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Abstract

We develop a representation of a decision maker’s uncertainty based on e-variables.
Like the Bayesian posterior, this e-posterior allows for making predictions against arbi-
trary loss functions that may not be specified ex ante. Unlike the Bayesian posterior,
it provides risk bounds that have frequentist validity irrespective of prior adequacy: if
the e-collection (which plays a role analogous to the Bayesian prior) is chosen badly, the
bounds get loose rather than wrong, making e-posterior minimaz decision rules safer than
Bayesian ones. The resulting quasi-conditional paradigm is illustrated by re-interpreting
a previous influential partial Bayes-frequentist unification, Kiefer-Berger-Brown-Wolpert
conditional frequentist tests, in terms of e-posteriors.
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1 Introduction and Overview

It is one of the main attractions of Bayesian inference: one may assess the posterior-expected
performance of arbitrary decision rules in arbitrary decision tasks, and, as a consequence,
perform posterior-optimal decisions for any such task. An important special case arises if we
are given a statistical model P = {Py : § € ©} equipped with a prior distribution W on ©,
a space of actions A and a loss function L : © x A - R, and we observe data Y =y, with
Y ~ Py for some 6 € O, taking values in some set ). We call such a combination of P and L a
decision problem. A decision rule ¢ is then any function mapping data y € ) to action a € A,
we write d(y) = a. We then assess the expected performance of § given data Y =y as

Eg.wiy[L(0,6(y))], (1)

with W | y denoting the Bayes posterior distribution based on prior W and data Y = y.
In their classic Bayesian theory (1994), José Bernardo and Adrian Smith adopt, as they
make clear already on page 2, a wholehearted subjectivist position on the interpretation of
probability. Such a subjective Bayesian stance implies that if the prior distribution truly
describes one’s initial degrees of belief, then the assessment is not just correct for any
decision rule §, it also implies optimality of the Bayes decision rule, defined to be any rule
§BAYES guch that, for all y € Y,

RPAYES (1 | ) == Eerly[L(Q’éBAYES(y))] = I;lg\l E9~W|y[L(9’a)]' (2)
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Unfortunately, in practice, for lack of time, computational power or imagination, one often —
in fact, nearly always — uses pragmatic priors in combination with potentially ‘misspecified’
(wrong) models. Then the priors do not truly represent one’s beliefs, and as a consequence
may give a highly misleading impression of §’s quality in the real world, and using §®*Y* may
lead to disastrous results. Much of my own research in the past has concerned misspecified
models (Grunwald, (1999, Grinwald and van Ommen, 2017)). In the present paper, I assume
the model is correct and concentrate on the case in which ”good” priors (i.e. sufficiently
sophisticated to justify using in practice) are hard to come by. The pragmatic priors
that are then used often lead to overconfident posteriors, examples of which abound in the
literature: decisions based on W | y are then substantially worse in practice than predicted
by W | y itself via (Oelrich et al.; |2020), especially in nonparametrics (Szabd et al.
2015); naturally such assessments can lead to (very) bad decisions (Balch et al. [2019). In
this paper, we provide the e-posterior as an alternative for such cases: while remaining close
to the Bayesian ideal, it has a frequentist justification that avoids overconfidence and other
misleading assessments. As an additional advantage, in contrast to Bayesian methods, e-
posteriors are readily used in highly nonparametric situations in which a likelihood is not
easy to define — we defer discussion of this bonus until the discussion Section

The E-Posterior The e-posterior is an analogue to the Bayes posterior for which fre-
quentist analogues (([5) and (6) below) of Bayesian assessments ((I)) and above) hold
simultaneously under all # € ©. It is based on e-values, a far-reaching generalization of like-
lihood ratios. Crucially, just as with the Bayesian posterior, the same e-posterior can be
combined with arbitrary decision problems and loss functions. That is, if a given prior W
truly represents beliefs, the Bayesian and are appropriate simultaneously for arbi-
trary sets of loss functions {L; : b € B}, substantiating the common Bayesian claim that the
Bayesian posterior summarizes all one’s uncertainty about the parameter given the data —
since all conceivable decisions can be based on it. The same holds for the e-posterior ana-
logues below: they are simultaneously valid for all loss functions, so that, analogously to the
Bayesian case, the e-posterior can also be thought of as a single function summarizing one’s
uncertainty. As discussed in Section [2| this is what sets out the e-posterior from previous
attempts to provide frequentist guarantees for Bayesian posteriors or frequentist analogues
thereof such as confidence distributions. There we also explain why we regard validity under
post-hoc choice of loss function as crucial in statistical testing and estimation in the applied
sciences.

Both the Bayesian and the e-representation of uncertainty are relative: whereas the
Bayesian posterior is defined relative to a prior defined upon a statistical model P, the
e-posterior is defined relative to a collection S of e-variables, which is itself defined relative
to P. This ‘e-collection’ S in turn may itself be implicitly based on a prior (Example [2]) or
a set of priors (Section . Because it gives rise to stochastic upper bounds on risks rather
than precise risks, we are able to obtain the result that the e-posterior is valid in a frequentist
sense irrespective of the collection S taken; but the bounds may get better or worse depend-
ing on S§. This makes it considerably more robust than the Bayesian risk assessment ,
which, at least under a subjective Bayes interpretation, one can only trust if one truly fully
believes one’s prior W and one’s model P. It puts the e-posterior approach in the luckiness-
framework (Griinwald}, 2007, Shawe-Taylor and Williamson, 1997, [Herbrich and Williamson,
2002, |Grinwald and Mehta, 2019) in which Bayesian belief (one has to believe one’s prior to



trust one’s assessment) is replaced by guarantees and hope that the guarantees are good: if
the prior is well-aligned with the data, one is lucky and gets tight bounds; if not, the bounds
one gets are loose but still valid. It goes substantially further though than standard ‘lucki-
ness’ approaches (such as PAC-Bayesian methods (Grunwald and Mehta), 2019))), since these
invariably incorporate an a-priori given loss function into the likelihood (e.g. via a Gibbs
posterior) so that the same (e.g. Gibbs) posterior can only be used for a single loss function.
Our e-posterior being combinable with arbitrary loss functions, we chose to call the resulting
type of inference quasi-conditional, a name we explain further in Section [2| Before we start
with the details, we should point out that, of course, not all can be rosy: the specific type
of stochastic upper bound that provides our sense of quasi-conditional frequentist validity,
as given in Proposition (1] and interpreted underneath in terms of a De Finetti-type of game
between a decision-maker and a bookie, while holding universally, may in some instances
provide a weaker inference than one would really like to see — we consider it as the main
open problem of this work to further investigate this novel type of validity.

Formal Definitions Formally, we associate P = {Py : § € O} with some corresponding
collection S of e-variables S = {Sp : § € ©}. We focus on what we call the simple setting, in
which all parameters in parameter vector 6 € © ¢ R¥ are of interest. An e-variable Sy relative
to any 6 € © is then simply any nonnegative statistic (i.e. a random variable that can be
written as a function of the data, Sy = Sp(Y')) that satisfies the inequality:

By, [So] < 1. (3)

We defer the case of nonparametrics and nuisance parameters, requiring a slightly extended
definition, to Section Over the last three years, interest in e-variables has exploded
(Grunwald et al., 2019, Shafer, 2021, Vovk and Wang}, 2021}, Henzi and Ziegel, 2021, Ramdas
et al., [2022)), as tools to extend traditional Neyman-Pearson tests to situations with optional
stopping and continuation while keeping Type-I error guarantees — see Section [p] for details.
Here we use them in a novel way: we define the e-posterior based on S and Y to be the
reciprocal of Sy:

P(0]y):= (4)

1
Se(y)’
where by convention we set 1/0 to be oo; and we define the e-posterior risk assessment of
decision rule § based on S by

e-posterior risk bound: R(d) := R(Y,5(Y)) with R(y,a) :=supP(0|y)-L(0,a), (5)
0e©

where we use the convention that co-a := 0 if a =0 and oo if @ >0. R(J) is the random
variable that maps Y to the corresponding risk bound , which is to be interpreted as a
specific type of stochastic upper bound on the risk that holds under all § € © simultaneously
— Proposition [I] below makes this precise. It holds for all loss functions L : © x A - R
satisfying the condition that supy.g L(0,a) > 0 for each a. We call this the no-sure-gain
condition. 1t is satisfied if L > 0, but in general it also allows negative losses (as will be useful
in Example @ In contrast to the upper bound-nature of , the Bayesian does not just
bound but precisely gives the conditional risk. Next, in analogy to (2)), we suggest, once S



has been fixed, the S-based e-posterior-minimaz decision rule as any rule 5™

all y € Y, any loss function L,

satisfying, for

e-posterior minimax rule: sup P(0|y)-L(6,6""(y)) =minsup P(0]|y)-L(0,a). (6)
0eO acA geo

Contents of this Paper Section [2| provides Proposition [I| which establishes the frequentist
sense in which R(6) as defined by is valid. We discuss this quasi-conditional validity at
length and provide extended examples. The paper continues in Section [3] by listing various
types of e-collections, and investigating the risk assessment and the corresponding e-posterior
minimax rules that ensue from them when instantiated to simple yet important situations. In
particular, Section considers the Gaussian location family and a weighted squared error
loss, with data-dependent weights. In this situation (extended to 1-dimensional exponential
families in the Supplementary Material), Bayesian risk assessment based on standard objec-
tive Bayes posteriors can fail spectacularly if the weights strongly vary with the data, whereas
our type of risk assessment via is always valid; moreover, if the weights are constant,
the assessment for e-posterior minimax rules can match minimax optimal frequentist and
Bayesian rates up to a small constant factor, thereby alleviating concerns that the sup in
may make assessments overly pessimistic. In Section we consider a Bayesian-frequentist
unification for hypothesis testing with a simple null that was introduced in an influential
paper by Berger, Brown and Wolpert (1994) (BBW from now on), building on earlier work
by Kiefer| (1976, 1977), Brownie and Kiefer| (1977). BBW’s approach was later extended with
various collaborators (Berger et al., 1994 Wolpert, 1996| |Berger and Guglielmi), 2001} |Dass
and Berger, [2003)), culminating in Berger’s (2003)) IMS Lecture paper Could Fisher, Neyman
and Jeffreys have agreed on testing? We show how to re-interpret the BBW conditional error
probabilities, as well as Kiefer’s earlier conditional confidence estimators (1976, [1977) and
Vovk’s (1993) extension of it, in terms of (quite special) e-posteriors. Our re-interpretation
suggests that in practice, we will usually want to use other e-variable collections than the
BBW one — which is not at all to criticize their pioneering and highly original work, that,
together with Vovk’s (1993), has served as the main inspiration for this paper. Then, in Sec-
tion {4}, we describe a variation of the e-posterior risk assessment in which the e-posterior
is replaced by its capped version (see Figure [1) and we investigate when this arguably more
intuitive form of the e-posterior gives rise to the same assessment. This turns out to be the
case under Condition Zero, a fundamental condition on the decision rules employed, which
may or may not be enforceable in any given decision problem. Finally, in Section |5, we give
more background on the traditional use and interpretation of e-variables and generalize to
testing with composite nulls, estimating with nuisance parameters and nonparametrics, and
we provide some concluding discussion. But first, we introduce several running examples of
e-posteriors, highlighting via @ the connection with the Bayes posterior.

1.1 Examples of E-Collections

Example 1 [A Simple E-Posterior: Savage-Dickey] A simple way to design e-variables
is to start with a prior distribution W on © and setting pw (y) := [ pa(y)dW (0) to be the
Bayes marginal based on W. Here, as in the rest of the paper, we assume that for all 6 € ©,
Py has density py relative to some common underlying measure y. One then defines, for each



fecO,

SD_pW(y) . DSD _ Po(y) _w(9|y)
5= ety L I T w) ")

where the latter equality holds if W has density w and we denote prior/posterior densities
by w(#) and w(6 | y), respectively. S;° is an e-variable, since it satisfies Ey.p,[S;"] =
/y pw(y)dy = 1. Pawel et al, (2022)) study this e-variable, focusing on an ‘evidential’ in-
terpretation; it also figures prominently in (Grunwald et al., 2019) and, under the name
‘prior-to-posterior e-variable’, in (Neiswanger and Ramdas|, 2021). We chose our alternative
name because, in the Bayesian literature, the quantity w(6 | y)/w(0) is generally known as
the Savage-Dickey density ratio after the prominent Bayesians L. Savage and J. Dickey. The
Savage-Dickey e-variables are by no means the only reasonable ones to base an e-posterior
on, but they are educationally insightful because they give a first interpretation of risk assess-
ment . Namely, using Bayes’ theorem we can trivially but unusually rewrite the standard
Bayesian uncertainty assessment as follows:

Baay (0.0 = [ 220 L(0.5)aW (6) = By [P2019)- L. ()

whereas with Y =y, we have R(J) = max PO y)-L(0,6(y)). (9)

Replacing prior expectation by maximum @D, the Savage-Dickey e-posterior is always
more pessimistic than the Bayesian posterior based on the same prior, and might thus not
look so outlandish to Bayesians any more.

Example 2 [Savage-Dickey for the Normal Location Family] Let {Fy: 60 € R} repre-
sent the normal location family, where Py with density py has mean 6 and variance 1. We
take as prior a normal distribution with mean 6y and variance p? > 0, and define the precision
X :=p~2. Suppose we observe Y = 2" = (x1,...,2,). By standard calculations, the standard
Bayesian posterior is given by a normal distribution with mean 6 = (n/(n+X))8+(\/(n+)))bo,
with 6 = 0(y) the MLE (X7, x;)/n, and posterior variance 1/(n + A), i.e. with density

N+ _ (-6

w(f|z") = e 2 (10)
2
so that, by ,
PO y) =1/ A 2 (0-0)%+3-(6-00)> _ [T ; A B(0-0)24 5 A (0-60)? (11)

where the latter equality follows by simple calculus when 6y = 0 and reducing the general
case to this case by considering translated data x1 — 6y, ..., z, — 0p; see Figure

Example 3 [Two-Point Prior-Based E-Posterior for Normal Location]| Fix some
C >0 and set n* equal to the sample size n (in Example 8| we generalize to and explain cases
with n* # n) and, for each 6, define 6~ < 6 and 6* > 0 such that

C

n*’

SO-07) = 2(0-07)* - (12)

5



Then Sy(y) = L2t/ ()
po(y
It is not of Savage-Dickey form, since 6~ and 6% depend on #. In fact it coincides with the

two-sided version of Johnson’s (2013) uniformly most powerful Bayes factor at level « if we
were to set C := —loga, which might, according to Johnson, motivate its use for testing
Ho = {Py} against H; = {Py : 0" € ©,0" + §}. Here we will use it for estimating and not just
testing, i.e. for general 6 € ©; then its Bayesian interpretation is not so clear, but it will tend
to give better risk assessments than the Savage-Dickey e-variable above, as we explain in
Section |3} Both Example [2| and |3| are extended to general regular (Barndorff-Nielsen, 1978)
1-dimensional exponential families in the Supplementary Material.

is an e-variable (just plug it into the definition to check).

Example 4 [Simple Hypothesis Testing with LR E-Variables] Consider testing a
simple Ho = {Pp} vs. a simple #; = {P1} (we remark on the composite case in Section [5).
We can embed this in our setting by taking P = Ho U H; and as our loss function a Wald-
Neyman-Pearson-type loss given by A = A = {0,1}, L : {0,1}*> - R} nonnegative, and
L(0,1) > 0, L(1,0) > 0. We further say that the loss function satisfies Condition Zero,
henceforth abbreviated to CO, if L(0,0) = L(1,1) = 0. The interpretation is that action 0
stands for ‘accept the null’ leading to loss 0 if the true state of nature is Py; and 1 stands for
‘reject the null’, leading to loss 0 if the alternative P is true. The use of such loss functions is
implicit in the Neyman-Pearson testing paradigm, as noted in 1939 by |Wald| (1939) who stated
that one may ‘of course’ set L(0,0) = L(1,1) =0, i.e. impose CO, and because it simplifies
treatment we will do so in most testing examples in this paper — but in Example [6] we will
deviate from it, and see that this in a sense makes for the most interesting applications of
our risk assessments. We associate both Py and P, with an e-variable. A natural choice is to
take the likelihood ratio, S1 = po(Y)/p1(Y) and Sp = p1(Y)/po(Y"), seen to be e-variables by
noting Ey.p, (pg(Y)/po(Y)) = [ per(y)dy = 1. In fact, they are the ‘prototypical’ e-variables
for simple-vs.-simple testing (Grinwald et al., [2019)). The risk assessment now becomes

5(5) = max p1(Y) po(Y) under co p1(Y') po(Y)
o {pU(Y)L(Lé(Y))’ Pl(Y)L(O’(S(Y))} po(Y)L(l’5(Y))+p1(Y)L(O,(j§)/)).

Example 5 [Simple Testing with BBW E-Variables] Several other e-variables may
be considered for simple hypothesis testing as well, including the Savage-Dickey e-variables;
we treat these in Section [3l There we also show that BBW’s conditional error probabilities
(Berger et al., 1994, |Wolpert), 1996, |Berger}, 2003) can be interpreted as e-posteriors. Formally,
we obtain a parameterized set of e-posteriors {P2*V (8 |y)} for 0 < w < 1. We consider the
special case w = 1/2 here, deferring the general case and definitions to Section As we will

see there, this e-posterior is quite special: for the e-posterior minimax decision rule ™" we
get, with R defined relative to the BBW e-posterior, under CO,

_ Y Y

R((SMM) _ p1(Y) L(laéMM(Y)) + po(Y) L(O’(;MM(Y))‘ (14)

po(Y) +p1(Y) po(Y) +p1(Y)

Thus, it can again be rewritten as a sum rather than a supremum and we see that it is formally
identical to the Bayes assessment when Py and P; are equipped with the uniform prior.
We thus have a frequentist risk assessment, not requiring a prior assumption on P, that is
as strong as a Bayesian one, which is optimal under a specific prior assumption. This seems
almost too good to be true, especially since it is slightly, but uniformly, better than the



Figure 1:  (left and middle) The brown solid curve is the pure Savage-Dickey e-posterior
P(6 | y) for the normal location family based on sample y = (21,...,2100) With 8(y) = 1 and
prior W with A =1 and 65 =0 as in (it reaches a maximum of about 17). The green curve
represents the 1/2-dampened version (see ) of this e-posterior, by design bounded by 2.
The dashed brown curve is the capped version P"(6 | y) (Definition [1)) of P(6 | y), equal
to it whenever the latter is < 1. The blue curve represents the generalized Savage-Dickey
two-point prior-based e-posterior optimized for n* = n = 100 as in Example |3| and The
red curve is twice the tail area of the objective Bayes posterior w°(f | y) of Example [7] i.e.
given by f(0) =2W°(0 >0 |y) =2 [;" w°(# | y)db. Viz. the remark underneath Definition
the set {6 : P(0 |y) > a} is a conservative 2-sided (1 — «)-confidence interval, whereas, viz.
Example (7] the set {6 : f(#) > a} is an exact nonconservative 2-sided (1 — «)-confidence
interval, so that plotting f(#) provides a better comparison to P(# | y) than directly plotting
w®(# | y). The middle display zooms in on the 0.05 right tail.

(right) The value of (8 — 0)2P(0 | y) is depicted for the same four e-posteriors, using the
same colors. The two-point prior-based e-posterior is optimized to give good assessments
relative to squared error, its maximum is considerably smaller than for the others; for the
pure Savage-Dickey prior, the maximum is excessively high.

alternative (13)) — and as we will see in Section there is indeed no free lunch: only
holds for 0™, which for the BBW e-variable can sometimes be a rather bad decision rule,
whereas holds for arbitrary rules; there are some other prices to pay as well when using
BBW?’s e-variable. In fact, a major motivation for the author’s involvement in e-variables was
my realization, some fifteen years ago, that when deriving frequentist Type-I error bounds
for decisions based on Bayes factors/likelihood ratios in simple testing, one ends up with
the expression p;/pp as in if one follows the reasoning of classic Bayesian texts such as
(Edwards et al., 1963, |Good, [1991)) or Royall’s universal bound (Royall, [1997); whereas using
BBW's ideas, one obtains p1/(p1 +po) as in : the small but essential discrepancy between
the two assessments tripped me up for about 15 years until I finally developed the necessary
tool to understand it — the much more general e-posterior of which both approaches are
simply a special case, each with its own (dis)advantages, as discussed in Section

2 Quasi-Conditional Risk Assessment

We want risk bounds that are valid, in some precise sense, simultaneously for all loss functions
of the form L : © x A —» R that satisfy the no-sure-gain condition (see underneath (F])).



Proposition [1| below shows that, for any choice of e-variable collection S = {Sp: 6 € ©} and
any given decision rule §, we have that R(J) as in satisfies this purpose.

Proposition 1 [Validity of E-Risk Assessments] Consider a decision problem as defined
in the introduction relative to any model {Py : 6 € ©} for random variable Y € Y and loss
function L as above that satisfies the no-sure-gain condition. Let R(5) be as in (@ relative
to some e-variable collection S = {Sy: 6 € O}. For all § € © we have:

o [H00] o

where we adopt the convention 0/0 := 0. In particular, this implies, for every function b :
VxUxO x A - R, and for any random variable U taking values in some set U and any
distribution Py for (Y,U) whose marginal on'Y coincides with Py, that

Ewu).py [0(Y.U,0,6(Y))-L(0,6(Y))] < sup by, u,0,5(y))- R(y,d(y)).  (16)
(y,u,0)eYxUxO

Moreover, for any e-collection S, the risk bound (3|) with any minimaz decision rule 6™
as given by (@ dominates (@ when applied with any other decision rule §: for all y € Y:

R(y,6"™(y)) < R(y,0(y)).

Proof: Fix any 0 € ©. By definition of R(y,a), we have for all y € ) that R(y,d(y)) > P(0 |
y)L(0,5(y)) so that

Ey.p, [M]

L(0,6(Y))
RO) |

s [sgl@f)L(e,a(Y))

=Ey.p, [So] <1, (17)

noting that the derivation is valid as long as the denominator R(§) inside the first expectation
cannot evaluate to 0. In case it can, we split up the expectand into two terms, 1 R(8)=0°
L(6,0(Y))/R(6) + 1 g(s)50 - L(6,0(Y))/R(), and use that the first fraction is 0/0 which by
our convention evaluates to 0; we proceed with the second term as above. This proves .
and domination of 6™ is then immediate. O

The bounds and (we mostly use the latter) are unusual and for them to be practically
interesting, they should satisfy several desiderata. In particular:

1. They should have a clear interpretation. We show that this is the case directly below.

2. They should exceed standard risk bounds obtainable for standard estimators (actions)
in standard decision problems by only a small factor, at least if we choose a reasonable
e-collection S. This is indeed the case in our running examples (see Example |8 for the
Gaussian location family with standard squared error loss, Example [I0] for an extension
to exponential families, and Example |§|, underneath for simple-vs.-simple testing).

3. There should exist settings in which, just like Bayesian risk assessments, they allow
one to make more risky decisions conditional on more extreme data. This happens in
Example [6] below.

4. There should exist situations in which they give useful bounds whereas a standard
Bayesian assessment, based on a standard convenience prior, is really highly misleading.
We give such a case in Example [7}



Bookie Interpretation The following interpretation of has a De Finettian flavour to
it. Suppose a bookie offers decision-maker (DM) to play the following game, really a meta-
decision problem: DM first specifies a decision-rule ¢ for the original decision-problem. DM
then gets paid some amount £ > 0; then # and Y are revealed to both DM and bookie. Then
bookie presents a collection of numbers {By, : 6 € ©,a € A}, all assumed > 0. Bookie may
choose By, as functions of the data Y and external data, here encoded as U; hence we have
Bp o =b(Y,U,0,a) for some function b. DM then has to pay back By sy - L(0,5(Y)). If the
rules are such that (i.e. bookie a priori guarantees that), no matter what Y,U are observed,
bookie will provide a B such that By sy < ¢/R(8) then DM should accept to play this game,
for her expected gain is > 0; if this cannot be guaranteed, then DM has no guarantee that the
expected gain is nonnegative. This directly follows from ; note there is no need for DM to
know the details of how B = b(Y,U,0,5(Y")) is defined, as long as the promise By 5y < R71(0)
always holds.

In all examples to follow, we consider a simple bookie, by which we mean that the B =
b(y,u) presented is a single number that can be written as a function of Y and U only, and
does not vary with 6 or a. The effect of this is that, both for a Bayesian DM and for an
e-posterior minimax DM, knowledge of B does not give any incentive to change the action
taken: for any given prior W, a decision rule ¢ is Bayes relative to loss function L iff it is
Bayes relative to loss function L'(6,a) := b(y,u) - L(#,a); and the same holds for e-posterior
minimaxity. Bookies who provide a By, depending on 6 and a are certainly worth looking
at as well, but the analysis is substantially more difficult and will be left for future work.

Example 6 [Policy Makers vs. the Decision Maker Interpretation] While the bookie
interpretation may seem rather abstract, here we show that it can translate into practically
relevant settings in which risk bound has actual decision-theoretic consequences, allowing
one to reliably make more extreme decisions if the data are more extreme. In standard
hypothesis testing problems, this cannot happen, since there are only two actions, ‘reject’
and ‘accept’, and then ‘more extreme actions’ do not exist. But in practical testing problems
there is often an additional factor, measuring the importance of the decision in light of the
observed data. The following real-world example (in essence taken from Grinwald (2022))
illustrates: a study about vaccine efficacy (VE) in a pandemic has been set up as a test between
null hypothesis VE < 30% and alternative VE > 50%. The original plan was to vaccinate all
people above 60 years of age if the null is rejected. But suppose the null actually gets
rejected with unexpectedly strong evidence for the alternative — there is substantially more
evidence than policy makers had hoped for — and at the same time the virus’ reproduction
rate may be much higher than anticipated. Based on the observed data and the changed
circumstances, the policy makers might now contemplate an alternative action: vaccinate
every adult, instead of everyone above 60. This would change the losses of all decisions. We
can model this (in an admittedly highly stylized way) by assuming that the loss incurred is
really B- L(6,a) where B is some positive number depending on how the decision ‘0(y) = a’
really gets translated into practical measures. For example, §(y) = 1 (vaccine effective) may
translate into ‘vaccinate everyone over the age of V. If L(1,1) and L(0,0) are both negative
(as we allow), then the lower V', the higher the value of B will be. As indicated above, we
simplify things by assuming that the B = b(y,u) ultimately chosen does not depend on 6 or
the action taken; all losses are multiplied by the same amount. In practice, the employed
weight B might arise from a government committee (say the ‘policy makers’) that analyzes
the vaccine study results independently from DM, potentially in a very different way (e.g.



fully Bayesian, or just informally by eyeballing graphs). The more convincing they determine
the evidence to be, the higher the B they may propose; similarly, B may depend on external
U — if the question is more pressing then one might want to take more drastic measures so
the B’s go up. The role of the DM (who should now perhaps be called the ‘final risk checker’)
is simply to formulate an absolute upper bound £ for the risk and tell the policy makers: as
long as you guarantee policies so that B - R(Y,5(Y)) < #, I can guarantee you a risk of no
more than ¢ (here ¢ should be determined before the data become available; in contrast, the
details of how B arises need not be known and can be arrived at by ‘vague’ means, as long
as B is conditionally (given the data) independence of 6 and a).

The Quasi-Conditional Stance By stressing the importance of , we adopt a philos-
ophy closely related to Neyman’s (1950) influential inductive behaviour view of statistics —
we cannot say anything about our performance for an individual study, but we can make
claims about our expected performance (or, by the law of large numbers and concentration
inequalities, with high probability, about our average performance in several runs). One can
say less than under strict Bayesian assumptions, i.e the assumption that one fully believes
one’s prior: in that case, the assessments one makes will be conditionally correct, and not just
in the average sense of . But there is still a ‘conditional’ aspect to , in the informal
sense that more extreme data (small R(9)) leads to a decision rule being acceptable at higher
‘stakes’ (value of B). More formally, upon observing R(§) = r, a Bayesian who insists on
risk bounded by ¢ would condition on this event and hence accept importance weight B iff
B-r < £ — a simple bookie can present any B he likes and the Bayesian can decide based on r
whether to accept or not. Our DM can safely accept B if the subtly stronger property holds
that it is known a priori that the bookie must present a B with B- R(§) < £, no matter the
value R(§) takes, or equivalently, DM can tell, after observing R(§) = r, bookie that he must
present a B < ¢/r and bookie is guaranteed to obey. Thus, our DM can safely accept higher
stakes if better bounds are observed and is thus more flexible than a DM in the unconditional
frequentist Neyman-Pearson setting; but only a subset of the games that are acceptable to
the conditioning Bayesian is acceptable to the DM — in this sense, she is ‘quasi-conditioning’.
Such substantial consequences ensuing from subtle differences in the protocol between bookie
and DM are also found, in a different context, in (Grinwald and Halpern, [2011)), and are
a subject matter of the Vovk-Shafer theory of game-theoretic probability (Shafer and Vovkl
2019). They motivate the term quasi-conditional, emphasizing that the DM may behave in
some but not all senses as if conditioning on the data; and that her final performance is
evaluated in expectation over all possible data, and not conditionally on any given data.

To our knowledge, this is a new paradigm. It is certainly different from the main exist-
ing attempts to unify Bayesian ideas (represent posterior uncertainty by a data-dependent
distribution over parameters) and frequentist guarantees — here we think of (a) objective
Bayes methods with matching priors chosen to get frequentist coverage (Berger et al., [2022);
(b) confidence and the related fiducial distributions (Schweder and Hjort, 2016); and (c)
conditionalist frequentist methods such as BBW’s. The example below illustrates this for (a)
and (b), focusing on the normal location family, for which matching objective Bayes priors,
standard objective Bayes priors, confidence distribution and fiducial distribution all agree.
It shows that — despite the matching! — if one were to use them as if they were standard
posteriors in decision problems with an incentive to play more extreme actions with more ex-
treme data, they fail to give proper frequentist error bounds. (c) is more subtle: in Section

10



we show that BBW and other conditionalist frequentist approaches can be re-interpreted in
terms of e-posteriors — so they can be used against arbitrary loss functions even though
there were not designed as such. However, these e-posteriors only give meaningful (< co)
bounds for a small subset of all decision rules (in the BBW case, effectively only for a single
one (!)), making them highly restricted in practice — whereas other e-collections such as the
Savage-Dickey and LR ones give meaningful bounds for essentially any decision rule.

Example 7 [Weighted Squared Error] Take the Gaussian location family with variance
1 as in Example [2| and [3] where we allow data-dependent stopping times such as ‘7 is the
smallest n at which x,, > 5’), defined in the standard manner (Williams, 1991, [Hendriksen
et all [2021). Hence, data Y takes the form Y = (7, X") with 7 a stopping time and X7 a
vector of 7 outcomes. Suppose we aim to find the estimator with smallest mean square error,
where the importance of the problem at hand can depend on the data via some function
B = b(Y) (we will ignore external circumstances U); it is known to DM that B is some
deterministic function of Y. We thus set

L(0,a) = (0 - a)* Ly(0,a) :=b(y)L(0,a) (18)

where L, is the loss function we are interested in in the end, a squared error loss with
importance weighted by some function b(y). In general, B = b(Y') may again be determined
by policy makers who may reconsider, using potentially vague ways, the importance of the
problem in light of the observed data as in Example [6] above. We can think of any estimator
0 for 0 as a decision rule, that, upon observing Y = (n, X™), outputs 0 := 5(n,X").

We first consider how one would go about this problem in an ‘objective Bayes’ man-
ner. The standard (uniform, improper) ‘objective Bayes’ prior for this family and data z"
corresponds to the limit for A | 0 in . The ensuing posterior W° | 2™ has a normal
density w°(# | ™) with mean and median equal to the maximum likelihood estimator (MLE)
0(z") = n~' ¥, x; and variance 1/n, and it is ‘matching’ (Berger et al.,[2022) in the sense that
1 — « credible posterior intervals (taken symmetrically around the posterior mean) coincide
exactly, for each fixed n, with 1 -« confidence intervals. In this case the objective Bayes pos-
terior also coincides with the fiducial and the confidence distribution (Schweder and Hjort,
2016|) based on z™. The name ‘confidence distribution’ already warns that this posterior
should perhaps only be used for ‘confidence’ (statements about confidence intervals) but in
the fiducial and objective Bayes world, it seems to have been advocated more generally. That
this is problematic was already exhibited in different settings by (Grunwald, 2018, Example 7)
and [Balch et al.| (2019). As is well-known, Bayesian posteriors do not depend on the definition
of the stopping time (Berger and Wolpert, |1988| [Hendriksen et al., 2021); also, they condition
onY = (n,X"™) so further conditioning on B = b(Y") also does not affect them, since it is com-
pletely determined by Y. Thus we have w°(0 |Y = (n, X"), B =by) = w°(6 | z™) (Hendriksen
et al., |2021) so that the Bayes optimal action based on and W°(0|Y = (n,z™),B = bp)
is simply the MLE, é(a:”) irrespective of the definition of 7, the definition of b and the value
of b(y). Now, based on this posterior, the loss we think we make upon observing Y = (n,z")

is given, as in , by

= B AYE o n P, b(n,z"
RO (W2 |, 1) = Byypepen [ Ly (8, 6)] = 200, (19)

n

where we used that W°|Y is a normal with mean 6 and variance 1 /n, independently of the
definition of the stopping time random variable 7. Therefore, if data are in fact sampled from
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0, then the average of the losses we expect to make, in several studies, is given by

b(T,XT):|’ (20)

T

E (7 x7)~ Py [Bgawoper [Ly (0,0(X™))]] = E(r. x7)~ 5. [
whereas the loss we actually make on average is
R* =Bz x7)op [Ly (07,0(X7))] = Bz x7)op,. [b(7, X7) - (67 = (XT))?] (21)

We now show that the difference between believed risk and actual can be unbounded,
i.e. we can get it to be at least k*, for arbitrarily large £* > 0. To this end, simply set
b(7,X7) := 7 and set the stopping time 7 to be the smallest n such that (8(z™) —6*)2/n > k*.
By the law of the iterated logarithm (Williams|, [1991) we know that 7 is finite, Pp--almost
surely, under any 8* € ©. With this definition of b, the believed risk is 1 yet the actual
risk is at least k*. By Proposition [1| such a discrepancy is impossible if we base our risk
assessment on e-posteriors via instead. This will be made concrete in Example [§| and
below.

3 A Small Taxonomy of E-Specifications

Existing papers on e-variables such as|Turner et al.| (2021), Pérez-Ortiz et al. (2022)), |Wasser-
man et al.| (2020) consider Py that define a random process X1, X, ..., and then they provide
constructions for an e-variable for sample size n, for each n. Thus, they really provide
e-specifications: a sequence of e-variables Sg”,SgQ],..., for each 6 € ©, where S(En] is an
e-variable for data Y = (X1,..., X},).

Straightforwardly, upon defining ¢(X™) = pg(X”)S(E"](X”), we have [ g¢(z™)dp(z") <1
where £ is the underlying measure, so ¢ can be thought of as a probability density (if [ gdu < 1,
we may think of the missing mass being put on an outcome that, under Py, has probability
0). S(En] can then be written as a likelihood ratio ¢(X™)/pg(X™). Thus, in the simple (no-
nuisance) parameter case, we can rewrite every e-variable as a likelihood ratio. Importantly
though, ¢ is allowed to depend on n and 8; the specification Sgl],Sgﬂ, ... may deliver, for
different n and 6, entirely different ¢’s. To emphasize this possibility, we will from now on
make the potential dependence on n and 6 explicit, and henceforth write

d"(xm)

i .
b pe(X™)

(22)
For an important subclass of e-variable specifications, the corresponding qglg] = ¢..g does not
depend on n after all (it may still depend on #). In that case ¢.. defines a random process
for X, Xs,... and the specification (Sgn])n is called an e-process (Ramdas et al., 2022). E-

processes have a major advantage: for every e-process, for every stopping time 7 (e.g. ‘stop
at the smallest n at which SI™ > 1/a, and set 7 to this n’), we have (Ramdas et al., 2022):

qug(XT):I <1
po(XT) [~

As a result, with e-processes we can engage in optional stopping — under any stopping time
7 — even the aggressive stopping rule mentioned above or some externally imposed rule,

Ex.p, [STV(XT)] = Ex-.p, [
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the details of the definition of which we do not need to know — 5’6[}7] is still an e-variable,
and decision making based on as above can proceed. With e-specifications that do not
provide e-processes, one cannot engage in such optional stopping (see the extended discussion
by (Grinwald et al., 2019, Section 5)). Indeed, in Example |7}, which involved a non-constant
stopping time 7, one only gets valid assessments with e-processes rather than mere e-variables,
and we shall use these in Example [§| and [L1| to provide risk assessments for that setting.

We will now reconsider the e-collections of all our running examples — as we will see,
some provide e-processes, others do not.

3.1 Generalized Savage-Dickey E-Processes

We have already seen two instances of e-processes: the (specification, for each n, of) Savage-
Dickey e-variables S*P and the likelihood ratio e-variables S™. Both are instances of what
we may call generalized Savage-Dickey e-processes (S [”])9, with

glnl _ Pweo(X™)
0o n
po(X™)

where py (X™) = [ pg(X™)dW (0) is a Bayes marginal distribution on n. Thus, the e-variable
numerator is a Bayes marginal, but the prior W one uses is allowed to depend on the param-
eter 6 one is comparing to.

(23)

Example 8 [Gaussian Location, Example (3| Continued] Fix some anticipated sample
size n”, representing our best a priori guess of the actual sample size n that we will observe.
Our aim is to obtain an e-process that is valid for all n, including n # n*, but is optimized to
give the best possible risk bound if we happen to observe y = ™ with n equal or close ton*. To
this end, for each 0 € R we define 6~ < 6 and 6% > 0 to satisfy with C = 1. The construction
below gives a valid e-process for every C' > 0, but C =1 gives the best bounds for the squared

error, at the cost of potentially somewhat worse yet of course still valid, bounds for other
(1/2)179—(21)?(;/2)179%2/)' Clearly
po(y

the Sgn] form a generalized Savage-Dickey e-process, with W « 6 the uniform distribution
on {07,6"}. In the Supplementary Material (Section B, Proposition [3|) we show that for the
corresponding e-posterior P(6 | y), we have that

loss functions. Now define, for each n, the e-variable Sg"](y) =

. _ 29
malnnele%%x(H a)*P(0|y)

is achieved by setting a = 0 (independently of n and n*), so that 6" (y) = 6, and we also
show that (Section evaluates to

max(0 - 0)2P(0 | y) = 1 cg(n,n*)-1.45.. . Te=n 1. (24)
0eR n n

where g(n,n*) = (’}1—*) -e™™" =1 Note that g(-,n*) has a minimum at n = n* with g(n,n*) = 1
and increases very slowly for n/n* close to 1. The maximum over 6 is, for n = n*, achieved
approximately at 6 = 6 + 1.46/\/n at which P(6 | y) ~ 0.68, independently of the value of
n=n". Sgn] gives an e-process for any n* we choose in 1) In the Supplementary Material,
Section [A] we show that still holds up to lower order factors, for general 1-dimensional

families, as long as they are restricted to a compact subinterval of the parameter space.
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Incidentally, this shows that for standard decision problems (e.g. n fixed in advance,
uniform weight function), the e-posterior based risk bounds are not much worse than the
Bayesian risk assessment and minimax risk bounds for the same model, as long as sufficiently
‘clever’ e-collections are used: the factor is a modest 1.45 if n can be assumed known in
advance, and a log n-factor otherwise.

Example 9 [Hypothesis Testing with Generalized Savage-Dickey and LR] Consider
a simple-vs.-simple test as in Example . From we see that the generalized Savage-Dickey
e-variable at fixed sample size n, with Y = X", and based on priors W « 6§ with mass function
wy, for 6 € © = {0,1}, is given by

So(y) = wg(0)po(y) +we(1)p1(y)
po(y)

with wy(1) =1 —wy(0). (25)

For degenerate priors with wg(0) = w1 (1) = 0 this reduces to the LR e-process of (13)), and
for ‘pure’ (i.e. nongeneralized) Savage-Dickey e-posteriors, we have wgy = wi. Consider Wald-
Neyman-Pearson loss functions under Condition Zero (CO) as in Example 4] Generalizing
(L3), the e-posterior minimax decision rule 6" upon observing Y = y is then given by
™ (y) = a, for a achieving

: ' Po(y) Q). 21€))
ai?éﬂ}max{”o’“) 2o @)p0() + woDpi () - w1(0)p0(y)+w1(1)1?1(y)}
co . Q). po(y) ). P (y)
= i, (L(O’ ) ) + Mm@ L w1<o>po<y)+w1<1>p1(y>)' (26)

pl(y) - L(Oal)
with w; = w;(1). Straightforward calculus gives that, irrespective of the choice

It follows that under Cg, 6™ selects hypothesis 0 (a = 0) iff f (po(y)) > L) where f(r) =
) (1-wq)r+w;

(1-wo)r+wo
for wy and wy, f(r) is strictly increasing in r, so that there is a unique point r* depending
on wi and wy, such that for all r >r*, 6™ (y) =0 and for all r < r*, ™ (y) = 1. Further, for

any pure Savage-Dickey e-collection with wy = wg, we have f(r) =r, i.e. we select action 1 if

p1(y) - (L(1,0))" 2 po(y) - (L(0,1))” (27)

for v = 1. This is equivalent to taking the Bayes decision under a uniform prior. On the other
hand, for the LR e-collection, 6" (y) selects action 1 if the above holds for v = 1/2. Finally,
if the loss is symmetric, L(0,1) = L(1,0), then in fact we select action 1 iff pi(y) > po(y)
even for general w; # wy.

How about our basic risk assessment for general decision rules, including these min-
imax ones? While does not give rise to easily interpretable formulae that work for all
generalized Savage-Dickey e-variables, under CO we do get intuitive expressions for pure
Savage-Dickey e-variables with wg = w; = 1/2 the uniform prior, and for LR e-collections. For
the former, we can replace the ‘max’ by a ‘+” using CO as in and we get:

r

' po(y) . PL(y) =
HO0W) Tro(n) + 5p1 () F0w) 3po(y) + 5p1(y)

2-L(0,6(y)) - wu(0]y) +2-L(1,6(y)) - wo(1 [y) = 2- Egy,)y [L(6,6(y))] (28)
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p; (y)
po(y)+p1(y)
1/2, showing that our bound is always within a factor 2 of the best Bayes-with-uniform-prior

bound and hence within a factor of less than 2 of the standard frequentist minimax bound
for this setting, obtainable by a procedure that depends on the specific L of interest. For the
LR e-variables, we similarly get, refining ,

where wy(j | y) = is the posterior based on uniform prior wy with wy(0) = wy(1) =

L(0.5(1)) - po(y) Y L(L6(y))- pi(y)

p1(y) po(y)
L(Oﬁ(y))-%wmw))-%=Ee~w T L) @)

We note that for ¢ := 0™ and the symmetric case L(0,1) = L(1,0), we choose action 1 iff
p1(y) = po(y) so that wy (™ (y) | y) = 1/2: the LR bound dominates the uniform-prior
Savage-Dickey bound (28), and 1/wy(6"(y) | y) in is a luckiness factor, bounded by
2: if we happen to assign high posterior to the selected hypothesis, we are ‘lucky’ and our
loss assessment will get tighter; still, it is valid irrespective of the value of this posterior. If
asymmetric losses are observed, 1/wy (0™ (y) | y) can in general be both larger and smaller
than 2, and the LR risk assessment bound does not dominate the Savage-Dickey one.

3.2 Conditionalist-Frequentist E-Specifications — not E-Processes

We first continue the Berger-Brown-Wolpert (BBW) simple-vs.-simple hypothesis testing
setting of Example [5] later extending it to more general conditionalist frequentist inference.
Let V' := p1(Y)/po(Y). We will assume that (a) V is strictly increasing in Y, which (b)
has a (Lebesgue) density under Py and P;. Both assumptions are merely for simplicity; for
example (a) can be dropped by directly analyzing V instead of Y, i.e. ‘the likelihood ratio of
the likelihood ratio’.

Fix some w with 0 < w < 1. Since, for any y*, the sum of both integrals below is 1, there
must be a specific y* such that

[ (= wpo() +um@)dy=ws [ (1= w)poly) + wpr(y))dy =1-w,  (30)
y<y Y2y
so that, upon setting

S () 2 1, U7 ?fzio;y)g(zfl(y) LT ST w)zzély()y; wp ()

(31)

we can verify that EYNPB[S];BW(w)] =1 for 0 € {0,1} so that {SgBW(w) 16 €{0,1}} is an e-
collection. The corresponding e-posteriors only give useful risk assessment bounds in quite
restricted situations, however. To be sure, the bound holds (as it must by Proposition ,
but it must be trivial for all decision rules except one as soon as we assume — as will be the
case for every Wald-Neyman-Pearson loss, i.e. with L(0,1) >0, L(1,0) > 0. The reason is that
PEBV) (g =1 |y) = o0 if y > y* and PPV (9 =0]y) = oo if y < y*: for every loss function
L and decision rule § there will be y such that R(y,d(y)) = oo, unless L(0,0) <0,L(1,1)<0
and 0 is the BBW(w)-decision rule, which satisfies 6**V(*)(y) = 1 iff y > y*. This is, in fact,
the only decision rule that BBW themselves study. Note that it must then also be the case
that the minimax decision rule ™™ based on PPV(®) must coincide with §%8%V(®)  and thus
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does not depend on the loss L of interest. This indicates that, for many loss functions, it
will not be a very good rule — it is simply the only rule for which the risk assessment
is nontrivial (and then evaluates to ) To be sure, BBW provide a result implying that
if the loss function L satisfies CO, then we may set w as a function of this loss function so
that the rule §%BV(®) = MM ig t6 some extent reasonable after all in the following sense: it
coincides with the Bayes decision rule 6%*Y*(y) based on prior W with w(1) = w as long as
y ¢ [y~,y"] for some specific values y~ < y*. They call [y7,y"] the no-decision region and
notice that in practice it is often quite small.

This support for 6*®W(*) notwithstanding, we feel that the pure Savage-Dickey (with
w =1/2) and LR e-posteriors should be preferred: at the small price of the slightly larger risk
assessments and , they (a) allow us to use these assessments for general decision rules
rather than the potentially defective (since independent of b) 6®#V(*) and (b) they provide
e-processes rather than just e-specifications (it is easy to see that the likelihood ratios
corresponding to BBW e-specifications have qgn] depending on n — BBW e-variables do not
remain e-variables under optional stopping, generalized Savage-Dickey e-variables do).

BBW'’s Original, Conditionalist-Frequentist Interpretation For general py and p;
as above, we may partition the sample space ) into regions {Y, : « € [0,1]} where Y, =
{y},y,} are chosen such that Py(Y > y}) = @ and Pi(Y < y,) = B(a) for some function
B:10,1] = [0,1]. We may think of observing Y = y as first observing « so that y € J,, and
only then observing Y =y itself. We may then, by construction, after observing «, perform
a conditional frequentist test with Type-I and Type-II ‘conditional’ error probabilities a and
B(a), by rejecting 8 =0 if Y =y, and accepting if Y = y,. The BBW approach was originally
conceived as a specific way to construct such a partition, with the special property that for
any a we have that y* > y*, y; <y* (so that 6™ invariably rejects if y is observed for some
a) and

_ (1-?1))])0(3/;) 5(04) _ wpl(y(;)
(1 =w)po(yd) +wp1(ys)’ (1 -w)po(ya) +wp1(ya)

These are exactly our BBW e-posteriors P*2V(®)(0 | y*) and P**W(“)(1 | y7) — BBW in
fact call them conditional error probabilities, because that is how they derived them, and
note that they are formally identical to Bayesian posteriors; the interpretation in terms of
e-posteriors is ours.

Kiefer and Vovk Confidence Estimators Essentially the same analysis as for BBW
conditional error probabilities also applies to general conditionalist frequentist e-variables,
based on Kiefer’s and Vovk’s conditional confidence estimators, to which we now turn: every
such confidence estimator gives a valid e-specification, hence e-posteriors for each n, but in
general these will not be e-processes, and they can evaluate to infinity, hence only giving
useful, nontrivial risk assessments for a restricted set of loss functions and decision rules —
although this set may not be as restricted as in the BBW case, where only a single rule,
§BBW(W) gave nontrivial risk assessments.

Consider a partition {)V, : o € [0,1]} of Y together with a function CI(y) that maps
each y € ) into a subset of ©. In case O is a continuum, we usually take CI(y) to be an
interval, so that CI(y) = [01,0r] with endpoints 0, and 6p determined by y. We say that
({Va : a€[0,1]}, CI) define a Kiefer-type conditional frequentist confidence set estimator if
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for all 6 € ©, all € [0,1],
Py(0¢CI(Y)|Y e),) <.

Such confidence estimators were first considered by Kiefer| (1976). If S(«) = a, the BBW
approach can be reinterpreted as a Kiefer-type confidence estimator: we set ), as above and

CI(y) = {8"™)(y)} so that CI(y;) = {1}, CI(y;) = {0} (32)

If () # o then the BBW approach does not give a Kiefer-type confidence estimator. How-
ever, [Vovk| (1993) provided a notion of confidence estimator that generalizes both BBW’s
conditional error probabilities and Kiefer-type confidence estimators: for any function CI(y)
that maps each y € ) into a subset of © combined with any function &(Y") taking values in
[0,1], we say that CI and & define a Vovk-type confidence set estimator if for all 6,

1
Ey.p, [16¢CI(Y) : m] <1 (33)

Vovkl (1993) defines confidence set estimators in this partition-free manner, motivated by a
game-theoretic interpretation. He gives a (straightforward) proof showing that any confidence
set estimator in the sense of Kiefer is also a confidence set estimator in the sense of Vovk,
with &(y) set to the « such that y € V,. Similarly, if we set CI as in and, for each
€ [0,1], a(yl) = a,a(y,) = B(a), then it is easily seen that hold with equality for
both 6 € {0, 1}, i.e. we obtain a Vovk-type confidence estimator.
Now, if (CI(Y),a(Y)) is a confidence set estimator in sense of Vovk, it directly follows
from that for all 6, Sp = Lggcr(yy1/@(Y) is an e-variable, so P(f | y) is an e-posterior.
Just as in the specific BBW scenario, such a posterior may become oo.

4 Condition Zero and Capped Posteriors

Consider Example [2| again, the normal location family with the squared error loss as
in Example [7] If we base our risk assessment directly on the Savage-Dickey e-posterior as
defined there, we get bounds that, while correct, are not always sharp. This is due to the
fact that, as seen from Figure |l P(0]Y) = S;*(Y) can become very high for 6 close to 0—
a milder form of the issues with the confidence-estimator based e-variables of the previous
section, for which it can become even infinite. There, the issues were avoided if the loss
function satisfied Condition Zero. It turns out that a weakened version of this condition is
sufficient to avoid this problem, for decision problems more general than testing. We now
introduce a new concept, and weaken and generalize Condition Zero with this in mind:

Definition 1 [Capped E-Posterior; Condition Zero] For any given e-posterior P(0|y),
its capped version P“Y(0 | y) is defined by setting, for all 0 € ©, y € Y: P“P(0 | y) =
min{1, P(6 | y)}. Let & be a decision rule. We say that § satisfies CO, i.e. Condition Zero,
if

sup P(0 | y)L(9,6(y)) = sup PEH(0 [ ) L (6,0(y)) (34)

for every y €Y. We say that the loss function L itself satisfies Condition Zero if there exists
a decision rule § such that holds.
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Our original Condition Zero in simple-vs.-simple testing was defined as a condition on a given
loss function L; the present condition is strictly weaker as a condition on loss functions and
generalizes the idea to decision rules 6. Why would we want to impose such a condition?

First note that setting Sy = 1 for all 6 € © gives a trivial, yet valid, e-collection; it provides
no indication at all about 6 based on data y. This suggests that, when using a nontrivial
collection, based on data y, we cannot make any inferences about 6 for which Sy(y) <1 (i.e.
P(6 | y) > 1): our e-variable provides less evidence against § than what can be obtained
trivially: in a sense, y gives us no information at all for making inferences about 6. It is
therefore of interest to restrict to decision rules satisfying the new Condition Zero. For such
problems, our risk assessment will never be based on evaluating P(6 |y) at a value of 6 for
which P(0 ]y) > 1, i.e. for which it really does not give any information about this 6. Also,
it may be argued that the capped e-posterior is a more intuitive tool than the e-posterior:
for any « > 0, the set {6 € © : P(§ | y) > a} is a 1 — a-confidence interval (Griinwald,
2022)) (see Figure [I, middle panel), whereas for sets containing  with P(6|y) > 1, no clear
interpretation seems to exist. Thus, by insisting on CO one really insists on inferences that
can be based on the more intuitive P*" while still satisfying .

Example 10 [Two-Point prior for exponential families: Condition Zero holds]
The generalized Savage-Dickey two-point prior-based e-posterior that we employed for the
Gaussian location family in Example [§] gives rise to e-collections such that the corresponding
minimax "™ (y) = 0(y), also satisfy Condition Zero whenever the b-weighted squared error
is used: independently of n, P(6 | y) ~ 0.68 for the maximizing 6, as was established
below (24]). For exponential families, we show in the Supplementary Material (Section
inside the proof of Theorem [1)) that the same holds if the model {Py : 6 € ©°} is restricted
to an (arbitrary) compact subset of the parameter space and n is large enough. We do not
know if the result can be extended beyond exponential families, since its proof makes heavy
use of their properties.

In practice, the DM may be presented with a loss function for which Condition Zero does not
hold, for any reasonable decision rule, and the high-risk problem looms. What to do in such a
case? There are two alternative solutions. As to the first (we describe the second underneath
Example , one can (sometimes vastly) improve risk assessments by slightly modifying any
given e-variable Sy to another e-variable Sy that provides almost as much evidence against 6
as Sp whenever Sy provides more evidence against y than the trivial 1 (i.e. when Sp(y) > 1),
and almost as much as the trivial S = 1 otherwise. The corresponding P'(6 | y) = Sj (y) will
then be similar to P(0|y) if P(0|y) <1 and bounded by a small constant otherwise. Three
straightforward ways of doing this are provided by setting Sj equal to any of the following
options:

" max{S, 1 o 1
Sp(y) = =2 gey o L (1, 5500}
Ey . py[max{Ss(v),1}] 2
SP(y) = (1=7) +9Sp(y) for v=1/2. (35)

One immediately verifies that all three options produce e-variables: S [*] produces one for
all v, because mixtures of e-variables are e-variables. Using that the expectation in Sy is
bounded by 2 (to see this, upper bound max by a sum), we see that S° is dominated by both

Sy and Sgl/ 2l hence must also be an e-variable and we also see that for all three choices, we
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have supy P'(0 | y) < 2sup(Sg(y))~" = 2. S; may be the most direct solution, but it can turn

. . . . 1/2
an e-process into an e-specification that is not an e-process anymore, whereas S(g /2]

s/

preserves

the e-process property. Since dominates Sy, we prefer it; it is depicted in Figure

Example 11 [Improving Pure Savage-Dickey for Exponential Families|] We illus-
trate the idea above for the case that P(6 | y) = 1/Sg(y) is the Savage-Dickey e-posterior
based on an arbitrary prior W on the Gaussian location family. Let PI1(0 | y) =1/ ng] (y) be
the corresponding ‘dampened’ e-posterior as defined in . In the Supplementary Material,
Section [C] we describe this setting in more detail and extend it to 1-dimensional exponential
families, also showing (in Proposition |3) that for any 0 < v < 1 the MLE 6 is the Pl
posterior minimax estimator irrespective of the weight b in the loss . Now for simplicity
let W be a Gaussian prior with some fixed precision A as in Example [2| and with prior mean
0o = 0. We also show in the Supplementary Material (Proposition , that, for the choice
v = 1/2 that we advocated above, the bound and hold with
+

A n+Aé(Y)2)’ (36)

losing just a logn factor compared to the e-posterior that achieves the standard frequentist
minimax bound up to a constant factor, and that we considered in Example Again we
extend this result to general 1-dimensional families with smooth and strictly positive prior
densities (and again we do not know if it extends to more general 1-dimensional families). In
contrast, for the original Savage-Dickey e-posterior P(f | y) we get a much larger R(5™) >
n Y2, as can be seen by evaluating PO | y)(0- 9)2 at 0 = 0 +n'/2. By ‘dampening’ the
posterior we improved the factor of order n~2 to a factor of order (logn)n'.

n+ A nA

R(™) = R(Y,0(1)) = = (5 1og

As a second solution to the high-risk problem, we can alternatively modify our risk assessment
for decision problems and rules that do not satisfy C0. We then find that if we replace the
e-posterior in the risk assessment R(§) as in (5] by its capped version, the risk assessment itself
may become invalid (i.e. R(§) does not satisfy /(L6)), but, for arbitrary data-dependent
decision problems, 2R(§) does remain valid:

Proposition 2 Set, for arbitrary multi-loss decision problem and rule §, not necessarily
satisfying CO,

ROV(Y, A)i=sup PO y) - L(B,a) , BO(8) 5= R (Y,6(Y)). (37)

Then and (@ hold with 2R°*Y (8) in the role of R(S).

Proof: Calculating R°“T(y,a) based on the capped posterior is equivalent to calculating
R(y,a) based on the modified posterior P'(6 | y) = (S5(y))™" as defined in and multi-
plying the answer by 2. Since P’(6 | y) is a standard e-posterior and no requirements on o
are made, we can use Proposition [1| based on P'(6|y) to get the required result. O

This solution to the high-risk problem of some e-collections shows that, for some collections,
the original e-posterior in its capped version may not be so bad after all. This solution may in
fact be preferable, since it does not interfere with the use of e-values in optional continuation:
we can keep multiplying e-values as explained in the next section, and get a factor of 2 in
the bound for the final product. In contrast, if we use any of the modifications in , we
must modify the e-variable at each study, making the final (i.e. when we stop adding studies)
product of e-values potentially much smaller.
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5 Additional Background and Discussion

The General Definition of E-Values The definition of e-collection, e-posterior, risk as-
sessment (5)) and e-posterior minimax decision rule readily generalize to models with nuisance
parameters, composite hypothesis testing and nonparametric settings. All are covered by the
following extended definition: let P be a set of distributions for random variable Y and
consider a parameter (vector) of interest defined by a function 6 : P - © with © c R¥ for
some k > 0. We now call {Sy : 6 € O} an e-collection for P if for all 6 € ©, Sy = Sp(Y) is
a nonnegative function of Y and for all P € P with 6(P) = 6, we have the corresponding
analogue of (3), i.e. for all such P:

Ep[Syg] <1. (38)

The e-posterior P( | y) relative to such a collection is still defined as S;*(y), and the
definition of risk assessment and e-posterior minimax rule @ remains unchanged. It is
easily checked that the results that validate the e-posterior risk assessment and minimax rule,
Proposition [If and Proposition |2} still hold in this more general setting.

The Original Interpretation of E-Variables E-variables, while being implicit in earlier
work going back at least to Darling and Robbins (1967)), were largely unknown until 2019,
when the concept was given a name and was popularized and extensively developed by papers
such as (Grunwald et al., [2019} [Shafer] 2021, Vovk and Wang, [2021)). In the mean time they
have been studied in a wide variety of contexts (Henzi and Ziegel, [2021, |Ren and Barber} [2022,
Bates et al.,2022) and even had an international workshop devoted to them. Originally, they
were used as tools to extend traditional Neyman-Pearson tests to situations with optional
continuation while keeping Type-I error guarantees: suppose one observes a sequence of
studies concerning the same null hypothesis {P € P : 6(P) = 6p}. One can then multiply the
e-values derived from the individual studies. Broadly speaking, the product will be a new
e-variable, irrespective of whether the decision to perform a subsequent study depends on
previous study outcomes (the ‘continuation rule’), and irrespective of the rule used to decide
when to stop performing new studies. Since, for any fixed «, the probability, under the null,
that an e-variable gets larger than 1/«, is bounded by «, one can use e-values, combined by
multiplication, as an alternative to p-values in a setting in which optional continuation of
experiments is allowed (note that this is always possible, whereas optional stopping within a
study is only possible if we deal with e-processes rather than e-variables, as in Section .

Composite Testing In light of this original motivation, much initial work on e-values
focused on hypothesis testing in Neyman-Pearson (NP) style, but under optional continua-
tion. Just as in the original NP paradigm, Type-I error of decision rules was required to be
bounded by a pre-given significance level «, and other desiderata such as small Type-II error
only came second. This is different from the treatment of simple-vs.-simple testing in the
present paper. Here, as in Bayesian and minimax approaches, we do allow asymmetric losses
(L(0,1) # L(1,0)), but these potentially different losses appear in the risk assessment in
a symmetric fashion after all.

Existing papers on e-values within the original paradigm in fact emphasize composite
hypotheses: the theoretical papers Grunwald et al. (2019)), Pérez-Ortiz et al. (2022) and
the practical (Turner et al., [2021, [Turner and Grinwald, 2022) consider situations in which
the null has nuisance parameters (such as, for example, the variance in the t-test or the
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proportion in 2 x 2 tables). For such cases (the null P = {Py : A\ € A} is characterized
by a (potentially) high-dimensional parameter vector A ; the parameter of interest § is of
(potentially) much smaller dimension, often a scalar), Grunwald et al.| (2019) offer a generic
method to construct e-variables as in for such situations via the reverse information
projection. This method is employed by all papers mentioned above to construct e-variables,
with the explicit goal of providing Type-I error bounds under optional continuation in the
Neyman-Pearson style; but we can equally use them to provide e-posterior risk assessments
and minimax rules with general loss functions as in this paper — in our examples above,
we only used ‘simple’ e-collections for ease of illustration. Of particular interest is the paper
(Grinwald} 2022)), which may be viewed as a companion to the present one. It also extends
the use of e-variables to deal with post-hoc specified loss functions but it sticks to a variation
of the Neyman-Pearson tenet: there is a distinction between Type-I risks (expected losses),
on which a hard constraint is imposed (similar to the significance level a as a constraint
on Type-I error probability in traditional testing), and Type-II risks, which are minimized
subject to this constraint.

Nonparametrics The same generalization covers nonparametric settings. For ex-
ample, in Cox’s celebrated proportional hazards model, the P € P specify an underlying
continuous time process with dynamics conditional on some covariate vector Z. While the
full likelihood of this process is intractable, Ter Schure et al.| (2021) show that, for any vector
0 of covariate coefficients, the ratio between any two partial likelihoods defined relative to the
same set of covariates constitute an e-process. This implies that all the results on e-posterior
risk assessment of the present paper also pertain to ratios of Cox’s partial likelihoods. In fact,
for any P and any 6 € ©, any ratio between conditional, marginal or partial likelihoods that
has the same distribution under all distributions in P with 6(P) = @ is trivially an e-variable,
and can be used to define an e-collection. We regard all this as an additional advantage of
e-posteriors over Bayesian ones: strictly speaking, a Bayesian needs to specify the full likeli-
hood for each distribution in P in order to get a valid a posterior — as has been argued by
e.g. Robins and Wasserman| (2012)), this may be viewed as ‘overkill’ and poses practical (and
unnecessary) difficulties for Bayesian nonparametric inferences especially when the samples
are small. In contrast, Waudby-Smith and Ramdas (2022) provides an e-collection which
can be used to learn the mean of a sequence of bounded random variables based on a small
sample without any assumptions on the underlying random variables except boundedness
and existence of a common mean.

Conclusion and Future Work We have presented the idea of representing uncertainty
by e-posteriors based on e-collections. While e-collections already existed, the idea to use
them in risk assessments such as and to define e-posterior minimax rules as in @ is,
to our knowledge, completely new. There are of course many open questions regarding this
quasi-conditional methodology. The main one is perhaps: what e-collection should be used in
practice? If one takes as one’s goal “collecting as much evidence as possible in subsequent
studies against a single § € ©”, and one is able to formulate a prior on © representing
a ‘best guess’ (note that © does not necessarily index a set of distributions; rather a set of
properties) then there is a good case to be made for the GRO (growth-rate optimal) e-variable
as defined by |Grunwald et al.| (2019), which is always well-defined; we refer to that paper for
extensive discussion. For simple nulls, the GRO e-variable is always of pure Savage-Dickey
form. However, if we are interested not in testing but in estimation and want an e-posterior
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over the full range of 6 € ©, then the e-posterior based on the GRO e-variables may not be
intuitively optimal, as we saw in this paper: the pure Savage-Dickey e-variable based on a
normal prior W in the Gaussian location family (which is GRO relative to W) gives worse
risk assessments than the one based on the two-point prior as in Example|3] We do not have
a general recommendation (in the style of ‘reference priors’ for Bayesians) for e-collections,
and obviously more research is needed here. This paper is really just a first, exploratory one,
comparing various possibilities such as two-point, capped- and dampened e-collections. A
second related important question is: in what situations is the bound sufficiently tight
to be practically relevant? Essentially, if we are in the setting that (bookie, or policy makers)
provide B such that B - R(§) is constant or varies only very little over y, then the bound
looks like a standard expected risk bound. If R(§) can vary highly depending on the
data, then the bounds and are still valid, but the supremum in (16)) may make them
rather weak. Can we get better bounds in such cases? And what if we let B also vary with 6
and a? Then, upon learning {By, : 0 € ©,a € A}, DM might want to re-consider the originally
planned decision rule 4, significantly complicating the analysis. Related to this is the question
what loss functions L correspond most tightly to real-world problems at all. In our hypothesis
testing examples, we considered asymmetric loss functions which seems reasonable, but in our
estimation example, we used the squared error loss — which is mathematically convenient
and incentives one to output the posterior mean; but in practical situations one may be more
interested in very different, hard-to-formalize, problem-dependent losses. All in all, there is
plenty of room for future work here!
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Supplementary Material

In this Supplementary Material, in Section [A] we provide details and proofs concerning the
two-point prior-based generalized Savage-Dickey e-variables for the Gaussian location family
and its extension to one-dimensional exponential families. In the final Section [C| we provide
details and proofs concerning the 'pure’ Savage-Dickey e-variables for Gaussian location and
one-dimensional exponential families. In between in Section |B| we show how the MLE is e-
posterior minimax both for Gaussian location with two-point prior and for general exponential
families with pure Savage-Dickey.

A Two-point prior-based E-Collections

A.1 A Theorem for One Dimensional Exponential Families

Here we present Theorem which extends the result for two-point prior-based e-
collections of Example [§] to 1-dimensional exponential families. More precisely, we let {Pp :
0 € ©} be any regular (Barndorff-Nielsen| [1978|) 1-dimensional exponential family given in
any diffeomorphic parameterization (for concreteness, take the mean-value one) and extended
to n outcomes by independence. We write the KL divergence between two members of the
family defined on a single outcome as D(6’]|). We denote by 6(y) the MLE based on data
y = ", which is known to be unique and equal to the empirical average n~! Y o(X;), with
¢ the sufficient statistic, whenever this average lies in ©, which for regular families is an open
set. Suppose we observe Y = z" with é(Y) e ©. We now use as our loss function

L(6,0):=2-D(0)9),

which is parameterization independent; but with the mean-value parameterization, in the
Gaussian location family, 2D(6]|0) = (6 —6)2 becomes the squared error loss as in Example
of course the factor 2 is merely for mathematical convenience in the proofs.

As we show below , for every C' > 0, every 6 € ©, there exist = < § < 8% such that,
consistent with the Gaussian case,

D) =<, DEle) =< (39)

n*’

As in the Gaussian example, we take C' = 1, and we construct, for each n, the e-variables
S(gn] (y) = (/2)p 9'(2&%/ 2)p 9+(y), obtaining again a generalized Savage-Dickey e-process. Based

on the standard Taylor expansion

D(O"16) = 1(6°) (0" - 6)° (10)

where I(-) is the Fisher information, which must hold exactly for some 6° in between 6*
and 6, we may expect risk assessments based on this e-variable to behave similarly as in the
Gaussian case. Indeed, below we first prove the result of the main text for the Gaussian
case, after which we proceed to prove, heavily using , the following extension to regular
1-dimensional exponential families:

Theorem 1 Let ©° be an arbitrary compact subinterval of ©. Consider restricted model
{Py : 0 € ©°} and the collection of e-processes {Sy : 0 € ©°}. Then, for every 0 < ¢ <1,
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there is a constant C* such that whenever 6 € ©, and ¢ < n*/n<1/c, still holds up to a
vanishing 1 + O(n_l/z) factor. That is, there is C* such that, for all n, uniformly for all x™
with O(z™) € ©°,

A — 1 * * if n*=n 1
maXL(G,G(x”))~P(9|x"):—-(n—)-exp”/” o053 0 Lo s
6eO° n n n

where 1 —\/C*[n < fr, <1++/C*/n.

Thus, even though now 6 may not be precisely equal to the e-posterior minimax estimator
oM any more, we may use it as our decision rule anyway, and then still get, for each compact
sub-model ©°, risk bounds that, at least for sufficiently large n, are of the same order as
standard minimax frequentist risk bounds.

A.2 Proofs for Example in main text, and Theorem [1] above

Below we prove all results that were stated in the main text for the Gaussian location family
and 1-dimensional exponential families. We will freely, without further reference, use standard
terminology and results concerning exponential families (all to be found in (Barndorff-Nielsen,
1978)), but we first do highlight two slightly nonstandard results that we will use repeatedly.
The first (easily proved using steepness of regular exponential families) is that for each fixed
0" € ©, D(0'|6) is a continuous function of 6 € O satisfying

sup D(0'(|0) = sup D(6']|0) = oo. (42)
0<6’ 0>6"

The second result we need is the KL robustness property (Grunwald, [2007) that holds for all
regular exponential families: for any fixed y = ™ such that 6(y) is well-defined, any 6 € ©
and any prior W on © (W does not need to have a density), we have:

po(y)
pw (y)

where Py is the Bayes mixture distribution as defined in Example[I] and, for any distribution
P underlying random process X1, Xs,..., we denote the marginal distribution of the first n
outcomes as P(").

= exp(-nD(0]0) + D(P{V|P{Y)), (43)

Proof of in Example |8 and Claim in Example Fix C > 0. By above,
for general regular 1-dimensional exponential families, there exist 6~ < 6 < §* such that
holds. , .

Now define, for i = 1,2,..., ' € R’, the e-processes Sj(z') = ]2’;(—(;)) and Sp(z") = ’;f(;(—(g))
and Sp = (1/2)Sg+(1/2)Sy. While these e-processes provide valid e-variables at each sample
size ¢ we have that when evaluated at sample size n (on which their definition depends), Sj
coincides with the uniformly most powerful Bayes factor for a 1-sided test at sample size n and
level a*/2, for any n and a* such that C~ = —log(a*/2), for Ho ={Py} vs. H1={Pp :0>0};
similarly for S;™ with C* and H; = { Py : 6’ < 0} respectively (Johnson, 2013).

We first focus on the Gaussian location family for which D(0'[0) = (1/2)(6'-6)? . P(6 | y)
can be written by with W a prior putting mass 1/2 on 8" and 1/2 on #~. For the Gaussian
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location family, then gives:

9¢-nD(0]0)

P(e | y) — p@(y) — :
%pg— (v) + %p9+ () e—”D(GHQj + e—nD(QHGJr)

9e-(n/2)(0-6)°

o~ (1/2)-(6-6+/2CTn)? | o~ (n/2)(8-6-\/2C[n)?
2 eC-(n/n*) "
oV (0-0)\20(n]n*) 4 o /(6-6)\/2C (n]n*) (44)
We will assume that, for any observed y, the MLE 6 = é(y) is chosen as action (we will derive
that this is the e-posterior minimax action later on, in Proposition . Thus, to calculate the
risk assessment bound we need to find the maximum over 6 of

(6-6)*P(8]y) (45)

We find, using , and the fact that the maximum must be achieved at the same 6 as
the maximum of 2Cn(n/n*)(0 - 0)2P(6 | y), that the maximizing 6,, satisfies

1‘2

exp(r) +exp(-z)’

\/QCn- %(Hn - 0)2 = 2* where z* maximizes (46)
n

a function with a unique maximum, found numerically to be achieved at z* = £2.065338138969.. . ..

then becomes,

(1'*)2 2€C(n/n*)
2C(n/n*) et et
We want to find the C' giving the best possible bounds for the choice n = n*, i.e. when the
anticipated sample size turns out correct. This can be found by minimizing for n =n*:
by differentiation we find C = 1, corresponding to the choice in Example We then find
(still at n = n*) that 6, = 0 + 2*/\/2n ~ 0 + 1.46/\/n. Similarly, P(6 | y) for the maximizing
0, at n = n* is given by 2e'/(e® +e™®") = 0.6783206434.... The desired maximum ,
at general n, is then given, using with C' = 1, by (1/n)(n*/n)e™™ z*2[(e® +e™ ) =
(1/n)(n*/n)e™™" . 0.53222078, which, if n = n*, evaluates to (1/n)-1.446729604... and
follows.

= (47)

Proof of Theorem [1| above and generalized Claim in Example For simplicity we
only consider the case with n = n* here; the extension to ¢ < n/n* < 1/c can then be derived
analogously to the Gaussian case. We now let © represent the mean-value parameterization.
As in the main text, we set % and 6~ as in above with C = 1, which defines P(0 |y). We
fix an arbitrary compact subinterval ©° of ©. We need to bound, for arbitrary fixed feO°
the maximum over 6 € ©° of )

2-D(010)P(0 ] ). (48)
We let 3(0) denote the canonical parameter corresponding to 6. Note that, for g(6*) =
D(6%)0) — D(6*]|0), we have ¢'(6*) = 5(67) — 5(8) < 0 constant in 8* (here we used that 3
is monotonically increasing in ). In particular, if 6 and 6 are both contained in ©°, then
¢'(6) < —C~ where C~ = mingege B(A) - 8(67) > 0, and then, for =6 —a, a > 0:

P(0] 1) < 26 POIO-DEIO)7) _ 9p-n(D(0-al6)-D(#-a]07)

< 26nD(0\|0’)—anC* _ QGC—anC’
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Analogously, if 0,0 € ©, 0 =0+a, a>0, we can derive P | y) < 2eC-anC for CF =
mingege B(07) — B(0) > 0. It follows that with C* = min{C™,C"}, there exists another
constant C’ such that, if 6,6 € ©°, then the risk assessment at 6 satisfies

2-D(0]6)P(6 | y) < bC"a?eClanC™, (49)

Writing |a| = \/ K /n, we see that for large enough K, the right-hand side is smaller than 1/n.

We thus find that there is a constant K such that, for all 6,0 € ©°, if |é - 0| > \/K/n, then
the risk bound , and hence , is smaller than 1/n. Without loss of generality we may
assume K > 1.462 (the need for this condition will become clear later).

We now fix K’ >0 and set, for o e [-K’, K'], for 6 € ©°,

s - 2
O, .:9+a-\‘ nI(é) (50)

where K’ is chosen such that 6_g < —\/K/n and O > 0 +/K [n for all § € ©°. Since I(0)
is bounded from below on ©° by a positive constant, such a K’ must exist (note we do not
require that 0, € ©° for all o € [-K', K]). We now define 07 := ©°n {0, : o € [-K', K]}.

Our proof strategy for the remainder of the proof is showing that @é is an interval around

that is small enough so that we can re-derive the results for the Gaussian case (up to a factor
converging to 1) on this set, and then showing that the global maximum of over O° is
achieved on this set, so that only this set matters.

We have that |I'(6)/1(0)|, where I’ is the derivative if I, is bounded by a constant on ©°.
A first-order Taylor approximation of I(6) then implies that there exist a constant C° such
that for all large enough n larger than some n°, for all § € ©°, we have

co  I(0) [ce
o I,
for all 0,0° € ©; 11—/~ S[(@o)ﬁ“ —. (51)

We consider, at sample size n > n° the risk assessment , i.e. the maximum over 0 € ©° of
that we get for any fixed 6(y) € ©°. We first consider the maximum over 6 € @é.
Within @é, we can perform essentially the same derivation as in , using the Taylor

approximation in the second step in both numerator and denominator and aggressively
and repeatedly using above to vary 6 in I(#). This (tediously but straightforwardly)
gives, for a € [-K', K'] such that 6, € ©’,

— A -1/2 1 1 O(n—1/2) 1
PO, |y) = 2e1el( 7). —————=2"¢ . = - = -
g2 4 g20 oV @IOIN0-0) | .+ (21(0)n(0-0)

D(B6a) = (1+0(n™?))(8 - 02)*1(0)

which holds uniformly for all 6 € ©° and all a € [-K’, K'] such that 6, € @é, i.e. we can pick

the same constant in O(n_l/ 2) for all such 6 and . But this means that for all large enough
n, on the set O, we can repeat the same reasoning as in in the Gaussian case up to a
factor of order 1+ O(n~'/?): since this factor converges to 0, we must have that, uniformly
for all § € ©, for all n larger than some ng, the maximum will be above (1/n)-1.44 and will
be achieved by one or both elements inside a set Ouay = {0 + 7 [/, 0 =~ [\/n} N O, where
both ~; and 7, converge to 1.46..., at which point P(#, | y) ~ 0.68. Note that by requiring
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K > 1.46% we made sure K’ is large enough so that both choices for the maximum are in
{0 : o € [-K',K]}; at least one of these two choices for 6, then also lies in ©’ for n larger
than some ny, Where ng can be chosen uniformly, independently of 0.

Thus, the risk (48]) maximized over 0 € @’ cO° is bounded from below by 1.44/n, and the
maximum over ©° must be at least as large But now gives that the maximum of .
over f € ©°\ @; is at most 1/n which is smaller than the maximum risk within ©7. i Therefore
the global maximum is achieved within @é and, just as for the Gaussian location case, is
given by (1/n)-1.45..., which is what we had to prove (the extension to n* # n mentioned in
is now trivial to add; the various ‘for all large enough n’ qualifications we imposed are
absorbed into C*)). As a by-product, we also find that, since P(6,, | y) < 1, Condition Zero
holds automatically in this setting.

B Establishing that the MLE is e-posterior minimax

The proposition below shows, by setting 0 := é, that the MLE 6 is e-posterior minimax
both for the Gaussian location family with the two-point prior (Example |8) and for general
exponential families with a pure Savage-Dickey e-variable with arbitrary prior (Example .

Proposition 3 Consider a regular exponential family given in its mean-value parameter
space as above. Let0' € © and let f : R - R§ be a continuous function such thatlim, . z f(z)
0. We have
minmax D(a|0) - f(D(0']0))
a 0O

is achieved by a = 0. In particular,

1. Suppose that 0 = H(y) € © and consider the dampened e-posterior ph (9 | y) for any
0 <~ <1 and relative to any prior W. It can be written as f(D(8]0)) for a function f
of the required type.

2. For the normal location family, the e-posterior based on the two-point discrete prior as
in can also be written as f(D(0]|0)) for a function f of the required type.

Proof: Let g(a) := maxgeg D(a|d) - f(D(6'|0)). First consider a = 6. It follows from
that the maximum over # in the definition of g(a) = g(#") is achieved by some 6* < 6" and
also by some 605 > 0'. Now consider a # 6’. We must show that g(a) > ¢g(6"). If a > 0’, we have
that D(al6*) > D(6'||6*) so

g(a) 2 D(al6Z) - f(D(0']0%)) > D(0"]67) - F(D(6"]62)) = g(8").

The case a < 6’ goes similarly, with 7 replacing 6*. This establishes the first result.

As to (1), the case with v = 1 now follows directly from (43). For < 1, use the fact that
1/((1-y)zt+7) is mcreasmg in .

As to (2): using , and once more that D(0]6) = (1/2)(0 - 0)2 and considering sep-

arately the cases that 6 >0 and 0 < 0, we find that P(0 |y) = f(D(])), where f is of the
required form. O
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C Pure Savage-Dickey based E-Collections for Gaussian and
Exponential Families

Let PM(G | y) be the ‘dampened e-posterior’ as in the main text, based on arbitrary prior
W on ©. In Proposition [3| above we showed that for any 0 < v < 1 the MLE 0 is the PVl
e-posterior minimax estimator irrespective of b. Below we further, via Proposition [ below,
show that, for the choice v = 1/2, the risk assessment bound holds with

Ry, 0(»)) = > D(P|PY) (52)

for all n such that the expression on the right is larger than 1 — which will be the case for all
but the smallest n. Here we used the notation D(Pg(") ||PIE;; ) ) for the KL divergence between
distribution Py and Bayes marginal Py, both defined on n outcomes. For the normal location
family with prior with mean 0 and precision A, we have the exact expression

n+ A nA
+
A n+ A

which together with gives in the main text. is found by using the fact that
D(Pé(n) HP‘E; )) =In Py (@ | y), an identity which follows from and holds for general regular

6> (53)

n 1
D(P|P)) = log

exponential families. If these have continuous prior w, we get, for # in any compact subset
of the parameter space, the expression (Chapter 8 of Grunwald (2007)))

Wy L n o w(d)
D(Pé HPW )= 2log o log I(é)l/Q +0o(1),

with [ (é) the Fisher information at 6, allowing us to generalize to general exponential
families.

We proceed to derive . We start with a proposition that is applicable more generally
than just for KL loss:

Proposition 4 Let © cR, beR" and let L : ©Ox0O - R{ be a loss function and let 6:Y >0
be an estimator. Fix some y € Y and let 0 := 0(y). Consider an e-posterior P(0 | y) with
Paup = 8upyey geo P(0 | y). and let P" be an upper bound on P up to a factor Csyy i.e. for all

0ecO,yed, P(0|y)<CspP'(8|y). Fiz some 0r,0r €O (depending on ) with 01, < Or so
that both:

1. for all >0k, P'(0|y) <1 and P'(0|y)L(6,6) is decreasing in 0.
2. for all@ <0y, P'(0|y) <1 and P'(0|y)L(0,0) is increasing in 0.
Then our main risk assessment bound (@ holds for P(0|y) with

R(ya é(y)) = b(y) : max{csupa Psup} : 0 fgag ]L(Q, é) (54)
€lL,Yr

Proof: For 6 < 07, P(0 | y)L(0,0) < P'(0 | y)CsupL(0,0) < CoupP' (01, | y)L(01,0) <
CoupL(01,0). Analogously for 6 > O, we have P(0 | y)L(6,6) < CsupL(0g,0). Finally
for 0 € [01,0r], we have P(0 | y)L(6,0) < Py - maxgefs, o] -L(0,0). The result follows. O
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We now use Proposition 4| to show the bound . Assume the setting of that bound. We
set 0 to the MLE and L(0,0) := D(0]0). We first apply Proposition {4 with P'(0]y) = P(6]y)

(and Csyp = 1) set to the dampened e-posterior PU2] pelative to a prior W (independent

of 6). Because of the dampening with v =1 /2, we know that Payp < 2. We will apply the
proposition with 67, < 0 such that P[Y2(0; | y) = P20 | y) = 1. These must exist (use

), and by they satisfy

) A D(P™ | P
D(0]6y,) = D(8]0r) = —2—

To verify the conditions of Proposition |4, we will show, using , that
D(0]60) exp(-nD(8]0) + D(P{ | P{)) (55)

is increasing for 6 < 07, and decreasing for § > 0r. For this, setting C' = D(Pé(n)HP‘E;)), it is

sufficient to show that g(u) = uexp(-nu + C) is decreasing if u > D(01]01), i.e. if u > C/n.
Differentiation gives that g(u) is decreasing if u > 1/n, so Proposition [4] can be applied if

C > 1 and then gives .
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