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Abstract

In the classical Drossel-Schwabl forest fire process, vertices of a lattice become occupied at
rate 1, and they are hit by lightning at some tiny rate ζ > 0, which causes entire connected
components to burn. In this paper, we study a variant where fires are coming from the boundary
of the forest instead.

In particular we prove that, for the case without recoveries where the forest is an N × N
box in the triangular lattice, the probability that the center of the box gets burnt tends to 0 as
N → ∞ (but substantially slower than the one-arm probability of critical Bernoulli percolation).
And, for the case where the forest is the upper-half plane, we show (still for the version without
recoveries) that no infinite occupied cluster emerges. We also discuss analogs of some of these
results for the corresponding models with recoveries, and explain how our results and proofs
give valuable insight on a process considered earlier by Graf [5], [6].
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1 Introduction

1.1 Background and motivation

Let G = (V,E) be an infinite two-dimensional lattice, such as the square lattice Z2 or the triangular
lattice T, where V and E contain its vertices and edges, respectively. We consider processes which
are indexed by time t ∈ [0,∞), and consist of vertex configurations (ωv(t))v∈VD

in given subdomains
D = (VD, ED) of G. Here, VD ⊆ V , and ED contains all edges in E whose endpoints both lie in VD.
At each time t ∈ [0,∞), every vertex v ∈ VD can be in three possible states: vacant (ωv(t) = 0),
occupied (ωv(t) = 1), and burnt (ωv(t) = −1).

Initially, at time t = 0, all vertices in VD are vacant, and they then become occupied at rate
1. Moreover, we add the following ignition mechanism along the outer boundary ∂outVD of VD

(consisting of all the vertices v ∈ V \ VD which are neighbors of one – or several – vertices in VD,
i.e., such that {v, v′} ∈ E for some v′ ∈ VD): each vertex in ∂outVD is hit by lightning at some
given rate ζ ∈ (0,∞]. When this happens, all occupied neighbors in VD of this vertex, as well as all
the vertices connected (in VD) to these neighbors by an occupied path, become burnt immediately.
Note that we allow the rate ζ to be infinite, which corresponds to connected components of occupied
vertices (also called occupied clusters, or simply clusters) burning as soon as they touch the boundary.
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We can then adopt two natural rules for the future evolution of these burnt vertices, leading to
two distinct processes: either they remain burnt (state −1) forever (forest fire without recovery),
or they are simply considered the same as vacant, so that they can become occupied again, still at
rate 1 (forest fire with recovery) – and then burn again, and so on. Observe that when there are
no recoveries, every vertex v remains eventually (at times sufficiently large, depending on v) either
occupied or burnt.

In this paper, we analyze these processes in two particular situations. First, we consider se-
quences of increasing finite subdomains DN = (VN , EN ), N ≥ 1. We then analyze forest fire
processes in the upper half-plane, where VD = V ∩ H, denoting H := {(x, y) ∈ R2 : y ≥ 0}. In
this case, ignitions thus originate along the real line. This specific setting is directly connected to
earlier papers by Graf [5], [6], that were an important inspiration for us.

In the absence of ignitions, we would get the classical Bernoulli site percolation process in VD,
at each time t ∈ [0,∞). In this process, each vertex v ∈ VD is either occupied or vacant, with
respective probabilities p and 1− p, independently of the other vertices, where p = p(t) := 1− e−t

is the percolation parameter. In what follows, we refer to this underlying percolation process as
the pure birth process. On the whole (2D) lattice G, Bernoulli percolation is known to display a
phase transition at some distinguished value of p, called the percolation threshold, that we denote
by psite

c (G) (∈ (0, 1)): for each p < psite
c (G) (subcritical regime), there exists (almost surely) no

infinite cluster, while there is (at least) one for p > psite
c (G) (supercritical regime). In particular,

we can consider the critical time tc := − log(1− psite
c (G)), at which the pure birth configuration is

exactly critical (and so an infinite cluster starts to emerge).
Our main goal in the present work is to understand the macroscopic effect of the boundary

ignitions, and compare them to “bulk” ignitions, as in the classical Drossel-Schwabl forest fire process
[3]. For such processes, existence was established by Dürre [4], in any dimension d ≥ 2, and further
properties were derived in recent works [1], [12]. Note that strictly speaking, these two latter papers
are concerned with the variant without recovery, but there is strong reason to believe that the near-
critical behavior, close to time tc (and in fact, slightly later than that), is essentially the same when
recoveries are allowed, as we emphasized in [2] (in a different, but related setting). For boundary
ignitions, proving existence requires significant work in the upper half-plane, and this was done in
[5] (under an extra condition on the burning mechanism, see Section 1.3.1 in the present paper).
Clearly, in the case of finite domains the process is a finite-state Markov chain and hence existence
is standard.

1.2 Main results

Let us now describe informally our results. From now on, we focus on the triangular lattice T. We
need to do it for technical reasons, as it is the two-dimensional lattice on which the most precise
results are known rigorously for Bernoulli percolation. As before, we denote by V and E its set of
vertices and set of edges, respectively.

First, we consider the forest fire process in finite “hexagonal” subdomains of T: for each N ≥ 1,
we let HN be the domain consisting of all the vertices within a graph distance N from the origin 0
(see Figure 4.1 below for an illustration). In order to emphasize the dependence on N , we use the
notation PN .

Theorem 1.1. Consider the forest fire process without recoveries in HN , N ≥ 1, with boundary
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ignitions at a given rate ζ ∈ (0,∞]. We have

PN (0 is eventually burnt) N→∞−→ 0. (1.1)

Moreover, for any δ > 0: for all N sufficiently large,

PN (0 is eventually burnt) ≥ N− 5
52

−δ. (1.2)

In particular, note that the left-hand inequality of (1.2) implies that for the event that 0 gets
burnt at some time, its probability vanishes substantially more slowly than Ppc(0 ↔ ∂HN ). Here,
0 ↔ ∂HN denotes the existence of an occupied connection to the boundary of the domain (in other
words, the event that 0 belongs to an occupied cluster that reaches ∂HN ). Indeed, Ppc(0 ↔ ∂HN )

is known to decay as N− 5
48

+o(1) from [13] (see the explanation between (2.6) and (2.7) below).
By following closely the successive steps in our proof of (1.1), and estimating each of the (high
probability) events along the way (one of them needs to fail), one can also obtain an explicit power-
law upper bound on the probability that 0 burns. However, so far we could only get such a bound
with an exponent smaller than the exponent 5

52 in the lower bound.

Remark 1.2. For our results, we do not need ignitions to come from the whole boundary: it is
enough that only a positive fraction (bounded away from 0 as N → ∞) of the vertices get ignited.
For example, exactly the same result would hold in the case of ignitions along the bottom side of
HN only. In other words, we could state them in HN ∩H, with ignitions coming from vertices with
y-coordinate −

√
3
2 (N + 1), and N → ∞. Our reasonings do not really require that ζ is constant

either, and we could allow it to be a function ζN of N . In this case, we need to require that ζN does
not tend 0 too quickly, and the relevant condition for our proofs is ζN ≫ N−2/3 as N → ∞.

Our reasonings are based on the existence of paths entering deep into the domain by staying
within a cone, with an opening angle strictly smaller than π. These paths are used to control
precisely the spread of ignitions from the boundary. We develop these geometric considerations in
Section 3, showing that “many” such long-distance connections exist.

Roughly speaking, we show that slightly after time tc, some portions of the boundary remain
available, from where ignitions can spread. These boundary arcs, when ignited, allow one large
cluster to burn (shown in red on Figure 1.1). This cluster is macroscopic, and it burns at a time which
is slightly supercritical (more precisely, the characteristic length for the pure birth process tends to
∞ as N → ∞, but it is still ≪ N). We will use it to deduce that with high probability, this giant
cluster does not reach the origin, but rather, it surrounds it and remains at a mesoscopic distance
from it. In particular, the existence of this mesoscopic island containing the origin, unaffected by
ignitions, means that the probability for the origin to burn tends to 0.

As for the process with recoveries, tools originating from a paper by Kiss, Manolescu and Sido-
ravicius [11] can then be harnessed, as in our paper [2], to derive an analogous result in that situation.
More precisely, we can control the process up to some time strictly later than the critical time tc.

Theorem 1.3. Consider the forest fire process with recoveries in HN , N ≥ 1, with boundary
ignitions at rate ζ ∈ (0,∞]. For some universal t̂ > tc (that is, independent of N and ζ), we have

PN (0 gets burnt before time t̂)
N→∞−→ 0. (1.3)
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Figure 1.1: This figure illustrates a typical configuration, at time t = 2tc, for the forest fire process
with boundary ignitions. More specifically, it depicts this process in the (finite) hexagonal domain
HN , with N = 50 and ignition rate ζ = 1

2 . The vertices ignited so far, along ∂outHN , are shown
in green. The white vertices are vacant, the red cluster is the largest burnt cluster, while the other
burnt vertices are colored in blue, and the occupied (unburnt) vertices in gray.

Furthermore, the same quantitative lower bound holds in this case: for any δ > 0, for all N
sufficiently large,

PN (0 gets burnt before time t̂) ≥ N− 5
52

−δ. (1.4)

We now turn to Graf’s forest fire process in the upper half-plane. We consider, rather, a version
of this process without recoveries, for which we prove the following result.

Theorem 1.4. Consider the forest fire process without recoveries in V ∩H, with boundary ignitions
at rate ζ ∈ (0,∞]. Then almost surely, no infinite occupied cluster emerges. More precisely, with
probability 1, we have: for every vertex v ∈ V ∩ H, there exists L < ∞ such that at all times
t ∈ [0,∞), the occupied cluster of v contains at most L vertices.

We comment further on this theorem, and some of its intuitive implications, in Section 1.3.1.
As we explain briefly in Section 5, we believe that the process with recoveries displays an analogous
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property, namely that no infinite cluster emerges before some universal time t̂ > tc. However,
additional technical difficulties arise in that setting, which are related, informally speaking, to the
combined effect of recoveries near the real line. We plan to handle them in a future work.

1.3 Discussion

1.3.1 Connections with Graf’s model

In Graf’s model, the forest corresponds to the upper half-plane in the triangular lattice, and there
is, besides the ignitions from the boundary, an additional source of burnings (at least, theoretically):
namely, as soon as an infinite occupied cluster emerges, it is burnt instantaneously.

This two-types-of-ignition model may look somewhat artificial, but it has a very natural motiva-
tion, as explained in the Introduction of [6]. In the two papers [5] and [6], Graf proved the existence,
and several interesting properties, of that process. In particular he showed that a.s., each vertical
column contains only finitely many sites that burnt before or at tc, and infinitely many sites that
burn after tc.

However, the actual role of the second source of burnings in his model remained quite mysterious.
More precisely, the question whether an infinite occupied cluster emerges at all remained open (it
is listed as the second open problem in Section 2 of [5]). For the version without recoveries, our
Theorem 1.4 implies a negative answer to that question. Our last paragraph of Section 1.2 (as well
as the first paragraph in Section 5 below) expresses our belief that there is a time t̂ > tc such that
for Graf’s process with recoveries, restricted to the time interval [0, t̂], the answer is negative too.

Theorems 1.1 and 1.3, besides being of independent interest, also have the following (more
indirect) connection with Graf’s work. As said in the Introduction of [6], Graf’s original motivation
came from the study of possible subsequential limits of the forest fire process on an N -by-N box in
the triangular lattice, with ignitions from the boundary of the box, as N → ∞ (and with fixed center
for the boxes). Our Theorems 1.1 and 1.3 (or, rather, a simple modification of their proofs) imply
that, for the case without recoveries, and for the case with recoveries but where time is restricted
to the time interval [0, t̂], any subsequential limit process is simply the pure birth process.

1.3.2 Process with impurities

We want to conclude this introduction by mentioning another possible approach, which was de-
veloped in [14]. The main result of that thesis, Theorem 4.11, is in some sense a weak version of
our Theorem 1.1. It does not imply that in the case we study (i.e. with fixed ignition rates) the
probability that the center of the box burns tends to 0, but that in the case where, roughly speaking,
the ignition rates are of the form N−ε, the probability that the center does not burn is at least
CN−ε, where C = C(ε) > 0. We believe that a substantial refinement of a so-called arm-stability
result involved in his method might lead to an alternative proof of our result (1.1), but that proof
would be much more elaborate than that in the present paper.

The method in [14] uses a percolation process with random impurities, attached independently
along the boundary of the domain. This idea was directly inspired by the analogous process in-
troduced in [1] (for the original Drossel-Schwabl process, i.e. “bulk” ignitions). In that paper,
independent impurities are deleted from all over the lattice, in order to analyze the effect of fires
taking place early (before the pure birth process enters an associated near-critical window). More
precisely, the percolation process provides a stochastic lower bound, which can be used to ensure
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∂outVD
v

Figure 1.2: In the process with impurities, each vertex along ∂outVD (with D the upper half-plane
in this figure), such as the vertex denoted by v here, can be the center of an impurity, with some
given probability. When it is the case, then we remove, i.e. we turn vacant, all the vertices inside
VD within a distance Rv from v, where Rv is a random variable with a suitable tail. We then study
Bernoulli percolation in the remaining parts of VD.

that with sufficient probability, some prescribed occupied (unburnt) connections exist in the forest
fire process.

Let D = (VD, ED) be a subdomain of G. In the process with impurities used in [14] (illustrated
in Figure 1.2), we let each boundary vertex v ∈ ∂outVD be, independently of the others, the center
of a “hole” (impurity) with a random radius Rv satisfying, for some constant c0,

P(Rv ≥ k) ≤ c0k
− 13

12
+ε (k ≥ 1).

Note that the exponent 13
12 already appeared in [6] (as the sum 1

ν + ρ in the notations of that paper,
see Condition 3.1 there), and it will show up again multiple times in the present paper, for roughly
the same reasons, notably in Lemma 3.1.

1.4 Organization of the paper

In Section 2, we first set notations for Bernoulli percolation, focusing on the two-dimensional setting,
and we also recall classical properties of that process, which are needed later for our proofs. Next,
in Section 3, we develop results about the existence of cone sites, which play a key role in our
subsequent reasonings. We then study, in Section 4, the forest fire process with boundary ignitions
in a finite domain, establishing Theorems 1.1 and 1.3. Finally, in Section 5, we analyze the process
in the upper half-plane, proving in particular Theorem 1.4.

2 Near-critical percolation in 2D

In this section, we start by introducing notations for Bernoulli percolation in dimension two, in Sec-
tion 2.1. We then recall classical properties of two-dimensional percolation in Section 2.2, especially
at and near its critical point, before stating results which are more specific to percolation in cones,
in Section 2.3.

2.1 Setting and notations

Let ∥.∥ be the usual Euclidean distance in the plane R2. In this paper, we work on the triangular
lattice T = (V,E), with set of vertices V = VT :=

{
x+yeiπ/3 ∈ C : x, y ∈ Z

}
(we identify C ≃ R2),
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and set of edges E = ET := {{v, v′} : v, v′ ∈ V with ∥v − v′∥ = 1}. Two vertices v, v′ ∈ V such
that ∥v − v′∥ = 1, i.e. {v, v′} ∈ E, are said to be neighbors, and we use the notation v ∼ v′. A
path is a finite sequence of vertices v0, v1, . . . , vk, for some k ≥ 1 called the length of the path,
such that vi ∼ vi+1 for all i = 0, . . . , k − 1. Usually, we assume the vertices in this sequence to be
distinct, i.e. the path does not use the same vertex twice. A circuit is such a path whose vertices
are all distinct, except that v0 = vk. For n ≥ 0, we let Bn := {v ∈ V : ∥v∥ < n} be the (open)
ball of radius n, and for 0 ≤ n1 < n2, let An1,n2 := {v ∈ V : n1 < ∥v∥ < n2} be the annulus
with radii n1 and n2 (both centered at the origin 0). For v ∈ V , we also denote Bn(v) := v + Bn

and An1,n2(v) := v + An1,n2 . Finally, for a subset A ⊆ V , we denote Ac := V \ A, we define its
inner (vertex) boundary by ∂inA := {v ∈ A : v ∼ v′ for some v′ ∈ Ac}, and its outer boundary by
∂outA := ∂in(Ac) (= {v ∈ Ac : v ∼ v′ for some v′ ∈ A}).

Bernoulli (site) percolation on the triangular lattice is obtained by tossing a coin for each vertex
v ∈ V : for some given value p ∈ [0, 1] (the percolation parameter), v is declared to be occupied or
vacant, with respective probabilities p and 1−p, independently of the other vertices. This produces
a percolation configuration ω = (ωv)v∈V belonging to Ω := {0, 1}V , which is equipped with the
product measure Pp. In such an ω, we say that two vertices v, v′ ∈ V are connected if we can find
an occupied path from v to v′. i.e. a path v0, v1, . . . , vk, for some k ≥ 0, with v0 = v, vk = v′, and
consisting only of occupied vertices. This is indicated by v ↔ v′. Note that in particular, v and
v′ themselves have to be occupied. Two subsets of vertices A, A′ ⊆ V are said to be connected,
denoted by A ↔ A′, if we can find two vertices v ∈ A and v′ ∈ A′ which are connected. Occupied
vertices can be grouped into connected components (i.e. classes for the equivalence relation ↔),
that we call occupied clusters. We denote by C(v) := {v′ ∈ V : v′ ↔ v} the occupied cluster
containing v (so that C(v) = ∅ when v is vacant). Moreover, we can also define vacant paths and
vacant clusters in an analogous way, simply replacing occupied vertices by vacant ones.

Bernoulli percolation displays a phase transition as the parameter p increases, in the following
sense. We define θ(p) := Pp(0 ↔ ∞), where for each v ∈ V , v ↔ ∞ denotes the event that C(v) is
infinite. We also use the notation C∞ for the union of all infinite occupied clusters. Then the the
special value pc = psite

c (T), called the percolation threshold, satisfies the following. For all p ≤ pc,
there exists no infinite occupied cluster, almost surely (a.s.). On the other hand, for all p > pc,
there exists a.s. an infinite cluster, which is furthermore unique. Moreover, it is now classical that
psite
c (T) = 1

2 (the proof is an adaptation of [8], see Section 3.4 in [9]). For more detailed background
on Bernoulli percolation, the reader can consult the classical references [9], [7].

We can consider rectangles on the lattice, which are subsets of the form R = ([x1, x2]× [y1, y2])∩
V , for x1 < x2 and y1 < y2. In particular, we sometimes use the notation Rn1,n2 := ([0, n1] ×
[0, n2]) ∩ V (⊆ H) for n1, n2 ≥ 0. Assuming that R is non-empty, we can define in a natural way
its left and right sides ∂in

L R and ∂in
RR (resp.), which are subsets of ∂inR. By definition, a horizontal

(occupied) crossing of R is an occupied path which stays in R, and connects ∂in
L R and ∂in

RR. The
event that such a path exists is denoted by CH(R), and we can define in an analogous way vertical
crossings (connecting the top and bottom sides), using the notation CV (R) in this case. Furthermore,
considering vacant paths instead, we obtain vacant horizontal and vertical crossings, and we denote
their existence by (resp.) C∗

H(R) and C∗
V (R). Similarly, for an annulus A = An1,n2(v) of the form

above, we consider the event that there exists an occupied (resp. vacant) circuit around A, i.e. a
circuit which remains in A and surrounds Bn1(v) once, and we denote it by O(A) (resp. O∗(A)).
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2.2 Classical properties

Our reasonings use primarily techniques and results developed to describe critical and near-critical
Bernoulli percolation in dimension two, i.e. for values of the parameter p which are sufficiently close
to pc. Indeed, as we explain in the subsequent sections, the relevant macroscopic behavior of our
forest fire processes takes place at times when the density of trees in the forest is approximately
critical, an instance of the phenomenon of self-organized criticality. More quantitatively, we measure
the distance to criticality via the characteristic length L, which is defined as

L(p) := min
{
n ≥ 1 : Pp

(
CV (R2n,n)

)
≤ 0.001

} (
p <

1

2

)
, and L(p) := L(1− p)

(
p >

1

2

)
. (2.1)

The classical Russo-Seymour-Welsh bounds at criticality (p = 1
2) imply directly that L(p) → ∞ as

p → 1
2 , so it is natural to set L(12) := ∞.

We make use of the following properties, which are now considered standard (see e.g. [10] and
[15]).

(i) Russo-Seymour-Welsh bounds near criticality. For all K ≥ 1, there exists δ(K) > 0 such that:
for all p ∈ (0, 1), 1 ≤ n ≤ KL(p),

Pp

(
CH(R4n,n)

)
≥ δ and Pp

(
C∗
H(R4n,n)

)
≥ δ. (2.2)

(ii) Exponential decay property with respect to L(p). There exist universal constants c1, c2 > 0
such that: for all p < 1

2 , n ≥ 1,

Pp

(
CV (R4n,n)

)
≤ c1e

−c2
n

L(p) (2.3)

(see Lemma 39 in [15]). By duality, we have the following corresponding statement for p > 1
2 :

for all n ≥ 1,
Pp

(
CH(R4n,n)

)
≥ 1− c1e

−c2
n

L(p) . (2.4)

(iii) Asymptotic estimates for θ and L. Denote by π1(n) (resp. π4(n)), n ≥ 0, the probability
at p = 1

2 that there exists an occupied path (resp. four paths, which are occupied, vacant,
occupied, and vacant, in counterclockwise order), connecting 0 to distance n (resp. each
connecting a neighbor of 0 to distance n). We have the following equivalences near pc:

θ(p) ≍ π1(L(p)) as p ↘ 1

2
, (2.5)

(see Theorem 2 in [10], or (7.25) in [15]), and∣∣p− pc
∣∣L(p)2π4(L(p)) ≍ 1 as p → 1

2
. (2.6)

(see (4.5) in [10], or Proposition 34 in [15]). Combined with the values of the one-arm exponent
α1 =

5
48 [13] and the (polychromatic) four-arm exponent α4 =

5
4 [17] (so that πj(n) = n−αj+o(1)

as n → ∞, for j = 1, 4), these yield the critical exponents for θ and L:

θ(p) =
(
p− 1

2

) 5
36

+o(1)
as p ↘ 1

2
, and L(p) =

∣∣∣p− 1

2

∣∣∣− 4
3
+o(1)

as p → 1

2
. (2.7)
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The characteristic length L can be used to define near-critical parameter scales, for each n ≥ 1.
These scales are formally defined as

pλ(n) =
1

2
+

λ

n2π4(n)
, λ ∈ (−∞,∞),

where π4(.) denotes the four-arm probability at criticality (see (iii) above), and they satisfy: for
each fixed λ ̸= 0, L(pλ(n)) ≍ n as n → ∞. In particular, using that π4(n) = n− 5

4
+o(1), we get that

for each λ ̸= 0, pλ(n) = 1
2 + λn− 3

4
+o(1). We will often use these scales implicitly: for example, if we

consider the parameter pc + n−β , then L(pc + n−β) ≪ n or ≫ n, depending on whether β > 3
4 or

β < 3
4 .

2.3 Percolation in cones

Let H := R× [0,∞) be the closed upper half-plane. We write VH := V ∩H, and we let EH be the
corresponding set of edges. For α ∈ (0, π2 ] and v ∈ ∂inVH (i.e. with y-coordinate equal to 0), we
denote by C(α)(v) the intersection of VH with the closed cone with apex v and opening angle 2α (see
Figure 3.1 below). Note that C(α)(v) contains v by definition, and this yields a connected subgraph
of (VH, EH) for α ≥ π

6 .
For n ≥ 0, we consider the truncated cone C(α)

n (v) := C(α)(v)∩Bn(v). We denote by A1(C(α)
n (v))

the event that there exists an occupied path connecting v to ∂inBn(v) within the cone. In particular
for α = π

2 , we get the usual one-arm event in the upper half-plane (and we need α ≥ π
6 to ensure

A1(C(α)
n (v)) ̸= ∅). We write

π
(α)
1 (n) := P 1

2

(
A1(C(α)

n (0))
)

(n ≥ 0).

We also consider the sections C(α)
n1,n2(v) := C(α)(v) ∩ An1,n2(v), for 0 ≤ n1 < n2, and the event

A1(C(α)
n1,n2(v)) that there exists an occupied path “crossing” such a section. Formally, such a path

is required to remain in C(α)
n1,n2(v), and to connect two vertices v1 and v2, each having a neighbor

outside the section, lying at a distance from v which is, respectively, ≤ n1 and ≥ n2. We denote by

π
(α)
1 (n1, n2) := P 1

2

(
A1(C(α)

n1,n2
(0))

)
(0 ≤ n1 < n2)

the one-arm probabilities at criticality in the cone C(α)(0). Finally, as usual, we use the lighter
notations C(α) = C(α)(0), C(α)

n = C(α)
n (0) and C(α)

n1,n2 = C(α)
n1,n2(0).

We will need the following results, which are more specific to cones. As we explain, they can all
be easily obtained from standard results and reasonings.

(iv) Near-critical stability for one-arm events in a cone. For all α ∈ (0, π2 ], K ≥ 1, there exist
C1, C2 > 0 (depending only on α and K) such that: for all p ∈ (0, 1), 0 ≤ n1 < n2 ≤ KL(p),

c1π
(α)
1 (n1, n2) ≤ Pp

(
A1(C(α)

n1,n2
)
)
≤ c2π

(α)
1 (n1, n2). (2.8)

This result can be obtained through similar reasonings as Theorem 27 in [15] (which regards
arm events in the full plane).
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(v) Estimates on π
(α)
1 . For all α ∈ (0, π2 ], there exist c1, c2 > 0 (depending only on α) such that:

for all 0 ≤ n1 < n2,

π
(α)
1

(
n1

2
, n2

)
, π

(α)
1 (n1, 2n2) ≥ c1π

(α)
1 (n1, n2), (2.9)

and for all 0 ≤ n1 < n2 < n3,

c1π
(α)
1 (n1, n3) ≤ π

(α)
1 (n1, n2)π

(α)
1 (n2, n3) ≤ c2π

(α)
1 (n1, n3). (2.10)

The first property shows the “extendability” of the arm in a cone, and the second property
is usually called quasi-multiplicativity. Even though substantial work is required to establish
them in the case of general polychromatic arm events in the plane (see, resp., Propositions 16
and 17 in [15]), in this particular situation of a single occupied arm, they are almost direct
consequences of the Russo-Seymour-Welsh bounds at criticality, used in combination with the
Harris inequality.

(vi) One-arm exponent in a cone. For all α ∈ (0, π2 ], let

α
(α)
1 =

π

2α
· 1
3
. (2.11)

Then, for all ε > 0, there exist ci(α, ε) > 0, i = 1, 2, such that: for all 1 ≤ n1 < n2,

c1

(
n1

n2

)α
(α)
1 +ε

≤ π
(α)
1 (n1, n2) ≤ c1

(
n1

n2

)α
(α)
1 −ε

. (2.12)

This exponent can be obtained from the conformal invariance property of critical percolation
in the scaling limit [16].

The following a-priori estimate will be useful.

Lemma 2.1. For all α > π
6 , we have: for all n ≥ 1,

n∑
k=1

(
π
(α)
1 (k, n)

)−1 ≤ Cn, (2.13)

where C depends only on α.

Proof. Let α > π
6 , and consider the corresponding exponent α

(α)
1 , which we know is < 1 (from

(2.11)). Hence, we can let ε > 0 so that α
(α)
1 + 2ε = 1. From (2.12), we have

π
(α)
1 (k, n) ≥ c1

(
k

n

)α
(α)
1 +ε

= c1

(
k

n

)1−ε

for some c1(α) > 0. We deduce immediately

n∑
k=1

(
π
(α)
1 (k, n)

)−1 ≤ (c1)
−1n1−ε ·

n∑
k=1

k−(1−ε) ≤ (c1)
−1n1−ε · c′1nε = Cn, (2.14)

which gives (2.13), and completes the proof.
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3 Cone sites

In this section, we develop the main geometric idea used in our proofs: we move away from the
boundary by considering paths contained in cones, included in H and with an opening angle just
slightly below π.

In the following, we consider the pure birth process in H (with rate 1), i.e. Bernoulli percolation
with parameter p(t) = 1 − e−t. Moreover, we fix some ζ > 0, and we “trigger” the vertices along
∂outVH, with y-coordinate −

√
3
2 , according to a Poisson process with rate ζ. Each time such a vertex

is triggered, we consider the two vertices in VH above it: for each of them, if it is occupied, we put
a mark on all occupied vertices connected to it at this time (and otherwise, if it is vacant, nothing
happens). For each t ≥ 0, we then denote by Ft the set of all vertices carrying a mark at time t,
which was thus transmitted by a vertex triggered at an earlier time.

We start by the following observation. For v ∈ ∂inVH and n ≥ 1, we denote Fn(v) := {one of the
two neighbors of v on ∂outVH gets triggered at some time t ∈ [0, tc], at which A1(C

(π
2
)

n (v)) occurs}.
In other words, Fn(v) is the event that in the pure birth process, there exists an occupied path (in
VH), which is ignited by a neighbor of v before time tc and reaches distance n from v. We have the
following estimate.

Lemma 3.1. Let ζ ∈ (0,∞), and ε > 0. There exists c(ε) such that for all v ∈ ∂inVH and n ≥ 1,

P
(
Fn(v)

)
≤ cζn− 13

12
+ε. (3.1)

Establishing this upper bound (3.1) requires a little bit of care, and we do it below. However,
note that it is easy to explain heuristically the exponent 13

12 that appears, as follows. For a connection
to distance n to have a reasonable probability to form, the parameter p(t) ≤ pc needs to be such
that L(p(t)) ≳ n. In other words, the ignition has to take place in the corresponding near-critical
window, which has length n− 3

4
+o(1) (using the critical exponent 4

3 for L, see (2.7)). In this case,
there exists an occupied path to distance n with a probability n− 1

3
+o(1), from (2.11) and (2.12).

Hence, we obtain ≈ ζn− 3
4
+o(1) · n− 1

3
+o(1) = ζn− 13

12
+o(1).

Let us now prove this estimate formally.

Proof. For notational convenience, we write π+
1 = π

(π
2
)

1 in this proof (only). Note that (2.11)
provides the value of the corresponding exponent:

α+
1 = α

(π
2
)

1 =
1

3
. (3.2)

The lemma follows from a summation argument similar to those in the proofs of Lemma 6.8 in [1]
and Lemma 3.3 in [12]. Let δ > 0 be such that L(tc − δ) = n. Without loss of generality, we can
assume that n is large enough so that tc − δ > 3

4 tc, and introduce the integer J ≥ 0 satisfying

tc − 2J+1δ ≤ 3

4
tc < tc − 2Jδ.

Observe that in particular, we have necessarily tc − 2J+1δ > 1
2 tc.

We then bound the desired probability from above by summing according to the subinterval
[tc − 2j+1δ, tc − 2jδ), 0 ≤ j ≤ J , containing the time t at which one of the neighbors of v gets
triggered (note that there might be several such times, but this is not an issue). If t ∈ [tc− δ, tc], we
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have L(t) ≥ n, and we can simply use 2ζδπ+
1 (n) as an upper bound. If t ∈ (0, tc − 2J+1δ), we use

the upper bound 2ζtcc1e
−c2n/L(

3
4
tc) (coming from (2.3)). Hence, we obtain from the union bound:

P
(
Fn(v)

)
≤ 2ζ

(
δπ+

1 (n) +
J∑

j=0

2jδπ+
1

(
L(tc − 2j+1δ)

)
4c1e

−c2n/L(tc−2jδ) + tcc1e
−c2n/L(

3
4
tc)

)
. (3.3)

We will use that the following bounds hold for L(tc−2jδ): there exist constants c′1, c′2 > 0 (depending
only on ε) such that for all j ∈ {0, . . . , J},

c′1(2
j)−

4
3
−εn ≤ L(tc − 2jδ) ≤ c′2(2

j)−
4
3
+εn. (3.4)

Indeed, this follows by writing

L(tc − 2jδ) =
L(tc − 2jδ)

L(tc − δ)
L(tc − δ) =

L(tc − 2jδ)

L(tc − δ)
n,

and estimating the ratio above by using (2.6), combined with classical bounds on the four-arm
(full-plane) probability π4(n1, n2) (see e.g. Lemma 2.5 in [1], and also the quasi-multiplicativity
property for π4, which is (2.6) in that paper).

Consider some j ∈ {0, . . . , J}. On the one hand,

π+
1

(
L(tc − 2j+1δ)

)
≤ c3π

+
1

(
L(tc − δ)

)
π+
1

(
L(tc − 2j+1δ), L(tc − δ)

)−1 ≤ c′3(2
j+1)

4
3
· 1
3
+επ+

1 (n), (3.5)

using (2.10), and then (2.12) (combined with the value from (3.2), as well as (3.4)). Here, c3 is
universal, and c′3 depends only on ε. On the other hand,

e−c2n/L(tc−2jδ) ≤ e−c′′2 (2
j)

4
3−ε

. (3.6)

(from (3.4)), for some c′′2(ε) > 0. By combining (3.3), (3.5) and (3.6), we obtain

P
(
Fn(v)

)
≤ 2ζ

(
δπ+

1 (n) + δπ+
1 (n)

∑
j≥0

c′3(2
j+1)

4
9
+εe−c′′2 (2

j)
4
3−ε

+ tcc1e
−c2n/L(

3
4
tc)

)
.

This allows us to conclude, using finally that for some constants c4, c
′
4, c5 depending only on ε,

n = L(tc − δ) ≤ c4δ
− 4

3
/(1− ε

2
), so δ ≤ c′4n

− 3
4
+ ε

2 , and π+
1 (n) ≤ c5n

− 1
3
+ ε

2 (from (2.12) and (3.2)):

P
(
Fn(v)

)
≤ cζn− 3

4
+ ε

2n− 1
3
+ ε

2 = cζn− 13
12

+ε. (3.7)

We have thus established (3.1), which completes the proof.

We are now ready to introduce cone sites. We adopt the definition below, illustrated on Fig-
ure 3.1.

Definition 3.2. Let ζ ∈ (0,∞). Let α > π
6 , and n > 0. A vertex v ∈ ∂inVH is called an (α, n)-cone

site if the two conditions below are satisfied:

(i) Ftc ∩ C(α)(v) = ∅,

12



d0 d0

C(α)(v)

v y = 0

n

Figure 3.1: For some α ∈ (π6 ,
π
2 ) and v ∈ ∂inVH, the cone C(α)(v) is shown in black. This figure

depicts the conditions for a vertex v ∈ ∂inVH, i.e. with y-coordinate equal to 0, to be an (α, n)-cone
site, n ≥ 0: (i) There is no occupied path which is ignited before time tc and enters the cone; (ii)
There exists a tc-occupied path connecting v to distance n within C(α)(v). The two neighboring
vertices below v, colored in red, can then be used as “triggers”. We prove that the probability for v
to be a cone site is comparable to π

(α)
1 (n) = P 1

2
(A1(C(α)

n )): the upper bound is clear, and the lower
bound is obtained by making the further requirement that all the vertices along ∂inVH at a distance
at most d0 from v (marked with white disks) are 2tc-vacant, for some well-chosen d0(α). In terms
of probability, this extra condition has a constant cost, once d0 is fixed.

(ii) and A1(C(α)
n (v)) occurs at tc, i.e. there exists (in the pure birth process) an occupied arm

connecting v to distance n within the cone C(α)(v).

Note that in particular, v has to be occupied.

Later in the paper, we use this notion twice, or rather small variations of it, in two different
situations. First, in Section 4, cone sites are used to study the spread of ignitions in large finite
domains. And then in Section 5, we explain how cone sites can be used to gain further insight on
Graf’s forest fire process in the upper half-plane. We will make use of the following estimate.

Lemma 3.3. Let ζ ∈ (0,∞). For any α ≥ π
6 , we have the following estimates.

(i) There exists c1(α, ζ) > 0 such that: for all v ∈ ∂inVH and n ≥ 0,

c1π
(α)
1 (n) ≤ P

(
v is an (α, n)-cone site

)
≤ π

(α)
1 (n). (3.8)

(ii) There exists c2(α) > 0 such that: for all v, v′ ∈ ∂inVH and n ≥ 0,

P
(
v and v′ are both (α, n)-cone sites

)
≤ c2π

(α)
1 (n) · π(α)

1 (∥v − v′∥ ∧ n). (3.9)

13



Proof. We first consider (i). The second inequality in (3.8) is clear from the definition, so we only
need to prove the first one. For this purpose, consider, for some given d0 ≥ 1 that we explain how
to choose later, the additional event that all vertices v′ ∈ ∂inVH with ∥v − v′∥ ≤ d0 are 2tc-vacant.
This has a fixed cost (1 − p(2tc))

2d0 = e−2d0tc , and under this condition, marks inside C(α)(v) can
only be created by triggered vertices at a distance ≥ d0 + 1 from v.

Now, let v′ ∈ ∂inVH with k := ∥v−v′∥ ≥ d0+1. We observe that a path from v′ to C(α)(v) implies
in particular the existence of an occupied path from v′ to distance d(k) = k cosα, so Lemma 3.1
implies the following. For any ε > 0, the probability that one of the two neighbors of v′ gets
triggered at some time t ∈ [0, tc] at which there exists an occupied path from v′ to the cone is
at most ζcd−

13
12

+ε, for some c(ε). Choosing ε = 1
24 , we deduce from the union bound that the

probability that such a v′ exists is at most

2ζ
∞∑

k=d0

c(k cosα)−
25
24 ≤ c′(d0)

− 1
24 .

In particular, it can be made ≤ 1
2 by choosing d0 sufficiently large (in terms of α and ζ only), which

we do. We finally obtain that

P(v is an (α, n)-cone site) ≥ 1

2
e−2d0tcπ

(α)
1 (n),

which completes the proof of (i).
Let us now turn to (ii), and let d = ∥v − v′∥. If d ≥ n

2 , the event that v and v′ are both cone
sites implies in particular the existence of occupied arms from v and v′, both to distance n

4 . We
deduce that

P(v and v′ are both (α, n)-cone sites) ≤
(
π
(α)
1

(n
4

))2
,

and we can conclude in this case by using the extendability property (2.9). Next, we consider d ≤ n
2 .

In this case, we make appear an arm in C(α)
d
2

(v) and an arm in C(α)
d
2

(v′), and also an arm in C(α)
2d,n(v

′).
We obtain

P(v and v′ are both (α, n)-cone sites) ≤
(
π
(α)
1

(d
2

))2
π
(α)
1 (2d, n) ≤ c2π

(α)
1 (n)π

(α)
1 (d),

where we used (2.9) and (2.10) in the second inequality. This completes the proof.

Next, we use a second-moment argument, based on Lemma 3.3, to check that there are typically
plenty of cone sites.

Lemma 3.4. Let α ∈ (π6 ,
π
2 ), and ζ ∈ (0,∞). For n ≥ 0 and δ > 0, let

Vn = V (α),δ
n :=

∣∣{v ∈ ([−n, n]× {0}) ∩ VH : v is an (α, δn)-cone site
}∣∣.

Then for each ε > 0, there exists c1(α, ζ), c2(α, ζ, ε), c3(α, ζ) > 0 such that for all n large enough,

P
(
Vn ≥ c1nπ

(α)
1 (δn)

)
≥ 1− c2n · (δn)− 13

12
+ε − c3δ. (3.10)
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v

α

R
(α),δ
n (v)

(tanα)δn

δnγ

v′

Figure 3.2: For the localized event Ĩn(v), we only take into account ignitions from the boundary
arc (v + [−(tanα)δn, (tanα)δn]× {−

√
3
2 }) ∩ VH (colored in red), and ignited paths γ remaining in

R
(α),δ
n (v).

Proof. On the one hand, (3.8) implies directly that for some c = c(α, ζ) > 0,

E
[
Vn

]
≥ cnπ

(α)
1 (δn). (3.11)

In order to use a second-moment reasoning, we replace each event In(v) := {v is an (α, δn)-cone
site} by a “localized” version Ĩn(v) (depending on α and δ), obtained by considering only paths and
ignitions within the box

Rn(v) = R(α),δ
n (v) :=

(
v + [−(tanα)δn, (tanα)δn]×

[
−

√
3

2
, δn

])
∩ VH.

More precisely, in the definition that v is an (α, δn)-cone site, we replace the first condition (that
is, (i) in Definition 3.2) by

(i)’ F̃tc(v) ∩ C(α)(v) = ∅,
where F̃tc(v) is the set of vertices that can be reached by a local path before time tc: i.e., a
path which is marked by the triggering of a vertex v′ with ∥v − v′∥ ≤ (tanα)δn, and which stays
completely inside Rn(v) (see Figure 3.2).

We denote by Ṽn the corresponding number of vertices v. Clearly, In(v) ⊆ Ĩn(v), so Ṽn ≥ Vn.
On the other hand, we observe that the event Ĩn(v) \ In(v) implies the existence of an ignited
path (marked by the triggering of a vertex) with radius ≥ κδn, for some suitable κ(α) > 0. Indeed,
assume that Ĩn(v) occurs, but not In(v): this means that a path γ, ignited by some vertex v′, reaches
the cone C(α)(v) (before time tc), but there exists no such local path. We can then distinguish two
cases. If ∥v − v′∥ ≥ (tanα)δn/2, then γ has radius at least (sinα)δn/2. On the other hand, if
∥v − v′∥ ≤ (tanα)δn/2, then γ has to exit the box Rn(v) (otherwise it would be a local path), so
it connects v′ to a distance at least (tanα)δn/2. This establishes the claim.

This leads us to consider the event

Jn :=
{
∃v′ ∈

(
[−2n, 2n]×

{
−

√
3

2

})
∩ VH triggering an ignited path with radius ≥ κδn

}
,

and we let J ′
n be the event that some ignition from outside [−2n, 2n] × {−

√
3
2 } reaches one of the

cones C(α)(v), v ∈ ([−n, n]×{0})∩VH. Hence, Vn = Ṽn on the event (Jn∪J ′
n)

c. Using Lemma 3.1,
we can easily obtain that for some c2(α, ζ, ε),

P(Vn ̸= Ṽn) ≤ P(Jn ∪ J ′
n) ≤ c2n · (δn)− 13

12
+ε. (3.12)
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Now, there remains to estimate Var(Ṽn). Noticing that for any two vertices v, v′ ∈ ([−n, n] ×
{−

√
3
2 }) ∩ VH, the events Ĩn(v) and Ĩn(v

′) are independent as soon as ∥v − v′∥ ≥ 2(tanα)δn, we
obtain

Var(Ṽn) ≤
∑

v∈[−n,n]×{0}

∑
v′:∥v−v′∥≤2(tanα)δn

P
(
Ĩn(v) ∩ Ĩn(v

′)
)

≤
∑

v∈[−n,n]×{0}

2

2(tanα)δn∑
d=0

c(1)π
(α)
1 (δn) · π(α)

1 (d ∧ δn)

=
∑

v∈[−n,n]×{0}

2

( δn∑
d=0

c(1)π
(α)
1 (δn) · π(α)

1 (d) +

2(tanα)δn∑
d=δn+1

c(1)π
(α)
1 (δn) · π(α)

1 (δn)

)

≤
∑

v∈[−n,n]×{0}

2

( δn∑
d=0

c(2)π
(α)
1 (δn)2 ·

(
π
(α)
1 (d, δn)

)−1
+ c(3)δnπ

(α)
1 (δn)2

)
.

where we used (3.9) for the second inequality, and the quasi-multiplicativity property (2.10) on the
last line. In this series of inequalities, each of the constants c(i) only depends on α. From Lemma 2.1,
we have

δn∑
d=0

(
π
(α)
1 (d, δn)

)−1 ≤ c(4)δn

(here we use the hypothesis α > π
6 ), so

Var(Ṽn) ≤ 2nπ
(α)
1 (δn)2 · (c(5)δn) = c(6)δ(nπ

(α)
1 (δn))2.

It thus follows from Chebyshev’s inequality, combined with (3.11) and Ṽn ≥ Vn, that

P
(
Ṽn ≥ c

2
nπ

(α)
1 (δn)

)
≥ 1− 4Var(Ṽn)

(cnπ
(α)
1 (δn))2

≥ 1− c3δ, (3.13)

for some c3(α, ζ). If we let c1 =
c
2 , we obtain, thanks also to (3.12),

P
(
Vn ≥ c1nπ

(α)
1 (δn)

)
≥ 1− c2n · (δn)− 13

12
+ε − c3δ,

which completes the proof.

4 Forest fire with boundary ignitions

We now investigate the behavior in finite domains of the forest fire model with boundary ignitions.
For convenience, we focus on hexagonal domains fitting on the triangular lattice. First, we set
notations in Section 4.1, defining precisely the processes under consideration. We then prove our
main results, Theorems 1.1 and 1.3, for the processes without and with recoveries, respectively, in
Sections 4.2 and 4.3.
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y = −
√
3
2 N

0

Figure 4.1: The hexagon HN consists of all the vertices lying within a graph distance N from
0 (colored in black). The ignitions are then coming from the vertices along its outer boundary
∂outHN , shown in red.

4.1 Setting and notations

We now define precisely the forest fire model that we study, and set notations. Our process is
defined on vertices in the hexagon HN centered on 0 and with side length N , which is depicted on
Figure 4.1. Formally, HN is the set of vertices at a graph distance at most N from 0, i.e. which
can be reached from 0 through a path of length at most N . Vertices along ∂outHN (which consists
of the vertices at distance exactly N + 1 from 0) get ignited at some given rate ζ ∈ (0,∞], and
trigger ignitions within the hexagon: when such a vertex gets triggered, all the occupied vertices
connected to it burn immediately (similarly to the half-plane setting in Section 3). We denote by
PN the probability measure governing this process. In our proofs, we mostly use the the lower side
of ∂inHN , and the ignitions produced by the vertices on the row just below, i.e. with y-coordinate
−(N + 1)

√
3
2 . For this purpose, we will naturally shift the definition of cone sites vertically, by

−N
√
3
2 .

Once again, for each t ∈ [0,∞), we denote by Ft the set of vertices which are carrying a mark
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at time t (i.e. which were reached by a marked path before time t, produced by the triggering of
some vertex during [0, t]). The following observation will turn out to be handy.

Lemma 4.1. Let ζ ∈ (0,∞). For all δ ∈ (0, 1
13), we have:

for all β >
3

4
(1− δ), P

(
Ftc+N−β ∩HN−N1−δ ̸= ∅

) N→∞−→ 0. (4.1)

In the following, we use this lemma through the fact that (4.1) holds with some δ > 0 and some
β slightly smaller than 3

4 , so that the time tc + N−β is “much later” than tc + N−3/4. We can for
example set δ0 = 1

14 , and β0 = 7
10 . We will see that the requirement δ < 1

13 appears naturally in
the proof.

Proof. Let δ > 0. A similar summation as that in the proof of Lemma 3.1 gives the following analog
of (3.7). For each ε > 0, the probability, for a marked path originating from v ∈ ∂outHN , to reach
distance N1−δ before time tc + N−β is at most (N1−δ)−

1
3
+ε(N1−δ)−

3
4
+ε, for all N large enough.

Here we also use the condition β > 3
4(1− δ), which ensures that L(tc +N−β) = N

4
3
β+o(1) ≫ N1−δ.

From the union bound, we conclude that

P
(
Ftc+N−β ∩HN−N1−δ ̸= ∅

)
≤ cN · (N1−δ)−

13
12

+2ε. (4.2)

Now, if we assume that δ < 1
13 , and we then choose ε > 0 small enough, the right-hand side of (4.2)

tends to 0, which completes the proof.

4.2 Proof of Theorem 1.1

We are now in a position to prove our main result for the forest fire process in HN .

Proof of Theorem 1.1. We consider first ζ ∈ (0,∞). As we explain toward the end of the proof, the
case ζ = ∞ can be handled in the same way, with only a small adaptation in the definition of cone
sites being required.

For any given ε̄ > 0, let us prove that for all N large enough, PN (0 gets ignited) ≤ ε̄. Consider
some arbitrary δ ∈ (0, 1

13) and β ∈ (34(1− δ), 34). Let t := tc+N−β . We know from Lemma 4.1 that

for all N ≥ N1, P
(
Ft ∩HN−N1−δ = ∅

)
≥ 1− ε̄

5
. (4.3)

Let β′ ∈ (β, 34). Using the critical exponent for L (see (2.7)), we have L(t) = N
4
3
β+o(1) ≪ N

4
3
β′

as
N → ∞, so we deduce from (2.4) that (in the pure birth process):

for all N ≥ N2, P
(
at time t, O(HN−N1−δ \HN−N4β′/3) occurs

)
≥ 1− ε̄

5
. (4.4)

From now on, we assume that the two events appearing in (4.3) and (4.4) occur, and we denote by
O any occupied circuit as in (4.4).

Now, let α = π
2 /(1 + δ), so that α

(α)
1 = 1

3(1 + δ) (see (2.11)). We will consider cone sites (as
always, at time tc) along the lower side ∂out

B HN of HN , to distance ηN , for some well-chosen η > 0.
For this, we use a small adaptation of Lemma 3.4 (with e.g. the particular value ε = 1

24). To be
safe, we lower bound the number of cone sites by restricting to vertices along the middle “third” of
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∂out
B HN , that we denote by ∂out

[B]HN . Even though we are not exactly in the upper half-plane any
more, it is easy to see that the same conclusions hold for the number of cone vertices, by truncating
some of the summations in the proofs if necessary. Hence, we get that for some η > 0 small enough:

for all N ≥ N3, P
(
there exist at least N

2
3
−δ (α, ηN)-cone sites along ∂out

[B]HN

)
≥ 1− ε̄

5
. (4.5)

We now assume that the event in (4.5) holds, in addition to those in (4.3) and (4.4), and
we investigate what happens after time t, conditionally on these events. We make the following
observations.

(1) At time t, none of these cone sites has been triggered yet. Indeed, this would otherwise allow
Ftc+N−β to enter into HN−N1−δ , contradicting the event in (4.3). Moreover, at this time t, all
the cone sites are connected to the circuit O.

(2) Let t := tc +N− 2
3
+2δ > t, we have

for all N ≥ N4, P
(
one of the cone sites gets triggered before time t

)
≥ 1− ε̄

5
. (4.6)

When this happens, this causes the circuit O to burn, thanks to the previous observation.

(3) Finally, L(t) = N
8
9
− 8

3
δ+o(1) as N → ∞, so

for all N ≥ N5, P
(
at time t, O∗(0) occurs

)
≥ 1− π1(N

8
9
−3δ) ≥ 1− ε̄

5
, (4.7)

where we denote by O∗(0) the existence, in the pure birth process, of a vacant circuit which
surrounds 0, and furthermore separates 0 from ∂outHN/2.

We can thus conclude, by combining (4.3), (4.4), (4.5), (4.6) and (4.7), that

for all N ≥ N0 := max
1≤i≤5

Ni, PN (0 does not get ignited) ≥ 1− ε̄,

as desired. This establishes (1.1).
In order to obtain (1.2), i.e. explicit lower and upper bounds on the probability that 0 gets

ignited, it suffices to be slightly more careful in the successive steps of the above proof. Instead of
considering cone sites to distance ηN , for some fixed η > 0, we can consider (π2 /(1+δ), N

12
13

+δ)-cone
sites. Then with high probability, there are at least N

9
13

−δ of them (along ∂out
[B]HN ). By considering

the corresponding time t := tc +N− 9
13

+2δ, at which L(t) ≪ N
12
13

+δ (using (2.7)), this provides the
lower bound (1− ε̄)π1(L(t)), which is ≥ N− 5

52
−δ for all N large enough (from the one-arm exponent

α1 mentioned below (2.6)).
Finally, we discuss briefly the case ζ = ∞ of an infinite rate of ignition, i.e. clusters burning

immediately when they touch the boundary. In this case, we need to change a little bit the definition
of cone sites (note that they could not even exist otherwise): at time tc, we replace the event
A1(C(α)

n (v)) by the event {v is vacant, and there exists an occupied path from one of the two
neighbors of v above it to distance n} (and remaining within C(α)(v)). Then it is easy to see that
Lemmas 3.3 and 3.4 hold with this modified notion of cone sites, as well as Lemma 4.1. This
completes the proof.
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4.3 Role of recoveries: proof of Theorem 1.3

We now explain how tools developed in [2] can be used to obtain the analog of Theorem 1.1 for the
process with recoveries, i.e. Theorem 1.3. In that recent work, which was strongly inspired by the
earlier paper [11] by Kiss, Manolescu and Sidoravicius, and generalizes substantially the results in
that paper, we study the geometric impact of recoveries in forest fires. For our purpose, one specific
result derived in [2] turns out to be sufficient.

Proof of Theorem 1.3. Most of the proof of Theorem 1.1 can be repeated, and we only mention the
extra input that is needed (using the same notations as in that proof). We know from (4.4) that
at the time t > tc, which satisfies L(t) ≪ N

4
3
β′

as N → ∞, there exists an occupied circuit in
HN−N1−δ \HN−N4β′/3 with high probability (w.h.p.). It is easy to see that, in addition, there is a
t-occupied circuit in AN/4,N/2, that we denote by O′, as well as a t-occupied path from the former
circuit O to ∂inBN/4. So in particular, these two mentioned circuits O and O′ are connected, so
that the ignition which triggers the burning of O (see the sentence below (4.6)) will also cause O′

to burn, “isolating” 0 in an island contained in BN/2.
Now, for the process with recoveries, we can apply Theorem 5.7 of [2] to the burning of O′

(together with some obvious monotonicity, since t > tc). This allows us to conclude that w.h.p.,
that burning will keep 0 isolated until, at least, some (universal) time t̂ > tc (which is the time
tc + d provided by [2]). This completes the proof.

5 Consequences for Graf’s forest fire process

Finally, we give a proof for Theorem 1.4. Recall that this result says, roughly speaking, that no
infinite occupied clusters (and hence, “no infinite fires”) emerge in the forest fire process in the upper
half-plane, with ignitions along the real line. As mentioned earlier, we focus on the process without
recoveries in the present paper. We believe that the same result holds true for the original process,
with recoveries, introduced by Graf, again up to some universal time t̂ > tc. However, proving it
seems to require some non-trivial adaptation of the results from [11] and [2] (contrary to the proof
of Theorem 1.3 above), so we decided not to include it in the present paper.

Strictly speaking, our proof below gives Theorem 1.4 under the assumption that the process
exists. However, careful inspection of the proof shows that it also implies the analog of Theorem 1.4
for the case of Graf’s process without recoveries (which has the extra rule that infinite clusters
burn immediately, and for which existence follows from the same arguments as in [5]). But then it
automatically follows that our process also exists (and satisfies Theorem 1.4).

Proof of Theorem 1.4. Choose any vertex v ∈ VH, and let k := ∥v∥ + 1, so that v ∈ Bk. Consider
an arbitrary ε̄ > 0. We follow the construction depicted on Figure 5.1.

First, it follows from the classical RSW bounds at criticality that we can fix K(k) large enough
so that (in the pure birth process)

P
(
at time tc, O∗(Ak,K ∩ VH) occurs

)
≥ 1− ε̄

3
(5.1)

(with obvious notation for the event O∗ in the semi-annulus A+
k,K := Ak,K ∩ VH). We then let t be

larger than tc, but sufficiently close to it, so that∣∣A+
k,K

∣∣ · (1− e−(t−tc)
)
≤ ε̄

3
. (5.2)

20



Hv

0 k K 2J+1K

Figure 5.1: Let k be such that v ∈ Bk, we let K ≥ k large enough so that (w.h.p.) there exists a tc-
vacant semi-circuit (in dotted line) in Ak,K∩VH, and then J sufficiently large so that (again, w.h.p.)
there exists a tc-occupied circuit (in solid) in one of the semi-annuli A2jK,2j+1K ∩ VH, 1 ≤ j ≤ J ,
which burns “almost immediately”.

Obviously, this requirement implies that

P
(
no vertex of A+

k,K switches from vacant to occupied during (tc, t)
)
≥ 1− ε̄

3
. (5.3)

From now on, we assume, without loss of generality, that ζ ∈ (0,∞) (the case ζ = ∞ can be
handled through the same small change as we did toward the end of the proof of Theorem 1.1).
Using the existence of cone sites, similarly to the conclusion of Lemma 3.4 (with, e.g., the specific
opening angle α = π

3 ) and standard RSW bounds, it is easy to see that the following holds. For
some c1(ζ) > 0, we have (for the process with marks): for all j ≥ 1,

P
(
at time tc, there exists an occupied (unmarked) semi-circuit in A+

2jK,2j+1K

)
≥ c1. (5.4)

Moreover, the events appearing inside this probability can be “made independent” for odd values
of j, using again localized versions of cone sites (as for the proof of Lemma 3.4, see in particular
Figure 3.2). Hence, there exists J large enough so that

P
(
during (tc, t), a tc-occupied semi-circuit burns in A+

2jK,2j+1K
, for some j ∈ {1, . . . , J}

)
≥ 1− ε̄

3
.

(5.5)
We observe that if the three events appearing in (5.1), (5.3) and (5.5) occur simultaneously,

which has a probability at least 1− ε̄, then the following happens.

(1) Before time t, the vertex v is disconnected from infinity by a vacant semi-circuit, provided by
O∗(A+

k,K).

(2) From time t on (and most likely, much earlier), v is disconnected from infinity by a burnt
semi-circuit.
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Hence, the occupied cluster of v remains bounded over the whole time interval [0,∞), with proba-
bility at least 1− ε̄. Since ε̄ can be taken arbitrarily small, we finally get that

P
(
the occupied cluster of v remains bounded

)
= 1.

This completes the proof, using the countability of VH.
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