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Lightning and thunder require time; the light of the stars requires time;
deeds, though done, still require time to be seen or heard.

Friedrich Nietzsche, The Gay Science
(trans. Walter Kaufmann)

Until I saw you in my thunderstorm, I didn’t see you.

Carly Rae Jepsen, Never Get to Hold You
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Part I

Introduction





Chapter 1

Streamer Discharges -
Phenomena and Questions

In the �rst chapter of this thesis, we introduce what streamer discharges are, how
they initiate and propagate, and where they are found in nature. We also mention
some of their applications. The chapter ends with the research questions that we
tackle and how the rest of the thesis is structured.

3



Streamer Discharges

1.1 Electric discharges and streamer discharges

The phenomenon wherein electric charge 
ows through a non-conducting
medium with an applied electric �eld is called an electric discharge. To
allow charge 
ow, electric discharges need an ionization mechanism. There
are many types of electric discharges, and the subject of this thesis is one:
streamer discharges.

A streamer discharge, or more colloquially - a streamer, is a type of
electric discharge that has a �nger-like shape, ahead of which the electric
�eld is enhanced and inside of which the electric �eld is screened. Figure 1.1
shows a streamer tip. The electric �eld enhancement in front of streamers
provides a localized region where the electric �eld is above the breakdown
value even when the background �eld is below breakdown, and thus it allows
streamers to grow through electron-impact ionization. This area where the
electric �eld is enhanced above breakdown is called the active zone.

The inside of a streamer, the streamer channel, is ionized with equal
numbers of positive and negative charges - it is a conducting plasma region
that is quasi-neutral. It is only in the layer surrounding the streamer that
we observe a non-zero net charge, and we call that the charge layer. It is
due to being surrounded by the charge layer that the electric �eld in the
streamer interior is screened.

The charge layer at the streamer tip is curved due to the nonlinear
dynamics of the space charge, electron drift, and ionization reactions. This
curvature enhances the �eld ahead of it. There is a high impact ionization
rate where the electric �eld is enhanced, and because of this, the streamer
tip is at times also referred to as the ionization front.

Streamers are an example of low-temperature plasma - gases with low
ionization degrees that occur at low gas temperatures [45]. In the case of
streamers, the ionization degree is typically only between 10�6 to 10�5 in
atmospheric air.
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Chapter 1 Streamer phenomena

Figure 1.1: A streamer propagating to the right. The top panel presents
an electric �eld plot while the bottom panel has a charge density plot.

1.2 Streamer initiation

Streamer initiation has long been investigated [85, 87, 97, 142], and the
basic processes involved are well-known.

Given that an electron has enough energy, an electron colliding with a
gas particle could result in the release of another electron in a process called
electron-impact ionization. The threshold energy for ionization processes
to occur varies per collision partner. For example, to ionize N2 and O2, an
electron needs at least 15:58 eV [58] and 12:07 eV [59] respectively. One
way electrons could gain such energies is by being subjected to an electric
�eld above breakdown.

Suppose there are electrons in a region above electric breakdown, and
in the same region, there are also particles that could be ionized. When
electron-impact ionization occurs here, the electron that was released as a
result also can gain the energy to cause another electron-impact reaction.
We expect then a chain of electron-impact reactions that is collectively
causing the liberation of more and more electrons. This phenomenon is
called an electron avalanche.

With electrons and positive ions increasingly being created by the ion-
ization reactions, a plasma region is created. At some point, the size of the
electron avalanches gets big enough that there is signi�cant charge separa-
tion between the electrons and the positive ions they have detached from.
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Streamer Discharges

The charged particles form a space charge layer, and this alters the back-
ground electric �eld, characteristic of streamer discharges. This happens in
air when the number of electrons has reached about 108 to 109.

1.3 Streamer polarity and propagation

There are two types of streamer discharges based on the polarity of its
space charge layer: positive streamers and negative streamers. A streamer
is a positive streamer if the charge layer in its head is made up of positive
charges, and it is negative if the charge layer is made up of negative charges.
Following the polarity of its head, a streamer could then propagate along
the same direction of the electric �eld (for positive streamers) or opposite
to it (negative streamers).

Positive streamers additionally require the availability of electrons ahead
of the streamer for their continued propagation. Streamer propagation hap-
pens much faster than ion drift, and thus, the positive ions that make up
the charge layer of a positive streamer cannot, by themselves, advance
the streamer head. Instead, electrons are needed to ionize the region the
streamer is propagating to, e�ectively extending the streamer. In air, this
happens through the photoionization of oxygen molecules [149]. Photoion-
ization is the process wherein high energy photons ionize neutral molecules,
causing them to release an electron.

The charge layer of negative streamers is dominated by electrons which
by themselves 
ow opposite the direction of the electric �eld. Thus, the
streamer does not require an additional electron source ahead of it. Neg-
ative streamers in air have been reported to require a higher voltage to
initiate and often propagate slower than their positive counterparts [22, 76].

1.4 Streamers in nature and streamer applications

Electron avalanches for streamer inception need but one electron in a region
above electric breakdown to start. In the atmosphere, electrons could come
from energetic cosmic showers and be subjected to an electric �eld above
breakdown at the tips of ice hydrometeors in thunderstorms [49, 111, 125].

There are multiple manifestations of streamers in the atmosphere. For
one, they could come in the form of streamer coronas that precede light-
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Chapter 1 Streamer phenomena

ning leaders in thunderclouds [121]. Leaders are another type of electric
discharge, and they feature signi�cant gas heating in their channels - un-
like streamers where the energy goes mainly into electrons and molecular
excitations, and little into general heating. Above thunderclouds, stream-
ers exist in the form of sprites and the tips of blue jets [38, 109]. These
atmospheric streamers are known to change the gas composition of the at-
mosphere, through, for example, the production of NOx and oxidants such
as ozone, OH, and HO2 [26, 89].

It is this capacity to induce plasma-chemical reactions without major
energy loss through heating combined with the ability to deliver energized
electrons at room temperature that makes it favorable to use streamers in
a myriad of ways. We see streamers used in ozone generation [140], plasma
medicine [42, 57, 145], plasma-assisted combustion [129], and cleaning tech-
nologies for gases, liquids, and surfaces [31, 47, 60]. Streamers are also used
for 
ow control and propulsion [72, 86].

1.5 Research topics and structure of the thesis

This thesis looks at positive streamer discharges in air. We consider sin-
gle streamers in homogeneous background electric �elds with cylindrical
geometry.

We start with parameter studies on positive streamers, which allowed
us to observe how the streamer dynamics change with di�erent background
conditions and to identify di�erent streamer behaviours. This analysis
paved way to the development of approximations for relations between
streamer properties. Finally, we look at how the di�erent streamers we
observed a�ect trace elements in their environment. In more detail, the
thesis is structured as follows.

In chapter 3, we look at how varying the attachment rate below elec-
tric breakdown a�ects streamers. This modi�cation mainly involves the
streamer channel as that is where the attachment reactions dominate. The
increase of attachment in this region means a reduction of the channel con-
ductivity. This study gives us an insight into how streamers would behave
in highly attaching gases, and what happens to streamers propagating on
timescales longer than attachment times in air.

Chapter 4 discusses streamers in di�erent background electric �elds in
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air. From our e�orts, we identi�ed di�erent regimes of streamer propaga-
tion behavior, and noted underlying patterns and relations. This is one
of the �rst numerical studies to look at streamers in very low background
electric �elds.

A semi-analytical model for streamers that allows for the estimation of
streamer properties from observational parameters is presented in chapter 5.
Results from this reduced model for streamers are then compared with
simulation results for veri�cation.

In chapter 6, we look at how streamers in lightning processes contribute
to the destruction of minor gas components in the atmosphere - speci�cally
sulfur hexa
uoride SF6. We investigate which streamer-induced process
contributes most to SF6 destruction, what kind of streamer could destroy
the most SF6 molecules, and which altitude in the atmosphere is best for
SF6 destruction by streamers.

We conclude in chapter 7 where we give a summary of our main results
and insights on what could be done to advance the research in the future.

By time of publication of this manuscript, chapters 3 and 4 of the thesis
have been published, chapter 5 is available as an electronic publication
ahead of publishing, and chapter 6 is close to submission.
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Chapter 2

General Computational
Set-up

We give details on the numerical model that we used for our simulations in this
chapter. To simulate positive streamer discharges in air, we use a 
uid model. Our
domains have homogeneous background �elds and are cylindrically symmetric. We
only look at single streamers assuming cylindrical symmetry.
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2.1 Fluid model

We simulate our streamers with a 
uid model, which follows streamer de-
velopment by describing the time evolution of the densities of electrons and
other relevant species.

To be more speci�c, we use a drift-di�usion-reaction type 
uid model
with a local �eld approximation. This means that in our simulations we
incorporate (1) drift, the movement of charged particles as a response to an
applied electric �eld, (2) di�usion, the movement of charged particles from
a region of higher concentration to a region of lower concentration, and (3)
plasma-chemical reactions that may be consuming or producing charged
particles. As our simulations are in air, we also include photoionization,
which has an important nonlocal contribution.

The local �eld approximation assumes that the electrons are only in
u-
enced by the local electric �eld. This is a valid assumption for structures
with spatial or temporal gradients occurring on larger spatial or temporal
scales than the equilibriation length or time, which holds true for most
parts of the streamer. We only observe high gradients in the streamer ion-
ization front, but studies [69, 76, 91] have shown that foregoing the local
�eld approximation in this region only leads to minor corrections if the
�elds are not too high [73].

2.2 Model equations

The electron density and ion densities are tracked using a continuity equa-
tion. For the electron density ne, we have

@ne
@t

= r � (ne�eE +Derne) + Si � S� + Sph + Sion; (2.1)

where �e is the electron mobility, E is the electric �eld, De is the di�usion
coe�cient, Si is the ionization source term, S� is the attachment source
term, Sph is the photoionization source term, and Sion is the electron-ion-
reactions source term. Electron-ion reactions include electron detachment
and electron recombination.

The continuity equations for the other charged species, the ions, depend
on which chemical reactions are included in the model. Generally, they take
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the form

@ [Zi]
@t

= �sir � ([Zi]�iE) + SZi ; (2.2)

where [Zi] is the density of ion Zi, si = �1 is the sign of the electric charge
of species Zi, �i is the ion mobility, and SZi is the reaction source term.

Aside from the densities of species, we also need to follow the evo-
lution of the electric �eld. We calculate the �eld with the electrostatic
approximation, which assumes that the magnetic �eld in our system is not
changing and allows us to neglect �eld coupling. Since we did not include
any external magnetic �elds in our simulations and simulated streamers
create negligible magnetic �elds [38, 97], this approximation is valid for our
simulations.

With the electrostatic assumption, the only source of the electric �eld
is the charge density � and the boundary conditions. The electric potential
� is acquired by solving the Poisson’s equation for electrostatics

r2� = ��=�0 (2.3)

where �0 is the permittivity in free space.
From the electric potential, the electric �eld E is computed as

E = �r� (2.4)

2.3 Reaction source terms and reaction rates

The source term SZi corresponds to the contribution of all reactions that
a�ect the density of molecule Zi, which could be neutral or charged. It is
comprised of the reactions rates of all the reactions that involve Zi. The
reaction rates are calculated by multiplying the reaction rate coe�cient
with the densities of the reactants.

Reaction rate coe�cients are found in literature [46, 65, 100] and are
often a function of the electric �eld, electron energy, or gas temperature.
For reactions that involve electrons as reactants, their reaction rate coef-
�cients can be acquired by solving the Boltzmann equation, which will be
discussed in the next section.
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Streamer Discharges

It is generally unnecessary to include all reactions that might occur, as
only a handful might be dominating, and they might not all be known.

2.4 Cross sections, transport parameters, and elec-
tron reaction rate coe�cients

Parameters such as electron mobility and the di�usion coe�cient are called
transport parameters as they quantify the transport behavior of a particle
in a certain medium. To get transport parameters, the electron velocity
distribution function and energy distribution function are needed. One
way to do this is by solving the electron Boltzmann equation [43], a kinetic
equation that describes the evolution of the electron distribution function.
We use Bolsig+ [54], a two-term approximation Boltzmann equation solver
for electrons in weakly ionized gases, to solve the Boltzmann equation for
our purposes. Bolsig+ was chosen as it is fast, robust, and commonly-used.
As input for Bolsig+, we need to de�ne the gas in our domain and provide
the necessary cross sections.

Cross sections give the probability that a certain collision or reaction
will occur. They are dependent on the relative velocity between the col-
liding particles involved in the reaction. They can be acquired experi-
mentally [64, 95], and in certain cases, they can be approximated analyti-
cally [7, 23, 112, 150], although often this is not possible. We get our cross
section data from LXCat, mostly from the Phelps database [1], which is
widely used.

Aside from transport parameters, Bolsig+ also give us the reaction rate
coe�cients for reactions that involve electrons if we supply the cross sections
for these reactions as well. However, not all reactions have available cross
sections because of di�culties in measurements.

In solving the Boltzmann equation using Bolsig+, one is asked to pro-
vide an assumption on how the electron density is expected to grow if the
collision processes do not conserve the total number of electrons - whether
there would be a temporally-dependent growth or a spatially-dependent
one. Exponential temporal growth of the electron density without space de-
pendence gives us coe�cients similar to what would be measured in pulsed
Townsend experiments while exponential spatial growth without temporal
dependence corresponds to quantities from steady state Townsend experi-
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Chapter 2 Computational set-up

ments [134]. The temporal growth model is more commonly used but the
spatial growth model is suggested to be more realistic in most cases by [54].
In [147], it was reported that the temporal growth model leads to better
agreement between 
uid models and particle models for the simulation of
streamer discharges. Particle models simulate plasma discharges by follow-
ing the position and velocities of particles over time instead of the particle
densities as in 
uid models.

The gas we looked at in our investigations is dry synthetic air, which
is 80% nitrogen and 20% oxygen. The gas temperature is assumed to be
constant at 300 K.

2.5 Photoionization

The photoionization source term Sph is calculated using

Sph(r) =
Z
d3r0

I(r0)f(jr� r0j)
4�jr� r0j2

(2.5)

where I (r) is the source of ionizing photons, f(r) is the absorption function,
and 4�jr � r0j2 is a geometric factor. Using Zheleznyak’s model [149], we
compute the photon source term I (r) with

I (r) =
pq

p+ pq
�Si (r) (2.6)

where p is the actual gas pressure, pq is a gas-speci�c quenching pressure,
and � is a proportionality factor. We set the proportionality factor � =
0:075 and employ a quenching pressure pq = 40 mbar.

The absorption function f(r) is given by

f(r) =
exp(��minpO2r)� exp(��maxpO2r)

r ln(�max=�min)
(2.7)

where �max � 1:5 � 102=(mm bar), �min � 2:6=(mm bar), and pO2 is the
partial pressure of oxygen. It is an e�ective funtion for photon absorption
in the 98 to 105 nm wavelength range [149].

A set of Helmholtz di�erential equations [19, 84] with Bourdon’s three-
term parameters [19] were utilized to solve the photoionization integral.
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Figure 2.1: The computational domain.

2.6 Computational domain and boundary conditions

Our streamer simulations were done in a cylindrically symmetric domain,
a design apt for the study of single streamers. We illustrate the domain
in �gure 2.1. In such a set-up, we have the r-axis as the horizontal axis
and the z-axis as the vertical axis. The simulation was con�gured to have
a streamer propagating along r = 0 from the upper boundary to z = 0.

We study positive streamers, and since these streamers propagate along
the electric �eld direction, we need to have an electric �eld pointed in the
�z direction to get positive streamers that propagate downwards. We �xed
the potential at z = zh to be equal to Ebg � zh, where Ebg is our desired
background �eld and zh is the height of our domain. At z = 0, the potential
is �xed at zero. Such boundary conditions, where we �x the value of a
quantity at the boundary, are called Dirichlet boundary conditions.

Neumann zero boundary conditions, where we assign the normal deriva-
tive of a quantity at the boundary to zero, were used for the electron density
and electric potential on the rest of boundaries. We use this condition for
the electron density at z = 0; zh and r = 0; rr, where rr is the radius of the
domain. We use the same boundary condition also for the electric poten-
tial at r = 0; rr. This allows charged particle 
ow out of the domain, but
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Chapter 2 Computational set-up

the e�ect of this is negligible as the simulations stop before the streamers
connect the two boundaries [136].

2.7 Initial conditions

Streamer inception requires an electric �eld above electric breakdown. How-
ever, studying a variety of streamers requires investigating them in a wide
range of background �elds, including �elds below breakdown. To be able
to initiate streamers in these background �elds, we placed a neutral seed
at the top of our domain. The seed is a local ionized region which acts
like a needle electrode and dynamically starts �eld enhancement at its tip.
With the appropriate applied electric �eld and seed size and density, the
�eld enhancement locally enhances the electric �eld above breakdown.

A thinner and less dense neutral cylindrical seed is placed directly below
the �rst seed to provide the initial electrons to start the electron avalanches.

The inclusion of these two seeds is often enough to initiate a streamer in
�elds below breakdown. However, for about less than half the breakdown
value and below, streamers become harder and harder to initiate, and on
top of that, it becomes more di�cult to avoid streamer branching [40,
75]. Streamer branching breaks cylindrical symmetry and is thus not valid
for our cylindrically symmetric simulations [80]. Our streamer initiation
techniques for the low background �eld cases will be discussed in the speci�c
chapters that involve them.

2.8 Implementation

The streamer simulations were run using the code A�vo-streamer, an open-
source plasma 
uid code for simulations of streamer discharges [136, 137].
It uses adaptive mesh re�nement with criteria based on the electric �eld and
OpenMP parrallelism. For solving Poisson’s equation, multrigid methods
are used, speci�cally a full multigrid cycle for the initial electric potential,
and then a number of V-cycles for the subsequent updates.
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Chapter 3

Electrically-isolated
propagating streamer heads
formed by strong electron
attachment

Streamer discharges occur in the early stages of electric breakdown of gases in
lightning, as well as in plasma and high voltage technology. They are growing
�laments characterized by a curved charge layer at their tip that enhances the
electric �eld ahead of them. In this study, we analyze the e�ect of strong electron
attachment on the propagation of positive streamers. Strong attachment occurs
in insulating gases like SF6 or in air at increased density. We use the classical 
uid
approximation with photo-ionization for streamers in ambient air, and we arti�-
cially increase the electron attachment rate where the �eld is below the breakdown
value. This modi�cation approximates air pressures above 1 bar at room temper-
ature. We �nd that the streamer head can keep propagating even though the
ionized channel loses its conductivity closely behind the head; hence, even if it
is electrically isolated. We describe how, depending on the attachment rate, the
streamer propagation in a constant electric �eld can be accelerating, uniformly
translating, or stagnating.
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This chapter is published as:
Hani Francisco, Behnaz Bagheri, and Ute Ebert. Electrically isolated propagating
streamer heads formed by strong electron attachment. Plasma Sources Science
and Technology, 30(2):025006, February 2021

In this paper, we found that positive streamers can keep propagating after they
lost conductivity in the back part of the channel - when they are electrically de-
tached from the electrode. We also found that they can accelerate, decelerate,
or propagate uniformly, depending on the attachment rate in a given background
electric �eld. Within a propagation length of 40 mm, the uniform or steady prop-
agation appears to be stable, while in general one would expect the streamers
to accelerate or decelerate eventually if conditions for steady propagation are not
perfectly met. This was stated in later papers [51, 75].
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3.1 Introduction

Streamers [97, 143, 148] are fast-growing ionized �laments whose develop-
ment is governed by the creation of a curved space charge layer around them
and the self-enhancement of the electric �eld ahead of them. Streamers can
be formed in gases [96] and in liquids [8] when the electric �eld locally ex-
ceeds the breakdown threshold even though the background electric �eld is
below breakdown.

In nature, streamers occur as precursors of sparks and lightning leaders,
and they are visible as sprites above thunderclouds. In plasma technology,
streamers are used in various applications [2, 18, 24, 25, 41], for example, in
plasma medicine [42, 48, 70], plasma-assisted combustion [115, 128], surface
treatment, and thin �lm deposition [17].

Streamers occur with positive or negative polarity. Positive streamers
have a positive net charge (i.e. positive space charge) at their tips, and they
propagate in the same direction as the background electric �eld, which
is against the direction of the electron drift. Negative streamers have a
negative net charge (i.e. negative space charge) at their tips, and they
propagate along the direction opposite of the background electric �eld -
in the direction of the electron drift. In this paper, we focus on positive
streamers, which form more easily than negative ones in air [22]. Since
positive streamers propagate opposite the direction of the electron drift,
they require a source of free electrons at their heads for propagation. In air,
photoionization is the most important source of these electrons [96, 101].

As electrons enter the region where the electric �eld is above the break-
down value, referred to as the ionization zone, they multiply due to the
electron-impact ionization reactions dominant in this region. However, in
the interior region of the streamer where the electric �eld is below break-
down, electrons are lost due to attachment to electronegative molecules.

Attachment reactions are prevalent, in particular, in gases such as sulfur
hexa
uoride (SF6), which are used in high voltage equipment such as cir-
cuit breakers [27, 30]. In air, the attachment processes involve dissociative
and three-body reactions with oxygen molecules. Like impact ionization
and many other rates in streamers, the dissociative attachment reaction
rate increases linearly with the gas density. However, the three-body at-
tachment reaction rate increases quadratically with gas density, and thus,
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its importance increases when the density increases.
In this paper, our goal is to understand the e�ect of the electron at-

tachment rate on the dynamics of positive streamers. In particular, we
look at whether streamers can continue to propagate if the electrons in the
channel get rapidly attached. To investigate this, we perform axisymmetric
simulations of positive streamers in air at standard temperature and pres-
sure with the normal and modi�ed attachment rates. In the latter cases,
we systematically enhance the attachment rate in regions where the elec-
tric �eld is below the breakdown value, and we keep it unchanged in the
high-�eld regions. This way, we focus only on the e�ect of the attachment
rate on the streamer dynamics while we keep other parameters such as gas
composition, impact ionization rate, and photoionization �xed. The details
of this modi�cation are given in section 3.2.2.

The structure of the paper is as follows. The discharge model and sim-
ulation conditions are presented in section 3.2, where the model equations
along with the transport parameters and reaction rates are described in
section 3.2.1, the computational domain and boundary conditions in sec-
tion 3.2.3, and the initial conditions are given in section 3.2.4. The results
are presented in section 3.3, where in section 3.3.1, we show that a streamer
can keep propagating while the streamer head is electrically isolated from
streamer body and electrode due to signi�cant electron attachment behind
the streamer head. In section 3.3.2, we discuss three modes of streamer
propagation: accelerating, uniformly translating, and stagnating. Finally,
in the concluding section 3.4, we summarize our results in section 3.4.1, and
we relate our results on electrically-isolated propagating streamer heads to
concepts by other authors in section 3.4.2.

3.2 Discharge model

3.2.1 Model equations, transport parameters, and reaction rates

We used a drift-di�usion-reaction type 
uid model to simulate positive
streamers in arti�cial air, composed of 80% nitrogen and 20% oxygen,
at standard temperature and pressure. Twelve reactions, listed in ta-
ble 3.1, were considered: electron impact ionization (k1, k2), electron at-
tachment (k3, k4), electron detachment (k5, k6), ion conversion (k7 � k11),
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Reaction No. Reaction Reaction rate coe�cient Reference
1 e+ N2 �! 2e+ N+

2 k1 (E=N) [1]
2 e+ O2 �! 2e+ O+

2 k2 (E=N) [1]
3 e+ O2 + O2 �! O�2 + O2 k3 (E=N) [1]
4 e+ O2 �! O + O� k4 (E=N) [1]

5 M + O�2 �! e+ O2 + M k5 (E=N) = 1:24� 10�17 exp
�
�
�

179
8:8+E=N

�2
�

m3 s�1 [107]

6 N2 + O� �! e+ N2O k6 (E=N) = 1:16� 10�18 exp
�
�
�

48:9
11+E=N

�2
�

m3 s�1 [107]

7 O2 + O� �! O�2 + O k7 (E=N) = 6:96� 10�17 exp
�
�
�

198
5:6+E=N

�2
�

m3 s�1 [107]

8 O2 + O� + M �! O�3 + M k8 (E=N) = 1:1� 10�42 exp
�
�
�
E=N

65

�2
�

m6 s�1 [107]

9 N+
2 + N2 + M �! N+

4 + M k9 = 5:0� 10�41 m6 s�1 [4]
10 N+

4 + O2 �! 2N2 + O+
2 k10 = 2:5� 10�16 m3 s�1 [4]

11 O+
2 + O2 + M �! O+

4 + M k11 = 2:4� 10�42 m6 s�1 [4]
12 e+ O+

4 �! 2O2 k12 (E=N) = 1:4� 10�12(300 K=Te)1=2 m3 s�1 [65]

Table 3.1: Reactions included in the model with reaction rate coe�cients
and references. M is any molecule, either O2 or N2. Te in reaction
number 12 depends on E=N through the mean electron energy h�ei as
Te = 2 h�ei =3kB [65], and h�ei is calculated with Bolsig+.

and electron-ion recombination (k12). The temporal evolution of the elec-
tron density (ne) is given by the continuity equation

@ne
@t

= r � (ne�eE +Derne) + Si � S� + Sph + Sion; (3.1)

where E is the electric �eld, �e is the electron mobility, De is the electron
di�usion coe�cient, Si is the electron impact ionization source term, S� is
the electron attachment source term, Sph is the non-local photoionization
source term, and Sion contains all electron detachment reactions from the
ions minus the electron-ion recombination reaction.

The impact ionization source term Si, the electron attachment source
term S�, and the photoionization source term Sph contain reactions of elec-
trons with neutral molecules. These are the relevant plasma-chemical re-
actions in the ionization zone ahead of the streamer. They are calculated
using the rate coe�cients given in table 3.1:

Si = k1ne [N2] + k2ne [O2] ; (3.2)

S� = k3ne [O2]2 + k4ne [O2] : (3.3)
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Note that we do not include the three-body attachment reaction, e+ O2 +
N2 ! O�2 + N2, in our model because its reactions rates are about three
orders of magnitude smaller than k3 [65].

Si and S� are linear in the electron density ne. As the degree of ion-
ization at standard pressure and temperature and below is small within a
streamer, the densities of neutral molecules [O2] and [N2] can be assumed
to be constant. Therefore the impact ionization and attachment reactions
can be written as the product of the electron 
ux �eEne and the coe�cients
� and � respectively [97]. The e�ective ionization source term can then be
de�ned as

Si � S� =
�
�� �

�
�eE ne; �e� = �� �: (3.4)

The sign of �e� determines whether the local electron density increases or
decreases in the streamer ionization front.

The photoionization source term Sph contributes only a small correction
to the local reaction rates. However, it is very important due to its nonlocal
nature, which allows for the liberation of electrons in the non-ionized region.
It is given by

Sph(r) =
Z
d3r0

I(r0)f(jr� r0j)
4�jr� r0j2

(3.5)

where I (r) is the source of ionizing photons, f(r) is the absorption function,
and 4�jr � r0j2 is a geometric factor. We employed the commonly used
Zheleznyak’s model [149], where I (r) is proportional to the electron impact
ionization source term (Si)

I (r) =
pq

p+ pq
�Si (r) : (3.6)

Here p is the actual gas pressure, pq = 40 mbar is a gas-speci�c quenching
pressure, and � is a proportionality factor that was set to � = 0:075. We
approximated the integral in equation (3.5) using a set of Helmholtz dif-
ferential equations [19, 84] with Bourdon’s three-term parameters [19]. In
addition to the original papers [19, 84], the reader is also referred to the
appendix of [16] for more details.

In the ionized region inside the streamer, reactions involving ions are
also signi�cant. The relevant terms a�ecting the electron density are

Sion = k5 [M]
�
O�2
�

+ k6 [N2]
�
O�
�
� k12ne

�
O+

4
�
; (3.7)
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where [M] is the density of all neutral molecules: [M ] = [N2] + [O2].
Other species Zi in our model are ionized or non-ionized molecules or

atoms. According to table 3.1, these are N+
2 , N+

4 , O+
2 , O+

4 , O�, O�2 , O�3 ,
and the neutrals O and N2O. Their densities are also calculated from a
continuity equation

@ [Zi]
@t

= �sir � ([Zi]�iE) + SZi ; (3.8)

where si = �1 is the sign of the electric charge of species i and �i is the
ion mobility. The neutral species are treated as immobile. The drift of ions
is neglected in most of the paper as their mobility is much smaller than
that of electrons, but in section 3.3.5, we include the ion drift and discuss
its e�ect on the previous results. All ion mobilities are assumed to be 2.2
�10�4 m2=V s [138] in that set of simulations. As O�3 , O, and N2O do
not drive further reactions in our model, their densities do not need to be
calculated in practice, except to account for the contribution of the O�3 ion
to the space charge density.

The electric potential and the electric �eld are calculated as

r2� = �
�
�0
; E = �r�; (3.9)

where �0 is the vacuum permittivity, � = e (ni � ne) is the space charge
density, e is the elementary charge, and ni is the density of all positive ions
minus the density of all negative ions.

Most reaction rate coe�cients in table 3.1 are a function of the reduced
electric �eld E=N . Electron-neutral scattering cross sections for nitrogen
and oxygen are taken from the Phelps database [1]. Bolsig+ [54] (version
03/2016 for Linux), an electron Boltzmann equation solver, was used to
calculate the mean electron energy, transport coe�cients �e and De, and
the reaction rates for electron impact ionization and electron attachment
(i.e. k1, k2, k3, and k4). Bolsig+ solved the Boltzmann equation the spatial
growth model.

3.2.2 Modi�cation of e�ective ionization coe�cient

To identify the e�ect of strong attachment in regions below the breakdown
�eld, the e�ective ionization coe�cient was modi�ed in such a way that the
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attachment rate in high electric �eld regions is unchanged and it is only en-
hanced in regions below the electric breakdown value. The photoionization
rate is made una�ected by the changes in the coe�cients.

This is accomplished in two steps. First, the e�ective ionization coe�-
cient was multiplied by a factor m below the electric breakdown �eld Ec,
which is about 28 kV/cm in our case.

�m(E) =
�
�e� (jEj) when jEj � Ec;
m � �e� (jEj) when jEj < Ec;

(3.10)

This translates to multiplying reaction rate coe�cients k1, k2, k3, and k4
with the factor m when used in regions below the breakdown �eld. Above
the breakdown �eld, the e�ective ionization coe�cient is unchanged. Fig-
ure 3.1 shows the reduced e�ective ionization coe�cient �m=N as a function
of the reduced electric �eld strength E=N for di�erent values of m. These
so-called reduced quantities are scaled with the gas density N . The reduced
e�ective ionization coe�cient for air at 26 bar is included for comparison,
and we see that its values match the m = 26 case for reduced electric �elds
below 30 Td, where three body attachment is dominating. As we describe
later in section 3.3, the reduced electric �elds inside streamer channels are
found to be below 30 Td. Furthermore, the attachment rate in the m = 37
case, which has the highest attachment rate in this study, is still about
one order of magnitude smaller than the respective rate in SF6 at standard
temperature and pressure [1].

Second, the photoionization source term (3.6) was set to continue to
use the unmodi�ed ionization coe�cient �.

3.2.3 Computational domain, electric �eld, and boundary con-
ditions

The model is implemented in a�vo-streamer [136, 137], which employs geo-
metric multigrid techniques to solve Poisson’s equation and OpenMP paral-
lelism. We simulate cylindrically symmetric positive streamers in a volume
spanned by radius r and axis z. The domain has a length of 50 mm and a
radius of 50 mm. Adaptive mesh re�nement is employed with the grid set
to have a minimum size of 2 �m. The re�nement and dere�nement criteria
are based on the local electric �eld value as in [136] with an additional
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Figure 3.1: Reduced e�ective ionization coe�cients �m=N from equation
(3.10) as a function of the reduced electric �eld E=N for the indicated
values of m and the reduced e�ective ionization coe�cient for air at 26 bar.
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criterion based on the charge density: re�ne if �(1:2 � E)�x > 0:5 and
dere�ne if �(1:2�E)

1:2 �x < 6:25 � 10�2 and j �0�4:5�1010

� j > 0:5, where �(E)
is the �eld-dependent ionization coe�cient, E is the electric �eld strength,
and �x is the grid spacing. We apply a homogeneous background electric
�eld by �xing the electric potential at z = 0 mm and z = 50 mm. Neumann
zero boundary conditions are applied to the electric potential at r = 0 mm
and r = 50 mm, and to the electron density at all boundaries. The electric
�eld points in �ẑ direction with a magnitude of 15 kV/cm, which is about
half of the breakdown �eld. No background ionization is incorporated in
the domain.

3.2.4 Initial conditions

To initiate a positive streamer, we placed two neutrally charged cylindri-
cal seeds on the axis of symmetry. The �rst seed serves as the initiation
point of the streamer. It is 1 mm long with 2:25 � 1020/m3 electrons and
positive ions and has a width of 0:25 mm. It extends from z = 50 mm
to 49 mm. The second seed supplies additional electrons during initiation
until photoionization provides su�cient electrons for continued streamer
propagation. This seed is 2 mm long with 1:0�1017/m3 electrons and pos-
itive ions and has a width of 0:2 mm. It extends from z = 49 mm to 47 mm.
The seeds decay with a Gaussian pro�le along the r-axis throughout their
length and radially decay with a Gaussian pro�le in all directions at the
caps.

For air, which is the case of m = 1 in equation (3.10), a streamer initi-
ates in such setup. However, for strongly enhanced attachment conditions
with large values of m, a streamer does not successfully initiate. Therefore,
we �rst ran our simulation with the normal attachment rate m = 1 for 20 ns
to get a streamer and then take this stage, that is illustrated in �gure 3.2,
as the initial condition for all runs with values of m from 1 up to 37. At
this stage, a streamer has clearly formed and grown to a length of about
3:53 mm and a radius of 153 �m.
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Figure 3.2: The initial condition at t = 0 ns for all streamer simulations pre-
sented in this paper, in radial coordinates (r; z): (a) electric �eld strength
jEj (color-coded) with white equipotential lines, (b) electron number den-
sity. The streamer has initiated from the seeds at time t = �20 ns, and it
has propagated to a length of about 3.53 mm at time t = 0 ns with m = 1.
Note that the computation domain extends from 0 to 50 mm both in r and
in z directions; however, in this �gure only a part of the domain is shown.
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3.3 Streamer evolution for di�erent values of m

3.3.1 Two examples: m = 1 and m = 26

Figures 3.3 and 3.4 show the evolution of the streamer with m = 1 on the
left-hand side and the streamer with m = 26 on the right-hand side. For
m = 26, electron attachment is strongly enhanced when the electric �eld is
below the breakdown value, while it is the same as in air when the �eld is
above breakdown. The background �eld is 15 kV/cm, which is about half
of the breakdown �eld. The evolution of the m = 1 streamer is shown in
time steps of 15 ns, and the evolution of the m = 26 streamer is shown
in time steps of 30 ns. The m = 1 streamer propagates over a length of
30.4 mm within 45 ns, and the m = 26 streamer propagates over a length
of 22.8 mm within 90 ns.

The panels in �gures 3.3 and 3.4 show the electron number density ne,
the number density of all negative ions [O�]+[O�2 ]+[O�3 ], the space charge
density �=e, and the electric �eld strength E = jEj with white equipotential
lines �. Within each row, the same color coding is used for the respective
densities and the �eld strength. The �gures zoom into the region r �3 mm
and 15 mm � z � 50 mm. The overall simulation volume extends to 50 mm
in the r direction and 50 mm in the z direction.

m = 1

The streamer with the normal attachment rate, shown on the left-hand
side of �gures 3.3 and 3.4, presents the familiar phenomenology: it forms
an elongated ionized channel that largely suppresses the electric �eld in the
channel interior and enhances it ahead of the streamer tip. The electric
conductivity of the streamer body is due to the density ne of free electrons
that drift in the local electric �eld. At the edge of the ionized region, the
electric �eld changes strongly across the thin space charge layer; it is formed
by the surplus or lack of free electrons relative to the density of positive ions.
Within the strong external electric �eld of more than half of the breakdown
value, the streamer radius grows in time and so does its velocity. Because
the streamer head gets wider, more positive electric charge is required at its
head. As charge is conserved, the negative charge moves backward, as can
be seen in both the equipotential lines and the space charge density �=e.
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Figure 3.3: Streamer evolution in air with di�erent electron attachment
rates: normal attachment (m = 1) at times 0, 15, 30, and 45 ns on the left,
and strong attachment rates (m = 26) at times 0, 30, 60, and 90 ns on the
right. The background electric �eld is 15 kV/cm. Shown are the electron
density and the number density of negative ions (i.e. [O�] + [O�2 ] + [O�3 ]).
Figure 3.4 contains the space charge densities and the electric �elds for the
same cases.
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Figure 3.4: The same simulations as shown in �gure 3.3, but here the space
charge density �=e is plotted in the upper row with the electric �eld (color-
coded) with equipotential lines (white) in the lower row.
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No considerable density of negative ions is formed in the streamer interior.

m = 26

The streamer with strongly enhanced attachment rate, shown on the right
hand-side of �gures 3.3 and 3.4, has a very di�erent behaviour even though
the external �eld is the same and the plasma reactions are only changed in
the region below the breakdown �eld. The streamer head propagates with
a small and nearly constant radius and velocity. The density ne of free
electrons that is created in the ionization front rapidly disappears behind
the streamer head due to fast attachment, and it leaves a density of negative
ions behind. A thin layer of positive charge surrounds the streamer head,
but as the streamer propagates, only a faint negative charge appears at its
back end, and that does not change the electric �eld in a signi�cant manner.
The streamer tip rather propagates in a solitary manner, and the electric
�eld behind it returns to the background value, as can be read particularly
clearly from the straight and parallel equipotential lines at some distance
behind the streamer head.

Surprisingly, this electrically-isolated streamer head keeps propagating
essentially without changing its shape and without destabilizing. Thus, it
behaves as a coherent structure, i.e. as a nonlinearly stabilized structure
like a soliton.

3.3.2 Temporal evolution of maximum �eld, velocity, and ra-
dius

In �gure 3.5, the maximum electric �eld Emax, streamer velocity v, and
streamer radius R for di�erent values of m are plotted as a function of
streamer length L. The plot �nishes at a length of 40 mm, while the
electrode is at z = 50 mm. Hence, e�ects of electrode proximity are not
shown. The streamer length is de�ned as 50 mm�zmax, where zmax is the
location of the maximum electric �eld. As earlier in [16], the radius is
measured as the location where the radial component Er of the electric
�eld is maximum.

Three di�erent cases of streamer growth can be distinguished in �g-
ure 3.5:

33



Streamer Discharges

� Accelerating streamers. For the case of arti�cial air (m = 1) as shown
in �gures 3.3 and 3.4, the streamer radius R increases with streamer length
L from 0.146 to 1.00 mm and the streamer velocity v from 2:20�105 m/s to
1:12 � 106 m/s, while the maximum electric �eld Emax at the streamer head
decreases slightly from 158 kV/cm to 116 kV/cm. The same tendency of
increasing velocity and radius and decreasing maximum �eld as a function
of streamer length is seen for all values of the attachment parameter m up
to 26, though the rates of increase or decrease diminish with growing m.
� Uniformly translating streamers. The case of m = 26, that is also

displayed in �gures 3.3 and 3.4, is a limiting case: radius, velocity, and the
maximum �eld stay approximately constant while the streamer propagates.
It is remarkable that this streamer head is dynamically stable, and that
the motion is really a uniform translation where the background �eld is
restored after the streamer head has passed and the nonconducting state is
re-established.
� Decelerating and stagnating streamers. For m > 26, streamer radius

and velocity decrease with growing streamer length while the maximum
electric �eld at the streamer tip grows very rapidly. In fact, the simulation
stops, because the increasing electric �eld requires a too small numeri-
cal time step to proceed. Due to the CFL condition [137], the numerical
time step has gone down to less than 10�14 s from 10�12 s with the maxi-
mum electric �eld suddenly reaching to values greater than 300 kV/cm in
a limited region ahead of the streamer. From an investigation on negative
streamers in [73], the local �eld approximation was found to no longer be
valid at electric �eld values above 200 kV/cm at 1 bar, and this limit is
greatly exceeded by our stagnating streamers before the simulations stop.

The way how the positive streamers with m > 26 decelerate, and even-
tually stop, is reminiscent of earlier observations of stagnating and \dying"
positive streamers [106, 135].

3.3.3 The front structure of streamers at 30 mm length

Streamers of 30 mm length for di�erent values of m are now analyzed in
more detail; more precisely, we look at streamers that have propagated
from z = 46:5 mm up to z = 20 mm. This occurs after a time of 44:75 ns
for m = 1, after 87:25 ns for m = 17, and after 125 ns for m = 26. The
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cases of m = 30 and 37 are excluded, as these streamers do not reach this
length.

Figure 3.6 zooms into the region 18 mm � z � 24 mm, which is around
the streamer head. It shows the electric �eld and electron density on the
streamer axis for di�erent values of m.

The electric �eld in the streamer front shows the familiar structure: the
thin and weakly curved space charge layer at z = 20 mm (see �gure 3.4)
causes the �eld to jump from a highly enhanced value to a quite low one.
Behind the space charge layer in the streamer interior (i.e. for larger z),
the electric �eld is largely screened. The decay length of the electric �eld
ahead of the space charge layer ( i.e. for smaller z) is determined by the
radius of curvature of the space charge layer. The maximum of the �eld is
determined dynamically. It occurs to be higher for the slower and thinner
streamers with higher m values.

The electron density is shown in the lower panel of �gure 3.6 on a linear
scale in the streamer head region. Where the electric �eld is maximum, the
electron density is growing rapidly, almost discontinuously, in particular
for large m. The second panel of �gure 3.7 shows the electron density
on a logarithmic scale over a wider spatial range for m = 1, 17, and 26.
Ahead of the front in the range of z < 17 mm, the electron density grows
exponentially in space towards the front region, like exp[z=‘], with the same
length scale ‘ = 1:1 mm according to a �t in the range of z = 4 to 15 mm for
all three values of m. An analytical estimate shows that this length scale ‘
should be set by the largest photon absorption length in the photoionization
model. This length is indeed 1:2 mm [16, 19]. In the high �eld region at
z � 20 mm, the electron density increases steeply as in the linear plot of
Figure 3.6.

Behind the ionization region, the electron density is nearly constant for
m close to 1, but it decreases for larger m with growing distance behind
the front. For m = 17 and m = 26, it saturates to about 1017 /m3 at
z > 33 mm and z > 25 mm respectively, which is the result of attachment
and detachment reactions compensating each other. By inspecting the
density of the ionic species in the streamer channel for the cases shown in
the third, fourth, and �fth panels of �gure 3.7, we observe that the densities
of O+

2 , N+
2 , and N+

4 di�er signi�cantly in m = 1, 17, and 26, whereas the
densities of the other ion species are quite similar. For m = 17 and m = 26,
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the density of ion species also approach an identical constant value for both
cases.

Surprisingly, the maximum value of the electron density generated in the
ionization front is highest for the largest m - when the electron attachment
rate in the region below breakdown is highest. Common estimates relate the
maximum electron density behind the front to the maximum electric �eld at
the front [10, 36, 73] though this relation somewhat deviates from numerical
observations for positive streamers with photoionization [78], as discussed in
section 3.4 of [97]. The present observation con�rms that a higher maximum
�eld creates a higher electron density behind the ionization front.

3.3.4 Charged species in 30 mm long streamer channels

Figure 3.7 shows the electric �eld, electron density, and ion species on the
streamer axis throughout the whole ionized region. Here, the streamer
heads have arrived at z = 20 mm as before.

The upper plot shows the electric �eld on axis, and three constant values
are inserted for reference: the breakdown �eld of 28 kV/cm (where �e� =
0), the applied background �eld of 15 kV/cm, and the �eld of 5 kV/cm
that is frequently observed in the interior of single positive streamers in air
and interpreted as the so-called stability �eld. Far ahead of the streamers
at z ! 0, the electric �eld essentially has the background value, and then it
increases strongly towards the streamer head, as described above. Behind
the ionization front in the streamer interior, the electric �eld approaches
5 kV/cm for m = 1, while it approaches the background �eld of 15 kV/cm
in the cases of m = 17 and 26. The axis range of 45 mm < z < 50 mm
shows remainders of the initiation process and is not discussed further.

The di�erent interior �elds of 5 or 15 kV/cm are related to the di�erent
interior conductivities of the streamers. While for m = 1, there is a su�-
cient electron density to screen the electric �eld from the streamer channel,
this is not the case for the middle and back regions of the streamers with
m = 17 or 26 as we will discuss now.

The simulation results for electron attachment and ion conversion are
shown in the lower three panels of �gure 3.7. The reactions listed in ta-
ble 3.1 involve electrons, neutrals, the positive ions N+

2 , O+
2 , N+

4 , O+
4 , and

the negative ions O�, O�2 , O�3 . As described in [4], all positive ions in air
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rapidly convert to O+
4 . This statement is con�rmed by the present simula-

tions, where the densities of the other positive ions quickly decrease behind
the ionization front.

For m = 1, the electrons created in the ionization front attach to oxy-
gen mainly through three-body attachment, hence the O�2 density increases
behind the moving front in about the same manner as the electron density
decreases. Dissociative attachment creating O� has no substantial con-
tribution at standard temperature and pressure. As O�3 is produced in
collisions of O2 with O�, its concentration stays low as well. It is a quite
stable ion in air. There is a rapid trail of positive ion conversion within
the streamer head, from N+

2 to N+
4 to O+

2 . This is followed by the fast
conversion of O+

2 into O+
4 in the streamer channel.

For m = 17 and 26, the ionization and attachment reaction rates k1 to
k4 are enhanced by a factor m in the region below the breakdown �eld. This
concerns the complete streamer channel. Accordingly, the electron density
decreases rapidly behind the ionization front, while the O�2 density increases
in about the same manner as the electron density decreases. For both values
of m, an electrically neutral streamer channel is formed, consisting mainly
of O+

4 and O�2 ions while all other ion densities are at least an order of
magnitude smaller. Note that in Figure 3.7, the yellow line that represents
O�2 mostly coincides with the green line that represents O+

4 for m = 17 and
26. As ion mobility is much smaller than electron mobility and neglected
in the present model, this streamer channel cannot screen the electric �eld
anymore and the �eld returns to the background value.

3.3.5 Electronic and ionic currents

Since electrons are quickly attaching and disappearing behind the streamer
head for large values of m, the electric current due to the electrons is sig-
ni�cantly decreasing along the streamer channel. Thus, ionic conductivity
could possibly become relevant, and we investigate that here. We per-
formed streamer simulations which included ion motion through the drift
term in equation (3.8) with the �nite ion mobility given in Section 3.2.1.

The electronic conductivity was calculated with �e = ene�e and �i =P
i e [Zi]�i was used for calculations of the ionic conductivity. From the

conductivities, the current densities je and ji, for the electrons and the
ions respectively, were calculated using je = �eE and ji = �iE. Figure 3.8

37



Streamer Discharges

presents the electronic and ionic current densities on the streamer axis for
cases m = 1, 17, and 26 when the heads have arrived at z = 20 mm as in
the previous section.

For m = 1, the electronic current density is nearly 3 orders of magnitude
higher than the ionic current density, rendering the e�ect of the ions to the
total current negligible. For m = 17 and m = 26, at about z = 34 mm and
26 mm behind the ionization front respectively, the ionic current density
starts to get larger than the electronic current density. This ionic current
density is of the order of 1 kA/m2 for all values of m considered. Here, the
densities of O�2 and O+

4 are dominating in the increased attachment cases.
Due to approximate charge neutrality in the streamer channel, the electric
currents of positive and negative ions contribute about equally. The ionic
current densities do not have a signi�cant e�ect on the streamer behavior.
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Figure 3.5: Maximum electric �eld (upper panel), streamer velocity (middle
panel), and streamer radius (lower panel) as a function of streamer length
L for di�erent attachment rates m.
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Figure 3.6: Zoom into the region around the streamer head when the
streamers have reached a length of 30 mm. Shown are electric �eld (upper
panel) and electron density (lower panel) on the streamer for di�erent m
values.
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Figure 3.7: Electric �eld pro�le E (�rst panel), number densities of electron
ne (second panel) and all ion species for di�erent attachment rates (m = 1
on third panel, m = 17 on fourth panel, and m = 26 on �fth panel) on the
streamer axis. Streamers of the same length are shown. The �rst panel also
contains dashed lines for the breakdown �eld 28 kV/cm, the background
�eld 15 kV/cm, and the �eld 5 kV/cm for reference. Legend on the �fth
panel applies for the third and fourth panels as well.
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Figure 3.8: Current density pro�les for di�erent attachment rates (m = 1,
m = 17, and m = 26) on the streamer axis. Electronic current densities
are shown with solid lines and ionic current densities with broken lines.
Streamers of the same length are featured.
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3.4 Conclusions

3.4.1 Summary

We have simulated and analyzed single positive streamers with photoion-
ization in a constant electric �eld below the breakdown value. To study
systematically the e�ect of electron attachment and of the subsequent loss
of channel conductivity on the streamer dynamics, we performed simula-
tions in arti�cial air (N2 : O2 = 80 : 20) at standard temperature and
pressure, and then we modi�ed the e�ective ionization coe�cient such that
electron attachment is increased in the region below breakdown, and we
kept all other parameters the same. Our main conclusions are:

1. A streamer head can keep propagating even if the ionized channel
behind it loses its conductivity due to rapid electron attachment.

2. Depending on parameters, the streamer can be accelerating or decel-
erating. Between these parameter regimes, the streamer can propa-
gate uniformly - with unchanged velocity and spatial structure. In
this case, the electrically isolated streamer head carries a �xed amount
of positive electric charge, and the electric �eld behind it returns to
its background value.

3. It is remarkable that this uniform translation is dynamically stable,
at least for the duration of our simulations. This illustrates that the
streamer head is a coherent structure like a solitary wave, created by
the nonlinear interaction between ionization reaction, electron mo-
tion, and local electric �elds.

4. If attachment is too strong in a given electric �eld, the streamer radius
and velocity decrease while the electric �eld and the charge carrier
density increase rapidly. This dynamics is reminiscent of the stagna-
tion dynamics described in [106], but in that reference the streamer
channel stayed conductive.

3.4.2 Related concepts and outlook

We remark that the electrically-isolated streamer heads found here should
not be confused with the glowing heads of propagating streamers as the
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glow only indicates the regions with a strong ionization reaction and not
the conducting regions in a streamer. These should not be confused either
with the isolated head model [67, 127], which ignores the existence of the
streamer channel.

The behavior of the streamer in the m = 26 case could be related
to an older de�nition of the streamer stability �eld. Before the stability
�eld was used in relation to the minimal voltage needed for a streamer to
travel a certain distance, it was de�ned as the homogeneous electric �eld
where a streamer propagates without any changes in velocity and shape
[44, 50, 114]. In the m = 26 case, the streamer can apparently propagate
inde�nitely in a �eld of 15 kV/cm in a stable manner. It could be claimed
that 15 kV/cm is the stability �eld of the m = 26 streamer following its
original de�nition. For larger m, the streamer length is limited.

Finally, the relation between radius, velocity, and maximum electric
�eld at the streamer head, and of electron density and electric �eld behind
the streamer ionization front should be analyzed further. The charge bal-
ance between di�erent parts of the streamer requires further analysis as
well. In this context, model reductions for uniformly-translating streamers
given in [92, 110] and reviewed in [97] should be checked carefully, both on
the underlying assumptions and calculations, and in comparison with sim-
ulations. These questions will be addressed in future papers, in particular,
in view of deriving reduced models for streamer trees [83].
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Simulations of positive
streamers in air in di�erent
electric �elds: steady motion
of solitary streamer heads
and the stability �eld

We simulate and characterize positive streamers in ambient air in homogeneous
background electric �elds from 4:5 to 26 kV/cm in a 4 cm gap. They can accelerate
or decelerate depending on the background electric �eld. Many experiments have
shown that a streamer keeps propagating in a stable manner in the so-called sta-
bility �eld of 4:5 to 5 kV/cm. Our 
uid streamer simulations in STP air show that:
(1) In a homogeneous �eld larger than 4:675 kV/cm, a single streamer accelerates,
and in a lower �eld, it decelerates and eventually stagnates with a small radius
and very high �eld enhancement. (2) In a �eld of 4:675 kV/cm, the streamer head
propagates with an approximately constant velocity of 6:7�104 m/s and an optical
radius of 55 �m over distances of several centimeters as a stable coherent struc-
ture. These values for the radius and velocity agree well with measurements of
so-called minimal streamers. (3) Behind the uniformly-translating streamer head,
the channel conductivity decreases due to electron attachment and recombination,
and the electric �eld returns to its background value about 1 cm behind the head.
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The propagation behavior of the solitary streamer agrees with the original de�ni-
tion of the stability �eld, which is the homogeneous �eld in which a streamer can
propagate with a constant speed and shape.

This chapter is published as:
Hani Francisco, Jannis Teunissen, Behnaz Bagheri, and Ute Ebert. Simulations
of positive streamers in air in di�erent electric �elds: steady motion of solitary
streamer heads and the stability �eld. Plasma Sources Science and Technology,
30(11):115007, November 2021

In this paper, we found that accelerating, steadily-propagating, and decelerating
streamers can also be found in air when varying the background electric �eld.
However, we implicitly assumed that uniform or steady propagation would only
occur at one particular background �eld. This expectation was driven by the
textbook concept of a unique so-called stability �eld. Later, in [75], it was shown
that the stability �eld and the corresponding shape of the steadily-propagating
streamer are not unique.
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4.1 Introduction

Streamer discharges are transient discharges that serve as precursors to
other gas discharges such as sparks and lightning leaders. They are rapidly
growing ionized channels that are characterized by a curved space charge
layer around their plasma body, which screens the electric �eld in their
interior and enhances it ahead of them [11, 38, 67, 97, 103]. The enhanced
�eld in the active zone at the streamer head exceeds the electric breakdown
value, and the multiplication of electrons in this region drives the propaga-
tion of the streamer. Streamers have multiple applications in various �elds
including, but not limited to, medicine [70], combustion [128], and surface
treatments [17].

Streamers can form even if the background electric �eld is below break-
down as long as there is an area where the �eld is enhanced above the
breakdown threshold. This allows for the observation of streamers in a
wide range of electric �elds in the laboratory [6, 22, 114]. Numerically, it
has been a challenge to study streamers in low background electric �elds
due to issues related to streamer initiation and streamer branching [79]. In
[106], a streamer simulation was performed with a low background elec-
tric �eld, and that led to the �rst study of streamer stagnation dynamics.
This was studied more recently in [131] where decelerating streamers were
obtained by having inhomogenous gas density.

In this paper, we employ an approach that allows us to look at streamers
propagating in low background �elds: we initiate the streamer in a higher
�eld, let it propagate for some time, and then reduce the background elec-
tric �eld to a much lower value. This scheme allows us to do a parameter
sweep of background electric �elds farther below electric breakdown, going
as low as 4:5 kV/cm.

In a recent paper [39], we have studied single positive streamers in dry
air in a homogeneous background electric �eld of 15 kV/cm, about half
the breakdown �eld, at standard temperature and pressure. The radius
and the velocity of the streamers increased with the streamer length, as
observed by many authors before. When the electron attachment rate was
arti�cially increased in regions below electric breakdown, we found that
with increasing attachment rate, streamer velocities and radii could grow
less, not at all, or even decrease. Additionally, streamer heads could keep
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propagating even if the conductivity of the streamer channels was already
negligible a short distance behind the streamer head. We did not specify
gases where such dynamics could actually be observed.

In the current work, we show that the same variation of streamer dy-
namics can occur in ambient air by simply decreasing the homogeneous
background electric �eld. We �nd that for a background �eld of about
4:675 kV/cm, the streamer head propagates with a constant radius and
velocity. The current that 
ows through the streamer channel is already
negligible close behind the head - the electric �eld returns to the back-
ground �eld value at the back of an electrically isolated streamer head.
If the background electric �eld is even smaller, the streamer velocity and
radius decrease while the maximal electric �eld at the head rapidly in-
creases, and this could go on until the streamer stops. Finding uniform
streamer propagation in STP air con�rms the old concept of the stability
�eld [44, 50, 114] that is frequently used in high voltage engineering but
had little support up to now from fundamental physical modeling.

The paper is structured as follows. Details about the numerical mod-
eling are presented in section 4.2, where the computational domain is de-
scribed along with the initial conditions of the simulations in section 4.2.3.
Section 4.3 features and discusses the results of our simulations. In sec-
tion 4.3.1, we present the case of a uniformly translating streamer in ambi-
ent air together with the more familiar case of an accelerating streamer, and
in section 4.3.2, we show how streamer behaviour more generally depends
on the background electric �eld. We also include decelerating streamers in
that section. Section 4.4 has comparisons between our simulation results
and experimental measurements, and we discuss there the original con-
cept of the stability �eld and its connection to our solitary streamers. We
conclude in section 4.5, where we summarize our results and communicate
ideas for future studies.

4.2 Discharge model

4.2.1 Model equations and reactions

We used a plasma 
uid model with local �eld approximation to simulate
positive streamers in arti�cial dry air at standard temperature and pressure
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1 e+ N2 �! 2e+ N+
2 k1 (E=N)

2 e+ O2 �! 2e+ O+
2 k2 (E=N)

3 e+ O2 + O2 �! O�2 + O2 k3 (E=N)
4 e+ O2 �! O + O� k4 (E=N)
5 M + O�2 �! e+ O2 + M k5 (E=N)
6 N2 + O� �! e+ N2O k6 (E=N)
7 O2 + O� �! O�2 + O k7 (E=N)
8 O2 + O� + M �! O�3 + M k8 (E=N)
9 N+

2 + N2 + M �! N+
4 + M k9

10 N+
4 + O2 �! 2N2 + O+

2 k10
11 O+

2 + O2 + M �! O+
4 + M k11

12 e+ O+
4 �! 2O2 k12 (E=N)

Table 4.1: List of reactions included in the model. M stands for both O2
and N2, and E=N is the reduced electric �eld calculated from the electric
�eld E and the gas density N . The electron impact reactions 1 � 4 have
reaction rate coe�cients calculated with Bolsig+ [54] while the reaction
rate coe�cients of the ion reactions 5 � 11 were taken from [4, 107]. The
reaction rate coe�cient of reaction 12 is calculated [65] from the mean
electron energy calculation of Bolsig+.
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at di�erent homogeneous background electric �elds. The model equations,
transport coe�cients, and included reactions and reaction rate coe�cients
are the same as in our earlier paper [39].

The electron density ne evolves in time according to the equation

@ne
@t

= r � (ne�eE +Derne) + Si � S� + Sph + Sion; (4.1)

where �e is the electron mobility, E is the electric �eld, De is the elec-
tron di�usion coe�cient, Si is the impact ionization source term, S� is
the electron attachment source term, Sph is the non-local photoionization
source term, and Sion is the source term for electron detachment reactions
minus the electron-ion recombination reaction. Table 4.1 summarizes the
reactions incorporated in the model.

We used the reactions given in [81] excluding the ion-ion recombina-
tion reactions and the reactions that involved water. This chemical model
is based on [4, 65, 107] and focuses on the electron density evolution, in
accordance with our focus on the conductivity inside the streamer channel.

Nearly all reaction rate coe�cients in Table 4.1 are a function of the
reduced electric �eld, and only reactions 9-11 have constant reaction rate
coe�cients. The electron Boltzmann equation solver Bolsig+ [54] was uti-
lized under the assumption of spatially dependent electron density evolution
to calculate the reaction rate coe�cients for the electron impact reactions
and the transport coe�cients �e and De using electron-neutral scattering
cross sections obtained from the Phelps database [1, 113] retrieved in March
2019.

The source terms for impact ionization, electron attachment, and elec-
tron detachment minus electron-ion recombination are computed using

Si = k1ne [N2] + k2ne [O2] ; (4.2)

S� = k3ne [O2]2 + k4ne [O2] : (4.3)

Sion = k5 [M]
�
O�2
�

+ k6 [N2]
�
O�
�
� k12ne

�
O+

4
�
; (4.4)

where [Zi] stands for the density of the species Zi, and [M] = [N2] + [O2].
[N2] and [O2] are assumed to be constant in our simulations as the degree of
ionization within streamers at standard temperature and pressure is small.
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The photoionization source term is given by

Sph(r) =
Z
d3r0

I(r0)f(jr� r0j)
4�jr� r0j2

(4.5)

where I (r) is the source of ionizing photons, f(r) is the absorption function,
and 4�jr � r0j2 is a geometric factor. Following Zheleznyak’s model [149],
the photon source term I (r) is calculated using

I (r) =
pq

p+ pq
�Si (r) (4.6)

where p is the actual gas pressure, pq is a gas-speci�c quenching pressure,
and � is a proportionality factor. In principle, this proportionality factor is
�eld-dependent [149], but in this paper, we set it to � = 0:075. Furthermore,
we use a quenching pressure of pq = 40 mbar. In Zheleznyak’s model, f(r)
is an e�ective function for the absorption of photons in the wave length
range of 98 to 102:5 nm. It is obtained with

f(r) =
exp(��minpO2r)� exp(��maxpO2r)

r ln(�max=�min)
; (4.7)

where �max � 1:5 � 102=(mm bar), �min � 2:6=(mm bar), and pO2 is the
partial pressure of oxygen. We used a set of Helmholtz di�erential equa-
tions [19, 84] with Bourdon’s three-term parameters [19] to evaluate the
photoionization integral.

The charged species N+
2 , N+

4 , O+
2 , O+

4 , O�, O�2 , and O�3 , and the neutral
species O and N2O evolve in time according to the continuity equation

@ [Zi]
@t

= �sir � ([Zi]�iE) + SZi (4.8)

where si = �1 is the sign of the electric charge of species i and �i is their
mobility. Since ion mobilities are typically about two orders of magni-
tude lower than electron mobilities, we neglect ion motion for simplicity
in most of this paper. However, we investigate the e�ect of ion motion in
section 4.3.5, in which all ion mobilities are set to 2.2 �10�4 m2=V s [138].
Finally, neutral species are always immobile in our simulations.

Calculations for the electric potential � and the electric �eld use the
equations

r2� = �
�
�0
; E = �r�; (4.9)
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where � is the space charge density and �0 is the vacuum permittivity.
The space charge density is calculated using � = e (ni � ne) where e is
the elementary charge and ni is the density of all positive ions minus the
density of all negative ions.

4.2.2 Computational method and domain

The simulations were run using A�vo-streamer [136, 137], a simulation tool
for plasma 
uid models that uses geometric multigrid techniques, an octree-
based adaptive mesh re�nement system, and OpenMP parallelization. The
present results are for single streamers, and these assume that they are
cylindrically symmetric. This allows the calculation to be performed e�ec-
tively in just the two coordinates r and z.

Our computational domain in this study is cylindrically symmetric and
has a length of 40 mm and a radius of 20 mm. To disregard boundary
e�ects, the simulation is set to end once the streamer head is within 10 mm
from the opposite end of the domain. The streamer head position is iden-
ti�ed as the point where the electric �eld is maximum in the domain.

The electric potential was �xed at z = 0 mm and z = 40 mm to achieve
a homogeneous background electric �eld pointing in the �ẑ direction. At
r = 20 mm, Neumann zero boundary conditions (@r� = 0) were applied on
the electric potential, and for r = 0 mm, the boundary condition follows
from cylindrical symmetry. Neumann zero boundary conditions are applied
for the electron density at all boundaries, and no background ionization was
introduced into the domain.

We used the same re�nement criteria as described in [39]: Adaptive
mesh re�nement is employed with the grid set to have a minimum size of
2:4 �m. The re�nement and dere�nement criteria are based on the local
electric �eld value as in [136] with an additional criterion based on the
charge density: re�ne if �(1:2 � E)�x > 0:5 and dere�ne if both �(1:2 �
E)�x < 7:5� 10�2 and j�j=�0 < 9:0� 1010 V=m2, where �(E) is the �eld-
dependent ionization coe�cient, E is the electric �eld strength, and �x is
the grid spacing. To obtain a clearer picture of the equipotential lines in the
regions behind the streamer head, we modi�ed our dere�nement criterion
for the streamers with a background �eld of 4:65 kV/cm and below so that
dere�nement stops when the cell width gets to 4 �m.
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4.2.3 Initial conditions

For homogeneous background electric �elds of at least 14 kV/cm,
streamers easily initiate and propagate from a neutral seed of equal electron
and positive ion densities, which we placed on the upper boundary of the
domain, along the axis of symmetry. Another neutral seed is placed below
the �rst seed to provide an initial source of electrons. The �rst seed is
0:25 mm wide, 1 mm long, and has 2:25 � 1020=m3 electrons and positive
ions while the second seed is 0:2 mm wide, 2 mm long, and has 1017=m3

electrons and positive ions. Both seeds decay with a Gaussian pro�le. This
set-up is illustrated in the left-most panel of �gure 4.1.

Single streamers are more di�cult to obtain in lower back-
ground electric �elds because either the �eld enhancement proves to be
insu�cient for streamers to initiate or the streamer branches after prop-
agating a short length. Branching breaks the cylindrical symmetry of a
single streamer channel, and thus cylindrically symmetric simulations are
not appropriate to describe such phenomena [80]. To investigate low-�eld
streamers, a streamer is �rst initiated and allowed to propagate for some
time in a higher background �eld before the background electric �eld is
instantaneously reduced to a lower value. This approach allows us to study
single continuously propagating and non-branching streamers in �elds lower
than 14 kV/cm.

For electric �elds from 9 kV/cm to 12 kV/cm, a streamer was
�rst initiated in a �eld of 14 kV/cm and allowed to grow for 20 ns before
instantaneously reducing the background electric �eld. Thus, the low-�eld
streamers grow from a streamer with a 53:5 �m radius and head at z =
37:6 mm as shown in the middle panel of �gure 4.1.

For even lower �elds, this approach still encounters the same initia-
tion and branching problems that were previously stated. Thus, for stream-
ers in background electric �elds below 9 kV/cm, we used the 9 kV/cm
streamer after 40 ns of propagation as the initial condition, i.e. the �eld
was reduced twice. First, the �eld was changed from 14 to 9 kV/cm after
20 ns, and then it was modi�ed further to the �nal electric �eld after 40 ns.
This gives a 155 �m wide streamer with its head at z = 33:4 mm as the
starting state for these lower �eld simulations. This initial condition can be
seen in the right-most panel of �gure 4.1, which matches the left-most panel
of �gure 4.2. This last approach allowed us to simulate single streamers in
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Figure 4.1: Initial conditions for the di�erent background electric �elds
used in this paper. Shown are contour plots for the electron number den-
sities together with black equipotential lines. The leftmost panel (a) is for
streamers in background �elds of 14 kV/cm and higher, the middle panel
(b) is for streamers with background �elds below 14 kV/cm to 9 kV/cm,
and the rightmost panel (c) is for streamers in �elds below 9 kV/cm. Note
that the computational domain extends from 0 to 40 mm in the z direction
and 0 to 20 mm in the r direction, and only a part of the domain is shown
in this �gure.
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1 e + N2 �! e + N2
�
C3�u

�
kex (E=N)

2 N2
�
C3�u

�
+ N2 �! 2N2 kN2

q
3 N2

�
C3�u

�
+ O2 �! N2 + O2 kO2

q
4 N2

�
C3�u

�
�! N2

�
B3�g

�
+ h� 1=�0

Table 4.2: Reactions to calculate the optical emission of streamers. Bol-
sig+ [54] with the Phelps database [113, 1] was used to calculate for
kex (E=N), while kN2

q = 0:13 � 10�10 cm3=s, kO2
q = 3:0 � 10�10 cm3=s,

and �0 = 42 ns are from [105]. Reaction 4 leads to the emission of optical
photons with wavelength 337:1 nm [105] or energy 3:7 eV.

background electric �elds as low as 4:5 kV/cm.

4.2.4 Calculation of optical radii

All radii given in the present paper are optical radii, as they would be
measured experimentally. More precisely, this optical radius is half of the
full width at half maximum (FWHM) of the calculated optical emission, in
contrast to the de�nition of the streamer radius as the location of the maxi-
mum of the radial component of the electric �eld in previous papers [15, 39].
Four additional reactions were added to our model to incorporate the den-
sity of N2

�
C3�u

�
, the excited state of N2 responsible for most radiation

in the visible spectral region [103]. These reactions are listed in Table 4.2
with their corresponding reaction rate coe�cients.

We compute the optical radius from the density of N2
�
C3�u

�
. A for-

ward Abel transform was done on
�
N2
�
C3�u

��
in cylindrical coordinates

to get its 2D projection in Cartesian coordinates. From the 2D projection
we only considered the area below z = 33 mm to disregard the e�ects of
the seeds used for initiation. The densities were normalized and summed
along the vertical axis, producing a 1D pro�le along the horizontal axis
from where we searched for the maximum density. From the point of max-
imum density, the farthest coordinates in the horizontal direction where
the density was at least half of the maximum density were identi�ed, and
the distance between these two identi�ed points was regarded as the head
diameter. Half of that value is the optical radius we report.
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4.3 Simulation results

First, in section 4.3.1, we will discuss the particular cases of single streamers
in a background �eld of 4.65 kV/cm and 14 kV/cm which are examples of
solitary and accelerating streamers. Then we will look at streamer behavior
as a function of the background �eld in section 4.3.2.

4.3.1 Solitary streamers and accelerating streamers

Figure 4.2 shows the evolution of streamers in background electric �elds
of 4:65 and 14 kV/cm. The panels show the color-coded electron density
together with equipotential lines in purple. For the lower �eld, the streamer
is shown in time steps of 100 ns, while for the higher �eld, in time steps of
17:5 ns. The same streamers are presented in �gure 4.3 showing the electric
potential, the electric �eld and the electron density along the streamer
axis, and the line charge density and the electric current. The last two are
obtained by integrating the charge density and the current density across
the streamer cross section. The integration was done up to r = 5 mm.
Several basic di�erences can be noted between the two streamers as they
propagate through the 40 mm gap.

The solitary streamer. The streamer in the 4:65 kV/cm �eld
grows by about an equal length within each time step of 100 ns. The elec-
tron density is strongly reduced about 10 mm behind the streamer head,
and the electric �eld returns to its background value in this region and fur-
ther behind, as can be seen from the straight and equidistant equipotential
lines. Overall, the pattern of electron density and de
ected equipoten-
tial lines is transported almost uniformly, without changes in shape. The
streamer transports a constant amount of positive charge within its �nite
length, and there is no negative charge visible in the line charge density
in Fig. 4.3. We will call this streamer a solitary streamer or a uniformly
translating streamer.

The accelerating streamer. The streamer in the 14 kV/cm �eld is
shown in time steps of 17:5 ns in Fig. 4.2. It clearly accelerates, and its head
radius increases. The electron density varies little along the whole channel
for all time steps. There is electric current 
owing in the order of 100 mA
along the whole channel, and the back part charges negatively while the
front part accumulates positive charge - there is electric polarization along
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Figure 4.2: Time evolution of the electron density of streamers in air at
di�erent background electric �elds. Purple equipotential lines are included.
The panels of the 4:65 kV/cm streamer di�er by time steps of 100 ns, while
the 14 kV/cm streamer is shown in time steps of 17:5 ns. The full z axis is
shown, but the �gure zooms into the radial region r � 3 mm, while the full
simulation domain extends up to r = 20 mm. Note that despite the limit
in the color legend, the maximum electron density for the presented cases
of the 4:65 kV/cm streamer goes above 10� 1019 /m3.

57



Streamer Discharges

Figure 4.3: Axial pro�les, line charge density, and current of the streamers
in the same background �elds of 14 and 4:65 kV/cm as in �gure 4.2. Here
they are shown when their maximal electric �eld is at z = 15, 20, and
25 mm. The panels show, from top to bottom, as a function of the axis
coordinate z: (a) the electric potential � on axis, (b) the electric �eld
pro�le E on axis, (c) the electron number density ne on axis, (d) the line
charge density �, which is the charge density integrated over the radial cross
section (where the dashed lines represent negative values), (e) the electric
current I, which is the current density also integrated over the radial cross
section. The legend on the �rst panel applies to all panels.
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the whole channel. This is visible in the line charge density as well as in
the �eld distortion along the whole body of the streamer channel. We will
call this streamer an accelerating streamer.

Later in section 4.3.2 we will also discuss decelerating streamers and
the fact that the solitary streamers exist only on the borderline between
accelerating and decelerating streamers.

Attachment and recombination. The lowest electric �eld inside
the accelerating streamer is 4:7 kV/cm, located around the middle section
of the streamer channel. For the solitary streamer in the 4:65 kV/cm back-
ground �eld, the electric �eld right behind the ionization front is as low as
0:5 kV/cm and rises to the background value behind the solitary structure.

The di�erent interior electric �elds and ion densities determine the at-
tachment times - the average times until an electron attaches to an oxygen
molecule, and the recombination times - the average times until an electron
recombines with an O+

4 ion. It should be noted here that the positive ions
rapidly convert into O+

4 ions. Together with the streamer velocity, these
times determine over which length the streamer maintains its conductivity.

Figure 4.4 shows some recombination times for di�erent O+
4 densities

and the attachment time against the electric �eld. The two crosses corre-
spond to the recombination times in the interior of the 14 kV/cm streamer
and of the 4:65 kV/cm streamer. The recombination times and attachment
times in the solitary streamer channel are as short as about 25 ns due to
the combination of low electric �eld and high O+

4 density, while they are
of the order of 105 ns for the accelerating streamer. The high O+

4 density
in the solitary streamer is due to the high electric �eld at its tip; this high
�eld creates a high ionization density.

The slow propagation of the solitary streamer also gives electrons suf-
�cient time to get attached to oxygen molecules and recombine with O+

4
molecules. The accelerating streamer propagates much faster, with a higher
internal �eld, leaving no time for electron attachment or recombination. We
see in the third panel of Figure 4.3 that the electron density of the solitary
streamer decays behind the ionization front by several orders of magnitude
while the electron density in the channel of the accelerating streamer is
essentially constant.

In Figure 4.5, several plots zooming in on the head of the solitary
streamer are presented. The electric �eld inside the channel of the soli-
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Figure 4.4: Attachment and electron-ion recombination time in STP air.
The attachment time is plotted as a function of the electric �eld E in green.
The recombination time depends on electric �eld E and on O+

4 density,
and lines for three di�erent O+

4 densities are presented. The attachment
and recombination times in the channel of the 14 kV/cm and 4:65 kV/cm
streamers are also included as blue and orange crosses for interior electric
�elds of 4:7 kV/cm and 0:5 kV/cm.
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Figure 4.5: Plots of the 4:65 kV/cm streamer zoomed into the streamer
head when it is at z = 20 mm. From left to right: (1) electric �eld with
white equipotential lines, (2) space charge density, (3) electron density, and
(4) negative ion density.
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tary streamer is screened to a low value, represented by the widely sepa-
rated horizontal equipotential lines. Almost all the net charge is located on
the streamer surface - the positive space charge layer shown in the second
panel of Fig. 4.5. The low electric �eld in the streamer interior leads to fast
electron attachment as discussed above, and this is evident in the electron
density contour plot, where the electron density reduces in magnitude be-
hind the streamer head. Electron attachment produces negative ions, and
since recombination time and attachment time are nearly equal behind the
ionization front, about half of the electrons are lost due to attachment and
the other half to electron-ion recombination. Thus, the density of negative
ions at the back end of the channel is about half of the electron density at
the streamer head.

4.3.2 Propagation modes as a function of the �eld

Three parameter regimes can be identi�ed in Figure 4.6, which has the
velocity, optical radius, and maximum electric �eld of the streamers as a
function of length. First, there are the accelerating streamers that speed
up as they lengthen, and their radius increases as they accelerate. This
is the case for streamers in background electric �elds above 4:65 kV/cm.
This is also the case most frequently reported and commonly observed in
streamer simulations.

Second, there are uniformly propagating streamers, in a background
�eld of 4:65 kV/cm. They exist as a limit between accelerating and de-
celerating streamers, and they maintain a nearly uniform velocity. Other
streamer properties such as the head radius and enhanced electric �eld do
not change in time either. For the streamer in our simulation, the radius
remained at 65 �m while it was uniformly propagating. These solitary
streamers can maintain their shape because they have a �nite and constant
length where the electron density is relevant and the electric �eld is mod-
i�ed. They carry a �xed amount of positive charge over a �nite length,
and therefore act as a point charge from a su�ciently far distance. The
streamer is able to propagate inde�nitely in this background �eld. This
behavior can be related to the old concept of the streamer stability �eld,
which we discuss further in section 4.4.1.

Third and last, there are the decelerating streamers. We �nd them
in �elds below 4:65 kV/cm. Streamers in such �elds slow down as they
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Figure 4.6: Properties of positive streamers as a function of length in dif-
ferent background �elds, as indicated in the panels. Top panels show the
streamer velocity, middle panels the optical radius, and bottom panels the
maximum electric �eld. Plots on the right have a di�erent range of values
in the vertical axis and focus on the streamers in �elds of 5 kV/cm and
lower. Radii have uncertainties of �1:2 �m due to the �nite size of the
numerical grid.
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lengthen, and their head radius decreases in time while the maximum elec-
tric �eld increases. This happens because the electric screening of the
streamer interior improves when the ionization front slows down. The de-
creasing radii of the decelerating streamers can be explained by the de-
creasing potential in the streamer head due to voltage lost in the streamer
channel [131]. Some of our simulated decelerating streamers do not manage
to cross the domain, as shown by the case of the streamer with a background
�eld of 4:5 kV/cm. The streamer decelerated and eventually stagnated with
a streamer radius of 49 �m. This stagnating behavior was described earlier
in [106, 130, 131] and observed experimentally in [22, 117]. Numerically, we
observe that the simulation time steps, which are usually in picoseconds,
drop by two orders of magnitude because the maximum electric �eld values
suddenly increase to magnitudes greater than 300 kV/cm in a very small re-
gion ahead of the ionization front. One reason for this numerical instability
may be the arti�cial di�usion of electrons from the channel to the high-�eld
region ahead of the streamer tip [135]. The physical process of streamer
stagnation was always accompanied by such numerical instabilities in our
simulations.

Although we used di�erent initial conditions depending on the applied
electric �eld, we still expect actual streamers in low background �elds to
grow in a similar manner as we’ve identi�ed. Streamers are characterized by
their velocity, radius, and maximal electric �eld, which determine how they
propagate. As long as they share the same properties as our results, their
dynamics would be the same. Additionally, in [106] it was observed that
beyond 1 cm from the point of initiation, the initial condition is forgotten
by the streamer.

4.3.3 Nonlinear dependence of �eld enhancement and plasma
chemistry on the background �eld

The streamer dynamics nonlinearly depend on the background electric �eld
Eback. In the top panel of Figure 4.7, we see the maximal �eld Emax
as a function of the background �eld Eback, evaluated at the moment
when the streamer heads are at z = 20 mm. The curve has a mini-
mum of about Emax = 120 kV/cm for a background electric �eld around
Eback = 12 kV/cm. For Eback increasing up to 26 kV/cm, the maximal
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Figure 4.7: Maximal (top) and minimal (bottom) electric �eld in the
streamer as a function of the background electric �eld. The maximal �eld
is measured at the streamer head while the minimal �eld is from behind
the streamer ionization front. The values were acquired when the streamer
heads were at position z = 20 mm.
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�eld increases up to 140 kV/cm, while below 10 kV/cm the maximal elec-
tric �eld increases rapidly, until it diverges for Eback = 4:5 kV/cm. As the
electron energy distribution and the induced plasma chemistry depend on
the electric �eld con�guration, we conclude that the plasma chemistry could
also depend nonlinearly on the background electric �eld. This observation
requires further investigation in the future.

The minimum electric �eld behind the ionization front of the streamers
as a function of the background �eld is presented in the bottom panel of
Figure 4.7. We found that the minimum electric �eld inside the streamer
channel depends almost linearly on the background electric �eld. It vanishes
for the stagnating streamer, and it reaches 9 kV/cm for Eback = 26 kV/cm.

4.3.4 Heating

In [63] a streamer that propagated for a few hundred nanoseconds was
found to already heat the gas signi�cantly. As the solitary streamer also
took a couple hundred nanoseconds to cross the computational domain,
we evaluated the temperature increase. We used the expression Q =

R
j �

E dt [3] to calculate the deposited electric energy density Q; here j is the
electric current density. Even if we assume that the full deposited energy
is converted into heat, the temperature on the axis of the solitary streamer
increases only by 6 K after 400 ns.

The di�erence with the result of [63] lies in the fact that the energy
deposition per electron is not determined by time, but by the distance
the electron travels in the electric �eld. In the solitary streamer the elec-
trons attach or recombine after a short propagation distance. It should be
noted though that the electron density is higher in the head of the solitary
streamer than in a higher background electric �eld.

4.3.5 Ion motion

As electrons attach to oxygen and form negative ions in the channel, we
brie
y explore the e�ect of ion motion on streamer behavior. Incorpo-
rating ion motion in streamer simulations with 14 kV/cm and 9 kV/cm
background �elds did not visibly change anything in the results. For these
cases, the streamer still propagates fast enough that ion motion has neg-
ligible e�ects. We only start to observe e�ects in low background electric
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�elds, when enough time is available to deplete the electron density through
attachment and recombination.

Figure 4.8 shows the total charge density of the solitary streamer with
and without ion motion. We see that the channel of the streamer with ion
motion is wider at the back. The space charge layer of these streamers
is made up of positive ions, and without ion motion they remain �xed in
space. Only reactions can change the densities of these ions in time. With
the inclusion of ion motion, these ions are now moving radially outward
in response to the electric �eld they are subjected to. The ion drift in
the local �eld also causes the streamer head to lose some focus, leading to
slower propagation. We observe similar phenomena in negative streamers,
whose space charge layers are made up of the very mobile electrons.

When ion motion is included, the streamer propagates more slowly.
This can be observed in the upper panel of Figure 4.9, where streamers
in the same background �eld with and without ion motion are presented.
The previously discovered uniformly translating streamer at 4:65 kV/cm
decelerates when ion motion is included in the simulation. A new back-
ground electric �eld for uniform translation was found at 4:675 kV/cm,
only slightly higher than the previous background �eld, with a slightly
lower uniform velocity of 0:66 � 105 m/s. Thus, the e�ect of ion motion
on streamer dynamics does not appear to be strong in this case. We will
be using this new uniformly translating streamer for our comparisons in
section 4.4.

The maximal electric �eld of the streamers in �elds of 4:65 to 4:7 kV/cm
with and without ion motion is plotted as a function of the streamer head
position in the lower panel of Figure 4.9. When ion motion is included,
the maximal electric �elds at the same background electric �eld are higher,
which is consistent with the smaller head radii.

Finally, we compare the maximal electron drift velocity with the veloc-
ity of the uniformly translating streamer with ion motion. The maximal
electric �eld at the streamer head has a constant value of 171 kV/cm, which
gives us an electron drift velocity of 5:3� 105 m/s, while the streamer ve-
locity is 6:6�104 m/s - almost an order of magnitude smaller than the drift
velocity. This is possible for positive streamers, where these velocities are
directed in opposite directions, but not for negative streamers.
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Figure 4.8: Charge density of the 4:65 kV/cm streamer without ion motion
(left) and with ion motion (right), including green equipotential lines.
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Figure 4.9: Velocity (top panel) and maximum electric �eld (bottom panel)
of streamers against streamer head position for simulations with and with-
out ion motion. Broken lines stand for simulations with ion motion. The
legend on the top panel applies to the bottom panel as well.
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4.4 Comparison with experiments

4.4.1 The stability �eld

Recently, the concept of the streamer stability �eld has been more com-
monly used in association with streamers propagating in inhomogeneous
electric �elds. It relates the maximum length a streamer could gain to
the applied voltage [5, 6, 10, 126, 141]. An older de�nition used the term
stability �eld to mean the homogeneous electric �eld in which a streamer
would propagate in a stable manner - without changes in velocity and
shape [44, 50, 114].

If we only consider the streamer channel length as the length behind
the streamer head with substantial electron density, we observe the solitary
streamer to have a constant length as it propagates. The solitary streamer
has a uniform shape, and it follows, using the older de�nition of the stability
�eld, that the solitary streamer is propagating in the stability �eld of STP
dry air at 4:675 kV/cm. This value agrees with the measured stability �eld
of 4 kV/cm in experiments [44, 50] for the original de�nition. With the
newer de�nition, the stability �eld is reported to be between 4.5-5 kV/cm [6,
119].

4.4.2 Radius and velocity of solitary and minimal streamers.

In the pin-to-plate experiments of [21], it was found that after several
branching events or in a quite weak �eld, streamers would approach a
minimal diameter, and they were called minimal streamers. The solitary
streamers are essentially the thinnest streamers that we found in our sim-
ulations as the stagnating streamers are not much thinner and hardly emit
any light. Therefore we now compare their properties.

The simulated solitary streamer that includes ion motion has a radius
of 55 �m, and this value is not far from the experimental �ndings in [96],
which give 65 �m as the minimal streamer diameter in 1 bar air. The
uniform velocity of our solitary streamer is 0:7�105 m/s, which falls in the
range of the measured velocity of (0:5� 1)�105 m/s of minimal streamers.
Therefore we can conclude that the simulations match the experiments
within 20%.
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4.5 Conclusions and Outlook

We simulated single positive streamers in air at standard temperature and
pressure in homogeneous background �elds ranging from 4:5 kV/cm to
26 kV/cm in a 4 cm gap, and we came to the following conclusions:

1. The solitary streamer (or uniformly translating streamer) with dom-
inant electron attachment and recombination behind the head lays
a theoretical basis for the much used concept of a stability �eld.
Streamers in higher �elds increase in radius and velocity, while the
solitary streamer transports a �xed amount of positive charge that is
substantial only over a �nite length.

2. The solitary streamer motion explains how a streamer can propagate
over distances in meter length-scales though the conductivity of the
back part of the channel disappearing due to attachment and recombi-
nation. The velocity of such a streamer can be an order of magnitude
smaller than the electron drift velocity in its maximal electric �eld.

3. The value of the stability �eld of 4:675 kV/cm in our simulations in
STP air agrees well experimentally measured values.

4. Minimal streamers are the thinnest and slowest streamers that have
been experimentally observed [21]. Our values for the optical ra-
dius and velocity of solitary streamers agree well with measurements
of these so-called minimal streamers. Even better agreement could
possibly be found if for example humidity, repetition rate, and 
uid
model limitations were taken into account.

5. The solitary streamer causes negligible gas heating even after propa-
gating for several hundreds of nanoseconds.

6. Ion motion plays a minor role for solitary streamers, but its e�ect
increases as streamers slow down.

7. The maximal electric �eld at the streamer head is not a monotonic
function of the background �eld, but it has a minimum for a back-
ground �eld of about 12 kV/cm. The implications of this on the
electron energy distribution and on the optimization of the plasma
chemistry will need to be investigated.
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Future research could look into model reduction based on the solitary
streamer, as it does not depend on time in a co-moving frame. How our
current �ndings translate to other gases with di�erent plasma-chemical
reactions and photoionization rates also merits further investigation. There
is an avenue for exploring the behavior of accelerating streamers on longer
timescales, and the existence of the solitary positive streamer also raises
the question of whether the solitary mode of propagation could also be
observed in negative streamers. Finally, another open question is how and
when solitary streamers form in background �elds with a spatial gradient,
as is common in experiments.
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Estimating the properties of
single positive air streamers
from measurable parameters

We develop an axial model for single steadily propagating positive streamers in
air. It uses observable parameters to estimate quantities that are di�cult to mea-
sure. More speci�cally, for given velocity, radius, length and applied background
�eld, our model approximates the ionization degree, the maximal electric �eld,
the channel electric �eld, and the width of the charge layer. These parameters
determine the primary excitations of molecules and the internal currents. We do
this by �rst analytically approximating the electron dynamics in di�erent regions
of a uniformly-translating streamer head, then we match the solutions between the
di�erent regions and �nally we use conservation laws to determine unknown quan-
tities. We �nd good agreement with numerical simulations for a range streamer
lengths and background electric �elds, even if they do not propagate in a steady
manner. Therefore quantities that are di�cult to access experimentally can be esti-
mated from easily measurable quantities and our approximations. The theoretical
approximations also form a stepping stone towards e�cient axial multi-streamer
models.
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This chapter is available ahead of publishing as an electronic publication:
Dennis Bouwman, Hani Francisco, and Ute Ebert. Estimating the properties
of single positive air streamers from measurable parameters. arXiv:2305.00842
[physics.plasm-ph], May 2023

The work featured in this chapter has been done in collaboration with Dennis
Bouwman. DB was responsible for the theoretical aspects, which include the
derivation of the analytical expressions, while HF worked on the numerical
modeling. The chapter will also be part of the PhD thesis of DB.
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5.1 Introduction

5.1.1 The challenge of model reduction

Streamer discharges occur widely in nature and technology [97]. The most
commonly encountered and studied streamers appear in air and carry pos-
itive net charge at their heads. They are the topic of the present study.

The inner structure of a streamer consists of a thin moving space charge
layer with strong �eld enhancement and steep electron density gradients
at the tip. This is challenging to simulate numerically, even for a single
axisymmetric streamer. On the other hand many discharge phenomena
consist of numerous interacting streamers [33, 55, 62, 97, 133]. This poses
a strong motivation to reduce the model while not giving up the physical
basis and the model validation achieved in recent years [14, 34, 74, 146].

Streamer discharges consist of clearly distinguishable regions where
di�erent physical laws are dominating the behaviour: (i) a non-ionized
outer area where the electrostatic Poisson equation has to be solved, (ii)
the avalanche zone where photoionization creates many growing electron
avalanches, (iii) the moving streamer heads with an active space charge
layer where ionization increases rapidly and the �eld is highest, and (iv)
ionized channels with charges and currents and dynamically changing con-
ductivity. Di�erent approximations are valid in di�erent regions. We there-
fore analyse the regions separately. We will give analytic approximations
for each of these regions. For the channel region an axial approximation has
been formulated [81, 83], but for the streamer head the problem is open.
Here we will analyze the di�erent regions of the dynamics and concentrate
on the heads. To allow for comparison between numerical simulations of
the 
uid model and analytical approximations, we constrain the analysis
to single streamers in a uniform �eld and mostly to steady propagation.

5.1.2 Steady streamers as a test case

In su�ciently low electric �elds a streamer can propagate at a constant
velocity without changing shape [39, 40, 51, 75]. Such streamers leave no
charge behind and their channel electric �elds decay back to the applied
background �eld. From now on we will refer to these as steady, because in
a co-moving coordinate system such uniformly translating streamers are in
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a steady state. The properties of positive steady streamers can be consid-
ered extreme, with velocities as low as 3 � 104 m/s, electric �elds enhanced
to values as high as 222 kV/cm, steep gradients and a strongly curved thin
charge layer [75].

The analysis presented in this work focuses heavily on steady streamers,
since it is mathematically convenient to consider steady state solutions, as
they have no explicit time dependence in a co-moving frame. Furthermore,
we validate our approximations by comparing them to simulated results of
a steady streamer. It must be noted that such a steady state approach
could also be considered for accelerating streamers, since their properties
typically change slowly with respect to other relevant time scales [110].
To that end we also compare our approximations to simulations of three
accelerating streamers.

5.1.3 Earlier work

A classical challenge is to develop equations of motion where the head is
characterized by a few numbers like radius R and velocity v. One of the
�rst proposed analytic relations between R and v date back to 1965 [77] and
an ‘order-of-magnitude’ model for the parameters of streamers was given in
1988 [36, 37]. A later experimental investigation proposed a data �t where
the velocity depends on the radius squared, i.e. v � R2 [22], and in [92] an
approximate relation based on [77] was proposed where the velocity is also a
function of the maximum electric �eld at the tip Emax, i.e. v = v(R;Emax).
Other important theoretical results are: an approximation for the ioniza-
tion degree [37, 73, 93], energy e�ciency estimates for radical production
[94], an analytic investigation of the avalanche zone dynamics [104], 1.5D
models that require a prescribed radius [71, 110] and an estimate for charge
layer width based on the notion of an e�ective ionization length [98]. An ap-
plication of streamer theory is to infer di�cult-to-measure properties from
measurable parameters. For example, in [104] an analysis of the avalanche
zone gives an approximate relation between R, Emax and the head poten-
tial. Another example is [12], where they estimate a parameter range for
Emax on the basis of observed radius and velocity.

These theoretical results have improved our understanding of streamer
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dynamics and illustrated complex relations between di�erent parameters.
However, some ideas proposed in earlier works fail to agree with results
from numerical simulations. At several instances throughout this work we
will provide an in-depth evaluation of earlier work and propose improve-
ments.

5.1.4 Content of the paper

In this work we develop semi-analytic approximations for the 
uid model of
single positive streamers that estimate di�cult-to-measure quantities based
on observable parameters. We will show how velocity v, radius of curvature
R, length L and background �eld Ebg determine ionization degree ni;ch,
charge layer width ‘ and the maximum and channel electric �elds Emax
and Ech, respectively:

(v; R; L; Ebg)! (ni;ch; ‘; Emax; Ech) (5.1)

The derivation of our model starts by �rst de�ning di�erent regions with
speci�c physical mechanisms. Then we provide analytic approximations
for each of these regions separately. Finally we perform matching of the
regions and propose a self-consistent solution method. This results in a self-
contained axial model which agrees well with numerical simulations. This
means that our framework can complement experimental measurements
when important streamer characteristics are di�cult to measure precisely.

In section 5.2 we outline the classical 
uid streamer model and the nu-
merical implementation used for axisymmetric simulations. Furthermore,
we discuss the results of numerical simulations in detail and introduce im-
portant de�nitions and conventions. In section 5.3 we integrate through
the charge layer and obtain an analytic formula for the ionization degree.
In section 5.4 we give an analysis of the electron avalanche dynamics in the
region ahead of the streamer. In section 5.5 we explore the notion of the
streamer head potential. In section 5.6 we describe our solution method
and validate our approximations with numerical results of the 
uid model.
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5.2 Model description, de�nitions and conventions

In this section we will present the classical 
uid model for positive stream-
ers in air at standard temperature and pressure. We discuss the numerical
implementation, used to obtain reference solutions in homogeneous back-
ground electric �elds below the breakdown value. The same implementation
was used in [39, 40] to study steady streamers. Furthermore, we will also
give de�nitions of macroscopic parameters and clarify other conventions
and terminology.

5.2.1 Description of the model

Basic equations.

We employ the classic 
uid streamer model with local �eld approximation
and without ion mobility. We only account for two charged species: the
electron density ne and the net ion density ni = n+ � n�, with n� denoting
the number density of all positive or negative ions. One can use just one ion
density ni instead of several ion species in regions where ion drift, electron
detachment, and electron ion recombination can be neglected, as is the
case in the streamer head. The electron density evolves according to a
drift-di�usion-reaction equation while ions are considered immobile

qtne =r � (�neE +Drne) + Si + Sph; (5.2)
qtni =Si + Sph; (5.3)

with E the electric �eld, �(E) the electron mobility, and D(E) the electron
di�usion coe�cient. Si and Sph are the source terms for the e�ective im-
pact ionization and photo-ionization respectively. As photo-ionization has
an important nonlocal contribution in air, electron di�usion is typically
negligible. E�ective impact ionization is given by

Si = jjej�e� ; (5.4)

where je = ��neE is the drift current density of electrons, j = �eje is the
electric current density, e is the elementary charge, and �e�(E) is the e�ec-
tive ionization coe�cient. The data for the transport and reaction coe�-
cients are discussed in the next section. The photo-ionization source term
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in a volume V is given by

Sph(r) =
ZZZ

V

I(r0)f(jr� r0j)
4�jr� r0j2

d3r0; (5.5)

with I(r0) the source of ionizing photons, f(r) the absorption function and
4�jr� r0j2 is a geometric factor. Following Zheleznyak’s model [102, 149],
I(r) can be expressed as

I(r) =
pq

p+ pq
�Si(r); (5.6)

with p the actual pressure, pq = 40 mbar the quenching pressure of the gas-
mixture, and � = 0:075 a proportionality factor relating impact excitation
to impact ionization Si. The absorption function f(r) is given by

f(r) =
exp(��minpO2r)� exp(��maxpO2r)

r ln(�max=�min)
; (5.7)

with �max = 150= (mm bar), �min = 2:6= (mm bar), and pO2 is the par-
tial pressure of oxygen. For air at 300 K and 1 bar, the corresponding
absorption lengths are 33 �m and 1.9 mm.

The electric �eld follows from Poisson’s equation for the electric poten-
tial �

�0r2� = �enq; (5.8)
E = �r�; (5.9)

with �0 the dielectric constant, e the elementary charge, and nq = ni � ne
the charge number density.

Implementation of axisymmetric simulations.

In this work we compare our axial analytical approximations with the ax-
isymmetric solutions of equations (5.3)-(5.9) obtained by numerical simu-
lation. The numerical model uses the a�vo-streamer code [136, 137]. The
computational setup is the same as in earlier studies [39, 40] to which we
refer for an in-depth discussion.
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The transport and reaction coe�cients are calculated by Bolsig+ [54]
(version 12/2019) using cross sections from the Phelps database [1] under
the assumption that the evolution of the electron density follows an ex-
ponential temporal growth or decay [147]. We use the same data for the
analytical and the numerical models. Additionally, the numerical model
for the axisymmetric simulations uses continuity equations for a number of
species such as O+

2 , O�2 , N+
2 , N+

4 , etc. as listed in [40]. This more extended
plasma chemistry model helps stabilizing the steady streamer at the lowest
background electric �eld, and it is consistent with the two-species model
for ne and ni in the streamer head, as recalled above.

The photo-ionization integral in equation (5.5) is approximated by a
set of Helmholtz di�erential equations with Bourdon’s three-term approx-
imation [19]. This approximation introduces small changes the photon
absorption lengths. However, in [13, 147] it was shown this has essentially
no measurable in
uence on streamer discharge propagation in air.

Computational domain.

The computational domain consists of a cylinder with 40 mm length and
20 mm radius, and planar electrodes on top and below. We impose cylin-
drical symmetry for domain and streamers; and we call the longitudinal
coordinate �, and the radial coordinate r. An electric �eld is applied in the
�-direction by �xing an electric potential di�erence between the electrodes.
We use homogeneous Neumann boundary conditions for the potential in
the r-direction, which means that the electric �eld is parallel to the lateral
boundary. Homogeneous Neumann boundary conditions are also used for
the electron density on all boundaries.

Initial conditions.

For the initiation of a streamer discharge, we placed two neutral seeds com-
posed of electrons and positive ions at the upper boundary of the domain.
The uppermost seed creates a region of �eld enhancement, and the seed
below it supplies the initial electrons ahead of the forming streamer, before
photo-ionization sets in. More details on the seeds | their densities, coor-
dinates, and sizes | can be found in [39, 40].
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Figure 5.1: Electron density ne, electric �eld strength jEj, strength of the
electric current density jjj and charge number density nq of a steadily prop-
agating streamer in a background �eld Ebg of 4:5 kV/cm. The �gure zooms
into the area around the streamer head.

In low electric �elds, an initial transient electric �eld is needed to ensure
the inception of a streamer discharge. In this research we will consider
homogeneous background electric �elds from 4.5 to 24 kV/cm, all below the
breakdown value of 28 kV/cm. At 4.5 kV/cm, a streamer propagating at
constant velocity and shape was obtained using the velocity control method
[75]. At 10 kV/cm we adopt the same initial transient electric �eld as
discussed in [40].

To accommodate for the relatively small size of the steady streamer
during most of its propagation, we �xed the computational grid instead of
employing adaptive mesh re�nement in this simulation. From the axis of
propagation up to 0.5 mm radially outwards, the grid cells were �xed to
have a width of 1 �m. For the accelerating streamers, the mesh re�nement
routines are identical to those in [40].

81



Streamer Discharges

5.2.2 Description of axisymmetric simulation results

The steady streamer in detail.

In this section we will discuss one of these simulations in detail, the steady
streamer at a background electric �eld of 4.5 kV/cm. We recall that a
steady streamer [39, 40, 51, 75] looses its conductivity at its back end due
to electron attachment and electron ion recombination, that it leaves no
electric charge behind, but carries a �xed amount of charge along, and
that it propagates with constant velocity and shape. Figure 5.1 zooms into
the front part of this streamer and shows four important quantities: the
electron density ne, the magnitude jEj of the electric �eld, the magnitude
jjj of the electric current density and the charge number density nq. From
these quantities we can distinguish three regions with di�erent dynamics:

1. The channel is the conductive interior of the streamer. We have a
high electron density here and the plasma is quasi-neutral, nq � 0.
The electron density in the low axial electric �eld gives rise to an
electric current 
owing along the channel.

2. The charge layer is a layer of (positive) charge which surrounds and
partially screens the channel. At the streamer head, the curvature of
the charge layer leads to high electric �eld enhancement ahead of the
front. In fact, we �nd the maximum electric �eld Emax here, with its
location denoted by �tip. As the electron density is high as well, we
here have a high impact ionization rate and large currents resulting in
the movement of the streamer head. The charge layer in the streamer
head is also referred to as the ionization front. The width ‘ of the
charge layer is much smaller than its radius R of curvature; this is
required for the strong �eld enhancement ahead of the layer.

3. The avalanche zone of a positive streamer is the region ahead of the
charge layer, so the electric charges in this region have a negligi-
ble e�ect on the electric �eld distribution. Without photo-ionization
or some background electron density it could be neglected, but for
positive streamers in air the photo-ionization creates many growing
electron avalanches moving towards the charge layer. Close to the
layer there is a high electric �eld, which means that a signi�cant elec-
tron current is created which maintains the active ionization front.
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Speci�cally in air without background ionization, the electron density
vanishes with an asymptotic decay dictated by photon absorption [20]

ne(�) / ��1e�k� with k = �minpO2
;

for � � �tip: (5.10)

Directions of currents and �elds.

In �gure 5.2 we zoom further into the ionization front and highlight im-
portant geometric features. We show the charge number density nq and
the magnitude of the electric current density jjj again in color-coding, but
additionally we have visualized the direction of the current density by nor-
malized arrows in the lower half of the plot, and the equipotential lines in
the upper half of the plot. Note that in the avalanche zone the direction
of the electron current je is radially inwards in a nearly spherical geom-
etry, whereas in the channel the electron drift is homogeneously directed
backwards parallel to the axis of propagation. Furthermore, the equipoten-
tial lines are very well aligned with the charge layer. This means that the
electric current is essentially perpendicular to the layer in this region.

Streamers in di�erent �elds.

In �gure 5.3 we show current densities, electric �elds and electron and
charge densities on the streamer axis, now not only for the steady streamer
in the �eld of 4.5 kV/cm, but also for accelerating streamers in background
�elds of 14 and 24 kV/cm when the streamer heads reached � = 15 mm. In
more detail, the upper plots show the electric current density. The middle
plots show the electric �eld (solid line) with our approximation (dashed
line) of section 5.3.2, and the lower plots show ne, ni and nq.

5.2.3 De�nitions and conventions

In this paper we develop an axial model for the dynamics in charge layer
and avalanche zone, based on analytical approximations. Here we introduce
de�nitions and conventions for this purpose. A schematic is given in �gure
5.5.
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Figure 5.2: Charge number density nq and magnitude of the electric current
density jjj of the steady streamer in a �eld of 4:5 kV/cm in color-coding.
In the upper half of the plot, equipotential lines are laid over the charge
number density. In the lower half, the arrows show the normalized direction
of the electron drift je = �j=e.
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Figure 5.3: Current density, electric �eld and particle densities on axis for
streamers in three background electric �elds. All streamers are shown when
the head has reached �tip = 15 mm. The origin of the coordinate system,
z = 0, is at the centre of the hemisphere �tted through the maximum of
the charge number density. The corresponding v and R are shown in �gure
5.4.
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Figure 5.4: The velocity and radius as a function of the head position
extracted from simulations at di�erent background electric �elds.

Parameterizing the charge layer.

We will characterize the charge layer by two maxima, namely the maximum
of the electric �eld and the maximum of the charge number density. On
the streamer axis we will denote them as �tip and �nq;max , and their distance
as ~‘ = �tip � �nq;max , or as

~‘ = ztip � znq;max (5.11)

in the co-moving coordinate system (r; z) de�ned below. The two maxima
are also illustrated in �gure 5.3. There it is also shown that znq;max is
located roughly in the middle of the charge layer and that j is approximately
symmetric in the vicinity of this maximum. Therefore we de�ne the interior
boundary zch of the charge layer as

zch = ztip � ‘ with ‘ = 2~‘: (5.12)

De�nition of velocity and co-moving coordinate system.

We de�ne the streamer velocity v as the velocity of the maximal electric
�eld at the streamer tip

v(t) =
d�tip(t)

dt
: (5.13)
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Figure 5.5: The charge layer within the co-moving coordinate system (r; z)
at Ebg = 4:5 kV/cm. The solid blue line represents the maximum of nq (for
each z) from numerical simulation and the shaded area is the corresponding
charge layer parameterized using ‘. Also shown are: the tangent circle with
radius R, ~‘ and the positions zch, ztip and znq;max .
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The velocity extracted from simulations is shown in �gure 5.4a. We intro-
duce a coordinate system (r; z) that moves into the � direction with velocity
v. In particular, for a steady streamer (hence with constant velocity) the
z coordinate can be written as

z = � � vt: (5.14)

Temporal derivatives transform to the new coordinate system as

@t
��
� = @t

��
z � v@z; (5.15)

and for steady motion, we thus can replace

@t
��
� ! �v@z (5.16)

in the co-moving frame (r; z).

De�nition of radius and of origin of coordinate system.

We will characterize the streamer head by its radius of curvature R, de�ned
as the radius of the circle which best approximates the curved charge layer
at the streamer tip. This parameter is extracted from simulated data by
�tting a semicircle through the maximum, for each z, of the charge layer,
cf. �gure 5.5. The extracted R is insensitive to �tting parameters provided
the region is chosen su�ciently small. We therefore take this region to be
[znq;max � 4~‘; znq;max ]. The radius of curvature extracted from simulations
is shown in �gure 5.4b.

R is an important quantity because it determines the spatial decay of
electric �eld and currents in the avalanche zone near the charge layer, as
can be seen in �gure 5.2. There the equipotential lines trace the shape of
the charge layer su�ciently close to the axis of propagation. We choose
the centre of the sphere as the origin of the co-moving coordinate system,
(r; z) = (0; 0), as shown in Fig. 5.5.

De�nition of streamer length for steady streamers

The steady positive streamers reported in [39, 40, 75] are all ‘detached’ from
their point of inception. By this we mean that due to attachment and re-
combination processes the channel looses its conductivity to the point that
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the streamer cannot be considered as connected to an electrode or initial
ionized seed. For these detached streamers it is more useful to characterize
streamer length with a typical length scale for the loss of conductivity Lloss

Lloss = v�; (5.17)

with � the electron loss time representing the collective timescale of all
conductivity loss processes. The studies [40, 75] contain investigations of
Lloss and � . In particular, it is analyzed how these quantities depend on
the gas-composition and the electric �eld.

5.3 The charge layer (zch � z < ztip)

In this section we formulate axial approximations for the total current den-
sity and for the electron and ion densities in the space charge layer, i.e., in
the region between the front end zch of the channel and the maximum of the
electric �eld ztip (cf �gure 5.5). The width ‘ of this region is much smaller
than the radius of curvature R, therefore this layer can approximately be
treated as planar.

We can neglect photo-ionization Sph in the charge layer since it is much
smaller than Si. Photo-ionization only matters in the avalanche zone due
to its nonlocality. We also neglect di�usion assuming there are no strong
electron density gradients.

5.3.1 Current densities in the charge layer

Due to charge conservation and the Poisson equation of electrostatics, the
total current density jtot is a conserved quantity

r � jtot = 0; where jtot = j + �0qtE: (5.18)

For steady motion in a co-moving frame z, the total current is jtot =
j� v�0qzE.

To solve for jtot we approximate the charge layer at the tip as a planar
surface. The validity of this approximation is governed by the dimensionless
parameter ‘=R. More speci�cally we require ‘=R� 1, which usually holds
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Figure 5.6: The dimensionless parameter ‘=R as a function of the head
position extracted from simulations at di�erent background electric �elds.
This parameter characterizes the validity of the planar front approximation.
The 
uctuations observed are due to the small size of ~‘ which is only a few
times the smallest grid size.
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for streamers as is shown in �gure 5.6. In that case only the z-derivative of
the divergence operator is non-vanishing. Then, equation (5.18) prescribes
that jtot is constant. With a boundary condition at ztip this leads to the
axial approximation

jtot(z) = jtot(ztip): (5.19)

Furthermore, the electric �eld is maximal at ztip, hence qzEjztip
= 0 and

the displacement current vanishes there

jtot(ztip) = �eje;tip; (5.20)

where je;tip is the electron current density on axis at ztip. Similarly, the
displacement current also vanishes approximately in the channel, where the
electric �eld and electron density are nearly constant on-axis. This gives
us

je;ch = je;tip; (5.21)

where je;ch is de�ned analogously as je;tip. Finally, combining this result
with equation (5.19) determines �jtot=e = je;tip = je;ch.

An analysis of the total current density at zch and ztip was also proposed
in [11]. They held that je;tip vanishes which would mean that jtot(ztip) is
completely determined by the displacement current �v�0 qzEjztip

. How-
ever, the numerical simulations in �gure 5.3 contradict this. In fact, we
observe that at ztip the displacement current vanishes since the electric
�eld is maximal and conversely that je;tip does not vanish, which is in line
with our reasoning.

5.3.2 Ionization and electric �eld in the charge layer

As ions are essentially immobile within the propagating streamer head, the
degree of ionization is best determined by the ion density ni;ch behind the
charge layer. An old approximation dating back to [37, 93] is

nold approx
i;ch �

�0
e

Z Emax

0
�e�(E) dE; (5.22)

where we use E = jEj. In the appendix of [73] this equation is derived
for planar negative streamer ionization fronts without electron di�usion
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Table 5.1: The ionization degree ni;ch (�1019 m�3) for streamers in di�erent
background �elds. All streamers are taken at �tip = 15 mm. We compare
the old approximation (equation (5.22)) and our approximation (equation
(5.26)) with our simulated results.

classical new
eq. (5.22) eq. (5.26) simulation

4.5 kV/cm 11.9 21.9 25.6
10 kV/cm 3.3 5.4 6.3
14 kV/cm 3.4 5.6 6.3
24 kV/cm 4.5 7.6 8.4

or photo-ionization. The approximation is easily derived from the two
following equations: equations (5.3) and (5.4) together yield

@tni = jjej�e�(E); (5.23)

and equation (5.18) reads �0@tE = �eje, if the total current ahead of the
charge layer vanishes. This is the case, if the electron density ahead of the
planar front vanishes, and if the electric �eld ahead of the front does not
change in time.

According to [73], equation (5.22) is a good approximation of the numer-
ical solutions of planar negative ionization fronts without photo-ionization
in a time independent electric �eld; the error is only 5 to 10%. However,
in simulations of positive curved streamer fronts with photo-ionization as
shown in [75, 78], the ionization degree is about twice as high as given by
the classical approximation (5.22) (in particular, see table B1 of [75]). In
table 5.1 we make a similar comparison and con�rm the discrepancy of
equation (5.22) as an approximation of the ionization degree of positive
streamers.

A �rst hypothesis was that the approximation (5.22) only covers the
part of the front where the electric �eld decays from its maximal value
Emax to a low value inside the channel, and that it misses the avalanche
zone ahead of the charge layer where the electric �eld increases to its max-
imum [78]. This avalanche zone is essentially absent without background
ionization and photo-ionization, but very present in air. However, the ion-
ization created in the avalanche zone contributes relatively little ionization.
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We discuss this later in more detail in section 5.6.2 and �gure 5.8.
We will now show that the total current density jtot from the avalanche

zone into the curved charge layer contributes signi�cantly to the ionization
behind the front for positive streamers in air. The derivation of the new
approximation is analogous to the earlier one in [73]. We start from (5.23)
and substitute je by the total current to get

qtni =
1
e

���jtot � �0qtE
����e� : (5.24)

This can be further simpli�ed due for steady motion and because the vectors
jtot and E are parallel on the axis

qzni =
�
�0
e

qzE +
jtot

ev

�
�e� : (5.25)

Integration through the ionization front gives

ni(z) = ni;tip +
�0
e

Z Emax

E(z)
�e�(E) dE (5.26)

+
1
ev

Z ztip

z
�e�(E(z))jtot dz:

The �rst term is obtained after integration by substitution (@zE dz = dE).
It reproduces the old approximation (5.22) when it is evaluated at z = zch
and when E(zch) is approximated as vanishing. The second term requires
further analysis. We approximate jtot by the constant �eje;tip according to
equation (5.19). Furthermore, we need the spatial pro�le of E(z) to evalu-
ate �e�(E(z)) under the integral. Here we adopt a heuristic parametriza-
tion of E and leave further analysis to future work. In �gure 5.3 we see
that within the layer the charge number densities nq have an approximately
Gaussian pro�le that can be parameterized as

nq(z) =
Nq

�
p

2�
exp

 

�
1
2

�
z �R
�

�2
!

; (5.27)

where
Nq =

Z ztip

zch

nq dz =
�0
e

(Emax � Ech); (5.28)

93



Streamer Discharges

is the charge number density integrated from the channel to the maximum
of the electric �eld.

Next, we use that over its small width the layer is only weakly curved,
and we use a planar approximation @zE = enq=�0 to calculate the electric
�eld as E(z) by integrating over nq

E(z) = Emax �
e
�0

Z ztip

z
nq(z)dz: (5.29)

This heuristic parametrization of the electric �eld is shown in the middle
panels of �gure 5.3 together with the results of the axisymmetric simu-
lations. The parametrizations of E are in agreement with the simulated
results when we choose � = ~‘=3 for the steady streamer and � = ~‘=2 for
the accelerating ones. Furthermore, we remark explicitly that equation
(5.27) is only used to motivate and evaluate the parameterization for E in
equation (5.29).

Using equation (5.29) as an approximation for the electric �eld within
the charge layer, we can calculate the ionization degree by evaluating equa-
tion (5.26) at zch. In table 5.1 we compare this approximation, when all
macroscopic parameters are extracted from simulations. We observe good
agreement, with relative errors between 10-15%.

5.3.3 Electron density in the charge layer

Our derivation of the electron density within the charge layer starts from
the fundamental equation of charge conservation

eqtnq = �r � j: (5.30)

Since we have uniform translation and a planar front we can write

vnq = je;ch � je; (5.31)

where je;ch has been introduced as an integration constant. As a side note,
a similar relation has also been proposed in [12, 93], but there the inte-
gration constant has been explicitly neglected. However, in �gure 5.3 we
see that je;ch and je;tip are signi�cant. Continuing our derivation, we use

94



Chapter 5 Estimating properties of positive air streamers

nq = ni � ne and rearrange the terms in this equation such that we �nd an
expression for the electron density pro�le in the charge layer

ne(z) =
vni(z)� je;ch

v + vdr
; (5.32)

with the charge drift velocity vdr = �E. (Note that electrons drift with
�vdr). This determines ne(z) since ni(z) is given by equation (5.26).
By evaluating this expression at zch or ztip and using equation (5.21) we
�nd quasi-neutrality: ne;ch = ni;ch and ne;tip � ni;tip. Note that the implied
quasi-neutrality at ztip only holds as an approximation, see �gure 5.3.

Moreover, integration of equation (5.31) through the charge layer and
using (5.28) results in

Z ztip

zch

e(je;tip � je) dz = v�0(Emax � Ech): (5.33)

This can be interpreted as a physical connection between the movement of
a positive charge layer (represented by a discontinuity in the electric �eld)
and the separation of charge. The latter can be directly expressed by the
electric current integrated through the charge layer.

5.4 The avalanche zone (z � ztip)

The avalanche zone is de�ned as the region ahead of the space charge
layer where space charges can be neglected, and where the electric �eld is
above the breakdown value. This means that the electric �eld near this
layer is dominated by the electric charges in the layer, and that charges
in the avalanche zone move in this externally determined �eld, but do not
contribute to it.

In the avalanche zone, di�erent approximations have to be made than
in the charge layer:

(i) As said above, the in
uence of the local charges on the electric �eld
is negligible, r � E = 0, so the avalanche develops in an externally
determined electric �eld.
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(ii) The dynamics inside the charge layer were described using the planar
front approximation because ‘� R, but the planar front approxima-
tion is not valid in the avalanche zone. We therefore do account for
the curvature of the charge layer in the avalanche zone. We do so by
approximating the charge layer at the streamer tip as a hemisphere
with a radius R, see �gures 5.5 and 5.7.

(iii) Electron di�usion can still be neglected, because photoionization pre-
vents the growth of steep gradients, but photoionization now needs
to be included. Although the impact ionization is much stronger
than the photoionization, the non-locality of the photoionization is
essential to create seed electrons in the avalanche zone.

5.4.1 Equation for electron density in the avalanche zone

The drift-di�usion-reaction equation (5.2) for the electron dynamics on the
axis of the avalanche zone can be simpli�ed as follows. First we remark
that with the approximations above and with the chain-rule we can write
on the axis

r � (�neE) = E � r(�ne) + �ner �E;
= Eqz(�ne); (5.34)

= vdrqzne +
qz�
�
vdrne;

The electron dynamics of equation (5.2) then becomes, in the comoving
frame on the axis,

(v + vdr)qzne +
qz�
�
vdrne + Si + Sph = 0: (5.35)

In the next section we derive an expression for Sph.

5.4.2 Coupling between avalanche zone and charge layer

The dynamics in the avalanche zone are coupled to the other discharge
regions. More precisely, the charge layer together with the channel gener-
ate the enhanced electric �eld in the avalanche zone, and the charge layer
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also emits the large majority of photons that generate photoionization and
initiate the ionization avalanches in the avalanche zone.

The electric �eld near the charge layer and near the streamer axis are
approximated by a uniformly charged sphere

E(z) =
z2

tip(Emax � Ebg)
z2 + Ebg; (5.36)

as argued above.
For photoionization in air, the photons are mainly produced in the

charge layer, because the majority of high-energy collisions occurs here,
as will be shown in �gure 5.8. Photons originating from the avalanche
zone are therefore neglected. Moreover, since typical absorption lengths
(33�1900 �m for dry air at 1 bar and 300 K) are large compared to ‘, cf
�gure 5.9, we can essentially treat the charge layer as a surface. Accord-
ingly, we approximate equation (5.5) by a surface integral

Sph(z) =
ZZ

S

I(r0)f(jzez � r0j)
4�jzez � r0j2

d2r0; (5.37)

with ez the unit vector in the z-direction, and the coordinates r0 now lie on
the surface S. For simplicity, we take S to be the surface of a hemisphere
with radius R centered at z = 0. This is illustrated in �gure 5.7.

The general photon source term from equation (5.6) is now written as

I(r0) = A(r0)I�; (5.38)

with I� the surface density of photon production

I� =
pq

p+ pq
�vni;ch (5.39)

on the streamer axis. Here pq=(p+pq) is the quenching factor of the photon
emitting state. The excitation of the photon emitting state is approximated
as impact ionization Si times a proportionality factor �. Note that the
impact ionization has to be integrated over the width of the charge layerR
Si dz = v(ni;ch � ni;tip) which is obtained after integrating �v@zni = Si

(from equation (5.3)) across the charge layer. Finally, since ni;tip � ni;ch
we have omitted the dependency on ni;tip.
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Figure 5.7: The con�guration used for computing the photo-ionization
source term. The charge layer is approximated by a hemisphere S with
radius R centered around z = 0. The color indicates that in reality the
front is not radiating with uniform intensity but fades at the edges (even
though we do not account for this here). Also shown is the path of a photon
produced at r0 and absorbed at zez. Photoionization then creates electron
avalanches that develop the local electric �eld. We use the avalanches on
the z-axis for our approximations.
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A(r0) is a function that can account for the fact that the impact ion-
ization and thus the photon radiation in the charge layer diminishes in the
o�-axis direction. However, for simplicity we take A(r0) = 1. Naturally this
will slightly overestimate photon radiation.

5.4.3 Solving the electron density in the avalanche zone

We will now solve equation (5.35). To do so we �rst introduce the short
hand notation

qzne + �(z)ne = �K(z); (5.40)

with �(z) the electron avalanche growth function

�(z) =
vdr(E(z))

v + vdr(E(z))

�
�e�(E(z)) +

qz�
�

�
; (5.41)

and K(z) the photoelectron source term

K(z) =
Sph(z)

v + vdr(E(z))
; (5.42)

in the external electric �eld E(z) from equation (5.36). Sph(z) is deter-
mined by equations (5.37) { (5.39) as a surface-integral corresponding to
the parametrized charge layer. For given I�, equation (5.40) is an ordinary
di�erential equation for ne that is solved as

ne(z) =
Z 1

z
K(y) e

R y
z �(x) dx dy: (5.43)

This solution can be interpreted as a superposition of electron avalanches.
The electron avalanches are continuously created by a photoelectron den-
sity K. The avalanches grow in the electric �eld as described by � which
contains the e�ects of impact ionization �e� and of electron mobility �(E).

For further evaluation, it is interesting to discuss the structure of this
solution and the implications for the electron and ion densities at the front
and back end of the charge layer, ztip and zch. We �nd that equation (5.43)
can be rewritten as

ne;tip
ni;ch

= F (v;R;Emax; Ebg); (5.44)
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with an explicit equation for the function F that does not depend on any
electron or ion densities. Here R, Emax and Ebg determine the electric �eld
E(z) in the avalanche zone according to (5.36). That F does not depend
on the particle densities, is due to the linear nature of the avalanche zone
without local space charge e�ects: twice as many photons emitted from
the charge layer will create twice as many avalanches and twice as many
electrons arriving at ztip which in turn emit twice as many photons from
the charge layer.

The explicit equation for the function F is

F =
pq

p+ pq
�
Z 1

ztip

dy
v

v + vdr(y)
e

R y
ztip

�(x) dx

�
ZZ

S
d2r0 A(r0)

f(jyez � r0j)
4�jyez � r0j2

; (5.45)

where the �rst line contains the �eld dependent electron dynamics on the
streamer axis, and the second line the �eld independent photon dynamics
between the charge layer and the axis.

An analysis of the avalanche zone along similar lines was proposed in
[104], but they only account for photons produced in the avalanche zone and
neglect the contribution from the charge layer. However �gure 5.3 shows
that ionization in the charge layer, and therefore the associated photon
production, is far more important. In our approach we do take the charge
layer as the dominant photon source. The same reasoning was also given in
[71, 110]. In addition to this we have derived an improved photoionization
balance on the basis of consistent electrodynamics in the charge layer and
avalanche zone, equation (5.44). This formula replaces the photoionization
balance proposed in [104]. We �nally remark that the balance between the
dynamics of photons and of electron avalanches resembles a self-sustained
DC discharge, with the di�erence that the anode is replaced by a propa-
gating streamer head with self-consistent shape.
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5.5 The electrostatic �eld and the head potential

5.5.1 Streamer head potential

As recalled in [97], the electrostatic approximation for the electric �eld
E = �r’ is su�cient for streamer physics. Therefore the line integral
between any two points is independent of the path taken between them

Z

C
E � dl = �(r)� �(r0); (5.46)

with C any continuous curve which starts at r and ends at r0. This concept
will be applied to derive a relation between the electrostatic properties of
the channel and the head.

We shall use equation (5.46) to solve two path-integrals, the �rst cor-
responding only to the background �eld and the second to the �eld with a
streamer present. In both cases C equals the axis of propagation, i.e. �-axis,
which gives r = 0 and r0 on the opposing electrode. For the streamers in
this work �tip is far away from the opposing electrode, which means that
boundary e�ects are negligible and we can take r0 at in�nity. When we
subtract the two integrals we �nd

Z 1

0

�
E(�)� Ebg

�
d� = 0; (5.47)

since the potential at r and r0 is the same and therefore the right-hand
side vanishes. This fundamental property has been considered by previous
authors [51, 68, 75, 104, 132]. Equation (5.47) will be split in two intervals
with di�erent dynamics, namely: the streamer channel [0; �tip] and the
avalanche zone [�tip;1). We shall treat each of these intervals separately.

Potential across the channel.

The potential across the channel requires di�erent treatment for steady and
accelerating streamers.

For a steady streamer the channel electric �eld decays back to the back-
ground �eld. In general the pro�le of the channel electric �eld is determined
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by currents in the streamer channel [81, 83]. For now, modelling the charge
distribution within the channel is not considered. Instead, we suggest a
plausible channel electric �eld pro�le for steady streamers. In section 5.2.3
we have discussed how dynamics in the channel are related to an electron
loss time scale � , which in turn de�nes an electron loss length Lloss. We
use these concepts to impose

E(�) = Ebg + (Ech � Ebg) exp
�
� � �ch

Lloss

�
;

for � < �ch: (5.48)

Substituting this into equation (5.47) results in
Z �ch

0

�
E(�)� Ebg

�
d� = Lloss (Ebg � Ech) : (5.49)

For the accelerating streamers considered in this work we have L �
Lloss, which means it is more reasonable to work with an averaged channel
electric �eld �Ech. By holding that Ech = �Ech over the length of the channel
we can obtain a similar result

Z �ch

0

�
E(�)� Ebg

�
d� = L

�
Ebg � �Ech

�
: (5.50)

Potential across the avalanche zone.

In the avalanche zone the electric �eld was approximated by that of a
uniformly charged sphere, equation (5.36). Using this the potential across
the avalanche zone simpli�es approximately to

Z 1

�tip

�
E(�)� Ebg

�
d� = R(Emax � Ebg): (5.51)

This gives the �nal result

R(Emax � Ebg) = L (Ebg � Ech) : (5.52)

To keep notation simple we have no longer discerned between Lloss or �Ech
for the separate cases of steady and accelerating streamers.
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5.6 Solving the approximations

5.6.1 Solution method

We now assume that velocity v, radius of curvature R, length L and back-
ground electric �eld Ebg are given, for example by experimental measure-
ments, and we estimate four unknowns that are much more di�cult to
measure: ionization degree ni;ch, maximal electric �eld Emax, channel �eld
Ech, and charge layer width ‘. To that end we shall formulate a system of
four relations from which these unknowns will be determined.

In the previous sections we have derived equations (5.21) and (5.33) by
analyzing the dynamics of the charge layer zch � z < ztip, where ztip;ch =
R � ‘=2. These are the �rst and second relations. On the basis of elec-
trostatics we have related the head potential to the streamer length in
equation (5.52), which is the third relation. Finally, we require that charge
layer and avalanche zone electron dynamics are consistent (cf. section 5.4.3).
This introduces the last relation, namely equation (5.44). For convenience,
we repeat our relations here

je;ch = je;tip; (5.53)

v�0(Emax � Ech) =
Z ztip

zch

e(je;tip � je) dz; (5.54)

R(Emax � Ebg) = L (Ebg � Ech) ; (5.55)
ne;tip
ni;ch

= F (v;R;Emax; Ebg): (5.56)

The function F is de�ned in equation (5.45) and the electron current density
is de�ned as je = ��neE. The above system of equations has 8 independent
parameters:

v; R; L; Ebg; ni;ch; Emax; Ech and ‘: (5.57)

All other quantities are determined by these 8 parameters. To see this, we
summarize our approximations in the two regions:

� In the avalanche zone (z � ztip) the electric �eld and the electron
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density are approximated by (equations (5.36) and (5.43))

E(z) =
z2

tip(Emax � Ebg)
z2 + Ebg; (5.58)

ne(z) =
Z 1

z
K(y) e

R y
z �(x) dx dy; (5.59)

for z � ztip:

Notably, the function K(y) (equation (5.42)) accounts for the pro-
duction of photoelectrons and is proportional to ni;ch. The electron
density and the electric �eld by de�nition give je and therefore je;tip.
Finally, we have assumed that space charge e�ects are negligible in
the entire avalanche zone. We therefore also assume quasi-neutrality
at the tip ni;tip � ne;tip.

� In the charge layer (zch � z < ztip) the electric �eld and densities are
approximated by (equations (5.29), (5.26), (5.32))

E(z) = Emax �
e
�0

Z ztip

z
nq(z)dz; (5.60)

ni(z) = ni;tip +
�0
e

Z Emax

E(z)
�e�(E) dE;

+
1
ev

Z ztip

z
�e�(E(z))jtot dz; (5.61)

ne(z) =
vni(z)� je;ch

v + vdr
; (5.62)

for zch � z < ztip;

where nq in equation (5.60) is a parametrization given in equation
(5.27). The quantities ni;tip and je;tip are determined by the avalanche
zone. Quasi-neutrality in the channel gives ni;ch = ne;ch. Thus we can
evaluate jtot and je within the charge layer.

The objective is then to determine 4 parameters in (5.57), since we
consider that (v; R; L;Ebg) are �xed by observations. The remaining four,
which we call m = (ni;ch; Emax; Ech; ‘), have to satisfy our relations (5.53)-
(5.56). Solving this system of equations is equivalent to �nding the roots of
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the four-dimensional vector-function S, which is de�ned as the di�erence
between the left- and right-hand sides of equations (5.53)-(5.56). Thus m
is a consistent solution if it satis�es

S(m) = 0: (5.63)

Due to the complexity of S we employ an iterative root-�nding algorithm
that solves equation (5.63). Such an algorithm starts from an initial guess
m0 and produces a sequence of values mk that converges to the root. We
emphasize again that the input parameters v, R, L and Ebg in addition to
mk are su�cient to evaluate S(mk).

5.6.2 Results

Steady streamer:

In this section we will compare the approximated ne(z), ni;ch, Emax, Ech
and ~‘ with numerical simulations. We shall �rst do this comparison for the
steady streamer. To obtain these results we extracted Ebg = 4:5 kV/cm,
v = 0:076 mm/ns, R = 49 �m and Lloss = 3:8 mm from simulation (see �g-
ure (5.4)) and used these to solve equation (5.63).

In �gure 5.8 we show our approximation for the axial electron density of
the steady streamer (equations (5.32) and (5.43)). The approximated elec-
tron density was overlaid onto the results from the numerical simulation
such that the respective ztip overlap. We observe that our analytic formulae
for the electron density pro�le in the avalanche zone reproduces the pro�le
obtained from simulation well. In this �gure we can also observe that more
than 95% of the ionization occurs in the charge layer. This underlines our
earlier arguments that ionization predominantly occurs in the charge layer
and that photons originating from the avalanche zone can be neglected.

The approximated parameters ni;ch, Emax, Ech and ~‘ that were derived
in this evaluation are shown in �gure 5.9. We observe good agreement with
a maximum relative error of about 30% for the prediction of ~‘. The other
parameters agree within 25%.
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Figure 5.8: Our approximation (orange) for the electron density compared
to numerical results (blue) of a steady streamer simulation. The applied
background �eld is 4:5 kV/cm. The approximated parameters used to make
this comparison are evaluated in �gure (5.9)
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Figure 5.9: Comparison of simulations (blue, green) and our approxima-
tions (orange) for streamers with varying head positions in di�erent back-
ground �elds Ebg. Ebg, L, R and v were taken from the simulations and
used to calculate the plotted approximations from (5.63). The plotted
quantities are the maximum electric �eld Emax, the (average) channel elec-
tric �elds Ech, the degree of ionization ni;ch and the charge layer width ~‘.
The four background electric �elds Ebg are plotted as � � for 4:5 kV/cm
(steady), for 10 kV/cm, for 14 kV/cm, and � � � for 24 kV/cm).
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Accelerating streamers:

As discussed in the introduction, we shall now apply our analysis developed
for steady streamers to accelerating streamers. We include results, calcu-
lated in the same manner, for streamers at background electric �elds of 10,
14 and 24 kV/cm. The corresponding velocity and radius as a function of
streamer length were already shown in �gure 5.4.

The approximated parameters are included in �gure 5.9. In this case we
also observe good agreement with relative errors of at most several tens of
percent. Only at 24 kV/cm do we have relative errors of about 50� 60% for
the estimation of ni;ch. Furthermore, we also illustrate the error introduced
by our simplistic treatment of the channel electric �elds. For accelerating
streamers we have included both Ech and the averaged �Ech in �gure 5.9.
In section 5.5 we have used Ech = �Ech in order to obtain an equation for
the channel electric �elds without resolving the entire charge transport dy-
namics of the channel. However, this approximation is generally not true
and the accuracy is worst for the 24 kV/cm case. This has various causes,
such as a persisting neutral seed (i.e. due to shorter propagation times the
in
uence of initial conditions still persist), actual inhomogeneities in the
channel or the in
uence of boundary conditions.

Overall, our model is also able to estimate the properties of streamers in
higher background �elds. Evidently, approximating the charge layers of ac-
celerating streamer heads as planar fronts in a steady state gives reasonable
results.

5.7 Summary and outlook

5.7.1 Summary

In this work we have proposed an model that characterizes a single positive
air streamer on the basis of observable parameters. Overall, our approx-
imations exhibit good agreement with numerical simulations of a steady
streamer with typical relative errors below 30%. For accelerating stream-
ers the errors are slightly higher, with a maximum deviation up to 60% in
the highest considered background �eld.
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Our most important theoretical contributions are:

� We have constructed a self-contained axial model that can approxi-
mate macroscopic properties of steady streamer heads. This model
also gives good results for accelerating streamer heads.

� We have shown how the quantities ni;ch, Emax, Ech and ‘ can be
determined from the easily observable parameters R, v, L and Ebg.

� We have provided a formula for the ionization degree of a streamer.
Notably this formula contains the contribution due to a non-zero total
current density and is about twice as high as the classical formula.

� We have given a self-consistent description of electron dynamics which
includes the implicit contribution due to photoelectrons produced in
the avalanche zone.

5.7.2 Outlook

For future work we recommend three possible improvements:

� We have not considered explicitely solving the dynamics of the charge
layer. Instead we have accounted for these dynamics by heuristic pa-
rameterizations. However, a numerical approach that resolves den-
sities and the electric �eld inside the charge layer can be expected
to improve the accuracy. Moreover such an approach could replace
a number of parameterizations, which would lead to a more precise
representation of streamer dynamics.

� We have used two approaches for the channel electric �elds. For ac-
celerating streamers we have used an average value �Ech = Ech, and
for steady streamers we have used an exponential decay with a pre-
scribed length scale Lloss. These clearly have their limitations. In
future work we aim to combine the insights obtained in this research
with models that explicitly evaluate the dynamics of the streamer
channel, such as [81].
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� All derivations in this work assume that the dynamics of the charge
layer can be approximated in a planar front setting, since the dimen-
sionless parameter ‘=R is typically low. A better description of the
curvature will likely improve the accuracy of our model.

Finally we comment on the signi�cance of our work regarding the devel-
opment of accurate streamer tree models such as [81, 83]. The current
limitation of these models is that they lack a self-consistent description of
velocity and radius of a streamer. These parameters are often imposed.
However, our model can be combined with a tree model in order to over-
come this critical limitation.
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Chapter 6

SF6 destruction by
atmospheric streamer
discharges

Sulfur hexa
ouride (SF6) is an inert gases in the atmosphere that absorb infrared
radiation and a�ect the climate. It has a predicted lifetime of up to 1278 years.
The International Panel on Climate Change lists it as part of the most in
uen-
tial long-lived, well-mixed greenhouse gases. In this study, we investigate whether
electric discharges caused by thunderstorms can contribute to decreasing the atmo-
spheric concentrations of SF6. We aim to estimate SF6 decomposition by plasma
reactions in streamer discharges in the atmosphere, that appear in lightning or in
sprite streamers, which can occupy large volumes in the middle atmosphere. To
accomplish this, we simulate positive streamers in synthetic air that contains a
small concentration of SF6. From our simulations, we also want to identify rela-
tions between the amounts of SF6 destroyed and streamer properties, which can be
used to estimate the rates of chemical processes in observed streamer events. We
found that a single streamer can destroy up to 2% of the SF6 density, and more
destruction is expected in gases with higher densities. For electric �elds below
20 Td, we do not observe scaling in the fraction of SF6 destroyed.
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This chapter will be extended for publication as:
SF6 destruction by atmospheric streamer discharges by Hani Francisco, Ute Ebert,
John Plane, and Martin F�ullekrug.
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6.1 Introduction

6.1.1 The man-made greenhouse gas SF6

SF6 is a widely-used insulating gas with an atmospheric concentration of
8 ppt in 2015 [139]. It has a predicted atmospheric lifetime of 1278 years
and a 100-year global warming potential of 23500. This means that in a
span of 100 years, the emissions of SF6 will absorb 23800 times the energy
that the emissions of the same mass of carbon dioxide will absorb in the
same time span - making SF6 the most potent greenhouse gases in the
atmosphere [90]. SF6 is not naturally occurring but is emitted at ground
levels following human activity, mostly from the electrical industry. Its
mixing time in the troposphere is on the order of a year [118].

6.1.2 Known mechanisms of SF6 destruction

Climate models have evaluated that most atmospheric loss of SF6 is due
to the attachment of thermal electrons [122, 139]. Electrons attach to
SF6 to produce SF�6 , that can then react with a hydrogen atom or an
HCl molecule for permanent SF6 removal. Otherwise, SF�6 could undergo
photodetachment or react with ozone or atomic oxygen, which recycles SF6
back into the atmosphere [123]. The highest removal rate due to associative
attachment was estimated to be on the order of 10�6 s�1 at around 70 km
altitude [139], where the H density [H] is 1013 m�3 [9].

The associative attachment reaction is the dominant destruction mech-
anism until around 115 km, above which photolysis dominates SF6 destruc-
tion with a removal rate around 10�7 s�1 [139].

Another electron attachment reaction that could lead to SF6 removal
is the dissociative attachment reaction that yields SF�5 . This attachment
reaction becomes the dominant attachment reaction at 120 km altitude,
but at that altitude, photolysis is already the dominant SF6 destruction
mechanism [139]. In this context, dissociative attachment and photolysis
don’t contribute much to the removal of SF6 in the atmosphere because
most SF6 molecules don’t even reach above 75 km due to di�usive sepa-
ration - the molecules’ slower di�usion speed compared to air molecules
doesn’t let them reach higher altitudes - and SF6 molecules are already
being destroyed at lower altitudes [66].
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6.1.3 Lightning-induced atmospheric chemistry and the streamer
mechanism

The mechanisms above account for a standard atmospheric composition,
and do not consider the enhanced density of free electrons down to ground
level during thunderstorms. These electrons and their possible impact on
SF6 destruction at various altitudes in the atmosphere are the topic of the
present study.

We focus here on streamer discharges which are the �rst stages of elec-
tric breakdown in air. Streamers are directly visible as enormous sprite
discharges above thunderstorms at 40 to 80 km altitude, but they also oc-
cur as streamer coronas ahead of lightning leaders in the troposphere. In
general, streamers are plasma channels that propagate by strong �eld en-
hancement at their tips. The electron energy distributions in these high
�eld zones are very far from equilibrium, with a substantial fraction of elec-
trons reaching energies of 12 to 15 eV, su�cient for the ionization of oxygen
or nitrogen molecules and hence, for a further plasma growth. For a recent
review of streamer physics we refer to [97].

The exotic plasma chemistry in streamer discharges is used in numerous
technical applications. In atmospheric chemistry the impact of streamers
has been found as well, e.g. in the production of the greenhouse gases NOx
and O3 [89]. NOx production that only considers return strokes and ne-
glects all the other lightning process was found to be unjusti�ed, as NOx
production mainly takes place in slow discharge processes, being most in-

uenced by the length of the lightning discharge channel [32]. Brune et
al. [26] recently reported that during an airplane mission they found ex-
treme concentrations of the oxidant HOx in cloud regions with only subvis-
ible discharges, as enhanced amounts of the oxidant was found in regions
where no electrical activity or 
ashes were detected by the lightning map-
ping array. These �ndings support our case that streamer discharges have
the capacity to in
uence SF6 removal in the atmosphere as well.

Most air mass in the atmosphere is in the troposphere, and through
thunderstorms, photons and free electrons are introduced at these altitudes
instead of just in the ionosphere. We aim to discover at which altitudes
streamers are best at destroying SF6 and by which removal process.

114



Chapter 6 SF6 destruction by streamers

Table 6.1: The electron reactions with SF6 that are included in the model.

Reaction Energy Ref.
Associative electron attachment:
1 e+ SF6 �! SF�6 0 eV [28]
Dissociative electron attachment:
2 e+ SF6 �! SF�5 + F 0 eV [28]
3 e+ SF6 �! SF5 + F� 2:0 eV [28]
4 e+ SF6 �! SF�4 + F2 3:5 eV [28]
5 e+ SF6 �! SF4 + F�2 1:5 eV [28]
6 e+ SF6 �! SF�3 + F3 8:0 eV [28]
7 e+ SF6 �! SF�2 + F4 10:3 eV [28]
Neutral dissociation:
8 e+ SF6 �! e+ SF5 + F 9:6 eV [28, 56]
Dissociative ionization:
9 e+ SF6 �! 2e+ SF+

5 + F 18:0 eV [124]

6.1.4 SF6 destruction in atmospheric streamer discharges

The electron densities and their energies in the streamer discharge deter-
mine which SF6 reactions will occur there. Table 6.1 lists the electron
reactions with SF6 included in our study, with their required energies and
our cross sections references.

The �rst reaction in the table is dissociative electron attachment that
forms SF�6 . It requires no activation energy and is the �rst step towards
the dissociation by H or HCl mentioned above in section 6.1.2. All the
other reactions in the list remove at least one 
uorine from the molecule,
which is a certain path to destruction. We therefore consider all disso-
ciative reactions (numbers 2 to 9 in the table) as destruction mechanisms
for SF6. We note that the second reaction toward SF�5 + F is mentioned
in section 6.1.2 as well. It does not require any activation energy, but is
limited by the availability of free electrons. In the present paper we will
analyze its importance considering the electron densities and energies found
in streamer discharges. The third reaction towards SF5 + F� requires an
electron energy of at least 2 eV, and it could play a role in the region of
�eld enhancement at the streamer head.
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Table 6.2: Altitude in the atmosphere, local number density N of air
molecules according to [99] and height of our computational domain. The
domain radius is half of the domain height.

Altitude Air number density N Domain height
[km] [m�3] H0 �N0=N

0 N0 = 2:55� 1025 H0 = 40 mm
10 8.58 x 1024 119 mm
20 1.83 x 1024 558 mm
40 8.02 x 1022 12.7 m
60 5.99 x 1021 170 m
80 3.28 x 1020 3.10 km

6.1.5 Streamers at di�erent atmospheric altitudes and scaling
with density

Streamer discharges can appear in the atmosphere, at altitudes below the
ionosphere. Table 6.2 lists the altitudes from 0 to 80 km investigated in
the present study. The second column lists the air density, more precisely
the molecule number density N , at the respective altitude according to the
U.S. Standard Atmosphere (1976) [99]. This density changes by almost
�ve orders of magnitude from 0 to 80 km altitude. The air density N0 at
ground level is introduced as a reference.

As reviewed in [97], the streamer phenomenon is nevertheless remark-
ably similar at di�erent air densities. This is because the primary reaction
in the fast streamer head is a two-body reaction between an electron and
an air molecule which leads to elastic, inelastic, or ionizing scattering of the
electron or to electron attachment on the molecule. These reactions depend
on the electron energy. This energy in turn depends on the local electric
�eld times the mean free path ‘MFP of the electron, and the mean free path
is inversely proportional to air density, ‘MFP / 1=N . Therefore, when com-
paring streamers at di�erent air densities N , all lengths and times roughly
scale as 1=N and electric �elds as N ; following this, the reduced electric
�eld E=N has been introduced in the plasma community. Furthermore,
an analysis of the streamer equations reveals that the degree of ionization
inside a streamers scales with N2 [97]. However, scaling with air density
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is not perfect as three-body reactions and collissional quenching of excited
states become important at higher air density.

In the present paper, we will scale lengths, times, electric �elds, and
particle densities with air density N , and we will analyze the corrections to
this scaling in our results. The scaling of the lengths can already be seen
in the di�erent computational domain sizes listed in table 6.2.

6.1.6 Structure of the paper

We start by detailing our numerical modeling in section 6.2, where we
present the SF6 destruction mechanism we considered in section 6.2.2 and
explain how we adapted our simulation for di�erent altitudes at section 6.2.4.
In section 6.3, we look at the di�erent streamers at di�erent altitudes and
the charged species in their wake. We introduce an expression to analyti-
cally approximate the time evolution of SF6 density at certain conditions
in section 6.4, and we conclude our investigations in section 6.6.

6.2 Set-up of streamer model

6.2.1 Model and computational method

In all simulations, we employed the classic 
uid model which uses local �eld
approximation to compute for the evolution of the densities of electrons,
ions, and neutral molecules in a cylindrically symmetric domain. The sim-
ulations were run using the A�vo-streamer code [136, 137], where A�vo
stands for adaptive �nite volume octree. This code uses an adaptive mesh
and a drift-di�usion-reaction equation for the electron density evolution

@ne
@t

= r � (ne�eE +Derne) + Si � S� + Sph + Sion; (6.1)

where �e is the electron mobility, E is the electric �eld, De is the electron
di�usion coe�cient, Si is the impact ionization source term, S� is the elec-
tron attachment source term, Sph is the non-local photoionization source
term, and Sion is the source term for electron detachment reactions minus
the electron-ion recombination reaction. The same model has been used in
[40, 51].
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The photoionization source term is the same as in [40, 75]; it is given
by

Sph(r) =
Z
d3r0

I(r0)f(jr� r0j)
4�jr� r0j2

(6.2)

where I (r) is the source of ionizing photons, f(r) is the absorption function,
and 4�jr � r0j2 is a geometric factor. Following Zheleznyak’s model [149],
the photon source term I (r) is calculated using

I (r) =
pq

p+ pq
�Si (r) (6.3)

where p is the actual gas pressure, pq is a gas-speci�c quenching pressure,
and � is a proportionality factor. In principle, this proportionality factor is
�eld-dependent [149], but in this paper, we set it to � = 0:075 as in [40, 146];
this value reproduces streamer branching very well [146]. Furthermore,
we use the commonly assumed quenching pressure of pq = 40 mbar. In
Zheleznyak’s model, f(r) is an e�ective function for the absorption of pho-
tons in the wave length range of 98 to 102:5 nm. It is obtained with

f(r) =
exp(��minpO2r)� exp(��maxpO2r)

r ln(�max=�min)
; (6.4)

where �max � 1:5 � 102=(mm bar), �min � 2:6=(mm bar), and pO2 is the
partial pressure of oxygen. We used a set of Helmholtz di�erential equa-
tions [19, 84] with Bourdon’s three-term parameters [19] to evaluate the
photoionization integral.

The other charged and neutral species Zi in our model evolve in time
according to the continuity equation

@nZi

@t
= �sir � (nZi�iE) + SZi (6.5)

where si = �1; 0 is the sign of the electric charge of species i, �i is its
mobility, and nZi is the density of the species Zi. Since ion mobilities are
typically about two orders of magnitude lower than electron mobilities, we
neglect ion motion in this paper for simplicity. SZi is the source term that
accounts for reactions that produce and consume Zi. For example, the
reaction source term for the continuity equation of SF�5 is

SSF�
5

= k2nenSF6 ; (6.6)
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where k2 is the reaction rate coe�cient of reaction 2 in table 6.1. There
is only one term in this expression because we only have one reaction that
involves SF�5 in our model, and the term is positive because the reaction
produces SF�5 .

The simulations were done at di�erent pressures to mimic di�erent al-
titudes. The following describes the set-up for the 0 km case. The electric
potential was �xed at z = 0 mm and z = 40 mm to achieve a homogeneous
background electric �eld pointing in the �ẑ direction. At r = 20 mm,
Neumann zero boundary conditions (@r� = 0) were applied on the elec-
tric potential, and for r = 0 mm, the boundary condition follows from
cylindrical symmetry. Neumann zero boundary conditions are applied for
the electron density at all boundaries, and no background ionization was
introduced into the domain. The same boundary conditions are applied
for the other altitudes, as these are standard for these simulations. All
lengths were scaled with air density as described in section 6.1.5 and listed
in table 6.2.

We used the same re�nement criteria as described in [39]: Adaptive
mesh re�nement is used, with the grid set to have a minimum size of 2:4 �m
for the 0 km case. This minimum grid size is also scaled with gas density
for the other altitudes. The re�nement and dere�nement criteria are based
on the local electric �eld value as in [136]: re�ne if �(1:2�E)�x > 0:5 and
dere�ne if �(1:2 � E)�x < 7:5 � 10�2, where �(E) is the �eld-dependent
ionization coe�cient, E is the electric �eld strength, and �x is the grid
spacing.

We also used the same set of reactions for nitrogen and oxygen species
as in [40] with the addition of the electron-recombination reaction to N+

2
from [65]. For these reactions, The cross-sections for the electron impact
reactions are from [1, 113], and Bolsig+ [54] was used to calculate for the
transport and reaction rate coe�cients with the assumption of a temporal
growth model[147]. It is su�cient to only consider electron reactions with
nitrogen and oxygen molecules in determining the transport coe�cients
and reaction rates in this gas because, as previously mentioned, the SF6
concentration in the atmosphere is very low.
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6.2.2 SF6 reactions and their reaction rates

To model SF6 decomposition, reactions that involve electrons and SF6 have
been added to the model we use for air simulations. A list is given at
table 6.1.

The reaction rate coe�cients for electron attachment and impact ioniza-
tion reactions involving SF6 were calculated from measured cross-sections [28,
124] using Bolsig+ [54] with the EEDF for air, as argued in the previous
subsection. Only one ionization reaction is included as the rest have thresh-
old energies of 22:5 eV and higher [124]. Reactions that have threshold en-
ergies higher that 19 eV were not included because they have low chances
of occurring.

Due to unavailability of cross sections data for separate neutral dissoci-
ation reactions, we use the total dissociation cross section to compute the
rate coe�cient of reaction 8. This approximation is suitable since we are
only concerned with the destruction of SF6 and not with the products of the
dissociative reactions. The SF5 molecule was chosen as the product of the
neutral dissociation reaction we included as it is the dominant dissociation
product [61]. Relative cross sections for neutral dissociation reactions to
SF2 and SF are available but we do not include them as they have threshold
energies as high as 19:5 eV and 22:0 eV, respectively [56].

Only SF6 reactions with electrons are included because SF6 is extremely
inert. The electric �eld together with collisions data determine the electron
energies and velocities, and thus, the reaction rate coe�cients (and trans-
port coe�cients). The electron energy distribution function in streamers
in air, which can be seen in �gure 3 of [35], show that most electrons in
the streamer channel have energies around 1 eV only, and merely a few
electrons at the streamer tip have energies above 10 eV. The highest reac-
tion rate coe�cients for SF6 reactions and the total reaction rate coe�cient
incorporating all SF6 destruction reactions are plotted as a function of the
reduced electric �eld E=N in �gure 6.1.

We plot the reaction rates as a function of the reduced electric �eld
E=N according to the scaling arguments of section 6.1.5, using the unit
Townsend, de�ned as 1 Td = 10�21 V �m2. In air at ground level, the
breakdown �eld (where Si = S�) is 29:5 kV/cm which corresponds to
115 Td.

Removing at least one 
uorine atom is a su�cient criterion for SF6
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destruction in our study because the concentration of these species are too
low that SF6 won’t be formed again after dissociative reactions.

Figure 6.1 shows that there are three dominating electron-SF6 reactions:
associative electron attachment to SF6 that leads to SF�6 , closely followed
by dissociative attachment that forms SF�5 + F in the lower �eld range,
and neutral dissociation of SF6 to SF5 + F above 150 Td. In this study,
we do not consider SF�6 to lead to SF6 destruction (as will be discussed in
the next subsection), but all the other reactions do, therefore we de�ne the
reaction rate coe�cient for SF6 destruction as

kSF6 =
9X

n=2

kn; (6.7)

where n labels the reactions of table 6.1. The destructive reaction that
dominates the low �eld range is the dissociative attachment reaction that
produces SF�5 .

From 300 Td, SF6 ionization has a higher reaction rate coe�cient than
any SF6 attachment reaction, and it is the second fastest SF6 reaction fol-
lowing the neutral dissociation reaction. The dominant attachment reaction
is associative attachment until about 680 Td, and at �elds higher than this,
the dissociative attachment reaction that produces F� and SF5 progresses
faster than all other attachment reactions. At 500 Td, this dissociative
attachment reaction is already faster than the dissociative attachment re-
action that produces SF�5 and F, which dominated SF6 destruction in the
lower �eld range.

6.2.3 SF�6
In �gure 6.1, we included a blue region which corresponds to the electric
�eld range we found in our streamer channels. We see that the dominant re-
action there is the associative attachment reaction that produces SF�6 . SF�6
is a stable negative ion with lifetimes ranging from a hundred microseconds
to a few seconds, depending on the energy of the SF6 molecule before elec-
tron attachment and on the energy of the attaching electron [120]. This
timescale is only relevant for our streamers above 40 km altitude. At lower
altitudes, SF�6 formation is an electron sink, but with SF6 density being
low, the e�ect of this to electron density is considered negligible.
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Figure 6.1: Reaction rate coe�cients kn of the dominating reactions of
electrons with SF6 as a function of the reduced electric �eld E=N . The
broken lines correspond to individual SF6 reactions.. The solid line is the
sum of all reaction rates that destroy SF6 (equation (6.7)). The blue region
around 6 - 90 Td represents the electric �eld range observed inside streamer
channels while the red region from 360 - 600 Td represents the range of
enhanced electric �elds at the streamer head.
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We do not consider SF�6 formation as an SF6 destruction mechanism in
this study. SF�6 can react with atomic oxygen or ozone, and these reactions
recycle SF6 back to the system. SF6 can also be recovered from SF�6 by
photodetachment, which has a rate of about 0:11 s�1 at 85 km [66, 139].

SF6 destruction from SF�6 can come about through reactions with H
or HCl. Reaction with HCl is disregarded as HCl is only found in the
stratosphere [144] with its rare jet discharge events) or it is already bound to
droplets inside clouds. SF�6 destruction by atomic hydrogen only dominates
over photodetachment of SF�6 above 80 km [123], and our simulations only
consider up to this altitude.

Aside from electron attachment, SF�6 may also be produced by electron
transfer from O�2 , an anion with a lower electron a�nity. We do not con-
sider this reaction as this only creates more SF�6 , which we do not consider
as an SF6 destruction pathway.

6.2.4 Con�guration of simulations

We simulate in air at di�erent altitudes, and to do so, we vary the gas
number density following the altitude dependent pro�le from U.S. Stan-
dard Atmosphere (1976) [99]. We employ scaling laws to describe how the
discharges scale with the gas number density.

A summary of the key di�erences of the computational domain for the
di�erent simulations is given at table 6.2. The numbers presented there
were calculated following the scaling laws. The domain lengths are just
half of these values. The maximum time step, size and density of the seeds
used for streamer initiation, and the grid re�nement size limits have also
been scaled accordingly. For the original values, we refer the reader to [40].

SF6 is only included as a small amount, having a density that corre-
sponds to 8 ppt. This left the gas mixture to correspond to that of dry
air with 80% nitrogen and 20% oxygen, which allowed us to use the same
transport coe�cients calculated for dry air using Phelps data [1] and Bol-
sig+ [54], leading to an electron energy distribution that is derived for air.
That calculation was done using the temporal growth model [147].

For each altitude, we looked at streamers at three di�erent electric
�elds: (1) 21:6 Td, (2) 58:8 Td, and (3) 96:0 Td. At ground pressure,
these electric �elds correspond to (1) 5:5 kV/cm, (2) 15 kV/cm, and (3)
25 kV/cm. All are below the breakdown �eld of 29:5 kV/cm at ground
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pressure, or 115 Td. Streamer branching breaks cylindrical symmetry [80],
which means that our simulation setup is only valid for single streamers.
Initiating a streamer at low �elds and having it cross the boundary without
branching is not easy to achieve [40, 75]. In order to get a non-branching
streamer at 21:6 Td, a streamer was �rst initiated at a higher background
�eld of 98 Td before slowly decreasing the background �eld to 21:6 Td.
The results we present for the 21:6 Td streamers in the next section only
include the data when the background �eld has reached 21:6 Td. There
were no di�culties in initiating and getting a non-branching streamer at
58:8 Td and 96:0 Td, and these cases had the background electric �eld
constant the whole time.

6.3 Streamers at di�erent altitudes and in di�erent
�elds

6.3.1 A �rst overview

Streamers in three di�erent electric �elds and at the two altitudes of 0 and
80 km are shown in �gure 6.2.

First, the upper row shows streamers at ground level in background
electric �elds of 21:6, 58:8, and 96:0 Td at the moment when they have
traversed 75% of the simulation domain of 40 mm. Velocity, radius, and
the created electron density depend on the background electric �eld as well
as on the initial conditions [40].

Second, the lower row of the �gure shows streamers at 80 km altitude.
Overall, the spatial structures look very similar, but times and lengths are
roughly �ve orders of magnitude larger; electric �elds and air densities are
�ve orders smaller; electron densities are ten orders smaller; and the ve-
locities are of the same order. These are in agreement with the scaling
laws with air density N that were recalled in section 6.1.5. There is a
strong correspondence between the streamers at 0 or 80 km altitude, be-
cause we chose initial conditions and background �elds according to gas
density scaling. However, the limitations of scaling that are known to be
due to three-body reactions and quenching of excited states are still notice-
able. For example, in �elds of 21:6 Td and 58:8 Td, the streamers at 80 km
altitude still have substantial electron densities along their whole length,
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while their counterparts at 0 km have reduced electron densities at their
back ends.

6.3.2 Streamer dynamics and corrections to scaling

In �gure 6.3 we plot the electric �eld at the streamer tip, the streamer
velocity, and the streamer radius as a function of the streamer length of
all our simulated streamers. We use the reduced electric �eld and scaled
streamer lengths and radii in the axes of the �gure so we can directly
compare streamers at di�erent gas densities. Streamers at the same altitude
that have di�erent background �elds follow the observations in [40], where
the streamer velocity and radius increase with the background �eld. It was
shown in that paper that the relationship between the background �eld and
the maximum electric �eld is non-monotonic, with the maximum electric
�eld having a minumum for some intermediate background �eld. Although
not clearly evident with the results we present, we observed the same non-
monotonic relationship with our new set of simulations, with the minimum
being at a background �eld of around 23:5 Td.

When comparing streamers at di�erent altitudes, we �nd from �gure 6.3
that only the streamers at 40 km altitude and above coincide after scal-
ing, while the streamers in lower altitudes show the familiar corrections to
scaling. It was shown in [76] that photoionization introduces corrections to
the streamer scaling properties at sprite altitudes due to the absence of the
quenching of states responsible for photoionizing radiation. An increase in
photoionization lowers the maximum electric �eld ahead of the streamer
and the electron density. Photoionization has a quenching threshold that
could be found at around 24 km [149], and this is consistent with the fact
that streamers at 20 km and below show corrections to the scaling laws.

6.3.3 Densities of charged species on the streamer axis

To further investigate the corrections to the scaling laws, we look at the
axial electron density of streamers at di�erent altitudes in a �eld of 21:6 Td.
This is shown in the topmost panel of �gure 6.4. We see that scaling works
perfectly for the electron densities at 40, 60, and 80 km altitude - so well
even that the 80 km data is hidden below the 60 km data. At the lower
altitudes of 0, 10, and 20 km, we see corrections of up to a factor of 2 to the
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Figure 6.2: Plots of electric �eld (left) and electron density with purple
equipotential lines (right) of di�erent streamers at 0 km (upper panel) and
80 km (lower panel) altitudes. We note that not the whole width of the
computational domain is shown. The streamers are shown when they have
traversed 75% of their computational domain. The times at which these
were taken and the streamer velocities at that instant are in the bottom
right of plots depicting the electric �eld. Note that not the whole radial
width of the computational domain is shown.
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Figure 6.3: Plots of streamer properties at di�erent background �elds and
altitudes. The maximum of the reduced electric �eld E=N (upper plot), the
streamer velocity v (middle plot), and the scaled radius R � N=N0 (lower
plot) are plotted as a function of the reduced streamer length L � N=N0
where N0 is air density at ground level. The solid, dashed and dotted
lines correspond to streamers in a reduced background �eld of 98:0 Td,
58:8 Td or 21:6 Td which corresponds to �elds of 5:5, 15 and 25 kV/cm
at ground level. The streamer lengths were measured as the distance from
the maximum of the electric �eld to the top boundary of the computational
domain.
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scaling laws. We also observe that for all streamers shown, only the one at
0 km has an electron density pro�le that is decreasing from the streamer
head to the back of the streamer channel.

A better understanding of what is happening inside the streamer chan-
nel can be gained by looking at the electron loss mechanisms in it at the
extreme altitudes of 0 and 80 km.

In the middle and bottom panels of �gure 6.4, the axial densities of
charged species at 0 and 80 km altitude are shown. At 80 km altitude they
are fairly constant, while at 0 km altitude, there is a conversion chain of
positive ions from N+

2 to N+
4 to O+

2 to O+
4 . This does not happen at the

higher altitude because this chain involves three-body reactions, and the gas
density at 80 km is too low for these reactions to occur on the timescales
simulated. Thus, the change in the dominant positive ion species in the
streamer channel, from O+

4 at 0 km streamer to N+
2 at 80 km.

Electron recombination to the dominant positive ion species have been
found to be an important loss mechanism in the streamer channel [40],
and O+

4 easily recombines with free electrons to form two O2 molecules,
which explains the decrease of the electron density in the streamer channel
at 0 km. Based on the mean energy of the electrons in the channel and
the relevant ion densities, we calculated the electron recombination time to
increase from 100 ns in 0 km to 5000 s in 80 km. Our slowest streamer at
80 km took 9:1 ms to cross the 1:55 km gap, leaving the electrons inside
the channel with insu�cient time for electron recombination.

Another important electron loss mechanism in the streamer channel is
electron attachment [40], and as reported in [82], in gases with low number
densities, the three-body attachment reaction is suppressed. The suppres-
sion of three-body electron attachment at higher altitudes increased the
attachment times from 86 ns in 0 km to 0:11 s in 80 km. Again, there is
insu�cient time for electron attachment reaction to occur for the 80 km
streamers in our simulations. On the other hand, the streamers at 0 km
took between 15-94 ns, depending on the background electric �eld, to cross
the 40 mm domain so the electrons in the streamer channels there had su�-
cient time to attach. The slowed down rates of the electron loss mechanisms
in the streamer channel of 80 km streamers explain why the electrons are
long-lived for their case unlike for the 0 km streamers.
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Figure 6.4: Charged species densities on the streamer axis in �elds of
21:6 Td at the moment when the streamers have crossed 75% of their
computational domain. This is the same situation as in the left columns
of Fig. 6.2. The upper plot shows the electron density on linear scale for
di�erent altitudes, and the lower plots show 8 relevant charged species on
a logarithmic scale, at 80 and 0 km altitude.
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6.3.4 Electric �eld and electron density

Analyzing the electric �eld distributions and electron density pro�les helps
us identify where SF6 destruction could occur inside or in the vicinity of
the streamer. Possible SF6 destruction paths due to free electrons were
already summarized in section 6.2.2 and table 6.1.

SF6 could be destroyed either via electrons in the enhanced electric �eld
at the streamer head or via lower energy electrons in the streamer channel.
The electron energies are determined by the local electric �eld. The electric
�eld ranges where these happen are highlighted in �gure 6.1.

Figure 6.4 features several axial electron density pro�les - the topmost
panel shows the scaled electron density in linear scale, and the middle and
bottom panels has the electron density represented by dashed lines. For all
cases, we see that the electron density increases until around z = 10 mm,
after which it stays in the same 1019/m�3 order of magnitude. These cases
present streamers with tips at z = 10 mm, so the electron-rich area is
actually the length of the streamer channel. We don’t observe as much
electron density ahead of the streamer tip.

Although the active zone has a much higher electric �eld than the
streamer channel, it simply does not have enough electrons for SF6 destruc-
tion. On the other hand, the streamer channel poses favorable conditions
due to the high electron density and low electric �elds. In such low �elds,
the electrons could attach to SF6 with a dissociative attachment reaction
(reaction 6 in table 6.1) forming SF�5 . We thus expect most SF6 destruction
to happen in the streamer channel.

Figure 6.5 shows the temporal evolution of the electron density and
the electric �eld at �xed points in the streamer channel along the streamer
axis. For the streamers at the two higher background electric �elds, we used
points at z = 30 mm, while for the lowest �eld, we used the z-coordinate of
the streamer head when the background �eld has �nally reached 21:6 Td
(recall that we started from a higher background �eld for these low-�eld
simulations, as discussed in section 6.2.4 ). We see how the electron density
�rst shoots up from a low value as the streamer head passes that point,
after which the electric �eld declines, as the point is now in the streamer
channel where the electric �eld is screened. The same e�ect of the altitude
could be seen with the electron density: the electron density decreases
with increasing altitude until photoionization is quenched and three-body
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Figure 6.5: Temporal evolution of the electron density and electric �eld
inside the streamer channel at di�erent altitudes and background �elds.

reactions are suppressed. The 21:6 Td streamer at 0 km has initial electron
density values near the 21:6 Td streamer at 10 km, which is consistent with
how their maximum electric �elds are related, as shown in the topmost
panel of �gure 6.3. Both streamers start of with maximum electric �elds
that are near each other, which translates to having comparable electron
densities as well.

The electric �eld inside the streamer channel decreases with altitude
and, consistent with [40], decreases with decreasing background �eld. The
21:6 Td streamers have a channel electric �eld that held a constant value as
time progressed, and this characteristic allows us to simulate what happens
in these cases for longer timescales, which we take up in section 6.4.2.

6.4 Results on SF6 destruction

6.4.1 SF6 destruction in the simulated streamers

Figure 6.6 shows the fraction of SF6 destroyed in streamers in di�erent
background electric �elds at 0 and 80 km altitudes as a function of scaled
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Figure 6.6: Fraction (6.8) of destroyed SF6 as a function of scaled time
t �N=N0 at 0 and 80 km altitude. Streamers in di�erent background �elds
are indicated by solid, dashed, and dotted lines. The lines end when the
streamers have crossed 75% of the gap.
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time t �N=N0. More precisely, we measured
nSF6(0)� nSF6(t)

nSF6(0)
(6.8)

at the same �xed positions introduced in the previous section and featured
in �gure 6.5. Here nSF6(t) is the SF6 density at time t, and t = 0 is the mo-
ment when the streamer head passes the point of observation. We include
the density of SF�6 with the density of SF6, as we assume that associa-
tive electron attachment is reversible and not a pathway to destruction,
as discussed in section 6.2.3. All other reactions in table 6.1 are consid-
ered destructive, and together they determine the reaction rate coe�cient
kSF6(E=N) of equation (6.7).

The �rst thing to note in �gure 6.6 is that SF6 diminishes about lin-
early in time, with no particular deviation at time 0 when the streamer
head with its high �eld enhancement passes the point of observation. This
means that the high energy reactions in the red region in Fig. 6.1 do not
substantially diminish the SF6 density. This is a consequence of the small
size of the enhanced �eld zone, combined with the local electron density
and the reaction rate. The decrease of SF6 is therefore a consequence of
the reactions with lower energy electrons in the blue range of Fig. 6.1.

Second, the rate of decrease of the SF6 density depends only weakly on
the background �eld and on the associated streamer properties, but very
strongly on air density. In fact, the fraction of SF6 destroyed varies by
about a factor N=N0 after the scaled time t �N=N0. This slow reaction rate
at low air densities corresponds to the slow reactions along the streamer
axis visible in Fig. 6.4. The higher SF6 destruction rate of at higher air
density directly follow from the higher electron density in the streamer.
However, we will argue below that over su�ciently long time scales the
total SF6 destruction becomes more equal for di�erent air densities.

Considering the weak dependence of the destruction rate on the back-
ground electric �eld, the 98 Td streamers have the fastest rate, evident
through the higher slopes in Fig. 6.6. This is because these streamers had
a higher maximum electric �eld, which in turn produced more electrons
that could contribute to SF6 destruction in the channel. The lower �elds
end up with higher fractions destroyed simply because the streamers in this
�elds are slower, and thus took a longer time to cross our computational
domain, allowing more time for SF6 destruction.

133



Streamer Discharges

6.4.2 0D Model

The data shown in Fig. 6.6 end when the streamers have crossed a large
part of the gap. But the linear increase of the SF6 destruction with time in-
dicates that longer times should be explored. To reduce the computational
demand, we now use a simpli�ed model to follow SF6 destruction in the
streamer channel. We use a 0D model that simulates the time evolution
of the densities of di�erent species disregarding the spatial structure. The
equations are solved with ZDPlasKin [108].

For simplicity, the 0D model was set to use constant electric �elds. Our
simulation data from the channels of the 21:6 Td streamers are suitable
for this application as the electric �elds here are already nearly constant in
time. We thus used the �nal state of our 21:6 Td streamers as the initial
conditions for the 0D model, and the results - the electron density evolution
and the fraction of SF6 destroyed in time at di�erent altitudes are presented
in �gure 6.7.

For all altitudes, the fraction of SF6 destroyed approaches some limiting
value while the density of free electrons approaches zero at about the same
speed. Surprisingly, even though the electron densities vary by ten orders
of magnitude and the air density by �ve, the fractions of SF6 destroyed
are all of the same order of magnitude, ranging between 1:2� 1:8% of the
initial SF6 density. To understand this better, we turn to an analytical
approximation of what is happening.

6.4.3 Analytical approximation

Here we present an analytical solution of the 0D model that includes impact
ionization and electron attachment, but not electron ion recombination and
electron detachment. Ion conversion is negligible if there is no electron
detachment.

The density of SF6 in a gas as a�ected by a streamer discharge can be
estimated as follows, if recombination and detachment are neglected, where
recombination is negligible at low air densities.

The electron density inside the channel evolves according to the equa-
tion

@tne = r � je � ka nO2 ne � kSF6 nSF6 ne (6.9)

where ka is the electron attachment rate coe�cient. Since nSF6 � nO2 ,
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Figure 6.7: Fraction (6.8) of SF6 destroyed (solid lines) and electron density
(dashed lines) on longer times at di�erent altitudes, according to the 0D
ZDPlasKin model.
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we neglect the e�ect of attachment of electrons to SF6 to the evolution of
electron density. Neglecting the spatial structure as well leaves us with

@tne = �ka nO2 ne; (6.10)

which has the solution

ne(t) = ne(0) e�t=TO ; (6.11)

where ne (0) is the initial electron density and TO = 1=(kanO2) is the elec-
tron attachment time to oxygen for a given electric �eld and oxygen number
density.

The SF6 density nSF6 evolves in time as

@tnSF6 = �kSF6 nSF6 ne: (6.12)

By inserting (6.11), the equation can be solved as

nSF6(t) = nSF6(0) exp
�
�
TO
TS

�
1� e�t=TO

��
; (6.13)

where nSF6(0) is the initial SF6 density and TS = 1=(kSF6ne(0)) is the SF6
destruction time.

The previous expression reduces to

nSF6(t) �! nSF6(0) e�TO=TS for t!1; (6.14)

meaning that the fraction of SF6 destroyed depends on the ratio of electron
attachment to oxygen to destructive electron collision with SF6, or more
precisely on

TO
TS

=
kSF6 ne(0)
ka nO2

: (6.15)

6.4.4 Evaluation of 0D model and dependence on air density

We now return to the numerical solution of the 0D model, that includes
ion electron recombination, ion conversion and electron detachment. But
we will see that the analytical approximation of the last section is helpful
in understanding.
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Figure 6.8: Electron attachment time to oxygen molecules at di�erent al-
titudes as a function of the reduced electric �eld.
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Figure 6.9: Scaled Townsend 3-body attachment coe�cients at di�erent
altitudes as a function of the reduced electric �eld. The dashed line stands
for the Townsend 2-body attachment coe�cient, which is the same for all
altitudes.
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Table 6.3: Results of 0D simulations at di�erent altitudes in the indicated
electric �elds. These �elds occur in the channel of streamers propagating
in background �elds of 58:8 Td and 98 Td.

Altitude Electric �eld [Td] Fraction destroyed
80 km 30.26 0.964 %
60 km 30.34 0.818 %
40 km 30.48 0.835 %
20 km 45.65 1:39 %

26.57 1:09 %
10 km 38.99 1:62 %

21.99 1:24 %
0 km 34.27 1:99 %

18.38 1:07 %

In �gure 6.7, we see that �nal fractions of SF6 destroyed are of the same
order and do not scale with the gas density. This is because TS scales as
1=N2, due to its electron density term, and TO, in the electric �eld range
that we tried, also scales by 1=N2; so these two dependencies cancel each
other. Figure 6.8 shows us the di�erent attachment times at di�erent alti-
tudes as a function of the electric �eld, and at less than 30 Td, the di�erence
between 0 km and 80 km is in the order of 1010 � (N0=N)2. This is because
in this �eld region, three-body electron attachment to oxygen still domi-
nates over two-body electron attachment. This can be seen in �gure 6.9, we
can see that despite the attachment three-body attachment coe�cient get-
ting lower with decreasing gas density, at low �elds it still dominates over
two-body attachment. It is mainly the electric �eld range where three-body
attachment dominates that is getting shorter with decreasing gas density.

The electron attachment time TO does not scale as 1=N2 in all electric
�elds, and thus if we use some sample electric �eld values given by the
streamers in background �elds of 98 Td and 58:8 Td, we expect a di�erent
set of results. Table 6.3 lists the fraction destroyed of SF6 at the minimum
electric �eld values in the streamer channels in higher background electric
�elds.

At higher electric �elds, TO scales as 1=N so the ratio TO/TS now scales
as N . Following equation (6.14), the �nal SF6 density would be smaller for
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larger gas densities. We can see this in the results starting for �elds above
30 Td presented in table 6.3, where the largest fractions destroyed are
observed in the simulations at the lower altitudes.

From 40 km and above, our 0D simulations using electric �elds above
50 Td resulted to the growth of electron density. Electron attachment
and detachment occur at comparable rates and cancel each other, leaving
the dominant reaction to be the ionization reaction. Electron growth in
streamers in low density regions have already been reported in [82]. For
these cases, there will always be free electrons available for SF6 destruc-
tion, and thus, the SF6 fraction destroyed only depends on how long the
simulation is left to run.

6.5 Results onCF4 destruction in the simulated stream-
ers

Another potent greenhouse gas is carbon tetra
uoride (CF4), which has a
lifetime of about 50000 years and a 100-year global warming potential of
6630. It is released during primary aluminum production and is used in
semiconductor and electronics manufacture [88]. In 2016, it had a global
mean concentration of 82:7 ppt [116].

We also included CF4 in our simulations to check how streamers con-
tribute to their destruction in the atmosphere. Destruction pathways for
CF4 that we included involve ionization, attachment, and neutral dissoci-
ation reactions. We got the cross sections for these reactions from [29].
In experiments, only products of dissociative attachment reactions to CF4
were observed between 0-10 eV - F� and CF�3 . CF�4 was not observed [53].
Since we are focused on the reactions in the streamer channel, it is safe to
assume that all attachment reactions are dissociative there.

Figure 6.10 shows the fraction of CF4 destroyed at the same �xed points
used in �gures 6.5 and 6.6 as a function of scaled time. We see the same
e�ect of varying air densities to the fraction of CF4 destroyed - there is a
higher destruction rate at higher air densities. For the 21:6 Td and 58:8
Td streamers, there is a linear increase of the fraction of CF4 destroyed in
time.

Figure 6.11 shows the reaction rate coe�cients of the di�erent CF4
reactions. The dominant destruction mechanism for CF4 is dissociative

140



Chapter 6 SF6 destruction by streamers

Figure 6.10: Fraction of destroyed CF4 at a �xed point in the domain as
a function of scaled time at 0 and 80 km altitudes. Streamers in di�erent
background �elds are indicated by solid, dashed, and dotted lines. The
lines end when the streamers have crossed 75% of the domain.
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Figure 6.11: Reaction rate coe�cients of included CF4 reactions as a func-
tion of the reduced electric �eld E=N . The blue region around 6 - 90 Td
represents the electric �eld range inside streamer channels while the red
region from 360 - 600 Td represents the range of enhanced electric �elds at
the streamer head.
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electron attachment for all observed electric �elds in our simulations. The
reaction rate coe�cient for this reaction is about 1:09 � 10�15 m3 s�1 at
around 1 Td and increases with increasing electric �eld in the electric �eld
range of streamer channels (i.e. blue region in the �gure). The increase in
this rate coe�cient is steep from 30 Td to 90 Td, and since the electric �eld
at the �xed points we observed for the 98 Td streamers increased within
this range (bottom left panel of �gure 6.5), the fraction of CF4 destroyed
also shows a steep pro�le for the 98 Td streamers.

For CF4, electron attachment gets less likely if there is no electric �eld,
while electron attachment to SF6 proceeds even without an electric �eld.
In the low �eld region, the reaction rate coe�cient for electron attachment
to CF4 is increasing while kSF6 is decreasing, and electron attachment to
CF4 gets a higher reaction rate than kSF6 . Thus, in the same simulated
timescale, the streamers destroyed more CF4 than SF6. Extending these
simulations using a 0D model showed that CF4 density decays to nearly
zero in the channel of a single streamer within timescales that depend on
the channel electric �eld.

6.6 Conclusions and Outlook

6.6.1 Conclusions on single streamers

We simulated positive streamers in air at di�erent gas densities to investi-
gate the contribution of streamers to SF6 destruction at di�erent altitudes.
These are our conclusions:

(a) We have demonstrated how well streamers in di�erent electric �elds
scale with air density, from tropospheric to mesospheric altitude (from
0 to 80 km), and we have studied the corrections to scaling. This was
the starting point to analyze SF6 destruction in atmospheric streamer
discharges at di�erent altitudes.

(b) We had expected that electrons with energies in the eV range in
the enhanced electric �eld at the streamer head would contribute
signi�cantly to SF6 destruction, but that is not the case. Rather
the free electrons liberated in the discharge cool down and then they
can attach either to oxygen or to SF6. Attachment to SF6 is mostly
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dissociative
e+ SF6 ! SF�5 + F;

and hence SF6 is destroyed in this reaction. This happens in the
streamer channel and further behind and depends on the local elec-
trical �eld.

(c) SF6 destruction is limited due to the competition of electron attach-
ment either to oxygen or to SF6. Attachment to oxygen is faster, and
SF6 destruction decreases while the electrons are being depleted.

(d) Surprisingly, while air density N varies by 5 orders of magnitude and
the degree of ionization in the streamer by 10 orders, the fraction of
SF6 destroyed within one streamer is always between 1 and 2 % if the
local reduced electric �eld E=N is below 20 Td. For higher �elds, the
fraction destroyed increases with increasing air density.

6.6.2 Outlook on how to estimate the global impact

Here we have analyzed single streamer discharges, but streamers almost
never come alone. For example, sprite discharges in the mesosphere above
thunderstorms can be seen to consist of ten thousands of streamer channels.
These streamers do not turn into hotter leader channels as they would at
lower altitudes, because the ionization density is too low.

For electric discharges in and near thunderclouds, the attention has
shifted in the past decades from the visible and rather thermalized return
strokes between cloud and ground to fast and extended phenomena in the
cloud that can be detected by the emitted radio waves and by multiply
scattered light from within the cloud. Intracloud discharges can stretch
over distances exceeding 750 km in the horizontal direction within a cloud,
and radio observations with the precision of meters measure fast local pro-
cesses that must be bursts of streamer coronas paving the way of hotter
leader channels. A wide range of dynamic discharge phenomena within
thunderstorms is currently under investigation, also optically from space as
far as the discharge light scattered within the cloud can be observed from
above.

The essential input for an estimate of SF6 or CF4 destruction is the rate
of electron liberation within thunderstorms globally. According to our anal-
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ysis, relevant electron numbers are generated in the high �eld zones at the
streamer heads which occur as a rule in the early stage of any discharge, or
when ever a discharge penetrates a new region in space. The electrons then
later attach to oxygen, or they experience dissociative attachment to SF6
or CF4 in the low electric �elds behind streamer heads. Here it should be
noted that the streamer phase is particular e�cient in transforming electric
energy into ionization [97], and streamers are used in multiple technologi-
cal applications for that reason. Hence to develop an estimate for electron
liberation rates in thunderstorms complements the present study, and this
estimate is an important goal for the future.

To apply our results to atmospheric chemistry, in the following step the
number and occurrence rate of atmospheric streamer discharges has to be
estimated. This can be based on observations of light emissions for sprites
and intracloud discharges. The reason is that light emission is roughly pro-
portional to the density of liberated electrons. Another estimate could be
based on energy balances if we understand which fraction of the thunder-
storm energy goes into streamer discharges, and which fraction of streamer
energy goes into electron liberation. A view on the energy branching within
streamers is given, e.g., in [52].

The analysis applies not only to streamers, but to any other electron
concentrations in air, like in lightning leaders and return strokes. However,
for leaders and return strokes, also more plasma chemistry and heat should
be taken into account.

Our approach is not limited to SF6 and CF4, but it can be extended to
other contaminants in the atmosphere.
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Chapter 7

Conclusions and outlook

In the course of this thesis, we studied positive streamers in air in homogeneous
electric �elds. We investigated the e�ects of enhanced electron attachment and
looked at how streamers behave in di�erent background electric �elds. Di�erent
streamer propagation behaviors were found, and we described how these relate
with processes a�ecting the streamer channel conductivity.

From our observations, we were able to identify a special case of streamer
propagation, and based on which, we proposed analytical approximations for some
streamer properties. The use of these approximations would enormously reduce
the computational load of streamer simulations.

We also looked at how di�erent streamers a�ect minor chemical species in
their environment - speci�cally, how streamers contribute to SF6 destruction in the
atmosphere. For this purpose, streamers at di�erent gas densities were examined,
and we analyzed how the di�erent conditions lead to di�erent SF6 destruction
outcomes.

This last chapter features our conclusions and suggests ways to forward our
research.
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7.1 Summary of �ndings

Streamer channel conductivity

Our studies led us to gain a better understanding of the role of the channel
conductivity on the streamer propagation behavior.

Even after increasing the rate of electron attachment inside the streamer
channel to the point that electrons are rapidly getting depleted in that
region, we still observed propagating streamers. This shows us that a
streamer needs not to be conducting all the way to the electrode to keep
propagating. In such cases, we only observe signi�cant electron densities
in a limited length behind the streamer head. Afterwards, the electron
density decreases by some orders of magnitude. We do not observe electric
�eld screening at the non-conducting part of the streamer channel, and the
electric �eld reverts back to the applied background �eld value.

The same phenomena was observed in streamers in low background elec-
tric �elds. Applying a low background �eld resulted to a loss of channel
conductivity by slowing streamer propagation down to timescales where
electron-loss reactions start to have signi�cant e�ects. For these stream-
ers, it’s not only electron attachment that reduced the electron density in
the channel, but electron recombination to O+

4 was consequential as well.
These two electron-consuming reactions have comparable rates in the ob-
served �elds inside the channels of our low-background-�eld streamers, both
taking about 25 ns to occur for a streamer in a 4:65 kV/cm background
�eld at 1 bar. Even if we look at streamers in higher background electric
�elds, recombination only takes about 10 ns longer than attachment on av-
erage, albeit both processes are negligible in these cases due to the streamer
crossing the gap faster than these reactions could occur.

Streamer propagation regimes

Our parameter studies revealed three kinds of streamer propagation be-
haviour. All three could be found by changing either the electron attach-
ment rate or the background electric �eld. There were (1) accelerating
streamers, (2) decelerating streamers, and (3) steady streamers. We saw
these cases when either the attachment rate is high enough or the back-
ground electric �eld is su�ciently low.
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Most streamer simulations presented in literature feature accelerat-
ing streamers. As its name implies, these streamers gain speed as they
propagate. As these streamers accelerate, the streamer heads grow wider.
Accelerating streamers are easy to obtain in simulations and were found in
the largest range of parameters we looked at. Of the three di�erent prop-
agation modes, they are the easiest to initiate and least likely to branch.
Accelerating streamers showed no signs of slowing down or stagnation in
the timescales we’ve explored, and their long-time behavior could only be
inferred as of the moment.

Decelerating streamers were found in cases where either the electron
attachment rate in the streamer channel was too high or the background
electric �eld was very low. Their slowing down behavior is accompanied by
a decrease in the streamer radius and an increase in the �eld enhancement
at the streamer tip. The higher electric �eld yields higher electron densities
behind the streamer ionization front, but these electrons are only observed
in a limited length behind the streamer head as they are quickly lost in
the streamer channel. Some of the decelerating streamers we found slowed
down to stagnation and didn’t completely cross our simulation domain.

Steady streamers

The third parameter regime is that of the steady streamer or a uniformly-
propagating streamer. Such a streamer maintains its shape as it propagates,
neither growing in radius or changing in terms of the charge density it car-
ries. Steady streamers feature a non-conductive streamer channel, same as
decelerating streamers, with an electrically-decoupled streamer head from
the electrode. Far behind the head of a steady streamer, the electric �eld is
equal to the background �eld. This makes the streamer propagate akin to a
�xed charge moving in a medium with an applied electric �eld. It leaves no
electric charge behind and carries a �xed amount of charge along. A steady
streamer is one example of a streamer that kept propagating inde�nitely
despite losing channel conductivity.

Observable properties such as the optical radius and the velocity of the
steady streamer in our simulations agree well with measurements of the
thinnest and slowest propagating streamers experimentally observed.

Since the streamers we examined were positive streamers, their veloci-
ties are not limited by the electron drift velocity. We found steady streamers
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that have velocities an order of magnitude smaller than the electron drift
velocity in the streamers’ maximum electric �eld.

The steady streamer provided us with a better understanding of how
streamer stability �elds work. As long as the streamer transports a �xed
amount of charge, it would continue to propagate in a given uniform electric
�eld.

Steady streamers are very di�cult to obtain as (i) streamers fail to
initiate in low background �elds and even if they do, (ii) these streamers
are very prone to branching. Furthermore, they are (iii) very sensitive to
the initial conditions.

Analytical approximations

From the analysis of steady streamers, we developed a semi-analytical
model by approximating the electron dynamics in the di�erent regions of
the streamer head and using conservation laws. The width of the charge
layer, the electric �eld at the streamer tip and in the streamer channel, and
the ionization degree can be calculated using analytical relations given the
streamer radius, velocity, length, and the background electric �eld.

The values we get using the analytical expressions match our numerical
simulations well. The approximations were tested on both steady streamers
and accelerating streamers, and better agreement was found when looking
at steady streamers. Steady streamer properties deviate only by 30% at
most from their simulation counterparts, while accelerating streamers have
deviations up to 60%.

Streamer parameter dependencies

We noted certain patterns between some streamer parameters and the back-
ground electric �eld.

Consistently for all simulations, the minimum electric �eld in the streamer
channel decreases with decreasing background electric �eld. Low electric
�elds are conducive to electron attachment and electron recombination.
Given that the electric �elds in their channels are lower combined with
their slower propagation speed (thus there is more time for electron loss
at a given length), streamers at low background electric �elds often have
non-conducting channels.
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The relationship between the maximum electric �eld at the streamer
head and the background electric �eld was found to be non-monotonic. In
one set of simulations in air, we observed the maximum electric �eld to
have a minimum value at a background �eld of 12 kV/cm, while another
set had the minimum at 6 kV/cm for the same gas. There is no reason
why the same minimum would always be observed, and di�erent transport
parameters, initial conditions, and streamer lengths can account for the
di�erence in the intermediate background �elds where the minimum value
was found.

SF6 destruction

Our survey of streamers at di�erent altitudes showed overall scaling with air
density and some deviations from density scaling. In particular, corrections
for photoionization quenching and three-body reactions are needed in cases
of high gas densities.

Streamer contributions to SF6 destruction are dominated by reactions
that involve the electrons in the streamer channel and not by the electrons
in the streamer tip. The high energy electrons produced in the active zone
do not contribute much to SF6 destruction as the electron density in this
region is not large enough. Electron density only grows to a signi�cant
order once the ionization front has passed and the electrons get to the
region where the electric �eld is largely screened.

The reaction that contributes most to SF6 destruction is the electron
attachment reaction that produces SF�5 , which has an increasing reaction
rate as the electric �eld decreases. The fraction of SF6 destroyed depends
on the competition between this electron attachment reaction and electron
attachment to oxygen.

For electric �elds below 20 Td, there is a di�erent scaling relation ob-
served in the fraction destroyed of SF6 at di�erent gas densities. This is
because in low electric �elds, even at low gas densities, three-body electron
attachment to oxygen always dominates over two-body electron attachment
to the same molecule, and the increase in attachment time to oxygen in low
gas densities is equally compensated by the increase in attachment to SF6
due to low electron densities.

At particular electric �elds in high altitudes, about 40 km and higher,
electron detachment reaction from O� releases free electrons back to the
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domain, and SF6 destruction simply depends on the timescale considered,
as there will always be electrons available for attachment reactions.

Other conclusions

The slower streamers we observed ran for hundreds of nanoseconds, and
this longer timescale opened the possibility that ion motion and streamer
gas heating are no longer negligible.

Comparing cases with and without ion motion revealed that even for a
streamer with velocities in the order of 104 m/s observed for 400 ns, ion
motion is still inconsequential. Including ion motion slows down a streamer
by only 10 % while increasing the maximum electric �eld by 5 %. Addi-
tionally, the positive charges that compose the charge layer drift following
the electric �eld direction, causing the layer to be slightly thicker.

We estimated an upper threshold for streamer contributions to gas heat-
ing, and we calculated only a 6 K increase in gas temperature after 400 ns.
This was done under the assumption that all deposited energy is converted
into heat. Energy deposition by electrons is dependent on the distance
the electrons travel, and in our simulations, the electrons propagate only
a short distance before they attach or recombine, resulting to only a small
deposited energy to the system.

7.2 Future work

In this �nal section we list possible avenues to continue the research pre-
sented in this book.

The behavior of accelerating streamers on longer timescales still needs
to be studied. Streamer branching could be expected, and thus the in-
clusion of stochastic photoionization might be helpful for more realistic
results [146]. The chemistry set may also need to be expanded, as reac-
tions that were previously considered negligible may now prove to introduce
e�ects at longer timescales [52]. Such an expansion may entail the inclusion
of rotational, vibrational, and electron excitation reactions.

Since decelerating streamers featured very high electric �eld enhance-
ment in a limited region, it may prove useful to investigate them using
particle model. Such a step would remove the need to use the local �eld
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approximation, which might be failing us in this scenario. A particle model
could provide a better picture of what is happening in these smaller stream-
ers and shed light into the stagnation dynamics of streamers.

A study of the charge distribution behind the ionization front of a de-
celerating streamer could also provide additional insights into the dynamics
of streamer stagnation.

Steady streamer research has already been extended to �nd that there
is no unique electric �eld in air where uniformly-propagating behaviour
could only be observed in. Instead, with di�erent streamer velocities and
head radii, a streamer can propagate with a constant velocity at di�erent
background �elds [75]. The same discovery was found for negative stream-
ers [51]. It should be possible to �nd steady streamers in other gases as
well, given that these gases have electron-loss processes that run within
relevant timescales.

On top of looking at steady streamers, how our other discoveries - the
di�erent propagation regimes, parameter dependencies, and analytical ap-
proximations - appear in other gases is also worth investigating.

Another open question is how and when steady streamers form in back-
ground �elds with a spatial gradient, as is common in experiments. An
inhomogenous background �eld could be implemented in computational
domains by using point charges instead of �xing the electric potential on
the boundaries. Inhomogenous gas densities could also be looked at.

The agreement between the steady streamer we found in air and the
minimal streamer properties is still an open question.

Improvements on the agreement between the analytical approximations
presented here and simulation models is to be worked on. To move forward,
the e�ects of a curved charge layer could be incorporated, along with better
estimations of the electron dynamics in the streamer channel.

Streamers do not naturally exist as just one single channel but in the
form of complicated, branched trees. In such morphology, these multiple
streamer channels interact and a�ect each other. We should extend our
investigations to such structures. The analytical approximations discussed
in this thesis models a single streamer channel but it should be possible to
extend it to get a reduced-model applicable for streamer trees. Ultimately,
we want to model multi-streamer discharges within reasonable computing
times.
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Scaling laws where three-body reactions dominate could be developed.
We found a N2 scaling for time for this regime, but further investigation
is still necessary. The density pro�les of di�erent species inside streamer
channels when following this di�erent scaling relation could be inspected
as it could lead to di�erent insights.

The investigation on the destruction of SF6 by atmospheric streamers
could be extended by coupling simulation results with observations, and
estimating how much of the SF6 concentration is reduced by recorded at-
mospheric electricity events. This could possibly be done by looking at the
optical emissions of these events and relating that with the expected optical
emissions of single streamer channels.

Although we observed an increase in the e�ect of streamer gas heating
and ion motion when we looked at slower streamers and longer timescales,
the e�ect remained negligible. It would be useful to identify when precisely
these e�ects start to be consequential, and this might aid in streamer-to-
leader-transition research.

The e�ects of humidity to streamer behaviour are still to be explored.
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