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1. Introduction

The main object of study in this paper is the cone of copositive matrices COP,,,
defined as

COP,, ={M € S8" : 2" Ma >0 for all z € R} (1.1)

or, equivalently, as
COP,, = {M € 8" : (°*)" Mx°? > 0 for all 2 € R"}, (1.2)
after setting 2°? = (2%,...,22) and R? = {z € R" : z > 0}. Optimizing over the

copositive cone is hard in general since this captures a wealth of hard combinatorial
optimization problems such as finding maximum stable sets in graphs and minimum
graph coloring, and, more generally, mixed-integer binary optimization problems (see,
e.g., [2], [10], [3], [8]). Determining whether a matrix M is copositive is a co-NP-complete
problem (see [20]). These hardness results motivate investigating hierarchies of cones
that offer tractable approximations for the copositive cone. Such conic approximations
arise naturally by replacing the condition 27 Mz > 0 on R?% in (1.1), or the condition
(x°2)TM2°%2 > 0 on R™ in (1.2), by a sufficient condition for nonnegativity. Parrilo
[22] introduced the cones ICSZT), whose definition relies on requiring that the polynomial
(XCr 2)(2°?)T Mx°? is a sum of squares of polynomials, i.e.,

K = {M s (Zn:x ) NT Nz ¢ z} (1.3)

1=1

Here and throughout, ¥ = {3, ¢? : ¢; € R[z]} denotes the cone of sums of squares of
polynomials, R[z], denotes the space of polynomials with degree at most r, and we set
3, = ¥ N R[z],. By construction we have IC%T) C IC%TH) C COP,, and thus

J k& c cop,. (1.4)

r>0
In addition, the cones IC%T) cover the interior of the copositive cone, i.e.,

int(COP,) < | J K. (1.5)

r>0

Indeed, a matrix M lies in the interior of COP,, precisely when 27 Mz > 0 on R” \ {0},
or, equivalently, when (z°2)TM2°? > 0 on R™ \ {0}. Using a result of Pélya [24] (or
Reznick [26]), this strict positivity condition implies existence of an integer r € N for
which (37, #2)"(2°%)T M2°? is a sum of squares.
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As is well-known, the cone ICS,O) consists of the matrices that can be written as the
sum of a positive semidefinite matrix and a nonnegative matrix, thus it is the dual cone
of the doubly-nonnegative cone (see [22]). We have equality COP,, = K if and only if
n < 4 [4]. For n > 6, copositive matrices that do not belong to any cone K have been
constructed in [17], so the inclusion (1.4) is strict for any n > 6. However, the question
of deciding whether the inclusion (1.4) is strict for n = 5, which is the main topic of this
paper, remains open.

Question 1.1 (/17]). Does equality COP5 = [, Kg) hold?

It is known that the inclusion ICéO) C COPs is strict. For instance, the following
matrix, known as the Horn matrix,

1 1 -1 -1 1
1 1 1 -1 -1

H=|-1 1 1 1 -1 (1.6)
-1 -1 1 1 1
1 -1 -1 1 1

is copositive, but it does not belong to the cone ICéO). On the other hand, H belongs
to the cone ICél) (see [22]). Clearly, any positive diagonal scaling of a copositive matrix
remains a copositive matrix, i.e., M € COP,, implies DM D € COP,, for any diagonal
matrix D with D;; > 0 for ¢ € [n]. However, this operation does not preserve the cone
IC%T) for r > 1 (see [5]). For instance, H € ICgl), but not every positive diagonal scaling
of H belongs to Kél); in fact the positive diagonal scalings of H that still belong to ICél)
are characterized in [17]. It is an open question whether every positive diagonal scaling
of H belongs to some cone K.

Question 1.2. Is it true that DHD € |J,, ICéT) for all positive diagonal matrices D7

As we will show in this paper, a positive answer to Question 1.2 would imply a positive
answer to Question 1.1. The following is the main contribution of this paper.

Theorem 1.3. Equality COP5 = Urzo ICgr) holds if and only if DHD € Urzo ICgr) for all

positive diagonal matrices D.

We group a few observations regarding the proof of this result. In view of relation (1.5),
in order to show that any 5 x 5 copositive matrix lies in some cone ICéT), we can restrict
our attention to copositive matrices that lie on the boundary dCOP5 of the copositive
cone. Moreover, it suffices to consider matrices that lie on an extreme ray of COP5. A
crucial ingredient for the proof of Theorem 1.3 is the fact that all the extreme rays of the
cone COP5 are known. They have been characterized by Hildebrand [12], who proved
that (up to simultaneous row/column permutation) they fall into three categories: either
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they are generated by a matrix in ICéO), or they are generated by a positive diagonal
scaling of the Horn matrix, or they are generated by a positive diagonal scaling of a class
of special matrices T'(¢)) (see Theorem 2.2 below for details). Hence, in order to show
Theorem 1.3, we need to show that all positive diagonal scalings of the matrices T'(¢))
lie in some cone ICér). This forms the main technical part of the paper, which, as we will
explain later in Section 4, relies on following an optimization approach.

We now place the above results into the broader context of the relevant literature.

On the impact of diagonal scaling

Diagonal scaling plays a crucial role in our main result (Theorem 1.3) and more
generally in the analysis of the copositive cone. As already noted above, positive diagonal
scaling preserves the copositive cone COP,,. It also preserves the cone IC%O), but it does
not preserve the cone /C%T) when r > 1 and n > 5. Indeed, Dickinson et al. [5] show that,
for every matrix M € COP,, \ IC%O) and every r € N, there exists a positive diagonal
scaling of M that does not belong to ng,,T).

On the other hand, it is shown in [5] that every 5x 5 copositive matrix with an all-ones
diagonal belongs to ICél). Hence, a method for checking whether a 5 x 5 matrix belongs
to COPj is to scale it to obtain a matrix with binary diagonal entries and then to check
whether this new matrix belongs to Kél). In contrast, it is shown in [17] that, for every
n > 7, there exist matrices in COP,, \ |, K with an all-ones diagonal; indeed, if

M € COP, \ K, then

1 -1 r
M & (_1 . > € COP,y2\ | KL,
r>0

Selecting for M the Horn matrix H gives a 7 X 7 copositive matrix that does not belong
to any cone ng). The case n = 6 remains open.

Question 1.4. Let M € COPg with an all-ones diagonal. Does it hold that M &
Ur>0 IC((ST)?

Note that the answer to this question is negative in general if we allow M to have a
zero diagonal entry. Indeed, it is shown in [17] that, if M € COPn\ICSLO), then the matrix
M & 0 is copositive but does not belong to any cone IC,(;)l. So selecting M = H gives

the 6 x 6 matrix H @ 0, which is copositive but does not belong to any cone IC((;').
Copositive matrices from graphs

The cones K\ are used by de Klerk and Pasechnik [10] for defining a hierarchy of
upper bounds ¥(") (@) for the stability number a(G) of a graph G = (V = [n], E). Recall
a(G) denotes the maximum cardinality of a set S C V', which is stable (aka independent),
i.e., contains no edge of G. The parameter ¥(")(G) is defined as the smallest scalar A
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such that A(I 4+ Ag)—J € IC%T). Here, Ag is the adjacency matrix of G, I is the identity
matrix and J is the all-ones matrix. As an application of a result of Motzkin-Straus [19],
it follows that the following graph matriz Mg := «(G)(I + Ag) — J is copositive. Hence,
the parameters 9(")(G) provide a hierarchy of upper bounds for a(G), converging to it
asymptotically [10]. The authors conjecture in [10] that the convergence is, in fact, finite
and takes place after a(G) steps, i.e., they conjecture that 9" (G) = o(G) if r > a(G)—1
or, equivalently, that the matrix Mg belongs to the cone IC%O‘(G) R fact, it is not even
known whether Mg belongs to some cone ICS«LT). So the following two conjectures remain

open.
Conjecture 1.5 (/10]). For any graph G, we have Mg € K=,
Conjecture 1.6 (/16]). For any graph G, we have Mg € |, K.

The class of graph matrices Mg has been recently further investigated in [7], where
they are used, in particular, to construct large classes of matrices generating extreme
rays of COP,,.

A possible strategy for attacking the above conjectures is to use hierarchies of subcones
of the cones ICS"), that have additional structural properties and thus may be easier to
handle. The starting point to define such subcones is to use the formulation (3.2), which
characterizes membership M & IC%T) by a structured decomposition for the polynomial
(3>, ;)"xT M. Then, by restricting the summation in (3.2) to selected summands, one
gets subcones of IC%T).

Pefia et al. [23] introduce the cones Q') C K, as defined in (3.7), and show
that Mg € O™V for all graphs G with a(G@) < 6. Laurent and Gvozdenovié [11]
strengthen this and show Mg € Q%&(G)fl) for all graphs with «(G) < 8, which settles
Conjecture 1.5 for the class of graphs with a(G) < 8. Very roughly, the cones ng) allow
an inductive proof, by combining with combinatorial properties of the graph matrices
Mg; however this argument breaks down when «(G) > 9. So a new strategy seems
needed to attack Conjecture 1.5 for general graphs.

In this paper, we introduce another class of cones LAS(ATT)L c ki (see (2.3)), which
we use to establish our main result (Theorem 1.3). Roughly, these cones are based on
following an optimization approach, where one minimizes the quadratic form z” Mz over
the standard simplex, and then considers the associated Lasserre-type sum-of-squares
hierarchy, which allows applying known results about their finite convergence.

We have (implicitly) used the cones LAS(ATI already in our previous work [16] to prove
a partial result on Conjecture 1.6. Call an edge e of G critical if its deletion increases
the stability number, i.e., if (G \ e) = a(G) + 1. Now we say that G is critical if all its
edges are critical, and that G is acritical if none of its edges is critical. In [16] it is shown
that, if G is acritical, then Mg belongs to some cone LAS;") C ICSZn).

Observe that the Horn matrix coincides with the graph matrix Mc, of the 5-cycle.
As (5 is a critical graph, the above mentioned result of [16] does not apply to it. In
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fact, we will show in Lemma 3.10 that H = Mc, ¢ U, LASéT). So we cannot use the

cones LAS&T) to show membership in the cones K of the positive diagonal scalings of

H. Recall that H € Kél). However, as positive diagonal scaling does not preserve the

cone IC%T) in general, we will need another strategy to show that every positive diagonal
; (r)

scaling of H belongs to some Iz ’.

Organization of the paper

The paper is organized as follows. In Section 2 we give an overview of the main tools
and results: we introduce other sum-of-squares hierarchies of inner approximations for
COP,, (including the cones QSLT) and LAS,({')), we present the known description of the
extreme rays of COPj5 (that include the matrices T'(9) (¢ € ¥) from (2.7)), and we sketch
the main arguments used to show the main result (Theorem 1.3). As we explain there,
Theorem 1.3 reduces to showing that every positive diagonal scaling of the matrices
T() (1 € ¥) belongs to some of the cones LAS(” (Theorem 2.3). In Section 3 we show
the relationships between the various hierarchies of inner approximations for COP,,.
Section 4 is devoted to the proof of Theorem 2.3. We conclude with some final remarks
in Section 5.

Notation

Set [n] = {1,...,n}, and let D™ denote the set of diagonal matrices and D’ | the set
of diagonal matrices with positive diagonal entries. For d € R™ we let D = Diag(d) € D™
denote the diagonal matrix with diagonal entries D;; = d; for i € [n]. For x € R",

||| = /D1y @7 denotes its Euclidean norm and ||z||; = >, |z;| denotes its ¢;-norm.
For a vector x € R™, Supp(x) = {i € [n] : z; # 0} denotes its support. The vectors
e1,..., e, denote the standard basis vectors in R™, and e = e; + ... + e, is the all-ones
vector.

Given polynomials py,...,pg, we let (p1,...,p5) = {Zle w;p; : u; € R[z]} denote
the ideal generated by the p;’s. Throughout we denote by I the ideal generated by the
polynomial Y ", z; — 1. For a subset S C [n] and variables x = (21, ...,2,), we use the
notation z° = [I;cs =i and, for a sequence € N™, we set xf = xfl R

2. Overview of results and methods

In this section we give a broad overview of the strategy that we will follow to show our
main result. As indicated above, we need to show that every positive diagonal scaling
of the special matrices T'(¢) (introduced below in relation (2.7)) lies in some cone ICér).
In fact we will show a sharper result and show membership in another, more restricted,
conic hierarchy. This alternative conic hierarchy arises naturally by considering other
sufficient positivity conditions for the polynomials #7 Mz and (z°2)T Mx°2. We begin
with introducing these alternative conic approximations.
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2.1. Alternative conic approximations for COP,,

The definitions of the cone COP,, in (1.1) and in (1.2) rely on requiring, respectively,
nonnegativity of the polynomial z7 Mz on R?, and nonnegativity of the polynomial
(x°2)T M 2°2 on R™. Since these two polynomials are homogeneous, this is equivalent to
requiring, respectively, nonnegativity of z7 Mz on the standard simplex A,, = {x € R?} :
>, x; = 1}, and nonnegativity of (z°?)” Mz°? on the unit sphere S"~* = {z € R" :
S 22 = 1}. In other words we can reformulate the copositive cone as

K2

COP, ={M € 8" : x" Mz >0 for all z € A}, (2.1)
COP,, ={M € 8™ : (°*)TMz°? > 0 for all x € S"'}. (2.2)

Now we relax the nonnegativity condition and ask instead for a sufficient condition for
nonnegativity on the simplex A,, or on the unit sphere S~ !, in terms of sum-of-squares
representations that involve the constraints defining the simplex or the sphere. This
follows the commonly used approach in polynomial optimization, based on Lasserre-
type relaxations (see [13] and overviews in, e.g., [14], [15]), which justifies our notation
below.

For any integer r € N, based on definition (2.1) for COP,,, we define the following
cones

LAS(ATEL:{M eS8 : 2" Mz= o9+ Zaia:i—l—q for og € ¥,,0; € 3,_1 and ¢ € IA},

i=1
(2.3)
LAS(A’:)MP:{M eS8 2T Ma= Z ogx®+q for og € Yi5—r and g € IA}.
SCnl,|S|<r
(2.4)

Recall In is the ideal generated by > 7, z; — 1. The index ‘P’ used in the notation
LASXZNP refers to the fact that the decomposition uses the preordering, which consists
of all conic combinations of products of the constraints defining the simplex with sum-
of-squares polynomials as multipliers. Clearly, for any integer r > 0, we have

(r) (r)
LASA?:” C LAS,’ p € COP,,.
Moreover, the cones LASXEL cover the interior of the copositive cone.

Lemma 2.1. int(COP,,) C U, LAS(ATT)L.

¢

This follows from Putinar’s Positivstellensatz [25] applied to the simplex (see Theo-
rem 4.1).
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In a similar manner, based on definition (2.2) for COP,,, we define the following
cone

LAS(S:),1 = {M €S": (%) Mx*? = 00 + u(ixf - 1)

i=1

for some 0 € ¥, and u € R[x}} (2.5)

As we will show later (see Theorem 3.1), we have the following relationships between the
various approximation cones for COP,, that were introduced above:

LAS(ATEL - IC%T*Q) = LASXLP = LAS(SQ,Q1 forany n > 1 and r > 2. (2.6)

A main motivation for introducing the cones LAS(ATZL lies in the fact that they permit to
capture certain copositive matrices on the boundary of COP,,, namely those matrices
M that arise as positive diagonal scaling of a class of matrices generating extreme rays
of COPj (see Theorem 2.2 and Theorem 2.3 below). Of course, as a direct application
of (2.6), these matrices also lie in some Parrilo cone lef). The point, however, is that we
do not know how to show this directly, without showing that they belong to some cone
LAS;’“), which is a stronger result.

The alternative cones LAS(STW), _, are introduced for the sake of completeness, since they
arise naturally in view of definition (2.2) for COP,,, however we will not use them for
the proofs of our results in the paper.

2.2. Extreme rays of COP5

For answering the question of whether the two cones COPs and |J,~, ICéT) coincide
it suffices to look at the matrices that generate an extreme ray of COP5. This indeed
follows directly from the fact that any M € COPj5 can be decomposed as a finite sum of
matrices generating an extreme ray. For convenience we say that a copositive matrix is
extreme if it generates an extreme ray of COP,,.

A positive diagonal scaling of a matrix M is a matrix of the form DMD where
D € D, . Notice that if M is an extreme matrix of COP,, then every positive diagonal
scaling of M is also an extreme matrix. Moreover, if M € COP,, is an extreme matrix
then the same holds for every row/column permutation of M, i.e., for any matrix of the
form PTM P, where P is a permutation matrix. As observed above, positive diagonal
scaling does not preserve in general membership in Kk (r > 1), however taking a
row/column permutation clearly does preserve membership in any ngf) (r>0).

Hildebrand [12] characterized the set of extreme matrices of COPs5. For this, he defined
the following matrices
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1 — oS 1y cos(ty +15)  cos(a + 13) — cos 3
— coS 1y 1 —cos s cos(ts + 1)  cos(s + 1)
T() = | cos(va +1s5) —cos s 1 —costpr  cos(yr +2) |,
cos(¢2 +¢3)  cos(s + 1) —cos 1 — CoS P2
—cosyz  cos(iz + 1) cos(Yr +1a) —Ccos 1
(2.7)

where ¢ € R®, and proved the following theorem.

Theorem 2.2 (/12]). Let M € COPs5 be an extreme matriz, and assume that M is neither
an element of ICéO) nor a positive diagonal scaling (of a row/column permutation) of the
Horn matrix. Then M is of the form

M=P-D-T)-D-PT,

where P is a permutation matriz, D € DiJr and the quintuple v is an element of the set

5
W:{¢€R5:Z¢i<ﬂ, ¢i>0fome[5]}. (2.8)

i=1

In summary, the extreme matrices M of COPj5 can be divided into three categories:

() M ek,
(ii) M is (up to row/column permutation) a positive diagonal scaling of the Horn matrix,
(iii) M is (up to row/column permutation) a positive diagonal scaling of a matrix T'(¢)
for some ¢ € W.

Our main result in this paper is to show that every matrix from the third category of
extreme matrices of COP5 belongs to some cone LASX! and thus, in view of (2.6), to

some cone lCér) )

Theorem 2.3. Let D € D be a positive diagonal matriz. Then, for all ¢ € VU, we have
D-T(¢) D € U,5oLASK) € U, kY.

In view of Theorem 2.2, Theorem 1.3 directly follows from Theorem 2.3. As a direct
consequence, in order to answer Question 1.1, it suffices to look at the extreme matrices
from the second category (i.e., at the positive diagonal scalings of the Horn matrix H).

On the other hand, as we will show later in Lemma 3.10, the Horn matrix H does not
belong to any of the cones LAS(AT;. Hence, in order to show that any diagonal scaling
of the Horn matrix belongs to some cone ICér) and thus give an affirmative answer to
Question 1.1, it will not be sufficient to consider the cones LASXE. A different, new
strategy will be needed.
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2.3. Sketch of the proof

We are left with the task of proving Theorem 2.3. For this we follow an optimization
approach and consider the following standard quadratic program, for a given copositive
matrix M € COP,,:

ph =min{z" Mz :z € A,}. (SQP )

If p3; > 0 then M € int(COP,,) and thus, by Lemma 2.1, M € {J,, LAS(ATEL. Hence
we may restrict our attention to the case when pj, = 0, i.e., when M € 9COP,,. We
now consider the Lasserre sum-of-squares hierarchy for problem (SQP /), where, for any
integer » > 1, we set

pg\? =sup{\: 2T Mz — A= oo+ xio;+q for some q € Ia,

2.9
and og € Er, o; € ETfl}. ( )

Then the bounds pg\?

converge asymptotically to p}; = 0. Moreover, in program (2.9) the
supremum is attained and thus one may replace ‘sup’ by ‘max’. Hence, we have ps\? =0
if and only if the matrix M belongs to the cone LAS%’"). Therefore, when pj, = 0, we
have M € (J,~, LASX'Z if and only if the Lasserre hierarchy (2.9) has finite convergence,
ie., pg\? = 0 for some r. Based on this observation, our strategy is now to show finite
convergence of the Lasserre hierarchy (2.9) in the case when M is a positive diagonal
scaling of a matrix T'(¢)) with ¢ € ¥.

For this we will use a general theorem of Nie [21] that ensures finite convergence
of the Lasserre hierarchy (2.9) when the classical optimality conditions hold at every
global minimizer (see Theorem 4.2 below). In our case the global minimizers of problem
(SQP /) are given by the zeros of the quadratic form #7 Mx in A,,, whose structure is

well-understood for the matrices M = T'(1)). See Section 4 for details.
3. Relationships between sum-of-squares conic approximations for COP,,

In this section we show the relationships from (2.6) between the cones ICSLT), LASXi,
LASX:’ p and LAS(S:), _, introduced in the previous sections. In addition, we highlight the

relationship to the cones Qg) introduced in [23] and point out how these cones can all
be seen as distinct variations within a common framework.

3.1. Links between the cones IC%T), LAS(ATBL, LASX}L p, and LAS(ST,L1

Here we show the following result, which establishes the links announced in relation
(2.6) between the various cones defined in previous sections. This result is implicitly
shown in [16] (see Corollary 3.9), where we compared different bounds for standard
quadratic programs obtained via sums of squares of polynomials.
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Theorem 3.1. Let r > 2 and n > 1, then we have

LASY) k02 =1ASY) |, =LASE,.

We begin with observing that in the definition (2.4) of the cone LASXL p We may
assume that the summation only involves sets S C [n] with |S| =7 (mod 2).

Lemma 3.2. We have

LASXZ’P:{MGS":xTMx: Z ogz® +q with 05 € X3 anquIA}.
SC[nl,|S|<r
|S|=r(mod 2)

Proof. To see this consider a term z%cg, where [S| < r, [S| # r (mod 2) and o5 € ,_g).
Then |S| < r—1,deg(cs) < r—|S|—1 and thus, modulo the ideal I, we can replace z%0g
by 2505(3 1, x;). Now expand this expression as >, g 25\ %} TSTFHD i\ s 3o,
So each term in this summation is of the form x7or with |T| < r, |T| = r (mod 2), and
deg(or) <r—|T|. O

Next we recall an alternative definition of the cone ICff), following from a result in
[27].

Theorem 3.3 (/27], Prop 9). Let f € R[z] be a homogeneous polynomial with deg(f) = d.
Then the polynomial f(z°%) is a sum of squares if and only if f admits a decomposition
of the form

f= E osx®  for some og € Ya—|s|- (3.1)
SCnl,|S|<d
|S|=d (mod 2)

In particular, for any r > 0, we have

IC,(f) = {M eS™: (le) T Mz = Z osx®  for some og € Zr+2_|5|}.
i=1 SC[nl,|S|<r+2
|S|=r (mod 2)

(3.2)

Note the similarity between the description of LAS(AT?% p in Lemma 3.2 and that of
K572 in relation (3.2). The difference lies in the fact that for LAS(ATEHP we have a

representation of 7 Mz modulo the ideal I, while for ICSLT_2) we have a representation
of (3, #;)" 22T Mz. The next lemma (whose main idea was already used, e.g., in [9])
gives a simple trick, useful to navigate between these two types of representations.

Lemma 3.4. Let f, g € Rlx] and assume f is homogeneous. The following assertions hold.
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(i) If i 2)"f(z) = g(z), then f —g € Ia.
(ii) Let deg(f) = d, deg(g) = d+r (r € N), and define g(z) = (X1, z;)"g(x/
(>i, @i)). Then, g is a homogeneous polynomial of degree d+r. Moreover, if f—g €

In, then (3071 xi)" f(x) = g(x).

Proof. The assertion (i) follows by expanding (3_" ; ;)" as the sum

(2 5 = (le_m) :H(émi_l)(;(;)(im_l)k1).

i=

We now show (ii). The claim that § is a homogeneous polynomial of degree d + r is
easy to check. Assume now f — g € Ia. By evaluating f — g at z/(3>_1, z;), we ob-
tain f(z/(X i, @) = g(z/(Xi—, ). As f is homogeneous of degree d this implies
f@) =0, x)%(z /(X %)), and the result follows after multiplying both sides by

iy z)" O
We will also use the following simple fact.

Lemma 3.5. Let 0 € Xy and define o(z) = (31 zi)o(x/(X 1, 2;)). Then G is a
homogeneous polynomial of degree k. Moreover,

(i) If k = deg(o) (mod 2), then o € X.
(ii) If k # deg(o) (mod 2), then & = (3", x;)0, where o € X.

Proof. Note that & = (3.1, x;)F98()o’ where o’ := (31, ;)% Da(z/ (31| 7))
is a homogeneous polynomial with degree deg(c). It suffices now to observe that
(30 @;)kde8(@) is a square if k — deg(o) is even, and it is a square times (3, z;)

1=

if k —deg(o) is odd. O

Using these two lemmas we can now relate the two cones LASX?H p and K2,
Lemma 3.6. For any r > 2, we have LAS(ATEHP = IC%PQ).
Proof. First assume M € LASXZ,, p- Using Lemma 3.2, we have a decomposition of the

form 2" Mz = g(z) + q(x), where g € In and g(z) = 3|5/<p. |s|=r(mod 2) 75T, With
o5 € ¥,_|g|- Using Lemma 3.4(ii) we get

(3 o= (La) o( )

=1 i=1

S () ()

|S1<r,|S|=r(mod 2) =1

=5 ()
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As 7 — |S| = deg(os)(mod 2) we have og € ¥,_|g| by Lemma 3.5(i). In view of relation
(3.2), this shows that M € K2,

Conversely, assume M € IC%PQ). Then, in view of (3.2), we have a decomposition of
the form (> ,)" 22" Mz = Z|S|§7-,\S\Er(mod 2) osx®, where og € ¥,_|s|- By applying
Lemma 3.4(i), we obtain 27 Mx = Z\S\gr,mzr(mod 2) osx®4q, where ¢ € In. Combining
with Lemma 3.2 this shows M € LASXEHP. m]

To complete the proof of Theorem 3.1 we now establish the relation to the cone
LAS(S?,I, which follows from a result in [9].

Proposition 3.7 ([9]). Let f be a homogeneous polynomial of degree 2d and r € N. Then,
f(Z?:l xf)r € X if and only if f = o +u(>;_,x? — 1) for some 0 € Lo, 404 and
u € Riz].

In particular, for any r > 2 we have

LAS(SZ),1 = {M eS™: (Zn:xf)r_Q(mog)TMmOQ € E} =Kr=2, (3.3)

=1

We conclude this section with a reformulation for the cone LAS(ATZ in the same vein

as the reformulation of LAS(ATZH p in Lemma 3.2.

Lemma 3.8. Let r > 2. If r is odd, then we have

LAsy) = {mes": (ixi)FQxTMm — Zaa: witho; € T} (34)

i=1 i=1
If r is even and r > 4, then we have LAS(ATZ1 = LAS(AT;U.

Proof. The proof is similar to that of Lemma 3.2, except we now have a summation that
involves only sets S C [n] with |S] < 1. We spell out the details for clarity. Consider
first the case when r is odd. Assume M € LASX?L7 so that zT Mz = o9 + Z?:l oix; +q,
where g € In,00 € X, 0; € X,.—1. Combining Lemma 3.4(ii) and Lemma 3.5 we obtain
a decomposition as in (3.4). Conversely, starting from a decomposition as in (3.4) we get
a decomposition as in (2.3) by applying Lemma 3.4(i).

Consider now the case r > 4 even. Assume M € LASXi, we show M € LASX:D.
Starting from a decomposition as in (2.3) and using as above Lemma 3.4(i) and
Lemma 3.5, we obtain a decomposition

n

n n
O ) 22" Mz =G0+ (Y xy) Y G,
=1 =1

J=1
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where o9 € X, and 7; € A,_1. From this it follows that the polynomial Z?:l x; divides
09, which implies its square divides oy. Then we can divide out by Z?Zl x; and obtain
an expression as in (3.4) (replacing r by r — 1), that certifies membership of M in
LASY Y. o

3.2. Link to the cones ng)

The definition (3.2) of the cone K involves only square-free monomials, of the form
% =1] ses Ti- As observed in [27,23], one can allow arbitrary monomials and, after using
again the argument of Lemma 3.4, we get the following alternative definitions

K = {M eS": ( x1> 2T Mz = Z oz’ for og € ZT+2,|5|} (3.5)
i=1 BeEN™
|8]<r+2

= {M ceS" 2T Mz = Z Uﬁmﬂ—i-q for o3 € ET+2_|5| and q € IA}. (3.6)

BEN"
[B]<r+2

Based on relation (3.5), the authors of [23] proposed the cones 0l that are defined
as the variation (3.7) of (3.5) obtained by just considering the terms associated to the
monomials 2” with highest degree r or r + 2. In other words,

n
ol = {M eS": ( xz> T Mz = Z opa? for op € 2T+2*|B|}’ (3.7)
i=1 BeENT
|Bl=r,r+2

= {M eS":aT Mz = Z ngﬂ—i—q for o5 € ¥, 2|5 and q € IA},

ﬁEN"
|Bl=r,r+2

(3.8)

where the equivalence of (3.7) and (3.8) follows again using Lemma 3.4. Clearly, we have
inclusion Q,(f) - ICgf) for all n > 1 and r > 0, with equality Qg) = ngf) forr=0,1.

Remark 3.9. For any r > 2, the two cones LASXZ and ngd) are both contained in
the cone K™%, In view of (3.6), membership in K2 requires a decomposition using
terms of the form 2P0y for all B such that |8| < r and |3| = r(mod 2). In view of
(2.3), for membership in LASXZ, we consider only the terms z°05 with lowest degree
|B] = 0,1. On the other hand, in view of (3.8), for membership in Q%T_Q), we consider
only the terms with highest degree |3| = r,r — 2. Hence, it is interesting to note that the
two cones LASXZ and QSLT_Z) use the “two opposite ends” of the spectrum of possible
degrees for the terms 2 03.
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We conclude this section with observing that, while the Horn matrix H belongs to
ICél), it in fact does not belong to any of the cones LASXZ. The proof exploits the fact
that the quadratic form z7 Hz has infinitely many zeros in the simplex A,,.

Lemma 3.10. For all 7 € N we have H ¢ LASY).

Proof. Assume by contradiction that H € LAS(Q for some r € N, i.e.,

5 5
2 THx = oo + Zﬂfiai + q(x)(z z; — 1),
i=1 i=1

for some 0g,0; € ¥ and ¢(x) € R[z]. For a fixed scalar ¢t € (0,1), consider the vector
Up = (%, 0, %, %, 0) € A5, which can be verified to define a zero of 2T Hu, i.e., u] Hu; =
0. By evaluating the quadratic form 27 Hz at the point = 4 u; we obtain

5 5
(z +u)TH(x + up) =00(x + ug) + Z(az + up)ioi(x + ug) + q(a + ut)(z Z;).

i=1 i=1

As ul Hu; = 0 and 27 Huy = 29t + (1 — t)x5 we obtain

aT Ha + 220t + 2(1 — )25 = oo(x + we) + 201(z +w) + Los(z +w) + Fhou(z +w)
5 5

+ inai(x +u) + gz + ut)(z Z;).
i=1 1=1

(3.9)
We now compare some coefficients of the monomials (in z) in both sides of (3.9) in order
to reach a contradiction. As there is no constant term in the left hand side, the constant
term in the right hand side is equal to 0. This gives oo(ut) + o1(ut)/2 + tos(u)/2 +
(1 —t)os(us) = 0 and thus o;(uz) =0 for ¢ = 0,1,3,4. As 0;(x + uy) is a sum-of-squares
polynomial in z this in turn implies that there is no linear term in x in each of the
polynomials o;(z + u;) for i = 0,1,3,4. Next, combining this with the fact that the
coefficient of z; in the left hand side is equal to 0, one obtains that the polynomial
q(z + uy) has no constant term (i.e., g(ut) = 0). Now we compare the coefficients of x5
in both sides. In the left hand side it is equal to 2¢, while in the right hand side it is
equal to o2(u¢). Hence we have 2t = o9(u). We now reach a contradiction since og(uy)
is a sum-of-squares polynomial in ¢. O

We now show that the cones LAS(ATi cover the copositive cone only in the case n = 2.

Proposition 3.11. We have COP, = LASS;, and the inclusion Urzo LASXZ, C COP,, is
strict for any n > 3.
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Proof. First, assume M = (CCL lc)) € COP,, we show M € LAS(Q. Note that a,b > 0

and ¢ > —v/ab (using the fact that u” Mu > 0 with u = (1,0), (0,1), and (v/b, \/a)).
Then we can write 7 Mz = (az; — \/61‘2)2 + 2(c+ Vab)z 12, which, modulo the
ideal I, is equal to (vax; — Vbre)?(z1 4 29) + 2(c + Vab) (x3x1 + x3x3), thus showing
M e LASY).

Assume now n = 3, we show that the matrix

0 1 0
M=[1 0 0] €COP;3
0 0 0

does not belong to any of the cones LASX;. The proof follows a similar argument as the
one used for Lemma 3.10, using the fact that u; = (¢£,0,1 — t) defines a zero of M for
any t € (0,1), i.e., ul Mu; =0. O

4. Proof of Theorem 2.3

We now proceed to prove Theorem 2.3. As mentioned in Section 2.3, we will follow an
optimization approach, which allows us to apply a result of Nie [21] as a key ingredient
for our proof. We proceed in three steps. First, we recall the sum-of-squares Lasserre
hierarchy for a general polynomial optimization problem and the result of Nie [21],
that shows finite convergence of this hierarchy under the classical optimality conditions.
Second, applying this result to a class of standard quadratic programs, we obtain a
set of sufficient conditions for a matrix M € 9COP,,, that permit to claim that every
positive diagonal scaling of M belongs to some cone LAS(ATEL. Finally, we show that these
sufficient conditions hold for the matrices T(¢)) (¢ € ¥), which concludes the proof of
Theorem 2.3.

4.1. Optimality conditions and finite convergence of Lasserre hierarchy

In this section we recall a useful general result of Nie [21] that gives sufficient con-
ditions for having finite convergence of the Lasserre hierarchy for a general polynomial
optimization problem.

Given n-variate polynomials f, g; for j € [m], and h; for i € [k], consider the general
polynomial optimization problem

Jmin = f f(2), (Poly-Opt)
where K is the semialgebraic set defined by
K ={z eR":gj(z) >0 for j € [m], hi(x) =0 for i € [k]}.

We say that the Archimedean condition holds if there exists N € R such that
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n m k
N — fo = 09 —|—Zajgj + Zuihi for some 0g,0; € ¥ and u; € Rlz]. (4.1)

i=1 j=1 i=1

For any integer r € N consider the corresponding Lasserre sum-of-squares hierarchy

m k
f(r) = sup {)\ f—A=o0p+ Zajgj + Zuihi(x) for some o¢ € Xy, 0 € Xy _deg(q:)
j=1 i=1

and u; € R[m]r,deg(hi)}.
(4.2)

By the following result of Putinar [25], under the Archimedean condition, asymptotic
convergence is guaranteed, i.e., f") — foin as r — oo.

Theorem 4.1 ([25]). Assume K satisfies the Archimedean condition (4.1). If a polynomial
p s strictly positive on K, then p can be written as p = og + Z;"Zl 0;9; + Zle uih; for
some 0¢,0; € X (j € [m]) and u; € Rlz] (i € [K]).

The Lasserre hierarchy is said to have finite convergence if f() = fui, for some r € N.
In general, finite convergence is not always achieved. However, Nie showed in [21] a very
useful result that permits to show finite convergence of the Lasserre hierarchy under
some extra conditions apart from the Archimedean condition. These conditions rely on
the classical optimality conditions, that we now recall (see, e.g., the textbook [1]).

Let u be a local minimizer of problem (Poly-Opt) and let J(u) = {j € [m] : g;(u) =0}
be the set of inequality constraints that are active at w. Then the constraint qualifica-
tion constraint (abbreviated as CQC) holds at u if the set {Vg;(u) : j € J(u)} U
{Vh;(u) : i € [k]} is linearly independent. If CQC holds at u then there exist scalars
Alyeees Ak f1,y - - - € R satisfying

k
Vf(u):ZAthi(u)—i- > wiVgiu),

jeJ(u)

pj > 0for je J(u), p;=0forjeml\J(u).

If, in addition, p; > 0 holds for all j € J(u), then one says that the strict complementarity
condition (abbreviated as SCC) holds. Let L(x) the Lagrangian function, defined by

k
L(z) = f(z) = Y Nhi(z) = Y mjgi(@).

i=1 je€J(u)

Another necessary condition for u to be a local minimizer is the following inequality

vTV2L(u)v > 0 for all v € G(u)?t, (SONC)
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where G(u) is defined by
Gu)t ={z e R": 27Vg;(u) = 0 for all j € J(u) and 27 Vh;(u) = 0 for all i € [k]}.
If it happens that the inequality (SONC) is strict, i.e., if
vTV2L(u)v > 0 for all 0 # v € G(u)*, (SOSC)

then one says that the second order sufficiency condition (SOSC) holds at w.
We can now state the following result by Nie [21].

Theorem 4.2 ([21]). Assume the Archimedean condition (4.1) holds for the polynomial
tuples h and g in problem (Poly-Opt). If the constraint qualification condition (CQC),
the strict complementarity condition (SCC), and the second order sufficiency condition
(SOSC) hold at every global minimizer of (Poly-Opt), then the Lasserre hierarchy (4.2)
has finite convergence, i.e., f") = fuin for some r € N.

In the next section we will apply Theorem 4.2 to a class of standard quadratic pro-
grams in order to show finite convergence of the corresponding Lasserre hierarchy. One
important observation, already made in [21], is that this strategy can only work when
the number of global minimizers is finite.

4.2. Optimality conditions for standard quadratic programs

Consider a matrix M € JCOP,. The objective of this section is to give sufficient
conditions on M that permit to conclude that DMD €, LAS(ATZ for all D € DY .
This will be very useful since, in the next section, we will show that the matrices T(3)
(1 € ) satisfy these sufficient conditions and thus we will be able to conclude the proof
of Theorem 2.3. Our strategy is to apply the result from Theorem 4.2 to the setting of
standard quadratic programs. Let us recall the following problem, already introduced in
Section 2.3:

min{z” Mz : x € A,} (SQP)

and the corresponding Lasserre hierarchy introduced in relation (2.9). Note the optimal
value of (SQP ;) is zero as M € 9COP,,.

Now we will apply Theorem 4.2 to problem (SQP ;). The set K = A,, indeed satisfies
the Archimedean condition (this is well-known and easy to check; see, e.g., [16]). By [18,
Theorem 3.1], the feasible region of the Lasserre hierarchy (2.9) associated to problem
(SQPyy) is a closed set. Hence, the ‘sup’ in program (2.9) can be changed to a ‘max’
As a consequence, for a matrix M € dCOP,,, having finite convergence of the Lasserre
hierarchy (2.9) associated to problem (SQP ;) is equivalent to having M € J,~, LAS(ATZ.
So we obtain the following corollary. -
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Corollary 4.3. Let M € OCOP,,. If the optimality conditions (CQC), (SCC) and (SOSC)
hold at every global minimizer of problem (SQPy) then M € |, LAS(ATZ.

As mentioned earlier, our objective is to give sufficient conditions on M that permit
to claim DMD € J,, LAS(ATZL for all D € D, . For this we will apply Corollary 4.3,
combined with the following result, which will be a key ingredient in our argument.

Theorem 4.4. If the optimality conditions hold at every minimizer of problem (SQPy)
for a matriz M € OCOP,,, then, for every D € D |, they also hold at every minimizer

of problem (SQPpuip).

In what follows we will prove Theorem 4.4. Given M € JCOP,, and D € D7, let us
consider the standard quadratic program associated to DM D:

min{z” DM Dz : x € A} (SQPpwmp)

Observe that the optimal value of program (SQP pasp) is zero. Indeed, if u € A, is a min-
imizer of problem (SQP,;), then % € A, is a minimizer of problem (SQPpu/p).
Conversely, if v € A,, is a minimizer of (SQP pa/p), then ”gﬁ is a minimizer of (SQP /).
Hence, the minimizers of both problems are in one-to-one correspondence, and thus prob-
lem (SQP ) has finitely many minimizers if and only if problem (SQP pysp) has finitely
many minimizers.

Now we analyze the optimality conditions (CQC), (SCC) and (SOSC) for problems
(SQP ) and (SQPparp). Observe that the constraint qualification condition (CQC) is
satisfied at every minimizer. Indeed, if u € A,,, then the set of inequalities that are active
at wis J(u) = {i € [n] : &; = 0} = [n] \ Supp(u), and the vectors e, e; (for i € J(u)) are
linearly independent.

Let us recall a result from [4] about the support of optimal solutions for problem
(SQPas), which we will use for the analysis of the conditions (SCC) and (SOSC). We

give the short proof for clarity.

Lemma 4.5. [/, Lemma 7 (i)] Let M € COP,, and let x € R be such that z" Mz = 0.
Let S = Supp(x) be the support of x. Then M[S], the principal submatriz of M indexed
by S, is positive semidefinite.

Proof. Let = z|g be the restriction of  to the coordinates indexed by S, so #% M[S]# =
0. Assume by contradiction that M[S] is not positive semidefinite. Then there exists
y € RY such that yT M[S]y < 0 and we can assume that y? M[S]# < 0 (else replace y
by —y). Since all entries of & are positive, there exists A > 0 such that the vector A% +y
has all its entries positive. Thus, (A% + y)T M[S](AZ +y) = A\2ZT M[S]Z + 23T M[S]y +
yTM[S]y < 0, contradicting that M[S] is copositive. O
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We now characterize the minimizers for which the strict complementarity condition
(SCC) holds. Moreover, we show that, if a minimizer u of problem (SQP,;) satisfies
(SCC), then the corresponding minimizer ﬁ of problem (SQPpap) also satisfies

(SCC).

Lemma 4.6. Let M € 0COP,, D € D% |, and let u be a minimizer of problem (SQPxs).
The strict complementarity condition (SCC) holds at w if and only if Supp(Mu) =
[n] \ Supp(u) or, equivalently, (Mu); > 0 for all i € [n] \ Supp(u).

As a consequence, (SCC) holds at u (for problem (SQPy;)) if and only if (SCC) holds
at ﬁ (for problem (SQPpup).

Proof. Let S = Supp(u). We first prove that (Mwu); = 0 for any ¢ € S. Let @ = u|g denote
the restriction of vector u to the coordinates indexed by S. Then, we have 0 = u’ Mu =
a7 M[S)i. By Lemma 4.5, M|[S] is positive semidefinite, and thus @ € Ker(M[S]). Thus,
0 = (M[S]a); = (Mu); for any i € S. This shows Supp(Mu) C [n] \ S. Hence equality
Supp(Mu) = [n] \ S holds if and only if (Mu); = > ;cqupp(u) Miju; > 0 for all i €
[n] \ Supp(u). It suffices now to show the link to (SCC).

In problem (SQP ;) the strict complementarity condition (SCC) reads:

Mu = de+ Z pje;  with p; >0 for j € [n]\ S.
SO

By looking at the coordinate indexed by i € S we obtain that 0 = (Mu); = A. Hence,
(Mu); = p; for any j € [n]\ S. Therefore (SCC) holds if and only if (Mu); > 0 for all
j€[n]\S.

The last claim of the lemma follows using the above characterization, combined with
the correspondence between the minimizers u of (SQPj;) and D~!u (up to scaling) of
(SQPparp) and the fact that Supp(Mu) = Supp(DMu) and Supp(D~1u) = Supp(u)
(as D is positive diagonal). O

As observed, e.g., in [21], if the sufficient optimality conditions (CQC), (SCC), (SOSC)
hold at every global minimizer, then the number of minimizers must be finite. We now
show a useful fact: if a standard quadratic program has finitely many minimizers, then
(SOSC) holds at all of them.

Lemma 4.7. Let M € OCOP,, so that problem (SQP);) has optimal value zero. If
(SQPy;) has finitely many minimizers, then (SOSC) holds at every global minimizer.

Proof. Assume M € 9COP,, and (SQP ;) has finitely many minimizers. We first prove
that, given S C [n], problem (SQP ;) has at most one optimal solution with support
S. For this, assume by contradiction that u # v € A,, are solutions of 7 Mz = 0 with
support S. By Lemma 4.5 the matrix M[S] is positive semidefinite. Let @ and ¥ be
the restrictions of the vectors u and v to the entries indexed by S. Hence, 4! M|[S])i =
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97 M[S]o = 0, and thus M[S]a = M[S]o = 0. This implies that every convex combination
of @, 9 belongs to the kernel of M[S], so that the form x M [S]z has infinitely many zeros
on Ajg|. Hence, T Mz has infinitely many zeros on A,,, contradicting the assumption.

Let u be a minimizer of problem (SQPj;) with support S and consider as above its
restriction % € RISI. Observe that the second order sufficiency condition (SOSC) for
problem (SQP /) at u reads

v Mv > 0 for all v € R™\ {0} such that Zvi =0andv; =0 Vje[n]\S,
i=1

or, equivalently, a® M[S]a > 0 for all a € RISI\ {0} such that Z a; = 0.
i€S

Assume that a” M[S]a = 0, we show a = 0. Since M[S] = 0 we have that M[S]a = 0,
so that M[S](A@ + a) = 0 for all A € R. Pick A > 0 large enough so that all entries
of Al + a are positive. Then A\t + a should be a multiple of @ because u is the only
minimizer over the simplex with support S. Combining with the fact that e”a = 0 this
implies a =0. O

As previously observed, the minimizers of problems (SQP ;) and (SQPpap) are in
one-to-one correspondence. Thus, as a consequence of Lemma 4.7, (SOSC) holds at every
global minimizer of (SQP /) if and only if it holds at every global minimizer of problem
(SQP parp). Moreover, we have shown in Lemma 4.6 that (SCC) holds for all minimizers
of problem (SQPpasp) if and only if it holds for all minimizers of (SQP ;). Therefore,
we have now completed the proof of Theorem 4.4. Moreover, combining Corollary 4.3
and the characterization of (SCC) in Lemma 4.6, we obtain the following result, useful
for further reference.

Theorem 4.8. Let M € OCOP,, and assume problem (SQPy;) has finitely many min-
imizers. Assume moreover that, for every minimizer u of problem (SQP,;), we have
(Mu); >0 for all i € [n] \ Supp(u). Then DMD € U, 5, LAS™ for all D € Dy .

4.8. Proof of Theorem 2.3

Now we can prove the result of Theorem 2.3; that is, we show that DT(¢)D €
U,>o LAS(ATZ for all D € D%, and v € ¥. We show this result as a direct application
of Theorem 4.8. It thus remains to check that the two assumptions in Theorem 4.8
hold. First, by combining two results from [12], the description of the (finitely many)
minimizers of problem (SQP ;) for M = T'(¢)) (¢ € ¥) can be found.

Lemma 4.9. The minimizers of problem (SQP);) associated to the matric M = T(v)
(with 1 € V) are the vectors v; = T fori € [5], where the u;’s are defined by
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sin s sin(¥3 + 14) 0
sin(y4 + 15) sin 3 sin
= sin 1/)4 , Uy = 0 , U3 = Sin(iﬂl + ¢5) ,
0 0 sin Y5
0 sin Yy 0
0 sin o
0 0
Ug = sin ’lbg , U = 0
sin(Y1 + 12) sin 3
sin ¢y sin(yz + 1)

Proof. By [12, Theorem 2.5]) it follows that there are exactly five minimizers and
that they are supported, respectively, by the sets {1,2,3},{1,2,5},{2,3,4},{3,4,5} and
{1,4,5}. Next, using [12, Lemma 3.2]), we obtain that the minimizers take the desired
form. O

We finally check that the second assumption of Theorem 4.8 holds for the matrices
M=T®) () €¥).

Lemma 4.10. Let ¢p € U and let v be a minimizer of problem (SQPy;) where M = T(v).
Then, we have (Mv); > 0 for all i € [5] \ Supp(v).

Proof. By symmetry, it is enough to check this condition for one of the minimizers, say
vy (as given in Lemma 4.9). Since multiplying by a positive constant does not affect
the sign we verify the condition for the vector u;. For convenience, we set u = u;. As
Supp(u) = {1, 2,3} the condition we want to check reads as follows

3

3
=1

i=1

Again, it suffices to check just the first inequality since the second one is analogous (up
to index permutation). We will now check that the first expression is positive. Indeed we
have

3

D T(W)uu;

i=1
= cos(12 + 1¥3) sin 5 + cos(vs + 1) sin(hy + 15) — cos )y sin iy
= cos(12 + 1¥3) sin 5 + (cos 15 cos Py — sin 1 sin ¢y ) (sin 1y cos s + cos by sin )
— Ccos 1 sin ¥y
= cos(1hy + 3) sin s + (cos® b5 — 1) cos 1)y sin 1y + cos s cos Py cos 1y sin s
— sin s sin 1)y sin by cos s — sin? 15 sin 1 cos Py

= cos(12 + 93) sin(¢s) — sin? 15 sin(1 + 14) + sin s cos 15 cos(1h1 + Py4)
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= cos(tg + 13) sin s + sin s cos(v + g + ¥5)
=sin 5 (cos(12 + 13) + cos(11 + Y4 + ¥s5)).

We finish the proof by showing that both factors in the last expression are positive for
1 € V. By the definition of ¥, Z?zl ; < mand ¢; > 0 for ¢ € [5], so that ¢5 € (0,7)
and thus sinys > 0. Now we use that cosine is a monotone decreasing function in the
interval (0, 7). Observe that ¥ +13 and m— (11 +1p4+15) belong to (0, 7) and ¥a+1)3 <
7 — (Y1 +1bg +105). Thus, cos(hg +1)3) > cos(m — (1 +1ps +05)) = — cos(h1 + g +1s5),
completing the proof. O

Remark 4.11. Our proof above for Lemma 4.10 is elementary, using only the shape of
the zeros of the matrices M = T(¢) recalled in Lemma 4.9. Alternatively, as suggested
by an anonymous referee, one may derive Lemma 4.10 using results from [6], as we now
mention. Let v be a minimizer of problem (SQP /), i.e., a zero of M in A,,, with support
{i,J,k}, and assume for contradiction that (Mwv), = 0 for some ¢ € [5]\ {i,J,k}. Set
0 = (v;,v5, vk, v¢) and let M € COPy4 be the principal submatrix of M indexed by
{i,4,k,€}. Then we have 0 = (Mv), = (M%), for h € {i,j, k, £}, which, by [6, Corollary
4.10], implies M > 0. Since, by [6, Theorem 3.1], M is irreducible with respect to the
cone of nonnegative matrices, it now follows using [6, Lemma 4.12] that M * 0, a
contradiction.

5. Concluding remarks

In this paper we investigate whether the cones le) provide a complete approximation
hierarchy for the copositive cone COP,,, i.e., whether their union covers the full cone
COP,,. As mentioned earlier, the answer is positive for n < 4 (then ;C?(f) = COP,, [4])
and negative for n > 6 [17]. As our main result we show that the answer is positive for
n = 5 if and only if every positive diagonal scaling of the Horn matrix belongs to some
cone ICér).

Our proof technique relies on considering an alternative approximation hierarchy of
COP,,, provided by the Lasserre-type cones LAS(ATB1 C IC,(f). Namely, we show that all the

extreme matrices of COP5, that do not belong to ICéO) and are not a positive diagonal
scaling of the Horn matrix, do indeed belong to (J,~, LASXL.

As we have seen earlier, for a matrix M € COP,,, the number of zeros of the form
2T Mz in the simplex A,, plays an important role for checking membership of M in the
cones LAS(AT??’. If M is strictly copositive (i.e., 7 Mz has no zeros in A,), then M €
U0 LASXi. If M has finitely many zeros in A,,, then, as was shown in Section 4.1, one
possible strategy for showing membership in (J,~, LAS(ATT)L is following an optimization
approach and checking the classical optimality conditions at every zero in A,, (i.e., every
minimizer of 27 Mz over A, ). This has been our strategy for showing that every matrix
T(y) (for ¢ € ¥) belongs to some cone LASX;. Finally, if #7 Mz has infinitely many
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zeros in A,,, then the classical optimality conditions cannot hold and thus the strategy
from Section 4.1 does not work. One example that illustrates how the number of zeros
causes issues is the Horn matrix H. While H belongs to Kél), it does not belong to
LAS(ATQ for any r € N. To show this, we have exploited the structure of the (infinitely
many) zeros of the form 7 Hz in As. Hence, another strategy will be needed for settling
the question whether every positive diagonal scaling of H belongs to some cone ICéT).
In [16] we proved (rephrased in the language of the present paper) that, if G is an
acritical graph, then its graph matrix Mg belongs to some cone LAS(ATT)L. Our strategy
there was also based on applying the optimization approach and showing that the op-
timality conditions hold at all the zeros of 27 Mgz in A,. The assumption that G is
acritical indeed ensures that the number of zeros in A,, is finite (the zeros correspond
then to the stable sets of maximum cardinality a(G)). Therefore, as a direct application

of Theorem 4.4, we obtain that every positive diagonal scaling of Mg belongs to some
cone LAS(ATi.

Corollary 5.1. If G is an acritical graph then, for every D € D, we have DMgD €
UTZO LAS(AT,)L g UTZO IC;T) :

Dealing with general graphs (with critical edges) will likely require another strategy.
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