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1. Introduction

In this paper we consider only Random self-similar Iterated Function Systems (RIFS)
which are defined on the line and which can be obtained as a small random perturbation
of a deterministic self-similar Iterated Function System (IFS) on the line. First we give
a short description of our results for the expert, and then we provide a more detailed
introduction. We do not write “self-similar” in the abbreviation since all iterated function
systems considered in this paper are self-similar (random or deterministic).

1.1. Informal description of the main result for experts

Using the construction introduced by Jordan, Pollicott and Simon [6, p. 521], we define
self-similar Random Iterated Function Systems (RIFS) F on the line as follows: We start
with a self similar IFS S on the line and we add a small random additive error to every
map in every step of the iterative construction of the attractor (see Definition 2.1 for the
precise definition of RIFSs). The scaling parts of the similarities of the deterministic IF'S
S are left unchanged. So, the similarity dimension s(F) of the RIFS F is the same as
the similarity dimension of the deterministic self-similar IFS S. Our main result is that

s(F)>1= int(Cx) # 0, almost surely, (1)
where Cr is the attractor of the RIFS F. This implies that whenever C7, Cy are two

independent copies of the attractor of the RIFS F then the algebraic difference set
Cy—Cy:={ca—c1:c1 € Cp,cq € Oy} satisfies

1
s(F) > 3= int(Cy — Cy) #0, almost surely. (2)
1.2. A gentle introduction

A deterministic self-similar Iterated Function System (IFS) on R is a finite list of
contracting similarities of R:

S = {SZ . Sz(x) =Tz + ti; T € R}iL:17 <3)

with contractions r; € (—1,1) \ {0} and translations' ¢; € R for alli € [L] := {1,...,L}.
The attractor Cg of the IFS S is what we are left with after infinitely many iterations of
the system. More formally, it is easy to see that we can find a non-degenerate compact
interval I such that S;(I) C I holds for all ¢ € [L]. For all i € [L]"™ we consider the n-fold
iterate

1 We do not assume that the t; are distinct.
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S;:=85;,0---085; (4)

and form the corresponding n-cylinder interval I; := Sj(I). Then the union of all n-

cylinders { U Ii}zozl is a nested sequence of non-empty compact sets. The attractor
ie[L]"
is their intersection:

Cs :=

D)

n

U & (5)
lie[L]™

In this paper, we consider random IFSs (RIFS) on R, which are small (translational)
perturbations of a self-similar IF'S of the form (3).

Informally, the attractor of an RIFS is obtained by a formula similar to (5) with the fol-
lowing difference: Instead of the deterministic n-cylinder intervals I; in (5), we work with
the random intervals 1/:1 = fi,0---of; (I), where the random mappings f;, are small trans-
lational perturbations of S;,. Namely, f;, = S, +Y;, for small random translations Yj, .

The precise description of the distribution of these random translations is given in
Definition 2.1. The attractor Cx of the RIFS F := {fi}iL:1 is defined by a formula
analogous to (5): we just replace I; with I; in (5).

Jordan, Pollicott, and Simon [6] studied this kind of RIFSs in the more general self-
affine case. As an immediate consequence of the results in [6], we get that the Hausdorff
dimension dimyg C'x is the minimum of 1 and the similarity dimension sz (solution of
(12)) almost surely. Moreover, if sz > 1 then the Lebesgue measure of C'x is positive
almost surely.

1.8. Motivation: the interior of the difference of random Cantor sets

In 1987, Palis and Takens [10] studying the dynamical behavior of diffeomorphisms
presented a conjecture about the size of the algebraic difference of two Cantor sets.
Informally, the conjecture states that if the size of the Cantor sets is large (see Equation
(6)), then the difference contains an interval. More precisely, if C; and Cs are two Cantor
sets then the algebraic difference

C’ng’l:{y—:r:xeCl,yGC’g}
contains an interval if
dimg C; + dimyg Cy > 1, (6)

where dimpyg denotes the Hausdorff dimension.

In 2001, De Moreira and Yoccoz ([9]) proved the conjecture for generic dynamically
generated non-linear Cantor sets. The conjecture has not been proven for generic linear
Cantor sets. See also [14].
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Fig. 1. The construction of the Cantor set C, 5. The figure shows the level 1 and level 2 cylinder intervals
Ci,b and Cib.

In 1990, Per Larsson put the problem into a probabilistic context in [8], (see also
[7]). He considered a very special family of two parameter random Cantor sets C, 5 and
proved the conjecture for a certain subset of a’s and b’s. Although the main idea of
Larsson’s argument is brilliant, unfortunately the proof contains significant gaps and
incorrect reasonings. In 2011, three out of the four authors of the present paper gave a
precise proof for Larsson’s family in [1]. We briefly recall the Larsson family from [1]:
let

1
a>1 and 3a+2b< 1.

Since

log 2

dimpy Cpp = “loga’

the first condition is equivalent to dimy Cyp, > 1/2, which is equivalent to equation

(6).

Larsson’s construction is as follows (see also Fig. 1): first remove the interval

1 al a
2 2’2 2

from the middle of [0, 1], then the length b parts from both the beginning and the end
of the unit interval. Next, put intervals of length a according to a uniform distribution
in the remaining two gaps [b, % — %] and [% +35,1— b]. These two randomly chosen
intervals of length a are called the level one intervals of the random Cantor set C, p.
We write C’;,b for their union. In both of the two level one intervals we repeat the
same construction independently of each other and of the previous step. In this way we
obtain four disjoint intervals of length a?. We emphasize that, because of independence,
the relative positions of these second level intervals in the first level ones are in general
completely different. Similarly, we construct the 2™ level n intervals of length a™. We call

their union Cp' ;. Then Larsson’s random Cantor set is defined by

(oo}
Cap = [ City.
n=1
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As a corollary of the main result of this paper, we prove that the conjecture by Palis
and Takens holds for a very broad class of random linear Cantor sets, including the
Larsson family.

The following result is a generalization of the result in [1]:

Theorem 1.1. Let F be an RIFS (see Definition 2.1) with similarity dimension larger
than % Let C7 and Cs be two independent copies of the attractor Cr. Then

Cy — C1 contains an interval a.s.

The proof is presented in Section 5.

It is important to note that in our setting the Hausdorff dimension equals the (the
minimum of 1 and) the similarity dimension given by the unique solution of equation
(12).

We remark that if the Hausdorff dimension of Crx is smaller than % then the set
C5 — C has Hausdorff dimension less than 1 so it cannot possibly contain any intervals.

The essential part of the proof of this theorem is completely different of that of the
main result in [1]. The proof in [1] was tailored for the Larsson’s family, and does not
have the potential for generalizations. However, we show that it is possible to prove a
much more general result with a shorter proof. For this we combine the ideas of the proof
in [1] with the method introduced in Rams, Simon [12], and invoke an observation from
Peres, Shmerkin [11]. Namely, both in [1] and the present paper we have to verify that the
associated multi-type branching processes are uniformly supercritical, where uniformity
is meant in the type of the ancestor. In both papers this is stated as the Main Lemma
and their proofs follow the same path. However, the step where using the Main Lemma
one proves the existence of intervals in the arithmetic difference of the random Cantor
sets, is where we use the method introduced in [12] to obtain our powerful Theorem 9,
and this makes our present proof much more efficient.

We remark that if also the scalings are random, with a uniform distribution over the
parameters, then the problem becomes easier ([13]), and can be treated by a method
introduced by Hochman and Shmerkin ([4]).

2. RIFS
2.1. The formal description of our random Cantor set

First, we give the formal definition of the Random Iterated Functions System (RIFS)
F, whose attractor C'r is the random Cantor set which is the object of our investigation in
this paper. It is convenient to identify the collection of all finite words over the alphabet
[L] ={1,2,..., L} with the nodes of the L-ary tree 7. The empty word is identified with
the root of T, and denoted as §). For any n > 1 the level n sets £, of T are defined by

,Co:{@}, £n:{i1...inZijE[L],lSan}.
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Definition 2.1 (RIFS). Let

F={fi: file) =riz+ Di}, . (7)
The contraction ratios r1,...,ry, € (—1,1) \ {0} are deterministic. We assume the fol-
lowing about the random translations (D1, ..., D), of the functions in F in (7):
(@) (Dy,...,Dy) is an L-dimensional random wvector such that for any i = 1,...,L,

the random variable D; is absolutely continuous w.r.t. the Lebesgue measure, with a

density function @; which is strictly positive, bounded and continuous on (t; —6;,t; +

;) and ¢; is zero outside (¢; — 0;,t; + 0;), where the ¢; and 6; > 0 are real numbers.
(b) To define the random translations of the iterates of this system we introduce

{D(i) - (Dgi),...,D?)}

as a set of 1.i.d. random vectors having the same distribution as that of (D1, ..., Dp).
The iterates fj for i € L,, are defined for n > 1 by:

ieT

filx) = fi,0-- 0 fi ()
- (riz ( y (r (ri, @+ DLy 4 D“N’"fz)) )+ Dfi”) +D®

Tn—1 i1

=rz+T; (8)

where r; =r;, ---1;, and

n

T, = Dz(?) + TilD(il) + rilrile(;iliz) oy .Ti7L—1DEilll.in71)' O (9)

1o
In addition, we define Tj := 0.

Using that the random mappings f;, ¢ € [L] are contractions and the supports of the
D; are bounded, we immediately obtain that there exists a deterministic interval [a, /]
such that

fi(le, B]) C [, B], for all i € [L]. (10)

We call [«, 8] a supporting interval for F.

The attractor Cx of the RIFS F is defined by (see Fig. 2)

Ccr=1{ U Al 8D (11)

n=1 \i|:n
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To1 = Dé@) + T2D§2)
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Fig. 2. Level 1 and 2 cylinder intervals of our Cantor set when L = 3 and [«a, 3] = [0, 1]. The randomly
chosen left endpoints T; and some of the T;;, 4, j = 1, 2,3 are indicated.

2.2. The ambient probability space

The sample space is Q := [R%]7. The corresponding o-algebra B is the generated
Borel g-algebra. The probability measure of our Cantor set is

_ (i)
P ielld(D )

where d(X) denotes the probability distribution of a random vector X. Then the ambient
probability space is (Q, B, P).

A realization w € () is a labeled tree, w = {D(i)}ieT’ where the i.i.d. collection of
random vectors {D(i)}ieT was defined in Definition 2.1.

The dimension theory of the RIFS described above is well understood. The following
theorem is a direct consequence of the results in [6].

Theorem 2.1 (Dimension of an RIFS). Let F be an RIFS of size L and let s(F) denote
the solution to the equation

L
Sl =1 (12)
=1

We say that s(F) is the similarity dimension of F. Then we have for almost all realiza-
tions:

dimH C}' = RBC]: = di_mBC’}- = min{l, S(f)}
Moreover, if s(F) > 1 then for almost all realizations:
Les (Cr) > 0, (13)

where Les(-) is the 1-dimensional Lebesgue measure.
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With these definitions we can state our Main Theorem:

Theorem 2.2 (Main Theorem). Let Cr be the attractor of an RIFS F with s(F) > 1.
Then

int(Cx) # 0. (14)
The proof is presented in Section 5.

2.3. The n-th order RIFS

To handle the notion of an n-th order RIFS we consider the height n subtrees of T
defined by

.= U £, Tuw= |J {i€Lleyir...ie=k},

for each k = k1 ... ky.

Definition 2.2. Let F = {f;}2, be an RIFS. The n-th order of F, written as F", is
defined for n =1,2,... by

F" ={fitiec..-
Actually F" is itself an RIFS.

Lemma 2.1. Let F be an RIFS and let F" be its n-th order, for some n > 1. Then F"
is an RIFS.

Proof. Recall that the elements of F" indeed have the form fi(x) = riz + Tj, and (see
(9)) that the random translations Tj satisfy
Ty = DY 47, DIV vy riy DU gy gy DD (1)
Note first that (7; : i € £,,) is an L"™-dimensional random vector such that for any i,
the random vector T; is bounded, and absolutely continuous w.r.t. the Lebesgue measure,
supported on an interval with strictly positive and continuous density on its interior.

For a set of nodes N, let us write DV for the random vector with elements D@ with
ieN.

We see from Equation (15) that the translations of the fi’s with i € £,, are completely
determined by D7+(®)_ More generally, for all & > 1 the translations of the fi’s with
i € Ly, are completely determined by D7»0) where j is the unique ancestor of i in
L(k—1)n- Note that D7) has the same distribution as D7) for all j € T. Since the
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DT»() are independent for all k¥ > 1 and j € L(k—1)n, by disjointness of the height n
subtrees rooted at the levels that are multiples of n, it follows that we have the required
independent iteration scheme for . 0O

At the cost of lowering the similarity dimension with an arbitrary small amount, we
can assume that all the scalings in an RIFS are positive: see [2, Lemma 2.10] and a
remark in the proof of Proposition 6 in [11]. For completeness, we combine the results
of these references in the following proposition and its proof.

Proposition 2.1. Let 7 = {f; : fi(z) =riz + D; Y-, be an RIFS with attractor Cx. Then
there exists for every € > 0 an RIFS F with Cz C Cr, such that all the contraction
ratios of the similarities in F are positive, and s(f) > s(F) —e.

Proof. In case all r; are positive, there is nothing to prove. Otherwise we may assume
w.l.o.g. that r; < 0. For a natural number n, which will be chosen conveniently large
later in the proof, we define for all i =4, ...4, € L,

ri=mriry if r; <O, ri=r; if ry > 0.

Here the r; are the contraction ratios of the fi(z) = riz + T; mappings from F™. Since
s := s(F) is the solution to Zf |ri|* = 1, we must have Zf |ri|*¢ > 1 for all € > 0. So

Z |77i|sfe _ Z |77i|sfe + Z ‘Fi‘sfs _ Z ‘7‘1‘87€|7‘i|575 + Z |ri|575

ieL, 7<0 >0 7:<0 >0
L
> |’I"]_|S_E Z ‘Ti‘s—e — |T1|$_E(Z |Ti|s_6)n >1,
iely, 1
where we have taken n such that (21 |ri]5~ E) > |r1| 7€, Conclusion: if we choose F

with functions f; defined by f;(x) = 7i(z) + T3, then Cz C Cr and s(F) > s(F)—e. O
3. It is enough to consider homogeneous systems

We call an RIFS homogeneous if all contraction ratios are the same. Using a simple
combination of [2, Lemma 2.8] and [11, Proposition 6] it appears that any RIFS can be
well-approximated by a homogeneous RIFS. This is Proposition 3.1.

Given an RIFS F of the form (7). Let U C L,,, #U > 2 for an n > 1. We define

Fu =Afitiep = it filw) = rix + Ti}iep - (16)

Here the random vectors Tj are defined in (9). According to Lemma 2.1, F™ is an RIFS.
Then Fy; is also an RIFS since Fy is a subsystem of F™. For all realizations, the random
attractor C'r,, of Fys is a subset of the random attractor Cr of F, for the same realization.
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Proposition 3.1. Let F = {f; : fi(x) = rix + Di}iL:1 be an RIF'S as in Definition 2.1.
Then there exists for every € > 0 a number n, a set U C L, and an a € (0,1) such
that the RIF'S Fy has the form

Fu={fi: filz) =az + Ti}icp (17)
and satisfies Cr, C Cr, s(Fy) > s(F) —e.

For the convenience of the reader, we give a detailed proof of this result in the Ap-
pendix.

4. Lemma 4.1, the Main Lemma

A homogeneous system H has the form
H:={H;: Hi(z) =ax+ D;}-,, ac(0,1). (18)
Here we are motivated by Proposition 2.1: with an arbitrary small loss in similarity

dimension we may assume that a € (0, 1) instead of a € (—1,1) \ {0}.

It is convenient to introduce a slightly unusual notation. The support of a function
f: X — R, for an arbitrary set X, is the set-theoretical support. That is

supp(f) := {z € X : f(z) # 0} . (19)

This is slightly unusual since supp(f) most commonly means the closure of the set in
(19).

Theorem 4.1. Let H be a homogeneous RIFS and let C1 and Cs be two independent copies
of the attractor of the RIFS. Then the algebraic difference Co — C1 is the attractor of a
homogeneous RIFS H® with similarity dimension s(H®) = 2s(H).

Proof. Let the homogeneous RIFS H be given by
H = {Hi(z): Hi(z) = ax + D;}-,, a€(0,1), (20)

where D; = (D1, ...,Dy) is an L-dimensional random vector such that for every ¢ € [L]
the random variable D, is absolutely continuous w.r.t. the Lebesgue measure, with a
density ¢; which is bounded, continuous with supp(y;) = (t; — 0;,t; + 6;).

For every i € [L] let ZA)Z- 4 D; and ﬁz 4 D;. Moreover, we require that ﬁl and lN)Z- are
independent. We define

~ ~

Di,j =D, — Dj7 (Z,j) S [L] X [L] (21)
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Then D, ; is absolutely continuous w.r.t. the Lebesgue measure, with a density function
¢;,; which is continuous, bounded with

Supp((pid‘) = (ti —t; — 0; — 9j7ti —t; + 0; + 9]‘).

That is, ¢; ; satisfies all the requirements we set for the density function in Part (a)
of Definition 2.1. Using that, we can define the homogeneous RIFS which consists of a
number of L? functions H® := {az + Di,j}szl. It is straightforward to check that the
attractor A® of H® is the algebraic difference of two independent copies of the attractor
of H. O

In the rest of the paper, we always assume that the following two assumptions hold:

A1l H is a homogeneous RIFS {H; : H;(x) = ax + Di}iL:1 with supporting interval I =
[a, B], and s(H) > 1.

A2 H is a random perturbation of the deterministic IFS S := {az + ti}iL:p i.e., for all
i€[L]

DLt 4+, (22)

where the absolutely continuous random variable Y; has a continuous, bounded prob-
ability density function f; with supp(f;) = (—6,,6;), for some 6; > 0.

The self-similarity property of an RIFS is expressed by the position of a point z €
Ji := H;(I) relative to the endpoints of J;, for ¢ € [L]. This corresponds to the position of
a point that we call ®;(z) relative to the endpoints of the supporting interval I = [, J].
This leads to the following definition.

Definition 4.1.
(a) For an i € [L], we write J; = H;(I) =: [A;, B;], and we define the random variable

— A
O,(z) = = L ha ifred,  ®@):=6 ifegl, (23)

where the symbol © represents that = & J;.
(b) For an z € int(I) let ¢;(x,-) be the density function of ®;(x). Then an easy calcu-
lation yields that

Gi(x,y) = afi (x —t; - ay), (24)

where ﬁ is the density of the random variables Y; defined by (22).
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The following function plays a crucial role in our argument

L
my(x,y) = Zgbi(x,y), (z,y) € I*. O (25)

Lemma 4.1 (Main Lemma). There exists a set T(0) C I = [a, (] (the pre-type space)
which is composed of a finite number of disjoint open intervals, and there exists a real
number eyaw > 0 such that for every e € (0,eyam), the so-called type space

T(e) :=T(0)\ B(0T(0),¢), (26)
where B(E,¢) :=J{(x — e,z +¢) : x € E} for an E C R, satisfies
(i) The compact set T(e) consists of as many intervals as T(0).
(ii) Let m® :=mj :=my - Lpe)xr() and forn > 1 let
my, 1 (2,y) = / ms (x, z) - mi(z,y)dz. (27)
T(e)

Then there is an index Q for which the function mg, is uniformly positive and
bounded on T'(g) x T'(¢).
(iii) The Perron-Frobenius eigenvalue of the operator

Fe o h(z) o / mi(e,y) - h(y) dy, =€ T(e)
T

acting on L*(T(¢)) is larger than 1.
(iv) The corresponding eigenfunction f-(x) is continuous on T(g).
(v) Hiy(T(0)) C T(0) for everyie T.

The proof is given at the end of Section 8.

The contents of the following theorem form the essential part of the proof of our main
result Theorem 2.2.

Theorem 4.2. Let H be a homogeneous RIFS with s(H) > 1. Then int(Cy) # 0 almost
surely.

Theorem 4.2 will be proved in Section 7, as a consequence of Lemma 4.1 (the Main
Lemma).



M. Dekking et al. / Advances in Mathematics 448 (2024) 109724 13

5. Proof of Theorem 1.1 and Theorem 2.2 assuming Theorem 4.2

Since the proof of Theorem 1.1 uses Theorem 2.2, we first prove Theorem 2.2.

Proof of Theorem 2.2. Given an RIFS F with similarity dimension s(F) > 1. Then
according to Proposition 3.1, we can find a homogeneous RIFS H := Fy, with s(H) > 1.
It follows from Theorem 4.2 that the attractor C'y; of the homogeneous RIFS H contains
an interval almost surely. Then this interval is also contained in the attractor C'r of the
RIFS F. O

Proof of Theorem 1.1. Given is an RIFS F with similarity dimension larger than % Let
e > 0 so that ¢ < s(F) — % Using Proposition 3.1 there exists a homogeneous RIFS
H := Fy, with Cy C Cr and s(H) > s(F) — e > 5. Let C1, C> be two independent
copies of the attractor of F. Then we also have two independent copies C}_[ C Cq and
C72_l C C5 where s(H) > % According to Theorem 4.1 we can find another homogeneous
RIFS H© whose attractor is Cj, — C%,, and s(H®) = 2s(H) > 1. So by Theorem 2.2
C% — C}, contains an interval almost surely. But then also Cy — Cy 2 C}, — C% contains

an interval almost surely. O

6. The multi type branching process Z
On the probability space 2 we define a multi type branching process Z = (Z,)22,.
For a fixed 0 < € < eyamy let T := T'(g) be the type space from Equation (26).
Let Zy = {x}, where x € T, and for i € [L] let Z; := ®;(z). Then

Zl Z:{ZZ‘ZZ':17...7L}.

Note that © is a state of the branching process, but not an element of the type space
T C o, Bl

To define the Z,,, we need some preparations. We follow the definition of an RIFS
given in Definition 2.1, but now from the viewpoint of the Y-vectors, instead of the

{ro=("...v") }ieT

as a set of i.i.d. random vectors having the same distribution as that of (Y7,...,Y7).

D-vectors. So we are given

For ani=1;...1, we define
n
Zak 1 i Y; = Zak 1 Y7172 Ak—1) and 6; : Zak_l'eik~ (28)
k=1

Here we interpret by convention iyis . ..7ix_1 as § when k = 1.
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Clearly, the iterates from (8) take the following form for a homogeneous RIFS
Hi(x) = a"xz + T;, where T; :=t; + Y;. (29)

It follows from our assumption on the density fz of Y; that (identifying somewhat care-
lessly the support of an absolutely continuous random variable with the support of its
density function)

supp(Y;) = (—6;, 6;). (30)

Let I = [a, ] be the supporting interval of . We define the level-n (random) cylinder
intervals

Jii=Hi(I)=[a"a+T;,a"B+Ti] C [a"a+ t; — 6;,a" 5 + t; + 6;].

The collection of all of these random level n intervals is denoted by J,,. Note that these
are intervals of length (5 — a)a™. The endpoints of the random interval J; € J,, are
A; = a"a+T; and B; = A; + (8 — a)a™. That is, by definition J; = [A4;, B;].

We get the level n children of an x € T with Hj(z) € J; as follows:

If H'(z) = a + ””;—;“i ¢ T then the level n child of z is ©. Otherwise, the level n
child of = is H; ' (z) = o + A,

amn

Note that H; *(x) = ®;(z), where ®; was defined in Definition 4.1. In the sequel we
will use the notation with the H ! and their iterates.

In general, if z € T and Zy = {z} and A C T is a Borel set, then for any n > 1 the
set of level n descendants of = contained in A is denoted by ©,,(z, 4). So,

On(z,A) = {i€ L,: H '(z) € A} (31)
and

We remark that the process (Z,)52, is a Markov chain since an individual in Z,, gives
birth to descendants independently of the individuals of the same generation if Z,_; is
given.

A major role in our analysis is played by the expectations E[Z,(z, A)], for A C T,
n > 1. For n = 1 we have

L
E[Z(x,A)] = /Zl(x,A) dP = /21{@@@} dP

Q q =1
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where ¢;(z,y) was defined in part (b) of Definition 4.1. It follows that M;(z,-) :=
E[Z1(z,-)] has a kernel, given by

L
m(x,y) = ml(xvy) :Z(bz(x?y)v (xvy) €T xT. (34)
i=1

Letforn>1land ACTandx €T,
M, (z,A) :=E[Z,(x, A)]

We remark that if M; has a kernel then M,, also has a kernel. Let us write my,(z,-) for
the kernel of M, (x,-). That is

M, (x, A) = /mn(x,y)dy. (35)

yeEA

The branching structure of Z yields (see [3, p. 67])

g1 (2,9) = / i, 2)ma (2, y) dz,
T

which was already introduced in (27), where one has to realize that in the notation we
suppressed the dependence on ¢ of the kernel function m(-,-) in Section 6 and 7.

6.1. Supercritical branching processes with uniformly positive kernel

Harris in his book [3, Condition 10.1] considers the following condition on the kernel
function.

There exist amin, Gmax and Ny, such that for all x,y € T we have

0 < Gmin < M, (7, Y) < Amax < 0. (36)

We next consider the following two operators:

Fip@) o [miay) o) dy aeT (37)
T

G: Yy — /1/)(x) -my(x,y) de, yeT.
T

These operators are closely related to the expectations of the branching process. Note
in particular that
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B2, (e, ) = [ mao5)Law) dy = F(La(0)) (39)
T

We cite the following theorem from [3, Theorem 10.1]:

Theorem 6.1 (Harris). It follows from the condition in (36) that the operators in (37)
have a common dominant eigenvalue p. Let f and g be the corresponding eigenfunctions
of the first and second operator in (37) respectively. Then the functions f and g are
bounded and uniformly positive on T. Moreover, apart from a scaling, f and g are the
only non-negative eigenfunctions of these operators. Further, if we normalize f and g so
that [ f(z)g(x)dx =1, then for all z,y € T as n —

mn(z,y)

o — f(@)g(y)| < C1 f(x)g(y)A™,

where the bound A < 1 can be taken independently of x and vy, and the constant Cy is
independent of x,y and n.

7. The proof of Theorem 4.2 assuming Lemma 4.1, the Main Lemma

For € with 0 < € < eyan let T := T'(¢) be the type space defined in (26), and let be
f an F-eigenfunction. We define for 0 < n < eyamn — €

W:=T(n+e), and fiy :== f - 1w. (39)

Lemma 7.1. Let f be an F-eigenfunction. Then there exist 0 < e,n < MM and Co > 0
such that

Ffw(x) > Cof(z) holds for all x € T. (40)

Proof. By the fact that f is a right eigenfunction of F' corresponding to the Perron-
Frobenius eigenvalue p we obtain that for every x € T we have

z€T

ner S )

() y min f(z)

/ m(z,y)dy = p
T
Hence, for all z € T,

Ff(@) = [ mie.)f()dy = win 5(2) [ miz.)dy

T

> p(min f(2))°/max f() =: C* > 0. (41)
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The fact that C* > 0 follows from Harris’ Theorem (Theorem 6.1).
Using the definition of m in (34), (24), and the properties of f; in A2 we obtain that
there exists a number U such that

0<m(z,y) <U, forall (z,y)eT xT. (42)

We choose 1 > 0 so small that the second inequality below holds:

/ m(z,y)f(y)dy < Les(T\ W) - U-gléi%(f(z)<0*/2. (43)

Putting together (41) and (43) we obtain that
Fhw(@) = [ mle.n)f)dy=Ff@) - [ m(e.o)fw)dy>c /2
w T\W
Hence for all x € T'
C*

g )

Ffw(x) >

That is, (40) holds with Cy := C*/2 max f(z). O
zeE

Corollary 7.1. For any n > 1 we have Vo € T, F"ly(x) > C1p" 1, where Cy :=
Co - min f(z)/ max f(z).

Consequently, there exists a positive integer r such that
VeeT, E[Z,(x,W)]=F"1lw(z)>6 foreachn>r. (44)
Proof. Let x € T. Since 1w (z) = fw(x)/f(z), Equation (40) of Lemma 7.1 implies

Fly (z /m z,y) maxf(> ] dy = Ffw(x)/rznea%(f(z) > Cof(x)/rzrlea%f(z) > (1.

zeT
Using that F™*~! is a monotone operator for all integers n > 2, we obtain from this that
F' 'Ly (x) > CoF" ™ f(x)/ max f(2) = Cop" ™" f(x)/ max f(2)
2T z€T
> Cop™™ " min f(2)/ max f(2).

Hence for alln > 1
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So we can take

To finish the proof, note that E[Z, (x,W)] = F"1w(x), according to (38). O
Our next lemma is a corollary to the Hoeffding inequality [5]:

Lemma 7.2 (Hoeffding). Assume Y1,...,Yc are independent random variables such that
foranyi=1,... C we have a; <Y; < b; for some real numbers a;,b;. Let S¢ = ZZCZI Y;
and let t be a positive real number. Then we have

2t2

i=1

The following statement, Lemma 7.3, is an assertion similar to the easy part of the
Cramér theorem.

Lemma 7.3. Let C € N, K > 0 and Z1,...,Zc be a sequence of independent random
variables such that Z; takes values in an interval of length K, and m; = E[Z;] > 6 for
alli=1,...,C. Then there exists 0 < 7 = 7(K) < 1 such that

]P’(Zl+~~+Zc<20) <.

Proof. Let m; = E Z;. Observe that

IP’(Z1+---+ZC<ZC>:P(ml—Z1+-~-+mc—ZC>Xc:(mi—2)>. (47)

i=1
Motivated by this, we introduce

C
YZ:mleZ and t:Z(’ﬂu*Q)

i=1

Then Y7,..., Yo are independent, and they are contained in an interval of length K. So,
we can apply Lemma 7.2 with the choice of b; — a; = K. Clearly, E [S¢] = 0. Now we
use (47), and the fact that by m; > 6 we have t* > 16C2. We get

P(Zl—i—”-ZC<20)=P(50—E[S€]>t>
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22 2.160C2 39 C .
< - < _ 21607 32 _
<o (s ) =oe () = (oo (135)) = w0

where 7(K) :=exp (—3%) <1. O

Definition 7.1.

(a) In Lemma 7.3 we choose the constant K equal to K := L", where r is defined in
(46). So 7 = 7(r) from now on.
(b) Let ¢; be the length of the smallest interval in T(0). We choose nq such that

a™Les(W) & ¢q, specifically, nq, := POga ﬁzm—‘

(c) Let N(n) := ]S(Eg—(_wa))(La)”. We will show in Lemma 7.4 that N(n) can serve as a
lower bound for the growth of the number of intervals. We remark that it will be
very important for us that N(n) tends to infinity exponentially, which follows from
our assumption that La > 1 (equivalently, the similarity dimension of the IFS H is
greater than one).

(d) We define the sequence (ag(n),ai(n),az(n),...) by

ag(n) := Ltk 2PN ),

(e) Let ¢; be the length of the smallest interval in W.

(f) We fix a small £ > 0. Let ny > ny be chosen such that for any n > ny we have
% < (La)™ (where 1 was defined in Lemma 7.1), and such that for any n > ng

Zak(n) <& D (48)
k=0

For an A C T we defined Z,(x, A) in (31) and (32) by
Z,(2,A) == #Dy(z,A) = #{i€ L, : H ' (z) e W}

only for x € T. Using this formula we extend these definitions to all x € T'(0).

The sample space €2 was defined in Section 2.2. A realization w € ) was given by the
i.i.d. collection of L-dimensional vectors {D(i) }ieT' Using (29) we get for alli =4y ...4,

Hi(r)(w) = a"2+Ti(w) = a"v+1;+Yi(w) = a,"x—i-Zak*ltik +Z akilYiiiliz“’i’“‘l)(w),
k=1 k=1
(49)
where T; was defined in (9), ¢; was defined in (28), and according to (22)

Y(i1i2~»-ik—l)(w) _ D(i1i2---ik71)(w) —ti,. (50)

1k 1k
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So, we can, and from now on we will, identify a realization w € 2 with the labeled tree
{Y(i) = (Yl(l), e ,YL(I))} - Clearly, by (49) we get
ic

1,y T - 1 = 1 (ivi2...ip_1)
Hi'w) = 0= oy e~ 2 gy Y (51)
p=1 p=1

Lemma 7.4. For everyw € ) there exists a (random) interval J = J(w) C T(0) of length
Lee(J) = %Kla" such that for any x € J

LEB(W)
2(8 - )

Proof. The proof uses the observation that for any bounded integrable function h

Z(2, W)(w) = (La)" = N(n).

/ h(z) dz < Lon(T(0)) - [[hl]oo < (8 — 0)[[A]|oc-

T(0)

By the definition of Z,,(z, W) (see (31)) we have

/Z achar—/Zl (:c)EW

T(0) T(0) liI=n

= /1Hr1<w>ewdx
|i\=nT(0)

= Z Les({z € T(0) : Hiil(x) ew})
li|l=n

where we use in the one but last step that H;(W) C T(0). This follows from part (v) of
the Lemma 4.1 (Main Lemma) since W C T'(0).
In this way, for every w € ) there exists an Zmax = Tmax(w) € T(0) such that

Zn(Tmax, W) > 2N (n).

Let Gy, := {i € L, : H{ "(Zmax) € W}. Then by definition #G,, = Z,(Zmax, W). For
each i € Gy, H; ' (Zmax) is contained in a connected component C; of W. By definition,
Les(Ci) > 4.

We write Gﬁl for the collection of those i € (G, for which the center of Cj is to the left
from H; ' (Zmax). So, for an i € G, there is an interval of length at least ¢1/2, contained
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in W with right endpoint H; ' (2max). Let GI, := G, \ GY,. Then at least one of the sets
Gl or G — say G, — has cardinality at least N(n). This means that for

J = (Tmax — a"01/2, Tmax) , (52)

and for every x € J and for every i € G, we have H; '(z) € W. So, by (31), we have
Zo(x, W) > #G', > N(n) for all x € J. To verify that J C T(0), pick an i € G.,.
Then J C H;(C;). Using part (v) of Lemma 4.1 (the Main Lemma) we obtain H;(C;) C
H;(W) C T(0). Hence, J C T(0). O

Recall that n is fixed. We partition each interval of 7'(0) into intervals of length ¢1a™ /6.
In general there will of course be one interval in this partition that is shorter. We take
this to be always the rightmost interval. Let L = L(n) be the total number of intervals
in T'(0) obtained in this way. Let Ji, ..., J; be the intervals in increasing order from left
to right in 7°(0).

Let J be the random interval defined in (52). Since J = J(w) C T(0), one of the
intervals Jy is starting exactly at the left border of J, and since J is at least three times
as long, this is in fact one of the intervals of length ¢1a™ /6 from the partitioning intervals.
We denote the index of this unique interval by the number £;,x = fmax(w). Let

Y ={weQ: lp(w) =1} forl=1,...L

It follows from (51) that

n—1
for an w = {YW};c7 the event {w € @} depends only on YV with i € U L.
k=0
(53)
Clearly, we also have

L
= U 0
1=1
For two finite words 1, j, in general, Hj; # H; o Hj. To get equahty in this formula, in
H; = ablz +t;+Y; we need to replace the random part Y; = Z aP~! Yj(pjl” Jo1) by its
=1

shifted version Y( Z aP~! Y(U” dp=1) , where ij1j...jp—1 is the concatenation of
p=1
the words i and j; ... jp—1, and where by convention we interpret ijij...jp,—1 as i when

p=1.

Lemma 7.5. Let i € L,, and j € L, for some n,m > 0. We define the random function
Hi 5 on T by
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m m
Hiﬁij (m> = a'm,x + tJ + }/ji — amx + Z ap—l tip + Z ap—l Y'j(pl]l]z‘u]pfl). (54)
p=1 p=1

Then Hij(x) = Hj o Hiij(z). Consequently, Hijfl(ar) =H, . 0o H '(z), and

i—ij
m

T 1 1 (if172--dp—1)
Hiy(®) = o = D gris o — 2 govis Vi : (55)

p= p:l

Proof. Immediate from the definitions. O

Let z € T(0) and U C T. Recall that D,(z,U) = {i€ L, : H{ '(z) € U}. For an
i€ D,(z,T) we define z; := H; '(z), and

D, i(z,U) := {j eL,: Hgl(:c) € U} = {j €L, H ' (z;) € U}.

i—ij
Finally, for an i € D, (z,T) we write
Vi == #D,i(z, W).

Now we observe that, since the HijTl have the same distribution as the H J._l, by Corol-
lary 7.1 we have

E[Vi] > 6 holds for all i € D, (z,T). (56)
Moreover,
{Vitiep, (»,) are independent and conditionally independent on . (57)

Namely, the independence is obvious from the definition. To verify the conditional in-
dependence, recall that by (53) for an w = {Y(j)}jeT € Q, the event {w € Q;} depends

n—1
only on YU for which j € |J Ls.
k=0
On the other hand, it follows from (55) that the value of V;(w) depends only on Y&
n+r—1

forje U L.

k=n
By the definitions and the last two sentences we obtain the conditional independence

stated in (57).
Lemma 7.6. For anyl=1,...,L, any n > r, and any « € J;

P (Zpir(x, W) <2N(n) | Q) < 7NV, (58)
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Proof. Since z € J; C J, Lemma 7.4 gives that Z,(x,W)(w) > N(n), i.e., there are
at least |N(n)| descendants i at level n. Each of these gives V; descendants at level
n + r. Since n > r, and since E [V;] > 6 (see (56)), we obtain by (57) that we can apply
Lemma 7.3 with K = L” and C = | N(n)]. This gives Equation (58). O

Let X be a na®*t*" dense set in J;, where 7 has been set in Lemma 7.1. X, can be
chosen such that

lia" . .
#X;, < %M = L kkT) AR iy > . (59)
na 1

The most important step towards our goal of proving Theorem 4.2 is to verify the
following inequality:
M
P (Znirr(z,T) > 25 N(n),VO <k < M, Vo € Ji | @) > [[(1 = ax(n)), (60)

k=0

holds for any positive integer M if P (€;) > 0. This will be the key step in the proof of
Lemma 7.8 which will easily imply the assertion of Theorem 4.2.
For M =1, by (58) we obtain:
P(3z e Xy : Zngr(z, W) <2N(n)|Q) < #X; - 7VM,

Recall that X; was defined as an na?"*"-dense subset of J;. Recall that by (59) we have
#X, < L™ 7. Hence,

P (Yo € X1 : Znyp(z, W) > 2N(n) | Q) >1— L 7V0), (61)

Next, our purpose is to extend the inequality (61) from all z € X; to all € J;, and
from 1 to all £ > 2.

Lemma 7.7. Forany k> 1 andl=1,.. .,E we have
{Vz € Xi: Zpgrr(x, W) > 28N(0)} N C {Vz € Ji t Zrgr (2, T) > 2°N(n)} N O,
(62)
and the set
(Ve e Ji: Znspr(2,T) > 2"N(n)} (63)

1s measurable.

Proof. Let us fix k > 1. Since X}, is na®***" dense in J;, for any = € J; we can find
2’ € Xy such that |z — 2’| < na?"+kr < panthr.
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We claim that if for some 2’ and w one has Z, (', W) > 2¥N(n), then for the

ntkr - and the larger set T, we also have

same w and for any x such that |z — 2'| < na
Zn+kr(I7T) > QkN(’fl)

The point is here that if x and 2’ are na™*+*"

close, then their images with the function
Hi_1 are n-close if i is a word of length n + kr. So if i is a word of length n + kr such
that H, '(2') € W then H; '(x) is in the n-neighborhood of W. But T is exactly the
n-neighborhood of W since W = T'(0) \ B(9T(0),e +n) and T = T(0) \ B(8T(0),¢),
where 0 means boundary. This proves (62).

It remains to be proved that the set in (63) is measurable which is formally not
straightforward since x is running over an interval J;.
First, we note that it is enough to prove that for any fixed 2’ € X}, the set

{Vz € [/ —na" ™" 2" + a0 T Zagke(z, T) > 28N (n)}

is measurable since X}, is a finite set.
‘We have to take into consideration two facts. T' is a union of finite number of intervals
and according to (32) Z,4k-(2,T) is a sum of a finite number of indicator functions:

Zn+k7‘ (x, T) = #:Dn-‘rk(xv T)

Therefore, the function Z,4.-(-,T) for any w is a jump function on 7' with a finite
number of jumps. Let {¢; : ¢ € Z} denote the partition of 7" into the intervals on which
Zptkr (-, T) is constant. So, Z,k-(z,T) depends on the interval ¢; which z falls into.
Therefore,

{Vz € [/ —na" ™" 2" + a0 T Zogee(z,T) > 28N(n)} =
{Vi € T such that ¢; N [2’ — na" kT o + na”“”} NS #0: Zopigr(ti, T) > QkN(n)} )

The last set is given by a measurable function of a finite number of random variables
hence measurable. O

Lemma 7.8. Fiz an arbitrary n > ng and l € {1,..., Z} Then
Ve e J, andYw € Q,  Z,(x,T)(w) > N(n). (64)

Further, if P () > 0 we have

P (Znsner(z,T) > 2M - N(n),M =0,1,..., Vo e Jy | ) > [[(1 — ar(n)).  (65)
k=0

Proof. Equation (64) follows from Lemma 7.4.
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Concerning (65), it is enough to verify that (60) holds for every M. To do so, as a
consequence of Lemma 7.7 we can exchange X; with J; at a price of replacing the set
W with the larger set T in (61). In this way, as we have already pointed out in (61), we
obtain

P (Zpyr(z,T) > 2N(n),Vz € J; | ) > 1 - L7V =1 _q,(n).
For k = 0, using Lemma 7.4, the definition of ; and W C T, we have
Zo (2, T)(w) > Z,(x,W)(w) > N(n) forallw € .
Therefore, we have (60) for M = 1:
P (Znikr(@,T) > 2°N(n),0< k< Lz e Jy | Q) > 1— LN =
1—ai(n) > (1 —ai(n))(1l —ap(n)).

Now, assume that we have proved (60) for M — 1. We will prove it for M. Yet again
we use the simple fact that for any three events A, B, D of positive probability we have:
P(ANB|D) =P (A|BN D) P (B|D) in the following way:

A={Zirr(z,T) > 2™ N(n), Vo € Ji},

B = {Zn+kr(m,T) >28. N(n),YO< k<M —1,Vz € Jl}, D := Q. Then we have

P | Zyirr(z,T) > 25 N(n),VO< k<M, Yo eJ | O
~~

ANB D

=P | Zoinir(2,T) > 2M - N(n), Vo € J |

A

Zpir(x,T) > 28 N(n),YO< k<M —1,Yz € J,
~~

B D

P Zogr(z,T) > 28 Nn),YO<E<M—1,VzcJ | O
~—

B D

By induction, it is known that

M—
B|D2H1—ak (66)
k=0

Now we prove that
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P(A|BND)>1-apu(n). (67)
As in the proof of (58) we use Lemma 7.3. Let n’ =n+ (M — 1)r, C = Z,/(z,T). By

induction, we know that for w € €; and = € J; we have C > 2M~1. N(n).
Then for any x € J; we have

P (Zpir(z, W) <2-2M7IN(n) | BN D) < 72" N0,

This can be proved in exactly the same way as (58) was proved. The continuation is also
similar, we first take a dense set X, and prove the counterpart of (61), that is,

P (Zu (2, W) >2-2M7IN(n), 2 € X3y | BN D) > 1= LM 2" NG — 1 g ().
Applying Lemma 7.7 yields

P(A|BND) =P (Zpipmr(2,T) >2M - N(n), Vo € J, | BND) >1—apn(n),
where we used that Z, 4y (2, T) = Zp 4. (2,T). So, we have verified (67). This and (66)
together implies that (60) holds for every M. Hence, we get that (65) also holds. This
finishes the proof of Lemma 7.8. O

Now, we are ready to present the proof of Theorem 4.2.

Proof of Theorem 4.2 assuming Lemma 4.1, the Main Lemma. Using Lemma 7.8 and
Lemma 7.9, we have that whenever P (€;) > 0

P (Cy contains an interval | ;) > P (Cy contains J; | ;) >
P (Znymr(z,T) > 2M- N(n),YM, Vz € J; | ) > [T (1 — ar(n)) > 1 =377 ar(n).

Getting rid of the condition, we obtain that

PP (Cy contains an interval) = Y2, P (Cy contains an interval | Q) P(€) >

(1= parn) S, P() =1— S gar(n) > 1 -,

where in the last step we used (48). Since £ can be chosen arbitrarily small this proves
Theorem 4.2. O

Lemma 7.9. Let (ay)r>0 be a sequence of positive real numbers. Then o (1 — ax) >
1-— Zzozo Qg .

Proof. First note that for two positive numbers x and y one has: (1—z)(1—y) > 1—(z+y),
simply because xy > 0. So we have (1 —ag)(1 —ay1) > 1 — (ap + a1).
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We continue by induction. Suppose that the formula holds with upper index n > 1
instead of oco.

Let e =1—[[,_o(1—ak), and y = apq1. Then 1 —z =]} _ (1 —ax) > 1 =3}, ax.
So

n+1 n+1
H(l—ak):(l—x)(l— )>1—(x+y)—1—:c—y>I—Zak—anﬂ—l—Zak
k=0 k=0 k=0

This finishes the induction proof. Letting n — oo we obtain the statement of the
lemma. O

8. Construction of the pre-typespace T'(0) and the type space T'(¢)

In this section we prove Lemma 4.1, the Main Lemma.
We consider the support of mj:

L
supp(my) = | J {(z,y) : y € supp ¥;(x)}.

i=1

It is immediate that

C-
)
2
%

supp(my) =
=1

where,

~

S; = {(x y):x € /I/IZ-, Yy € supp @Z(x)} for Wl = (aa+t; — 0;,a8 +t; + 0;).

It is easy to see that for all i € [L], :S'\l is a parallelogram with two horizontal sides:
{(z,y) :y = a}, {(z,y) : y = B} and the two other sides are the following two lines of

slope 1/a
1 1 1
Pa)y=te-liy Ly Dy =le by,
a a a a
That is
{ Lz € W, max{a O (x )}<y<min{6,?,2€(x)}} (69)
Clearly,
29k

width(S)) = 26, height(S;) =
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Sa S3 [ [Sa

Fig. 3. Parallelograms §, on the left and parallelograms Sj on the right.

~ L
In general the open filled parallelograms S; are not disjoint. Their union |J S; has
i=1
say M connected components {Sk}kM:l. By elementary geometry, for all k € [M] the
connected component Sy, is also an open filled parallelogram having two horizontal sides

L
and the left non-horizontal side is one of the lines from {Zé (J;)} - Let us call it £2(z).

?

P L
While the right non-horizontal side of Sy is one of the lines from {Z}(z)} . Let us call

i=1
it 04 ().
Observe that the open filled parallelograms Sy can be adjacent to each other. That
is, it can happen that for a 1 <k < M — 1, we have 0} (z) = (; ().
We introduce the orthogonal projections to the coordinate axes:

m(z,y) =z and mo(z,y) =y.

We have

Sp={(z,y) v €m(Sk), max{a,l(z)} <y <min{B,G(z)}}. (71)

The collection of parallelograms having two horizontal sides such that the slopes of the
other two sides are equal to 1/a is denoted by 9. Particular attention will be given to
the parallelograms of the form PZZ vy € B, where u < v, and (a, b) stands for an interval
with endpoints a < b about which we do not know if it is closed or open or half-closed
and half-open.

P = {(z,y) € Sy € (u,v)}. (72)

(u,v)
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When u = v then P[’Z ») is the horizontal line segment {(z,y) € Sk : y = u = v}. Without

M
loss of generality, we may assume that |J Sy is contained in the region between the left
k=1
side of S; (which is determined by the graph of the function ¢2(x)) and the right side of

Sy (which is determined by the graph of the function £3,(z)).
We define a < a < 5 < 8 by

G@=a, ,8)=F and T:=[apcCl (73)

Definition 8.1. Let 2 be the collection of all finite unions of sub-intervals of 1:, including
all open, closed, half-open and half—closed and even degenerated intervals. In particular

there exists a ¢ such that H € A, H = U (a;,b;), where & < a; < b; < 3 for all i € [g].
j_

We define

= U U = J {@y) iy ead }ﬂUSk (74)

ke[M]i€[q] 1€]q]

and

v(H) = Un) = J Um (Pha)- (75)

ke[M]i€lq]

Lemma 8.1. The mapping ¥ satisfies

(a) Lety € 1. Then

L
U ({y}) = U (ay +t;i — 0;,ay +t; +0;). (76)

(b) U is a self-mapping of A. That is, U : A — 2A.
(c) U is monotone in the sense that A C B implies U(A) C ¥(B).

Proof. Part (a) follows from the second part of (69). It is clear that for all k£ € [M] and
i€ [L], m (ngh bi)) is an interval, and so W(H) consists of finitely many intervals. The

fact that all of these intervals are contained in I follows from the definition of & and B .
Part (b) and (c) are obvious from the definition. O

Set
Vi := U (int(I))  with  Vj := int(I). (77)

It follows from part (b) and (c) of Lemma 8.1, that V41 C V;,,. Put



30 M. Dekking et al. / Advances in Mathematics 448 (2024) 109724

No:=inf {m € NU{oco}: Vi, \ Vint1 = 0}. (78)

We will prove in Lemma 8.3 that Ny is finite. A short heuristics for this is as follows:
Below, we introduce a construction of level m green intervals and level m red intervals.
These are the connected components of V,,, and V,,,_1 \ Vi, respectively. We will prove
that the length of a level m red interval is less than or equal to gm(ﬁ — @), where g™
is the m-th iterate of the function g(x) := ax — Omin. The fixed point of this function
is negative and {g(x)}S°_; converges to this fixed point for every z. So, for sufficiently
large m, we have gm(B — a) < 0. For such an m, there are no red intervals since the
length of an interval cannot be negative. That is V,;, = V,,,11. Hence, Ny is finite.

Definition 8.2. The pre-type space is defined by T'(0) := V.

8.1. Elementary properties of the pre-type space T(0)
Using that both V,,, € 2 and int(f) \ Vi € A for every m we can find an n,,, n,, and
a< az(-m) < 51-(7") <fBand a < ugm) < vgm) < f3 such that
V= U (™. 8"), Vi \Vau = U (™0™

i€ [fim] i€[nm]

Mo MNm
and { (agm), ﬁi(m))} and {(ugm), vgm)>} are the connected components of V,,, and
i=1 i=1
Vin—1 \ Vin respectively. We say that the intervals in the first union are level m green
intervals and the intervals in the second union are the level m red intervals. See Fig. 4.

Their collections are denoted by G,, and R,, respectively. That is

G = {(ag’"),@(m)) }ﬁ and R, := {<u§m>,u§’”>>}"’" .

i=1 i=1

For an m > 1, the level-m green and red areas are:

G =Uy, , = U Péa(_m—”,ﬁ(m‘l))’
i€lim-1)ke[M] N ' (79)
B B k
R'm = Umel\Vm - U P(u(vm),v{m))'
iclml ke

Hence,
71 (Gm) = Vin, Rm C G, and Gt = G\ R

In words, we obtain the level m + 1 green area if we take away the level m red area from
the level m green area. This implies that the sets {R;}, are pairwise disjoint and
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Yy A
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=

8 vy

t t
@ B

Fig. 4. Level 1 red and green intervals. (For interpretation of the colors in the figure(s), the reader is referred
to the web version of this article.)

m
Gri1=Gi\ |_| R, (80)
i=1
where | | means disjoint union. In words: we get the level-m + 1 green area if we take
away from the level 1 green area all the first m level red areas. That is

Gna=G\U U Plo,o (81)

£=11<i<ng,ke[M]

The following Lemma plays an important role in our proofs.

Lemma 8.2. The set m1(Gm—1) \ m1(Gm) is the union of the disjoint closed (possibly
degenerated) intervals Ry, {[ gm) (m)]} "

? 7,

i—1

Proof. This follows from elementary geometry by mathematical induction. As we have
mentioned, it is immediate from the construction that for every ¢ the open set 7 (Gy) C
(&, 3) has finitely many components. It follows from (73) that if m1(G1) \ m1(G2) is not
empty then it is the disjoint union of finitely many compact intervals. Assume that the
same holds for an m > 2 for the non-empty 71 (Gy—1) \ 71(Gy,). That is

m(Grne) \ 71 (Gn) = Vinoi \Vin = [ [ul™ 0™ (82)

1€ [Nm]
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Clearly, this is the case if and only if all endpoints of 7 (G,,—1) are also endpoints of
71 (G ). That is, our induction hypothesis yields that for all i <n,, and j < 7,

I

(ufm, o) @ (afm 0,8 ) = [l w™ ] @ (ol 8 0) . (s3)

Using this, we prove that whenever 71(G,,) \ 71 (Gin+1) is non-empty then it is the union
of finitely many disjoint closed intervals. To verify this we assume that

$€7T1(Gm)\7T1(Gm+1) Ccm (Gm\Gm+1) :7T1(Rm). (84)

7 b

Then by (79) there is a k € [M] and i € [n,], § € [m] and [u(-m) vgm)} € R,
(agmfl),ﬁj(-m*l» € Gm—1 such that by (84) and the induction hypothesis we have

T e (P[kugnwwgm)]) cm (Péca;mfm,Byn—n)\gmﬂ)' (85)

Using that [u(m), v(m)] C (ag-m_l), ﬂ;m_l)) C Vin—1 is a connected component of V,,,_1\

% i

Vin, there exists an € > 0 such that
(ugm) —€ u(m)> CVnn (a;mfl), Bj(vm*l)) , (v(m), vfm) + E) CVnn (aEmfl), Bj(-mfl)) .

(86)
Putting together this, (85), (84), and (79) we obtain that

2 €m(Fipm o) \ (7Pl O Pl go,))- - 6D

Then by simple elementary geometry this implies that the distance between x and the

boundary of the set m; (Pk

(m=1)_g(m—1) is at least Oy := min;e(r) 0;. Having a look at
@ P

formula (79) we can see that z cannot be an endpoint of a component of 71 (G, ). Hence,
any endpoint of any component of 71(G,,) is also an endpoint of a certain component

of (Gm+1 ) . O
Actually we proved a little more.

Remark 8.1. Note that as a by-product of the proof above, we obtain that the following
assertion holds:

If € m(Gp) \ 71(Gmy1) then there exist some [ugm),vgm)] € Ry, and k € [M]
such that x € m; (P[k

u’(inz) ,’U,EWL)

}) In this case the distance between x and the boundary of

T (PELE’"’)WE’")]) is at least Omin.

Lemma 8.3. The number Ny, defined in (78), is finite.
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Proof. Assume that m > 2 and x € V,;; \ Vj41. Then we can choose [u(,m), v(m)} € Rum

K] 7
and k € [M], z € my (P[’“u(m) UV")})' Let i and £2 be the lines defined in and above Fig. 3.
Then

v = () (™) and o/ = (01) 7 (wW™).

7

By definition, we can choose a j € [n;,41] such that z € [u§m+1),v§m+1)] It follows

from Remark 8.1 and elementary geometry that

vj(.mﬂ) - u§-m+1) <v —u' <a (vgm) - ugm)> — Omin- (88)

Let g(x) := ax—0min. Then the length of the maximal interval in R, is at most jq'm(B—&),

where g™ is the m fold iterate of §g. However, g"(8 — &) < 0 if m is large enough. The
largest m for which g™ (8 — &) > 0 is an upper bound on Ny. O

Recall that we defined T'(0) as Vy, in Definition 8.2. It is clear that T°(0) # (), because
by the construction V,, # 0 for all m.

Definition 8.3.

(a) The minimal width and height of the stripes {‘S'k},iw:1 are denoted by w and h.
Clearly, w > 20y and h > Zaia,

we

TN,
(b) To shorten the notation we write 7 := n,, and instead of {(aENO),ﬂZ(NO))}i:f

write {(«;, 8;)}._, for the connected components of T'(0) = V.
(c) The intervals {(a;, bivk)}ke[M] ic[r] are defined as follows:

(ai,k;bi,k) =TT (P(Iixuﬁi)) :

(d) Set d:= min{|xy| rrx#F Y, T,y € U {aivk,bi,k}}. O

ke[M],ie[r]

Lemma 84. Ifx € T(0)N U  {aik, bir} then there is ani(x) € [7] and k(z) € [M]
ke[M],ie[r]
such that

)

<z- Qi(z),k(x) and C/l\ﬁ bz(z),k(m) — X. (89)

Proof. Without loss of generality we may assume that x = a; ;. We know that 7'(0) =
Vo, = Vy+1. Hence,

veTO=wT0)= U m(Phs)= U (@wbie) (90

ke[M],ie[T] ke[M],ie[T]
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So, there is an i(z) € [7] and a k(x) € [M] such that = € (a;(z),k(2), Di(z),k(z))- Then by
the definition of d, (89) holds. O

Proposition 8.1.

L
y € T(0) = | J(ay + t; — 0;,ay + ti + 6;) C T(0). (91)
i=1
Consequently,
H;(T(0)) cT(0), Vn>1andi€L,. (92)

Proof. The implication in (91) follows from (76) and from the fact that T(0) = Vy, =
VNo+1 = ¥(Vh,). Using this, and the definition of H; we get that the image H;(y) of an
y € T(0) by the random mapping H; satisfies H;(y) € (ay + t; — 6;,ay + t; + 6;) for all
i € [L]. Successive applications of this inclusion yield (92). O

Proposition 8.2. There is an € > 0 such that for all 0 < ¢ < € the Perron Frobenius
eigenvalue of the operator F< is greater than 1.

The proof can be obtained by obvious modifications from the proof of [1, Lemma 8A].

Definition 8.4 (Type space).

(a) First we define

EMAIN = % min {w, c/l\, min(8; — ), g} . (93)

i€[T]

(b) Fix an arbitrary 0 < € < eyan. Putting together (26) and (93), we obtain that the
type space is

T(e) = U [ +¢,8;—¢]. O (94)

i€[T]
Lemma 8.5. For an x¢ € T(e) we define
Ei(zo) :={y € T(e) : mi(x0,y) > 0} = {(z,y) : @ = wo} Nsupp (m7).  (95)

Then there exists a k = k(g) > 0 such that for all o € T(g) the set Ef(xo) contains an
interval of length k.

Proof. First recall that T(0) = Vy, = m (Gn,) and Gy, = U P(k'ai 5,y and
ke[M],i€[7] .

(@i, big) =m (P(kai,ﬁi))' Now we define the hexagon
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Bi ~——y
Bi—e—7

Q;+E
o —

//' X \
Qi k bk

aikxte byp—e

Fig. 5. The definition of H; j.

Hiy = P(kai,gi) N{(z,y)raip+e<ar<by—ca+e<y<pfi—e}. (96)

See Fig. 5. Clearly,

supp(mj) = U H; . (97)
ke[M],i€[T]

Observe that by elementary geometry
1
VEk € [M], i € [1], o € m1(H; ) we have | {(z,y) :x =20} N H; x| > ¢ <E - 1) . (98)
Now we verify that

Te) e |J  m(Hu). (99)

ke[M],ielT]

Namely, T'(¢) € T(0) and in this way for all g € T'(¢) there exists a k € [M] and an
i € [7] such that zg € ﬂ-l(P(kai,Bi)) = (a;k, b ). Observe that

di € [T], ke [M] such that Qi+ € <zp < bi,k —E=—=> Ty €T (Hi,k) . (100)

If the condition of (100) does not hold then we may assume, without loss of generality
that

ik < To < Qi +E. (101)
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This and z¢ € T'(¢) imply that a; € T(0). We argue by contradiction. If a; , & T(0)
then there is a j € [r] such that a;; = «;. Then zy € (oj,a; +¢) C T(e)® which
contradicts to our assumption that xg € T'(¢). So, we have verified that a;j € T(0).
Then we can apply Lemma 8.4 to conclude that there exists an ¢ € [M] and j € [7] such
that a;, + d< ai gk < bje— d. Putting together (101) and (93) we obtain that a; ¢+ ¢ <
xo < bj¢—e. That is the condition of (106) holds, which contradicts the assumption that
this condition does not hold. This proves that (99) holds. Putting together (99), (98) and
(97) we obtain that the assertion of Lemma 8.5 is true, with the choice k = £ (1 —1). O

As a byproduct of the previous proof we obtain that

Te)= |J mH)= |J loix+ebir—el (102)

ke[M],ie[T] ke[M],ie[T]

Namely, the non-trivial inclusion was verified above. The opposite inclusion is obvious
by the definitions.

Our aim is to prove the following proposition, which is actually Part (ii) of Lemma 4.1
(the Main Lemma).

Proposition 8.3. Fix an 0 < € < eyan- Then there exists an @ such that for every
xo € T(e) we have

E§(w0) :={(z,y) : © = zo} Nsupp(my) = {y : mg (0, y) > 0} =T(e). (103)

8.1.1. The structure of green and red areas

To prove Proposition 8.3 we need to verify some auxiliary facts about the structure
of the green and red areas and intervals. These will be given in Lemma 8.6, Lemma 8.7,
and Lemma 8.8.

For an m < Ny, we write B,, and J,,, for the collection of the left and right endpoints
respectively, of the level m red intervals (intervals from R,,), and B = UZ]-V:“le and

T = U0, T

Lemma 8.6.

(a) For all 1 < m < Ny and for all (¢/,8") € G, there exist v(a/) € U J¢, and
=1

u(p’) € Lnj By such that (!, 8') = (v(a/),u(f)).

(b) All elements of |J By are right endpoints of an element of G,,. Similarly, all elements
=1

of G Je are left endpoints of an element of G, .
{=1
(c) Let (/") € Gim. Then (¢/,5)NT(e) = (o +&,6 —e)NT(e).
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Uﬁo) ugl) U§1) Uél) vél) ué())
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Fig. 6. The red and green intervals.

Fig. 7. The notation of Lemma 8.7.

Proof. (a) and (b) follow immediately from the construction. These imply that every
endpoint of a component of V,, is an endpoint of a component of T(0), and so (c)
follows. See Fig. 6. O

Lemma 8.7. Let z € T'(¢) and k € [M]. Set L(z,k) :=m ({(z,y) : y = 2} N Sk). Then
L(z,k)NT(e) #0. (104)

Proof. Fix a z € T(¢) and k € [M]. Observe that L(z,k) C T(0). Namely, z € T(0) =
VN, So m1(L(2,k)) C Vng+1 = VN, = T(0). Then (J UB) N L(z,k) = 0. Hence, when
we change from T'(0) to T'(¢) we can lose in a 1 — 1 way intervals of length ¢ each at
the two ends of the interval of L(z, k). Using that |L(z, k)| = wg > 2¢ we get that
|L(z,k) NT(g)| > w — 2¢, where w is the minimum width of a stripe Sx. O

This implies that

Vz € T(g),k € [M] Fw € T(e) N L(z, k) such that z € (£ (w), (F(w)) . (105)
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Sk@) = Sk
61 6/ " Pk(2) (3)

Gm—12

Q) =f M-

Om-12

Fig. 8. The definition of the parallelograms P;.

Lemma 8.8. For an 1 < m < Ny let (¢/, ') € G,,. Consider the mazimal collection
of (&}, 85) € Gm—1 and k(j) € [M], j ., ¥ such that for P; = P(]L(f)ﬂf_) we have

¢

U m (P) C (o, B'). See Fig. 8. For j # j' if (o}, B;) = (s, B}) then k(j) # k(j').
j=1

We say that the intervals (o}, 3;) € Gm—1, j = 1,...,L are the children of the interval

(o, 8") € G- Then we have

J4
Um ()= (5. (106)

j=1

Moreover, for all j =1,...,4,

(E,lc(j)(m), fﬁ(a‘)(@) NT(e) O (af, B5) NT(e). (107)

zem (P;)NT ()

Proof. Equation (106) is immediate from the definitions (75) and (77). To prove Equation

(107): Let 2z € (aj,B5) N T(e). Then it follows from (105) that there exists a w €

L(z, k(7)) NT(e) C m(P;) NT(e) such that z € (%(])) Ek(j)). O
Before we start the proof of Proposition 8.3 we recall some definitions: We defined
M
my in (25) and we saw that supp(my) = J Sk. Moreover, in the statement of the

k=1
Lemma 4.1 [Main Lemma)] we defined

m® =my - Lpe)xr(e) and mg :=m®. (108)
Furthermore, for n > 1:
my, (2, y) /m x,z) -mi(z,y)dz. (109)
T(e)

Similarly, for a k > 1, we defined



M. Dekking et al. / Advances in Mathematics 448 (2024) 109724 39

Ei(xo) :={(x,y) : x = xo} Nsupp(my) = {y € T(e) : mi(zg,y) > 0}. (110)

In particular, E5(z) =0 if z € T'(e) and

M
Ei(z) = (U (Ei(z),ﬁi(z))) NnNT it zeT(e). (111)

k=1

Proof of Proposition 8.3. We fix an 0 < € < eya and we write T := T'(g), my := mj,
E), := Ej and k := £k(e) (defined in Lemma 8.5). We divide the proof into two steps. First
we recall (see part (a) of Definition 8.3) that the connected components of T'(0) = Vi,
are {(ay, Bi)}i_,- So, (o, B;) € Gn, for all i € [7].

Step 1 There exists an N such that for all « € T there exists an n(z) < N, such that
there exists an ¢ with 1 <+¢ < 7, such that

[oi +¢&,8i —¢€] C Epgy(x). (112)
Step 2 For every x € T we have
[a; +e,8; —¢] C En(z) () = En(z)JrNO (x)=T. (113)

Proof of Step 1. It follows from (108), (109), (110), and (111) that

M
E.a(r)= | BG= U (U(ﬂk(z)%i(z)))ﬂf (114)

ZEEn(a:) ZEE,,(Q:) k=1

Let x € T. Using (99) there exists an ¢ € [7], k € [M] such that € m(H; ). Then
either

(@) (Li(x),6i(2)) C [o +e, B — ] or
(b) either a; 4+ € or 3; — € is an endpoint of a component of Ej(z) of length at least &

(ct. (98)).

If (b) holds, then E4(x) has a component of length at least x which has at least one
endpoint in 7. It is easy to see that if this property holds for Ej(z) then the same
property holds for Ey(z) for every £ > k.

Now we prove that in case (a) the same property holds for E, (x) for a not too large
n. If (a) holds, then we consider

Ey(z) = U Ei(2) D U Ey(2).

z€ B (z) z€ (¢l (x),3 ()

IfJ:= U E(z) is still contained in a component of 7" then J is an interval of
S GACHNGACH)
length at least (1/a)x. We continue this process and we obtain that if we choose Ny such
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Bj—a M

a; +&

a; +¢ Bi —e

Fig. 9. Definition of U; and Us.

that x(1/a)™ > B—a then for an n = n(z) < Ny, the set E,(z) has a component Uy with

length at least x and with at least one of its endpoints contained in |J (o + ¢, 3; — €).
i=1
Without loss of generality, we may assume that

Uy = (o + &,w) with w — a; — e > k.

Now recall the definition of a; k, b; 1 from Definition 8.3. See Fig. 9. Then there exist
k € [M] and j € [7] such that o; = a; ;. That is
™ (P(lij,ﬁj)) = (aij,ijc) = (Oéi,bj7k). (115)
Observe that
U ((G@.G&@)NnT)=lo;+e5; el (116)
z€(aj k+ebjr—e)

If w > bj, —e then Uy D (a;, +¢€,bjr —€). Using this, the fact that U; C E,(x), (116)
and (114), we get that E,,1(x) D [a; +¢, 8; —¢€]. That is, in this case, we are ready. So,
from now on, we assume that for the j and k that appear in (115), we have w < b; ,, — €.
Then, by elementary geometry:

UpCcm (P[szri'sﬁj—g]) : (117)

Now we define

Us := U (6h(2),6(2)) NT.

zeU,

By definition the left endpoint of Us is oj + €. If Uy D [aj + €, B; — €] that is the right
endpoint of U, is greater than §; — ¢, then E,y1(z) D [aj + €, 5; — ¢]. Otherwise, if
Uy C [aj +¢€,B; — €], that is the right endpoint of Us is not less than 5; — &, then
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|Us| € T'(e) and |Us| > (1/a)|Us]. So repeating the same for Us instead of Uy, we get Us
and so on until after a uniformly bounded number (not more than Ny) steps Uy, contains
a component of T'. This completes the proof for Step 1 with N = N; + No. O

Proof of Step 2. Now we use the notation of Lemma 8.8. Let (a/, ) € G, and (o}, 8) €

Gm—1 be a child of (¢, 5’). That is there exists a k(j) € [M] such that for P; = Pfof;)L;{)
377

we have m1(P;) C (¢/, ). We claim that
(o, 8')NT(e) C Ey(x) = (a}, B;) NT(e) C Enyi(x). (118)

Namely, assume that (o/, ") NT () C E,(x). Then

Epii(z) = U (U (leﬁ(y)fi(?/))) nT (119)

YEE, (z) \k=1

1 1 / /
> U (oW bepw) nT) > @.8)nTE),  (120)
yEm (P;)NT

where in the last step we used Lemma 8.8 ((Equation (107)). In this way we have proved
that (118) holds.

Now we fix an € T and let n = n(z) be defined as in the proof of Step 1. We start
with (a;, 8;) obtained in the first step. That is [o; + €, 8; — €] C En(x). By Lemma 8.6
this implies that (a;,8;) N T C E,(x). We apply (118) Ny times. The level Ny-th child
of (ai, B;) € Gy, is the only element of Gy, , which is (&, 8). So, we get that Ey4n, (z) D

(o, /)NT = T. On the other hand, it is immediate from the definition that E,n,(z) C
T O

The proof of Proposition 8.3 is immediate if we put together what we obtained in
Steps 1, 2. O

Proof of Lemma 4.1, the Main Lemma. (i) We take eparn as defined in Equation (93).
Then the number of intervals remains the same, since epan < (8; — ;) /10 for all 4.

(ii) This is immediate from Proposition 8.3 with the @ defined there.

(iii) This is Proposition 8.2.

(iv) This follows easily from the fact that the right eigenfunction f is also an eigen-
function of (F¢)? = F€ o F° whose kernel ms is continuous.

(v) This is Equation (92) given in Proposition 8.1. O

9. Appendix: Proof of Proposition 3.1

The proof of Proposition 3.1 is a simple combination of ideas of [2, Lemma 2.8] and
[11, Proposition 6].
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Proof of Proposition 3.1. Given is the RIFS F = {f;(z): fi(z) =riz + Di}le as in
Definition 2.1, and we write s := s(F) for the similarity dimension (the solution of the
Equation (12)).

The first step is to replace F by the RIFS F defined in Proposition 2.1:

F= {ﬁ(w) =TT+ Ei}L ; (121)

i=1

which has the convenient property that all contraction ratios 7; > 0. Further, let s :=

s(F) > s —e/2 (where we replaced € by £/2 in Proposition 2.1).
Let p; := 7. For k1,...,kn € N and k:=k; + -+ + k;,, we introduce

Nk, k) =4 { (i, yin) # € K] iy =0 =ke, Vee[L]}.  (122)

Lemma 9.1 (Farkas and Peres-Shmerkin). There exists a C > 0 such that for all k € N
there exist ki, ..., km € N, such that >~ k; =k and

N(ky,.. . kpy) > CE™™/2pr M pbm, (123)

Let C > 0 as in Lemma 9.1. For a large k, which will be conveniently chosen at the
end of the proof, we can choose ki,...,k; € N according to Lemma 9.1 such that we
have the following

N(ky,.. k) > Ck~E2prke . pote, (124)

Let Jo:= {(il,...,ik)e[f}k:#{je[k]:ij:€}:kg, vzze[i]}.
Note that by definition #.Jo = N(k1,...k;). Put pp := Héizl Féf’f. Then

ieJy=ri=pr and H#Jy>C- k‘_Z/Q,ogg. (125)

Let Fi := {fi:i€ Jo}. Then the similarity dimension s; := s(F}) is the solution of
#Jo - p; = 1. That is, log N (k1, ..., k;) + splog pr = 0. Hence,

_ log N(k1,...,k5) < logC — Llog vk —5logpr,  logC — Llog Vk v

S =

g — log py, - — log py, — log py,
Using that —log pp = —Zg’zl kelog(re) > —log(rmax) Zfizl ke = —log(rmax) - k we
obtain

~ Zlog\/E—logC . €
- - >s5—¢,

> —
ok —log(rmax) - k 5 2

if k is large enough. O
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