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Parametrised quantum circuits contain phase gates whose phase is deter-
mined by a classical algorithm prior to running the circuit on a quantum device.
Such circuits are used in variational algorithms like QAOA and VQE. In order
for these algorithms to be as efficient as possible it is important that we use
the fewest number of parameters. We show that, while the general problem of
minimising the number of parameters is NP-hard, when we restrict to circuits
that are Clifford apart from parametrised phase gates and where each param-
eter is used just once, we can efficiently find the optimal parameter count.
We show that when parameter transformations are required to be sufficiently
well-behaved that the only rewrites that reduce parameters correspond to sim-
ple ‘fusions’. Using this we find that a previous circuit optimisation strategy
by some of the authors [Kissinger, van de Wetering. PRA (2019)] finds the
optimal number of parameters. Our proof uses the ZX-calculus. We also prove
that the standard rewrite rules of the ZX-calculus suffice to prove any equality
between parametrised Clifford circuits.

1 Introduction

A quantum circuit is built out of small unitary gates that together make it possible to
perform an arbitrary quantum computation. In a parametrised quantum circuit, we allow
certain quantum gates to be specified by a classical parameter that is determined before
running the circuit on a quantum device. Usually parametrised gates are either phase
gates or controlled-phase gates, and the parameter, a real number, specifies the phase to
be applied. Parametrised quantum circuits are an increasingly important construction
for quantum algorithms, especially for near-term applications. For instance, variational
algorithms such as QAOA [13] and VQE [24] use a feedback loop between a classical
side and a quantum side where the parameters are updated by a classical optimisation
procedure, based on measurement outcomes of the quantum device. Each training step
of a typical optimisation procedure involves estimating the gradient of the cost function
with respect to each parameter (e.g. using the parameter-shift rule [28]). In order to
be as efficient as possible with our resources we should hence make sure that we are not
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using superfluous parameters. We then would like some classical optimisation algorithm
for parametrised quantum circuits that reduces the circuit to a form that has the minimal
number of parameters, while still being able to express the same set of unitaries.

Parameter optimisation is also relevant in the field of measurement-based quantum
computation (MBQC) [26, 27]. In most literature on MBQC the measurement patterns
have to be deterministic regardless of the chosen measurement angles [0, 8, 12]. We can
hence view this as a computation parametrised by those measurement angles. In this
setting minimising the number of parameters corresponds to minimising the number of
measurements needed [(], while still preserving deterministic realisability of the pattern.

There are many results in general circuit optimisation, that try to simplify the pre-
sentation of quantum circuits in terms of total number or gates or circuit depth, but also
in trying to reduce the count of a specific gate, like the number of CNOTs or T gates.
Several of these techniques only include special-case behaviour for phase gates that are
Clifford, like the S or Z gate, but not for other types of phases [I, 11, 18, 22/ 34]. This
means that these techniques also apply to parametrised phase gates, as we can then just
treat these as ‘black-box’ non-Clifford phase gates.

There are only a small number of rewrites known that we can do with such black-box
phase gates. Most of these correspond to a ‘fusing’ of two parameters. The simplest case
is when we have two parametrised phase gates next to each other on the same qubit:
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We see that the two different parameters a; and as are combined into one gate, so that we
can build the same set of unitaries using a single parameter o’ by making the identification
o' := ay + ay. More complicated versions of the same basic idea can be made by using the
sum-of-paths approach [2], which allows us to fuse phases that apply to the same parity
of qubits [1], or by compiling the circuit into a series of Pauli exponentials and exploiting
the Pauli commutation relations [18, 31]. We will refer to these techniques collectively as
phase folding.
There are also more complicated rewrites that can in principle be performed on parametrised

phase gates, for instance by exploiting the different Euler angle decompositions of a single-
qubit unitary:

—| Rz(on) | Rx(02) | Rz(os) = = —| Rx(e}) | Rz(0}) | Rx(a}) |— (2)

Here the parameters on the right depend on those on the left by some trigonometric
relations, and are in particular discontinuous as a function of («j, a9, a3). Hence, when
the use-case is for instance QAOA, this might not be desirable to apply, as it transforms
the parameter space in pathological ways.

All this then raises a number of questions:

e What is the right notion of equivalence of parametrised quantum circuits?

e What are the possible rewrites we can do to transform parametrised quantum circuits
while preserving equivalence?

e [s there an efficient algorithm to find an equivalent parametrised quantum circuit
that uses the minimal number of parameters?

In this work, we answer each of these questions in the case of parametrised quantum
circuits without repeated parameters. Regarding the first point, we show that a broad




set of parameter transformations (analytic functions on the unit circle) actually already
forces the relations between parameters in equivalent quantum circuits to be given by
simple additive relations that correspond to just ‘fusions’ of parameters. We answer the
second point by finding that the Clifford rewrite rules of the ZX-calculus [1] suffice to
prove any equality between parametrised Clifford circuits, under the condition that each
parameter occurs uniquely.

Our main result is an answer to the third question: we find that an existing optimi-
sation approach, previous work of some of the authors [15], finds the optimal number of
parameters, under the condition that every parameter in the circuit occurs on a unique
gate. More formally we show the following:

Theorem 1.1. Given a parametrised circuit which consists of Clifford gates and parametrised
Z phase gates each of which is parametrised by a unique parameter, we can efficiently find
an equivalent parametrised circuit with an optimal number of parameters. Furthermore,
these new parameters correspond to sums and differences of the original parameters, and
the algorithm for finding the circuit is that described in [18].

Note that if we drop the requirement here on the non-parametrised gates being Clifford
that the problem likely no longer has an efficient solution: we show that when Clifford+T
gates are allowed, parameter optimisation is NP-hard. We conjecture that the same is
true when parameters are allowed to be used multiple times on different gates, and in
fact we show this is the case for optimising post-selected quantum circuits with repeated
parameters.

2 Parametrised circuits

We will consider a parametrised quantum circuit to be a quantum circuit consisting of
gates from a discrete set, together with parametrised phase gates Z]a|. Here a € R is a
classical parameter that has to be determined prior to running the quantum circuit. We
consider such a parameter to be a complete unknown which can be in any value in R.
A parametrised quantum circuit C' depending on a vector of values & € R* can then be
viewed as a map from parameter space R¥ to the space of unitaries U as C : RF — 1. A
specific instantiation of C, which we will write as C[@], is then just a regular quantum
circuit where the phases have been filled in.

In order to consider optimising parametrised quantum circuits, we first need to discuss
what it means for parametrised circuits to be equal.

Definition 2.1. We say a circuit C; with parameter space R* reduces to Cy with param-
eter space R! when there exists a function f : R¥ — R such that C1[a@] = M(@)Cs[f(a)]
for all @ € R* where A : R¥ — C\ {0} is a function representing a global scalar \(@) that
may depend on the parameters.

The notion of reduction will be sufficient for us, but a natural stronger property to
consider would be equivalence, which would require a reduction to exist in both directions,
essentially stating that both circuits are equally expressive.

We can then define the main problem we will study in this paper:

Definition 2.2. Parameter optimisation: Given a parametrised quantum circuit C
with parameter space R¥, find a parametrised quantum circuit Cy with parameter space
R! that it reduces to, such that I is minimal.




Without any further restriction on Ci, Cy and f this problem is likely to be hard,
and so we don’t expect an efficient solution. In particular, if the discrete gate set we are
allowed to use is approximately universal, then parameter optimisation is likely to be hard.
Consider for instance the following result regarding parametrised circuits with Clifford+T
gates.

Proposition 2.3. Parameter optimisation when the circuits are allowed to contain Clif-
ford+T gates is NP-hard.

Proof. We use an argument similar to [32]. When we allow T gates in our circuit we can
construct classical oracles Uy |Z,y) = |Z, f(Z) ® y) for a Boolean function f : {0,1}" —
{0,1}. Using parametrised phase gates Z(«) and Z(f) we can then build a circuit im-
plementing the diagonal unitary |Z,y) — eV +tB((@SY) |z o) by first applying Z(a) on
ly), then computing with Uy, applying Z(/3), and uncomputing Uy. In this case it is clear
that the parameters o and 8 can be fused if and only if f is never satisfiable or always
satisfiable. Hence, an oracle for finding the minimal number of parameters for Clifford+T
circuits with parametrised phase gates would allow us to solve the NP-complete SAT
problem with a little bit of post-processing. ]

For this reason we will restrict to just Clifford gates as our allowed discrete gates.
But even with just Clifford gates and parametrised phase gates we need to be careful
to not make the problem too hard. For instance, if we were to allow the mapping be-
tween the parameter space and the concrete phase parameters that get used in the phase
gates to be non-identity, then we also quickly run into problems. Consider for instance
two parametrised phase gates on the same qubit, which depend on « via Z(fi(«)) and
Z(f2(a)). Then if we take fi(a) = o and fao(a) = —a+ 7, then these two phase gates fuse
(Eq. (1)) and we get a Z(7§) = T gate, so that optimising such a circuit is again NP-hard.

Hence, we should work with circuits consisting of Clifford gates and parametrised
phase gates Z(a) where « exactly corresponds to the value of our parameter space. In
this setting we are still allowed to reuse parameters into multiple phase gates in the circuit.
This allows us to for instance construct parametrised controlled-phase gates. We suspect
however that this problem is also already hard.

Conjecture: The parameter optimisation problem for Clifford circuits with
parametrised phase gates where parameters are allowed to be used in multiple
gates is NP-hard.

While we have not managed to prove this, we have proven this result in the setting of
post-selected quantum circuits:

Proposition 2.4. Parameter optimisation for post-selected Clifford quantum circuits with
repeated parametrised phase gates is NP-hard.

The proof can be found in Appendix A. While it might seem obvious that a problem
involving post-selected circuits would be hard, we point out that our main result about
optimally minimising parameter count for Clifford+parameter circuits where the param-
eters occur uniquely also applies to post-selected circuits (see Remark 5.5). Hence, the
optimisation problem is efficiently solvable for post-selected circuits when each parameter
occurs uniquely, but it is NP-hard when the parameters are allowed to repeat.

While our proof of hardness does not extend to unitary circuits, we still expect the prob-
lem to be hard. We note for instance that for unitary circuits with repeated parametrised




phase gadgets there are additional rewrites of the circuits we should consider that do not
play a role in the case where every parameter is used once, such as:
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L.e. this says that a controlled Z-phase gate commutes with an anti-controlled X-phase gate.
This rewrite rule was needed to prove completeness for universal ZX-diagrams in [16], and
hence seems to be a ‘harder’ rule then the ones we need. This rewrite rule is not covered
by our optimality result, since the ZX-diagram of a controlled-phase gate requires the
parameter to be used three times [J].

This discussion on the hardness of the problem then brings us then to the types of
circuits we will consider in this paper.

Definition 2.5. A parametrised Clifford circuit (PCC) is a parametrised circuit consisting
of Clifford gates and Z]«a] parametrised phase gates where each parameter is used in at
most one gate.

One way to interpret this condition on each parameter occurring uniquely is that
all the parametrised phase gates are truly ‘black boxes’: we know nothing about their
values, not even whether two of the parametrised phase gates are implementing the same
phase. In any case it is clear that any circuit with repeated parameters reduces to one
where the parameters occur uniquely: for every repeat occurrence we instead introduce a
fresh parameter. Note that this setting of unique parameters is also a natural setting to
consider when talking about determinism in measurement-based quantum computing; see
Section 6.

We will also restrict the types of functions f that may appear in a reduction of a
parametrised Clifford circuit. Instead of treating the parameters as real numbers, it makes
sense to treat them as phases modulo 27, and hence as elements of the unit circle S'.
It then additionally makes sense to require the parameter map f : (SH)* — (SY)! to be
continuous: many use-cases of parametrised quantum circuits require us to take derivatives
and slightly change the parameters bit by bit. A reduction then shouldn’t break these
properties. In fact, we will go beyond that and assume that the parameter map is smooth:
infinitely differentiable. Since there also exist pathological smooth functions, we will make
our final assumption, which is that parameter maps are analytic, meaning they can be
written as convergent infinite power series. Since the details of this are a bit technical to
formalise, we present them in Appendix B. We just present here the main conclusion.

Proposition 2.6. Any parameter map ® : R¥ — R! consisting of analytic functions on
the unit circle (as formalised in Appendix B) is equal to ®(@) = Ma + & mod 27 where
M is a matrix of integers and & € R! is some constant.

Hence, we see that what a priori seems like quite a general class of transformations
actually reduces to something quite simple.

Definition 2.7. We say a PCC C affinely reduces to Co when for all & we have C1[d] =
Cy[Ma + €] for some integer matrix M and constant ¢.

Note that when we have an affine reduction C1[a@] = Co[Ma + ¢, that a parameter o;
gets copied to all the parametrised gates in Co where the jth column of M is non-zero.
Hence, such an affine reduction can break the condition on having the parameter only
appear in one place. For this reason we define a stricter version of reduction.




Definition 2.8. We say an affine reduction is parsimonious when the matrix M appearing
in the reduction has at most 1 non-zero element in each column.

Definition 2.9. The affine parameter optimisation problem for Clifford circuits
is to find, given a parametrised Clifford circuit C, a parametrised Clifford circuit Cs, such
that C} parsimoniously affinely reduces to C5 and C has a minimal number of parameters
amongst those circuits that C; parsimonious affinely reduces to.

The main result of this paper is then the following theorem.

Theorem 2.10. There is an efficient algorithm that constructively solves the affine pa-
rameter optimisation problem for Clifford circuits.

This algorithm is the T-count optimisation algorithm of [18]. In that paper it was
already noted that their algorithm can be used to reduce the number of parameters in a
circuit. Our results show that it is in fact optimal in doing so (given suitable restrictions
on the type of reductions that are allowed as discussed above).

Note that the assumption of the reduction being parsimonious seems quite strong.
We suspect however that this condition is not needed, and that for any parametrised
Clifford circuit Dy for which there is an affine reduction to Do, that there is then also
a parsimonious affine reduction to Dy. We have however only managed to prove this in
certain special cases (see Section 5.1).

3 The ZX-calculus

The algorithm that implements the optimal parameter reduction strategy uses the ZX-
calculus [9, 10], and our proof is also most naturally expressed in the ZX-calculus. We will
hence give a brief introduction to the ZX-calculus and the rewrite strategy of [18]. For an
in-depth review, see [31].

ZX-diagrams are built out of two types of generators, called spiders. We have Z-spiders:

i@f = [0---0)(0---0] + € [1---1)(1---1]. (@)
-6

The phase a € R can be any real number and we take it modulo 2r. When @ = 0 we don’t
write it on the spider. Spiders can have any number of inputs, including zero, and any
number of outputs, also including zero. In particular, the zero-input zero-output spider
corresponds to just a number: (@) =1+ e, Another relevant special case is the 1-input
1-output X-spider with a 7 phase, which is the Pauli X (the NOT gate).

We can compose spiders together either vertically, corresponding to taking the tensor
products of their linear maps, and horizontally, corresponding to regular composition of
linear maps. Such a composition of spiders is called a ZX-diagram. When the phases on
the spiders are allowed to be arbitrary, ZX-diagrams are universal, meaning that they can
represent any linear map from C2" to C2™. If instead we restrict the phases to be multiples
of 7, then the diagrams are universal for linear maps we can construct from Clifford+T
circuits including ancilla preparations and postselections. If we further restrict to multiples

And X-spiders:
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Figure 1: A complete set of rules for the Clifford fragment of the ZX-calculus. Here a € {0,1} is a
Boolean variable, and the equations involving e or 8 hold for any «, 8 € R, not just the Clifford angles.

of 5, we get Clifford circuits, stabiliser state preparations, and stabiliser projections. In
particular, we say a spider is Clifford when « is a multiple of 7.

The usefulness of ZX-diagrams comes from the set of rewrite rules that we can apply
to them that preserve their semantics as linear maps. First of all, the interpretation of the
diagram only depends on the connectivity, and we can hence deform the diagram in the
plane as we wish. This means we can treat the diagrams as undirected graphs. Second,
there is a set of local rewrite rules that preserve the semantics; see Figure 1. These rules
suffice to prove any true equality between Clifford diagrams, and hence are complete for
the Clifford fragment [1]. Note however that these rules do not prove all equalities between
general diagrams where the phases are not restricted to multiples of 7.

Here we drew a yellow square for the Hadamard gate, for which we can derive the
equation on the left in Figure 1 as its definition.

Note that most of these rules only apply when the spiders have specific phases, except
for spider fusion (top left), colour change (top right) and m-pushing (bottom left), which
are sound for any value o, 5 € R. In particular m-pushing will be relevant to us, so let us
note that we can also directly write the scalar diagrams as numbers to present this rule

| — o (6)

This just says that X (|0) + € [1)) = €*¥(|0) + e~ [1)).

Because we can treat ZX-diagrams as undirected graphs and the rewrite rules apply
regardless of which wires are inputs or outputs, we will in this paper often work with
states for convenience: diagrams that have no inputs. This corresponds to using the Choi-
Jamiotkowski isomorphism, and in the diagram is represented by bending the input wires
to be outputs instead. When we introduce parametrised diagrams in Section 4 we will
usually denote the parameters as being connected to inputs, so that it is a ‘parametrised
state’.




3.1 Local complementation and pivoting

For this paper it is important that we can bring Clifford diagrams to particular pseudo-
normal forms, so we will review some useful rewriting tools that we need to reduce to
these normal forms.

First, instead of working with arbitrary ZX-diagrams, it is often helpful to restrict to
graph-like ZX-diagrams (which can be done without loss of generality). These are diagrams
where all spiders are Z-spiders, and every spider is ‘maximally fused’, meaning that the
only connections left are via Hadamard gates [11]. Parallel edges and self-loops can be
removed, so that we are left with a simple graph where the vertices are the Z-spiders and
the edges correspond to Hadamards, which we will refer to as Hadamard edges from now
on. Each vertex is additionally labeled by the phase of the spider. For clarity we will write
Hadamard edges as blue-dotted wires:

Dol = Do v

The spiders that are connected to an input or output wire of the diagram we will refer
to as boundary spiders, while the spiders that are only connected to other spiders we will
call internal spiders. The rewrite strategy of [11] describes how to remove all the internal
Clifford spiders. First, the local complementation rewrite rule removes any internal spider
with a phase of +7:

""" e ®

Note that this equation is actually only accurate up to some scalar value, depending on
the number of neighbours n and the phase =7, but as this value is representable by a
scalar Clifford diagram it will not be important to us.

The second equation is called the pivot rule, and it can remove any pair of connected
internal spiders that both have a 0 or m phase:

Hence, if we started with a Clifford diagram, one where all the phases are multiples of &
then the only internal spiders left, after removing those with a &% phase with Eq. (8) and
the remaining ones with a 0 or m phase that are connected, are those that have a 0 or 7
phase and are not connected to any other internal spider. Assuming for simplicity that

the diagram only has outputs and no inputs, we can write such a diagram in two layers,
with first the internal spiders, and then the boundary spiders:

fa—
:.—
D —
r
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We say such a diagram is in affine with phases form, or AP form. This is because we can see
such a diagram as encoding an affine subspace, together with a phase polynomial [20, 25]:

affine  + phases

Using an additional rewrite we can also get rid of the final internal spiders, at the cost
of introducing Hadamard edges on the output wires. We call this rewrite rule a boundary
pivot, as it applies a pivot between an internal spider and a boundary spider:

Py g

(11)
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~
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This introduces a new element to the diagram that we call a phase gadget, that we will
have more to say about in the next section. But for now note that if v = +7, that we
can remove it with a local complementation, after which its neighbour will also have a =7
phase so that it can also be removed. If instead v is 0 or m then we can remove both of
these spiders with a regular pivot. We then see that in both cases we can again remove
both introduced spiders. Hence, by repeating the boundary pivot we can get rid of the
final internal spiders. Hence, when we start with a Clifford diagram, we can efficiently
reduce to a pseudo-normal-form where there are no internal spiders, but there may be
Hadamard gates on the output wires:

O—
9 (12)
g
o—

This is a graph state with local Cliffords (GSLC). But note that these local Cliffords are
from a small set. They are either a power of an S gate (a k% phase), or a Hadamard gate,
or a Z gate (a m phase) followed by a Hadamard.

3.2 Optimising non-Clifford diagrams

The above rewrite strategy can also be applied when we have non-Clifford phases in the
diagram. In that case local complementation still removes all internal spiders with a =%
phase, and pivoting still removes all connected internal spiders with a 0 or 7 phase. If an
internal j7 phased spider is connected to some boundary spider with a Clifford phase then
we can also get rid of it with a boundary pivot as described above. However, now we can
have internal 0 or 7 spiders that are connected only to other spiders with a non-Clifford
phase. In that case we can’t remove the spider, but we can make it part of a phase gadget:

@

v hase gadget
& }p gadg
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Namely, if an internal jm-phased spider is connected to a non-Clifford spider, we apply a

gadget pivot:

P e ; (14)

& R
If instead it is only connected to boundary non-Clifford spiders, then we apply the bound-
ary pivot of Eq. (11), but now we don’t remove the phase gadget. Note that in both cases
the phase gadget ends up connected to what the jm spider was connected to originally. As
we assumed that this spider was only connected to non-Clifford spiders, we see that when
we repeat this procedure that phase gadgets never end up connected to each other.
After we have done these operations whereever we can, we see that the only internal
spiders have a non-Clifford phase or are part of a phase gadget with a non-Clifford phase.
We can then write this new diagram also as a GSLC, but now where some of the outputs
are plugged with a non-Clifford phase:

} phase gadget

} internal spiders

Hence, we see that the phase gadgets correspond to an output where there is a Hadamard
and an effect corresponding to the phase, while for internal non-Clifford spiders we can
view them as appearing as effects on output wires where there is no Hadamard in between.

Note that none of these steps so far actually remove any of the non-Clifford phases.
To do that, we use gadget fusion [18]:

® 0

5.4 A,
= ' ‘ (16)

This applies whenever two phase gadgets have exactly the same set of neighbours, and
it fuses them into one phase gadget. The other rule that combines non-Clifford phases
applies instead to a phase gadget that has exactly one neighbour:

©

|
o - e

Additionally, any internal spider or phase gadget that has no neighbours only contributes
a scalar to the overall diagram and hence can also be removed. Note that these fusions of
non-Clifford phases can result in a spider that has a Clifford phase. For instance, two %
phases combine into a 5 phase. In that case we can us the previously described rewrites

to remove this newly acquired Clifford spider.

10



The set of rewrites we have described here and the rewrite strategy it implies was
proposed in [18]. To use it to optimise diagrams, in [1] they used the technique of phase
teleportation to let it inform when phases in the original circuit were allowed to be fused.
Later, in [0] it was shown that a quantum circuit can also be directly extracted from the
diagram using techniques from measurement-based quantum computing. This procedure
preserves the number of non-Clifford phases in the diagram.

As it will be important for us later, let us describe the type of pseudo-normal-form
the rewriting procedure from [18] gives: we get a graph state where on each output we
have either a k% phase, or a Z*H unitary where a € {0, 1}, and some of the outputs can
be plugged by a non-Clifford phase. Those plugged spiders with a Hadamard on them
are phase gadgets and have at least 2 neighbours. Each phase gadget additionally has a
unique set of neighbours (since if two gadgets had the same neighbours, we would have
fused them).

4 Parametrised circuits in the ZX-calculus

In order to work with parametrised circuits in the ZX-calculus we will define the notion
of a parametrised diagram.

Definition 4.1. A parametrised diagram with k parameters D is a ZX-diagram that is
entirely Clifford, apart from the phases & = («1,...,a) that are each present at most
once in the diagram. That is, for each choice of a; € R we have

- -
Dlay,...,ax]|: = | D |:

- i

where the equality is on-the-nose (so with accurate scalars), and D’ is a Clifford diagram.
We wrote the diagram here as a state (no input wires) without loss of generality. Note that
if some phase «; is actually not present in Dlay, ... «ay] that we can still find a Clifford
diagram D’ such that the above holds, as (e)}0 =0 = . We will write D for
the ZX-diagram with ‘abstract’ parameters, and D[@] for the diagram instantiated with a
particular choice of values aq, ... ag.

The condition here that each phase only appears at most once is important, as it means
that on the input wires of D', each has a phase we can choose independently. If some phase
a;j appeared multiple times in D, then to ‘extract’ it out of the Clifford portion would
mean that we have a number of input wires that are ‘correlated’. As a result we would
only have information about the symmetric subspace of these wires.

Remark 4.2. Scalar factors will be important in this paper. Every equality written here
will hence be meant to be on the nose, meaning that they represent equal linear diagrams,
even with the correct global phase.

As we will want to consider reductions between parametrised diagrams, it will be help-
ful to first note a couple of properties regarding equalities between parametrised diagrams
and what the ZX-calculus can prove about these.

4.1 Completeness of the Clifford+parameters fragment

We can straightforwardly prove that the ZX-calculus is complete for parametrised Clifford
diagrams.

11



Definition 4.3. Write |+,) = (@)— = [0) + ¢! [1).
Note that in this definition we use unnormalised states. Hence |+¢) = v/2 |+).

Lemma 4.4. Let o, € R be two different phases (modulo 27). Then |+4) and |+g)
form a basis. In particular, writing |+-) = a|+a) + b|+3) we have a + b =1 and
eiw o 61'6 eia - eiv

o= STyt (18)

ela _ gif ela _ gif
In the special case of & = 0 and 8 = 7 we have a — b = 7.

Proposition 4.5. The rules of Figure 1 are complete for parametrised Clifford diagrams:
Let D1 and Ds be two parametrised diagrams with the same number of parameters such
that D;[a@] = Dsld] for every choice of aq,...,a;. Then D] = D} and D1[@] and Ds[d]
can be uniformly rewritten into each other using the ZX-calculus Clifford rewrite rules.

Proof. Let |¢)) = a|+o) + b|+=) be an arbitrary (not necessarily normalised) qubit state.
Note that we can write |0} = a 0— + b (x)—. Hence:

|¥)

S

| @]
D[ +b @ o[

Dl =

@9 @

I
S

|
D[+ @p [ = :
@3
As these two linear map agree on whatever state we put in, they must be equal:

B
D/ = ‘ Dl :
- (N
We can repeat this procedure for all the other a; to conclude that D = Dj. As these are
both Clifford diagrams and they represent the same linear map, by Clifford completeness
there is a sequence of Clifford rewrites that transforms D] into Dj. When we plug in some
aj phases into these diagrams, this set of rewrites will still be applicable. Hence, there is
a set of Clifford rewrites transforming D;[@] into Ds[d]. O

®

®

Remark 4.6. In this result we didn’t have to use the fact that these diagrams were equal
for any choice of a here. It suffices for the diagrams to agree on just two different values
of a; for each j. This is because {|+4),|+3)} forms a basis of the qubit state space if
a # [. This is a special case of the possibility to verify parametrised equations using
a finite number of cases of [21]. In particular, if we had repeated parameters, then if a
parameter was repeated k times, we would have to verify equality of the diagrams at £+ 1
different values of the parameter. This is because the symmetric subspace of k qubits is
(k 4+ 1)-dimensional.

Remark 4.7. Note that these completeness results require each parameter to appear
freely in the diagram, and hence that we can’t have repeated parameters. There are
equations involving repeated parameters that cannot be proven by the Clifford rewrite
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rules, such as supplementarity [23]. In [17], it is shown that when we allow 7 phases, so
that the diagrams correspond to the Clifford+T fragment, that we can then prove any
equation involving repeated parameters (what they call ‘linear diagrams with constants

in 77), if we use the extended complete axiomatisation for Clifford+T ZX-diagrams.

In Proposition 4.5 we had to assume that the diagrams were equal on the nose. But
when we are dealing with unitary parametrised circuits, we only care about the exact
unitary up to global phase. A stronger result would hence be to be able to rewrite diagrams
that are only equal up to a global phase, where this phase may depend on the value of the
parameters. We hence care about the situation where D;[@] = A(@)Dz[@] for all & and
A(@) is a phase depending on the value of a. We will work in a slightly more general setting
then that and assume that A : R” — C" is just any function mapping phases into a scalar
value (which is also allowed to be zero a priori). We can then prove an analogous result
to Proposition 4.5, but to do that we will need to make an assumption on the parameters.

Definition 4.8. Let D be a parametrised diagram with parameters «,@. We say the
parameter o is trivial, if there is a choice of Clifford angles & € Z[5]" and two distinct
choices of value  and v of « such that the diagrams D3, @] and D[y, @] are proportional
to each other. Otherwise we call the parameter non-trivial.

This definition is motivated by the following result.

Lemma 4.9. Suppose « is a trivial parameter in a parametrised diagram D[a, @]. Then
DI, d] is proportional to D[y, @] for every choice of 3, where @ is some Clifford choice
of the other parameters.

Proof. Let 8 and 7 be two choices for the trivial parameter o such that the associated
diagrams are proportional to each other. Write D[3,d] = AD[y,d] where A denotes the
proportionality scalar. Let § be any other phase and let @ and b be the values such that
|4+5) = al+g) + b|+~). These values exist because |+3) and |+,) form a basis. Then
DIé,d] = aD[B,a] + bD[v,d] = (aX + b) D[y, d]. Hence, the diagram for § is proportional
to that of ~. O

This lemma says that if a diagrammatic parameter does not change the diagram for
two choices of the parameter, then it does not change the diagram for any other choice
of that parameter as well. Note that the converse says that if a parameter is non-trivial,
then that must mean that for any choice of the other parameters, changing the parameter
must result in a different linear map. We primarily care about diagrams coming from a
quantum circuit, in which case every parameter is necessarily non-trivial.

Proposition 4.10. Let D be a parametrised diagram that comes from a quantum circuit
which contains parametrised phase gates. Then every parameter is non-trivial.

Proof. Pick some parameter . As D comes from a quantum circuit we can then write it as
D = UyoZi[a]oU; for some unitaries Uy and Uz (built out of the gates appearing before and
behind the Z]a| gate), and where we write Z;[«a] as shorthand for the Z[«a| gate appearing
on the first qubit. Note that while U; and Us can depend on the other parameters, they
do not depend on « as the parameter only appears in one gate. Let D[a] and D[a/] be the
diagram instantiated with the specific choices of a and o/. We then claim that D[a]o D[]
is not equal to the identity. To see this note that D[a] o D[e/]T = U o Zi[a — /] o UlT.
Hence, if this were equal to the identity, then

id = Ul oidoU; = Ul oUioZi[a—d]oUilU, = Zy|a—d).

But we know that this is not the identity when « # «o’. O
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In Appendix C we prove the following result that shows that when two diagrams are
equal up to some scalar that may vary depending on the parameters, that actually this
scalar does not depend on the parameters and is just some constant.

Proposition 4.11. Let D; and D2 be (not necessarily Clifford) parametrised diagrams
with the same number of parameters and suppose D;[d@] = A(&)D2[d] for some non-zero
scalar function A\(@) € C, and suppose that all the parameters of D; are non-trivial. Then
D} = N D), for some constant scalar \'.

Using this, it is then straightforward to get the completeness result for parametrised
Clifford diagrams, allowing equality to vary per parameter.

Theorem 4.12. Let D; and D2 be two parametrised diagrams with the same number
of parameters and where all the parameters of D; are non-trivial such that D;[a] =
A(@) D2 [d] for all @ for some scalar function A\(@) € C. Then D] = C'® D), for some Clifford
scalar C' and we can uniformly rewrite D;[@] into C' ® Ds[@] using Clifford rewrites.

4.2 Optimising parametrised Clifford circuits

The optimisation strategy for diagrams containing non-Clifford phases of Section 3.2 ap-
plies equally well to parametrised Clifford diagrams. We just treat spiders that contain
a phase depending on a parameter as a non-Clifford. The local complementation rewrite
Eq. (8) can add a 7 phase to a spider containing a parameter, while the pivot rewrite
rule Eq. (9) can add a 7w phase. The boundary pivot (11) and gadget pivot (14) can flip
the parameter o to —«, and finally the gadget fusion (16) and neighbour fusion (17) can
add together the phases in two spiders so that we can end up with expressions like o + 3
on a single spider.

We see then that if we started with parameters aq, ..., a; that we then end up with
spiders that can have an expression like k5 + (—1)* ay, +- - -+ (—1)%«;, for some different
indices j1, . .., j;. We will then label this expression by a new parameter name 3. Note that
since none of the rewrite rules copy the phase of a non-Clifford spider that each parameter
appears uniquely on some spider, and hence the new parameters (1, ..., S we get are all
independent. In particular, the new parameters B are given by an affine transformation
B = Pa+ ¢, where & = (b15,...,bw %) is a vector of Clifford phases, P is a matrix only
containing entries in {0,1,—1}, and each column of P contains a single non-zero element
(corresponding to each o appearing in a unique location).

We are then left with a diagram that is a ‘plugged’ GSLC, where the only things
plugged are our new parameters [3;:

®

(19)

e —ammm——
TN T

ighaces

It was established in [6] that if our starting diagram is a circuit with non-Clifford phase
gates, that then this rewrite strategy produces a diagram that can efficiently be trans-
formed back into a circuit with the same number of non-Clifford phases as in the optimised
diagram. The paper [(] assumed these were unknown non-Clifford phases, but the same
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argument continues to hold for parametrised phases, as the circuit extraction algorithm
is agnostic to the specific non-Clifford values. Note that the properties of the graph de-
scribed in Section 3.2 carry over, and that in particular every parameter that is connected
via a Hadamard to a spider has at least two neighbours, and that its neighbourhood does
not match that of any other parameter connected via a Hadamard. This is important for
the proof of optimality in the next section.

The sequence of rewrites that constitutes this algorithm is not unique. There are
usually many choices of where to apply the local complementations and pivots that remove
spiders, and these different choices lead to different final diagrams. However, as the results
of the next section will show, regardless of the choice of rewrites, the algorithm finds the
minimal number of parameters.

5 Proving optimality

We will now show that the algorithm for minimising parameter counts is optimal, in the
sense that it is the best possible among the parsimonious affine reductions.

First, we show that if the parameters are non-trivial, then any parsimonious affine
reduction can’t multiply a phase a to something like 2c:: only a or —a is allowed.

Lemma 5.1. Let Di[d] = A(@)D2[Pd + ¢] be a parsimonious affine reduction where
P e 72m*™ ¢ e R™, and the parameters of Dy are non-trivial. Then the coefficients of P
are either 1, —1, or 0.

Proof. First suppose «; in Dq is trivial. In that case the non-trivial parameters of Dy
cannot depend on it, so the coefficients of the j-th column of P must be 0. Now suppose
«j is non-trivial. By the parsimonious property of P, it is mapped to a unique parameter f3;
in Dy. Write @; for the indicator vector (&;); = 0;1c; where we set every other parameter
to zero, and define j3; similarly. Define the one-parameter diagrams E; [a;] := D1[d;] and
Es([B;] :== Do [Bl + c). Note that a; and (; are non-trivial parameters in £ and Ey. Now
let £ = P;; be the coefficient corresponding to the mapping of «; to 3;. Then

@ Bt = \@)) G B |,
If k¢ {1,—1,0} then note that
E1[2n/k] = N Es[k2m /K] = N Eq[2m] = N E5[0] = N E1[0]

for some constant \’. Hence, E1[27/k] o< E1[0], so that a; must be trivial in E; and hence
in Dy, which is a contradiction. We conclude that the coefficients of the j-th column are
either 1, —1, or 0. O

Now that we know that such a reduction is particularly simple, we can construct a
ZX-diagram that implements it.

Lemma 5.2. Let D;[d] = A\(@)D2[Pd + €] be a parsimonious affine reduction where all
the parameters of Dy and Dy are non-trivial. Then there is a linear map P € C2"*2" con-

structed using , >, >0— , — , H@)~ such that P @, |+a,) oy ‘+gj>
where § = Pa + ¢ In addition D} = X'D} o P for some constant scalar .

Proof. Write 8 = P&+ ¢. By Lemma 5.1, P only contains elements from {1,0,—1}, and
there is at most one non-zero element in every column. Because all the parameters of Dy
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are non-trivial, a column cannot be all zero, so that each column contains exactly 1 non-
zero element, either 1 or —1. Let s; be 1 if the non-zero element in the ith row is —1, and
otherwise let s1 be zero. Then for each j we have 8; = (—1)™1 ay, +- - -—I—(—l)skﬂj Ohejr; TCj
where [; is the number of non-zero elements in the jth row of P and the kji,..., kj;
enumerate those positions. Hence:

) (@B
o8 W f @
R Gl EoEm . | -

X (@) oDyt = ()

- (@)D a
(- ED

Here X' (&) = [] €% is the phase that is needed for the rewrite X |+,) = €!®|+_,). Note
that for each ¢ there is a unique k;,, that is equal to ¢, so that «; occurs uniquely in the
equation above. Hence, by using some swaps we can write:

o-@ el |
(x) = N(@) SWAPS| | Dy =XN(@) @ | p|:| Dy
- B

Here P is defined as the combination of elements from , >, >0— , — , Har
that makes this equation work. We now have

Difd] = M@)D:[8] = M@X(@)(Dz o P)al

We see then that Proposition 4.11 applies, and that hence A(a)\' (o) must be some constant
scalar X', and that D] = XD} o P. O

We are now almost ready to prove the main result. We just need the following lemma
about stabilisers of weight 2 of graph states with local Cliffords.

Lemma 5.3. Let [¢p) = (C1 ® ... ® C,)|G) be a state expressed as a graph state |G)
for graph G followed by local Cliffords C;. Assume that for a pair of distinct qubits
uw,v € {l,...,n}, Z,Z,]¢) = |¢) and C,, C, € {I, H}. It must be the case that either:

(i) w and v are connected in G, have no other neighbours, and C,,® C,, is I® H or H® I

(ii) w and v are not connected in G, have identical neighbours, and C, ® C, = H ® H

Proof. The layer of local Cliffords C1 ® ... ® C,, preserves the weight of stabilisers, so any
stabiliser of the form Z,Z, of |¢)) must come from a weight-2 stabiliser P, P, of |G). The
latter are generated by stabilisers of the form S(w) := Xu [[uyenna(w) Zuw for all vertices
w in G. Any product of k£ distinct generators has weight > k, hence a weight-2 stabiliser
S for |G) must be the product of 1 or 2 generators. If S is a generator itself, it must be of
the form X, Z, or Z,X,, either of which will be transformed into Z, 7, by local Cliffords
when C, ® C,, = H® I or I ® H, respectively. Hence u and v satisfy condition (i).

If S is the product of 2 distinct generators, then S = S(u)S(v) and {u} Unhd(u) =
{v} U nhd(v), otherwise S would have support at some qubit ¢ {u,v}. If u and v are
connected, then S =Y, Y,, which cannot be translated into Z, 7, via local Cliffords in the
set {I, H}. Therefore u and v must not be connected, nhd(u) = nhd(v), and S = X, X,.
This gives a stabiliser 7,7, for |¢)) when C, ® C, = H ® H. Hence u and v satisfy
condition (ii). O
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We can now prove the main theorem.

Theorem 5.4. The parameter optimisation algorithm of [18] described in Section 4.2
is optimal: the circuits it produces do not parsimoniously affinely reduce to any other
diagram with fewer parameters.

Proof. Suppose we start with some parametrised Clifford circuit C[@']. Then all its param-
eters are non-trivial by Proposition 4.10. Let D;[@] be the parametrised Clifford diagram
produced by applying the simplification strategy of Section 4.2 to C'. Hence, C' parsi-
moniously affinely reduces to D;. We need to show that D; has the minimal number of
parameters amongst the parsimonious affine reductions.

Suppose now that there exists a parametrised diagram Dy[f] such that Di[a] =
A(@)Dy[P& + @ and that the length of § is less than that of @ Because all the pa-
rameters of D; are non-trivial and P is parsimonious, P must map the parameters only to
parameters of Dy that act non-trivially in the subspace of the image. We may hence with-
out loss of generality assume that all the parameters of Do are non-trivial. By Lemma 5.2
we then have:

.
D/1 = )\/
—
Here ) is some constant and P is built from the generators , X, >0— , — , {ar
. Since this equality holds for all & we have:

Dy

9...?9

1 — 1 — —
2 T =N T p| | D (20)

Because Ds[f3] has fewer parameters than D;[@], P should contain at least one Z fusion
>0— . Let a; and «a; be two parameters that fuse. Then define the projector 1I by the
projection operation along these parameters:

Note that by definition PoIl = P. Hence, using Eq. (20) we see that D/ oIl = X' DjoPoll =
NDlyo P = D}, so that II is a stabiliser of D).

The projector II is exactly the projector onto the +1-eigenspace of the Pauli (—1)%+% Z, Z;.
Hence D) has a weight 2 stabiliser. Applying X "% before D) then transforms this sta-
biliser into Z;Z;. Since D] arose from the simplification algorithm, we know it is a GSLC
diagram. Furthermore, the indices 7 and j correspond to where a parameter is plugged
in, which means that the local Clifford there is either an identity or a Hadamard. Now,
applying Lemma 5.3 we conclude that the vertices corresponding to the indices ¢ and j are
either connected to each other and not to anything else, or that they are not connected to
each other and have an identical set of neighbours, with both their local Cliffords being
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a Hadamard. In the first case there are choices of the parameters that would send the
diagram to zero, which is not possible as the parameters are non-trivial. But in the second
case the indices 7 and j would correspond to phase gadgets with identical neighbourhoods,
in which case the algorithm would have already fused them.

We are hence lead to a contradiction, which means that D; does not reduce to a
diagram Ds that has fewer parameters. O

Remark 5.5. In this proof we only needed the fact that C' is a circuit to argue that its
parameters are non-trivial, so that this optimality result applies to any type of diagram
that has non-trivial parameters. In addition, we didn’t make any assumptions on the
hypothetical diagram Ds other than that it has fewer parameters. This means that even
allowing, for instance, post-selection does not allow one to reduce the number of parameters
further.

5.1 General affine reductions

We needed to assume the affine reductions were parsimonious in order to prove optimality.
In this section we will prove some properties of general affine reductions where parameters
are allowed to be copied to multiple places. In particular, we will see that if parameters
of D7 are non-trivial and are copied to at most 3 places in Dy, then there is a different
parsimonious reduction from D; to Dy (where parameters are not used more than once).

Lemma 5.6. Let z1,...,2; € Z be integers and ci,...,c; € R some constants, and
suppose that Di[a] = Dalzia + c1, ..., 2z + ¢]. Suppose furthermore without loss of
generality that the first z;,..., z; are odd and 2,41, ..., 2, are even. Then V5 € R we have:

Tol7 = 2N@ [
— \/ilil .—..th1,3 @ —

Proof. Define Dy as Dy with the constant phases & € R¥ added to the wires corresponding
to the parameters. Le. Do[f] := Dy[B + . Then we can write Di]o] = Da[z1a, ..., z,0].
Hence, without loss of generality we may assume that ¢ = 0 (at the cost of making D3 a
Clifford diagram with potential non-Clifford phases on its parameter wires).

Now let 8 € R. Then for a € {0,1} we have D1[5 + an] = Ds[z18 + am,..., 20 +
am, z1418, - . ., zkf]. Now we can do the following rewrite:

(218 +am);
@@ p; [; G {p; [ =CED [T =
— — —

So now on the left-hand side and on the right-hand side we have a single input of |+4x).
Since these form a basis we conclude that this must hold for any input, and hence we
can leave that wire open. Applying a Z(—3) to both sides then gives us the desired
equation. [

@

Dy (21)

E{\

\

L

u
e...+
£

, =)

This lemma already shows that something weird goes on when we have a copied pa-
rameter: the diagram is invariant under a continuous group of phases. Note furthermore
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that this shows that any non-parsimonious reduction is equivalent to a parsimonious one
where we precompose the diagram with a small number of spiders.

Proposition 5.7. Let D1[d] = D2[Mda + €] for some integer matrix M and constants ¢.
Then Di[a] = (D) o E)[@] where E is built out Z-spiders with phases from ¢ and fan-out
X-spiders.

Proof. Do the same construction as in Lemma 5.6 iteratively where we fix every parameter
except one, to extract it into £ and set S = 0 in all cases. ]

This does not imply that non-parsimonious reductions can be ignored. One could

for instance have the non-parsimonious reduction Di[a, 8,7] = Da[a + 5, + 7]. The
construction above then gives:
O Oinpm™
(BH D, | x (24 Dy | (22)
O I O I

So while the construction of Proposition

5.7 gives us a parsimonious reduction between

Dj and D} o E, the diagram D) o E might have more parameters than the original non-
parsimonious one. In addition, if there are non-Clifford constants ¢, then these get incor-

porated in F, so that the reduction is no longer to a Clifford diagram.

We suspect however that every non-parsimonious reduction is ‘pathological’.

For in-

stance, that the only parameters that can get copied are those that are trivial anyway,

or otherwise that the reduction function can be simplified to a parsimonious one.

example, suppose we have:

D, |: =

Then we of course have Di[a] =

Dola, o, —a

For

Dy

| by spider fusion. But we also have the

parsimonious reduction Dj[a] =

= D3|, 0,0], and so the copying of the parameters is not

‘necessary’ in this case. We can see from Lemma 5.6 that one case where we can get rid of
the copying of the parameter, is when only one of the z; is odd, with the rest being even:
the X-spider is then an identity and can be removed to get a straightforward parsimonious
reduction.

We can also derive some stronger consequences from the equation we found in Lemma 5.6:

Lemma 5.8. Let z1,...,z; € Z be integers and c1,...,cx € R some constants, and
suppose that Di[a] = Dal[zia + ¢, ..., 2k + ¢i]. Let furthermore |A,) :=
be a superposition of all the basis states |Z) with equal weight Z - Z. Then D) |A

w ¢ {0,1}.

Proof. Start with the equation from Lemma 5.6, and without loss of generality assume all
the ¢; are zero. We see that only the right-hand side contains a § and that this equation
must hold for for all choices of 5. Now, let’s plug in |0):

\/5’1
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The input to D) as a state is equal to

ey = Y. R = D0 &P YR,

ZeFk w even ZeF}

Z-2=0 mod 2 T-Z=w
This is because the X-spider forces the first z1, ..., z; to have even parity, and since all the
21,...,2 are odd, this is the same as zjx; + --- + 2z;x; being even. Since z;11,..., 2 are

all even, we can also just add the z;x; terms to this expression for j > [ without changing
the parity. Hence Z - Z must be even. We will call this the weight and we set w = Z-Z. In
the latter expression we grouped together all the terms with the same weight. Note that
because some of the z; can be negative, that the weight can also be negative. We can
hence write [15) = 4 even €°% |Aw) Where |A,) = #.7.3—y |T). Since Dy maps every
[4g) to the same thing, it must map |1g) — [¢g/) to zero, for any 3, 3’ € R. Let’s call the
kernel of D) K. Then [¢g) — |¢g) € K. Note that:

Vsl =) = 3 (=T An) = 3 [ =T [Au) + (7 = e 1A
w#0 w>0

w even w even

In particular if we set 3’ = —f3 respectively ' = —3 + 7 we get

> 2isinwB(|Aw) — [Aw)) and D 2coswB(|Aw) + [A_w))

w>0 w>0

w even w even
These vectors are part of K regardless of the value of 5 € R. Since sine and cosine mostly
take irrational values, and the angle doubling formulas are not linear, we can only have
all these vectors part of K if each of the |A,) — |A_y,) and |Ay) + |A_y) is part of K
themselves. Hence |A4,,) € K if w # 0 for even w.

If in Eq. (23) we instead plugged in |1) we would have gotten an input state that is a

combination of the odd weight bit string superpositions. To be precise, the input state for
a given § would be

|¢ﬁ> _ e—i,B Z eiw,B|Aw> _ Z ei(w—l)B‘Aw>'

w odd w odd

The global e~ factor comes from inputting a |1) which absorbs the first —3 phase,
introducing a e~*?. Now as before |Yg) — |¥p) is in the kernel K of Dj. As a result all
the odd |A,) € K when w # 1. For w = 1, the term ¢/®~D# =1 is constant and so does
not appear in the expression |¢g) — |1g).

We see then that D) |A,) =0 if w & {0,1}. O

This property is useful for ruling out certain possibilities for a non-parsimonious re-
duction. Note for instance that there is a unique maximum weight w,,, which we get when
we set x; = 1 iff z; > 0. Hence |A,,,) = |Z) is just a single bit string. We then know that
Dj|Z) = 0. If we assume that the constants ¢ are zero, then Dj is a Clifford diagram.
This then has a normal form where we can represent the computational basis states it is
non-zero on as an affine subspace: Dy := Y 75 e'29@9) |7)(Z|. The fact that a

A(Z,5)=(b,d)
is not part of that subspace implies there must be a certain equation in A that witnesses
that. That equation cannot involve any variables from ¢, since otherwise we could find a
g so that (Z,¥) satisfies the equation.
To make the following more clear, let’s pick a particular example. Suppose we had

Dila] = Da[z1a, zoa] where z; > 0 and z2 < 0 and where both are odd, so that Z = (1,0)
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is the unique state giving maximum weight, and hence D), [10) = 0. Then there must an
equation defining the affine subspace of D5 involving the two variables x1 and x5 for which
(1,0) is not a solution. Examples could be z; = 0 or x2 = 1. In that case the qubit wire
leading to the corresponding parameter can be disconnected from the rest of the diagram:

®
x @ (24)

~([nfi = < g|niff - ‘g7t )

This hence leads to D;[a] = Da[—a, 0], which is parsimonious.

We could have also had an equation involving both variables, like z1 & zo = 0, for
which (1,0) is also not a solution. In that case we can also simplify the expression coming
from Lemma 5.6:

{D’QZOCQDQZ:&D’QZ ocw@(p'zz (26)

So in this case we have D;[a] = D1[0], so that the parameter is trivial.

This in fact covers all the possibilities for a parameter that appears twice, so we see
that either we can reduce it to a parsimonious case, or the parameter is necessarily trivial.
Note that we didn’t need the fact that the constants ¢ were Clifford, as we only used
information about the affine subspace, and not the phases, so that this holds for any affine
reduction were variables appear at most twice. If we have more than one parameter, we
can repeat this argumentation for each parameter independently. We have then proven
the following:

Proposition 5.9. Let Di[d@] = D2[Mda + ¢ be an affine reduction where every column
of M contains at most two non-zero elements, and suppose that all parameters & are
non-trivial. Then there exists a parsimonious reduction Dq[d] = Dy[M'd + .

We can do a similar argument for when we have three repetitions of a variable, although
the method breaks down when we have four repetitions.

When we have three variables we also get an equation restricting the affine subspace
of Do. If this involves just one variable, the reduction can be restricted to one where the
variable only occurs twice using a version of Eq. (25), so that the previous case applies and
we are done. If the equation involves two variables, then we can use a version of Eq. (26)
to reduce it to the parsimonious case as well:

@ @ T @ _
3 DQ;“DQ;‘@EDQ;_DQ; (27)

In this particular case then Dsla, 3,7] = Da[a,  + ,0], but in general there might also
be a minus sign. In any case we can reduce Dy to the two parameter case, so that we
can repeat the argument for the two parameter reductions, and we get a parsimonious
reduction.

21



Now if the restricting equation involves all three variables we need to make a case
distinction. If none or only one of the z; is odd, then by Lemma 5.6 we already know the
reduction can be made parsimonious. If all three z; are odd, then the three-qubit version
of Eq. (26) applies, and the parameter in D; is trivial. The remaining case is then when
two of the z; are odd. In that case, the equivalent of Eq. (26) would toggle the connectivity
of the X-spider, so that it is equivalent to the X-spider only being connected to just 1 of
the spiders, which would again make it parsimonious.

Proposition 5.10. Let D;[d@] = Dy[Ma + ¢] be an affine reduction where every column
of M contains at most three non-zero elements, and suppose that all parameters a are
non-trivial. Then there exists a parsimonious reduction D;[a] = Do[M'a + ).

For any number of variables repetitions, if the restricting equation contains 1 or 2 vari-
ables, we reduce to a case with fewer repetitions. For four repetitions the only problematic
cases are then when there are exactly 2 odd z;, and the restricting equation contains 3
variables such that this does not contain all odd z;, or the restricting equation contains
all 4 variables. We conjecture that using some other consequences of Lemma 5.8 we
should also be able to prove that when we have this situation that we can still construct
a parsimonious reduction.

6 Measurement-based quantum computing

We have so far only talked about parameters in the context of parametrised circuits, but
they are also a useful concept in measurement-based quantum computing (MBQC). The
most well-studied form of MBQC is the one-way model [26, 27]. In this model you start
with a graph state and you do measurements in one of the three principal planes of the
Bloch sphere. Subsequent measurement angles may depend on previous measurement
outcomes, which is needed in order to correct for ‘wrong’ measurement outcomes and to
get a deterministic outcome. In general it might not be possible to pick a measurement
order and set of corrections that results in a deterministic outcome. In order to ensure
this we need to require certain combinatorial properties of the underlying graph state that
ensure there is a flow for the errors to be pushed along. In particular, a measurement
pattern is uniformly, strongly and stepwise deterministic if and only if the underlying
graph state has a generalised flow (gflow) [8].

A pattern is uniformly deterministic if it is deterministic for every choice of mea-
surement angle for the chosen measurement planes. It is strongly deterministic if every
measurement outcome happens with equal probability, and it is stepwise deterministic if
after every single measurement the set of corrections to make it deterministic is known
again. A generalised flow is a property that an open graph (a graph with a specified set
of inputs and outputs) can have which has to do with the neighbourhoods of the vertices.

The most general known flow condition is known as Pauli flow. In this setting, qubits
are either measured as some Pauli, or they are measured in an arbitrary angle in a given
plane of the Bloch sphere. The uniform determinism condition is then weakened to only
apply to those qubits measured in the arbitrary angle. When represented as a ZX-diagram,
such patterns correspond to parametrised Clifford diagrams [30]. In [6] and [30] it is shown
how to rewrite measurement patterns with gflow or Pauli flow in order to remove certain
measured qubits while preserving the flow conditions. On the level of ZX-diagrams these
rewrites correspond precisely to the strategy of [18] that we have shown to be optimal
when it comes to parameter optimisation.

We hence also have the following result.
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Theorem 6.1. The simplification strategy for measurement patterns with gflow of [6] pro-
duces a measurement pattern that has a minimal number of parametrised measurements
amongst those patterns that it parsimoniously affinely reduces to.

7 Conclusion and discussion

We showed that we can find the minimal number of parameters of a Clifford circuit with
parametrised phase gates under the condition that each parameter occurs uniquely and
that the notion of reduction is restricted to analytic maps that don’t clone any parameter to
multiple places. The algorithm that finds the minimal parameter count is the one described
in our earlier work [18]. Our result also applies to measurement patterns with gflow and
shows that the technique of [6] produces a measurement pattern with the minimal number
of non-Clifford measurements (under the condition that we treat these non-Clifford angles
as ‘black box parameters’).

Note that the ZX-calculus-based approach of [18] was primarily interested in optimising
T-count, and as an approach it always seemed to match the T-count of the circuit-based
approach based on fusing Pauli exponentials of [31]. Evidence that these methods should
result in the same non-Clifford count was further given in [30]. Hence, it seems likely that
the approach of [34] should also give optimal parameter counts. That means that writing
a circuit as a series of Pauli exponentials and merging those exponentials of the same Pauli
when there are only commuting Paulis in between them is essentially the best possible
rewrite strategy when our goal is minimising the number of non-Clifford components of
the circuit and we can’t use any specific knowledge on the angles of rotation involved
(barring the use of discontinuous parameter changing rules like Eq. (2)).

Our results demonstrate that any circuit optimisation strategy that wants to do better
at removing non-Clifford phases needs to use specific knowledge of the phases involved.
This is indeed the case in T-count optimisation wherein relations to Reed-Muller decod-
ing [3] and symmetric 3-tensor factorisation [15] are used. In particular, in [3] it was
shown that for diagonal circuits built out of CNOT gates and phase gates, there are only
non-trivial identities when the phases involved are dyadic rational multiples of .

There are several possible generalisations of our result that could be considered. We
have already shown that generalising the discrete gate set from Cliffords to Clifford+T
results in a parameter optimisation problem that is NP-hard, but we left open the question
of the hardness of other possible generalisations. In particular, we have only established
the hardness of optimisation when parameters are allowed to be reused in the setting
of post-selected quantum circuits. We don’t know if the problem remains hard in the
unitary setting. This is particularly relevant, because many ansétze for variational circuits
involve controlled-phase gates [14, 29] that get decomposed into repeated parametrised
phase gates. We have also left open the hardness when we relax the notion of reduction
between parametrised circuits to include parameter transformations that are discontinuous
in parameter space, like the Euler angle transformation of Eq. (2). This rule suffices to
make the ZX-calculus complete for arbitrary linear maps [33] so it stands to reason that
rewriting when this rule is allowed becomes hard. Lastly, our optimality result applies
to parsimonious reductions: those that do not clone the parameter. We've showed in
Section 5.1 that when a parameter is used at most 3 times in a reduction, that we can
also find an equivalent parsimonious reduction. We suspect that this should hold for any
non-parsimonious reduction, and hence that our optimality result should hold even when
allowing any affine reduction.
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A Hardness of optimisation with repeated parameters

We have not yet determined the hardness of optimisation of Clifford circuits with repeated
parameters. The argument of Proposition 2.3 does not work, since we cannot ‘reliably’
produce a Toffoli gate using just Clifford gates and parametrised phase gates: if all the
parameters are set to Clifford angles, then the whole circuit is Clifford and hence certainly
cannot implement a Toffoli. It turns out that it is however possible to construct a Toffoli
for any other choice of parameter using repeated parametrised phase gates if we allow the
circuit to be post-selected.

In order to define the reduction problem for post-selected quantum circuits we slightly
relax Definition 2.1 to allow for a zero scalar.

Definition A.1. We say a parametrised post-selected circuit C; with parameter space R¥
reduces to post-selected circuit Co with parameter space R! when there exists a function
f: RF — R such that C1[a] = A(@)Cs[f(a)] for all & € R¥ where ) : R¥ — C is a function
representing a global scalar (@) that may depend on the parameters and is allowed to be
zero. We define an affine reduction as before by restricting f to be affine.

Definition A.2. (Affine) Parameter optimisation for post-selected circuits: Given

a parametrised post-selected quantum circuit C'; with parameter space R*, find a parametrised
quantum circuit Co with parameter space R that it (affinely) reduces to, such that [ is
minimal.

In this appendix we will prove the following result.

Proposition A.3. Boolean satisfiability reduces to affine parameter optimisation for post-
selected circuits.

In order to prove this it will be helpful to use the ZH-calculus [5, 7]. In particular we
define a new type of generator, the H-boz:

m { )E(} n — Zaw1~--xmy1~-yn ) (Z] (28)
f7y

This is a matrix that has a 1 in every entry except for the bottom-right corner (where
xp] =" =Ty =Yy = - = Y, = 1) where there is an a. In particular, the 1-input
1l-output H-spider with a = —1 is a rescaled Hadamard. For this reason, when a = —1 we
don’t write the label in the H-box.

The reason we are interested in H-boxes, is because they allow us to easily represent
the AND operation AND |z, y) = |zy):

“oo— =2 |AND (29)




Hence, we can use H-boxes to construct the Toffoli:

In order to relate H-boxes to parametrised phase gates we need to decompose it into the
generators of the ZX-calculus. How to do this is described in [19]:

=%
- = @— =¢§ o<

(31)
To decompose an n-ary H-box with an e® phase we require 2" — 1 phase gadgets with
+a /2"~ ! phases. Now to show how to implement a Toffoli using parametrised phase gates
we will need to additional rewrites, H-box fusion and supplementarity:

>{F@< zzﬁg = l@ine— (32)

We then show the following:
(32)

oo = ; pofloel e (33)

(31)
= lleoe@@eoe@@
@ @
(32)

0@ =1 po@ed-

®
&3

From this we conclude that:

B0 Xiw @@ (34)

This equation holds whenever « # 0 (since otherwise the scalar factor in Eq. (33) would
be zero). Since we want to work with integer multiples of & we can replace a by 4« in this
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equation (because the equation must hold regardless of the value of a this substitution is
valid):

In order to make the connection to post-selected quantum circuits more clear we can use
this construction to build a Toffoli as a post-selected circuit using controlled-phase gates:

e O@® )

9
e i} i

(36)
Since we can build a Toffoli (up to a scalar that depends on the parameters), we can
construct for every Boolean function f : {0,1}" — {0,1} the map Uy[a] acting as
Uyla] |Z,y) = M@) |Z,y © f(Z)) for some scalar function A which goes to zero when a = k7.
Note that we only need the single parameter « as we can construct each Toffoli using the
same repeated parameter. In particular, if the construction of Uy involves k Toffolis, then
the scalar is A(a) = (1 — e"*)*. Now with Uy in hand, we can build the same circuit
as in Proposition 2.3 using two additional parameters g and v to get the diagonal map
Z, ) = N(a)ePyt @) |z ). Let’s call the post-selected circuit implementing this
map Crla, 3,7].

Note that if f is not satisfiable that then g and v can fuse, meaning C; reduces
to a circuit C’[6] implementing C'[6]|Z,y) = €Y |Z,y). The reduction is Cfla, B,7] =
N(a)C’'[B + ~]. Hence, the optimal parameter count of C is 1 (because it can’t be zero).
If instead f is always satisfiable, then we can also show that it reduces to a circuit with
parameter count 1. When f is satisfiable, but not always satisfiable then we can show
that 8 and « have separate effects on at least two different input states to Cy so that the
optimal parameter count is at least 2.

We can now state our reduction from SAT to parameter optimisation with post-selected
quantum circuits. For a given Boolean formula f, construct the post-selected parametrised
circuit Cy. Then determine its optimal parameter count. If this is more than 1, then f is
satisfiable. If it is exactly 1, then it is either not satisfiable or always satisfiable. Test the
value f(0---0). If this is 1 then f is satisfiable, and if it is not, then it is not satisfiable
everywhere and hence must not be satisfiable at all.

B Affine functions are all you need

We will here formalise what we mean by the parameter maps consisting of analytic func-
tions on the unit circle. We require a parameter map ® = (®1,...,®P;) to consist of
functions ®;(a@) = 27 f((& mod 27)/(27)) mod 27 for some smooth f. Here we are di-
viding and multiplying by 27 to make the following arguments more convenient. We
additionally take the modulo 27 inside of the argument of f so that we can view f
as a function f : [0,1]” — R. To make ®; a proper map of the unit circle we need
f(Lzo,...,2n) — f(0,22,...,2,) = k for some integer £ € Z and arbitrary z; € [0,1],
and similarly for the other arguments (note that this k cannot depend on the choice of
X9, ... Ty due to continuity of f). In addition, for f to be smooth as a function on the unit
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circle we also need f'(0,x2,...,2,) = f'(1,22,...,2,), so that there is no discontinuity
in the derivative at the boundary. The same holds for all higher derivatives as well. We
assume that f is in each argument analytic, meaning that it is infinitely differentiable, and

given by a power series. Concretely, writing g(x) := f(x, z2,...,x,) for some fixed choice
of zo,...,x,, we will assume that
o0
g(z) = Z am(x —0)™
m=0

for some choice of b, a,, € R, such that this infinite sum absolutely converges within an
open interval I containing [—1, 1].

Our discussion above then shows that we should assume that g(1) — ¢(0) = k € Z, and
g9 (0) = g\ (1), where g\9) denotes the jth derivative of g.

Lemma B.1. Let g be an analytic function satisfying the conditions g(1) = ¢(0) + k for
some k € Z and ¢ (0) = gU)(1) for all j. The g is equal to g(z) = kx + ¢ for some
constant ¢ € R.

Proof. Define h(xz) := g(x — 1) + k. Note first that h is still an analytic function, and
furthermore that h(1) = g(0) + k = g(1) and A9 (1) = g (0) = ¢V (1). Hence g and h
agree on all derivatives and hence must be equal. As a result g(z) = g(x — 1) + k, and
hence also g\ (z) = g (z —1).

Now let’s use this equality and evaluate g and its derivatives at the base point b of
the series as well as in b — 1. We of course have g(b) = ag. But also g(b) = g(b—1) +
k=ao+Fk+ >3 a;(—1)7. Hence, Y32, aj(—1)7 = —k. We do the same for the first
derivative: a; = g (b) = gM(b—1) = 21 ja;(—1)7 — 1. After some rewriting we get
P ja;j(—1)7 = 0. In general, doing this with the /th derivative, we get the equation

i 3G = Dlaj(—=1) = 0.

j=l+1

This then gives us an infinite set of linear equations for the a; in upper triangular form:

-k = —a1 +a2 —az3 +ay
0 = +2a9 —3az +4ay

0 - “6az  +12a4 ... (37)

Using standard induction arguments one can show that this has a unique solution given by
a1 =k, and a; = 0 for j > 1. Hence g(z) = ag+ k(z —b) = kx — bag where bag = ¢(0). O

Recalling that we defined g(x) := f(x,z2,...,x,) we see with the above lemma that
f(x,za,...,2y) = kx + ¢, where the ¢ is necessarily f(0,z2,...,2,). We can do the
exact same argument for the argument o as well to arrive at f(x,zo,...,x,) = koxo +

f(z,0,23,...,2) = kx+koxa+ f(0,0,z3,...,n). Hence, repeating the argument for each
parameter we see that f(x1,...,2,) = k1x1 + - kpzy, + ¢ where ¢ = f(0,...,0). Note
that we can write this as f(Z) = k - Z 4+ ¢ where - is the dot product and k = (ki,.. ., kn).

Now ® = (®1,...,%;) where ®;(&) = 2r f;((d mod 27)/(27)) mod 27 = 2m(k;j - & +
¢; mod 27) = (kj - a + ¢;) mod 2. Writing & = (c1,...,¢) and M = (ky --- k;) we see
that we then indeed get ®(@) = Ma + ¢.
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C Proof of Parametrised completeness

In this Appendix we will set out to prove Theorem 4.12.
We will need the following facts:

Lemma C.1. Let S be a scalar Clifford diagram. Then S is equal to v/2"e**T for some
integers n, k € Z.

Lemma C.2. Let D be a Clifford diagram. Consider now the diagrams Dy and D_ we
get by plugging in a |+), respectively a |—) state into one designated input or output wires
of D. Then if D # 0 exactly one of the following is true:

e Dyl = 1D
. [D+] =o.
. [D-| =o.

Proof. Without loss of generality we can take D to be a state, which is hence (proportional
to) a stabiliser state. Then plugging in |+) or |—) into one of the wires corresponds to
a post-selection on an X measurement. It is well known that a Pauli measurement on a
stabiliser state is either deterministic or unbiased, corresponding to the scenarios described
above. O

We will now first study in-depth the behaviour of trivial parameters, and diagrams
which just have a single parameter, before moving to the general case.

Definition C.3. We say a parametrised diagram D is singular when there exists a choice
of parameters @ such that D[@] = 0.

Lemma C.4. Let D be a singular parametrised diagram with just a single parameter.
Then that parameter is trivial. Furthermore, if there is more than one value of the
parameter for which D is zero, then D = 0. Otherwise the unique value « of the parameter
such that D[a] = 0 is Clifford: a = k7.

Proof. Suppose that for some phase o we have D[a] = 0, and let 5 and 7 be any other
phases. Write |[4+,) = a|+4) + b|+3). Then D[y] = aD[a] 4+ bD[S] = bD[3], so that the
parameter is indeed trivial. Now, if there were a second value of the parameter for which
D is zero, then we could have taken 3 to be equal to that value, which would have shown
DIv] = 0. Since 7 is arbitrary this indeed shows D = 0.

So suppose that « is the unique value for which D[a] = 0. Suppose that a # 0 and
a # 7. We will show that then a = +75. Now with the above argument, taking v := 7 and
B := 0 we calculate D[r] = bD[0]. Since we know that D[r] # 0 and D[0] # 0, Lemma C.2

shows that necessarily [b] = 1. But Lemma 4.4 also gives us b = :ijﬂ Hence we must
have |e'® + 1| = |e!® — 1|. Converting the expressions in sine and cosine shows that this
only holds when o = £7. O

Proposition C.5. Let D # 0 be a parametrised diagram with a single parameter o and
suppose « is trivial. Then exactly one of the following is true:
« D[0] =0 and D[a] = £(1 — €'®)DI[n].
 D[r] =0 and D[a] = (1 + €®)DI0].

e D[Z]=0and D[a] = 1(1+ @3 DJo].




e D[-2]=0and D[a] = (1 +¢(@~2))D0].

e D[n] = D|[0] and D[«] = DI0].
e Di[r] = —DI[0] and D[a] = €"*DJ0].
In particular, if D is non-singular, then D[r] = £D]0].

Proof. If D[0] = 0, then using |+4) = al|+o) + b|+x), we get D[a] = bD[r]|. Using
Lemma 4.4 we see that b = 3(1 —€’). The other 3 cases where D is singular are similarly
calculated.

So suppose D is not singular. By Lemma C.2 we must then have ||D[x]|| = ||D[0]]|
and hence D[r] = €!?D[0]. Now because €' must be expressible as a Clifford phase, we
must have ¢ = k7. But actually, since ¢ is a relative phase that only gets applied when
7 is inserted in the diagram, and not when 0 is, we must have ¢ = k7, since it otherwise
would correspond to a T gate. It is straightforwardly verified using the previously used
technique, that if ¢ = +7 that then D[F7] = 0. Hence, as D is non-singular, we must
have ¢ = 0 or ¢ = 7w, which correspond to the two remaining cases. ]

Proposition C.6. Let D; and Dy be parametrised diagrams with a single parameter.
Suppose that Di[a] = A(«)Dz[a] for some scalar function A : R — C which is non-zero
for all a. If « is trivial in Dy, then « is trivial in Dy and there exists some scalar Clifford
diagram S such that either D} = S ® D) or D} = S ® (D50 X(7)). In either case we can
rewrite, up to a scalar, Dq[a] into Ds]a|, using the Clifford rewrite rules.

Proof. We make some case distinctions. First, if Dj[a] = 0 for all a, then the same is true
for DyJa] and we are done. So assume D; # 0. By Proposition C.5 there are then 6 cases
to check. The first 4 are very similar, so we only do the first of those. Suppose D;[0] = 0.
Then because A(0) # 0 by assumption, we must also have Dy[0] = 0. Hence, by the first
case in Proposition C.5 we have

AMa)Dola] = Di|a] = %(1 — €Dy [r] = )\(ﬂ')%(l — € Dy[r] = \(m)Ds[al].

Hence, A(a) = A(m) for all & # 0. Since D3[0] = 0 we might as well take A\(0) = A(m). Let
S denote the scalar Clifford diagram denoting A(7). Then D; = S ® Ds.

The other cases where one of the diagrams is zero for one of the values of the parameter
are handled similarly. Hence, assume that Dq[a] # 0 for all a. Then also Dyja] # 0.
We must then have Dj[n] = £D;[0], and Da[r] = £D[0]. Again, we make some case
distinctions.

Suppose Di[r] = D1[0] and Ds[n] = D2[0]. Then D1[a] = D1[0] and Da[a] = D2[0], so
that Dj[a] = D1[0] = A(0)D2]0] = A(0)Dz[a], and we are done. If instead D;[r] = —D;[0]
and Do[r] = —D5[0], then D;[a] = ¢**D1[0] and Ds[a] = €' Ds[0], so that we can again
verify that Di[a] = A\(0)D2[a] and we are done.

Hence, assume that D;[r] = D1[0], while Da[r] = —D3[0] (the other remaining case is
handled analogously). Using that Ds[a] = €' D3[0] we then calculate

A@)e® Dy[0] = A(@) Daa] = Dila] = D1[0] = M0)Ds|0],

so that M(a) = e~®X(0). Letting D) = D) o X () we note that Ds[a] = €'*Dg[—a] =
Ds[0]. Hence, Di[a] = e **A(0)Dz[a] = A(0)D2[0] = A(0)Dz[a]. We see then that ZX
proves that Di[a] and S ® Ds[a] are equal, for S = X(0). O
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Lemma C.7. Let Di[a] and Ds]a] be (not necessarily Clifford) parametrised diagrams
with just one non-trivial parameter o. Suppose there is some scalar function A : R — C
such that Di[a] = M(a)D2[a], then A(a) = X is constant and we have D} = X' D).

Proof. Pick some « and (8 distinct from one another. By non-triviality of the parameter
we know that Dj[a] is not proportional to D;[f] for some choice of @ and . This then
also implies that Ds[«] is not proportional to Dy[3]. Let v be any other phase, i.e. v # «
and v # .

Let a and b be the constants such that |[+,) = a|+4) + b|+3). These a and b exist
because |+,) and |+3) form a basis. Note that necessarily a # 0 and b # 0, as v # a, 3.
Then:

OHDi|: = a (@Dj|: + b @D

But on the other hand:

COH Dy |0 = A O Dy|: = ar(y) @Dy |: + bA(y) BH Dy

Hence, we must have:
aX(a) Da[a] +bA(B) D2[B] = aA(y)Dz[a] + bA(y) D2[f].

Now bring matching terms to each side:

a(A(a) = A(7))D2la] = =b(A(B) — A(v)) Da[6]-

Since by assumption Dy[a] and Ds[5] are not proportional to each other, we must have
that each side is equal to 0. As we furthermore know that a,b # 0, we must then have
AMa)=A(y) =0 = A(B)—A(7y). Hence: A(a) = A(y) = A(). Since v was an arbitrary phase
not equal to v or 3 we see hence that A(y) = A is a constant. But then D;[a] = N Ds[a] for
all o, and hence the diagrams must be equal when we leave the wire open: D} = X'Dj). [

As we also noted in Remark 4.6, to use Proposition 4.5 we only really need to know
that the two parametrised maps agree on two values. The proof of Lemma C.7 furthermore
required a third value in order to get the phases to be equal. We hence note the following
corollary.

Corollary C.8. Let D;[a] and Dy[a] be parametrised diagrams with just one parameter
a that is furthermore non-trivial, and suppose that Di[k5] = A(k)D2[k7] for some scalar
function A : Z — C and all k € Z. Then D] = X' Dj for some constant scalar .

Proposition (Restatement of Prop. 4.11). Let D; and D2 be (not necessarily Clifford)
parametrised diagrams with the same number of parameters and where all the parameters
of Dy are non-trivial. Then if Di[@] = A(@)Dz[a] for all @, then D} = N Dj for some
constant scalar \'.

Proof. For convenience we will write Dj[a, @] for the set of parameters in D;. For an

integer string k € {0,1}" let @* := (k1%,...,kn5). We then write DZ-E .= Dy[—,a"] for

the parametrised diagrams DIE and DQE which each have a single non-trivial parameter .
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Note that D%[a] = A(a,&E)Dk[ | for every a. Hence, by settlng ( ) = Mo ,&E) we
satisfy the conditions of Lemma C.7 so that we must have (D’f) = A\z(D5)', where Ay is

a scalar.
Now consider the diagrams D;[—, @] for i = 1,2, which are like D;[c, @], but with the
wire where « is plugged in left open:

ol o= @pft
@

Consider now a shorter integer string K € {0 1}7~1 and the one-parameter diagrams
EF 8] := Dy[—,3,@"]. Then E¥ (k3] = A, H/Ek [k75] so that this satisfies the assumptions
of Corollary C.8 (with A(k) :== A, ). We hence note that A, ;» must be independent of k,

so let’s call the scalar just Ap. Additionally, we must then have (E{C ) = )\E/(E§ ).
We can now repeat the same argument until we have gone through all the parameters.
We then conclude that D] = X D), for some constant scalar \'. O

Theorem (Restatement of Theorem 4.12). Let D and Dy be two parametrised diagrams
with the same number of parameters and where all the parameters of D; are non-trivial.
Then if D1[@] = A(@)Dz[a@] for all @, then D] = C' ® Dj for some Clifford scalar C' and we
can uniformly rewrite D;[@] into C' ® Ds[@] using Clifford rewrites.

Proof. By Proposition 4.11 we may assume that ) is in fact a constant \. Now if we put
a = (0---0) then both D1[0---0] and D2[0--- 0] are entirely Clifford diagrams. But as we
also have D1[0---0] = N Ds[0- - - 0] we see that A must be a scalar that is representable as
a Clifford diagram. Denote the Clifford diagram representing \' by C. Then we see that
Dila] = C ® Ds[a] for all a. Hence by Proposition 4.5 we see that D] = C'® Dj and that
these can be rewritten into one another by the Clifford rewrite rules.

O

Remark C.9. This proof currently requires a strong form of non-triviality, which is that
for any choice of @, D[a, @] is not proportional to D[/, @], for any choice of o # /. Or
in the contra-positive form: we already call a parameter trivial when there is at least
one choice of @ such that there exist a # o' with D[a, @] proportional to D[o/,@]. We
conjecture that we can generalise the proof to only requiring that D[, @] # 0 for any
choice of parameter.
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