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Abstract

Emden—Fowler type equations are nonlinear differential equations that appear in many fields such as
mathematical physics, astrophysics and chemistry. In this paper, we perform an asymptotic analysis of
a specific Emden—Fowler type equation that emerges in a queuing theory context as an approximation
of voltages under a well-known power flow model. Thus, we place Emden—Fowler type equations in
the context of electrical engineering. We derive properties of the continuous solution of this specific
Emden—Fowler type equation and study the asymptotic behavior of its discrete analog. We conclude that
the discrete analog has the same asymptotic behavior as the classical continuous Emden—Fowler type
equation that we consider.
© 2022 The Author(s). Published by Elsevier B.V. on behalf of Royal Dutch Mathematical Society (KWG).
This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

Many problems in mathematical physics, astrophysics and chemistry can be modeled by an
Emden-Fowler type equation of the form

d du
— ("= ) xhu) =0, 1.1
R <t dr) 17 h(u) (1.1)

where p, o are real numbers, the function # : R — R is twice differentiable and 4 : R — R
is some given function of u. For example, choosing h(u) = u" forn e R, p = 1,0 =0
and plus sign in (1.1), is an important equation in the study of thermal behavior of a spherical
cloud of gas acting under the mutual attraction of its molecules and subject to the classical laws
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of thermodynamics [5,7]. Another example is known as Liouville’s equation, which has been
studied extensively in mathematics [9]. This equation can be reduced to an Emden—Fowler type
equation with h(u) = e, p = 1,0 = 0 and plus sign [7]. For more information on different
applications of Emden—Fowler type equations, we refer the reader to [17].

In this paper, we study the Emden—Fowler type equation where h(u) =u~!, p =0, 0 =0,
with the minus sign in (1.1), and initial conditions u(0) = k=12 w/(0) = k~Y2w for w > 0.
For a positive constant k > 0, we consider the change of variables u = k~!/2 f, with resulting
equation

af k ,
FrEE t>0; fO=1f0)=w. 1.2)

This specific Emden—-Fowler type Eq. (1.2) arises in a queuing model [6], modeling the
queue of consumers (e.g. electric vehicles (EVs)) connected to the power grid. The distribution
of electric power to consumers leads to a resource allocation problem which must be solved
subject to a constraint on the voltages in the network. These voltages are modeled by a power
flow model known as the Distflow model; see Section 2 for background. The Distflow model
equations are given by a discrete version of the nonlinear differential Eq. (1.2) and can be
described as

k
Vigr =2V; + Vi = oA j=12,...; V=1V, =1+k. (1.3)
J
In this paper, we study the asymptotic behavior and associated properties of the solution of
(1.2) using differential and integral calculus, and show its numerical validation, i.e., we show
that the solutions of (1.2) have asymptotic behavior

f@) ~tkIn@)"*, t— oo, (1.4)

which can be used in the study of any of the aforementioned resource allocation problems. It
is natural to expect that the discrete version (1.3) of the Emden—Fowler type equation has the
asymptotic behavior of the form (1.4) as well. However, to show (1.5) below, is considerably
more challenging than in the continuous case, and this is the main technical challenge addressed
in this work. We show the asymptotic behavior of the discrete recursion, as in (1.3) to be

Vi~ jQkin(j)'*, j— oo (1.5)

To derive the results in the discrete case, we study the solution of the continuous Emden—
Fowler type equation in (1.2), and corresponding asymptotic behavior. Then, we find out
whether the discrete analog inherits the asymptotic behavior of the solutions for the continuous
case. Hence, this approach is dependent on the availability of the solution of a continuous
Emden—Fowler type equation and the continuation of the asymptotic behavior in the continuous
case to hold in the discrete case.

There is a huge number of papers that deal with various properties of solutions of Emden—
Fowler differential Eqs. (1.1) and especially in the case where h(u) = u" or h(u) = exp(nu) for
n > 0. In this setting, for the asymptotic properties of solutions of an Emden—Fowler equation,
we refer to [5,11,17]. To the best of our knowledge, [14] is the only work that discusses
asymptotic behavior in the case n = —1, however not the same asymptotic behavior as we
study in this paper. More precisely, the authors of [14] study the more general Emden—Fowler
type equation with A(u) = u", n € R, p + o0 = 0 and minus sign in (1.1). In [14], the
more general equation appears in the context of the theory of diffusion and reaction governing
the concentration u of a substance disappearing by an isothermal reaction at each point ¢ of
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a slab of catalyst. When such an equation is normalized so that u(t) is the concentration as a
fraction of the concentration outside of the slab and ¢ the distance from the central plane as
a fraction of the half thickness of the slab, the parameter /k may be interpreted as the ratio
of the characteristic reaction rate to the characteristic diffusion rate. This ratio is known in the
chemical engineering literature as the Thiele modulus. In this context, it is natural to keep the
range of ¢ finite and solve for the Thiele modulus as a function of the concentration of the
substance u. Therefore, [14] studies the more general Emden—Fowler type equation for u as
a function of v/k and study asymptotic properties of the solution as k — co. However, here
we solve an Emden—Fowler equation for the special case n = —1 and for any given Thiele
modulus ., and study what happens to the concentration u(¢) as ¢ goes to infinity, rather than
k to infinity.

Although the literature devoted to continuous Emden—Fowler equations and generalizations
is very rich, there are not many papers related to the discrete Emden—Fowler Eq. (1.3) or
to more general second-order non-linear discrete equations of Emden—Fowler type within the
following meaning. Let j, be a natural number and let N(jp) denote the set of all natural
numbers greater than or equal to a fixed integer jj, that is,

NGo) == {jo, jo+ 1,...}.
Then, a second-order non-linear discrete equation of Emden—Fowler type
Au(j) £ jou™(j) =0, (1.6)

is studied, where u : N(jo) — R is an unknown solution, Au(j) := u(j + 1) — u(j) is its
first-order forward difference, A%u(j) = A(Au(j)) = u(j + 2) — 2u(j + 1) + u(j) is its
second-order forward difference, and o, m are real numbers. A function u* : N(jj)) — R is
called a solution of (1.6) if the equality

AP (j) £ jC W ()" =0

holds for every j € N(jy). The work done in this area focuses on finding conditions that
guarantee the existence of a solution of such discrete equations. In [8], the authors consider
the special case of (1.6) where @ = —2, write it as a system of two difference equations, and
prove a general theorem for this that gives sufficient conditions that guarantee the existence
of at least one solution. In [1,10], the authors replace the term j¢ in (1.6) by p(j), where
the function p(j) satisfies some technical conditions, and find conditions that guarantee the
existence of a non-oscillatory solution. In [2,15], the authors find conditions under which the
nonlinear discrete equation in (1.6) with m of the form p/q where p and ¢ are integers such
that the difference p — g is odd, has solutions with asymptotic behavior when j — oo that is
similar to a power-type function, that is,

u(jy~axj—*, j— oo,

for constants a4 and s defined in terms of « and m. However, we study the case m = —1 and
this does not meet the condition that m is of the form p/q where p and ¢ are integers such
that the difference p — ¢ is odd.

The paper is structured as follows. In Section 2, we present the application that motivated our
study of particular equations in (1.2) and (1.3). We present the main results in two separate
sections. In Section 3, we present the asymptotic behavior and associated properties of the
continuous solution of the differential equation in (1.2), while in Section 4, we present the
asymptotic behavior of the discrete recursion in (1.3). The proofs of the main results in the
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continuous case, except for the results of Section 3.1, and discrete case can be found in
Sections 5 and 6, respectively. We finish the paper with a conclusion in Section 7. In the
appendices, we gather the proofs for the results in Section 3.1.

2. Background on motivational application

Eq. (1.2) emerges in the process of charging electric vehicles (EVs) by considering their
random arrivals, their stochastic demand for energy at charging stations, and the characteristics
of the electricity distribution network. This process can be modeled as a queue. In this setting,
EVs representing jobs, require service. This service is delivered by charging stations, classified
as servers, and the service being delivered is the power supplied to EVs, however constrained
by the physical limitations of the distribution network.

In our motivational example, we consider a queuing system that consists of a network of
N single-server queues, each having its own arrival stream of jobs. We denote by X(r) =
(X1(?), ..., Xy(t)) the vector giving the number of jobs at queue at time ¢. At each charging
station, all EVs arrive independently according to Poisson processes with rates A;,i = 1,..., N
and have independent service requirements which are Exp(/) random variables.

At each queue, all jobs are served simultaneously and start service immediately. Further-
more, each job receives an equal fraction of the service capacity allocated to a queue. We
denote by p(¢) = (p1(2), ..., py(t)) the vector of service capacities allocated to each queue at
time 7.

The service capacity allocated to each queue is the power supplied to a charging station
and is dependent on the number of EVs that are charging at each charging station; i.e., service
capacities are subject to changes to the current vector X(¢) = (X(¢), ..., Xn(¢)) of number of
jobs. For each state of the system, we assume that the service capacities are the unique solution
of the optimization problem

' 1210}
2 X0 log (¥&)

subject to constraints on the voltages in the network. For the optimization problem, the feasible
region can take many forms and depends on the power flow model that is used. In this paper,
the voltages are modeled by the Distflow model, cf. (1.3). We can then represent the number
of EVs charging at every station as an N-dimensional continuous-time Markov process. The
evolution of the queue at node j is given by

X;(t)— X;(@)+ 1 at rate A;,
and
X;(t)— X;(@) — 1 at rate p;(1).

For a complete model description, we refer to [3,6].

An electric grid is a connected network that transfers electricity from producers to con-
sumers. It consists of generating stations that produce electric power, high voltage transmission
lines that carry power from distant sources to demand centers, and distribution lines that
connect individual customers, e.g., houses, charging stations, etc. We focus on a network that
connects a generator to charging stations with only distribution lines. Such a network is called
a distribution network.

In a distribution network, distribution lines have an impedance, which results to voltage
loss during transportation. Controlling the voltage loss ensures that every customer receives
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safe and reliable energy [12]. Therefore, an important constraint in a distribution network is
the requirement of keeping voltage drops on a line under control.

In our setting, we assume that the distribution network, consisting of one generator, several
charging stations and distribution lines with the same physical properties, has a line topology.
The generator that produces electricity is called the root node. Charging stations consume power
and are called the load nodes. Thus, we represent the distribution network by a graph (here, a
line) with a root node, load nodes, and edges representing the distribution lines. Furthermore,
we assume that EVs arrive at the same rate at each charging station.

In order to model the power flow in the network, we use an approximation of the alternating
current (AC) power flow equations [16]. These power flow equations characterize the steady-
state relationship between power injections at each node, the voltage magnitudes, and phase
angles that are necessary to transmit power from generators to load nodes. We study a load
flow model known as the branch flow model or the Distflow model [4,13]. Due to the specific
choice for the network as a line, the same arrival rate at all charging stations, distribution lines
with the same physical properties, and the voltage drop constraint, the power flow model has
a recursive structure, that is, the voltages at nodes j = 0,..., N — 1, are given by recursion
(1.3). Here, N is the root node, and V;; = 1 is chosen as normalization. This recursion leads
to real-valued voltages and ignores line reactances and reactive power, which is a reasonable
assumption in distribution networks. We refer to [6] for more details.

3. Main results of continuous Emden-Fowler type equation

In this section, we study the asymptotic behavior of the solution f of (1.2). To do so, we
present in Lemma 3.1 the solution of a more general differential equation. Namely, we consider
a more general initial condition f(0) =y > 0.

The solution f presented in Lemma 3.1 allows us to study the asymptotic behavior of fy(x),
i.e., the solution of the differential equation in Lemma 3.1 where k =1,y =1 and w =0, or
in other words, the solution of the differential equation f”(x) = 1/f(x) with initial conditions
f(0) =1 and f'(0) = 0; see Theorem 3.1. We can then derive the asymptotic behavior of f;
see Corollary 3.1.

The following theorem provides the limiting behavior of fy(x), i.e., the solution of Eq. (1.2)
where k =1,y =1 and w = 0.

Theorem 3.1. Let fy(x) be the solution of (1.2) for k = 1,y = 1 and w = 0. The limiting
behavior of the function fy(x) as x — o0 is given by,

Solx) = Z(ln(z))% |:1 +0 <ln(ln(z))>i|

In(z)
where 7 = x«/i.

The asymptotics obtained in Theorem 3.1 are sufficient for the purpose of this paper,
however we have obtained the more detailed asymptotics

In(v) =2 81n(v) —24 - In2(v) Lo <1n(v)2)) ,

3.1)

1
= 2101
fol¥) = zv ( + 4p 3202 v3

where v = In(z) and z = x+/2. The statement in (3.1) can be shown by employing the
asymptotics of the Dawson function exp(—y?) foy exp(v?)dv, but we omit the formal proof.
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Fig. 1. Plot of fy divided by first-order approximation (solid blue), second-order approximation (dashed red), and
third-order approximation (dotted yellow) obtained from (3.1).

In Fig. 1, we show the accuracy of the asymptotics of fy(x) as a function of x (> 2). We
fix the parameter at k = 1 for the comparison of the quotient of the solution fy(x) obtained
via Lemma 3.1 and its first-order approximation (blue), the second-order approximation (red),
and the third-order approximation (yellow) given by (3.1). We observe that the approximations
get better for large values of x, as expected, but are also reasonable for values not much larger
than 2. However, for really small values of x, i.e. x € [1, 2], the approximation is less good,
which is to be expected since fy(1) =1 and g(1;1) =0.

For the proof of Theorem 3.1, we first derive an implicit solution to Eq. (1.2) where
k=1,y =1and w = 0. Namely, we derive fy(x) in terms of a function U (x); cf. Lemma 3.1.
We show, using Lemma 3.2, that we can derive an approximation of U(x) by iterating the
following equation:

2
explD—1_ x| (3.2)
2U V2
We can then use this approximation of U(x) in the implicit solution of the differential equation
to derive the asymptotic behavior of Theorem 3.1. The proofs of Theorem 3.1 and Lemma 3.2
can be found in Section 5. We now give the necessary lemmas for the proof of Theorem 3.1.

Lemma 3.1 (Lemma D.I in [6]). Fort > 0,k > 0,y > 0, w > 0, the nonlinear differential
equation

k
"
N =—
! f(@)
with initial conditions f(0) =y and f'(0) = w has the unique solution
f @) = cfola + bt). (3.3)
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Here, fy is given by

fo(x) = exp(U*(x)),  for x =0, (3.4)
where U(x), for x > 0, is given by
Ux) , x
exp(u”) du = —, 3.5)
/ 7
and where the constants a, b, c are given by
a= ﬁ/ﬁ{ exp(u?) du, 3.6)
0
vk w?
b=— — 1, 3.7
y P (2k> G7
—w 3.8
c_yexp(T). (3.8)

Notice that we do not find an elementary closed-form solution of the function fy(x), since
fo(x) is given in terms of U(x), given implicitly by (3.5). For x > 0, the left-hand side of (3.5)
is equal to %ﬁerﬁ(U (x)) where erfi(z) is the imaginary error function, defined by

erfi(z) = —i erf(iz), (3.9)

where erf(w) = \/%? Jo exp(—vHdv is the well-known error function.

Lemma 3.2. For y > 0, we have the inequalities

2y 1 y 2y 1
M < / exp(uz)du < M’ (3.10)
2y 0 y
and
Y -1 2
/ exp(udydu < 22O =1 <1 n —2> . 3.11)
0 2y y

Now, we present the asymptotic behavior of the solution f of (1.2).

Corollary 3.1. The limiting behavior of the function f(t), defined in Eq. (3.3), is given by

£(0) = t/2K D) (1 ) (ln(ln(t)))) oo (3.12)

In(z)

Proof of Corollary 3.1. In order to derive a limit result of the exact solution of (1.2), i.e. for
(3.3) with initial conditions f(0) = 1 and f’(0) = w, we use the limiting behavior of the
function fy(x) and the definitions of a, b and ¢ as in (3.6)—(3.8). Denote v = In(z). Then, by
Theorem 3.1, we have

£(t) = cfola + bt) = czv? (1 +O (ln(”))) . (3.13)

v

. . 1 .
In what follows, we carefully examine the quantities czv2 and In(v)/v. First, observe that

v =1In(z) = In((a + b)V2) = In(t) + O(1), t > exp(l),
7
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which yields
v2 = (In(r) + O(1))

1
= ln(t)% (1 +0 <m)> , t>exp(l),

In(v) = In(In(z) + O(1))

1
= In(In(z)) + O (m> , t>exp(l).

and

Therefore, using that cb = vk, we get

czv% = c(a + bt)«/iln(t)% <1 + o0 (L)>
In(?)

= (t + O(1)y/2k In(r) (1 +0 (L>)

In(t)

= 1+/2k In(?) (1 + 0 (;>> , t>exp(l), (3.14)

In(t)

and

ln(v) _ ln(ln(t)) + O (ﬁ)

v In(r)+0O0)
_ In(In(t)) 1
= ") (1 + O <m)) , t>exp(l). (3.15)

Putting the results in (3.14) and (3.15) together in (3.13), yields

£(6) = /2K In0) (1 40 (l“(ln(”)» L tsexp(l). O

In(t)

3.1. Associated properties of the ratio between f and its first order approximation

In this section, we study associated properties of the ratio between f(¢) and its first order
approximation. Using only the first term of the asymptotic expansion of (3.12), we define

g(t) = ty/2kIn(z). (3.16)

The reason for studying this ratio, and in particular the role of k, is twofold: (1) the
useful insights that we get for (the proof of) the asymptotic behavior in the discrete case in
Section 4, and (2) the applicability of Eq. (1.2) in our motivational application, in cases where
the parameter k in (1.2) is small.

Considering the practical application for charging electric vehicles, the ratio of normalized
voltages V;/Vy = V;, j = 1,2,... should be below a level 1/(1 — A), where the tolerance
A is small (of the order 107"), due to the voltage drop constraint. Therefore, the parameter k,
comprising given charging rates and resistances at all stations, is normally small (of the order
1073).

Furthermore, to match the initial conditions Vy = 1 and V| = 1+ k of the discrete recursion
with the initial conditions of the continuous analog, we demand f(0) =1 and f(1) = 1 + k.

8
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However, notice that in our continuous analog described by (1.2), we have, next to the initial
condition f(0) = 1, the initial condition f’(0) = w, while nothing is assumed about the value
f(1). The question arises whether it is possible to connect the conditions f'(0) = w and
f(1) =1+4k. To do so, we use an alternative representation of f given in Lemma A.l. Then,
using this representation, we show the existence and uniqueness of w > 0 for every k such
that the solution of (1.2) satisfies f(1) = 1 +k in Lemma A.2. The proof of Lemmas A.1-A.2
can be found in Appendix.

The importance of the role of the parameter k becomes immediate from the comparison of
the functions f(¢) and g(¢) in Theorem 3.2.

Theorem 3.2. Let f(t) be given by (3.3) with initial conditions f(0) = 1, f'(0) = w such
that f(1) = 1+ k, and let g(t) be given by (3.16). Then, there is a unique k. = 1.0384 ...
such that

(a) k > k. implies f(t) > g(t) forall t > 1,
(b) 0 < k < k. implies that there are t(k), t,(k) with 1 < tj(k) < (k) < o0 such that
f(@t) < g(t) when ti(k) <t < ty(k) and f(t) > g(t) when 1 <t < ti(k) or t > t,(k).

As to match the continuous analog with the first order approximation as a function of k,
there is no clear tendency. However, using Theorem 3.2, we are able to differentiate between
two cases: (1) large values of k; i.e., k > k. = 1.0384 .. ., and (2) small values of k; i.e., k < k.
In the first case, we have 1 < f/g everywhere, while min, f(x)/g(x) tends to O (very slowly)
when k tends to 0. However, f(x)/g(x) > 1 for any k when x is (very) large, and so, in the
second case, there is an x-region where the corresponding f/g is below any f/g having a
k > k..

This behavior can also be observed from Fig. 2, where the dashed red and dotted yellow lines
(k =1.5,2.5 > k.), respectively, are always above 1, and the solid blue line (k = 0.5 < k,) is
not always below or above 1; i.e., there exists a region where f/g is below 1, so also below
any f/g having a k > k..

In what follows, we start with introducing notation for the proof of Theorem 3.2, and give
a sketch of the proof. The theorem is proven in Appendix.

Define the auxiliary function ¢ : [1, o0) — [0, 00) by

k
t) =2k + —— — kIn(2k In(?)), 3.17
Y1) + 310 n(2k In(r)) (3.17)
and notice (also for the proof in Lemma 4.3) that the function v (¢) is strictly decreasing from
+oo att =1 to 0 at t = co. This follows easily from the definition of i in (3.17).
Denote the unique solution ¢ > 1 of the equation ¥ (¢) = w? by to(k), i.e.
Y (to(k) = w?, (3.18)

where w comes from the initial condition f'(0) = w > 0. Additionally, define

W2-Hn(g() 2
F(t, k) = / . exp(v)dv (3.19)
(W2+HIn(f (1)) 2
k (W2-+in(g(0)) 2
= ¢ Eexp(WZ)Jr / exp(v?)dv, (3.20)
w
where the second line is a consequence of Lemma A.l with y = 1. The proof of Theo-

rem 3.2 centers about the unique solution #o(k) of (3.18). First, from (3.19), we notice that
9
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Fig. 2. Plot of quotient f/g for three values of k.

max;>; F(t, k) <0 is equivalent to f(¢) > g(¢). In Lemma A.3, we show that max,>; F(¢, k)
is exactly attained at the point fy(k), i.e., max,>; F(t, k) = F(ty(k), k). Notice that F(ty(k), k)
is only a function of the parameter k. In Lemma A.4, we show F(ty(k), k) is a strictly
decreasing function of k. To prove Lemma A.4, we make use of additional Lemma A.5. Then,
in Lemmas A.6 and A.7, we show that F(#y(k), k) is positive for small k& and negative for large
k, respectively. This allows us to conclude that F(#(k), k) < O is equivalent to k > k.. In
summary, to prove Theorem 3.2, we show

f@)>gt) << max F(t, k)= F(to(k), k) <0 < k > k..

Furthermore, in Lemma A.3, we show that F(¢, k) has only one extreme point, and in particular
that this extreme point is a maximum and that this is attained at the point #y(k). Thus, in the
case where 0 < k < k., we are left with 7,(k), (k) with 1 < t;(k) < tp(k) < oo such that
f(t) < g(t) when t;(k) <t < (k) and f(¢r) > g(t) when 1 <t < t;(k) or t > t,(k).

Necessary Lemmas A.3—A.7 to prove Theorem 3.2 are stated and proven in Appendix.

A comparison of the approximation g(t), i.e. for (3.16), to the exact solution f(#) of (1.2)
where w is such that f(1) = 1 4 k, for three values of %, is given in Fig. 2.

However, in the setting where k is small, the result in Theorem 3.2, case (b) leaves two
practical questions; how small the ratio f(¢)/g(¢) can be when #;(k) <t < t,(k) and how large
the ratio f(¢)/g(¢) can be when ¢ > #,(k). These practical questions are covered in Theorem 3.3.

Theorem 3.3. Let f(t) be given by (3.3) with initial conditions f(0) = 1, f'(0) = w such
that f(1) =1+ k, and let g(t) be given by (3.16). Then, for 0 < k < k., we have

f0)/g) = % (ln (\/2/;k))_2 : (321)

when t1(k) <t < t,(k). Furthermore, we have
f)/g@) < 1.21 (3.22)
when t > t,(k).
10
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The proof exploits properties of Lemma 3.1 and Theorem 3.2, such as exact representations
(3.6)—(3.8) and actual values such as the one for k., but most importantly, we use numerical
results to compute bounds for the quantity fy(x)/g(x), where fy(x) is given in (3.4) and g(x)
is given in (3.16) with k = 1. The proofs of Theorem 3.3, and supporting Lemmas A.8 and
A.9 can be found in Appendix.

4. Main results of discrete Emden-Fowler type equation

In this section, we present the asymptotic behavior of the discrete recursion (1.3). Thus, we

consider the sequence V;, j =0, 1, ... defined in (1.3) and we let
. oy L . .
W;=jCkn(j)2=¢@(), j=12,..., 4.1
denote the discrete equation analog to g(j); cf. (3.16), at integer points j = 1,2,.... The

asymptotic behavior of the discrete recursion (1.3) is summarized in the following theorem.

Theorem 4.1. LetV;, j =0,1,...and W;, j =1,2,...be as in (1.3) and (4.1), respectively.
Then,

The proof of Theorem 4.1 relies on the following observations: there always exists a point
n € {1,2,...} such that either V; > W; for all j > nor V; < W; for all j > n, and
the existence of such a point implies in either case the desired asymptotic behavior of the
sequence V;.

To show that there exists a point n € {1, 2, ...} such that either V; > W; for all j > n
or V; < W; for all j > n, we rely on Lemmas 4.1, 4.2 and 4.3. Due to the inequalities in
Lemmas 4.1 and 4.2, we show

Vier = V; =2 Wi = W; (4.2)

for j > no(k), where ny(k) is appropriately chosen. Then, Eq. (4.2) implies that there exists
either a point n > ng(k) such that V,, > W, or not. If there exists a point n > ng(k) such
that V, > W,, then we show in Lemma 4.3 that V; > W; for all j > n. If not, we have that
Vi < W; for all j > ngy(k).

Then, we are left to show that the existence of such a point implies the desired asymptotic
behavior of V;. This is done in Lemma 4.4.

We now give the necessary lemmas to prove Theorem 4.1.

Lemma 4.1. Let W;,j =1,2,... be as in (4.1). Then,
1
Wit = Wi < (00 + 1) + 2k In(Wjp)?. 4.3)
where ¥ (j) for j =1, ... is defined in (3.17).
Lemma 4.2. Let V;, j=0,1,... be as in (1.3). Then,

1
Vig — V= (C+2kIn(V))?, 4.4
for some constant C.

11



M.HM. Christianen, A.J.E.M. Janssen, M. Vlasiou et al. Indagationes Mathematicae xxx (Xxxx) xxx

Lemma4.3. LetV;, j=0,1,...and W;, j =1,2,... be as in (1.3) and (4.1), respectively.
Then, we have the following equivalence.

1. There is n > no(k) such that V,, > W,.
2. There is n > ny(k) such that V; > W; for all j > n.

Lemmad44. LetV;, j=0,1,...and W;, j =1,2,... be as in (1.3) and (4.1), respectively.
There holds the following. In either case that

1. there is a point n € {1,2, ...} such that V; > W; for all j > n,
or

2. there is a point n € {1,2, ...} such that V; < W; for all j > n,
we have that V; = W;(1 + O(1)), j — oo.

The proofs of Lemmas 4.1-4.4 are given in Section 6. Now, Theorem 4.1 follows from
Lemmas 4.1-4.4.

Proof of Theorem 4.1. Let V;, j =0,1,...and W;, j = 1,2,... be as in (1.3) and (4.1),
respectively. On the one hand, as a result of Lemma 4.2, the first order differences of the
sequence V; are bounded according to (4.4), while on the other hand, as a result of Lemma 4.1,
the first order finite differences of W; are bounded according to (4.3).

A minor issue is that (4.3) involves In(W; ), whereas (4.4) involves In(V;). However, by
(4.1), we write

In(W1) = In(W) = In ((j + D@KInGj + 1)) = In (jkIn(j)?)

B N\ 1 In(j + 1)
_ln(1+7)+§m(( In(j) )) )

and notice from increasingness of the function j > 1 + In(j) and the inequality In(j + 1) —
In(j) < % that % <1+ % when j > exp(1). Using this last inequality in (4.5), yields that
In(Wj41) = In(W;) + O(1/j).

Moreover, Eqgs. (4.3) and (4.4) imply that there exists a point ng(k) such that V; ; — V; >
Wit — W; when j > ng(k). To eliminate the effect of the term O(1/j) in In(W;4,) =
In(W;) + O(1/j), we let no(k) be such that ¢ (ng(k)) < C — 1.

In any case, we can distinguish between two cases: there exists either a point n > ng(k)
such that V,, > W, or not, i.e.,

1. There is n > ng(k) such that V,, > W,,
2. Vi < W, for all j > ngy(k).

By Lemma 4.3, we have, on the one hand, that the existence of a point n > ng(k) such that
V, = W, implies that V; > W; for all j > n and on the other hand, that the non-existence of
n > no(k) such that V, > W,, implies that V; < W; for all j > ng(k).

This situation exactly fits the framework of Lemma 4.4.

We consider the two cases above. First, assume that (1) holds. Then by Lemma 4.3, we
have V; > W; for all j > n. From V; > W;, for all j > n, we have that Lemma 4.4, item (1)
holds, and so

Vi =W;(1+0(), j— .
12
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2
k=0.5
- — k=15
181 k=2.5| |

10° 10° 102
j

Fig. 3. Plot of quotient V/W for three values of k.

Second, assume that (2) holds, so that V; < W; for all j > ng(k). Then, Lemma 4.4, item (2)
holds, and so

Hence, any of the two cases yields

lim —L =1. O
J—>00 j
Although we do not provide associated properties of the asymptotic behavior of V; as
Jj — oo as we did for the asymptotic behavior of f(x) as x — 0o, we compare the behavior
of V; with the discrete counterpart of g(t), i.e. W;, for j =1,...,100 in Fig. 3.

5. Proofs for Section 3

The main result in Section 3, i.e., Theorem 3.1 follows from Lemmas 3.1 and 3.2. In
this section, we provide the proofs of both Theorem 3.1 and Lemma 3.2. For the proof of
Lemma 3.1 we refer to [6].

5.1. Proof of Theorem 3.1

Proof of Theorem 3.1. Denoting U = U(x) = (ln(fo(x)))% for x > 0, we have by (3.5)

U s X
exp(u?)du = —. é.1
J 7
We consider for x > 0 the equation
2
—1
exp) -1 x (5.2)

2y V2

13
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With z = x\/z, we can write (5.2) as
1
y = h(y), h(y) = (In(1 + zy))2 .

The function A,(y) is concave in y > 0 since
_ b4
2(1 + y)(In(l + y2)?
is decreasing in y > 0. Furthermore, when z > exp(l) — 1,
ho(D) = (n(1+2))2 > 1, ho(2) = (n(1 +22)? <z,

where the first inequality follows from z > exp(1) — 1 and the second inequality follows from
In(1 + z%)(z%, z)0. Therefore, the equation y = h.(y) has for any z > exp(1) — 1 exactly one
solution y;p € [1, z]; here “LB” refers to the lower-bound in (3.10). Since y;p € [1, z], we
have

yip = (In(1 +2y2p)? € [n(l +2)%, (n(1 +22)7], (5.3)

d
dy [7:(y)]

so that y;p = (’)(ln(z)%), z > exp(1) — 1. When we iterate (5.3) one more time, we get

1 3 | In (l + yLB) :
YLB = (IH(Z) +1In <Z + yLB>> = (In(z))2 (1 + Z—>

In(z)
In(1
— (In(2))? <1 +O ( n( nw))) . z>exp(l)— 1. (5.4)
In(z)
Observe that
U= ln(fo(X))% <y, z>exp(l)—L (5.5

Indeed, we have from (5.1) and the first inequality in (3.10)

U?—1 v 2 )—1

2U 0 V2 2yLp

and so U < y;p follows from increasingness of the function y > 0 > (exp(y*) — 1)/2y. In
addition to the upper bound on y in (5.5), we also have the lower bound

1
U > (1n (%))2 . z>2. (5.7)
Indeed, from (5.1) and the second inequality in (3.10),
U2 -1 U
M > f exp(u?)du = I E,
U 0 V22
while
-1 -1
exp(y?) R Sl % 2>2, (5.8)
y y=(n(3»2  (In($))2

where the inequality in (5.8) follows from — In(w) > (1 — w)? with w = Z € (0, 1]. We have
from (5.6) that
exp(U?) — 1
2U

=<

(5.9)

S~

14
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When we use (5.7) in (3.11) with y = U, we see that

U 2y _
% = / exp(u?)du < % <1 + %)
0
_exp(U?) — 1 1
- w (1 O <ln(z))> ' 10
From (5.9) and (5.10), we then find that
exp(U?) — 1 X ( ( 1 >>
L = (1 — . 11
2U J2 +0 In(z) .11

Observe that (5.11) coincides with (5.2) when we take y = U and replace the right-hand side

% by (%) (l +0 (ﬁ)) Using then (5.4) with z replaced by z (l +0 (ﬁ)), we find

that

ol—

ol ) (oo

In(z) In(z (1 +O (ﬁ)))

= (In(z))? (1 +0 (IH(IH(Z))» . (5.12)
In(z)

Then, finally, from (5.11) and (5.12),

folxr) = exp(U) = 1 + zU (1 N 0( ! ))
In(z)

~ 1 In(In(z)) 1
=14 z(In(z))2 (1 +0 ( In(z) )) <1 +0 <1n(Z)))

— Z(n()? (1 Lo (ln(ln(Z)))> ,
In(z)

as required. [J

5.2. Proof of Lemma 3.2

Proof of Lemma 3.2. We require the inequalities (3.10) and (3.11). The inequalities in
(3.10) follow from expanding the three functions in (3.10) as a series involving odd powers

yz”l,l =0,1,..., of y and comparing coefficients, i.e.,
exp(yz) -1 B i y2l+l
2y e+ 1!
x y2£+l y 5
< —_— = d
= ;(MJF el fo exp(u)du
- i U exp(y?) — 1
T y ’

14

Il
S

15
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As to the inequality in (3.11), we use partial integration according to

/‘)’ exp(uz)du = /)’ id(cxp(uz) —1)
0 0 2u

_exp(y?) — 1 N / Y exp(u?) — 1
0

- du. 5.13
2y w2 (5.13)

Now

y 2y _q H—1—y?
/ exp’) —1 = _ exp(”) Y yso (5.14)
0

212 = 3
as follows from expanding the two functions in (5.14) as a series involving odd powers

y?#+1 1 =0,1,..., of y and comparing coefficients. Then (3.11) follows from (5.13)—(5.14)
upon deleting the y? in the numerator at the right-hand side of (5.14). O

6. Proofs for Section 4

The main result in Section 4 follows from Lemmas 4.1-4.4. The proof of each Lemma can
be found in 6.1-6.4, respectively.

6.1. Proof of Lemma 4.1

Proof of Lemma 4.1. For Eq. (4.1), by the mean-value theorem, there is a & € [j, j + 1] such
that

Wini =W =g(+1D—g()=g¢ =80 +D. (6.1)

We have used here that g(j) is convex in j > exp(1/2). We make the term g'(j + 1) explicit,
by differentiating g(#), see (3.16), with respect to ¢ and rewrite it in terms of the function g(#)
itself (so for integer points, in terms of W,) and ¥ (¢) as in (3.17). Differentiation of g(¢) gives,

g'(t) = (2k)? %(t(ln(r»%)
= (2k)? ((ln(z»% + —)
2(In(1))?

1
1 (@I + 1D\
= 2k (T(z))

1

k 2
- <2k In(r) + 2k + 5 (t)) . 6.2)

However, (6.2) does not contain the function g(¢) yet. Therefore, we rewrite the first term of
the right-hand side of (6.2) as follows:
2k In(r) = 2k In(r(2k ln(t))%) — kIn(2k In(1))
= 2k In(g(t)) — k In(2k In(2)). (6.3)

16
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Then, after inserting (6.3) and the definition of ¥r(¢) in (3.17), we get

/ — k %
() = <2k In(g()) — k In(2k In(1)) + 2k + 21n(t)>

= (Y(t)+ 2k ln(g(t)))% , t>1 (6.4)

Then, combining the upper bound in (6.1) and (6.4), yields the desired upper bound for the
finite differences of W; in (4.3). O

6.2. Proof of Lemma 4.2

In this section, we prove a lower bound for the first order finite differences of V; that is
similar to the upper bound we obtained in (4.3). This result follows from Lemmas 6.1 and 6.2.

In more detail, the proof of Lemma 4.2 consists of algebraic manipulations of (1.3), but
the key in the proof is the use of Lemma 6.2 in these manipulations, which, in turn, builds on
technical results established in Lemma 6.1. We first state Lemmas 6.1 and 6.2.

Lemma 6.1. Let V;, j=0,1,..., be as in (1.3). Then,

Vi=jk+1,
Vi = V=Yl & > o00as j— oo
Vj+1 - Vj <k+In(l+ jk),
Vit Vi _ o (1))
Vi - J :

A L~

Lemma 6.2. LetV;, j=0,1,..., N —1as in (1.3). Then,

N 3
Vit 2Bt v = (v + 0 <1n(.’ ) ) :
V; /

Both Lemmas 6.1 and 6.2 are proven later in this section. Here, we discuss the efficacy of
Lemma 6.2 by numerical validation. We approximate,

Vier=Vit _ (Vier (- Vi1 ©.5)
Vi Vi Vi '
by
Vv Vi
~1n (1 + (—’“ - 1)) —In (1 - (1 _ 1))
V; Vj
v, Vi
—1In (’—“> —ln< J 1) =1n(V;41) — In(V;_y). (6.6)
V; V;

The efficacy of the approximation (6.6) of (6.5) is illustrated for the cases k = 0.001, k = 0.01
and k = 0.1 in Fig. 4. For these cases, the approximation already yields relative errors smaller
than 0.5% for j > 10.

Having Lemmas 6.1 and 6.2 at our disposal, we are now ready to give the proof of
Lemma 4.2.

Proof of Lemma 4.2. In order to relate the recursion in (1.3) to (4.3), we write (1.3) as
k .
(VjJrl_vj)_(VJ_vj*l):V’ ]:1,2,,N—1 (67)
J
17
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k =0.001
1.035 |: - — k=001
k=01

1.03 1

1.025 |

1.016
1.01 1

1.005 = — _ %

1F S ——

0.995
10° 10" 102 103

Fig. 4. Illustration of efficacy of the approximation (6.6) of (6.5) by showing the quotient of (6.5) and (6.6), for
three values of k.

and multiply both sides of (6.7) by
Vi = Vi =W = V) +(V; = Vi)

to obtain
Vign— Vi
(Vigr = V)P = (V; = Vi) = k=
Vi
Summing this over j = 1,2,...,n, we get
2 Vi — Vi
Vit = Vo) = (Vi = Vo =k )0 =Fo 6.8)
J

j=1
We proceed with rewriting Eq. (6.8) to an expression that is similar to the one we obtained for
the sequence W;, j =1,2,..., N in Eq. (6.1) using Lemma 6.2. Then, we have

n . J— F_
2 2 Lj+1 [/j 1
(Ln+1 - Ln) = (Ll - [’0) +k § —Vj

j=1

n 1 . 3
= (Vi = Vo + kY HIn(Vy) = In(V; ) + 0 (( “5.”) )} 6.9)

j=1

We observe a telescoping sum in the right-hand side of (6.9), so we have

n

Z {In(V 1) = In(V; )} = In(V,i1.1) + In(V,) = (n(V1) + In(Vp)) .
j=1

Furthermore, we introduce the following notation:
w?(k) = (Vi — Vo)> — k (In(V}) + In(Vp))
=k*> —klIn(1 + k)
18
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N3
and R; = 0O ((I"E—])) ) Thus, we rewrite (6.9) to

n . 3
(Vi = Va)? = w?(k) + k(An(V, 1) + In(V,)) + Y O ((%—”) )

j=1
= w’(k) + k(n(V, ) + (V) + D R;.
j=1

Recall that we want to derive a lower bound for the first order finite differences V.41 — V,,. In
order to do so, we use that V,.; >V, (see [6, Lemma 5.1]). Thus,

(Vo = Vi) = w?(k) + 2k In(V,) + ) R;.
j=1
Since Y, [R;| < oo, we thus see that there is a constant C such that
Vist = Vo = (C +2kIn(V,)?,
as desired. [
To complete the proof of Lemma 4.2, we are left to prove Lemmas 6.1 and 6.2. This is
done in Sections 6.2.1 and 6.2.2, respectively.
6.2.1. Proof of Lemma 6.1
Proof of Lemma 6.1. The properties of the sequence V;, j = 0,1,... are given in the
following way.

1. We have from (1.3) for j = 1,2, ...,
k
Vj+1 — Vj = Vj — VJ;] + V > Vj — Vj71~ (6.10)
J
Hence, Vj+1 —Vj >Vi—-Vo=0+4+k)—1=kforj
i=0,1,...

Vi =V, + (Vi = V) = V; +k,

0,1,.... Then we get for

and it follows from V, = 1 and induction that V; > 1 + jk for j =0,1,....
2. We have from the identity in (6.10) by summation that

J
k
Vipi =V =W = Vo) + E v
i=1

J

k
=%+Z.

i=1 !

J
k
-5

When the latter expression would remain bounded by B < 0o as j — 00, we would
have V;i1 < Vo + jB,j = 0,1,.... However, then Z{:o% > Z{;Ol VOL.B — 00

<|=

19
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as j — oo. Since this contradicts the assumption that the latter expression remains
bounded, we must have that Z, -0 V — 00 as j — oo.
3. Combining the results of items (1) and (2) gives us the desired result. Indeed,

Vj+1_Vj: _S . )
i=0Vi i:Olk+1
and
J J
St h
/2 B
T

it (m(j+ i) m(ly]
= n — —_ —Inl — —
Tk 2Tk
:k+ln(1+1] 1)

3tk

<k+In(l+ jk).

4. This is a direct consequence of the inequalities in items (1) and (3). Combining (1) and
(3) gives,
Vj+1 — Vj < k +hl(1 +]k)
v, T 1+jk

Hence, “4~% = 0 ("2). O
J J

6.2.2. Proof of Lemma 6.2

Proof of Lemma 6.2. We show the asymptotic behavior of M as j — oo. Let, for
J

j=12,...,
y, = Vi ViV
4 4
Yi=1- Vi-i = Vj_vj_l.
Vj 4
Then,
0<X;<1,0<Y; <1 (6.11)
Indeed, from Lemma 6.1, items 1 and 3,
<1, j =1,
Vien =V k+11)2<1+ o 1 |
Xj= 7 = 1+jk + n1+jjk = 1+jk + exp(l) <53t mm <1
j=2,3,...,N—1.

Here it has been used that the function y~'In(y), y > 1, has a global maximum at y = exp(1)
that equals exp(—1). The other inequalities follow by the increasingness of the sequence
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Vi,j=0,1,... (see [6, Lemma 5.1]). Furthermore, we have
Viei =V
X, +Yy, ==/
J + J Vj
X,—y, =Y zm2VitVia ko,
J J V] (V])z
Therefore,
Vin Vi
In(Viy)) —In(V;_;) =In <]—) —1In (—)

=In(1+ X;) —In(1 — Y;)

2 3 2 3
I TS BN D B IS
) 3 ) 3

1 2 2 - i yvi+l i+1
:(Xj+Yj)—§(Xj—Yj)+Zi+l((—l)Xj +v)
i=2

oo
_ Vi —Vie ki — Vi) n Z 1

iyi+l i+1
V; 2(V))? i—i—l((_l) X )

i=2
(6.12)

where the bounds in (6.11) assure convergence of the infinite series. Since 0 < Y; < X;, we
have

[ee]

1 =2
1) i+l Y’:“‘ < xi+l
S o= Sk

2 )
_ v3 i—2

i=2

Vi —V:\2
=0(x3)=0 AR _
! v
Thus, we get that,

Viei —Via k(Vigi— V2 Viei—=V; .
— = 1n(Viy) —In(V;_ )
v, n(Viy1) —In(V;_1) + 2 + v,

N\ 3
= In(Vj41) — In(Vj_) + O ((1“5—’)) ) :

In the last line, we used Lemma 6.1, item (4). [

6.3. Proof of Lemma 4.3

Proof of Lemma 4.3. We establish the (non-trivial) implication from (1) to (2). Assume there
is n > ng(k) such that V,, > W,. We claim that V; > W; for all j > n. Indeed, when there is

any > nsuch that V,, < W,,, welet nz :=max{j :n < j <np, V; > W;}. Then V,, > W,,
and V; < W; for n3 < j < np. However, since ¥ (j) is strictly decreasing and n3 + 1 > nq(k),
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we have
Visrt = Vg = (C + 2k In(V,, )
> (C— 14 2kIn(V, ))%
> (¥ (no(k)) + 2k ln(an+1))

> (Y3 + 1) + 2k In(Wyy41)?
> Wn3+1 - Wn3s

which implies V,,,11 > W, 1. This contradicts the definition of n3. Since the choice of n; is
arbitrary, we have that V; > W; for all j > n. The implication from (2) to (1) is immediate. []

6.4. Proof of Lemma 4.4

Proof of Lemma 4.4. Letn =2,3,... and j > n. Then,

j—1
Vi=Vit Y (Vig1 = Vi)

i=n

= Va +Z (Z [(Vier = V) = (Vi = Vi)l + (Vi — V,,_l))

i=n

j—1 i
= Vit G=mVa = Vo) + Y (Z(vm — 2V, + vl_l))

i=n \l=n

= Vit (= )V = Vo) + Z (Z ) : (6.13)

Now suppose that there is a n = 2, 3, ... such that

Vi=W;, forall j=>n. (6.14)
Then,

1 1 1

— < — = —_—

Vi™ Wi 1QkIn())2
and so by (6.13) for all j > n,

k(&1
Vi < Vit (G =m(Vy = Vo) + 12(2 ) (6.16)

(k)2 5=, \i= [(In(D))>

We use the Euler—Maclaurin formula in its simplest form: for / € C?[n, o0), we have

By(x — LxJ)dx

, l=nn+1,..., (6.15)

i i 1 1 i
S0 = [ hod + S0+ b+ 3500 = W) — [ e
I—n n n

2
where B(t) = (t — )2 — l is the Bernoulh polynomial of degree 2 that satisfies |B;(t)| <
O <t < 1. Using thls W1th h(x) = r, X > 2, so that
x(In(x))2
, 1 1
h(x)=—

2(n()t 2x2(n(x)3
22
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) 3 3
h”(x) — . 4 2 . 4 4 -,
x3(In(x))2  x3(In(x))2  x3(In(x))2

/ " hodx = / l ;ldx — 2(In(i))? — 2(In(n))?,

x(In(x))2
we get
- = 2(1n(i))% — 2(1n(n))% + 0O (—1> . (6.17)
1= [(In(}))2 n(In(n))2
Next, from the Euler—-Maclaurin formula with i(x) = (ln(x))%, we have
it 1 j-1 1 1
Z(ln(z’))f = f (In(x))2dx + O ((ln(j))?) , (6.18)

and obviously

j—1
3 ((m(n))% +0 (%)) —(-n ((m(n))i +0 (%)) . (619
i=n n(In(n))2 n(In(n))2

Thus, from (6.17) and (6.18), we can write the right-hand side of (6.16) as

Vn + (] - n)(Vn - Vn—l) +

k J=1 1 L : 1 1
1 (2/ (In(x))2dx + O ((111(]))2) +( —n) ((ln(n))2 +0 (—1 ))) ;
(2k)2 n n(In(n))?2

which simplifies to

i1
2kt / " eyt + 00). 620)

o 1 C . .
Next, we use the substitution # := (In(x))2 and partial integration, to obtain

j—1 ] (ln(jfl))%
/ (In(x))2dx = / . u-2uexp(u®)du
n a

n(n))2

1

. 1 (In(j—=1)2

In(j—1))2

= [u exp(uz)](n(j l)) —/ ' exp(uz)du
(In(n))2 (In(n))2

. . 1 1 (n(j-1)7 )
= (j — D(n(j — 1)2 — n(In(n))2 — f 1 exp(u)du.
(In(n))2

Using the second elementary inequality (3.10) in Lemma 3.2, we conclude that

. .
/J (In())>du = j(n(j))* +0< - ) .= oo
n (In(j))2
It thus follows from (6.16), (6.19) and (6.20) that
V; < k)7 j(In(j)? + O()). 6.21)
23



M.H.M. Christianen, A.J.E.M. Janssen, M. Vlasiou et al.

Hence, from (6.15) and (6.21),

wemfiof )
(2k1In(j))2

=W;(14+0Q1)), j— oo
In a similar fashion, if there is an n = 2, 3, ... such that
V; < j(2kIn(j)z, forall j > n,
then
Vi = j@kInG))? + O(),
which also yields

Vi=W;(1+0), j—>oo. O

7. Conclusion

Indagationes Mathematicae xxx (Xxxx) xxx

Continuous and discrete Emden—Fowler type equations appear in many fields such as
mathematical physics, astrophysics and chemistry, but also in electrical engineering, and more
specifically under a popular power flow model. The specific Emden—Fowler equation we study,
appears as a discrete recursion that governs the voltages on a line network and as a continuous
approximation of these voltages. We show that the asymptotic behavior of the solution of the
continuous Emden—Fowler Eq. (1.2), i.e. the approximation of the discrete recursion, and the
asymptotic behavior of the solution of its discrete counterpart (1.3), are the same.
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Appendix. Proofs for Section 3.1

A.l. Proof of Lemma A.1

Lemma A.1. Let f(t) be given by (1.2). Then, we can alternatively write f(t) by

"(t
S =1, t>0, (A1)
(w? + 2k In(f(2)/y))2
and
W20y t N
/ | exp(vH)dv = —/ =kexp(W?), >0, (A2)
(W2-In(y))2 yV2
2
where W? = T
Proof. From (1.2), we get
F@) f"uw) =kf'w)/fw), 0<u<rt. (A3)
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Integrating Eq. (A.3) over u from O to ¢ using f(0) = y, f'(0) = w we get

"kf(u)
Sfu)

! 1 1
/0 fl@) f"wydu = E(f/(t))2 —3 = kIn(f(1)/y).

Hence, for t > 0,
f'@)
(w? + 2k In(f (1) /y))%

as desired. Integrating f(u)/(w?+2k In(f(1)/y))? = 1 from u = 0 to u = 1, while substituting
s = f(u) € [1, f(r)], we get

df ds

=1,

t f@
/ ds du —du = / ! —ds =1. (A4)
0 (w?+2k ln(f(u)/y))f I (w?+2klIn(s/y))2

By introduction of W? = the expression becomes

2k ’
£

V2k / (W2 + In(s /y)?

Substituting v = (W2 + ln(s/y))f, s = yexp(v2 — W2, ds = 2s(W? + ln(s/y))%dv in the
integral (A.5), we get

_ds =1. (A.5)

W2n( 70/ )2 1 r ot N1
/ | exp(vz)dv = 3 exp(Wz)VZ —-=— Ek exp(Wz), t>0,
( y vy

W2—In(y))2

as desired. This concludes the proof. [

A.2. Proof of Lemma A.2

Lemma A.2. Let k > 0. There exists a unique w > 0 such that the solution of f(t)f"(t) =
k, t >0; f(0) =1, f'(0) = w satisfies f(1)=1+k.

Proof (Proof). Again, we rely on the representation of f in (A.14). Thus the condition
f(1) =1+ k can be written as

1+k 1
/ —  is=1 (A.6)
1 (w?+ 2kln(s))2

The left-hand side of (A.6) decreases in w > 0 from a value greater than V210 0 as w increases
from w = 0 to w = oo. Indeed, as to w = 0 we consider

14k
nm:f —ds, k > 0.
1 (In(s))2

Then F(0) =0 and F’'(k;) = (In(1 4+ k1))~ > > (kl)_%, ki > 0, since 0 < In(1 + k) < k; for
k1 > 0. Hence,

k k 1
Fk) = F( F'(ky)dk ——dk; =2vk, k> 0.
®) <>+/O k) 1>f0\/k_1 \=2VE k>
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This implies that
1+k 1 F(k)
ds = > \/E,
1 A2k In(s) 2k

That the left-hand side of (A.6) decreases strictly in w > 0, to the value 0 at w = oo, is
obvious. We conclude that for any k > O there is a unique w > 0 such that (A.6) holds. [

k> 0.

A.3. Proof of Theorem 3.2
Proof. From the definition of F in (3.20), it follows that F (¢, k) = O if and only if f(f) = g(¥).
Furthermore, we have
f@)=gt),1 <t <oo << malx F(t, k) <O0. (A.7)
>
By Lemma A.3, we have, for any k, max,>; F(t, k) = F(to(k), k) and by Lemma A.4, we have

that F(#y(k), k) is a strictly decreasing function of k. Notice that, by (3.20), we can alternatively
write,

1
(W2-+In(g(1g(k))) 2

Flio(k), k) = f " exp(v)dv.

(W2+In( f (t9(k))) 2
Thus, by Lemma A.6, we have on the one hand, for small &, that F(#(k), k) > 0, and by
Lemma A.7, we have on the other hand, for large k, that F(#y(k), k) < 0. Therefore, we
conclude that F(ty(k), k) < 0 is equivalent to k > k.. U

A.A4. Proof of Lemma A.3

Lemma A.3. Let F(t, k) be given as in (3.20). Then, for any k,
max F(t, k) = F(to(k), k),
=

where ty(k) is given by (3.18).

Proof. To find, for a given k > 0, the maximum of F(¢, k) over t > 1, we compute from
(3.20)

oF k d i
Sk = —\/; exp(W?) + = (W2 + In(g(1))? ) exp(W? + In(g (1))

g'(1)
g()

1 1 g k
= exp(W?) <§(W2 +ing(o) ((;)) exp(In(g(1))) — \E)

o E \/I g
= exp(W)y/ 5 2k\| W2 + In(g(r))

¢ 2
()
W2 + In(g(1))

= %(W2 +1In(g(1) 2 exp(W? + In(g(1))) — \/geXP(WZ)

-1]. (A.8)
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Then, using (6.4) in (A.8), we get

[ E0 4 in(g(r))
—(t k) = exp(W )f W2+ln(g(t)) —1]. (A.9)

Then, %2(¢, k) = 0 if and only if 42 = W2 or in other words, if and only if ¥ (t) = w?. Recall
from (3.18) that the unique solution ¢ > 1 of the equation ¥ (¢) = w? is given by #o(k). Thus,
we have

aFt k), k) =0
S0k, k) =

Sincezw(t) is strictly decreasing in ¢ > 1, while W? does not depend on ¢, we have from (A.9)
that (to(k) k) < 0. Hence, for k > 0,

malx F(t, k) = F(to(k), k),
1=
which completes the proof. [J

A.5. Proof of Lemma A.4

Lemma A4. Let F(t,k) be given as in (3.20). Then, F(ty(k), k) is a strictly decreasing
function of k, i.e.,

aF(t(k) k) <0, k>0
ako » k) < U, > U

Proof. We compute [, F(t, k) for any t > 1, and set = 1y(k) in the resulting expression. Thus,
from (3.20),

0 = 5OV £ ing) 7 (W2 £ /R ) expW? + In(e(1) -

! exp(W?) — ty/ lk(Wz)’ exp(W?)
2k 2 ’
E(t k) = exp(W?) (lg(t)(w2 +In(g(1)))"2 ((Wz)’ + i) - W
ok 2 2k

_ ! \/?k(Wz)/
232k 2 '

From (W?) = 2W W', we then have

ra L
a—i(z, k) = exp(W?) (w —w— L t«/ﬁww/)

— W exp(W?) — 5

Simplifying this expression, yields

(W2 + In(g(1)))? 22k
= exp(W?) ((Ll — t@) (WW' + i) - W/) ) (A.10)
(W2 + In(g(1)))? 4k

We next take r = fp(k) in (A.10), so that we can use that

g'(to(k)) = (w> + 2k In(g(to(k))))?
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and W2 = 4, and observe that
g() k= m( 8() —t)
(W2 + In(g(1))) 2 (w2 + 2k In(g(1)))2

B g(1) _ —tV2k B
(551 = im0

We claim that,

IF B [ V2K 1 B
ﬁ(l‘()(k), k) = — exp(W ) (Hz—h’l([)(WW + E + w )) 1= t()(k),

is negative since W (k) increases in k > 0, strictly. The latter fact is proven in Lemma A.5. We
conclude that F(fy(k), k) is a strictly decreasing function of k > 0. O

Lemma A.5. Let f(t) be given by (3.3) with initial conditions f(0) = 1 and f'(0) = w,
where w is such that f(1) = 1 + k. Furthermore, let W(k) = \/szk Then, W (k) is a strictly
increasing function of k.

Proof. First, by Eq. (A.4) with y = 1, we get
f@ 1
/ ——ds =1. (A.11)
I (w?+ 2kIn(s))2
Second, from the fundamental theorem of calculus, we have

=1 Y[ ke, A12
r=1ews ([ 555) @ a1

Now, we derive the desired monotonicity property. We require f(1) = 1 + k. We get from
(A.12),

w 1 K du
— =1 ds. A.13
K /o (/o f(u)) ; A13)

From, (A.11), with t = 1 and f(1) =1 4+ k, we get
1+k 1
f ——ds =1. (A.14)
1 (w? + 2kIn(s))2
From (A.14), noting that w = w(k), we get then

d 1+k 1
~dk (/ 2 1 ds)
1 (w?(k) 4+ 2k In(s))2

_ 1 N /1+k lZw(k)w’(k)+21n(s)

(w2(k) + 2k In(1 + k)2 ) 2 (w2(k) + 2k In(s))>

1+k

= ! — wlk)w'(k) ! sds—

(w2(k) + 2k In(1 + k))2 1 (w?(k) + 2k In(s))2

Ik In(s)
— / ~ds. (A.15)
1 (w2(k) + 2k In(s))2
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Hence, rewriting (A.15) yields,
1+k 1 1

u)(k)w/(k)/ ~ds = -
I (w2(k) + 2k In(s))? (w2(k) + 2k In(1 + k))}

1+k 111(.5‘)
— >ds. (A.16)
1 (w2(k) + 2k In(s))2
Consider the last term in (A.16). We have for 1 <s <1 +k,
In(s) . In(s) 1
W2(k) + 2k In(s))> W2k + 2k 1In(s) (42(k) + 2k In(s))?
In(1 4+ k) 1
~ w2(k) + 2k In(1 + k) (w2(k) + 2k ln(s))% ’
Therefore, by integrating over the inequality in (A.17), we get

/1+k In(s) I < In(1 + k) /'+k 1
U@k +2kInGs)3 WA F2KInA ) S (w2(k) + 2k In(s)?
_ In(1 + k)
— w2(k) + 2k In(1 + k)’
where we used (A.14). Therefore, see (A.16),
1+k 1 1
w(k)w' (k) ~ds > -
I (w?(k) + 2k In(s))2 (w2(k) + 2k In(1 + k))2
In(1 + k)
>
w2(k) + 2k In(1 + k)

(A.17)

ds

0, (A.18)

where the latter inequality follows from
(W2(k) + 2k In(1 + k)2 > 2k In(1 + k)2 > In(1 + k),

since u > In(1 + u) for u > 0. We conclude from (A.18) that w(k) strictly increases in k > 0.
Next, we consider for a fixed + > O the identity (A.4). For any s > 1, the integrand

_1
(u)z(k) + 2k ln(s)) 2 decreases strictly in k > 0, and hence f(¢) = f(¢; k) increases strictly in
k > 0, since t > 0 is fixed. As a consequence, we conclude from (A.13) that w(k)/k strictly
increases in k > 0 since 1/f(u) strictly decreases in k > 0 for any u € (0,1). O

A.6. Proof of Lemma A.6
Lemma A.6. Let F(t, k) be given as in (3.20). Then, for small k, we have that F(ty(k), k) > O.

Proof. We have for t > 0,
1
f@) = fO)+1f(0) + Etzf”(ét)

1+ tw+ Lo K
= w —_ s
2 fé)
where &, is a number between 0 and ¢. Since f(1) =14k and f(&) > 1 > 0, it follows that
w < k. Therefore,
1 w 1 3
— ) <1+ —=+k<Z+Vk
M) =1 a3
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On the other hand

(1) 1 <2k1<1>)% (= In(k))?

— | =— n(— =(—In ,

)T TR

and this exceeds % + +/k when k is small enough. Numerically, by solving the equation

(- ln(k))% = % + vk for k > 0, we find that k < 0.05 is small enough. We conclude from

(3.20) that F(to(k), k) > F (ﬁ k) ~ 0 when k is small. [

A.7. Proof of Lemma A.7
Lemma A.7. Let F(t, k) be given as in (3.20). Then, for large k, we have that F(ty(k), k) <O.

Proof. We show that f(r) > g(¢) for all ¥ > 1 when k is large enough. We have f(1) =
14k > 0 = g(1). Now suppose that there is a ¢ > 1 such that f(¢) < g(¢). Then there is also
at; > 1 suchthat f(¢;) = g(t;) and f'(t;) < g'(t;). We infer, by the derivatives of the functions
f and g given in Egs. (6.4) and (A.1), with (3.17), from f(¢;) = g(¢;) and f'(t;) < g'(#;), that

k
w? <2k + T kInQkIn(r)) = ¥ (1) att =t (A.19)

At the same time, we have by convexity of f(¢),0 <t < oo, and f(1) = 1 + k that
fO)y=1+tk, t=>1.

Hence, when %k > In(¢), we have

JO) =14tk >thk=1t (2k - %k) C > 1@k It = g,

Since f(t;) = g(t;), we thus have that #; > exp(%k). The right-hand side of (A.19) decreases
in t > 1, since the function ¥ (¢) is strictly decreasing, and its value at r = ¢; is therefore less
than

2k +

1
— — kIn2k - k) =2k + 1 — 2k In(k).
-5k 2
Since 2k + 1 —2k In(k) < O for large k, (A.19) cannot hold for large k. Numerically, by solving
the equation 2k 4+ 1 — 2k In(k) = 0, for k > 0, we find that k > 3.2 is large enough. This gives

the result. [J
A.8. Proof of Theorem 3.3

Proof. Let f(t) = f(t; k) be given by (3.3) with initial conditions f(0) = 1, f'(0) = w such
that f(1) = 1 4+ k, and let g(¢) = g(¢; k) be given by (3.16). Before we turn to the proof
of inequalities (3.21) and (3.22), we first state some numerical results obtained by Newton’s
method: the unique number k. that determines whether the ratio of f and g is positive or not,
is given by k., = 1.0384, the corresponding value of w such that f(1) = 1 + k. is given by
w(k.) = 0.6218 and the corresponding solution to the equation ¥ (fy(k.)) = w(k,)? is given by
to(k.) = tr(k.) = 18.3798. Furthermore, by Newton’s method, we have that

Sox) Jo(x)

<1,x1 <x < xp;

glx; ) — glx;

>1,1<x <x;o0orx > xp,
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where x; = 2.4556 and x, = 263.0304, and g(x; k) = (2k)%x(1n(x))%. Additionally, the
minimum of the ratio fy(x) and g(x; 1) is given by

o Jox) Jo(x)
min min ————

w21 g(x; 1) x=x=n x(21n(x))%

~ (.8829, (A.20)

and is attained at xp;, = 5.7889. The maximum of the ratio fy(x) and g(x; 1) is given by

Jo(x)
ax ——~

m ~ 1.0223,
x>1 g(x; 1)

and is attained at x,,,x = 380223. However, the computation of the maximum of the ratio of
fo(x) and g(x; 1) is much more involved than the computation of the minimum of the ratio
of fo(x) and g(x; 1), because evaluation of the function fy(x) for large entries is difficult. In
Lemma A.8, we content ourselves with a reasonably sharp upper bound on the maximum of
the ratio of fy(x) and g(x; 1) over x > x;.

We now turn to the proof of inequality (3.21). We consider two regimes, i.e., t;(k) < t <

V2/k and t > /2/k. We have for t;(k) <t < /2/k,

feb 1
8t k) T 12k In(r))?
> 1 1
V27K (2k In(/27K)) 2
_ L (A21)
2(In(/27K))?

where we used that f(¢; k), with f(0;k) = 1 and g(t; k) = (2k)%t(ln(t))% are positive,
increasing functions of ¢ > 1. Next, we let t > /2/k. We have
f@: k) cfola+ by
gt k) t/2kIn@r)
_ fola + bt) ac+ bet |In(a + bt)
T gla+bt; ) 1k In(t)
We consider each factor on the right-hand side of (A.22) separately. For the first factor, we use

the numerical result that the minimum of the ratio of the functions fj and g is given in (A.20).
For the second and third factor, we notice, from (3.6)—(3.8) and ¢ > /2/k, that

(A.22)

a>0,b>k bec=k,a+bt>Vky2/k =2 (A.23)
Hence, for the second factor, we get
ac+bet Nkt
TWE D
and for the third factor,
In(a + bt) ~In(evk)

min ——— > min (A.24)
r=v27k  In(z) r=v27k  In(t)
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Inv2

eI when

However, the right-hand side of (A.24) is equal to 1 when k > 1, and equal to
0 < k < 1. Therefore,

In(tvk)  In(/27k.)
min >
1>v2/k  In(¢) In(v/2/k)
when 0 < k < k.. Hence, combining the inequalities for each factor in (A.22), we get, for

t > V2JE,
JER) o egrg.q . (M V27E) %_ 0.5055
gtsky — In(v27k) | (1n(\/2/_k))%'

Together with (A.21) this gives the desired result.

Now, we turn to the proof of inequality (3.22). We follow the same approach as in the proof
of inequality (3.21). Thus, we consider each factor of the right-hand side of (A.22) separately.
The right-hand side of (A.22) is now to be considered for ¢ > t,(k), and so it is important
to have specific information about #,(k). We claim that 7,(k) > exp(e?>~*/2k). This claim is
proven in Lemma A.9 below.

We consider x = a + bt with ¢t > t,(k). Now, by the first two inequalities in (A.23), we get

a + bt (k) > vk exp(e* < 2k).
Notice that the function k > 0 + +/kexp(e* % /2k) is a decreasing function of k for
0 < k < k., and therefore,
a + bir(k) > ke exp(e> ™ /2k,) &~ 3.5909 > x;.
Hence, it is sufficient to bound the function fy(x)/g(x;1) for x > x,. Furthermore, by
Lemma A.8, we have
™) 1o,
g(x; 1)
For the second factor, we notice, since bc = /k, that we have
ac + bct ac
—_— 14—
vk vk
Now, from (3.6) and (3.8),

% = %ﬁ/om exp(vH)dv - exp(—w?/2k)

< — [———

~ Vk 2k k
w(k.)

< ~ (.5988,

1 w w

where in the last line it has been used that w/k is an increasing function of k; see Lemma A.5.
Hence, for all k < k. and all ¢ > t,(k) > ty(k), we can bound the second factor by
ac + bct <1 w(k.)
vk keto(ke)
For the third factor, we have by (3.6),

~ 1.0326.

N3 w
a= ﬁ/ exp(v?)dv < — exp(w?/2k).
0 P vk P
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Hence, by (3.7),

In(a + bt) < ;}—Z +ln<(% —I—t) \/z)

w? (k) w(ke)
ST +ln(( . +t>x/E).

Therefore, for all t > t,(k),

w?(ke) wike)
In(a + bt) %< % +1In (( ke 'H)‘/z)
In(?) - In(?)
1
2. 3\ 2
vk 4 In(vk) + 2k
In(r)

IA

1+

1
w(ke) wke) N\ 2
L) 4 In(Vke) +
<|l14+-% fokoke 1~ 1.0400.
In(ty(k.))

Combining all inequalities for each factor in (A.22), we get

f@; k)

< 1.12-1.0326 - 1.0400 =~ 1.2023. O
g(t; k)

Lemma A.8. Let fo(x) be given by (3.4) and let g(x; 1) be given by g(x; 1) = x(2 ln(x))%.
Then,

D 410 s
glx; 1)

Proof. From (3.4),(3.5) and the first inequality of (3.10), we have for x > 0

1
(In(fo(x)))2 _
X f ’ exp(uz)du > M,
0 2(In(fo(x)))2

i.e.,

fol) < 1+ x2In( folx))?2. (A25)
Let x > 0 be fixed and consider the mapping

G:iz>1r 1+x2In@)?.

Then G maps [1, co) onto [1, co) with G(1) = 1 and G(c0) = o0, G is strictly concave on
[1, 00), and G'(z) decreases from oo to O as z increases from 1 to oco. Therefore, G has a
unique fixed point z(x) in (1, c0). We have for any z; > 1, z, > 1 that

2S00 = 0 < 1G22 () &= 2> 1+ xQ2In@)?. (A26)
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Note that fy(x) < z(x) by (A.25). Now let « > 1 and consider z, = 1+ag(x; 1), where we take
1
o such that z, > 1+x(21n(z2))2. An easy computation shows that with this z, = 1 +ag(x; 1),

a?

22>1+x2 111(22))% = gx;1) < al (A.27)

We consider all this for x > x, = 263.0340. We have
2
o |

o

g(x2: 1) = 22 In(x))? =

for « = 1.1115 := op. Furthermore, when we have an x > x, such that g(x; 1) < é()c"‘2 - 1),
we have
d [1
[ (" — 1>] == = = (1 aglxi 1)
dx X X

2
=2 Y 0m))?
X X

> &2(21n(x))?

1
> 2In()? + —— = g'x; 1),
(2In(x))2
where the last inequality holds when o®> — 1 >
o = ay and x > x,. Hence,

2
%

X
gl 1) =2

> 5o ( 5- The latter inequality certainly holds for

, d [ 1
s g('x71)<_ —(.x2—1) ) xZ-XZa
o dx | a
and we conclude that
X% 1
glx; 1) < , X =X
o

Then, by (A.26) and (A.27) and fy(x) < z(x), we get that

2=140mgl; 1) >z(x) > f(x), x> x.

This implies that

Jolo) <a+ <a+ <112, x> x,
g(x; 1) g(x; 1) g(xa; 1)

since ap < 1.112 and (g(x; 1))~' < 0.008 as required. O

Lemma A.9. Let f(t) be given by (3.3) with initial conditions f(0) = 1, f'(0) = w such
that f(1) =1+ k, and let g(t) be given by (3.16) for 0 < k < k.. Then,

2 ke
tr(k) > CXP( T ) ,

where ty(k) is given as in Theorem 3.2, case b.

Proof. Let f(r) be given by (3.3) with initial conditions f(0) = 1, f/(0) = w such that
f(1) =1+k, and let g(¢) be given by (3.16). By Theorem 3.2 case (b), we have t,(k) > ty(k),
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where #o(k) is the unique root of the equation

w?
2+ 70 — In(2k In(2)) = = (A.28)
see (3.18). If we denote y = 2In(#y(k)), then the solution y(k) of (A.28) satisfies
Yk > +exp (2 - w—z) > Lep - 262 Lo k),
k k) k ke Tk

since '”72 increases in k and w? < k?. Now, using that y = 21In(to(k)), we get

o2ke
to(k) > exp( T ) .

Since (k) > ty(k), we have the desired result. [
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