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Abstract

The OSSS inequality (O’Donnell, Saks, Schramm and Servedio
[12]) gives an upper bound for the variance of a function f of indepen-
dent 0-1 valued random variables ω1, · · · , ωn in terms of the influences
of these random variables and the computational complexity of a (ran-
domised) algorithm for determining the value of f .

Duminil-Copin, Raoufi and Tassion [5] obtained a generalization
to monotonic measures and used it to prove new results for Potts
models and random-cluster models. Their generalization of the OSSS
inequality raises the question if there are still other measures for which
a version of that inequality holds.

We derive a version of the OSSS inequality for a family of measures
that are far from monotonic, namely the k-out-of-n measures (these
measures correspond with drawing k elements from a set of size n uni-
formly). We illustrate the inequality by studying the event that there
is an occupied horizontal crossing of an R × R box on the triangular
lattice in the site percolation model where exactly half of the vertices
in the box are occupied.

Key words and phrases: OSSS inequality, percolation, randomized algorithm.

1 Introduction

1.1 Background and main results of the paper

The OSSS inequality [12] gives an upper bound for the variance of a function
f of independent 0-1 valued random variables in terms of their influences on
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f and their revealment probabililities with respect to an algorithm to deter-
mine the value of f . Since the break-through work by Duminil-Copin, Raoufi
and Tassion around 2017 it has become one of the main tools to prove sharp
phase transition in a number of important models from statistical mechanics.
In particular, in [4] they applied the OSSS inequality to Voronoi percolation
on Rd, and in [5] they extended the inequality to monotonic measures (mea-
sures satisfying the FKG lattice condition) and used that extension to prove
sharp phase transition for random-cluster and Potts models. That version of
OSSS was further extended, but still under the condition that the measure is
monotonic, by Hutchcroft [8] (who developed a two-function form and used it
to obtain new critical exponent inequalities) and by Dereudre and Houdebert
[3] (who gave a generalization in a continuum setting and used it to prove
sharp phase transition for the Widom-Rowlinson model).

The above raises the natural question whether the OSSS inequality can be
extended beyond the class of monotonic measures. Our main result, Theorem
1.1 below, is a version of the OSSS inequality for a family of measures which
are clearly non-monotonic, namely k-out-of-n measures.

Before stating the theorem, we will introduce the necessary definitions
and notation. Let E be a finite set and let k ≤ |E|, where |E| denotes the
size (i.e. cardinality) of |E|. If ω ∈ {0, 1}E, we will use the notation |ω| for
∑

e∈E |ωe|.
Informally, the k-out-of-E distribution (notation Pk,E) is the uniform distri-
bution on the set of all subsets of E of size k. Formally, we define Pk,E as
the following distribution on {0, 1}E: For each ω ∈ {0, 1}E,

Pk,E(ω) =

{

0, if |ω| 6= k
1

(|E|
k )

, if |ω| = k,

Often, when the set E is clear from the context, or only its size |E|
matters, we will simply write Pk,n instead of Pk,E, with n = |E| (and call it
a k-out-of-n distribution).

An increasing event is a set A ⊂ {0, 1}E with the property that, for all
pairs ω, σ with ω ∈ A and σ ∈ {0, 1}E, ω ≤ σ implies that σ ∈ A. (Here, as
usual, ω ≤ σ means that ωe ≤ σe for all e ∈ E.

Let ω ∈ {0, 1}E and A ⊂ {0, 1}E. An element e ∈ E is said to be pivotal
(w.r.t. ω and A) if exactly one of ω and ω(e) is in A. Here ω(e) denotes
the element of {0, 1}E obtained from ω by replacing ωe by 1 − ωe. We say
that e is 1-pivotal (resp. 0-pivotal) if e is pivotal and ωe = 1 (resp. 0).
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The probability (w.r.t. the measure Pk,E) that e is pivotal, also called the
(absolute) influence of e (on the event A), will be denoted by IAk,E(e). In
cases where the event A is clear from the context, we simply write Ik,E(e).

In addition, we will use the notation IA,1
k,E(e), and IA,0

k,E(e), for the probability
that e is 1- pivotal, and the probability that e is 0-pivotal respectively.

Somewhat informally, a decision tree is (in the present context) an algo-
rithm to check whether an ‘input string’ ω is in A, by ‘examining’ one by
one the elements of E (i.e. querying their ω-value ωe), where at each step
the next element of ∈ E to be examined depends on the already examined
elements of E and their ω-values. Note that if, after some step, the up to
then revealed ω-values already determine whether the input string is in A or
not, the algorithm may stop. That step wil be denoted by τ .

We will use the formal definition of a decision tree used in [5]: A decision
tree is a pair T = (e1, φ), with e1 ∈ E and φ of the form ((φ2, · · · , φn), where
each φt is a function which assigns, to each pair

(

(e1, · · · , et−1), ω(e1,··· ,et−1)

)

an element of E \ {e1, · · · , et−1}.
The corresponding algorithm is then as follows: First e1 is examined, i.e.

its value ωe1 is queried (and revealed). Depending on that value the next
element of E, namely the element e2 = φ2(e1, ωe1) is selected and exam-
ined. After the value ωe2 of e2 has been revealed, the next element, namely
e3 = φ3((e1, e2), (ωe1, ωe2) is examined etcetera.

The time τ mentioned before is then formally defined as

τ(ω) := min{t ≥ 1 : for all ω′ ∈ {0, 1}E with ω′
e[t]

= ωe[t], IA(ω
′) = IA(ω)}.

(1) {def-tau}{def-tau}

Note that τ depends on A and T although this is not visible in the notation.
If the string ω is generated according to a probability distribution P under

which some ω ∈ {0, 1}E have probability 0 (which is the case with the k-
out-of-n measures studied in the current paper) we slightly change the above
definition of τ by replacing ‘all’ by ‘P-almost all’. One could say that a given
decision tree is ‘efficient’ (w.r.t. the probability distribution on the set of
input strings) if ‘typically’, or ‘on average’, the number τ is ‘small’.

In the case we focus on in this paper, namely the case where P = Pk,E,
the probability that the value at a given ‘site’ e ∈ E is revealed (for the
decision tree T ) will be denoted by δe(A, T ). So, formally,

δe(A, T ) = Pk,E(et = e for some t ≤ τ(ω)).
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Our main result, Theorem 1.1 below, is a version of the OSSS inequality
for k-out-of-n measures.

Theorem 1.1. Let E be a finite set and let A ⊂ {0, 1}E be an increasing
event. For every k ≤ |E| and every decision tree T ,

Pk,E(A)(1− Pk,E(A)) (2)

≤
∑

e∈E

IA,0
k,E(e) δe(A, T ) + log(|E|)

∑

e∈E

IA,0
k,E(e)

1

|E| − 1

∑

e′∈E

δe′(A, T ).

Observing that the second term in the r.h.s. above vanishes if |E| = 1,
and that 1/(|E| − 1) ≤ 2/|E| if |E| ≥ 2, it is clear that the following, more
compact form of the upper bound for Pk,E(A)(1 − Pk,E(A)) is at most a
constant factor 2 (or in fact 4/3) larger than that in (2).

Corollary 1.2. With E, A, k and T as in Theorem 1.1,

Pk,E(A)(1− Pk,E(A)) (3)

≤
∑

e∈E

IA,0
k,E(e) δe(A, T ) + 2 log(|E|)

∑

e∈E

IA,0
k,E(e) δ̄(A, T ),

where δ̄(A, T ) = 1
|E|

∑

e∈E δe(A, T ), the ‘average revealment per vertex’.

Remark 1.3. (a) The term with the logarithmic factor in (2) is not present
in the OSSS inequality for monotonic measures in [5]. This additional term
seems to be quite harmless, in the sense that the applications in [5] would
(as far as I know) still work if there would be such an extra term in their
inequality.
(b) As mentioned before, the OSSS inequality in [5] gives an upper bound for
the variance of a function. In many applications in that and other papers, the
corresponding function is the indicator function of an event. In our theorem
we restrict to such functions.

In Section 4 we illustrate the theorem by studying the event that there
is a horizontal crossing of an R × R box on the triangular lattice in the site
percolation model where exactly k of the n := R2 vertices are occupied. We
show, as stated in Theorem 4.1, that the expected number of pivotal sites
(and, consequently, the ‘discrete derivative’ with respect to the fraction of
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occupied sites) at the value k = R2/2) is larger than some positive power of
R. Although this result is not really surprising (see part (c) of Remark 4.5
at the end of this paper, we don’t know how to prove it without our main
result, Theorem 1.1 (see part (d) of Remark 4.5).

1.2 Organization of the paper

In Section 2 we give ingredients for the proof of our main result, Theorem
1.1: general ingredients (mainly from the first part of Section 2 of [5]) in
Section 2.1, and specific ingredients for k-out-of-n measures in Section 2.2.
In Section 3 we will then, usung these ingredients, present the proof of The-
orem 1.1.

In Section 4 we illustrate that theorem by applying it to box-crossing
probabilities for a percolation model on a box in the triangular lattice where
a fixed number of vertices is occupied: see Theorem 4.1 in that section. The
paper ends with an extended remark concerning, among other things, the
question whether Theorem 4.1 could be proved by different methods.

2 Ingredients for the proof of the main theo-

rem

2.1 General ingredients

In this subsection we present some results which hold for all distributions,
not only for k-out-of-n. These results come mainly from [5]. For convenience
we use the same notation as in that paper.
The following lemma in [5] about ‘encoding’ a random string with an arbi-
trary distribution in terms of independent random variables uniformly dis-
tributed on [0, 1], is intuitively appealing and has been used implicitly and in
different contexts in the literature before. We follow quite closely its formu-
lation in Lemma 2.1 of [5]. (The lemma is stated there only for monotonic
measures, although it is true for general probability measures).

Let, as before, E be a finite set and let n = |E|. Let µ be a probability
measure on {0, 1}E. For u ∈ [0, 1]n and e = (e1, · · · , en) a permutation of E,
define the element x = Fe(u) = F µ

e (u) ∈ {0, 1}n as follows:
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xe1 :=

{

1, if u1 ≥ µ(ωe1 = 0),

0, otherwise.
(4) {q:Fe-def}{q:Fe-def}

and, inductively, for 2 ≤ t ≤ n,

xet :=

{

1, if ut ≥ µ[ωet = 0 |ωe[t−1]
= xe[t−1]

],

0, otherwise.
(5) {q:Fe-def-2}{q:Fe-def-2}

Lemma 2.1. [[5], Lemma 2.1] Let U = (U1, · · · ,Un) be a sequence of
independent uniformly on [0, 1] distributed random variables, and let e =
(e1, · · · , en) be a random (not necessarily uniform) permutation of the ele-
ments of E. If, for every 1 ≤ t ≤ n, Ut is independent of (e[t],U[t−1]), then
Fe(U) has distribution µ.

Let, as in Theorem 1.1, A ⊂ {0, 1}n be an increasing event and let IA

denote its indicator function.
We will use the construction in the first part of Section 2 of [5] of a sequence
of suitably coupled random strings Y0, · · · ,Yn, each with distribution µ,
with the property that each pair of consecutive strings is ‘highly correlated’
and where IA(Y0) and IA(Yn) are independent. To make our paper self-
contained, we describe their construction here in detail. Again we remark
that although [5] presents the construction for monotonic measures µ, the
same construction works for general µ.

Let U = (U1, · · · ,Un) and V = (V1, · · · ,Vn) be independent strings
of iid random variables, all uniformly distributed on the interval [0, 1]. The
idea is to define first, using the Ui’s only, a triple e, X, τ , corresponding to
the decision tree in the statement of the main theorem. And then, with the
same e, but with some Ui’s suitably (depending on the value of τ) replaced
by Vi’s, the strings Yk, k = 1, · · · , n are defined in the way of (4) and (5).
Here are the details, with the same notation as in [5].

Define inductively, for t ≥ 1, (with φ and e1 as in the definition of a
decision tree T in the paragraphs preceding Theorem 1.1),

et =

{

e1 if t = 1,

φt(e[t−1],Xe[t−1]
) if t > 1,

(6) {def-e-induct}{def-e-induct}

and Xet =

{

1 if Ut ≥ µ(ωet = 0 |ωe[t−1]
= Xe[t−1]

,

0 otherwise.
(7) {def-X-induct}{def-X-induct}
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Further define (equivalently to the stopping time in (1)),

τ := min{t ≥ 1 : ∀x ∈ {0, 1}E with µ(x) > 0 and xe[t]
= Xe[t]

, IA(x) = IA(X)}.
(8) {def-tau-2}{def-tau-2}

The strings Yt, 0 ≤ t ≤ n, are then definined by

Yt = F µ
e
(Wt), where (9)

Wt := (V1, · · · ,Vt,Ut+1, · · · ,Uτ ,Vτ+1, · · · ,Vn). (10)

Remark 2.2. For all clarity we remark, as done in [5], that in particular
Wt = V if t ≥ τ .

We still follow (a straightforward suitable adaptation of) the first part
of Section 2 of [5]: From its definition it is clear that X is U-measurable.
By Lemma 2.1, it is easy to see that X, and each Yt, has distribution µ.
Note that Yn is ‘typically’ not independent of Y0. Also note that, although
Wn = V, Yn is not necessarily V-measurable (because via e it depends on
U). However, Lemma 2.1 says that, no matter what the outcome of e is, the
conditional distribution ofYn is always µ. Hence X andYn are independent,
so 2µ(A)(1− µ(A)) = E[|IA(X)− IA(Y

n)|]. Hence, since (by the definition
of τ) IA(X) = IA(Y

0), it holds that (in spite of the fact that, as mentioned
above, Y0 and Yn are not necessarily independent)

2µ(A)(1− µ(A)) = E[|IA(Y
0)− IA(Y

n)|] (11)

≤
n

∑

t=1

E[|IA(Y
t)− IA(Y

t−1)|]

=
n

∑

t=1

E[|IA(Y
t)− IA(Y

t−1)| It≤τ ].

The above equation will be the starting point of the proof of Theorem
1.1 in Section 3. We emphasize again that the equation is very general:
it followed immediately from the generally valid coupling construction in
Section 2 of [5] and is, essentially, the variance upper bound on the bottom
of page 84 in that paper (recall that the function f there is, in our case, an
indicator function). To really make use of that equation for our situation we
will first, in the next subsection, develop specific ingredients for k-out-of-n
measures. The key ingredient presented in that subsection is Proposition 2.6.

7



2.2 Specific ingredients

In this subsection we introduce some results which are quite specific for k-
out-of-n measures, and which will be used in Section 3 to prove Theorem
1.1. We use the notation and terminology (adopted from [5]) of the previous
subsection.

Lemma 2.3. Let 1 ≤ k ≤ n− 1. Let E be a finite set with |E| = n, and let
e ∈ E. Let U = (U1, · · · ,Un) be iid random variables, uniformly distributed
on [0, 1]. Let e = (e1, · · · , en) be a random (not necessarily uniformly drawn)
permutation of the elements of E, with the following properties: e1 = e and,
for each t ≥ 2, et is U[t−1]-measurable.

Let Z = F
Pk,E
e (U) and Z′ = F

Pk+1,E
e (U).

Then the pair (Z,Z′) has the following distribution:

P(Z = α,Z′ = β) =

{

1
n−k

Pk,E(α), if |α| = k, |β| = k + 1 and β ≥ α

0, otherwise

(12) {cases-ex-r1}{cases-ex-r1}

Remark: Informally, the lemma says that, given that Z = α, Z′ is
‘obtained’ by randomly and uniformly choosing one of the 0’s in the string α
and replacing it by 1. So the pair (Z,Z′) represents the intuitively simplest
monotone coupling of Pk,E and Pk+1,E.

Proof. We give a proof by induction in n. The case n = 1 is trivial. Now
suppose n ≥ 2. It is easy to see from the definitions and Lemma 2.1 that
Z′ ≥ Z and that Z has distribution Pk,E and Z′ has distribution Pk+1,E.
So we assume that α and β satisfy the conditions in the first line of (12).
We distinguish three cases: (i): αe = βe = 1. (ii): αe = 0, βe = 1. (iii):
αe = βe = 0.
We will treat case (i) here; the other two cases can be treated analogously.
Note that, by the definitions, the event that Ze = Z′

e = 1 is U1-measurable

and has probability k/n. Also note that (in case (i)) ZE\{e} = F
Pk−1,E\{e}

(e2,··· ,en)
(U2, · · · ,Un)

and Z′
E\{e} = F

Pk,E\{e}

(e2,··· ,en)
(U2, · · · ,Un). Hence the induction hypothesis gives

that

P(Z = α,Z′ = β) =
k

n

1

(n− 1)− (k − 1)
Pk−1,E\{e}(αE\{e}).
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Further, evidently, (recall that we are in case(i)),

Pk,E(α) =
k

n
Pk−1,E\{e}(αE\{e}).

These two equations together give P(Z = α,Z′ = β) = 1
n−k

Pk,E(α), as de-
sired.

Lemma 2.4. Let E, U = (U1, · · · ,Un), and e be as in lemma 2.3. Fur-
ther, let V1 be uniformly distributed on [0, 1], independently of U. Let

Z := F
Pk,E
e (U) and Z′ := F

Pk,E
e (V1,U2, · · · ,Un).

Let α and β be two different elements of {0, 1}E. Then

P(Z = α,Z′ = β) =

{

1
n
Pk,E(α), if |α| = |β| = k and ∃f 6= e s.t. β = α(e,f)

0, otherwise

(13) {cases-ex-r2}{cases-ex-r2}

where α(e,f) is the string obtained from α by swopping αe and αf .

Proof. If n = 1, P(Z 6= Z′) is obviously 0, in agreement with the lemma,
so we may assume that n ≥ 2. It is easy to see from the definitions that if
the pair α, β does not satisfy the conditions in the first line of (13), then
P(Z = α,Z′ = β) = 0. So we assume that |α| = k and that β = α(e,f) for
some f 6= e. Note that then (since β 6= α) αf 6= αe. We distinguish two
cases: (i): αe = 1 (and hence βe = 0, αf = 0 and βf = 1). (ii): αe = 0 (and
hence βe = 1, αf = 1 and βf = 0).

Here we treat case (i) (the proof of the other case is similar). In this
case we have that Ze = 1 and Z′

e = 0. The former event is U1-measurable
and has probability k/n, and the latter is V1-measurable and has probability

(n− k)/n. Also note that, in case (i), ZE\{e} = F
Pk−1,E\{e}

(e2,··· ,en)
(U2, · · · ,Un) and

Z′
E\{e} = F

Pk,E\{e}

(e2,··· ,en)
(U2, · · · ,Un). Finally, note that βE\{e} = (αE\{e})

(f) So,
by independence and application of Lemma 2.3, we get

P(Z = α,Z′ = β) =
k

n

n− k

n

1

(n− 1)− (k − 1)
Pk−1,E\{e}(αE\{e}) =

k

n2
Pk−1,E\{e}(αE\{e}).

Combined with the obvious equation Pk,E(α) = k
n
Pk−1,E\{e}(αE\{e}), this

gives that P(Z = α,Z′ = β) = 1
n
Pk,E(α), as desired.

In fact, we need the following, more general form, with a stopping time,
of the previous lemma.
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Lemma 2.5. Let e, e and U be as in Lemma 2.3, and let σ be a stopping time
w.r.t. U. (So, for each 1 ≤ m ≤ n, the event {σ = m} is U[m]-measurable).
Further, let V = (V1, · · · ,Vn) be iid random variables uniformly distributed
on [0, 1] independent of U.

Let Z := F
Pk,E
e (U1,U2, · · · ,Uσ,Vσ+1, · · · ,Vn)

and Z′ := F
Pk,E
e (V1,U2, · · · ,Uσ,Vσ+1, · · · ,Vn).

(In particular, if σ = 1, then Z = F
Pk,E
e (U1,V2, · · · ,Vn) and

Z′ = F
Pk,E
e (V1,V2, · · · ,Vn)).

Then, again, the pair (Z,Z′) satisfies (13) for all α, β ∈ {0, 1}E with α 6= β.

Proof. of Lemma 2.5 from Lemma 2.4:
First some terminology: We say that a pair of random strings of length n of
0’s and 1’s “satisfies (13)” if, for all α, β ∈ {0, 1}E with α 6= β, the probability
that the first string has outcome α and the second string has outcome β, is
equal to the r.h.s. of (13).

Let ẽ be a ‘modification’ of e with the following properties: ẽt = et for
all t ≤ σ + 1, and ẽ[σ+2,n] is a U[σ]-measurable permutation of the elements
of E \ {e1, · · · , eσ+1}.
In particular, ẽ1 = e and ẽt is U[t−1]-measurable for each t ≥ 2. Hence, by
Lemma 2.4, the pair

(F
Pk,E

ẽ
(U1, · · · ,Un), (F

Pk,E

ẽ
(V1,U2, · · · ,Un)) (14) {pair-def}{pair-def}

satisfies (13). Hence, since now Uσ+1, · · · ,Un are no longer used for de-
termining the order in which edges are chosen, we can replace them in the
expression (14) by, respectively, Vσ+1, · · · ,Vn without changing the joint
distribution of the pair of random strings. In other words, the pair

(F
Pk,E

ẽ
(U1, · · · ,Uσ,Vσ+1, · · · ,Vn), (F

Pk,E

ẽ
(V1,U2, · · · ,Uσ,Vσ+1, · · · ,Vn))

(15) {pair-def-2}{pair-def-2}

has the same distribution as the pair in (14) and hence satisfies (13). How-
ever, since this is true for any such modification ẽ of e, it remains true if,
after time σ we use additional randomness, independent of U1, · · · ,Uσ and
V, to determine the order in which edges are chosen. In particular the pair
in (15) still satisfies (13) if we replace ẽ back by e. Noting that that replace-
ment gives exactly the pair of strings (Z,Z′) in the statement of Lemma 2.5,
completes the proof of this lemma.
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Recall the notation IA,0
k,E(·) from Section 1 for the probability of being

pivotal and having value 0.

Proposition 2.6. Let Z and Z′ be as in Lemma 2.5 (and recall that e = e1
is a deterministic element of E). Let A ⊂ {0, 1}E be an increasing event.
Then

P( exactly one of Z and Z′ is in A) ≤
2

n

∑

f∈E\{e}

(

IA,0
k,E(e) + IA,0

k,E(f)
)

. (16) {eq:ex-ru-cor}{eq:ex-ru-cor}

Further, (16) also holds with the superscript 0 replaced by 1.
Moreover, (16) also holds without the superscript 0 and the prefactor 2:

P( exactly one of Z and Z′ is in A) ≤
1

n

∑

f∈E\{e}

(

IAk,E(e) + IAk,E(f)
)

. (17) {eq2:ex-ru-cor}{eq2:ex-ru-cor}

Proof.

P(exactly one of Zand Z′is in A) =
∑

α

(∗)
∑

f

1

n
Pk,n(α) (18)

=
1

n

∑

f 6=e

(∗∗)
∑

α

Pk,n(α)

=
1

n

∑

f 6=e

( SUM(I) + SUM(II) + SUM(III) + SUM(IV) ),

where the first equality follows from Lemma 2.5, the superscript (∗) means
that the summation is over all f such that exactly one of α and α(e,f) is in
A, the superscript (∗∗) means that the summation is over all α such that
exactly one of α and α(e,f) is in A, and where:

SUM(I) =
∑

α:α∈A, α(e,f) /∈A,αe=0

Pk,n(α); SUM(II) =
∑

α:α/∈A, α(e,f)∈A,αe=0

Pk,n(α);

SUM(III) =
∑

α:α∈A,α(e,f) /∈A,αf=0

Pk,n(α); SUM(IV) =
∑

α:α/∈A,α(e,f)∈A, αf=0

Pk,n(α).

11



By symmetry (using, for fixed e and f , the 1-1 map α ↔ α(e,f), SUM(I) =
SUM(IV) and SUM(II) = SUM(III), the r.h.s. of (18) is equal to 2

n

∑

f 6=e(SUM(II)+
SUM(IV)). Finally, by the observation that the restriction on α in the def-
inition of SUM(II) implies (since A is increasing) that e is 0-pivotal, and
a similar observation concerning SUM(III), gives (16). The version of (16)
with superscript 1, and the result (17), are obtained in (practically) the same
way.

3 Proof of Theorem 1.1

See the notation and terminology given in Section 2.1. The strategy of the
proof is roughly as follows. Our starting point is the general equation (11),
which came from [5] and holds for all measures. We will see below that, after
some general manipulations (suitably summing and conditioning) the proof
deviates crucially from that in [5], since we (have to) invoke special proper-
ties of k-out-of-n measures from Section 2.2, in particular Proposition 2.6.
Applying that to the situation where we condition on the first t− 1 selected
‘posisitions’ and their 0-1 values, and then summing over all possibilities (and
using a simple standard inequality) will give the required result.

Now we start with the proof in detail: We have (recall that we take
n = |E|),

2Pk,E(A)(1− Pk,E(A)) (19)

≤
n

∑

t=1

E[|IA(Y
t)− IA(Y

t−1)| It≤τ ]

=
n

∑

t=1

∑

e∈E

∑

Ẽ⊂E\{e}

∑

β∈ΩẼ

E

[

|IA(Y
t)− IA(Y

t−1)|I
et=e, e[t−1]=Ẽ,Yt−1

Ẽ
=β, t≤τ

]

=

n
∑

t=1

∑

e∈E

∑

Ẽ⊂E\{e}

∑

β∈ΩẼ

E

[

P
[

!(Yt−1,Yt, A) |U[t−1],V[t−1]

]

I
et=e, e[t−1]=Ẽ,Yt−1

Ẽ
=β, t≤τ

]

,

where the inequality comes from (11), the notation !(Yt−1,Yt, A) is used for
the event that exactly one of Yt−1 and Yt is in A, and where, with some
abuse of notation, we wrote e[t−1] = Ẽ for {e1, · · · , et−1} = Ẽ. Note that
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the last equality in (19) holds because, for each t, the event {et = e, e[t−1] =

Ẽ,Yt−1

Ẽ
= β, t ≤ τ} is measurable w.r.t. the collection of random variables

(U[t−1],V[t−1]). Also note that, in the last two lines of the equation (19) we
may, in fact, replace Yt−1

Ẽ
= β by Yt−1

Ẽ
= Yt

Ẽ
= β.

Now observe that, while we are conditioning on U[t−1],V[t−1] with et =

e, e[t−1] = Ẽ,Yt−1

Ẽ
(= Yt

Ẽ
) = β, we have

Yt−1

E\Ẽ
= F

Pk−|β|,E\Ẽ

(e,et+1,··· ,en)
(Ut,Ut+1, · · · ,Un),

Yt
E\Ẽ

= F
Pk−|β|,E\Ẽ

(e,et+1,··· ,en)
(Vt,Ut+1, · · · ,Un),

and the event !(Yt−1,Yt, A) in (19) is the event that exactly one of Yt−1

E\Ẽ

and Yt
E\Ẽ

is in A(β), where A(β) is the set of all ω̃ ∈ {0, 1}E\Ẽ for which

ω × β (the element of {0, 1}E which coincides with β on Ẽ and with ω on
E \ Ẽ) is in A.

So, for fixed t, we are in the context of Proposition 2.6, with proper
adaptations (e.g. the U1 and V1 in that proposition correspond, in the
current situation, Ut andVt respectively; and the n and k in that proposition
are, in the current situation, n − t + 1 and k − |β| respectively). Hence,
applying Proposition 2.6 gives

2Pk,E(A)(1− Pk,E(A)) (20)

≤

n
∑

t=1

∑

e∈E

∑

Ẽ⊂E\{e}

∑

β∈ΩẼ

P(et = e, e[t−1] = Ẽ,Yt−1

Ẽ
= β, t ≤ τ)

×
2

n− t+ 1

∑

f∈E\(Ẽ∪{e})

(

I
A(β),0

k−|β|,E\Ẽ
(e) + I

A(β),0

k−|β|,E\Ẽ
(f)

)

= TERM(I) + TERM(II),

where

TERM(I) (21)

= 2

n
∑

t=1

∑

e∈E

∑

Ẽ⊂E\{e}

∑

β∈ΩẼ

P

(

et = e, e[t−1] = Ẽ,Yt−1

Ẽ
= β, t ≤ τ

)

I
A(β),0

k−|β|,E\Ẽ
(e)

and

13



TERM(II) (22)

=
n

∑

t=1

∑

e∈E

∑

Ẽ⊂E\{e}

∑

β∈ΩẼ

P(et = e, e[t−1] = Ẽ,Yt−1

Ẽ
= β, t ≤ τ)

×
2

n− t+ 1

∑

f∈E\(Ẽ∪{e})

I
A(β),0

k−|β|,E\Ẽ
(f).

We first rewrite TERM(I): By the definition of Yt−1 (and using a version
of Lemma 2.1), we have that, given the event that et = e, e[t−1] = Ẽ and
t ≤ τ (which is a U[t−1] measurable event), the conditional probability that

Yt−1

Ẽ
= β is equal to Pk,E(ωẼ = β). Also note that I

A(β),0

k−|β|,E\Ẽ
(e) is equal to

Pk,E(e is 0− pivotal w.r.t.A |ωẼ = β). Hence we get

TERM(I) (23)

= 2

n
∑

t=1

∑

e∈E

∑

Ẽ⊂E\{e}

P(et = e, e[t−1] = Ẽ, t ≤ τ)

×
∑

β∈{0,1}Ẽ

Pk,E(ωẼ = β) I
A(β),0

k−|β|,E\Ẽ
(e)

= 2
n

∑

t=1

∑

e∈E

P(et = e, t ≤ τ) IA,0
k,E(e)

= 2
∑

e∈E

δe(A, T ) I
A,0
k,E(e).

Note that this is (practically) the expression which arises in the OSSS
inequality for independent random variables. The treatment of TERM(II)
takes a little more work and will give a somewhat different contribution which
does not appear in the ‘classical’ OSSS. First, with very similar arguments
as used in (23), we get

TERM(II) (24)

=

n
∑

t=1

2

n− t + 1

∑

e∈E

∑

Ẽ⊂E\{e}

P(et = e, e[t−1] = Ẽ, t ≤ τ)
∑

f∈E\(Ẽ∪{e})

IA,0
k,E(f).

14



Next, summing over Ẽ (and using the trivial observation that the sum over
f in the expression (24) does not decrease if the restriction on f in that sum
is omitted), gives

TERM(II) (25)

≤
n

∑

t=1

2

n− t + 1

∑

e∈E

P(et = e, t ≤ τ)
∑

f∈E

IA,0
k,E(f)

=

n
∑

t=1

2

n− t+ 1
P(t ≤ τ)

∑

f∈E

IA,0
k,E(f).

Note that, in the first sum in the r.h.s. of (25), the factor 1/(n− t + 1)
is increasing in t while the other factor, P(t ≤ τ), is decreasing. Because of
this (and also using that, since under Pk,E the number of 1’s and 0’s is fixed,
τ is a.s. at most n − 1) that first sum in the r.h.s. of (25) is less than or
equal to

n−1
∑

t=1

2

n− t+ 1
×

1

n− 1

n−1
∑

t=1

P(τ ≥ t) ≤ 2 logn
1

n− 1
E[τ ].

Hence, since E[τ ] =
∑

e∈E δe(A, T ), we have that

TERM(II) ≤ 2 logn
∑

e∈E

IA,0
k,E(e)

1

n− 1

∑

e∈E

δe(A, T ). (26) {rewrnnn-multi-sum-2}{rewrnnn-multi-sum-2}

Theorem 1.1 now follows immediately from (20), (23) and (26).

4 Application to a percolation model with a

fixed number of occupied vertices

Now we apply our main theorem, Theorem 1.1, to a percolation model on a
box where the number of occupied vertices is fixed. (In this section we will
also use several results from the literature on the ‘usual’ percolation model
(called Bernoulli percolation), where the states of the vertices (or edges) are
independent of each other. See [6] and [7] for a general introduction and
many results and references).
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Consider an R × R box in the triangular lattice. More precisely, in
terms of the standard embedding of this lattice in the plane (which we
identify with C), the box we consider is the graph with vertex set VR :=
{x + y exp(iπ/3), 0 ≤ x, y ≤ R − 1}, and where two vertices x and y share
an edge iff |x− y| = 1. Each vertex can be vacant (which corresponds with
value 0) or occupied (have value 1). Let AR denote the event that there is
an occupied path which crosses the box horizontally. In ordinary (Bernoulli)
percolation, where the configuration of vacant and occupied vertices has dis-
tribution Pp (i.e., the vertices are independently occupied with probability
p and vacant with probability 1 − p), it is well-known that P 1

2
(AR) = 1/2

(which follows from a simple symmetry argument), and that the derivative
of this probability (as a function of p) at 1/2 is larger than C Rα for some
positive C and α. In fact (still for Bernoulli percolation) quite sharp versions
of this result are known.

We will study the same event but now for the model where a fixed number,
denoted by k, of the vertices is occupied. So the probability measure is now
Pk,VR

. In particular we will study the case where k = R2/2 (i.e. exactly half
of the vertices is occupied), and therefore we take R to be even.

Again, from symmetry, PR2

2
,VR

(AR) = 1/2. We will show an analog of the

other result mentioned above, namely that (roughly speaking) the ‘discrete
derivative’ (with respect to the fraction of 1′s) of the above probability is
again larger than a constant times a power of R. More precisely we will
prove (using Theorem 1.1) Theorem 4.1 below, from which Corollary 4.2
below follows easily. Recall the definition of ”0-pivotal” from Section 1.

Theorem 4.1. Let N0
R denote the number vertices that are 0-pivotal for the

event AR.
There are α > 0 and C > 0 such that, for all even R,

ER2

2
,R2(N

0
R) ≥ CRα. (27) {eq-thm4.1}{eq-thm4.1}

Corollary 4.2. For all even R,

(PR2

2
+1,R2(AR)− PR2

2
,R2(AR))

1/R2
≥ 2CRα, (28) {eq-cross-piv}{eq-cross-piv}

with C and α as in Theorem 4.1.

16



Remark 4.3. The proof below actually shows that in Theorem 4.1 (and hence
in Corollary 4.2) we can take α ‘almost’ 5/48. However, I don’t see how to
prove even the weak form stated in the theorem without using the main result
of this paper, Theorem 1.1; see also Remark 4.5 at the end of this paper.

The proof of Theorem 4.1 will be given in the next subsection. We will
now first show how Corollary 4.2 follows from that theorem. For that we
use and state Observation 4.4 below, which holds for all increasing events.
This observation is an analog of the well-know Margulis-Russo formula for
product measures. Its proof (which we omit), uses a straightforward coupling
of Pk+1,n and Pk,n, is simpler than that of the Margulis-Russo formula, and
is probably, implicitly or explicitly, already in the litereature.

Observation 4.4. Let n ≥ 1 and let A ⊂ {0, 1}n be an increasing event. Let
N0

A denote the number of vertices that are 0-pivotal for A. For all k ≤ n,

Pk+1,n(A)− Pk,n(A) =
1

n− k
Ek,n(N

0
A). (29) {russo-ineq}{russo-ineq}

Proof of Corollary 4.2. The corollary follows immediately from Theorem
4.1 by applying Corollary 4.4 to the event AR.

4.1 Proof of Theorem 4.1

To obtain a lower bound for the expected number of pivotal vertices we will
use our main result, Theorem 1.1, and the existence of a suitable algorithm
(decision tree) for checking the existence of an occupied horizontal crossing
in the box, where ‘suitable’ means that the revealment probabilities, under
the measure PR2

2
,R2 are, in some sense small. (As in many applications of

OSSS in the literature, we will have to average over a number of decision
trees to obtain a desired ‘average’ smallness of revealments).

For discovering a crossing from the left to the right side of a box, there
is, for Bernoulli percolation, a well-known algorithm involving a soo-called
exploration path. The construction of such a path is best explained in terms
of the graph obtained by representing each vertex of the triangular lattice as
(the midpoint of) a small hexagon in the hexagonal lattice (which is the dual
of the triangular lattice). We colour a hexagon ‘white’ if its corresponding
vertex in the triangular lattice is occupied, and ‘black’ otherwise. The most
common exploration path is a path (in the box) on the mentioned hexagonal
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lattice, which starts in a corner of the box, say the lower-righ corner, and,
roughly speaking, develops step-by-step in such a way that there is always
‘white’ on the left and ‘black’ on the right. The algorithm may stop as soon
as the exploration path reaches the left or top side of the box. There is an
occupied horizontal crossing of the box if and only if the exploration path
reaches the left side before the top side. So, to discover whether the event
AR holds, only the colours of those vertices of which one or more edges of
the corresponding hexagon are on the exploration path, have to be revealed.

This algorithm in itself is not ‘suitable’ yet, beacuse vertices close to the
mentioned corner have a ‘high’ probability to be examined.
To take care of this, Schramm and Steif [13] (see Section 4 of their paper)
presented, in the context of Bernoulli percolation, a clever adaptation of the
algorithm, which is informally as follows. For each point v0 (denoted by
p0 in their paper) on the right side of the box, consider a straightforward
modification β = βv0 of the above exploration path to discover if there is a
horizontal occupied path from the left side of the box to the part of the right
side above v0. And, similarly, a modification β ′

v0
to determine the existence

of a horizontal occupied path from the left side of the box to the part of
the right side below v0. Together, these two paths determine whether the
event AR occurs. So, for each v0 one now has a decision tree for the event
AR. For each fixed v0 there is still the same problem as before that, for
the corresponding ‘decision tree’, vertices near v0 have a ‘high’ revealment
probability. However, as Schramm and Steif showed, for each vertex, the
average over the possible v0’s of the corresponding revealment probabilities,
is ‘small’.

As said, Schramm and Steif dealed with Bernoulli percolation. For our
percolation model we can of course consider the same decision trees (i.e.
exactly the same definition of βv0 and β ′

v0
). The revealment probabilities

will differ from theirs because we work with a different probability measure.
As we will see below, much of their proof of smallness of the revealment
probabilities still works. We will obtain in this way an upper bound for
the revealments which, although considerably larger than that in [13] for
the Bernoulli model, is sufficient for the proof of Theorem 4.1. Here is a
somewhat informal outline of the computation, focusing on the adaptations
with respect to that for Bernoulli percolation in [13]. See Section 4 of [13]
for more ‘geometric’ details (and pictures).

Let Tv0 denote the ‘decision tree’ corresponding to v0 (i.e. with explo-
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ration paths βv0 and β ′
v0
). For brevity we will write P for PR2

2
,R2 . We have,

for each hexagon H ,

P(H examined under Tv0) ≤ P(H on βv0) + P(H on β ′
v0
),

where H on β means that at least one of the sides of H is on β.
Let (in the notation of [13]), ∂W be the part of the Right side of the box

above v0, and let ∂B be the union of the Bottom side of the box and the part
of the Right side below v0. As pointed out in [13] (see the beginning of the
proof of their Lemma 4.3): if H touches βv0 , then there is a black (vacant)
path from (a neighbour of) H to ∂B and a white path from (a neighbour of)
H to ∂W . Further, as observed in [13] (see the remark near the bottom of
page 639 in their paper), ∂B or ∂W has distance at least |z0(H)− v0| −K
from H , where z0(H) is the closest point to H on the right side of the box,
and K is a (universal) constant.

Hence

P(H on βv0) (30)

≤ P(∃ a white or a black path from H to distance |z0(H)− v0| −K from H)

= 2P(∃ a white path from H to distance |z0(H)− v0| −K from H).

The same inequality also holds for β ′
v0
, so we get

P(H examined under Tv0)

≤ 4P(∃ white path from H to distance |z0(H)− v0| −D from H)).

Summing this over all possibilities for v0 (there are roughly R of these) gives,
for every H ,

∑

v0

P(H examined under Tv0) (31)

≤ C1

R
∑

m=1

P(∃ white path from H to distance m from H),

where C1 is a constant > 0.
We will first upper bound the r.h.s. of (31) by using, for a suitably chosen

p, a quite standard comparison between P and Pp (the product measure with
parameter p). Take p = p(n) = 1

2
+ n−3/8, where n = R2 (the number of
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vertices in the box). So Ep[ the number of occupied vertices in the box] =
np = n/2 + n5/8. Since the exponent 5/8 > 1/2, it follows from standard
concentration results (see e.g. Chapter 2 of [2]) that the probability, under
Pp, that the number of occupied sites in the box is less than n/2 is neglibly
small (that is, for every d > 0, this probability is o(R−d)). So we get, for
some constant C2 > 0,

∑

v0

P(H examined under Tv0) ≤ C2

R
∑

m=1

π1(p;m), (32) {eq-box-rev2}{eq-box-rev2}

where

π1(p;m) = Pp(∃ an occupied path from 0 to distance m from 0.

Further, it is well-known (from Kesten’s classical work on near-critical
percolation [9] combined with the works on exact exponents at criticality [14]
and [10], see also [11]) that the so-called characteristic length L(p) satisfies

L(p) = (p− pc)
−4/3+o(1) = (n−3/8)−4/3+o(1) = R1+o(1),

and that, informally speaking, for distances below L(p), connection proba-
bilities under Pp are of the same order as under P1/2. So the r.h.s. of (32) is

less than or equal to Ro(1)
∑R

m=1 π1(
1
2
;m). Since (from [10]),

π1(
1
2
;m) = m−5/48+o(1), it follows that

∑

v0

P(H examined under Tv0) ≤ R43/48+o(1),

and hence that

(Average over all v0 of P(H examined under Tv0)) ≤ R−5/48+o(1). (33) {eq-box-rev3}{eq-box-rev3}

Now for each v0 we consider our main theorem, Theorem 1.1 (with E the
set of vertices in the R × R box, A the above mentioned crossing event AR,
T = Tv0 etcetera). So for each v0 we get an inequality of the form (2). Note
that the l.h.s. of each of these inequalities is 1/4. ‘Averaging’ these inequal-
ities and using (33) gives that

1/4 ≤
∑

w

P(w is 0− pivotal for AR) R
−5/48+o(1),

(where the sum is over all vertices w in the R × R box) and hence that the
l.h.s. of (27) is ≥ R5/48+o(1). This completes the proof of Theorem 4.1.
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Remark 4.5. (a) For Bernoulli percolation the consequences of the ‘geo-
metric’ issues mentioned in the paragraph before (30), can be exploited in a
more refined way than for the k-out-of-n measure we are dealing with, which
explains that Steif and Schramm in [13] obtain a much better upper bound
on the revealment probabilities than (33), namely R−1/4+o(1).

(b) In the proof of Theorem 4.1 (in particular the computations between
(31) and (33)) we used quite heavy ingredients from the literature on Bernoulli
percolation, namely some exact values of critical exponents, and a classical
result by Kesten. We could replace these ingredients by much simpler and
weaker percolation results and by using that the restriction to (or projection
on) e.g. an Rγ × Rγ subsquare of the R × R box of the probability measure
P is ‘very close’ in variational distance to P1/2 (if γ is small enough). This
would still give the theorem but with an α much smaller than 5/48.

(c) The result of Theorem 4.1 is not really surprising, because of the
following: A standard comparison argument like that in the paragraph below
(31) (but now with p equal to 1/2+R−1/2, so that L(p) << R) shows, without
using Theorem 1.1, that (e.g.) PR2/2+R7/4,R2(AR) is very close to 1 (if R is

large) and hence that there is some k ∈ {R2/2, ..., R2/2 +R7/4} at which the
‘discrete derivative’ is at least R1/4. However, since it is not known if this
derivative is maximal at k = R2/2, this does not imply Theorem 4.1.

(d) Related to part (c) of this Remark: I don’t know how to prove Theorem
4.1 without using the main result of this paper, the OSSS-type Theorem 1.1.
One might think about the possibility to show ‘more directly’, by a step-by-step
coupling construction combined with known results on Bernoulli percolation,
that for each v in the ‘bulk’ of the R × R box, P(v pivotal for AR) can be
compared ‘sufficiently well’ with P1/2(v pivotal for AR). However, I am not
optimistic about this approach beacuse the number of steps, and hence the
number of vertices involved, in such a step-by-step construction seems (at
least, to me) to be potentially too large to obtain a suitable coupling.

We mention one more approach: Note (as is well-known) that a vertex
v is pivotal for AR iff there are four disjoint paths from a neighbour of v
to the boundary of the box: Two occupied paths to the left and right side,
respectively, and two vacant ones to the top and bottom side, respectively. If
one could show, as in Bernoulli percolation, that with reasonable (i.e. non-
vanishing as R → ∞) probability there is a vertex v in the R/2×R/2 sub-box
with the same center as the big box, with five ‘appropriate’ disjoint paths from
v to the boundary of the R × R box, this would, modulo a suitable analog of
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the BK-Reimer inequality, give the theorem. (See for instance Theorem 24
in [11] about similar matters for Bernoulli percolation). The first part of this
approach looks feasible. However, the other part looks problematic: Although
there does exist a version of the BK-inequality for k-out-of-n measures for
pairs of increasing events [1], one needs, in the above approach, a useful ver-
sion of that inequality for the case where one event is increasing (or decreas-
ing) and the other event is the intersection of an increasing and a decreasing
event. Given the nature of k-out-of-n measures I am quite pessimistic about
obtaining such a version.
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