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Abstract

In many machine learning applications, the labeling of datasets is done by human experts, which is usually time-consuming
in cases of large data sets. This raises the need for methods to make optimal use of the human expert by selecting model
instances for which the expert opinion is of most added value. This paper introduces the problem of active pairwise distance
learning (APDL), where the goal is to actively learn the pairwise distances between all instances. Any distance function can
be used, which means that APDL techniques can e.g., be used to determine likeness between faces or similarities between
users for recommender systems. Starting with an unlabeled dataset, each round an expert determines the distance between
one pair of instances. Thus, there is an important choice to make each round: ‘Which combination of instances is presented
to the expert?” The objective is to accurately predict all pairwise distances, while minimizing the usage of the expert. In
this research, we establish upper and lower bound approximations (including an update rule) for the pairwise distances and
evaluate many domain-independent query strategies. The observations from the experiments are therefore general, and the
selection strategies are ideal candidates to function as baseline in future research. We show that using the criterion max
degree consistently ranks amongst the best strategies. By using this criterion, the pairwise distances of a new dataset can be
labeled much more efficiently.
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1 Introduction

A dataset plays a critical part when solving a practical
problem using machine learning (ML). Often, the goal is
to predict some target variable using measured features
of other variables. When gathering the data, it would be
ideal if the target variable could be measured. For example,
consider the task of forecasting the outside temperature
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using multiple other measurements, such as atmospheric
pressure, wind speed and humidity. In this case, the label
(temperature) can be determined efficiently. In other cases,
the labels are not as easily acquired. For example, to predict
if a face is visible in a photograph requires human expertise
at some point to label a dataset. In such cases, human
involvement is sometimes necessary, especially when a
model is trained to replicate human knowledge or skills.

Labeling using a human expert is a time-consuming and
costly undertaking. Therefore, efforts should be focused
on maximizing the usefulness of the expert when it is too
expensive to label everything. Typical questions are: ‘How
should the expert be deployed?’ and ‘Which samples should
be labeled?” These questions are all part of the research
field called active learning (AL) [1]. It is a subfield of ML
dedicated to achieving the best prediction performance with
as few labels as possible. To this end, a human expert can
be queried about an instance each round. The expert then
determines a label for this instance, which in turn can be
used to update a prediction model and determine the next
query. This cycle continues for a fixed number of rounds or
until some other stopping criterion is met [2—4].
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AL is useful in situations where simply labeling all
data instances is too expensive. For example, suppose we
want to label a dataset with many facial images and we
are interested in learning the similarity/likeness between
each combination of faces. If there are M € N, faces,
1\2/1 =M (M —1)/2 pairwise
combinations. To label all pairwise similarities of 1,000
faces would thus already require 499,500 comparisons. For
large datasets, this quickly becomes too costly to label
(either time or money wise), which is why AL techniques
have been developed.

A critical aspect in AL is the selection algorithm (the
so-called query function) that determines which samples
should be given to the expert. The selection algorithm can
be either pre-trained using other datasets (transfer learning
[5, 6]), or it can be adjusted on-the-fly. AL techniques
(almost always) use feature values to improve the query
function, which is commonly some supervised learning
method (e.g., a neural network). Yoo et al. [7] attached a
module to a target network to predict the target losses for
unlabeled data. Klein et al. [8] measured anomaly scores of
feature values as guidance for the query function. Another
common selection criterion is some kind of uncertainty
sampling [9], whereby a prediction model is trained using
the labeled data, and applied on the feature values of the
unlabeled data. Uncertain predictions are then queried to
the expert.

In this paper, we investigate an unexplored area within
AL, that we call active pairwise distance learning (APDL).
The objective in APDL is to actively learn the pairwise dis-
tances between all instances. Any distance function can be
used, which means that APDL techniques can e.g., be used
to determine likeness between faces or similarities between
users for recommender systems. Furthermore, APDL meth-
ods can also be used in kinship recognition, deep fake
detection, anomaly detection, dissimilarity sampling, and
(pairwise) clustering. Studying APDL is therefore valuable
for many research areas. It is important to emphasize that,
we will not make any assumptions in this research about
the relevance of the feature values to these distances (see
Section 2.2 for more details), which makes our results
highly generic and hence useful in many application areas.

The contribution of this research is three-fold. First,
we introduce APDL, the problem of actively learning
the pairwise distances between all instances. Second, we
establish upper and lower bound approximations for the
pairwise distances, and an update rule for these bounds.
Third, we identify the best generic (domain-independent)
baseline strategies for practical applications. This research
can be seen as a pioneering contribution to the field of
AL, which is expected to raise many follow-up studies in
future research.

then there are already
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The remainder of this paper is organized as follows.
In Section 2, we formally introduce APDL and discuss
why no assumptions are made about the feature values.
Consequently, we argue that techniques from unsupervised
learning, semi-supervised learning and reinforcement learn-
ing are not applicable without these assumptions. Related
research is discussed in Section 3. Section 4 defines nota-
tion for the selection strategies. Furthermore, it is dis-
cussed how each additional pairwise distance will update
the upper and lower approximation bounds for all pairwise
distances. A variety of selection strategies and selection cri-
teria are defined in Section 5. Next, the experimental setup is
addressed in Section 6. The experiments evaluate the selec-
tion strategies on multiple datasets to find the best perform-
ing strategy. The results of the experiments are discussed in
Section 7. Section 9 gives an extensive overview of possi-
ble future research opportunities and addresses limitations
of the results presented in this paper. Finally, Section 10
summarizes the findings.

2 Active pairwise distance learning

2.1 Definition of APDL

To start, we formally define active pairwise distance
learning (APDL). Starting with an unlabeled dataset
consisting of M instances, the objective of APDL is to learn
as much as possible about the distance between each pair
of instances in T € Ny rounds. Each round, an expert
can be queried to label exactly one pairwise distance. After
T rounds, a final prediction is made about all pairwise
distances. Given a pre-determined loss function L, the
goal is to minimize the loss between the actual pairwise
distance matrix D™ and the predicted pairwise distance
matrix DP™, Thus, the target of any APDL algorithm is to
minimize £ (DP™¢, D'™¢). In general, there are two critical
components in APDL: (I) ‘Which pair is queried each
round?’ and (II) ‘How to use this information to make the
best prediction?’ The first question is the main focus of this
research. The general approach of an APDL algorithm can
be seen in Algorithm 1.

Input: # samples M, # rounds 7, expert labeler €2
Output: Pairwise distance prediction DP™d

1: fort < 1to T do

2 Select (i, j) € {1, ..., M}?

3: Receive distance d (i, j) from expert 2

4: end for
5. Make final pairwise distance prediction DPred

Algorithm 1 General APDL algorithm.
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2.2 No relevancy assumption

An important assumption that we make in this research is
that no assumptions are made about the relevance of the
feature values to the actual distance. As a consequence,
only techniques that do not use the feature values are
considered. Note that having similar feature values does
not necessarily mean that the underlying distance between
two instances is small. Insufficient features could mean that
instances appear close, but are actually far apart. Having
too many features could also be troublesome for measuring
similarity, as instances in a high-dimensional space are often
far away (due to the infamous curse of dimensionality).
Furthermore, sufficient labeled data is required to accurately
extract information from the feature values in order to make
good predictions. Especially for high-dimensional data and
complex prediction models, more labeled data is necessary
to properly train the prediction model. Gal et al. [10] even
identified the lack of scalability to high-dimensional data as
one of the major remaining challenges for AL. However, in
practice sufficient labeled data is not always available. In
addition, a recent survey [11] stated that “research remains
in its infancy at present, and there is still a long way to go
in the future.” A badly trained prediction model could steer
the query selection in the wrong direction.

Without making any assumption about the relevancy of
the feature values to the pairwise distance makes most
known techniques from unsupervised, semi-supervised and
active learning inappropriate. Chapelle et al. [12] identify
in which cases semi-supervised learning is suitable. They
determine the following three assumptions in order to apply
semi-supervised learning techniques:

Smoothness assumption: “If two points xi,x, in a
high-density region are close, then so should be the
corresponding outputs yy, y5.”

Cluster assumption: “If points are in the same cluster,
they are likely to be of the same class.”

Manifold assumption: “The (high-dimensional) data lie
(roughly) on a low-dimensional manifold.”

The smoothness and cluster assumption do not have to hold
when the underlying distance metric (responsible for the
actual labels) is very different from the metric that is used
to measure if two points are close and if they belong to the
same cluster. Consider for example determining if cars are
similar using images. If the distance between two images
is measured by comparing them pixel-by-pixel, it is highly
likely that only the color of the car determines if two cars
are similar (or even the background). Therefore, this is not
a good approach.

The manifold assumption is important to combat the
well-known curse of dimensionality problem. Without this
assumption, a lot of data is necessary to learn the underlying

distribution from the feature values. In such a situation, it
might be better to make no assumptions than being steered
in the wrong direction due to a lack of labeled data.

Techniques from reinforcement learning [13] have
similar problems, when feature values are used. Given a
specific dataset, the same action (i.e., querying the expert
about a certain pair) is not repeated. Furthermore, no state
is revisited and the state space can be really large. Thus,
some mapping must be learned from the feature values.
This inherently has the same assumption problems as
discussed before.

When not to make relevancy assumption We identify six
situations where it could be useful to make no assumptions
about the relevancy of the feature values to the pairwise
distance: (I) when there is not yet enough labeled data for
supervised techniques; (II) when the underlying metric is
unknown and could be too complex to predict using the
given features; (III) when the features are not sufficient
(IV) when there are too many features; (V) when the model
should work across multiple domains; (VI) as baseline to
evaluate techniques that do use feature values.

To elaborate on situation (VI), whenever for example a
semi-supervised technique is developed, it should perform
better than any method that does not use the feature values.
Therefore, not using the feature values can be used to
benchmark methods that do use feature values.

Advantages of not using feature values Not using feature
values has its benefits. We list five advantages: (I) the
dimensionality of data is irrelevant; (I[) the quality of
feature values is unimportant; (III) no hyper-parameter
tuning based on feature values is needed; (IV) conclusions
are not dependent on the application domain; (V) resulting
baselines are ideal to be used as benchmark. As this research
constitutes the first step in APDL, these are the reasons why
we decide to only investigate selection strategies that do not
use feature values.

3 Related research

To the best of our knowledge, APDL is a new research area
within AL. However, there are related papers, which we will
outline below.

APDL is not the same as learning pairwise preferences
[14], where the goal is to make a ranking based on pairwise
comparisons. In these pairwise comparisons, it is decided
which sample is more preferable, which is a binary choice.
A might be preferred over B, but it is not labeled by how
much, which is an important distinction. Furthermore, the
focus lies more on determining a good ranking function, not
necessarily determining which samples should be labeled in
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order to gain the most information. However, it is closely
related and (non-binary) preference / desirability could also
be used as a distance metric within APDL.

Dasarathy et al. [15] investigate binary label prediction
on a graph. A non-parametric algorithm is developed to
actively learn to predict binary labels in a graph. The
objective for APDL is to learn all pairwise distances, thus
the graph would be fully connected. The main difference
with our research is that binary labels are assumed in [15],
whereas we assume that the labels are generated by a
distance metric. On the one hand, it makes the problem
easier, as structure is added to the labels, because properties
of a distance metric need to be satisfied. On the other hand,
a label can now be real-valued and not only binary, which
makes prediction much harder.

Actively learning pairwise similarities has also been
studied for hierarchical clusterings [16]. The goal is to
infer the hierarchical clustering using as few similarities
as possible. These similarities are not necessarily from a
distance metric, as e.g., the Pearson correlation is used
in [16]. The performance is assessed by evaluating the
constructed tree structures. This makes APDL different, as
the objective is to predict all pairwise distances, not to
identify the correct tree structure.

APDL is also closely related to similarity learning and
metric learning [17—-19]. These are supervised ML areas,
where the goal is to learn from a labeled dataset a similarity
function and a metric, respectively. The task of face
verification is a practical example of these research areas.
In [20], the triplet loss is used to learn a distance function
from 0/1-labels to compare faces. The main difference with
APDL is that similarity and metric learning require a labeled
dataset in order to determine a generalized function that can
be used for new samples. The objective in APDL is to gather
as much distance-based information as possible about a
fixed dataset, when there is yet no information about the
labels. APDL is thus not concerned about finding a general
function for samples outside the given dataset. APDL could
be used to build the dataset that is later used by techniques
from similarity learning and metric learning.

Metric learning has also been researched in an AL
setting. Yang et al. [21] developed a Bayesian framework to
actively learn a distance metric by selecting the unlabeled
pairs with the greatest uncertainty in predicting whether
the pair is in the same equivalence class or not. Kumaran
et al. [22] actively learned a distance metric to identify
outlier and boundary points per class, which are then given
to the expert. Even more selection strategies are explored
in [23]. Pasolli et al. [24] used an actively learned metric
to reduce the dimensionality of hyperspectral images and
to select uncertain samples. Again, the goal in active
metric learning is to get a model to accurately predict if
two samples belong to the same class, not to determine
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an accurate prediction for pairwise distances. This makes
APDL a fundamentally different problem.

4 Definitions and bounds

First, we introduce some notation that is necessary to
discuss selection strategies. As seen in Algorithm 1, in
round ¢ a pair of indices ¢ := (i, j) is chosen from M
indices and a corresponding distance d (i, j) between these
indices is obtained from the expert. Although it is possible
to disregard previous requests to the expert, it is obvious that
previous results should be taken into account when selecting
the next pair of indices. If only to avoid asking the expert
the same pair twice. Therefore, we introduce the notion
of history.

Definition 1 (History) Name H; = {((i, j),d(, j)) : {& =
(i, /)}r=1,. the history of all chosen pairs of indices and
their corresponding labeled distance up to and including
round ¢. Furthermore, define Hy := @ x 0.

Next, we will define what a selection strategy is. A
selection strategy for 7 rounds consists of 7T functions
that successively determine which pair of indices is chosen
based on the given history.

Definition 2 (Selection strategy) We call o a selection
strategy if foreacht € {1, ..., T}itholds thato; : H;—1 >
Gefl,... .My and o = {or}y=1,...7-

4.1 Expert distance metric

After the selection strategy determines which pair of indices
is chosen, the expert determines the distance between them.
An important and strong assumption we make, is that the
expert makes no mistakes and that the distances originate
from an underlying metric d : {1, ..., M}> = [0, dmax],
where dmax € R.o is the maximum possible distance
between two samples. In most instances, dmax can be
estimated or determined. However, when the maximum
distance cannot be bounded from above, consider dpax to
be infinite. In our experiments, the underlying distance
metric is the Euclidean distance between two samples
and the expert simply returns the correct Euclidean
distance.

4.2 Approximation bounds

To approximate the true distance between each pair of
indices, we can make use of the fact that the underlying
distance function d is a metric, to find upper and lower
bounds. Each metric satisfies, by definition, the friangle
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inequality and the subsequent reverse triangle inequality.
Denote the upper and lower bound of (i, j) in round ¢
as D;lpp (i, j) and D}Ow(i, J), respectively. The metric d
is symmetric (i.e., d(x,y) = d(y, x)), thus we enforce
the upper and lower bounds to be symmetric as well.
Therefore, it must always hold that Dfpp(i ,J) = D;lpp (J, 1)
and DI°%(i, j) = D°%(j,i). We will now discuss how
triangle inequalities can be used to update the upper and
lower bounds each time a new distance is obtained from
the expert.

Initialization In the first round, there is no distance
information yet. However, as d is a metric, it must hold that
d(i,i) = 0foreachi € {1,..., M}. Furthermore, using the
range of d, the upper and lower bounds are initialized as:

. 0 ifi=j
upp _ ,
Dy ) = {dmax else.

DIY(i, j) = 0.

Triangle inequality The triangle inequality states that
for all a,b,c € {1,...,M} it must hold that
d(a,c) <d(a,b)+d (b, c) . Expanding on this, for every
round ¢ it follows that

d(a,c) <d(a,b) +d(b,c) <D/ (a,b)+ Db, c).

In other words, D;lpp (a,b) + Df PP (b, ¢) is an upper bound
for d(a, c¢). Therefore, it must hold that

D™ (a, ¢) < min {dmax, D;"" (@, b) + D/ (b, 0)}. (1)

Reverse triangle inequality The reverse triangle inequal-
ity states that |d(a,b) —d(b,c)| <d(a,c) for all

a,b,ce{l,..., M}. Now note that
d(a, b) — d(b, )| = DI®(a,b) — D" (b, c),
ld(a, b) —d(b, )| = Db, c) — D™ (a, b).

Therefore, this gives a lower bound for (a, c). Thus,

D4, ¢) > max { 0, DI (a, b) — D™ (b, ¢), D' (b, ¢) — D(a, b)} .

(@)

Update rules In round 7, we first set D% := Dlow,

t+1
D, :=D;*P. After the new distance d(i, j) is given
by the expert, the upper and lower bound collapse to
d(i, j), as it is assumed that the expert makes no mistakes.

Thus,

DG, j) = dG, j) =D, j), (U1

D i) = d(i, j) = D (j.i).

This newly acquired information can have an effect on
other bounds as well. For all k € {1, ..., M} (1) now gives
the following update rules:

f_ﬁﬁ(x k) = min {dmax, t+1(l ])+D;T;(j, L},

:‘i‘i (k. i) := D2, k),
DNk, j) = D (. k).

Note that this can lead to multiple updates, as Dt +1(1 k)
is updated in the first line and used in the second, whereas

?_[ﬁ (J, k) is used in the first and updated in the second.
For each bound that is now tighter than before, the same
procedure should be repeated. Note that the order of the
updates does not influence the end result as long as the effect
of every tighter bound is evaluated.

Thereafter, lower bounds can be updated using (2). For
all k € {1,..., M}, the updates are as follows:

D1k = max{0, DY (., ) — DI (. k) DY G k) = DI G )
DG k) = max{0, DY G, j) — DY G k). D k) = DI G ).
DIk, i) = DS, k), (U3)
DY (k. j) = DI (. k).

Again, this can lead to multiple updates, similar to the upper
bound updates. However, it is important to note that a new
upper bound can lead to a new lower bound, but not vice
versa. When an upper bound changes (e.g., Dfﬁ (x, ),
Update rules (U2) and (U3) should be evaluated (replacing
(i, j) with (x, ¥)). Whenever a lower bound changes (e.g.,
D}‘jﬁ (x,¥)), only Update rules (U3) needs to be checked.
The entire update procedure is summarized in Algorithm
2, that should be applied each time a new distance label is

obtained from the expert.

5 Strategies

In this section, we discuss the selection strategies that
will be evaluated. As the APDL problem is new, we will
investigate relatively straightforward strategies based on
naturally arising criteria to determine the baseline strategies
for future research. Without previous literature, there is yet
no evidence which strategies should perform well. However,
we can argue e.g., that selecting indices, where the upper
and lower bound are already close, is not a good idea.
Thus, sometimes we investigate a strategy that maximizes
a criterion, without looking into a strategy that minimizes
the same criterion, or vice versa. On top of the general
definition of a strategy (see Definition 2), it is necessary to
introduce some concepts and definitions that are used by
certain selection strategies.
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Input: Distance d(x, y), indices (x, y), round ¢
Output: Updated bounds D", DIow

1+1° “rt1
Initialization:
. THUPP upp 1 1
1. D} <D, ,Dt‘jr“i <~ D™
20 DN (x, y) < d(x,y), DN (v, x) < d(x,y)
30 D (x,y) < d(x,y), DY (v, x) < d(x,y)
4: Uupdate < {(x, M)}, Lypdate < {(x, »)}

Update upper bounds:
5: while Uypdae # 9 do
6: Take (i, j) € Uupdate
7: for k < 1to M do
8 Update D™ with Update rules (U2)
9

1+1
: end for
10: for every tighter bound do
11: Add corresponding indices to Uypdae and

Lupdate > Every tighter upper bound could lead to other
new upper or lower bounds

12: end for

13: end while

14: Remove duplicates from Luypdate

Update lower bounds:

15: while Lypdae # 9 do

16: Take (i, j) € Lupdate

17: for k < 1to M do

18: Update D;j_wl with Update rules (U3)

19: end for

20: for every tighter bound do

21: Add corresponding indices t0 Lypdate >
Every tighter lower bound could lead to other new lower
bounds

22: end for

23: end while

Algorithm 2 Update upper and lower bounds.

A selection strategy o consists of functions o; for
t € {l,..., T} (see Definition 2). For all strategies that will
be used, it holds that the same selection criterion is used for
each o;. In other words, the strategy does not change for
different rounds.

It is possible that multiple samples satisfy some selection
criterion (for example, the least chosen strategy). If more
than one sample is optimal for the selection criterion,
a selection between these samples is made uniformly at
random. The following notation is used for this.

Definition 3 (Drawn uniformly from set) Let /(A) denote
the uniform distribution over a finite non-empty set A. Thus,
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when X ~ U{(A) it must hold that P(X = a) = |IIT| for each
a € A.

Degree

It is also useful to track how often each index is chosen.
Note that the problem can be visualized by a graph. Each
sample is a vertex, and an edge is drawn between a pair of
vertices, whenever the expert labels the distance between
these pairs. How often each index is chosen is identical to
the degree (from graph theory) of the corresponding vertex.
Let deg, (k) denote the degree of sample k in round ¢. This
can be determined by

deg,(k) ={sr =G, j)ri=kV j=klr=1,. -1l
Predicted distance

Let D?red (i, j) be the predicted distance between samples i
and j in round 7. We will later show (in Definition 4 below)
how the distance is actually predicted. Strategies can use
these predictions in a selection criterion.

Different kinds of strategies

Next, we divide the selection strategies into two groups,
namely simultaneous and sequential strategies. Behind a
simultaneous strategy, there is a singular selection criterion
that determines which pair of indices is selected in round ¢
out of all possible remaining pairs in

L= {G. j) e (L.... MY : (Heo1) ¢ {G. ). (. D))
forallt e {1,...,1 — 1}}.

For a sequential strategy, the indices are chosen one after
the other by two (possibly different) selection criteria. To
this end, if o;(H:;—1) = (i, Jj), let oy(Hs—1)1 := i and
let o:(Hs—1)2 := j denote the first and second index
respectively. oy (H;—1)1 is chosen from the remaining first
indices, thus from

7= : 3G, ) e T}

Whenever the first index is chosen, the remaining second
indices reduce, as it is limited by the first chosen index
07(H;—1)1. The second index is chosen from

(01 (He—))"™ := {j 1 Ior (He—11, j) € T}
5.1 Simultaneous strategies

First, we will discuss the simultaneous strategies, where
both indices are chosen at the same time.
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5.1.1 Random pair

Select a pair uniformly at random out of the remaining pairs.
Criterion 1 (Random pair)

or(Hi—1) ~ULy). 3)
5.1.2 Max bound gap

Select a pair uniformly at random out of the remaining pairs
with the largest difference between the upper and lower

bound of the predicted distance.

Criterion 2 (Max bound gap)

or(He1) ~ U <argmax {D}’ppt(z’, ) = DV, j)}) .
i.))eT;

“)
5.1.3 Max combined total bound gap
First, determine for each sample the bound gap with all other
samples and sum these into a combined bound gap. Then,
select a pair uniformly at random out of the remaining pairs

with the largest sum of combined bound gaps.

Criterion 3 (Max combined total bound gap)

M
o1 (Hy—1) ~ u(arg max{ > (D?“"’(i, k) — DIV (i, k)
(i, ))eL; k=1

+ D" (k) = D (). K) }) 5)
5.1.4 Max/min total degree
First, determine for each sample the degree, see Section 5.
Then, select a pair uniformly at random out of all
remaining pairs where the sum of the individual degrees is

maximized/minimized.

Criterion 4 (Max total degree)
or(Hy—1) ~U <argmax{degt(i) +deg,(j)})- ©)
(i, ))eZ

Criterion 5 (Min total degree)

o (He—1) ~ U (argmin{degm +deg,(j>}). (7)
(i.))eL;

5.2 Sequential strategies

Next, we will discuss the sequential strategies, where the
second index is chosen after the first.

5.2.1 Random index

Draw uniformly at random an index out of the unique set of
possible remaining indices.

Criterion 6 (Random index)

o (Ha-on ~ U (T1}7). ®)

01 (Ho-02 ~ U ((Tilor (M- )"™ ). ©)

Note that choosing the first and second index using random
index is not equivalent to using the random pair strategy, as
random index uses the unique indices, where random pair
does not.

5.2.2 Linked

This strategy can only be applied for the first index. Use
the second index of the previous round as the first index
of this round, unless there are no remaining pairs with this
index. In this case and in the first round, choose the first
index uniformly at random from the unique first indices,
equivalent to the random index strategy, see (8).

Criterion 7 (Linked)

U (01-1(Hi—2)2) ift > 1and 01— (H—2)2 € TN,
_ ~ . ’ 10
O (Ht 1)1 ! U (Iumq.) else. ( )

1,1
5.2.3 Max/min degree

Choose uniformly at random an index with maximum
degree (see Section 5) out of the unique set of possible
remaining indices.

Criterion 8 (Max degree)

o;(Hi—1)1 ~ U | argmax {deg, ()} | . (11)

. _~runiq.
i€},

arg max
je@ilor (Hr—1)1)wnid:

or(Mi—1)2 ~U < {deg;(j)}) - (12
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Criterion 9 (Min degree)

or(Hi—ih ~U argmin{deg,(z’)} , (13)

. _~uniq.
i€y,

arg min
je@ilor(Hi—1)1 )“ni‘L

or(Hi—1)2 ~U ( {degz(j)}) - (14

5.2.4 Max total bound gap

First, determine for each sample the bound gap with all
other samples and sum these into a combined bound gap.
Then, choose uniformly at random an index with maximum
combined bound gap.

Criterion 10 (Max total bound gap)

M
oMy ~ U (arg max! (D,“"Pa‘, k) — DV, k)) }) , (15)
k

. _uniq. —
i€y, =1

or(Hi—1)2 ~ U(

M
arg max {Z (D™ 0 = D™ (k) }) :

Je@ilor(He—pp)ia | =)
(16)

5.2.5 Max previous expected distance

In the first round, this strategy simplifies to the random
index strategy (Section 5.2.1). Thereafter, choose uniformly
at random an index out of the unique set of the possible
remaining indices, such that the predicted distance to the
indices of the previous round is maximized.

Criterion 11 (Max previous expected distance)

u (arg maxiezt{
D}?red(gt_l(%_z)m) ift>1,
7 + Dfred(af—l(ﬂt—ﬁml)})
uey e,
a7
u (arg MAX e (7, |, (Hy—1)1) W01 {
DPred(Utﬂ(th)hJ) it >1,
B R
U(@ oo ™ie) e
(18)
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5.2.6 Max/min/median expected distance

This strategy can only be applied for the second index.
Select uniformly at random an index out of the unique
set of remaining possible indices that belong to the
maximum/minimum/median of the predicted distance (see
Section 6.4) to the first index.

Criterion 12 (Max expected distance)

arg max

o(Hi—1)2 ~U ( )
Jj€Zilor (H,—1)1) 09

{Df"e“(ot(%l)u,j>}>. (19)

Criterion 13 (Min expected distance)

arg min

o(Hi—1)2~U ( )
Jj€Zilor (H,—1)1) 9

{Df"ed(ot(%l)u,n}). (20)

Criterion 14 (Median expected distance)

0;(7-[;_1)2~Z/I< arg median {Dfred(o,(?-l,_l)],j)}>. 1)

J€@ilor (Hy—1)1)1mic:

6 Experimental setup
6.1 Strategies

The goal of the experiments is to find which strategies
perform well for which dataset. In Section 5, all used criteria
are explained and defined. With simultaneous strategies,
an index pair (i, j) is chosen at once. With sequential
strategies, a separate decision is made for the first and
second index sequentially. For example, one strategy uses
Criterion 8 (max degree) to select the first index, and
Criterion 9 (min degree) for the second index. In total,
this leads to 5 (simultaneous) + 6 - 8 (sequential) = 53
different strategies (see Table 1). Furthermore, all strategies
are stochastic. Therefore, each strategy is repeated ten times
for each dataset. Thereafter, results are averaged to reduce
stochastic outliers. It is desirable that a strategy performs
generally well, not only coincidentally.

6.2 Data

To evaluate the performance of different strategies, fourteen
two-dimensional datasets are used. To reduce computational
time, the maximum allowed size of a dataset is 1,000
samples. Whenever a dataset is larger, a subset of 1,000
samples is drawn uniformly at random. The coordinates are
scaled (min-max) for each dataset to be within [0, 1]2. The
following datasets are used, where the number of samples
is denoted in round brackets: S7 (1,000), S2 (1,000), S3
(1,000), $4 (1,000) [25], Unbalance (1,000) [26], Birch2-1
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Table 1 Average performance: for each dataset and repetition, the
prediction error of a strategy is averaged in rounds i - My g7 withi €

is noted in brackets. Coloring of each column is done linearly between
the worst and baseline (random pair) score and linearly between the

{1, ..., 10}. The ranking (by column) of each average prediction error baseline (random pair) and the best score

Strategy 1 Mysp 2 Mysy 3 Mysy 4 Mysp 5 Mygp 6 Mysy 7 Mysp 8 Mypgp 9 Mysp 10 Mysgp
max degree/max degree 0.040 (02) 0.024 (07) 0.017 (10) 0.012 (10) 0.009 (09) 0.006 (09) 0.005 (12) 0.004 (12) 0.003 (18) 0.003 (13)
max degree/min degree 0.041 (09) 0.024 (09) 0.016 (07) 0.011 (07) 0.008 (06) 0.006 (06) 0.005 (08) 0.004 (18) 0.003 (15) 0.003 (17)
max degree/max exp. dist. 0.040 (03) 0.022 (04) 0.013 (04) 0.009 (04) 0.007 (04) 0.005 (04) 0.004 (05) 0.003 (1) 0.002 (1) 0.002 (11)
max degree/max prev. exp. dist. 0.041 (07) 0.022 (05) 0.014 (06) 0.010 (05) 0.007 (05) 0.006 (05) 0.005 (09) 0.004 (13) 0.003 (14) 0.003 (15)
max degree/max total bound gap 0.041 (08) 0.022 (08) 0.013 (02) 0.008 (02) 0.005 (02) 0.004 (03) 0.003 (03) 0.002 (10) 0.002 (09) 0.001 (09)
max degree/median exp. dist. 0.042 (11) 0.023 (06) 0.014 (05) 0.010 (06) 0.008 (07) 0.006 (07) 0.005 (11) 0.004 (16) 0.003 (17) 0.003 (16)
max degree/min exp. dist. 0.039 (01) 0.032 (18) 0.024 (13) 0.020 (13) 0.017 (14) 0015 (21) 0.012 (21) 0.010 (21) 0.009 (22) 0.008 (23)
max degree/random index 0.042 (10) 0.025 (12) 0.017 (09) 0.012 (09) 0.009 (11) 0.007 (12) 0.005 (17) 0.005 (19) 0.004 (18) 0.003 (19)
linked/max degree 0.056 (14) 0.024 (08) 0.021 (12) 0.011 (08) 0.010 (12) 0.006 (08) 0.006 (18) 0.004 (17) 0.004 (19) 0.003 (18)
linked/min degree 0.067 (44) 0.054 (29) 0.045 (30) 0.035 (30) 0.026 (31) 0.019 (30) 0.015 (29) 0.012 (29) 0.010 (28) 0.008 (29)
Tinked /max exp. dist. 0.063 (16) 0.053 (16) 0.043 (17) 0.031 (16) 0.020 (16) 0012 (15) 0.004 (06) 0.001 (03) 0.000 (02) 0.000 (03)
Jinked /max prev. exp. dist. 0.063 (21) 0.053 (19) 0.044 (24) 0.033 (25) 0.022 (20) 0.013 (18) 0.005 (24) 0.002 (06) 0.001 (06) 0.000 (06)
linked /mex total bound gap 0,067 (£2) 0.056 (36) 0.050 (42) 0.041 (39) 0.032 (39) 0.024 (35) 0.018 (33) 0.014 (33) 0.011 (31) 0.009 (31)
linked /median oxp. dist. 0.063 (18) 0.058 (48) 0.050 (39) 0.042 (44) 0.036 (48) 0.033 (48) 0.030 (48) 0.020 (48) 0.028 (48) 0.027 (48)
linked /min exp. dist. 0.066 (29) 0.065 (49) 0.063 (49) 0.061 (49) 0.060 (49) 0.059 (49) 0.058 (49) 0.057 (49) 0.057 (49) 0.056 (49)
linked,/random index 0.062 (15) 0.053 (18) 0.042 (16) 0.033 (20) 0.025 (26) 0019 (24) 0.015 (27) 0.012 (30) 0.010 (30) 0.008 (30)
min degree/max degree 0.040 (04) 0.025 (11) 0.018 (11) 0.012 (12) 0.009 (10) 0.007 (11) 0.005 (15) 0.004 (15) 0.003 (12) 0.003 (12)
min degree/min degree 0.067 (43) 0.054 (27) 0.045 (29) 0.034 (29) 0.026 (29) 0019 (29) 0.015 (26) 0.012 (27) 0.010 (29) 0.008 (27)
min degree/max exp. dist. 0.066 (35) 0.055 (38) 0.044 (23) 0.031 (17) 0.021 (17) 0.011 (14) 0.004 (07) 0.001 (05) 0.001 (07) 0.000 (07)
min degree/max prev. exp. dist. 0.066 (33) 0.056 (40) 0.048 (35) 0.038 (35) 0.030 (34) 0.024 (36) 0.019 (40) 0.016 (42) 0.013 (43) 0.011 (43)
min degree/max total bound gap 0.067 (47) 0.057 (42) 0.050 (43) 0.042 (43) 0.033 (42) 0.026 (45) 0.020 (43) 0.016 (42) 0.013 (41) 0.010 (39)
min degree/median exp. dist. 0.066 (32) 0.054 (22) 0.044 (21) 0.033 (23) 0.025 (28) 0.019 (26) 0.016 (30) 0.013 (31) 0.012 (38) 0.010 (41)
min degree/min exp. dist. 0.067 (53) 0.067 (58) 0.066 (53) 0.066 (53) 0.066 (58) 0.065 (53) 0.065 (53) 0.065 (53) 0.064 (53) 0.064 (53)
min degree/random index 0.066 (30) 0.054 (24) 0.045 (27) 0.034 (28) 0.026 (30) 0.020 (81) 0.015(28) 0.012 (28) 0.010 (25) 0.008 (25)
max prev. exp. dist./max degree 0.041 (05) 0.022 (02) 0.013 (03) 0.008 (03) 0.005 (03) 0.004 (02) 0.003 (02) 0.002 (09) 0.002 (10) 0.002 (10)
max prev. exp. dist./min degree 0.066 (34) 0.056 (41) 0.048 (84) 0.038 (36) 0.031 (35) 0.024 (38) 0.020 (41) 0.016 (44) 0.013 (44) 0.011 (44)
max prev. exp. dist./max exp. dist. 0.064 (27) 0.054 (25) 0.045 (25) 0.033 (24) 0.022 (19) 0.013 (19) 0.005 (13) 0.001 (04) 0.000 (03) 0.000 (02)
max prev. exp. dist./max prev. exp. dist. | 0.064 (28) 0.056 (34) 0.048 (36) 0.039 (87) 0.031 (36) 0.023 (32) 0.016 (32) 0.010 (22) 0.007 (21) 0.005 (20)
max prev. exp. dist./max total bound gap [0.067 (39) 0.058 (46) 0.052 (48) 0.043 (47) 0.035 (46) 0.027 (46) 0.021 (46) 0.016 (45) 0.013 (45) 0.011 (45)
max prev. exp. dist./median exp. dist. 0.064 (26) 0.055 (31) 0.047 (81) 0.038 (34) 0.031 (37) 0.025 (43) 0.022 (47) 0.019 (47) 0.017 (47) 0.015 (47)
max prev. exp. dist./min exp. dist. 0.067 (51) 0.067 (52) 0.066 (52) 0.066 (52) 0.065 (52) 0.065 (52) 0.064 (51) 0.064 (51) 0.064 (51) 0.063 (51)
max prev. exp. dist./random index 0.064 (23) 0.055 (30) 0.047 (83) 0.038 (33) 0.030 (38) 0.023 (84) 0.018 (35) 0.014 (36) 0.011 (34) 0.009 (34)
max total bound gap/max degree 0.041 (06) 0.017 (01) 0.008 (01) 0.005 (01) 0.004 (01) 0.003 (01) 0.002 (01) 0.002 (08) 0.002 (08) 0.001 (08)
max total bound gap/min degree 0.067 (46) 0.057 (48) 0.050 (44) 0.042 (42) 0.033 (48) 0.025 (44) 0.020 (42) 0.016 (40) 0.013 (40) 0.010 (38)
max total bound gap/max exp. dist. 0.067 (38) 0.056 (35) 0.049 (87) 0.037 (31) 0.024 (21) 0.014 (20) 0.006 (19) 0.002 (07) 0.001 (05) 0.000 (05)
max total bound gap/max prev. exp. dist. [ 0.067 (41) 0.058 (45) 0.052 (47) 0.043 (48) 0.035 (47) 0.027 (47) 0.020 (45) 0.016 (43) 0.013 (42) 0.010 (40)
max total bound gap/max total bound gap | 0.067 (49) 0.057 (44) 0.051 (45) 0.043 (45) 0.033 (44) 0.025 (41) 0.019 (88) 0.015 (38) 0.011 (36) 0.009 (36)
max total bound gap/median exp. dist. 0.067 (36) 0.056 (37) 0.050 (38) 0.041 (38) 0.032 (40) 0.025 (40) 0.020 (44) 0.017 (46) 0.015 (46) 0.014 (46)
max total bound gap/min exp. dist. 0.067 (48) 0.066 (50) 0.066 (50) 0.066 (50) 0.065 (50) 0.065 (50) 0.064 (50) 0.064 (50) 0.063 (50) 0.063 (50)
max total bound gap/random index 0.067 (40) 0.056 (38) 0.050 (41) 0.041 (40) 0.032 (38) 0.024 (37) 0.018 (36) 0.014 (35) 0.011 (32) 0.009 (32)
random index/max degree 0.055 (13) 0.041 (14) 0.020 (14) 0.021 (14) 0.016 (13) 0.012 (16) 0.009 (20) 0.007 (20) 0.006 (20) 0.005 (21)
random index/min degree 0.066 (32) 0.054 (23) 0.045 (26) 0.034 (26) 0.025 (27) 0.019 (25) 0.015(24) 0.012 (23) 0.009 (23) 0.008 (22)
random index/max exp. dist. 0.064 (22) 0.053 (20) 0.042 (15) 0.030 (15) 0.019 (15) 0.010 (13) 0.003 (04) 0.001 (01) 0.000 (04) 0.000 (04)
random index/max prev. exp. dist. 0.064 (24) 0.055 (32) 0.047 (82) 0.037 (32) 0.029 (32) 0.023 (83) 0.018 (34) 0.014 (34) 0.011 (33) 0.009 (33)
random index/max total bound gap 0.067 (37) 0.056 (39) 0.050 (40) 0.041 (41) 0.032 (41) 0.024 (39) 0.019 (37) 0.014 (37) 0.011 (35) 0.009 (35)
random index/median exp. dist. 0.063 (19) 0.053 (21) 0.043 (19) 0.032 (18) 0.025 (22) 0.019 (27) 0.016 (31) 0.013 (32) 0.012 (39) 0.010 (42)
random index/min exp. dist. 0.067 (52) 0.067 (51) 0.066 (51) 0.066 (51) 0.065 (51) 0.065 (51) 0.064 (52) 0.064 (52) 0.064 (52) 0.063 (52)
random index/random index 0.063 (20) 0.053 (15) 0.043 (18) 0.033 (21) 0.025 (24) 0.019 (23) 0.015 (23) 0.012 (24) 0.010 (27) 0.008 (28)
max bound gap 0.064 (25) 0.054 (26) 0.044 (22) 0.032 (19) 0.021 (18) 0012 (17) 0.005 (10) 0.001 (02) 0.000 (01) 0.000 (01)
max total degree 0.043 (12) 0.025 (10) 0.016 (08) 0.012 (1) 0.009 (08) 0.006 (10) 0.005 (16) 0.004 (14) 0.003 (16) 0.003 (14)
min total degree 0.067 (45) 0.054 (28) 0.045 (28) 0.034 (27) 0.026 (28) 0.019 (28) 0.015 (25) 0.012 (26) 0.010 (26) 0.008 (24)
max combined total bound gap 0.067 (50) 0.058 (47) 0.051 (46) 0.043 (46) 0.034 (45) 0.025 (42) 0.019 (39) 0.015 (89) 0.011 (37) 0.009 (37)
random pair 0.063 (17) 0.053 (17) 0.043 (20) 0.033 (22) 0.025 (25) 0.019 (22) 0.015 (22) 0.012 (25) 0.010 (24) 0.008 (26)

Coloring by column:

Worst strategy

Random pair Best strategy

(1,000) [27], Aggregation (788) [28], Compound (399) [29],
Pathbased (300), Spiral (312) [30], D31 (1,000), R15 (600)
[31], Jain (373) [32], Flame (240) [33]. All these datasets

are used as clustering benchmarks [34]. A visualizathon of

these datasets can be seen in Fig. 1. The Euclidean distance

is used as underlying distance metric for each dataset.
Observe that these datasets are all two-dimensional. In

other words, they have two features. Note that this is not
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(a) S1 (b) S2 (c) S3

(d) S4 (e) Aggregation (f) Compound

(g) Pathbased (h) Spiral (1) D31
: :‘:ﬁ
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e
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() RI15 (k) Jain () Flame
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(m) Birch2-1 (n) Unbalance
Fig. 1 Visualization datasets: Each two-dimensional dataset that is used to test different strategies.
a shortcoming for this experiment, as it is assumed that  distances remain the same, these datasets could have any

features are not relevant for the APDL techniques (see  dimension. Two-dimensional datasets were chosen, because
Section 2.2 above). As long as the calculated pairwise  they can be visualized easily.

@ Springer



Active pairwise distance learning for efficient labeling...

6.3 Number of rounds

The number of samples M is dependent on the dataset.
Especially for increasingly large datasets, it is undesirable to

. . . M
keep on labeling until all 1abels are given. Namely, ( , )=

M - (M — 1)/2 pairwise combinations can be made in total.
If e.g., ten percent of the combinations should be labeled,
the total number of rounds 7 grows exponentially in the
number of samples. This gives much more opportunities to
determine good upper and lower bound approximations for
a large dataset compared to a small dataset. Therefore, we
decide to choose the total number of rounds for a dataset in
a linear-growing fashion. A minimum spanning tree (MST)
in graph theory is a subset of edges in an undirected graph,
such that all vertices are connected without any cycles. In
total, M —1 edges are necessary to make an MST for a graph
with M vertices. For each M — 1 labels given by the expert,
a minimum spanning tree could have been formed. Now, let
Mpyrst = M —1 and define the total number of rounds 7 as
10 - Mpss7. This reflects a scenario where it is not possible
to determine many labels, which will often be the case
in practice.

6.4 Performance evaluation of strategies

In order to compare the different strategies, it is important to
discuss how the performance of the strategies is evaluated.
Each strategy is applied ten times on each dataset. Each
round a prediction is made by averaging the upper and

lower bound.

Definition 4 (Predicted distance matrix) Let D?red be the
predicted distance matrix in round ¢, such that

DI, j) = (DI, )+ DG, ) /2.

Note that if (i, j) was labeled by the expert, it holds that

DI, j) = (DG )+ DI™G. ) /2= @G ) +dG. ) /2
dd, j).

Definition 5 (True distance matrix) Let D™ be the true
distance matrix.

The prediction error between the predicted distance
matrix Dfred and the true distance matrix D™ can now
be calculated. To compare these two matrices, the mean
squared error is used. This leads to the following definition.

Definition 6 (Prediction error) The error ¢; in round ¢ is
determined as

S

1
“=

i

M 2
> (P = D™ )
1j=1

After collecting all prediction error results, three
approaches are undertaken to compare the performance of
each strategy: (I) average performance, (II) Borda count;
(IIT) area under the curve (AUC). Each approach will now
be explained.

6.4.1 Average performance

To average the prediction error results over different
datasets, the error is determined at predefined rounds,
specific for each dataset. As discussed in Section 6.3, the
total number of rounds is dependent on the size of the
dataset. Thus, in round i - My 57 withi € {1, ..., 10}, the
prediction error is determined. Averaging the results for a
fixed i produces the final score. Summarizing, all prediction
errors of a single strategy at predefined rounds are averaged
for all ten repetitions and all fourteen datasets.

6.4.2 Borda count

A drawback of the previous approach is that certain datasets
might be harder to predict correctly, making these datasets
influence the average performance heavily, as the prediction
error is relatively large, and all datasets are weighted
equally. Thus, Borda count [35] (a voting method) is used
to rank the prediction error of each strategy in the following
way. First, order all strategies based on the prediction error
for each dataset and repetition. The strategy with the highest
prediction error gets 1 point. The second worst gets 2 points.
The third highest gets 3 points and so on. This is done for
each dataset and repetition in the predefined rounds {i -
Mpuyst}i=1....10- The final Borda count results are obtained
by averaging over all datasets and repetitions for a fixed
round. A higher score indicates better performance, and
the maximum possible score is equal to the total number
of strategies.

6.4.3 Area under the curve

Instead of comparing the results at specified iterations, it
is also possible to evaluate the performance of a strategy
by measuring the so-called area under the curve (AUC) for
each iteration using the trapezoidal rule. For each strategy,
dataset and repetition, the area under the prediction error
is measured up to and including the maximum number of
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Fig. 2 Example AUC: Each round the prediction error is measured.
The AUC of the prediction error is then determined by using the
trapezoidal rule (22), which adds the area of the golden rectangles.
Note that this is exactly equal to the blue area under the prediction
error curve

rounds (10- Myss7). As the rounds are equally spaced, AUC
reduces to

10-Mys7—1
Z € + %. (22)
=2

Note that the AUC is not necessarily bounded by [0,1].
By averaging over the repetitions, an average AUC score
can be derived for each strategy and dataset. A lower score
indicates better performance, as the prediction error must
be minimized and the sooner this is achieved the better. A
fictitious example of how the AUC is measured can be seen
in Fig. 2.

7 Results

Following the experimental setup from Section 6, all
53 strategies outlined in Section 5 are evaluated on
fourteen different datasets (see Section 6.2). The results are
summarized into three tables: Section 1 gives the average
prediction error results (Section 6.4.1); Table 2 shows the
average Borda count score for each strategy (Section 6.4.2);
Table 3 displays the area under the curve results for
each strategy and dataset (Section 6.4.3). These tables all
provide a different angle on the performance of the selection
strategies.

Next, we will discuss the most important observations
backed by evidence from Tables 1, 2 and 3.

Observation 1 There are better strategies than simply
choosing a random pair.

Evidence: The best rank random pair achieves is 13™ in
Table 3 on the dataset Unbalance. Often it ranks around the
mid-twenties in Tables 1, 2 and 3. This means that there are
(many) strategies that perform better than random pair.

Observation 2 Max total bound gap / max degree is the
best strategy for earlier rounds.

@ Springer

Evidence: The ranked scores of strategy max fotal bound
gap / max degree are highlighted in Table 4. For rounds
2 - Myst up to 7 - Myst, the strategy ranks the best
out of all evaluated strategies. When one has really limited
labeling capabilities, this strategy performs very well across
all datasets. It always has the best AUC score out of all
tested strategies, except for the dataset Unbalance (see
Table 3).

Observation 3 Max degree is generally a good criterion,
especially in the earlier rounds.

Evidence: In Tables 1, 2 and 3 a lot of green cells belong
to a strategy with max degree. This means that it performs
close to or equal to the best performance. Thus, it is a good
strategy to choose at least one of the indices based on max
degree. Especially in the earlier rounds. In round 3 - M 57,
strategies with max degree rank in Table 1: (10%, 071, 04,
06™, 02", 05, 13™, 09, 12, 11, 03, 01, 14'™M). Thus,
the entire top 14 is filled by strategies with max degree
except for the eight place, which is obtained by max fotal
degree. This criterion is thus highly effective in the earlier
rounds.

Observation 4 Min exp. distance and median exp. distance
are bad criteria.

Evidence: Both min exp. distance and median exp. distance
perform terrible. After 10 - Myss7, strategies with min exp.
distance and with median exp. distance are ranked (23“1,
49t 5315t 50t 5ondy and (16, 48™, 41%, 47t
46", 427 respectively in Table 1. Only combining with
max degree can save the performance. Min exp. distance
is for all other combinations colored red in Tables 1, 2
and 3, which means that it is (or close to) the worst
performance.

Observation 5 Although the prediction is directly depen-
dent on the bound gap, max bound gap is only a good
strategy after > 7 - M st rounds.

Evidence: The ranked scores of strategy max bound gap are
highlighted in Table 5. In the early rounds (up to 4 - Myss7),
this strategy performs even worse than random pair.
After that, it quickly becomes one of the best performing
strategies, even ranking first in the later rounds. Due to the
slow start, the AUC scores are remarkably mediocre, see
Table 3.

Observation 6 Max exp. distance is a late bloomer.

Evidence: Whilst min exp. distance and median exp.
distance perform bad, max exp. distance gets increasingly
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Table 2 Borda count: for each dataset and repetition, Borda count each Borda count score is noted in brackets. Coloring of each column

is used to rank the prediction error of the strategies and averaged in is done linearly between the worst and baseline (random pair) score
rounds i - My s with i € {1,..., 10}. The ranking (by column) of and linearly between the baseline (random pair) and the best score

Strategy 1 Mysp 2 Mysy 3 Mysy 4 Mysp 5 Mygp 6 Mysp 7 Mysp 8 Mypgp 9 Mysp 10 Myygp
max degree/max degree 4346 (02) 46.62 (06) 46.31 (07) 45.19 (08) 43.91 (08) 42.75 (09) 40.91 (14) 38.84 (14) 3837 (14) 38.11 (14)
max degree/min degree 40.66 (13) 46.34 (07) 46.10 (10) 45.59 (06) 45.17 (05) 43.00 (06) 40.57 (15) 38.19 (18) 37.83 (15) 37.11 (19)
max degree/max exp. dist. 4351 (01) 47.64 (02) 4822 (02) 47.34 (04) 46.90 (04) 4537 (04) 43.78 (09) 4174 (11) 41.36 (11) 41.06 (11)
max degree/max prev. exp. dist. 40.16 (14) 46.31 (08) 47.04 (05) 45.94 (05) 44.96 (06) 42.97 (07) 41.30 (12) 39.01 (12) 38.79 (12) 38.28 (15%)
max degree/max total bound gap 42.29 (11) 47.13 (04) 47.68 (04) 47.52 (03) 48.19 (03) 47.06 (03) 45.74 (06) 43.69 (10) 43.11 (09) 43.26 (09)
max degree/median exp. dist. 42.34 (09) 46.69 (05) 46.94 (06) 45.37 (07) 43.93 (07) 42.90 (08) 40.94 (13) 38.58 (16) 37.78 (16) 37.99 (15)
max degree/min exp. dist. 43.24 (03) 4134 (18) 40.09 (13) 3711 (15) 34.78 (19) 3L.71(21) 2017 (21) 27.84 (21) 27.58 (22) 26.54 (26)
max degree/random index 42.99 (07) 45.83 (12) 46.21 (08) 44.57 (11) 43.78 (09) 41.44 (14) 39.87 (18) 37.56 (19) 37.66 (18) 37.47 (18)
linked/max degree 4258 (08) 46.14 (09) 43.04 (12) 44.79 (10) 4171 (12) 4257 (10) 39.32 (19) 38.39 (17) 37.01(19) 37.48 (17)
linked /min degree 13.80 (45) 2079 (34) 24.35 (34) 27.42 (31) 27.72(31) 27.12(29) 26.93 (28) 27.07 (25) 26.97 (26) 26.51 (27)
linked/max exp. dist. 38.21 (16) 35.71 (16) 34.23 (16) 35.76 (16) 3823 (14) 4217 (11) 47.11(03) 50.71 (02) 51.16 (03) 51.29 (03)
linked /max prev. exp. dist. 37.60 (18) 34.00 (18) 29.05 (23) 30.17 (24) 34.40 (20) 39.13 (18) 43.35 (10) 46.46 (06) 47.74 (06) 47.81 (06)
linked/max total bound gap 14.34 (41) 1241 (44) 11.38 (44) 12.71 (42) 15.25(39) 17.66 (35) 19.81 (33) 21.41 (31) 22.93 (81) 24.12 (31)
linked/median exp. dist. 37.86 (17) 34.88 (17) 3381 (19) 2828 (27) 22.55(32) 17.00 (38) 11.54 (47) O7.04 (48) 06.32 (48) 06.14 (48)
linked /min exp. dist. 18.53 (25) 1121 (47) 07.60 (49) 0549 (49) 0435 (49) 03.73 (49) 03.59 (50) 0349 (50) 03.39 (50) 03.38 (51)
linked,/random index 38.90 (15) 36.02 (15) 35.28 (15) 3200 (20) 29.36 (26) 27.19 (28) 26.11 (29) 26.05 (29) 25.69 (30) 25.42 (30)
min degree/max degree 43.01 (06) 45.94 (11) 45.27 (11) 44.14 (12) 43.70 (11) 41.82 (13) 40.36 (17) 38.96 (13) 38.56 (13) 38.40 (12)
min degree/min degree 14.14 (42) 2127 (83) 24.84 (31) 27.71 (29) 27.88 (29) 27.81 (26) 27.34 (24) 27.03 (26) 26.72 (27) 26.82 (25)
min degree/max exp. dist. 21.81 (29) 23.04 (31) 27.22 (26) 33.44 (17) 36.76 (15) 39.98 (17) 44.06 (08) 46.84 (05) 46.91 (07) 46.43 (07)
min degree/max prev. exp. dist. 20.96 (34) 20.28 (87) 20.19 (37) 19.99 (36) 18.81 (35) 17.20 (37) 16.35 (39) 16.24 (41) 16.46 (41) 16.61 (39)
min degree/max total bound gap 13.29 (47) 12.62 (43) 1229 (48) 12.34 (44) 1250 (43) 12.94 (45) 13.34 (42) 14.14 (48) 14.99 (48) 15.60 (41)
min degree/median exp. dist. 21.01 (33) 23.68 (29) 28.20 (24) 31.29 (22) 29.77 (24) 26.88 (30) 23.87 (30) 20.34 (82) 17.09 (39) 14.72 (42)
min degree/min exp. dist. 05.30 (53) 01.86 (53) 0161 (53) OL51(53) 01.49 (53) 0140 (53) 0143 (53) OL44 (53) 0145 (53) 0147 (53)
min degree/random index 21.49 (30) 23.05 (80) 25.66 (29) 27.71(29) 27.74 (80) 27.25(27) 27.19 (26) 27.28 (24) 27.21 (25) 26.90 (23)
max prev. exp. dist./max degree 43.21 (04) 47.47 (03) 47.84 (03) 48.09 (02) 48.55 (02) 47.83 (02) 46.40 (04) 43.76 (09) 42.84 (10) 42.66 (10)
max prev. exp. dist./min degree 21.46 (31) 20.29 (36) 20.30 (85) 19.91 (37) 18.75 (87) 17.57 (86) 17.04 (38) 17.01 (40) 17.38 (38) 17.51 (38)
max prev. exp. dist./max exp. dist. 3154 (24) 29.64 (24) 27.73(25) 20.32 (25) 34.91 (18) 40.27 (16) 4531 (07) 49.99 (04) 51.44 (02) 51.74 (02)
max prev. exp. dist./max prev. exp. dist.  30.52 (27) 26.53 (28) 20.22 (36) 17.09 (38) 16.27 (88) 17.99 (33) 22.00 (82) 26.03 (30) 28.09 (21) 29.36 (21)
max prev. exp. dist./max total bound gap [ 1462 (39) 1140 (45) 10.76 (46) 10.26 (46) 10.16 (48) 1049 (48) 11.24 (48) 1181 (45) 1246 (45) 12.64 (45)
max prev. exp. dist./median exp. dist. 30.02 (28) 28.54 (26) 25.76 (28) 22.29 (32) 18.78 (36) 15.84 (41) 12.90 (44) 10.39 (46) 08.44 (47) 07.79 (47)
max prev. exp. dist./min exp. dist. 07.80 (51) 02.94 (52) 02.90 (52) 02.96 (52) 03.06 (52) 03.31 (51) 03.30 (51) 03.38 (51) 03.51 (49) 03.50 (49)
max prev. exp. dist./random index 31.28 (25) 28.76 (25) 24.59 (32) 20.96 (84) 18.87 (84) 17.81 (34) 17.79 (36) 18.49 (37) 19.06 (37) 20.40 (37)
max total bound gap/max degree 42.34 (09) 49.59 (01) 51.37 (01) 51.10 (01) 50.51 (01) 49.70 (01) 47.79 (02) 45.59 (08) 44.06 (08) 43.91 (08)
max total bound gap/min degree 1341 (46) 12.66 (42) 12.32 (42) 12.53 (43) 12.35 (44) 12.71 (46) 13.31 (43) 14.29 (42) 15.00 (42) 15.78 (40)
max total bound gap/max exp. dist. 14.11 (43) 13.06 (39) 14.75 (38) 21.00 (83) 30.49 (21) 37.36 (19) 42.57 (11) 46.46 (06) 48.69 (05) 49.04 (05)
max total bound gap/max prev. exp. dist. | 14.58 (40) 11.34 (46) 11.01 (45) 10.49 (45) 10.36 (47) 10.91 (47) 11.58 (46) 12.45 (44) 13.26 (44) 13.55 (44)
max total bound gap/max total bound gap | 09.29 (49) 07.44 (48) 08.31 (47) 09.25 (47) 11.72 (45) 1391 (42) 15.70 (41) 17.39 (39) 19.23 (35) 20.52 (35)
max total bound gap/median exp. dist. | 16.00 (36) 13.35 (38) 14.35 (39) 14.64 (39) 14.33 (41) 1351 (44) 11.68 (45) 09.90 (47) 08.80 (46) 08.23 (46)
max total bound gap/min exp. dist. 12.62 (48) 04.34 (50) 04.16 (50) 03.98 (50) 03.84 (50) 03.72 (50) 03.61 (49) 03.51 (49) 03.34 (52) 03.21 (52)
max total bound gap/random index 15.07 (88) 13.03 (40) 12.48 (40) 13.14 (40) 14.75 (40) 17.09 (39) 18.56 (35) 19.94 (34) 21.00 (32) 21.87 (32)
random index/max degree 41.01 (12) 38.94 (14) 39.03 (14) 37.55 (14) 36.11 (16) 35.06 (20) 33.71 (20) 33.06 (20) 33.14 (20) 33.04 (20)
random index/min degree 21.44 (32) 23.00 (82) 26.15(27) 28.52 (26) 28.31 (28) 27.96 (23) 27.30 (25) 27.46 (22) 27.58 (22) 27.12(22)
random index/max exp. dist. 31.72 (21) 32.44 (19) 34.10 (17) 37.59 (13) 40.10 (13) 43.56 (05) 47.88 (01) 50.64 (03) 50.46 (04) 49.96 (04)
random index/max prev. exp. dist. 30.94 (26) 28.54 (26) 24.94 (50) 20.72 (35) 19.06 (38) 18.68 (92) 18.89 (34) 19.34 (85) 20.33 (33) 21.24 (33)
random index/max total bound gap 15.25 (87) 13.02 (41) 1245 (41) 12.71 (41) 13.61 (42) 15.94 (40) 1747 (87) 18.74 (36) 19.73 (34) 20.91 (34)
random index/median exp. dist. 31.89 (20) 32.00 (22) 33.86 (18) 33.01 (18) 29.82 (23) 26.51 (31) 23.29 (31) 20.17 (33) 16.83 (40) 14.17 (43)
random index/min exp. dist. 07.36 (52) 03.06 (51) 03.07 (51) 03.00 (51) 03.00 (51) 03.12 (52) 03.19 (52) 03.27 (52) 03.38 (51) 03.49 (50)
random index/random index 3249 (19) 32.31 (20) 33.79 (20) 3231 (19) 29.74 (25) 27.91 (24) 27.07 (27) 26.89 (28) 26.67 (28) 26.26 (29)
max bound gap 31.59 (23) 30.11 (23) 29.77 (22) 31.09 (23) 36.02 (17) 40.90 (15) 46.05 (05) 51.18 (01) 52.54 (01) 52.64 (01)
max total degroe 43.04 (05) 46.07 (10) 46.17 (09) 44.92 (09) 43.71 (10) 42.01 (12) 40.38 (16) 3359 (15) 37.70 (17) 37.83 (16)
min total degree 13.90 (44) 20.76 (95) 24.48 (33) 28.05 (28) 28.33 (27) 27.84 (25) 27.66 (22) 27.39 (23) 27.25 (24) 26.86 (24)
max combined total bound gap 09.19 (50) 07.39 (49) 08.14 (48) 09.16 (48) 11.67 (46) 13.89 (43) 1591 (40) 17.75 (38) 19.19 (36) 20.51 (36)
random pair 3165 (22) 32.10 (21) 3349 (21) 31.90 (21) 29.86 (22) 2838 (22) 27.44 (23) 26.91 (27) 2655 (29) 26.30 (28)

Coloring by column:
\ \ \
Worst strategy Random pair Best strategy

@ Springer



J. Pries etal.

Table 3 AUC: for each repetition, the area under the curve (AUC) of AUC score is noted in brackets. Coloring of each column is done lin-
the prediction error for a strategy is measured and averaged in rounds early between the worst and baseline (random pair) score and linearly
i - Mysr withi € {1,...,10}. The ranking (by column) of each between the baseline (random pair) and the best score

Strategy aggregation Birch2-1 compound D31 flame Jjain pathbased R15 sl s2 s3 s4 spiral  Unbalance
max degree/max degree 1727 (12) 1443 (06) 046.0 (03) 2346 (07) 010.6 (08) 0350 (10) 0537 (11) 0864 (04) 2041 (06) 188.2 (06) 2184 (12) 1440 (09) 0583 (12) 1235 (04)
max degree/min degree 1572 (07) 1582 (10) 056.1 (09) 242.0 (08) 0110 (10) 0485 (07) 0464 (06) 107.7 (12) 208.1(07) 2009 (12) 1688 (03) 1510 (11) 0545 (06) 123.9 (06)
max degree/max exp. dist 1343 (04) 1049 (02) 0485 (05) 2016 (04) 008.2(02) 0442 (04) 0407 (02) 086.0 (03) 178.1 (04) 153.2(04) 1783 (05) 1209 (03) 048.1 (04) 120.4 (02)
max degree/max prev. exp. dist. 157.0 (06) 1154 (04) 049.0 (06) 216.4 (05) 010.9 (09) 047.3 (06) 044.3 (05) 0914 (06) 1774 (02) 162.4 (05) 174.8 (04) 133.9 (07) 049.1 (05) 123.7 (05)
max degree/max total bound gap 124.1 (08) 107.1 (03) 046.3 (04) 188.6 (02) 008.6 (03) 043.2(02) 040.8 (03) 0832 (05) 181.3 (05) 150.5 (03) 162.4 (02) 125.7 (05) 045.1 (02) 120.6 (03)
max degree/median exp. dist 1543 (05) 1482 (08) 053.1 (07) 219.1 (06) 0113 (11) 0458 (05) 0478 (08) 105.0 (10) 210.2 (08) 188.4 (07) 1917 (08) 144.7 (10) 0548 (08) 157.5 (11)
max degree/min exp. dist. 220.9 (13) 1755 (18) 0754 (13) 344.9 (14) 0159 (21) 073.7 (14) 089.5(34) 140.3 (15) 318.1 (14) 286.1 (14) 267.2 (13) 186.8 (13) 072.7 (14) 131.5(08)
max degree/random index 168.7 (11) 1644 (12) 057.0 (10) 256.6 (12) 010.1 (06) 033.9 (09) 0525 (10) 097.7 (07) 2192 (10) 189.5 (08) 2138 (10) 132.3 (06) 0553 (09) 1413 (10)
linked /max degree 1602 (09) 156.8 (09) 067.6 (12) 2511 (11) 0114 (12) 0585 (11) 049.9 (09) 1029 (09) 226.2 (12) 199.1(11) 2175 (11) 1528 (12) 0548 (07) 2349 (16)
linked/min degree 2085 (30) 273.9 (26) 098.9 (26) 480.7(30) 0178 (29) 0936 (28) 083.0 (25) 188.2 (28) 426.8(27) 370.7(30) 443.1(31) 3216 (29) 099.6 (32) 2388 (18)
linked/max exp. dist 2385 (16) 2000 (15) 0823 (16) 408.3 (16) 013.6 (14) 075.6 (16) 063.6 (13) 138.3 (14) 344.6 (17) 2085 (17) 3883 (16) 289.0 (16) 0750 (17) 2323 (15)
linked/max prev. exp. dist. 250.5 (20) 2189 (19) 084.2 (18) 421.2 (20) 014.3 (19) 078.3 (20) 069.3 (18) 145.6 (18) 354.6 (18) 312.8 (19) 398.8 (19) 297.0 (18) 077.7 (20) 238.3 (17)
linked/max total bound gap 3202 (42) 3018 (37) 109.5 (38) 527.9 (41) 0187 (39) 1040 (37) 0021 (35) 2132 (36) 467.0 (44) 405.0 (42) 4952 (42) 3622 (44) 103.0 (38) 283.1 (31)
linked /median exp. dist. 3145 (35) 4005 (48) 137.0 (48) 480.0 (31) 019.8 (48) 121.5 (48) 0952 (41) 200.0 (34) 4318 (33) 3746 (32) 465.1 (33) 330.6 (32) 1026 (36) 11765 (48)
linked /min exp. dist AT41(49) 5040 (49) 2199 (49) TIS0 (49) 020.0 (49) 1917 (49) 158.1(52) 3119 (49) 6162 (49) 540.3 (49) 7500 (49) 535.5 (49) 1458 (49) 14453 (49)
linked /random index 2835 (22) 2632 (22) 095.2 (22) 4700 (22) 0175 (23) 0914 (22) 0827 (24) 179.7 (22) 4132 (22) 3580 (22) 4199 (21) 305.7(21) 096.2 (22) 2772 (30)
min degree/max degree 1663 (10) 162.1 (11) 0532 (08) 250.3 (10) 010.0(05) 0508 (12) 0475 (07) 106.0 (11) 210.6 (09) 189.8 (09) 2125 (09) 1375 (08) 057.8 (11) 1248 (07)
min degree/min degree 2065 (27) 2774 (30) 0994 (29) 490.6 (32) 017.8 (25) 0943 (31) 0846 (29) 188.7 (29) 4275 (29) 3740 (31) 439.6 (29) 3183 (27) 0985 (30) 2516 (26)
min degree/max exp. dist. 246.7 (17) 217.0 (17) 084.6 (20) 4134 (17) 014.0 (16) 077.5(17) 070.3 (19) 151.1 (20) 340.6 (16) 296.7 (16) 396.9 (17) 290.8 (17) 075.3 (18) 273.9 (29)
min degree/max prev. exp. dist 315.5 (36) 2029 (35) 1047 (34) 510.2(38) 0183 (34) 1015 (35) 0046 (37) 219.6 (38) 442.6 (35) 385.2(34) 4758 (38) 340.8 (34) 1020 (35) 410.2 (43)
min degree/max total bound gap 3201 (41) 3063 (41) 1119 (40) 523.0(39) 0188 (41) 107.3 (43) 102.0 (48) 249.4 (48) 4644 (41) 4012 (41) 5046 (45) 3622 (43) 1045 (39) 3179 (38)
min degree/median exp. dist. 305.1 (32) 300.4 (36) 100.4 (30) 479.9 (25) 018.3 (35) 094.2 (30) 082.5(22) 196.3 (32) 4282 (30) 369.5 (28) 437.5(27) 313.5(22) 0985 (29) 2453 (22)
min degree/min exp. dist 488.0 (58) 7208 (58) 244.0 (58) 7308 (53) 0302 (53) 219.4 (53) 158.8 (53) 330.8(58) 643.1(53) 5513 (53) 8065 (53) 565.6 (58) 152.7(58) 16384 (53)
min degree/random index 200.3 (31) 275.1(27) 098.9 (27) 4874 (28) OI7.7(24) 093.7(29) 0827 (23) 100.2 (30) 420.8 (32) 376.0 (33) 4304 (28) 3210 (30) 0985 (28) 244.6 (21)
max prev. exp. dist./max degree 1220 (02) 1241 (05) 04358 (02) 197.1 (03) 0092 (04) 0435 (03) 044.0 (04) 080.6 (02) 177.7 (03) 1426 (02) 1864 (06) 119.3 (02) 0471 (03) 118.2 (01)
max prev. exp. dist./min degree 3163 (37) 291.2 (84) 104.9 (35) 504.6 (34) 018.0 (31) 101.1 (34) 093.3 (36) 216.7 (37) 443.9 (36) 389.4 (36) 4722 (87) 344.3 (38) 101.9 (84) 4438 (46)
max prev. exp. dist./max exp. dist 2407 (19) 222.6 (20) 0844 (19) 4205 (19) 0142 (18) 0778 (18) 0678 (17) 147.3 (19) 359.9 (20) 313.7(20) 4039 (20) 2982 (20) 075.9 (19) 249.7 (24)
max prev. exp. dist./max prev. exp. dist. 203.4 (25) 268.7(25) 1154 (47) 480.9 (26) 0194 (46) 1024 (36) 089.2 (32) 183.7 (24) 416.1 (23) 3635 (24) 4617 (32) 3433 (37) 0975 (25) 3361 (42)
max prev. exp. dist./max total bound gap 3323 (43) 3132(43) 1125 (42) 534.5 (46) 019.5 (47) 108.2 (46) 096.9 (43) 229.6 (45) 479.6 (48) 4129 (48) 506.7 (47) 366.8 (46) 106.3 (44) 4382 (45)
max prov. exp. dist./median cxp. dist 3218 (38) 320.3 (46) 107.1(36) 507.2(35) 0185 (37) 1059 (40) 0047 (38) 2247 (43) 445.1(37) 380.6(87) 4672 (36) 3393 (33) 105.7 (42) 458.5 (47)
max prev. exp. dist./min exp. dist. 4876 (51) 7184 (51) 2416(52) 738.0 (52) 030.1(51) 2176 (51) 1580 (51) 3289 (50) 642.0 (52) 550.6 (52) 8025 (50) 563.0 (50) 1520 (52) 16136 (51)
max prev. exp. dist. /random index 3124 (34) 2809 (33) 100.8 (32) 507.0 (36) 018.1(32) 099.2(33) 080.0 (31) 208.6(33) 446.0(38) 3888 (35) 466.7 (34) 3122 (36) 1027 (37) 3042 (35)
max total bound gap/max degrec 103.3 (01) 093.7 (01) 039.1 (01) 150.1(01) 007.7(01) 037.8 (01) 038.4 (01) 0743 (01) 140.3 (01) 137.9 (01) 1438 (01) 109.8 (01) 0447 (01) 139.0 (09)
max total bound gap/min degree 3342 (47) 3054 (39) 1124 (41) 525.7 (40) 0187 (38) 1079 (44) 1003 (47) 249.3 (47) 458.0 (39) 4010 (40) 5004 (43) 36L5 (42) 105.4 (41) 320.6 (40)
max total bound gap/max exp. dist. 2673 (21) 235.7(21) 0914 (21) 4411 (21) 0148 (20) 0840 (21) 0721 (20) 159.4 (21) 372.4 (21) 3275 (21) 4206 (25) 3169 (25) 0786 (21) 284.4 (32)
max total bound gap/max prev. exp. dist. 3324 (44) 3105 (42) 1153 (46) 530.0 (44) 019.1 (44) 108.0 (45) 098.3 (44) 226.9 (44) 475.0 (46) 4084 (44) 5082 (48) 366.2 (45) 107.8 (48) 419.0 (44)
max total bound gap/max total bound gap 3371 (48) 3138 (44) 112.8 (43) 538.8 (48) 0194 (45) 106.6 (41) 0963 (42) 221.6 (40) 4712 (45) 410 (46) 5048 (46) 370.4(48) 1068 (45) 318.1(39)
max total bound gap/median exp. dist. 333.6 (46) 349.9 (47) 114.7 (45) 529.0 (48) 018.9 (42) 110.6 (47) 099.8 (46) 238.6 (46) 465.7 (42) 409.7 (45) 491.4 (40) 357.5(39) 106.9 (46) 314.4 (37)
max total bound gap/min exp. dist. 4871 (50) 7171 (50) 2406 (50) 737.8 (51) 030.0 (50) 217.4 (50) 157.2 (49) 329.0 (51) 641.9 (50) 550.0 (50) 804.0 (52) 564.0 (52) 151.7 (50) 1602.1 (50)
max total bound gap/random index 327.6 (39) 303.0 (38) 1088 (37) 530.5 (45) 0184 (36) 105.1(39) 095.0 (39) 221.0 (39) 462.7 (40) 4004 (39) 489.6(39) 3393 (40) 1048 (40) 295.6 (34)
random index/max degree 232.0 (14) 2162 (16) 079.3 (14) 3342 (13) 0130 (18) 0734 (13) 065.0 (15) 1362 (13) 303.6 (13) 2401 (13) 2687 (14) 2025 (14) 067.6 (13) 260.6 (28)
random index/min degree 207.7(29) 2752 (28) 098.7 (25) 4S7.8(29) 017. (30) 093.3 (27) 0348 (30) 187.2(26) 4202 (31) 3602 (27) 4329 (26) 3208 (28) 0982 (27) 2442 (20)
random index/max exp. dist. 236.1 (15) 206.7 (14) 081.1(15) 400.8 (15) 013.7 (15) 0752 (15) 065.0 (14) 141.3 (16) 332.3 (15) 294.1 (15) 381.1 (15) 285.0 (15) 0728 (15) 239.3 (19)
random index/max prev. exp. dist 307.6 (33) 285.1(31) 1029 (33) 500.7(37) 0181 (33) 007.5(32) 0894 (33) 210.0 (35) 4418 (3/) 3008 (38) 4668 (35) 3410 (35) 1014 (33) 305.0 (36)
random index/max total bound gap 3281 (40) 3062 (40) 110.0 (39) 528.3 (42) 018.7 (40) 104.1(38) 095.1 (40) 222.0 (41) 466.1 (43) 405.8 (43) 495.2 (41) 360.6 (41) 1060 (43) 203.4 (33)
random index/median exp. dist. 296.4 (26) 2889 (82) 100.5 (31) 478.0 (24) 017.8 (26) 091.8 (24) 083.0 (26) 192.8 (31) 4214 (26) 359.5 (23) 426.6 (24) 313.5(23) 098.1 (26) 258.8 (27)
random index /min cxp. dist 487.8 (52) 7185 (52) 2413 (51) 7378 (50) 030.1(52) 217.6 (52) 1580 (50) 320.3 (52) 6419 (51) 5505 (51) 802.8 (51) 563.1 (51) 1517 (51) 16147 (52)
random index/random index 2025 (24) 2645 (24) 0958 (23) 476.2(23) O17.8 (27) 0914 (23) O08L4 (21) 183.8 (25) 421.0 (25) 307.8 (26) 425.6 (23) 3140 (24) 0969 (23) 2246 (14)
max bound gap 28,6 (18) 218.0 (18) 0842 (17) 417.3 (18) 0141 (17) 078.2(19) 0665 (16) 1455 (17) 3548 (19) 307.6 (18) 3985 (18) 208.1(19) 0750 (16) 2489 (23)
max total degroe 1508 (08) 147.1(07) 0627 (11) 2435 (09) 010.3 (07) 0496 (08) 0549 (12) 098.6 (08) 220.1 (1) 192.5(10) 1914 (07) 1217 (04) 057.6 (10) 160.9 (12)
min total degree 207.3 (28) 275.2 (20) 099.3 (28) 4913 (33) 0178 (28) 0029 (26) 084.1(28) 188.1(27) 426.9 (28) 360.7(29) 4409 (30) 3219 (31) 0992 (31) 250.8 (25)
max combined total bound gap 332.7 (45) 3166 (45) 1138 (44) 536.3 (47) 0189 (43) 107.0 (42) 098.6 (45) 224.3 (42) 4762 (47) 4120 (47) 5036 (44) 3672 (47) 1069 (47) 3215 (41)
random pait 2012 (23) 2642 (23) 096.2 (24) 4816 (27) 0174 (22) 0921 (25) 0836 (27) 182.9 (25) 4175 (24) 365.1 (25) 4238 (22) 3173 (26) 096.9(2) 2235 (19)
Coloring by column:
\ \ |
Worst strategy Random pair Best strategy
better. Comparing the ranks in Table 1 in round 5 - Mys7 Only max degree / max exp. distance loses terrain. After
with round 10 - My;s7 gives: round 10- M 57, the top 7 contains five strategies with max
exp. distance, which is noteworthy.

(O4th l4th lsth 18th 218t 13th>

N 2 e Observation 7 Performance is relatively robust across
(11th 031 g7th opnd (sth o4th> datasets (AUC scores).

Table 4 Highlighted ranks: the ranks of the strategy max total bound gap / max degree from Tables 1 and 2

I Myst  2Myst  3Myst 4Myst SMyst 6Myst  TMyst 8Myst 9Muyst 10 Myst

Average performance 06 01 01 01 01 01 01 08 08 08
Borda count 09 01 01 01 01 01 02 08 08 08
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Table 5 Highlighted ranks: the ranks of the strategy max bound gap from Tables 1 and 2

L Myst  2Muyst  3Myst 4Myst SMystr 6Myst 7TMyst 8Myst 9 Mysr 10 Mysr
Average performance 25 26 22 19 18 17 10 02 01 01
Borda count 23 23 22 23 17 15 05 01 01 01

Evidence: In Table 3, every strategy has approximately the
same color across datasets. This means that the relative
performance is not very dependent on the dataset. However,
Unbalance gives the most deviant results. This implies
that the balancedness of the dataset could influence the
performance of a strategy.

8 Real world experiment

In order to test if the observations also hold for real world
datasets, we also evaluate the strategies on the cifarl0 [36]
and mnist [37] datasets. These datasets consist of images
of ten different categories. To limit memory space and
running time, we only take the first 1,000 samples of the
training set for each dataset. The distance between two
images is determined by the Euclidean norm, which was
also used in the previous experiments. The results can be
found in Table 6, where the average performance is given
(see Section 6.4.1).

Next, we discuss (using Table 6) if the observations from
Section 7 also hold for these real world datasets. Still,
there are many better strategies than simply choosing a
random pair (Observation 1). Max total bound gap / max
degree also remains the best strategy for earlier rounds
(Observation 2), but now the performance falls off after
2 - Myst rounds. Max degree is generally a good criterion
(Observation 3). The best strategies often use this criterion.
Min exp. distance and median exp. distance are still bad
criteria (Observation 4). But now, max bound gap is not a
good strategy even after > 7 - M ;s rounds (Observation
5). After 10 - My 57 rounds, it ranks 30th, whilst simply
selecting a random pair ranks 20, Perhaps, this strategy
needs even more rounds to become good. Max exp. distance
is also not longer a late bloomer (Observation 6), as multiple
strategies with this criterion rank higher after 10 - Myst
rounds, then after 5 - M ;57 rounds. Furthermore, it ranks
worse after 10 - Mg rounds compared with the previous
experiment. Perhaps, this strategy also needs more rounds
to start blooming. We believe that the difference could
be explained by the dimensionality of the datasets. The
cifarl0 and mnist dataset have a higher dimensionality
(32 x 32 x 3) and (28 x 28), respectively. It is well-known
that in higher dimensional space, most points will be far
away. Therefore, dimensionality could play a role in the
distribution of pairwise distances. This in turn, could have
an effect on some strategies such as max bound gap and max

exp. distance, which is why we believe that these strategies
may need more time to start performing well on these
datasets. The AUC performance remains relatively stable
for these datasets (Observation 7).

In general, most previous observations still hold for these
real world datasets. Only some strategies that previously
performed well in the later rounds, did not start improving
as well on these datasets. It could be that more rounds
are necessary.

8.1 Performance max degree

An important observation from both Section 7 and Table 6,
is that max degree is a good criterion. The best performing
methods often include this criterion. We briefly want to
discuss why we believe that choosing a sample that has
been already chosen often (max degree) is beneficial. In
order to predict the actual distance, a lower and upper bound
is established using the triangle inequality (Section 4.2).
When the distance is labeled between i and j, the triangle
inequality can be used to derive information about the
distances between i and k if the distance between j
and k is known. Therefore, labeling a sample with the
highest degree, gives a lot of possible triangle inequality
combinations that can be made, which could provide much
information. This is why we believe that this criterion
performs really well.

9 Discussion and future research

This research can be viewed as a pioneering contribution
and is a significant first step in APDL. Below we elaborate
on both the shortcomings of the approach proposed, and the
related challenges for further research.

Perfect expert It is assumed that the expert does not
make any mistake in determining the distance between two
instances. This is a common, yet unreasonably optimistic,
assumption in AL research. Settles [38] states that “we
have often assumed that there is a single infallible annotator
whose labels can be trusted” and views this assumption as
one of the six practical challenges for AL. How to deal with
a noisy expert remains a critical research problem. A way
of mitigating the mistakes of the expert in APDL is to allow
some e-boundary around the labels and incorporating this
into the approximation bounds. Still, there are many more
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Table 6 Average performance (cifarl0 & mnist): for each dataset of each column is done linearly between the worst and baseline (ran-
(cifar10 & mnist) and repetition, the prediction error of a strategy is dom pair) score and linearly between the baseline (random pair) and
averaged in rounds i - My g7 with i € {1, ..., 10}. The ranking (by the best score

column) of each average prediction error is noted in brackets. Coloring

Strategy 1 Mysr 2 Mygr 3 Mysr 4 Mygp 5 Mygp 6 Mygp 7 Mygp 8 Mysp 9 Mysp 10 Mgy
max degree/max degree 12.961 (08) 7.957 (05) 6.469 (04) 5.568 (06) 4.905 (03) 4.358 (01) 4.098 (03) 3.891 (04) 3.581(02) 3.389 (03)
max degree/min degree 12.520 (06) 7847 (04) 6.328 (01) 5.554 (05) 4.880 (01) 4567 (04) 4273 (08) 4.043 (09) 3823 (09) 3.721 (09)
max degree/max exp. dist. 13.199 (10) 9023 (10) 6.625 (07) 6.075 (11) 5400 (11) 5093 (11) 4230 (06) 4.030 (08) 3.645(05) 3542 (06)
max degree/max prev. exp. dist. 11332 (04) 8.231(09) 6.871 (10) 5.695 (08) 4.992 (05) 4.655 (07) 4.449 (10) 4.234 (11) 4.055(11) 3.910 (12)
max degree/max total bound gap 14.655 (11) 10.614 (13) 6.375 (02) 5.656 (07) 5.105 (07) 4.927 (10) 4.662 (11) 3.930 (05) 3.772(07) 3.667 (07)
max degree/median exp. dist. 11.391 (05)  7.789 (03) 6.440 (03) 5425 (04) 4.893 (02) 4.370 (03) 4.033 (01) 3.807 (02) 3.560 (01) 3.413 (04)
max degree/min exp. dist. 12.574 (07) 10.236 (12) 8.898 (18) 7.819 (14) 6.944 (14) 6.603 (14) 5918 (14) 5.638 (14) 4.881(13) 4.189(13)
max degree/random index 13.170 (09)  9.060 (11) 7.501 (12) 5.373 (02) 5.090 (06) 4.620 (05) 4.260 (07) 3.947 (07) 3.794 (08) 3.688 (08)
linked/max degree 17.355 (14) 7641 (01) 7.075(11) 5376 (03) 5114 (08) 4367 (02) 4186 (05) 3.722 (01) 3.628 (03) 3.371 (02)
linked/min degree 20476 (45) 20.332 (36) 20.074 (34) 19.679 (32) 19132 (31) 18451 (28) 17.655 (25) 16776 (24) 15.839 (24) 14.900 (24)
linked /max exp. dist. 20436 (17) 20.246 (17) 19.938 (17) 19.520 (17) 18.980 (19) 18.361 (19) 17.676 (28) 16.975 (31) 16.268 (31) 15571 (31)
linked /max prev. exp. dist. 20.434 (15) 20.230 (16) 19.929 (16) 19.501 (16) 18.992 (20) 18.431 (24) 17.822(36) 17.181 (36) 16.501 (36) 15.867 (36)
linked /max total bound gap 20.476 (47) 20.323 (29) 20.131 (38) 19.870 (39) 19.524 (40) 19.100 (42) 18.614 (43) 18.078 (43) 17.495 (44) 16.859 (42)
linked /median exp. dist. 20.440 (18) 20.249 (18) 19.942 (18) 19.520 (18) 18.973 (18) 18.368 (21) 17.664 (27) 16.892 (27) 15.931 (26) 14.787 (19)
linked /min exp. dist. 20.459 (29) 20.392 (49) 20.333 (51) 20.284 (51) 20.224 (51) 20.164 (52) 20.113 (58) 20.056 (53) 19.992 (53) 19.929 (53)
linked /random index 20435 (16) 20.228 (15) 19.896 (15) 10441 (15) 18.841 (15) 18120 (15) 17.260 (15) 16.408 (15) 15505 (15) 14.655 (15)
min degree/max degree 11146 (03) 8016 (06) 6.715 (08) 5.297 (01) 4.978 (04) 4714 (09) 4.067 (02) 3.873 (03) 3635 (06) 3.367 (01)
min degree/min degree 20.475 (44) 20.333 (38) 20.079 (87) 19.688 (35) 19.143 (33) 18.457 (29) 17.646 (23) 16.751 (22) 15.819 (22) 14.883 (22)
min degree/max exp. dist. 20.469 (31) 20.324 (30) 20.064 (29) 19.669 (29) 19.126 (30) 18.441 (27) 17.635 (21) 16.785 (25) 15.910 (25) 15.044 (26)
min degree/max prev. exp. dist. 20.470 (34) 20.328 (35) 20.074 (35) 19.698 (37) 19.187 (37) 18.535 (36) 17.785 (32) 16.970 (30) 16.133 (29) 15.323 (29)
min degree/max total bound gap 20.476 (46) 20.347 (39) 20.152 (44) 19.895 (46) 19.571 (46) 19.181 (47) 18.734 (48) 18.235 (48) 17.694 (48) 17.125 (48)
min degree/median exp. dist. 20469 (33) 20.326 (33) 20.073 (32) 19.687 (34) 10.144 (34) 18.465 (31) 17.655 (26) 16.745 (21) 15.729 (18) 14671 (16)
min degree/min exp. dist. 20482 (53) 20426 (53) 20.366 (59) 20306 (53) 20239 (53) 20.174 (53) 20.101 (52) 20031 (52) 19.957 (52) 19.890 (52)
min degree/random index 20471 (35) 20.328 (34) 20.071 (31) 19.678 (1) 19.135 (32) 18.435 (25) 17.630 (22) 16744 (20) 15.804 (21) 14.889 (23)
max prev. exp. dist./max degree 11.034 (02) 8138 (08) 6.758 (09) 6.105 (12) 5294 (10) 4.657 (08) 4.172 (04) 3.934 (06) 3.633 (04) 3.481 (05)
max prev. exp. dist./min degree 20.468 (30) 20.326 (32) 20.074 (33) 19.691 (36) 19.171 (36) 18.525 (35) 17.758 (30) 16.957 (28) 16.117 (28) 15.318 (28)
max pre . dist./max exp. dist. 20.457 (27) 20.291 (27) 20.009 (26) 19.593 (25) 19.068 (25) 18.458 (30) 17.791 (34) 17.111 (34) 16.443 (35) 15.798 (35)
max prev. exp. dist./max prev. exp. dist.  20.456 (25) 20.285 (24) 20.000 (24) 19.600 (26) 19.114 (28) 18.536 (37) 17.913 (87) 17.273 (37) 16.630 (37) 15.988 (37)
max prev. exp. dist./max total bound gap | 20.474 (36) 20.350 (43) 20.151 (43) 19.879 (42) 19.535 (43) 19.108 (43) 18.609 (41) 18.066 (41) 17.486 (42) 16.863 (43)
max prev. exp. dist./median exp. dist. 20.453 (19) 20.277 (19) 19.989 (20) 19.577 (23) 19.057 (24) 18.440 (26) 17.786 (33) 17.078 (83) 16.364 (33) 15.599 (32)
max prev. exp. dist./min exp. dist. 20.477 (50) 20.407 (50) 20.328 (49) 20.246 (49) 20.151 (49) 20.049 (49) 19.943 (49) 19.832 (50) 19.705 (50) 19.577 (50)
max prev. exp. dist./random index 20.459 (28) 20.298 (28) 20.022 (28) 19.624 (28) 19.106 (27) 18.468 (32) 17.768 (31) 17.059 (32) 16.323 (32) 15.624 (33)
max total bound gap/max degree 10.005 (01) 7.721 (02) 6.537 (06) 6.005 (10) 5.709 (12) 5496 (13) 5312 (18) 5.175(13) 5.066 (14) 4.977 (14)
max total bound gap/min degree 20.476 (49) 20.347 (41) 20.154 (45) 19.891 (45) 19.559 (45) 19.164 (45) 18.709 (47) 18201 (47) 17.656 (47) 17.070 (47)
max total bound gap/max exp. dist. 20.474 (39) 20.351 (45) 20.157 (46) 19.879 (48) 19.525 (41) 19.095 (40) 18.606 (40) 18.065 (40) 17.459 (40) 16.816 (40)
max total bound gap/max prev. exp. dist. | 20.474 (38) 20.347 (40) 20.149 (41) 19.879 (44) 19.540 (44) 19.117 (44) 18.618 (44) 18.084 (44) 17.493 (43) 16.875 (44)
max total bound gap/max total bound gap = 20.474 (87) 20.357 (48) 20.170 (47) 19.912 (48) 19.578 (47) 19.182 (48) 18.706 (46) 18.177 (46) 17.591 (46) 16.967 (46)
max total bound gap/median exp. dist. | 20476 (48) 20351 (44) 20.148 (39) 19.869 (38) 19.515 (39) 19.085 (38) 18.587 (98) 18.030 (38) 17.432 (38) 16.783 (38)
max total bound gap/min exp. dist. 20.479 (52) 20422 (52) 20.362 (52) 20.297 (52) 20.227 (52) 20.158 (51) 20.081 (51) 20.008 (51) 19.931 (51) 19.852 (51)
max total bound gap/random index 20.475 (41) 20.347 (42) 20.148 (40) 19.871 (40) 19.512 (38) 19.087 (39) 18.594 (39) 18.037 (39) 17.448 (39) 16.804 (39)
random index/max degree 16.248 (13) 11.815 (14) 8985 (14) 7.204 (13) 6.047 (13) 5294 (12) 4.745(12) 4.374(12) 4.089 (12) 3.876 (11)
random index/min degree 20.469 (32) 20.324 (31) 20.068 (30) 19.675 (30) 19.122 (29) 18.425 (23) 17.607 (19) 16.722 (19) 15.792 (20) 14.879 (21)
random index/max exp. dist. 20456 (26) 20.284 (23) 20.002 (25) 19.585 (24) 19.035 (23) 18.361 (20) 17.611 (20) 16812 (26) 16.031 (27) 15.269 (27)
random index/max prev. exp. dist. 20455 (22) 20.200 (26) 20.014 (27) 19.607 (27) 10.088 (26) 18480 (34) 17.815 (35) 17.127 (35) 16418 (34) 15.721 (34)
random index/max total bound gap 20475 (42) 20.352 (46) 20.151 (42) 19.875 (41) 19.528 (42) 19.008 (41) 18.610 (42) 18.066 (42) 17.467 (41) 16.825 (41)
random index/median exp. dist. 20.455 (20) 20.281 (20) 19.984 (19) 19.556 (20) 18.967 (17) 18284 (17) 17.510 (18) 16.675 (18) 15.709 (17) 14.689 (17)
random index/min exp. dist. 20.477 (51) 20410 (51) 20.332 (50) 20.250 (50) 20.157 (50) 20.061 (50) 19.948 (50) 19.829 (49) 19.700 (49) 19.570 (49)
random index/random index 20.456 (23) 20.287 (25) 19.997 (23) 19.552 (19) 18.965 (16) 18.260 (16) 17.443 (16) 16.555 (16) 15.619 (16) 14.699 (18)
max bound gap 20456 (24) 20.283 (21) 19.997 (22) 19.574 (22) 19.029 (22) 18.369 (22) 17.680 (29) 16.962 (29) 16.228 (30) 15.524 (30)
max total degree 14.995 (12) 8042 (07) 6510 (05) 5781 (09) 5247 (09) 4631 (06) 4363 (09) 4.140 (10) 3.903 (10) 3.742 (10)
min total degree 20475 (43) 20.332 (37) 20.075 (36) 10.686 (33) 10.149 (95) 18473 (33) 17.654 (24) 16.750 (23) 15.834 (23) 14.903 (25)
max combined total bound gap 20474 (40) 20.356 (47) 20.171 (48) 19.909 (47) 19579 (48) 19.176 (46) 18.701 (45) 18.166 (45) 17.581 (45) 16.946 (45)
random pair 20455 (21) 20.234 (22) 19.994 (21) 19.566 (21) 18.993 (21) 18.208 (18) 17.495 (17) 16.644 (17) 15733 (19) 14819 (20)
Coloring by column:
\ \
Worst strategy Random pair Best strategy

ways to deal with an imperfect expert, which should be =~ Underlying distance metric In all experiments, the
investigated. Using properties of a metric, mistakes can be ~ Euclidean distance was used as underlying distance met-
spotted and reevaluated. ric. This might affect the conclusions that were drawn, as
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alternative distance metrics might be favorable for different
strategies. In future research, this could be investigated by
changing the underlying distance metric and evaluating if
the same strategies are always performing the best.

Complex strategies In our research, we have examined
many selection algorithms based on straightforward criteria.
Newer and more complex strategies could be developed,
reducing the prediction error even more. Consider for
example mixing strategies, where one strategy works well in
the beginning (e.g., max total bound gap / max degree) and
switch to another strategy (e.g., max bound gap) that works
better later on. Another way, would be to select each round
a specific strategy with a certain probability. Additionally,
transfer learning [5, 6] can be applied to train an even
more advanced model (e.g., a neural network) using labeled
datasets. Such a model can be trained to choose a good
strategy at a specific time, where the new prediction error
can be used to either reward or penalize the selection. If the
chosen strategy selected a pair that gave a lot of insight, the
model can be updated to select this strategy more often in
similar cases. When properly trained, the model could be
applied to new datasets to determine the selection strategy.
Whether this is a good approach, depends on the ability of
the model to transfer the learned information over to the
new dataset.

Running time In this research, we have used straightfor-
ward criteria that are easy to compute. However, when more
complex strategies are designed, running time could start
to play a role. The importance of running time is mostly

task dependent. The cost of coming up with the next query
should be balanced with the cost of the labeling done by the
expert. We consider APDL to be particularly useful in situa-
tions where the expert can only be queried a limited number
of times (due to high costs). However, running time is some-
thing that should be considered in future work when more
complex strategies are used. When a strategy is too hard to
compute, approximation algorithms could be developed.

Running time In this research, we have used straightfor-
ward criteria that are easy to compute. However, when more
complex strategies are designed, running time could start
to play a role. The importance of running time is mostly
task dependent. The cost of coming up with the next query
should be balanced with the cost of the labeling done by the
expert. We consider APDL to be particularly useful in situa-
tions where the expert can only be queried a limited number
of times (due to high costs). However, running time is some-
thing that should be considered in future work when more
complex strategies are used. When a strategy is too hard
to compute, approximation algorithms could be developed.
The average running time of each strategy can be seen in
Table 7. We believe that the difference in running time can
mostly be explained by the following phenomenon. When
there are more samples that satisfy the selection criterion,
a random selection is made between these samples. This
function takes more time, when there are more samples to
choose from. Consider, for example, the difference between
random index / max degree and random index / min degree
that take on average 685 and 978 seconds, respectively.

Table 7 Average running time: the running time of each strategy averaged over all repetitions and datasets (including cifarl0 & mnist). The
ranking is noted in brackets. Coloring is done linearly between the worst and best score

Strategy Time (s) Strategy Time (s) Strategy Time (s)
max degree/max degree 0720 (16) max degree/min degree 0729 (19) max degree/max exp. dist. 0678 (09)
max degree/max prev. exp. dist. 0741 (20) max degree/max total bound gap 0701 (13) max degree/median exp. dist. 0681 (11)
max degree/min exp. dist. 0706 (14) max degree/random index 0678 (10) linked/max degree 0722 (18)
linked/min degree 1009 (41) linked/max exp. dist. 1247 (49) linked/max prev. exp. dist. 1170 (47)
linked /max total bound gap 0947 (36) linked/median exp. dist. 0915 (32) linked/min exp. dist. 0583 (05)
linked /random index 0995 (40) min degree/max degree 0751 (21) min degree/min degree 1052 (45)
min degree/max exp. dist. 1228 (48) min degree/max prev. exp. dist. 0889 (27) min degree/max total bound gap 0891 (29)
min degree/median exp. dist. 1070 (46) min degree/min exp. dist. 0583 (04) min degree/random index 1022 (43)
max prev. exp. dist./max degree 0710 (15) max prev. exp. dist./min degree 0902 (30) max prev. exp. dist./max exp. dist. 1303 (51)
max pre . dist./max prev. exp. dist. 1352 (53) max prev. exp. dist./max total bound gap 0868 (24) max prev. exp. dist./median exp. dist. 0828 (22)
max prev. exp. dist./min exp. dist. 0606 (07) max prev. exp. dist./random index 0944 (35) max total bound gap/max degree 0661 (08)
max total bound gap/min degree 0921 (34) max total bound gap/max exp. dist. 1274 (50) max total bound gap/max prev. exp. dist. 0882 (26)
max total bound gap/max total bound gap 0917 (38) max total bound gap/median exp. dist. 0837 (23) max total bound gap/min exp. dist. 0575 (02)
max total bound gap/random index 0889 (28) random index/max degree 0685 (12) random index/min degree 0978 (39)
random index/max exp. dist. 1321 (52) random index/max prev. exp. dist. 0878 (25) random index/max total bound gap 0911 (31)
random index/median exp. dist. 0960 (38) random index/min exp. dist. 0577 (03) random index/random index 0956 (37)
max bound gap 1017 (42) max total degree 0720 (17) min total degree 1044 (44)
max combined total bound gap 0598 (06) random pair 0563 (01)

Coloring:

Worst strategy

Best strategy
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There are considerably more samples with the same mini-
mum degree compared to the maximum degree. In Table 7,
we observe that strategies consistently are slower when they
have more samples that satisfy the criterion.

Space complexity In the experiments, at most M = 1,000
samples were used, as this already leads to 499,500
different pairs. To store the approximation bounds for
each pair, O(M?) is necessary. This can quickly become
infeasible for large M. Although rather time expensive,
these approximation bounds could be calculated every
time they are needed. Yet, for large problems, a better
solution is necessary. A major insight of this research is
that choosing based on max degree consistently performs
well. This criterion does not use any information from the
approximation bounds, which is why this is ideal for large
problems, as the approximation bounds are only necessary
for the final predictions. More research is necessary to
optimize large APDL problems.

Using feature values It was assumed in Section 2.2 that no
feature values should be used. In this way, the observations
from this research are not dependent on the application
domain. Furthermore, if new methods are developed that
do use feature values, our tested selection strategies can
function as a good baseline. Adding information (using
the feature values) should only increase the performance
of an APDL method. Thus, when a model is performing
worse than any one of our suggested strategies, it should
be considered as a major warning sign. Additionally, during
the APDL process, a model could be used to evaluate if
the feature values could help the prediction. If so, feature
values could be introduced into the query selection after
some rounds.

Gaining insight Demystifying AL can give us critical
insights. Which samples are useful to query? Can we under-
stand why? Can we explain why certain selection algo-
rithms perform better? Is the clusteredness/balancedness of
a dataset relevant? Are there better indicators for the useful-
ness of a sample query? Answering these kinds of questions
could lead to better performing models.

Error reduction rate The reduction rate in prediction
error instigates many exciting research opportunities. Can
guarantees be derived about the speed with which the
prediction error converges for certain strategies? It would
be especially useful for practical applications to know
how many labels should be gathered to get at most a
prediction error of § > 0. To derive such a guarantee,
either theoretical proof or substantial numerical evidence is
necessary. Additionally, the effect of a tight or loose initial
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upper bound for the maximum distance on the convergence
speed could also be investigated.

Additional application We think that APDL can also be
used to determine the complexity of a dataset. When a
strategy needs more rounds to attain a certain prediction
error, the dataset might be more complex, as it is harder to
learn the pairwise distances. In this way, APDL can even
be useful for fully labeled datasets. Which strategies to use
and how complexity is exactly quantified with APDL are all
interesting subjects for future research.

Prediction model Recall that there are two critical compo-
nents in APDL, namely “Which pair is queried each round?’
and ‘How to use this information to make the best predic-
tion?” The focus of our research was to answer the first
question. To make a prediction of a distance, we used the
upper and lower bound approximation and took the average
as prediction (see Definition 4). Therein lies a large opportu-
nity for improvement, as a more advanced prediction model
could improve the final prediction as well as the query selec-
tion. Using a tuned weighted average of the upper and lower
approximation could already perform better.

10 Summary

We started by introducing the problem of APDL, where
the goal is to actively learn the pairwise distances between
all instances. We established upper and lower bound
approximations using properties of a distance function.
Furthermore, we presented an update rule that automatically
updates the upper and lower bounds using the newest
labeled distance. Then, we provided fourteen selection
criteria, which gave us 53 query strategies combined. These
strategies do not use feature values, making the observations
from the experiments domain-independent. This makes
these selection strategies ideal candidates for a baseline in
future research.

The experiments led to valuable new insights. These
observations were tested by evaluating all strategies on
two real world datasets (cifarl0 & mnist). We found
multiple strategies that perform better than simply randomly
selecting a pair (Observation 1). This shows that it is indeed
possible to ‘smartly’ select the indices. We determined that
the performance of the strategies was not very dependent on
the datasets (Observation 7). The performance only changed
somewhat in a highly unbalanced case. We identified max
degree to be a consistently good criterion. In Section 8.1,
we explained why we believe that this criterion is useful.
Consequently, we also discovered which strategies should
not be chosen due to general bad performance (Observation
4). Choosing the right selection strategy could potentially
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save many hours and resources. The findings from the
experiments are not dependent on the dimensionality of the
data or (noisy) feature values, as feature values were not
taken into account. However, more dimensions could lead
to higher sparsity (curse of dimensionality), which is why a
mix of sparse and dense datasets were used.
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