.17) provides a more refined approach for computing the entries of vectors
|(T, M)) in the computational basis, although it is no longer an MPS as the choice of consecutive
matrices CG;@’;&T“"’M does not depend only on ;. The matrices in this product are of size
H{M € GT(T*) | w(M) = w(z1,...,x1)}|, i.e., the number of Gelfand-Tsetlin patterns with a
given weight w(zy,..., 7). This is known as Kostka number Kk,  ,) and it depends on
two integer partitions: T* and w(zy,...,7;). Clearly, the matrices in Eq. (4.17) are smaller
than those in Eq. (4.15), however, we do not get an asymptotic improvement in the upper
bound. As before, Krk s, ) can be upper bounded by (n + m)°@) | which leads to the
same upper bound (4.18).

It is convenient to use tensor network notation to represent the Clebsch—Gordan tensors.
Let us assume \ and j are staircases that differ only by one box. We will denote by CG¥

A
CG3 ,, respectively:

k

T

CGy , the Clebsch-Gordan tensors corresponding to matrices CG), ,,

A K

CGH, = %u, CCGy, = >%A, (4.19)

0 O

where the circles represent the corresponding tensors and the arrows represent two incoming
and one outgoing irreps, labeled by staircases that differ only by one box (adding a box for
CG* and removing for CG™).

Tn4m €3 L2

l\ﬂ . .
Tn+m Tn+m—1 T3 T2 Tl

Figure 4.1: Tensor network representation of the state Ugch(n,m) |(T, M)) defined in Eq. (4.10) as

1

a matrix product state by using Eq. (4.15). The tensors CG;,CT,C_1 (depicted as white circles for

k < n and gray circles for k > n) have three indices. The matrices CG7} ., from Eq. (4.16)

are obtained from tensor CGiﬁka,l by fixing the index corresponding to xj € [d], indicating the
computational basis state |z;). The bond dimensions mpx = dim Wy = | GT(T*)| are equal

to the number of Gelfand-Tsetlin patterns of shape T%. Asymptotically the maximal value of
mqw for different k is upper bounded by (n + m)o(d2).

4.2.2 Mixed Schur transform achieves the Gelfand—Tsetlin basis

By construction [VK92|, the Clebsch-Gordan transform (4.13) achieves the Gelfand-Tsetlin
basis of the unitary group on the unitary group registers W) in Eq. (4.1). As a consequence,
the same holds also for the mixed Schur transform (4.14). However, it is also true that the mixed
Schur transform yields the Gelfand-Tsetlin basis of the algebra A% in the relevant registers
V\. We prove this in Theorem 4.2.2 by showing that the matrix elements of the contraction
generator o, in the mixed Schur basis coincide with the matrix elements in the Gelfand—Tsetlin

basis from Theorem 3.7.1.
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Because the Clebsch-Gordan transform CG* from Eqgs. (4.12) and (4.13) acts only on the
unitary irrep registers upon adding a qudit C?, we get for every o € A¢_,

(( D vulo ®Imu> ®Id) cg®f = @( an %(J)) ® I, (4.20)

peAd AeAd “ueAd
TN

We see that the CG* does not change the action inside the registers Vi, meaning that it is
naturally implementing a subalgebra-adapted basis, namely a Gelfand-Tsetlin basis of Ai,m
However, there is still a degree of freedom of choosing phases for the Gelfand—Tsetlin basis
vectors. In [Jor09; Har05] it was argued that our choice of the Clebsch—Gordan transforms
CG* implements exactly the same Gelfand-Tsetlin basis in the Al register of the mixed
Schur—-Weyl duality as in Theorem 3.7.1 for the permutation generators o;, ¢ # n. For the
contraction generator o,, € Afl%m this can be proved by directly contracting two tensor networks

from Fig. 4.1 corresponding to two different paths S, T € Paths(\, &) for every A € A\Zm

4.2.2. THEOREM. Consider the contraction generator o, € Al . For every X € Anm, S, T e
Paths(\, @), and M € GT(X\) we find

VST i S T € M(T)
|(T> M)> = mqn—1 > (421)
0 otherwise

<<S M)|USCh (n,m) O—nUT

Sch(n,m)

where M(T), defined in Eq. (3.70), denotes the set of all paths that coincide with T, except
possibly at level n, and satisfy T = T,

Proof:
The proof is crucially based on the following fact relating CG; » and the dual CGj , Clebsch-
Gordan tensors [VK95, Eq. (10), p. 289]:

CGy, = |/ CG L. (4.22)
“w

We also need to use the following orthogonality identities for Clebsch—Gordan tensors:

A H Iz A H A
- — mx _
O - 5>\:>\/ 6/%#' ™y O = (5)\7>\/ 5%#'
/ /
N N
AN A

Note that left relation is also valid for CG™ tensors. Now we can evaluate the matrix entries of
o, by applying the above contraction rules for (dual) Clebsch—Gordan tensors to contract the
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following expression:

M (S, M)|Usehnm) OnUdgnm (T M) = > (S, M)|Usetnm) 0 U gy oy | (T, M) =
MEGT(Tn+m)
Sner 4 Sn+m71 {k () Sn <) e S2 (
O O O O
e O rrrmt OO m T’ )
© O O O O)
= 6SI,T1 s 5Sn717Tn7155n+17Tn+1 s 5Sn+m7Tn+m % . Tn+1 Snfl

m
A N

Canceling the mgn+m term from both sides and using Eq. (4.22) and the orthogonality properties
of Clebsch—Gordan tensors gives us

<(S, M)|USCh(nvm)0-”U§ch(n,m) | (T, M)> = 551”1"1 e 6Sn71’Tn7155n+l’Tn+l e 6Sn+7n’T'rL+7n'

1 mMpn+1 ™Mpn+1 1Mgn mrn

. 6Tnfl’Tn+l mMpn+1
mMpn+1 mon mgn Mpn—1 Mpn—1

VITrIST - 4.93)

= 551 TL ... 557171 Tn—1 5Sn+l Tn+1l ... 6Sn+7n T7L+7n5T'rL71 Tn+1
b b b b b an71

which is exactly what we claimed. O
A similar result can be proven for diagrams 7 from Eq. (3.15), which was also obtained in
[SMKH22]| for restricted class of irreps.

The knowledge of explicit action of the generators of Afhm in the Gelfand—Tsetlin basis is
useful for quantum computing applications. For example, it yields the efficient quantum circuit
for port-based teleportation derived in Chapter 5. Equation (4.14) suggests not only a way of
classically computing the matrix entries of the mixed quantum Schur transform unitary but
also a quantum circuit for implementing the corresponding isometry (we will use the same
notation for both). In the next section, we describe a quantum circuit which implements this
basis transformation.

4.3 Quantum circuits for mixed Schur transforms

In this section, we describe a quantum circuit that implements the mixed quantum Schur
transform. It is more precise to think of it as an isometry Usch(n,m):

T Mig—1)
USch(n,m) . (Cd)®n+m N CX% R Cjiﬁ»mfl ® CAAgL+m ® @G’Sf{” R Cﬁ?+ﬁ:’ (4_24)
M

where the first n+m — 1 registers of the output correspond to a path T' € Paths(\, &) labeling
the corresponding irreps of A¢, the last d registers correspond to a Gelfand-Tsetlin pattern
M € GT()) for some X € A4

n,m)

irreps of the group U,. One should think of GZJ”" as the set of all allowed values of the k-th

and [AJZ”” is the set of staircases of bounded size, labeling the
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row my, in all possible Gelfand-Tsetlin patterns M € GT(A). The last vertex T""™ of the
path T' coincides with the top row my of the Gelfand-Tsetlin pattern M, i.e., T"t™ = mg, = \;
this explains the overlap between T" and M in Eq. (4.24). More precisely, for every integer
n € [n+ m| and k € [d], we define the set [Ajﬁf of staircases as the labels of the following irreps
of Ukl

ﬁl:_{{jeﬁklwﬂkr!@} l<n+mork<d, (425)

Al l=n-+mand k = d.

n+m

The output of the mixed quantum Schur transform in Eq. (4.24) has tensor product struc-
ture both for storing the path 7" € Paths(\, «7) as well as the Gelfand-Tsetlin pattern M €
GT(A). The natural way of interpreting the rows of a general Gelfand—Tsetlin pattern M =
(mg,my_1,my_o,...,my) € GT(my) is to use the staircase notation for each row. This means
that one should think of the quantum states |M) as

[M) = |mg) © [my1) ©--- @ [my) @ [my). (4.26)

Moreover, it is useful to define a shorthand notation Mj, to indicate only the bottom % rows
of the Gelfand-Tsetlin pattern M. The corresponding quantum state for any k € [d] is

[Myg) = |my) © [my_y) @ - @ [my). (4.27)

Each row my, of the Gelfand—Tsetlin pattern M can be stored as the tensor product of k integers
m; , each having absolute value no more than n + m:

lmy) = |mag) @ [Mg_1x) @ -+ @ My ). (4.28)

Thus, the total number of qubits required to store my scales as O(klog(n + m)). The total

d(d+1
%. Consequently,

number of registers containing the entries m; j, for all rows my, within M is
the total number of qubits required to store M is O(d?log(n + m)).
There are two options for encoding the paths 7' € Paths(\, 7). For the first encoding,

notice from Eq. (4.24) that a path T can be stored as a tensor product state
) =12 ®-- ® [T, (4.29)

where we have suppressed the registers [T°) and |T) since they are one-dimensional (T° = &
and 7' = O for any path T'). T™"™ represents the irrep label, which we usually denote by
A =T We call Eq. (4.29) the standard encoding of |T').

We also consider another more space-efficient isometry implementing the mixed quantum
Schur transform which uses an alternative encoding for 7. Notice that for a given path T =
(T°,...,T™™) € Paths(A, o), the vertex T" is uniquely determined by the previous vertex 71
and the row number y; of the added (or removed) box 7%\ T~ . The sequence (y1, ..., Ynim) iS
called the Yamanouchi word of path T'. Since y; € [d] for each i, encoding a path T" as a sequence
of y; instead of T% is more space-efficient. Indeed, each y; can be stored directly in the i-th
input qudit without requiring additional memory, while storing each T takes O(dlog(n + m))
additional qubits and thus O((n 4+ m)dlog(n +m)) auxiliary qubits for 7" in total. We call this
more efficient encoding of the mixed Schur transform the Yamanouchi encoding:

Ty Mg
Usen(mm): (CHE™™ 5 Cl@. . @ Cl@Chn o Clil @...@ CU" . (4.30)
(y27'~:;n+m) T]\?

More specifically, we store a path T' € Paths(47) as the following tensor product state:

ITy) = ly2) @+ @ [Yntm—1) @ [Ynsm) @ |N), (4.31)
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where the first register |y;) is suppressed since it is one-dimensional (y; = 1 for any path).
While the Yamanouchi encoding is more space-efficient, it makes certain operations less time-
efficient. For example, to recover the i-th vertex 7" of a path 7', one needs to perform a certain
computation on ys, . .., y; stored in the first i — 1 registers of |T},), as opposed to directly looking
up the i-th register |[T%) in the standard encoding (4.29).

Now we are ready to present our construction of the mixed quantum Schur transform,
which is a slight modification of the original quantum Schur transform [BCHO06; Har05| for the
classical Schur-Weyl duality (i.e., the m = 0 case of our formalism). The original quantum
Schur transform involves a cascade of Clebsch-Gordan isometries CG) (see Fig. 4.4), where
each isometry implements one of the unitary Clebsch-Gordan transforms CG* from Eq. (4.12).
The only modification we make to the original construction is to replace CG} by a similarly
defined dual Clebsch-Gordan isometry CG, in the second half of the circuit (see Fig. 4.2). This
immediately leads to the following result which agrees with [BCH06; Har05] in the m = 0 case.

4.3.1. THEOREM (Mixed quantum Schur transform). The mized quantum Schur transform for
block-diagonalising the algebra Ag,m has a quantum circuit with gate and time complexity (n +
m)d* polylog(d,n,m,1/¢), where d is the local dimension, and n and m are the parameters of
Aﬁ,m. Moreover, it can be implemented using two different encodings of the Gelfand-Tsetlin
basis of A% with the following auxiliary space complexity:

1. standard encoding: (n +m + d)d polylog(d,n,m,1/€) auziliary qubits (see Fig. 4.2),
2. Yamanouchi encoding: d* polylog(d,n,m,1/¢) auziliary qubits (see Fig. 4.3).

Proof:
The proof is by explicit construction, which we have already mentioned: we just need to apply
the (dual) Clebsch—Gordan transformations sequentially, one-by-one, see Fig. 4.2.

The main new building block of the mixed quantum Schur transform circuit is the dual
Clebsch-Gordan isometry CG;. It can be obtained by a small modification of the usual CG}
isometry, which can be taken directly from [BCHO06; Har05]. While both isometries have the
same structure, their representation-theoretic interpretations are slightly different: CG} is used
when k£ < n to add a new box to le_l, producing a new diagram T}, while CG, is used when
k > n, either to remove a box from 7} or to add a box to TF~!. In the staircase notation
from Section 3.5, this is equivalent to adding a box to the staircase 7%~! when & < n and
removing a box when £ > n. We describe efficient quantum circuits for both isometries in
a unified way in Section 4.4. We show that their complexity is poly(d) polylog(d,n,m,1/¢),
where € is the desired error. A more precise calculation shows that, in fact, their complexity
is d* polylog(d,n,m,1/e) [Ngu23|. This follows from Theorem 4.4.1, where we need to set the
desired precision to be €/(n+m), since there are n+m quantum Clebsch-Gordan isometries in
the mixed quantum Schur transform. Overall, this leads to the (n + m)d* polylog(n,m, d, 1/e)
gate and time complexities for the mixed quantum Schur transform Usch(n,m).

The Yamanouchi encoding essentially uses the same circuit as in the standard encoding, see
Fig. 4.3. The only difference is how we store paths T" € Paths(). This slightly affects the
implementation of the Clebsch—Gordan isometries CGf, which we describe in Theorem 4.4.1.

The auxiliary qubit count is as follows. To store M € GT(\) for every A € A? . we need
a quantum register with O(d?) qudits, each of dimension O(n + m), to store each entry of the
Gelfand—Tsetlin pattern M (this register is initialised to |0) in Figs. 4.2 and 4.3). This gives an
additional O(d?log(n+m)) qubits. In the standard encoding, we have a register that stores all
nodes of the path T as staircases. Each staircase requires at most O(dlog(n+m)) qubits, so the
full path 7" would require O((n+m)dlog(n+m)) additional qubits. Together with the additional
memory requirement needed to implement Clebsch-Gordan transforms d? polylog(d, (n+m)/e)
(see Theorem 4.4.1), this gives the claimed auxiliary space complexity. O
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Figure 4.2: Schematic depiction of the mixed quantum Schur transform Use(n,m) and its implementation by a cascade of Clebsch-Gordan
transforms CG3. Note that we switch from CG} to CG starting at input |z,,1). Also note that the two topmost registers |7°), |T") on the
right are one-dimensional, i.e., their values are always fixed to |T°) = |(@,@)) and |T") = |(0,©)), so we suppress them in Useh(nm). The
state |0) initialises the Gelfand-Tsetlin pattern register, consisting of O(d*log(n + m)) auxiliary qubits. Moreover, each |T%) register requires
O(dlog(n + m)) additinal qubits so that the total overhead for all staircases T" is O(d(n + m)log(n + m)). Finally, there is a space overhead
for implementing CG?, which we describe in Theorem 4.4.1 and Lemma 4.4.2.
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Figure 4.3: Mixed quantum Schur transform Usey(n,m) in Yamanouchi encoding from Eq. (4.31). Note that the topmost register |y;) on the
right is one-dimensional, i.e., its value is always fixed to |y;) = |1), so we suppress it in Usen(n,m). The Clebsch-Gordan transforms CG?; are
specified in Fig. 4.7 and are implemented in Fig. 4.8 via reduced Wigner operators. The state |0) initialises the Gelfand-Tsetlin pattern register,
consisting of O(d? log(n +m)) auxiliary qubits. Moreover, there is a space overhead for implementing CG3, which we describe in Theorem 4.4.1
and Lemma 4.4.2.
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|Tk_1> ] | |Tk—1> ‘md> ] — ‘md>
| Mig-1)) = CGF — |T%) = | Mia—1) = CGy [— Ina)
o) — = [Na-u) ©)— = N

Figure 4.4: Input and output registers of the Clebsch—Gordan isometry CGdjE which appears in
Fig. 4.2. Here 7%~ and T* denote the incoming and outgoing unitary group irreps (they are
denoted by A and p in Eq. (4.12)). Moreover, T*~! = m, is the first row of a Gelfand-Tsetlin
pattern M of length d whose remaining rows M4_y) are encoded by the tensor product state
|Miq_1)) := |my_y) - - |my). Similarly, 7% = n, is the first row of a Gelfand-Tsetlin pattern N
of length d whose remaining rows Ng_1) are encoded by |Njg_q)) := [ng_1) - - - [ny).

4.4 Quantum Clebsch—Gordan transform

In this section, we describe a recursive quantum circuit of complexity poly(d) polylog(d, n, m, 1/¢)
for Clebsch—Gordan isometries CG; The only difference between CG; and CG] is the for-
mulas for their matrix entries and the labeling scheme of their input and output basis vectors.
Our construction is based on [BCHO06; Har05] and can be seen as a consequence of the fact
that both the usual and the dual Clebsch—Gordan coefficients can be expressed as products of
reduced Wigner coefficients®, see Section 4.A.1.

Let us fix an arbitrary level k = 2,...,n+m in the Bratteli diagram of Af . which is the
same as fixing a position in the Cascade of Clebsch-Gordan transforms in Flg 4.2. Then for
any = € [d] and ng, my € U, we define

Cot ol Ma—y) = > iy Na) (4.32)

NEGT(nd,d)

where cNiM are defined in Section 4.A.1 and =+ refers to either dual or usual Clebsch-Gordan
coefficients. The operators C}» o+ , defined above are essentially the same as the classical matri-

ces C} -1 defined in Eq. (4. 16) Now we can define the quantum Clebsch-Gordan transforms

CG3, which are quantum analogues of CG* from Eq. (4.12), as
CGIma) | Myg_y)|z) = Jma) > ng)(Cohn, [Mia—)), (4.33)
ng:-mg—4ng

where the notation ng; : my —4 nyg; means that we obtain a staircase ng by either adding
or removing a box from the staircase mg, depending on the chosen CGdjE Clebsch—Gordan
transform. More explicitly, we can write

r,+
CGZE = E E E CN g My lmg, ng, Nig_1)) (mg, Myg_1), x|. (4.34)
z€[d] md,ndGU"+m MeGT(my,d)
NeGT(ng,d)

Our goal is to recursively implement CG?{ in terms of CGil. Using Eq. (4.34) we can easily
write the Clebsch—Gordan transform for d — 1:

T, +
> > > CNpg1 Mgy | Md=15 a1, Nia—2)) (g1, Mig_s), 2.

z€ld—1my_1,ng_ €05 MeGT(my_1,d—1)
NEGT(ng_1,d—1)

(4.35)

3In [BCHO6; Har05] this fact is proved from the first principles based on the Wigner—Eckart theorem. In our
approach, the starting point is the fact that Clebsch—Gordan coefficients can be expressed as products of reduced
Wigner coefficients, see [VK92]. Consequently, we try to keep the notation from [VK92|, see Section 4.A.1.
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Recall from Section 4.A.1 that for every k € [d] and Gelfand-Tsetlin patterns of length k — 1,

k,+ L
CNp—1. Moy "= 6N[k—1]7M[k—1]' (4.36)

Moreover, for any symbol x € [k], staircases my,n; € [AJZ“”, and Gelfand-Tsetlin patterns

M € GT(my, k), N € GT(ng, k) the following recursive identity holds:

I,ﬁ: _ 4\ Mg,Ng . x’i
CN[k]’M[k] o (Z )mk—lznk—l CN[k_l],M[k_l]' (437)

Moreover, note that

img, ng, Nig_1)) (Mg, Mig_1), 2| = [mg,ng,nq_1, Njg_g) (Mg, mg_1, Mig_o, 7|

= (Jmg,ng,ng1)(mgmy_1,n44|®1) - (I ® [my_1,n4-1, Njg_o))(my_1, Mjg_o), z|), (4.38)

which implies

Cf\}i]vM[d] [my, ng, Nig—1)) (mg, Mgy}, 2|

= ((z7)mm™  Jmg,ng,mg-1) (Mg, My 1,04 1| @ T)-

mg_i1,ng—1
: (C‘}?\};”,M[d,u] ® |mg_1,n4-1, Njg_o)) (mg_1, Mg_o}, ). (4.39)

Together, these observations allow us to rewrite Eq. (4.34) as

CGr=>Y Y > Img,ng, Ng_y)(mg, Mig_y), @] (4.40)

z€[d] md,ndeﬁzthm ]]\{[E(é?((mdg)
ng,

=2 2 D, () ma e ) (Mg mans, | © 1)

z€ld]  mgnueUnt™  MeGT(mg_y,d-1)
mg_1.ng_; €0 NeGT(ng_1,d—1)

' (Cf\}[::_l],M[d_I]I ® [mg_1, -1, Njg_g) (my_1, Mig_a), ) (4.41)

- ( Z (Zi)mdﬁnd (Mg, ng,ng-1) (Mg, Mg_1,04-1| @ [>- (4.42)

mg—1,n4—1

gn+
myn el +™

in+m
my_1,ng 1€U,"]

z,+
. <I® Z Z Z CN[d—l]vM[dfl] md1,11d1,N[d2}><md1,M[d2],iU’>

z€ldlmy_y,ng_1 €07 MeGT(mg_1,d—1)
NGGT(nd,l,dfl)

= (Ci®I)- (10CG, ). (4.43)

where we introduced the following two operators:

C5 = Z (Zi)zj_nlofnd_de;ndand—1><md;md—17nd—1 , (4.44)
md,ndeﬁg+m
my_1,ng €051
== z,+
CG,q = Z Z Z C]\}[d_th[d_l]‘mdflandflaN[d—2}><md71>M[d—2]>x’

iEE[d] md_l,nd_leﬁgjln MGGT(md_l,d—l)
NGGT(nd,l ,d—l)

=CCGI, + Y, Y maymay, Mg {may, Mg, d], (4.45)

my_1 eﬁ:}i’;n MEGT(md,1 ,d*l)
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Imy) — - |my) jmg) — |mg)
N lmg_1) — 1 Cj[ — ng)
‘M[d—1]> = CGd — ‘l’ld> = —+
|Ma—2)) = CG,_, — [na-1)
) — = [Njg-1) ) — = |Nju2))

Figure 4.5: Schematic recursive implementation of the CGF isometry. The registers |M|s_;)) and
| Niq—1)) on the left-hand side should be understood as tensor products |M_1}) = [mg_1)|Mg_2)
and |N[d_1]> = |nd_1>\N[d_2]>.

\md> — — \md> ‘md> —T— ‘md>

img_1) — CF — |ng) = imy_1) — CF — |na)

Ing—1) — — ng-1) Ing_1) . Ing_1)

Figure 4.6: Schematic circuit for the C’C:lIE isometry from Eq. (4.44). For the controlled isometry
C= from Eq. (4.47) we drop the indices for brevity and refer to it simply by Cf.

mg,ng_1

where the last term corresponds to © = d. We can translate Eq. (4.43) into a quantum circuit
shown in Fig. 4.5. This procedure can be continued recursively on the parameter d. Doing this
accurately requires careful treatment of the auxiliary and input qudit |x), which we explain in
detail in the next section.

Note from Eq. (4.44) that C7 is a controlled operation acting on the middle register:

Ci= > > mg)(my| @ Cnh, L © 0ot (Mgl (4.46)
myeUn ™ n,y_eUntm

where we define Cy, |, as

Cidvnd—l = Z Z (Zi)zzﬂjndq’n@ <md71" (4'47)

in+m in+m
md_1€Ud_1 ndEUd

We can think of C’O:lIE as the quantum circuit shown in Fig. 4.6. Crucially, reduced Wigner op-
erator Cg, . is a (d+1) x (d + 1) unitary matrix. Unitarity of C5, ,  follows from the
orthogonality relations in [VK92, p. 369, Eqs. (8) and (9)], see also Section 4.A.1. The operator
cE .n,_, admits an efficient implementation as a quantum circuit because the reduced Wigner
coefficients (zi)gj’i‘fndil are efficiently computable, see Eqgs. (4.53) to (4.56). From these for-
mulas, we see that computing the reduced Wigner coefficients to accuracy e has complexity
poly(d,log(n), log(m),log(1/€)). Therefore, the complexity of implementing the operator C5
to accuracy e is poly(d,log(n),log(m),log(1/e)). This is based on the standard method to
compile unitary gates from [NC10, Section 4.5]. So we get basically the same complexity as in
[BCHO6; Har05|. In the next section, we do a more careful unraveling of this recursive construc-
tion and a more precise counting of the gate and space complexity of the C’j transformation.
For brevity, we will drop the indices in C'Z and refer to it by C’j thus slightly abusing the

K mg,ng—1
notation.
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Quantum circuits for Clebsch—Gordan transforms

(M) = — |uk)
ccE

1) — = [N)

Figure 4.7: Clebsch-Gordan transforms CGT in Yamanouchi encoding accept as input a
Gelfand—Tsetlin pattern M and a standard basis vector x;. They output an updated Gelfand—
Tsetlin pattern M and the Yamanouchi symbol y;, indicating the row of the staircase m, where
a box was added or removed.

In this section, we explain in greater detail how to implement the quantum Clebsch—Gordan
transforms based on the scheme outlined in the previous section, both for the standard and
the Yamanouchi encoding of the Aﬁjm register introduced at the beginning of Section 4.3. We
can unravel the recursion from Fig. 4.5 until the end to get a circuit for the Clebsch—Gordan
transform in the Yamanouchi encoding, see Figs. 4.7 and 4.8. Careful accounting for the number
of gates, depth and memory in Fig. 4.8 results in Theorem 4.4.1. We note that a similar result
was also obtained independently in [Ngu23|.

4.4.1. THEOREM. Consider the Clebsch-Gordan isometries CGT that decompose the tensor
product of an irrep X = (A, \.), where |N| < n and |\.| < m, with the defining irrep O or
the dual of the defining irrep 0. The gate and depth complexities of implementing CGdi are
d* polylog(d,n, m, 1/€), where € is the desired precision. The number of auziliary qubits needed
is d* polylog(d, 1/¢€) for the Yamanouchi encoding, see Eq. (4.31), and O(d?polylog(d,1/¢) +
dlog(n +m)) for the standard encoding, see Eq. (4.29).

Proof:

We first analyse the circuit for the reduced Wigner operators C’j in Fig. 4.8 in the Yamanouchi
encoding. They start with a CT gate. Using Eqs. (4.47) and (4.53) to (4.56), and taking K =
dpolylog(d,n,m) in Lemma 4.4.2, the complexity of implementing the Cflt operator controlled
from registers my, ng_; is d® polylog(d, n,m, 1/€'), where ¢ is the desired precision.

According to Lemma 4.4.2, the memory requirement is d? polylog(d, 1/¢'). Note that we can
reuse the same auxiliary register to implement all C’,f gates sequentially for all k£ € [d].

Next, implementing the controlled addition /subtraction gate “+” within CF requires O(d?)
gates. Therefore, if we sum the complexities for all d gates C’,;t with k € [d], we get the total
complexity d* polylog(d,n,m,1/€'), where ¢ is the precision for each C,;t gate. To implement
the full circuit with precision € we have to set € < €/d. Therefore the total gate and depth
complexity for implementing CG3 is d* polylog(d, n,m, 1/¢). The memory requirement in Ya-
manouchi encoding is simply d? polylog(d, 1/¢).

In standard encoding, we need to have O(dlog(n+m)) more qubits to store the full staircase
instead of just the Yamanouchi symbol y,. We can classically obtain a staircase T%~! from
the registers |y,) and ng in Fig. 4.8. This operation does not affect the full depth and gate
complexity, but requires O(dlog(n + m)) additional qubits to what is already required for
Yamanouchi encoding. O



) : - T )

) E— 1)

) - - L — z )

fms) — — [ i )

In2)

|m.)

Iny)

3 _'_qu ’_L‘ |C_d| Fi())d-%—l

............................................................................................................

|my)

10) 441

lzk)

CcGE

Figure 4.8: Iterative structure of the Clebsch—Gordan transforms CGjE.~ We store the rows m; of a Gelfand—Tsetlin pattern M in separate
quantum registers: |M) = |mg)|my_;)...|my)|m;). The construction of C;f gates for k € [d] is based on Lemma 4.4.2, and the total complexity
is summarised in Theorem 4.4.1.
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) ———— )

o (7

Figure 4.9: Illustration for Lemma 4.4.2. To implement a unitary U(z) whose matrix entries
depend on another register |x), we use the circuit on the right-hand side. The register C' is
for coherent classical computation of the matrix entries U;;(x) of U(x), which is denoted by a
controlled C(x) gate. The register G is for coherent classical computation of the Givens rotation
angles in the gate decomposition of U(z) based on the matrix entries already computed in the
register C'. This computation is denoted by a controlled G gate. Finally, unitary operation
R implements the Givens rotations computed in the register G. Note that this gate does not
explicitly depend on classical data x anymore.

4.4.2. LEMMA. Consider a d x d unitary matriz U(x) whose entries U;;(x) depend on a tuple
of integers x. Assume that each entry U;;(x) can be computed classically to a precision € with
complexity K polylog(1/¢').

Then ) |x)(x|@U(x), i.e., the unitary U controlled on the register |x), can be implemented
with gate and depth complexity d* K polylog(d,1/¢), where € is the desired precision. Moreover,
the implementation requires d? polylog(d, 1/€) auziliary qubits.

4.4.3. REMARK. The motivation for this lemma comes from the C’,;t gates in Fig. 4.8. In
particular, we know that each entry of C’,;t depends only on my and n,_;, which are tuples
of integers. These entries have exact formulas involving O(d) arithmetical operations, see
Eqgs. (4.53) to (4.56). Integer entries in these formulas are of order O(n +m + d), so computing
them classically would require K = dpolylog(d,n,m) in the setting of Lemma 4.4.2) so per-
forming this calculation to some precision € on a quantum computer with quantum arithmetic
operations would require K polylog(1/€¢') = dpolylog(d,n,m,1/€") gates.

Proof:

To implement a gate U(x) controlled on |z), we will use two additional registers C' and G to
coherently run a reversible classical circuit, see Fig. 4.9, that first evaluates the matrix entries
Uij(x) of U(z) and then computes the gate decomposition of U(x) into Givens rotations. Thus
we need to carefully count the gate and memory complexity of evaluating U;;(x) for all ¢, j € [d]
(indicated by the operation C(z) in Fig. 4.9) and the subsequent gate decomposition (indicated
by the operation G in Fig. 4.9). We analyse Fig. 4.9 step by step:

1. By assumption, classical reversible circuit description of the evaluation of U;;(x) requires
K polylog(1/€¢') gates for every i, j € [d], where € is the desired precision. Consequently,
we can implement this classical computation as a quantum circuit with the same com-
plexity K polylog(1/¢’). Here we assume that our quantum gateset allows to implement
the classical computation exactly. Since we need to compute d? entries of U, the total
gate and depth complexity of the operation C in Fig. 4.9 is d*K polylog(1/¢').* We need
to have d?log(1/€’) qubits in register C' to store each entry to precision €.

4If there is a clever way to parallelise this computation—for example, by reusing intermediate computation
steps—then the gate and depth complexity could be reduced.
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2. Next we use the standard method based on Givens rotations [NC10, Section 4.5| to
decompose the d x d unitary U(x) whose classical description is stored in register C' into
a sequence of d?polylog(d,1/¢) gates, where ¢ is the desired precision for implementing
U(xz). This computation, which we denote by G in Fig. 4.9, is again purely classical
and can be implemented as quantum circuit straightforwardly. It has gate and depth
complexity d? polylog(d, 1/¢) and requires d? polylog(d, 1/€) qubits in register G to store
the obtained decomposition.

3. Next according to Fig. 4.9 we apply the obtained gate decomposition stored in the register
G on the original target register of U(x). This operation, which we denote by R, is con-
trolled from the register G. It has gate complexity d? polylog(d, 1/€) and does not require
any additional memory. Here we assume that the choice of our gateset includes arbitrary
single qubit rotations. We can also use Solovay—Kitaev theorem to compile Givens rota-
tions to other gatesets, but this does not change asymptotic complexity d? polylog(d, 1/¢).

4. Finally, we undo both classical computations G and C.

Note, that we need to have € < €/2d? so that we can guarantee e-precise approximation of
U: the precision of entries obtained by C(z) operation should be high enough for the gate
decomposition obtained by the G operation in Fig. 4.9. Combining everything, we see that the
total gate and depth complexity of the circuit is d*K polylog(d, 1/¢) and the auxiliary registers
C and G require d? polylog(d,1/€) qubits. O

4.5 Discussion

We have developed efficient quantum circuits for Clebsch—Gordan transforms, which naturally
led to an efficient quantum algorithm for the mixed Schur transform. Our mixed Schur trans-
form achieves the Gelfand—Tsetlin basis for partially transposed permutations.

The results presented in this chapter lay the groundwork for Chapter 5, where the mixed
Schur transform will play a crucial role in developing efficient quantum algorithms for port-
based teleportation. We anticipate that the mixed Schur transform will prove useful in contexts
involving unitary equivariant channels, as their Choi matrices naturally belong to the algebra
Ag’m. We will begin exploring this direction of research in Chapter 6.

One immediate practical question that remains open is the explicit gate decomposition of the
Clebsch—Gordan transform in Theorem 4.4.1. This theorem is grounded in Lemma 4.4.2, which
provides a theoretical guarantee based on standard unitary decomposition methods. While
these methods offer polynomial asymptotic guarantees, they do not directly address the issue
of explicit gate decomposition and circuit optimisation. This raises a natural question: can we
derive practical quantum circuits for Clebsch—Gordan transforms that match the asymptotic
complexity scaling outlined in Theorem 4.4.17

In [Har05], a conjecture was proposed that the gate complexity of the quantum Schur
transform could scale logarithmically with d. We expect this conjecture to hold naturally for
the mixed Schur transform as well.

Finally, we note that our construction of dual Clebsch—Gordan transforms straightforwardly
generalises to Clebsch—Gordan transforms that decompose the tensor product of Weyl modules
A and p, where A is an arbitrary module and p = (k,0,...,0) or u = (0,...,0,—k) or u =
(1%). This is because, in these specific cases, “easy” expressions for Clebsch-Gordan coefficients
are available, see [VK92|. However, it remains an open problem to find exact expressions
for arbitrary Clebsch—-Gordan coefficients. Solving this problem would allow us to build new
mixed Schur transforms via different coupling schemes. For example, instead of the sequential
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application of the Clebsch—Gordan transforms described in this chapter, we could construct a
tree-like coupling between arbitrary irreps of U,.

4.A Appendix

4.A.1 Clebsch—Gordan coefficients

This section summarises formulas from [VK92, Chapter 18] for evaluating the Clebsch-Gordan
coefficients of Uy which are matrix entries of transformations CGi , from Eq. (4.19). Recall
from Section 2.9.1 that a Gelfand—Tsetlin pattern M € GT()) is a column vector

my

<
[

(4.48)

m;

where m,, = (mq,,...,My,,) are row vectors of non-decreasing integers subject to interlacing
relations (2.90). For any row m,, and integer i € {1,...,n}, we denote by m=? the vector m,,
with entry m;,, replaced by m;, = 1. Let us fix any symbol x € [d]. We define Gelfand-Tsetlin
patterns M and M~ by modifying the top d — x + 1 rows of M as follows:

7Zd-

my m; [m
+ig —ix
m m _ m
M= =l M=M= T ] (4.49)
mg; 1 mgy; 1 mg; 1
| 1My | 1My | L My |

for some integers i,,...,iq where 1 < ¢; < j. Intuitively, this means that the semistandard
tableau M™ is obtained from M by adding a box containing z in the row i,, and then consec-
utively bumping the entries j from row ¢; downwards the tableau.

For any x € [d], the Gelfand-Tsetlin patterns corresponding to x and its dual are defined
as follows:

[100...000] 4 000...00 —1] d
100...00 | d—1 000...0 =1 | d—1
10...0 x 00---—1 T
+ . -
Xi= 0...0 x—1" Xi= 0...0 x—1 (4.50)
00 2 00 2
i 0 ] 1 i 0 | 1
Now we can define the Clebsch—Gordan coefficients cf\ﬁ 1y uniformly as
z,+ . X%
CMi,M = Cpr£ Mo (451)
where cﬁi o is the product of reduced Wigner coefficients:
d + +i
X+ o m,, XTL mn n
W= I1 (o, 2 i ) (452)
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The reduced Wigner coefficients [Har05, p. 152| are also known as reduced Clebsch—Gordan
coefficients or scalar factors [VK92 p. 385 and are defined as follows. We take two consecutive
rows m,, and m,_; (1 < n < d) of a Gelfand—Tsetlin pattern M and modify them at positions
I1<i<nand 1< j<n—1. The corresponding reduced Wigner coefficients are

1/2
(0t ) | s )
m,_; (0,0,-) | m s (G — Cin) ’ '
1/2
( m, (1,0,.1) m;;l ) S(i, §) Hk;éj (-1 — - )Hk;éz (lrn — Cja-1)
my, i (17 On—2) m::il Hk#z (Ekn - z,n) Hk#j (gk,n—l g],n—l - 1) 7
(4.54)
1/2
mn (OTL—17 _1) 77{ H j n—1"" E ,’VL) (4 55)
m, 1 (On—27 0) g;éz jn gl,n) 7 '
, 1/2
( m, (0,_1,—1) m,’ ) S(i, 5) Hk;éj (k-1 — Lin) Hk;éi (Cen — Ljn—1 + 1)
my,_ (On*27 —1) mﬁl Hk;ﬁz (gkn - z,n) Hk;éj (gk,nfl - gj,nfl + 1)
(4.56)
where 0,, denotes a row vector with n zeros, ¢y s := my s—k, S(i,j) == 1ifi < jand S(i,j) := —1

if 1> 3.

More explicitly, the Clebsch—Gordan coefficient cj’;; a7 is equal to the product of the reduced
Wigner coefficients obtained by cutting the Gelfand-Tsetlin patterns M, x and M¥ into pairs
of consecutive rows:

. d .
ot m, (1,0)| m}* . m, (1,0)| m;"™
CM+ M ( mg; 1 (07 0) my g H my_; (1, O) mH”’l ' (457)

n=z+1

On the other hand, for arbitrary M ™ which is not of the form (4.49), Clebsch—Gordan coefficient

G . = 0. A dual Clebsch-Gordan coefficient ¢y~ , is given by the product of dual reduced

ngner coefficients:

Chr-ar = (mn:: (?0_0? m—l) | ﬁ (r:;: Eg: m,, ) B

n=x-+1

On the other hand, for arbitrary M ~, M which is not of the form (4.49), dual Clebsch—Gordan
coefficient cf\’[,’ = 0.

We can summarize the above definitions succinctly as follows. We can define Clebsch—
Gordan coefficients C?\;i],M[k] = 0 for arbitrary k € [d], A € ﬁk, Ny, Mg € GT(\ k), x € [K]
recursively as

z,+ o +\ Mg, Nk . T, +
cN[k] My — (Z )mk—lvnkfl ENjp—1) Mg 1) (4.59)

where for every k € [d] and Gelfand—Tsetlin patterns of length & — 1 we define

ket o
CNp—1. Moy "= 6N[k—1]7M[k—1]7 (4.60)
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i)mkhnk

C C
my m,_, A€ defined for m;_; C my, and n;_; C ny, as

and the coefficients (z

m; (1,0) m;i " o .

: n,=m;’ n,;=m 1 €|k clk—1

m;_; (1,0) | m7, ‘ ko TR e ek g el ]
m 1,0) | m;™* .

(Z+)mk7l‘lk = 4 k ( ; ) k n, = m—H for some i € [k’], N = my_,
mg_ 1,01 my_ (0’ 0) my_; k
1 my = N, Mg_1 = Ng_q,

\ 0 otherwise

(4.61)

and

0,-1)
07 1) mlzza
(0,0)

(/27)22,7111;?%71 = n, = m; ' for some i € [k], nj_; = my_,

mg = Ny, Mg = Ng-—1,

( .
m 0,—-1) | m;* - i )
¢ (0D 5 n,=m;’, ngy =m’,, i €[k, j €[k~ 1]
m;_; (0, —
my; (0,—
mg_;
1
0
\

otherwise

(4.62)

myg,ng - O

and if either my;_; C m;, or n;_; C ny, is not satisfied then we define (zi)mk_1 g |






Chapter 5

Efficient quantum algorithms for port-based
teleportation

Port-based teleportation (PBT) is a variant of quantum teleportation that, unlike the canonical
quantum teleportation protocol by Bennett et al. [Ben+93|, does not require a correction
operation on the teleported state. Since its introduction by Ishizaka and Hiroshima in 2008
[[IHO8|, no efficient implementation of PBT was known. We close this long-standing gap by
building on our results on representations of partially transposed permutation matrix algebras
and mixed quantum Schur transform from Chapters 3 and 4. We construct efficient quantum
algorithms for probabilistic and deterministic PBT protocols on n ports of arbitrary local
dimension, both for EPR and optimised resource states. We describe two constructions based
on different encodings of the Gelfand-Tsetlin basis for n qudits: a standard encoding that
achieves O(n) time and O(n) space complexity, and a Yamanouchi encoding that achieves
O(n?) time and O(1) space complexity, both for constant local dimension and target error. We
also describe efficient circuits for preparing the optimal resource states.
This chapter is based on [GBO23a; GBO23b].

5.1 Introduction

Quantum teleportation is a cornerstone of quantum information [Ben+93| (we have described
it briefly already in Chapter 1, see Fig. 1.1). However, one potentially undesirable feature of
the original teleportation protocol is that the receiving party needs to perform a correction op-
eration on the received state. Port-based teleportation (PBT) gets around this limitation [THOS;
[H09|. In PBT, Alice and Bob share an entangled resource state distributed among n quantum
systems called ports on each side. To teleport an unknown quantum state, Alice measures it
together with her share of the ports. The measurement outcome, which she communicates to
Bob, indicates the port on Bob’s side to which the state has been teleported. Bob does not
need to perform any correction operation but simply retrieves the state from the correct port.
Each of the quantum systems involved has a fixed local dimension d.

Our current understanding of PBT protocols is very detailed thanks to a long sequence of
works [IHO8; TH09; BK11; Ish15; SSMH17; MSSH18; Led22; Chr+21]. In particular, [SSMH17;
MSSH18| were the first to obtain exact formulas for the asymptotic performance of PBT.
The resource requirements for PBT have been studied further in [SMK22; SS23b|. The original
PBT protocol has subsequently been extended to multi-port teleportation [SMKH22; KMSH21;
MSK21] where several systems are teleported simultaneously.

A crucial feature of port-based teleportation is unitary equivariance, meaning that applying
any unitary on Alice’s input state is equivalent to applying the same unitary to all of Bob’s ports.
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Due to unitary equivariance, PBT can be seen as a concrete example of an approximate univer-
sal programmable quantum processor [IHO08|. The quantum no-programming theorem [NC97;
GBW21; YRC20] implies that unitarily equivariant PBT protocols with a finite-dimensional
resource state can only achieve approximate teleportation. Nevertheless, certain PBT protocols
are asymptotically faithful in the limit of a large number of ports.

PBT has diverse applications in non-local quantum computation and quantum communi-
cation [BK11; Buh+16; May22| with applications to quantum position verification [ABSL22;
ABMSL23|, channel discrimination [PLLP19|, channel simulation [PBP21|, and holography in
high-energy physics [May19; May22].

Types of PBT protocols

The two main types of PBT protocols considered are probabilistic exact (pPBT) and determin-
istic inezact (APBT) [SSMH17; MSSH18; Led22|. “Exact” means that the protocol achieves
perfect entanglement fidelity F' = 1, while “inexact” means that F' < 1. “Probabilistic” refers to
the fact that the protocol has some non-zero probability of failure, while “deterministic” high-
lights no possibility of failure, i.e., the average success probability of the protocol is psyec = 1.1
Besides pPBT and dPBT, one can also consider probabilistic inexact protocols that interpolate
between pPBT and dPBT. One concrete example is minimal PBT (mPBT) which is a modified
version of dPBT [SS23b].

Two types of resource states for PBT are typically considered: n pairs of maximally en-
tangled states and an arbitrary optimised state; we call these the EPR resource state and the
optimised resource state, respectively. Depending on the application, Alice’s measurement is
chosen either to maximize the entanglement fidelity F' (in dPBT) or the average success prob-
ability psuce (in pPBT). While the optimised resource states are different for deterministic and
probabilistic protocols, the optimal measurement for optimised states turns out to be the same
in both cases. Table 5.1 summarises the four main types of PBT protocols and their optimal
fidelity and probability of success.

Protocol type

Resource state Deterministic inexact (dPBT) | Probabilistic exact (pPBT)
F=1-0(/n F/psuce = 1
Psucc = 1 Psucc = L= O(l/\/ﬁ)
F=1-0(n2 Flpsuce = 1
Optimised (/) /o
Psucc = 1 Psuce = Il = O(l/n)

Table 5.1: Summary of different flavours of PBT protocols. Rows correspond to EPR and op-
timised resource states while columns correspond to deterministic (dPBT) [SSMH17; MSSH18;
Led22; Chr+21| and probabilistic (pPBT) [SSMH17; Chr+ 21| protocols. Two figures of merit
are used: the average success probability pgu... and the entanglement fidelity F' (normalised by
the success probability psc) as functions of the number of ports n, ignoring the dependence on
the local dimension d. Cell colors correspond to different optimal POVMs: [ ] is the standard
PGM FE defined in Eqgs. (5.4) and (5.17), [ ] is the dPBT POVM E* defined in Egs. (5.18)
and (5.19) and [ ] is the POVM E* defined in Egs. (5.20) and (5.26).

!For brevity, in the rest of this chapter we will drop the terms “exact” and “inexact” in these cases since
deterministic PBT protocols with finite resources are always inexact, and exact protocols cannot be deterministic
due to [NC97|. Of course, there is still a possibility of having probabilistic inexact protocols.
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Summary of our results

While analytic expressions for the optimal measurement operators in PBT were known [SSMH17;
MSSH18; Led22], efficient quantum circuits that implement them were not known until our
work. Our main result provides explicit quantum circuits for implementing PBT and analyses
their complexity.

5.1.1. THEOREM. The measurements for all types of PBT protocols (deterministic/probabilistic
and with optimised/EPR resource state) can be implemented in two ways with the following time
and space complexities:

1. standard encoding: nd* polylog(d,n,1/€) time and (n + d)d polylog(d,n,1/€) space,
2. Yamanouchi encoding: n*d* polylog(d,n,1/¢) time and d* polylog(d,n,1/¢) space,

where n is the number of ports, d is the dimension of the teleported quantum state, and € is the
target error. In both cases, the total gate complexity is the same: n*d* polylog(d,n,1/¢).

The setting of port-based teleportation is naturally suited for using the representation the-
ory of the matrix algebra Ail of partially transposed permutations, see Chapter 3. It is natural
to work in the Gelfand—Tsetlin basis, which can be achieved by applying the mixed quantum
Schur transform, see Chapter 4. Therefore, to prove Theorem 5.1.1 we first explain how to
rewrite PBT measurements in the Gelfand—Tsetlin basis in Sections 5.2.2 and 5.2.3 based on
representation theory of partially transposed permutations (Theorem 3.7.1) and mixed quan-
tum Schur transform (Theorem 4.3.1). Next, we explain how to construct explicitly Naimark
dilations of PBT measurements in Sections 5.2.4 and 5.3. Finally, we use these ingredients to
construct efficient quantum algorithms for PBT in standard encoding in Sections 5.4.1 to 5.4.4
and Yamanouchi encoding in Section 5.5 together with their respective complexity analysis.

We highlight that our construction works also for a large class of generic PBT protocols, see
Section 5.4.3. Moreover, we construct efficient quantum circuits for preparing optimised states
for probabilistic PBT protocols in Section 5.6. The question of preparing efficiently optimised
resource states for deterministic PBT is left open.

Related work

Our initial result for standard PGM from [GBO23a| was obtained independently and simulta-
neously with [FTH23|, which solves the problem for dPBT protocols with different methods.
Another independent work [WHS23] tackles specifically the qubit case for all PBT protocols.
In contrast to [WHS23|, we solve the problem for dPBT and pPBT protocols for arbitrary
local dimensions in full generality, achieving better time complexities. On the technical side,
both results [FTH23; WHS23| construct their PBT protocols by using general techniques of
block encodings and amplitude amplification, while our construction requires neither technique
and is based on the phase estimation primitive. This leads to more practical circuits and
more appealing theoretical analysis. These features of our constructions are enabled by proper
use of the representation theory of partially transposed permutation matrix algebras via the
Gelfand—Tsetlin basis which we developed in Chapter 3. Moreover, logarithmic space qubit
Schur transforms described in [KS18; WS23] inspired our Yamanouchi encoding construction
presented in Section 5.5.

Finally, a relevant work [DJRO04| discusses general methods for Naimark’s dilations of rank
one covariant POVMs. Our work analyses specific multi-rank covariant POVMs used in PBT
and does not employ the techniques used in [DJR04]. However, the ideas presented in [DJRO4]
could be useful in understanding and generalising our construction.
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5.2 Preliminaries

5.2.1 PBT measurement and figures of merit

A" # “
@) <
B" ~ Trppk — B

Figure 5.1: Quantum circuit representation of port-based teleportation protocols. A resource
state |U) on registers Ay, ..., Ay, B1,..., B, is used for teleportation between Alice’s register
A and Bob’s register B. To achieve teleportation Alice has to run a measurement E.

In this section, we briefly describe the general setting of PBT and the relevant figures of merit.
In a PBT protocol two parties, Alice and Bob, share a resource state distributed among n
quantum systems called ports, each of local dimension d. We denote Alice’s ports by Ay, ..., A,
and Bob’s ports by By, ..., B,. Alice has an additional (n + 1)-th register A on her side that
contains an unknown input state |1) 4 € C¢ that she must teleport to Bob (see Fig. 5.1).

The main ingredient of every PBT protocol is a measurement or POVM FE that is performed
by Alice on all her registers A;, ..., A,, A. The rest of the protocol consists of Alice transmitting
the measurement outcome to Bob who uses it to locate the teleported state on one of his ports.

In dPBT, Alice’s measurement has n outcomes and the outcome k € [n] indicates the port
where Bob should find the teleported state |¢)). Probabilistic protocols, such as mPBT and
pPBT, have an additional outcome k£ = 0 corresponding to the failure of the teleportation task.

We can describe a general PBT protocol in terms of a quantum channel N (see Fig. 5.1):

Niss(p) = Zn: Tranan; [((\/E_k')A"A ® ]Bn> (Wanpn ® pj) <\/E_kA”A ® IB”)] 7 (5.1)
k=1

where A™ := A;... A, and B" := B;...B, denote Alice’s and Bob’s ports, B; := B™\ By
denotes all of Bob’s ports but the k-th, ¥ 4»p» is the resource state shared between Alice and
Bob, pj is the state to be teleported, and Ej are Alice’s POVM operators. Note that the sum
in Eq. (5.1) omits the value k& = 0, hence N is trace-decreasing if Alice’s POVM contains a
failure operator Ey # 0.

The following two figures of merit are commonly used for characterising the performance of
PBT. The entanglement fidelity of the protocol is given by

F =T [0, (Nasp @ In) [@1,]] (5.2)

where @} » denotes the two-qudit maximally entangled state between A and a reference system
R. The average success probability is given by

Psuce := Tr[Ni,5(1/d)], (5.3)

which can be less than 1 since in general N is trace-decreasing.
One can formulate semidefinite optimisation problems for maximising entanglement fidelity
F (for dPBT) or average success probability pg. (for pPBT) for general local dimension d.
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That has been done, and optimal measurements together with optimal resource states were
obtained [SSMH17; MSSH18; Led22|.

In the next section, we describe these optimal measurements for different types of PBT
[SSMH17; MSSH18; Led22; SS23b| in the mixed Schur basis (or, equivalently, the Gelfand—
Tsetlin basis). The key role in optimal POVM constructions is played by a special type of
POVM called pretty good measurement (PGM) [HW94|. We describe this standard PGM in
Section 5.2.2. In Section 5.2.3, we describe optimal measurements for dPBT and pPBT using
the standard PGM from Section 5.2.2.

5.2.2 The standard PGM

The fundamental POVM for PBT protocols is of a pretty good measurement type. We denote
this POVM by E = {Ej}}7_, and call it the standard PGM for PBT. It is used in mPBT for
both types of resource states [SS23b| and it is defined as follows:

By i= pY2pp~ Y2 for every k € [n],

Eyi=1— Xn: B,
k=1

(5.4)
p = iﬂk, p = o,
k=1
where p~! is the generalised inverse of p, and
T = 0109...0p_90n_1 € AZJ (5.5)

is the cyclic shift permutation (12 ... n) on the first n systems, and o,, € .A‘,il is the contraction
between systems n and n+1 (it corresponds to the unnormalised projection onto the maximally
entangled state between them). Since p commutes with A? ; and thus with 7, the POVM
elements Ej for k € [n]| can be written as

Ey=7n"E,n " where E, =p Y20,p7Y? (5.6)

hence the standard PGM is group-covariant [DJR04] with respect to the cyclic group on n
elements.

The key to finding an efficient implementation of the measurement (5.4) is expressing the
operators Ej in the Gelfand—Tsetlin basis or, equivalently, in the mixed Schur basis, see Chap-
ters 3 and 4. This requires deriving an explicit formula for ¥ (E}y) for any irrep A € “qu?
Let’s express p operator in the mixed Schur basis first.

Since p coincides with the shifted Jucys—Murphy element d — J,41 of Aflu, its spectrum
can be easily computed, see Lemma 3.7.3. More concretely, p is nonzero and diagonal in the
Gelfand-Tsetlin basis of each irrep (A, @) € JZZJ:

Ve (p) = Z (d + cont(a))I,, (5.7)

a€ACq4(N)
Mai= 3 5= M@)s— (), (5.8)

SePaths, (AUa, )

2In this chapter, we usually write A to label an irrep of .Afllvl. Throughout the chapter we use A or p to refer

to the left Young diagram of A, i.e. we usually assume A = (A, &) or A = (i, 0).
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and 1,0 (p) = 0 for every (p,) € ﬁfm. In particular, FoE) = 0 for every k € [n] or, more
precisely, we have for every k € [n]:

Yy (Er) = 0 for every (u,0) € An 15 Yxne)(Eo) = 0 for every (A, @) € /TZJ. (5.9)

Next, due to Eq. (3.73) the generator o, in the Gelfand—Tsetlin basis of any irrep (\, &) € ﬁ;‘iyl
can be written as

ooy (on) = D Jusa){vsal, (5.10)

SePaths,,—1(\,&)
vga) = 1/ M\da |s — (AUa) = (\,2)) (5.11)
aeACd()\)

and 9,.0)(0n) = 0 for every (u,0) € .Zﬁ}l. Also note that due to Lemma 3.7.4 for every
Abgn —1and a € AC(\) we have

dy My
n [
my  dyua

= d + cont(a). (5.12)

Using Egs. (5.7), (5.10) and (5.12), we can rewrite £, from Eq. (5.6) in the Gelfand—Tsetlin
basis of irrep A = (X, @) € A, as follows:

Yone) (En) = Yone)(p™ 0,p 1/2) (5.13)
- Z (”‘p(k,ﬁ) (P))_m ‘US,A><US,>\’ (lﬂ(x,z)(ﬂ))_m (5.14)

SePaths,,—1 (A7)

= > Jwsa)(wsal, (5.15)

SePaths,,—1 (A7)

where for \Fgn—1 and S € Paths,,_1 (), &) we defined a vector |wg ) in the irrep (A, @) € ﬁg’l
as

L d/\Ua
wep) = > — |S—>()\Ua) (A, 2)). (5.16)
a€ACy(N)

Summarising everything above, we can write the standard PGM F' in the Gelfand-Tsetlin basis
for every irrep A € A%, and every k € [n] as follows:

I if A= (p,0), 0 if A= (p,0),
¢A( 0) { 0 ifA= (A7®)7 ¢A( k) {T/J(,\ @)(ﬂ-kEnﬂ-ik) if A= ()‘76)7 ( )
Yrne) (En) = D Jwsa)lwsal,  Jwsa) = Z D !5 — (AUa) = (A, 9)).
SePaths,, 1 ()\,.!27) aGACd

5.2.3 POVMs for deterministic and probabilistic PBT

We are now ready to describe the optimal POVMs for dPBT and pPBT from [SSMHI17;
MSSH18; Led22] in the Gelfand-Tsetlin basis. They are closely related to the standard PGM
E from Eq. (5.4).
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POVM for deterministic PBT

In the case of deterministic PBT there is no failure outcome corresponding to £ = 0. The opti-
mal POVMs for optimised and EPR resource states turn out to be the same [Led22; MSSH18]
and are closely related to the standard PGM FE from Egs. (5.4) and (5.17). This POVM
E* = {E;}7_, is defined as follows:

E
Ef = E, + 70 (5.18)

and in the Gelfand-Tsetlin basis for every irrep A € *’Z{Z,l and every k € [n] it is given as

I
— if A= (u,0) where pbqqn,
n

Voo (Br) if A= (N, @) where AFgn —1,

Ua(Ey) = (5.19)

where 1) »)(E}) are given in Eq. (5.17).

Generic PBT measurements

To describe measurements for pPBT, we first need to explain how one can parameterize generic
PBT POVMs. Thanks to [Chr+21, Propositions 1.7 and 3.4] and [YKSQM24, Appendix B],
we can motivate the following definition: a generic PBT measurement £* = { E}}_, is defined
in the Gelfand-Tsetlin basis as follows for k € [n]:

Ef =VGEVG, E,=1-G, I=G=0 (5.20)

for some choice of G € A%, such that G commutes with A? . Equivalently, G € AZ | is a
diagonal matrix in the Gelfand—Tsetlin basis:

I if A= (p,0) wh Fa_
A (G) == I 1 (1, 00) where pibg-1 n, (5.21)
ZaeACd(A) Inallye i A= (N @) where AFgn —1,
where the projectors II, , are defined in Eq. (5.7). Diagonal entries of matrices ¢, (G)
D = (5 = (N, 9) [V, (G)]S = (X, 2)), (5.22)
g =T = (1, )¢,y (G) [T — (p, 0)) (5.23)

for every A\lgn—1, S € Paths, (AUa, &), a € ACy4(\) and for every pl4_1n, T € Paths, (u, o)
respectively satisfy
129,20, 12>gxq=0. (5.24)
In particular, the POVM E* of dPBT corresponds to G = I, i.e. a(G) = I for every
A € A%, and the standard PGM E corresponds to

a(G) = (5.25)

0 if A= (u,0) where pky-qn,
I if A= () @) where AFyn — 1.

POVMs for probabilistic PBT

The optimal pPBT measurement for optimised resource state turns out to be equal to the
standard PGM F from Egs. (5.4) and (5.17), see [SSMH17].3

3Note that the statements regarding optimal POVMs for PBT protocols with optimised resource states in
the original papers [SSMH17; MSSH18] refer to so-called "dressed" effect operators, not the true effects E}.
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In contrast, the optimal measurement for pPBT with EPR resource state is not the standard
PGM E, but it is still closely related. According to [SSMH17]|, the optimal POVM for pPBT
with EPR resource state corresponds to the POVM E* from Eq. (5.20) with the operator
G € A%, defined as

0 if A = (p,0) where pty4_1n,
G) = 5.26
¥al@) —w(x,@) () if A =(\, @) where A\Fgn —1, ( )
d—+ A\

where 1 (p) is given in Eq. (5.7). In other words, the matrix ¥, (G) is diagonal for every
A € A%, and its diagonal entries corresponding to Eq. (5.21) can be written as

_ d+cont(a)
Gra = d+ )\1 ) Ju

Note that A, is the highest possible content among a € AC4()), so Eq. (5.24) is satisfied.

=0. (5.27)

5.2.4 Naimark dilations and implementation of measurements

In this section, we state some facts about projection-valued measures, which we will need in the
later sections to work with Naimark dilations of PBT POVMs. Naimark dilation is a realisation
of a given POVM as a projection-valued measure in a larger, so-called dilated, Hilbert space. In
principle, that is possible for any POVM due to Naimark’s dilation theorem [Wat18|. However,
in general it is not obvious how to achieve a conceptually simple dilation that can be efficiently
implemented. An easy example of a Naimark dilation, which we will need later to implement
the measurement for dPBT.

5.2.1. LEMMA. Let E := {E;}!, be a POMV on a Hilbert space H such that E; = %L for every
i € n. Then its dilation on the Hilbert space H = C" @ H is given by II; = |i)(i| ® I and
isometry V : H — H defined as V|{p) = |+) @ |[¢), where |+) = == > ]i).

n

Proof:

The isometry V' : [¢) = [+) ® |b) means that the input density matrix on #H is embedded in

H as p @ |+)(+]|. It is easy to see that Tr[(p ® |+)(+|)IL;] = Tr[pE;]. O
Now assume that for a certain POVM with n+ 1 outcomes k € {0,1,...,n} we managed to

dilate outcomes k € [n] to some PVM II. The next lemma explains how to dilate a “leftover”
POVM F, related to Il in a certain way. This result will be used in Section 5.4.3.

5.2.2. LEMMA. Let IT := {IL;}, be a PVM on a Hilbert space H and let G be a positive
semidefinite operator on H such that G < Ij;. Suppose that there is also a POVM E = {E;}I"
on H defined as

E; == VGILVG for everyi € [n], Ey:=1I —G. (5.28)

Then one can dilate the POVM E on H to a PVM II := {IL,}", on H := C> Q@ H via isometric
embedding 1) — |0) ® |[¢) as follows:

. VGILVG VG =G
II; := Vi€ [n], (5.29)

VI = GIVG VI, =Gl -G
X ILy—G VGV = G
- \Vavm=a G '

(5.30)
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Proof: ) A
It is easy to see that the dilated PVM {II;}? , on H has the form
. I, 0 , . 0 0
I, =U Ul Vie[n], and Iy = U AR (5.31)
0 0 0 Iy

where the unitary U is defined as

V@  —VIi=C

(5.32)
V=G VG

It is easy to see that ﬂ? =1 = ﬂ;r for every ¢ and )., I, = I;. Therefore I1 is indeed a
PVM on . This PVM manifestly acts on vectors |0) @ [1) € H in the same way as the POVM
E acts on |[¢)) € H, so it is indeed a Naimark’s dilation of the POVM E. a

Now we explain how to implement a PVM of a certain form, which we will later use in
Section 5.4.1, assuming one can efficiently implement unitaries which define this PVM. Namely,
assume that we have a PVM II = {II;}}_, on H := H; ® H for some Hilbert spaces Hj, Ha
such that

I := UanU,I for every k € [n],

Hn = I’H1 ® <W|O><O|WT)H27

My = I — Y Ty
k=1

where U,, := Iy, and we assume that all U, are some easy-to-implement unitaries on H =
Hi ® Ho, W is some easy-to-implement unitary on H, and |0) is a computational basis vector
on Hy. We can implement the PVM II as follows:

(5.33)

e Define a unitary V on H as
Vo= wh I, (5.34)
k=0

where w1 is root of unity of order n + 1. Observe, that we can implement the unitary V'
efficiently thanks to our assumptions via the following circuit on H = H; ® Ha:

I = |ul Uy Up s
] W st
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e Now we can run the phase estimation circuit to measure a given state [¢)) € H with the PVM
IT:

0y — QFT,,, — QFT! ., FH—A =&

n+1

) Vi

Indeed, this circuit implements the following unitary evolution for every input state |¢)) € H:

[¥0) = 3 Z IO = > AV

i=0
- Z yoes: Zw;’fﬁ-lnk‘wﬂi) (5.35)
i=0 k=0
& " w““ . -
=D M) Y Tkl = > Tkl |k),
k=0 i=0 k=0
so measuring k returns the projected state ”ﬁ:—m according to the Born rule.

5.3 Naimark’s dilation of the standard PGM

Before presenting our circuits, we need to explain how to dilate the POVM E from Eq. (5.4)
to a projective measurement II. We first explain how to construct such dilation explicitly, and
then in Section 5.4.1 present an efficient circuit for F.

Recall from Chapter 2 that the Bratteli diagram ¢ of the symmetric group is the Young
lattice (see Fig. 2.1) , and the following identity holds for every A\n — 1 [Sagl3| in the Young
lattice:

nody= Y da (5.36)
aeAC())
where the notation A U a denotes the Young diagram in the Young lattice obtained by adding
a box a to \, and dy is the dimension of the symmetric group irrep \.*
The main observation of this section is that for a Young diagram A+ n — 1, we have

AC4(\) = AC()N) if Ay = 0 and ACy(\) # AC(N) if Ay > 0. In particular, when \; = 0 this

implies that
d/\Ua d)\Ua
sl = >0 = 3T B (537
a€AC,(N) A aeAc(y) A

50 Y(,2)(Ey) is an orthogonal projector. Since the cyclic shift 7 acts unitarily, all ¥ (5 »)(E;) are
orthogonal projectors as well. Because E provides a resolution of the identity in the irreducible

representation (A, @) € A% |, the POVM E restricted to the irreducible representation (X, @)
with Ay = 0 is actually a PVM there. We will replace ¥(» z)(En) by ¥z (Il,,) from now on to
indicate that E is actually a PVM on (\, @) € A\ﬁm

However, for the irreps A with Ay > 0 the POVM E* is not a PVM because AC()\) =
AC4;(A) U{(d+1,1)} and the vectors |wg,) are not normalised anymore:

d a d a d d
Nwsa)l>= Y —2 = ( oo ) S LD g DD g (5.38)

aerc,) d aeac) d n - dy n - dy

4The dimension dy can be both understood as the number of paths from the root to a vertex A in the Young
lattice as well as in the Bratteli diagram .o of A‘fu, since up to level n the Bratteli diagram is a subset of the
full Young lattice and the procedure of adding a cell is monotonic with respect to the number of rows in A along

a given path in the Young lattice.
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Figure 5.2: The Bratteli diagram </ and the extended Bratteli diagram of associated with
the algebra A2 . The extension of & to &/ allows the implementation of optimal POVMs as
PVMs, see Section 5.3. Vertices in the last column correspond to the set ﬁg’l of irreducible

representations of Agjl. A vector space corresponding to an irrep A € le\gl is spanned by
Paths(A, «7) the set of all paths terminating at A, Eqs. (3.72) and (3.73) describe the action of
the generators o; of the algebra Ag,l in corresponding irrep. Irreps A € .Zg’l are of two different
types: either A = (A, @), or A = (u,0). Effects of POVMs implementing optimal measurements
for PBT protocols corresponding to successful teleportation outcomes are supported only on

irreps corresponding to A = (A, @).

where A\U(d+1, 1) denotes the Young diagram obtained from A by adding a cell with coordinates
(d+1,1), so that (AU (d+1,1)) = d + 1. The vertex corresponding to this Young diagram
does not exist in the Bratteli diagram 7. Fortunately, Eq. (5.38) suggests immediately how to
construct a Naimark’s dilation II* of E* for A with A\; > 0. For this construction, one needs to
modify the Bratteli diagram &7 by adding vertices to each level smaller or equal than n. Then
the set of all paths in this modified Bratteli diagram will define a new basis for the Naimark
dilated Hilbert space.

More concretely, to each level k < n of the Bratteli diagram &7 we add all possible vertices
labelled by all Young diagrams v+ k such that v;.; = 1. An edge between a pair of Young
diagrams in two consecutive levels is added if the latter diagram can be obtained by adding a
cell to the previous one. This procedure ensures that all the levels up to n of the new Bratteli
diagram form a subset of the Young lattice, such that for every vertex at level n the irrep
dimensions still satisfy Eq. (5.36). We call the new Bratteli diagram .2#. The basis for the
Naimark dilated Hilbert space for the irrep A € ./Zl\fhl consists of all paths from the root to the

—~

leaf A in this modified Bratteli diagram, which we denote by Paths(A, 7). Formally, for every

-~

Ae Al | if A= (X @) for A\n—1, £(X) > d we define

Paths(A,;z?j = {T =(T°T1",...,T" A) € le\‘fgl X e X j‘f:{)l X ﬁfm | T satisfies Eq. (5.40)},
(5.39)
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where
Ti., <1Vk € [n], and T" ' — T"Vk € [n], and T" = A U a for some a € AC()).  (5.40)
If A, # @ then

Paths(A, &) := Paths(A, «). (5.41)
This extension of the Bratteli diagram is illustrated in Fig. 5.2.
The action ¥, of the transposition generators oq,...,0,_1 of Ad 1 in this dilated Bratteli

diagram of is given by the generalisation of Eq. (2.75) to all paths in Paths(A,,;a% ), i.e. for
every T € Paths(A, /) and every i € [n — 1] we define:

)+ 1—%|@T> for i # . (5.42)

dalr) 1) = e

1

For this new Bratteli diagram o7, we define the dilated versions |ws,\) of vectors |wg ) for
S € Paths,,_1(\, o) as

~ . d)\Ua
CEVED DY e 152 (va) = (1 2)). (5.43)
a€AC(N)

Therefore in the dilated space since Eq. (5.36) holds we have

~ d a
[[@s)|* = E ij =1 (5.44)
n-ay
ac€AC(N)

More importantly, we have the following

5.3.1. LEMMA. For every A = (\, @) in the dilated Hilbert space spanned by PathS(A,Q/fv) we

have .
> > DA (T @) (@ aln (7 F) = 1 (5.45)
k=1 sePaths,_1 (1)

Proof:

Denote

A=3" ST Ga)@sa) @salda(m ). (5.46)

k=1 sePaths, _1(\,)

Note that by construction Eq. (5.42) any o € S,,_; (we think of o as an element of the algebra
Ag—m) commutes with the following element:

Yo @) (@salialo) =dalo) Y0 |@sa){@sal, (5.47)

SePaths, 1 (\,) SePaths, _1(A\,)

since the above element acts as identity on Paths, (A, 427) Therefore A must commute with
Al | since m are transversals for cosets of AY ; over A%_, :

Ua (o) [ s ) (@ la (7o) ) (5.48)

UGSn 1 k=1 gcPaths,, _ 1(\)

= Z S G0 (sl (o). (5.49)

gES, SePaths,, _ 1(/\ J“7)
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This means that A is a diagonal matrix and (T'|A|T") depends only on 7™, so for every a € AC(\)

and every T' € Paths(A, o) with 7" = A U a we can write

(TNAIT) = di > (T|AT) (5.50)
" repus D)
- dwa(:b ) > > " {@salva (e )ITY(T | (0)|@s,0). (5.51)

SePaths, _1 ()\,,522) 0ESn

TePaths(A, o)
T"=AUa

but in the above formula ¢, (¢) commutes with > A TH(TY, so

AT = Y Ylasalihe (Y 1)@l

dyua(n — 1)!
wa(n ) SePaths,_1(A,&) 7€5n TePaths(A,o)
T™"=AUa
1 - 7, N ~
T 2 L@ hE( X T @)
Ada " SePaths,_1 (A7) 7€Sn TePaths(A, )
T"=AUa
1
== W, T T> Wg ) - 5.92
o 2@sal( X Im)iasy (5.52)
SePaths,_1(\,«7) 95 TePaths(A,o/)
T"=XUa
Therefore,
1 ~ n - d/\ d)\Ua
TIAT) = —F+——=+ T 2= = 1. 5.53
MU = 7 > Y T = S (55
0ESn SecPaths, 1 (A7)
TePaths(A,)
T"=\Ua
Since every diagonal element of Ais 1,s0 A= 1. O

Consequently, in the dilated space our POVM FE becomes a PVM, which we denote by
II. From now on assume that we work in the dilated Gelfand-Tsetlin basis spanned by T &

—~

Paths(A, .o/) and we want to implement the PVM II = {II;}}_,, where for every k € [n]:

SePaths,_1(\,&)

I, := 7,7, Io=1- an; b (IT,) = Z [Wsx) (W, (5.54)
k=1
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5.4 Efficient quantum circuits for PBT in standard encod-
ing
5.4.1 Standard PGM

Using the results of Section 5.3, our task now is to implement the PVM II from Eq. (5.54).
We embed Paths(47) in a Hilbert space with appropriate tensor product structure dictated by
the mixed quantum Schur transform. Mixed quantum Schur transform can be implemented
using two different encodings for the Gelfand-Tsetlin basis of Afm: the standard encoding or
the Yamanouchi encoding, see Chapter 4. In this section, we discuss how to implement IT with
the standard encoding. The Yamanouchi encoding implementation is explained in Section 5.5.

Before presenting our circuit for II, we need to define a unitary W acting on registers
71, T, T"*!, which can be used to prepare the states |wg,x) := [S)|wy) for every (X, @) € A?

and S € Paths(A, 427) . Namely, we first define

Wa0) = @),
N drua 5.59
@) = Z - Aua), (5:55)
acAC(X

where W) is a unitary matrix of size at most (d+1) x (d+1) with easy-to-compute entries |wy)

in its first column. Now we define W a controlled version of W,\, as a unitary which prepares
|wy) conditioned on A:

W Z(( > XY ) 01+ © 7 ) [0, ) (O )+

> I®I1e|(w0){(w0)]. (5.56)

HEd—1m

This transformation can be implemented via a sequence of Givens rotations. Similarly to
Eq. (5.55), we can define a unitary W) which prepares the normalised version of |w,):

lw)
W, 0) = ,
0= T .
drUa )
wh= Y 2 pua),
a€AC(\)

The gate W is now defined for Eq. (5.57) in the same way as W in Eq. (5.56).

Assume the initial state is |S)|0)|\) == [S?)...[S"2)|A\)|0)|()\, @)) for arbitrary path S €
Paths,,_1(\, 42?5 , where |0) is some basis state of the register, corresponding to the n-th level of
the dilated Bratteli diagram /. Then we can prepare a state |S)|wa) (N, @)) as follows:

(12 W)IS)OMA) = 1)) M), (5.58)
where identity I acts on the registers |S?)...[S"2). Moreover, note that the amplitudes of

the state |w,) are easy to calculate on a classical computer in time O(d) due to Lemma 3.7.5,
which we restate here for convenience.
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5.4.1. LEMMA (|Kos03|). For every A\F-n —1 and a € AC(\) there holds
HceRC()\)(Cont(a) — cont(c)) ~ dyua
HCQAC(A)\a(cont(a) —cont(c))  n-dy

(5.59)

Each W,\ gate can be implemented as a sequence of simple controlled R; gates, as shown in
Fig. 5.7, which we define as

—17j (5.60)

d/\Uaj
n- d)\

nj =

where the cell a; € AC(\) is located in the j-th row of A. If for a given j there is no such cell
then the control on R; in Fig. 5.7 is not triggered. In other words, R; is triggered only when
Ai—1 > A (R is always triggered). Note that due to Lemma 5.4.1 the amplitudes in Eq. (5.60)
are easy to compute classically in time 5(d)

Following the prescription outlined above, we construct in Fig. 5.5 an efficient circuit
for the PGM E dilated as II. The circuit mainly acts on the dilated space spanned by
(T, 7Y, 7% ..., T", T"™") € Paths(«/), which form the Gelfand-Tsetlin basis. The ancilla
registers are used implicitly in the circuit (see Lemma 4.4.2 and Fig. 4.9).

First, a mixed quantum Schur transform maps the computational basis to the mixed Schur
basis which is usually labelled by |Mj4_1},T), where M is a Gelfand-Tsetlin pattern and 7T
is a path in /. We assume a tensor product structure for different vertices 7" of the path
T € Paths(«/) and we use the standard encoding for |T)). Moreover, all registers T2, ..., T"
are assumed to be dilated, according to the procedure explained in Section 5.3. Since T° and
T' can only have one possible value, we omit those registers from the diagram since they are
one-dimensional. The last level 7! of the path T is labelled by A and indicates an irreducible
representation. The cyclic permutation gate 7 = (12...n) = 0105+ -0,_1 acts only on n — 1
wires of the dilated Gelfand—Tsetlin basis, and each of the transpositions o; acts only locally
on the registers T°~1, 7%, T**! (oy acts only on T2, and o, acts only on T2 T3). W prepares
the state |@,) conditioned on A, i.c., W)|0) = |@,) where Wy is controlled on A. The phase
gates wr | act non-trivially only on |0) in the register 7", and are controlled on the condition
T" 1 = T"t! = X\, Finally, the measurement outcome k = (0 corresponds to the failure of the
protocol, otherwise k € [n] indicates the port where Bob can find the teleported state |1) of
dimension d.

Gate complexity
We now argue that the gate complexity of our circuit in Fig. 5.5 is 5(nd4):

1. The complexity of implementing the mixed quantum Schur transform Usen(n,1) is 9] (nd*), see
Theorem 4.3.1, Chapter 4.

2. The complexity of implementing © = ¢105...0,_1 based on Fig. 5.3 is 5(nd2). The factor
n comes from the number of transpositions ¢; in 7. Each transposition o; is 3-local: it acts
only on registers 7°~!, T", T"*'. More specifically, o; is a 2 x 2 rotation on 7" controlled by
T and T*". According to Fig. 5.6, each o; can be implemented with O(d?) gates, each of

which decompose into O(1) elementary gates. In particular, each of the R, gates

1 1

. 2
ik Tk
1 - L _ 1
2 .
Tk Tjk

Rj,k: = s T’ch = >\J — )\k + k' —j (561)
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appearing in Fig. 5.6 can be implemented with 5(1) elementary gates and 5(1) auxiliary
qubits for computation of rotation parameters 7, .

T — o2

™ — {04

T5_ I

it =

Tn73_ I Py

Tn,Q ] | . On—2 ————

Tnfl_ I Iﬂi,_

T’I’L_. —

Figure 5.3: Circuit for the cyclic permutation 7f = 0, 10,_9 - 0907 in the Gelfand-Tsetlin
basis. Each transposition o; acts locally on registers 71, T% T**! with 7! and T**! used as
controls. Note, that o acts only on 7?2, and oy acts only on T2, T because we have dropped
the registers T°, T (they are always one-dimensional).

3. The operation W defined in Eq. (5.56) is a A-controlled unitary W, that acts non-trivially
only on a (d + 1)-dimensional subspace of the register 7". This register consists of d + 1
wires corresponding to d + 1 rows of a Young diagram, see Fig. 5.7. The matrix entries
of Wy (see Eq. (5.55)) can be reversibly computed on the fly using gates R;, i € [d + 1]
from Eq. (5.60) in classical time O(d), which must be implemented in a quantum circuit

coherently. Therefore, implementing W would have the gate complexity O(d?).

4. wk | denotes the gate w' ;|0)(0| 4+ (I —[0)(0]) on register 7" conditioned on the registers
Tt =X, T"" = A = (\,@). This has complexity O(1).

5. The complexity of the Quantum Fourier Transform QFT, ., is 5(1)

6. One can optionally implement the correction gate Corr together with inverse mixed Schur
transform at the end to get the right post-measurement state (according to the definition
of PGM E from Eq. (5.4)). For that one needs to uncompute the gates 7% for k € [n]
and fVI7,\, and instead run the gate W) from Eq. (5.56) followed by m*. The complexity of
implementing the correction gate does not change both the total gate and time complexities
of the full circuit, adding only a constant factor overhead.

7. Now we are ready to count the total gate and time complexity. For that, notice that each
gate 7! in Fig. 5.5 consisting of local gates o; as in Fig. 5.3 can be pushed to the left of the
circuit. This will reduce the naive complexity O(n?d?) of implementing n sequential gates
7 to just O(nd?). Counting everything together gives O(nd*) total time complexity. The

gate complexity is O(n2d*).
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T2 J— L
T3 J— I
7k ok
Tn—2 — I
Corr
Tn—l — I —
P I e
A — I
k k k
—"—

Figure 5.4: Circuit for the correction operation Corr. W, gate is defined in Eq. (5.56) and its
implementation is completely analogous to W, from Fig. 5.7.

Space complexity

Similarly, we can count the number of auxiliary qubits needed to implement our circuit Fig. 5.5
in the standard encoding. However, we must be careful with the precision of implementing
each gate. If the total target precision is € then if the circuit has poly(n,d) gates it implies
the precision per each gate must be ¢, := €/ poly(n,d). This will translate into the size of
auxiliary registers for classical computation of matrix entries of the unitaries which need to be
implemented coherently (see Lemma 4.4.2): the number of qubits needed for such computa-
tions will scale as log(1/e,) = O(log(1/¢) + log(n) + log(d)). Keeping that in mind and using
Lemma 4.4.2, we can summarize the total space complexity:

1. The number of auxiliary qubits needed to implement the mixed Schur transform isometry in
the standard encoding (see Theorem 4.3.1) and create a Naimark dilation from Section 5.3
after the mixed Schur transform is (n + d)d polylog(d,n,1/e).

2. The number of auxiliary qubits needed to implement each gate o; from Fig. 5.6 inside 7'
gate from Fig. 5.3 is polylog(d,n,1/¢). However, when O(n) gates o; are implemented in
parallel with the shift trick of 7' gates we need to have npolylog(d, n, 1/¢) auxiliary qubits
available.

3. The gates W, and W), require d? polylog(d, n, 1/€) qubits to implement gates R;, see Fig. 5.7.

4. Overall, the total number of auxiliary qubits needed is (n + d)d polylog(d,n, 1/¢).

The above analysis completes the proof of the first statement of Theorem 5.1.1 for standard
PGM. In the next section, we describe how to extend the construction for standard PGM for
generic PBT measurements, including the measurement needed to implement pPBT with the
EPR resource state.
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Figure 5.5: The circuit implementation of the PGM E from Egs. (5.4) and (5.17) in standard encoding. The registers 7% T3, ..., T" are dilated
as per Section 5.3. The correction gate Corr together with UsTch(n 3 transform is optional: it is used to bring the post-measurement state to the
form defined by the original PGM measurement F.
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Figure 5.6: Quantum circuit for implementing the transposition o; in the Gelfand-Tsetlin basis. The controlled “4” gates perform arithmetic
operations that add / subtract the control register from the target registers. For each j, k such that 1 < j < k < d, the corresponding R, gate
defined in Eq. (5.61) acts on the k-th register of 7% and has five controls: the j-th and k-th registers of 7! and 7!, and the j-th register of

T%. At this level of abstraction, the implementation of ¢; contains O(d?) gates.
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Figure 5.7: Quantum circuit for implementing the unitary W defined by (5.56) in the Gelfand—Tsetlin basis. The controlled “+” gates perform
arithmetic operations that add / subtract the control register from the target registers, just as on Fig. 5.6. Eq. (5.61) defines rotation gates R;
that are controlled on 2(d + 1 + j) registers in total: all registers of 7°~! and T"*! and first (j — 1) registers of T%. The overall gate complexity
of W is O(d?).
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5.4.2 Deterministic PBT measurement

Using the quantum circuit for the standard PGM E Fig. 5.5 we can easily implement the POVM
E™ for the dPBT protocols from Egs. (5.18) and (5.19). For that, we need to use Lemma 5.2.1,
which tells us to use one additional auxiliary qudit of dimension n, prepared in the state

|+)n = Z;:Ol \/Lﬁm The resulting circuit is presented in Fig. 5.9. Notice that the circuit is
almost the same as the one for the standard PGM FE presented in Fig. 5.5. The only difference
is an additional register of dimension n and a controlled Pauli gate Z := S~ wi|i)(i].

T2 — | L
T3 1 I
Tk ok
Tn72 J— I
pn—1 — Corr |— = A
re = — e
A (X,2)
— | L —k
X

Figure 5.8: Circuit for the correction gate Corr from Fig. 5.9. It is a slight modification of the
correction gate for standard PGM from Fig. 5.4.

5.4.3 Probabilistic PBT measurement with EPR resource state

The measurement for optimised resource state pPBT is the standard PGM F from Fig. 5.5.
For EPR state case, it is straightforward now to extend the quantum circuit for the standard
PGM to a quantum circuit for pPBT POVM defined via Eq. (5.26). For that, we can employ

~

Lemma 5.2.2 for each irrep (A, @) € A%, where 95 2)(U) is determined by the corresponding
diagonal matrix G from Eq. (5.26) extended to Naimark dilated space as (T|@Z(,\,Q,)(G)|T> =0

for all T' € Paths(A, .«7) \ Paths(A, .o7). We introduce an additional qubit on which we would
act with a unitary Uy, depending on the irrep (X, @) € A%, and a € AC(\):

vV 9ra 1\ 1-— 9ra

Ura = : (5.62)

\/ 11— 9ra vV Ira

where gy, are defined in Eq. (5.27) for pPBT with EPR resource state. The resulting circuit
Fig. 5.10 is almost the same as Fig. 5.5. The only difference is an additional register and a
controlled rotation matrix (5.62).

The complexity of computing g, classically is 5(1) Therefore the time, gate and space
complexities of the circuit Fig. 5.10 are the same as for Fig. 5.5. The correction gate Corr in
Fig. 5.10 is implemented in similar way as in Fig. 5.4, except one needs to uncompute U, , on
the additional qubit register and do the uncomputation conditioned on the outcome k£ = 0.
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Figure 5.9: The circuit implementation of the POVM E™ from Egs. (5.18) and (5.19) for dPBT in standard encoding.
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Figure 5.10: The circuit implementation of the POVM E* for pPBT with EPR resource state defined via Eq. (5.26) in standard encoding.
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T2 — I
T3 J— I
—k k
™ 7T
Tn—2 p— I
Tn—1 — Corr |— = A
O N N [ -
A (\,2)
1 _ N
A%
k k k

Figure 5.11: Circuit for the correction gate Corr from Fig. 5.10. It is a slight modification of
the correction gate for standard PGM from Fig. 5.4.

5.4.4 Efficient quantum algorithms for generic PBT measurements

We can combine two implementations for dPBT and pPBT measurement and implement a
generic measurement E* from Eq. (5.20) defined via G operator, which is given in the Gelfand—
Tsetlin basis via Eq. (5.21).

Given a phase gate Z := o whiq]i)(i] and a unitary Uy, acting on an auxiliary qubit
defined as

U Ry(g)\,a> lfA:()\,@),’}/:)\UG’ R ( ) \/g - 1_g (563)
Ay = X g = . .
o Bylgy) A= (D) y =4, ! VI—=g 3
we can implement POVM E* as in Fig. 5.13.

Note that our construction works for any diagonal matrix 1, (G) as long as its diagonal
entries gy q, g, are efficiently classically computable. The correction gate Corr in Fig. 5.13 is
implemented in a similar way as in Figs. 5.4, 5.8 and 5.11.

T2 — I
TS — -
nk 7
Tn—2 — -
= A
Tnfl p— I ®
Corr T
n I Tl [ I
T |
A —] L <w>l (1,0
— I D D
A\ A\
p— I J— X—(k—l)
k k k>0 k

Figure 5.12: Circuit for the correction gate Corr from Fig. 5.13.
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Figure 5.13: The circuit implementation of a generic POVM E* for PBT from Eq. (5.20) in standard encoding.
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5.5 PBT via Yamanouchi encoding

Y1 — — — . .
o1

Yo —| I ...
02

Y3z — — — 4
a3
Ya — — |

bl

Yn—2 — — PP —

On—2

y’ll—l_ — DR 1 —

On—1

Yn+l ———¢———

AN —o—

Figure 5.14: Quantum circuit for the cyclic permutation 7' = 0,_10,_2--- 0901 in the Ya-
manouchi encoding. Each transposition o; acts locally on registers y; and y;,1, while being
controlled on all other registers y; and A. Note that in standard encoding, o; was controlled
only on two registers, compare with Fig. 5.3. Fig. 5.15 presents the exact form of a transposi-
tion o; gate in Yamanouchi encoding.

Using the Yamanouchi encoding possibility of the mixed quantum Schur transform (see The-
orem 4.3.1), it is possible to reduce the space complexity of the constructions presented in
Section 5.4.1 from O(n) to O(1). The resulting circuits for generic PBT measurements E*,
including standard PGM E, dPBT POVM E* and the POVM for EPR pPBT, are presented
in Fig. 5.17. They look essentially the same as Fig. 5.13 except for the differences in implemen-
tation of gates 7', o; and Wy which stem from the different type of encoding.

Similarly to Section 5.4.1 we can count the total gate and time complexities in Fig. 5.17 as
follows:

1. The complexity of implementing the mixed quantum Schur transform Usep(n,1) in Yamanouchi
encoding is O(nd?), see Chapter 4.

2. The complexity of implementing © = 0105 . .. 0,1 based on Fig. 5.14 is O(nd?). The factor
n comes from the number of transpositions ¢; in 7, which are implemented sequentially.

3. Each transposition o; is more tricky in Yamanouchi encoding, see Figs. 5.15 and 5.16. More
specifically, to implement o; we need to obtain the full information about the Young diagram
T~ by using an auxiliary space and recording the description of T°~! sequentially from
registers yy for k < ¢ via a Recy gates, see Fig. 5.15. Now, according to Fig. 5.16, each o;
can be implemented with O(d?) gates R;; from Eq. (5.61), acting on wires y;, y;+1 each of
which decompose into 5(1) elementary gates and 6(1) auxiliary qubits for computation of
rotation parameters r; .

4. The operation W defined in Eq. (5.56) is implemented similarly to Fig. 5.7 and the recording
procedure described in Fig. 5.15. The time and gate complexities for that are O(nd?).

5. The implementation of w¥, | has complexity 6(71)

6. The complexity of the Quantum Fourier Transform QFT, , is O(1).
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. One can optionally implement the correction gate Corr together with inverse mixed Schur
transform at the end to get the right post-measurement state as in Fig. 5.13. The complexity
of implementing this does not change both the total gate and time complexities of the full
circuit, adding only a constant factor overhead.

. Overall, counting everything together gives 9] (n%d?) for both total gate and time complexities
in Yamanouchi encoding: essentially all nontrivial operations run sequentially.

Similarly, we can count the number of auxiliary qubits needed to implement our circuit

Fig. 5.5 in the Yamanouchi encoding similarly to Section 5.4.1:

1. The number of auxiliary qubits needed to implement the mixed Schur transform isometry

in the Yamanouchi encoding and create a Naimark’s dilation from Section 5.3 after the the
mixed Schur transform is d? polylog(d,n,1/¢), see Theorem 4.3.1. One important technical
remark regarding Figs. 5.14 to 5.17 is that we do not depict an additional qudit of dimension
n+ 1 which is needed to extend the Bratteli diagram from &7 to &7 according to Section 5.3:
it extends the space of Yamanouchi words on alphabet [d] to the space of Yamanouchi words
with at most one symbol d+ 1 among 1, ..., ¥y, by encoding the location 7 of the value d+ 1
among 1, . .., Y, (if there exist i such that y; = d + 1 then it also must be y,,1 = d + 1).
Incorporation of this qubit is trivial and it does not change the time and gate complexities,
however, it is not convenient to draw it, so we omit it from the figures.

. The number of auxiliary qubits needed for each o; from Fig. 5.16 is polylog(d,n,1/¢). We im-
plement all gates 0; sequentially in the Yamanouchi encoding so we can reuse polylog(d, n, 1/¢)
auxiliary qubits for each gate.

3. The gates W, and W), require d? polylog(d, n, 1/€) qubits to implement gates R;, see Fig. 5.7.

4. Overall, the total number of auxiliary qubits needed is d? polylog(d, n, 1/¢).

The above analysis finishes the proof of the second statement of Theorem 5.1.1.
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of recording gates Rec; performed on two auxiliary registers and controlled on y; register. After recovering information about 7! and 7!,
transpoition o; can be simply performed as presented on Fig. 5.16.
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., Yns1 which contain the same information via Yamanouchi encoding. This is obtained by another form
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which we present on Figs. 5.14 to 5.16.
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5.6 Quantum circuits for optimised resource states

3 3 3 3 3 3 3
AO,O Al,O ‘AQ,O A3,0 AS 1 ‘A3,2 ‘A3,3

0]

Figure 5.18: A part of the full Bratteli diagram o corresponding to an irrep A = (&, &) of
algebra Ag,g. The set of paths starting at the root and terminating at the end span the Gelfand—
Tsetlin basis of A = (@, @). A tensor product of n copies of EPR states shared between the first
and second half of the systems is fully supported in irrep A = (&, &) in the mixed Schur basis.
In fact, it corresponds to a uniform superposition of all symmetric paths in the Gelfand—Tsetlin
basis, see Eqs. (5.66) and (5.67). Similarly, the optimised resource state for PBT protocols can
be expressed as a weighted superposition of symmetric paths in the Gelfand-Tsetlin basis. In
particular, for pPBT the exact formula for the weights might be computed in O(d) time, see
Eq. (5.74), while for dPBT, weights are the result of non-trivial optimisation procedure, see
Eq. (5.75).

In this section, we describe efficient quantum circuits for preparing optimised resource states
for the pPBT protocol. To write and present such circuits in a unified way, we shall introduce
another variant of mixed Schur transform Usc(n,n) corresponding to the matrix algebra Afw
of partially transposed permutations acting on n + n qudits, each of local dimension d. The
matrix algebra A?  acts on (C*)®"*" and its irreducible representations are labelled by the

following pairs of Young diagrams:
Al = {()\,p) ’ ANen—k, pbn—k () +6u) <d, fork e [n]}. (5.64)

Furthermore, its Bratteli diagram o is adapted for the sequence of algebras Ag{o — Afo —
e AT e AT oo = AT For our purpose it is enough to present only one special

irrep A = (@, 9) € ﬁfw. The set of paths

Paths((2, ), o) = {(TO, T T T | TR T2k ek for k<, and (5.65)
Tty i AL i g [n]}

span the Gelfand-Tsetlin basis {|T") | T" € Paths(A, o7)} of irreducible representation (&, @) €
A? see Fig. 5.18.

n,n’

Mixed Schur-Weyl duality partitions the space (CH®n+n into subspaces that are invariant
under the natural U®" @ U®" action of U € Uy and the action of the matrix algebra A%

n,n’
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see Chapter 3 The complexity of implementing the mixed quantum Schur transform isometry
Usch(n,n) 18 O(nd*), see Theorem 4.3.1, Chapter 4.

A tensor product of n copies of EPR states shared between the first and second half of the
systems in (C4)®™™ has a relatively simple form in mixed Schur basis [SSMH17]. In particular,
it is supported only on one irrep, namely A = (&, Q) € le\fm Notice that the unitary group
representation corresponding to A = (&, @) is one dimensional. With a small abuse of notation
(we supress the unitary irrep register), we have

~ d,m -
Usch(n,n) (®|®+>Ai3i> = Z % [EPRE ) |10) 70, (5.66)
i=1 pean
where
- 1
EPRI ) = ) d—M|SO>TO e |Sne 1)1 ]St ) pmt - -+ |So)gen (5.67)

SePathsy, (11,9)

and |®F) 4, p, = \/LE ZZ:1|k>Ai|k>Bi is an EPR pair shared between Alice’s register ¢ and Bob’s
register 7. Notice that all paths present in the formula above are symmetric with respect to the
middle vertex. The analytical expressions for optimised resource states in dPBT and pPBT
protocols were developed in Ref [SSMH17; MSSH18; Chr-+21], and in a mixed Schur basis have
a similar form to n copies of EPR pairs (5.66). Indeed, in both cases, they are of the following
form

W)y = 37 /T [EPREY) ), (5.68)
pEan

where { fﬂ}ul-dn is some probability distribution satisfying > , . f. = 1.5 Furthermore, we can
rewrite this expression as

W= 3 VAEPRE DN Nren [ (/22D puan |, (569)

d
AFgn—1 a€ACq4(N) f>\ AUa

ne 1
IEPRI") .= > d—|SO>T0 o [Sg) 2| Sy g ) a2 - - - | So)en, (5.70)
SePaths,,_1(\,) A

where fy are defined in such a way that the state ) _ A,V \/ f}%%’)\ U a)rn is normalised,

namely f ;
AL AUa

dy

P, (5.71)
a€ACy(N) Ve

We continue doing this rewriting recursively. That leads to the circuit for the preparation of
| )7 presented in Fig. 5.19, where gates F; prepare the following states controlled on 7%

fra _dy
fu dVUa

FZ"I/>T1'—1|O>T1' = |I/>Ti—1 Z

a€ACy(v)

lv U a)gi (5.72)

In particular, for pPBT [SSMH17] the formulas for f, for every vty k turn out to be as follows:

m2

o v
fo= S (5.73)
xtak ' "x
°In the PBT literature sometimes a different parametrisation is used: f, = C“Cfi%m“ where c,, are variables.

The EPR resource state corresponds to the choice ¢, = 1 for every p g4 n.
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Figure 5.19: Circuit for the preparation of the resource state [W)7|0)ar, ,, from Eq. (5.68).
Gates F; are defined in Eq. (5.72) via Egs. (5.73) and (5.74).

Therefore due to [SSMH17, Proposition 25| and Eq. (5.12) the amplitudes in Eq. (5.72) for
every a € AC4(v) and v k can be computed efficiently in time O(d):

fwa dy,  d+cont(a) myu,  d+ cont(a) H vy —v;+i—r+1 (5.74)

fu duUa_ d? +k my B >+ k ividr Vp —Vi+1—T

1<i<d

where the last equality is due to the Weyl dimension formula and r denotes the row number
where the box a was added to Young diagram v.

However, we cannot do the same analysis for the dPBT protocol [MSSH18; Led22] since f,
for y1 4 n are defined via non-trivial optimisation problem [Led22, Equation 6.3]:

{f“}#,_dn:azl‘:gmax Z ( Z \/f)\Ua) . (5.75)

Fe=1 Nrgn—1 \acACy(\)

We leave it as an open question for future work to understand how to efficiently compute the
amplitudes in Eq. (5.72) for dPBT.
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5.7 Discussion

In this chapter, we used the representation theory of partially transposed permutation matrix
algebras and mixed Schur—Weyl duality (see Chapters 3 and 4) to solve a long-standing open
problem: finding a construction of efficient quantum circuits for both deterministic and prob-
abilistic port-based teleportation in arbitrary local dimension. Our achievement relies on the
efficient construction of the mixed quantum Schur transform (see Theorem 4.3.1). Addition-
ally, our constructions are realised in two distinct encodings: the standard encoding and the
Yamanouchi encoding, which offer a concrete trade-off between the space and time complexi-
ties of our constructions. We also presented efficient quantum circuits for preparing optimised
resource states for probabilistic port-based teleportation.

Finally, we outline two immediate, yet significant, consequences of our efficient port-based
teleportation constructions.

Exponentially improved lower bound for non-local quantum computation

Port-based teleportation has interesting applications in holography and non-local quantum
computation. See [May19; May22|, where it was argued that the complexity of the local opera-
tion controls the amount of entanglement needed to implement it non-locally, using ideas from
AdS/CFT correspondence. In particular, it was derived in [May22, Lemma 9| that port-based
teleportation can be used to lower bound the amount of entanglement needed to implement a
given channel (from a large class of one-sided quantum channels) non-locally in terms of the
so-called interaction-class circuit complexity [May22, Definition 3| denoted by C:

QloglogC) < E., (5.76)

where F, is the entanglement cost needed to implement non-locally a unitary with complexity
C, see [May22, Equation 29|. Port-based teleportation can also be used to find an upper bound
[BK11; Spel6; May22]. The derivation of the lower bound uses a trivial upper bound exp(O(p))
for the complexity of the port-based teleportation in terms of the number of ports n, see [May?22,
Equation 47|. It is already pointed out in [May22, page 28| that a better implementation of
the port-based teleportation protocol would lead to a better lower bound. Complexities of our
implementations of PBT protocols are O(nd?), therefore this immediately translates, according
to [May22, Lemma 9], to a better lower bound:

QlogC) < E., (5.77)

thus improving exponentially upon the previous known bound.

Deterministic PBT as an optimal approximate quantum processor

Deterministic port-based teleportation was intially presented as an example of approximate
universal quantum processor [TH08]. Our work provides first explicit efficient construction of
such universal quantum processor for all local dimensions d, which is not based on unitary
estimation procedures [YRC20; HKOT23].

However, as explained in Section 5.6, we were not able to find an efficient algorithm to
produce optimal resource states for dPBT. We suspect that a suboptimal choice for dPBT
resource states, described in [Chr+21, Section B|, could be implementable via our scheme
presented in Section 5.6. Moreover, in light of the recent work, which connected port-based
teleportation with unitary estimation [YKSQM24|, we also conjecture that it should be possible
to construct optimal states achieving asymptotically optimal entanglement fidelity, based on
the construction of optimal probe states used in unitary estimation protocol from [YRC20].



Chapter 6

Unitary-equivariant linear and semidefinite
programming

Unitary equivariance is a natural symmetry that occurs in many contexts in physics and math-
ematics. Optimisation problems with such symmetry can often be formulated as semidefinite
programs (SDPs) for a d"*™-dimensional matrix variable that commutes with U®" @ U®™, for
all U € U,. Solving such problems naively can be prohibitively expensive even if n+m is small
but the local dimension d is large. We show that, under additional symmetry assumptions,
this problem reduces to a linear program that can be solved in time that does not scale in d,
and we provide a general framework to execute this reduction under different types of sym-
metries. The key ingredient of our method is a compact parametrisation of the solution space
by linear combinations of walled Brauer algebra diagrams. This parametrisation requires the
idempotents of a Gelfand—Tsetlin basis, which we obtained in Section 3.6. Moreover, using re-
sults on mixed Schur-Weyl duality which we obtained in Sections 3.7 and 4.2, we can conduct
a symmetry reduction of a given unitary-equivariant SDP yielding a simpler SDP with less
variables. To illustrate potential applications of our framework, we use several examples from
quantum information: deciding the principal eigenvalue of a quantum state, quantum majority
vote, asymmetric cloning and transposition of a black-box unitary.

This chapter is based on [GO24; GBO23a|. Moreover, Section 6.5.4 is partially based on
work in progress with Satoshi Yoshida, Mio Murao and Maris Ozols.

6.1 Introduction

Taking the symmetry of the problem into account is a good idea for almost any problem,
including optimisation problems, since this can significantly reduce the number of parameters.
In particular, this is the case for semidefinite optimisation [BGSV12; RMB21]|. Given the wide
range of problems in quantum information with local unitary equivariance symmetry [SC23|, the
main focus of our work is on linear and semidefinite optimisation under a local (n,m) unitary
equivariance constraint, which naturally sits within the mixed Schur-Weyl duality framework.
Typically, this means optimising over unitary-equivariant quantum channels or other tensors
with this symmetry.

An early example of using U ® U symmetry to reduce a semidefinite optimisation problem to
a linear one is the work of Rains [Rai01] on entanglement distillation under completely positive
partial transpose preserving operations. He characterises the optimal distillation fidelity by a
semidefinite program and then exploits the symmetry

Ued)Y el =3 el (6.1
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of the canonical maximally entangled state to reduce this to a linear program (see Example 3.4.2
for more details). This work has inspired a long sequence of results [APEO3; LM15; Wanl8;
WW20; HSW23].

The closely related U @ U symmetry appears in the so-called quantum max cut problem that
has recently received significant attention [AGM20; HNPTW23; PT21; KP22; PT22; Lee22;
Kin23; Tak+23; WCEHK24; LP24|. This problem is concerned with approximating the ground
state and ground energy of a local Hamiltonian on a graph whose vertices are qubits and edges
are assigned the projector [/~ )(1)~| onto the singlet state |p~) := (|01) —[10))/v/2. The U@ U
symmetry of [¢)7) is one of the basic cases captured by our framework, and the general case of
U®™ is captured by the Schur-Weyl duality (see Section 2.10).

Other instances of semidefinite optimisation problems with U®" @ U®™ symmetry appearing
in quantum computing are quantum majority vote and basis-independent evaluation of Boolean
functions [BLMMO22|, black-box transformations of quantum gates [QDSSM19b; QDSSM19a;
QE21; YSM23b; YSM23a; Ebl+23|, asymmetric cloning [NPR21; NPR23|, and entanglement
witnesses [HKMV22].

Previously, most of these problems have been approached individually and by ad hoc meth-
ods that work only for restricted choices of n,m,d, such asn =1, m =1, or d = 2. Our goal is
to provide a general framework for solving unitary-equivariant semidefinite optimisation prob-
lems for a wide range of values of n, m,d. More specifically, our aim is to answer the following
two questions.

1. How to efficiently eliminate the irrelevant degrees of freedom from a Ug-equivariant opti-
misation problem?

2. Can a Ug-equivariant optimisation problem be solved in time that does not scale in d?

We provide answers to these questions using representation-theoretic and diagrammatic meth-
ods.

Summary of our results

Consider the following general semidefinite program (SDP) for a Hermitian matrix variable X:

max Tr(CX)
st Tr(ARX) < by, Vk € [m],
Tl"sk(X) = Dk, Vke [mz], (62)
(X, U@ U®"] =0, VU e U,
X =0,

where C, Ay, D), are fixed Hermitian matrices, by € R are fixed scalars, m; and msy denote the
number of constraints that involve full trace and partial trace, and Sy C [n+m] denote subsets
of systems that are traced out.

Note that all matrices in Eq. (6.2) are of size "™ x d"*™. For this problem to have an
efficient description, we assume that C, Ay, D, are s-sparse, i.e., can be specified as a linear
combination of at most s walled Brauer algebra diagrams (see Section 3.2) and elementary rank-
1 matrices |i)(j| where 4, j € [d]"*™. Our main result, Theorem 6.3.4, provides an efficient way
of converting the above semidefinite program to an equivalent linear program (LP) when the
matrix variable X is subject to one of the following additional symmetries: S, x S,, symmetry,
walled Brauer algebra symmetry, or Gelfand—Tsetlin symmetry (see Section 6.3.1 for more
details).
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6.1.1. THEOREM (Informal). Assuming one of the above additional symmetries on X, the
SDP (6.2) can be converted to an equivalent LP with N < N wariables and m; + moN + N
constraints where N := (n +m)!.

Our approach has the advantage that d can be arbitrary® and the computational resources
are tied only to the value of n + m. For example, let (n,m) = (2,3) be small constants and
d = 1000 be very large. In this regime, naively solving the above SDP is impossible in practice,
since it has ¢2™t™) = 1000'° = 10%° scalar variables. However, the complexity of our method
scales only in the parameter N = (n 4+ m)!, which in this case is (2 4+ 3)! = 5! = 120.

Our method can also provide an advantage when d is small. For example, if d = 2 then
d?tm) — 92(2+3) — 910 — 1024 variables are needed naively, while only 42 suffices with our
method (see Table 6.7 in Section 6.A.3).

Although our method provides a significant improvement in terms of d, its complexity still
scales as (n + m)!, so in practice we can only deal with relatively small values of n and m.
However, numerical solutions to small problem instances are still valuable, as they may reveal
structures that can help tackle larger instances. For example, numerical insights can lead
to a refined ansatz with fewer parameters that scales up more easily. Good ansatz, even if
suboptimal, can still be used to obtain numerical bounds. If the ansatz is sufficiently simple, it
might even be amenable to analytic methods. In this way, our method can potentially be used
to bootstrap from small problem instances to much larger ones.

To illustrate potential applications of our method, in Section 6.5 we provide several examples
from quantum information: deciding the principal eigenvalue of a quantum state, quantum
majority vote, and asymmetric cloning.

Our second result does not assume additional symmetries and works as a general framework
from reducing general unitary-equivariant SDPs to simpler forms.

Intuition

The main idea behind our result is as follows. While the naive semidefinite program (6.2)
has d*"*™ scalar variables, the unitary equivariance condition alone reduces this down to
dim(A¢ ), where A7 is the matrix algebra of partially transposed permutations. This ob-
servation already gives us a d-independent upper bound on the number of parameters since
dim(Af,,) < (n+m)!. While generally this bound is loose for small d, it saturates when
d>=n-+m.

This reduction in the number of parameters occurs due to mixed Schur-Weyl duality (see
Chapter 3). Together with Schur’s lemma, this duality implies that any unitary-equivariant

matrix variable X can be written in mixed Schur basis as

USCh(”,m)XUgch(n,m) - @ Xa® Im/\ (63)

AeAd

in some basis, where the size of each block X is independent of d. The main difficulty then
lies in obtaining an ansatz that captures all relevant degrees of freedom for such X, in a way
that does not scale in the local dimension d. In particular, we cannot afford to simply apply
the mixed Schur transform that implements the basis change in Eq. (6.3) since the underlying
space has dimension d"™™.

For simplicity, in Section 6.3, we only consider the special case where each X, is diagonal.
This assumption is justified when X is subject to some additional symmetry (see Section 6.3.1
for more details). For example, under certain symmetry X is diagonal in the so-called Gelfand—
Tsetlin basis and can thus be written as a linear combination of primitive idempotents of the

Tn fact, d can even be symbolic!
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partially transposed permutation algebra .Aflhm from Section 3.6. Since the elements of Afl,m
can be lifted from B¢, . this allows us to perform the entire computation within the walled
Brauer algebra Bgm. In contrast to Aim, Bﬁim is diagrammatic, and hence we do not need to
manipulate any matrices of size d"t™. This is precisely why the complexity of our approach
does not scale in d. In particular, we do not require explicit knowledge of the mixed Schur
transform.

Our second approach, presented in Section 6.4, works with general matrix units Egp for
the algebra A? . so we do not assume that X, is diagonal. We use the properties of these
matrix units and their representation in mixed Schur basis to simplify general SDPs of a form
similar to Eq. (6.2) to smaller SDPs without assuming additional symmetries. This provides
a concrete tool for obtaining numerical insights for small instances of previously practically

unsolvable SDPs.

6.2 Preliminaries

Unitary equivariance

Our main motivating problem is the optimisation of a linear function over unitary-equivariant
quantum channels. For this chapter, we define V4, := (C%)®" and V,y, := (C4)®™.

6.2.1. DEFINITION. We say that ®: End(Vi,) — End(V,y) is a n — m channel. Such a
channel is locally Ug-equivariant or simply unitary-equivariant if

(U pUTE™) = U™ d(p) U™ (6.4)
for every U € Uy and p € D(V4,).

To optimise over such channels, we need to understand their structure or, equivalently, the
structure of the associated Choi matrices. The following is a well-known characterisation of the
unitary equivariance of ® in terms of its Choi matrix.

6.2.2. PROPOSITION. Let X® € End(Vi, ® V) be the Choi matriz of a n — m channel ®.
Then ® is unitary-equivariant if and only if

[(X® U@ U®"] =0, VUEeU,. (6.5)
Proof:
Using the definition of the Choi matrix Eq. (2.2) we get
(U pUT®™) = Try, [XP((UE"pUT™)T @ Lous)] (6.6)

= TrVin [((UT)@n ® Iout)X(I)(U@n ® Iout)(pT ® ]out)]a
so unitary equivariance of ® gives for every U € Uy,

®(p) = Try;, [X*(p" @ Lour)]
= yteng (U®n p UT@H) [yom '
= Tay,, [(UT)?" @ UTE™) X* (%" & U™ (57 © Lowy)]. (6.10)
Since the above relation holds for every U € Uy, we can switch U — U, so we get
[(X*, U @ U®™] =0, (6.11)

i.e. our convention is that the last m registers of X are subject to the dual action of Uy. O
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Motivating problem

Consider the following motivating semidefinite optimisation problem. Fix a quantum state
p € D(V4,) and an arbitrary Hermitian matrix H € End(V,y), and assume that we want to
find a unitary-equivariant n — m channel ® that maximises the linear function Tr[®(p)H].
For example, if H = |¢) (1| for some pure state |¢)) € Vo then Tr[®(p)H]| = (¢|P(p)|v)) is the
fidelity between the output state ®(p) and the desired target state |).

According to Eq. (2.2), Tr[®(p)H] = Tr[X®(p" ® H)], so the constraints on X® from
Eq. (2.3) give us the following SDP:

T [X®(p" @ H T X =1I,. X®=o0. 6.12
X<I>6Enr?l(?/§®%ut) r[ (h ® )]v TVu (X7 Vins - ( )

This problem has a trivial solution—a channel that ignores its input p and prepares the principal
eigenvector of H as output. To make the problem non-trivial, consider instead a collection of n
pairs (p;, H;), with the goal of maximising the smallest value of Tr[®(p;)H;], i =1,...,n. This
is captured by the following SDP:

max ¢, Vi: Tr[X®(p] @ Hi)] 2 ¢, Try,, (X*) =1y, X*=0. (6.13)
X®€End(Vin®Vout)
ceR
This problem no longer admits a trivial solution where ® ignores the input state.

Motivated by applications to problems mentioned in Section 6.1, we would like to incorporate
the unitary-equivariance constraint (6.4) on the channel ® in the SDPs (6.12) and (6.13). Note
that using Proposition 6.2.2 in a naive way would result in an optimisation problem with an
uncountable number of linear constraints and a matrix variable of dimension d"*™ that scales
badly in d even for constant n and m. Our main contribution is an efficient method that
can deal with both of these issues simultaneously. Under additional symmetry assumptions, it
reduces the above SDPs to finite linear programs whose size does not scale in d. We further
describe how to remove the symmetry assumption with two different methods, in Section 6.4
and in Section 6.A.2.

Optimisation under unitary equivariance

Symmetry is a powerful tool for simplifying almost any type of problem, including problems in
semidefinite optimisation [BGSV12; RMB21]|. Our goal is to investigate semidefinite optimisa-
tion for a matrix variable subject to a unitary equivariance constraint. To simplify the problem
even further, we assume one of several additional symmetries that reduce the semidefinite
program to a linear program.

A naive way of imposing unitary equivariance on ® in our motivating problem in Eq. (6.13)
is by including Eq. (6.5) as an extra linear constraint. However, this technically constitutes an
uncountably infinite set of constraints. To get around this issue, we could instead demand that

/U ) (U @ U™ X® (U @ U™ au = X® (6.14)
€lq

where dU denotes the Haar measure on U,. This integral can in principle be evaluated using
Weingarten calculus [CMN21; CS06|, producing a single linear constraint on X®. The resulting
SDP has finite size and can be supplied to a standard solver.

However, there is another serious issue that can prevent the SDP from being solvable in
practice. Namely, X® is a matrix of size d"t™ x d"*™. Since each matrix entry of X?® is
represented by a separate scalar variable in the SDP, the total number of variables is d*"+™)
which is prohibitive even for moderate values of d.
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Motivated by this issue, our main goal is to understand whether optimisation problems with
a Ug-equivariance constraint can be solved in time that does not scale in d. In this work, we
focus on linear programming as a special case of semidefinite programming and answer the
above question in the affirmative (see Theorem 6.3.4 for our main result).

In the context of unitary-equivariant channels, linear programs occur naturally when addi-
tional symmetries are imposed on ®. Indeed, appropriately chosen symmetries guarantee that
the Choi matrix X® is diagonal in a certain basis, allowing the semidefinite constraint X® > 0
to be replaced by scalar inequalities.

Additional symmetries

One natural example of additional n — m channel symmetries is invariance under permutations
of the n input and m output systems, where each type of system is permuted separately.

Recall that the symmetric group S,, on n elements acts naturally on n qudits by permuting
them. This is captured by a representation ¥¢: S, — End(V4,) defined on standard basis
vectors |i) @ -+ ® |i,) with xq,..., 2, € {1,...,d} as

wi(ﬂ)(lfcﬁ Q- ® ‘xn» = |337r—1(1)> X |$C7T—1(n)>, (6.15)
for all m € S,,, and extended linearly to all vectors in Vi,.

6.2.3. DEFINITION. A n — m channel ® is input-symmetric if ® (¢ (7) pd (7)) = ®(p), for
every p € D(Vi,) and 7 € S,,. Similarly, ® is output-symmetric if ®(p) = ¢4 (o) ®(p) ¥? (o), for
every p € D(Vi,) and o € S,,,. We call ® symmetric if it is both input- and output-symmetric:

©(Un(7) piin(m)T) = (o) @(p) U, (o). (6.16)
if for every p € D(Vi,) and every pair of permutations (m,0) € S,, X S,,.

Similarly to Proposition 6.2.2, this symmetry of ® can also be expressed in terms of its Choi
matrix X?.

6.2.4. PROPOSITION. A n — m channel ® is symmetric if and only if its Choi matriz X®
satisfies

(X%, ¢d(m) @yl (0)] =0,  V(m,0) €Sy X S (6.17)

In Section 6.3.1 we consider two additional types of symmetries and discuss when a unitary-
equivariant SDP reduces to an LP under such symmetries.

The structure of unitary-equivariant quantum channels can be described using a general-
isation of Schur-Weyl duality to mixed tensor products, i.e., mixed Schur-Weyl duality from
Chapter 3.

6.3 Reducing unitary-equivariant SDPs to LPs

In this section, we derive one of the main results—a pre-processing algorithm for LP solvers
which accepts a sparse SDP with a Ug-equivariant constraint as input. Our algorithm also
requests one of several additional symmetries (see Section 6.3.1) that guarantee that the pro-
vided SDP reduces to an LP. Although the input problem has a compact representation due
to all involved matrices being sparse, naively solving it might be impossible in practice due to
prohibitively large d (the SDP matrix variable has dimension d"*™). Our algorithm converts
the implicit input LP to an explicit smaller LP whose naive representation has size that no



6.3. Reducing unitary-equivariant SDPs to LPs 135

longer depends on d. Although it may generally not be sparse, this LP is much smaller and
can thus be further supplied as input to any standard LP solver.

In Section 6.3.1 we list the additional symmetries our algorithm requires, in Section 6.3.2
we specify the input format of our algorithm, and in Section 6.3.3 we state and prove our main
result.

6.3.1 Types of symmetries

To achieve a reduction from SDP to LP, the SDP matrix variable X needs some additional
symmetry in addition to unitary equivariance. For example, one option is the S,, x S,, permu-
tational symmetry, which is natural in the context of n — m quantum channels, see Proposi-
tion 6.2.4. We show in Section 6.3.1 that an SDP with such symmetry reduces to an LP when
min(n,m) < 2. The full list of possible symmetries we consider for the SDP variable X is as
follows.

6.3.1. DEFINITION. A matrix X € End((C?)®"™™) possesses

e the S, X Sy, permutational symmetry if for every o € C(S, x S,,) C Be,,

(X ()] =0, (6.18)
or equivalently X € ngm(@(snxsm))(v‘lﬁ,m);

d

n,m?

e the walled Brauer algebra symmetry if for every o € B see Section 3.2,

X, 6,(0)] =0, (6.19)
or equivalently X € Z (Aii,m);

e the Gelfand Tsetlin symmetry if for every A € X4

n+m?

see Eq. (3.48),
[X, A] =0, (6.20)

or equivalently X € XA~ since X7

im ~% . 1s the maximal commutative subalgebra of Aﬁm
(see Section 3.6).

The last two symmetries have an intuitive interpretation in Schur basis. Recall from The-
orem 3.4.1 that there exists a mixed Schur transform Use(nm) that block-diagonalises any
unitary-equivariant X:

USch(n,m) X Uérch(n,m) - @ Xa® ImA' (621)

AeAd .

We will assume that Usen(n,m) is adapted to the Gelfand-Tsetlin basis, meaning that each X is
expressed in this basis. Each symmetry from Definition 6.3.1 results in some simplification of
the matrix variable X as each block X, assumes a special form. We discuss this in more detail
in the following sections.
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Full walled Brauer algebra symmetry

The maximal possible symmetry that can be assumed is the full walled Brauer algebra symmetry,
which means that each X, in Eq. (6.21) is proportional to the identity matrix, i.e.,

X)\ = U,\[d)\ (622)

for some scalar vy € R. In this case, the semidefinite constraint X > 0 reduces to vy > 0,
thus simplifying the problem from an SDP to an LP with variables {vy | A € A% }. The total
number of variables in the LP is

min(n,m)

NE L (WB) = |42 |= > fd, (6.23)
k=0

where f;f_km_k is the number of pairs (\;, A,) of Young diagrams such that \\Fn—k, \,Fm—k
and £(N\;)) + ¢(\,) < d. In this case, we can write X as a linear combination of the primitive
central idempotents from Eq. (3.64):

X= ) wnet(\). (6.24)

AeAd

Gelfand—Tsetlin symmetry

A minimal symmetry that can be assumed is the Gelfand—Tsetlin symmetry, which means that
each X, is diagonal in the Gelfand—Tsetlin basis, i.e.,

dx

Xo=> waili) il (6.25)

=1

for some scalars vy; € R that become the variables of the LP. The X > 0 constraint then

reduces to vy, > 0 for all A € le\im and i € [d)]. The total number of LP variables in this case
is

NI (GT) = > dy, (6.26)

where dy = dim(V}) is the dimension of the corresponding simple module of A? . In this case,
we can write X as a linear combination of the canonical primitive idempotents from Eq. (3.65):

X= > vt (6.27)
TePaths(«)

S, X S,, permutational symmetry

A somewhat intermediate symmetry that can be assumed is the S,, x S,, permutational sym-
metry. This symmetry allows us to simplify X, to

x*@Pu.el)eX,), (6.28)

//LFdTL
vhEgm

where X’;}V is a Hermitian matrix of dimension m;, ,(d), see Eq. (6.126) in Section 6.A.1, and a

priori we do not know the basis on the right-hand side.
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There are two cases when this symmetry leads to a reduction from SDP to LP. We show in
Lemmas 6.A.1 and 6.A.2 that m), ,(d) € {0,1} when min(n m) < 2ord=2, meaning that the
corresponding term in Eq. (6. 28) either drops out or X , becomes a scalar x , ER:

P #.0.9L). (6.29)
pEan
vEgm

mi‘w,(d):l

I

X

We show in Proposition 6.3.2 that when min(n,m) = 1 each block X, becomes diagonal specif-
ically in the Gelfand—Tsetlin basis. In contrast to Eq. (6.25), some of the diagonal entries of
X, must be equal in this case. In the following proposition we assume m = 1. The argument
is completely analogous when n = 1 since one just has to use a different sequence A of alge-
bras C — A&l .o A — AY - when constructing the Bratteli diagram .« and the
corresponding GelfandfTsethn basis.

m

6.3.2. PROPOSITION. Fizd > 2 andn > 1, and let X € End((CH)®"*1) be a Hermitian matrix
with unitary equivariance and S, X Sy symmetry:

(X, U*"®U] =0, VUeU,, (6.30)
(X, vd(m) @ I;] =0, Vr € S,. (6.31)
Then X can be written as
X = Z 'UTn,TnﬂLlE‘?, (632)
TePaths(«)

where vm i1 € R depends only on the last edge of path T'.

Proof:

Let us first understand in what way the S,, x S; symmetry is special among general S, x S,,
symmetries. Since the group S is trivial, C(S,®S;) = CS,,. Moreover, ¥¢ | (7 xe) = (1) @14
for any 7 € S,,, where e € S; denotes the identity permutation. Hence

¥ 1 (C(Sn ®S1)) = ¥a(CSy) ® Iy = ALy — AL, (6.33)

so the algebra Ad o generated by the S, X S; symmetry appears in the multiplicity-free family
C— Af, ce Al AL

We can use this observation to get a better grip on the matrix X. Thanks to the mixed
Schur-Weyl duality (Theorem 3.4.1), Eq. (6.30) implies that X € Afl%l. Also, notice from
Eq. (6.33) that Eq. (6.31) is equivalent to [X, A% )] = 0. By combining these two observations
we see that X € Z a4 | (A2 ).

Writing any A € Afhl in Schur basis we get

Usentnt) AUlgynn) = €D Ar @ I, (6.34)
AEAD |

where the blocks Ay are expressed in the Gelfand-Tsetlin basis. If we instead take A € A%
then, thanks to how the Gelfand—Tsetlin basis is recursively constructed from paths in the
Bratteli diagram, the Ay in Eq. (6.34) are block-diagonal. That is, Ay = P, Ay, (there are
no multiplicities here since the embedding A% ; < A% | is part of a multiplicity-free family).
Since [X, A] = 0 for all A € A%, the blocks X, of X are of the form X, = D, oxnulru
for some ¢y, € R. In particular, they are diagonal in the Gelfand-Tsetlin basis, so X =
ZTGP&thS(_Q{) vrez for some vy € R for each path T. Moreover, all variables vy that correspond
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Symmetry Ansatz for X | Formula for N? | Values of N¢ |
Full walled Brauer algebra | Eq. (6.24) Eq (6.23) Table 6.4
S, X S Eq. (6.32) q. (6.35) Table 6.6
Gelfand-Tsetlin Eq. (6.27) q. (6.26) Table 6.5
Only unitary equivariance | Eq. (6.21) dlm(Ai’m) Table 6.7

Table 6.1: Summary of symmetries from Definition 6.3.1. For each symmetry, we provide
pointers to the corresponding ansatz for X, the number of variables fom in this ansatz, and
tables for numerical values of NZ, . Note that the ansatz (6.32) of X in case of the S,, X S,,
symmetry is valid only when m = 1; a similar formula can also be obtained for n = 1 as
explained just before Proposition 6.3.2.

to paths T that go through a fixed vertex at level n of the Bratteli diagram have the same
value (this vertex labels a simple .Ad o-module). Formally this means that vy = vg for every
T,S € Paths(<7) such that the paths T and S in the Bratteli diagram of A? | share the same
last edge, i.e., (T, T™+) = (S, S™+1). In particular, if (7™, 7"*) = (u, A) then vy = ¢y, O

The number of variables in this case is

NE L (Su % Sp) =3 (m), ()", (6.35)
AeAL
e

This number can be easily calculated numerically using the results of Section 6.A.1. The results
of this calculation for small d,n, m can be found in Section 6.A.3.

Summary

The chosen symmetry, together with unitary equivariance, guarantees that X can be expressed
as a linear combination of idempotents of the algebra A% see Egs. (6.24), (6.27) and (6.32):

n,m?

X =) vl (6.36)
=1

where the number of terms n is given by Eqgs. (6.23), (6.26) and (6.35), respectively (see Table 6.1
for a summary). Since we effectively know the basis in which X is diagonal, the SDP reduces to
an LP. In particular, the scalars vy, ..., v, € R in Eq. (6.36) will be the variables of the output
LP produced by our algorithm. The number of variables n varies dramatically depending on
the chosen symmetry type, see Section 6.A.3.

6.3.2 Input specification

Our algorithm accepts a sparse SDP composed of the following objects:
1. n,m > 0 — the number of input and output systems,
2. d > 2 — the local dimension of (C4)®"*™ = Vi, @ Vi,

3. X = 0 — a Hermitian matrix variable acting on (C?)®"*™ that has to obey the Uy-
equivariance condition in Eq. (6.5),

4. (in)equality constraints that involve constant sparse matrices,
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5. a desired additional type of symmetry (see Section 6.3.1 for possible options) which guar-
antees that the problem reduces to an LP.

Our algorithm outputs an explicit LP, equivalent to the input one, whose size does not depend
on d and which can be further fed as an input to a standard LP solver. We are concerned only
with this pre-processing step and its complexity.

The input to our algorithm is an SDP in the following form:

max Tr(CX)
X

st Tr(AxX) < by, VEk € [my],
Trs, (X) = Dy, VE € [my), (6.37)
(X, U@ U] =0, VU € Uy,
X =0,

where m; and my denote the number of constraints that involve full trace and partial trace,
respectively. Recall from Eq. (6.5) that the penultimate condition is equivalent to unitary-
equivariance of the superoperator associated to X.
The Hermitian matrices C' and Ay in Eq. (6.37) are constant and s-sparse, meaning that
they can be written as a linear combination of at most s terms, where each term is either
g’m (o) for some diagram o of the walled Brauer algebra Bﬁim or an elementary standard basis
matrix whose all entries are 0 and only one entry is 1, i.e., |¢)(j| for some i, j € [d]""™. Each Dy
is a Hermitian linear combination of at most s diagrams from the walled Brauer algebra thmk
obtained by removing the nodes Sy C [n + m] from Bzm. The remaining number of nodes on
each side of the wall of BY . is ny, := n —|S, N [n]| and my, == m — |(Sy —n) N [m]|. The
total size of the input SDP in terms of the number of scalars needed to specify the matrices

C, Ak, Dk is 2
(1 +mq + mg)s. (638)

The SDP may contain additional scalar variables that need not obey the unitary equivariance
condition. Such variables do not require any pre-processing by our algorithm, so they do not
incur additional costs in our setting.

If the input SDP contains partial trace constraints, our algorithm has the following technical
restriction: we require the local dimension d to be sufficiently large, namely

d}n+m—m}3n|5k|. (6.39)

In particular, if X is a Choi matrix of a n — m channel and we include the partial trace
constraint Try, , (X) = Iy, to capture trace preservation, we require that d > n. Due to this,
for example, we cannot apply our formalism to the setting of [BLMMO22| where d = 2 and
n is large. To remove this restriction, one would have to know the kernel of the map @sz.f’m in
order to correctly process the partial trace constraints in the SDP (see Example 2.8.2 for an
instance where the kernel is non-trivial).

6.3.3. REMARK. As outlined in Section 6.A.2, one way to obtain the kernel of wgym is by

using the primitive idempotents 7' to compute the blocks of %%,m(zg-gm)! bjaj) where b; are

symbolic variables and o; are walled Brauer diagrams. Equating these blocks to zero produces
linear equations in b; that reveal the linear dependencies among the matrices wg’m(aj). We
can store this information in a database and use it to reduce the complexity of multiplication
in the diagrammatic algebra BY . i.e., the preimage of A% under ¢¢ . This can lead to an
improved complexity in our main result Theorem 6.3.4 since the complexity parameter N can
be lowered from (n +m)! to dim(A% ).

2For simplicity, we do not count the ms additional parameters needed to specify the scalars b, and the
additional information needed to specify the subsets Sy in Eq. (6.37).
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6.3.3 Main result

The input to our algorithm is an SDP of the form (6.37) which involves a unitary-equivariant
constraint and has the following parameters:

e n and m — number of input and output systems,

e d — local dimension of each system,

e s — sparsity of matrices C, A, Dy,

e m; — number of inequality constraints,

e my — number of equality constraints with partial trace.

We assume that n and m are small constants while d may generally be large. The complexity
of our algorithm will scale in (n 4+ m)! but not d. This is in contrast to the naive approach
of solving an SDP with a matrix variable X of dimension d"*”. While the naive approach
quickly becomes impractical as d grows, our method does not suffer from this problem. In fact,
it even offers performance improvements for small d such as d = 2. Our algorithm requires
assuming that X has one of the symmetries listed in Section 6.3.1, which guarantees that the
SDP reduces to an LP.
The following is a formal statement of our main result.

6.3.4. THEOREM. Any SDP of the form (6.37), where X has one of the symmetries listed in
Definition 6.3.1, can be converted to an equivalent LP with N variables and mi + maN + N
constraints. The number of variables N = Ng,m(sym), which depends on n, m,d and the chosen
symmetry sym (see Table 6.1), can always be bounded as

Nim(sym) < dim(Aim) < (n+m)! = N. (6.40)
The algorithm consists of two parts:

1. an input-independent pre-computation that needs to be done only once for each set of
parameters n,m,d, and whose complexity does not scale in d,

2. and SDP-to-LP conversion that takes time

(1 +mq + mg)s -NN (6‘41)
where (1 4+ my 4+ mg)s is the size of the input SDP.

If d > n+m, the run-time of the pre-computation does not scale in d, while for small d < n+m
additional speedup is gained. If the SDP contains partial trace constraints, i.e., mqo > 0, we
require that d > n +m — miny |Sk|.

6.3.5. REMARK. For the sake of simplicity we will ignore various details in our analysis. In
particular, we will assume that the following operations take constant time: multiplying two
walled Brauer algebra diagrams, contracting a diagram with a rank-1 matrix, or computing the
(partial) trace of a diagram. In reality the complexity of these operations scales with n + m,
which is small compared to our yardstick N = (n +m)!. Similarly, we will ignore the fact that
the input size scales as 2(n+ m) log, d when the SDP contains rank-1 matrices. Finally, we will
also ignore the fact that storing the value d°°®*(®) requires (n 4 m)log, d bits.
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Proof:
Our algorithm consists of two parts: (1) pre-computation of a database of A%
and (2) processing the input SDP to an LP.

The pre-computation of a database of Afl’m idempotents can be done upfront since it depends
only on the parameters n, m, d but not the input SDP. The type of idempotents needed depends
on the specified symmetry type sym (see Section 6.3.1). In either case, they can be computed
diagrammatically using the DLS algorithm from Section 3.6. It produces a list of preimages
€1,...,6n € Bg’m of .Aﬁim idempotents, with each ¢; expressed as a linear combination of walled

Brauer algebra diagrams o;*:

n.m idempotents

n+m

Z ;0. (6.42)

The resulting N x (n 4+ m)! coefficient matrix « is the output of the pre-computation step. By
construction, its entries are rational.

The second part of the algorithm requires a Ug-equivariant SDP as input and reduces it to
an explicit LP whose size is d-independent. The main idea of this algorithm is that we can
evaluate all traces appearing in Eq. (6.37) diagrammatically without ever explicitly computing
any of the d"™™ x d"*™ matrices involved (see Section 3.A.1). Let us discuss this step in more
detail.

Due to unitary equivariance and the additional symmetry sym, we can express the matrix
variable X as a linear combination of idempotents ¢g,m(€i) with unknown coefficients v; € R
as in Eq. (6.36):

N
X =) v, (). (6.43)
i=1

These coefficients will be the variables of the output LP. The number N = N . (sym) of
variables v; and idempotent preimages ¢; depends on the type of symmetry (see Table 6.1 in
Section 6.3.1). Since @Z)ﬁ}m(si) >~ 0 and these idempotents are mutually orthogonal for different
1, the positive semidefinite constraint X > 0 reduces to

v; >0, Vi=1,...,N. (6.44)

For the target function and each of the constraints in Eq. (6.37), we can evaluate the corre-
sponding trace via diagram contraction. The main idea is to expand X as a linear combination
of i (0;) using Eqs. (6.42) and (6.43):

N (n+m)!
X = sz Z il (o). (6.45)

i=1

Since the constant matrices C' and Ay, in Eq. (6.37) are s-sparse, they are already provided to
us as linear combinations of diagrams and elementary rank-1 matrices. Using these expansions
together with Eq. (6.45), we can diagrammatically evaluate all traces in Eq. (6.37) by linearity
(see Section 3.A.1 for more details).

In particular, the objective function can be written in terms of the LP variables v; as follows:

N (n+m)! N
E V; Qv Tr(C¢ E ;¢ = (6.46)
=1 7j=1 i=1

3By knowing the kernel of wnm, we can express each €; more economically as ¢; = Z;”:l a;j0; where

m = dim(A%, ) < (n+m)!.
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where ¢ € RY is a vector with entries

(n+m)!

Ci = Z ay; Tr(CL L (05)). (6.47)

J=1

Since C' is s-sparse, we can use Proposition 3.A.1 in Section 3.A.1 to evaluate the trace. The
total time it takes to compute the vector c is

#i-#j-s= NNs. (6.48)
Similarly, the k-th inequality constraint can be expressed as

where each a; € RY is a vector with entries

(n+m)!

(ar)i =Y oy Tr(Awl . (07)). (6.50)

j=1
The total time it takes to compute the tensor a is
Ak i -#j- s =mNNs. (6.51)

Next, let us fix k£ and deal with the k-th partial trace equality constraint. First, we expand
the partial trace Trg, (X) by linearity:

N (n+m)!

Trg, (X sz Z ai; Trg, (V2 ,,(07))- (6.52)

If af"’ denotes the diagram o; with pairs of nodes in the set S that are opposite to each other
contracted, then the matrix corresponding to o; has partial trace

Trs, (Yim(05) = Pyl L (07%) (6.53)

N, M J

where loopsg, (o) is the number of loops formed and (nj,my) is the remaining number of
systems on each side of the wall, see Proposition 3.A.2 in Section 3.A.1. Substituting this into
Eq. (6.52),

N (n+m)!
Tes, (X) =Y v Y ayd®slyd (o). (6.54)
i=1 =1

We need to compare this to Dy and derive a set of linear constraints.
Since Dy is a linear combination of diagrams,

(nk+my)!

Dy, = Z ext Vg i (P1) (6.55)
=1

for some coefficients e € R, where p; € B ranges over all walled Brauer algebra diagrams

Ng,Mk

Sy
on ng + my = n + m — |Sk| nodes. Since o7* is a diagram in Bnk -

nkerk

e (07 Z (o, o) el L (o) (6.56)
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where 0 denotes the Kronecker delta function. Substituting this in Eq. (6.54),

(np+mi)! N (n+m

!
Trg, (X) = ) Z Z g d°Pse DS (o p) yl L (o) (6.57)
=1 =1 =

Because of the assumption (6.39) that d > n+m—miny |Sy|, the representation ¢ | is faithful

ng,Mk
due to Theorem 3.4.1, and hence the matrices wnk .my, (p1) are linearly independent. Comparing

the coefficients at ¢  (p;) in Egs. (6.55) and (6.57), we conclude that

NE Mk
N (n+m)!
Zvi Z Oéijdloopssk(aj)(s(afk,pl) = ey (6.58)
i= j=1

In other words, for every 1 <1 < (ng + my)! we get a linear constraint

Zvi(dkl)i = d;crl’l) = €kl (659)

i=1
where each di; € RY is a vector with entries

(n+m)!

(dr)i =Y ayds D50 py). (6.60)

J=1

To compute all entries dy; of the above tensor, we can fix k£ and 7 and then evaluate the sum
over j. For each j, we determine [ such that O';g ¥ = p; and add the contribution aijdl‘)(’pssk (3)
to the corresponding entry dy;. The total time it takes to perform this computation is

#k-#i-#j=my-N-(n+m) =myNN. (6.61)

Combining everything together, the output of our algorithm is the following LP:

max c'v
st. afv <by, Vk&E[mi], (6.62)
dklv =ey, VkE€E [mg},l c [(nk + mk)‘},
v; >0, Vi € [N].
It has N < N variables v; and
ma
ml—i-Z(nk—l—mk)!—l—N <my+maN+ N (6.63)

k=1

constraints. The total number of scalar constants needed to specify the tensors c, a, d appearing*
in this LP is 3

The total amount of time it takes to compute these tensors is obtained by adding together
Egs. (6.48), (6.51) and (6.61):

NNs+m1NNs—|—m2NN<(1+m1—|—m2)NNs. (6.65)

This completes the description and complexity analysis of our algorithm. O

4The tensor e defined in Eq. (6.55) is already given to us as part of the input.
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6.3.6. REMARK. Our proof did not use the assumption that the input matrices D, are s-
sparse. This assumption only helps to keep the input SDP more compact and makes it easier
to compare its size to that of the output LP. The size of the problem description grows by a
factor of NN during the conversion.

6.3.7. REMARK. Our framework can be straightforwardly generalised from SDPs of the form
(6.37) to the following slightly more general form:

max c1xr1+ -+ ey
X,T1yees @M

s.t. TI(AkX) T1Qp1 + -+ Ty Qe + bk, Vk € [ml],

Trs, (A X) = Dy, Vk € [ma), (6.66)
(X, U%" @ U*™] =0, VU € Uy,
X =0,

where Ay are constant s-sparse matrices that are provided as a linear combination of diagrams
and elementary rank-1 matrices, and Ay, Dy are linear combinations of at most s walled Brauer
diagrams on registers that are left after tracing out systems Si. We use this more general form
of SDPs in Section 6.5.2.

6.4 Simplifying unitary-equivariant SDPs

In this section, we make a step towards removing symmetry assumptions described in Section 6.2
and simplify the SDP defined in Eq. (6.2) directly to a smaller SDP. The key ingredient here is
trace calculations of matriz units (see Section 2.7.6) for the Aﬁ,m algebra. Namely, the matrix
units Er g that can be defined for a pair of paths T', S € Paths(\, o) via mixed Schur transform
(see Chapter 3) as follows:

ET7S = Ugch(n,m) ( @ 6>‘M|T><S| ® ImA) USCh(”vm)’ (667)

peAd

where my is the dimension of the Weyl module A of Uq, In, = > pcarpalM)(M] is the
identity matrix on the unitary irrep register for irrep A\. These matrix unlts form a basis of
Aﬁ,m and span the whole algebra:

Al = SpanC{ETS ‘ A€ Anm, S, T e Paths(/\,%)}. (6.68)

One can think about matrix units as tensor networks obtained from the matrix product state
representation of mixed Schur basis vectors from Lemma 4.2.1, see Fig. 6.1. Notice that the
trace of a matrix unit for 7, S € Paths(\, &) is

Tr(Ers) = or,smy, (6.69)

and their product satisfies
Esr - Erg =1 Esg. (6.70)

Thanks to mixed Schur-Weyl duality (see Chapter 3), the unitary equivariance constraint
on a matrix X € End((C%)®"*™) implies that it can be written as a linear combination of the
matrix units of the matrix algebra A% i.e.,

mn,m?

X= Y > asrBsr (6.71)

)\GAd S, TePaths(\, o)

for some coefficients x5 € C.
Therefore, to simplify the full and partial trace constraints in Eq. (6.37) we need to under-
stand how to compute traces of matrix units.
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I Y1
7! st
TrTg ——f o Y2
T° s?
Tr3 —————f ———— Y3
Y Y
Tn4+m—1 4(5 ©<— Yn+m—1
Tn+m1l\ l\Snerl
xn+m s W) yn+m
Tn+m

Figure 6.1: Pictorial representation of the matrix unit Er g from Eq. (6.67) as a tensor network,

where T', S € Paths(\, &) for some \ € ﬁﬁm The strings 1, ..., Tpym € [dl and Yy, ..., Ypim €
[d] index rows and columns of Erg as a matrix in the standard computational basis of (C4)®"+m,

6.4.1 Full trace

In this section, we present methods to efficiently compute the trace Tr(Y X)) of the product of

two matrices X and Y, where X is of the form (6.71) and Y is assumed to be of one of three

special forms: it is either a matrix unit Egp of A? ., a matrix unit |I)(J| of End((C%)"*™), or
¢ (), where 7 is a walled Brauer diagram.

First, consider the case when the matrix Y is a matrix unit, i.e. Y = Egp for some S,T €
Paths(\, «7). As the matrix X is of the form (6.71), by elementary properties of matrix units,

TI'(YX) = Z X s TI"(E57TET/7S/) =2xT,s M. (672)

17,8

Next, consider the case when the matrix Y is written in the computational basis and has
only a single non-zero entry, i.e. Y = [I)(J]| for some strings I = (i1,...,intm) € [d]"T™ and
J = (1, Jn+m) € [d]"™™. To compute the trace Tr(Y X), we need to rewrite the entries of
the matrix X from (6.71) in the computational basis by applying mixed Schur transform:

Te(|1)(J]X) = (JIX 1)
=3 Y wrs Y WU (T AD)((S M) Usergum ). (6.73)

AeAd  S/TePaths(A, o) MeGT(A,d)

Using previously derived form of mixed Schur transform in Eq. (4.17), the computation of
(T, M)|Usenn,my|I) = <I|U§Ch(n | (T M)) is reduced to the multiplication of Clebsch-Gordan
matrices:

Gl linem1oi) L Ctz i) w(l) = w(M),

o) o, O

<m@mmwwmz{y“

where |M) is a Gelfand-Tsetlin basis vector for the Weyl module A and the Clebsch-Gordan
matrices were defined in Eqs. (4.16) and (4.17). Notice that > /cqroa|M) (M| = Ln,, hence
we can rewrite Eq. (6.73) as

. 3 T "n, my 'n m— 7---7' T 'n my 4n m— 7---74 ; .
<J|X|I> = § .Z'S7T<j1| (0,25‘2251) o (anim;uéiwjfl ' j1)> C;ntm;’gik;:zfl ! ) o C’;“Q?Tl |7’1>
S, T

(6.75)
when the weights of the strings I,J are the same, i.e. w(l) = w(J); when w(l) # w(J)
then (J|X|I) = 0. As it we demonstrated in Section 4.2.1, the Clebsch-Gordan matrices in the
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above equations have dimensions given the by Kostka numbers Krwx) ,;,....4,) and Kgk) w(je,...i1)
respectively, and the complexity of computing the coefficients in Eq. (6.75) is (n + m)°@*).
Finally, consider the case when the matrix Y is an image of a single Brauer diagram 7 € Bfi mo
ie. Y =4 (7)€ Afl’m In order to compute the trace Tr(¢¢ , (7)X), we shall compute the
matrix entries of ¢¢ () in the Gelfand-Tsetlin basis of all irreducible representations of A%
For this purpose, we shall present the diagram 7 € Bnm in terms of the generators o; € Bgm
of the walled Brauer algebra anm. Assume that the diagram 7 has exactly k contractions. By
applying certain permutations o, 0 € S, and 0%, 0¢ € S,, acting on the left and rights sides

of the diagram 7, it can be represented as
7= (0} x a“) (0} x o) (6.76)

where 7 is deﬁned in Egs. (3.15) and (3.16).

As o, of € S,,, they might be written as a product of at most n? transposition generators o;
of the algebra Bn o, and similarly 0% ¢ € S,, can be written as a product of m? transposition
generators. Furthermore, the diagram 7, can be decomposed into the generators o; of the
algebra BY , as follows:

Tk = (On0ni1* Onkt1 " On-10ntk-1) ** (OnOn41004200-100-2)(00nOn100-1)0n  (6.77)

which is of length k2. Altogether, the decomposition of an arbitrary diagram 7 into generators
of the algebra Bg’m requires O((n +m)?) multiplications of these generators. We shall multiply
these generators separately in the Gelfand-Tsetlin basis for each irreducible representation
related to A € Af . Such multiplication has a complexity O(d3), where d, is the dimension of
the irreducible representation of Agm corresponding to A. Since

dim AL, = Y a4}, (6.78)

AeAd

the complexity of computing the aforementioned product of generators is ((dlm Ad )3/ 2)

Combining everything together, the total complexity of computing all matrix clements of
d (1), i.e. computing (S| (7)|T) for all X € Ad and S, T € Paths(\, &), is

O <(n + m)?(dim Aiym):m) :
Note that having the matrix elements (S|, (7)|T) allows us to write

Tr(YX) = Tr(vf . (m)X) (6.79)
=3 Y (ST Te(EsrX) (6.80)

/\EAd S,TePaths(X)

= 3 Y (SI@IT) - arsma, (6.81)

/\GA\% o S TE€Paths(A)

6.4.2 Partial trace

In this section, we present methods to efficiently compute the partial trace Trg(XY) of a
product of two matrices where X is presented as a linear combination of the matrix units
(6.71), and Y is also of one of the special forms mentioned in Section 6.4.1. For simplicity, we
assume that the traced-out systems are always the last systems, i.e. we compute Trg, (X) for
sets Sg == {k+1,...,n+ m} for arbitrary k such that 1 < k < n+m — 1. In this case, we
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can use the following general result by Ram and Wenzl [RW92]|, which we adopt to our setting
of algebras A% 5.

6.4.1. LEMMA ([RW92|). Consider any irreducible representation A € A% . two paths S,T €
Paths(\, &) and the corresponding matriz unit Esr. One can decompose the paths S, T with
respect to the last system, i.e. write S =8 — X and T =T — X, where S € Paths, 1,1 (11, &)
and T € Paths, ,_1 (1, 27) where S"™=' = 1 and T~ = 1/, Then the partial trace of the
last system for the matriz unit Egr is

my o _ /
myBsn =1,

6.82
0 W, (582)

Trner ES,T = {

where my, m,, are dimensions of the corresponding Weyl modules.

For simplicity of notation, in this subsection, we rewrite the sequence of inclusions among
the algebras A¢ defined in Eq. (3.47) in the following way:

Al 5 A — o AL A (6.83)

n+m?

ie. Af := A} for k <nand Af := AL, for k>n
First, consider the case when Y = [ is the identity matrix. Applying Lemma 6.4.1 recur-
sively, we have

Tro, (X)= > Y a5z TrTrepr .. T Esy (6.84)
AGAd o ST E€Paths(A)

SIS xS,T%Egj,, (6.85)

neAL AL, STEPaths() K
S *Tk*u
Vizk:Si=

where S, T € Pathsy, (i) are truncations of S, T € Paths()) to the first k levels of the Bratteli
diagram 7.

Second, consider the case when the matrix Y = Eg p is a matrix unit for some S, 7" €
Paths(\, &7). By elementary properties of matrix units and by applying Lemma 6.4.1 recur-
sively, we have

my
TI"S,C (ES/7T/X) = E T Trsk ES/ E E T T_ES’ T (686)
m
TePaths()) peAd TEPiths(/\) H
TF=
Vizk:T'=S8"

where S',T € Pathsy (i, &) are truncations of S’,T € Paths(\, &) respectively to the first k
levels of the Bratteli diagram o7

Finally, consider the case where the matrix Y is the image of a single Brauer diagram
me B, e Y =4l (r)e AL . In Section 6.4.1 we showed how to compute all matrix

entries of /¢ () in all irreducible representations, i.e., how to compute (S[¢(7)|T) in time

O((n + m)?(dim Aﬁ,m)gm). Having done so, we can use the same method as in Section 6.4.2

5In fact, it should be possible to adapt the same result for computing the partial trace over all types of
subsystems S C [n + m]. Indeed, one can “SWAP” any two given subsystems using the so-called 6j-symbol. In
this way, the desired subsystems of S can be effectively swapped to the last positions.
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to compute the partial trace:

Trs, (Y X) = Trs, (5, = > > (SIea(m)|T) Trs, (Esr X) (6.87)

AeAd S, TePaths())

=3 Y Seomny Y xTT/Z—:EST, (6.88)

AeAd S, T€Paths()) #EAd T’ ePaths(\)
Sk— T’k—u
Vizk:T"=S¢

=> > 2 Y.z (Sla(n )|T> EST/ (6.89)

MEAd )\E.AZ ,, S:T€Paths(\) T”€Paths(\)
Sk T/k,M
Vizk:T"=S8"

6.4.3 Main result

Now we are ready to state the main result of the section. Consider the following class of SDPs,
which is a slightly modified version of Eq. (6.37):

max Tr(CX)
sit. Tr(ApX) < by, Yk € [my],
Trs, (DiX) = By, Vk € [ma], (6.90)
(X, U®" @ U®™] =0, YU e U,
X =0,

The matrices Ay, Dy, C' are Hermitian, and we consider only a specific choice of the sets S;, ,
namely S;, = {ix,...,n+ m}. In order to make the optimisation problem tractable, we make
some additional assumptions on the form and sparseness of matrices Ay, C, Dy, By, in the original
problem. Hence, we analyse some particular cases in which the aforementioned matrices are
given in one of the following forms:

1. they are arbitrary linear combinations of matrix units of A¢ o

2. they are sparse linear combinations of computational basis matrix units,
3. they are sparse linear combinations of diagrams that span Bg’m

The main result of this section (Theorem 6.4.2) characterises the complexity of rewriting the
constraints in (6.90) into the mixed Schur basis, which allows to translate the input problem
in Eq. (6.90) into the following equivalent SDP problem:

max fe({zsr})

{zs,r
st fa,({zsr}) <bg, VE€[my, (6.91)
95, ({rsr}) = 0. Wk € [ma), V€ AL, VQ. R € Paths, (4. /)
X)\ t 07

where Xy = > ¢ repams(no) TsT s is an A irrep block of X, and fc, fa,, gngk are some
affine functions depending on indicated matrices and paths @), R € Paths;, (i, 7). The above
optimisation problem has dim(Ame) = > scis A3 degrees of freedom. For comparison, the

original optimisation problem has d?™+™ degrees of freedom.
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First, notice that if all matrices C, Ay, Dy, By are written as linear combinations of matrix
units Fgr, the optimisation problem (6.37) can be rewritten to the form (6.91) trivially. Fur-
thermore, we can use the methods presented in Sections 6.4.1 and 6.4.2 to efficiently compute
full and partial traces of products of matrices of different forms. Indeed, summarising the results
from Sections 6.4.1 and 6.4.2, we obtain the following easy generalisation of Theorem 6.3.4:

6.4.2. THEOREM. The computational complexity of rewriting the input SDP (6.37) with O(d*™+™)
variables to the reduced SDP (6.91) with O(dim(A¢$ ,.)) variables is

° poly(s,ml,mg,dimAzm) if C, Ay, Dy, B, are given as s-sparse linear combinations of
matriz units Esp of A%, . or are the identity matriz,

n,m?’

e poly(s,my, my, (n 4+ m)*+H/2 dim Ad ) if C, Ay are given as s-sparse linear combina-
tions of computational basis matrixz units, while the matrices Dy, By are s-sparse linear
combinations of matriz units Egr,

e poly(s, my, mg, n+m,dim A;iz,m) if C, Ay, Dy are s-sparse linear combinations of diagrams
in B and By, is s-sparse linear combination of diagrams in Bfk, see Fq. (3.46).

n,m

The proof of this theorem is essentially identical to Theorem 6.3.4: we expand the full and
partial trace constraints in Eq. (6.90) by linearity according to Sections 6.4.1 and 6.4.2 and
use the derived complexities to evaluate the respective coefficients in the linear constraints of
Eq. (6.91). In all cases, the complexity scales polynomially with the total system size n + m
when the local dimension d is constant. However, since the complexities scale with dim (A% ), it
implies that the scaling in the parameter n +m would be superpolynomial, as dim(AfLVm) scales
superpolynomially in n+m for constant d. On the other hand, because the complexities depend
on dim(A¢% ) rather than dim(B¢,,) = (n+m)!, this can make a significant difference for small
values of the local dimension d. Note that the difference in scaling between dim(.Afl’m) and
dim(Bgm) arises from expressing the matrix variable as a formal linear combination of matrix
units Fgr instead of walled Brauer algebra diagrams.

The purpose of Theorem 6.4.2 is to show that there are certain regimes where this reformu-
lation is feasible and could lead to numerical solutions of SDPs that were previously impossible
to solve. We illustrate the potential of our results (Theorems 6.3.4 and 6.4.2) with several
example applications in Section 6.5.

6.5 Applications

In this section, we discuss several applications of our framework, focussing on four natural
unitary-equivariant problems in quantum information theory: deciding the principal eigenvalue
of a quantum state, quantum majority vote, asymmetric cloning, and transposition of a black-
box unitary operation (they are inspired by [KWO0la|, [BLMMO22|, [NPR21|, and [QE21],
respectively). These are only meant as toy examples that illustrate how our framework can be
easily applied to a variety of problems, and hence we do not attempt to derive full analytical
solutions. Similarly, this list of applications is by no means exhaustive. Other potential ap-
plications (within quantum information) include entanglement witness construction [BSH24|,
and quantum error-correction [KL22| and machine learning [QE21; ZLLSK23|. The four main
applications mentioned above are discussed in separate sections below.

6.5.1 Deciding the principal eigenvalue

This application is inspired by the problem of estimating the spectrum of a given quantum state
[KWO01la|. Let p be a d-dimensional quantum state that is picked from some unitary-invariant
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measure. Given p®" and a threshold value ¢ € [1/d, 1], the problem is to decide whether
Amax < € OF Apax = ¢, Where A\, is the principal eigenvalue of p.

For concreteness, we assume that p is produced by choosing a uniformly random pure state
in C? ® C* and discarding the ancillary k-dimensional system. This guarantees that p has a
unitary-invariant measure. Moreover, the eigenvalues A = (A1,..., Aq) of such p have the same
probability density as those of a normalised Wishart matrix [Nec07, Proposition 4]:

d

1

,U/d,k(/\ly Ceey )\d) = ﬁcd,kv()\)Q H /\f_d (692)
i=1

where Cy is a normalisation constant and V() is the Vandermonde determinant:

['(dk
Cd,k = a1 ( ) - N V()\) = H ()\Z — )\]) (693)
[[ioo D(d+1— )k —j) 1<i<j<d
The 1/+/d factor in Eq. (6.92) accounts for the fact that (unlike in [Nec07]) we treat all Ay, ..., Ag
as independent variables. The density pqj is normalised to 1 on the standard probability
simplex

Ad,1 = {()\1,...,>\d)Z)\1+"'+)\d21,)\1,...,)\0120}. (694)

Any strategy for this problem can be described by a two-outcome measurement with oper-
ators P, () > 0 such that P + ) = I4», where P and () correspond to outcomes A, < ¢ and
Amax = ¢, respectively. The optimal probability of distinguishing the two cases correctly is

n o
Pax(c) = min max (6.95)
P+Q=I

(/AGA[“ fa k(X)) Tr [p(/\, U)en (5(0% < Amax < €) P+ 0(c < Apax < 1)@)})7

where p(\,U) := U diag(A\)UT and § denotes the indicator function for the corresponding sub-
region of Ay_;.

To simplify this expression, we focus on the trace. Using the cyclic property, we can move
the unitary dependence from p onto P and Q:

Tr |diag(A\)®" (5 (% < Amax < )UTE"PUS™ + §(c < Apax < DUTEQUS™ ) | 6.96
diag(0)>" (54 ( ) (6.96)

Then, by twirling over Uy, we can turn the worst case probability into the average case and
thus remove the minimisation over U in Eq. (6.95) altogether. Hence, without loss of generality
P.Q e Aio in an optimal strategy, i.e., they can be written as linear combinations of n-qudit
permutations. Moreover, since p(\, U)®" is invariant under qudit permutations, we can also
twirl P and @ over S,,. Hence, we can write P as a non-negative linear combination of primitive
central idempotents of Aﬁyo, see Eq. (6.36), and set @ = I4n — P.

With these simplifications, we can evaluate the trace in Eq. (6.96) diagrammatically, giving
us a polynomial in the eigenvalues \;. Plugging this back into Eq. (6.95) allows us to evaluate
the integral over A. The resulting expression depends only on the decomposition of P into
idempotents. This reduces the problem from an SDP to an LP, where we only need to optimise
the weights in the decomposition of P. The following example provides an explicit formula for
pfi"k(c), for a specific combination of parameters, obtained using this procedure.
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6.5.1. EXAMPLE (n =3, d =2, k = 2). An exact formula for the success probability as a func-
tion of the threshold value ¢ in this case is given by

2(1 —¢)(4c* —2¢+ 1) if ¢ €[1/2,¢],
Pio(c) i= 4 T —8e(16¢* — 40c® + 40¢? — 20c + 5)  if ¢ € [e1, ¢, (6.97)
(2c —1)* if ¢ € [ca, 1],

where ¢; ~ 0.821569391 and ¢, ~ 0.913830846 are roots of the polynomials 962° — 240z* +
20023 — 6022 4+ 3 and 242 — 60x* + 7023 — 4522 + 157 — 3, respectively. A plot of the function
P3o(c) is shown in Fig. 6.2. Note that pj,(1/2) = p3,(1) = 1 since the problem of deciding
the largest eigenvalue becomes trivial for extreme values of ¢. The success probability pj ,(c) is
always at least pj ,(cz) = 0.566968020 and never below the trivial n = 1 lower bound

Pho(e) = max{2(1 — ¢)(4c® — 2c + 1), (2c — 1)} (6.98)
whose minimum is 1/2 at ¢ = % + 24% Using the same procedure, we also obtained explicit
expressions for py,(c) with n = 1,...,8. Their plots are shown in Fig. 6.3.

05 L L L L L 1 L L L L 1 L L L L 1 L L L L 11 L L L J
0.5 0.6 0.7 0.8 0.9 1.0

Figure 6.2: Plot of the success probability p3,(c) from Eq. (6.97) as a function of ¢ € [1/2,1].
The gray curves represent the trivial lower bound from Eq. (6.98) obtained by setting n = 1.
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Figure 6.3: Plots of p3,(c) for n = 1,...,8 (darker lines correspond to larger values of n). As
n gets larger, the curves move upwards and the number of their segments increases.
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6.5.2 Quantum majority vote

This application of our framework is inspired by the work of [BLMMO22| on optimal unitary-
equivariant quantum channels for evaluating permutation-equivariant and symmetric Boolean
functions.

As usual, let n,m > 0 denote the number of inputs and outputs, and let d > 2 denote their
dimension. We are interested in functions of the form f: [d|® — [d]™, or more generally in
multi-valued functions or relations f C [d]™ x [d]™.

We call f equivariant with respect to the symmetric group S, on the alphabet [d] if f(7-x) =
7- f(z) for every m € Sy, where - (21, ..., x,) = (7(x1),...,7(z,)) for all xy, ..., x, € [d] (this
is a classical analogue of Definition 6.2.1). We say that f is symmetric if its inputs and outputs
have S,, X S,, permutation symmetry, i.e., if f(mox) = oo f(x) for every (7,0) € S,, X S,
where mox 1= (Tr-1(1),...,Tz-1(n)) and oo f(x) is defined similarly (this is a classical analogue
of Definition 6.2.3).

The most important example of an equivariant and symmetric function is the majority vote
function f: [d]" — [d] that outputs the most frequently occurring input symbol. Since, in
general, this symbol may not be unique, we prefer to think of f C [d]" x [d] as a relation.
One can also consider generalisations with m > 1 where the m most popular symbols must be
output in any order.

A natural quantum generalisation of an equivariant function f is a unitary-equivariant map
Us: End(Vi,) — End(Vou) such that Ue(|z)(x|) = |f(z))(f(z)| for all x € [d|". In case of
a multi-valued function f, the ideal quantum map can be taken as Wy (|x)(x|) = II(,), where
W) == cr(|y) (vl is the rank-[ f(z)| orthogonal standard basis projector on all valid output
states. Note that the ideal map ¥; may not be a quantum channel in general.

Given a classical Sg-equivariant and S,, X S, symmetric relation f C [d]" x [d]™, we would
like to find a unitary-equivariant n — m quantum channel ®; that approximates the ideal
functionality. Namely, one that maximises the worst-case fidelity

min Tr(®;(|z)(z]) Hyw))- (6.99)

z€[d]™

We can formulate this as an SDP for computing the worst-case fidelity F' € R of an optimal
quantum channel represented by its Choi matrix X € End((C?)®"+m):

max F
X, F

s.t. Tr(X(|x><I| ® Hf(@)) > F, Vxeld”,

Try,,, (X) = Iy, (6.100)
(X, U*" @ U®"] =0, YU € Uy,
X = 0.

As a generalisation of [BLMMO22|, we consider the majority relation on any alphabet [d]
with d > 3. For simplicity, we restrict ourselves to the case of n = 3 inputs (and m = 1
outputs). In this case the majority relation for any d > 3 is fully defined by

111 — 1,
112 +— 1, (6.101)
123 — 1,2, 3,

which are extended to the whole domain using symmetry and equivariance. These rules cover
three distinct cases: when all three inputs are equal, when one of them is different, and when
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all three are different. Since there is no clear majority in the last case, the relation can output
any of the three symbols.

For quantum majority vote with n = 3, m = 1, and d > 3 the symmetries of the Choi
matrix X of the optimal quantum channel @ allow us to reduce the SDP (6.100) to an LP
using the ansatz (6.36) for X:

N(d)

X =) ver, (6.102)
=1

where €7, are primitive idempotents that correspond to distinct root-leaf paths 7; in the Bratteli
diagram of A§ |, and N(d) := N§,(GT) is the total number of such paths, see Eq. (6.26). Based
on Eq. (6.101), which defines the majority relation on three symbols, the resulting LP for any
d > 3 has the following form:

max F
F,’U1 ..... UN(d)
N(d)
sty v(111,1[ef[111,1) > F,
=1
N(d)

> ui(l12,1|ef112,1) > F,
=1

N@) 3 (6.103)

)

vy (123,y[e7]123,y) > F,
i=1  y=1
N(d)

(o rI‘I'VOut 8%, = [Vin7
i=1
vi 20, Vie[N(d)]

v; = v; whenever T; and T} share the same last edge.

The last condition is a consequence of Proposition 6.3.2 and ensures S,, X S; symmetry of the
majority relation. Enforcing this symmetry effectively decreases the number of variables in
the LP (6.103) from N(d), which corresponds to the Gelfand-Tsetlin symmetry, to the smaller
value of Ny (S3xS1) (see Eq. (6.35)) that corresponds to the S x S; symmetry. Explicit values
of these numbers can be found in Tables 6.5 and 6.6 in Section 6.A.3.

The LP (6.103) can be solved exactly and the optimal fidelity turns out to be F' = 8/9 for
all d > 2, thus extending the d = 2 result of [BLMMO22].

6.5.3 Asymmetric cloning

In this section, we provide an example of how our approach based on primitive idempotents
can be used to solve a general unitary-equivariant SDP that does not reduce to an LP. This
example is based on the problem of asymmetric cloning from [NPR21; NPR23|. The problem is
to find a 1 — m quantum channel ®: End(C%) — End(V,) whose marginals ®; := Tr iy 0 P
satisfy

Bi(p) = pip+ (1 — pi)é (6.104)

for all i € [m] and states p € D(V) where V = C?. We consider the case m = 3 with d = 2 and
d = 3, and plot the set of triples (p1, pa, p3) in Eq. (6.104) that are physically realizable. Note
that this set is invariant under permutations of p;.
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According to [NPR21]|, the Choi matrix X® of the channel ® is a linear combination of
partially transposed permutation matrices, i.e., X® € A‘lijm. We can use the primitive idem-
potents from Eq. (3.65) to construct the blocks X¥ without explicitly computing the Schur
transform Usen(n,m), see Section 6.A.2 for more details. The resulting blocks are then subject
to positive semidefinite and trace constraints. In this way we can formulate the question of
physical realizability of the channel ® as a semidefinite feasibility problem.

Two examples of SDPs resulting from this procedure are given below. They characterise
asymmetric 1 — 3 cloning in dimensions d = 2 and d = 3. Here we denote for brevity X’ := Xfi

for every \; € Af .

6.5.2. EXAMPLE (m = 3 and d = 2). Positive semidefinite constraints:

3 3 3
1 X2, X%, X}J;l X%ﬂ X%s
(Xl,l) = O’ XZ’ )(27 = 07 Xg,l X272 X273 = 0. (6105)
Ao X§,1 X§,2 X??,:z

Trace constraint:

5X1q + Xi1 + X5, +3X7, +3X5, +3X5, =2 (6.106)

Expressions for realizable triples (p1, ps, p3):

b= % (3XT1 + X7y + 56X, +3X5, +9Xy; +3X3, - 3), (6.107)

P2 = é (6)(31 +5X7, +10XT, +15X5, + 3V3X5 ; + 3V3X3, (6.108)
+ X3, + VBXE, + VBXZ, +3X2, — 6) ,

ps = é (14)(31 +5X7, +10X7, +2V2X7, + 2V2X5 | + TX;, (6.109)

+9X5, +2V6XT, +2v6X5, + V3XS, + V33X, — V3XT,

The feasible region for (py, ps, p3) is shown in Fig. 6.4.

6.5.3. EXAMPLE (m = 3 and d = 3). Positive semidefinite constraints: (X{,) > 0,

X2 x2 Xil X%z Xis Xil XfQ Xﬁs
<X12»1 le) -0 (X xh Xm0 (X X XS]m0 (60)
21 722 X3, X3, X3, X3, X3, Xis

Trace constraint:
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Expressions for realizable triples (p1, pa, p3):

b= é (3X71 + 6X7, + 1547, + 24X, +3X;, (6.112)
+12X3, +6X3, + 24X5, + 15X3, — 4),

p2 = % (3)(;{1 +6X7, + 15XT, +24XT, + 11X, + 2v2X5 5 + 2v2X3, (6.113)
+4X5, + 22X5, + 4V2X5, + 4V2X5, + 8XE + 15X3, — 4) ’

1
ps =3 (9X7, +21X7, +15X7, +24X] | +8X5, + 15X3, (6.114)

—V2X3, — V2X3, - V6X35, — V6X{, +V15X},
+VIBXS, + V30XE, +V30XP, + V2XE, + ﬁxgz) .

The feasible region for (pi, ps, p3) is shown on th right in Fig. 6.4.

1.0 1.0

Figure 6.4: Plot of the feasible region for (p;, ps, p3) in the asymmetric cloning SDP for m = 3,
d =2 (left) and m = 3, d = 3 (right).

6.5.4 Universal transposition of unitaries

Following the work of [QE21] and others [QDSSM19b; QDSSM19a; YSM23b; YSM23a; Ebl-+23],
we present another application of our method—transforming a black-box unitary operation.
Consider the following general problem: given n copies of an unknown d-dimensional unitary
U, the task is to find a universal protocol that implements f(U), where f is some function of
U. This protocol can be either deterministic or probabilistic, depending on whether it always
succeeds or not, and either ezact or non-exact, depending on the channel fidelity between the
ideal channel and the one implemented by the protocol. In particular, we focus on the deter-
ministic case where f(U) = UT. Our main result in this section is the existence of an exact
and deterministic protocol which transforms 4 copies of a black-box single-qubit unitary U into
f(U) = UT. This result is similar to the work [YSM23a|, which proves the same claim for
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the function f(U) = U~!. For more detailed background on this topic, we refer the reader
to |[QE21; YSM23al; here we only introduce the necessary ingredients needed to describe our
approach.

Following previous work, we use the formalism of quantum superchannels. We search for
a deterministic sequential protocol accomplishing our task by expressing it as a quantum se-
quential superchannel [QE21|. A quantum superchannel is a linear map C: ®?:1(End(1i) —
End(0;)) — (End(P) — End(F)) that transforms n quantum channels into a new quantum
channel. Here the spaces Z; = O; = P = F = C? correspond to the inputs Z; and outputs O; of
the i-th copy of the channel U(p) := UpUT associated with the unknown input unitary U, and
P and F are the input and output spaces of the desired output channel Uy (p) := f(U)pf(U)!
that represents the target unitary f(U). Let 7" := Q. ,Z; and O" := @, O;. A quantum
sequential superchannel C (also known as a quantum comb) is a quantum superchannel with
certain additional constraints on its Choi matrix C' € End(P ® I" ® O™ @ F) [CDPO0g]:

C =0, (6.115)
TrC =1, (6.116)
TI'L. Cz = Oz'—l X I@ Vi € [TL + 1], (61].7)

i—17

where C i1 1= C, Ly = F, Op :=P and Ci_; := 2 Trz0, , C;.

Finding a deterministic sequential superchannel C which implements the operation C(U®™) =
UT with highest possible average channel fidelity is equivalent to solving the following SDP for
the Choi matrix C of C [QE21]:

max Tr(CQpa)

(6.118)
s.t. C satisfies (6.115)—(6.117),

where €2, ; is given by

Z Z (E% )10 F ® (ET 7 )onp

6.119
— , (6.119)

A ,LLE.Ad T,T'cPaths(\,o7)

where ET o are matrix units for the Gelfand-Tsetlin basis of .An 1, adapted to the sequence
Al 0.0 — A¢, 10 cL .Am .Anl, and &/ is the Bratteli diagram corresponding to this
sequence of algebras. Notice that €2, 4 has the mixed unitary symmetry:

Qs VAN @ Ve Ust @ Upl =0, YU,V € U,. (6.120)

Therefore without loss of generality the optimal solution of the SDP (6.118) also has the same
symmetry:

[C VA @ VE@ Ugr @ Up| =0, VYU,V € Uy, (6.121)

which allows us to use the following ansatz for C"

)\ ~
C= > > > Ssao (Ess)mr ® (Eh o)pon, (6.122)
/\7#6/2\\%,1 S,8'€Paths(A\.o) Q,Q' cPaths(u,/)

where EQ o are matrix units for the Gelfand-Tsetlin basis of A? . adapted to a different

n,17
sequence Af ) — Al — A, .= AY,, and 4/ is the Bratteli diagram corresponding
to it. The reason we choose a different Gelfand—Tsetlin basis on the systems PO" is that this
choice is more suitable to apply Lemma 6.4.1 for simplification of partial trace constraints in
Eq. (6.117).
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ry | 1 2 3 4
2 ][ 0.500000 | 0.750000 | 0.933013 | 1.000000

gt | 3| 0.222222 ] 0407407 | 0.626597 | 0.799250
4 | 0.125000 | 0.218750 | 0.362903 | 0.544148
5 || 0.080000 | 0.136000 | 0.214954 | 0.331871
2 {[0.500000 | 0.750000 | 0.933013 | 1.000000

go1 | 3 [ 0222222 0333333 | 0.444444 | 0.555556
4 | 0.125000 | 0.187500 | 0.250000 | 0.312500
5 || 0.080000 | 0.120000 | 0.160000 | 0.200000

Table 6.2: Optimal values of the SDP (6.118). The column f(U) indicates the task, for which
we want to find a deterministic sequential superchannel C.

Note that the semidefinite constraint (6.115) becomes
A
C=0 & [Fhool sonson =0 YA me A, (6.123)

where we think of [cgé,QQ/} € End(C» ® C%) as matrices.

(5Q),(5'Q")
Using Eqs. (6.119) and (6.122) we can rewrite the objective function as
C;’/‘;"QQ/ ~
IS SIS (M) By (7 B, (6:124)
o

)\/LE.Ad T,T"€Paths(\, )
"R €Paths(u, )

where ¢ | () is the tensor representation of the full cyclic permutation on (C*)"™. The co-
efficients Tr(v (1) Epppd,  (m~1)Eky,) could be computed numerically using tensor network
representation of matrix units (see Fig. 6.1). Finally, we can rewrite constraints of the SDP
(6.118) using our methods from Section 6.4 and solve the new simplified SDP numerically. Our
numerical results are summarised in Table 6.2.

We can also solve a similar problem for the function f(U) = U~! and verify the results
obtained in [YSM23a|. In that case, the SDP (6.118) has the same form, except that the
matrices C and €2, 4 posses a different symmetry: they commute with U3\ ! VIQ?Z}H for every
U,V € Uy. This corresponds to the case m = 0 in the formalism of mixed Schur-Weyl duality.

In both tasks we successfully reproduce the known results from [QE21; YSM23a|, while
obtaining a range of new values for the transposition task.

6.6 Discussion

We have described how symmetry reduction can be utilised for unitary-equivariant SDPs, which
commonly arise in quantum information theory. Nevertheless, our work raises several interesting
open questions that we have not yet been able to resolve:

1. Derive an explicit basis in which our ansatz for X is diagonal under the S,, X S,,, symmetry
when d = 2 or min(n,m) = 2.

2. Characterise the kernel of the map ¢ that embeds the walled Brauer algebra B¢, into
the partially-transposed permutation matrix algebra A'(ril,m' This would allow removing the
technical restriction (6.39) in Theorem 6.3.4 that d must be sufficiently large. Moreover,
this could also provide additional speed-ups for small d since all calculations could be
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performed using a linearly independent diagram basis of size much smaller than (n+m)!.
One possible method for computing ker wim is sketched in Remark 6.3.3.

3. The number of variables N ~in Tables 6.5 and 6.7 does not depend on n + m. Could

n,m

we prove it?

4. Tt should be possible to treat the local dimension d symbolically and deduce the asymp-
totic scaling of the solution as d — oc.

Moreover, our SDP reduction procedures could be made faster by applying the Fast Fourier
transform (FFT). Indeed, FFT was successfully adapted to the setting of finite groups and some
finite-dimensional semisimple algebras [MRW18a; MRW18b| and could be easily adapted for
the full walled Brauer algebra Bg’m, when it is semisimple. However, for the algebra of partially
transposed permutations Afl’m, it is not clear to us how to present the set of vectors which
span the entire algebra A? . The non-triviality of the ideal ker(+¢ , ) makes the adaptation
of [IMRW18a; MRW18b] highly non-trivial, so we leave it for future work.

The applications provided in Section 6.5 are only for illustrative purposes. We expect that
one should be able to go much further by bearing the full weight of our method. For example,
concerning the application in Section 6.5.4, we would like to find, for any given d, how many
copies of a black-box unitary U are needed to implement f(U) exactly and deterministically
via a sequential superchannel.

Our approach is an example of the general philosophy outlined in [BGSV12] for solving
SDPs with x-matrix algebra symmetries. Other instances of this setting are also useful in
quantum information [GNW21] and hence worth investigating.

Finally, given a solution X of a unitary-equivariant SDP that describes a Choi matrix, it
is interesting to find an efficient quantum circuit that implements the corresponding quantum
channel. Note that [BLMMOZ22| achieves this when d = 2, n = 2k 4+ 1 and m = 1. Recently,
some work has been done in that direction: [Ngu23| described some classes instances where con-
struction of efficient circuits is possible. This approach is based on the mixed Schur transform
Usch(n,m) for general values of n, m,d. Could there be more examples which were not considered

in [Ngu23|?
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6.A Appendix

6.A.1 Restriction to S, x S,, permutational symmetry

In this appendix we describe how the simple module V) of Ai,m restricts to the algebra
¢ m(C(Sn X Sp)). This question was first answered in [Kin70; Kin71]. It also follows from
[Koi89, Proposition 2.2, Corollary 2.3.1] and [Hal96, Theorem 1.7| that a general formula for
this restriction is »
Resg s Va2 @) (5% @ 57) @@ (6.125)
pEgn
vEgm
where S* and S” are simple modules of CS,, and CS,,, respectively. For A = (A, \") € ./Tﬁm
with £(A') + £(\") < d and p b n,vEm with €(u), £(v) < d the multiplicity m; ,(d) is given by
the following formula:

my(d) = Y ghd) Y s (6.126)
XF(d)=X k(N
((\h<d
L(")<d

where A\ = (A, \") is a pair of partitions A'-n—k(X) and \"Fm—k()) for some integer k() >0,
0,1

and D Coyare the Littlewood-Richardson coefficients. The numbers g(A\,d) € {—1,0,

and the bipartitions f~(5\,d) are defined as follows. If E(E\l) +¢(\") < d then f(\,d) = \
and g(\,d) := 1. If £(AY) +£(\") > d then f()\,d) and g()\,d) are obtained via the following
procedure (here i’ denotes the transpose of the Young diagram p):

o Ifd— N/ — X +i= 5\5’ — X —j+1 for some i € [\}] and j € [X], then g(\,d) := 0 and
f(\, d) is left undefined.

e Otherwise, sort the (distinct) numbers
(d=N' =M +ii=N,... . DUN =N —j+1:5=1,... ) (6.127)

in decreasing order and denote the resulting list by (ki,..., Kspist ). Denote the per-

mutation that achieves this sorting by 7 and let g(A,d) = sgn(r). The bipartition
fAd) = (F(A, ), f(A,d)") is then defined via its transpose as follows:

FOA) = (d—hi—i+1:i=)\,...,1), (6.128)
FO)" = (ks + N+ —1:5=1,...,X). (6.129)

Using a more geometric understanding of this procedure from [Kin71, eq. (2.18)] we arrive at
the following multiplicity-free results.

6.A.1. LEMMA. If min(n,m) < 2 then the multiplicity m), ,(d) defined in Eq. (6.126) is either
0 or 1 for any valid \, u,v,d.

Proof:
Fix a valid combination of A, y1, v, d, i.e., ptn, vm with £(u),((r) < d and A = (A, \") with
n—|N|=m—|\] >0 and E()\l) + E(X’) < d. Assume that A = (M, \") is a pair of partitions

At — k()\) and X" Fm — k() for some integer k(A) > 0. Without loss of generality it is
enough to consider only the m = 1 and m = 2 cases.
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Case m = 1. Assume that ¢(\') < d and ¢(\") = 1. Then according to [Kin71| we have that

. { 1 if () + £(\7)

N

d,
SN =3 0 i + Oy =+ (6.130)

The set {\ : f(\,d) = A} contains at most two elements corresponding to £(A)) + ¢(X") < d

and ¢(\') + ¢(\") = d + 1. Moreover, there is only one term in the sum D k() c:;\lc:y in

Eq. (6.126) corresponding to either the empty partition v = @ or v = (1). Each of these
Littlewood—Richardson coefficients is either zero or one due to the Pieri rule [Mac98|, which

is a special case of the Littlewood-Richardson rule [BZ88; RS98; Gas98; Ste02|. Therefore
mﬁy(d) € {0,1}.
Case m = 2. Assume that /() < d and ¢(\") < 2. Analogously, from [Kin71] it follows
that
1 if o) +£(0\) < d,
ghd) =< =1 if (A =d and (X)) = 2 and AV > N, (6.131)

0  otherwise.
There are three possible cases depending on the value of k()) € {0, 1,2}

o If k(j\) = 0 then the only term in the sum Zwk(i) c:;\lcﬂr corresponds to v = @

and each Littlewood Richardson coefficient is either zero or one, which implies that
> k() & 5 € {0,1}.

o If k(A) = 1 then A" = (1) and the only term in the sum - . 5, cz;\lc:y corresponds to
v = (1), which means that Z«,H{:(,\ . €{0,1}.

o If k(\) = 2 then \" = @ and therefore

Do s = ) At =y € {01} (6.132)

k(N k(N
where the conclusion follows from v F 2 and the Pieri rule.

Moreover, for any valid A there is either exactly one A for which f(X,d) = A (namely A=)
or exactly two different Ay, Ay with g(\;,d) = —1 and g(\s,d) = 1. Therefore m), ,(d) € {0,1}.
([

6.A.2. LEMMA. If d = 2 then the multiplicity m), ,(d) defined in Eq. (6.126) is either 0 or 1
for any valid \, u, v

Proof:

Fix a valid combination of \, i, v, i.e., un, vFm with £(u), £(v) < 2 and X\ = (A}, \") with
ki=mn— N =m—]|\|>0and f()\l) +€(X") < d. Assume that A = (A, \") is a pair of
partltlons AEn—k(X) and A"Fm—k()) for some integer k(X) > 0 with £(A\)) < 2 and £(\") < 2.
Again, we use a result of |[Kin71] stating that for d = 2,

1 if LN +£(0\) < 2,
g(n2) =4 =1 if ¢(N) =¢(A") =2 and A > A and X > A}, (6.133)

0 otherwise.
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We need to consider only two different cases.
Case k = min(n, m). Without loss of generality assume k = m, i.e., \" = &. Then according
to Eq. (6.133) the first sum in Eq. (6.126) contains only one term corresponding to A = A:

mfl\,,ll(Q) = Z C,IjAlCZ/Q = Z C,L;)\Z(SV,’Y = Cl:/\l- (6134)
Y-k Yk
Since £(u), £(v), £(N') < 2, it follows from the Littlewood-Richardson rule that m;, ,(2) = ¢!, €

{0, 1}.
Case k < min(n, m). In this case \!, \" are non-empty Young diagrams with only one row,
ie., {(X) = £(\") = 1. According to Eq. (6.133) there are now two A such that f(X,2) = A and
()\ 2) # 0, namely A = X which corresponds to g(,2) = 1 and A = (AL, A7) = (A}, 1), (A, 1))
which corresponds to g(\,2) = —1. Therefore

2) = Zc:/\,cg)\r — Z Cf;(/\llJ)CZ(A{J)' (6.135)

vk yHE—1

Since £(A\!) = £(\") = 1 and £(1), £(v) < 2 we can use the Pieri rule to deduce c’;/\,, <y €40,1}
and calculate

iy # 0iff yFEand £(v) < <7 < <
cy #0iff vk and £(y) <2 and v, < v < vy and 9, < 1.
Therefore the first sum in Eq. (6.135) becomes

[{(71,72) Bk max(pg, vo) <1 < min(pg, v1),72 < min(ug, vo) }| =
k
= {72 € Z :max(0,k — p1,k —v1) <72 < m1n< laJ k— oy k— v, po, VQ) }‘ (6.136)

It can be rewritten as

k
ch/\lcf//\r = max (mm({iJ ko — g,k — 1/2,,u2,u2> —max(0,k — 1,k — 1) + 1,0).

vk
(6.137)
) € {0,1}. Furthermore,

Similarly, the Littlewood-Richardson rule implies that ¢ (a1

(A1 )’:’
<u1and’72\,u2—1
<

“ ll)#Oiﬂ’yl—k—landf( v)<2and pg <y + 1
1)7&Oiff’yl—k—1and€( )<2and vy, <+ 1<y and o < vy — 1.
The second sum in Eq. (6.135) now becomes

H{(y,72) FE =1 :max(pg, ve) <1+ 1 < min(pg, v1), 72 < min(ug, vp) — 1} =

k—1
= H% € Z:max(0,k — p1, k — 1) < 7o <min({TJ7k—M2,k—V2,M2—1,V2—1)}'-

(6.138)
It can be rewritten as
> danSonn =
yHE—1
) k—1
= max (mln({TJ,k—uz,k‘—yg,ug— 1,09 — 1) —maX(O,k:—,ul,k:—Vl)—l—l,O)
(6.139)

From Eqs. (6.135), (6.137) and (6.139) we clearly see that m;, ,(2) € {0,1}. O
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6.A.2 Computing the blocks of Aﬁ)m in the Gelfand-Tsetlin basis

Here we propose an algorithm for computing the blocks of an arbitrary Ai,m algebra element
in the Gelfand—Tsetlin basis. In line with our philosophy, the algorithm is fully diagrammatic,
namely, all computation takes place in Bﬁ’m instead of Aﬁhm. Here we only sketch the reasoning
behind the algorithm, and we leave it to future work to establish its correctness formally. This
paves one possible route for removing the additional symmetry assumption in Theorem 6.3.4 and
thus extending our framework from linear to general semidefinite unitary-equivariant programs,
alongside with other approach described in Section 6.4.

The natural *-algebra structure of B, is the important ingredient in this section. Consider
a random hermitian (with respect to the natural %-algebra structure) element of Bgvm given as
a linear combination of diagrams with random real coefficients b;:

(n+m)!

B:= Y bo:. (6.140)

i=1

Throughout this section we fix \ € /Tflm and choose an arbitrary ordering ¢ € [d,] of all paths
in Paths(\). Let B;; denote the (4, j)-th entry of block A when the matrix ¢ (B) € Al is
expressed in the Gelfand-Tsetlin basis. That is, let B;; := (Ay);; for all 4, j € [d)], where A, is
a matrix of size d, X d) that appears in the first register of the decomposition:

Usch(man) o (B) Udipomy = €D [Ar @ I, (6.141)

AeAd .,

Note from Eq. (6.140) that B;; is a linear combination of the variables by. Our goal is to

determine B;; for all choices of A € .Zﬁm and 7,7 € [dy].
Let T'= Ao = - -+ — A\y4m be the i-th path in the Bratteli diagram of Bf;m that goes from
the root to the leaf . Let us denote the preimage of &7t under @bﬁm by

n+m

o JI? = Cxp_1—p d
g=1] ]I eBt,, (6.142)

C —C
k=1 N:)‘k—l_ﬂﬁ?ﬁ)\k Ak—1— Ak >\k—1_>,u

where, in contrast to Eq. (3.65), the second product runs over edges in the Bratteli diagram of
the family B instead of A. By construction, the block A of ¢; is equal to |i)(i| while all other
blocks vanish:

Useh(mm) Yo (&) Uiy = €D [0ali) (i @ I, ]. (6.143)

peAL o,

Since wgm(elBgi) = By - fim(si), knowing ¢; allows us to diagrammatically extract B;; by
computing
TI'(BEZ'>
By = ) 6.144
TI'(&]’) ( )

where Tr(g;) = m, for every ¢ € [d,].

To extract the off-diagonal entries B;;, we would like to have operators ¢;; that are analogous
to &; but instead of |i)(i| have |i)(j|, for any 4, j € [d,], in block X of Eq. (6.143). While we do
not have an expression for ¢;;, knowing ¢; and ¢; is enough to diagrammatically extract B;;.
This can be done via the following algorithm:

1. For every i € [d,], diagrammatically compute ¢ Be; and ¢;Be;. Since

wz,m(ngﬁi) : ¢g,m(5z‘351) = BB - ¢Z7m(81), (6.145)
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we can diagrammatically compute

TI“(({:‘lBSi) . (&‘BEl))

By By =
e Tr(ey)

(6.146)

Since the element B is hermitian with real coefficients, By; = B;; as real numbers. From
Eq. (6.146) we can set

TI'((ElBEi) . (EiB(fl))
By = By = 6.147
ne \/ Te(ey) (6.147)
For every i € [d)] we set
e1Beg; g;Be
€1 = IBU , &= Bﬂl. (6.148)

Once we know all of the £1; and ¢;;, we can diagrammatically compute

- Tr(slistl)

i = Tr(e) (6.149)

for every i, € [d)]. We can also compute ;; = g;1¢1; for every i, j € [d,].

Since the multiplication of two arbitrary linear combinations of diagrams has complexity

O(dim(B¢ ,)?), the complexity O(dim(BZ,,)?dim(AZ,.)) of the above algorithm does not de-
pend on d asymptotically since

O(((n+m)!)*dim(AL,,)) < O(((n+m)1)?), (6.150)

where we used dim(A% ) < dim(B¢,,) = (n+m)! (that is quite crude bound for small d).

6.A.3 Numerical values for the number of variables Ngm

in+m] 2 [ 3 ] 4] 5 [ 6 [ 7 [ 8 ] 9 | 10|
2 1120181241 301 | 361 [ 421 [ 482 [ 542 [ 6.02
3 | 1.91]286 382 477 | 573 | 6.68 | 7.63 | 859 | 9.54
4 |[241 1361482 6.02 | 7.22 | 843 | 9.63 | 10.84 | 12.04
5 2.80 [ 4.19 [ 559 | 6.99 | 839 | 9.79 | 11.18 | 12.58 | 13.98
d| 6 |[311]4.67 623 7.78 | 9.34 | 10.89 | 12.45 | 14.01 | 15.56
7 11338 15.07 [ 6.76 | 845 | 10.14 | 11.83 | 13.52 | 15.21 | 16.90
8 361542722 9.03 | 10.84 | 12.64 | 14.45 | 16.26 | 18.06
9 (1382573 7.63| 9.54 | 11.45 | 13.36 | 15.27 | 17.18 | 19.08
10 || 4.00 | 6.00 | 8.00 | 10.00 | 12.00 | 14.00 | 16.00 | 18.00 | 20.00

Table 6.3: The logarithm of the number of variables log,,(d?"*™) in a naive implementation
of the SDP (6.37).



164 Chapter 6.  Unitary-equivariant linear and semidefinite programming

3
3

d
23456 [7]8]9]10
H |

|
|

QY O | 00| Of| U OO J| CO|| | T O J|| = | T O] QO v | OT| | = || DO| WI| N M
w

7 8
8 9

10 | 11 12
12 | 14 15
12| 14 15

13116 | 17 18
15119 ] 21 22
16 | 21 | 23 24

171212425 26
21|27 | 31|33 34
21128 33|35 36
2331|3739 40

13 121128323536 37
14 | 25 | 35 | 41 | 45 | 47 48
15| 27| 39 | 47 | 52 | 54 95
15|28 | 41 | 50 | 56 | 58 59

15 | 271 36 | 43 | 47 | 50 | 51 | 52
17 1 32|46 | 57 | 63 | 67 | 69 | 70
17 1 34|50 |63 | 71|76 78|79
18 | 37|56 | 7282|8890 |91
18 136 | 54 | 70 | 80 | 86 | 88 | 89

O CO| CO| || O || O W~

—_
e}

—_
e}

—
[\]

—
(N}

—_
w

Y| Y| | DO O O O OY| O O O QY| | | | s | ] O | W W DN
—
—_

QU | W DN | W INF =WIN W N W NN DN ] ] —

Table 6.4: The number of variables N;f,m in a unitary-equivariant LP with full walled Brauer
algebra symmetry, see Eq. (6.23).

n+m|2[3[4]5]6 | 7[8] 9 [ 10 |
3[6[10]20] 35 [ 70 | 126 | 252
9 [21]51]127[323 [ 835 [2,188
25 [ 70 | 196 | 588 [ 1,764 | 5,544
75 225 | 715 | 2,347 | 7,990
2 231 [ 756 | 2,556 | 9,096
10 | o 763 [ 2,611 | 9,415

76 | oa9 2,619 | 9,486

764 [ o | 9495
’ 9,496

O 00| | O U = W N

—_
e}

Table 6.5: The number of variables N;f’m in a unitary-equivariant LP with Gelfand-Tsetlin
symmetry, see Eq. (6.26).
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35 (16 56 | 96 | 119 | 129 | 132 133

4 4([19] 66 | 116 | 143 | 154 | 157 158

18] 9] 25 [ 41 [ 53 [ 60 | 64 | 66 67

2| 7 |[15] 52 | 91 | 119 | 134 | 142|145 | 146

316 |19 79 | 148|195 | 219 | 229 | 232 233

4[5 [ 22] 97 [ 189 253 282|293 | 296 | 297

19 10] 30 [ 53 [ 718 ]9 | 94| 96 | 97

2| 8 || 18] 66 | 126 | 172 | 201 | 216 | 224 | 227 | 228

3| 7 || 22102 | 213 | 298 | 347 | 371 | 381 | 384 | 385

4] 6 || 28139 | 306 | 434 | 505 | 535 | 546 | 549 | 550

51 5 || 28| 149 | 332 | 478 | 556 | 587 | 598 | 601 | 602
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Table 6.6: The number of variables Nﬁim in a unitary-equivariant SDP with an S,, X S,,, symme-
try, see Eq. (6.35). Such SDP reduces to an LP when min(n, m) < 2 or d = 2, see Section 6.A.1.
These cases are highlighted in grey.

n+m|2[3][4]5 ] 6] 7 [ 8 [ 9 10
2 5[14] 42 [132] 429 | 1430 [ 4862 [ 16,796
3 23 [ 103 | 513 | 2,761 | 15,767 | 94,359 | 586,590
4 119 | 694 | 4,582 | 33,324 | 261,808 [ 2,190,683
5 719 [ 5,003 [ 39,429 | 344,837 | 3,291,590

d[ 6 2], 5,039 | 40,270 | 361,302 | 3,587,916
7 24| 1o 40,319 | 362,815 | 3,626,197
8 720 | ¢ 40 362,879 | 3,628,718
9 ’ 40,320 [ 40 ooy | 3:628,799
10 ’ 3,628,800

Table 6.7: The number of variables N, = dim(A{ ) in a unitary-equivariant SDP with no
additional symmetry.






Chapter 7

Monogamy of highly symmetric states

In this chapter, we go a little bit beyond the standard setting of mixed Schur-Weyl duality and
explore another version of Schur-Weyl duality involving the orthogonal group. The specific
problem we focus on is quantum state extendibility. More precisely, we investigate the extent
to which two particles can be maximally entangled when they are similarly entangled also with
other particles on the complete graph, specifically focusing on Werner, isotropic, and Brauer
states. We approach the problem by formalising it as a semidefinite program (SDP), which we
solve analytically using tools from representation theory of symmetric, unitary and orthogonal
groups, and the Brauer algebra.
This chapter is based on [All+23].

7.1 Introduction

Monogamy of entanglement is a fundamental feature of quantum theory [Ter04; KWO04|. In-
tuitively, it states that if two quantum systems are entangled with each other, they cannot be
too entangled with other systems. Incarnations of monogamy include the so-called quantum
de Finetti theorem, allowing, for example, security proofs of quantum cryptography [Ren08|,
SDP relaxations for bilinear optimisation [BBFS22|, and ground energy approximations of local
Hamiltonians via product states [BH13|. Studying monogamy in full generally is equivalent to
the so-called quantum marginal problem [WDGC13; Sch15; Kly04; Kly06|, which is a notori-
ously difficult problem. Restricted versions of the quantum marginal problem known as state
extension or state extendibility problems [Wer89a; Doh14]| are fundamental in quantum infor-
mation. The main idea behind state extension is to certify or find a suitable global state on
several quantum systems such that certain subsystems are in a fixed specified state.

In this chapter, we formalize state extension by introducing the concept of G-extendibility
for arbitrary graphs G, and study it analytically for several important classes of symmetric
states widely used in quantum information on clique graphs G = K.

More concretely, a bipartite symmetric quantum state o is G-extendible for a graph G if
there exists a global state p, on the vertices of GG, such that for all edges e of G the reduced
state p. is equal to . Our graph extendibility approach, which can be viewed as a continuation
of the work described in [WVCO03], not only generalises existing concepts but also serves as a
unifying framework for various problems in quantum information theory.

Consider the scenario where the graph G is a star graph K;,. In this case, our Kj,-
extendibility is equivalent to the established notion of n-extendibility of a bipartite quantum
state, which was first used to formalize the intuition behind monogamy of entanglement |[Ter04].

It states that if a bipartite state is n-extendible for every n, it must be a separable state of the
form ) . p;p; ® o; [FLV88; RW88; DPS04].

167



168 Chapter 7. Monogamy of highly symmetric states

In the instance where the graph G is a complete bipartite graph K, ,,, then our K, -
extendibility correspond to the n, m-extendibility, also known as symmetric extendibility [TDS03|.
Moreover, a bipartite state is n, m-extendible for all n, m, if and only if it is n-extendible for all
n [JV13].

In the case where the graph G equals a complete graph K,, then our K, -extendibility is
equivalent to the n-exchangeability of a bipartite symmetric quantum state. This notion is
related to the celebrated quantum de Finetti theorem. It asserts that if a bipartite state is
n-exchangeable for every n, then it is a convex combination of product states of the form
S pipi @ pi [AM76; CFS02; KRO5; CKMRO7].

All these notions have a lot of applications. For example, the K ,-extendibility of isotropic
states is intrinsically related to 1 — n quantum cloning problem [Wer98; KW99; NPR23|.
One approach to obtaining the optimal 1 — n symmetric quantum cloning map is to exploit
Choi-Jamiotkowski’s isomorphism to translate a K ,-extendible isotropic state into a quan-
tum channel. Furthermore, extendibility on circle graphs has direct implications for quantum
cryptography in the context of quantum position verification [Buh+14; KMS11; Unrl4]. Our
framework is also suitable for quantum network applications, notably in generating multiple
EPR-pairs from an n-party resource state [BSSW24].

In quantum information, it is common to consider classes of symmetric states, such as the
one-parameter families of Werner and isotropic states [Wer89b; HH99]. They admit a two-
parameter generalisation to what we call Brauer states [VWO01; PJPY24|, which are defined
through the Schur—Weyl duality of the orthogonal group |Bra37|. Brauer states can be seen
as a generalisation of Choi states of quantum channels commonly known as Werner—Holevo
channels.

In this work, we focus on understanding the monogamy of entanglement of such states. In
particular, we determine the exact possible maximum values of the projection to the maximally
entangled state and antisymmetric Werner state. Before our work, the exact values in arbitrary
local dimensions for the projection overlap in the case of Werner, and isotropic states were
known only in the context of the monogamy theorem, namely for K ,-extendibility [VWO1]
and for complete bipartite graph K, ,-extendibility [JSZ22|. Some aspects of K,,-extendibility
were also studied in [JSZ18; JZ21; Jak22].

Understanding the properties of the mentioned symmetric states is important in quantum
information. Examples of applications of these symmetries can be found in recent work fo-
cusing on developing approximation algorithms for local Hamiltonians, notably the quantum
Max-Cut problem [Tak+23; WCEHK24]. In these applications, the analytical values that we
derive are crucial for understanding this model, as they provide insights beyond what can be ob-
tained by asymptotic approximations. In the context of constructing approximation algorithms
to quantum Max-Cut problem, exact K ,-extendibility value played a crucial role in obtain-
ing better approximation ratios beyond product state approximations [AGM20; PT21; Lee22;
Kin23; LP24|. We expect our results to be similarly helpful for obtaining better approximation
values for such optimisation problems.

Summary of our results

We informally summarize our results here. We shall consider the n-exchangeability of the three
distinct families of symmetric quantum states: Werner, Brauer, and isotropic. We provide
analytical solutions of maximum values of the projection onto the antisymmetric state in the
Werner case, as well as into the maximally entangled state in the Brauer and isotropic case.
We call these values qu (n,d), pg(n,d) and p;(n, d), respectively.
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7.1.1. THEOREM (Summary of Theorems 7.4.1, 7.4.2, 7.4.10 and Lemma 7.4.9). The mazimum
values of the above projections are:

d—l(n+k+d)(n—k)+k(k—1)

Werner: qw(n,d) = where k = n mod d,

2 n(n—1) n(n—1)°
1 1 1
Brauer: pp(n, d) = d + (1 N ;l>n+nmod2— 1’

q(n,d) = qw(n,d),

=+ (1—d%)m if d > n or either d or n is even,

Isotropic: pr(n,d) =

% + (1 — %) min{fd‘i:rll, ﬁ} if n > d and both d and n are odd.
As a corollary, if we parametrize the Werner and isotropic states with a parameter p, and the
Brauer states with two parameters p and ¢ (see Section 7.2.2), we can summarize in the following
table the parameter values for which these families of states are K7 ,,-extendible (n-extendible)
and K,-extendible (n-exchangeable) for all n:

‘ Klm—extendibility ‘ K,,-extendibility

Werner q\§ quZ;dl
Brauer | p<ing<i |p<ing<f(p
isotropic D <§ p= %

where f(p) is some unknown function such that it is upper bounded as f(p) < %, see Con-

jecture 7.5.1. However, for qubits the whole Brauer (p, ¢)-extendibility region can be obtained
analytically for all n:

7.1.2. THEOREM (Theorem 7.4.15). For d =2 and all n > 2 the maximal value q(p) for every
p € [0, 1] equals to

[n/2]+1 [n/2]—1

Fo5 ifp< A

n/2 . n 2 n/2]—1

q(p) = stnja 1~ P Y sfjar 2 P 2 spme (7.1)
0 otherwise.

In particular, this theorem implies f(p) = 1/4 — |1/4 — p| for qubits, see Fig. 7.6.

The chapter is organised as follows. In Section 7.2 we recall some basic definitions and
known representation theory results. In Section 7.3, we set up the problems through primal
and dual SDP formulations. Section 7.4 contains the main results of the chapter, namely,
the solution of the problems in the case of the complete graph for the above three families of
symmetric states.

7.2 Preliminaries

In this chapter, the term graph refers to an undirected, simple graph that has no self-loops. A
graph G = (V, E) has vertex set V, edge set £ C V x V, and its number of vertices is equal to
n = |V|]. We denote by Aut(G) the automorphism group of the graph G. The complete graph
K,, with n vertices includes all possible edges, i.e. (u,v) € E for each distinct pair of vertices u
and v in V' (e.g., see Fig. 7.1a). This graph has n(n—1)/2 edges, which is the maximum number
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of edges in an n-vertex graph. The star graph K, on n+1 vertices has a distinct central vertex
v € V that is connected to each of the remaining n vertices, i.e. £ = {(u,v) | v € V, u # v}
(e.g., see Fig. 7.1b). An edge-transitive graph is a graph G such that for any two edges e; and
e in F| there exists an automorphism of G that maps e; to ey [Big93|. Equivalently, a graph G
is edge-transitive if and only if G\ e; >~ G\ e, for all ey, e5 € E [ADSV92]. Both the complete
graphs and the star graphs are edge-transitive. An example of a non edge-transitive graph is
given in the path graph Ps Fig. 7.1c.

(a) Ks (b) K15 (c) Ps

Figure 7.1: The complete graph K5 with Aut(Kj) ~ Ss, the star graph K 5 with Aut(K;5) ~
Ss, and the path graph Ps with Aut(Ps) ~ Zs.

Let H := C? denote a complex Hilbert space of finite dimension d > 2. For any graph G,
we will associate a separate copy of H to each vertex of G (we will refer to d = dimH as local
dimension). The combined space associated to V' is then the n-fold tensor power H®". If p is
a quantum state on H®" and e = (u,v) € E an edge, we will denote by p. the reduced state on
systems u and v:

Pe = TrV\{u,v} pP. (72)

In quantum information literature, a bipartite quantum state p on H4 ® Hp is called n-
extendible with respect to Hp if there exists a quantum state o on H 4 ® HE", invariant under
any permutation of the H g subsystems, such that

p = Trgen-10. (7.3)

We can express this concept as a marginal problem within the context of the star graph K ,,
where the central vertex corresponds to the system H 4, and the leaves represent the subsystems
Hp. A quantum state p is n-extendible if and only if there exists a state on K, with reduced
states along all edges equal p. Therefore, in the current chapter, we refer to n-extendibility as
K ,-extendibility.

Let W, F € Herm(H ® H) denote the unnormalised mazimally entangled and maximally
mized states, and the flip operator on two systems:

d d

W= li)(Gjl, 1= lig)(ij| and F:= > [ij)(jil. (7.4)

i,j=1 1,j=1 i,j=1

Note that TTW = d, TrI = d? and Tr F = d.

7.2.1 Schur—Weyl duality for the orthogonal group

For this chapter, in addition to Schur—Weyl duality for the symmetric group (see Section 2.10),
we also need a similar result for the orthogonal group. This Schur-Weyl duality result was
discovered by Richard Brauer for orthogonal and symplectic groups |Bra37|. In the following,
we only focus on the complex orthogonal group O,. Brauer’s variant of Schur-Weyl duality
states that the commutant of the diagonal action of the complex orthogonal group O, on the
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space (C%)®" is the image of the Brauer algebra Br?. More precisely, using the same diagonal
action ¢¢ from Eq. (2.108) for the subgroup Oy C GLg4

Or(9)(|71) @ |z2) @ -+ @ |T0)) = gla1) ® glwa) @ -+ @ gla,) (7.5)

for every g € O4, we define the matrix algebra
0 = spanc{¢2(g) | g € O4}. (7.6)

The commutant of O¢ will turn out to be the image of the Brauer algebra Br? which we define
now.

A Brauer diagram is a diagram with two columns of n vertices which are paired up in an
arbitrary way, i.e. it is a pairing on a set of 2n elements. The set of all Brauer diagrams is
denoted Br,,. For example, a diagram from Brs may look like

K\_,L_i/\
N N (7.7)

The Brauer algebra Brfll for any d € C is defined as the complex vector space spanned by all
Brauer diagrams m € Br,, i.e. Br? := spanc{r € Br,}. The multiplication in Br? is defined
by concatenation of such diagrams, counting the number of loops formed, erasing them and
multiplying the result by a factor of d#°°P. This exactly identital to the walled Brauer algebra,
see Section 3.2. Note that the symmetric group algebra CS,,, is a subalgebra of the Brauer
algebra, CS,, C Brfl, consisting only of diagrams which do not have vertical pairings on the
same side of the diagram.

The Brauer algebra Br? admits an action on (C%)®" defined via a linear map ¢ : Br? —

(C%)®", such that for every diagram 7 € Br? and 1, ..., 25, 21,...,2, € [d],

1 if z = a; for all vertices k and [ connected in 7,

[ @ @(xs g ®- - -®|z,)) =
((m1| \w |)¢ (7r)(|m1> = >) {0 otherwise,

(7.8)
which is exactly analogous to Eq. (3.17). The image 1%(Br?) of the diagram algebra Br? is a

matrix representation of Brfl which we will denote by
Bl := spanc{¢d(r) | m € Bri}. (7.9)

Note that, in contrary to Eq. (3.46), in this chapter B? refers to the matrix representation of the
Brauer algebra and not to the walled Brauer algebra. The matrix algebra B? is always semisim-
ple, while the diagram algebra Br? is not for small integers d [Wen88; DWH99; Rui05; RS06;
AST17|. The irreducible representations of B¢ are labelled using the following set [Okal6]:

gd::{)\l—n—%

n

TE{O,...,{%J}aHd )\'1+)\'2<d}. (7.10)

We will denote by Vfg and Wf " the spaces on which the corresponding irreducible representa-
tions of BY and O act. Now we are ready to state the version of Schur-Weyl duality discovered
by Brauer.

7.2.1. THEOREM (Brauer). The matriz algebras BS and O are mutual commutants of each

other. Equivalently, the space (C4)®™ decomposes into isotypic sectors labelled by \ € B\Z
consisting of tensor product of irreducible representations of B and O¢:

(o = PV @ Wy, (7.11)
AeBd
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7.2.2 Werner, isotropic and Brauer states

In this chapter, we consider three classes of symmetric bipartite states pap based on different
commutation relations:

1. a Werner state pap commutes with U ®@ U, i.e., [p, U® U} = 0 for every U € Uy,
2. an isotropic state pap commutes with U ® U, i.e., [p, U® U} = ( for every U € Uy,

3. a Brauer state’ pap commutes with O ® O, i.e., [p, O® O} = 0 for every O € Oy.

Using the Schur-Weyl dualities from Sections 2.10 and 7.2.1, we can observe that these states
are just linear combinations of the operators I, F, W. For our purposes, it will be better to
parameterize them in terms of the projectors onto irreducible representations of the Brauer
algebra BY:

W I-F I+ F W

II, = — Il i= —— J | .
P R 9 9 d’

and the projectors onto the irreducible representations of S¢, known as antisymmetric and
symmetric subspaces, are

(7.12)

~ I-F - I+F

&g = T, Em 1= T

These projectors are primitive central idempotents, see Section 2.7.5. More generally, we can
define a primitive central idempotent £\ known as Young symmetriser which corresponds to
an irreducible representation A of S¢. We also call €y an isotypic projector onto the relevant

sector A in the classical Schur—Weyl duality, see Section 2.10. Note that

(7.13)

H@+HE+Hm:I, 5E:HE7 gm:I_HE:Hm+Hg, (714)
and d(d —1 d(d+1
Tril, = 1, Trﬂaz%, Trnmz%ﬂ. (7.15)

The three classes of states can then be parameterised as follows:

1. The Werner states form a one-parameter family, parameterised by ¢ € [0, 1], given by a
convex combination of the normalised antisymmetric and symmetric projectors:
I —ITg
Tr(I — Ilg)

BE
Tr HE

q- +(1—9q) (7.16)
2. The isotropic states form a one-parameter family, parameterised by p € [0, 1], given by a
convex combination of the mazimally entangled state and the normalised projection onto

its orthogonal complement:
[—1Iy

T (7.17)

p'Hz+(1_p)

3. The Brauer states form a two-parameter family, parameterised by p, ¢ € [0, 1] with p+q¢ <
1, given by a convex combination of all three normalised orthogonal projectors:
I
Tr Hl:n '

1T
p-lg+q ——t(1—p—q)- (7.18)

Tr HE

A Werner state pap is separable if and only if ¢ < % [Wer89b|, an isotropic state pap is

separable if and only if p < é [HH99|, and a Brauer state p4p is separable if and only if ¢ < %
and p < 5 (see Section 7.A.5).

More precisely, we are talking about orthogonal Brauer states. In the case of the symplectic group, the
commutant is also a Brauer algebra, so the corresponding states would be called symplectic Brauer states.
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7.2.3 Jucys—Murphy elements

Special elements of the symmetric group algebra CS,, and the Brauer algebra Br?, called Jucys-
Murphy elements, generate maximal commutative subalgebras inside the matrix algebras A<
and B2, respectively. They allow us, in principle, to build a representation theory of these
algebras starting purely from the knowledge of their spectrum ( see Section 2.7).

Recall from Eq. (2.73) that for CS,, the Jucys-Murphy elements J3 are defined as J§ := 0

and for every k € {2,...,n}
k-1

Tp =) (i,k), (7.19)

i=1
where (i, k) is the transposition of i and k. Similarly, for the Brauer algebra Br? the Jucys-
Murphy elements JP* are defined as JP* := 0 and, for every k € {2,...,n},

k—1

T = (i k) = (i, k), (7.20)

i=1

where (i, k) is the vertical pairing vertices ¢ and k. The sum of all Jucys—Murphy elements is
central in the corresponding matrix algebra. Its spectrum is well-known and summarised in the
next two lemmas which we adapt to our notation from [DLS18§].

7.2.2. LEMMA. Consider the following element of the matriz algebra A% :

Js=> Ui(Jg)= > Fi (7.21)
k=1

1<i<j<n

Then, for any wrreducible representation p € le\i, the element Js acts on the irrep p as a
multiple of the identity:
Yu(Js) = cont(p) - I. (7.22)

7.2.3. LEMMA. Consider the following element of the matriz algebra BS:

Js =) a() = Y (Fiy—Wiy). (7.23)

1<i<j<n

Then, for any irreducible representation A € @g, the element Jg acts on the irrep A as a multiple
of the identity:

Ua(Jg) = (cont()\) - ”_Tw(d - 1)) T, (7.24)

where 1y, is irreducible representation of the algebra BS.

7.2.4. REMARK. The commutation relation [Js, Jg] = 0 holds for all n and d. This implies in
particular that Js and Ji share a common eigenbasis and can be simultaneously diagonalised.

7.2.4 Restrictions of Brauer algebra representations
We saw in Section 7.2.1 that under the action of the Brauer algebra Br‘fl, the space ((Cd)®n
decomposes into irreducible representations as

d

(€)™ =~ PV o wir. (7.25)
AeBd
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By restricting the irreducible representations VBi of the algebra B? to the algebra A%, the
space (Cd)®n decomposes further as

(Cd)®n o~ @ Resfé <Vfg) ® Wf*d’ (7.26)
AeBd
=@ (@t acm) otk (r27)
\eBd “pedAd
~ P e (EB wo me). (7.28)
peAd \eBd

The multiplicities my , have no known concise formula. Even the set
Qn,d = {(/\nu) € B\i X "Z"\i | WA 7é 0} (729)

is still unknown analytically. However, Okada characterises it through an algorithm [Okal6,
Proposition 2.5]. He finds a relatively simple subset I',, 4 C €, 4 [Okal6, Theorem 5.4| defined

as
Lhai={(\p e B x AL | X = (1™), r(11) = m for some m € {0, . .. ,d}}, (7.30)

where r(u) is the number of rows with odd size in the Young diagram p and (1°) := & is the
empty partition.

The algorithm from [Okal6, Proposition 2.5, Proposition 2.6, Theorem 5.4] gives an ana-
lytical characterisation of some subsets of the set 2, ; in the following three easy cases:

L. if A = (1™) for some m € {0,...,d}, then (\,p) € Q4 if and only if r(u) = m, ie.,
(>‘a M) S Fn,da

2. if A\ n, then (A, p) € Q,,4 if and only if p = A,
3. if p = (n), then (A, u) € Q4 if and only if A = (n — 2r) for some r € {0,...,[F]}.

7.2.5. REMARK. When the dimension d is 2, a complete and simple characterisation of positive
multiplicities m, , can be found from the Okada algorithm [Okal6, Proposition 2.5| (see also
[Rya, Proposition 6.6]): (A, 1) € Q9 if and only if Ay < p1g — p1o, with the exceptions of A\ = @,
in which case both rows of g must be even, and A = (1,1), in which case both rows of y must
be odd.

7.3 General formalisation of the problem

In this section, we formalize our problem. We quantify the monogamy of our highly symmetric
entangled states via the following general semidefinite programs (SDPs). Let IT € Herm(H®H)
be any flip-invariant two-qudit projector, i.e., FIIFT = II. Later II will be either Il or I,
and one should think about these projectors as the ones which select the entangled subspace
of interest of the total Hilbert space. Now we want to solve the following SDPs for different
choices of graph G = (V| E') and projectors II:

(G, d) == max p st. Tr[llep] 2p Vee E, Trlpl=1, p=0, (7.31)
PP

pi(G,d) == max p st. Tr[llep] =p Vee E, Trlp]=1, p=0, (7.32)
PP

1
pp (G, d) == max B E Tr[ll.p] s.t. Tr[p] =1, p=0, (7.33)
p
eckE
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where I, is defined for every edge e € E as II, := Il ® Iz, and [; is the identity on all
vertices except those of e. Note that piy? (G, d) is just the largest eigenvalue of the Hamiltonian

1 .
] 2ocer e

i’ (G, d) = Amax (Z |—;|H> : (7.34)

eeE

We can also formalize our intuition from Section 7.1 a bit differently. Namely, given a one-
parameter family of bipartite states o(p) and a graph G, we want to maximize p by finding a
global state p such that p, = o(p) for every edge e € E:

po(G,d):==max p  st. p.=o(p) VYeeE, Trlp]=1, p=0, (7.35)

p?p

The parameter p should be understood as some measure of entanglement. We focus on the
cases, where o states are Werner, Brauer or isotropic with p being the overlap onto the relevant
projector IT defined as p = Tr[Ilo(p)].

7.3.1 Dual SDP approach
The Lagrangian |[BV04] associated with the optimisation problem (7.31) is defined as

L(p.p: Z. (xe) v y) = p+y(Telp] = 1) + Y we(Te[llep] —p) +(Z, p), (7.36)

ecE

where y € R and (z. € R), are real Lagrange multipliers, Z € Herm((C?)®") and (-, -) denotes
the Frobenius inner product

(A, B) = Tr [A°B]. (7.37)
The Min-Max principle states that
i < mi . .
max  min L(p, p, Z, (), y) < jmin - max L(p,p, Z, (2),, ) (7.38)

Z=0 70

In fact, Slater’s condition holds true for our SDP (take p = % -I®" and p = 0) and we have
the equality. Rewriting the Lagrangian gives

L(p,p, Z, (z.),,y) = —y+p(1 — er) +(H+Z+yl,p), (7.39)

eceE

where H := ) _px.Il.. Making the constraints of the Lagrangian explicit, that is,

—y if Y cpre=1land 0= H+Z+yl

oo otherwise

max  L(p,p, Z, (ze),,y) = { (7.40)

p,p=0
after substitution y — —y the dual SDP of Eq. (7.32) becomes

UG, d) - H)linZ y st > xme=1 2,20 Ve€E, 0=H+Z-yl, Z=0. (7.41)
Telet eclE

Recall that for any Hermitian matrix M the smallest A € R such that A\I = M is equal

to the largest eigenvalue Apax(M). Then Eq. (7.41) can be, after simplifying the variable Z,
rewritten as

PU(G,d) = min  Apax (Z xH) (7.42)

ZeeE ze=1
£e20,VeCE e€lE
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A similar calculation for pf{(G, d) from Eq. (7.31) shows that

PGd) = min_ A (St (7.43)

Yeer Te=l e€E

We conjecture that pij(G,d) = pjj(G, d), and even more generally that:

7.3.1. CONJECTURE. For any graph G and a flip-invariant orthogonal projection 11,

min = Apax zJl, ] = min Ak zll, ). 7.44
(Sot) = gmin_ ds (S =

ZeEE 33521 ecelk :Ee=1
c€l 230, Ve€E c€l

7.3.2 Automorphism group action and edge-transitive graphs

Let p be an optimal solution of the primal SDP (7.32) for a given graph G = (V, E) with
objective value p, and let us twirl it using the symmetries of G:

1

ﬁ:m > dnmpdi(), (7.45)

mEAut(G)

where Aut(G) is the automorphism group of G. Let o(e) denote the orbit of edge e € E under
this action. Note that p still satisfies the inequality constraints of SDP (7.31):

i 1
Tr[llep] = > pe=p (7.46)

where p, := Tr[ll.p] and we used that p. > p for the feasible solution p. That means that we
can always restrict the set of feasible solutions only to those that are invariant under the action
of the automorphism group of the graph GG. This observation simplifies the dual SDP (7.42):

~ . 1
pH(G7 d) - 1111 . AInax( Z Lo Z HHB) ? (747)

0c0(G) To
2020, YoeO(G) 0€0(G)  eco

where o denotes an orbit in the set of all orbits O(G) of the induced automorphism group
Aut(G) action on the set of edges E. An edge-transitive graph G has only one orbit, so the
condition z, > 0 naturally holds for Eq. (7.32) and Eq. (7.47) simplifies to

~w 1 av w
(G, d) = Amax (Z EH6> = PG, d) = p¥(G, d). (7.48)
ecE

In the following sections, we will focus on understanding the values p¥ (G, d) for the complete
graph G = K, for the following choices of 1I:

qw(n,d) == p{j(K,,d) for I := Tlg, (7.49)
pe(n,d) = pfi(K,,d) for I := Tl,. (7.50)

—~

We will also formulate a similar problem for isotropic states (which form a subset of Brauer
states). In that case, we will refer to the optimised value by p;(n, d), see Section 7.4.2.
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7.4 K,-Extendibility

7.4.1 Werner states

Let us first consider in detail the case where the reduced two-body state is a Werner state,
ie., Il = Il = % One can, in principle, directly solve Eq. (7.32) using techniques from
[CKMRO7], see Section 7.A.1. In this section, we will show how Jucys—Murphy elements help
to solve the dual SDP in a simpler manner. It is easy to see that

1 )\min(l]S)
d) = Apax(Hg,)) = =1 — —————= |, 7.51
) = i) = 5 (1= 22 (751)
where Jg = > | J; and J; are Jucys-Murphy elements for symmetric group S,,. The spectrum
for Jucys—Murphy elements is well known, see Section 7.2.3, so we can write:

Amin(Js) = rﬁm cont(\), (7.52)

1) <d

with cont(\) the content of the Young diagram A+ n. The optimal Young diagram A* that

achieves the minimum is the tallest one with the constraint that the number of rows is less
than or equal to d, i.e. the most rectangular shape possible:

A= =N = ] 1L M= =A= 7

) :’i(_c;k +1>Z_+n2—dk(n;k +1)>
S () o

(7.53)

() ) e

_k(d=k)(d+1) n(n—d?¥)
= iy e (7.56)

The above argument gives a proof for the following theorem.

7.4.1. THEOREM. The optimisation problem Eq. (7.49) has the optimal value

d—1(n+k+d)(n—Fk) k(k—1)

2d n(n—1) n(n—1) (7.57)

qw(n,d) =

where k = n mod d.

7.4.2 Isotropic states

Another important class of bipartite states with symmetries are isotropic states of the form
Eq. (7.17), which form a subset of Brauer states. A convenient way to write an isotropic state
is using as a linear combination of %} and dig:

W I
L (1—p) = .
P+ (=7 - (7.58)
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Figure 7.2: The first values of gy (n,d). The values of gy (n,d), for which the Werner states p,
are separable (i.e. ¢ < 1/2), are in grey.

When 1 < p' < 1, the state p is positive semidefinite and unit trace, and hence a quantum
state. The parameters p of Eq. (7.17) and p’ of Eq. (7.58) are related via

, p—1 P 1 1 AW
_ _ _ _ L .
P=rtp 1" Pp_ 1 g1 P=gt 2 (7.59)

and an isotropic state p becomes separable if and only if p’ < ﬁ.

If we want to formulate an optimisation problem similar to that in Eq. (7.32) for isotropic
states, then one should add additional constraints [p,, U ® U] = 0 for every edge e € E(K,) and
arbitrary unitary U € Uy, to the optimisation problem (7.32). Equivalently, we can formulate

the problem Eq. (7.35) for isotropic states as the following SDP:

pl /

1(n,d) == max st. pe= W+

pi(n,d) := max p pe=" D

This problem depends on the number of quantum systems n and their dimension d. The aim is

to find a state on a complete graph such that the reduced states between each pair of vertices

are as maximally entangled as possible. Note that in the previous SDP (7.60), the condition
Tr[p] = 1 is superfluous, and the optimisation problem reduces to:

Pl vee E, Trlpl=1, p=0. (7.60)

/ /

pi(n,d) = max pf s.t. 'OE_Z W+ 7 -1 Yee E, px0. (7.61)
pop’

It turns out that the dual problem can written as follows (see Section 7.A.2 for the derivation):

P(n,d) = m0in A (;«m - :c) (I —d-F.) + z(F, — We)>> : (7.62)

We can find the value Eq. (7.62) analytically, which is one of the main results of this chapter:
7.4.2. THEOREM. The optimisation problem Eq. (7.62) has the optimal value

— if d > n or either d or n is even
/ (n d) — n+n m0c21d2;11 . (763)
min {Mn“, ﬁ} if n > d and both d and n are odd.
The corresponding value pr(n,d) can be obtained from the relation Fq. (7.59):
+ if d > n or either d or n is even
pl(n, d) — d2 ( (112) n+n mod23+i . (764)
d2 + (1 - d2) mm{gdnﬂ, — 1} if n > d and both d and n are odd.
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i1 2 3 4 5 6 71 8 9
2 1 1/3 1/3 1/5 1/5 1/7 /7 /9
3 1 The s T; 15 Tz 17 1/g
4 1 1/3 1/3 1/5 1/s /7 /7 /9
5 1 1/3 s /s 15 1f; Lz 1l/g
6 1 1/3 1/3 1/5 1/5 /7 /7 1/g
7 1 1/3 1/3 1/5 s 5/33 17 15/197
8 1 1/3 1/3 1/5 1/5 1/7 /7 1/9
9 1 1/3 1/3 /s /s 1/7 /7 19/163
(a) The first values of p/(n,d).
T 2 3 4 5 6 7 8 9
2 1 1/2 /2 2/5 2/5 5/14 5/14 1/3
3 1 25/57 11/97 29/93 13/45 11/43 5/21 2/9
4 1 3/8 3/8 1/4 1/4 11/56 11/56 /6
5 1 9/25 9/25 21/gs  29/125  67/355  3l/izs  Tl/yss
6 1 19/54 19/54 2/9 2/9 s /g 11/g
7 1 17/49 1749 53/245  53/o45  13/77 55/343  12l/ggg
8 1 11/39 11/39 17/80 17/50 5/32 5/32 1/g
9 1 83/243  83/43  17/31 17/s1 29/189  29/189  187/1467

(b) The first values of pr(n,d).

Figure 7.3: The first values of p(n,d) and p;(n,d). The values for which the isotropic states
p. are separable (i.e. p < 1/a), are in grey. Note that they decrease with respect to n, but are
not monotonic with respect to d.

The proof of this theorem is provided in the next sections. Our strategy is to prove the theorem
in the two cases separately:

e when d > n or d is even or n is even,
e when d < n and d is odd and n is odd,

by combining Theorem 7.4.5 and Theorem 7.4.8. We begin by establishing a simple lower bound
using the notion of perfect matching of a graph.

Lower bound

We can get a simple lower bound on p/(n,d) by looking at a set of perfect matchings on the
complete graph. A perfect matching on a graph is a set of edges, such that every vertex is
contained in exactly one of those edges.

7.4.3. PROPOSITION. There are (2n — 1)!I! perfect matchings on Ks,, and if e is an edge on
Ks,, then there are (2n — 3)!! perfect matchings on K, containing e.

Proof:
Let a, be the number of perfect matching on Kj,; clearly a; = 1. Now assume n > 1 and let
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v be a vertex in V. This vertex can be matched with 2n — 1 other vertices, let u € V' be such
other vertex matched with v. Remove u and v from Kj,, the resulting graph Ko, \ {u,v} is
the complete graph Kj5(,—1). Thus, by induction on n, the number of perfect matchings on Ko,
satisfies the recursive relation:

a,=2n—-1a,1 = a,=2n—-1. (7.65)

Assume e = (u,v) in F, thus the number of perfect matchings containing e is the number of
perfect matchings on Ko, \ {u,v}, that is (2n — 3)!!. O

A lower bound on the optimisation problem in Eq. (7.60) can be written as follows. For

even n, let Ey,..., Eg,_1y be all the perfect matchings on K,,, and for each perfect matching
E},, define the quantum state p®) on K, by,
W
(k) . e
pH) H(ﬁ (7.66)
ecEy

For odd n, let v be a vertex in V, and let E,;,..., E, n_2n be all the perfect matchings on
K, \ {v}. Define the quantum state p(**) on K, by,

I W
(vk) . v, e
P = I I R (7.67)

GGEU’k

That is a quantum state maximally entangled on the perfect matching edges, and a maximally
mixed state 1% on the remaining vertex v in the odd case. For example, on Kg the quantum

d2
state constructed from the perfect matching {(1, 2),(3,4), (5, 6)} is equal to
W W W
— R —Q — 7.68
7O T O (7.68)

and on K7 the quantum state constructed from the perfect matching {(2, 3),(4,5), (6, 7)} of
K7\ {1} is equal to

I W W W
S®— e (7.69)

Let p be the quantum state defined on K,, as a uniform combination of the previously
constructed states p*) and p(*:F):

1
. (k)
(n even) p: (n =1 E p

1<k (n—1)!

1
. (v,k)
(nodd) — pi= n(n — 2)!! Z pe
’UEK’n
1<k (n—2)!

Then for all edges e in K,,, the reduced quantum state p,. is
(7.70)

where the corresponding normalisation factors can be found using Proposition 7.4.3. The lower
bound becomes

1
p}(n’ d) > { 717,—1 n even (771)

In particular, the lower bound is independent of the dimension d.
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Proof of Theorem 7.4.2

Using Lemmas 7.2.2 and 7.2.3, the decomposition of the vector space (Cd)®n under the action
of the Brauer algebra B¢, and under the decomposition of the restriction of the irreducible
representations of the Brauer algebra B? to the symmetric group S,,, we can write

ﬂ@ﬁ=Mm<g;Xﬁﬂ%ja—w)&—dFJ+$@a?WJ))ZQggﬁﬂm@%(TW)

for affine functions f, y(x) defined as

fur(z) = di : (d C?;t’(u) - 1) + z(cont(A) + d cont(p) — r(d — 1) — |E|), (7.73)

with |A\| = n — 2r. The dual optimisation problem is then the minimum value of the max over
a set of affine functions, i.e.,

((n,d) = mi . 7.74
pi(n,d) =min max  fux(r) (7.74)

Case when d > n or d is even or n is even.

A feasible solution for our dual problem Eq. (7.74) (i.e., an upper bound for the SDP Eq. (7.60))
can be made by setting x = m. Note that in this case < 0, since d > 2. Then Eq. (7.74)
becomes

cont(A) — r(d — 1)). (7.75)

2
7(n,d) < mi
i) < o =)

7.4.4. LEMMA. Ifd > n, or either d orn is even, then,

pr(n,d) < { " Z.fn o (7.76)
—  if n is even.
Proof:
It is enough to prove that
0= if gy is odd
min cont(A) —r(d — 1) < (7.77)

1—d o
AeBd (=d)n 5 ) if n is even,

If d > n, the minimisation can be restricted to only single-column partitions A\ := (1(”_27’)),
for all € {0,...,[%]}, which is always possible when d > n. Let |A| :=n — 2r, then

min cont(A) —r(d—1) < min  cont (1(”_2”) —r(d—1) (7.78)
AeBd r€{0,....,[ 31}
. A[(JAl = 1) n— Al
= min ——*—(d—1)——— 7.79
re{0,...,[ 2]} 2 ( ) 2 ( )
0= if py is odd
=< (7.80)

if n is even.
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Otherwise, if d is even, let r* = [2] — <. Then the single-column partition A := (1("=2(+r"))

satisfies A] + Ay < d forall r € {0,...,[5] —r*}, and,

min cont(A) —r(d — 1) < min cont (1(”_2’")) —(r+7r")(d—-1) (7.81)
AeBd re{0,...,| 5] —r*}
0= if py is odd
=3 (7.82)

if n is even.

The same result holds if n is even. O

7.4.5. THEOREM. Ifd > n, or either d or n is even, then,

L if n is odd
pi(n,d) = { T (7.83)
—  if n s even.
Proof:
Using construction from Section 7.4.2 and Lemma 7.4.4, the dual optimisation problem is lower
and upper bounded by % if n is odd and ﬁ if n is even. O
Case when d < n and d is odd and n is odd.
Let us evaluate the affine functions f, \ of Eq. (7.73) at the negative coordinate Z := m:
1 d cont
funl®) = — < C‘E'(“) - 1) + #(cont(A) + d cont(p) — r(d — 1) — |E|) (7.84)
1
= T - h(A 7.85
(), (7.85)

where h()\) is defined by h()\) := 2 Z;\LO Ni(d — N, +2(i — 1)). At this coordinate the affine

-2
functions do not depend on p anymore, so we define

g(A) = fur(@). (7.86)

The offsets of the affine functions do not depend on A either, therefore we define

a(p) == di 1 (d CT;tl(“) - 1). (7.87)

Let n > d and k := [25%/d] and m := “5¢ mod d. Then we can define two partitions Ai, Ay

in B and three partitions i1, iz, fia in A

A= (19) p1 = (n)
Ag = (1) po = (n—d+ 1,197 (7.88)
ﬁlg = (d2k+1,m2).

2In the definition above, fip is given using the column notation 5. Using the row notation it becomes
f2 = ((2k+3)™, (2k +1)"™): m rows of size (2k + 3) and d — m rows of size (2k + 1). For example, see
Fig. 7.4, where i3 of the current proof corresponds to 4 on the plot.
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f(SU) a(p1)
ol CE
g(A3 1 3
g()\4) / -
g(Xs) a(us)
9(Xe) a(ps)
a(ps)

T

Figure 7.4: A typical behavior of the spectrum f, y(x) (thin red lines; f(x) is in bold red)
for all (A, p) € 2,4 when d is odd, n is odd and d < n < 2d + 1. The coordinate z = z*
corresponds to the optimal value f(z*) = p/(n,d). The plot corresponds to the parameters
n = 5 and d = 3. The partitions A corresponding to the points (Z,g()\)) are \; = (1%),
A= (1), A3 =1(2,1), Ay = (3), As = (4,1), A¢ = (5). The partitions p characterising the offsets
a(p) for the functions f, x(x) are py = (5), po = (4,1), p3 = (3,2), pa = (3,1, 1), s = (2,2,1).
Some other values in that case are & = 1/20, g(\) = 1/4, z* = =3/62, p'(n,d) = 7/31.

7.4.6. LEMMA. Let d and n odd, n > d, and A\, o from Eq. (7.88), then
2d+2—n

o) — alpn) = 22 (750
In particular g(A\1) < a(pz) if n = 2d + 3, and g(\1) > a(p2) if n < 2d + 1.
Proof:
The content of ps is ("_‘H;)("_d) — d(dgl). Also h(A) =0, so g(\) = —5. Then
1 1 d cont (o)
A1) — = — —1 7.90
o) = a) = 5 - 70 (ST (7.90)
(n—d+1)(n—d)—d(d—1) 1 1
=—d 7.91
nn—1(d—1) R R (7.91)
2d+2—-n
= 92
— (7.92)
O

7.4.7. LEMMA. Let d and n odd, n > d, and the partitions defined in Eq. (7.88), then for all i
and j we have (X, ;) € S, and the relations

g(A) <g(X2) <g(M)  and  a(p) < a(n), (7.93)
for all X # M\ in B\fb and all p # py in fTZ Moreover for all (A1, 1) € Q4 we have

a(p) < alps). (7.94)
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Proof: R
By definition of S, we have (\;, ;) € S for all i and j. Let A in B¢ then

90 = —— 1 (), (7.95)

n—1

with < 0 and h()) = jio Ni(d — X 4+ 2(i — 1)). But since N, < d holds for all X in B,

then A(A) = 0. In particular, h(X2) = %1, and h(X) = 0 iff A = A;. Assume there exists A in
B\z such that

9(h2) < g(A) < g(M), (7.96)
then necessarily the first term of h()) is either h(\;) or h()g), since it minimised for the
columns (1) and (1%). But since all the terms in h()\) are positive, then either g(\) = g(\;) or

9(A) = g(Aa).
Because i is the n-box Young diagram that maximises the content function, then
a(p) < a(p), (7.97)
for all u # pq in ./zl\i
Assume there exists p such that (A, p) € €2, 4 and
a(p2) < a(p) < a(p). (7.98)

Since ((19), ) € S implies ((19), 1) € Q, 4, then (A, p) € S, and by definition r(p) = d. Thus
necessarily cont(us) < cont(u), which implies that the first row of ps is of size at most n—d+1.
But the content of a Young diagram is a non-decreasing function of the first row’s size, i.e. for
all Young diagrams v - n and p F n with the same number of boxes n such that v; < puy; we
have cont(v) < cont(u). Then py and p share the same first row, and pg = p. O

7.4.8. THEOREM. When d is odd, n is odd and n > d, the value p/;(n,d) is

2d+1 1
/ - .
pr(n, d) = min <2dn—|—1’n—1>'

(7.99)

Proof:

Let A1, A and pq, po, iz as in Eq. (7.88), and let us prove that the optimal solution of the dual
problem is p’(n,d) = g(A1) when n > 2d 4 3, and lies at intersection of the affine functions
fuine and fu, ,, when n < 2d + 1. Now since

cont(fig) = %ZH(—@ + (i — 1)d) + %f GW + (i — 1)m)

= d<2k+1)(§k+1_d) +m(4k + 4 —m), (7.100)
and n — d = 2kd + 2m with m € {0,...,d — 1}, we can write

o)~ alii) = g - g (1) (7.101
~ n(d+n —2) —2d cont(iy)
_ D (7.102)
~ (d+2)(2m* —2dm — n + dn)
_ e (7.103)

(d+2)(—=(d—=1)(d+1)/2+d(d - 1))

> nln —1)(d—1) (7.104)
= W > 0, (7.105)

2n(n —1)
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where in the first inequality we used n > d and that the minimum of 2m? — 2dm on the domain
m € {0,...,d — 1} is achieved for m = (d — 1)/2. Geometrically this means that the point
(0, a(fig)) is always lower than (Z, g(\1)).

Suppose that n > 2d + 3, then the relation

g(A1) < alpz), (7.106)

holds by Lemma 7.4.6. Therefore p/(n,d) > g(A\1) since the optimal point should be above the
intersection of the affine functions f,, », and fz, 5, that is, above g(A\1). But since g(A) < g(\1)
for all A in B? by Lemma 7.4.7, it must be p/(n, d) = g(\).

Suppose that n < 2d + 1, then the relation

a(p) < alpe), (7.107)

holds for all (A1, 1) € €, 4, by Lemma 7.4.7. Then p}(n, d) lies above the affine function f,, »,.
But g(\) < g(A\1) for all A in g,ff, by Lemma 7.4.7, then p’(n,d) must lie on the affine function
fus. a1 at the intersection with another affine function f, » with g(\) < a(x). Among all such
affine functions there are no functions with A = A; due to Lemma 7.4.7. Because g(A\) < g(\2)
for all A # A in B? and a(u) < a(u) for all € A%, by Lemma 7.4.7, it must be that this
function is f,, ,. Therefore p/(n, d) lies at intersection of the affine functions f,, \, and f,, ;.

In order to find the intersection of f,, \, and f,, », we need to solve p}(n,d) = f,, (%) =
Juani (@), which gives o* = (d_l)(nff)(2dn+1) and pf(n,d) = 2253;11.

In conclusion, when n > 2d + 3 then p}(n,d) = ﬁ, and when n < 2d + 1 then p'(n,d) =

2d+1
2dn—+1°

which is equivalent to the statement of the theorem. O

7.4.3 Brauer states
Understanding the K,-extendibility in full generality in the case of Brauer states

[x
Tr HII!

II
p-lg+q =t (1—p—q)- (7.108)

Tr HE

means to find the full 2D region of allowed (p, q) values for arbitrary n and d. As a first step
to solve this general problem, this section aims to determine the maximum values of ¢ and p,
denoted ¢p(n,d) and pp(n,d), for the K,-extendibility of Brauer states, as well as the complete
K,-extendibility polytope of qubit Brauer states.

Maximising the ¢g(n,d)
We define ¢g(n,d) formally as follows:

gp(n,d) == max ¢
Ps4q,P

11 II=
st. pe=p-lg+q- TrIE‘IE +(1-p—q)- Tl Ve € I, (7.109)

Tr[p] =1, p=0.

It turns out that this value is the same as the corresponding value for the Werner state case.
7.4.9. LEMMA. For every n and d the following relation holds

qp(n,d) = qw(n,d). (7.110)
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Figure 7.5: The first largest values of pg(n,d) of the K,-extendible Brauer states. All 2-body
Brauer states corresponding to these values are entangled due to Corollary 7.4.11, in contrast
to Fig. 7.2.

Proof:

Given any solution p to the optimisation problem (7.109), we can twirl it over unitary group
action U®™ without changing the value of the optimisation problem since Il is invariant under
U®? action. It means that 2-body marginals of the twirled p are Werner states, and we reduced
the problem of calculating gg(n,d) to calculating gw (n, d). O

Now, we move to the more complicated case of understanding the value pg(n,d).

Maximising the pp(n,d)

Consider now Eq. (7.32) for the projector onto maximally entangled state II := % on the

complete graph K,. We have due to Eq. (7.48):

pB(n7d> = d.;w)‘max (Z We), (7111)

ecE

and with the help of Jucys-Murphy elements we can get the spectrum of the Hamiltonian
Hp =) .5 We.. Just note that the sum of Jucys-Murphy elements for the symmetric group
algebra and the Brauer algebra commute. It means that we can subtract the corresponding
spectra to get

spec(Hp) = {g(u, \) | € .Zl\fll, A€ E;f, (A1) € Quat, (7.112)
where (2, 4 is defined in Eq. (7.29) and

g(u, A) := cont(pu) — cont(A) + (n = |>\2<d — 1). (7.113)
Therefore
pa(n,d) ! (11, \). (7.114)

= — max
d- |E] (une,

7.4.10. THEOREM. The optimisation problem Eq. (7.50) has the optimal value

1 1 1
= - 1—-= . A1
pa(n, d) d+( d)n—l—nmon—l (7.115)
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Proof: R
Let A n —2r, A € B? for some fixed 7 and define

(n— D)= 1)

f(A) == —cont(\) + 5

(7.116)

Since the content of a Young diagram A is a non-decreasing function of the first row’s size (when
the number of boxes is fixed), then in order to maximize f(\) we can assume that A takes the
most rectangular shape possible in order to minimize cont(A). Namely, f(A\*) > f(\) where
NEn—2r

. ., n—2r—k . ., n—2r—k

: (7.117)

and k :=n—2r mod d. Then, in particular, we can use our calculation from Eq. (7.56) to write

FO) = %j(nd@z S0 < NP A — k(d— k)(d + 1)) (7.118)

Assume |\*| > d and consider three cases:

1. n—2r—kis even. Define 7 := %’”’k Then n—2r — 27 = k and we can set Ak as a vertical
one column Young diagram X := (1%). Since k := |\| mod d = k. We see from Eq. (7.118) that
F) > f(X).

2. n—2r —kisodd and k = 0. Then also d is odd, meaning that we can set Abd, X = (19)
preserving k = k = 0. Again we deduce from Eq. (7.118) that f(A) > f(\*).

3. n—2r—kisodd and k > 0. In this case we define AFEk—1, X:= (1Y), Using [\*| > d+k,
we can estimate the difference f(\) — f(\*) as

2d(f(X) = FON)) = NP = AP = d(IX] = [A]) = (k = 1)(d = k+ 1)(d+ 1) + k(d — k)(d + 1)
= NN =d) = (k—1)? +d(k — 1)+ (d+ 1)(1 4+ d — 2k)
= NN —d) +d* = k*+d—kd
>d+kk+d -k +d—kd=d(d+1) >0, (7.119)

meaning that again f(X) > f(\*).

The above analysis means that we can assume without loss of generality that the maximiser of
the function f(\) over A € B¢ is a Young diagram A with one column only, i.e. A\ = (1*) for
some k < d. Therefore

— ax B g((n), @) n even,
W2 g = max gln )= {g((n), (1)) nodd, (7.120)
which gives us
pp(n, d) = dn(n2_ - (n(nQ— 1) N (n—n mo;i 2)(d — 1)) (7.121)
_ é Y Zﬁidf)l()d -V (7.122)
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7.4.11. COROLLARY. For all n and d, any feasible solution p for the optimal value pg(n,d)
has entangled reduced Brauer states p..

Proof:
Using the PPT criterion from Section 7.A.5, an element from the two-parameter (p,q) family
of Brauer states for any fixed d > 2, is separable if and only if it lies in the region specified by

0<p<
0<qg<
d

But from Theorem 7.4.10, we always have pg(n,d) > é for any finite n. ]

(7.123)

NI Q=

7.4.12. THEOREM. For all n and d, there exists a feasible solution p for the optimal value
pe(n,d) such that for all edges e:
[

Pe ZPB(n,d) g + (1 —PB(T% d)) : Trls

Proof:
We are going to solve the following optimisation problem:

p’(n,d) =max p
p7p
(7.124)

st. pe=p-lz+(1—p) Vee E, Trjp]=1, p=0.

T e
and show that, in fact, p*(n,d) = pg(n,d). This suffices to prove the claim. In Section 7.A.3
we show that actually

1
p*(n,d) = min max

nip dwm(wmmw_amuM+(n—MWd—n)+§(1_mmum>.

2 d |E|
(7.125)
Equivalently, we want to minimize over x € R a piecewise linear function

h(z):= max hy,(z), (7.126)

()‘uu)eﬂn,d

where we define affine functions h, ,(z) as

hyu(z) == I 1B (cont(u) — cont(A) + (n = |)\|2)(d — 1)) + g(l - CO|n—EtJ(|M)> (7.127)

Note that the finite optimum value p*(n, d) is always achieved at an intersection of at least two
different affine functions h, ,(x), and there must be at least one function among them with
non-positive slope and at least one with non-negative slope. However, cont(u) < |E| so all
functions hy ,(z) have non-negative slopes. Moreover, the functions hy ,(z) with y = (n) are
the only ones which have zero slopes (because this is the only p which achieves cont(u) = |E|).
So it means that the optimum value is achieved for ;1 = (n) and some A such that (A, u) € Q, 4
with the formula
* 1 (0 — A~ 1)

p*(n,d) = (A,({wr)l%{?n,d T 1E] (|E| cont(\) + 5 ), (7.128)
where we used the fact that cont(u) = |E|. But we have already calculated this quantity in
Theorem 7.4.10, so

1
“(n,d) = —— ) = d 12
p*(n,d) ¢uﬂmﬁgwmm) ps(n, d), (7.129)

which proves the claim. O
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K,-extendibility polytope for qubits

1
—n=2
—n=3andn=4
08| —n=5andn==6 ||
n=7andn ==,
06} |
(]
<
s
S04 |
0.2 |
0 -
0 0.2 0.4 0.6 0.8 1

p

Figure 7.6: In blue, the optimal values of ¢(p,n,2) for n € {2,...,8}. The K,-extendibility for
qubits Brauer states is the polytope given by the extremal points of those piecewice functions,
see Theorem 7.4.15. The blues dots correspond to the optimal values of Theorem 7.4.10. The
green line corresponds to the parameters (p,q) of Werner states, and the green dots to the
optimal values of Theorem 7.4.1. The red line corresponds to the parameters (p, q) of isotropic
states, and the red dots to the optimal values of Theorem 7.4.2.

To understand the complete K,-extendibility for qubit Brauer states, we solve the following
optimisation problem in this subsection
q(p,n,d) = max ¢

m

RIEE I (7.130)
T €

st. pe=p-llg+q- +(l-p—9q)-

B
Tr HE
p =0,

for all p € [0,1], n > 2 and d = 2, i.e. the largest values of ¢, given a fixed p such that the
Brauer state with parameter (p, q) is K,-extendible. Note that from Section 7.4.3, the optimal
solution ¢(p, n,d) is zero when p is larger than pg(n,d).

Recall that from Remark 7.2.5, the complete set €, 5 is known: (A, u) € €, if and only if
A1 < p1 — pe, with the exceptions of A = &, in which case both rows of © must be even, and
A = (1,1), in which case both rows of x must be odd.

In Section 7.A.4 we show that ¢(p, n,2) is equal to the following optimisation problem:

9) = mi
q(p,n,2) min max Jur(p, )

(cont(p) — cont(\) +

_ (n—|AD)\ 1 cont(4) (7.131)
"2 E ) (- e

Similarly to the proof of the K, -extendibility of isotropic states (see Section 7.4.2), let & = 1,
and define the two functions:

9P, A) = fur(p, @) and  a(p) = fux(p,0),

flh/\(p7 .T)
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where f, \(p, Z) does not depend on p, and f, A(p,0) does not depend on A nor on p.
Let pin €, 5, then u = (n — k, k) for some k € {0,...,|5]}, and hence there are [§] + 1
possibilities for p, namely:

(n,0), (n—1,1), (n—2,2), - (n—|[2],12]).

We will prove that for all u = (n — k, k) there exist A\; and Ay defined by

1 if n is odd 1) if nis odd
)\1::{5) pniso and /\2::{(> Bniso (7.132)

1,1) if n is even @ if nis even,

such that either (A1, 1) € Q0 or (A2, 1) € Qo

7.4.13. LEMMA. Let A1, Ay be the partitions defined by Fq. (7.132), and let u = (n — k, k) for
some k€ {0,..., 5]}, then:

o if n is odd, both (A, p) and (Ag, ) are in €, 9,
o if n is even and k is odd, (A1, ) € 2,
e if n is even and k is even, (A, pt) € Q0.

Moreover for all X in $, 9, then

g(p, A1) = g(p, A2) = g(p, A).

Proof:
The first part is a direct consequence of the Remark 7.2.5: if n is odd then p; —pe € {1,...,n}
is always larger or equal to 1, otherwise both rows of y have the same parity as k, and the
result holds by the two exception rules of Remark 7.2.5.

Note that given any A, X" in €2, 5, such that g(0, A) > ¢(0, \'), the inequality g(p, ) = g(p, \')
holds for any p € [0, 1]. Hence we will prove the second part of the Lemma for p = 0. We have

n

9(0, A1) = g(0, A2) = n—1)

Using that A = (1, 1) is the only possible vertical Young diagram (i.e. with negative content)
of B2, since

B2 ={(1,D}Yu{(2k—2r)|r € {0,...,k}} (7.133)
B ={@2k+1-2r)|re{0,... k}}, (7.134)

and given that

9(0, (n — 2r)) = —< (2(” |_E|2r)) T % (7.135)

is an increasing function of r € {0,..., 2]} with maximum at r = [%], i.e. ¢(0,9) if n is

even, and ¢(0, (1)) if n is odd; we conclude that

for all r € {0,..., %]}, and thus in particular for all A in . O

Let A in €, 9, then either A equals (1, 1) or &, or there exists a r € {O, cee L”T’lj} such that
A = (n —2r). We will see now which pair (i, A) are in €, in the latter case.
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7.4.14. LEMMA. Let A = (n — 2r) for some r € {0,...,[%5%]}. Then a pair (u, \) with
p=(n—=kk)isin Qo if and only if k € {0,...,r}.

Proof:
Let = (n—k, k) for some k € {0,...,|5]}. Since A is neither @ nor {1,1} (the two exceptions
of Remark 7.2.5) we know hat (i, \) € Q,,- if and only if

n—2r<n-—2k, (7.137)

that is, if r > k. O
Let o= (n —k, k) with & € {0,..., 5]}, then the function

k(n+1—k)

k—a((n—kk)) = nn=1)

is a positive increasing function on the interval [0, 2£*].

Let A = (n — 2r) for some r € {0,..., %2}, and g = (n — r,7). Then the function
r(n—r—1)
— A) — = ———
pr—g(p,A) — a(p) nn=1) P
is positive for all p < r;"(;:)l ), i.e. the affine function f, » has positive slope. In particular, the
affine function f(, ) has always a non-positive slope for p > 0.
Now we are ready to characterise K,-extendibility for qubit Brauer states, which is given

by the polytope in Fig. 7.6. Its boundary is described in the following theorem:

7.4.15. THEOREM. For all n, and all p € [0,1] the optimal value q(p,n,2) is equal to

[n/2]+1 [n/2]-1

1P P < spppar
_ [n/2] e [n/2] [n/2]-1
q<p7n7 2) - 2]—n/2]—1 _p Zf 2(”/21—1 2 p 2 2(2[71/21—1)’ (7138)
0 otherwise.

Proof:

From Lemma 7.4.13, we know that for all 4 € A%, cither (A, p) or (Ag, ) is in 2, and
the function A — ¢(p, A) is maximised for those two A’s. Since a(u) is maximised for p; =
(n — 5], ng), we know that the optimal value g(p,n,2) lies at the intersection of the affine
functions f,, x, or fu, .-

If n is even, the affine functions f,, , and f,, , have slopes equal to

op.(1.1) ~a(3.3) = 9(0.2) ~a(3.3) = 17— ~» (7.139)

Note that in this case, only one of the two affine functions f,, », and f,, », are included in the
optimisation problem ¢(p,n,2). When n = 2 and p = 0, both f,, ), and f,, ), are constant
functions and optimal value ¢(p, n,2) equals to f,, 1, (0) = fu,.2,(0) =1, as expected.

Let n even and p < ﬁ, then f,, , and f,, », have non-negative slope, and the optimal
value ¢(p,n,2) must lie at the intersection of another affine function f,, with non-positive
slope. From Lemma 7.4.14 we know that for all r € {0, ce L"T_IJ} and all k € {0,...,r}, the
pair (A, ) with A, = (n — 2r) and p, = (n — k, k) is in Q,,». Thus if f,, ». has non-positive
slope for some r and k, then given k' > k, the affine function f,, , has also non-positive
slope. Moreover the intersection between f, ,, and fy, , or fu , is always higher than the

intersection between f,, . and f,, A, or f,, .. Thus we can restrict the intersection problem
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f#,/\(x)
f(z)
(x*,q(p, n,2)) /
a(m) L T s
) [ « - 0(p, %)
a(us) 0
] 9(p, M)
0 T
fﬂ)\(x)
f(z)
($*7Q(pan72))
a(p) [ T
o A\
I — p=fidd
s 9(p, \3)
a(ps3) 0
g(p7 )‘4)
0 T

Figure 7.7: Two typical behaviors of the spectrum f, y(x) (thin red lines; f(z) is in bold red)
for all (A, u) € Q,, 2, for small p on the top and large p on the bottom. The coordinate x = z*
corresponds to the optimal value f(z*) = ¢(p,n,2). The plot corresponds to the parameters
n =25 with p = 2—% on the top and p = % on the bottom. The partitions A corresponding to the
points (Z,g(p,\)) are Ay = Ay = (1), A3 = (3), Ay = (5). The partitions p characterising the
offsets a(yu) for the functions f, \(x) are p1 = (3,2), po = (4,1), p3 = (3,2), pa = (5).
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to affine functions f,, », with r € {0,..., 2| }. The affine functions f,, », intersect f,, , or
f,ul,)\2 at

4 dp(l—n)+n—2 1

T:—_l d =
T 2 ane v (n—l)(?r—n+2)+n—1

+p. (7.140)

The largest value of vy, is reached at » = 0 and is equal to yy = Z (:_JF;). Not that since

g(p, (1, 1)) — a(g, 5) and g(p, ) a(g, 5) are both non-negative, and from Lemma 7.4.13:

9(p; M) = g(p, A2) = g(p, ),

for all A in €2, 5, then there is no p in €, » such that f, , or f, », has non-positive slope. Thus

if n even and p < ; (p,n, 2)—%.

, then f,, , and f,, ), have negative slope, and the optimal value

n—2
4(n—1)"
Let n even and p > 4(n 1
q(p,n,2) must lie at the 1ntersect10n of another affine function f,, with non-negative slope.

But from Lemma 7.4.13:
g(pa )\1) = g<p7 )\2) 2 g<p7 A)?

for all A in €, 5. Thus no intersection can occur at a point higher than g(p, A1) = g(p, A2). But
from Lemma 7.4.13, we know that for any p, = (n — k, k) for some k& € {0,...,[5]}, either
(A1, ) or (A2, pig) is in €, o. In particular, the affine functions f, \, or f,, 1, have non-negative
slope when ¢(p, A1) = g(p, A2) = 0, that is p < s and intersect fu, , or fy, 5, identically
at

n

—1 and yo= -1
o e T om

—p. (7.141)
Thus if n even and ﬁ >p> ( , then ¢(p,n,2) = ﬁ —p.

If n is odd, both f,, , and fm,/\z are included in the optimisation problem ¢(p,n,2), and
the two affine functions f,, x,, fu, ., coincide with slopes equal to

g(p, (1)) —a([51,13]) = —

—p. (7.142)

Let n be odd and p < "4—_nl, then f,, », and f,, ), have a non-negative slope, and the optimal
value ¢(p,n,2) must be at the intersection of another affine function f,\ with a non-positive
slope. Following the same argument as for even n: the affine functions f, » intersect f, , or

ful,)\z at

4 n—4pn — 1 1
= ————1 d y=——7-—7+-+— : 7.143
B T | and v n(2r—n+1)+n+p ( )
The largest value of y,. is reached at r = 0 is equal to yp = ("+13 , and no other intersection
occurs higher. Thus if n odd and p < 2=, then ¢(p,n,2) = p(:’Lf’).

Let n odd and p > ’2—;1, then f%,\1 and fu1.2, have negative slope, and the optimal value
q(p,n,2) must lie at the intersection with another affine function f, » with non-negative slope.
Following the same argument as for even n: the affine functions f,; x, or f,, 1, have non-negative
slope when g(p, A1) = g(p, A2) = 0, that is p < ”*1 , and intersect f,, n, or f,, , identically at

1/1
ro=1 and y0:§<ﬁ—2p—|—1>. (7.144)

Thus if n odd and %L > p > 221 then q(p,n,2) = L(L —2p+1) = %L —p.
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Collecting everything together we get the following answer:

(22, if n even and p < ﬁ,
) — P ifnevenandﬁgp;“’;_fw
q(p,n,2) = { p if n odd and p < %=1, (7.145)
2t _p  ifnoddand 32 >p >t
0 otherwise,
([n/2]+1 : [n/2]—1
§55 ! ?/W [n/2]
n/2 . n/2 n/21—1
=\ 2fm/21-1 P if 2[n/2]-1 Zp 2 22n/2]=1)° (7.146)
0 otherwise.

7.5 Discussion

Asymptotic limits

It is interesting to analyse the asymptotic behavior of gw (n,d), ps(n,d), and p;(n,d) as the
dimension d becomes large. Deriving from Theorem 7.4.1, the asymptotic behavior of the
Werner case qw (n, d) is:

R e =) R

with & = n mod d. Correspondingly, for the Brauer case pg(n,d), Theorem 7.4.10 yields:

1 1 1
I d) = lim [ = - = .
dglc}opB(n’> dgrolo<d+n+nmod2—1 d(n—l—nmon—l)) n+nmod2—1

(7.148)
Lastly, the isotropic case p}(n,d), from Theorem 7.4.2, takes the form::
—L if d > ither d '
lim py(n,d) = lim py(n,d) = lim | FrmazT 1 n or either d or n is even
d—00 d—o0 d—oo | min {an—:-l’ ﬁ} if n > d and both d and n are odd
1
_ (7.149)

n+nmod?2—1

It can be observed that in large dimensions, pg(n,d) and p;(n,d) become equal.

As the number of vertices n grows, p(n, d) converges to zero. This implies that an isotropic
state p is K,,-extendible for all n if and only if p = d%. For Werner and Brauer states, the limits
lim,, 00 qw (0, d) = % and lim,, .. pp(n,d) = clz hold, which makes non-trivial K,-extendible
Werner and Brauer states possible.

Moreover, due to Section 7.A.5, it is interesting to note that for a fixed d and for every
n > 2, there exists entangled Brauer state which is K,-extendible. However, this is not true
neither for Werner nor for isotropic states.

We could not solve a general Brauer K,-extendibility region problem. However, we are

tempted to formulate the following conjecture:

7.5.1. CONJECTURE. Brauer K,-extendibility region is a polytope for all n and d. However,
i the limit n — oo it is not a polytope.
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0.5 i

q(p, 00,3)

0 0.1 0.2 0.3
p

Figure 7.8: Asymptotic K,-extendibility for qutrit Brauer states is not a polytope.

For example, one could see how the limiting shape of the Brauer K,-extendibility region for
d = 3 looks numerically in Fig. 7.8. Related to that example, we expect that results and
methods developed in [Rya; JSZ18; Jak22] could be helpful to tackle specifically the d = 3 case
analytically for arbitrary n.

Optimal states

The optimal state for the Werner case which achieves gy (n, d) can be easily obtained from the
proof in Section 7.A.1. Namely, an optimal state p is the normalised projector onto the isotypic

component A:
Ex

p= TI'&‘)\’

(7.150)

such that " .
n — n —
g +1, Mpr=...=M\= T

A==\ = (7.151)

where k := n mod d.

In general, it is not known which quantum state p gives the optimal value pg(n,d), or
pr(n,d), but using Section 7.2.1, it must be in the algebra generated by the action of the
Brauer algebra into the tensor space (C4)®". We leave it as an open problem to analyse and
understand in detail the structure of the optimal states in terms of the Brauer diagrams.

K, n-extendibility

One can formulate optimisation problems Eqs. (7.35) and (7.48) in the setting of other edge-
transitive graphs . In particular, if G is a complete bipartite graph K, ,,, then the relevant
optimisation problems were solved in [JSZ22| for Werner and isotropic states. For example, the
optimal values p; (K, ., d) and pg(K, ., d) are:

1 1 1
K =pp(Kpmyd) ==+ (1—= | ———. 152
Pr(Knm, d) = pp(Knm, d) d+( d) max(n, m) (7.152)

Note, that in the case of a complete bipartite graph K, ,, the value pg(K, .., d) of the
Brauer state optimisation problem Eq. (7.48) coincides with the value p;(K, .., d) above due
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to symmetries of the graph K, ,,: one can twirl the solution of the Brauer state optimisation
problem with U®U to get the isotropic solution without changing the optimal value pp (K. nms ).

Notably, gw (K;,m,d) does not have a nice expression for general d [JSZ22], so it is currently
an open problem to find one. In the special case m = 1, the formula for quw (K, 1, d) was found
in [JV13]:

d—1
qw(Kp1,d) = min(HT, 1). (7.153)

In general, it is interesting to understand the values qw (G, d), p;(G,d), pp(G,d) as well as
the full (p, q) extendibility region for arbitrary edge-transitive graphs.
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7.A Appendix

7.A.1 K,-Extendibility of Werner states via primal SDP

Let n > 1 be the number of systems and d > 2 the local dimension of each system. We want to
solve the optimisation problem Eq. (7.32) for IT = ==, i.e. our goal is to determine gy (n,d).
Given an optimal p, we can assume without loss of generality that it has U®" and S,, symmetry.
This means, that we want to find an n-qudit density matrix p whose any two-body marginal
corresponding to an edge e in the graph K, is

pe =ppa+ (1 —p)p= (7.154)
where p € [0,1] and
S S (7.155)
o Treg’ P Ty ew '
with ranks Treg = d(d ) and Tr &m d(d; DN
Since the solution p has U®" and S,, symmetry, then we can assume
p=2_ B (7.156)
A-n
1(0)<d

where (3 is some probability distribution {8, |AFn} and py are normalised isotypical projectors
€, onto the subspace X in the Schur-Weyl duality:

Ex Ex

= = : 7.157
P> Tl"é?)\ d)\m)\ ( )

Their ranks Trey = dym, are given by dimensions of symmetric and unitary group irreps, see
Egs. (2.40) and (2.47). The key result which allows us to find g (n,d) is the following lemma.

7.A.1. LEMMA ([CKMRO7]). Trpue pr = 0fes + agem where

ag = % (7.158)

where s7,(A) is the shifted Schur function s}, evaluated for the partition A, see [0O97].

Therefore, if we compute for every edge e the reduced density matrix p. then we get

Pe = Trppe p = Z B Trpnpe pr = Z Br(agen + aicm)

AFn AFn
1N<d 1(N<d
(7.159)
= ( Z Brag Traa)pa + ( Z 6AC¥$TI'€:D> P,
AFn An
1(N)<d I(\)<d
which means that p
ESE
= 7.160
b= Z 5/\ n(n — 1 ( )

z(,\)<d

So after using a formula for the shifted Schur function [O097] we get the following solution to
our optimisation problem:
dasg () Zd>i>j>1 Ai(Aj +1)

qw(n,d) = max nn—1) = max Y P (7.161)
1 2a 10)<d
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7.A.2. EXAMPLE. When d = 2, the general formula for « is

Aa(A + 1)

e (7.162)

We want to maximize this subject to n > A\; > Ay > 0 and A\; + Ay = n. The optimal value is

1, 3 e

4 = if n is odd,

D (7.163)
1 + m if n 1s even.

7.A.3. THEOREM. The general answer to Eq. (7.161) is

d—1 (n+k+d(n—Fk) k(k—1)
2d n(n —1) n(n —1)

w(n,d) = (7.164)

where k = n mod d.

Proof:
We will guess the optimal solution for the Young diagram A and prove that it is not possible
to improve on it. The conjectured optimal solution:

n—=k n—=k
)\1::>\k: d +1, )\k-Jrl:...:)\d: d

Consider an arbitrary Young dlagram 1= A+ A, which you get by a perturbatlon Ajie A=
(Ay,...,Ay) with the properties 3¢ | A; =0 and SY A, =0forall j€{1,...,d}. Then we
can estlmate the difference between shifted Schur functlons as

(7.165)

sg(n) — 55N — Z (N + 20N+ A5 +1) = X(\ + 1))

d d=i>j>1
= D (AN NA A+ AN
d>z‘>j>1
:ZA Z)\ +ZA Z A +ZA i—1) —-ZN
Jj=i+1
d— d d
_ Z +Alz>\ +ZA Z)\ —ZA/\ Q;ZAZ—%ZA?
Jj=1 J =]
d—1 d—1 j—1 1 d )
:Ad(n—/\d)—l—Al(n—/\l)—n(Ad—i—Al)—z; - 1AZ_§ZA1
1= j=2 1=

d—1 7—1 d

d
1
k n d d—1 7—1 1 d
:—ZAZ( ) D D IR DY
=1 =1

i=k+1 j=2 i=1
k d—1 j—1 1 d )
—_S"A, - A — =S AZg
LA nLN T

which shows that A is actually the optimal solution. Evaluating the shifted Schur function at
A gives the answer. O
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7.A.2 The dual SDP: Isotropic states

In this section we are going to solve the optimisation problem Eq. (7.61):

2 1—p
"(n,d) = / t. pe==-W

p.p’

/

I Vee E, p=0.

The Lagrangian [BV04] associated with it is defined as,

L(p.p. (he),, Z) i=p+ ;@e,pe ~Zw - u C;p)1> +(Z.p), (7.166)

where (h.), is a family of Hermitian matrices acting on (Cd) ®2, Z is a Hermitian matrix acting
on (Cd) “" and (+,+) denotes the Frobenius inner product. The Min-Max principle states that
max  min L(p, P, Z, (he) ) < min  max L(p, 0, 2, (he)e).
p?p

pp Z(he), N Z,(he)
70 70

e

In fact, Slater’s condition holds for our SDP (take p = & - I®" and p = 0) and we have the
equality. Rewriting the Lagrangian gives,

L(p, p, (he)., Z) = —% +p(1 — Z<he, % — %>> + <H + Z, p>,

where H = ) _p(he ® I5) and I is the identity on all vertices except those of e. Therefore
the dual SDP of Eq. (7.61) is

. TY[H] W1
/ o _ _
pi(n,d) =min  ——,= st ; <he, == ﬁ> =1, H+Z=0, Z=0. (7.167)
Recall that for any Hermitian matrix M the smallest A € R such that A\l = M is equal to the
largest eigenvalue of M, denoted Apax(M). Then using the substitution (h, — rel],) — h,

22
the Eq. (7.167) can be rewritten as

A _ _
p; = glu)n Amax (;EE he ® Ie> s.t. E <he, i > =1, Trlh]=0 VeckFE. (7.168)

ecE

We can simplify Eq. (7.168) even further, using the commutation relation of the isotropic
states, i.e B

p, U U] =[p,0® 0] =0, YU € Uy, YO € Oy, (7.169)

by twirling the operator H with respect to the orthogonal group. Let (h}), = arg p}(n,d) be

a family of Hermitian matrices acting on (Cd)®2 optimal for the dual problem p’(n,d). For all
edges e € E, define the twirling of h} as follows:

hr = / 02 (0*)** d o, (7.170)
Ogq

where the integral is taken with respect to the normalised Haar measure on the orthogonal
group. Twirling in the same fashion the operator H* we get H*. Then by the convexity of

>\max7

Amax(H*) = Amax (H*).
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The constraints of the Eq. (7.168) are also satisfied with (f;;)e by the cyclic property of the
trace, and hence we can restrict the dual problem to twirled (},{e)e

Since each h. commutes with the action of the orthogonal group, we can write (see Sec-
tion 7.2.1),
he = ale + BeW, + 7o Fe, (7.171)

where F := Zf i=1[i7)(ji| is the flip operator. Note that condition Tr[h.] = 0 is equivalent to
Qe = —Bef:%. Then Eq. (7.168) becomes

. Be + Ve
/ d - )\max - Ie eWe eFe ]é
pr(n,d) = min (Z( p + B.We + 7, ®

(ﬁey'Ye)e
< (7.172)
st (d?—1) (Z &) +(d—1) (Z %> = d.
eck eck
Similarly, using the commutation relation
[0, da(m)] =0,  VmeS, (7.173)

we get that for all edges e € E the values of S, and 7. are equal, i.e. we can write for some
B €Rand v € R:
Vee B: f.=0 and ~.=1. (7.174)

Therefore we can rewrite Eq. (7.172) as follows:

/ . B+ g
i(n.d) = min Amax<2( — et AW taF. ) ®[€> (7.175)

eeE

st. (d2—1)|E|f+ (d—1)|Ely = d.

Using the constraint (d*>—1)|E|S+(d—1)|E]y = d to eliminate 7, and by the change of variable
—f +— x and rewriting

1
F@) = Amax(H(2)),  H(z):= Z((m - x) (I, — dF,) + z(F, — we)) ® I,
ecl
(7.176)
we reformulate Eq. (7.175) as
/
pi(n, d) = min f(z). (7.177)
7.A.3 The dual SDP: Brauer states when ¢ =0
In this section, we are going to solve the following optimisation problem:
p'(n,d)=max p st po=p-ls+(1—p) po VecE, p=0. (7.178)

p;p

Similarly to Section 7.A.2, the Slater’s condition holds for our SDP: take A = (n), and set
P=73 HYH and p = 52 is a normalised projector onto the symmetric subspace of n qudits.
Therefore, we get the followmg dual SDP:

p*(n,d) mm Z< e

e
st Z<he,ng— >=1, H+Z=0, Z=0.
ek Ter

(7.179)
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This SDP has orthogonal symmetry and S,, of the complete graph K,,, therefore similarly to
Section 7.A.2, we can assume that h, = al. + fW, + ~F, for every e € E. In the end, this
leads to the following simplification of Eq. (7.179):

. . 1 x
p'(n,d) = min  — R max(eEZEW z - F) ot (7.180)

But the spectrum of the Hamiltonian ) ., W, —z-F, can be easily obtained, see Section 7.2.3.
Therefore we can simplify Eq. (7.180) to

p*(n,d) = min max ! (cont(u) ~ cont() + AN = 1)> LT <1 _ Cont(ﬂ))

2ER \p)eQa - |E| 2 d |E|
(7.181)
7.A.4 The dual SDP: Brauer states with fixed p
In this section, we are going to solve the following optimisation problem:
q(p,n,d) =max ¢
p?q
s.t. pe:p-H@+q-T?%E+(1—p—q)-T?—g;, Ve e E (7.182)

p 0.

Slater’s condition holds for our SDP as in Section 7.A.2. Therefore the dual SDP of Eq. (7.178)

18

d) = . B he I 1 — . _m
Q(pvnv ) (}1381)1:}2 ;< D @+( p) Ter>

(7.183)

s.t. Z<h g _ H“’>=1,H+Z:0,Zt0.

€ Trllg Tr o
eckE

Similarly to Section 7.A.3, we can assume that h, = al, + W, + ~F. for every e € E. This
leads to the following simplification of Eq. (7.183):

1
Q(pa n, d) glelﬂlg |E| rnax( d ) + 5 —p-. (7184)

S O

5 can be easily obtained, see Section 7.2.3.

Therefore we can simplify Eq. (7.183) to

+

1 cont ()
+ 5(1 - g ) —p-z. (7.185)

d ax
q(p,n,d) = glelﬂlg(,\geﬁndd |E]

(cont(,u) — cont(A) + (n — |)\2(d - 1))

7.A.5 PPT criterion for Brauer states

The two-parameter (p,q) family of Brauer states, given by Eq. (7.18) as a sum of orthogonal
projectors, is positive semidefinite if and only if p > 0,¢ > 0 and p + ¢ < 1. This family of
states can be alternatively parametrised as:

W F I
/__ /'_ 1_ /_ / .
pogtd S+ (1-p—d) o

; (7.186)
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The parameters (p, q) of Eq. (7.18) and (p/, ¢') of Eq. (7.186) are related via

p=p— ZE;K)—(@ p= p/(dQ_l)tlg/(d_l)H
¢ = 7% + 8-p=g) and _ P-4 (P11 (7.187)
d-1 © d(d+1)-2 q 2d )

such that Eq. (7.186) is positive semidefinite if and only if the following holds

P(d?=1)+¢dd-1)+1>0
—p'=q¢(d+1)+1>0 (7.188)
2—d+d®>+p(d®+d—2)— ¢ (d* —3d+2) < 2d°.

A bipartite state satisfies the PPT criterion (or simply is PPT) if its partial transpose is
positive semidefinite. Consequently, the set of PPT states contains the set of separable states.
In the context of the two-parameter family of Brauer states, the PPT criterion is equivalent
to the separability [VWO01; PJPY24|. The partial transpose of a Brauer state of the form
Eq. (7.186) becomes

F I
p’-g+q"¥+(1—p’—q’)-@,
i.e. it is just the change of variable: (p/,q¢') — (¢/,p’). A Brauer state’s separability (or equiva-
lently PPT) is determined by the intersection of the region defined by:

(7.189)

(> =1)+pd-1)+1=0
— —p(d+1)+1>0 (7.190)
2—d+d®>+ ¢ (d®+d—2)—p/(d® —3d+2) < 2d?,

and Eq. (7.188).Alternatively, using the relations Eq. (7.187) a Brauer state for any fixed d > 2
is separable if and only if

0

0

(7.191)

NN
VAN/AN
Q= D=

q
p
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Abstract

Mixed Schur—Weyl duality in quantum information. In this thesis, we explore the
interplay between representation theory and quantum information. We focus on mixed Schur—
Weyl duality, which is a generalisation of Schur—-Weyl duality that considers the action of
U®" @ U®™ on the space (C?)®"™. This setting naturally arises in quantum information tasks
involving unitary-equivariant channels, such as port-based teleportation, quantum majority
vote, and universal transposition of unitary operators.

A key contribution of this thesis is explicit derivation of action of the generators of the
partially transposed permutation matrix algebra in the Gelfand—Tsetlin basis. This algebra is
the commutant of the mixed unitary action described above. We also provide constructions of
primitive and primitive central idempotents for this algebra.

As another key result of this thesis, we develop efficient quantum circuits for the mixed
quantum Schur transform, a novel primitive in quantum information. The key ingredient of
our construction is new efficient quantum circuits for the dual Clebsch—Gordan transform of
the unitary group.

A significant application of our findings is the construction of efficient quantum algorithms
for port-based teleportation, a variant of quantum teleportation that eliminates the need for
corrective operations. Efficient constructions of port-based teleportation protocols were not
known before our work. This highlights the importance of the mathematical tools developed
in this thesis, which can deal with mixed Schur—Weyl duality in quantum information tasks.

We also explore the use of mixed Schur—Weyl duality for symmetry reduction of semidefinite
optimisation problems with unitary equivariance symmetry. By exploiting these symmetries,
we show how to reduce certain semidefinite programs to linear programs of significantly smaller
size.

Finally, we also study some aspects of monogamy of entanglement. Specifically, we study
the extendibility of quantum states possessing unitary, mixed unitary, or orthogonal symmetry
on the complete graph. This involves studying constraints on bipartite entanglement of a global
state when its two-party marginals are identical and belong to a specific symmetry class. We
obtain analytically the exact maximum values for projections onto the maximally entangled
state and the antisymmetric state for each of the three symmetry classes.

This thesis establishes a solid mathematical foundation for mixed Schur—Weyl duality and
demonstrates its usefulness in quantum information and computing. We expect that our tools
and algorithms will also help addressing other problems in other areas of quantum information
processing, such as quantum communication, quantum cryptography, and quantum simulation.
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Samenvatting

Gemengde Schur—Weyl-dualiteit in quantuminformatie. In dit proefschrift onderzoeken
we de wisselwerking tussen representatietheorie en quantuminformatie. We richten ons op
gemengde Schur—Weyl-dualiteit, een generalisatie van Schur—Weyl-dualiteit die de werking van
Un @ U®™ op de ruimte (C4)®" ™ beschouwt. Deze context komt op natuurlijke wijze voor bij
quantuminformatietaken die gebruikmaken van unitaire-equivariante kanalen, zoals port-based
teleportatie, quantummeerderheidsstemming en universele transpositie van unitaire operatoren.

Een belangrijke bijdrage van dit proefschrift is de expliciete afleiding van de werking van
de generatoren van de gedeeltelijk getransponeerde permutatiematrix-algebra in de Gelfand—
Tsetlin-basis. Deze algebra is de commutant van de hierboven beschreven gemengde unitaire
werking. We geven ook constructies van primitieve en primitieve centrale idempotenten voor
deze algebra.

Als een andere belangrijke bijdrage van dit proefschrift ontwikkelen we efficiénte quantum-
circuits voor de gemengde quantum-Schur-transformatie, een nieuw primitief in quantuminfor-
matie. Het kernonderdeel van onze constructie bestaat uit nieuwe efficiénte quantumecircuits
voor de duale Clebsch—Gordan-transformatie van de unitaire groep.

Een belangrijke toepassing van onze bevindingen is de constructie van efficiénte quantumal-
goritmen voor port-based teleportatie, een variant van quantumteleportatie die geen correctieve
operaties vereist. Voor ons werk waren efficiénte constructies van port-based teleportatiepro-
tocollen niet bekend. Dit onderstreept het belang van de wiskundige technieken die in dit
proefschrift zijn ontwikkeld en die gemengde Schur—Weyl-dualiteit kunnen toepassen in quan-
tuminformatietaken.

We onderzoeken ook het gebruik van de gemengde Schur-Weyl-dualiteit voor symmetrische
reductie van semidefiniete optimalisatieproblemen met unitaire equivariantie-symmetrie. Door
gebruik te maken van deze symmetrieén laten we zien hoe bepaalde semidefiniete programma’s
kunnen worden gereduceerd tot lineaire programma’s van aanzienlijk kleinere omvang.

Tot slot bestuderen we enkele aspecten van de monogamie van quantumverstrengeling. Spec-
ifiek onderzoeken we de extensie van quantumtoestanden met unitaire, gemengde unitaire of
orthogonale symmetrie op de volledige graaf. Dit omvat het bestuderen van beperkingen op
bipartiete verstrengeling van een globale toestand wanneer de twee-partijen marginalen identiek
zijn en tot een specifieke symmetrieklasse behoren. We laten analytisch de exacte maximale
waarden voor projecties op de maximaal verstrengelde toestand en de antisymmetrische toes-
tand voor elk van de drie symmetrieklassen zien.

Dit proefschrift biedt een solide wiskundige basis voor gemengde Schur—Weyl-dualiteit en
toont de bruikbaarheid ervan aan in quantuminformatie en quantumcomputing. We verwachten
dat onze technieken en algoritmen zullen bijdragen aan het aanpakken van andere problemen
in andere gebieden van quantuminformatie, zoals quantumcommunicatie, quantumcryptografie
en quantumsimulatie.
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