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SUMMARY

In recent years, the use of Artificial Intelligence (AI) has become prevalent in a large
number of societally relevant, real-world problems, e.g., in the domains of engineering
and health care. The field of Evolutionary Computation (EC) can be considered to be a
sub-field of Al, concerning optimization using Evolutionary Algorithms (EAs), which
are population-based (meta-)heuristics that employ the Darwinian principles of
evolution, i.e., variation and selection. Such EAs are historically mainly considered for
the optimization of difficult, non-linear problems in a Black-Box Optimization (BBO)
setting, because EAs can effectively optimize such problems even when very little is
known about the optimization problem and its structure. This is in contrast to
optimization methods that are specifically designed for certain problems of which the
definition and structure are known, i.e., a White-Box Optimization (WBO) setting.

However, classic EAs are highly unlikely to scale well to optimization problems with
large numbers of variables, because their variation operators do not take into account
the structure of the optimization problem. As a consequence, there is an increasing
probability of violating important dependencies as the number of variables grows,
leading to inefficiency. Instead, in Model-Based Evolutionary Algorithms (MBEAs), the
structure of the optimization problem is attempted to be captured in a model, which
can be exploited to improve the effectiveness of the optimization process. Such a model
is generally learned during optimization, but it may also be learned before optimization
based on a limited amount of available knowledge about the structure of the
optimization problem, if such information is available. If this is the case, the
optimization setting is considered to be a Gray-Box Optimization (GBO) setting.

Of particular interest is the Gene-pool Optimal Mixing Evolutionary Algorithm
(GOMEA), which is an MBEA originally introduced for discrete optimization that
captures the dependency structure of the optimization problem in what is called a
linkage model. The linkage model is then used to apply variation to (small) subsets of
variables, only accepting variation steps that lead to an improvement in fitness. This led
to excellent performance and scalability for optimization problems with substructures
of limited complexity. Besides exploiting domain knowledge to learn a linkage model,
one of the main benefits of GOMEA in a GBO setting is that it can exploit partial
evaluations, which are relatively computationally efficient function evaluations that are
used to update the fitness of a solution after its partial modification. Such partial
evaluations can only be applied to optimization problems for which the structure
allows for partial updates of the fitness. Moreover, this requires a GBO setting;
otherwise it cannot be assumed that any knowledge about the structure of the
optimization problem is known.

The main research goal of this thesis is to design real-valued MBEAs capable of
efficiently and effectively scaling to large-scale optimization problems with thousands
or even millions of variables. In particular, we consider two real-world medical
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applications: the optimization of treatment plans for High-Dose-Rate (HDR)
brachytherapy, i.e., a type of internal radiation treatment, for prostate cancer, and
Deformable Image Registration (DIR), i.e., an application that requires finding an
anatomically plausible deformation from a given source image to a given target image
with the purpose of determining how tissue has deformed during the period between
the acquisition of the source and the target image. Both these applications require the
optimization of multiple, conflicting objectives. For such multi-objective optimization
problems, EAs are known to be among the state of the art. Furthermore, partial
evaluations are possible within each of these applications, enabling their optimization
in a GBO setting. However, prior to the start of this thesis, only limited work had been
done on exploiting a GBO setting in the domain of real-valued optimization, despite the
fact the aforementioned applications, and many other real-world applications, are
real-valued.

For this purpose, in Chapter 2, the Real-Valued GOMEA (RV-GOMEA), a variant of
GOMEA for the domain of real-valued optimization, is introduced, because GOMEA was
previously known to achieve excellent performance in a discrete GBO setting. This real-
valued adaptation of GOMEA, like the discrete GOMEA, uses a linkage model to exploit
the problem structure for more effective variation. Essentially, variation is applied to
multiple subsets of problem variables for each solution. To bring the main strengths of
GOMEA to the domain of real-valued optimization, it is combined with the well-known
real-valued optimization algorithms AMaLGaM and CMA-ES, leading to two versions
of RV-GOMEA. Both versions are shown to achieve similar, excellent performance and
scalability in a GBO setting, which can be orders of magnitude better than that of EAs
unable to efficiently exploit the GBO setting.

Though RV-GOMEA can achieve excellent performance in a GBO setting, it has
difficulties optimizing problems with strong, low-order dependencies between
overlapping subsets of variables. Despite the fact that such problems are difficult to
optimize, they still allow for partial evaluations, enabling a potentially large increase in
performance in a GBO setting. Therefore, in Chapter 3, a new type of linkage model that
is better capable of capturing overlapping dependencies, i.e., the conditional linkage
model, is introduced to be used with RV-GOMEA. These linkage models are compared
to traditional, non-conditional linkage models, and to VkD-CMA, a state-of-the-art
variant of CMA-ES for large-scale optimization that uses a decomposition to improve its
efficiency. We find that RV-GOMEA with a conditional linkage model achieves the best
performance on most optimization problems, and that conditional linkage models
perform similar or better than non-conditional linkage models. Therefore, the
introduction of conditional linkage models enlarges the class of problems which
RV-GOMEA can efficiently and effectively find good solutions for in a GBO setting.

For many real-world applications, it is important that the optimization process is
performed as fast as possible. Besides employing algorithmic improvements for this
purpose, the use of large-scale computing power can also lead to a substantial increase
in efficiency. Because the frequency of single processor cores are nearing their physical
limits, parallelization is a very commonly used technique for the use of large-scale
computing power. Moreover, EAs can trivially be parallelized due to their
population-based search. However, in a GBO setting that allows for partial evaluations,
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it may be possible to exploit an even larger scale of parallelism, because it is known that
the optimization problem consists of a large number of subfunctions that may be
computed in parallel. In Chapter 4, the potentially achievable speed-ups of the
optimization of real-world problems are analyzed for different large-scale computing
hardware. It was found that the best performing parallelization technique depends on
the computational complexity, and parallelization potential of the subfunctions. In
most scenarios that would occur in real-world problems, i.e., with at least a moderate
number of subfunctions, it was found that the use of a Graphics Processing Unit (GPU)
is the most efficient. This analysis was then specifically repeated for the application of
prostate HDR brachytherapy, for which it was also found that the GPU is the best
approach to improve performance through parallelization.

In Chapter 5, GPU parallelization, along with a small number of algorithmic
enhancements, is applied to the real-world problem of treatment planning for HDR
prostate brachytherapy. In particular, a novel bi-objective formulation of this problem
is considered with the purpose of reducing the time required to find high-quality
solutions under this formulation using EAs from one hour to a time that is clinically
acceptable. The required time before convergence of the optimization, and the quality
of the optimized treatment plans, is analyzed for a set of 18 patients for two different
settings of the number of dose calculation points, i.e., a setting that determines the
accuracy of the radiation dose calculation. It was found that the setting for the number
of dose calculation points that previously required one hour of computation time, now
requires as little as 30 seconds due to the aforementioned efficiency enhancements
when leveraging a GPU. A more accurate setting corresponding to a higher number of
dose calculation points resulted in higher quality treatment plans within 3 minutes of
computation, which is still considered to be clinically acceptable. Furthermore,
additional experiments with even higher numbers of dose calculation points showed no
substantial improvement in the quality of the treatment plans being optimized.

For various applications in a GBO setting, there is further potential for
parallelization when using RV-GOMEA, because RV-GOMEA applies variation to small
subsets of variables. When such subsets of variables are conditionally independent,
variation steps may be applied to each of these subsets in parallel. For
high-dimensional problems, the fact that this extra potential for parallelizability can be
combined with the parallelization of the population, leads to a substantial increase in
overall parallelizability. In Chapter 6, a parallelization of the GOM variation operator is
implemented on a GPU to exploit this large parallelization porential, and applied to the
DIR problem. It was found that similar high-quality results can be achieved up to two
orders of magnitude faster due to the parallel application of GOM.

When an optional specific third objective of DIR is used to guide the optimization,
the resulting set of solutions is a 3-dimensional approximation front, ie., a
2-dimensional manifold in 3-dimensional space, from which a clinical expert has to
select the deformation that is the most suitable for the respective patient. Intuitively
selecting the preferred deformation can be difficult due to the fact that it is difficult to
navigate through a 3-dimensional approximation front of solutions, and the fact that
this front may have an irregular shape. For this reason, in Chapter 7, a visualization
technique is introduced that maps a 3-dimensional front to a set of points within a
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2-dimensional simplex. This mapping requires the optimization of a bi-objective
problem, with a trade-off between optimally scattering the points and maintaining the
relative positions of points on the original front. We tackled this problem with
RV-GOMEA in a GBO setting. It was found that the mapping of the 3-dimensional front
to a 2-dimensional simplex results in a representation where each of the points is easily
distinguishable and located in an intuitive location relative to the nearby points in the
original front.

Given the results presented in this thesis, it can be concluded that RV-GOMEA has
great potential for large-scale optimization, in particular in case of a GBO setting, and
even more so when (large-scale) parallel computing power is available. Its introduction
in this thesis therefore opens the door to many potential future real-world applications.
This has particularly been acknowledged with the clinical introduction of BRIGHT, i.e.,
the bi-objective optimization of treatment plans for prostate HDR brachytherapy using
GOMEA, in March 2020, at the Amsterdam University Medical Centers (UMC), location
Academic Medical Center (AMC).



SAMENVATTING

In de afgelopen jaren is het gebruik van Kunstmatige Intelligentie (KI) gangbaar
geworden in een groot aantal maatschappelijk relevante technieken, bijvoorbeeld op
het gebied van machinebouw en gezondheidszorg. Het gebied van Evolutionaire
Computatie (EC) kan worden beschouwd als een subgebied van KI, met betrekking tot
optimalisatie met behulp van Evolutionaire Algoritmen (EA’). Dit zijn
op-populatie-gebaseerde (meta-)heuristieken die de Darwiniaanse principes van
evolutie gebruiken, d.w.z. variatie en selectie. Dergelijke EA's worden van oudsher
voornamelijk overwogen voor de optimalisatie van moeilijke, niet-lineaire problemen
in een Black-Box Optimalisatie (BBO)-omgeving, omdat EA’s dergelijke problemen
effectief kunnen optimaliseren, zelfs als er heel weinig bekend is over het
optimalisatieprobleem en de structuur ervan. Dit in tegenstelling tot
optimalisatiemethoden die specifiek zijn ontworpen voor bepaalde problemen
waarvan de definitie en structuur bekend zijn. In dit geval spreken we van een
White-Box Optimalisatie (WBO)-omgeving.

Het is echter zeer onwaarschijnlijk dat klassieke EAs goed schalen naar
optimalisatieproblemen met grote aantallen variabelen, omdat hun variatie-operatoren
geen rekening houden met de structuur van het optimalisatieprobleem. Als gevolg
hiervan is er een toenemende kans op het schenden van belangrijke athankelijkheden
naarmate het aantal variabelen groeit, wat leidt tot inefficiéntie. In plaats daarvan
wordt in ModelgeBaseerde Evolutionaire Algoritmen (MBEA’s) geprobeerd de structuur
van het optimalisatieprobleem vast te leggen in een model dat kan worden benut om de
effectiviteit van het optimalisatieproces te verbeteren. Een dergelijk model wordt over
het algemeen geleerd tijdens de optimalisatie, maar kan ook worden geleerd v66r de
optimalisatie op basis van een beperkte hoeveelheid beschikbare kennis over de
structuur van het optimalisatieprobleem, mits dergelijke informatie beschikbaar is. In
dit geval wordt de optimalisatie-omgeving beschouwd als een Gray-Box Optimalisatie
(GBO)-omgeving.

Van bijzonder belang is het Gene-pool Optimal Mixing Evolutionair Algoritme
(GOMEA), een MBEA dat oorspronkelijk is geintroduceerd voor discrete optimalisatie
en dat expliciet de athankelijkheidsstructuur van het optimalisatieprobleem vastlegt in
een zogenaamd koppelingsmodel. Het koppelingsmodel wordt vervolgens gebruikt om
variatie toe te passen op (kleine) deelverzamelingen van variabelen, waarbij alleen
variatiestappen geaccepteerd worden die leiden tot een verbetering van de fitheid, wat
leidt tot uitstekende prestaties en schaalbaarheid op optimalisatieproblemen met
substructuren van beperkte complexiteit. Naast het benutten van domeinkennis om
een koppelingsmodel te leren, is een van de belangrijkste voordelen van GOMEA in een
GBO-omgeving dat het gedeeltelijke evaluaties kan benutten. Rekenkundig gezien zijn
dit relatief efficiénte functie-evaluaties die worden gebruikt om de fitheid van een
oplossing bij te werken na de gedeeltelijke wijziging ervan. Deze gedeeltelijke evaluaties
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kunnen alleen worden toegepast op optimalisatieproblemen waarvan de structuur
gedeeltelijke updates van de fitheid toelaat. Bovendien vereist deze techniek een
GBO-omgeving. Als dit niet het geval is, kan niet worden aangenomen dat enige kennis
over de structuur van het optimalisatieprobleem bekend is.

Het belangrijkste onderzoeksdoel van dit proefschrift is het ontwerpen van
continue MBEA’s die efficiént en effectief kunnen worden geschaald naar grootschalige
optimalisatieproblemen met duizenden of zelfs miljoenen variabelen. In het bijzonder
beschouwen we twee medische toepassingen: de optimalisatie van behandelplannen
voor High-Dose-Rate (HDR), ofwel hoog dosistempo, brachytherapie, d.w.z. een type
interne bestralingsbehandeling, voor prostaatkanker, en Deformable Image Registration
(DIR), ofwel vervormbare beeldregistratie, d.w.z. een toepassing waarbij een
anatomisch plausibele vervorming moet worden gevonden van een bepaald bronbeeld
naar een bepaald doelbeeld met als doel te bepalen hoe weefsel zich heeft verplaatst
en/of vervormd tijdens de periode tussen het maken van het bron- en het doelbeeld.
Beide toepassingen vereisen de optimalisatie van meerdere, tegenstrijdige
doelstellingen, waarvan bekend is dat EAs tot de huidige meest vooraanstaande
techniek behoren. Bovendien zijn binnen elk van deze toepassingen gedeeltelijke
evaluaties mogelijk, waardoor ze geoptimaliseerd kunnen worden in een
GBO-omgeving. Echter, voorafgaand aan de start van dit proefschrift was er slechts
beperkt werk verricht op het gebied van het exploiteren van een GBO-omgeving in het
domein van continue optimalisatie, ondanks het feit dat de bovengenoemde
toepassingen, en vele andere echte toepassingen, continue variabelen hebben.

Met dit onderzoeksdoel voor ogen wordt in Hoofdstuk 2 de Real-Valued GOMEA
(RV-GOMEA), ofwel Continue GOMEA, een variant van GOMEA voor het domein van
continue optimalisatie, geintroduceerd, omdat van GOMEA bekend was dat het
uitstekende prestaties behaalde in een discrete GBO-omgeving. Deze continue
aanpassing van GOMEA, evenals de discrete GOMEA, gebruikt een koppelingsmodel
om de probleemstructuur te benutten voor effectievere variatie. In wezen wordt hierbij,
voor elke oplossing, variatie toegepast op meerdere deelverzamelingen van de
probleemvariabelen. Om de belangrijkste sterke punten van GOMEA naar het domein
van continue optimalisatie te brengen, wordt het gecombineerd met de bekende
continue optimalisatie-algoritmen AMaLGaM en CMA-ES, wat leidt tot twee versies van
RV-GOMEA. Van beide versies wordt aangetoond dat ze vergelijkbare, uitstekende
prestaties en schaalbaarheid behalen in een GBO-omgeving, die meerdere orden van
grootte beter kunnen zijn dan die van EA’s die de GBO-omgeving niet efficiént kunnen
benutten.

Hoewel RV-GOMEA uitstekende prestaties kan leveren in een GBO-omgeving, heeft
het problemen met het optimaliseren van problemen met sterke lage-orde
afthankelijkheden tussen overlappende deelverzamelingen van variabelen. Ondanks het
feit dat dergelijke problemen moeilijk te optimaliseren zijn, laten ze toch gedeeltelijke
evaluaties toe, wat een potentieel grote prestatieverhoging in een GBO-omgeving
mogelijk maakt. Daarom wordt in Hoofdstuk 3 een nieuw type koppelingsmodel,
namelijk het voorwaardelijke koppelingsmodel, geintroduceerd voor gebruik in
RV-GOMEA. Dit type koppelingsmodellen, dat beter in staat is om overlappende
athankelijkheden vast te leggen, wordt vergeleken met traditionele,
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niet-voorwaardelijke koppelingsmodellen en met VkD-CMA, een moderne variant van
CMA-ES voor grootschalige optimalisatie, dat een decompositie gebruikt om de
efficiéntie van de optimalisatie te verbeteren. We observeren dat RV-GOMEA in
combinatie met een voorwaardelijk koppelingsmodel de beste prestaties levert op de
meeste optimalisatieproblemen, en dat voorwaardelijke koppelingsmodellen
vergelijkbaar of beter presteren dan niet-voorwaardelijke koppelingsmodellen. Daarom
vergroot de introductie van voorwaardelijke koppelingsmodellen de klasse van
problemen waarop RV-GOMEA efficiént kan worden toegepast in een GBO-omgeving.

Voor veel toepassingen in reéle situaties is het belangrijk dat het optimalisatieproces
zo snel mogelijk wordt uitgevoerd. Naast het toepassen van algoritmische
verbeteringen, kan ook het gebruik van grootschalige rekenkracht leiden tot een
substantiéle verhoging van de efficiéntie. Omdat de frequentie van processorkernen
haar fysieke limiet nadert, is parallellisatie een veelgebruikte techniek voor het gebruik
van grootschalige rekenkracht. Bovendien kunnen EA’s triviaal worden geparallelliseerd
vanwege het gebruik van een populatie. In een GBO-omgeving die gedeeltelijke
evaluaties mogelijk maakt, kan het echter mogelijk zijn om een nog grotere schaal van
parallellisme te benutten, omdat bekend is dat het optimalisatieprobleem bestaat uit
een groot aantal deelfuncties die parallel kunnen worden berekend. In Hoofdstuk 4
worden de potentieel haalbare versnellingen van reéle problemen geanalyseerd voor
meerdere soorten computerhardware voor grootschalige berekeningen. Het bleek dat
de best presterende parallellisatietechniek athangt van de vereiste rekentijd en het
parallellisatiepotentieel van de deelfuncties. In de meeste scenario’s die zich zouden
voordoen bij reéle toepassingen, d.w.z. met ten minste een matig aantal deelfuncties,
bleek het gebruik van een Graphics Processing Unit (GPU), ofwel een grafische
processor, het meest efficiént te zijn. Deze analyse werd vervolgens specifiek herhaald
voor de toepassing van HDR-brachytherapie voor de prostaat, waarbij ook werd
vastgesteld dat het gebruikt van een GPU de beste aanpak is ter verbetering van de
efficiientie d.m.v. parallelizatie.

In Hoofdstuk 5 wordt GPU-parallellisatie, samen met een klein aantal algoritmische
verbeteringen, toegepast op het proces van behandelingsplanning voor
HDR-prostaatbrachytherapie. In het bijzonder wordt een nieuwe bi-objectieve, d.w.z.
met twee tegenstrijdige doelstellingen, formulering van deze toepassing overwogen
met als doel de tijd die nodig is om met behulp van EA's hoogwaardige oplossingen te
vinden te verminderen van één uur tot een tijd die klinisch acceptabel is. De benodigde
tijd voor convergentie van de optimalisatie, en de kwaliteit van de geoptimaliseerde
behandelplannen, wordt geanalyseerd voor een verzameling van achttien patiénten
voor twee verschillende instellingen van het aantal dosisberekeningspunten, d.w.z. een
instelling die de nauwkeurigheid van de dosisberekening bepaalt. Het bleek dat, door
de bovengenoemde efficiéntieverbeteringen, de rekentijd voor de instelling van het
aantal dosisberekeningspunten die voorheen een uur rekentijd vergde, is gereduceerd
tot dertig seconden. Een nauwkeurigere instelling die overeenkomt met een hoger
aantal dosisberekeningspunten resulteerde in behandelplannen van hogere kwaliteit
binnen drie minuten rekentijd, wat nog steeds als klinisch acceptabel wordt
beschouwd. Bovendien lieten aanvullende experimenten met nog hogere aantallen
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dosisberekeningspunten geen substantiéle verbetering zien in de kwaliteit van de
geoptimaliseerde behandelplannen.

Voor verschillende toepassingen in een GBO-omgeving is er extra potentieel voor
parallellisatie bij gebruik van RV-GOMEA, omdat RV-GOMEA variatie toepast op kleine
deelverzamelingen van variabelen. = Wanneer dergelijke deelverzamelingen van
variabelen voorwaardelijk onafhankelijk zijn, kunnen variatiestappen parallel worden
toegepast op elk van deze deelverzamelingen. Gezien het feit dat dit extra potentieel
voor parallelliseerbaarheid wordt gecombineerd met de parallellisatie van de populatie,
leidt dit voor hoogdimensionale problemen tot een aanzienlijke toename van de
algehele parallelliseerbaarheid. In Hoofdstuk 6 wordt een parallellisatie van de
GOM-variatie-operator geimplementeerd op een GPU, ter exploitatie van de
grootschalige parallelizatiecapaciteit daarvan, en toegepast op de DIR-toepassing. Het
bleek dat vergelijkbare resultaten van hoge kwaliteit tot twee ordes van grootte sneller
kunnen worden bereikt door de parallelle toepassing van GOM.

Wanneer een optionele specifieke derde doelstelling van DIR wordt gebruikt om de
optimalisatie te begeleiden, is de resulterende reeks oplossingen een driedimensionaal
benaderingsfront, d.w.z. een tweedimensionale variéteit in een driedimensionale
ruimte, waaruit een klinisch expert de vervorming die het meest geschikt is voor de
betreffende patiént dient te selecteren. Het intuitief selecteren van de gewenste
vervorming kan moeilijk zijn vanwege het feit dat het moeilijk is om door een
driedimensionaal benaderingsfront van oplossingen te navigeren en het feit dat dit
front een onregelmatige vorm kan hebben. Om deze reden wordt in Hoofdstuk 7 een
visualisatietechniek geintroduceerd die een driedimensionaal front afbeeldt op een
reeks punten binnen een tweedimensionale simplex. Deze afbeelding vereist de
optimalisatie van een bi-objectief probleem met een afweging tussen het optimaal
verstrooien van de punten en het behouden van de relatieve posities van punten op het
oorspronkelijke front. Dit probleem is geoptimaliseerd met RV-GOMEA in een
GBO-omgeving. Hieruit bleek dat het in kaart brengen van een driedimensionaal front
op een tweedimensionale simplex resulteert in een representatie waarin elk van de
punten gemakkelijk te onderscheiden is en zich op een intuitieve locatie bevindt ten
opzichte van nabijgelegen punten in het oorspronkelijke front.

Gezien de resultaten die in dit proefschrift worden gepresenteerd, kan worden
geconcludeerd dat RV-GOMEA een groot potentieel heeft voor grootschalige
optimalisatie, voornamelijk in een GBO-omgeving, maar vooral als er beschikking is
over (grootschalige) parallelle rekenkracht. De introductie ervan in dit proefschrift
opent daarom de deur naar veel potentiéle toekomstige reéle toepassingen. Een
erkenning hiervan is met name de klinische introductie van BRIGHT, d.w.z. de
bi-objectieve optimalisatie van behandelplannen voor HDR-brachytherapie voor
prostaatkanker met behulp van GOMEA, in maart 2020, in de Amsterdam Universitair
Medische Centra (UMC), locatie Academisch Medisch Centrum (AMC).



INTRODUCTION

HE explosive growth of research on Artificial Intelligence (AI) in recent
T years is increasingly leading to many societally relevant applications. Even in the
mainstream media Al has gained an increasing amount of attention. Today,
applications of Al range from self-driving cars [17] to advanced medical diagnostic tools
[43], or stock market trading [45].

It is oftentimes mainly the field of deep learning, a sub-field of Al, that is associated
with Al, but many more fields of research exist within the field of Al. Many of such
forms of Al, in particular machine learning methods, are essentially built on statistics
and optimization methods. Similarly, the field of Evolutionary Computation (EC) is a
sub-field of optimization, as well as Al, concerning population-based search
(meta)heuristics inspired by the Darwinian cornerstones of evolution: variation and
selection. Though this field started with algorithms using relatively simple concepts
[18, 59], many more sophisticated algorithms have been introduced, often applicable to
a wide range of societally relevant applications, e.g., in engineering [36].

These Evolutionary Algorithms (EAs) [13, 37, 59], have mainly been advocated and
used for Black-Box Optimization (BBO) scenarios in which very little (e.g., only the
types of variables) is assumed to be known about a problem to be solved. Often, these
optimization problems are assumed to have properties that make them difficult to
optimize for conventional, more efficient, White-Box Optimization (WBO) techniques
like gradient descent. Such properties include non-differentiable objectives,
non-convex problem landscapes, or multiple conflicting objectives. Even (real-world)
optimization problems for which the exact definition is known, can have such
properties, making them very difficult to optimize, and thus still warranting the use of
advanced search (meta)heuristics like EAs. Classic EAs can effectively optimize such
problems, though they do not exploit the fact that the structure of the optimization
problem may very well be known, and they generally do not scale to problems with a
large number of problem variables. The variation operators used by classic EAs are
often said to be blind, meaning that they do not take into account the structure of the
optimization problem. Knowing the structure of your problem and having the ability to
exploit this knowledge can make a very big impact on the efficiency of an EA [113]. For
this reason, in Model-Based EAs (MBEAs) [49, 62, 115] the structure of the optimization
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problem is attempted to be captured in a model that can be learned during
optimization, allowing the application of variation in a way that better fits the
optimization problem. Of particular interest is the relatively recent type of MBEA
known as the Gene-pool Optimal Mixing Evolutionary Algorithm (GOMEA) [115] that
learns an explicit dependency model and uses this model to exploit the dependency
structure of all problem variables. This is interesting, because large optimization
problems are generally not completely jointly dependent, but rather have substructures
of a bounded complexity that are jointly dependent. Therefore, exploiting such
substructures has high potential for improved scalability or even parallelizability. Prior
to the start of this thesis, there was only limited work on this for real-valued variables,
despite the fact that many real-world problems are indeed real-valued.

1.1. GUIDE TO THE THESIS

The main research goal of this thesis was to design real-valued MBEAs capable of
efficiently scaling to large-scale optimization problems with thousands or even millions
of variables. In particular, the goal was to understand to what extent optimal mixing
could be used for real-valued variables and how modern means of parallel computing,
such as Graphics Processing Units (GPUs), could be exploited. At the same time, this
thesis was part of a project focused on a real-world medical application: the treatment
of prostate cancer using High-Dose-Rate (HDR) prostate brachytherapy [32], a form of
internal radiation treatment. A second application of interest is that of Deformable
Image Registration (DIR) [109], which concerns finding an anatomically plausible
non-rigid deformation between a pair of medical images.

The research described in this thesis was part of the research program named
ICT-based Innovations in the Battle against Cancer - Next-Generation Patient-Tailored
Brachytherapy Cancer Treatment Planning, a collaboration between researchers from
Centrum Wiskunde & Informatica (CWI) and the Amsterdam University Medical
Centers (Amsterdam UMC), location Academic Medical Center (AMC), financed by the
Netherlands Organisation for Scientific Research (NWO) and Elekta. As a result of this
project, treatment planning with BRIGHT (BRachytherapy via artificially Intelligent
GOMEA-Heuristic based Treatment planning) for prostate HDR brachytherapy was
clinically introduced in the Amsterdam UMC, location AMC, on March 17, 2020. This
thesis describes various works of research that were essential for the development and
clinical introduction of BRIGHT.

This thesis is structured in such a way that fundamental research on MBEAs is
discussed first. In Chapter 2 the real-valued variant of GOMEA, Real-Valued GOMEA
(RV-GOMEA), is introduced, which is a real-valued MBEA that explicitly models
problem dependencies, and uses Gaussian probability distributions estimated with
maximum likelihood to explore the search space. RV-GOMEA is then enhanced with a
different type of dependency model, one that can better deal with optimization
problems with strong overlapping dependencies, in Chapter 3. In Chapter 4, the
groundwork is laid for the use of state-of-the-art parallel computing methods within
RV-GOMEA, by comparing different methods in different scenarios ranging from low to
high potential for parallelization. In Chapter 5, these findings are then applied to speed
up the application of RV-GOMEA to treatment planning for prostate HDR
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brachytherapy. Chapter 6 shows how an even larger scale of parallelization may be
achieved, in particular on the DIR application. In Chapter 7, RV-GOMEA is used to
improve the intuitiveness of exploring a 3-dimensional solution set that is the result of
the optimization of the DIR application, by finding an intuitive mapping of these
solutions to a 2-dimensional space. In the remainder of this introduction, the research
questions of these aforementioned chapters are introduced, and related work is
discussed. Finally, in Chapter 8, it is discussed to what degree these research questions
have been answered, which research questions remain, and if the work described in this
thesis has led to new research questions.

1.2. OPTIMIZATION

A (real-valued, single-objective) optimization problem is primarily defined by a
function f : R’ — R mapping from an ¢-dimensional problem space to a
one-dimensional objective space. The problem space consists of the problem variables
X =[X1,Xp,..., X¢], which are indexed through I =[1,2,...,£]. This problem space may
be constrained by a constraint function g : R — R that maps a potential solution to a
constraint value that indicates the (in)feasibility of the solution. A potential solution to
such an optimization problem is an ¢-dimensional vector x = [x],X2,...,x,] that
represents the realized values of all problem variables. The optimum of f is denoted
f* =min,ge f(x).

Exact algorithms, e.g., (integer) linear programming (63, 119], branch and bound
(26, 74], or dynamic programming [14], offer a provable guarantee of finding an optimal
solution, but are either restricted to a very narrow class of problems, or have very high
computational complexity, meaning that their execution times increase dramatically
with the problem size, making them virtually unusable for many problems of even
moderate size.

Furthermore, real-world problems, especially when accounting for realistic details
in the problem, may have all kinds of properties that make them difficult to optimize,
e.g., a non-smooth, non-continuous problem landscape. In order to make the
optimization process easier, the real-world problem may be formulated in a way that
results in a problem landscape with desirable properties, for example by smoothing the
problem landscape. This will, however, result in a problem landscape that no longer
matches the true problem landscape of the real-world problem, which could result in
misalignment of the global optimum of the reformulated problem and that of the true,
real-world optimum. The use of an exact algorithm therefore no longer guarantees that
the global optimum of the true problem landscape will be found.

Non-exact algorithms, i.e., approximation algorithms and heuristics, do not
guarantee to find the optimum of the optimization problem, but they are more efficient
or more generally applicable than exact algorithms. Approximation algorithms
guarantee to approximate the optimum with a given precision, whereas heuristics may
not give such a guarantee. Approximation algorithms and heuristics are generally
designed for a particular type of problem, making them White-Box Optimization
(WBO) methods. Metaheuristics, e.g., evolutionary algorithms [13, 37, 59], simulated
annealing [118], or tabu search [48], are a different type of algorithms that are instead
often designed for problems of which little or no domain knowledge is available.
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A Gray-Box Optimization (GBO) setting is one where a limited amount of domain
knowledge is used to aid the optimization process. Various kinds of GBO settings have
been used in the field of EAs as a way of enhancing the performance of these
metaheuristics on specific problems, e.g., by introducing problem-specific variation
operators [41], applying function transforms [122], or using a more efficient way of
calculating the objective value [11].

1.3. MULTI-OBJECTIVE OPTIMIZATION

Appropriately modeling a real-world problem can be a difficult task. An important
factor contributing to this may be that the real-world problem does not only have a
single objective (of interest), but it has multiple conflicting ones. We denoted this as a
vector of objectives f(x) = [fi(x), f2(x),..., fr(x)]. In this case, the optimization problem
would be considered a multi-objective, or multi-criterion, problem [40, 53, 93]. Given
that the objectives are conflicting, no single solution exists that achieves the optimal
value for each of the objectives. Because this hypothetical optimal solution is
impossible to achieve, a trade-off must be made between each of the objectives, and
each solution achieving an optimal trade-off is said to be Pareto optimal. For any
solution that is Pareto optimal, no solution exists that Pareto dominates it, meaning
that no solution exists that can be considered to have a strictly higher quality from a
multi-objective perspective. A solution is considered to dominate a different solution
when it is at least equally good in all objectives, and strictly better in at least one
objective. The set of Pareto optimal solutions is called the Pareto set, and the set of
points that the Pareto set maps to in objective space is called the Pareto front.

Examples of multi-objective optimization may be found in various real-world
problems, such as radiation treatment planning [27, 30, 81], vehicle routing [64, 68],
other types of planning problems [4, 52], or a range of problems in the field of machine
learning [7, 47, 66].

Multiple approaches exist for the optimization of multi-objective optimization
problems. One fairly straightforward approach is using linear scalarization to define a
weighted average of all objectives, and using a single-objective optimization method
that produces a single solution [65]. A downside of this approach is that it may be
difficult and unintuitive to determine appropriate weights for each of the objectives.
Therefore, finding the solution with the best trade-off between the multiple objectives
may require many repetitions of the single-objective optimization method.

A different approach is one where the goal of the optimization method is not to find
just one appropriate solution, but a set of appropriate solutions with different
trade-offs. A set of solutions is desired that is as close as possible to the Pareto front, i.e.,
a Pareto-approximation front, and which uniformly covers the Pareto front. The quality
of a Pareto-approximation front can be evaluated using different metrics, such as the
Inverted Generational Distance (IGD) [23, 34], or hypervolume [128]. From the
Pareto-approximation front, an appropriate solution is selected by a decision maker,
generally an expert in the field of the application, in an a-posteriori decision-making
process [15, 31]. By allowing an expert to select from the set of optimized solutions,
valuable experience is incorporated in the decision-making process, some of which
would be difficult to formalize within one of the objectives of the optimization model.
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The decision-making process may be guided in various ways, e.g., by incorporating the
preferences of the decision maker a priori and guiding the search towards these
preferences [101, 112], or by guiding the decision maker during the process [50, 104].

To find a set of solutions for an a-posteriori decision making process, it is possible
to repeat single-objective scalarization a large number of times with different weights,
and combining the results into a set of solutions that approximates the Pareto set. Such
an approach, however, is tied to a number of disadvantages. Firstly, it may require a
large amount of computation time, because the optimization procedure is repeated a
large number of times. A second disadvantage is the fact that an even distribution of
weights may not lead to an evenly distributed set of solutions along the Pareto front [39].
Thirdly, it is impossible to find solutions on concave parts of a Pareto front when using
linear scalarization [40]. Instead, population-based search heuristics, such as EAs, have
a natural synergy with the desire for a large set of diverse, high-quality solutions that
arises in multi-objective optimization. Such solutions are generally maintained during
optimization in a set of non-dominated solutions, named the elitist archive [23, 80, 127].
Mainly for this reason, EAs are considered to be among the state of the art for multi-
objective optimization [38].

1.4. EVOLUTIONARY ALGORITHMS

EAs [13, 37, 59] are metaheuristics inspired by key Darwinian principles of evolution:
variation and selection. In an EA, a population of potential solutions is subject to
repeated variation and selection, with the purpose of exploring diversity and exploiting
quality of above-average solutions, respectively, so as to improve the quality of the
population as a whole over time, i.e., across multiple so-called generations. A solution
in the population is often referred to as an individual, and the problem variables of a
solution map to the alleles of an individual, which together form its genotype. The
quality of a solution is often referred to as its fitness value. Often, a one-to-one mapping
from the problem variables to the alleles of an individual, and from the objective value
of a solution to its fitness value, is used in EAs. Different mappings can, however, be
used in order to achieve different search behavior.

During each generation of the EA, the population is subject to variation, resulting in
a number of offspring solutions. Selection is then applied to determine which of the
solutions in the current population and the offspring will survive, and which will be
discarded. The population of the EA in the next generation will then consist of all
solutions that are selected.

Variation in an EA generally consists of crossover and/or mutation. During
variation, genetic material is exchanged between more than one individual. An
example variation operator is uniform crossover, which is applied to two parent
solutions and builds two offspring solutions; one for which each allele is selected from
either of the parents with equal probability, and its complement. In one-point
crossover, a crossover point is randomly selected within the genotype of the parents,
and the parents exchange all genes to the right of the crossover point. Examples of the
application of these two types of crossover are displayed in Figure 1.1.

The application of most EAs to an optimization problem does not require any
domain-specific knowledge. Instead, only the definition of an objective function is
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Uniform crossover One-point crossover
Parents Offspring Parents Offspring
01100011 - 01000111 01100011 - 01100010
11010110 11110010 11010110 11010111

Figure 1.1: Uniform and one-point crossover applied to examples of arbitrary solutions of 8 binary variables.

required, making them straightforwardly usable for BBO without applying relaxations
to the optimization problem, which may change the landscape of the problem or even
the location of the global optimum. Furthermore, due to the population-based search,
EAs are not as prone to get stuck in local optima as single-solution-based optimization
methods, are well-suited for the optimization of problems with non-smooth
landscapes, and are considered to be among the state-of-the-art for multi-objective
optimization [39]. Thanks to these properties, EAs have been successfully applied to
difficult real-world problems, such as antenna design [60] and various other
engineering applications [36].

Though EAs are powerful algorithms that can deal with very difficult problems, this
comes at the cost of being relatively computationally expensive. Furthermore, the
performance of EAs greatly depends on the effectiveness of the variation operator for
the respective problem. For example, the standard Genetic Algorithm (GA) requires an
exponentially large population size for various difficult problems, due to its ineffective
mixing operator [113].

Various types of methods have been introduced to improve the scalability of EAs on
difficult optimization problems, for example by decomposing the proble