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Program summary

1. Introduction

The relativistic Fermi-Dirac integral Fq(n, 8) is defined by

oo

x1/1+ Bx/2

Fop =[S pzo g0 ger (1)
0]

The function (1) is crucial for computations in physical problems dominated by the degenerate fermions. Therefore, Fq(7, 8) is widely

used in astrophysics, where a high-density hot electron gas with large values of both n and g drives many important processes during
late stages of stellar evolution and explosive environments. Notable examples are the M{" functions given in [1], which require multiple
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evaluations of Fq(n, ) to compute some properties of neutrino emission from electron-positron annihilation in pre-supernovae stars [2]
type la thermonuclear supernovae stars [3] and physical processes in Gamma-Ray Burst (GRB) engines [4,5]. Fermi-Dirac integrals are
also useful for the description of weak nuclear processes (see [6], Appendix B). For these applications, the evaluation of Fq(7, 8) alone is
enough. However, in the stellar Equation Of State (EOS) [7,8] not only the function, but also its partial derivatives with respect to 7, 8,
are required. To achieve fully consistent EOS, precise values of the derivatives up to m + n < 3, being m, n the orders of the derivatives
with respect to 1 and B, respectively, are needed [9,7]. To our knowledge, none of the existing methods is able to handle the third-order
derivative with respect to n for large degeneracy (n > 1).

Derivatives are involved in changes of the Helmholtz free energy, the higher-order ones in heat capacities. The limit 8 — oo appears
to be particularly troublesome, and in physical applications it is customary to simply put the fermion mass identically zero (drop the 1
under the square root in (1)) reducing the problem to a combination of 8 =0 cases. However, this is not an appropriate method and even
the sign of the derivative can be wrong for some combinations of n, 8. Although this happens for very large 8 only, such a situation is
not unimaginable in a real astrophysical situation of, e.g., a hot, degenerate light neutrino gas.

For the numerical calculation of (1), an extensive number of references can be found in the literature; see for example [7,10-19].
However, only [17] provided working code for the third order derivatives. MESA, the stellar evolution software [20] uses a code based on
[10] with derivatives up to m+n < 2 order. As one can infer from the reference list, the majority of the successful methods of computation
are integration-based, and therefore more suitable for moderate values of the parameters.

In [21] complete asymptotic expansions for the relativistic Fermi-Dirac integral were considered. In this paper, we also give expansions
for the kth-partial derivatives with respect to the parameters n and B; Matlab implementations are provided for all the expansions. These
approximations allow to calculate the functions efficiently and with high accuracy for large ranges of the parameters. Therefore, we expect
that our algorithms will be a very useful ingredient, in combination with other methods, for building reliable and efficient software for
computing the functions for all the parameter ranges.

2. Derivatives with respect to 3
2.1. Negative values of n

For negative values of 7, we have the convergent expansion for the kth-partial derivative with respect to 7

a*F,
—(n ﬂ)—F(q+1)Z( nr!

n=1

Uq(n, B), (2)

q+1 ng+1—k

in which Uq(n, B) is given in terms of the Kummer confluent hypergeometric function U(a, b, z) as follows
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where s #0, |phs| <, g > 0, with limiting value Uq4(s,0) = 1.
Equation (2) can be used for k > 0 (k =0 gives the expansion for Fy(n, B)).

2.2. Positive values of n
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More a,, values can be obtained using the definition of the coefficients:
TS
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where for fixed 8 and q, g=m — % m=2,3,4,... we have the asymptotic expansions for n — 400
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and Fq(n) is the standard Fermi-Dirac integral.
In addition, we have the convergent expansion for all > 0
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For evaluating the standard Fermi-Dirac integral, we use the following expansion
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For the kth derivatives (k > 1) we have
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3. Derivatives with respect to 8
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Equation (21) can be used for k > 0.
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Equation (28) can be used for k > 0.

4. Overview of the accompanying software

Computer Physics Communications 283 (2023) 108563

(28)

(29)

(30)

(31)
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The following set of Matlab functions implementing the expansions are included in the software package:

1. Fgdketaneg(k, eta, g, beta). Implementation of (2).
2. Fqdketaposl (k, eta, g, beta). Implementation of (4).
3. Fgetapos (eta, g, beta). Implementation of (9).

4, Fgdketapos2 (k, eta, g, beta). Implementation of (18).
5. Fgdkbetal (k, eta, g, beta). Implementation of (21).
6. Fqdkbeta2 (k, eta, g, beta). Implementation of (28).

The input data follow the notation used in the expansions. Test files are also included in the software package. The functions work in
recent versions of Matlab (from version R2014b on) but some of them are not computable in older versions of Matlab or in GNU Octave
(those functions involving the use of the confluent hypergeometric functions). A Matlab/GNU Octave algorithm for the Kummer U function
is currently being developed by the authors [22] and later we also plan the calculation of the Kummer M function. These two algorithms
will allow the use of the whole package in GNU/Octave and will improve very significantly the efficiency of the computations.

5
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Table 1

Test of the expansion given in (2) for k=0, 1, 2. The accu-
racy and the number of terms n needed in the expansion
to obtain such accuracy are shown.

k n q=0.8 q=3.7
B=52 B =1000.2
n Rel. error n Rel. error
0 —63 7 16x107" 7 33x10°'6
0 -203 3 1.7x107% 4 29x107P
0 -1003 2 17x107"“ 3 34x1071
1 —63 8 16x107" 7 33x10°16
1 -203 4 17x107"% 4 29x10°P
1 —1003 3 17x107% 3 34x10°"
2 —63 8 16x107% 7 33x10°16
2 —203 4 17x107" 4 29x10°1
2 -1003 3 17x100" 3  34x10°1
; q=1.3, =1.3 . q=1.3, 3=50000
— L) S °
s ° s %
"E 100r \_‘w ) L \\W :
[0] K]
@ 1015+ 6990050000000,£0cP9 ¥ 10715 F 0070000000000 0Pt
10-20 1 L L 1 10-20 L L I L
0 20 40 n 60 80 100 0 20 40 n 60 80 100
q=9.7, 5=1.3 q=9.7, 3=50000

Rel Error
>
=

®s |

Rel Error
> o

s 3

0P e0e0pet s’ 9

0 20 40 60 80 100 0 20 40 60 80 100

Fig. 1. Test for the first order derivative (k = 1) of the expansion given in Section 2.2.1.

5. Testing

A first test of the accuracy of the expansions is given in Table 1. In the table we show examples of the accuracy obtained with the
convergent expansion given in (2) and the number of terms needed to obtain such accuracy. For testing we use the integral representations
of the Fermi-Dirac integral given in (1) and of the first and second order derivatives with respect to the n parameter, which are given by

)

o0
F ﬂ)_/xq«/l—i—ﬂx/Z 1
on PPT | T e Tgen
0

(35)

7y ﬂ)_]oxq«/l—i—ﬂx/Z 1—en
anz m, - 14 ex—n (1+en7X)2 :

The integrals are evaluated using the adaptative Matlab integration function. As can be seen in the table, for moderate/large values of
n very few terms are needed in the expansion to obtain an accuracy close to double precision.

Additional tests of the accuracy of the expansions are shown in Figs. 1, 2, 3 and 4. The tests are considered for the first order derivatives
of the Fermi-Dirac function. As before, for testing we use integral representations of the functions. For the derivative with respect to the
B parameter, we use the following representation

dFq ]qu 1+Bx/2 «x (36)

” A= | Hieen at2px
0

The results shown in the figures are obtained by comparing the accuracy of the expansions (using the number of terms included in
the Matlab implementations) with the numerical evaluation of the integrals. For very large values of », it is convenient to use alternative
high precision methods of testing because there is a loss of accuracy in the results obtained with the double precision Matlab integration
function. This also applies to the testing of the higher-order derivatives even for not so large values of the parameters. In practice, we have
used NIntegrate from Mathematica using 1024-digit arbitrary precision with a 10-minutes time limit and an Arb ball-arithmetic integrator
[23] using 256-digit precision implemented as a part of [24]. In Fig. 5, we show relative errors obtained when using the expansion (4) to
compute the third order partial derivative with respect to the n parameter. An integral representation of the function is given by
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q=112, 5=1.3
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q=1/2, 3=50000
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Fig. 2. Test for the first order derivative (k = 1) of the expansion given in Section 2.2.2.
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Fig. 3. Test for the first order derivative (k = 1) of the expansion given in Section 3.1.
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Fig. 4. Test for the first order derivative (k = 1) of the expansion given in Section 3.2.
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As mentioned before, the computation of the third order derivative is an interesting example because the existing double precision
software fails for very large values of 1. The accuracy obtained for two choices of ¢ and B for a very large range of n values are shown
in the figure. The additional two plots in the same figure show the relative accuracy obtained using a linear scale on the horizontal axis
zoomed into the range 0 < 1 < 100. In all cases, the numerical tests show that an accuracy close to double precision can be obtained with

the asymptotic expansions even for moderate values of the parameters.

Finally, in Table 2 we provide few reference values for testing the derivatives 3XF;/dn*(n, 8) and 9*Fq/88(n, B) for k=1, 2, 3.
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Fig. 5. Test for the third order derivative (k = 3) of the expansion given in Section 2.2.1.
Table 2
Table with reference values for testing the derivatives of the relativistic Fermi-Dirac integral up to third
order. The values shown, which were obtained using the Matlab implementations of the expansions,
have been truncated.
n 3Fq/0n(n. B) 3°Fq/0n* (1, B) 33 Fq/0n* (1, B)
(q=13%.8=35) (q=1.8=35) (q=1.8=35)
10> 1.32664991437848 x 10? 1.32288102961577 —1.07281666575692 x 107
10> 1.32325356602562 x 103 1.32287570949691 —1.07899481441055 x 1010
10 1.32291345143966 x 104 1.32287565607221 —1.07980615132822 x 10~ 13
10°  1.32287943517162 x 10° 1.32287565553769 —1.07988924023698 x 1016
106 1.32287603349671 x 106 1.32287565553234 —1.07989756870677 x 10~1°
(qg= 3. B="500) (q= 3. p=500) (=3, B=500)
102 1.58113886222714 x 10" 3.16227769179115 x 106 3.16227766016837 x 10"
103 1.58114719409694 x 107 3.16228082244603 x 10* 3.16227766016837 x 10!
10 1.58113919832930 x 10° 3.16227797639614 x 10° 3.16227766016837 x 10!
10°  1.58113886222714 x 10'1  3.16227769179115 x 106 3.16227766016837 x 10!
106 1.58113883325166 x 1013 3.16227766333065 x 107 3.16227766016837 x 10"
n d9Fq/3p(n, B) 8%2Fq/3B%(n, B) 93Fq /983 (n, B)
(g= 1%, p=30) (q=1%. p=30) (=1, 8=30)
100 1.14024291003471 x 107" —1.82075022140818 x 10~3  8.73807158176577 x 107>
101 3.31270791969451 —5.45284351205580 x 1072 2.69314520075724 x 103
102 3.22640436927420 x 102 —5.37021886980341 2.68156298857859 x 10~
103 3.22728167991479 x 104 —5.37808625028079 x 107 2.68868504963348 x 10!
10*  3.22746471275123 x 108 —5.37903614101859 x 10* 2.68948221626916 x 10°
(q= 3, p=3000) (q= 3, p=3000) (g=3, =3000)
100 2.79353728235266 x 1072 —4.65460090632796 x 1076 2.32665348299996 x 10~°
10" 2.36390696419555 —3.93947460496645 x 1074 1.96955215867537 x 10~/
102 2.15377025358968 x 103 —3.58958121727859 x 10~ 1.79477267285955 x 104
103 2.15167757473599 x 106 —3.58612570512633 x 10? 1.79306105951540 x 10!
10 2.15165751933687 x 10° —3.58609550695194 x 10° 1.79304757417124 x 10%
Data availability

No data was used for the research described in the article.
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