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We consider the problem of finding a minimum-length preemptive schedule for n jobs on m parallel 
machines. The problem is solvable in polynomial time, whether the machines are identical, uniform 
or unrelated. For identical or uniform machines, it is easy to obtain an optimal schedule in which the 
portion of a job that is assigned to a single machine is processed without interruption. We show that 
imposing this condition in the case of unrelated machines makes the problem NP-hard.

© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons .org /licenses /by /4 .0/).
A set of n jobs has to be processed on a set of m parallel 
machines so as to minimize the length of the schedule or the 
makespan. The jobs and the machines are available from time 0 
onwards. A machine can process at most one job at a time and a 
job can be processed by at most one machine at a time. Job pre-
emption is allowed: the processing of a job may be interrupted and 
resumed on the same or on a different machine. There are three 
models, depending on the definition of processing times. On identi-
cal machines, job j requires time p j on any machine ( j = 1, . . . , n); 
on uniform machines, job j has a processing requirement p j , ma-
chine i has a speed si , and processing job j on machine i takes 
time p j/si ; on unrelated machines, job j requires time pij on ma-
chine i (i = 1, . . . , m, j = 1, . . . , n). Using the notation introduced 
by Graham et al. [7], we denote these problems by P |pmtn|Cmax, 
Q |pmtn|Cmax, and R|pmtn|Cmax.

Minimizing the makespan on unrelated machines appears to 
be harder than on identical or uniform machines. In the non-
preemptive case, the three problems are NP-hard in the strong 
sense. P ||Cmax and Q ||Cmax have polynomial-time approximation 
schemes [8] [9]; for R||Cmax we can find a schedule of length less 
than twice the optimum in polynomial time, while finding a sched-
ule of length less than 3/2 times the optimum is NP-hard [13] [16]. 
The preemptive cases are easy. P |pmtn|Cmax, Q |pmtn|Cmax and 
the two-machine problem R2|pmtn|Cmax can be solved by com-
binatorial algorithms in time O (n) [15], O (n + m logm) [6] and 
O (n) [4], respectively, but for the general problem R|pmtn|Cmax
we have to resort to a combination of linear programming and 
open shop scheduling [12]. P |pmtn|Cmax and Q |pmtn|Cmax can 
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even be solved in polylogarithmic space, or in polylogarithmic time 
on a polynomial number of processors [1] [14], but linear program-
ming is P-complete under logspace transformations [2] [18] and 
hence unlikely to admit a polylogarithmic solution; see [11] for 
an introduction into these concepts. An open question is whether 
R|pmtn|Cmax is P-complete as well; this would imply that, also 
in this sense, the problem is in a different complexity class than 
P |pmtn|Cmax and Q |pmtn|Cmax.

In the present paper, we introduce a model with limited pre-
emptions: the portion of a job that is allocated to one machine 
must be processed on that machine without interruption. This is 
a natural assumption in situations where such interruptions cause 
unreasonable reset times or costs. We will call the interruption of a 
job on one machine a single-machine preemption or a split; the lat-
ter term was introduced in [17]. Also in this model, P |pmtn|Cmax

and Q |pmtn|Cmax appear to be easier than R|pmtn|Cmax. The com-
binatorial algorithms for identical and uniform machines and for 
two unrelated machines cited above do not introduce splits, but 
the LP-based approach for R|pmtn|Cmax may very well do so. We 
will show that imposing the no-split condition makes the three-
machine problem R3|pmtn|Cmax NP-hard in the ordinary sense 
and the general problem R|pmnt|Cmax NP-hard in the strong sense. 
These results even hold in the restricted assignment model, where 
for each job j a processing requirement p j and a set of machines 
is given such that the time that job j takes on any machine in 
that set is equal to p j and the time that job j takes on any other 
machine is prohibitively large.

We dedicate this paper to the memory of Gerhard Woeginger. 
The strong NP-hardness proof that we will present below is in-
spired by the reduction of 3-partition to the open shop problem 
O ||Cmax that he presented in [20].
le under the CC BY license (http://creativecommons .org /licenses /by /4 .0/).
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Fig. 1. Two schedules of length 3.
1. NP-hardness for three machines

We will show that minimizing the makespan for n jobs on three 
unrelated parallel machines without single-machine preemptions 
is NP-hard in the ordinary sense, even in the case of the restricted 
assignment model. In an earlier paper [19], NP-hardness was es-
tablished for the more general case that the jobs become available 
at individual release dates.

We present a reduction from the partition problem, which is 
NP-hard [10]: given k items j of size a j such that 

∑k
j=1 a j = 2b, 

does there exist a set S ⊂ {1, ..., k} such that 
∑

j∈S a j = b?
Given an instance of partition, we define an instance of the 3-

machine problem as follows. There are k partition jobs j, which 
require time a j/b on machine 1 ( j = 1, . . . , k). Note that these jobs 
together occupy two time units on machine 1. In addition, there 
are three auxiliary jobs: job A requires time 3 on each machine, 
job B requires time 2 on machine 2, and job C requires time 2 
on machine 3. All unspecified processing times are very large. We 
claim that there exists a schedule of length 3 if and only if the 
instance of partition is a yes-instance.

Suppose there exists a set S such that 
∑

j∈S a j = b. We sched-
ule job A for one time unit on each of the machines 2, 1, 3, in that 
order, and assign job B to the interval [1, 3) on machine 2 and 
job C to the interval [0, 2) on machine 3. Finally, we schedule the 
partition jobs j ∈ S and j /∈ S in the intervals [0, 1) and [2, 3), re-
spectively, on machine 1. This yields a schedule of length 3 without 
splits. Note that we could also have reversed the machine ordering 
of job A. We refer to Fig. 1.

Conversely, suppose there exists a schedule of length 3. In such 
a schedule, each machine is fully occupied. Hence, job A is pro-
cessed for one time unit on each machine. On machine 2, it either 
precedes of follows job B . In the former case, it must follow job C
on machine 3 and is therefore processed in the interval [1, 2) on 
machine 1. Hence, the partition jobs are processed in the intervals 
[0, 1) and [2, 3) on machine 1 without splits. In case job A follows 
job B on machine 2, it must precede job C on machine 3 and is 
still processed in the interval [1, 2) on machine 1. In either case, 
the schedule on machine 1 certifies that we have a yes-instance of 
partition.

2. Strong NP-hardness for m machines

We will now show that minimizing the makespan for n jobs 
on m unrelated parallel machines without single-machine preemp-
tions, where m is specified as part of the input to the problem, 
is NP-hard in the strong sense, even in the case of the restricted 
assignment model.

We present a reduction from the 3-partition problem, which 
is known to be NP-hard in the strong sense [3]: given 3k items 
j of size a j such that 

∑3k
j=1 a j = kb and b/4 < a j < b/2 for j =

1, . . . , 3b, does there exist a partition of the index set {1, ..., 3k}
into k 3-item subsets such that the sizes of the items in each sub-
set sum up to exactly b?

Given an instance of 3-partition, we define an instance of the 
scheduling problem with 2k − 1 machines. For convenience, we 
denote the machines by M0, M1, . . . , Mk−1, N1, . . . , Nk−1. When 
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specifying jobs and processing times, we assume, as before, that 
all unspecified processing times are prohibitively large.

There are 3k partition jobs j, which require time a j/b on 
machine M0 ( j = 1, . . . , 3k). Note that these jobs together oc-
cupy k time units on M0. Our purpose is to construct a sched-
ule of length 2k − 1 in which the partition jobs are forced into 
the k unit-time intervals [0, 1), [2, 3), . . ., [2k − 2, 2k − 1) on M0. 
Hence, we need to define auxiliary jobs that, in any schedule of 
length 2k − 1, must occupy the remaining k − 1 unit-time intervals 
[1, 2), [3, 4), . . . , [2k − 3, 2k − 2) on M0.

Our construction consists of a number of phases. For the first 
phase, focus on the first and last of the intervals that need to be 
blocked, [1, 2) and [2k − 3, 2k − 2). We define six jobs A1, Ak−1, 
B1, Bk−1, C1, Ck−1, and four machines M1, Mk−1, N1, Nk−1.
• Job A1 requires time 2k − 1 on M0, M1 and N1.
• Job B1 requires time 2k − 2 on M1.
• Job C1 requires time 2 on N1.
• Job Ak−1 requires time 2k − 1 on M0, Mk−1 and Nk−1.
• Job Bk−1 requires time 2k − 2 on Mk−1.
• Job Ck−1 requires time 2 on Nk−1.
We will not define other jobs that can be processed on M1, Mk−1, 
N1, Nk−1.

Consider a schedule of length 2k − 1 and assume that all ma-
chines are fully occupied. It follows that job A1 is processed for 
one time unit on M0 and M1 and for 2k − 3 time units on N1. 
Similarly, job Ak−1 is processed for one time unit on M0 and Mk−1
and for 2k − 3 time units on Nk−1. On M1, job A1 either precedes 
or follows job B1.

Consider the case that, on M1, job A1 precedes job B1 and 
hence occupies the interval [0, 1). On N1, it must follow job C1 and 
hence occupy the interval [2, 2k − 1). It therefore occupies the in-
terval [1, 2) on M0. Now suppose that, on Mk−1, job Ak−1 precedes 
job Bk−1, occupying the interval [0, 1). On Nk−1, it must then fol-
low job Ck−1, occupying the interval [2, 2k − 1). It must therefore 
also occupy the interval [1, 2) on M0, which is infeasible. We con-
clude that job Ak−1 follows job Bk−1 on Mk−1, that it precedes job 
Ck−1 on Nk−1, and that it occupies the interval [2k − 3, 2k − 2) on 
M0. We refer to Fig. 2.

In the reverse case, job A1 follows job B1 on M1, job Ak−1 pre-
cedes job Bk−1 on Mk−1, and these jobs still occupy the intervals 
[1, 2) and [2k − 3, 2k − 2) on M0.

To block the other intervals on M0, we define more phases. In 
each phase, the processing times of the B-jobs decrease by 2 and 
those of the C-jobs increase by 2. In phase i, we need to block the 
intervals [2i − 1, 2i) and [2k − 2i − 1, 2k − 2i). We define six jobs 
Ai , Ak−i , Bi , Bk−i , Ci , Ck−i and four machines Mi , Mk−i , Ni , Nk−i .
• Job Ai requires time 2k − 1 on M0, Mi and Ni .
• Job Bi requires time 2k − 2i on Mi .
• Job Ci requires time 2i on Ni .
• Job Ak−i requires time 2k − 1 on M0, Mk−i and Nk−i .
• Job Bk−i requires time 2k − 2i on Mk−i .
• Job Ck−i requires time 2i on Nk−i .
If k is odd, the construction consists of (k − 1)/2 such phases. If 
k is even, the construction consist of (k − 2)/2 such phases and a 
final phase k/2 in which we need to block the middle unit-time 
interval [k − 1, k) on M0. For this, we need three jobs Ak/2, Bk/2, 
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Fig. 2. A schedule of length 2k − 1.
Ck/2 and two machines Mk/2 and Nk/2, where
• job Ak/2 requires time 2k − 1 on M0, Mk/2 and Nk/2,
• job Bk/2 requires time k on Mk/2, and
• job Ck/2 requires time k on Nk/2,
which will remind the reader of the NP-hardness proof for three 
machines.

This completes the construction. It should be clear that, if the 
instance of 3-partition has a yes-answer, we can construct a sched-
ule of length 2k − 1 without splits. Conversely, if a schedule of 
length 2k − 1 exists, it is indeed the case that all machines are 
fully occupied, and the schedule on M0 certifies that we have a 
yes-instance of 3-partition.

3. Open problems

It remains an open question if the problem on a fixed number of 
unrelated parallel machines without single-machine preemptions 
is solvable in pseudopolynomial time or NP-hard in the strong 
sense. There is a striking parallel to the complexity status of non-
preemptive open shop scheduling: O 2||Cmax is solvable in O (n)

time, O 3||Cmax is NP-hard in the ordinary sense, O ||Cmax is NP-
hard in the strong sense, and the precise complexity of Om||Cmax
remains open; see [20] and in particular Open problem 11.1.

Finding an optimal no-split schedule is an interesting algorith-
mic challenge. The two-phase approach for the case that splits are 
allowed falls short in several ways. We briefly recall the algorithm 
[12]. One first solves a linear program to determine the schedule 
length C∗:

C∗ = min{C | ∑m
i=1 xij/pij = 1 ( j = 1, . . . ,n),∑m
i=1 xij ≤ C ( j = 1, . . . ,n),∑n
j=1 xij ≤ C (i = 1, . . . ,m),

xij ≥ 0 (i = 1, . . . ,m, j = 1, . . . ,n)};
here, xij represents the total time that is to be spent by job j on 
machine i. Next, given the distribution of the jobs over the ma-
chines, one solves a preemptive open shop problem to construct 
a feasible schedule of length C∗ [5]; this will generally introduce 
splits.

When splits are not allowed, the open shop in phase 2 is non-
preemptive. The reductions given in this paper show that it is 
NP-hard to determine if there exists a schedule without splits of 
length C∗ . Moreover, the linear program in phase 1 may give a 
suboptimal distribution of the jobs over the machines. Consider, 

for example, an instance of the partition problem with k = 1 and 
a1 = 2, and apply our first reduction to obtain an instance of 
R3|pmtn|Cmax. The linear program has an optimal solution C∗ = 3
with x11 = x2B = x3C = 2, x1A = x2A = x3A = 1, the shortest non-
preemptive schedule respecting that solution has a length 4, but 
there exist schedules without splits of length 3.5.
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