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Abstract

We consider a stochastic fluid network where the external input processes are compound
Poisson with heavy-tailed Weibullian jumps. Our results comprise of large deviations estimates
for the buffer content process in the vector-valued Skorokhod space which is endowed with the
product J; topology. To illustrate our framework, we provide explicit results for a tandem queue.
At the heart of our proof is a recent sample-path large deviations result, and a novel continuity
result for the Skorokhod reflection map in the product J; topology.
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1 Introduction

The past 25 years have witnessed a significant research activity on queueing systems with heavy
tails, but the important case of queueing networks has received less attention. Early papers
focused on generalised Jackson networks (Baccelli et al. (2005)), monotone separable networks
(Baccelli and Foss (2004)), and max-plus networks (Baccelli et al. (2004)). Recent work on tail
asymptotics of transient cycle times and waiting times for closed tandem queueing networks can be
seen in Kim and Ayhan (2015). In two joint papers with Foss, Masakiyo Miyazawa investigated
queue lengths in a queueing network with feedback in Foss and Miyazawa (2014) and tandem
queueing networks in Foss and Miyazawa (2018). Compared to standard queueing networks

tracking movements of discrete customers, fluid networks are somewhat more tractable. In an
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early paper, it was recognized that tail asymptotics for downstream nodes could be obtained by
analyzing the busy period of upstream nodes, under certain assumptions (Boxma and Dumas
(1998)). The case of a tandem fluid queue where the input to the first node is a Lévy process with
regularly varying jump sizes has been investigated in Lieshout and Mandjes (2008) exploiting a
Laplace transform expression which is available in that case.

More recently, multidimensional asymptotics for the time-dependent buffer content vector in
a fluid queue fed by compound Poisson processes were investigated in Chen et al. (2019). The
framework in Chen et al. (2019) allows for the analysis of situations in which a large buffer content
may be caused by multiple big jumps in the input process. Such results were established before
for multiple server queues and fluid queues fed by on-off sources (see, for example, Zwart et al.
(2004), Foss and Korshunov (2006), Foss and Korshunov (2012)). The results on fluid networks in
Chen et al. (2019) were derived assuming regular variation of the jumps in the arrival processes.
Work on fluid networks with light-tailed input is surveyed in Miyazawa (2011). The goal of the
present paper is to investigate the case where jumps are semi-exponential (e.g. of Weibull type
exp{—xz”} with @ € (0,1)). This case is somewhat more difficult to analyze, especially in the case
where rare events of interest are caused by multiple big jumps in the input process, as exhibited
in the case of the multiple server queue (Bazhba et al. (2019)).

We focus on a stochastic fluid network comprised of d nodes, with external inputs modeled
as compound Poisson processes with semi-exponential increments. We are interested in the event
that an arbitrary linear combination of the buffer contents in the network exceeds a large value. We
write this functional as a mapping of the input processes using the well-known multidimensional
Skorokhod reflection map on the positive orthant (see e.g. Whitt (2002)), and apply a sample-
path large deviations principle for the superposition of Poisson processes, which has recently been
derived in Bazhba et al. (2020). This sample-path large deviation principle has been established
for Poisson processes with semi-exponential jumps, and holds in the product J; topology. To
apply the contraction principle (the analogue of the continuous mapping argument in a large
deviations context), we need to show that the Skorokhod map has suitable continuity properties.
The J; product topology is not as strong as the standard J; topology on R%, and it turns out
that continuity can only be established for input processes with nonnegative jumps. However,
this result, presented in Theorem 2.1 below, is sufficient for our proof strategy to work.

The contraction principle leads to an expression of the rate function which we analyze in
detail. Under some generality, we show that the upper and lower bound of the large deviations
bounds match. We conjecture that each input process contributes to a large fluid level by a finite
number of big jumps, and the computation of the rate function can be reduced to a concave
optimization problem with a finite number of decision variables. We illustrate this by reducing
the optimization problem to a finite dimensional problem and then explicitly solving it for the
case d = 2 in Section 5.

The outline of this paper is as follows: Section 2 contains a description of our model, the



topological space in which the input processes are defined, and an introduction to the reflection
map. In Sections 3, 4, and 5 we present our main results: upper and lower large deviation
bounds for the buffer content process, logarithmic asymptotics for overflow probabilities of the
buffer content process over fixed times, and an explicit analysis of the two-node tandem network.
Section 6 contains technical proofs. We end this paper with an appendix where we develop several

auxiliary large deviations results.

2 Model description and preliminary results

2.1 The Model

In this section, we describe our model and we present some preliminary results that are used in
our analysis. We consider a single-class open stochastic fluid network with d nodes. We denote
the total amount of external work that arrives at station ¢ with J;(t) £ Z;.V:igt) Ji(j) which is a
compound Poisson process with mean 7; where {Ji(j '}j1,2,... is an iid jump size sequence for
each i = 1,...,d. If no exogenous input is assigned to node ¢, then we set J;(-) = 0, and
v 2 0. We define J as the subset of nodes that have an exogenous input. We assume that
{J1(t) : t > 0}, {J2(t) : t > 0},...,{Ja(t) : t > 0}’s are independent. For notational convenience,
we assume that the Poisson processes {N;(t)}+>0 have unit rate for ¢ € J. The key assumption

on the distribution of the jump sizes Ji(l) for i € J is that they are semi-exponential:

Assumption 1. For eachi € J C {1,...,d}, P(Ji(l) > x) = e L@ yhere a € (0,1), ¢ €
(0,00), and L is a slowly varying function such that L(x)/xz'~% is non-increasing for sufficiently

large x.

Recall that L is slowly varying if L(ax)/L(xz) — 1 as £ — oo for each a > 0. At each node i €
{1,...,d}, the fluid is processed and released at a deterministic rate r;. Fractions of the processed
fluid from each node are then routed to other nodes or leave the network. We characterize the
stochastic fluid network by a four-tuple (J,r,Q, X (0)), where J(-) = (Jl(-),...7Jd(-)) is the
vector of the assigned input processes at each one of the d nodes, respectively. The vector
r £ (r1,...,7q)7 is the vector of deterministic output rates at the d nodes, @ £ [gi;]i jeq1,....a}
is a d x d substochastic routing matrix, and X (0) 2 (X1(0),..., Xq(0)) is a nonnegative random
vector of initial contents at the d nodes. If the buffer at node i and at time ¢ is nonempty, then
there is fluid output from node i at a constant rate ;. On the other hand, if the buffer of node ¢
is empty at time ¢, the output rate equals the minimum of the combined (i.e., both external and
internal) input rates and the output rate r;.

We now provide more details on the stochastic dynamics of our network. A proportion g;; of
all output from node i is immediately routed to node j, while the remaining proportion ¢; = 1 —
Zle qi; leaves the network. We assume that ¢;; = 0, and the routing matrix @ is substochastic,

so that ¢;; > 0, and ¢; > 0 for all 4, j. We also assume that Q™ — 0 as n — oo which implies that



all input eventually leaves the network. Let Q7 be the transpose matrix of ). Though we focus
on time-dependent behavior, we consider the scenario that the fluid network is stable, ensuring
that a high level of fluid is a rare event. Let Q = (I — Q7). We guarantee the stability of the

network by posing the following assumption, based on Kella (1996):
Assumption 2. Let v = (71,...,74)7, and assume that r > Q™ '~.
Due to our model specifics, the buffer content at station i is processed at a constant rate r;

from the i-th server; and a proportion g;; is routed from the i-th station to the j-th server. To

define the buffer content process we first define the potential content vector X ()
X2 X0)+Jt)—Qr-t, t>0.

Let Z;(t) denote the buffer content of the i-th station at time t. We can define the buffer content
process by the so-called reflection map. We first provide an intuitive description of this map. It

is defined in terms of a pair of processes (Z,Y") that solve the differential equation
dZ(t) =dX(t) + QdY (¢t), t > 0. (2.1)

Here, Y (+) is non-decreasing and Y;(t) only increases at times where Z;(t) = 0 for all ¢ and all ¢.

Consequently, as we assume Z(0) = 0, the buffer content is
Z(t)=X(t)+ QY (t), t > 0. (2.2)

We call the map X +— (Y, Z) the reflection map. We now provide a more rigorous definition of

this map.

2.2 The reflection map with discontinuities

We start with the definition of the reflection map. Fix an arbitrary 7' > 0. Let D[0, 7] denote the
Skorokhod space: the space of cadlag paths over the time horizon [0,7]. Note that for our large
deviations analyses, we will consider linearly scaled processes in ID[0, T'], and hence, this translates
considering the time horizon [0, nT7] for the original unscaled processes. Denote with D'[0, T] the
subspace of the Skorokhod space consisting of non-decreasing functions that are non-negative at
the origin. Note that we use the component-wise partial order on D[0,7] and R?. That is, we
write & 2 (21,...,24) <Y 2 (y1,...,ya) n R*if ; <y in R for all i € {1,...,d}, and we write
€2 (61,...,60) SC 2 (Cy-ooyCa) in [[, D0, T if &(t) < ¢(¢) in R? for all ¢ € [0, 7).
Definition 2.1. (Definition 14.2.1 of Whitt (2002)) For any € € Hj:1 D[0,T] and any reflection
matriz @ = (1 — QT), let the feasible requlator set be

i=1

v £ {c e [[p'0,7) :e+cho},



and let the reflection map be

d d d

R2 (y,¢): [[ Do, 7] - [[ Do, 7] x [ Dlo, 7,

with requlator component

i=1

(&) £ inf {¥(&)} = inf {w e[[po.7):we xp(g)} ,

and content component

$(€) = € + Qu(§).

The infimum in the definition of ¥ may not exist in general. However, in Theorem 14.2.1 of
Whitt (2002), it is proven that the reflection map is properly defined with the component-wise
order. That is,

i (€)(t) = inf{w;(t) e R:w € ¥(§)} for all i € {1,...,d} and ¢ € [0, T].

In addition, the regulator set W(¢) is non-empty and its infimum is attained in W(€) itself. Now,
we state some important results regarding the properties of (¢,). The following result gives an
explicit representation of the solution of the Skorokhod problem.

Result 2.1. (Theorem 14.2.1, Theorem 14.2.5 and Theorem 14.2.7 of Whitt (2002)) If Y (-) =
Y(X)() and Z(-) = ¢(X)(+), then (Y (:),Z(-)) solves the Skorokhod problem associated with the

equation (2.1). The mappings v and ¢ are Lipschitz continuous maps w.r.t. the uniform metric.
The next result is a useful property of the Skorokhod map. It allows us to describe the
discontinuities of the reflection map under some mild assumptions.

Result 2.2. (Lemma 14.5.3, Corollary 14.3.4 and Corollary 14.3.5 of Whitt (2002)) Consider
e szl D[0,T]. Let Disc(y(€)) and Disc(¢p(€)) denote the sets of discontinuity points of (&)
and ¢(&), respectively. Then it holds that Disc(y(&)) U Disc(¢(€)) = Disc(€). In addition, if €

has only positive jumps, then ¥ (€) is continuous and

P(&)(t) — P(&)(t—) = &(1) — &(t—).

Result 2.3. (Theorem 14.2.6 of Whitt (2002)) If € < ¢ in H?ZI]D[O,T], T > 0, then (&) >
¥(C).

2.3 Topologies and large deviations

In this section, we introduce our preliminary results on sample-path large deviations for the input
and the content process. We begin with setting the notation. For any 8 = (81,...,84) € R,
let ||3|l1 denote the usual ¢1-norm: ||B|1 = ijl |B:|. For & = (&1,...,&4) € szl DJ0, T], let



IR supeo,7y l€(t)[l1. For large deviations results, we mainly work with the Ji topology on
D[0,T], and it’s product topology on H;i:1 DJ[0,T]. Recall that in D[0,T], Ji topology T, is the
one induced by the J; metric dj,:

dn(£,¢) = inf (sup !fo/\(t)é(t)}>v< sup lA(t)e(t)|> = nf | geA=CIIVIA=el,

A€A[0,T] \ te0,T7] te[0,T] AEA[0,T

for £,¢ € DJ[0,T], where e : [0,T] — [0,7] is the identity map ¢ — ¢, and A[0,7] is the set
of all increasing homeomorphisms from [0,7] to [0,7]. In order to study networks, we need
to set a topology in the vector-valued function space. That is, we work in the functional
space (szl DJ[o, 1], Hj=1 T7,) which is a product space equipped with the product Ji topol-
ogy szl T7,, which is induced by the product metric dp:

d
dp(&,0) = dun(€,G)
i=1

for &,¢ € szl DJ[0,T] such that & = (&1, ...,&q) and ¢ = (1, ..., Ca). Unless specified otherwise,
all the topological properties discussed in this paper are w.r.t. the topology generated by d,.

2.3.1 Some useful continuous functions

The following two lemmas are elementary. Their proofs are provided in Appendix A.

Lemma 2.2. For 8 € R%, let TP . H‘Z:I]D[O,T} — szl]D[O,T} be such that TP (€)(t) =
&)+ B-t. Then,

i) TP is Lipschitz continuous w.r.t. dy,
i) TP is a homeomorphism.

Lemma 2.3. For any b € R%, the mapping & — bTE(T) from szl]D[O,T} to R is Lipschitz

continuous w.r.t. dp.

A key step in our approach is to establish the Lipschitz continuity of the regulator and the
buffer content maps w.r.t. d,. This is executed in Proposition 2.1 and Theorem 2.1 below. Their
proofs are provided in Section 6. Recall that ID'[0,T] is the subspace of the Skorokhod space
containing non-decreasing paths which are non-negative at the origin. We say that £ € D[0,T7] is
a pure jump function if £ = Zj‘;l :c<j)]l[u<j>’T] for some z)’s and ©)’s such that z) € R and
u) € [0,T] for each j, and the u'?)’s are all distinct. Let ]D;X)[O,T} be the subspace of D[0, T
consisting of non-decreasing pure jump functions that assume non-negative values at the origin.
Subsequently, let ]DT@[O, T) 2 {¢ € D[0,T]: & = E?Zl x(j)]l[u(j%T], 29 >0, v € [0,T], j =
1,...,k} be the subset of ]DQOO[O,T] containing pure jump functions of at most k jumps. In
addition, for 8 € R, let DZ,[0,7] £ {¢ € D[0,T] : ¢(t) = &) + B -t, & € DL,[0,7]} and
]DZOO[O, T2 {¢CeD[0,T]:¢t) =€&@)+B8-t, €€ ]I)Tgoo[O, T1}. Let D¢ [0, T] denote the subspace



of D[0, T] consisting of paths with at most k jumps, i.e. D<z[0,T] = {£ € D[0,T] : |Disc(§)] < k}.
Finally, let D?[0,T] £ {¢ € D[0,T] : ¢(t) = £(t) + B8 -t, £ € DT[0, T]}.
Proposition 2.1. Let 8= (f1,...,54) € R?. The regulator map 1 is Lipschitz continuous w.r.1.
dp on H?Zl DP:[0, T with Lipschitz constant at most d(2d*(2d + 1)K||8||1 + Kd V 1).

Since ¢(&) = &€ + Qu(€), the following is a corollary of Proposition 2.1.

Theorem 2.1. Let B = (B1,...,84) € R, The reflection map R = (¢,1)) is Lipschitz continuous
w.r.t. dp on [[L, D%[0,T7.

Note that the restriction of the domain to the paths without downward jumps is essential for
this type of results to hold. Since the order in which the jumps take place matters for the action
of the reflection map, we cannot ensure the continuity of the reflection map without such extra
regularity conditions. The main difficulty arises with paths which have jumps with different signs

in multiple coordinates appearing almost simultaneously (K. Ramanan, personal communication).

2.3.2 The extended sample-path LDP for the potential buffer content process

We first review the notion of extended LDP. Let (S,d) be a metric space, and 7 denote the
topology induced by the metric d. Let {X,} be a sequence of S-valued random variables. Let I
be a non-negative lower semi-continuous function on S, and {a,} be a sequence of positive real

numbers that tends to infinity as n — oc.

Definition 2.4. The probability measures of (Xn) satisfy an extended LDP in (S,d) with speed
an and rate function I if

— inf I(z) < liminf log P(Xn € 4) < limsup log P(Xn € 4) < —lim inf I(z)

Tz€A° n—oo an n— 00 An e—~0xcAc

for any measurable set A.

Here we denote A 2 {¢€ € S : d(¢,A) < ¢} where d(¢, A) = infcea d(€,¢). The notion of
an extended LDP has been introduced in Borovkov and Mogulskii (2010) and is useful in the
setting of semi-exponential random variables, in which a full LDP is provably impossible, as
shown in Bazhba et al. (2020). One important implication of extended LDP is an analog of the
contraction principle. In the context of the extended LDP, the contraction principle requires
Lipschitz continuity as opposed to mere continuity; see Lemma B.3.

The main results of this paper in Sections 3, 4, and 5 are based on such contraction principles
coupled with an extended LDP associated with the probability measures of the input process J(-).

Specifically, the time evolution of Z(-) may be written as

Zt)=J@)—vyt+(y—Qr)t+ QY (¢), t>0.

L

Equivalently, if we consider the scaled and centered input process J, (-) J(n)—~-e(-), scaled

1Y (n-), and scaled

> =1=

potential buffer content process X,(-) £ 1X(n-), scaled regulator Y,

_’VL



buffer content Z,, £ 1 Z(n-), then

n

Zy(t) = Jn(t) + Kt + QY,(t), t>0,

where K £ v — Or. Note that Z,, = d(Xn) =¢o T“(j,L). Therefore, an extended LDP for Z,
can be deduced from that of X,, which, in turn, can be deduced from that of J,, if ¢ and YT*
are Lipschitz continuous in Ji topology. Hence, the Lipschitz continuity of the shifting operator
T* and the content component map ¢ proved earlier in this section will play pivotal roles in our
approach.

Now we conclude this section with establishing the desired extended LDP for the multidi-
mensional input process J, and the potential buffer content process X, of the stochastic fluid

network. For any £ € D[0, 7], let

9= Y (E®-&e-)*.

{t:6(t)#E(t—)}

The next result is an immediate consequence of Theorem 2.3 and Remark 2.2 in Bazhba et al.

(2020), combined with Lemma B.1.

Result 2.4. The probability measures of J,, satisfy the extended LDP in ( szl D=0, 7], szl 7}1)
with speed L(n)n® and rate function 1Y Hle D~[0,T] — [0, 0], where

Yiesl(&) if &eDL_[0,T] for je€J and &=0 for j¢J,

1) = (2.3)

00 otherwise.

Next, recall that X, = T®(J,). Due to Lemma 2.2, T" is Lipschitz continuous and is a
homeomorphism with respect to the product J; metric. The following extended large deviation

principle for X, (-) is a direct consequence of Result 2.4 and ) of Lemma B.3.

Result 2.5. The probability measures of X,, satisfy an extended LDP in ( szl D—(Qmi [0, 77, szl 7}1)

with speed L(n)n® and with rate function

e cl&) if &eDICVOT] for jeg
D) = and & =—(Qr)j-e for j¢J, (2.4)

00 otherwise.

We are now ready to state our first main result in the next section.



3 Large deviations for the buffer content process

In this section, we state large deviation bounds for the scaled buffer content process Z,,. We apply
an analogue of the contraction principle for extended LDP’s (Lemma B.3) to obtain asymptotic

estimates for the probability measures of (Z5):
Theorem 3.1. The probability measures of Z,, satisfy:

i) For any set F that is closed in (szl DJo, T, Hj=1 T]l),

1
limsup ————1ogP (Z, € F') < —lim inf [ .
D0SUP T 08T (B € 1) =~ iy b 12(8)

it) For set G that is open in (Hj:1 DJo, T, Hj:1 '7}1),

1
liminf ——— log P (Z, > —inf [ ,
R Fyne 108 (Zn € G) 2~ ol 12(8)

where

d
12(¢) = it {I(€) : ¢ = 9(6). € € [[D 70,71} =int {I (&) : € 67 (0)}-
i=1
Note that Iz may not be lower semi-continuous, because I is not a good rate function; see

Bazhba et al. (2020) for details.

Proof. Theorem 2.1 ensures that ¢ is Lipschitz continuous w.r.t. d,. Therefore, the upper and
lower bounds in i) and ii) follow immediately from the extended LDP for X, (Result 2.5) and

the (Lipschitz) contraction principle (Lemma B.3). O

The function Iz is the solution of a constrained minimization problem over step functions,
with a concave objective function, and a constraint that depends on the solution of the Skorokhod
problem displayed in Theorem 3.1. Though this Skorokhod problem only needs to be evaluated
for step functions, this minimization problem is in general not tractable. To get more concrete

results we look at more specific functionals of the buffer content process in subsequent sections.

4 Asymptotics for overflow probabilities

This section examines the probability that the buffer content associated with a subset of nodes
in the system exceeds a high level. In particular, we fix b = (b1,...,bq) € ]Ri and study the
probability of linear combination of the buffer content at the end of the time horizon exceeding a

threshold given by P(b"Z,(T") > y). Note that for the unscaled process Z, this is the probability



of congestion at time nT". Let

d
() 2 inf {i<d> (&) : 76(&)(T) =, £ € [[ Do, T]}
i=1
Define the set V5 (y) £ {€ € Hle ]Dg;gw)i [0,T]:b7p(&)(T) > y}, and let VX (y) be the optimal
value of I'¥ over the set V(y); i.e. Vi(y) £ infeevy (y) I (¢). Similarly, let Va(y) £ {¢ €
[T, D070, 7] : b™¢(€)(T) > y} and set Vi (y) 2 infeeve () 1D (€). Note that VZ(y) and
V< (y) depend on T, but we suppress the dependence for notational simplicity.
Recall that 7 is the set of nodes with exogenous input. Next, let IT £ {j € {1,...,d} : b; > 0}.

The following two lemmas, proven in Section 6, ensure the continuity of V(-).
Lemma 4.1. Assume that J NIT # 0. The map x — V3 (z) is a-Hélder continuous:

* * Ci «
VE() = V@) < (max 7t ) Iy — al”.

Lemma 4.2. Assume that J NIT # 0. It holds that V3 (y) = V2 (y).

We are ready to prove the main result of this Section:

Theorem 4.1. For a fited b = (bi,...,bq) € le_ assume that J N IT # 0. The overflow

probabilities P (bT Z,(T') > y) satisfy the following logarithmic asymptotics:

lim. Wlogmwzm > ) = V(). (4.1)

Proof. Note first that from Lemma 2.3, b Z,,(T) is a Lipschitz (w.r.t. d,) image of Z,. Note also
that I'(y) = inf{Iz(¢) : bTE(T) = y}. Therefore, applying Lemma B.3 4) and Theorem 3.1, we

get the asymptotic upper and lower bounds for W logP(b"Z,(T) > y) as follows:

1
limsup ———1logP(b"Z,,(T) > y) < —lim inf [I'(z
n_>oop L(n)no‘ S ( ( )_ y) - e—0z€[y—e,0) ( )

and

lim inf logP(b"Z,,(T) >v) > — inf I'(x).
minf v logP(bTZn(T) 2 y) 2~ inf I'(x)

However, from Lemma 4.1 and Lemma 4.2,

—lim inf 1’@):7113(1)@ (y—e€) =—VZ (y);

e—=0xz€[y—e,00)

— inf I'(z) = -VI(y) = -VZ(y).

z€(y,00)

That is, the upper and lower bounds for limsup and lim inf match, and hence, the limit (4.1)

exists and equals —VZ (y). O

Note that V5 (y) is the solution of an infinite dimensional optimization problem. We conjecture

10



that in many problem instances, there exists a k > 1 (that depends on the specific network) such
that H;l:l ]D(g,;QT)i[O, T] contains an optimal path that minimizes the rate function I(-) over
V> (y). In such cases, VS (y) can be computed by solving the following optimization problem. For

given b € Ri and y > 0, let P, , denote the optimal value of the following optimization problem:

d k
inf Zci Z (argj))a
i=1  j=1

st bTo(E)(T) = y;
&= Zle mij)l[uw,ﬂ +(vy—9r)1 e

s >0forie g, je{l,....k}, and z%) =0fori¢ J, je{l,...,k};

i

u? € [0,T) forie{1,...,d}, je{l,...,k}.

Then, P;, = VZ(y). Note that this means that the large deviations rate is the solution of a
( ()

2kd-dimensional optimization problem: the decision variables are the size mi” and the time u;
of the k jumps (j € {1,...,k}) in the d coordinates (i € {1,...,d}). This provides a significant
reduction in complexity compared to the general setting of Section 3. Nevertheless, even the finite
dimensional problem (P, ;) is still rather intricate: it is an L®-norm minimization problem with
a € (0,1). In general, such problems are strongly NP-hard; see Ge et al. (2011), for example. In
addition, checking whether a solution to (P,,x) is feasible requires one to compute the Skorokhod
map ¢ for step functions, which is nontrivial. To get more explicit results and gain some physical
insights, we consider a two-node tandem network in the next section, where we can reduce the

computation of V3 (y) down to solving (P, x) with k = 1.

5 A two-node example

We consider a two-node tandem network where content from node 1 flows into node 2, and content
from node 2 leaves the system, i.e. gi2 = 1, and ¢;; = 0 otherwise. We assume that each node
has an exogenous input process (i.e. J = {1,2}). We consider the problem of identifying the log-
asymptotics of the probability of congestion in the second node, i.e., P (b"Z,(T) > y) as n — oo
where b = (0,1). That is, our goal is to compute V3 (y) in this specific example.

The next lemma enables us to reduce the feasible region of the optimization problem associated
with VZ(y) from DU 9710, 7] x DO_272[0,7] down to DY~ 2710, 7] x DO272[0,7]. In
other words, we can restrict the class of functions to those that have at most one discontinuity in

each coordinate.

-1
d (v—2r); ; 3 d (v—Qr);
£ e Hi:l D, [0,T]. Then, there exists a path & € Hi:l D) [0,T] such that

i) I'D(E) < I'D(¢),

1 0
Lemma 5.1. Consider the two-node tandem network where d = 2 and Q = ( > Let
1

11



i) $(€)(T) > $(&)(T).

Lemma 5.1 implies that computing VS (y) is equivalent to solving (P, x) with & = 1 in case of
the two-node tandem networks. Such computation is the subject of the rest of this section. To
keep the presentation concise, we give an outline of the key steps and focus on physical insight.

We first develop an explicit expression for the buffer content at time 7" for input processes of
the form & = (v — Qr)i - e + il 1, t € [0,T], z: >0, u; € [0,T], i = 1,2. To develop
physical intuition is it instructive to write the buffer content process at node 2 as the solution of
a one-dimensional reflection mapping, fed by the superposition of £ and the output process of
node 1, which in turn is governed by a one-dimensional reflection mapping as well. To this end,
observe that 1¥1(€)(t) = —infs<:{0 A &1(s)}, and ¢1(€)(t) = &1(t) — info< {0 A &1 (s)}. Note also
that (€ + QY (€))2 = &2 — Y1(€) + ¥2(€), and the minimal 12 (&) that regulates this process above
zero is P2 (€)(t) = —infs<{0 A (£2(s) + infu<s{0 A &1 (u)})}. Consequently, we can write

B2()(T) = &(T) + (07 & ()} - int {0 {(w + mfOr&@I ). 61

Our goal is to minimize the cost ci1zf + coz§ subject to the constraint ¢2(&€)(T) > y, over
21 >0, 22 > 0, ur € [0,T], uz € [0,T]. We simplify this problem by identifying convenient
choices of w1 and uz which do not lose optimality.

To this end, observe that a jump of size z2 at time uz can instead take place at time ug =T
without decreasing ¢2(&)(T). To determine a convenient choice of u1, note that a jump of size
z1 in node 1 at time w; causes an outflow of rate r; from node 1 to node 2 in the interval
[u1,u1+z1/(r1—71)], and rate v after time w1 +z1/(r1 —71). Therefore, we can take u; such that
u1 +x1/(r1 — 1) = T, without decreasing ¢2(€)(T"). This choice is feasible as long as u1 remains
non-negative, i.e. we require that z1/(r1 —y1) < T. Observe that choosing z1/(r1 —v1) > T would
not be optimal, as it would increase the cost term involving ¢ without increasing ¢2(€)(T).

We proceed by solving (5.1) by taking & = (v — Q7)1 - e + @1lir_s, /(ry—yy),1) and & =
(v = Qr)2 - e+ x2l[p, 1. Straightforward manipulations show that

T1

$2(E)(T) =2 + (11 + 72 — 7”2)+T1 o

(5.2)

We see that a jump at node 1 has no effect on the buffer content in node 2 if ro > r1 42, which is
intuitively obvious since node 2 is still rate stable when the output of node 1 equals r1. Therefore,

x1 = 0 and z2 = y is feasible and minimizes the rate function. Our first conclusion is that
_ 1 : a
lim ————IlogP (b"Z,,(T) > y) = —c2y”, r2 > T1+ V2. (5.3)

n—oo L(n)na

We now turn to the more interesting case r2 < r1 +72. We do not lose optimality if the constraint

12



on ¢2(&)(T) is tight, so we can impose the constraints

1+ -
T2 + IT 727 2=y, @ €[0,(n—-7)T), w20 (5.4)
1— 71

From convex optimization theory, see Corollary 32.3.2 in Rockafellar (1970), the minimum of
the concave objective function ci1x{ + cox§ subject to the constraints (5.4) is achieved over the
extreme points of (5.4). In our particular situation, this implies that an optimal solution should
correspond to one of the following 3 cases: (i) 1 = 0, (ii) z2 = 0, (iii) z1 = (r1 —11)7T. In case
(#13) we would have zo = y — (r1 + v2 — 72)T, which is only feasible if y > (r1 + v2 — r2)T. Note
also that if y = (r1 + v2 — r2)7, then (ii) is the case.

Therefore, if y < (r1+~2 —r2)T, we can conclude that either case (i) holds with 1 = 0,2 = vy,
and cost coy®, or case (ii) holds with z2 = 0, 21 = y———2—, and cost ¢1 (yﬂ)a We

r1tY2—r2 r1t+Y2—"2

conclude that for y < (r1 + 2 — r2)T,

. 1 . T —M “ o
lim ———1log P (b"Z,(T) > y) = — _nom ) . .
o L(n)n~ og P (b7Zn(T) = y) min {01 (h i 7'2) 62} Yy (5.5)

We now turn to the case y > (r1 + v2 — r2)7. In this case, the time horizon T is small w.r.t.
y: the output of node 1 alone is never enough to cause the buffer content of node 2 to reach
level y at time T. Thus, case (ii) can be excluded, and we only have to compare case (i) and
case (iii). Case (i) has solution z2 = y with cost coy®. Case (iii) has solution z1 = (r1 —11)7T,
22 =y— (r1+7v2 —r2)T, with cost c1((r1 —v1)T)* + c2(y — (r1 + 2 — r2)T)*. We conclude that,
ify>(ri 4+~ —r2)7T,

. 1 . o «@ «@
lim Timme logP (b"Z,(T) > y) = —min{cay™, c1((r1—71)T) " +ca(y—(r1+v2—r2)T)"}. (5.6)

n—o00 (n)

To give a numerical example, take y = 2,7 = 1,711 = r2 = 3,71 = 2 = 1. In this case, the
inequality y > (r1 4+ 72 — r2)T holds. To evaluate (5.6), note that the cost of case (i) equals c22“
and the cost of case (iii) equals ¢12% + c2. So we conclude that case (iii) is the most likely way for
the event {bTZ, (1) > 2} to occur if ¢1 < c2(1 — 27%), corresponding to a most likely behavior of
two big jumps: x1 = 2, occuring at node 1 at time 0, and z2 = 1, occuring at node 2 at time 1.
One may wonder if Lemma 5.1 can be extended to general stochastic fluid networks so that the
computation of VZ (y) can always be reduced to solving (P, x) with k = 1. (This means that their
large deviations behaviors are consequences of at most one jump in the external input process to
each node.) Unfortunately, this is not the case. We conclude this section with an example for

which restricting the number of jumps in each coordinate to at most one is strictly sub-optimal.

13



Consider o = 1/2, T =2,y = 2+ 46,

€ 4+¢ 01 0 5 —4
y=1]o0], r=|2+¢]|, Q=10 0 1], b=10]|, y—Qr=| 2|,
0 1+e€ 0 0 0 1 1

where € = 0.1, § < 1/4, 0 < 1, and ¢1 = ¢ = 1. Let & be the superposition of the fluid limit
(v — Qr) - e of the potential buffer content vector and two jumps of size 4 and 0 in the first

coordinate at the beginning and at the end of the time horizon, respectively. That is,

—4t + 4170 71(t) + 0171 (2)
Et) = 2t
t

Then, I¥(¢) = 2 + V6 and

G
o€)(T) = [0
2

However, any & (in the effective domain of I (d)) with only one jump in the first coordinate takes
the following form:
—4t + x5 1) (t)
£(t) = 2t
t

for some s € [0,7] and = € (0,00). Note that if s > 0, the third coordinate cannot reach 2.
Therefore, we see that s has to be zero. Now, we see that for ¢(€)(T) to be greater than ¢(£)(T)
cooridnate-wise as claimed in ii) of Lemma 5.1, x has to be at least 47 + 6. However, since ¢ < 1,
this means that I‘D(§) > VAT + 0 > 4+ 0 = ‘D (¢). That is, no € with only one jump in
the first coordinate satisfies the conclusion of Lemma 5.1. In fact, this system of tandem queues
still turns out to be a counterexample even if we change the statement of Lemma 5.1 so that i)

is bT(E)(T) > b™¢(&)(T). To see this, note first that if < 4(T — s), then bT¢(€)(T) < y, and

hence, we only consider the case > 4(T — s), where

b (E)(T) =6(x — 4T —s)) + T — s = 0z + (1 — 46)(T — s).

Note also that since we assume ¢ < 1/4, this is maximized at s = 0. Therefore, for bT¢(£)(T) to
be greater than or equal to y, we need x to be greater than or equal to 47" 4 6. This implies that
TDE) > VAT +0 > VA + V0 = [ D(¢). Therefore, solving (P, ;) with k = 1 won’t give the
correct log asymptotics for P(b"¢(X,,)(T) > y) in general.

14



6 Complementary proofs

6.1 Proofs of Lemma 4.1 and 4.2

Next, we focus on the continuity of Vi (-). Let D, [0,7] be the subspace of ID[0, T] that contains
paths with only positive discontinuities: D4[0,7] = {¢£ € D[0,T] : £(¢) — £(t—) > 0, Vt € [0,T]}.
Recall that D¢ [0,T] = {¢€ € D[0,T] : |Disc(§)| < k}.

Lemma 6.1. Suppose that a = (a1,...,aq) € R, € € szl ]])(goggr>i[0,T], and ¢ = €+ alry.
Then

i) $(C) = p(€),
ii) $(¢)(T) = ¢(€)(T) + a, and
iii) 1D (¢) < ID(€) + 0, cial.

Proof. For i), from the proof of the Theorem 14.2.2 in Whitt (2002), we see that for any w €
Hi;llD[O, T] the regulator component 1 (w) is the limit (w.r.t. || - ||) of pg,(0) where O is the
zero function and pf, is the n fold composition of p., : szl Do, 7] — H?Zl DT[0,7] such that
Puw(M)(t) = 0V sup,¢o{Qn(s) — w(s)}. Note that p.(n)(t) depends only on n(s) and w(s) for
s € [0,t]. Therefore, ¥ (w)(t) depends on w(s) for s € [0,t] only. Therefore, ¥(¢)(t) = ¥ (&)(¢)
for t € [0,T — € for any € > 0. The continuity implies that ¥ (¢)(T) = ¥(&)(T") as well, which
concludes the proof of part i).

For i), observe that $(¢)(T) = ¢(T) + Qu(&)(T) = £(T) + a + QB(E)(T) = H(E)(T) + a.

For i), we assume that £9(t) = —(Qr);(t) for j ¢ J since if not I (¢) = D (¢) = oo,
and the inequality holds trivially. Let ¢ = ((1,...,Cq), and € = (&1,...,&q). Since the function

z = x% «a € (0,1), is sub-additive,

1(G) = > (€(8) = &(t=)" + (€(T) = &(T=) + a:)”
te[0,7):€; (£)#&; (t—)

< > (€(8) = &(t=)" + (&(T) — &(T-)" +af

te[0,7):£; (1) #&: (t—)
I(é'l) + a?.

Therefore, j<d)(<) = Z]’ej ¢ 1(¢) < Zjejcjl(fj) + ngj cjay < ﬂd)(g) + Zj:l cjag. O

Proof of Lemma 4.1. W.lo.g., let y > = > 0. Then V5 (y) C V> (), and hence, VZ (y) > VI (z) >
0. For any € > 0, there exists a ¢ € V() so that [ (¢) < V2 (z) + e Next, fix j € I and let

€ = ¢+ vliry where v = (0,..., yb_j”,...,O). Due to ) of Lemma 6.1,

crty—r=y.

(y —=z)
bv

J

b p(&)(T) = bT(¢()(T) +v) = bTH(O)(T) + b;
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Hence, € € V> (y). Due to i) of Lemma 6.1,

1) < 1) + 12

J

(y—2)" < I + (gf}f,%) Sy — o).

We see that

Sy -2)” +e

* < [(@ < [(@ Ci e\ * i
V) S IQ STUO+ _mas S0 <V@)+ | me 2

1<i<d:b;>0 bY

This leads to V(y) — V2 (v) < max{1<i<ab, >0} & (¥ — )% + €. We obtain the desired result by

letting € tend to 0. Thus, |V (y) — V2 (z)| < max(i<i<ap; >0} 35 - [y — 2|*. O
We conclude this section with the proof of Lemma 4.2.

Proof of Lemma 4.2. For any € > 0, we have that V3 (y+¢€) > V< (y). Hence, in view of Lemma 4.1,
* * * * * * Ci a
V() = VE()l = VE(y) = VE(y) S VE(y+e) = VE(y) < (max ) - |e[*.

Now, we let € go to 0 to obtain the desired result. O

6.2 Proof of Lemma 5.1

For any n € D[0,T7, let n* € D[0, 7] denote the running infimum 7n*(¢) £ inf,c(o, 0 A n(s) for all

t € [0,7]. The following simple lemma is useful for proving Lemma 5.1.

Lemma 6.2. Suppose that n,w € D[0,T] are such that n > w and n(T) = w(T). Then (n —

TN T) < (W = wh)(T).

Proof. Since n* > w¥, we have n — n* < 5 — w*. Therefore, (n — " )(T) < (n — w*)(T) =

(w —wh)(T) O
Now we prove Lemma 5.1.

Proof of Lemma 5.1. Since we assume that &€ = (£1,&2) € ]Dg;gr)l [0,7) X]])gggr)z [0,T], we can
write, §1 = (71*7‘1)€+Z;‘;1 x(j)]]‘[u(j),T] and & = (72+T1*7”2)e+25i1 y(j)]l[v<j>,T] for 2,y >
0 and v, 0 €[0,T), j =1,2,.... Consider & = (£1,£) where & = (y2 + 71 — r2)e + 917,17
and § = Z;’il y9). Then, by the subadditivity of z — z®, [P (¢") < IV (¢).

Note that since

and £/+Q¢(€/)=< €1+¢1(£) )7

£+Q¢(€)=< & +Y1(§) )
& —1(€) +a(&)

2 — (&) + ¥2(8)

we see that 1 (€) = 1 (&') = —&7, and hence, $1(£) = ¢1(&') = &1—€{. Also, 92(8) = &2—¢1(§) -
(&2 — ¢1(8))" and ¢2(€') = & — ¢1(€) — (& — ¥1(€))*. Note that since &2 — 1(€) > & — ¢1(€)
and (& — Y1 (€))(T) = (&5 — ¥1(€))(T), Lemma 6.2 implies that

$2(&)(T) = &2 — P1(€) — (&2 — 1(€))" < & —P1(€) — (& — ¥1(8))" = pa(&')(T).
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Therefore, we found & € ]Dg’o;QT)I[O,T} X ]Dgl_gr)z[()7 T] such that I‘¥(¢) < I'D(¢) and
$(EN(T) = $(&)(T). Now, let £ = (&,&) where & = (v —r)e+ L 5o @in 4 and

= ]
T1—71

z =Y 29, Note that ¢1(¢”) > o1(¢) and ¢1(&")(T) = ¢1(¢)(T). To see this, let

T AT 2= @)D Note that

T1—71

p_p TmaMAGT) g i -r)T -3+ &(T) _ &G(T)

T —m - T —m

From the construction of £}, it “attains” its infimum at 7"—, and hence, (£7)%(t) = £&(T"—) =
T'(y1 — 1) = EX(T) for t € [T, T]. Note also that from the forms of & and £}, we clearly have
&(t) < &(t) for t € [0,T"]. Therefore, (§1)* < &f and (£)%(T) = &(T). Since 91 (") = —(¢1)*
and 1 (¢&') = —£}, we obtain the relationships between 11 (£”) and 11 (¢') claimed above. Now,
again from Lemma 6.2, we get ¢2(£”)(T) > ¢2(¢')(T). Note that we constructed & in such a
way that ¢1(&”)(T) = ¢1(&')(T) = ¢1(€)(T). Note also that [P (£”) < [(D(¢'). We arrive at the
conclusion of the lemma by setting € = £

O

6.3 Proof of Proposition 2.1 and Theorem 2.1

Recall that szl D[0,T] is the Skorokhod space equipped with the product Ji topology and
DT[0,7] £ {¢ € D[0,T] : £ is non-decreasing on [0, 7] and £(0) > 0}. DT[0, 7] is a closed subspace
of D[0,T] w.r.t. the J1 topology. Hence, Hle D'[0,7] is a closed subspace of Hj=1 D[0,T] w.r.t.
the product J; topology. Since D?[0,T7] is the image of D'[0, 7] under the homeomorphism 1,
we have that szl D?:[0,T7] is a closed subset of Hj=1 DJo,T].

6.3.1 Some supporting lemmas
Lemma 6.3. Suppose that A, u € A[0,T]. Then, |Aou—ce| <[[A—e| + [|n—ce].
Proof. [Aop—ell =[x = p7'| < [IX—ell + ln™" —ell = [IX — el + [le — ul| < 2. O

We now consider properties of continuous and increasing time deformations w;, i =1,...,d.

Lemma 6.4. If w; € A[0,T] for each i = 1,...,d, then w(s) = min{wi(s),...,wq(s)} and
w(s) = max{wi(s),...,wa(s)} also belong to A[0,T].

Proof. The min and max of continuous and increasing functions are increasing and continuous.

The other properties are easily verified. O

Recall that 1 is Lipschitz continuous w.r.t. || - || (Theorem 14.2.5 of Whitt (2002)). Let K
denote the Lipschitz constant of ¢ w.r.t. || - ||, which only depends on @; in paticular, K doesn’t
depend on T.
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Lemma 6.5. Let 8 = (f1,...,84) € R and ¢ € H;i:l D?0,T). For any w € A[0,T], it holds
that

[9(€) ow =9 (O) < KBl - [[w —ef.-

Proof. Consider an arbitrary s € [0,7]. If w(s) > s, since ¥(¢) is an increasing function,
P(¢)(w(s)) > ¥(¢)(s). Moreover, since { € Hle D?10,T], ¢ has the following representa-
tion: {(t) = &(t) + B - t, where & € szl D'[0,7]. Consequently, for t > u, ¢(t) — ¢(u) =
() — &)+ 8- (t—u) > B (t —u). This implies that

C(w(s)) = C((w(s) — ) +5) = C(s) + B (w(s) — s). (6.1)

Next, consider the path & where

) {qw, te0,s,
S +B-(t—s), telsus).

Since ¢ < ¢ over [0, w(s)], Result 2.3 gives that 1(¢1)(w(s)) > (¢)(w(s)). Furthermore, let

Then we have that (&) (w(s)) = 1(¢)(s). Therefore,

0 <P(Q)(w(s)) = ¥(€)(s) < ¥(C)(w(s)) — ¥(C2)(w(s)) < Ktelzup( : 161() = C2(®)]x

< KBl - [w(s) —s| < K[|Bll - [[w —el|- (6.2)

Next, we consider the case w(s) < s. Since ¥(¢) is an increasing function, ¥(¢)(s) > ¥ (<) (w(s)).
Furthermore, since ¢ € szl DPi[0,T], we have that

C(s) = C(s —w(s)) + w(s)) = C(w(s)) + B(s —w(s)). (6.3)

Next, consider the path ¢;, where

) {aw, t e [0,u(s)],
C(s)+ Bt —w(s), te fw(s),s].

Since ¢ < ¢ over [0, 5], Result 2.3 gives that ¥(¢1)(s) > 1(¢)(s). On the other hand, let

éz)(t)_{q(t), t € [0,w(s)],
C(s), te [w(s),s]
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We then have that 1(2)(s) = 1¥(¢)(w(s)). Therefore,

0 < P(C)(s) = B(O)(w(s)) < U()(s) = ¥(&2)(s) < K sup [[€1(t) — Ca(D)la

t€(0,s]

S KBl - Jw(s) = s| < K[|Bll - [[w —el]- (6.4)
From (6.2) and (6.4), we get (regardless of the value of w(-) at s)

[9(E)(w(s)) = () ()l < dK||B]x - lw — el = K||B]1 - [lw — .

Taking the supremum over s € [0,T], we arrive at the conclusion of the lemma. O

Note that, if 3 = 0 and ¢ € H‘::l DA]0,T], then ¢ belongs to H‘::l D'[0, 7] and is non-
negative at the origin. This implies 1({) = 0 and the upper bound in Lemma 6.5 holds trivially.
Next, we state two more lemmas which are needed in our proof for the Lipschitz continuity of the

regulator map in szl D0, T]. Let ¢ € D[0,T] be «(t) =1, and ¢ = (1,...,1) € szl DJ0, T7.

Lemma 6.6. Consider w = (w1,...,wq), each component of which is a time deformation in

A[0,T]. Recall @ and w in Lemma 6.4. That is, w(t) = max{wi(t),...,wq(t)}, and (t)

min{wi (),...,wa(t)}. Define the vector valued functions W, W, and e from [0,T] to [0,T]* as

w2 (b,..., D), B2 ,...,0), ande = (e,...,e). Forany € € H?:I]Dﬁi[QT],
) (o, €0 wa) < Y(E) o+ (d+ VK|l - |0 — €] ¢, and
i) W(E 0w, .., €a0wa) + (d+ VK| Blloc - 0 — el -0 > $(€) 0.

Proof. We start with ). Since € € szl D?i[0,T] and @(s) < wi(s), we have that for each
i=1,....d,
§i(wi(s)) = &i(@(s)) = [|Blloc (wi(s) —i(s)), s € [0,T].

Note also that since ’w(t) - e(t)‘ = "I,Uj (t) — e(t)‘ for some j,

d d d d
He—wl\=0:EpT]Z!w(t)—e(t)\ < sup SN wit)—e@®)] =d sup Y |w;(t)—e(t)| = dfjw—e]

€lo,7) 4 oefo,7] =

Similarly, || — e|| < d|jw — e]|. Therefore, due to Result 2.3 and the Lipschitz continuity of 1

wort. |- I,

Y(Erowr, ..., Laowa) <Y€o — [|Blloo(wi — @), Ea 0 b — [|Blloc(wa — b))
=¢(&ow — ||Bloo(w — b))
< P(€o) + K|Boo - [w — ] - ¢
<P(&) ot + K||Bloc - ([w — el + [le — b)) - ¢

SP(&)od+ (d+ 1D)K||Bloo - [w —ef - ¢.
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For i), observe that & (w(s)) > & (wi(s)) —||B|o (W(s) —w;(s)) for each i = 1,...,d and s € [0,T],
since & € H D?i[0,T], and w(s) > w;(s) for each i = 1,...,d. Therefore, due to Result 2.3

and the Lipschitz continuity of ¢ w.r.t. || - ||,

W =1p(&0,... a0 W)
< (610w — [Bllaclid — w1), . a0 wa — Bl (i — wa))
— (€1 0wn, . a0 wa) — |8l (1B — w))
SP(&ow,...,&aowa) + K|Bllo - [ —wl[ - ¢
SP(&ow,... &aowa) + K|Bllo - (|0 — el + [le —w]]) - ¢
=¢(&owr,...;Laowa) + (d+ DK|Bllec - [lw e - ¢
O
Lemma 6.7. For any € € H;i:l DA10,T] and w = (w1, ..., wq) € szl Af0,T7],
[¥(&rowr, ..., Ea0wa) —P(§)Il < d(2d + K||B]1 - [|w — e
Proof. Due to Lemma 6.5, Lemma 6.6, and ||@ — e|| < ||Jw — €|,
P(&rows, ..., €aowa) —Y(§) < Y(§) o — (&) + (d+ DK||Blos - [w — el ¢
< dK||Bl[1 - 1o — el - e+ (d+ DK|[Bloo - lw — e - ¢
< Rd+DE[|B1 - [Jw —ef - ¢
Similarly,
P(€) —P(&rowr, ..., €aowa) < Y(§) —Y(§) (W) + (d+ DK|Bll - [lw — e - ¢
S KBl - [l —ell - e+ (d + DK]Bloc - [lw —el| - ¢
< 2d+ DK - [lw — el -e.
From these, the conclusion of the lemma follows. O

6.3.2 Lipschitz continuity of the reflection map

Now, we are ready to conclude Section 6.3 with the proofs of Proposition 2.1 and Theorem 2.1,
which are the Lipschitz continuity of the regulator map and the buffer content component map,
respectively, in the product J; topology. We start with the Lipschitz continuity of the regulator

map .

Proof of Proposition 2.1. Given&,{ € szl D?[0, T, consider an arbitrary & such that d, (€, ¢) <
0. Then, there exists A\; € A[0,T] such that ||& 0o X; — || V|| —e]| < 6 for each i = 1,...,d.
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Notice that

o w; — wl(C)

<ng22ﬂ |
SZ

<Z

Pi(€) 0 X — 1i(Q)]

Pi(€) o Ai —pi(§10X1,...,8a0Aa)

d

..,§do>\d)—wi(C1,--.7Cd)

=1

Note that from Lemma 6.7,

i(g)o)\i—d)i(&o)\h...,fdo)\d)n

= [|¢s(&) — (610 M, €a0 Xa) o (N) |

= [|4bs (&) — pi(&1 0 A1 o (N)™ ,...,gdoAdo(Ai)fl)H
<d@2d+ DEK|Bll - [le = (Ao ()7 Ao ()|

<d@d+ VK[> fle= 2007

d
< d2d+ DK[BIL - ([le = Agl| + [le = )~
g
=d2d+ DK[Bll - > (|le =]+ [Je = xi]])

<2d*(2d +1)K||8]: - 6,

where the third inequality is due to Lemma 6.3. On the other hand,

Yil€1o A, €a0Xa) = ¥i(Cry- -, G| S [[o(€ron, .o a0 a) = (G- Ca)|
SK|[(&oM, ... 80 Xa) = (Cry- -, Ca)|

s

&ioXi — G| < Kdo.
i=1
Therefore,
dp($(£),9(¢)) < d(2d*(2d + VK| Bl + Kd V1) -6 (6.5)
Letting 6 | dp(€,¢) we obtain Lipschitz continuity of ¢ w.r.t. dp. O

Proof of Theorem 2.1. The Lipschitz continuity of the regulator map has been proven in Proposi-
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tion 2.1. We only need to verify the Lipschitz continuity of the buffer content component map ¢.

Let 6 be such that dp(€,¢) < d. Then, there exists \; € A[0,T] such that ||§;oXi =G|V |[Ai—e|| <6
for each i =1,...,d. Note that ¢;(&) =& + ¥;(€) — Zje{l,“.,d}\{i} q;:%;(€). Hence,

di, ($i(), 6:(C))

=dy, (& +9i(8) = X eqn apgiy Givi(€)s G Hvi(€) = X icir ap iy Givi (€))
EioXi+9i(€) oNi = i1y Gt (€) 0N — G = viQ) + i r L ap gy Giti (O] V|
€ioXi— G $i€) oXi =i VI + 2 cir iy [05(€) 0 Ni = 95(8)|| v 8

<

o

<

V|

Note that ||& o A — Gi|| < 6 and [[4);(€) o Ai — 15;(£)|| can be bounded by 2d°(2d + 1)K ||8]|x - 6
the say way as in the proof of Proposition 2.1. Since dp(¢(£),6(¢)) < Zj=1 di, (9i(£), 9i(C)), we
have that ¢ is Lipschitz continuous in szl D0, T] by letting & | dp(&,¢). O

A Continuity of some useful functions

In this appendix, we include the proofs of continuity of some functions in the product J; topology.

Recall the function Y7 : Hz.l:l D[0,T] — Hle D0, T where YP(€)(t) = &(t) + B -t for t € [0,T).

Proof of Lemma 2.2. For i), suppose that & and ¢ are given. For each ¢ € {1,...,d}, let \; be a
homeomorphism such that ||& — (i o As|| V [[Ai —e]| < 2-dy, (&,¢). Then,

dr, (Y2(€),T2(¢)) < ITP(€) = T2(C) o Aol V I\ — e (A1)
=116 = G o X = Bix = 9l V A ]
<lig = GoXll VX = ell + 118X = )| V [[Ai = e]

<2+ 1V B - doy (& G)- (A.2)

Consequently,

dp(07(€), T%(€)) = > dn (Y20, Y2(€)) < D201+ 1V |Bil) - du (&, G0)
<2014+ 1V|Blh) - dy (€, C)-

For i), note that (Y#)"1(¢) = ¢ — B-e=TP(¢), and hence, T? is injective and surjective.

From this, the continuity of (T?)~! is also an immediate result of 7). O
Finally, we prove that the projection map is Lipschitz continuous in the product J; topology.

Proof of Lemma 2.3. Let &, € Hle DJ[0,T] be given. Note first that

1€:(T) — G(T)] = 1&(T) = GMTN] < & — Gio Al
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for any A € A[0,7T] since A\(T) = T. Taking infimum over all A € A[0,T], we see that |&(T) —
Gi(T)| < dyy (&, G). Therefore,

BTE(T) — bTC(T)] < S il 6(T) — (D) < Y bl - diy (6.6 < (bl - dy (€, €).

i=1

B Some useful tools on large deviations

In this appendix, we include results that facilitate the use of the extended LDP. Given that the

probability measures of (X,,) satisfy the extended LDP in a metric space (X, d), our results include

the derivation of the extended LDP in closed subspaces of X, and a variation of the contraction
A

principle for Lipschitz continuous maps. Let D = {z € X : I(z) < oo} denote the effective

domain of 1.

Lemma B.1. Let E be a closed subset of X and let X,, be such that P(X,, € E) =1 foralln > 1.
Suppose that E is equipped with the topology induced by X. Then, if the probability measures of
(X5) satisfy the extended LDP in (X, d) with speed an, and with rate function I so that D; C E,
then the same extended LDP holds in E.

Proof. Suppose that an extended LDP holds in X'. For the upper bound, let F' be a closed subset
of E so that F' = F' N E for some F’ that is a closed subset of X. Then, F is a closed subset
of X. Hence, limsup,,_, a% logP (X, € F) < —infgepe I(z) = —infzepene I(x). Next, for the
lower bound, let G be an open subset of E. That is, G = G’ N E, where G’ is an open subset of
X. Then,

lim inf 1 logP (X, € G) = liminf 1 log P (Xn € G') > — inf I(z) = — inf I(z).

n—oo An n—oco On reG’/ zeG
The level sets Ur(a) C X are closed, so [ restricted to E remains lower semicontinuous. O

We continue with a useful lemma on pre-images of Lipschitz continuous maps on metric spaces.

Lemma B.2. Let (S,0) and (X,d) be metric spaces. Suppose that ® : (X,d) — (S,0) is a
Lipschitz continuous mapping with Lipschitz constant ||®||Lip. Then, for any set F C 'S, it holds
that

(@1 (F))* C @t (Fe¥lumn) |

€

Proof. Let ¢ € (<I>_1(F)) . For each n, there exists &, such that &, € ® ' (F) and d((, &) <
€+ 1/n. Note that o(®(¢), F) < o(®(C), ®(én)) < |P]|Lip - d(¢,&n) < ||®]|Lip - (e + 1/n). Taking
n — oo, we have that o(®(¢), F) < € ||®||Lip. That is, ®(¢) € FlI®luirc or ¢ € <I>_1(FH<I>”UP‘).
Since ¢ was chosen arbitrarily from (éfl(F ))6, we arrive at the desired inclusion.

O
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The following lemma is a version of the contraction principle adapted to the setting of extended

LDP’s.

Lemma B.3. Let (X,d) and (S,0) be metric spaces. Suppose that the sequence of probability
measures of (X,) satisfies the lower and upper bounds of extended LDP in (X,d) with speed an
and a function I (that is not necessarily a rate function). Moreover, let ® : (X,d) — (S,0) be a

Lipschitz continuous mapping and set I'(y) £ infg(g)—y I(x). Then,

1) ®(Xn) satisfies the following lower and upper bounds: for any open set G C S,

liminfilogP (®(X,) € G) > — inf I'(x),

n—oo An zeG

and for any closed set F' C S,

lim sup = logP (®(X,) € F) < —lim inf I'(z).

n—soo an e—=0xEF*€

ii) Suppose, in addition, that I is a rate function and ® is a homeomorphism. Then, I' is a rate
function, and ®(X,) satisfies the extended LDP in (S,o) with speed a, and rate function
I/

iii) If I' is a good rate function—i.e., V(M) 2 {y € S : I'(y) < M} is compact for each
M € [0,00)—then ®(X,) satisfies the LDP in (S, o) with speed a, and good rate function
r.

Proof. i) For the upper bound, let F be a closed subset of (S, ). Thanks to Lemma B.2, for any
€ > 0, we have that (<I>71(F))e cot (FG‘H‘I)“L‘P). Hence,

— inf I(z) < — inf I(z). (B.1)
ee(@-1(F))° zg@*l(F"”q’”Lip)

Furthermore, by the upper bound of the extended LDP of X, for any § > 0 there exists an n(9)
such that for any n > n(J),

P(®(X,) e F)=P(X, € ® '(F))

ex an | — inf T )
= p( ( xe(qu(F))EI( ) >>

<exp|an |- inf I(z)+4 , (B.2)
wep=1 (P I®lLip)

for any n > n(d) and € > 0. Therefore,

limsupilogP(¢(Xn) €EF)<— inf I(z)+6=— inf  I'(y)+4.

n—oo Qn Jceq>—1(FE'H<I>||Lip) yeFE'H‘I’HLip
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Letting 6 — 0 and then € — 0, we arrive at the desired large deviation upper bound.
For the lower bound, consider an open set G. Since ® *(G) is open,

lim inf N logP (®(X,,) € G) = lim inf S log P (Xn € @71(G)) >— inf I(y)=— inf I'(2).

n—oo An n—oo Ap ye®—1(Q) zeG

i1) Since the upper and lower bounds for the extended large deviation principle have been proved
in ), we only have to prove that I’ is lower semi-continuous. To see this, note first that I'(y) =

I(®'(y)), and hence, for any M > 0,
fyes: I'(y) < M} ={y €5: 1(®(y) < M} = {®(x) : I(x) < M} = (¥, (M)).

Since ® is a homeomorphism the r.h.s. is closed. Hence, ®(X,) satisfies the extended LDP.
117) From the standard argument—see, for example, the proof of Theorem 4.2.1 of Dembo and
Zeitouni (2010)—I" is a good rate function. From Lemma 4.1.6 of Dembo and Zeitouni (2010),

we obtain lime_o inf I'(y) = infyer I'(y). Consequently,

yeFﬁH‘PIILip

lim sup log P (Sn € F) < —lim inf  I'(y) = — inf I'(y).

n—00 07 e—0 yEFeH(bllLip yeF
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