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using the following abbreviations:
[n|ll 16, ! "'|ln:9n] =["'[”|11 :91]"'|1n:0n]’
[111011"'il,,ten]=[8lll:011""1,,:9"]

where ¢ is the type assignment with empty domain. Note that the latter
form can be used to notate any type assignment explicitly.

The obvious approach to semantics is to take the meanings of phrases of
type 8, — 6, to be continuous functions from meanings of phrases of type 6,
to meanings of phrases of type #6,, i.e. Dy, S) =Dy, S )= Dy, ().
However, when we consider variable declarations in the next section we
will find that this approach conflicts with Principle 5.

Even in the absence of a definite semantics, meaning can be clarified by
equivalences. We write P=¢ , Q to indicate that uy , (P) =g ,(Q), i.e. that
P and Q have the same meaning when regarded as phrases in (6,7 ).

First we have the standard equivalences of the (typed) lambda calculus.
If Pe(6,,[r|1:0,]) and Qe {6, ), then

(A1:6,-PYQ) =, » P10, (beta reduction)

where P/, denotes the result of substituting Q for the free occurrences of
1 in P, with appropriate renaming of bound identifiers in P. If
Pe(8,—0,,n) and 1¢ dom(n), then

Ar: 0y - (P(1))=p g, P (eta reduction)

Next, an obvious equivalence describes the fixed-point property of rec.
If Pe (6—6,n), then

rec P=y , P(rec P).

Finally, two equivalences relate procedures to the conditional construc-
tion. If Pe (Boolean exp,n ), Q, Re (0, —~6,,n) and Se (f,,n ), then

(if P then Q else R)(S) Egz,nif P then Q(S) else R(S).
If Pe (Boolean exp, 7 ), Q, Re (6, [n]i:6,]1), and 1¢ dom(rn), then
/11:91‘ifPthenQelseRE‘gﬁez,,,ifPthen Ai:6;-Qelse A1:6,-R.

For the declaration of procedures, we prefer the let and letrec notation
of Landin [3] to that of ALGOL 60; it is uniformly applicable to all phrase
types (not just procedures), it distinguishes clearly between nonrecursive
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and recursive cases, and it doesn’t make declarations look like commands.
The syntax is

(O,m)::=leti;be(0,n) &---&1,be (O, n)in(6,n")
|letrec 1, : 6, be (O, 7') &--- & 1,:0, be (B,, 7'y in (6, ")

where n’=[rn|1;:0,|--|1,:6,]. (Note that the types 6, ..., 6, must be stated
explicitly for letrec but not let.)

This notation can be defined as syntactic sugar in terms of application,
abstraction, and rec. The nonrecursive let construction is straightforward.
If P e(b,n),....,P,e(l,,m), and Pe (6, '), then

let;;, be Py & ---& 1, be P,in P=y ,
(A 26y -+ 21,0, P)(Py) -+ (Py).

This equivalence can be used to remove all occurrences of let from a
program without changing its meaning. Although it is formally similar to
the equivalence given by Landin [3], it has a different import since call by
name is being used instead of call by value. For example, if E is an integer
expression, then let x be E in 3 has the same meaning as (Ax: integer exp. 3)
(E) which, by beta reduction, has the same meaning as 3, even when E is
nonterminating. If x and y are integer variables, let zbe xin (x:=4; y:=2)
has the same meaning as (Az: integer integer var- (x :=4; y : = z))(x) which,
by beta reduction, has the same meaning as x:=4; y:=x.

To treat the recursive letrec construction, we will first define the
nonmultiple case and then show how multiple declarations can be
reduced to this case. For the nonmultiple case we follow Landin: If
Py e(6,[n|1:6,]) and Pe (6, [r|i;:6,]), then

letrec 7, : 6, be P, in P=,
(A1, : 0, - P)(rec A1y : 6, - P)).

For the multiple case we give an equivalence, suggested by F.J. Oles, that
avoids the use of products of phrase types. If P, € {6y, '), ...,P,€{6,, "),
and Pe(6,n’'), where n’=[n|1:6;]---|1,:6,], then

letrec 1, : 0, be P, &---& 1,,: 0, be P, in P=4 ;
letrec 1, : 6, be
(letrec 1, : 6, be P, &---& 1,,: 6, be P, in P;)
in (lectrec 1,: 0, be P, &---& 1,,: 6, be P, in P).
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6. Variable Declarations

To declare variables, we use the syntax
{comm, 7 ) ::=new 7 var ! in {comm, [7 | 1.7 Tvar])

(Note that declared variables always accept and produce the same data
type.) However, since this construction involves binding we want to
desugar it into a form in which the binding is done by a lambda expression.
The solution is to introduce the more basic construction

{comm, 1t ) ::=newvar(t){t T var—~>comm, 7 )
and to define
new 7 var 1 in P=,,,,, , newvar(r) Ar:t v var- P,

where Pe {comm, [r|i:7 7 var]).

Semantically, variable declarations raise a serious problem. The
conventional approach is to permit the set S of store states to contain states
with different numbers of L-values, and to define variable declaration to
be an operation that adds an L-value to the state. For example, one might
take a state to be a collection of strings of values for each data type

_ * *
S= Vinteger X Vreal X VBooIean s

and define the declaration of a 7 variable to be an operation that adds one
more component of the string of values of type .

The problem with this view is that it violates Principle 5 by obscuring the
stack discipline. Execution of a command containing variable declarations
permanently alters the shape of the store, i.e. the number of L-values or the
length of the component strings. In effect, the store is a heap without a
garbage collector, rather than a stack. It is hardly surprising that this kind
of model inspired languages that are closer to LISP than to ALGOL.

Our solution to this difficulty takes advantage of the fact that the
semantics of a phrase is a family of environment-to-meaning functions for
different sets of states. Instead of using a single set containing states of
different shapes and regarding variable declaration as changing the shape
of a state, we use sets of states with the same shape and regard variable
declaration as changing the set of states. Specifically, if C is new 7 var / in
C’, then the semantics of C for a state set S depends upon the semantics of
C’ for the state set Sx V.. Thus, since the semantics of C for S maps an
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environment into a mapping in Dymm(S)=S—S,, it is obvious that
executing C will not change the shape of a state.

To make this precise, suppose C’e (comm, [r|::7 7 var]), so that
Ce(comm,n). We first note that S and SxV, are related by the
expansion (g, G) in which g is the function from Sx ¥, to S such that
g({a,v)) =0 and G is the function from S—§, to (Sx V,)—>(SX V,), such
that

G(c)({a,v))=if c(g)= L then L else (c(g),v).

This expansion induces a function Env,({(g,G)) from Env,(S) to
Env, (SXx V).

Let e be the function from S x V, to (V;), such that e({a,v))=v, and a
be a function from V., to (SxV,)—(SxV,), such that
a(v')({o,v))=(o,v’). Then (a,e)eD,  ,,(SXV,) is an appropriate
meaning for the variable being declared.

To obtain the meaning of new 7t var 1 in C’ for the state set S and an
environment 7 € Env,(S), we use Env,({g, G )) to map 7 into Env,(SX V)
and then alter the resulting environment to map : into {a, e ), obtaining

n'=[Env,({g G)(n)|1:(ae)].

Then we take the meaning of C’ for the state set S X V, and the environment
n’, and compose this meaning, which is a state-transition function from
SxV,to (SxXV,),, with a function that initializes the new variable to
some standard initial value init, € V;, and a function which forgets the
final value of the variable:

HMHcomm, n (new 7 var 1in C')(S)(n) =

=(Ao-{o, initt ) 'ﬂcomm,[nlt:rtvar](cl)(s X Vr)(ﬂ’)' (g.)-

(Our unALGOL-like use of a standard initialization is the simplest way to
avoid the abyss of nondeterminate semantics.)

However, this approach to variable declaration has a radical effect on
the notion of what procedures mean that forces us to abandon the
conventional idea that Dgl_,gz(S)=D9I (S)—Dy,(S). The problem is that
variable declarations may intervene between the point of definition of a
procedure and its point of call, so that the state set S’ relevant to the call is
different than the state set S at the point of definition, though there must
be an expansion from S to S’.
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As a consequence, a member p of Dy, ¢, (S) must be a family of
functions describing the meaning of a procedure for different S’. More-
over, each of these functions, in addition to accepting the usual argument
in Dy, (S’) must also accept an expansion from S to S’ that shows how the
states of S are embedded in the richer states of S”.

As one might expect, the members of the family p must satisfy a
stringent relationship (which can be expressed by saying that p is an
appropriate kind of natural transformation). A precise definition is the
following (where expand(S,S’) is the set of expansions from S to S’):
P€Dy, ,(S) if and only if p is a state-set-indexed family of functions,

p(8) eexpand(S, S”) X Dy (S") =Dy, (S"),

such that, for all (g, G)eexpand(S,S’), (g’,G’') eexpand(S,S”"), and
a eDg‘ S).

Dy, (<8, G"N(p(S)(& G ), a) =
=p(S")((g"-8 G- G"),Dy (g, G"))a)).

To make Dy -4,(S) into a domain, its members are ordered pointwise, i.e.
p1Lp, if and only if (VS") p; (S )Cp2(S”).

Finally, we must say how an expansion from S to S’ induces a function
from Dgl__,gz(s) to D(,l_.gz(S’): If {g,G) eexpand(S, S’) and pGDgX_.gz(S),
then Dgl_ﬂgz(<g, Gl)(p)e Dy s, (S’) is the family p’ of functions such that,
for all §”, (g’,G’) e expand(S’, S”), and aeDy (S"),

p'(8")(eg,G"),a)=p(S")(g' 8 G- G"),a).

A full description of this kind of semantics is presented in [20]; in
particular abstraction and application are defined and the validity of beta
and eta reduction is proved. This is done by showing that the above
definition of — makes Dom?® (the category of functors and natural
transformations from 2 to Dom) into a Cartesian closed category, which is
an extremely general model of the typed lambda calculus.

Despite its apparent complexity, much of which is due to our avoidance
of category theory in this exposition, this kind of semantics shows that our
language is obtained by adding the typed lambda calculus to the simple
imperative language in a way that imposes a stack discipline. The essential
idea is that the procedure mechanism involves a ‘hidden abstraction’ over a
family of semantics indexed by state sets.
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We suspect that this kind of hidden abstraction may arise in other
situations where a formal language is extended by adding a procedural or
definitional mechanism based on the lambda calculus. The generality of
the idea is indicated by the fact that the definition of — and the proof that
Dom? is Cartesian closed do not depend upon the nature of the category .

7. Call by Value

In the ALGOL 60 report, call by value is explained in terms of call by
name by saying that a value specification is equivalent to a certain modifi-
cation of the procedure body. In fact, however, this modification involves
only the body and not the formal parameter list, so that it is equally
applicable to commands that are not procedure bodies. In essence, call by
value is really an operation on commands rather than parameters.

To capture this idea, we introduce the syntax

{comm, [7|1: 7 exp])::=t value 1 in {(comm, [7|:: 7 rVar])
which is desugared by the equivalence
7 value 7 in CEcomm, [m|1:Texp]
new tvar /' in (¢:=1; (Ai:7 7 var- C)(1)),

where Ce (comm, [r|:: 7 7 var]) and 1! ¢édom(n)U{:}. (This is only a
generalization of call by value for proper procedures; an analogous general-
ization for function procedures would require block expressions.)

Notice that 7 value 7 in C has a peculiar binding structure: the first
occurrence of : is a binder whose scope is C, yet this occurrence is itself
free. (A similar phenomenon occurs in the conventional notation for
indefinite integration.)

Call by result, as in ALGOL W [22], can obviously be treated similarly.

8. Arrays

Arrays of the kind used in ALGOL 60 can be viewed as procedures whose
calls are variables. Thus an n-dimensional t array is a phrase of type

integer exp— --- —integer exp—7 T var.

n times
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(Notice that this is a phrase type. If arrays were introduced as a data type,
one could assign to entire array variables (as in APL) but not to their
elements.)

The declaration of such arrays is a straightforward generalization of
variable declarations, and can be desugared similarly. The details are left to
the reader.

Unfortunately, this kind of array, like that of ALGOL, has the short-
coming that it does not carry its own bounds information. A possible
solution is to introduce, for each n=1, a phrase type array (n, 7) that is a
subtype of the type displayed above, and to provide bound-extraction
operations that act upon these new phrase types. The concept of array in
[28] could be treated similarly.

9. Labels

Since all one can do with a label 7 is to jump to it, its meaning can be
taken to be the meaning of goto . Thus labels can be viewed as identifiers
of phrase type comm, and goto : can simply be written as 1.

However, as suggested in ALGOL 68, labels denote a special kind of
command, which we will call a completion, that has the property that it
never returns control to its successor. If completions are not distinguished
as a separate phrase type, it becomes difficult for either a human reader or
a compiler to analyze control flow, particularly when procedure
parameters denoting completions are only specified to be commands. To
avoid this, we introduce compl(etion) as an additional phrase type that is a
subtype of comm (so that completions can always be used as commands
but not vice-versa).

Thus labels are identifiers of phrase type compl. Moreover, the
production schemas for conditional and case constructions, procedure
application, and recursion provide a variety of compound phrases of type
compl. This variety can be enriched by the following syntax, in which
various ways of forming commands are used to form completions:

{compl, 7 )::= (comm, 7 ); (compl, 7 )
|new 7 var 1 in {compl, [r|:: tTvar])
|newvar () (7 7 var—>compl, 7 )

(compl, [7|2: 7 exp])::=17 value 1 in (compl, [x|::7 7 var]).
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Two more schemas suffice to describe commands and completions in
which labels are declared in an ALGOL-like notation:

{comm, 7 ) ::={comm, " ); 1;: {comm, T") ;- I,: {comm, ")
where 1y, ..., 1, are distinct and n’=[n |1 :compl |-+ |1, : compl];

(compl, 7 ) ::={comm, ' ); 1;: {compL ") ;---; 1,,: {(compl, ")
where 1, ..., 1, are distinct and #n’ =[]y, :compl|--- |1, : compl].

Since these declarative constructions involve binding, we must desugar
them into more basic forms. For this purpose, we introduce an escape
operation that is a paremeterless variant of Landin’s J-operator [3].

(comm, 7 ) ::=escape (compl—>comm, 7).

This operation can be described in terms of a conventional label
declaration: If Pe {compl—comm, n ) and 1¢ dom(n), then

escape P=_,.., . (P(1); i1:skip).

Our present goal, however, is the reverse. To describe label declarations
in terms of escapes, we proceed in two steps. First, we describe a label-
declaring command in terms of a label-declaring completion by adding a
final jump to an enclosing escape: If ,...,1,, ¢ are distinct identifiers,
n’=[n|y:compl|:--|1,:compl], Cy,...,C, € (comm, n’), and 1¢ dom(n),
then

CO; II:CI;--—;In:CnEcomm,n
escape Ai:compl. (Cy; 1;:Cy;...51,:(Cy 1 D).

Then we describe a label-declaring completion in terms of recursive defini-
tions: If 4,...,1, are distinct identifiers, n’=[n|s :compl]:--|,:compl],
Co,...,C,_1€{comm, '), and Ke {(compl, 7"}, then

Cos 0:Cr5eees bnt K=compl n
letrec i, : compl be (C;; ;) &--- & 1, :compl be (C,,_; 1,)
& 1,:compl be K
in (Cy; 11).

We have chosen to desugar the ALGOL notation for declaring labels
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because of its familiarity. Other, possibly preferable notations can be
treated similarly; for example, Zahn’s event facility [29] can be described
by escapes without recursion. Actually, the wisest approach might be to
avoid all syntactic sugar and simply provide escapes.

Semantically, the introduction of labels requires a change from direct to
continuation semantics, which will not be discussed here. In [20] it is shown
that hidden abstraction on state sets can be extended to continuation
semantics, though with a different notion of expansion.

10. Products and Sums

Although procedures and arrays are the only ways of building
compound phrase types in ALGOL, most newer languages provide some
kind of product of types, such as records in ALGOL W or class members in
Simula 67 [26], and often some kind of sum of types, such as unions in
ALGOL 68 or variant records in PASCAL. In this section we will explore the
addition of such mechanisms to our illustrative language.

Since we distinguish two kinds of type, we must decide whether to have
products of data types or phrase types (or both). Products of data types
would be record-like entities, except that one would always assign to entire
records rather than their components. (Complex numbers are a good
example of a simple product of data type.) On the other hand, products of
phrase types are more like members of SIMULA classes than like records;
one can never assign to the entire object, but only to components that are
variables; other types of components, such as procedures, are also
possible. In this paper, we will only consider products (and sums) of phrase
types, thereby retaining the ALGOL characteristic that data types are never
compound.

We must also decide between numbered and named products, i.e.
between selecting components by an ordinal or by an identifier (i.e. field
name). In this paper we will explore named products, since they are more
commonly used than numbered products, and also since they are amenable
to a richer subtype relationship.

To introduct named products of phrase types, we expand the set of
phrase types to include

prod 7,
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where 7 is a type assignment. Usually we will write products in the form
prod [1,:6,|---|1,:6,], where i, ...,1, are distinct identifiers. However, it
should be understood that the phrase type denoted by this expression is
independent of the ordering of the pairs s : 6.

For a subtype ordering, one at least wants a component-wise ordering.
But a more interesting and useful structure arises if we permit implicit
conversions that drop components, e.g.

prod [age: integer exp |sex: Boolean exp |salary: integer var]
<prod [age: integer exp |salary: integer var].

In general, we have
prod n<prod n’ if and only if
dom(n’) Cdom(xw) and (Viedom(n’)) n(1) =7'(2).

Next we introduce the syntax of phrases for constructing products and
selecting their components:

(prod [1;: 0|+ ]1,:6,], T ::=K1: {0, Yy ey 1,240, D)
where 1, ..., 1, are distinct identifiers
(O,my::=(prod[1:0], ) 1.

In the second production, notice that our subtype ordering permits us to
write [1: 6] instead of [---|1:0]--].

The semantics of products is explicated by the following equivalences:
When P, e{6,,7),...,P,€{6,,7), 11,...,1, are distinct, and 1 <k <n,

(Pt i Py ye=g Py
When Pe (prod n’,m) and dom(n’) = {11, ..., 1, },
<11:(P'll)v--a’n:(P'ln))Eprod n’,nP

We have mentioned that this kind of product is closely related to the
class concept of SIMULA 67. In [25] it is shown that class declarations (in
the reference-free sense of Hoare [27] rather than of SIMULA itself) can be
desugared into constructions using such products.

Finally, we introduce named sums of phrase types. (Roughly speaking,
type sums are disjoint unions.) We expand the set of phrase types to
include

sum 7,
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where 7 is a type assignment. The subtype relation is
sum 7 <sum 7’ if and only if
dom(n) cdom(n’) and (Viedom(n)) n(i)<n’(i).

In contrast to the situation with products, a subtype of a sum can contain
fewer (rather than more) alternatives.
To construct sums and to do case analysis, we introduce the syntax

(sum[i:0],n)::=tag 1: {6, ),
(6,7 y::=sumecase 1 is {sum[z : 6|+ |1,:6,], 7>
in(5:¢0,[m]1:6,1),...,0,: <6, [7|1:6,1))

where 1, ..., 1, are distinct identifiers.

Again, the semantics can be explicated by equivalences. When 1, ...,1,
are distinct, l1<k=<n, Pye(b[n|i:6,]),....,P,€<0,[n]i1:6,]), and
A€elb,m)y,

sumcase s tag i, : A in (1 1 Py, ..., 1,1 Py) =y,
let 1 be A in P;.
When Se (sum 7,7 ) and dom(n) = {1, ...,1,},
sumcase 7is Sin (;;:tag 1y :4,..., 1, tag 1,1 1) =gy 102 S.

Since sumecase is a binding operation, Principle 1 requires us to express it
in terms of a construction in which the binding is done by lambda
expressions. For this purpose, we introduce the idea of ‘source-tupling’.
Suppose Pj,...,P, are procedures of phrase types 6,—86,...,0,—0
respectively. Then sourcetuple(y : Py,...,1,:P,) is a procedure of type
sum[s :6;]-+-|1,:6,]—6 that will behave like P, when applied to a
parameter tagged with .

To make this precise we use the syntax

(sum[y : 6, |- |1,:60,]1>6,m) =
sourcetuple(i; : (0,20, ),...,1,:{0,—26, 1))

where 1, ...,1, are distinct identifiers.
Then sumcase is desugared by the following equivalence: If 1, ...,1, are
distinct, Se(sumfy 0| |1,:0,], 7, P e<b,[n|i:6,1),...,
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P,e(6,[n]i:6,]), then
sumcase 1 is Sin (1) : Py, ..., 1,: Py) =g,
sourcetuple(y; : A1: 6, - Py, ...,1,:A1:6,,- P,)(S).

It should be noted that sums of phrase types do not introduce any failure
of typing such as the ‘mutant variable record problem’ of PASCAL,
since one cannot change the tag of a sum by assignment. On the other
hand, sums of data types would also avoid these problems since a branch
on the tag of a value would not imply any assumption that a variable with
that value would continue to possess the same tag. This suggests that the
type-safety problem with sum-like constructions is due to a failure to
distinguish data and phrase types.

11. Final Remarks

I have neglected the topic of program proving since I have discussed it
elsewhere at length. Although Hoare’s work on proving procedures is
incompatible with call by name and procedure parameters, an alternative
approach called specification logic appears promising. In [23] this logic is
formulated for a subset of ALGOL W, in [24] it is given for a language
closer to that described here.

Like ALGOL itself, our illustrative language raises problems of inter-
ference, i.e. variable aliasing and interfering side effects of statements and
proper procedures. The language is rich enough that an assertion that two
phrases do not interfere must be proved (as in specification logic) rather
than derived syntactically. Several years ago in [25], I attempted to restrict
a language like that described here to permit interference to be detected
syntactically. Unfortunately, this work led to some nasty syntactic compli-
cations (described at the end of [25]) that have yet to be resolved. Still, I
have hopes for the future of this approach.

Although this paper has dealt with nearly all the significant aspects of
ALGOL 60, it has not gone much beyond the scope of that language. More
for lack of understanding than space, I have avoided block expressions,
user-defined types, polymorphic procedures, recursively defined types,
indeterminate and concurrent computation, references, and compound
data types.
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It remains to be seen whether our model can be extended to cover these
topics. Of course, some of them could reasonably be labelled unALGOL-
like. But the essence of ALGOL is not a straightjacket. It is a conceptual
universe for language design that one hopes will encompass languages far
more general than its progenitor.
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An Operational Semantics for Bounded Nondeterminism
Equivalent to a Denotational One

R. Kuiper

Mathematical Centre, Kruislaan 413, 1098 SJ Amsterdam, The Netherlands

Dyadic nondeterministic choice is added to the programming language with
recursive procedures as used in de Bakker’s monograph on program correct-
ness [5]. This leads to considerable changes in the operational semantics. The
possible result of the execution of a program is no more given as a single state,
but as a set of possible states. Furthermore, the execution of a program is no
more given as a computation sequence but as a set of possible computation
sequences with tree-like properties.

We present a ‘natural’ operational semantics ¢ defined by means of a
function ¢z«», where %s.4» yields for each program # and each state g a set
of computation sequences, characterized by equations in the style of Cook [7].
For this set of equations we prove, in a topological setting, the existence of a
unique solution and the equivalence of the operational semantics to the usual
denotational one, defined by fixed point techniques.

0. Introduction

The subject of this paper is to investigate the effects of adding bounded
nondeterministic choice to a simple language with recursive procedures on
the definition and properties of the operational semantics.

The motivation to introduce an operational semantics is the following
usual one. A method for proving program correctness is to abstract to a
more mathematical level by defining a denotational semantics and to give a
proof system on that level. A way to justify this abstraction is to define an
operational semantics such that on the one hand it is intuitively close to the
actual program execution and on the other hand can be proved to be
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equivalent to the denotational semantics. We provide a ‘natural’ oper-
ational semantics; its justification and the proof of its equivalence to a
denotational one are the main aims of this paper.

The reasons to add dyadic nondeterministic choice — as will be seen later,
extension to finite choice introduces no extra problems — are twofold.
Firstly, in practice nondeterministic choice enters the scene directly, cf.
Dijkstra’s guarded command [9], as well as indirectly, cf. parallellism and
concurrency [12], where one process is selected to proceed, or one
communication is selected to be executed. Secondly, in theory nondeter-
ministic choice is a fairly easy setting in which tree-like structures appear
instead of computation sequences as when dealing with deterministic
sequential programs. This phenomenon also occurs as soon as parallel pro-
gramming and concurrent processes are concerned and introduces con-
siderable changes in the theoretical treatment. Contrary to the deterministic
case, justification of the defined operational semantics in view of existence
and uniqueness of the described function is not a clear case, and thus grew
into a next-important aim in itself.

The framework we use is that developed in De Bakker’s monograph on
program correctness [5, especially Chapters 5 and 7]. The (ultra)metric
distances defined between sets, and convergence with respect to such
metrics we use, are also extensively employed by Nivat and Arnold ([13]
and [2]) considering, among other subjects, infinite trees and nondeter-
minism. In their approach, trees are essentially programs, whereas we use
trees of states, i.e. traces of program executions. Furthermore, Arnold and
Nivat obtain the set of all trees by completion of the set of all finite trees.
We describe a tree by the set of all paths in the tree; the set of all trees is the
set of all paths restricted in a suitable way (cf. Definition 9).

It appears that at three stages of the development we are forced to make
the same restriction on the set of sequences used. This restriction amounts
to require a tree-like property with respect to the occurrence of infinite
branches.

This central tree-like property already was observed by Back in [3]
treating unbounded nondeterminism.

The setup of the paper is as follows. After this introduction, in Section 1
the syntax and some preliminary information are given. Section 2 starts
with the definition of an operational semantics by means of the function
%eo.42, which in turn is defined by a set of equations. The main result here is
the existence proof of a unique solution #s.«# of this set of equations. In
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Section 3 a denotational semantics is described concisely. Finally, in
Section 4 we prove the equivalence of the operational semantics to the
denotational one.

1. Syntax and Preliminaries

Recursive procedures and finite nondeterministic choice are the key
characteristics of the chosen language. Note, that subscripted variables are
not treated (i.e., no arrays are present). Including these would necessitate a
more complicated framework and only obscure our intentions. A straight-
forward extension is possible. The phrase ‘‘Let (¢ e€)C be specified by
a::=qrlx|a,a, is to be understood as: All a or «;, i€l in the sequel are
assumed to be elements of the set C; « is of the form gr or x or o, @;, where
o, a, are elements of C already.

We now define the sets of the syntactic entities we use.

Definition 1 (Syntax). Let (x€) f7w# be the set of integer variables. Let
(me) Jzon be the set of constants. Let (Pe) #rw% be the set of procedure
variables.

Let (t€) S22 be the set of integer expressions specified by
ti=x|ml|t;+1t,|---|if b then #; else #, fi.

Let (be) %4627 be the set of boolean expressions specified by
b::=true|false|t;=t,|---| 7b|b Db;.

Let (Se) ¥7w7 be the set of statements, specified by

 Su=x:=1]51;5,|8,VS,| if b then S, else S, fi| P.

Let (E€) 2¢## be the set of declarations, specified by
E:=(P;=Spi-;, n=0, P;#P;, Isi<j=<n.

Let (Re) P40% be the set of programs, specified by
R::=(E|S), forall Pin Sor §;, i=1,...,n, there exists j,

1 <j=<n such that P=P;.

Note, that bounded choice now can be obtained by applying (S;V S,) vV S;.
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The instances left open in f¢27 and %¢2% can be filled in with analogous
expressions. Note that #20% is defined such, that all programs are closed,
i.e. only these procedure variables occur in a program, for which the
procedure body is given in the declaration E.

The following definitions concern assigning meaning to syntactic
objects, i.e. semantics. At this stage, there is no distinction between
operational and denotational semantics. Meaning is assigned by way of
functions, defined by cases, from a syntactic domain to a domain of
interpretation. To enable us later to define the rest of the denotational
semantics we design the domains of interpretation as complete partial
orders (cpo’s).

Definition 2. (C,L) is a cpo iff
(i) Cis a partial order on C,
(ii) there is an element L € C such that, forallceC, L Lc,
(iii) each chain {c;){>, has a least upper bound [I{>, c;e C.

Definition 3 (Domains of interpretation). V=N, natural numbers; W,=
{tt,ff}, truth values; Xy=7w% —>V,, functions assigning meaning to
variables.

Let (e)V=V,U{L,},cpoby a;Ca,iff a;= L, 0r a;=0a;.

Let (Be)W=WyU{L,}, cpo analogously.

Let (c€)2=2,U{ L}, cpo analogously.

Definition 4. For C cpo, cj, ¢;, L.€C
c if g=1
if fthencielsec, fi=J) ¢ if B=fF,
L. ifg=1,.

We now define the meaning functions for integer and boolean expres-
sions which yield, by cases, for each of the expressions and a state ¢ a value
in one of the domains of interpretation.

Definition 5.
(a) VIt~ (2 V),
V(t)(-L) =1,.



Foroel)

(b)

Forogel)
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Y (x)(0)=0(x)
v (m)(c)=0a where ¢ is the integer denoted by m,

Y (6 + B)(@)= V() a) + ¥V (t)(0),

v (if b then ¢, else ¢, fi)(g) =if W(b)(o) then V(#)(o)
else V(t,)(o) fi.
W Bsxp—>(Z W),

Y () L)=L1,.

¥ (true)(a) =,
¥ (false)(o) =fF,
W (t=0)(0)=(7(t)(0)= 7 (1)(0)),

¥ (b)) =¥ (b)(0),
W (b1 Dby)(0) = (¥ (b)(@)= ¥ (b)(0)).

We end this chapter by introducing the notion variant of a state. The
purpose of this is to be able to indicate the effect of executing a statement,
for instance an assignment statement x:=¢ by a change in the state. The
following definition enables us to change in a state o the value o assigns to
a particular x.

Definition 6.

L{a/x}=1,

a if x;=x,,
a(x,) ifx1$x2.

o{a/x} o) = {
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2. The Operational Semantics

The aim here is to define an operational semantics which is intuitively
close to the actual program execution.

In the deterministic case a well-known way to achieve this is by way of a
Cook semantics [7]. A function #o.«# yields for each program R and each
state ¢ a, possibly infinite, computation sequence of states, ¢6./#(R)(0) =
{0},0,,...). Intuitively, these states correspond to the states a computer
goes through when executing R, starting in g. The operational semantics
then is a function ¢ which yields for each program R and each state o the
state k(%o«#(R)(c)), this being the last element of %v«#(R)(c) if this
sequence is finite and the special state L otherwise.

Now intuitively %2.«# should be defined by rules, stepwise generating the
computation sequences; a Cook semantics does so by cases, the cases being
possible program forms. For example,

%oup({E|Sy; SNa)= (o) Gour({E|S))a)
tou?((E|S))(k(¢04?(KE|S1))(0))).

The (o) is motivated as to indicate the operation of splitting up S;;S,, or
as a means to make induction arguments later on go through.

Adding nondeterminism necessitates 2«2 to yield for each R and ¢ not
the corresponding computation sequence, but the set of computation
sequences covering all possible alternatives depending on the different
possible choices. We now define computation sequences and a set of rules
to describe #o.«».

Definition 7 (Computation sequences). (a)
2r={(01y...,0},...,0,) |0;€Z,1<i=n,neN},
29= {(0’1, ey Ty ) (O'iEZ,iE N},
22={g,...}=2TUZ>,

Note, that the empty sequence is excluded.
(b) ": 2*x2*®—>2X2* concatenation, is defined by

O e s O KOsty oo sOn) =01y oo s Oy Oa 1y oees OnYs
(0'1,...,0',">A<O'm+l,...>=<Ul,...,0'm,0m+1,...>,

(o1,...0)°e=(0y,...)
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with the extension 0" {g;|iel}={0"0;|iel}.

(¢) k: 2*—2 is defined by
last element of p if o2,
1 otherwise

k(@)= {

with the extension: x({g;|iel})={Kx(0)|iel}.
GV
n if p=<(agy...,0,),

length(R) = {oo otherwise.

(e) o’ is initial segment of p (i.s.0.) iff p=p"" 0" or p=0".
In the sequel, P(Z*)={A | ACZ*}, the powerset of Z*.
Definition 8 (Rules for generating computation sequences). #0.«4»: Proy—

(Z— 2(2*)) by: For all Re Paov, for o= L, Foar(R)(L)={{ L)}, for
gely:

@ Four((E | x:=1))(0) = {(a{ ¥ (1)(@)/x})},
(i) ¢our((E | S1; S))(0)
=U{(<a) 0" €aur((E| $2))(k(0)) |0 € ¢eur((E|S1))(0)},
(iif) tou?((E| SV S$))(0)
=(0a)" ¢ou?((E|S;))(0)U(a)" ¢cu?({E|S,))(a),
(iv) #ouz((E |if b then Sy else S, fiy)(o) =if #(b)(0)

then (o) ¢ou?({E|S1))(0) else {a)" Cour({E|S,))(o) fi,
) Cou?((E| PY)(0)=(0)" ¢ou?({E|S;))0),
where P=P;, P;<S§;in E.

Intuitively, these rules are sufficient to describe generating the set of
computation sequences for given R and og. However the concept
‘generating’ is too fuzzy to be mathematically satisfying. A well-known
way out of this problem is to regard this set of rules as a set of equations,
for which #a.«# should be a solution. From now on we take this approach:
Definition 8 is regarded as a set of equations. Now it is clear that then a
proof is required that a solution %o« exists, and moreover that it is
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unique. For the deterministic case this id done in various ways by De Bruin
in [6]. For the nondeterministic case we now show that an extra equation is
needed to ensure uniqueness. We then prove the existence of a unique
solution #s.«» by extending the techniques of [6]. Then finally we define
the operation semantics.

The following examples show, that in general, Definition 8 regarded as a
set of equations does not ensure a solution to be unique and provide
intuition as to which kind of extra equation might solve this deficiency.

Example 1. %s.«»({(P=P|P))(g). Intuitively, this should generate
{(0o,0,...)}. However, regarded as an equation, this program gives rise to

our({E| Py)(o)={a)" ¢our({E|P))(0).

Now both {(ag,q,...)} and 0 satisfy this equation, as Definition 7b implies
0"@=0, so uniqueness is violated. Both practice (the program will loop)
and theory (the rules generate (g,a,...)) suggest preference for the first
alternative.

The above example suggests the extra equation to be of the form
%o.u?(R)(c)+9@. However, the following example shows that a stronger
requirement is needed.

Example 2.
FouP({Pex:=xVP|P))o).

Intuitively, this should generate {<o, 0, 0), (0,0,0,0,0),...,{0,0,...)}=C
respectively for x:=x chosen the first time possible, the second time,...,
never. However, regarded as an equation this program gives rise to

Gou?({E|Py)(0)=(a)" ¢0u?({E|x:=xV P))(a)
=(0)'(a) Cour({E|x:=x))(0)
U<a) ' (a) Cour({E| P))(o)
={(a,0,0)}U(a,0)" ¢0u?({E| P))(0).

Now both Cand C\ {{a, 0, ...)} satisfy this equation, so uniqueness of the
solution is violated. Both practice and theory indicate which one should be
preferred. Considering practice, a cycle that halts or is repeated according
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to nondeterministic choice potentially can be repeated any finite amount of
time, and also can be repeated forever. So this suggests preference for the
first alternative. Considering theory, for the obvious representation of the
set of computation sequences by trees, finite nondeterministic choice gives
rise to finitely branching trees. By Konig’s lemma then follows that a tree
containing infinitely many finite branches, i.e. finite computation
sequences, also contains an infinite one, so this also suggests preference for
the first alternative.

The above examples suggest the entire equation to be of the form:

¢ou?(R) (o) € ¥, where 4 ={Ge #(Z)| G+0, if {0;){~ such that
(i) for all i, ;€ G,

(ii) for all i, g;i.s.0. 9;4 1,

(iii) sup;{length(g;)} = o=,
then 3p € G such that for all ;, g;, i.s.0. o}.

However, the following example shows that an even more subtle require-
ment is needed.

Example 3.
Coar({ P=x:=1V P| P))(0).

Intuitively, this should generate {(g,o,0{1/x}),(0,0,0,0,0d{1/x}),...,
(0,0,...)} =C’". However, regarded as an equation, like in Example 2,
C’'\ {{a,0,...>} is also possible. Again, the first alternative is to be
preferred.

This example suggests the following strengthening of the above chosen
requirement described by 4.

Definition 9. # ={He #(Z%)| H#0, if <0,);~,, 0;€ 2%, such that
(i) for all i, 39} € H such that g;i.s.0. o/,
(i) for all i, g;i.s.0. 0,1,
(iii) sup{length(g,)} = oo,
then do € H such that for all i, g;i.s.0. g}.

Remark. In the different setting of unbounded nondeterminism, this is the
closedness property to be found in [3].
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We claim that the following extension of Definition 8 ensures the
existence of a unique solution.

Definition 10. %042 : P209—(Z— #) is defined by the following set of
equations:

(a) The equations of Definition 8.

(b) For all Re #%0%, ae 2, ¢v1?(R)a)€ H.

In De Bruin [6] for the deterministic case four methods to prove the
existence of a unique solution are presented. We have chosen to adapt to
our case the most topological one, as this seems the best one to extend to
sets of sequences. The idea is the following. Consider the set of functions
Paoy—(X— #); the solution %v«» we seek to find is, if it exists, an
element of this set. Now as the left parts of the equations in part (a) of
Definition 10 all contain only %z«#(R)(g), a solution of this set of
equations can be interpreted as a fixed point of an endomorphic operator
on Zz09—(2— #) defined directly by these equations (cf. Definition 20).
To ensure existence of a unique fixed point, from topology it is known that
it is sufficient that firstly the space is complete metric, i.e. a space with a
metric distance function defined on it such that every Cauchy sequence
converges, and secondly, that the operator is a contraction mapping, i.e.
the distance between the image of any two points is less than or equal to the
distance between the original points multiplied by a fixed constant smaller
than 1.

The operator as well as the elements of the domain are given: respec-
tively by the equations and by the type of %s«2. Left to choose is the
metric. As usual, we choose the distance between two functions to be the
supremum over the elements in the domain of the distance between the two
images of such an element. To do so, we first define a distance between
computation sequences, next between sets of them and finally between the
functions. All of these will have to be complete metrics.

We start by considering computation sequences, i.e. 2. A natural
distance is the following.

Definition 11.

. o} if o=<oy,...,0,) and j=n,
eljl= .
{ay,...,0;) otherwise.
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Definition 12. Distance on 2'®

i 2% if k=sup{j i1= i1} < oo,
d(en,0)= up{/|eil/]=e:lil}
0 otherwise.

Definition 13. For a Cauchy sequence (o;)i~; define the limit lim;. 0;
as follows. As <(g@;);2; has the Cauchy property, Ve>01N,V/
m=N,d(o,,0,)<e, or, equivalently, Vke N IN, VI, m=N,d(o,0,,)<
27k,

By Definition 12 this implies VkeN AN, VI, m=N,on [k]=0/[k]=
omlk]. Now define lim;_,o, 0; by (lim;.o, 0)[k] = on,[K].

Lemma 1. (Z=,d) is a complete metric space.

Proof. d evidently is a metric. d is complete iff every Cauchy sequence
converges. Clearly, every Cauchy sequence {g;);~ | converges to lim;_, 0;.

Next, we proceed to sets of computation sequences. Note, that defining
the distance d enables us to give a much easier definition of #.

Lemma 2. #={He #(X%)|H#0, for each Cauchy sequence {g,);~, in
H, lim,'—wogieH}.

Proof. Evident by Definitions 9, 12 and 13.

Remark. (1) Here the topological approach allows an easier solution of the
problem than the cpo approach, where it is more difficult to handle cases
like Example 3 as may be seen by the difference between the two definitions
of #.

(2) For 2> with the topology j(j ) induced by d, # can be defined by

#={He 2(Z*)|H+0, H closed in #(d)}.
A natural distance on # is defined as follows.

Definition 14.

H{jl1={eoljl|eeH}.
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Definition 15. Distance on .

AH Hyy = {2* if & =sup{j| Hy[j] = HalJl} < o,

0 otherwise.
Definition 16. For a Cauchy sequence { H;);~ define the limit lim,_, ., H; as
follows. As (H;»{~, has the Cauchy property, Ve>03IN,V/ m=
N.d(H,H,)<e, or, equivalently, V ke N AN, VI, m=N,d(H, H,) <2 *.
By definition 15 this implies VkeN AN, VI, m=N Hy [k]=Hk]=
H,,[k]. Now define lim,., ., H; as follows (using Lemma 2).

limHizkl l {oe Hy\lkl|o=(a},...,0,),n<k}
i~ g
U {Pﬂ 0| €0x) k=1 Cauchy sequence, leHNk[k]} .

Lemma 3. (#,d) is a complete metric space.

Proof. The first requirement to be a metric space is d(H,, H;) =06 H,=
H,. Let d(H,H,)=0, poeH,. If peX™*, then jo=0p[jl=0lj+1]. As
d(H,H,)=0, o=op[jl=0[j+11€ Hy[j+1]. Consequently, oeH,. If
o € 2, then either o € H, or p[i] € H,[i], i=1,2,.... In the latter case, there
exist oje H,, i=1,2,..., such that g[i]=0[i], i=1,2,.... Now clearly
(e))i~, is a Cauchy sequence in H,, and by Definition 13 lim;. 0} =0.
Consequently, (by Lemma 2) o€ H,. Conversely let H,=H,. Then
VjH,[j]1=H,[j], so d(H,,H,;)=0. The other requirements of being a
metric space are evidently fulfilled. d is complete iff every Cauchy sequence
converges. Let (H,){>, be a Cauchy sequence. By Definition 15, (H;){>,
clearly converges to lim,,, H;, by Definition 16, clearly lim;_ ,, H; € .

Remark. The reasons to restrict #(2*) to # in the beginning of this
section that did arise when regarding Definition 8 as a set of equations here
have their topological counterpart: Should distance d be defined on #(X*)
instead of #, then the sets C and C\ {{o,0,...>} of Example 2 (and like-
wise C’and C’\ {(g,0,...)} of Example 3) would have distance 0 but not
be equal.

This violates the metric requirement d(C;,C,)=0&C,=C,. Now
disregard knowledge of the previously defined restriction of #(2'*) to #
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caused by ambiguities with regard to solutions of the equations in
Definition 1 and indicated by the Examples 1-3. (Note, that at that stage
no distance between sets was even defined.) A natural solution of the
present problem then, is the following.

Restrict #(2'*) to only those subsets of 2'*, that contain their limit
points in the topology induced by d. Lemma 3 states that this solves the
problem. Not surprisingly, the tree-likeness requirement stated in # is
equivalent to this restriction, as stated in Lemma 2.

By now, we arrive at our first aim, turning #%0%—(Z—#) into a
complete metric space by defining the following natural distance.
Definition 17.

(0 e)C= Paroy—(Z— H).

Definition 18. Distance on C.

d(py, 92) = S,Ep {d(@1(R)(0), p2(R)(0))}.

Definition 19. For a Cauchy sequence {¢;) - define the limit lim;_,, ¢; as
follows. As (¢;>;~, has the Cauchy property, Ve>03IN, VI m=
N.d(¢,, ¢,,)<e. By Definition 18 holds

Ve>01IN, VI, m=N, VR Vod(@,(R)a), pm(R)(0))<e.

Then VR Vo, (¢;(R)(0)){~ is a Cauchy sequence. By Lemma 3, VR Vo
(Pi(R)(0))i~, converges to lim;. ¢;(R)(g). Now define lim;.. ¢; as
follows.

A2 ¢,~>(R>(a): lim(9/(R)(©)).

Lemma 4. (C,d) is a complete metric space.
Proof. By standard techniques, e.g. see [8, Chapter 14, Theorem 2.6].

Definition 20. @ : C—C is defined by

D=A0p-AR- Ao - g=1—1,
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O’GZ(),
R=(E|x:=t)~>{{7()(0)/x}(},

R=[(E|S;; S,

U{(a)".0" 0((E|52))(x(0))| 0 € B(KE | S1))(0)}
R=(E|8;V8;) (o) ¢KE|S))o)U(a) " 9((E|S))(0),
R=(E|if b then S else S, fi)

—if W(b)() then (a) ¢({E|S1))(a)

else (o) "9(KE|S2))(0),
R=(E|P)~(0) ¢({E|S;)), where P=P;, P;<S; in E.

Note, that @ is well defined, i.e. V¢ ®&(¢) € C, as can be easily seen from
the definition.

Lemma 5. & is a contraction mapping, namely N ¢, ¢p,d(D(@,), P(¢2)) <
%d(¢ 1s ¢2)'

Proof. Each of the following cases is trivial for 6= L, so from here on
ag EZO.

Case 1: R=(E|x:=t). By Definition 20

Vo,p:Va D(@)R)0)=(a{7({t)0)/x})}=P(@)R)O).
So by Definitions 15 and 18, d(D(¢,), P(¢,)) =0=<1d(¢,, ¢,).

Case 2. R#(E|x:=ty), R#£(E|S;;S;). By Definition 20, V¢ Vo
D(P)R)o)=<o) ¢p(R')(g), R’ as given by the right hand part of
Definition 20.

So

d(D(¢1), D(9,)) =sup{d(P(¢1)(R)(0), D(¢,)(R)(0))}
ko by Definition 18

= slglp{a((a) "91(R')(0), {0y ¢2(R")(o)}
=4 sup{d(¢1(R")(0), p(R")(0))}

Roa by Definition 15
=4d(¢1, ¢,) by Definition 18.
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Case 3. R=(E|S;; S,), analogously to Case 2.

By now we can, by using well-known topology, justify our claim made
above.

Lemma 6. @ has a unique fixpoint.

Proof. By Lemmas 4 and 5, using standard techniques from topology. Cf.
[8, p. 305] and [6, p. 27].

Theorem 1. The set of equations of Definition 10 has a unique solution
Cou.

Proof. Directly from Definitions 10 and 20 and Lemma 6.

Finally, having justified the definition of %~«+», we define the oper-
ational semantics.

Definition 21. Operational semantics. ¢ : 20y —(2—2) is defined by:
For all R, for all o, 0(R)(0) = k( €o.a?(R)(0)).

For later use we here state the following lemma.

Lemma 7.
() O(E|[S;; S)0) = O(KE|S;))° O(KE|S))(0),
(ii) OKE|SVS))o)=0(E|SH)a)U I(KE]|S)) (o),
(iii) O((E|if b then S else S, fi))(o)=if ¥ (b)(o)
then O((E|S,))(o) else 0((E|S,))o) fi,
@iv) ﬁ(J<E | PY)(0)= O(KE|S;))(0), where P=P;, P;<S;in E.

Proof. Evident from Definitions 10 and 21.

3. The Denotational Semantics

We here present the denotational semantics for which the operational
one, treated in Section 2, was designed to serve as an intuitive counterpart.
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The method used is the fixed point approach in a cpo setting, as can be
found in [15]. The denotational semantics we use greatly resembles the one
in [5, Chapters 5 and 7], so only a very concise treatment is given, just
defining the notions and stating the results we need for the equivalence
proof in Section 4.

We start by defining a domain, consisting of a selection of subsets of
#(X) with the Egli-Milner ordering, cf. [10]. Note the resemblance to the
domain of results in Section 2, with regard to # being the outcome domain
of %ouz.

Definition 22.

(re)T={re #(2) |t finite or L e1}.

Definition 23 (Egli-Milner ordering).
Tlg‘fz iff L €Ty and Tl\ {_L}QTZ

or Lé¢t;and 1=1;.
Lemma 8. (7,L0) is a cpo.
We now give the domain of strict functions 2 —; 7.
Definition 24. y:X—,T, i.e. y is strict iff w(L)={L1}.

Definition 25.
(weM=2-,T

with the extension: Foreach w: 2, T, ¢ : T, Tby y=At- Uae,t//(a) and
W1°W2=A40 - §1(w2(0)),
viUwy=120 - (y1(0)Uy1(09)).

Definition 26. v, C y, iff for all 6 €2, w,(0)C w,(0).

Lemma 9. (M,L) is a cpo.

We now introduce y e I', where y gives meaning to procedure variables;
furthermore we define variant of p.
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Definition 27. (ye)l = Praz—>M.
Definition 28.

W if P’=P,
/P}(P")=
riy/PHE) {y(P’) otherwise.

The following is needed from the theory of cpo’s.

Definition 29. (C,L) cpo, f: C—C.
(a) xis a fixed point of fiff f(x)=ux.
(b) x is the least fixed point uf of fiff:
(i) xis a fixed point of f;
(ii) for all y, y fixed point of f, xLC y.

Definition 30. (C,L), (C,C) cpo; f: C—C’ is continuous iff:

() x;Ex,=f(x))L'f(x;) (monotonicity);
(ii) for each chain (x;){~,in C,

f< VEJO xi> = _[:]0 Sx).
Notation: fe [C—C'].

Lemma 10. C;cpo, f;e[C">C], i=1,...,n

<f1’ ---’fn> € [C"_)C”]
by

Siseesfderyoensend) = CfilKer ooy €)oo fulKCy o

Then

u<f1,...,f,,>=kEI] e XLy ooy L)),

389

HC)).

After these preparations we define the denotational semantics as

follows.

Definition 31 (Denotational semantics). (a) A4 : $7=7— (I — M) is defined

by
(0)) H(x:=t)(y)=Ad-{a{ 7V (t)(0)/x}},
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(i) H(S15 8)(P) = A (S)(P) o A (S1)(p)s
(iii) A1V S)() = A (SDHPIU A (S)(),
@iv) A (if b then S, else S, fi)(y)= Ao -if #(b)(o)

then A4 (S))(y)(a) else A4 (S,)(y)(o) fi.
(b) A : Proy—(A—M) is defined by
M (KE|SN) = V(S @{wi/Pi}i=1)s
where (yy, ..., W,y =ul{¥,..., ¥, and
=AW, o AW N (SH{Wi/Pi}iz ),
Jj=1,...,n.

Lemma 11.
A, Ay K (S wi/Piiz) e IM">M], j=1,...,n.
Theorem 2. .« is well defined.
Proof. Essentially from Lemmas 10 and 11.
For later use, in Section 4, we here state the following lemmas.

Lemma 12. Ao - #(S)(y)(ag) is monotone.

Lemma 13. .#((E|P))=#({E|S;)), where P=P;, P;<=S;inE.

4. The Equivalence of the Operational and the Denotational Semantics

The set-up of the equivalence proof for the two semantics defined in the
foregoing sections, i.e. 7(R)= .# (R)(y), is as follows.

A natural way to proceed might seem to apply induction on the length of
individual computation sequences in #2«#(R)(g) proving ¢’ € 0(R)(o)=
o’ e 4 (R)(y)(g). However, it is only possible to prove this for ¢’ such that
%ou?(R)(0) € #(Z*). Namely, if there is an infinite computation sequence
in %ou«?(R)(g), then L e J(R)(g), as can be directly inferred from
Definitions 7 and 21. It is by no means clear, that in this case also
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1 e #(R)(y)(o), as the concept of computation sequence belongs to the
realm of operational semantics. So using set inclusion Z(R)(g)C
A (R)(y)(@) is not feasible. Choosing the Egli-Milner ordering
O(R)(0)C 4 (R)(y)(g) with this induction is also impossible, as for this
ordering it is required to prove (R)(a)= .4 (R)(y)(o) if L & O(R)(0).

The way out we have chosen is to apply, in case Zo.«?(R)(o)e (1),
induction on the sum of the lengths of the computation sequences in
Fou?(R)(0), thus proving 0(R)(d) = .4 (R)(y)(c) in this case. In case there
is an infinite computation sequence in %2«#(R)(g), and so, by Definition
21, L € O(R)(o), we prove O(R)(a)\ {L}C 4 (R)(y)(0g) elementwise by
the above mentioned induction on the length of individual computation
sequences. Thus we yield 0(R)C.# (R)(y). Proving .4 (R)(y)C 0(R) by
standard techniques then completes the proof.

In order to apply induction to the sum of the lengths of the computation
sequences in case Zo./#2(R)(g)e #(2*) we have to prove that this sum is
finite. This is made explicit by a careful application of an analogue of
Konig’s lemma. One of the well-known formulations of K6nig’s lemma is
the following:

Lemma (Konig’s). A finitely branching tree where all branches are of
finite length contains only finitely many nodes.

As we work in the realm of sets of (computation) sequences instead of
trees, we want to restate this lemma using these notions. Restate “‘finitely
branching’’ by ‘‘there are only finitely many different initial segments of
length n, for all neN”’, ‘“all branches are of finite length’’ by ‘‘a set of
finite sequences’’, and finally ‘‘finitely many nodes’’ by ‘‘finitely many
different sequences’’.

So the analogue to K6nig’s lemma seems to be

If in a set of finite sequences there are only finitely many different initial
segments of length n, for all ne N, then there are only finitely many
different sequences.

Now this is not true! Counter example: {<0), (0,0, ... }. The reason for
this is, that the tree structure does not allow {{0),¢0,0),...} as a set of
branches in a finitely branching tree but forces to add (0,0, ...):
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0/ O\
o/

0
0

\
0 / N
For a set of finite sequences this is not the case. So an extra requirement of
such a set is to be added. Not surprisingly, taking the set to have a property
analogeous to # for computation sequences is sufficient, as this reflected
the tree-like way in which %s«# generated a ‘set of computation
sequences’.
We now give the analogue of Konig’s lemma.

Lemma 14. If in a set C of finite sequences {r,...}, r=<{81,52 -..s5n),
neN, there are only finitely many different initial segments of length n for
all ne N, and C has the following property: C is tree-like i.e. if there is a
row of sequences {r{yi—,, not necessarily r} e C, such that
() foralli, Ar,eC: riis.o. r;,

@ii) foralli, r}i.s.o. ri.,

(iii) sup;{length(r{)} = oo,
then lim;_, o r{ € C, then there are only finitely many sequences in C.

Proof. By contradiction. Suppose there are infinitely many different
sequences. Let G(n)={r|length(r)=n, i.s.o. infinitely many different
sequences}. We show by induction that G(n)##@ for all ne N. Induction
basis: To prove G(1)#8. As there are only finitely many different initial
segments of length 1 and infinitely many different sequences, G(1)+#9.
Induction step: To prove G(k+1)#@. As there are infinitely many
different sequences but only finitely many different initial segments of
length k or k+ 1, and G(k)#@ (Ind. hyp.), G(k+ 1)#8. So G(n)#9 for all
ne N. Now clearly, for all ne N every element of G(n) is initial segment of
at least one of the elements of G(n + 1). So by the axiom of choice there are
Fie G(i) such that 7;i.s.0. F;,, i=1,2,.... As Cis tree-like, this implies that
there is an infinite sequence in C. Contradiction.

Remark. Note that the property ‘tree-like’ had to be brought to the surface
on three fully independent occasions where it was more or less hidden in
the structure of the concepts under consideration:
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(1) In Definition 10 to select tree-like solutions of the equations.

(2) In Definition 15, restricting the distance d to a space consisting of
only tree-like sets.

(3) In Lemma 14 to select sets sufficiently tree-like to prove an analogue
of Konig’s lemma for them.

We now show, that for all R and all o, ¢a«2(R)(o) satisfies the
requirements of Lemma 14. The only requirement left to prove is, that
%o.4?(R)(0) gives only rise to finitely many different initial segments. This
is done in the following lemma.

Lemma 15. For all R and all o the following holds for ¢o.«#(R)(a): There
are only finitely many different initial segments of length n, for all ne N,
in %ou?(R)(0).

Proof. Let R=(E|S). Proof by cases, applying induction on the length of
the initial segment. Let

I(n)(%o.0?(R)(0))
={0’| 0’ i.5.0. p € ¥ou?(R)(0), length(o")=n}.

Induction basis: To prove #(I(1)( 40.«#(R)(c))) < .

By cases:

(i) S=x:=t. Then %o«?(R)(0)={<{a{7(t)0)/x})}. Consequently,
#U(1)(Coa?(R)(0))=1< .

(i) S=S;; S,. Then

to42(R)(a)
=J{Koy 0" aur((E| $))(x(0)) | 0 € %0.4»((E|S,))(0)},

so I(1)(%o.«#(R)(a)) = {{a)}. Consequently, #(I(1)( ¢c.4?(R)(c)))=1< oo,
Cases (iii), (iv) and (v) of Definition 10 analogeously to (ii) lead to
#(I(1)(%o42(R)(g)) =1< oo, Induction hypothesis: Assume

#U()(Coa?(R)(0)) < oo,

for 1</<k. Induction step: To prove #(I(k + 1)( ¥o.4?(R)(c))) < co.
By cases:
(i) S=x:=t Then I(k + 1)(¢0.42(R)(0)) =I(k + D({{a{ ¥ (t)(o)/x}>}) =
@. Consequently, #(I(k + 1)(Zo.«#(R)(0)))=0< .
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(ii)) S=S;; S,. Then
Fo4?(R)(0)
={(0) 0" bour((E| S,))(x(0)) | 0 € ¥047(E|S1))(0)}.
Consequently,
#(I(k + 1)(Zou2(R)(0))) = #U(k)(ou?((E | S;))(0)))
+Z{#(k+1 - (1 +length(e))( ¢eur((E| $:))(x(0)))) |
o€ ou2({E|S))(0), length(9)<k} <o (Ind. hyp.)

Cases (iii), (iv) and (v) of Definition 10 analogously to (ii) lead to
#I(k + 1)(Zo.42(R)(0))) <. So #(I(n)( ¢o4?(R)(d))) < = for all R, all g,
all neN.

After these preparations, we can state Lemma 16, which enables us to
apply induction on the sum of the lengths of the computation sequences in
Fou?(R)(0) in case Zoa?(R)(0)e P(Z).

Lemma 16. For all R and all o for which %o«?(R)(g)e P(Z),
¢ou?(R)(0) is a finite set.

Proof. It is given that all computation sequences in ¢2«#(R)(c) are finite.
By Lemma 15 there are only finitely many different initial segments of
length n, for all ne N. By Definition 10(b), and Definition 9, #0.«#(R)(a)
has the tree-like property as required in Lemma 14. Consequently, by
Lemma 14, ¢n.«»(R)(0) in this case is finite.

Finally, we arrive at the main theorem of this chapter, stating
equivalence of /(R) and .4 (R)(p).

Definition 32. For
A€ #(2),length(A4)

_ (Z{length(o) |0 A} if #(A)<o and VoeA,0el™,
o otherwise.

Theorem 3. For all R and all y, O(R)= 4 (R)(p).
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Proof. Let R=(E|S). We prove VRVyVa 0(R)(6)=4(R)(y)(o). As
this holds trivially for ¢= L, in the sequel assume o € X,. We prove Egli-
Milner inclusion in both directions.
(1) 6(R)(0)C 4 (R)(y)(0) as follows.

Case A: If R and o are such that ¢s/#2(R)(6) € #(Z*), then 0(R)(0) =
A (R)(y)(o) proof by cases, applying induction on the sum of the lengths of
the computation sequences. (Justified by Lemma 16.)

() S=x:=t.

OKE|x:=)(0) = K( 6042 ((E | x:=1))(0))
=k({¢a{ 7 (t)(@)/x}>})
=a{ ¥(t)(0)/x}
=M (KE|x:=1))(y)(0).

N.B. This result holds for all g, as ¢os?({E|x:=t))(c)e #(Z*). By
Definition 10 only o= L or S=x:=¢ lead to length (%vs#(R)(c))=1, so
the induction basis is provided.

(ii) S=S;; S,. By Definition 10 and Lemma 16,

length( ¢0.42(E| S,))(0)) <length( #/.4»({E| Sy; S;))(0)) < o
and
length( €a.«?({E | S3))(k( Go.u?({E| S1))(0))))

<length( ¢ou2({E| S;; S2))(0)) < 0.
So by induction

OKE|S»)a)= A4 (KE|S))(¥)0)
and
OKE|S))Kr(%ou?(KE|S))(0)))

=M (KE|S$))y)k(Co.a((E|S1))(0))).
Consequently,
O(E|S1;8))(@)= O0(KE|S,))° O(KE| S1))(g) by Lemma 7

= O(KE|S$))(k(6e4?({E|S1))(0)))
by Definition 21
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=M (KE|$:20)(y)(k(Z042(CE | $1))(0)))

=M (KE|S0)yNO(KE|S1))(9))
by Definition 21

=M (E|S))y)o 4 (KE|S))(y)(0)
=4 (E|S1;S2))(¥)(@) by Definition 31.

Cases (iii), (iv) and (v) of Definition 10 can be treated analogously to
(ii), applying Lemma 13 when treating Case 5.

Case B: If R and o are such that 1 e€d(R)(g) then o'# L,
o’'e O(KE|S))(o) implies o’ € 4 ({E|S>)(y)(a), proof by cases, applying
induction on the length of the computation sequence corresponding to that
outcome. There may be more than one sequence satisfying this require-
ment; in that case choose one arbitrary. We again distinguish the following
cases.

(i) S=x:=t¢. Immediately by the above proved equivalence

OKE|x:=1))(0)= M (E|x:=1))()(0).

By Definition 10 this is the only case pertaining to length (0)=1,
o € %o4?({E|S))(o) so the induction basis is provided.
(ii)) S=S;; S,. Consider a computation sequence

(01(=0),0,...,0,(=0")) € ¢0.42(KE|S}; $2))(0).

By Definition 10 there is an intermediate state g;# L in this sequence such
that (g3, ...,0,) € 6e4?({E|S;))(0) and (g, ...,0,) € ¢04?({E|S:))(a)).
As length ({g,...,0;))<length({ay,...,0,)) and length({gj,...,0,))<
length({ay, ..., a,)), by induction o;€ .4 ({E|S;))(y)(c) and

g’ € M(E|S))¥) o).

Consequently, by Definition 31 o’ € #({E|S;; S2))(¥)(0).
Cases (iii), (iv) and (v) of Definition 10 can be treated analogeously to

(ii), applying Lemma 13 when treating Case 5.

Now combining A and B yields VR Vy Vo 0(R)(a)C 4 (R)(y)(0).

(2) Conversely, we prove .# (R)(y)C O(R) as follows:
By Definition 31, it is equivalent to show 4 (S)(y{w/P;}]-))C 0(KE|S)).
By Definition 31 and Lemma 10, w; can be defined as follows. Let
WS W =(Aa- L,...,ha- L)

(W’l‘+l, ] V/§+l> = ( YII((Wll() ey WZ))’ eee Wn(('//,l{’ A ] Wﬁ))))

k=0,1,...
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then y;= Ly vt i=1,...,n

By Lemma 11, #(S)(p{w!/P}-1)= Ug-o #(S)(p{wf/P}i-1). There-
fore it is sufficient to show that for all k, #(S)(Y{w/P}/_)C O0((E|S)).
We apply induction on (k, /(S)), where /(S) is the length of S, i.e. the
number of symbols of S with ordering (ki /1) <<(kyp, L) iff k; <k, or
ki=k,and [, <1;.

N S{wl/PY_)=#(S){ia- L/PY_ DL O(E|S)),

so the induction basis is satisfied.
We again distinguish the following cases:
(i) S=x:=t

N (=)Wl /PYZ ) = Ao a{ 7 (1)(0)/x} = OKE| x:=1)).

(i) S=S1; 8, US)<USy; Sy), s0 <k US))) <<k, I(S);52)), j=1,2. So
by induction #(S)(y{wi/PF}i_)CO(E|S)), j=1,2. Consequently, by
Lemma 9, 12 and Definition 31,

H(S1; SHY{wI/PY_DE O((E| 515 82)).

Cases (iii) and (iv) of Definition 10 can be treated analogeously to (ii).
(v) S=P.
By Definition 10, P=P;, P;«<S; in E. By Lemma 10, 0((E|P))=
O(KE|S). If k=0 there is nothing to prove. Otherwise

M)AV /P =) =wi ™ wn )
=#(S){wf "/P}/-) by Definition 31
LoKE|S))
= 0(KE|Py).
Combining these results yields .# (R)(y)C 6(R), i.e.
VkVyVa 4 (R)y)@)E 0(R)(y)(0).
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A Proof Rule for Fair Termination of Guarded Commands*
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t Vakgroep Informatika, Rijksuniversiteit Utrecht, Utrecht, The Netherlands

We present a proof rule for fairly terminating guarded commands based on
a well-foundedness argument. The rule is applied to several examples, and
proved to be sound and complete w.r.t. an operational semantics of compu-
tation trees. The rule is related to another rule suggested by Pnueli, Stavi and
Lehmann by showing that the (semantic) completeness of the PSL-rule follows
from the completeness of ours’.

1. Introduction

The use of well-ordered sets to prove termination of programs originates
from Floyd [3] and remained prominent ever since. After the appearance
of non-deterministic and concurrent programming language constructs,
the notion of termination was generalized to the notion of /iveness [10],
which also covers properties such as eventual occurrence of events during
program execution. One way of specifying and proving such properties is
by applying temporal reasoning [4]. This may be formalized by using
Temporal Logic [12], a tool suitable for expressing such eventualities.

* Preliminary work regarding this problem was carried out while the 2nd author visited the
University of Utrecht, sponsored by a grant from The Netherlands Organization for the
Advancement of Pure Research (Z.W.0.); the work was completed while the 4th author
visited the Technion sponsored by the Technion; the 2nd author was partly sponsored by an
IBM-Israel Research grant. The third author was supported by Swiss National Science
Foundation grant No. 82.820.0.80.
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Within this framework, one of the more interesting concepts that can be
studied is the concept of fairness [6]. However, application of temporal
reasoning does not appeal to a direct use of well-foundedness arguments
(see e.g. [11]). Recently, there is a revival of the interest in such direct
appeals (see e.g. [1]), generalizing arguments hitherto involving finite non-
determinism to a context of infinite non-determinism, and [13], generaliz-
ing sequential well-foundedness arguments to the context of concurrency
(using a shared variable model).

A common property of well-foundedness arguments for more compli-
cated types of termination is the use of higher countably infinite ordinals,
which can be traced back to [8], this in contrast to the fact that for deter-
ministic programs (or programs displaying finite non-determinism) natural
numbers suffice.

In this paper, we propose a rule for proving fair termination of guarded
loops using well-foundedness arguments.

We chose guarded commands [2] since it is relatively well known and
simple, has as a natural extension to the language Communicating
Sequential Processes (CSP) [9] and the proof rule proposed in this paper
extends equally naturally to CSP. This extension is the subject of a
companion paper.

The ideas in this paper were developed mostly independent of [13], in
which a similar situation is dealt with. We shall describe the influence of
[13] on our work in the last section.

In Section 2, we introduce the proof rule for termination and apply it to
several examples. In Section 3 we present soundness and semantic
completeness proofs of the suggested rule w.r.t. an operational semantics
using computation trees. Section 4 ends with a reduction of the semantic
completeness of the rule of [13] to the present one.*

2. A Proof Rule for Fair Termination

Basic notions and definitions

We consider the language GC, with the following syntax:

* Note added in proof: Conversely, Daniel Lehmann recently reduced the completeness
proof of our rule to that of [13]. Consequently, the two rules are equivalent.
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(statement) ::= (assignment statement) | (skip) | (selection)
| (repetition) | {composition)
(assignment statement) ::= (variable) := {expression)
{skip) ::=skip
{selection) ::= [(boolean-expression) — ( statement )
{O
{boolean-expression) — (statement ) }*
]
{repetition) ::= *(selection)
{composition) ::= (statement ); (statement).

Boolean expressions are also called guards.
Its semantics follows from the usual definition of computation sequence
7 £l ..., where all £/s denote states (mappings from variables to values).
In the sequel we consider programs of the form of repetitions

C:*B,—~C/0O---0B,~C,l,

also abbreviated to *[D,»e{lw.,,,}Bi—'C,-].
C,is enabled in ¢ iff B;(¢) holds.

Definition. (1) An execution sequence n of C is fair iff it is finite, or it is
infinite and for every 1 <i=<n, if C;is infinitely often enabled along =, it is
also infinitely often chosen along 7.

(2) C is fairly terminating iff all its infinite execution sequences are not
fair, i.e., unfair.

Thus, a fairly terminating program has finite computation sequences
(terminating computations), and unfair infinite computation sequences,
but may not have infinite fair computation sequences.

For a given initial state &, we consider the tree of all possible
computation sequences, T;. In case of a selection, [B,—~C, O ---UTJB,~C,],
a state (node) n in T, has subtrees for every i, 1<i<n s.t. B;(n) holds.
Observe that in case of fair termination, T, contains finite and unfair
infinite computation paths.

Example. Consider Dijkstra’s example for a random generator of natural
numbers [2]; this is a possibly non-terminating program, its only infinite
computation sequence being unfair. Hence this program fairly terminates:
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C::x:=0; b:=true;
*b—xi=x+1
Ub— b :=false].

Notice that by restricting the underlying semantics of the language of
guarded commands to fair computation sequences only, a fairly termin-
ating repetition as defined above becomes a terminating one, possibly
displaying countably infinite nondeterminism.

Our goal is to characterize deductively the class of all fairly terminating
GC programs. The characterization suggested does carry over directly to
concurrent programs with shared variables; a companion paper extends it
to CSP.

We use the notation ({r))C{{g)) to express that C fairly terminates in
all initial states satisfying r, and that ¢ holds upon termination.

The intuition behind the suggested proof rule is as follows: For an
always terminating nondeterministic program, there exists a well-founded
quantity which decreases along every computation sequence, i.e., along
every direction in the computation tree.

Now, let us choose the directions along which a certain well-founded
quantity decreases, taking care that these directions (certain moves C;) are
always eventually enabled, until they are taken. Let the other directions be
non-increasing. Then by the fairness assumption eventually a decreasing
move has to occur. Thus all fair computation sequences are guaranteed to
be finite.

The proof rule

Choose a well-ordered set (W, <) (without loss of generality we can
assume that W is an initial sequence of the countable ordinals, as shown by
the completeness proof). Also choose a predicate

p: W—[States— {true, false}],

assigning a truth value to every pair (w, £).

For each we W, w>0 (or, in general, any non-minimal element in W)
choose a partition D,,, S, of {l,...,n}, with D,#0. (D stands for
decreasing, S for steady.)

Let the following clauses hold:

€)) UpW)AW>O0AB)Ci{Iv<w-p(v))y foralljeD,,
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) EpWAW>0ABNCi{KIv=sw-p(v))y forallies,,
3) ((p(w)/\w>0))*[ig Bin- V. B,-—*C,]((true))
) PO)DgAA~B;,  w>0Apw)DV B,  r2>3v-pw).

Then, we conclude

LrnCLg»,

i.e., repetition C fairly terminates.

Explanation

(ad 1) This clause guarantees that along every direction in D,,, if it is
enabled and taken, then there is a decrease in the well-ordering. (Note
again that we use a unique minimal element, denoted by 0, to keep the
notation simple.) Note also that at least one decreasing direction is
required.

(ad 2) This clause guarantees that along every direction in S,,, if enabled
and taken, there is no increase in the well-ordering. Thus, an infinite
computation proceeding along S,, direction only, and not decreasing, is
possible. We have to assure that such a sequence is unfair. Whence clause
3).

(ad 3) This clause imposes a recursive ‘application of the rule to an
auxiliary program C,, and hence requires a subproof. C,, terminates
because of one of two reasons:

() Nies, ™ Bjis true, hence no S,,-move is possible and only D,,-moves
are left.

(b) For some je D,,, B;is true, i.e., a D,,-move is enabled. Hence, this
clause guarantees that along infinite S,-computations, D,-moves are
infinitely often enabled, that is, such computations are unfair. By
convention, C,, =skip if S,,=0.

(ad 4) This clause guarantees that the program terminates only when
reaching a minimal element of (W, <).

Remarks. (1) If we take S,,=# (and hence D, ={1,...,n}) for all we W,
the rule reduces to the usual termination rule for GC (see e.g. [7]).
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(2) In proving clauses (1)—(4) of the rule, application of the ordinary
rules (for assignments, etc.) is allowed.

Example 1. First, consider again Dijkstra’s example for a random gener-
ator of natural numbers [2], which is a possibly non-terminating program,
its only infinite computation sequence being unfair. Hence, this program
terminates fairly.

C::x:=0; b:=true;
¥b—ox:=x+1
b—b :=false

1.

We prove ((true))C{(true)). Choose as well-ordering {0, 1} with 0<1,

as S;= {1}, D;={2}, and as ranking predicate
PW) X% b)EWw=12b)A(W=0D = b).

As to clause (1): b changes from frue to false upon move b := false, and
hence w drops from 1 to 0.

As to clause (2): b remains frue under x :=x+ 1, and p(w) is independent
of x, so wstays 1.

As to clause (3): Cy:: *[bA - b—---] which obviously terminates.

Example 2. In Example 1, a D-move is always enabled (in the terminology
of [13], that program is just). Next, consider a program, in which D-moves
are only eventually enabled, and clause (3) is less trivially satisfied.

C:: b:=true; c:=true;
¥[b—c:=~c
ObAc—b:=false
1.

Again we prove (true))C{{true)). Choose W, p, S|, D, as above. The
difference lies in clause (3), with auxiliary program

Ciu¥bA-(bAC)—c:=—c],
which terminates after one step at most.
This example is still trivial, but is should give the reader a feeling for the

spirit of the rule, which captures eventual enabling of a D-move by means
of a proof of termination of the auxiliary program.
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Example 3. Next, we show that the natural numbers N are not sufficient
for fair termination proofs, since there is no bound on the length of finite
computations.

Let x, y, z range over N.

C:x:=0;y:=0;
¥x=0—y:=y+1 Ox=0—x:=1
Ox#0Ay#£0—-y:=y—1 Ox#0Ay£0—-z:=2+1
].

To prove (truey) C{{true)), choose W=NU {},
W1, 2) E(W=00Dx=0)A(W£o>x£0AYy = W),
Se={1,3,4}, De={2}, S,={1,24}, D,={3}.
For clause (3) we get as auxiliary programs:

Coii ¥ x=0AXx#0—---
Ox#0Ay#0—-y:=y—1
Ox#0Ay#0—-z:=z+1
1.

C,i:¥x=0—---
Ox=0-- Ox#0Ay#0A = (x#0Ay#0)—--].

To prove ({p(n)An>0)) C,{true)) is trivial since p(n) D x+0, and hence
C, terminates immediately.

To prove {x=0)) Cq, ({true)y, choose W’=N, and let S, ={1,3}, D, =
{2}, neN, and p(n)(x,,2) d-=9fy =nAx+0. Note that the alternatives are
renumbered.

Clause (1) is satisfied since y:=y—1 decreases y, and clause (2) is
satisfied since p(n) is independent of z. As to clause (3), we again construct
an auxiliary program, Cg, ,,

Conii[x=0Ax#0—-- Ox#0Ay£0A - (x£0AYy£0)— -],
which trivially terminates.
Finally, consider the following program:

C:.y:=1; b:=true;
¥b—oy:=y+1
Ob Aprime(y) Aprime(y + 2)— b := false
1.
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This program fairly terminates iff the conjecture that there exist
infinitely many ‘twin’ primes is frue.

3. Soundness and Semantic Completeness

In this section we prove the soundness of the suggested proof rule w.r.t.
the semantics of computation trees consisting of fairly terminating
sequences, and its semantic completeness. We shall not deal in this paper
with the specification language needed to express p(w) and the partitions,
an issue dealt with elsewhere [15].

(a) Soundness. We have to prove that if all premises of the rule hold, so
does its conclusion.

Assume that for program C we found a well-ordered set (W, <), a
partition S, D,, for each w>0 s.t. D,,+#0, and a predicate p, satisfying
clauses (1)—(4) of the rule.

Assume by way of contradiction, that for some state &, T, ¢, contains an
infinite fair path (&;)»;2,. Consider the corresponding sequence of moves
(d;»{Zy. It cannot contain an infinite subsequence <di,);lo of D-moves,
since by clause (1) this would imply the existence of an infinite decreasing
sequence of elements in W, contradicting W’s well-foundedness. Thus,
from some k onwards, p(w)(¢,) holds, and all moves d; for j>k are §,,-
moves (by clause (2)). By clause (3) there is some d € D,, which is infinitely
often enabled and not taken, contradicting the assumption that (&;)i~ is
fair.

(b) Completeness. This is the harder part. Assume ({r))C{{g)) holds.
Then we have to find a well-ordered set {( W, <), partitions S,,, D,, for each
w>0 s.t. D,#0, and a predicate p (given by a collection of pairs (w, £))
such that clauses (1)—(4) hold.

Since all we ‘have at hand’ is the computation tree, we have to derive
everything needed from that tree (compare also [14] for another well-
foundedness argument based on the ‘operational’ object ~ the compu-
tation stack, for nondeterministic recursive procedures).

We are given that the computation tree Ty, for every state &, satisfying r,
is either well-founded, or contains at least one infinite, hence unfair,
computation sequence. The basic idea is to construct another (possibly
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infinitely wide) tree T7, some of whose nodes are obtained by collapsing
certain infinite families of nodes in T, all lying on unfair sequences
originating in nodes &€ Ty, such that T, 2; is well founded, i.e., contains
finite paths only. Then we use a standard ranking of T, g; by means of
ordinals. A move which leaves ¢ and remains in the same infinite family
belongs to S,, for the corresponding rank. A move which exits such a
family belongs to D,,. Special care must be taken that these partitions do
not depend on &, the root of the computation tree.

We now present the details of the construction. Let T be given.

Case (a): Ty, is well founded (this means that C always terminates in &).
Choose a ranking of the nodes by means of an initial segment of the
ordinals, ranking leaves by 0, and proceeding inductively level by level
from leaves till root (a standard set-theoretical construction); furthermore,
choose uniformly S, =0, D, ={1,...,n}. It is easy to verify that clauses
(1)—(4) of the rule hold.

Case (b): T, contains at least one unfair, hence infinite, computation
path 7. This case is dealt with below.

Definition. (1) A computation sequence 7 is d-unfair (1 =d<n) iff along ©
C, was infinitely often enabled, but only finitely often chosen.
(2) Let £ € Ty,. Define &’s d-cone CONE () as follows:

CONE,(¢) = the set of all occurrences of states in T, residing
on infinite computation sequences which contain
only finitely many d-moves and which start in

L.

(Obviously, all occurrences of states on d-unfair sequences starting in &
belong to its d-cone.)

Lemma 1. Let (€ Ty, and let ne€ CONEy(¢), for some 1<d<n. Then
every computation sequence leaving CONE 4 (¢), say at node n, is either
finite or contains a d-move.

Proof. Suppose not. Then an infinite path 7 starts in # and does not
contain any d-move. Since ne€ CONE4(&), there is some finite path 7’
joining £ to #, along which a d-move was taken at most a finite number of
times. Hence the concatenation n’n of n’ and = is contained in CONE 4(¢),
contradicting the assumption that 7 leaves CONE 4(¢&).
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The situation is described in Fig. 1, where a triangle denotes a well-
founded tree.

CONE,; (£)

—

Fig. 1.

Observation. If state & resides on a d-unfair sequence, then CONE 4(¢) #
d.

Our candidates for families ‘to be collapsed into a node in TE';’ are such
d-cones.

Next we define inductively a hierarchy of d-cones.

Base step: Since by assumption T, contains an unfair sequence, fix some
1 =dp=ns.t. there exists a dp-unfair sequence in &,, and let CONE, (&) be
defined as above. It is not empty by the observation above. We say that
CONE (&) is at level 0.

Induction step: Suppose at level i — 1 a d-cone CONE ;(&;_ ;) was defined,
and let 7 be some path leaving CONE4(&;_). By Lemma 1 either 7 is finite,
or there is a d-move on path 7 resulting in state &;. If n is finite we finish
the construction as far as 7 is concerned. So assuming state &; as above,
construct CONE ;(¢;) at level i, where d’ is determined as follows:

If there is a move d’ not appearing in &y -+ &, -+- &;_; --- &;, and there is an
infinite sequence with a finite number of occurrences of d’ starting in ¢&;,
choose move d’. Otherwise, choose the index of the move which did not
appear longest in &,--- &;, for which there is an infinite sequence containing
finitely many occurrence of that move, starting in &;.
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Thus, when iterating the cone construction, we vary the move-indices of
the cones maximally.

Lemma 2. There does not exist an infinite sequence of cones CONE;(¢))
s.t. (&yiZo is an infinite path of Ty,.

Remark. If we describe the construction of cones as in Fig. 2, we have by
Lemma 2 only finite chains of cones.

& CONEdZ(gz)

-

d

Fig. 2.

Proof. Suppose such an infinite sequence (¢&;) exists. Then it is unfair by
definition of T . Thus, there is some 1<d=n s.t. ({;) is d-unfair. Then
there is an i s.t. at &; either d did not occur on &,--- £; or it occurred less
recently than any other move. Hence d = d;,in the inductive construction of
CONE, (&), and (&) would have been contained in CONE (&),
contrary to assumption.
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Now we define T, as suggested above. Its nodes are all the nodes in T,
not belonging to any cone, and the set of all cones. Its edges are either
edges entering cones, or edges leaving cones, and, otherwise, edges outside
cones. By Lemmas 1 and 2, the tree TE; is well founded.

In order to get rid of unwanted &;-dependence of S,, and D,, as suggested
above, we do one more construction: Combine all TZ s.t. r(&) holds into
one infinitary well-founded tree T&:

Next, rank the nodes of T&. However, we must take care that if £ occurs
in two places in T¢ with the same rank, it determines some (S, D) partition
uniquely. *

In order to achieve this we perform a rank-shift: Suppose that at some
level of the ranking, say A, there are equiranked occurrences of a state &,
say of ordertype «. Then rerank these consecutively by A +1,...,4 + e, and
proceed to the next level A+ a+ 1.

Let o denote the ranking function of T&. Then we define predicate p and
partitions (S,,D,,). As W we chose the ordinals ranking T¢&, an initial
segment of the countable ordinals.

pPW)¢ = 3n,d- & e CONE (1) A\o(CONE (1)) = w
\Y}
V n,d- £& CONE4(n)Ao(&) = w.
For w>0:

S. = Sq if 3n,d- o(CONE4(¢)) = w,
Y @ otherwise

where S;={1,...,n} —{d}. Hence, D,={d}, a singleton set, or D,=

{1,...,n}.

* Note added in proof: Due to technical considerations, all non-leave nodes should be
ranked differently.
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Note that the rank-shift of T assures that S,, is well defined.
Next, we show that clauses (2)—(4) of the rule hold; and thereafter we
refine the cone-construction so as to satisfy clause (1), too.

Lemma 3.1. W, p, (S,,D,,) satisfy clause (2)—(4) of the rule. (As we shall
see clause (1) need not hold.)

Proof. Clause (2): Assume p(W)Aw>0AB;holds in &, forie S,,. Without
loss of generality (by the rank-shift), assume ¢ € T, and r({y) holds. Then
£ e CONE4(n) for some n and d (since, otherwise, S,,=#), and d+i. If
move C; remains in the cone, by construction the rank remains the same.
Otherwise, it leaves the cone, and hence, since T¢ is ranked from bottom-
leaves to top-root, the rank decreases.

Clause (3): Assume again p(W)Aw>0 holds in £. We have to demon-
strate that C,, fairly terminates. Since S,, #0 D S,, = S, for some d, the guards
of C,, are B;ABy;. Again, assume we are in Ty as above. Let 7 be a fair
computation sequence of C,, starting in £. Then 7 can be extended in front
to a fair computation sequence starting in &,, and hence is finite. Thus C,,
fairly terminates. (At this point it should be clear to the reader that the
whole proof proceeds by induction on the number of alternatives of C.)

Clause (4): By construction, in T¢ holds o(¢) =0 ¢ is a leaf of T¢.

To see that condition (1) does not hold, consider the case:

d

CONE 4 (1)
o

l.e., dod{ labels a d,-unfair computation sequence, contained in
CONE,,(£;), and let o(CONE(&y))=w. Then p(w)¢;Aw>0AB, holds,
and hence, (pW)EAW>0AB))Coldp(w)€y)), that is, w need not
necessarily decrease under the Cy move as indicated.

Finally, we modify our construction of cones so as to satisfy clause (1) of
the rule, too. This modification affects the collapsing of a d-cone; instead
of collapsing such a cone to a node of 7%, we collapse it to a well-founded
subtree of TF.
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Let CONE4(¢) be given. Now repeat the inductive construction, but
modified by defining subcones within CONE,(¢) which include only
infinite computation sequences containing no occurrences of d at all, and &
itself (hence never being empty).

Definition. For ne CONE;(¢), let S-CONE ()= (the set of all occur-
rences of states along infinite paths in CONE,(¢) starting in # and
containing no occurrence of a d-move) U {n}.

By an argument similar to the one in the proof of Lemma 1 we establish:

Lemma 4. Every computation sequence leaving S-CONEy(n) is either
finite or contains a d-move.

The inductive construction of subcones of CONE(£) goes as follows: At
level 0, define S-CONE;(n9) with ny=¢&. Suppose S-CONE(#,_;) is
defined (at level i —1).

Case (1): There exists a computation sequence leaving S-CONE ;(17;_1)
which does not leave CONE4(¢), thereby being infinite. Let C; denote the
first occurrence of a d-move along that computation sequence. Such a d-
move exists by Lemma 4, since we exclude finite sequences (as these left the
‘big’ CONE4(¢) already). In case S-CONE(n;_,)={n;_}, a computation
sequence ‘leaving’ S-CONE(n;_) starts in #;_;. Let #; denote the
resulting occurrence of a state. Then define the descendant S-CONE ,(7;) at
level i.

Case (2): There does not exist a computation sequence leaving S-
CONE4(77;-1). Then this S-CONE has no descendant.

Lemma 5. There does not exist an infinite chain of S-CONE;(n;)’s with
no=¢.

Proof. Suppose such a chain exists. Then there exists an infinite compu-
tation sequence starting in ¢ with an infinite number of occurrences of d-
moves, contained in CONE4(&), contradicting the definition of CONE 4(&).

Thus, we now collapse each CONE 4(¢) into a well-founded subtree, with
subcones S-CONE 4(77) collapsed to nodes. By Lemma 5 this subtree is well
founded, and hence, the whole tree T, 2; is well founded. Now repeat the
previous ranking procedure to Tg‘; so obtained.
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Now, clause (1) holds, too, because every d-move either leads to a lower
ranked node corresponding to a subcone, or leaves the whole cone, there-
fore also leading to a lower ranked node. Satisfaction of the other clauses is
not affected by the modification described above. Hence we established:

Theorem. If C fairly terminates, (W,<), p, {(Sy,Dy))wew, w0, exist
satisfying all the clauses appearing as premises in our rule for proving fair
termination of guarded loops.

Comparing the construction in the completeness proof with the state-
ment of the rule itself, one cannot help noticing that there is a certain
discrepancy between the two. In the construction, we always end up with
|D,,=1| for collapsed nodes, whereas the rule itself allows |D,|>1. We
would like to give some semantic significance to the case |D,|>1 in the
light of the previous construction.

Suppose in 7 there exist infinite computation sequences 7y, ..., 7s, not
containing, respectively, moves dj, ..., d; an infinite number of times. Then
n;e J-1 CONE4(&).

Define CONE;  43(6)=i=1, _ « CONE4(&), where {d),...,d;} is
the maximal set of moves s.t. CONE;(7)#0, i=1, ..., k. Next, one verifies:

Lemma 6. Every infinite sequence leaving CONE,, . 4,(¢) contains
moves d,,...,dx.

Then, one modifies the iterative cone construction in that a new
(generalized) cone is constructed after all moves d,,...,d; occurred.
Observe that the analogue of Lemma 2 holds again.

Now, generalize the construction of subcones to maximal sets of moves.
Assume k=2, for simplicity of notation (the construction generalizes to
k=<n). In order to satisfy clause (1), we refine our ranking, as in Fig. 3.

Split S-CONE (4, 4,3(£) into three parts:
S-CONE,,(¢) —S-CONE, (%),
S-CONE,(¢) —S-CONE,(9),
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ranked w',w'>w" ranked w' ranked w''", w'sw'"

S—CONEdl(E)- S—CONEdz(E)—

S—CONEdZ(E)

S-CONE (&)
1
sr;cor\usd (£)
1

s-comsdz(g)

Fig. 3.

and
S-CONE4,(§) NS-CONE4,(%),

and rank them, respectively, w”, w”, w’ with w’>w”, w’>w"”. (This can be
easily accomplished by superposing a lexicographical order on o.)

Choose D, ={d,d,}, D, ={d\}, D,~={d,}. Now clause (1) is
satisfied (as suggested in Fig. 3).

4. Relation to Other Work

As already mentioned in the introduction, our work is closely related to
[13]. In [13] three fairness-like notions are introduced:

(1) Impartial execution: along infinite computation sequences @/l moves
appear infinitely often (no reference to being enabled or not).

(2) Just execution: along infinite computation sequences enabled moves,
which once enabled remain enabled until taken (i.e., are continuously
enabled), are eventually taken.

(3) Fair execution: along infinite computations sequences, moves
infinitely often enabled are eventually taken.

This distinction influenced clause (3) of our rule. Without clause (3), our
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rule is sound and complete for impartial execution.* The difference
between just termination and fair termination is reflected in Examples 1
and 2 in Section 2.

A notable difference between our rule and the one in [13], called method
F, is that we partition the moves in an ordinal-dependent way, whereas in
[13] state predicates play a crucial rule in determining decreasing moves.

Now we show that our rule implies method F, and hence the semantic
completeness of our rule implies the semantic completeness of method F.

Assume that for program C we found (W, <), p, {(S,, D)) wew, w>0
satisfying clauses (1)—(4) of our rule, relative to precondition r, and that
ID wi =1.

In order to apply method F, we have to:

(i) Find a partial ranking function g : States— W’, where W’ is ordered
by a well-founded ordering, =.

(ii) Find predicates Q;, i=1,...,n over states, where Q=V/_,0;,
satisfying:

(0) Q(¢) implies (&) is defined,

1) r€)>Q(),

(2) Q) AneCi&)D(Qm) ne&)=on)),

(3) Q&) Ane Ci&)ne(&) =o(n) D Qi(n) for i+],

4) Qi(&)AneCi(&)D(e(¢) = o(n)) (thus the Q; determine the decreasing
directions),

(5) Program C’::*[L];_, _ ,B;A - B;—C|] satisfies ((Q,))C"((true)).

To satisfy method F, take W’= W (using the same ordering), and define
e(&)=min, p(w)¢, Q;=i€ Dy). Hence Q(&)=Iw- p(w)e.

Next, we verify conditions (0)—(5) of method F.

Condition (0): 3Iw-pW)ED{w|p(w)é}#0, and the minimum of
{w|p(w)&} exists by a property of the ordinals.

Condition (1): r(£) D 3w p(w)E holds by clause (4).

Condition (2): follows from clauses (1), (2) of our rule, guaranteeing that
p(v) holds for v < w; hence the minimal v s.t. p(v) does not increase, either.

* Note added in proof: Daniel Lehmann informed us that a sound and complete version of
our rule for just execution is obtained by replacing clause (3) by
n
3) p(W)A-B;D — VV]B,~ for jeD,,.
i=

The resulting rule is complete for programs terminating under the following assumption upon
the underlying semantics: each of the computation sequences generated is either finite or every
guard is infinitely often tried.
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Condition (3): Qi(&)AneC;(&), i#j, implies that an S-move is taken,
and since o(¢) is the minimal w s.t. p(w)&, this S-move does not decrease the
ordinal, hence Q;(¢) still holds.

Condition (4): follows directly from clause (1), since n € C;(¢) and Q;(&)
imply a D-move is taken.

Condition (5): reduces to clause (3).
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