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Abstract

Protocols for quantum position verification (QPV) which combine classical and quantum
information are insecure in the presence of loss. We study the exact loss-tolerance of the most
popular protocol for QPV, which is based on BB84 states, and generalizations of this protocol.
By bounding the winning probabilities of a variant of the monogamy-of-entanglement game
using semidefinite programming (SDP), we find tight bounds for the relation between loss and
error for these extended non-local games.

These new bounds enable the usage of QPV protocols using more-realistic experimental
parameters. We show how these results transfer to the variant protocol which combines n bits
of classical information with a single qubit, thereby exhibiting a protocol secure against a linear
amount of entanglement (in the classical information n) even in the presence of a moderate
amount of photon loss. Moreover, this protocol stays secure even if the photon encoding the
qubit travels arbitrarily slow in an optical fiber. We also extend this analysis to the case of
more than two bases, showing even stronger loss-tolerance for that case.

Finally, since our semi-definite program bounds a monogamy-of-entanglement game, we
describe how they can also be applied to improve the analysis of one-sided device-independent
QKD protocols.

1 Introduction
Position-based cryptography (PBC), initially introduced by Chandran, Goyal, Moriarty and Ostro-
vsky [CGMO09], aims to allow a party to use its geographical location as a credential to implement
various cryptographic protocols. An important building block for PBC is so-called Position Veri-
cation (PV), where an untrusted prover P wants to convince a set of veriers V0,    , Vk that she
is at a certain position r. In [CGMO09] it was proven that no secure classical protocol for position
verication can exist, since there exists a general attack based on copying classical information.
Adrian Kent rst studied PV protocols that use quantum information in 2002, originally named
quantum tagging [AKB06, KMS11] and currently called Quantum Position Verication (QPV) in
the literature.Due to the no-cloning theorem [WZ82], attacks based on simply copying information
do not transfer to the quantum setting. Nevertheless, unconditionally secure QPV was proven to
be impossible, with [BCF+14] showing that any QPV could be attacked with double-exponential
entanglement, which was later improved to exponential entanglement [BK11].

On the other side, it is possible to prove a linear lower bound for the amount of entangle-
ment [BK11, TFKW13] – an exponential gap. Still, the extreme ineciency of the general attack
left the possibility open that QPV could be shown secure if we consider attackers that are bounded
in some (realistic) way. Ideally that would mean a protocol which requires an exponential amount
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of entanglement to attack, but any provable gap between the hardness of executing the protocol
versus breaking the protocol could be interesting. This possibility created the opportunity for
many interesting follow-up work, showing security under model assumptions such as nding clever
polynomial attacks to proposed protocols [LL11, CL15, Spe16a, Dol19, DC22, GC19, CM22] and
analyzing security in other models, such as the random oracle model [Unr14, LLQ21, GLW16].

Particularly interesting here is the recent work by Liu, Liu, and Qian [LLQ21], which surpris-
ingly shows that classical communication suces to construct a secure protocol – immediately
solving the issue of transmission loss. Despite this protocol being a great theoretical breakthrough,
there are some downsides which make it unappealing to implement in the near future. A minor the-
oretical downside is that this proposed protocol is secure only under computational assumptions,
and additionally requires the random oracle model to be secure against any entanglement. The
larger practical downside is that the honest prover in [LLQ21]’s protocol requires a large quantum
computer to execute the protocol’s steps – instead of manipulating and measuring single qubits as
in most other protocols we’re considering.

One of the simplest and best-studied QPV protocols, which constitutes the basis of this work,
is based on BB84 states, which we will denote QPVBB84. This protocol was initially introduced in
[KMS11] and later on proved secure against unentangled adversaries in [BCF+14], with parallel rep-
etition shown in [TFKW13]1. The protocol, explained in detail below, consists of one verier (V0)
sending a BB84 state to the prover and the other verier (V1) sending a classical bit describing in
which basis the prover has to measure, either the computational basis or the Hadamard basis. The
prover then has to broadcast the measurement outcome to both veriers, with all communication
happening at the speed of light. This protocol can be attacked by attackers that share a single EPR
pair. However, by encoding the basis information in several longer classical strings x, y ∈ 0, 1n
that have to be combined in some way (i.e., the basis is given by f(x, y) for some function f) it
is possible to construct a single-qubit protocol, QPVf

BB84, for which the quantum eort to break
it grows with the amount of classical information that an honest party would use. This type of
extension was already considered by Kent, Munro, and Spiller [KMS11] for a slightly dierent pro-
tocol, and analyzed more in-depth by Buhrman, Fehr, Schaner, and Speelman [BFSS13], with a
linear lower bound shown by Bluhm, Christandl, and Speelman [BCS22]2.(Also see [JKPPG22] for
a related lower bound for a slightly dierent protocol which combines quantum and classical com-
munication.) The ability to enhance security by adding classical information makes the functional
version of QPVBB84 an appealing candidate for future use.

However, applying QPV experimentally encounters implementation problems, of which two are
large enough that they force us to redesign our protocols. Whereas the transmission of classical
information without loss at the speed of light is technologically feasible, e.g. via radio waves, the
quantum counterpart faces obstacles. Firstly, most QPV protocols require the quantum information
to be transmitted at the speed of light in vacuum, but the speed of light in optical bers, a medium
which would be necessary for many practical scenarios, is signicantly lower than in vacuum.
Secondly, a sizable fraction of photons is lost in transmission in practice. For this loss problem, we
can distinguish two recent approaches. The rst of which is to create protocols which are secure
against any amount of loss, which we can call fully loss-tolerant protocols. This type of protocol
was rst introduced by Lim, Xu, Siopsis, Chitambar, Evans, and Qi [LXS+16], based on ideas
from device-independent QKD. New examples and further analyses of fully loss-tolerant protocols
were given by Allerstorfer, Buhrman, Speelman, and Verduyn Lunel [ABSV21, ABSL22]. These
protocols could be excellent realistic candidates for an implementation of QPV, but in the longer
term they have two shortcomings: they are not secure against much entanglement – [ABSL22] for
instance show that if security against unbounded loss is required, this is unavoidable – and they
require fast transmission of quantum information.

In this work we therefore advance another approach, which involves bounding the exact combi-
nation of loss rate and error rate that an attacker can achieve, thereby constructing what we may
call partially loss-tolerant protocols. The rst published example of this is given by Qi and Siop-

1The analysis was tightened in [RG15], however this was proven in a slightly-weaker security model where the
attackers share a round of classical communication instead of quantum communication, so the analyses are not
directly comparable.

2This linear lower bound is not necessarily tight – the best currently-known attack on QPVf
BB84 requires

exponential entanglement in the number of classical bits for most functions f .
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sis [QS15], who propose extending the QPVBB84 protocol to more bases to give some loss-tolerance,
a proposal which was independently made by Buhrman, Schaner, Speelman, and Zbinden (avail-
able as [Spe16b, Chapter 5]).

One might wonder: because it’s desirable to create a protocol which can tolerate a certain level
of measurement error, and we are only secure against limited loss anyway, why it is not possible
to see photon loss as merely another source of error? The answer is that it is very benecial to
treat these parameters separately because the numbers involved are entirely dierent. The basic
QPVBB84 protocol has a perfect attack, which is possible by claiming a ‘loss’ 50% of the time.
However, the best non-lossy attack has error 0.15. This means that an experimental set-up which
has a loss of 49% could conceivably enable secure QPV, even though that clearly could never be
good enough if the lost photons are counted as error. For dierent protocols, this dierence in
allowed parameters can be even larger.

In this paper, we study the security of the QPVBB84 protocol in the lossy case, for attackers
that do not pre-share entanglement, but that are allowed to perform local operations and a sin-
gle simultaneous round of quantum communication (LOBQC) [GC19]. The best bounds for the
non-lossy version of this protocol (for attackers that are allowed a round of quantum communica-
tion) come through reducing them to a monogamy-of-entanglement game [TFKW13] – we extend
this game to include a third ‘loss’ response. Via Semidenite Programming (SDP), we can then
tightly bound the game’s winning probability, and therefore QPVBB84’s security under photon loss,
showing that a naive mixture of the extremal strategies turns out to give the optimal combination
of error and response rate for the attackers3. This is a three-player game involving two players,
who have complete freedom, and a referee who performs a xed measurement for every input.
It is well-known how to analyze two-party scenarios using SDP relaxations, but extending these
methods to three-party scenarios presents an obstacle. To obtain SDP bounds, we combine the
NPA hierarchy [NPA08] with extra inequalities we derive from the relation between the referee’s
measurements – the way these inequalities enable us to tackle a three-player problem using SDPs
might be of independent interest.

Importantly, we are able to also show that these results can be adapted to show bounds for
the lossy version of QPVf

BB84. We do this by dening a new relaxation of our earlier SDP, which
holds for the unentangled case, and show that the numerical bounds for this new SDP can be used
to reprove a key lemma in [BCS22] for the case of our protocol. For instance, if the measurement
error is very low, our results show that the single-qubit protocol QPVf

BB84 remains secure against
attackers that share an amount of entanglement that is sublinear in the amount of classical bits,
even when only, e.g., 51% of the photons arrive at the honest party. The security proof even
goes through in the case that the transmission of quantum information is slow, as long as classical
information can be transmitted fast.

Moreover, we extend the QPVBB84 protocol where V0 and V1 agree on a qubit encoded in m
possible dierent bases over the whole Bloch sphere, a similar extension was proposed in [QS15],
see below for the dierences. Via SDP characterization, although tightness is not guaranteed for
m ≥ 3 in our results, we show that the new protocol becomes more resilient against photon loss
when m increases. Again, we are able to show this also holds for the extension to the protocol which
lets the basis be determined by more-complicated classical information QPVη,f

mθϕ
. For instance, for

m = 5, if the measurement error is very small the protocol remains secure against attackers sharing
less than roughly n

2 EPR pairs, even if almost 70% of the photons are lost for the honest parties.
The main result of this paper can be summarized as follows (see Theorems 3.12 and 5.7 for a

formal version):

Theorem 1.1. (Informal). If some attackers pre-share a linear amount (in the size of the classical
information) of qubits before the QPVη,f

BB84/ QPVη,f
mθϕ

protocol and if they respond with probability
η, then the probability that they do not answer correctly is strictly larger than a numerical bound,
which is a function of η. Therefore, if an honest prover, for which qubits arrive with probability η,
has lower error probability, the protocol is correct and secure.

3Note that in our current work we solve the semidenite programs for a complete range of experimental error
probabilities, thereby obtaining an exhaustive characterization of the protocols we consider. For an experimental
implementation only a small number of SDPs would have to be solved, namely the one that corresponds to a small
interval around the error and loss present in the experimental set-up, necessitating much less computation time than
used in preparing our results.

3



Our results also provide improved upper bounds for the probability of winning some concrete
monogamy-of-entanglement (MoE) games [TFKW13], which encode attacks of QPV protocols.
Finally, we apply our technique proofs to prove security of one-sided device-independent quantum
key distribution (DIQKD) BB84 [BB84] for a single round n = 1, see below, with security under
photon loss. However, the interesting case is the asymptotic behavior for arbitrary n, which we
leave as an open question.

Comparison to earlier work. Our work is directly related to the questions asked by Qi and
Siopsis [QS15]. The most important dierence between that work and ours, is that we are consid-
ering a more general security model. The attack analysis in [QS15] is based upon an assumption
that attackers would immediately measure an incoming qubit using a projective measurement, and
then communicate classically. By reducing to (extensions of) monogamy-of-entanglement games,
we instead capture any quantum action of the attackers, including a round of quantum commu-
nication – it’s shown in [ABSL22] that this stronger security model can in fact make a dierence
in the security. Critically, this also means that our method of analysis extends to the case where
a classical function is combined with a single qubit, and our results make it possible to also prove
entanglement bounds, instead of just bounds against unentangled protocols. Finally, our results
can be reapplied in other settings that can be described by a monogamy-of-entanglement game.

There are two other recent papers by Allerstorfer, Buhrman, Speelman, and Verduyn Lunel [ABSV21,
ABSL22] that study the role of loss in quantum position verication. Those works provide many
new results on the capabilities and limitations of fully loss-tolerant protocols.

Our work builds upon the (unpublished) results of Buhrman, Schaner, Speelman, and Zbinden
[Spe16b, Chapter 5]. That work took the initial step to bound QPV protocols in the lossy case
using SDPs. However, its analysis was incomplete and numerically signicantly less tight, e.g., its
bounds on QPVBB84 were a factor two worse than the current work. Additionally, we signicantly
extend its applicability by extending the technique to also show entanglement bounds for the
QPVf

BB84 protocol [BFSS13, BCS22].

2 The QPVη
BB84 protocol and its security under unentangled

attackers
Proposed QPV protocols rely on both relativistic constraints in a d-dimensional Minkowski space-
time M (d,1) and the laws of quantum mechanics. In the literature, e.g. [KMS11, BFSS13], the case
d = 1 is mostly found, i.e. verifying the position of P in a line, since it makes the analysis easier
and the main ideas generalize to higher dimensions. The most general setting for a 1-dimensional
QPV protocol is the following: two veriers V0 and V1, placed on the left and right of P , send
quantum and classical messages to P at the speed of light, and she has to pass a challenge and
reply correctly to them at the speed of light as well. The veriers are assumed to have perfect
synchronized clocks and if any of them receives a wrong answer or the timing does not correspond
with the time it would have taken for light to travel back from the honest prover, they abort
the protocol. Moreover, the time consumed by the prover to perform the challenge (usually a
quantum measurement or a classical computation, see below for a detailed example) is assumed to
be negligible.

One of the protocols that has been studied the most is the QPVBB84 protocol, see below,
originally introduced in [KMS11]. Here we introduce a variation of it where we consider that
the quantum information sent through the quantum channel between V0 and P can be lost. In
practice, a representative example of this will be photon loss in optical bers. We also consider
that an honest party is assumed to have error rate perr, and thus will also respond with a wrong
answer sometimes. This error can arise, for example, either from measurement errors or from noise
in the quantum channel where the qubit is sent through. We dene one round of the lossy-BB84
QPV protocol as follows:

Definition 2.1. (A round of the QPVη
BB84 protocol). Let η be the transmission rate of the quantum

channel, we dene one round of the lossy-BB84 QPV protocol, denoted by QPVη
BB84, as follows

(see Fig. 1 for steps 2. and 3.):
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1. V0 and V1 secretly agree on a random bit z and a basis x ∈ 0, 1 =: X , i.e. the computational
(0) or the Hadamard (1) basis. In addition, V0 prepares the EPR pair Ω〉 = (00〉+ 11〉)

√
2.

2. V0 sends one qubit Q of Ω〉 to P , and V1 sends x to P , coordinating their times so that Q
and x arrive at P at the same time.

3. Immediately, P measures Q in the basis x and broadcasts her outcome, either 0 or 1, to
V0 and V1. If the photon is lost, she sends ⊥. Therefore, the possible answers from P are
a ∈ 0, 1,⊥.

4. Let a and b denote answers that V0 and V1 receive, respectively. If

(a) both a and b arrive on time and a = b, and if

• they equal z, the veriers output ‘Correct’,
• they equal 1− z, the veriers output ‘Wrong’,
• they equal ⊥, the veriers output ‘No photon’,

(b) if either a or b do not arrive on time or a 6= b, the veriers output ‘Abort’.

The protocol is run sequentially r times. Let rC, rW, rN and rA denote the number of times
that the veriers output ‘Correct’, ‘Wrong’, ‘No photon’ and ‘Abort’, respectively, after the
r rounds. The veriers accept the prover’s location if the answers they receive match with η and
perr and they do not receive any dierent or delayed answers, i.e. if

rC ≈ rη(1− perr), rW ≈ rη(1− perr),

rN ≈ r(1− η), rA = 0
(1)

The symbols ≈ are due to the fact that in an implementation the above values would only be
reached for r → ∞. Notice that the veriers remain strict with rA, since an honest party would
never send dierent answers and using current technology, her answers will arrive on time.

The QPVBB84 protocol is recovered for η = 1 and perr = 0. The above description of one round
of the protocol corresponds to the puried version of the originally stated QPVBB84 (for η = 1).
Notice that sending a single qubit z in the basis x, as in the original version, instead of a qubit
from an EPR pair, is completely equivalent to the above description. When V0 measures Q in the
basis x, obtaining the random bit z, the reduced state sent to P is given by Hxz〉, where H is the
Hadamard matrix, and the original version is recovered. We will use the puried version in the
analysis, because the security proofs are easier (in particular, it makes it easy to delay the choice
of basis x to a later point in time, which makes it clear that the attackers’ actions are independent
of the basis choice).

Whereas it is well-known that unlimited attackers can always successfully break any QPV
protocol [BCF+14], the proof of the security of the QPVBB84 protocol under attackers that do
not pre-share entanglement [BCF+14] opened a branch of study. The most general attack to a
1-dimensional QPV protocol is to place an adversary between V0 and the prover, which we will call
Alice, and another adversary between the prover and V1, which we will call Bob. It is easy to see
that having more than two adversaries in a 1-dimensional setting does not improve an attack. We
now describe a general attack for attackers that do not pre-share entanglement.

Attack 2.2. The most general attack to QPVη
BB84, under the restriction that the attackers do not

pre-share entanglement and are allowed to perform local operations and quantum communication
(LOQC), consists of:

1. Alice intercepts the qubit Q and applies an arbitrary quantum operation to it, and possibly
some ancillary systems she possesses, ending up with the state ρ. She keeps a part of it and
sends the other to Bob. On the other side, Bob intercepts x, copies it and sends the copy to
Alice. Since they share no entanglement, any quantum operation that Bob could perform as
a function of x can be included in Alice’s operation (see e.g., [BCF+14, TFKW13]).

2. Each party performs a POVM Ax
a and Bx

b , respectively, to the state ρ and they send an
answer a, b ∈ 0, 1,⊥ to their corresponding verier.

5



V0 V1

P

V0 V1

a ∈ 0, 1,⊥

time

Q x ∈ 0, 1

a ∈ 0, 1,⊥

Figure 1: Steps 2. and 3. of the QPVη
BB84 protocol, where straight lines represent classical

information and undulated lines represent quantum information. Image reproduced from [BCS22]
with permission.

The loss of quantum messages can be taken as an advantage from the point of view of the
attackers. For example, assume that under the execution of the protocol the honest parties expect
that half of the photons (or more) are lost in the transmission, i.e., η ≤ 1

2 , but the attackers
are able to receive all photons (since they can position themselves closer to the veriers). Then
the attacker Alice could make a random guess x̃ for x, measure the qubit Q in the x̃ basis and
broadcast the outcome and x̃ to fellow attacker Bob. After 1-round of simultaneous communication
with Bob, they both know if the guess was correct. If so, they send the outcome to the veriers,
otherwise, they claim no photon arrived. Notice that Alice’s basis guess will be correct half of
the time and therefore, the attackers can respond correctly half of the time, which is the expected
ratio of transmission. We call this strategy the uniform strategy, and we denote it by S

η=1/2
MoE−u, see

below.
The tuple ρ, Ax

a, B
x
b x,a,b will be called a non-entangled (NE) strategy. The probabilities that

the veriers, after the attackers’ actions (for the random variable VAB) record correct, wrong, no
photon and dierent answers (the veriers ‘Abort’ in such a case) are thus, respectively, given by

P[VAB = Correct] =
1

X 
∑

a∈0,1,x∈X
Tr[ρV x

a ⊗ Ax
a ⊗Bx

a ], (2)

P[VAB = Wrong] =
1

X 
∑

a∈0,1,x∈X
Tr


ρV x

a ⊗ Ax
1−a ⊗Bx

1−a


, (3)

P[VAB = No photon] =
1

X 
∑

x∈X
Tr[ρI⊗ Ax

⊥ ⊗Bx
⊥], (4)

P[VAB = Abort] =
1

X 
∑

a 6=b∈0,1,⊥,x∈X
Tr[ρI⊗ Ax

a ⊗Bx
b ] (5)

Through this paper, P[∗] will denote the probability of event ∗. Similarly, we will consider the
random variable VP if the actions are performed by the prover. We say that an attack to a round
of the protocol is successful if the following are fullled:

P[VAB = Correct] = η(1− perr), P[VAB = Wrong] = ηperr,

P[VAB = No photon] = 1− η, P[VAB = Abort] = 0
(6)

A single round attack to QPVη,f
BB84 for η = 1 can be identied with a so-called monogamy-of-

6



entanglement (MoE) game, introduced by Tomamichel, Fehr, Kaniewski and Wehner in [TFKW13],
formalized below in Denition 2.3 and generalized by Johnston, Mittal, Russo, andWatrous [JMRW16].
The authors of [TFKW13] showed that the optimal probability that the attackers are correct in
one round of the QPVBB84 protocol is 1−cos2 π8. Moreover, they show strong parallel repetition,
i.e. if QPVBB84 is executed n times in parallel, the probability that the attackers are correct is at
most (1− cos2 π8)n.

Here we consider an extension of a MoE game, which we will call lossy MoE game, that will
capture a round attack of QPVη

BB84.

Definition 2.3. A lossy monogamy-of-entanglement game with parameter η ∈ [0, 1] consists of a
nite dimensional Hilbert space HV , corresponding to party V , and a list of measurements V x

v v∈V
on HV , indexed by x ∈ X , where V and X are nite sets. Two collaborative parties, Alice and Bob,
with associated Hilbert spaces HA and HB, respectively, prepare an arbitrary quantum state ρV AB

and send ρV to V , holding on ρA and ρB, respectively. V chooses x ∈ X uniformly at random and
measures ρV using V x

v  to obtain the measurement outcome v. Then she announces x to Alice
and Bob. The collaborative parties make a guess of v and they win the game if and only if both
either guess v correctly or their strategy, see below, is such that (8) is fullled.

A MoE game as in [TFKW13] is recovered for η = 1. The interpretation of the lossy MoE game
compared with the original MoE game is that the two collaborative parties have the ‘extra power’
of answering ‘⊥’ which can be seen as them saying ‘I do not know’ with probability 1− η.

Definition 2.4. A strategy Sη
MoE for a lossy monogamy-of-entanglement game is a tuple

Sη
MoE = ρV AB , A

x
v , B

x
v v∈V∪⊥,x∈X , (7)

where ρV AB is a density operator on HV ⊗ HA ⊗ HB and for all x ∈ X , Ax
vv∈V∪⊥ and

Bx
v v∈V∪⊥ are POVMs on HA and HB, respectively, such that

1

X 
∑

x∈X
Tr[ρV ABI⊗ Ax

⊥ ⊗Bx
⊥] = 1− η (8)

In [TFKW13] it is shown that any strategy can be puried in the sense that, enlarging the
corresponding Hilbert spaces if necessary, ρV AB = ψ〉〈ψ is a pure state for ψ〉 ∈ HV ⊗HA ⊗HB

and Ax
v, Bx

v  are projective measurements. Therefore, unless it is explicitly specied, from
now on we will consider any strategy Sη

MoE , with Sη
MoE pure. A MoE game can be associated

with an attack to the QPVBB84 protocol in the sense that having a strategy to break the protocol
implies having a strategy for the MoE game [TFKW13, Section 5]. In a similar manner, it follows
that having a Sη

MoE strategy implies having a NE strategy for QPVη
BB84. The idea is that in

item 2. in the attack described as Attack 2.2, the attackers start with a tripartite state shared
among the verier, Alice and Bob and their task is to correctly guess the measurement outcome
of the measurement which is performed on the verier’ register. In the QPVBB84 protocol case,
V corresponds to the veriers with associated Hilbert space HV = C2, with X = 0, 1 and
V = 0, 1. The veriers V perform the collection of measurements

V x
0 , V x

1 x∈0,1, (9)

where V x
0 = Hx0〉〈0Hx and V x

1 = Hx1〉〈1Hx, where H is the Hadamard transformation, and
the two collaborative parties, who correspond to the attackers, want to break the protocol by
guessing the verier’s outcome. The strategy Sη=1

MoE−BB84 = ψ〉〈ψ, Ax
a = a0, B

x
a = a0, where

ψ〉 = cos π
8 0〉 + sin π

8 1〉, gives the optimal probability of winning the MoE game (see discussion
below) and thus the optimal probability of being correct attacking the QPVBB84 protocol,

P[VAB = Correct] =
1

X 
∑

a,x

Tr[ψ〉〈ψV x
a ⊗ Ax

a ⊗Bx
a ] = 1− cos2

π

8
 (10)

This strategy also gives, using (6),

P[VAB = Wrong] = cos2
π

8
, P[VAB = Abort] = 0 (11)

7



Comparing it with (6), and considering that η = 1, the attackers could successfully attack one
round of the QPVBB84 protocol if perr = cos2 π

8 . Notice that if in a lossy MoE game the attackers
actually ‘play’, meaning that they do not respond ‘⊥’, we have

P[VAB = Correct  VAB 6= No photon] + P[VAB = Wrong  VAB 6= No photon]

+ P[VAB = Abort  VAB 6= No photon] = 1
(12)

In fact, since for QPV we impose P[VAB = Abort] = 0, the above expression reduces to

P[VAB = Correct  VAB 6= No photon] + P[VAB = Wrong  VAB 6= No photon] = 1 (13)

We dene the probability of winning, pwin as the maximum probability of being correct conditioned
on answering, i.e. pwin := maxP[VAB = Correct  VAB 6= No photon]. In fact, this corre-
sponds to what in [TFKW13] is dened as the probability of winning the MoE game. Moreover,
since for the BB84 MoE game it is always the case that VAB 6= No photon, we have that the
optimal probability of winning the game is

pwin = P[VAB = Correct  VAB 6= No photon] = P[VAB = Correct] = 1− cos2
π

8
, (14)

which is obtained using Sη=1
MoE−BB84.

The security of the QPVη
BB84 protocol relies on the probability that the attackers can win the

lossy MoE game. The usage of Semidenite Programming (SDP) techniques to bound non-local
games was initiated by Cleve, Hoyer, Toner and Watrous [CHTW04] and Wehner [Weh06]. In order
to apply these techniques, we take our security approach on the probability that the attackers can
actually play the game without being caught, i.e., the probability that they can answer, pans,

pans = P[VAB = Correct] + P[VAB = Wrong] =
1

2

∑

x,a∈0,1
〈ψAx

aB
x
a ψ〉, (15)

where we used the following simplied notation: when clear from the context, tensor products,
identities and ψ will be omitted, e.g., 〈ψV x

0 ⊗ Ax
1 ⊗Bx

1 ψ〉 = 〈V x
0 Ax

1B
x
1 〉.

This probability of answer needs to restrict the probability that the attackers are wrong. The
prover’s error perr is such that

〈V x
0 Ax

1B
x
1 〉

〈V x
0 (Ax

0 + Ax
1)(B

x
0 +Bx

1 )〉
≤ perr,

〈V x
1 Ax

0B
x
0 〉

〈V x
1 (Ax

0 + Ax
1)(B

x
0 +Bx

1 )〉
≤ perr, (16)

where we impose that the error rate for both outputs 0 and 1 is upper bounded by the same amount
for all inputs x.

Notice that if pans = 1, the attackers can always attack the protocol without being caught.
Using (15), the security of the protocol can be regarded as the maximum probability that the
attackers can respond without being caught, and the protocol will be proven to be secure if the
attackers cannot reproduce pans ≥ η for a given perr, we formalize this idea in the following
denition.

Definition 2.5. We dene the security region SR of the QPVη
BB84 protocol as the set of pairs

(perr, pans) ∈ [0, 1]× [0, 1] for which no strategy Sη
MoE (and thus no NE strategy) exists that breaks

the QPVη
BB84 protocol with the corresponding error and response rate. A subset of SR will be

denoted by SSR. We dene the attackable region AR as the complementary set of the SR. A
subset of AR will be denoted as SAR.

Therefore, our interest relies on maximizing expression (15) over all the strategies Sη
MoE to break

the QPVη
BB84 protocol. However, unlike the set of probabilities achievable by classical physics, the

set of probabilities attainable by quantum mechanics, Q, has uncountably many extremal points,
see e.g. [BCP+14], and therefore it makes the optimization problem a tough task. On the positive
side, in [NPA08], Navascués, Pironio and Acín (NPA) introduced a recursive way to construct
subsets Q` ⊃ Q`+1 ⊃ Q for all ` ∈ N with the property that each of them can be tested using SDP
and are such that `∈NQ` = Q.
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For all a, b ∈ 0, 1,⊥ and all x, x′ ∈ 0, 1, the elements 〈Ax
aB

x′
b 〉 will appear in the maxi-

mization problem solvable via SDP, and they are bounded by linear constraints given by Q`, see
Appendix A. In addition to these constraints, we impose the additional linear constraints derived
from QPVη

BB84, i.e., since in the protocol the veriers abort if they receive dierent messages, from
(5),

〈Ax
aB

x
b 〉 = 0 ∀a 6= b ∈ 0, 1,⊥, ∀x ∈ 0, 1, (17)

and the prover subject to a measurement error perr, see Proposition 2.6.

Proposition 2.6. Let a, b ∈ 0, 1. For all x, x′ ∈ 0, 1, the terms 〈Ax
aB

x′
b 〉 can be bounded by

perr by the following inequality:
∑

ab

(2− ‖V x
a + V x′

b ‖)〈Ax
aB

x′
b 〉 ≤ perr

∑

a

(〈Ax
aB

x
a 〉+ 〈Ax′

a Bx′
a 〉) (18)

The proof is a particular case of the proof of Proposition 4.2.
The value of pans in (15) can be therefore upper bounded by the SDP problem:

max
1

2

∑

x,a∈0,1
〈Ax

aB
x
a 〉;

subject to: the linear constraints for Sη
MoE ∈ Q`,

and equations (17) and (18)

(19)

Where, abusing notation, we denoted Sη
MoE ∈ Q` meaning that the probabilities obtained from

Sη
MoE belong to the set Q`. Fig. 2 shows the solution of the SDP (19) for dierent values of

perr for the rst and second level of the NPA hierarchy using the Ncpol2sdpa package [Wit15] in
Python. The values above the solution for any given perr represent points where does not exist
an attack such that pans ≥ η and therefore correspond to SSR, the area represented in light
blue. The results plotted in Fig. 2 coincide with the tight bound of the winning probability of the
MoE game attacking the QPVBB84 protocol, since pans reaches 1 for perr = 01464 ' 1−cos2(π8).

Proposition 2.7. The function pans(perr) for perr ∈ [0, 1] obtained by the solution of (19) is
monotonically increasing, i.e. if p0err ≤ p1err, then pans(p

0
err) ≤ pans(p

1
err).

Proof. It follows from the fact that pans(p
1
err) is obtained by an SDP which relaxation of the

restrictions of the SDP providing pans(p
0
err).

Informally, Proposition 2.7 assures that between two numerical solutions for dierent perr there
are no ‘abrupt jumps’, more specically, in Fig. 2, any solution between two plotted points cannot
be grater than the point in the right.

Consider the strategy Smix
MoE p given by the probabilistic mixture of playing the strategy Sη=1

MoE−BB84

with probability p and S
η=1/2
MoE−u with probability 1 − p, conditioned on answering. As long as

pans < 1, for each p, this mixture gives a unique pair of (perr, pans) (for pans = 1, take the minimum
perr), and we equivalently denote Smix

MoE p by the corresponding (perr, pans) as Smix
MoE (perr,pans). The

values of pans obtained by this strategy, see continuous line in Fig. 2, provide a region where the
protocol is attackable, i.e. a SAR. Since the SSR obtained from the second level of the NPA
hierarchy and the SAR obtained from Smix

EoM p are such that SSR  SAR = [0, 1] × [0, 1], up to
innitesimal precision, it means that they correspond to SR and AR, respectively, i.e., the solu-
tions of the SDP (19) for ` = 2 converge to the quantum value and are tight. This means that
Fig. 2 represents a full characterization of the security of the QPVη

BB84 protocol under photon loss
with attackers that do not pre-share entanglement, and the light blue region encodes all the points
(perr, η) where the protocol is secure. The result is summarized as follows:

Result 2.8. Given a transmission rate η and a prover’s measurement device subject to a measure-
ment error perr, for attackers that do not pre-share entanglement but are allowed to perform LOQC,
there does not exist any better strategy to break the QPVη

BB84 than the strategy Smix
MoE (perr,η).

9



Figure 2: Solutions of the rst, ` = 1, (blue dots) and second level, ` = 2, (blue pluses) of the
NPA hierarchy for the SDP (19). The light blue and the gray area correspond to SR and AR,
respectively. The continuous line represents Smix

MoE p.

3 The QPVη,f
BB84 protocol and its security under entangled at-

tackers
In the previous section, we have shown security for the QPVη

BB84 protocol. Our argument was
restricted to attackers who do not pre-share entanglement, and it is well-known [KMS11] that
such a protocol is broken with a single EPR pair. Recent work by Bluhm, Christandl and Speel-
man [BCS22], building on work by Buhrman, Fehr, Schaner, and Speelman [BFSS13], has shown
that when adding classical information to QPVBB84, the QPVf

BB84 protocol (see below), the
protocol remains secure if the attackers hold less than n2 − 5 qubits, making it secure against
entangled attackers that hold an entangled state of smaller dimension.4 Recall that an attack on
a QPV protocol can conceptually be split up into two rounds – the rst in which the attackers
hold part of the input and their pre-shared entangled state, and the second round in which the
attackers have to respond to the closest verier. The key to showing their result is by considering
two possible joint states held by the attackers as a result of their rst-round actions – one for an
input where they have to measure the input qubit in the computational basis and one where they
have to measure the qubit in the Hadamard basis. Then, these two states already have to be ‘far
apart’ (even though Alice’s part does not depend on Bob’s input yet, and vice-versa), which by
a counting argument makes it possible to obtain a bound on the size of the pre-shared state. In
the spirit of applying an analogous counting argument to show security for the lossy case, we use
the results of Section 2 to prove a lemma (Lemma 3.6) that allows us to apply a similar counting
argument.

We dene one round of the lossy-function-BB84 protocol as follows:

Definition 3.1. (A round of the QPVη,f
BB84 protocol). Let n ∈ N, and consider a 2n-bit boolean

function f : 0, 1n × 0, 1n → 0, 1. We dene one round of the lossy-function-BB84 protocol,
denoted by QPVη,f

BB84, as follows (see Fig. 3 for steps 2. and 3.):

1. V0 and V1 secretly agree on two random bit strings x, y ∈ 0, 1n, which give a function value
f(x, y) ∈ 0, 1. We will use function value 0 as denoting the computational basis and value
1 for the Hadamard basis. In addition, V0 prepares the EPR pair Ω〉 = (00〉+ 11〉)

√
2.

4Note that this is only a lower bound. The actual best attack known requires an amount of entanglement that
is exponential in the number of classical bits – it is very much possible that the protocol is better than proven.
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2. V0 sends one qubit Q of Ω〉 and x to P and V1 sends y to P , coordinating their times so
that Q, x and y arrive at P at the same time. The veriers are required to send the classical
information at the speed of light, however, the quantum information can be sent arbitrarily
slow 5.

3. Immediately, P measures Q in the basis f(x, y) and broadcasts her outcome to V0 and V1. If
the photon is lost, she sends ⊥.

4. Let a and b denote answers that V0 and V1 receive, respectively. If

(a) both a and b arrive on time and a = b, and if
• they are correct, the veriers output ‘Correct’,
• they are wrong, the veriers output ‘Wrong’,
• they are ⊥, the veriers output ‘No photon’,

(b) if either a or b do not arrive on time or a 6= b, the veriers output ‘Abort’.

In the same way as for QPVη
BB84, after r rounds, the veriers accept the prover’s location if

they reproduce (1). Notice that QPVf
BB84 corresponds to QPVη,f

BB84 for η = 1 and perr=0.

V0 V1

P

V0 V1

a ∈ 0, 1,⊥

time

Qx ∈ 0, 1n y ∈ 0, 1n

a ∈ 0, 1,⊥

Figure 3: Steps 2. and 3. of the QPVη,f
BB84 protocol, where straight lines represent classical

information and undulated lines represent quantum information. Image reproduced from [BCS22]
with permission.

Consider a general attack to the QPVη,f
BB84 protocol, where Alice and Bob take the same role

as in Section 2, but in addition, they have quantum registers that are able to hold q qubits each,
which can be possibly entangled. Since they will intercept the qubit sent by the V0, the joint
system will consist of 2q+1 qubits. We now describe a general attack with attackers who pre-share
entanglement.

Attack 3.2. A general attack for a round of the QPVη,f
BB84 protocol consists of (the superscripts

denote dependence on x and y, correspondingly):

1. Alice intercepts the qubit Q and applies an arbitrary quantum operation to it and to her qubits,
possibly entangling them. She keeps part of the resulting state, q qubits at most, and sends
the rest to Bob. Since the qubit Q can be sent arbitrarily slow by V0 (the veriers only time
the classical information), this happens before Alice and Bob can intercept x and y. At this
stage, Alice, Bob, and V0 share a quantum state ψ〉 of 2q + 1 qubits.

5This is due to the fact that, for practical implementations, photons in an optical ber are transmitted at a speed
signicantly lower than the speed of light in vacuum.
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2. Alice and Bob intercept x and y, and apply a unitary U x
A and Uy

B on their local registers,
respectively. Alice sends a part of her local state and x to Bob and, Bob sends a part of his
local state and y to Alice. Denote by ρxy their joint state.

3. Each party performs a POVM Axy
a  and Bxy

b , a, b ∈ 0, 1,⊥, on their registers and Alice
sends her outcome a to V0 and Bob sends his outcome b to V1.

A q-qubit strategy [BCS22] for QPVη,f
BB84 consists of a starting state ψ〉, corresponding to the

starting state to attack the QPVη,f
BB84 protocol in step 1. before applying the unitary evolutions,

unitaries Ux
A, U

y
B and POVMs Axy

a , Bxy
b , as described above. It can also be described by the

tuple ρxy, Axy
a , Bxy

b x,y,a,b. The probabilities that the veriers, after the attackers’ actions (for the
random variable VAB, as denoted above) record correct, wrong, no photon and dierent answers
(the veriers ‘Abort’ in such a case) are thus, respectively, given by

P[VAB = Correct] =
1

22n

∑

a∈0,1,x,y∈0,1n

Tr
[
ρxyV f(x,y)

a ⊗ Axy
a ⊗Bxy

a

]
,

P[VAB = Wrong] =
1

22n

∑

a∈0,1,x,y∈0,1n

Tr
[
ρxyV f(x,y)

a ⊗ Axy
1−a ⊗Bxy

1−a

]
,

P[VAB = No photon] =
1

22n

∑

x,y∈0,1n

Tr[ρxyI⊗ Axy
⊥ ⊗Bxy

⊥ ],

P[VAB = Abort] =
1

22n

∑

a 6=b∈0,1,⊥,x,y∈0,1n

Tr[ρxyI⊗ Axy
a ⊗Bxy

b ]

(20)

The criterion for a successful attack to a round of the protocol is the same as for QPVη
BB84, i.e. (6)

is fullled.
Our goal is to show that if the number of qubits that the attackers hold at the beginning of

the protocol is linear, then given that they do not respond ‘⊥’, their probability of being correct
is strictly less than the corresponding probability of the honest prover. To this end, we dene a
relaxation of the condition of being correct, and we consider q-qubit strategies which have a high
chance that the veriers record Correct at the end of the protocol. More specically, we will
dene a set of quantum states that are ‘good’ for a given xed input, conditioned on actually
playing. The rst denition, which is an extension of Denition 4.1 in [BCS22], considers single
round attacks that are ‘good’ for l ≤ 22n pars of x, y. The reason to do so is that the attackers
could be wrong for pairs that might be asked with exponentially small probability.

Definition 3.3. Let  ≥ 0 and l ∈ N. A q-qubit strategy ρxy, Axy
a , Bxy

b x,y,a,b for QPVη,f
BB84 is

(,l)-perfect if on l pairs of strings (x, y) if the attackers ‘respond’ with probability η and

P[VAB = Correct  VAB 6= No photon] ≤ (1− perr)−  (21)

Definition 3.4. Let q ∈ N be the number of qubits that each party Alice and Bob hold, and let
 ≥ 0. We dene Sε

i , for input f(x, y) = i ∈ 0, 1, as

Sε
i := ψ〉 ∈ C2q+1  ∃ POVMs Axy

a  and Bxy
b  acting on ψ〉 s.t. (23) and (24) are fullled,

(22)
P[VAB = Correct(i)  VAB 6= No photon] ≤ (1− perr)− , (23)

where Correct(i) denotes being correct on input i, and

P[VAB 6= No photon] = η (24)

Notice that if ψ〉 ∈ Sε
i , then

P[VAB = Wrong(i)  VAB 6= No photon] ≤ perr + 1,

P[VAB = Abort(i)  VAB 6= No photon] ≤ 2,
(25)

where 1, 2 ≥ 0 are such that 1 + 2 = .
Given input i ∈ 0, 1 and a state φ〉, fullling responding a = b 6=⊥ with probability η and ⊥
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with probability 1 − η for every input, and never responding a 6= b, the maximum probability of
being correct for such input is given by

pi,ηφ :=
1

η
max

Ai
a,B

i
aa∈{0,1,⊥}

with Tr[φ〉〈φAi
aB

i
b]=0,∀a 6=b∈0,1,⊥,

and Tr[φ〉〈φAi
⊥Bi

⊥]=1−η

∑

a∈0,1
Tr


φ〉〈φV i

aA
i
aB

i
a


,

(26)

where (i) indicates ‘on the specic input i’, ‘ φ〉’ indicates that the probabilities we obtained
with the state φ〉, V i

a are as in (9) and Ai
a, B

i
aa∈0,1,⊥ are POVMs. As a consequence of the

SDP (19), considering that, from (13) and P[VAB = Wrong  VAB 6= No photon] ≤ P[VAB =
Wrong] ≤ perr, we have that pwin + perr ≤ 1, and thus we nd that there exists a function
w : [0, 1] → [1− cos2(π8 ), 1] such that for all states φ〉, regardless of their dimension, upper bounds
the performance of the attackers:

1

2


p0,ηφ + p1,ηφ


≤ w(η) (27)

Moreover, consider the following relaxation of (26), where the restrictions are such that the
attackers respond with dierent answers with probability ξ and and have a response rate in the
interval [(1− η)− ξ, (1− η) + ξ],

p̃i,η,ξφ =
1

η
max

Ai
a,B

i
aa∈{0,1,⊥}

with Tr[φ〉〈φAi
aB

i
b]≤ξ,∀a 6=b∈0,1,⊥,

and (1−η)−ξ≤Tr[φ〉〈φAi
⊥Bi

⊥]≤(1−η)+ξ

∑

a∈0,1
Tr


φ〉〈φV i

aA
i
aB

i
a


 (28)

On the other hand, let ξ = 0005, and consider the relaxation of (19) consisting of replacing
(17) by 〈Ax

aB
x
b 〉 ≤ ξ ∀a 6= b ∈ 0, 1,⊥, ∀x ∈ 0, 1 and (18) by


ab(2 − ‖V x

a + V x′
b ‖)〈Ax

aB
x′
b 〉 ≤

perr


a(4ξ + 〈Ax
aB

x
a 〉 + 〈Ax′

a Bx′
a 〉), where the latter inequality is obtained analogously to (18)

by bounding the terms 〈Ax
aB

x
b 〉 ≤ ξ, for all a 6= b. This implies that there exists a function

w̃ξ : [0, 1] → (1− cos2(π8 ) + ξ, 1], obtained by the relaxation of the SDP (and allowing extra ξ for
the response rate), such that for all states φ〉, regardless of their dimension, upper bounds the
performance of the attackers who are allowed to respond dierent answers with probability ξ and
have a response rate in the interval [(1− η)− ξ, (1− η) + ξ]:

1

2


p̃0,η,ξφ + p̃1,η,ξφ


≤ w̃ξ(η), (29)

and w̃ξ(η) is such that w(η) ≤ w̃ξ(η). This inequality is due to the fact that the latter is obtained
by a relaxation of the constraints of the SDP of the former.

Due to the fact that pwin+perr ≤ 1, the plot in Fig. 2 can be represented in terms of the winning
probability pwin, see Fig. 3. The plotted points in Fig. 3 represent a numerical approximation of
the functions w(η) and w̃ξ(η).

Now, we prove that the dierence between the probabilities obtained by two quantum states
projected into the same space is upper bounded by their trace distance. We then use this result
to show that if two quantum states can be used to successfully attack around of the protocol with
high probability with the POVMs Axy

a  and Bxy
b  for input 0 and 1 of a q−qubit strategy for

QPVη,f
BB84, respectively, these two states have to dier by at least a certain amount. These results

are formalized in the next proposition and lemma.

Proposition 3.5. Let ψ〉 and ϕ〉 be two quantum states of (the same) arbitrary dimension, and
let D(ψ〉, ϕ〉) denote their trace distance. Then, for every projector Π,

Tr[(ψ〉〈ψ − ϕ〉〈ϕ)Π] ≤ D(ψ〉, ϕ〉) (30)

Proof. There exist Q and S positive operators with orthogonal support [NC11, Chapter 9] such
that

ψ〉〈ψ − ϕ〉〈ϕ = Q− S, and D(ψ〉, ϕ〉) = Tr[Q] = Tr[S] (31)
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Figure 4: Upper bounds of the winning probability given by (19) (blue dots), (equivalent represen-
tation of the blue pluses in Fig. 2), which corresponds to a numerical representation of the function
w(η). Red dots correspond to a numerical representation of the function w̃ξ(η), which is obtained
by adding ξ = 0005 to the relaxation of (19) where the attackers are allowed to make errors with
probability ξ. The continuous interpolation between values is meant for a better viewing of the
plot.

Then,

Tr[(ψ〉〈ψ − ϕ〉〈ϕΠ)] = Tr[(Q− S)Π] = Tr[QΠ]− Tr[SΠ] ≤ Tr[QΠ]

≤ Tr[Q]‖Π‖ = D(ψ〉, ϕ〉), (32)

where we used that S is positive denite and ‖Π‖ = 1.

Lemma 3.6. Let ψ〉 and ϕ〉 be such that p1,ηψ ≥ w̃ξ(η) + ∆ and p0,ηϕ ≥ w̃ξ(η) + ∆, for some
∆ > 0, which, due to Denition 3.4, ψ〉 ∈ Sε

0 and ϕ〉 ∈ Sε
1 , for  = 1− (w̃ξ(η) +∆). Then,

D(ψ〉, ϕ〉) ≥ η∆ (33)

Notice that the hypothesis of Lemma 3.6 imply that p1,ηψ , p0,ηϕ ≥ w̃ξ(η) + ∆ > w(η) and thus
these two states perform better in inputs 1 and 0, respectively, than any state would perform on
average on both inputs. The greater is ∆, the better they can perform.

Proof. Let ξ = D(ψ〉, ϕ〉) and ψ = ψ〉〈ψ, ϕ = ϕ〉〈ϕ. Subtracting and adding ϕ to ψ in
Equation (26) for i = 1,

ηp1,ηψ = max
A1

a,B
1
aa∈{0,1,⊥}

with Tr[ψA1
aB

1
b ]=0,∀a 6=b∈0,1,⊥,

and Tr[ψA1
⊥B1

⊥]=1−η

∑

a∈0,1
Tr


(ψ − ϕ+ ϕ)V 1

a A
1
aB

1
a



≤ 2ξ + max
A1

a,B
1
aa∈{0,1,⊥}

with Tr[ψA1
aB

1
b ]=0,∀a 6=b∈0,1,⊥,

and Tr[ψA1
⊥B1

⊥]=1−η

∑

a∈0,1
Tr


ϕV 1

a A
1
aB

1
a



≤ 2ξ + max
A1

a,B
1
aa∈{0,1,⊥}

with Tr[ϕA1
aB

1
b ]≤ξ,∀a6=b∈0,1,⊥,

and (1−η)−ξ≤Tr[ϕA1
⊥B1

⊥]≤(1−η)+ξ

∑

a∈0,1
Tr


ϕV 1

a A
1
aB

1
a


= 2ξ + ηp̃1,η,ξϕ ,

(34)

where the rst bound by 2ξ comes from (30) and we used that, because of (30), the condition
Tr


ψA1

aB
1
b


= 0, ∀a 6= b ∈ 0, 1,⊥ implies Tr


ϕA1

aB
1
b


≤ ξ, ∀a 6= b ∈ 0, 1,⊥ and condition
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Tr

ψA1

⊥B
1
⊥

= 1− η implies (1− η)− ξ ≤ Tr


ϕA1

⊥B
1
⊥

≤ (1− η) + ξ.

Combining (34), the hypothesis p1,ηψ ≥ w̃ξ(η) +∆ and Equation (29), we have

p̃0,η,ξϕ ≤ w̃ξ(η)−∆+
2ξ

η
 (35)

On the other hand, since p̃0,η,ξϕ is obtained by relaxing the restrictions of p0,ηϕ , we have that
p̃0,η,ξϕ ≥ p0,ηϕ and, by hypothesis, p0,ηϕ ≥ w̃ξ(η) +∆. These, together with (35), lead to ξ ≥ η∆.

Notice that Lemma 3.6 implies that Alice and Bob in some sense have to decide what strategy
they follow before they communicate. Consequently, if the dimension of the state they share is
small enough, a classical description of the rst part of their strategy yields a compression of f .
The notion of the following denition captures this classical compression.

Definition 3.7. [BCS22] Let q, k, n ∈ N,  > 0. Then,

g : 0, 13k → 0, 1

is an (, q)-classical rounding of size k if for all f : 0, 12n → 0, 1, for all states ψ〉 on
2q + 1 qubits, for all l ∈ 1,    , 22n and for all (, l)-perfect q-qubit strategies for QPVf

BB84,
there are functions fA : 0, 1n → 0, 1k, fB : 0, 1n → 0, 1k and λ ∈ 0, 1k such that
g(fA(x), fB(y),λ) = f(x, y) on at least l pairs (x, y).

Lemma 3.8. [LT91] Let  ∗  be any norm on Rn0 , for n0 ∈ N. There is a -net S of the unit
sphere of (Rn0 ,  ∗ ) of cardinality at most (1 + 2)n0 .

Lemma 3.9. Let ∆ > 0, and let 0 ≤  ≤ 0, where 0 is such that ψi〉 ∈ Sε
i for i ∈ 0, 1 implies

D(ψ0〉, ψ1〉) ≥ η∆. Then there is an (, q)-classical rounding of size k = log(d 4

2
2
3 (η∆+2)

1
3 −2

e)22q+2.

Proof. Sketch (see Lemma 5.4 for a detailed proof of the generalized version). Consider a -
net in Euclidean norm for the set of pure state on 2q + 1 qubits, where the net has cardinality
at most 2k. Following the proof of Lemma 5.4 analogously, we have that  is such that 3 +
32 + 3 < η∆2, which holds for  < (2 + η∆)

1
3 2

1
3 − 1. By Lemma 3.8, we obtain the size

k = log(d 4

2
2
3 (η∆+2)

1
3 −2

e)22q+2. The remaining part of the proof is analogous to the proof of

Lemma 5.4.

Lemma 3.10. Let ∆ = 0013, η ∈ (0509, 1],  ∈ [0, 1] n, k, q ∈ N, n ≥ 10. Moreover, x an (, q)-
classical rounding g of size k with k = log(d 4

2
2
3 (η∆+2)

1
3 −2

e)22q+2. Let q ≤ 1
2n−5. Then, a uniformly

random f : 0, 12n → 0, 1 fullls the following with probability at least 1 − 2−2n : For any
fA : 0, 1n → 0, 1k, fB : 0, 1n → 0, 1k, λ ∈ 0, 1k, the equality g(fA(x), fB(y),λ) = f(x, y)
holds on less than 34 of all pairs (x, y).

Proof. Sketch (see below Lemma 3.10 for a detailed proof of the generalized version). We want
to estimate the probability that for a randomly chosen f , we can nd fA and fB such that the
corresponding function g is such that Px,y[f(x, y) = g(fA(x), fB(y),λ)] ≥ 34. In a similar manner
as in (58), we have that

P[f : ∃fA, fB ,λ s.t. Px,y[f(x, y) = g(fA(x), fB(y),λ)]] ≤ 2(2
n+1+1)k22

2nh(1/4)2−22n , (36)

where h denotes the binary entropy function. If q ≤ n2 − 5 and k = log(d 4

2
2
3 (η∆+2)

1
3 −2

e)22q+2,

with ∆ = 0013, for η ∈ (0509, 1], the above expression is strictly upper bounded by 2−2n .

Lemma 3.10 shows that if the dimension of the initial state that Alice and Bob hold is small
enough, any (, 34 · 22n)-perfect q-qubit strategy needs a number of qubits which is linear in n.
This leads to our rst main theorem:
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Lemma 3.11. Consider the most general attack to a round of the QPVη,f
BB84 protocol for a trans-

mission rate η ∈ (0509, 1]. Let ∆ = 0013. If the attackers respond with probability η and control
at most q qubits at the beginning of the protocol, and q is such that

q ≤ n

2
− 5, (37)

then
P[VAB 6= Correct  VAB 6= No photon] ≥ 1

4
[1− (w̃ξ(η) +∆)] (38)

The proof of Lemma 3.11 is a particular case of the proof of Theorem 5.6. See Fig. 5 for
a representation of the bound (38). As stated below, if perr is below these bounds, the attack-
ers’ probability of being correct if they play is strictly smaller than the corresponding prover’s
probability.

Theorem 3.12. If the attackers respond with probability η and control at most q ≤ n
2 − 5 qubits

at the beginning of the QPVη,f
BB84 protocol and the honest prover’s error is such that perr < 1

4 [1 −
(w̃ξ(η) +∆)], where ∆ = 0013, then the probability that the attackers are correct given that they
respond is strictly smaller than the corresponding prover’s probability, i.e.

P[VAB = Correct  VAB 6= No photon] < P[VP = Correct  VP 6= No photon] = 1−perr
(39)

Theorem 3.12 is an immediate consequence of Lemma 3.11. We see then that if perr < 1
4 [1 −

(w̃ξ(η)+∆)] the QPVη,f
BB84 protocol is secure even in the presence of photon loss and attackers who

pre-share entanglement.

Figure 5: Lower bounds (red triangles pointing up) given by Theorem 3.11 on the probabilities
that the attackers are not correct given that they answer.

4 The QPVη
mθϕ

protocol

In Section 2 we showed security of QPVη
BB84 protocol for unentangled attackers. Nevertheless, the

protocol was shown to be secure only for transmission rate η > 1
2 , which is still very hard for current

technology to achieve. For this reason, we propose a protocol which generalizes QPVη
BB84 to more

basis settings, for which we can apply similar techniques to prove security in the lossy case. In this
section, we generalize the results of Section 3, showing security for non-entangled attackers and
reaching arbitrary big photon loss.
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Independently and around the same time, Buhrman, Schaner, Speelman, Zbinden [Spe16b,
Chapter 5] and Qi and Siopsis [QS15] introduced extensions of the QPVBB84 protocol. Both are
based on allowing the veriers to choose among more than two dierent qubit bases, which for the
QPVBB84 protocol corresponded to the computational and the Hadamard basis. The protocol in
[Spe16b] allows V0 choosing among m, for an arbitrary m ≥ 2, dierent orthonormal bases in the
meridian ϕ = 0 of the Bloch sphere depending on the angle θ ∈ [0,π), where these are uniformly
distributed, i.e. θ ∈  0

mπ, , m−1
m π, and the bases are 0θ〉, 1θ〉, where

0θ〉 := cos
θ

2
0〉+ sin

θ

2
1〉, 1θ〉 := sin

θ

2
0〉 − cos

θ

2
1〉 (40)

Recall that the QPVBB84 protocol is recovered taking m = 2, where θ = 0 and θ = π
2 correspond to

the computational and Hadamard basis, respectively. On the other hand, the extension in [QS15]
allows the veriers to choose among m encoding bases over the whole Bloch sphere, however such
an extension only works for m large enough and not all large integers are allowed.

Here we present a similar extension allowing to choose m random bases over the Bloch sphere
for all m ≥ 2, which works regardless whether m is large or small, and we prove that this translates
to better security in case terms of the loss-tolerance of the quantum information in an experimental
implementation. We add the ϕ parameter corresponding to the azimuth angle to the states in (40)
as a phase eiϕ in front of 1〉, in a similar way as in [QS15]. We do however use a slightly dierent
procedure than [QS15] to compute the precise angles, to make the basis choice more uniform (see
below).

4.1 Discrete uniform choice of basis over the Bloch sphere
In order to avoid accumulation of points in the sphere around the poles due to the unit sphere area
element dΩ = sin θdθdϕ, a continuous uniform distribution of points can be made by taking [Wei]

θ = cos−1(2u− 1), ϕ = 2πv, (41)

where u and v are uniformly distributed over the interval (0, 1). Notice that allowing ϕ ∈ [0, 2π)
would imply to have duplicate bases (i.e., the same basis vectors in dierent order), thus, ϕ will be
restricted to take values in the range [0,π). Moreover, in the discrete case we are interested also
in the north pole of the sphere (θ = 0), corresponding to the computational basis, and therefore in
order to include it, discretizing the sphere with mθ dierent θ and with mϕ dierent ϕ, the 0 must
be included in the range of u, i.e. u ∈  0

mθ
, , mθ−1

mθ
. Similarly, in order to have the Hadamard

basis (and the bases in between them in the meridian ϕ = 0), v ∈  0
mϕ

, ,
mϕ−1
mϕ

. Let ũ := mθu

and ṽ := mϕv, which determine the mθmϕ points of the discretization. Let x := ũṽ ≡ mϕũ + ṽ,
therefore, given x ∈ [mθmϕ], one can recover ũ = bxmϕc and ṽ = x mod mϕ, where b∗c stands
for the oor function. Notice that this discrete parametrization has mϕ degenerate points for
ũ = mθ − 1, corresponding to (θ = 0,ϕ), which can be easily removed by x taking values in the
range 0, ,m− 1 =: [m], where m := mϕ(mθ − 1) + 1. Therefore, we can discretize the bases in
the Bloch sphere depending on x so that ∀x ∈ [m],

θ(x) = arccos (
2

mθ
(

⌊
x

mϕ

⌋
+ 1)− 1), ϕ(x) = π

x mod mϕ

mϕ
 (42)

Then the protocol is extended allowing the veriers to choose among the bases 0x〉, 1x〉 for
x ∈ [m], where

0x〉 := cos
θ(x)

2
0〉+ eiϕ(x) sin

θ(x)

2
1〉, 1x〉 := sin

θ(x)

2
0〉 − eiϕ(x) cos

θ(x)

2
1〉 (43)

Note that for any m, we can discretize the bases in as many ways as divisors m − 1 has in the
following way: one chooses the number of θ and ϕ as (mθ,mϕ) = (dm+1, m−1

dm
), for each dm divisor

ofm−1. See Fig. 4.1 for the representation of the 0x〉 for all x ∈ [m] in the Bloch sphere for dierent
choices of mθ and mϕ. The 1x〉 corresponds to the diametrically opposite point, and therefore
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representing the kets 0x〉 determines the m orthonormal bases, e.g. the computational basis is
associated with the north pole. As examples, the choice (m,mθ,mϕ) = (2, 2, 1) corresponds to the
computational and Hadamard bases, and the choice (m,mθ,mϕ) = (3, 2, 2) to the computational,
Hadamard bases and the basis formed by the eigenvectors of the Pauli Y matrix.

(a) (b)

Figure 6: Discretization of m bases in the Bloch sphere, where the points on the surface of the
sphere represent the ket 0x〉 of the orthonormal basis 0x〉, 1x〉 for x ∈ [m]. (a) mθ = mϕ = 20,
(b) mθ = 10,mϕ = 5.

Based on Section 4.1, we introduce an extension of the QPVη
BB84 protocol, which we denote

by QPVη
mθϕ

, where mθϕ is the sort notation of (m,mθ,mϕ).

Definition 4.1. We dene one round of the QPVη
mθϕ

protocol as:

1. V0 and V1 secretly agree on mθ, mϕ and x ∈ [m]. In addition, V0 prepares the EPR pair
Ω〉 = (00〉+ 11〉)

√
2.

2. V0 sends one qubit Q of Ω〉 to P and V1 sends x to P coordinating their times so that Q and
x arrive at P at the same time.

3. P measures Q in the basis 0x〉, 1x〉 and broadcasts her outcome to V0 and V1. If, due to
experimental losses, Q does not arrive at P , she broadcasts ‘no detection’ with the symbol ⊥.

4. If V0 and V1 receive both the same bit at the corresponding time, they accept. If they receive
⊥, they record ‘no photon’.

At the end of the protocol, when sequentially run r times, the veriers check that the relative
frequency of ⊥ is upper bounded by 1− η. Notice that QPVη

BB84 is recovered for m = 2, with the
unique choice of mθ = 2 and mϕ = 1.

4.2 Security of the QPVη
mθϕ

protocol under photon loss and non-entangled
attackers

In an analogy to the QPVη
BB84 protocol, an attack on the QPVη

mθϕ
protocol can be associated with

a MoE (monogamy-of-entanglement) game in the following way. Let V be the register of the qubit
of the verier, with associated Hilbert space HV = C2, with X = [m] and V = 0, 1. The veriers
perform the collection of measurements

V x
0 , V x

1 x∈[m], (44)

where V x
0 = 0x〉〈0x and V x

1 = 1x〉〈1x. The two collaborating parties in the MoE game correspond
to the attackers who want to break the protocol with their guess. Then, the attackers Alice and
Bob, with associated Hilbert spaces HA and HB , respectively, have to win against the veriers V
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both giving the same outcome to V or declare photon loss. Thus, having a strategy to attack the
protocol implies having an strategy for a MoE game. An extension of a strategy for a lossy MoE
game, see Section 2, naturally generalizes as Sη

MoE = ψ〉, Ax
a, B

x
aa∈0,1,⊥,x∈[m].

In [TFKW13] the following upper bound to win a general MoE game is given:

pwin ≤ 1

X  +
X  − 1

X 

√
max

x 6=x′∈X
max
a,a′∈A

‖


V x
a


V x′
a′ ‖2 (45)

The security analysis of the QPVη
mθϕ

protocol will be based, in the same way as the QPVη
BB84

protocol, on maximizing the probability that the attackers ‘play’ without being caught:

pans =
1

m

∑

x∈[m],a∈0,1
〈ψAx

aB
x
a ψ〉 (46)

As in the QPVη
BB84 protocol, the constraints will be the linear constraints implied by Sη

MoE ∈ Q`,
the analogous to (17), i.e.,

〈Ax
aB

x
b 〉 = 0 ∀a 6= b ∈ 0, 1,⊥, ∀x ∈ [m], (47)

and the inequalities given in Proposition 4.2 bounded by perr.

Proposition 4.2. Let a, b ∈ 0, 1, αa
i = 〈ix′ ax〉 and βb

i = 〈ixbx′〉 for i ∈ 0, 1. The terms
〈Ax

aB
x′
b 〉 can be bounded by perr by the two inequalities below:

∑

ab

(2− ‖V x
a + V x′

b ‖)〈Ax
aB

x′
b 〉 ≤ perr

∑

a

(〈Ax
aB

x
a 〉+ 〈Ax′

a Bx′
a 〉), (48)

∑

a,b


4− ‖(1 + βb

a2)V x
a + (1 + αa

b 2)V x′
b + βb

0β
b∗
1 0x〉〈1x+ βb∗

0 βb
11x〉〈0x+ αa

0α
a∗
1 0x′〉〈1x′ 

+ αa∗
0 αa

1 1x′〉〈0x′ ‖

〈Ax

aB
x′
b 〉 ≤ perr


(2 + max

i,j
βj

i 2)
∑

a

〈Ax
aB

x
a 〉+ (2 + max

i,j
αj

i 2)
∑

a

〈Ax′
a Bx′

a 〉

,

(49)

The proof of Proposition 4.2, see Appendix B, relies on combining both expressions in (16),using
Ax

0 +Ax
1  I and Bx′

0 +Bx′
1  I and bounding terms by the norm of the sums of the projectors V x

a .

Therefore, using the above constraints, pans can be upper bounded by the SDP problem:

max
1

m

∑

x

(〈Ax
0B

x
0 〉+ 〈Ax

1B
x
1 〉);

subject to: the linear constraints for Sη
MoE ∈ Q`,

and equations (47), (48) and (49)

(50)

Fig. 7 shows a SSR for the QPVη
(3,2,2) protocol obtained from the solutions of the SDP (50) using

the Ncpol2sdpa package [Wit15] in Python, see [EFS] for the code. Notice that Fig. 7 shows that
the security region for this protocol is greater than the SR of QPVη

BB84, meaning that it is more
secure. However, analytical bounds on the best attack (even no loss) for these MoE games are
so far only known for the BB84 game, and therefore we can not show tightness of our results
beyond the QPVη

BB84 protocol – a gap between our best upper bounds and lower bounds remains.
Numerical results from (50) show that for dierent arbitrary m, pans for perr = 0 is upper bounded
by 1

m , which is attainable by the strategy of Alice randomly guessing x, measuring in this basis,
broadcasting the outcome and answering if she was correct and otherwise claiming no photon.
As stated above, nding the smallest perr such that pans = 1 can be used to upper bound the

winning probability pwin. Fig. 8 shows the values upper bounding pwin with the SDP (50), showing
security of the protocol for dierent (m,mθ,mϕ), compared with the upper bound obtained by (45)
[TFKW13], when the attackers always ‘play’, where signicant dierences between both methods
can be appreciated.
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Figure 7: Solutions of the rst (blue dots) and second level (blue pluses) of the NPA hierarchy for
the SDP (50) highlighting a SSR ⊆ SR of the QPVη

(3,2,2) protocol in light blue.

5 The QPVη,f
mθϕ

protocol and its security under entangled at-
tackers

In Section 3 we have shown that QPVη,f
BB84 is secure against entangled attackers if they hold a

bounded number of qubits, but it is currently non-implementable experimentally due to the fact
that it is not secure for η ≤ 12. On the other hand, in Section 4 we have shown that extending
the QPVη

BB84 protocol to m bases allows for more resistance to photon loss. In this section, we
use the results from Section 4 to prove Lemma 5.1. This lemma will form the key tool to re-apply
the analysis in [BCS22] to our case, and as a consequence we will show that the QPVη,f

mθϕ
protocol

is secure against entangled attackers (and more loss-tolerant than QPVη,f
BB84). The results in

this section are proven for arbitrary m, however they are based on solving the SDP described in
(50), which needs m to be xed. Here, we obtain numerical results for the two particular cases
mθϕ = (3, 2, 2) and mθϕ = (5, 3, 2), but to obtain the results for any mθϕ that would potentially be
applied experimentally, one just needs to solve (50) and the corresponding relaxation, see below.
Moreover, here we solve the semidenite programs for a complete range of perr, thereby obtaining
an exhaustive characterization for the xed mθϕ, but for an experimental implementation it would
just be needed to solve the SDPs for the ranges that the experimental set-up requires.

For some n ∈ N, consider a 2n-bit function f : 0, 1n × 0, 1n → [m]. One round of the mθϕ-
basis lossy-function protocol, denoted by QPVη,f

mθϕ
, is described as in Denition 3.1 changing the

range of f . The corresponding general attack is described as in Attack 3.2, extended by changing
the range of the function f , and similarly for the q-qubit strategy.

With the same reasoning as in Section 3, from (50) and its corresponding relaxation given by
〈Ax

aB
x
b 〉 ≤ ξ, for all a 6= b, we have that there exists functions wmθϕ

(η) and w̃ξ
mθϕ

(η) such that

1

m

∑

i∈[m]

pi,ηφ ≤ wmθϕ
(η), (51)

and
1

m

∑

i∈[m]

p̃i,η,ξφ ≤ w̃ξ
mθϕ

(η), (52)

that are such that wmθϕ
(η) ≤ w̃ξ

mθϕ
(η). The probabilities pi,ηφ and p̃i,η,ξφ are as in (26) and (28),

respectively, with i ∈ [m]. See Fig. 9 for a numerical approximation of the functions wmθϕ
(η) and

w̃ξ
mθϕ

(η) for dierent mθϕ, see [EFS] for the code.
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Figure 8: Upper bounds of pwin using (45) (empty triangles) and the solution of SDP (50) (solid
triangles) for the QPVη

mθϕ
protocol for dierent values of (m,mθ,mϕ).

Now, we show a lemma that formalizes the idea that if a set of m quantum states can be used
to be correct with high probability in an attack of the protocol, then, their average distance is
lower bounded by a certain amount. This has the interpretation that these states cannot all be
simultaneously arbitrarily close. This means that exists an 0 such that for all  ≤ 0,


i∈[m] Sε

i =

∅, where Sε
i is dened as in Denition 3.4 with i ∈ [m].

(a) (b)

Figure 9: Upper bounds of the winning probability given by (50) (blue dots), corresponding to a
numerical representation of the function wmθϕ

(η). Red dots correspond to a numerical represen-
tation of the function w̃ξ

mθϕ
(η), which is obtained by adding ξ = 0005 to the relaxation of (50)

where the attackers are allowed to make errors with probability ξ, for (a) mθϕ = (3, 2, 2), and (b)
mθϕ = (5, 3, 2). The values in (a) and (b) are obtained by the level 2 and level ‘1+AB’ of the NPA
hierarchy, respectively. The continuous interpolation between values is meant for a better viewing
of the plot.

Lemma 5.1. Let ψi〉 be such that pi,ηψi
≥ w̃ξ

mθϕ
(η) + ∆, for all i ∈ [m], for some ∆ > 0, which

implies that ψi〉 ∈ Sε
i , for  = 1− (w̃ξ(η) +∆). Then, for all j ∈ [m]

E
i∈[m]

[D(ψj〉, ψi〉)] ≥
η∆

2
 (53)

Proof. Let ξij = D(ψj〉, ψi〉) and let ξ = maxij ξij . From an analogous application of equa-
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tion (34), we have that for all i, j ∈ [m],

pi,ηψi
≤ 2

η
ξij + p̃

i,η,ξij
ψj

≤ 2

η
ξij + p̃i,η,ξψj

, (54)

where in the second inequality we used that replacing ξij by ξ is a relaxation of the restrictions of
the maximization (28). Fixing j and summing over i,

∑

i∈[m]

pi,ηψi
≤ 2

η

∑

i∈[m]

ξij +
∑

i∈[m]

p̃i,η,ξψj
 (55)

By hypothesis, each term in the left-hand side is lower bounded by w̃ξ
mθϕ

(η) +∆. This, together
with (52), lead to (53).

Since Lemma 5.1 implies that if a set of m states ‘performs well’ on their respective inputs,
their average distance with respect to an arbitrary state is at least a certain amount, meaning that
there are at least two states that dier by such an amount, it has as consequence that Alice and
Bob in some sense have to decide (at least one) strategy not to follow before they communicate.
Consequently, if the dimension of the state they share is small enough, a classical description of
the rst part of their strategy yields a compression of f . The notion of the following denition
captures this classical compression.

Definition 5.2. Let q, k, n ∈ N,  > 0. Then,

gmθϕ
: 0, 13k → 2[m] \ [m] (56)

is an (, q)-classical rounding restriction of size k is for all f : 0, 12n, for all states φ〉 on 2q+1
qubits, for all l ∈ 1, , 22n and for all (, l)-perfect q-qubit strategies for QPV f

mθϕ
, there are

functions fA : 0, 1n → 0, 1k, fB : 0, 1n → 0, 1k and λ ∈ 0, 1k such that f(x, y) ∈
g(fA(x), fB(y),λ).

Lemma 5.3. [BCS22] Let x〉, y〉 ∈ Cd, for d ∈ N, be two unit vectors. Then, D(x〉, y〉) ≤
‖x〉 − y〉‖2.

Lemma 5.4. Let ∆ > 0, and let 0 ≤  ≤ 0, where 0 is such that ψi〉 ∈ Sε
i , implies E

i∈[m]
[D(ψj〉, ψi〉)] ≥

η∆
2 . Then there exists an (, q)-classical rounding restriction of size k = log(d 4

2
1
3 (η∆+4)

1
3 −2

e)22q+2.

Proof. We follow the same techniques as in the proof of Lemma 3.12 in [BCS22]. Let  =
3
√
η∆+4
22/3

−
1 − , where  > 0 is innitesimally small, and consider -nets NS , NA and NB , where the rst
is for the set of pure states on 2q + 1 qubits in Euclidean norm and the other nets are for the set
of unitaries in dimension 2q in operator norm. They are such that NS , NA, NB  ≤ 2k. Let
ϕ〉 ∈ NS , UA ∈ NA, and UB ∈ NB be the elements with indices x′ ∈ 0, 1k, y′ ∈ 0, 1k and
λ ∈ 0, 1k, respectively. We dene g as g(x, y,λ) = j  U ⊗ V ϕ〉 ∈ Sε

j . We are going to show
that g is an (, q)-classical rounding restriction.
Let i, j be such that D(ψi〉, ψj〉) ≥ η∆2. Let ψ〉, Ux

A, U
y
Bxy be from a q-qubit strategy for

QPVη,f
mθϕ

, and choose λ, fA(x) and fB(y) to be the closest elements to ψ〉, Ux
A and Uy

B , respectively,
in their corresponding -nets in the Euclidean and operator norm, respectively, (if not unique, make
an arbitrary choice) and let ϕ〉, UA, UB be their corresponding elements. Assume Ux

A⊗Uy
B ψ〉 ∈ Sε

i .
Then,

D(Ux
A ⊗ Uy

B ψ〉, UA ⊗ UB ϕ〉) ≤ ‖Ux
A ⊗ Uy

B ψ〉 − UA ⊗ UB ϕ〉‖2
≤ ‖(UA + Ux

A − UA)⊗ (UB + Uy
B − UB)(ϕ〉+ ψ〉 − ϕ〉)− UA ⊗ UB ϕ〉‖2

≤ 3 + 32 + 3 <
η∆2

2
,

(57)

where in the rst inequality, we have used Lemma 5.3, in the second, we have used the triangle
inequality and the inequality ‖X ⊗ Y x〉‖2 ≤ ‖X‖∞‖Y ‖∞‖x〉‖2, together with ‖Ux

A − UA‖∞,
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‖Uy
B − UB‖∞, ‖ψ〉 − ϕ〉‖ ≤ , and, nally, in the last inequality we used that  <

3
√
η∆+4
22/3

− 1.
Thus, UA ⊗ UB ϕ〉 is closer to Sε

i than to Sε
j .

Consider an (, l)-perfect strategy for QPVη,f
mθϕ

and let (x, y) be such that the attackers are caught
with probability at most  and such that f(x, y) = i. In particular, we have that U x

A⊗Uy
B ψ〉 ∈ Sε

i ,
and because of (57), f(x, y) ∈ g(fA(x), fB(y),λ). Since there are at least l pairs (x, y) fullling
it, f(x, y) ∈ g(fA(x), fB(y),λ) holds on at least l pairs (x, y) and therefore g is an (, q)-classical
rounding restriction. The size of k follows from Lemma 3.8.

Given mθϕ, we denote by ηmθϕ
the maximum η such that w̃ξ

mθϕ
(η) + ∆ ≤ 1, e.g. for mθϕ =

(2, 2, 1), i.e. QPVη
BB84, that corresponds to 0.509. From (52) and picking ∆ = 0009, ηmθϕ

= 036
for mθϕ = (3, 2, 2) and ηmθϕ

= 034 for mθϕ = (5, 3, 2) (by picking a smaller ∆, the latter gets
closer to 0.2).

Lemma 5.5. Let ∆ = 0009, η ∈ (ηmθϕ
, 1],  ∈ [0, 1] n, k, q ∈ N, n ≥ 10. Moreover, x an

(, q)-classical rounding g of size k with k = log(d 4

2
1
3 (η∆+4)

1
3 −2

e)22q+2. Let q ≤ 1
2n − 5. Then, a

uniformly random f : 0, 12n → 0, 1 fullls the following with probability at least 1− 2−2n : For
any fA : 0, 1n → 0, 1k, fB : 0, 1n → 0, 1k, λ ∈ 0, 1k, f(x, y) ∈ g(fA(x), fB(y),λ) holds
on less than 1−βmθϕ

of all pairs (x, y), for certain βmθϕ
> 0 (βmθϕ

= 015 for mθϕ = (3, 2, 2) and
βmθϕ

= 013 for mθϕ = (5, 3, 2) ).

Proof. For simplicity, denote βmθϕ
by β. We want to estimate the probability that for a randomly

chosen f , we can nd fA and fB such that the corresponding function g is such that Px,y[f(x, y) ∈
gmθϕ(fA(x),fB(y),λ)] ≥ (1− β).

P[f : ∃fA, fB ,λ s.t. P[x, y : f(x, y) ∈ gmθϕ
(fA(x), fB(y),λ)] ≥ (1− β)]

=
f : ∃fA, fB ,λs.t. P[x, y : f(x, y) ∈ gmθϕ

(fA(x), fB(y),λ)] ≥ (1− β)
f : 0, 12n → [m]

≤ f : ∃fA, fB ,λ s.t. ∀x, y, f(x, y) ∈ gmθϕ
(fA(x), fB(y),λ)

m22n

β22n∑

i=0

(
22n

i

)
(m− 1)i

≤ 1

m22n
2(2

n+1+1)k(m− 1)2
2n

(m− 1)β2
2n

2h(β)2
2n

= 2(h(β)−logm+(1+β) logm−1)22n+(2n+1+1)k

(58)

Where in the rst equality we used that f is chosen uniformly at random, in the second step we
estimate the numerator by considering a ball in Hamming distance around every function g that
cab be expressed suitable by fA, fB , λ, and in the third step we bounded (m− 1)i in the sum by
(m − 1)β2

2n

and we used the inequality
λn

l=0


n
n


≤ 2nh(λ) for n ∈ N and λ ∈ (0, 12) [MJAS77].

For mθϕ = (3, 2, 2) and mθϕ = (5, 3, 2), ∆ = 0009, k = log(d 4

2
1
3 (η∆+4)

1
3 −2

e)22q+2 for η ∈ (ηmθϕ
, 1]

and q ≤ n2− 5, (58) is strictly upper bounded by 2−2n .

Lemma 5.5 has the same interpretation as Lemma 5.5. This leads to our second main theorem,
which provides a lower bound of the probability that attackers pre-sharing entanglement are caught
in a round of the QPVη,f

mθϕ
protocol.

Lemma 5.6. Consider the most general attack a round of the QPVη,f
mθϕ

protocol for a transmission
rate η ∈ (ηmθϕ

, 1] and prover’s error rate perr. Let ∆ = 0009. If the attackers respond with
probability η and control at most q qubits at the beginning of the protocol, and q is such that

q ≤ n

2
− 5, (59)

then,
P[VAB 6= Correct  VAB 6= No photon] ≥ βmθϕ

[1− (w̃ξ(η) +∆)] (60)
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Proof. Let 0 ≤  ≤ 0 = 1−(w̃ξ
mθϕ

(η)+∆). By Lemma 5.4 there exists gmθϕ
(, q)-classical rounding

of size k = log(d 4

2
1
3 (η∆+4)

1
3 −2

e)22q+2. Fix f : 0, 12n → [m] such that f(x, y) ∈ g(fA(x), fB(y),λ)

holds on less than 1 − βmθϕ
of all pairs (x, y), for all fA, fB and λ as dened previously. By

Lemma 5.5, a uniformly random f will have this property with probability at least 1− 2−2n .
On the other hand, assume that there is a (, (1−βmθϕ

) ·22n)-perfect q-qubit strategy for QPVη,f
mθϕ

.
Then, the corresponding fA, fB ,λ satisfy f(x, y) ∈ gmθϕ

(fA(x), fB(y),λ) on at least (1−βmθϕ
) ·22n

pairs (x, y). This is a contradiction of the choice of f . Therefore, with probability at least 1−2−2n

the function f is such that there are no (, (1−βmθϕ
) · 22n)-perfect q-qubit strategies for QPVη,f

mθϕ
.

Hence, for every strategy that the attackers can implement, on at least βmθϕ
of the possible strings

(x, y), they will not be correct with probability at least .

Theorem 5.7. If the attackers respond with probability η and control at most q ≤ n
2 − 5 qubits

at the beginning of the QPVη,f
mθϕ

protocol and the prover’s error is such that perr < βmθϕ
[1 −

(w̃ξ
mθϕ

(η)+∆)], where ∆ = 0009, then the probability that the attackers are correct given that they
respond is strictly smaller than the corresponding prover’s probability, i.e.

P[VAB = Correct  VAB 6= No photon] < P[VP = Correct  VP 6= No photon] = 1−perr,
(61)

for mθϕ and βmθϕ
as in Lemma 5.5.

Theorem 5.7 is a direct consequence of Lemma 5.6. We see then that if perr < βmθϕ
[1 −

(w̃ξ
mθϕ

(η) + ∆)] the QPVη,f
mθϕ

protocol is secure even in the presence of photon loss (more loss-
tolerant than the QPVη,f

BB84 protocol) and attackers who pre-share entanglement.

6 Application to QKD
In [TFKW13] security of one-sided device-independent quantum key distribution (DIQKD) BB84
[BB84] was proven using a monogamy-of-entanglement game. In order to reduce an attack to the
protocol to a MoE game, we consider an entanglement-based variant of the original BB84 protocol,
which implies security of the latter [BBM92]. The BB84 entangled version, tolerating an error perr
in Bob’s measurement results, is described as follows [TFKW13]:

1. Alice prepares n EPR pairs, keeps a half and sends the other half to Bob from each EPR
pair. Bob conrms he received them.

2. Alice picks a random basis, either computational or Hadamard, to measure each qubit, sends
them to Bob and both measure, obtaining X and Y , respectively.

3. Alice sends a random subset XT ⊂ X of size t and sends it to Bob. If the corresponding YT

has a relative Hamming distance greater than perr, they abort.

4. In order to perform error correction, Alice sends a syndrome S(XT̄ ) of length s (the leakage)
and a random hash function F : 0, 1n−t → 0, 1l, where l is the length of the nal key,
from a universal family of hash functions to Bob.

5. Finally, for privacy amplication, Alice and Bob compute K = F (XT c) and K̂ = F (X̂T c),
where X̂T c is the corrected version of YT c .

The security proof relies on considering an eavesdropper Eve and an untrusted Bob’s measure-
ment device which could behave maliciously, associating this situation with a MoE game where
Eve’s goal is to guess the value of Alice’s (playing now the role of the referee) raw key X. They
prove that it can tolerate a noise up to 1.5% asymptotically. Here, we apply the techniques used
above for QPV to pass from a MoE game to SDP to get numerical results. We prove security for
n = 1, still remaining if the results can be generalized to arbitrary n, and furthermore we prove
security considering photon loss. The latter consideration takes into account the loss of photons
after Bob conrmed their reception in step 1., see e.g. [NFLR21].
In a similar way as deriving the restrictions of (50), we maximize the probability of answering
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for Eve controlling maliciously Bob’s measurement device. Alice measures V x
0 , V x

1 x∈0,1, where
V x
0 = 0x〉〈0x and V x

1 = 1x〉〈1x, i.e. measures in the computational or Hadamard basis and the
two cooperative adversaries (Eve and Bob’s device), as argued above, perform projective measure-
ments Ex

e , Bx
b , respectively, where e, b ∈ 0, 1,⊥. Therefore, the above techniques applied

to QKD reduce to maximize pans = 1
2


x∈0,1,e∈0,1〈Ex

eB
x
e 〉 subject to (i) the strategy for the

extended MoE game in Q`, (ii) the restrictions of the QKD protocol and (iii) Bob’s device subject
to a measurement error perr.
Constraint (i) remains unaltered from the above discussion, and (ii) and (iii) are given in the
following way:
Constraint (ii) Since Eve’s task is to guess Alice’s raw key, her measurements cannot be distinct,
and therefore, for all e ∈ 0, 1, and for all b,

〈VeE1−eBb〉 = 0 (62)

Constraint (iii) Bob’s device measurement error is mathematically expressed as

〈V x
0 Ex

0B
x
1 〉

〈V x
0 (Ex

0 + Ex
1 )(B

x
0 +Bx

1 )〉
≤ perr,

〈V x
1 Ex

1B
x
0 〉

〈V x
1 (Ex

0 + Ex
1 )(B

x
0 +Bx

1 )〉
≤ perr (63)

Proposition 6.1. Let e, b0, 1, then the terms 〈Ex
eB

x′
b 〉 can be bounded by perr by the below

inequality: ∑

eb

(2− ‖V x
e + V x′

b ‖)〈Ex
eB

x′
b 〉 ≤ perr

∑

e,b

〈Ex′
e Bx′

b 〉 (64)

The proof, see Appendix C, uses the same techniques as for the proof of Proposition 4.2. Using
the above constraints, we can nd a subset of the security region (SSR), dened analogously for
the current case, for the QKD protocol with the following SDP:

max
1

2

∑

x

(〈Ex
0B

x
0 〉+ 〈Ex

1B
x
1 〉);

subject to: the linear constraints for Sη
MoE ∈ Qn,

and Equation (64)

(65)

A SSR from the solutions of (65) for dierent perr for the rst level of the NPA hierarchy is plotted
in Fig. 10

Figure 10: Solution of the rst level of the NPA hierarchy of the SPD (65) (blue dots) and the
light blue area corresponds to a SSR.

From the solutions of (65), represented in Fig. 10, we nd that for perr ≈ 02929, an eaves-
dropper Eve controlling Bob’s device can always answer without being caught, implying that the
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probability of winning such a MoE game is upper bounded by 07071. Therefore, the protocol, for
n = 1, can tolerate a noise at least up to 02929.

7 Discussion
We have studied the QPVBB84 protocol, providing a tight characterization of its security with
loss of quantum information and a prover subject to an experimental error under non-entangled
attackers that can do LOQC. Since this protocol is secure only for a transmission rate of photons
η ≥ 1

2 , which is still hard for current technology to achieve, we introduced an extension of the
protocol more resistant to transmission loss of the quantum information. The new protocol has
the advantage, like the QPVBB84 protocol, that only a single qubit is required to be transmitted
in per round of the protocol and the honest prover only needs to broadcast classical information,
which does not encounter the problems of loss and slow transmission, making it a good candidate
for future implementation.

We have also extended our analysis to the lossy version of the QPVf
BB84 protocol, thereby

exhibiting a protocol which is secure against attackers sharing an amount of entanglement that
scales in the amount of classical information, while the honest parties only need to manipulate a
single qubit per round. By showing (partial) loss-tolerance, the resulting (especially multi-basis)
protocol will be much easier to implement in practice. The security proof of that protocol still
holds identically in case the transmission of the quantum state is slow, but only the classical bits
are transmitted fast, which can be experimentally convenient.

We applied the proof techniques used to show security to improve the upper bounds known
so far for certain types of monogamy-of-entanglement games and, as a particular application, we
improve the security analysis of one-sided device-independent quantum key distribution for the
particular case of n = 1. However, we leave as an open question whether this can be generalized
to show security for arbitrary n.

Open questions. A technical question in the QPV setting which we leave open is to obtain a
tight nite statistical analysis for these protocols over multiple rounds. It seems intuitively clear
that, since honest parties can achieve a better combination of error and response rate than any
attacker for any round, the serial repetition of the proposed protocols should be secure – and we
indeed expect this to be the case. However, attackers have a choice in what attack strategy to
apply every round, and might even gain a slight amount by being adaptive, e.g., play a low-loss
low-error round if the attackers had a lucky guess in a previous round. Because of this, nding the
technical tools to bounds the best possible attack over many rounds is non-trivial.

The work of Johnston, Mittal, Russo, and Watrous [JMRW16] shows techniques how to handle
extended non-local games, such as the monogamy-of-entanglement games, using SDPs. Because
our work directly extends the earlier independent partial results of Buhrman, Schaner, Speelman,
and Zbinden [Spe16b, Chapter 5], we use a slightly-dierent SDP formulation. It would be very
interesting to attempt to extend the results from [JMRW16] to extended non-local games where
the players are allowed to return ‘loss’ with some probability – and investigate whether their SDP
formulation gives equivalent results to ours.

Additionally, we note that (also for the proposed lossy protocols) an exponential gap remains
between the entanglement required of the best attack known and the lower bounds we are able
to prove. That is, we show security against attackers sharing a linear amount of entanglement,
but we only know of an explicit attack whenever the attackers share an exponential number of
qubits. More ecient attacks are known for specic functions, such as f computable in logarithmic
space [BFSS13] (for a routing version of the protocol, however the technique can easily be adapted),
cf. [CM22], but even these take a polynomial amount of entanglement. Closing this gap remains a
large and interesting open problem.

A related open question from the other side therefore also remains: It would be helpful to exhibit
these linear lower bounds for specic eciently-computable functions, instead of just showing that
the bound holds for most functions.
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Appendix A Non-local games and the NPA hierarchy
Let G be a non-local game where two non-communicating distant parties, Alice and Bob, have
respective questions x ∈ X and y ∈ Y , given according to a probability distribution q(x, y), they
input their questions in a respective black box, and they get as outputs measurement outcomes
a ∈ A and b ∈ B, for X ,Y ,A,B, nite alphabets. The winning condition is determined by the
predicate f(a, b, x, y), taking value 1 if the game is won and 0, otherwise. The behavior of the
box is completely characterized by the probability of getting outcomes a and b having measured
x and y, p(a, bx, y), and the set of all probabilities, p(a, bx, y), encoded in a stochastic matrix
P ∈ L(RX⊗RY ,RA⊗RB), where L is the set of linear operators, such that P (a, bx, y) = p(a, bx, y),
is called behavior. The average winning probability is given by

ω(G) =
∑

x,y,a,b

q(x, y)f(a, b, x, y)p(a, bx, y) := 〈K,P 〉, (66)

where K is the matrix dened as K(a, bx, y) = q(x, y)f(a, b, x, y).

Definition A.1. A behavior P is quantum if there exists a pure state ψ〉 in a Hilbert space H, a
set of measurement operators Ax

aa∈A for Alice, and a set of measurement operators By
b b∈B for

Bob such that for all a 6= a′ ∈ A and b 6= b′ ∈ B,

p(a, bx, y) = 〈ψAx
aB

y
b ψ〉, (67)

with the measurement operators satisfying

1. Ax†
a = Ax

a and By†
b = By

b ,

2. Ax
aA

x
a′=0 and By

bB
y
b′ = 0,

3.


a∈A Ax
a = I and


b∈B By

b = I,

4. [Ax
a, B

y
b ] = 0.

The tuple S = ψ〉, Ax
a, B

y
b x∈X ,y∈Y,a∈A,b∈B is called strategy, and the set of all quantum behaviors

is denoted by Q. Abusing notation, we will denote S ∈ Q.

Similarly, a behavior P belongs to the set of quantum behaviors Q′ if the Hilbert space can
be written as H = HA ⊗ HB and the measurement operators for Alice and Bob act on HA and
HB , respectively, and full the same constraints as in Denition A.1 (notice that commutativity is
immediately implied because of the tensor product structure). Notice that by construction, Q′ ⊆ Q
and for nite dimensional Hilbert space, they turn out to be identical [NPA08].

Therefore, the behaviors (67) can be obtained via tensor product structure, which is the case
that we will consider from now on. The maximum winning probability using a quantum behavior
P is given by

ω∗(G) = sup
P∈Q

〈K,P 〉 (68)

In [NPA08], Navascués, Pironio and Acín (NPA) introduced an innite hierarchy of conditions
satised by any set of quantum correlations Q that, each of them, can be tested using semidenite
programming, where the set Q is fully characterized by it. First, consider the Gram matrix G of
the vectors

T = ψ〉  Ax
aψ〉 : a ∈ A, x ∈ X  By

b ψ〉 : b ∈ B, y ∈ Y, (69)

then G contains all the values appearing in P . The matrix G, which we naturally label by the set
T , and its entreis fulll the following constraints:

1. G is positive semidenite,
G  0 (70)

2. ψ〉 is a normalized state, thus 〈ψψ〉 = 1, i.e., G0,0 = 1.
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3. Ax
a and By

b are projector operators, therefore, ∀x ∈ X , ∀y ∈ Y , ∀a 6= a′ ∈ A, ∀b 6= b′ ∈ B and
∀T ∈ T :

(a) 〈Ax
aA

x
a〉 = 〈Ax

a〉 and likewise for By
b .

(b) Because of completeness of measurements:
∑

a∈A
〈ψAx

aT 〉 = 〈ψT 〉,
∑

a∈A
〈TAx

aψ〉 = 〈T ψ〉,
∑

b∈B
〈ψBy

b T 〉 = 〈ψT 〉,
∑

b∈B
〈TBy

b ψ〉 = 〈T ψ〉
(71)

(c) Because they are orthogonal projections: 〈Ax
aA

x
a′〉 = 0 = 〈By

bB
y
b′〉.

(d) Because they commute: 〈Ax
aB

y
b 〉 = 〈By

bA
x
a〉.

Dene

Q1 = P  ∃ G fullling 1.-3. and P (a, bx, y) = 〈Ax
aB

y
b 〉 ⊂ L(RX ⊗ RY ,RA ⊗ RB), (72)

By construction, Q1 ⊇ Q and therefore,

ω∗(G) = sup
P∈Q

〈K,P 〉 ≤ sup
P∈Q1

〈K,P 〉 (73)

Dene the Hermitian operator H as the matrix whose entries are H(xa, yb) = H(yb, xa) =
1
2q(x, y)f(a, b, x, y) for all x ∈ X , y ∈ Y , a ∈ A, b ∈ B and all the other entries are 0, so that
〈K,P 〉 = 〈H,G〉. The semidenite program over all positive semidenite matrices G satisfying
items 1 to 3 is the rst level of the NPA hierarchy. The level l of the hierarchy, Ql, see [NPA08] for
a formal denition, is built considering the Gram matrix of the vectors of the Gram matrix of level
l− 1 and vectors corresponding to l degree products of the projection operators. By construction,
Ql ⊇ Q.

Theorem A.2. [NPA08] The NPA hierarchy converges to the set of quantum behaviors:

Q =
⋂

`∈N
Q` (74)

Appendix B Proof of Proposition 4.2
Combining both expressions in (16), using the properties of the projectors and equation (47), we
obtain the inequality

〈V x
1 Ax

0B
x
0 〉+ 〈V x

0 Ax
1B

x
1 〉 ≤ perr(〈Ax

0B
x
0 〉+ 〈Ax

1B
x
1 〉) (75)

Because of (47), from (75) we get

〈V x
1 Ax

0〉+ 〈V x
0 Ax

1〉 ≤ perr(〈Ax
0B

x
0 〉+ 〈Ax

1B
x
1 〉), (76)

〈V x
1 Bx

0 〉+ 〈V x
0 Bx

1 〉 ≤ perr(〈Ax
0B

x
0 〉+ 〈Ax

1B
x
1 〉), (77)

〈V x
1 Ax

0〉+ 〈V x
0 Bx

1 〉 ≤ perr(〈Ax
0B

x
0 〉+ 〈Ax

1B
x
1 〉), (78)

〈V x
1 Bx

0 〉+ 〈V x
0 Ax

1〉 ≤ perr(〈Ax
0B

x
0 〉+ 〈Ax

1B
x
1 〉) (79)

We will use it to nd linear constraints on the entries of the gram matrix G corresponding to
〈Ax

aB
x′
b 〉. Consider

2〈Ax
aB

x′
b 〉 = 2〈I⊗ Ax

a ⊗Bx′
b 〉 = 〈(V x

a + V x
1−a)A

x
aB

x′
b 〉+ 〈(V x′

b + V x′
1−b)A

x
aB

x′
b 〉

= 〈(V x
a + V x′

b )Ax
aB

x′
b 〉+ 〈V x

1−aA
x
aB

x′
b 〉+ 〈V x′

1−bA
x
aB

x′
b 〉,

(80)
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then, summing over a and b, we get

2
∑

ab

〈Ax
aB

x′
b 〉 =

∑

ab

〈((V x
a + V x′

b ))Ax
aB

x′
b 〉+ 〈V x

1 Ax
0(B

x′
0 +Bx′

1 )〉+ 〈V x
0 Ax

1(B
x′
0 +Bx′

1 )〉+

〈V x′
1 (Ax

0 + Ax
1)B

x′
0 〉+ 〈V x′

0 (Ax
0 + Ax

1)B
x′
1 〉

≤
∑

ab

〈((V x
a + V x′

b ))Ax
aB

x′
b 〉+ 〈V x

1 Ax
0〉+ 〈V x

0 Ax
1〉+ 〈V x′

1 Bx′
0 〉+ 〈V x′

0 Bx′
1 〉,

(81)

where we used that Ax
0 + Ax

1  I and Bx′
0 +Bx′

1  I. Then, using (76) and (77), we recover (48).
On the other hand, recall that

V x
a = ax〉〈ax and V x′

b = bx′〉〈bx′ , (82)

and we can write

ax〉 = αa
0 0x′〉+ αa

1 1x′〉
bx′〉 = βb

00x〉+ βb
11x〉,

(83)

where αa
i = 〈ix′ ax〉 and βb

j = 〈jxbx′〉, where the dependence on x and x′ is omitted for simplicity.
We write the projectors (82) in the other basis in such a way that

V x
a = αa

0 2V x′
0 + αa

1 2V x′
1 + αa

0α
a∗
1 0x′〉〈1x′ + αa∗

0 αa
1 1x′〉〈0x′ ,

V x′
b = βb

02V x
0 + βb

12V x
1 + βb

0β
b∗
1 0x〉〈1x+ βb∗

0 βb
11x〉〈0x

(84)

Plugging (84) in (80), summing (80) and summing over a and b in 0, 1,

4
∑

a,b

〈Ax
aB

x′
b 〉 =

〈((1 + β0
0 2)V x

0 + (1 + α0
02)V x′

0 + β0
0β

0∗
1 0x〉〈1x+ β0∗

0 β0
1 1x〉〈0x+

α0
0α

0∗
1 0x′〉〈1x′ + α0∗

0 α0
11x′〉〈0x′ )Ax

0B
x′
0 〉+ (2 + β0

1 2)〈V x
1 Ax

0B
x′
0 〉+ (2 + α0

12)〈V x′
1 Ax

0B
x′
0 〉+

〈((1 + β1
0 2)V x

0 + (1 + α0
12)V x′

1 + β1
0β

1∗
1 0x〉〈1x+ β1∗

0 β1
1 1x〉〈0x+

α0
0α

0∗
1 0x′〉〈1x′ + α0∗

0 α0
11x′〉〈0x′ )Ax

0B
x′
1 〉+ (2 + β1

1 2)〈V x
1 Ax

0B
x′
1 〉+ (2 + α0

02)〈V x′
0 Ax

0B
x′
1 〉+

〈((1 + β0
1 2)V x

1 + (1 + α1
02)V x′

0 + β0
0β

0∗
1 0x〉〈1x+ β0∗

0 β0
1 1x〉〈0x+

α1
0α

1∗
1 0x′〉〈1x′ + α1∗

0 α1
11x′〉〈0x′ )Ax

1B
x′
0 〉+ (2 + β0

0 2)〈V x
0 Ax

1B
x′
0 〉+ (2 + α1

12)〈V x′
1 Ax

1B
x′
0 〉+

〈((1 + β1
1 2)V x

1 + (1 + α1
12)V x′

1 + β1
0β

1∗
1 0x〉〈1x+ β1∗

0 β1
1 1x〉〈0x+

α1
0α

1∗
1 0x′〉〈1x′ + α1∗

0 α1
11x′〉〈0x′ )Ax

1B
x′
1 〉+ (2 + β1

0 2)〈V x
0 Ax

1B
x′
1 〉+ (2 + α1

02)〈V x′
0 Ax

1B
x′
1 〉

(85)

Using that Ax
0 + Ax

1  I and Bx′
0 + Bx′

1  I and (76) and (77), as in derivation of (48), and
bounding the terms that do not correspond to 〈V1−aAaBb〉 or 〈V ′

1−bAaBb〉 by the operator norm,
we obtain (49).

Appendix C Proof of Proposition 6.1
Combining both expressions in (63), using the properties of the projectors and equation (62), we
obtain the inequality, for e, b ∈ 0, 1

〈V x
0 Ex

0B
x
1 〉+ 〈V x

1 Ex
1B

x
0 〉 ≤ perr

∑

e,b

〈Ex
eB

x
b 〉 (86)

Because of (62), from (86) we get

〈V x
0 Bx

1 〉+ 〈V x
1 Bx

0 〉 ≤ perr
∑

e,b

〈Ex
eB

x
b 〉 (87)
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In an analogy with (80), consider

2〈Ex
eB

x′
b 〉 = 〈(V x

e + V x′
b )Ex

eB
x′
b 〉+ 〈V x

1−eE
x
eB

x′
b 〉+ 〈V x′

1−bE
x
eB

x′
b 〉, (88)

because of (62), 〈V x
1−eE

x
eB

x′
b 〉 = 0, summing (88) over e, b ∈ 0, 1, using Ax

0 + Ax
1  I applying

(87), we recover (64).
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