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Introduction

If we wait for the moment when
everything, absolutely everything is
ready, we shall never begin.

Ivan Turgenev, Fathers and Sons

A mathematical optimization problem asks us to maximize an objective
(or minimize a cost) under a given set of constraints. Solving such problems
has many applications; both in the real world, and in other fields of math-
ematics. Unfortunately, some of the most interesting optimization problems
are very difficult to solve algorithmically. One way to work around this issue
is to consider so-called relaxzations. That is, to consider variants of the prob-
lem which are (much) easier to solve, but whose solutions still provide good
approximations for the original problem. In this thesis, we look at relaxations
to hard problems based on semidefinite programming. We can distinguish two
settings.

First, we consider so-called sum-of-squares hierarchies. These hierarchies
allow one to define increasingly accurate — but also more computationally
expensive — relaxations for polynomial optimization problems. They yield very
good approximations in practice, and as a result they have been widely applied
and studied in the literature. The central question we wish to answer in this
setting is whether we can back their good performance up with theoretical
guarantees. We address this question in Part 1 and Part 2 of the thesis, which
each focus on a particular type of hierarchy.

Second, we look at the problem of finding independent sets of maximum
size in a graph G, which is a classical example of an NP-hard problem. The
celebrated Lowvdsz theta number ¢ bounds the independence number of G from
above. It has been succesfully applied to the setting of geometric graphs,
yielding new results in discrete geometry and extremal combinatorics. In
Part 3 of the thesis, we will generalize ¥ to (geometric) hypergraphs. A careful
analysis of the resulting approximations allows us to improve an existing result
in Buclidean Ramsey theory.

As we shall see, the three parts that make up this thesis are rather con-
nected. First off, both the sum-of-squares hierarchies of Parts 1 and 2 and
the Lovasz theta number of Part 3 are examples of semidefinite programs. In
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2 INTRODUCTION

fact, ¥ may be viewed in some sense as the ‘first level’ of a particular sum-of-
squares hierarchy. Beyond that, the methods we use to prove new results in
each of these settings share many similarities. In short, they all rely on clas-
sical orthogonal polynomials, and the relation between these polynomials and
polynomial (or continuous) kernels. By exploiting symmetry, these relations
allow us to move from a difficult, multivariate setting to a simpler, univari-
ate setting, where an asymptotic analysis is then possible. We explain these
connections in more detail in Chapter 1.

Polynomial optimization and sums of squares

Let f € R[x] be a polynomial of degree d in n variables. We say that f is
a sum of squares if there exist polynomials pi, po,...,ps € R[x] such that:

F(x) = p1(x)* + pa(x)® + ...+ pe(x)*.

Clearly, if f is a sum of squares, then it is globally nonnegative; meaning that
f(x) > 0 for all x € R™. A natural question — which goes back to work of
Hilbert in the late 19th century — is whether the converse is also true. This
turns out not to be the case: Hilbert shows that all nonnegative polynomials in
n variables of degree d are sums of squares if and only if d =2, n =1, orn = 2
and d = 4. The first explicit example of a nonnegative polynomial which is
not a sum of squares was given much later in 1967 by Motzkin: f(x) = x}x3+
x3x3 —3x2x2+1. In 1927, Artin showed that any nonnegative polynomial may
be expressed as a sum of squares of rational functions, thereby solving Hilbert’s
17th problem posed in 1900. Later results in real algebraic geometry show
existence of structured sum-of-squares decompositions for positive polynomials
on semialgebraic sets (cf. [PD01]). In recent decades, these Positivstellensatze
have found a new application in the field of mathematical programming; more
specifically in polynomial optimization.

A polynomial optimization problem asks to minimize a given polynomial
f € R[x] over a semialgebraic set X C R", which is itself defined by polyno-
mials g1, 92, ...,9m € R[x]:

fmin = mi)r(lf(x), where X = {x € R" : g1(x) > 0,...,gm(x) > 0}.
xXE

Polynomial optimization problems are very general. They naturally capture
classical NP-hard combinatorial problems including MAXCUT and STABLE-
SET, even when the feasible region X is a relatively simple set, such as the
unit sphere, the unit ball, the binary hypercube or the standard simplex. Fur-
ther applications are found in finance, energy optimization, machine learning,
optimal control and quantum information theory.

Sum-of-squares hierarchies based on Positivstellensatze

In light of their broad applicability, polynomial optimization problems are
unsurprisingly difficult to solve numerically. Often, the best one can do is
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to approzimate the value of fui,. Perhaps the most well-known and succes-
ful methods for computing such approximations are so-called sum-of-squares
hierarchies, due to Lasserre [Las01] and Parillo [Par00] in the early 2000s.
The key idea underlying these hierarchies is that nonnegativity of the poly-
nomial f on the set X may be verified by finding sum-of-squares polynomials
00,01, ...0m € X[x] so that:

m

F(x) = o0(x) + Y gi(x)ai(x). (1)

=1

For fixed r € N, one may then define a lower bound 1b(f), < fmin on the
minimum of f over X by setting:

Ib(f); := sup {/\ LX) =X =00(x)+ Y gi(x)0i(x), o € B[x], deg(oy) < 7"}~
=1

The point is that while checking nonnegativity of a polynomial is hard, the
parameter 1b(f), may be computed by solving a semidefinite program of size
polynomial in the number of variables n. For fixed r, and under some minor
assumptions, this can be done efficiently, yielding a tractable bound on fiin.

Contrary to the case of global nonnegativity, the classical Positivstel-
lensdtze of Putinar [Put93] and Schmiidgen [Sch91] show that any polyno-
mial f positive on X has a representation of the form (1), as long as X satisfies
a (minor) compactness condition. To be precise: Schmiidgen’s result applies
more generally, but requires the use of a slightly different representation (in-
volving also products of the constraints g;), leading to a stronger, but more
computationally intensive bound er satisfying fuin > WT > 1b(f),.
The upshot is that under such conditions, we have asymptotic convergence of
the hierarchies to the true minimum:

lim Ib(f), = fmin and lim 1b(f), = fumin-

r—00 r—00
A natural question is whether this asymptotic convergence may be quantified.
From the point of view of optimization, one may see this as proving guarantees
on the quality of the bounds Ib( f), and w,r depending on the degree r. From
the point of view of real algebra, one may also see this as showing bounds on
the degree of the sums of squares o; € X[x] required in the decomposition of
I

As we explain in more detail in Chapter 2, we prove strong guarantees

in Part 2 of this thesis when the set X exhibits symmetric structure. This
includes the binary hypercube, the unit sphere, the standard simplex and the
box [—1,1]". There, the polynomial kernel method introduced in Chapter 6
allows us to express the error of Lasserre’s hierarchies in terms of the behaviour
of classical, univariate orthogonal polynomials. See also Chapter 1.
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Measure-based sum-of-squares hierarchies

In addition to the hierarchies of lower bounds introduced above,
Lasserre [Las11] also defines a hierarchy of upper bounds ub(f), on fuin,
which are obtained by a structured sampling of the feasible region X. Apart
from their inherent use in approximating fun, these bounds actually play a
crucial role in our analysis of the hierarchies defined above. For r € N, the
bound ub(f), > fumin is obtained by minimizing the expectation [y f(x)dv(x)
of f on X over all probability measures v of the form dv(x) = h(x)du(x),
where h is a sum of squares of degree at most 2r, and p is a fized reference
measure supported on X. These measure-based bounds may be computed via
semidefinite programming, and asymptotic convergence to fui, is guaranteed
when the feasible region is compact [Las11]. Again, this leads to natural
questions about the rate of convergence.

As we explain in more detail in Chapter 2, the new results in Part 1 of
this thesis largely settle these convergence questions (in light of several other,
existing results). Indeed, we first extend a known best-possible convergence
guarantee established by de Klerk & Laurent [dKL20b, dKL20a] for the
box [—1,1]" and hypersphere to a larger class of examples of semialgebraic
sets in Chapter 3. Second, we establish a convergence rate for essentially all
other semialgebraic sets which is just a log-factor away from best-possible in
Chapter 4.

To prove the former result, we show in Chapter 3 that the behaviour of
the measure-based bounds ub(f), depends in some sense only on the local
geometry of the feasible region X near a minimizer x* of f. This allows us
to transport the analysis of [dKL20b] on [—1,1]" to a larger class of convex
bodies X, including the unit ball and the standard simplex.

For the latter result, we construct in Chapter 4 explicit sum-of-squares
densities h on X of degree 2r which approximate the Dirac delta function
centered at a minimizer x* of f. The idea is that for such h, we have:

/ FOOR)dp(x) & F(X*) = funin.
X

That is, the density h is a good feasible solution to the program defining the
upper bound ub(f),. Our construction combines so-called needle polynomials
(see Section 4.1) with push-forward measures (see Section 2.1). Push-forward
measures were already considered by Lasserre [Las20] to define a more ‘eco-
nomical’ variant of the upper bounds ub(f), (see Section 2.1). As a side result
of our proof, we establish new convergence rates for these bounds as well.

Independent sets and the theta number

The Lovdsz ¥-number is perhaps the most influential application of semi-
definite programming to combinatorial optimization, providing a strong upper
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bound on the independence number a(G) of a graph G = (V, E). The indepen-
dence number is the largest cardinality of an independent set in GG; meaning
a subset S C V so that no two vertices v, w € S are joined by an edge.

To each such independent set, we can associate an incidence vector xg €
RY, whose entries (xg), are 1 if v € S and 0 otherwise. This vector, in turn,
induces a positive semidefinite matrix X = xgx/ /|| = 0 which additionally
satisfies D, ey Xow = [S], Tr(X) = 1 and Xy, = 0 for every edge {v,w} €
E. The idea of Lovasz, now, is to compute the maximum of Zv,wEV Xy Over
all positive semidefinite matrices X with Tr(X) = 1 and X, = 0V{v,w} € E,
which may be done efficiently using semidefinite programming. This maximum
— which is known as the theta number 9(G) of G — is thus an upper bound on
a(Q).

Among many other possible extensions, Bachoc, Nebe, Oliveira, and Val-
lentin [BNdOFV09] extend Lovasz’s approach to infinite geometric graphs
on compact metric spaces; this leads to bounds on the size of spherical codes
and the densities of sphere-packings. We can view the hypersphere S"~! as
a graph by saying two vertices x,y € S"~! are adjacent whenever x -y = ¢
for some fixed ¢t € R. The independence number in this case is the largest
volume of a (measurable) set S C S™ ! which does not contain any adja-
cent vertices. Such a set now has an indicator function xg: S" ' — {0,1},
which induces a positive kernel K(x,y) = xs(x)xs(y) on S ! with certain
additional properties. The theta number in this setting is obtained by solving
an (infinite-dimensional) optimization problem over all such kernels. The key
point is that one may in fact restrict to kernels which are invariant under
the symmetry of S"~!. Such kernels can be classified in terms of univariate
orthogonal polynomials, which leads to a more manageable formulation for J.
See Chapter 1.

In Chapter 10, we develop a recursive generalization of the ¥J-number for
geometric hypergraphs on the unit sphere and on the Euclidean space, ob-
taining bounds on the independence number of such graphs. In the above
language, a set S is independent in this context if it does not contain any k-
tuple of vertices vy, vs, ..., v which are pairwise adjacent for some fixed k € N
(thus k& = 2 corresponds to the regular independence number). We call such
a tuple a k-simpler. By exploiting symmetry, we find analytical expressions
for our bounds in terms of orthogonal polynomials. An analysis of the as-
ymptotic behaviour of these polynomials then allows us to reprove a result in
FEuclidean Ramsey theory; namely that k-simplices are exponentially Ramsey.
Furthermore, we improve upon the previously known bounds for the base of
the exponential.

Organization

The thesis is organized as follows. In Chapter 1, we introduce orthogonal
polynomials and polynomial kernels, which form the foundation of our proof
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techniques throughout the rest of the thesis. In Chapter 2, we introduce the
sum-of-squares hierarchies in more detail, and give an overview of known and
new results on their convergence rates.

Part 1. In Chapters 3 and 4, we prove convergence results for the measure-
based bounds in several different settings, covering the main results of [SL20]
and [SL21a], respectively. In Chapter 5, we discuss some computational as-
pects of the measure-based bounds.

Part 2. In Chapter 6, we introduce the polynomial kernel method, which may
be used to obtain convergence guarantees for sum-of-squares hierarchies on
structured feasible regions. We then apply this technique in Chapters 7, 8,
and 9, corresponding to the binary cube [SL21b], the unit ball and the stan-
dard simplex [Slo22], and the unit box [LS21], respectively.

Part 3. Finally, in Chapter 10, we introduce our new recursive theta num-
ber for geometric hypergraphs, which we apply to the unit sphere and the
Euclidean space. This covers the main results of [CSAOFSV21]. We also
include a small part of the work [CSAOFSV22].

Publications
This thesis is based on the following publications and preprints.

[CSAOFSV22| D. Castro-Silva, F.M. de Oliveira Filho, L. Slot, and F. Vallentin. A
recursive theta body for hypergraphs, 2022. arxiv:2206.03929
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in: Proc. Am. Math. Soc., 2021. arxiv:2106.09360
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tivstellensatz for the hypercube. Submitted to: Opt. Lett., 2021. arXiv:
2109.09528
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mial optimization. In M. Singh and D.P. Williamson, editors, Integer
Programming and Combinatorial Optimization, pages 43-57, Cham,
2021. Springer International Publishing. Fxtended version in Math.
Program., 2022. https://doi.org/10.1007/s10107-021-01745-9
[SL21a] L. Slot and M. Laurent. Near optimal analysis of Lasserre’s univari-
ate measure-based bounds for multivariate polynomial optimization.
Math. Program., 188:443-460, 2021


https://doi.org/10.1007/s10107-021-01745-9

PUBLICATIONS 7

[SL20] L. Slot and M. Laurent. Improved convergence analysis of Lasserre’s
measure-based upper bounds for polynomial minimization on com-
pact sets. Math. Program., 193:831-871, 2020






CHAPTER 1

Orthogonal polynomials and kernel operators

We learn by rearranging what we know.

Ludwig Wittgenstein

In this chapter, we discuss some basic facts on orthogonal polynomials and
polynomial kernels. The goal is to give the reader a high-level introduction
to these concepts, and how they will play a role in the rest of this thesis. We
prove or provide precise references for certain key results as they appear in
future chapters.

1.1. Orthogonal polynomials of one variable

We begin with some facts on orthogonal polynomials of a single variable,
which we shall need later. We also introduce a few special, well-known ex-
amples of such polynomials which feature in the rest of the thesis. For a
comprehensive reference, see the book of Szegé [SzeT75].

1.1.1. Basic definitions. Let y be a finite Borel measure supported on
an interval I C R. Often, I = [—1, 1] and p will be of the form du(z) = w(x)dx
for some continuous weight function w. We then have an inner product on the
space of univariate polynomials R[z

/f (2). (1.1)

Up to scaling, there exists a unique basis { Py : k € N} of R[x] satisfying:

miw:zawwmwmw:ou¢ﬁ

and for which deg(Py) = k for all Kk € N. We call these Py the orthogonal
polynomials for the measure p. There are several ways to normalize them.
For instance, we will write:

Py(x x)/\/(Pr, Pr)

for the normalization satisfymg <Pk, Pk> = 1. We will write:
Py(x) = Py(x)/ max | Py(z)]
zel

for the normalization whose sup-norm on [ is equal to 1. Both normalizations
are unique up to sign.
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1.1.2. The three-term reccurence relation. A useful property of or-
thogonal polynomials is that they satisfy a so-called three-term recurrence
relation.

PROPOSITION 1.1 (Three-term reccurence). Let {Py : k € N} be the or-
thogonal polynomials w.r.t. to some measure . Then for each k > 0, there
exist constants ay, by, ¢, € R such that:

z Py (x) = ag Py (z) + b P () + cx Pr—1 (). (1.2)
Here, we have set P_1 := 0.

The renormalizations P, and Py, satisfy (1.2) as well (but with different
constants). We note that for the orthonormal polynomials Py, the recurrence
coefficients in (1.2) satisfy ¢, = ag_q for all & > 1.

1.1.3. Extremal roots. For r € N, consider the matrix J C R+Dx(+1)
given by:

Jij = (@B, ) = /]xé-(x)@(x)du(x) (0<ij<r) (1.3)

This matrix — and its eigenvalues in particular — are closely related to Lasserre’s
measure-based bounds (2.6), see Section 2.3. A first consequence of (1.2) is
that we are able to express these eigenvalues in terms of the roots of the
polynomials P,. These roots are known to be real, distinct, and they lie
within the interval I. As we see below, more is known about their (asymptotic)
behaviour in special cases.

PROPOSITION 1.2 (see [dKL20b]). Let {P, : k € N} be orthonormal
polynomials with three-term reccurence relation (1.2), and let J C R+ (r+1)
be as in (1.3). Then the smallest eigenvalue Amin(J) of J is given by:

)\min(J) — §r+1;
where £41 € R is the least root of Pry1.

Proor. We follow the proof given in [dKL20b]. Using the three-term
reccurence (1.2), we find that:

Jij = (xP;, Pj) = (aiPp1 + b P, + Cif)iflalgj>
a  ifj=i+1,
b =i
C; lfj =17 — 1,
0 otherwise.
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The matrix J is thus tridiagonal, of the form:

bo ap 0 0
C1 b1 al O

J=10
o1 b1 oar
0 O . Cr b,

As we noted before, we have ¢, = aj_1, meaning J is symmetric. It follows
(see [SzeT75]) that:

det(zl — J)Py = <Ha3> Prya(z),

7=0

which implies that the eigenvalues of J are precisely the roots of ﬁr+1. In
particular, Apin(.J) is the smallest root of P,q. O

1.1.4. Jacobi polynomials. For parameters a, f > —1, let w, g(x ) =

(1 —2)%(1 + x)? be the Jacobi weight function. For k € N, we write j oB)
for the Jacobi polynomial of degree k, defined by the orthogonality relatlon

1
The Jacobi polynomials satisfy the symmetry relation:
T =) = ()T @),

For a@ > 3, the maximum max_j<z<1 ]jkga’ﬁ)(xﬂ is attained at z = 1, and

the normalization 7,(;1’6) is thus defined by setting 71205,,3)(1) = 1. There are
several bounds known for the roots of the Jacobi polynomials, which permit

to show the following.

ProprosITION 1.3 ([DJ12, DN10]. See also [dKL20b]). Let o, 5 > —1.

For k € N, let jkfa’ﬁ) () be the Jacobi polynomial defined in (1.4) and write
&k € [—1,1] for its smallest root. Then we have:

& = —14+0(1/k?).

1.1.5. Gegenbauer polynomials. In the special case that o = 5 > —1,
the polynomials:

G\ (@) = T\ ()

are known as Gegenbauer polynomials (or ultraspherical polynomials). They
are thus the orthogonal polynomials for the measure du(z) = (1 — 22)%dz

n [—1,1]. As we see below in Section 1.2, the Gegenbauer polynomials are
connected to the unit sphere S"~!; they form the basis of an analysis of sum-
of-squares hierarchies on S"~! in [dKL20a] and [FF21], see also Section 2.3.
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We shall use them in a similar way in Chapter 8, where we analyze sum-of-
squares hierarchies on the unit ball and the simplex. In Chapter 10, we use
them to define bounds on the size of independent sets in S" 1.

1.1.6. Chebyshev polynomials. Specializing even further to the case
a = =-1/2, we get the Chebyshev polynomials:

’7%)(x).

A
e
8
~—
i
SN
ol

Up to normalization, they may also be defined by the relation:
Cr(x) = cos(karccosz) (—1<z<1).

They then satisfy a three-term recurrence with particularly simple constants:

1 1
xCr(x) = §Ck+1(x) + §Ck_1(ﬂf).

The Chebyshev polynomials appear often in mathematical optimization and
they satisfy several useful extremal properties, see for instance Theorem 7.29.
They are used to define so-called needle polynomials (see Section 4.1), which
approximate well the Dirac delta function on [—1, 1], as well as the well-known
Jackson kernel, which is used in functional approximation. These construc-
tions play a central role in Chapter 4 and Chapter 9, respectively.

1.1.7. Krawtchouk polynomials. Finally, we consider for n € N the

Krawtchouk polynomials IC,(:L) (), 0 < k < n, which are given by:

k
K=Y (5) (327) os<ksn.

i=0
They are the orthogonal polynomials with respect to the discrete measure
p= 57> 0o (M6, on [0,n], where §, is the Dirac measure centered at z.
Note that this is a slight departure from the previous setting, as p now has
finite support. As a consequence, the inner product (1.1) is defined only on
the space R[x],, of polynomials of degree at most n, but all other mentioned

results carry over. The maximum maxo<y<n |IC,(€n) (x)| is attained at z = 0,

and the normalization K,(Cn) is thus defined by setting K,in) (0) =1.

The Krawtchouk polynomials are related to the binary hypercube {0, 1}",
see Section 1.2. Indeed, they will feature prominently in Chapter 7, where we
analyze sum-of-squares hierarchies on {0, 1}". They also appear in Chapter 10
to define bounds on the size of independent sets on {0, 1}".

The asymptotic behaviour of the least root of K™ (x) is studied by Lev-
enshtein [Lev98| in the regime r/n — ¢ € [0, 1], see also Theorem 7.2.
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1.2. Polynomial kernels and kernel operators

Let X C R"™ be a compact set, and let © be a finite positive Borel measure
supported on X. Consider the space of polynomials P(X) restricted to X,
which is given by:

P(X)=R[x|/(p:p(x) =0 VxeX).

It is thus the quotient of the polynomial ring modulo the vanishing ideal of
X, which is the ideal generated by the polynomials that vanish on X. The
degree of an element p € P(X) is the smallest degree of a polynomial h € R[x]
with p(x) = h(x) for all x € X. For an integer d, we write P(X), for the
polynomials in P(X) of degree at most d. We have an inner product on P(X)
given by:

g = /X F(0g(x)du(x).

Now let K : R™ x R™ — R be a polynomial kernel, meaning that K(x,y) is
a polynomial in x and y. Using the inner product (-,-),, we can associate a
linear operator K : P(X) — P(X) to the kernel K via:

Kp(x) 1= (K5, p) = [ KOy)py)du(y). (15)

1.2.1. The Christoffel-Darboux kernel. The space P(X) has an
orthonormal basis w.r.t. the inner product (-,-), given by polynomials
{P,: a € A} of degree |« satisfying:

(Pa, Py) = /X Po(%) Po(x)du(x) = 805 (0, 8 € A). (1.6)

Here, the set A C N™ depends on X. For instance, if X is full-dimensional, we
simply have A = N" (as P(X) = R[x]). However, if for example X = {0,1}"
is the binary hypercube, we have P(X) = span{z® : a; € {0,1}}, meaning
A ={0,1}" C N". In what follows, the set A will be clear from the context,
and so we will not always denote it explicitely. We also assume throughout
that the P, are chosen so that the space of polynomials P(X), of polynomials
of degree at most d is spanned by the polynomials P, with |a| < d for each
deN.

Using such an orthonormal basis, we are able to construct the so-called
Christoffel-Darbouz kernel CD,. of degree r € N, which is defined as:

CDT‘(X7 Y) = Z Pa(X)Pa(Y)' (1'7)
acA:lal<r

The point is that the operator CD, associated to this kernel via (1.5) repro-
duces the space of polynomials P(X), on X of degree at most r, meaning
that:

CD,p(x) = p(x) (1.8)
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for all p € P(X) of degree at most r. Indeed, such a p may be written as:

p(x) = Z PaPa(x)

laf<r

for certain p, € R, whence:

CD,p(x)= > pa /X Ps(x)Ps(y) Pa(y)dp(y)

o <r,|B|<r

= 3 paPulx) = p(x)

|| <r

using the orthogonality relations (1.6). Note that for x,y € X, the value of
CD,(x,y) does not depend on the choice of basis {P,}. Indeed, the subspace
generated by the P, of degree at most r does not depend on the choice of
basis (see also (1.10) below). Therefore, for each y € X, the polynomial
x — CD,(x,y) of degree r in P(X) is fixed by the reproducing property (1.8).

The Christoffel-Darboux kernel has many applications in optimization,
and it will form the basis of a technique we discuss in Chapter 6 to analyze
sum-of-squares hierarchies for polynomial optimization. More specifically, we
will make use there of a class of kernels defined in the spirit of (1.7) as:

CD,(x,y: ) == > AaPa(x)Paly) (Ao €R), (1.9)
la|<r
which we call perturbed Christoffel-Darboux kernels. Using again the rela-
tions (1.6), the operator CD,(\) associated to this kernel is diagonal w.r.t.
the basis { P, }, and its eigenvalues are given by the coefficients \,.

1.2.2. Summation formulas. For certain special, structured sets X and
measures y, the Christoffel-Darboux kernel (1.7) admits a simple, closed form
expression in terms of univariate orthogonal polynomials. These expressions
will be of great help in Part 2 and Part 3 of the thesis, where we consider for
X the binary cube {0,1}", the unit sphere S"~!, the unit ball B” and the
standard simplex A",

The basic idea is to consider the subspaces Hy C P(X) given by:

Hj, = span{P, : |a| = k}
={p € P(X):(p,q)u =0 forall g € P(X)g-1}.

Note that the Hj depend on X and g, but not on the choice of basis {P,}.
We now have the orthogonal decomposition:

(1.10)

P(X) = éﬂk (1.11)
k=0

Accordingly, we can write any p € P(X)4 of degree d as:
p(x) = po(x) + p1(x) + ... +pa(x) (pr € Hy), (1.12)
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and similarly, the Christoffel-Darboux kernel (1.7) can be written as:

ZCD , where CD* Z P,(x)P,(y). (1.13)
|a|=k

The operator CD® associated to CD™®) then satisfies:
CDWp(x) = pp(x). (1.14)

In the special cases mentioned above, the kernels cD®) (x,y) may be expressed
in terms of the orthogonal polynomials of Section 1.1. For illustration, we
briefly cover the binary cube and the unit sphere below, which are the most
classical examples. See for instance [Val08]. The unit ball and standard
simplex are treated in Chapter 8.

The unit sphere. Consider the unit sphere X = §"~! C R”, equipped with
the uniform surface measure p. The space P(S™ 1) of polynomials on S"~ 1 is
given by:
P(S"7h) = RIx]/(1 — [|x]*).
The subspaces Hj, in this case are given by:
Hj, = Harmy, := {p : is homogeneous of degree k and harmonic}.

A polynomial p is harmonic if it is in the kernel of the Laplace operator, i.e.,
if V2p = 0. An element of Harmy is also called a spherical harmonic (of
degree k). Choosing any orthonormal basis {s ;} of Harmy, and for the right

normalization of the Gegenbauer polynomials g,(j‘), we have the summation

formula:
n—3

Zs,w s, (y) =617 (x-y). (1.15)
What this means is that the Chrlstoffel—Darboux kernel (1.13) is given by:
T (n=3
=> G * (x-y)
k=0

If we choose coeffcients A\, = A, depending only on |af, the perturbed ker-
nel (1.9) is then given by:

CDy (%, y; A ZAkgk ).

Another way of looking at this is as follows. Let u € R[z| be a univariate
polynomial of degree r > d, with the following expression in the basis of
Gegenbauer polynomials:

r L—?’)
= Z)\kgk 2 (ZL‘),
k=0
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and consider the kernel K(x,y) = u(x -y). Then, we have:
r n—3
K(x,y) =Y _ A0y, 2 '(xy) = CD,(x,y; ) (1.16)
k=0

and thus, by (1.14), we get the Funk-Hecke formula:
d

Kp() = [ - y)p)duty) = Y- A ).
k=0

where p(x) = Zi:o pr(x), pr € Harmy is as in (1.12).

The binary cube. Consider the binary cube X = {0,1}" C R", equipped
with the uniform probability measure p. The space P({0,1}") is spanned by
multilinear polynomials, i.e., we have:

P{0,1}") = R[x]/(x; —x? : 1 <i<n)=span{x®:a € {0,1}"}.

The decomposition (1.11) in this case is given in terms of the characters:

Xa(x) = (-1)**= J] @ -2x)) (a€{0,1}"),
ira;=1
which are polynomials of degree |a| (on the binary cube). They form an
orthonormal basis of P({0,1}"), and the spaces Hj, of (1.10) are given by:

Hy, = span{x, : la| =k} (0<k <n).

Similar to the spherical harmonics, we have a summation formula for the
characters, now in terms of Krawtchouk polynomials:

3 Xaxa(y) = K (dham (. ¥)). (1.17)
la|=k

where dyam(x,y) = [{i : x; # yi}| is the Hamming distance between x and y.
Now let u € R[x] be a univariate polynomial of degree n > r > d, expressed
in the basis of Krawtchouk polynomials as:

u(x) = 3" Nk (@),
k=0

and consider the kernel K(x,y) = u(dpam(x,y)). Then we again get the Funk-
Hecke formula:

d
Kp(o) = v 3 uldan(x,Y)p(y) = D Mpe(x)
k=0

ye{o,1}n

for p(x) = ZZ:O pr(x), pr € Hy decomposed as in (1.12).
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1.2.3. Symmetry and invariant kernels. An aspect we have so far ig-
nored is the role of symmetry. Both the unit sphere and binary cube are highly
symmetrical sets, and their symmetry is connected to the representations of
the Christoffel-Darboux kernel given above.

The unit sphere. For S"~! we have the regular O(n)-action, which induces
an action on P(S" ') via Tf(x) = f(T~'x). It turns out that the spaces
Harm,, are precisely the invariant and irreducible orthogonal components of
P(S™1) under this action. What this means is that each of the spaces Harmy,
is closed onder the O(n)-action, and that it contains no proper closed sub-
spaces. The inner product x -y is invariant under the O(n)-action, meaning
that x -y = T'(x) - T(y) for all x,y € S™ and T" € O(n). Therefore, ker-
nels (1.16) of the form K(x,y) = u(x - y) satisfy:

K(x,y) =K(Tx,Ty) (x,y € "L, T € O(n)).

Such kernels are called O(n)-invariant. In fact, all invariant polynomial kernels
on S"! are of this form, see [Val08].

The binary cube. For the binary cube {0,1}", we have an action of
(Z)2Z)" x S,, which is generated by coordinate permutations x +— o(x) =
(Xo(1)s - -1 Xo(n)), 0 € Sp, and ‘bit-flips’ x> a®x=a+x mod 2, a €
(Z/27)". The spaces Hj spanned by the characters of exact degree k are
invariant and irreducible under this action. Furthermore, the Hamming dis-
tance dpam (X, y) is invariant, and the invariant kernels on {0, 1}" are all of the
form K(x,y) = u(dpam(x,y)), see [Val08|.

1.2.4. Preview of applications. We will use kernels and their associ-
ated operators in two ways. First, as we explain in Chapter 6, one can deduce
guarantees on the quality of sum-of-squares hierarchies by constructing ker-
nel operators having certain ‘nice’ properties. In the special cases where one
has a representation of the type (1.16) for CD,(x,y; ) in terms of a uni-
variate polynomial u € R[z], one may express these properties in terms of
the coefficients A\j of this polynomial u in the appropriate basis of orthogonal
polynomials. This effectively reduces the problem from a multivariate to a
univariate setting.

Second, as we see in Chapter 10, one may define bounds on the size of
independent sets in (hyper)graphs using kernels of positive type. On the unit
sphere and binary cube, invariant kernels of this type can be classified using the
expression (1.16); namely, such kernels are of positive type if and only if the
coefficients A\, are nonnegative. The resulting bounds may then be studied
by analyzing certain asymptotic properties of the corresponding orthogonal
polynomials.






CHAPTER 2

Polynomial optimization and sum-of-squares
hierarchies

You know, this is, excuse me, a damn
fine cup of coffee.

Dale Cooper, Twin Peaks

In this chapter, we introduce several hierarchies of semidefinite relaxations
for polynomial optimization problems based on sums of squares. Their analysis
will be the subject of Part 1 and Part 2 of the thesis.

A polynomial optimization problem asks to minimize a given n-variate
polynomial f € R[x] over a semialgebraic set X C R™, itself defined by poly-
nomials g1, g2, . .., gm € R[x] as:

X={xeR":g¢;j(x)>0 (1<j<m)}. (2.1)
That is, it asks to compute the global minimum:

Jmin == ;ig)fcf(x) (2'2)

Polynomial optimization is generally hard and non-convex. Many classical
combinatorial problems including MAXCUT and STABLESET may be formu-
lated as a polynomial optimization problem, already for simple feasible regions
X, such as the unit sphere, the unit ball, the binary hypercube or the stan-
dard simplex. For instance, one may compute the stability number of a graph
G = (V,E) as:

a(G) = max oy X;— Z XX
OUTiev  igter

This is equivalent to (see [PH13]):

Hence, a(G) may be formulated as a polynomial optimization problem over
both the binary and continuous hypercube. The formulation (2.2) in fact
naturally includes (binary) linear programming and quadratic programming.

19
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Alternatively, we may formulate a(G) as (see [MS65)):

( —HGI]er}l Zx + 2 Z xiX; :x >0, le—l ,

eV {i,j}€FE eV

or similarly as:

2GS 2 3
eV {i,j}eF
Thus, as polynomial optimization problems over the unit sphere and the stan-
dard simplex.

The general intractability of (2.2) motivates the search for efficient bounds
on fmin. In this chapter, we consider bounds that are based on sums of squares
of polynomials. A polynomial ¢ € R[x] is a sum of squares if there exist
polynomials pi, p2, ..., p¢ such that:

o(x) = p1(x)® + p2(x)” + ... + pe(x).

We write X[x]| C R[x] for the set of all sum-of-squares polynomials. We denote
by X[x], the restriction of 3[x]| to polynomials of degree at most r. Impor-
tantly, if o € X[x] is a sum of squares, it is globally nonnegative, i.e., o(x) > 0
for all x € R". Lasserre [Las01] and Parillo [Par00] use sums of squares to
define hierarchies of lower bounds on the minimum fy;, of f. At fixed level
r of the hierarchy, these bounds may be computed by solving a semidefinite
program of size polynomial in the number of variables n, as we see in more
detail below. Lasserre [Lasl1, Las20] also uses sums of squares to define hi-
erarchies of upper bounds on fui,. These bounds may similarly be computed
using semidefinite programming.

One of the key features of these hierarchies is that they converge to the true
minimum fi,;, as the level r goes to infinity (under certain mild assumptions).
A natural question — which dominates a large portion of this thesis —is whether
one may quantify this convergence, that is whether one may prove guarantees
on the quality of the approximations as a function of the level r.

In the rest of this chapter, we will first introduce the sum-of-squares hier-
archies in more detail. Then, we cover the basics of semidefinite programming,
and show how it may be used to compute the resulting bounds. Next, we dis-
cuss existing results on their rates of convergence and some of the techniques
used to establish them. Finally, we summarize the main results of the first two
parts of this thesis; namely we outline new and improved convergence rates
for both the upper and lower bounds in a large variety of settings.

2.1. Certificates of nonnegativity

The program (2.2) may be reformulated as finding the largest A € R for
which the polynomial f — A is nonnegative on X. That is, writing P4 (X) C
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R[x] for the cone of all polynomials that are nonnegative on X, we have:
fmin =sup{A €R: f— X e PL(X)}.

This reformulation of (2.2) establishes a connection between polynomial opti-
mization and the problem of certifying nonnegativity of a polynomial over a
semialgebraic set. Using this connection and certificates of nonnegativity for
polynomials on compact semialgebraic sets based on sums of squares, Lasserre
[Las01] and Parillo [Par00] introduce several hierarchies of bounds on fiin.

Consider the quadratic module Q(X) and the preordering T (X) of X,
defined as:

Q(X) := {Zajgj :0j € X[x]} (where go := 1),
=0

T(X):={ Z 079505 € X[x]} (where g; ::ng).

JC[m] jeJ

Note that strictly speaking, Q(X) and 7 (X) do not depend on the set X, but
rather on its description (2.1) as a semialgebraic set. We adopt this slight abuse
of notation for clarity of exposition, as canonical descriptions are available for
each of the sets X we consider. As sum-of-squares polynomials are globally
nonnegative, it is clear that:

Slx] € Q(X) € T(X) € Py (X).
One may thus verify nonnegativity of a polynomial f over X by showing that
f lies either in X[x], Q(X) or T(X).

2.1.1. Hierarchies of lower bounds. The key observation of
Lasserre [Las01] is that membership in the truncated quadratic module or
preordering, defined as:

QX)ar = {0y, : 05 € £[x], deg(o;g;) < 2},
7=0

T(X)2r:={ Y oygs:0; € [x], deg(o,gs) < 2r},
JC[m]

may be checked by solving a semidefinite program whose size depends on n, m

and r. This leads to the following hierarchies of lower bounds on the global
minimum f;, of f on X:

Ib(f, Q(X))y :=sup{A\ e R: f— X € Q(X)a}, (2.3)

b(f, T(X)), :=sup{AeR: f— X e T(X)2} (2.4)

By definition, we have 1b(f, Q(X)), < Ib(f, T7(X)),; < fmin for all r € N.

Furthermore, the bounds converge to the global minimum fui, as r — oo

under mild assumptions on X. This is a consequence of the Positivstellensdtze
of Putinar and Schmiidgen, respectively.
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THEOREM 2.1 (Putinar’s Positivstellensatz [Put93]). Let X C R” be a
semialgebraic set, and assume that R — ||x||? € Q(X) for some R > 0. Then
for any polynomial f € P+ (X) and n > 0, we have f +n € Q(X).

THEOREM 2.2 (Schmiidgen’s Positivstellensatz [Sch91]). Let X C R" be
a compact semialgebraic set. Then for any polynomial f € P+ (X) and n > 0,
we have f+n € T(X).

Semialgebraic sets X for which R — ||x||? lies in the quadratic module
Q(X) for some R > 0 satisfy the so-called Archimedean condition. Note that
such sets must be compact, and the requirement put on X in Theorem 2.1 is
thus stronger than the one in Theorem 2.2. Again, we note that our notation
assumes that X is implicitly equipped with a description (2.1).

It should also be noted that polynomials positive on X need not be sum-of-
squares (they need not even be globally nonnegative). Therefore, a hierarchy
of relaxations of the type (2.3) where one instead demands that f —\ € X[x]a,
does not converge to fpin in general (the relaxation might not be feasible for
any r € N). This is true even when X = R" (for n > 2).

ExampLE 2.3. Consider the Motzkin polynomial
Flxrx2) = xix3(x] + x5 — 3) + L.

Global nonnegativity of f (on R?) is a consequence of the arithmetic-geometric

mean inequality:
14+ x1x5+X1X3 _ 3/ 5.6
3 > 1/ X7X5.

However, f is famously not a sum of squares. In fact, it is well-known that
[+ Xis not a sum of squares for any A > 0, see [Rez00] or [Lau09]. For
any X > 0, however, Putinar’s and Schmiidgen’s Positivstellensdtze state that
f+ X lies in Q([-1,1]%), and T([-1,1]?), for r = r(\) € N large enough. In
other words, the bounds 1b(f, Q([—1,1]?)), and Ib(f, T([~1,1]?)), converge to
Sfmin = 0 as r — oo, whereas a relaxation using only sums of squares would
not be feasible at any level (and thus give no information on the minimum of

f over [=1,1]?).

2.1.2. Hierarchies of upper bounds. An alternative way to reformu-
late problem (2.2) is as follows:

foin =t { [ fo0ave0: [ v =1}, (25)

Here M(X) denotes the set of (positive) measures supported on X. Indeed,
we see that the optimum value of (2.5) must be at least fiin, as we are taking
the expectation of f w.r.t. some probability measure on X. On the other
hand, choosing for v the Dirac measure centered in a minimizer of f over X
shows that the optimum value of (2.5) is at most fuin.

The idea of Lasserre [Las11] now is to optimize not over the full set of
measures on X, but only over measures of the form dv(x) = q(x)du(x), where
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 is a fized reference measure supported on X, and g € R[x]9, is a polynomial
known to be nonnegative on X. Such a relaxation yields an upper bound on
the global minimum f,;,. Based on this observation, Lasserre [Las11] defines
for r e N:

wn(r X = int { [ e0uaue s [ aeaueo =1} @0

qEX[X]2y

(£, X)) = _int | [ 100t [ oG =1}, 2)

q€Q(X)2r
ub(f, T(X), 1), := _inf {/ﬂwmmww/«wwmz@.@&
€T (X)2r X X
The value of these parameters depends on the choice of reference measure p.
When this measure is clear from the context, we will sometimes leave it out of
the notation, especially when g is the Lebesgue measure restricted to X. Note
that the bound ub(f, X, u), can be defined even if X is not a semialgebraic
set.

As was the case for the lower bounds, each of the upper bounds can be
computed by solving a semidefinite program whose size depends on n,r (and
the number of inequalities m that define X in the case of ub(f, Q(X), u), and
ub(f, T(X), u);). They satisfy:

fmin < ub(f, T(X), p)y < ub(f, Q(X), p)r < ub(f,X,p)y (r€N).

In contrast to the lower bounds, the upper bounds ub(f, X, i), obtained by
optimizing over ¢ € X[x]o, already converge to the minimum fi;, of f on X
as r — oo under mild conditions on X and p [Lasll]. (In the case that X
is compact, it suffices that the reference measure p is a finite Borel measure
with support X). The upper bounds (2.7) and (2.8) relying on the quadratic
module and preordering of X, which are more computationally intensive, are
therefore not often studied in the literature. In this thesis, our focus will also
be primarily on the bounds ub(f, X, u),, which rely simply on the sum-of-
squares cone X[x|.

The push-forward hierarchy. As we see below, the matrices involved in
the computation of the bound ub(f, X, i), are of size ("jr) In an attempt
to address this rapid growth, Lasserre [Las20] introduces a second type of
upper bounds on fin which are weaker but more economical. They provide a
univariate approach to the problem by making use of push-forward measures.
For a measure u € M(X), the push-forward py € M(R) of u by f is defined
by:
up(B) = u(f~(B)) (B C R Borel).

Note that for any measurable function g : R — R, we have:

/ 9(e)dus(z) = / o(f (%)) dp(x).
F(X) X
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For r € N, Lasserre [Las20] then defines an upper bound ub( f, X, M)?f on fimin
by:

an(r X 0f = [ o muansa) /f (X)u<x>duf<x>=1}

=t { [ reoutre0aute) s [ u(rodneo =1},

The difference with the parameter ub(f, X, u), is that we now restrict our
search to wunivariate sums of squares u € X[z]|s,. After composing such a
polynomial u with f, we obtain a (multivariate) sum of squares ¢ = uo f €
Y[x]orq which is a feasible solution to (2.6) (of degree d - 2r). Therefore, we
have the inequality:

Funin < ub(f, X, p)pa < ub(f, X, )P

Again, the parameter ub( f, X, u)?f may be computed by solving a semidefinite
program. The matrices involved, however, are now of much smaller size r + 1.

2.2. Semidefinite programming and sums of squares

There is a one-to-one correspondence between sums of squares of poly-
nomials and positive semidefinite matrices. As we explain in this section,
this correspondence allows us to compute the lower and upper bounds defined
above using semidefinite programming. Our discussion here will be (very)
brief, but there are many excellent and comprehensive resources on this topic,
see, e.g., [AL12, dKL19].

Positive semidefinite matrices. A real, symmetric matrix M € SV of size
N x N is called positive semidefinite (psd) if one of the following equivalent
conditions hold:

x! Mx >0 for all x € RY; (2.9)
The eigenvalues of M are all greater or equal to 0. (2.10)

We also write M > 0 when M is psd. If the conditions (2.9) or (2.10) hold
with strict inequality, we say M = 0 is strictly psd. The set Siv of N x N
positive semidefinite matrices is a convex cone, meaning that A + B € Siv
for any two A, B € Siv and scalars o, > 0. We have an inner product
(A, B) := Tr(AB) on S, which allows us to define the so-called dual cone
(S ={X € SN : (X, M) > 0 for all M € SY}. In fact, the cone SY is
self-dual, meaning that S = (SIV)*.



2.2. SEMIDEFINITE PROGRAMMING AND SUMS OF SQUARES 25

Semidefinite programming. Let C, 4; € SN and b; e Rfori =1,2,...,m.
An optimization problem of the form:

val = sup {(C,X):(4;,X)=0b; (i=1,2,...,m), X =0} (P)
XeSN

is called a semidefinite program (SDP). In principle, the program (P) could be
infeasible (in which case val := —o00) or unbounded (in which case val := 00).
To each program (P), we associate the dual program:

Val*: inf zb'L ZAl—CEO . D
yeRm{;y ;y } (D)

The programs (P) and (D) satisfy weak duality, meaning that val < val*. The
reader familiar with linear programming might expect that they also satisfy
strong duality, i.e., that val = val*. In the case of semidefinite programming,
however, this is not always the case. Fortunately, there are several sufficient
conditions on (P) which guarantee that val = val*. For instance, strong du-
ality holds if (P) has a feasible solution X > 0 which is strictly psd (Slater’s
condition).

2.2.1. Formulation of the lower bounds as an SDP. We show how
to reformulate the lower bounds defined above as semidefinite programs. As
we will not make use of these reformulations directly in the rest of this thesis,
we shall only give a rough sketch. The following key proposition links sums of
squares of polynomials to positive semidefinite matrices.

PROPOSITION 2.4. Let q € R[x] be a polynomial of degree 2r. For d € N,
we denote NI} := {a € N" : Y"1 | oy < d}. If we write g(x) = ZQGN& qaX" in
the monomial basis, then q is a sum of squares if and only if there exists a psd
matriz Q = (Qa,p)|al,|8/<r = 0 such that:

a(x) = ] QI = (XI:[x]/, Q) = D Qapx**. (2.11)

o, BENy
Here [x], = (x)a|<r 18 the vector of monomials of degree at most r.

Thus one can check whether ¢ is a sum of squares by checking whether
a certain SDP is feasible. In light of Proposition 2.4, a polynomial f(x) =
> [yx7 has a representation in Q(X),, if and only if:

m

Fx) =Y 95 )X~ rdes(o;)/21 X7 rdeg(;) /21> @)
§=0

for appropriately sized matrices Qo, @1, ..., Qm = 0. Therefore, after carefully
selecting matrices A(WJ ) (depending on the constraints g; defining X), we may
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reformulate (2.3) as the SDP:

sup {fo— DAY, Q) YAV, Q) = £, V1< |y <2}
7=0

Q0,Q1,-,Qm>=0 j=0

The Schmiidgen-type bound (2.4) may be formulated as an SDP in a similar
way, but there we would need a matrix @ for each J C [m].

We note that in the literature, one often encounters the dual formulation
of these SDPs instead (which are also known as moment relaxations). See
for instance [dKL19],[Las09b]. In general, there can be a gap between the
primal (sum-of-squares) and dual (moment) formulations. For semialgebraic
sets X whose description satisfies an Archimedean condition, however, it can
be shown that strong duality holds, see [JH16].

2.2.2. Formulation of the upper bounds as an SDP. Now, we show
how to formulate the measure-based upper bounds as semidefinite programs.
As the specifics of these formulations will play a role in the future, we will go
into more detail here.

Let X C R™ be a compact set equipped with a finite, positive Borel mea-
sure p supported on X. For o € N, the moment m, € R of degree « of p is
defined as:

ma(u)i= [ x*dux).

For a polynomial p € R[x] and € N, the (truncated) moment matriz M, (i)
of p is then given by:

(Moo (1) = [ POOX () = 3 pomasiis () (0,5 € D).
X n
YEND
(2.12)
In the case p(x) = 1, we also write M, (n) = My ,(p) for simplicity. Now let
q € X[x]2, be a sum of squares of degree r, and let @ = 0 be the matrix
corresponding to ¢ in (2.11). Then we find that:

/X P()g(X)dp(x) = My (1), Q). (2.13)

Using relation (2.13) and Proposition 2.4, we may thus reformulate the upper
bound ub(f, X, i), as the semidefinite program:

ub(f. X, e = inf (M, (), Q) (Me(. Q) =1} (214)

n+r) )

Here, we optimize over matrices @ = 0 of size |N?| = ("7

Similarly, the push-forward bound ub(f, X, u)?f is given by:
(7K = it (M), @)+ (M2g),Q) = 1}, (2.15)
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Since pif is a univariate measure, the optimization is now over matrices ) = 0
of much smaller size r + 1.

Computing moments. It is important to note that the reformulations (2.14)
and (2.15) require knowledge of the moments m (1) and my(us) of degree up
to 2r + deg(f), respectively. This is not a trivial requirement, as computing
even just the volume of a semialgebraic set is hard in general [Las09a]. For
many of the sets X and measures p we consider, however, there are simple
analytic expressions available for these moments. We discuss this further in
Chapter 5.

An eigenvalue reformulation. The semidefinite programs (2.14) and (2.15)
are special in the sense that they have only a single equality constraint. As
we show now, this means that their dual formulations are in fact generalized
eigenvalue problems. We only consider here the formulation (2.14) for the
regular upper bounds, but the argument for (2.15) is the same. The dual
program of (2.14) is given by:

sup {y : My, (n) — yM,(u) = 0}.

yER
Using condition (2.10) for psd matrices, we see that the optimum value of
this program is given by the smallest generalized eigenvalue of the system
(Mf,r (lu’)? MT (:u)) .

When X C R” is compact with non-empty interior, we have strong

duality [Las11], meaning that:

ub(f, X, 1) = Amin (Mg, (1), My (12)). (2.16)

Solving a generalized eigenvalue problem is much easier than solving an SDP
(of the same size). The reformulation (2.16) thus reveals a potential compu-
tational advantage of the hierarchies of upper bounds over the hierarchies of
lower bounds.

Orthonormal bases. In the above, we have always represented the space
R[x], of polynomials of degree at most r using the monomial basis. In prin-
ciple, however, we could have used any basis. Indeed, Proposition 2.4 is true
regardless of our choice of basis. Compared to (2.12), with respect to a general
basis {P, : @ € NI'}, we get the moment matrices:

(Myrl0)) = [ POOPaIPs(I() (@B €M) (217)

The reformulation (2.14) is then exactly the same (but using these new mo-
ments matrices). One could also view this as a change of basis in the space of
symmetric matrices in (2.14).

The point is that for a clever choice of {P, : a € N}, the resulting
program may be greatly simplified. In particular, if we choose the P, to be
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an orthonormal basis w.r.t. (X, p), we find that M,(u) = I is the identity
matrix, in which case (2.16) reduces to:

ub(f, X, /JJ)'r = Amin (Mf,r(ﬂ)) . (218)

As we see below in Section 2.3, this observation will sometimes permit an
analysis of the upper bounds ub(f, X, ), when the eigenvalues of the matrix
My, (p) are known.

2.3. Convergence analysis of the hierarchies

In this section, we discuss known results on the convergence rates of the
hierarchies of lower and upper bounds defined above. An overview of all known
(and new) results is given in Table 2.1 and Table 2.2 below.

2.3.1. The lower bounds. The first quantitative versions of Putinar’s
and Schmiidgen’s Positivstellensétze are due to Nie and Schweighofer. For
general Archimedean semialgebraic sets X, they show that the Putinar-type
bounds Ib(f, Q(X)), converge to fmin at a rate in O(1/log(r)¢), where ¢ > 0
is a constant depending on X [NS07]. For compact semialgebraic sets X,
Schweighofer [Sch04] shows that the Schmiidgen-type bounds Ib(f, 7(X)),
converge to fmin at arate in O(1/r¢), where ¢ > 0 is again a constant depending
on X. For a long time, these were the only general results available. In the
very recent work [BM21], however, the authors show a convergence rate in
O(1/r¢) for the Putinar-type bounds on general Archimedean semialgebraic
sets. They thus match the best known (general) rate for the Schmiidgen-
type bounds and improve exponentially on the previous best known rate for
Ib(f, Q(X)), of [NS07].

Very roughly, the proofs of these general results rely on a clever embedding
of the set X into a larger, simpler semialgebraic set, such as a box [—1,1]" or a
simplex A™. The convergence rate of the bounds on X may then be analyzed
in terms of the behaviour of the hierarchy on this simpler set. This is one
motivation for studying the hierarchies for optimization over certain special,
structured sets X. Indeed our analysis [LS21] for the unit box [—1,1]" (see
below) is a key ingredient of the proof in [BM21].

Another motivation for studying special cases is that one may show much
stronger guarantees there. For instance, in the case that X = [—1,1]" is the
unit box, de Klerk and Laurent [dKL10] show a convergence rate in O(1/r)
for the Schmiidgen-type bounds. The same rate is shown by de Klerk and
Kirschner [KdK21] when X = A" is the standard simplex. When X = §"~!
is the hypersphere, Fang and Fawzi [FF21] show a convergence rate in O(1/72)
for the Putinar-type bounds, which improves upon an earlier result in O(1/7)
due to Doherty and Wehner [DW13]. For the binary hypercube X = {0,1}"
one may even show that the lower bound Ib(f, Q(X)), is exact when r >
(n+d—-1)/2 [FSP16, STKI1T7].
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The proof techniques for the results in these special cases vary. For our
purposes, the method Fang and Fawzi use for the analysis on S™~! is most
important, as it forms the basis of our results on the lower bounds in Part 2.
We will discuss it in great detail in Chapter 6.

2.3.2. The upper bounds. Asymptotic convergence of the parameters
ub(f, X, u), and ub(f, X,M)Ef t0 fmin is shown by Lasserre in [Las11]| and
[Las20], respectively, under mild assumptions on X and p. For the push-
forward bounds, no quantitative results were known in the literature before
our results in [SL21a], see below. On the other hand, rates for the parameter
ub(f, X, i), have been shown for different sets of assumptions on X, and
f. Depending on these assumptions, several strategies have been employed to
obtain these rates, which we now discuss.

Algebraic analysis via an eigenvalue reformulation. The first strategy
relies on the reformulation (2.18) of the optimization problem (2.6) as an
eigenvalue minimization problem; particularly in the univariate case n = 1.
Let {P € R[z]; : k € N} be the (unique) orthonormal basis of R[z] w.r.t. the
inner product (P;, Pj) fx x)du(z). For r € N, we have seen that
ub(f, X, u), = /\mm(M (), Wthh is the smallest eigenvalue of the matrix
moment matrix My, (u) of (2.17). Any bounds on the eigenvalues of My, (1)
thus immediately translate to bounds on ub(f, X, u),.

n [dKL20b], the authors determine the exact asymptotic behaviour of
Amin(Myr(1)) in the case that f is a quadratic polynomial, X = [-1,1] and
du(x) = (1 — x2)7%dx is the Chebyshev measure. Based on this, they show
that ub(f, X, u), = O(1/r?) and extend this result to arbitrary multivariate
polynomials f on the hypercube [—1,1]" equipped with the product measure
du(z) = T[}(1 — x;)""/2dz;. In addition, they prove that ub(f,X,u), =
©(1/r?) for linear polynomials, which thus shows that in some sense quadratic
convergence is the best we can hope for.

For this latter result they make use of the fact that the moment matrix
M, »(p) for the linear polynomial f(x) = x is precisely the matrix J defined
in (1.3) for the orthogonal polynomials { P, }. By Proposition 1.2, its smallest
eigenvalue is thus given by the smallest root of the polynomial P,,;, which
in this case is the Chebyshev polynomial C,;1. The smallest root of C,41 is
known to converge to —1 at a rate in ©(1/r?), see Proposition 1.3.

The main disadvantage of the eigenvalue strategy is that it requires the
moment matrix of f to have a closed form expression which is sufficiently
structured so as to allow for an analysis of its eigenvalues. Closed form ex-
pressions for the entries of the matrix My, (u) are known only for special sets
X, such as the interval [—1, 1], the unit ball, the unit sphere, or the simplex,
and only with respect to certain measures.

However, as we will see in Chapter 3, the convergence analysis from
[dKL20b] in O(1/r?) for the interval [—1,1] equipped with the Chebyshev
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measure can be transported to a large class of compact sets, such as the in-
terval [—1, 1] with more general measures, the ball, the simplex, and ‘ball-like’
convex bodies.

Analysis via the construction of feasible solutions. A second strat-
egy to bound the convergence rate of the parameters ub(f, X, u), is to con-
struct explicit sum-of-squares density functions ¢, € X[x], for which the inte-
gral [y f(x)gr(x)dpu(x) is close to fmin. In contrast to the previous strategy,
such constructions will only yield upper bounds on the convergence rate of
Ub(fv Xa :u‘)?”

As noted earlier, the integral fx fdv may be minimized by selecting the
probability measure v = Jx=, i.e., the Dirac measure centered at a global
minimizer x* of f on X. When the reference measure p is the Lebesgue
measure, it thus intuitively seems sensible to consider sum-of-squares densities
qr that approximate the Dirac delta in some way.

This approach is followed in [dKLS17]. There, the authors consider trun-
cated Taylor expansions of the Gaussian function e~ /20 , which they use to
define the sum-of-squares polynomials:

2r 1 [ —z2 k
gzﬁr(x)zzk:‘( > € Y[z]y, for r €N.

20
k=0

Setting g, (x) ~ ¢, (|[x—x*]|) for carefully selected standard deviation o = o(r),
they show that [y f(x)gr(x)dx — f(x*) = O(1/4/r) when X satisfies a minor
geometrical assumption (see Chapter 3), which holds, e.g., if X is a convex
body or if it is star-shaped with respect to a ball.

In the subsequent work [dKL18], the authors show that if X is assumed
to be a convex body, then a bound in O(1/r) may be obtained by setting
qr ~ ¢r(f(x)). As explained in [dKL18], the sum-of-squares density ¢, in
this case can be seen as an approximation of the Boltzman density function
for f, which plays an important role in simulated annealing.

The advantage of this second strategy appears to be its applicability to
a broad class of sets X with respect to the natural Lebesgue measure. This
generality, however, is offset by significantly weaker guarantees on ub(f, X, p),..

Analysis for the hypersphere. Tight results are known for polynomial
minimization on the unit sphere "1 = {x € R" : . x? = 1}, equipped
with the uniform surface measure. Doherty and Wehner [DW13] have shown
a convergence rate in O(1/r), by using harmonic analysis on the sphere and
connections to quantum information theory. In the recent work [dKL20a], the
authors show an improved convergence rate in O(1/r?), by using a reduction
to the case of the interval [—1, 1] and the above mentioned convergence rate in
O(1/r?) for this case. Such a reduction will form the basis of our arguments
in Chapter 3. The reduction in [dKL20a] is based on replacing f by an easy
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(linear) upper estimator. This idea of using an upper estimator was already
exploited in [dKLS17, dKL20b| (where a quadratic upper estimator was
used) and we will also exploit it in Chapter 3.

Analysis using the Jackson kernel. Finally, we wish to mention a result of
Hess, de Klerk and Laurent [dKHL17] for X = [—1,1]". There, the authors
show a convergence rate in O(1/r?) for the Schmiidgen-type upper bounds
ub(f, T(X), i), when p is the Chebyshev measure. Although their result is
superceded by the later work [dKL20b] (which establishes a convergence rate
in O(1/r?) for the weaker bounds ub(f, X, 11),), their proof technique is of
interest to us. Indeed, it relies on the well-known Jackson kernel (see, e.g.,
[WWAFO06)), which will feature prominently in Chapter 9. We will also rely
there on some technical properties of this kernel established in [dKHL17].

2.3.3. Negative results. To put the positive results on the convergence
rates of the sum-of-squares hierarchies into perspective, let us summarize some
negative results. First, as we mention above, one may show already for a linear
polynomial f in the univariate setting that the upper bounds ub(f,[—1,1], u),
converge at a rate in (1/r?) for a class of references measures p (which
includes the Lebesgue measure). This negative result carries over to a few other
settings, such as the hypersphere. It relies either on the connection between
the upper bounds and roots of orthogonal polynomials (see Section 2.2) or an
a connection to cubature rules (see Section 6.3). In our estimation, it shows
rather convincingly that a rate in O(1/r?) for the upper bounds is the best
one should hope for in a general setting.

For the lower bounds, there is a quite extensive literature studying neg-
ative results on the binary cube {0,1}". We discuss some of these results in
Chapter 7. There, the hierarchy is always exact at finite level » < n, and so
one considers instead the dependence on n. In the setting where the hierarchy
does not converge in finitely many steps, we are aware of only one example
where the rate of convergence may be bounded from below. Namely, Sten-
gle [Ste96] considers the function f(x) = 1 — 22 on the interval [—1,1] and
shows that:

fmin = Ib(f, Q((1 — 2*)°), = Q(1/r?).

It should be noted that his result relies on a nonstandard semialgebraic rep-
resentation [—1,1] = {z € R: (1 — 2?)3 > 0} of the interval (for the regular
representation we would just have 1 — 22 € Q(1 — x2)3). Nonetheless, it is
quite interesting that he obtains a bound in €(1/7?), which matches the best
known rates in O(1/r?) on the hypersphere, the unit ball, the standard simplex
and the unit cube [—1,1]" (see below).
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2.4. Summary of results

To finish this chapter, we summarize the main new results on the hier-
archies of upper and lower bounds proven in this thesis. See Table 2.1 and
Table 2.2 for an overview.

2.4.1. The upper bounds. Our contributions for the upper bounds are
presented in Part 1. First, in Chapter 3, we extend the best-possible conver-
gence rate in O(1/r?) for the bounds ub(f, [~1,1]"), on the box [~1,1] w.r.t.
the Chebyshev measure p of [dKL20b] to a broader class of sets X and ref-
erence measures. This class includes the standard simplex, the unit ball, and
‘ball-like’ convex bodies w.r.t the Lebesgue measure. The main idea of our
proof is to transport the result of [dKL20b] to these sets by showing that the
behaviour of the upper bounds depends in essence only on the ’local behaviour’
of the set X, the measure y and the polynomial f in the neighbourhood of a
minimizer x* of f.

Second, in Chapter 4, we establish a convergence rate in O(log?r/r?) for
the upper bounds ub(f,X), w.r.t. to the Lebesgue measure on a very large
class of sets X, which includes in particular all semialgebraic sets with dense
interior. Our work shows a stronger rate and applies more generally than
the earlier works [dKLS17, dKL18]. Indeed, the rate we show is only a
log-factor away from best-possible. Somewhat surpisingly, our result in fact
applies to the push-forward bounds ub( f, X)?f, thereby giving the first analysis
for this hierarchy. Our proof makes use of so-called needle polynomials to
construct explicit sum-of-squares densities which approximate a Dirac function
at a minimizer x* of f on X. The approximations we construct are better
than those of [dKLS17, dKL18], thus yielding a stronger bound on the
convergence rate.

2.4.2. The lower bounds. We present our new results on the lower
bounds in Part 2. These results all rely on the same general proof technique,
which is the subject of Chapter 6. Roughly speaking, this technique may be
seen as a generalization of the one employed on the hypersphere in [FF21]. It
relies on the Christoffel-Darbouz kernel (aka reproducing kernel) and Fourier
analysis to establish a link between the behaviour of the lower bounds on X
and certain univariate instances of the upper bounds.

When X is sufficiently structured, this connection may then be exploited
to obtain strong guarantees on the convergence rate of the lower bounds by
analyzing (the roots of) classical orthogonal polynomials. We cover the binary
cube {0,1}" in Chapter 7. There, we make use of the Funk-Hecke formula to
express the behaviour of the bounds in terms of roots of Krawtchouk polyno-
mials, yielding an analysis in the regime n — oo and r = (n). The unit ball
and standard simplex are treated in Chapter 8, where we rely on closed form



2.4. SUMMARY OF RESULTS 33

expressions of the Christoffel-Darboux kernel in terms of Gegenbauer polyno-
mials. Lastly, the case X = [—1, 1]" is covered in Chapter 9. It relies on the
aforementioned Jackson kernel and Chebyshev polynomials.

As we explain in Chapter 6, our analysis of the lower bounds in these set-
tings also yields an analysis of the corresponding upper bounds. The obtained
rates are included in the respective chapters and in Table 2.2 below. For the
most part, however, they are superceded by earlier results, or by the results
of Part 1.

Acknowledgments. We wish to thank Markus Schweighofer for bringing to
our attention the negative result [Ste96] for the lower bounds on the interval.
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Part 1

Measure-based hierarchies of upper
bounds






CHAPTER 3

Convergence analysis for measure-based bounds I

The worst is yet to come.

Arthur Schopenhauer

This chapter is based on my joint work [SL20] with Monique Laurent.

Let X C R™ be a compact set equipped with a finite, positive Borel mea-
sure 4 supported on X, and let f € R[x] be a polynomial of degree d. Recall
the measure-based hierarchy of upper bounds on the minimum fy,;, of f on
X introduced in Chapter 2:

an(r X, =t { [ G0 [ aGoae =1}, )

De Klerk and Laurent [dKL20b ] show a convergence rate of the bounds (3.1)
in O(1/r?) when X = [~1,1]" is the unit box, equipped with the Chebyshev

measure du(x) =[], (1 —x7)~ 2dx;. That i is, they show that:
Brror(£;X, 1)y := ub(f, X, 1)y — fin = O(1/1)

for this choice of X and reference measure p. In fact, they show that this rate
is best-possible already when f has degree d = 1.

Outline. In this chapter, we extend their result to a broader class of convex
bodies X C R™ and reference measures p. First, in Section 3.3, we show that
for the hypercube X = [~1,1]", we have convergence in O(1/r?) for f € R[x]
of arbitrary degree and all measures of the form du(x) = [[, (1 — x?)*dx;
with A > —1/2. Of particular interest is the case A = 0, where we have the
Lebesgue measure on [—1,1]". Next, in Section 3.4, we use this result to show
convergence in O(1/r?) of the measure-based bounds on the unit ball B™ for
all references measures of the form du(x) = (1 — [|x||>)*dz with A > 0. We
then apply this result in Section 3.5 to prove a rate in O(1/7?) when p is the
Lebesgue measure and X is a ‘ball-like’ convex body, meaning roughly that
it has inscribed and circumscribed tangent balls at all boundary points (see
Definition 3.22 below). Finally, we consider the standard simplex A™ C R" in
Section 3.6, where we also obtain a rate in O(1/7?) for the Lebesgue measure.

The primary new tool we use to obtain these results is Proposition 3.12 (see
Section 3.2), which tells us that the asymptotic behaviour of the measure-based

37
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bounds essentially only depends on the local geometry of X in a neighbourhood
of a global minimizer x* € X of f, and the behaviour of f and p in this
neighbourhood. This tool allows us to transport the result of de Klerk and
Laurent on [—1,1]™ to the new sets.

3.1. Preliminaries

We first introduce some notation that we will use throughout the rest of
this chapter and recall some basic terminology and results about convex bod-
ies. Then, we cover some basic techniques that will simplify the analysis of the
measure-based bounds in later sections. Finally, we discuss some properties
of measures and weight functions needed to prove Proposition 3.12 below.

3.1.1. Notation. For x,y € R", (x,y) denotes the standard inner prod-
uct of x and y, and ||x||? = (x,x) the corresponding norm. We write Bp(c) =
{x € R" : [|[x — ¢|| < p} for the n-dimensional ball of radius p centered at
c € R". When p =1 and ¢ = 0, we also use our usual notation B"™ = B7(0).

Throughout, X C R" is always a compact set with non-empty interior,
and f is an n-variate polynomial. We let Vf(x) (resp., V2f(x)) denote the
gradient (resp., the Hessian) of f at x € R™, and introduce the parameters:

Loraa(f, X) := E{nea)}(cHVf(x)H and  Dpess(f, X) 1= %I}{lg}({Hsz(x)H (3.2)

Here, || - || denotes the Euclidean norm. Whenever we write an expression

of the form:
“Brror(f; X, 1), = O(1/r2)",

we mean that there exists a constant ¢ > 0 such that Error(f;X,pu), <
c/r? for all » € N, where ¢ depends only on X,p, and the parameters
Lgrad (f; X), Thess(f, X). Some of our results are obtained by embedding X
into a larger set X C R™. If this is the case, then ¢ may depend on
LCgraa(f, )A(),Fhess( f,}A() as well. If there is an additional dependence of ¢ on
the global minimizer x* of f on X, we will make this explicit by using the
notation “Ox+".

3.1.2. Convex bodies. Let X C R” be a convex body, i.e., a compact,
convex set with non-empty interior. We say v € R™ is an (inward) normal of
X at a € X if (v,x —a) > 0 holds for all x € X. We refer to the set of all
normals of X at a as the normal cone , and write

Nx(a) :=={v e R": (v,x —a) > 0 for all x € X}.

We will make use of the following basic result.

LeEmMA 3.1 (e.g., [BLO6, Prop. 2.1.1]). Let X be a convexr body and let
g : R* = R be a continuously differentiable function with local minimizer

x* € X. Then Vg(x*) € Nx(x*).
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PROOF. Suppose not. Then, by definition of Nx(x*), there exists an ele-
ment y € X such that (Vg(x*),y — x*) < 0. Expanding the definition of the
gradient this means that

t 1—t)x*) — *
0> (Vg(x*),y — x*) _ i @Y + (A - )x) — g(x )7
t10 t
which implies g(ty + (1 — ¢)x*) < g(x*) for all ¢ > 0 small enough. But
ty + (1 — t)x* € X by convexity, contradicting the fact that x* is a local
minimizer of g on X. O

The set X is smooth if it has a unique unit normal v(a) at each boundary
point a € 9X. In this case, we denote by T, X the (unique) hyperplane tangent
to X at a, defined by the equation (x — a,v(a)) = 0.

For k > 1, we say X is of class C* if there exists a convex function
¥ ¢ CK(R™ R) such that X = {x € R* : ¥(z) < 0} and 90X = {x € R" :
U(x) = 0}. If X is of class C¥ for some k > 1, it is automatically smooth in
the above sense.

We refer, e.g., to [BF87] for a general reference on convex bodies.

3.1.3. Linear transformations. Suppose that ¢ : R” — R is a nonsin-
gular affine transformation, given by ¢(x) = Ux + a. If ¢ is a sum-of-squares
density function w.r.t. the Lebesgue measure on ¢(X), then we have:

[ a3y = detU]- [ a0 sG)dx  and
¢(X) X

1= /¢ Ay = dert] /X ¢($(x))dx.

As a result, the polynomial §:= (g0 ¢)/ [x ¢(¢(x))dx = (g0 ¢) - |det U] is a
sum of squares density function w.r.t. the Lebesgue measure on X. It has the
same degree as ¢, and it satisfies:

/XqA(x)f(x)dx:/ o(x) f(6 (x))dx.

?(X)
We have just shown the following.

LEMMA 3.2. Let ¢ : R" — R" be a non-singular affine transformation.
Write g := fo¢~'. Then we have

Error(f;X), = Error(g; ¢(X)),.

3.1.4. Upper estimators. Given a point ¢ € X and two functions
fr9: X =R, we write f <, g if f(a) = g(a) and f(x) < g(x) for all x € X
we then say that g is an upper estimator for f on X, which is exact at a. The
next lemma, whose easy proof is omitted, will be very useful.

LEMMA 3.3. Let g : X — R be an upper estimator for f, exact at one of the
global minimizers of f on X. Then we have Error(f; X, u), < Error(g; X, u),
for all r € N.
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REMARK 3.4. We make the following observations for future reference.

1. Lemma 3.3 tells us that we may always replace f in our analysis by
an upper estimator which is exact at one of its global minimizers.
This is useful if we can find an upper estimator that is significantly
simpler to analyze.

2. We may always assume that fimin = 0, in which case f(x) > 0 for
all x € X and Error(f; X, u), = ub(f, X, pu),. Indeed, if we consider
the function g given by g(x) = f(X) — fmin, then gminx = 0, and for
every density function q on X, we have:

[ 96900t = [ 1)) = i
X X
showing that Error(f; X, u), = ub(g, X, u), for all r € N.

In the remainder of this section, we derive some general upper estimators
based on the following variant of Taylor’s theorem for multivariate functions.

THEOREM 3.5 (Taylor’s theorem). For f € C?(R™,R) and a € X we have:
f(x) < f(a) + (Vf(a),x = a) + Thess(X, f)|x — a|*  for all x € X,

where Dhess(X, f) is the constant from (3.2).

LEMMA 3.6. Let x* € X be a global minimizer of f on X. Then f has
an upper estimator g on X which is exact at X" and satisfies the following
properties:

(i) g is a quadratic, separable polynomial.
(i) g(x) > f(x*) + Thess (X, f)|Ix — x*||? for all x € X.
(iii) If x* € int(X), then g(x) < f(x*) + hess(X, f)|Ix — x*||* for all
x € X.

ProOOF. Consider the function g defined by:
g(x) = f(x") + (VF(x),x = x*) + Thess (X, f)[Jx — x|, (3.3)

which is an upper estimator of f exact at x* by Theorem 3.5. As we have
|x — x*||? = > F(x; — x})?, g is indeed a quadratic, separable polynomial.

As x* is a global minimizer of f on X, we know by Lemma 3.1 that
Vf(x*) € Nx(x*). This means that (V f(x*),x —x*) > 0 for all x € X, which
proves the second property.

If x* € int(X), we must have V f(x*) = 0, and the third property follows.

O

In the special case that X is a ball and f has a global minimizer x* on
the boundary of X, we have an upper estimator for f, exact at x*, which is a
linear polynomial.

LEMMA 3.7. Assume that f(x*) = fmin,Bg(c) for some x* € OB}(c). Then
there exists a linear polynomial g with f <x+ g on B}(c).
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Proor. Write X = BJ(c) and vy = Igraa(f, X) for simplicity. In view of
Lemma 3.6, we have f(x) < g(x) for all x € X, where ¢ is the quadratic
polynomial from relation (3.3). Since x* € 0X is a global minimizer of f on
X, we have V f(x*) € Nx(x*) by Lemma 3.1, and thus Vf(x*) = A(c — x*)
for some A > 0. Therefore we have:

(VF(x*),x —x*) = Mc—x),x —x*) = Ap? + A\x —¢,c — x*).
On the other hand, for any x € X we have:
x — x| = |Ix — ¢l + |le = x*||* + 2(x — ¢, ¢ — x*) < 2p* +2(x — ¢,c — x*).
Combining these facts we get:

F(x) < g(x) < F(x") + (A +29)(p" + (x = ¢,c = x7)) =t h(x).

So h(x) is a linear upper estimator of f with h(x*) = f(x*), as desired.
O

REMARK 3.8. As can be seen from the above proof, the assumption in
Lemma 5.7 that x* € 0X = 9B} (c) is a global minimizer of f on X may be
replaced by the weaker assumption that V f(x*) € Nx(x*).

3.1.5. Measures and weight functions. A function w : int(X) — Rso

is a weight function on X if it is continuous and satisfies 0 < [ w(x)dx < oo,

A weight function w gives rise to a measure p,, on X defined by duw( ) =

w(x)dx. We note that if X C X, and @ is a weight function on X, it can

naturally be interpreted as a Welght function on X as well, by simply restricting

its domain (assuming [y @(x)dx > 0). In what follows we will implicitly make
use of this fact.

DEFINITION 3.9. Given two weight functions w,w on X and a point a € X,
we say that w <, w on X if there exist constants €,mq > 0 such that

mew(x) < w(x) for all x € BL'(a) Nint(X). (3.4)

If the constant mg can be chosen uniformly, i.e., if there exists a constant
m > 0 such that

mw(x) < w(x) for all x € int(X), (3.5)

then we say that W < w on X.

REMARK 3.10. We note the following facts for future reference:

(i) As weight functions are continuous on the interior of X by definition,
we always have W <, w if a € int(X).

(ii) If w is bounded from below, and w is bounded from above on int(X),
then we automatically have W < w.
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X

FIGURE 3.1. Some examples of sets X, X for which X Ca X.
The red dot indicates the point a, and the gray area indicates
B'(a) NnX.

3.2. Local similarity

Assuming that the global minimizer x* of f on X is unique, sum-of-squares
density functions ¢ for which the integral [y ¢(x)f(x)dpu(x) is small should in
some sense approximate the Dirac delta function centered at x*. With this in
mind, it seems reasonable to expect that the quality of the bound ub(f, X, ),
depends in essence only on the local properties of f, X and p around x*. In
this section, we formalize this intuition.

DEFINITION 3.11. Suppose X C X C R". Given a € X, we say that X
and X are locally similar at a, which we denote by X C, X, if there exists
€ > 0 such that

B™a)NX = B™a)NX.

Clearly, X C, X for any point a € int(X).
Figure 3.1 depicts some examples of locally similar sets.

PROPOSITION 3.12. Let X C X C R, let x* € X be a global minimizer
of f on X and assume X Cx~ X. Let w, W be two weight functions on X, )A(,
respectively. Assume that w(x) > w(x) for all x € int(X), and that W <x+ w.
Then there exists an upper estimator g of f on X which is exact at x* and

satisfies

2
Error(g; X, w), <
m

Error(g; X, @),

x*

for all r € N large enough. Here mx- > 0 is the constant defined by (3.4).

Recall that if g is an upper estimator for f which is exact at one of
its global minimizers, we then have Error(f;X,w), < Error(g; X, w), by
Lemma 3.3. Proposition 3.12 then allows us to bound Error(f; X, w), in terms
of Error(g; X, w),. For its proof, we first need the following lemma.
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LEMMA 3.13. Let a € X, and assume that X C, X. Then any normal
vector of X at a is also a normal vector of X. That is, Nx(a) € Ng(a).

PROOF. Let v € Nx(a). Suppose for contradiction that v ¢ Ng(a). Then,

by definition of the normal cone, there exists y € X such that (v,y —a) <0.
As X C, X, there exists ¢ > 0 for which X N B"( ) = X N Bl'(e). Now
choose 1 > 1 > 0 small enough such that y’ := ny + (1 — n)a € Bl(e).
Then, by convexity, we have y’ € X N Bl'(e) = X N Bl'(e). Now, we have
(v,y' —a) =n{v,y —a) < 0. But, as y’ € X, this contradicts the assumption
that v € Nx(a). O

PROOF OF PROPOSITION 3.12. For simplicity, we assume here f(x*) =0,
which is without loss of generality by Remark 3.4. Consider the quadratic
polynomial g from (3.3):

g(x) = (Vf(x"),x = x") +7llx — x|,
where v := Fhess()A(, f) is defined in (3.2). By Taylor’s theorem (Theorem 3.5),

we have that g(x) > f(x) for all x € X, and clearly g(x*) = f(x*). That is, g

is an upper estimator for f on )A(, exact at x* (cf. Lemma 3.6). We proceed
to show that:

Error(g; X, w), < (9: X, @)y

We start by selecting a degree 2r sum-of-squares polynomial ¢, satisfying

/A or(x)w(x)dx =1 and /Ag(x)(j;(x)@(x)dx = Error(g;f(,ﬁ?)r.
X X

We may then rescale ¢, to obtain a density function ¢, € Y9, on X w.r.t. w
by setting:

qr
Jx & (x)w(x)dx
By assumption, w(x) < w(x) for all x € int(X). Moreover, g(x) > f(x*) =
for all x € int(X). This implies that:

qr ‘=

Buvor(g: X, ), < [ gbx)a (hu(x)dx
fX 9(x)qr (x)(x)dx _ Error(g; X, W)y
N fqu’ w(x)dx fX@(x)w(x)dx

and thus it suffices to show that fX @ (x)w(x)dx > %mx*. The key to proving
this bound is the following lemma, which tells us that optimum sum-of-squares
densities should assign rather high weight to the ball BI'(x*) around x*.

LEMMA 3.14. Let € > 0. Then, for any r € N, we have:

Error(g: X, ),
/ (X)W (x)dx >1— rror(g,Q , W) ‘
”(a)ﬂﬁ ~e

£
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PRrROOF. By Lemma 3.1, we have Vf(a) € Nx(a) and so Vf(a) € )A(( a)

by Lemma 3.13. As a result, we have g(x) > ~||x — a2 for all x € X (cf.
Lemma 3.6). In particular, this implies that g(x) > v||x — a||* > &2 for all
x € X\ BZ(a) and so:

Error(g; X, @), >/ 9(x)qr (x)w(x)dx
X\B(a)

>0 [ Geaix
X\BZ(a)

— e (1 - / s q;(x)@(x)dx).

The statement now follows from reordering terms. 0

As X C, X, there exists 1 > 0 such that Bl (a) N X = B (a) N X.
As w =<, w, there exist e > 0, m, > 0 such that m,w(x) < w(x) for
x € B (a) Nint(X). Set ¢ = min{e1,e2}. Choose 9 € N large enough such

that Error(g; )A(, W), < 5277 for all r > rg, which is possible since Error(g; )A(, W)y
tends to 0 as 7 — oo. Then, Lemma 3.14 yields:

/ (x)w(x)dx >
B (a)nX

for all r > ro. Putting things together, we obtain the desired lower bound:

/X Fueodx= [ gxuxx

DN |

for all » > rg. ]

COROLLARY 3.15. Let X C X C R", let x* € X be a global minimizer of f
on X, and assume that X Cy+ X. Let w, W be two weight functions on X, X
respectz'vely. Assume that w(x) > w(x) for all x € int(X) and that w < w.

Then there exists an upper estimator g of f on X, exvact at X*, such that
2 S
Error(g; X, w), < —Error(g; X, w),
m
for all r € N large enough. Here m > 0 is the constant defined by (3.5).

3.3. The unit cube

Here we consider optimization over the hypercube X = [—1,1]" and we
restrict to reference measures on X having a weight function of the form

Hw)\ Xi) = H (1—xH)* (3.6)
=1
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with A > —1. The following result is shown in [dKL20b] on the convergence
rate of the bound Error(f; X, wy), when using the measure w)y(x)dx on X =
[—1,1]".

THEOREM 3.16 ([dKL20b]). Let X = [—1,1]" and consider the weight
function wy from (3.6).

(i) If A\ = —3, then we have:

Error(f; X, wy), = O<12> (3.7)

r

(ii) If n = 1 and f has a global minimizer on the boundary of [—1,1],
then (3.7) holds for all X > —1.

The key ingredients for claim (ii) above are: (a) when the global minimizer
is a boundary point of [—1,1] then f has a linear upper estimator (recall
Lemma 3.7), and (b) the convergence rate of (3.7) holds for any linear function
and any A > —1 (see Section 2.3 and[dKL20b]).

In this section we show Theorem 3.17 below, which extends the above
result to all weight functions w)(x) with A > —%. Following the approach in
[dKL20b], we proceed in two steps: first we reduce to the univariate case, and
then we deal with the univariate case. Then the new situation to be dealt with
is when n = 1 and the minimizer lies in the interior of [—1, 1], which we can
settle by getting back to the case A = —% through applying Proposition 3.12,

the ‘local similarity’ tool, with X = X = [—1,1].

3.3.1. Reduction to the univariate case. Let x* € X be a global
minimizer of f in X = [-1,1]". Following [dKL20b] (recall Remark 3.4
and Lemma 3.6), we consider the upper estimator f(x) <, g(x) := f(a) +
(Vf(a),x —a) +7fx|/x — al|>. This g is separable, i.e., we can write g(x) =
>, gi(xi), where each g; is quadratic univariate with a; as global minimizer
over [—1,1]. Let ¢’ be an optimum solution to the problem (3.1) corresponding
to the minimization of g; over [—1,1] w.r.t. the weight function w)(x;) =
(1 —x2)*. If we set ¢-(x) = [, ¢*(xi), then g, is a sum of squares with
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degree at most 2nr, such that [y ¢,(x)wx(x)dx = 1. Hence we have:
ub(f, X, W3 )n — /f x)gr (x)wx(x)dx — f(x7)
_/g<>qr<> A(x)dx — g(x)
X

_ Z (/ x) g (x; ) w (x;)dx; — gz‘(ﬁ))
= Z:: (ub(gi, [—1,1],wy), — gz(x:))

n
= Z Error(g;; [—1, 1], wy)y.

i=1
As a consequence, we need only to consider the case of a quadratic univariate
polynomial f on X = [—1,1]. We distinguish two cases, depending whether
the global minimizer lies on the boundary or in the interior of X. The case
where the global minimizer lies on the boundary of [—1, 1] is settled by Theo-
rem 3.16(ii) above, so we next assume the global minimizer lies in the interior

of [-1,1].

Case of a global minimizer x* in the interior of X = [-1,1]. To deal
with this case we make use of Proposition 3.12 with X = X = [— 1], weight
function w(x) := wx(x) on X, and weight function w(x) := w_;/5(x) on X.
We check that the conditions of the proposition are met. As X = X, clearly
we have X Cyx X. Further, for any A\ > —%, we have

wa(x) = (1-x2)* < (1-x%)72 = w_y (%)
for all x € (=1,1) = int(X). As x* € int(X), we also have wy =xr w_y/p
(see Remark 3.10(i)). Hence we may apply Proposition 3.12 to find that there
exists a polynomial upper estimator g of f on [—1, 1], exact at x*, and having

2 .
Error(g; X, w), < —Error(g; X, ),
m

a

for all » € N large enough. Now, (the univariate case of) Theorem 3.16(i)
allows us to claim Error(g; X, @), = O(1/r?), so that we obtain:

Error(f; X, wy), < Error(g; X, wy), = Ox+ (Error(g; )/i,f[))r) = O+ (1/7?).

In summary, in view of the above, we have shown the following extension
of Theorem 3.16.



3.4. THE UNIT BALL 47

THEOREM 3.17. Let X = [-1,1]" and A\ > —1. Let x* be a global mini-
mizer of f on X. Then we have

_ 1
Error(f; X, wy), = Ox+ (72>

The constant mx~ involved in the proof of Theorem 3.17 depends on the
global minimizer x* of f on [—1,1]. It is introduced by the application of
Proposition 3.12 to cover the case where x* lies in the interior of [—1,1].
When A = 0 (i.e., when w = wy = 1 corresponds to the Lebesgue measure),
one can replace mx- by a uniform constant m > 0, as we now explain.

Consider X :=[-2,2] D [-1,1] = X, equipped with the scaled Chebyshev
weight W(x) 1= w_j/5(x/2) = (1 —x2/4)~1/2. Of course, Theorem 3.16 applies
to this choice of X, @ as well. Further, we still have @(x) > w(x) = wo(x) = 1
for all x € [—1,1]. However, we now have a uniform upper bound w(x) < w(1)
for w on X, which means that w < w on X (see Remark 3.10(ii)). Indeed, we
have:

w(x)/w(l) <1 =wy(x) =w(x) forall xe[-1,1].

We may thus apply Corollary 3.15 (instead of Proposition 3.12) to obtain the
following.

COROLLARY 3.18. If X = [—1,1]" is equipped with the Lebesgue measure,
then:

1
Error(f; X), = O <7“2> .

3.4. The unit ball

We now consider optimization over the unit ball X = B™ C R" (n > 2);
we restrict to reference measures on B" with weight function of the form:

wa(x) = (1 - [|x]*)*, (3.8)

where A > —1. For further reference we recall (see e.g. [DX14, §6.3.2]) or
[DX13, §11]) that

m2D(A+1)
D(A+1+2)

For the case A > 0, we can analyse the bounds and show the following result.

Cpy = /n wy(x)dx = (3.9)

THEOREM 3.19. Let X = B"™ be the unit ball. Let x* be a global minimizer
of f on X. Consider the weight function wy from (3.8) on X.

(i) If A =0, we have

r2

Error(f; X, wy), = O< ! )
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(ii) If A > 0, we have

Error(f; X, wy)r = Ox= (1>

r2

For the proof, we distinguish the two cases where x* lies in the interior of
X or on its boundary.

3.4.1. Case of a global minimizer in the interior of X. Our strategy
is to reduce this to the case of the hypercube with the help of Proposition 3.12.

Set X := [~1,1]" D B" = X. As x* € int(X), we have X Cy- X. Consider
the weight function w(x) := wy(x) = (1 — ||x]|*)* on X, and @(x) := 1 on

the hypercube X. Since A > 0, we have wy(x) < 1 < w(x) for all x € X.
Furthermore, as x* € int(X), we also have W <, w. Hence we may apply
Proposition 3.12 to find a polynomial upper estimator g of f on }A(, exact at
x*, satisfying:

Error(g; X, w), < Error(g; X, 0),

x*
for all » € N large enough. Here my+ > 0 is the constant from (3.4). Now,

Theorem 3.17 allows us to claim Error(g; )A(,ﬁ;)r = Ox+(1/r?). Hence we
obtain:

Error(f; X, w), < Error(g; X, w), = Ox-(Error(g; X, @),) = Ox~(1/1?).

As in the previous section, it is possible to replace the constant my+ by a
uniform constant m > 0 in the case that A = 0, i.e., in the case that we have
the Lebesgue measure on X. Indeed, in this case we have W = w (= wg = 1),
and so in particular w < w. We may thus invoke Corollary 3.15 (instead of
Proposition 3.12) to obtain

Error(g; X, w), < 2Error(g; X, @),

and so
Error(f; X, w), = O(Error(g; X, @),) = O(1/r?).

Note that in this case, we do not actually make use of the fact that X = B".
Rather, we only need that x* lies in the interior of X and that X C [—1, 1]™.
As we may freely apply affine transformations to X (by Lemma 3.2), the latter
is no true restriction. We have thus shown the following result.

THEOREM 3.20. Let X C R"™ be a compact set, with non-empty interior,
equipped with the Lebesgue measure. Assume that f has a global minimizer x*
on X with x* € int(X). Then we have:

Brror(f; X), = 0(1).

r2
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3.4.2. Case of a global minimizer on the boundary of X. Our
strategy is now to reduce to the univariate case of the interval [—1,1]. For
this, we use Lemma 3.7, which claims that f has a linear upper estimator g
on X, exact at x*. Up to applying an orthogonal transformation (and scaling)
we may assume that g is of the form g(x) = x;. It therefore suffices now
to analyze the behaviour of the bounds for the function x; minimized on the
ball B™. Note that when minimizing x; on B"™ or on the interval [—1,1] the
minimum is attained at the boundary in both cases. The following technical
lemma will be useful for reducing to the case of the interval [—1,1].

LEMMA 3.21. Let h be a univariate polynomial and let A > —1. Then we
have

1
/ h(Xl)w)\(X)dX = Cn—l,)\/ h(Xl)w)\+nT4(X1)dX1,
n -1

where Cp,_1 ) is given in (3.9).

. R x] .
Proor. Change variables and set u; = T for 2 < j < d. Then we
have
wa(x)=(1-xF—x3+... -2 =1 -xH*A —ud - ... —u2)

and dxg---dx, = (1 — X%)%dUQ -+ -duy. Putting things together we obtain
the desired result. O

Let gr(x1) be an optimal sum-of-squares density with degree at most 2r
for the problem of minimizing x; over the interval [—1, 1], equipped with the
weight function w(x) := w>\+anl<x). Then, its scaling C’;_llv)\qr(xl) provides
a feasible solution for the problem of minimizing ¢g(x) = x; over the ball
X = B". Indeed, using Lemma 3.21, we have [g, C;Elyqu(xl)w)\(x)dx =

f_ll gr(x1)w(x)dx; = 1, and so

1

gg)wA §/ chgll’)\qr(xl)w)\(x)dxz/ x1qr(x1)w(x1)dxy.
B 1

The proof is now concluded by applying Theorem 3.16(ii).

3.5. Ball-like convex bodies

Here we show a convergence rate of Error(f;X), in O(1/r?) for a special
class of smooth convex bodies X with respect to the Lebesgue measure. The
basis for this result is a reduction to the case of the unit ball.

We say X has an inscribed tangent ball (of radius €) at x € 90X if there
exists € > 0 and a closed ball Bj,s of radius € such that x € 9Bjys and
Binse € X. Similarly, we say X has a circumscribed tangent ball (of radius ¢)
at x € 90X if there exists ¢ > 0 and a closed ball By of radius € such that
X € 0B¢ire and X C B
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DEFINITION 3.22. We say that a (smooth) convex body X is ball-like if
there exist (uniform) €insc, Ecire > 0 such that X has inscribed and circum-
scribed tangent balls of radii €insc, Ecive, reSpectively, at all points x € 0X.

THEOREM 3.23. Assume that X is a (smooth) ball-like convez body, equipped
with the Lebesque measure. Then we have

1
Error(f; X), = O <7"2> .

PRrROOF. Let x* € X be a global minimizer of f on X. We again distinguish
two cases depending on whether x* lies in the interior of X or on its boundary;
the case of a global minimizer in the interior of X is covered directly by
Theorem 3.20.

3.5.1. Case of a global minimizer on the boundary of X. By apply-
ing a suitable affine transformation, we can arrange that the following holds:
f(x*) =0, x* =0, e; is an inward normal of X at a, and the radius of the
circumscribed tangent ball By at x* is equal to 1, i.e., Beire = Bj(e1). See
Figure 3.2 for an illustration. Now, as a is a global minimizer of f on X,
we have V f(x*) € Nx(x*) by Lemma 3.1. But Nx(x*) = Np,,.(x*), and so
Vf(x*) € Np,,.(x*). As noted in Remark 3.8, we may thus use Lemma 3.7 to
find that f(x) <x» c¢(e1,%x) = cx1 on Bgjc for some constant ¢ > 0. In light of
Remark 3.4(i), and after scaling, it therefore suffices to analyse the function
f(x) =x1.

Again, we will use a reduction to the univariate case, now on the interval
[0,2]. For any r € N, let g, € X[z]s, be an optimum sum-of-squares density
of degree 2r for the minimization of x; on [0, 2] with respect to the weight
function:

w/(x1) = was (51 = 1) = [1— (31— 12" = [2x; — x3]"7.
That is, g € X[z]a, satisfies:
2

2
/ x1q-(x1)w' (x1)dx1 = 0(1/7‘2) and / qr(x1)w'(x1)dx; = 1, (3.10)
0 0

where the first equality relies on Theorem 3.16(ii). As

X — g0 (x1) /( / 4 (x1)dx)

X
is a sum-of-squares density on X with respect to the Lebesgue measure, we

have:
fX XIQT(Xl)dX

Jx ar(x1)dx
We will now show that, on the one hand, the numerator fX X1qr(x1)dx in

(3.11) has an upper bound in O(1/r?) and that, on the other hand, the de-
nominator [y ¢,(x1)dx in (3.11) is lower bounded by an absolute constant

Error(f; X), < (3.11)
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that does not depend on r. Putting these two bounds together then yields
Error(f; X), = O(1/r?), as desired.

The upper bound. We make use of the fact that X C B, .. to compute:

/X1qr(X1)dX§/ x1¢,(x1)dx
b'e B

circ

= /B (y1 + Dagr(y1 + 1)dy [y =x—ei]
1

— n—l,o/ (y1+ Dagr(y1 + 1)wn74(y1)dy1 [by Lemma 3.21]
1

=Cn-10 /02 2qr(2)w'(2)dz [t=y1+1]
= 0(1/r?%). [by (3.10)]

The lower bound. Here, we consider an inscribed tangent ball Bj,s. of X at
x* = 0. Say Binsc = Bj(pe1) for some p > 0. See again Figure 3.2. We may
then compute:

/QT(Xl)dXZ/ gr(x1)dx
X Bin:;c

= / g (p(y1 +1))p"dy ly = %1
=p"Cn10 /11 g (p(y1 + 1)) wns (y1)dy: [by Lemma 3.21]
=" Ch1 /OQP ar(2)wnzs (2/p — 1)dz [z = p(y1 +1)]
> p"Cnoto /Op qr(Z)w’(Z)Mdz [w'(2) = was (2 = 1)]

n—1

14 2 r /
>
> (525) " Coro [ e,

where the last inequality follows using the fact that 11__(2(2 £ _1)132 > p(2£p) for

z € [0, p]. It remains to show that

for all r large enough.

/OP g (2)w'(2)dz > %
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eC] X 1 Beire

FIGURE 3.2. An overview of the situation in the second case
of the proof of Theorem 3.23.

The argument is similar to the one used for the proof of Lemma 3.14. By
(3.10), there is a constant C' > 0 such that fOQ zqr(2)w'(2)dz < r% for all
r € N. So we have:

C 2 2 P
G2 [tz [Caewes=o(1- [Taeue)
p p 0
which implies [ ¢-(2)w'(z)dz > 1 — p% > 1 for r large enough.
This concludes the proof of Theorem 3.23. O

3.5.2. Classification of ball-like sets. With Theorem 3.23 in mind,
it is interesting to understand under which conditions a convex body X is
ball-like. Under the assumption that X has a C?-boundary, the well-known
Rolling Ball Theorem (cf., e.g., [Kou72]) guarantees the existence of inscribed
tangent balls.

THEOREM 3.24 (Rolling Ball Theorem). Let X C R"™ be a convex body
with C?2- boundary. Then there exists einsc > 0 such that X has an inscribed
tangent ball of radius s for each x € 0X.

Classifying the existence of circumscribed tangent balls is somewhat more
involved. Certainly, we should assume that X is strictly convex, which means
that its boundary should not contain any line segments. This assumption,
however, is not sufficient. Instead we need the following stronger notion of
2-strict convexity introduced in [DHO06].

DEFINITION 3.25. Let X C R" be a convex body with C?-boundary and
let ¥ € C%(R",R) such that X = U~1((—00,0]) and 0X = ¥~1(0). Assume
VU(a) # 0 for all a € 0X. The set X is said to be 2-strictly convex if the
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following holds:
xIV2U(a)x >0 for allx € T,X \ {0} and a € 0X.

In other words, the Hessian of W at any boundary point should be positive
definite, when restricted to the tangent space.

EXAMPLE 3.26. Consider the unit ball for the £4-norm.:
X = {(x1,%2) : U(x1,x2) :=x] + x5 <1} CR?

Then, X 1is strictly convex, but not 2-strictly convex. Indeed, at any of the
points a = (0,+1) and (£1,0), the Hessian of ¥ is not positive definite on
the tangent space. For instance, for a = (0,—1), we have V¥ (a) = (0,—4)
and xTW?(a)x = 12x3, which vanishes at x = (1,0) € T,X. In fact, one can
verify that X does not have a circumscribed tangent ball at any of the points

(0,£1), (1,0).

It is shown in [DHO6] that the set of 2-strictly convex bodies lies dense
in the set of all convex bodies. For X with C2-boundary, it turns out that
2-strict convexity is equivalent to the existence of circumscribed tangent balls
at all boundary points.

THEOREM 3.27 ([DS07, Corollary 3.3]). Let X be a convex body with C?-
boundary. Then X is 2-strictly convex if and only if there exists ecire > 0 such
that X has a circumscribed tangent ball of radius ecive at all boundary points

a € 0X.

Combining Theorems 3.24 and 3.27 then gives a full classification of the
ball-like convex bodies X with C2-boundary.

COROLLARY 3.28. Let X C R" be a convex body with C?-boundary. Then
X is ball-like if and only if it is 2-strictly conver.

3.5.3. A convex body without inscribed tangent balls. We now
give an example of a convex body X which does not have inscribed tangent
balls, going back to de Rham [dR47]. The idea is to construct a curve by
starting with a polygon, and then successively ‘cutting corners’. Let Cy be
the polygon in R? with vertices (—1,—1),(1,—1),(1,1) and (—1,1), ie., a
square. For k£ > 1, we obtain C} by subdividing each edge of Cj_; into three
equal parts and taking the convex hull of the resulting subdivision points (see
Figure 3.3). We then let C' be the limiting curve obtained by letting k tend
to co. Then, C' is a continuously differentiable, convex curve (see [dB87] for
details). It is not, however, C? everywhere. We indicate below some point
where no inscribed tangent ball exists for the convex body with boundary C.

Consider the point m = (0,—1) € C, which is an element of C}, for all k.
Fix k > 1. If we walk anti-clockwise along C}, starting at m, the first corner
point encountered is s, = (1/3%, —1), the slope of the edge starting at sj, is
I = 1/k and its end point is

er, = ((2k +1)/3%,2/3% — 1).
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Now suppose that there exists an inscribed tangent ball B.(c) at the point m.
Then, e > 0, ¢ = (0,6 — 1) and any point (z,y) € C lies outside of the ball
B:(c), so that

2+ (y+1)2 —2e(y+1)>0 for all (z,y) € C.

As C is contained in the polygonal region delimited by any Cj, also e &
B.(c) and thus (2’:“;{1)2 + (3%)2 — g—i > 0. Letting k — oo, we get ¢ = 0, a
contradiction.

CXXO)

FiGUurE 3.3. From left to right: the curve Cj for k =0,1,2,8.

3.6. The simplex

We now consider a full-dimensional simplex A™ = conv({vg, v1, v2, ...,V })
in R™, equipped with the Lebesgue measure. We show the following.

THEOREM 3.29. Let X = A" be a simplex, equipped with the Lebesque
measure. Then

n 1
Error(f; A"), = O(r_z)

PrOOF. Let x* € A" be a global minimizer of f on A™. The idea is to
apply an affine transformation ¢ to A™ whose image ¢(A"™) is locally similar
o [0,1]™ at the global minimizer ¢(x*) of g := f o ¢~!, after which we may
‘transport’ the O(1/r?) rate from the hypercube to the simplex.

Let F := conv(vy,ve,...,v,) be the facet of A™ which does not contain
vo. By reindexing, we may assume w.l.o.g. that x* ¢ F. Consider the map
¢ determined by ¢(vg) = 0 and ¢(v;) = e; for all i € [n], where e; is the i-th
standard basis vector of R". See Figure 3.4. Clearly, ¢ is nonsingular, and
$(A™) € [0,1]™.

LEMMA 3.30. We have ¢(A") Cyx) [0,1]" for all x € A"\ F.

PRrOOF. By definition of F', we have

An\F: {Z)\zvz : Z)\l < 1,)\20},
i=0 i=1
and so

A"\ F) = {y€0,1]" Zy1<1}
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U1

vo 2 ¢(vo) P(v2)

FIGURE 3.4. The map ¢ from the proof of Theorem 3.29 for n = 2

which is an open subset of [0,1]”. But this means that for each y = ¢(x) €
¢(A™\ F) there exists € > 0 such that

Bl (y)n[0,1]" € BZ(y) N ¢(A™ \ F),
which concludes the proof of the lemma. ]

The above lemma tells us in particular that ¢(A") Cyx+) [0,1]". We
now apply Corollary 3.15 with X = ¢(A"), X = [0,1]™ and weight functions

w=w =1 on X, X, respectively. This yields a polynomial upper estimator h
of g on [0, 1]™ having:

Error(g; ¢(A™)), < 2Error(h; [0,1]"), = O(1/r?),

for r € N large enough, using Theorem 3.17 for the right most equality. It
remains to apply Lemma 3.2 to obtain:

Error(f; A"), = Error(g; 6(A")), = O(1/12),
which concludes the proof of Theorem 3.29. O

3.7. Discussion

We have shown that the measure-based upper bounds ub(f, X, u), con-
verge to the global minimum fy,i, of f on X at a rate in O(1/r?), for a class
of special convex bodies X, w.r.t. natural references measures p. We reiterate
that this rate is best-possible in general. In light of the results of this chapter,
the main open question is whether the convergence rate in O(1/r?) can be
extended to all convex bodies.

In particular, it is interesting to determine the exact rate of convergence
for polytopes. We could so far only deal with hypercubes and simplices. The
main tool we used was the ‘local similarity’ of the simplex with the hypercube.
For a general polytope X, if the minimum is attained at a point lying in
the interior of X or of one of its facets, then we can still apply the ‘local
similarity’ tool (and deduce the O(1/r?) rate). However, at other points (like
its vertices) X is in general not locally similar to the hypercube, so another
proof technique seems needed. A possible strategy could be splitting X into



56 3. CONVERGENCE ANALYSIS FOR MEASURE-BASED BOUNDS I

simplices and using the known convergence rate for the simplex containing a
global minimizer; however, a difficulty there is keeping track of the distribution
of mass of an optimal sum-of-squares on the other simplices.

As we shall see in the next chapter, it is at least possible to show a rate in
O(log?(r)/r?) for all convex bodies (in fact, for all compact semialgebraic sets
with dense interior). This rate is thus only a log-factor away from the rates
shown in this chapter.



CHAPTER 4

Convergence analysis for measure-based bounds II

Everything is more complicated than you
think. You only see a tenth of what is
true.

From Synecdoche, New York

This chapter is based on my joint works [SL20, SL21a] with Monique Laurent.

Let X C R™ be a compact set, and let f € R[x] be a polynomial of degree
d to be minimized over X. Recall from Chapter 2 the measure-based upper
bound on the global minimum fu, of f:

w(r X, =t { [ eaeoixs [aax=1f. @

Recall also the push-forward bound:

(30—t [ geueic [agenm=1h @)

which is obtained from (4.1) by restricting the minimization to sums of squares
q of the form ¢ = uwo f with u € X[z]. Tt therefore satisfies:

ub(f, X)P' > ub(f, X)ar > funin- (4.3)

Consider the following geometric assumption on the set X.

ASSUMPTION 4.1. There exist positive constants ex,nx > 0 and N > n,
such that, for allx € X and 0 < § < ex, we have:

vol(X N BY(x)) > nx ™ vol(B™). (4.4)
Here, B (x) is the Euclidean ball centered at x with radius § and B"™ = B}(0).

A slightly stronger version of Assumption 4.1 (requiring N = n) was in-
troduced in [dKLS17], where it was used to give the first error analysis in
O(1/+/r) for the bounds ub(f,X),. The condition of [dKLS17] is satisfied,
e.g., when X is a convex body, or more generally when X satisfies an inte-
rior cone condition, or when X is star-shaped with respect to a ball (see also
[dKLS17] for a more complete discussion). The weaker condition of Assump-
tion 4.1 is satisfied additionally by compact semialgebraic sets that have a

57
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dense interior, which permits in particular that X has certain types of cusps.
We discuss Assumption 4.1 in more detail in Section 4.4 below.

Outline. In this chapter, we show a convergence rate in O(log?r/r?) for the
measure-based hierarchy ub(f, X), when applied to optimization over X sat-
isfying this assumption. In fact, we show that this rate holds already for the
(weaker) push-forward bound ub(f, X)?f. This rate is only a log-factor away
from the best-possible rate in O(1/r?), see Section 2.3.

THEOREM 4.2. Let X C R" be a compact set satisfying Assumption 4.1
and let f € R[x] be a polynomial. Then we have that:

ub(f, X)2" ~ funin = Olog? r/1%).
As a direct consequence, we also have ub(f,X), — fumin = O(log?r/r?).

Theorem 4.2 improves upon the earlier results of [dKLS17, dKL18]| in
three ways. First, it applies to a (much) broader class of compact sets X. Sec-
ond, it shows a better convergence rate in O(log? r/72), as opposed to O(1/+/r)
and O(1/r), respectively. Finally, it applies not only to the (regular) measure-
based bounds ub( f, X),, but also to the more economical push-forward bounds
ub(f, X).

The idea of our proof is to exhibit for each r € N an explicit sum-of-squares
density on X of the form wo f, u € X[z]y, for which [y f(x)u(f(x))dx is
small. That is, to construct a feasible solution to (4.2) with suitable objective
value. This method of proof is in the same spirit as the one of the earlier
works [dKLS17, dKL18], see also Chapter 2. Our construction differs from
the one in these works in two ways. First, it makes use of so-called needle
polynomials to approximate the Dirac function on [—1,1] or [0, 1]. This yields
a better approximation than the ones of [dKLS17, dKL18|, which are based
on truncated Taylor expansions of a Gaussian function. Second, it makes use
of the push-forward bounds to reduce the analysis to a univariate setting,
which greatly simplifies the proof.

As a small additional result, we show in Section 4.3 that there exists
a class of polynomials f on the interval X = [—1,1] for which the regular
measure-based bounds converge to fiin much much faster than the (weaker)
push-forward bounds. This result contrasts the (somewhat surprising) fact
that the general worst-case convergence rate for these two types of bounds is
quite similar; namely within a logarithmic factor of O(1/r?).

4.1. Needle polynomials

In this section, we cover some preliminaries needed to prove our main
result; in particular we introduce the needle polynomsials central to our con-
struction and derive some of their technical properties.
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We begin by recalling some basic properties of the Chebyshev polynomials,
see also Chapter 1. The Chebyshev polynomials C, € R[z], may be defined by
the following explicit expression:

T+ Va2 1)+ 3 (x — V22 —1)" for |z > 1. (4:5)
From this definition, it can be seen that |C,(z)| < 1 on the interval [—1,1],
and that C.(z) is nonnegative and monotone nondecreasing on [1,00). The
Chebyshev polynomials form an orthogonal basis of R[z] with respect to the
Chebyshev measure (with weight function (1—2z2)~1/2) on [—1, 1] and they are
used extensively in approximation theory. For instance, they are the polyno-
mials attaining equality in the Markov brother’s inequality on [—1, 1], recalled
below.

cos(r arccos ) for |x| <1,
Cr(x) = {

LEMMA 4.3 (Markov Brothers’ Inequality; see, e.g., [Sha04]). Letp € Rz]
be a univariate polynomial of degree at most r. Then, for any scalars a < b,

we have:
2

/
< . .
Jnax (@) < 3— Jnax Ip(z)|
Kro6 and Swetits [KS92] use the Chebyshev polynomials to construct the
so-called (univariate) needle polynomials.

DEFINITION 4.4. For r € N;h € (0,1), we define the needle polynomial
vl € Rlx]s by
201 L B2 — 42
() = SO0
C2(1+ h?)

Additionally, we define the 3-needle polynomial V" € R[z]4, by

~ 2+h—2x 5(24+h
V’I}'L(m) = 6227’ (—I_Q_h) ’ 627'2 <2i_h> :

By construction, the needle polynomials v/ and vl are squares and have
degree 4r. They approximate well the Dirac delta function at 0 on [—1, 1] and
[0, 1], respectively. In [Sen90], a construction similar to the needles presented
here is used to obtain the best polynomial approximation of the Dirac delta
in terms of the Hausdorff distance. In our proof of Theorem 4.2 below, we
will only need the %—needle polynomials. For completeness, however, we will
cover both variants here. As we discuss briefly at the end of this Chapter, the
(regular) needle polynomials were actually used to analyse the measure-based
hierarchy in [SL20], but this analysis has since been made obsolete by the
results presented in this chapter.

The needle polynomials satisfy the following bounds (see Figure 4.1 and
Figure 4.2 for an illustration).
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THEOREM 4.5 (cf. [KS92, KL12, Krol5]). For anyr € N and h € (0,1),
the following properties hold for the polynomials v and D" :

v0) =1, (4.6)
0<vMz)<1 forx € [-1,1],

vh(z) < de=amh for x € [-1,1] with |x| > h, (4.8)

vr0) =1, (4.9)
0<pl(z) <1 Jor z €[0,1], (4.10)

oh(z) < 4e—2mVh for x € [0,1] with x > h. (4.11)

As this result plays a central role in our treatment we give a short proof,
following the argument given in [LP19]. We need the following lemma.

LEMMA 4.6. For anyr € N, z € [0,1), we have:
Cr(l1+z)> 1e“/ilog(lﬂ/i) > le%"ﬁ.
-2 — 2

Proor. Using the explicit expression (4.5) for C,, we have:

2C, (14 x) > <1+x—|—\/1+:ﬁ ) (1+z+ 2z +2?)

> (14 v2z)" = e los(1+V2va)

By concavity of the logarithm, we have:
log(1+ V3v) = log(vz - (1 +v3) + (1 - v/z) - 1)
> \/z - log(1+ vV2) + (1 — v/&) log(1)
=V log(1+v2) > i\/i
and so, using the above lower bound on C,(1 + x) we obtain:

Cr(1+m) > Se Lorvatos(+va) 5 Lotrvs

l\D

O

PROOF OF THEOREM 4.5. Properties (4.6), (4.9) are clear. We first check
(4.7)-(4.8). If |x| < h then 1+ A% > 1+ h? — 22 > 1, giving v/*(z) < V*(0) =
1 by monotonicity of C,(z) on [1,00). Assume now h < || S 1. Then
C2(1+h? —t?) < 1las 1+h?—22€[-1,1], and C3(1 + h?%) > 1 (again by
monotonicity), which implies v/ (z ) <1 In addition, s1nce Cr(1+h?) > e4rh
by Lemma 4.6, we obtain v/ (z) < C;2(1 + h?) < de™ aTh,

We now check (4.10)-(4.11). If x € [0,h] then v} ( ) < DM0) = 1 fol-
lows by monotonicity of Ca,(x) on [1,00). Assume now h < x < 1. Then,
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Hh=2r ¢ [—1,1] and thus C%T(Q'Eh_hh) < 1. On the other hand, we have

C3.(2th) > 1, which gives 9*(z) < 1. In addition, as 2% > 1 + h > 1, using
agam monotonicity of Co. and Lemma 4.6, we get CQT(2+h) > C3.(1+h) >

2-h
37Vh which implies (4.11).
O

The following lemma gives a simple lower estimator on [0, 1] for a nonneg-
ative polynomial p of given degree with p(0) = 1. This lower estimator allows
us to lower bound the value of the %—needle polynomials on small intervals
[0,h], h > 0. Such a lower bound will be useful in the proof of Theorem 4.2
below.

LEMMA 4.7. Let p € R[z], be a polynomial, which is nonnegative over R
and satisfies p(0) = 1, p(z) < 1 for all x € [0,1]. Let A, : R>g — Rx>g be

defined by:
1 — 292 if v < L
Ar(x):{ rr Yrsg,

0 otherwise.

Then Ay (x) < p(x) for all x € R>g.

PROOF. Suppose not. Then there exists s € R>¢ such that A,(s) > p(s).
As p >0 on R>p, p(0) =1 and A,(z) =0 for x > 22,Weha,veO<S<2—2
We find that p(s) — p(0) < A,(s) — 1 = —2r%s. Now, by the mean value

theorem, there exists an element 2z € (0,s) such that p'(z) = M <
727" S 2
= —2r

. But this is in contradiction with Lemma 4.3, which 1rnp11es
that max,eo.1] [P ()] < 2r. O

COROLLARY 4.8. Let h € (0,1), and let v*, D" as above. Then A4r(x) <

vi(z) = vl (—x) and Ay (z) < D (2) for all z € [0,1]. In particular, we thus
have that:

yﬁ(x) >1—32r%2 > 3 for all z € [0, 647“2]'

4.2. Proof of the main result
We show the following restatement of Theorem 4.2.

THEOREM 4.9. Assume X is connected compact and satisfies the above
geometric condition (4.4). Then there exists a constant C (depending only on
n, the Lipschitz constant of f and X) such that:

log T

ub(f, ) fmln < c

The rest of this section is devoted to the proof of Theorem 4.9. We will
make the following assumptions in order to simplify notation in our arguments.
Let x* be a global minimizer of f in X. After applying a suitable translation
(replacing X by X—x* and the polynomial f by the polynomial x — f(x—x")),

(fmax — fmin)  for all large r.
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we may assume that x* = 0, that is, we may assume that the global minimum
of f over X is attained at the origin. Furthermore, it suffices to work with the
rescaled polynomial:

f(X) B fmin

fmax - fmin’
which satisfies FI(X) = [0, 1], with Fiuin = 0 and Fihax = 1. Indeed, one can
easily check that:

ub(f: X)Ef - fmin < (fmax - fmin)Ub(F, X)Ir)f

For clarity, we will denote by i the Lebesgue measure on R™. Recall that the
push-forward measure pup is defined by:

pr(B) = w(F~Y(B)) (B C R Borel). (4.12)
Because of the scaling, the support of the pp is equal to [0, 1], and so:

wb(FX) = inf / s(2)dpr(z) : / s(@)dur(z) =1}

seX[x]

= i /F dp(x) - /Xs(F(x))d,u(x):l}.

In order to analyze the bound ub(F, X)r , we construct a univariate sum-of-
squares polynomial s which approximates well the Dirac delta centered at the
origin on the interval [0, 1], making use of the %—needle polynomials introduced

F(z):=

(4.13)

above. Indeed, we consider the sum-of-squares polynomial s(z) := C"(x),
where h € (0, 1) will be chosen later, and C' is chosen so that s is a density on
[0, 1] with respect to the measure pp. That is:

o= (/. ﬁﬁ<F<x>>du<x>)l.

Therefore, s is a feasible solution to (4.13), and so we obtain:

ub(F,X),?fS/XF(X)S(F(X))CZ“(X) fo oh(F(x ))d);?ﬂ)( )'

Our goal is thus to show that:

ratio : fX F x))dp(x) B log2r
' Jx? r(F(X)) dp(x) _O< 2 ) (4.14)

Define the set

X, ={xeX:F(x)<h}.
We first work out the numerator of (4.14), which we split into two terms,
depending whether we integrate on Xj or on its complement:

[ FO0n (PO aut) = | PRFe0)nG0 + [ o PO )0
~h ~h
<n PP O0)nx) + /. o PHEC) G0,
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Here we have upper bounded F(x) by h on X}, and by 1 on X \ X;. On the
other hand, we can lower bound the denominator in (4.14) as follows:

/ PI(F(x)du(x) > / PI(F () du(x).
X X

Combining the above two inequalities on the numerator and denominator we
get:

S, PA(F < )du(x)
fx UMF(x))dp(x)

Thus we only need to upper bound the second term above. We first work
on the numerator. For any z € X \ X; we have F(x) > h and thus, using

Theorem 4.5, we get "'(F(x)) < de=2™Vh This implies that:

ratio < h +

[ o reauto < 4o i),
X\X},

Next, we bound the denominator. Corollary 4.8 tells us that:

6472 )

Set p = 641rg. We will later choose h > p, so that X;, O X, := {x € X :
F(x) < p} and D"(F(x)) > % for all x € X,,. As X is compact, there exists a

Lipschitz constant C'r > 0 such that:

1
ohz) > 1 —32r% > 3 for all z € [0,

F(x) < Cp|x| forall x € X.

Note that X N B;”/CF C X,. By the geometric assumption (4.4), we have:

o\
(XXWBMCF)>7Bi<C%> u(B")

for all r large enough such that p/Cr < ex. We can then lower bound the
denominator as follows:

[ ke dute > / PP () du(x) > Sp(X,)
Xh Xy

N
pXNBYe) > %nx <p> - u(B™).

N)\b—‘

Combining the above inequalities, we obtain:

“aVh s (X)) ()Y
el

ratio < h +
pN nx p(B™)
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2
If we now select h = (4(N + 1)10g T) , we have h > p and a straightforward

T
computation shows that:

1 2
ratio = O ( o8 r).

r2

Here, the constant in the big O depends on n, N, Cp, nx and p(X). This
concludes the proof of Theorem 4.9.

4.3. Separation for a special class of polynomials

In this section we consider in more detail the behaviour of the bounds
ub(f,X), and ub(f,X)¥! for the class of polynomials f(z) = z2* (with k > 1
integer) on the interval X = [—1,1]. Then f([—1,1]) = [0, 1] and, by apply-

ing (4.3) to the polynomial f(z) = 22*, we have the following inequality:

0 < ub(f,X)a < ub(f,X)P'  for any r > 1.

Note that for any ¢ < 2k — 1, the ith derivative of f vanishes at its global
minimizer 0 on [—1,1]. As we discuss a bit more at the end of this chapter, we
may thus use [SL20, Theorem 14] to find that ub(f, X)a. = O(log? r/r2¥).
On the other hand, the convergence rate in O(log? r/r2) for ub(f, X)E shown
in Theorem 4.2 is optimal up to the log-factor. Indeed, we will show here a
lower bound on ub(f, X))k in Q(1/r2).

THEOREM 4.10. Let X = [~1,1] and let f(z) = z* for k > 1 integer.
Then we have ub(f, X),In)f =Q(1/r%).

For k € N, let p := py denote the push-forward measure (cf. (4.12))
of the Lebesgue measure on [—1,1] by the function f(z) = ¢, and let
{pr,i(z) : i € N} C R[z] denote the family of orthogonal polynomials that
provide an orthonormal basis for R[z] w.r.t. the inner product (-,-),, (see
Chapter 1). Then, as shown in [dKL20b] and as explained in Chapter 2, the
parameter ub(f, X),l?f is equal to the smallest root of the polynomial py, 11 (x).
As it turns out, the push-forward measure p, here is of Jacobi type. Hence, we
have information about the corresponding orthogonal polynomials p;, ;, whose
extremal roots are well understood. Let us recall from Chapter 1 the classical
Jacobi polynomials.

LEMMA 4.11. Let a,b > —1. Consider the weight function wqp(x) =
(1 —2)%(1 4 z)° on the interval [—1,1] and let {jk(a’b)(:c) : 1 € N} be the
corresponding family of orthogonal polynomials. Then ji(a’b) is the degree 1
Jacobi polynomial (with parameters a,b), and its smallest root 5’?’1’ satisfies:

€0 = —1+0(1/i%). (4.15)
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LEMMA 4.12. For any integrable function g on [—1,1] we have the identity:
1 1 1
/ g(x*F)dx = / g(x)a T2k gy,
-1 k Jo
1

Hence, the push-forward measure uy is given by dug(x) = kfoida: for
x € [0,1].

PRroo¥F. It suffices to show the first claim, which follows by making a
change of variables t = 22 so that we get

1 1 1 t_1+ﬁ 1 /! .
/ gz dx = 2/ g(x®)dx = 2/ g(t)Tdt = k/ g(t)t~ T2kt
0 0 0

—1
O

PrROOF OF THEOREM 4.10. By applying the change of variables © = 2t —
1, we see that the Jacobi type measure (1—z)%(1+2)%dz on [1, 1] corresponds
to the measure 297%(1—1)%%dt on [0, 1] and that (up to scaling) the orthogonal
polynomials for the latter measure on [0, 1] are given by ¢ — pg“’b(Qt — 1) for
ieN.

If we set a = 0 and b = —1 4 1/2k, then the measure obtained in this way
on [0, 1] is precisely the push-forward measure p; (see Lemma 4.12). Hence,
we can conclude that (up to scaling) the orthogonal polynomials py; for py

on [0,1] are given by pi(t) = jl-(a’b)(% — 1) for each ¢ € N. Therefore, the
smallest root of p,11(t) is equal to (fffl +1)/2 = ©(1/r?) by (4.15). In
particular, we can conclude that ub(f,[—1, 1])713f =Q(1/r?) forany k> 1. O

4.4. On the geometric assumption

As mentioned above, the condition (4.4) is a weaker version of a condi-
tion introduced in [dKLS17]. There, the authors demand that there exist
constants 1x, ex such that

vol(X N BY(x)) > nxd" vol(B") Vx e X, V0 <6 <ex. (4.16)

The difference is that the power of § in (4.16) is fixed to be the dimension n
of X, whereas it is allowed to be an arbitrary N > n in (4.4).

Condition (4.4) is satisfied by a significantly larger class of sets X than
(4.16). In particular, as we will observe below, sets satisfying (4.4) may have

polynomial cusps, whereas sets satisfying (4.16) may not have any cusps at
all.

EXAMPLE 4.13. Consider the set X = {x € R?: 0<x; <1, 0 < x5 < X%}
(see Figure 4.3). This set X satisfies (4.4) (with N = 3), but it does not satisfy
(4.16). Indeed, for the point 0 € X we have

0
1
vol(X N B2(0)) < / t2dt = 553,
0
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and conclude (4.16) cannot be satisfied at x = 0. Note that the point 0 is
indeed a polynomial cusp of the set X.

EXAMPLE 4.14. Consider the set X = {x e R2: 0 < x; <1, 0 < x9 <
exp(—1/x1)} (see Figure 4.3). This set X does not satisfy (4.4) (and, as a
consequence, does not satisfy (4.16) ). Indeed, for the point 0 € X we have

vol(X N B2(0)) < /6 exp(—1/t)dt < 5 exp(—1/0).
0

Now note that for any N,n > 0 fized, we have:
o™

%1—1% dexp(—1/9) %

and so (4.4) can not be satisfied at x = 0. Note that the point 0 is an expo-
nential cusp of X.

It turns out that compact semialgebraic sets which have a dense interior
(aka being fat) satisfy Assumption 4.1, as is shown essentially in [WP86].

DEFINITION 4.15. A set X C R™ is called fat if X C int(X), i.e., the
interior of X is dense in X.

THEOREM 4.16 ([WP86|, Theorem 6.4, see also Remark 6.5). Let X C R"
be a compact, fat semialgebraic' set. Then there exist constants n > 0, N > 1
and a positive integer d € N such that one may find a polynomial hx of degree
d for each x € X satisfying:

hx(O) =X,
hx(t) € X fort € [0,1], and
v (hx(t)) © X fort € [0,1]. (4.17)

Furthermore, the polynomials hx may be chosen such that ||x — hx(t)|| < t for
allx € X, t € [0,1].

COROLLARY 4.17. Let X C R"™ be a compact, fat semialgebraic set. Then
X satisfies Assumption 4.1.

ProoOF. For x € X, let n, N and hx be as in Theorem 4.16. We may
assume that hy := hx(t) € Bj'(x) for all ¢ € [0,1]. For clarity, we write
B(y,a) := BJ(y) in the rest of the proof.

Using the triangle inequality and (4.17) we find that

vol B(hy, nt™) < vol (B(x,t+ )N X) < vol (B(x, (1 +n)t) N X)

n fact, the result is shown for subanalytic sets, of which semialgebraic sets are an
example.
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for all ¢ € [0,1], noting that ¥ < ¢ in this case. But now substituting § =
(1 +n)t yields:

vol (B(x,8) NX) > vol B(hy,no™ (1+1)) = ((1_:]77)N>n.5N" vol B(x, 1),

showing (4.4) holds for 0 < 6 < ex := (1 +n) and nx = n"(1 +n)~ V"
U

X < Xj X < et

0 1 0 1

FIGURE 4.3. Theset X = {x € R?:0<x; <1,0< x5 < x%}
(left) and X = {x € R?2: 0 < x; < 1,0 < x3 < exp(—1/x1)}
(right).

4.5. Discussion

We have shown a convergence rate in O(log? r/r?) for the approximations
ub(f, X)?f of the minimum of a polynomial f over a compact set X satisfying
the minor geometric assumption (4.4). This includes in particular fat semi-
algebraic sets. As a direct consequence this rate also holds for the regular
measure-based bounds ub(f, X),. Furthermore, we have shown that this anal-
ysis is near-optimal, in the sense that the asymptotic behaviour of the error
range ub(f, X)E' — fum is in O(log?r/r?) in general and in Q(1/r?) for an
infinite class of polynomials.

In fact, a rate in O(log®r/r?) for the bounds ub(f,X), is established
directly in our work [SL20]. The argument there makes use of both the needle
and %—needle polynomials. It is significantly more complicated than the proof
of Theorem 4.9 above, as it relies more intricately on the geometric properties
of the set X. Furthermore, the result applies less generally than Theorem 4.9;
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namely only to convex bodies. For these reasons, we have not included it in
this thesis.

One advantage of the (proof of) the result in [SL20], however, is that it
allows quite easily to show an improved convergence rate in O(log* r/r¥) of
the bounds ub(f, X), when the first k& derivatives of f vanish at its global min-
imizer. Using this fact, we showed in Section 4.3 that although the worst-case
guarantees on the convergence of the regular measure-based bounds ub(f, X),
and push-forward bounds ub(f, X)?f are very similar, a large separation may
exist for certain polynomials (e.g., when f(z) = 2%, k > 2).

The main question left open is whether the log-factor in our main result
can be avoided. This factor arises from our analysis technique, and in particu-
lar from our use of the needle polynomials to approximate the Dirac function
on [0,1]. Recall from Chapter 3 that a rate in O(1/r?) may be established
for the bounds ub(f, X, p), in several (fundamental) special cases. To obtain
such rates, one ultimately relies on understanding the behaviour of certain or-
thogonal polynomials on the interval [—1, 1] w.r.t. the Chebyshev measure (cf.
Chapter 2). In the push-forward setting, the relevant orthogonal polynomials
are much more poorly understood. Therefore, it seems hard to establish a rate
in O(1/r?) for the bounds ub(f, X, u)?f, even when X is a well-structured set.

A second question is whether the upper bounds converge significantly more
slowly on sets X which do not satisfy the geometric assumption (4.4). We
suspect that this might be the case, particularly when X has exponential
cusps (see Figure 4.3).

Acknowledgments. We wish to thank Edouard Pauwels for bringing the
needle polynomials to our attention.






CHAPTER 5

Computational aspects of measure-based bounds

Whenever a man can get hold of
numbers, they are invaluable: if correct,
they assist in informing his own mind,
but they are still more useful in deluding
the minds of others.

Charles Babbage

This chapter is partly based on my joint works [SL20, SL21a] with Monique
Laurent.

In this chapter, we discuss some computational aspects of the measure-
based upper bounds ub(f), and ub( f)?f for the minimization of a polynomial
f over a compact (semialgebraic) set X. In Section 5.1, we outline potential
challenges in computing the values of these bounds, and offer some suggestions
to address them. In Section 5.2, we discuss the problem of obtaining approx-
imate minimizers X =~ x* € X of f based on feasible solutions (i.e., sum-of-
squares densities) to the programs defining ub(f), and ub( f)?f. Finally, in
Section 5.3, we present some numerical examples that illustrate the practical
behaviour of these bounds and some of the results of Chapters 3 and 4.

We only introduce a few (minor) new ideas in these sections. Their main
purpose is rather to highlight some aspects of the measure-based bounds which
are not very well explored in the literature, and offer potentially interesting
new directions for future research.

5.1. Computing the measure-based bounds

Let X C R™ be a compact set and let f € R[x] be a polynomial of degree
d. We consider the optimization problem:

froin = min f(x). (5.1)

eX
71
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Let p be a positive Borel measure supported on X. Recall the definition of
Lasserre’s measure-based hierarchies of upper bounds on fiin:

w(r X, = int { [ eoueax: [am=1} 62

qEX[X]2r
ph—  ip x)u(f(x))dx: | u(f(x))dx=1;. (5.
an(r X = nt [ geouroax: [ atreonx=1f. 53

For convenience, we will often omit the dependence of these bounds on X
and 1 in the notation; writing simply ub(f), and ub(f)E’. A feasible solution
u € X[x]a, to (5.3) corresponds to a feasible solution ¢(x) = u(f(x)) to (5.2).
That is, for any » € N, we have:

ub(f)PF < ub(f)a- (5.4)

As we have seen in Section 2.2, the programs (5.2) and (5.3) may both be
reduced to an eigenvalue optimization problem. Namely, we have:

Ub(f)r - )\min (Mf,T(N)v Ml,r(u))v (55)
ub(f)gf = Amin (Mm,r(ﬂf)a Ml,r(,uf))' (5'6)

Here, we make use of the (truncated) moment matrices for the measure pu
and for the push-forward measure ps(x) given by ps(A) = u(f~'(A)). For a
polynomial g € R[x] and an integer k, they are defined as:

(My19),.5 = | a0 dux) (Jol, 181 < 1), (5.7)
(o)) = [ 7 gty = [ 60 i< 6

The formulations (5.5) and (5.6) (together with the equations (5.7) and (5.8))
reveal the main advantage of the push-forward bounds ub( f )?f: Their compu-
tation involves matrices of size r 4+ 1, thus much smaller than the matrices of
size ("jr) involved in the computation of the regular measure-based bounds

ub(f)r

5.1.1. Computing moments. A major downside of the upper bounds
ub(f), and ub(f)?" over the more well-known lower bounds introduced in
Chapter 2 is that their computation requires ezplicit knowledge of the moment
matrices (5.7) and (5.8), respectively. From a practical point of view, this
excludes many sets X. Indeed, it is already hard in general to estimate the
volume of a semialgebraic set [Las09a)].

In certain special cases, on the other hand, closed form expressions of
the moments [y x“du(x) are available. This includes the binary cube, the
hypersphere, the unit ball, the box [—1,1]" and the standard simplex, see
[dKL19]. Such expressions allow one to compute the entries of the moment
matrices (5.7), (5.8) after writing f(x) = }|,/<q fax® in the monomial basis
and taking linear combinations.
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For the regular bounds ub(f), this is straightforward, yet still compu-
tationally intensive as the matrices in (5.5) are of large size (":fr) For the

push-forward bounds ub( f)?f, only O(r) different moments have to be com-
puted. However, they are now of the form:

[ setdnte) (< 20). (5.9)
X

This poses a problem, as computing the k-th power f(x)* of f (and express-
ing it in the monomial basis) is not a trivial task. Indeed, the polynomial
f(x)* may have exponentially many terms. Naive computation of (5.9) there-
fore comes at the risk of losing any computational advantage over the regular
(asymptotically stronger) bounds ub(f),. This motivates the following ques-
tion.

QUESTION 5.1. Suppose we have access to the moments fX x¥du(x) for
certain X C R"™ and p. Given a polynomial f € R[x] and a number k € N,
what is the most efficient way to (approrimately) compute the integral:

JRCORCE
X

5.1.2. Symmetry reduction. The role of symmetry and sparsity in the
computation of the lower bounds Ib(f, Q(X)), (and its variants) is well ex-
plored in the literature. For the upper bounds, on the other hand, little is
known.

We make here a small observation which could potentially be exploited in
this setting. Suppose G C O(n) is a compact group acting on R™ in the usual
way. We say that X C R” is invariant under G if 7(X) = X for all 7 € G.
Similarly, we say a Borel measure p on G is invariant if p(m(A)) = p(A)
for all A C X measurable. Finally, a polynomial f € R[x] is invariant if
f(x) = f(m(x)) for all x € R" and 7 € G.

PROPOSITION 5.2. Let G C O(n) compact. Assume that X, and f are
all G-invariant. Then there exists an optimum solution q¢ € X[x|a, to the
formulation (5.2) of ub(f, X, u), which is G-invariant.

PROOF. Let ¢ be any optimum solution to (5.2). Let w be the uniform
probability measure on G, and consider the G-invariant density ¢ € X[x]a,
given by:

a(x) = /G T (x)) ().
Using the invariance of X, u and f, we find that:
/X F()g(x)dp(x) = /G /X £ ()3 (%)) dp() deo() = /X F()Tx)dpx).

Therefore, ¢ is also an optimum solution to (5.2), as desired. ]
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5.1.3. Parallelization. Finally, we wish to mention that the computa-
tion of the upper bounds is particularly suited to parallelization. Solving the
eigenvalue formulations (5.5) and (5.6) requires a) computing the entries of the
appropriate moment matrices and b) solving the resulting (generalized) eigen-
value problem. Both tasks can be performed in parallel after a suitable subdi-
vision of the rows and/or columns of the involved matrices, assigning a block
to each computational node. Indeed, one may iteratively compute eigenvalues
using only matrix-vector multiplications. These matrix-vector multiplications
are straightforwardly parallelizable.

In some very preliminary experiments, this approach leads to reasonable
speedups for the bounds ub(f),. For the push-forward bounds ub( f)?f, a
naive parallel implementation does not seem to offer much improvement. As
relatively few different moments [y f(x)¥dpu(x) are involved there, one should
probably focus instead on computing those integrals in parallel, see also Ques-
tion 5.1 above.

5.2. Extracting minimizers

In this section we discuss a method for extracting a feasible solution X € X
to the minimization problem (5.1) from an optimum density ¢, € X[x]o, to
the relaxation (5.2). The idea behind this method is already mentioned (in a
slightly different context) in the work [dKLLS17]. In principle, we would like
such solutions to satisfy the following properties:

(1) f(X) ~ ub(f)y;

(2) x = x*, meaning that ||x — x*|| is small for some minimizer x* € X
of f;

(3) x € X, meaning that X is a feasible solution to (5.1).

For simplicity, we assume throughout that we are in a setting where
lim, o0 ub(f); = fiin, i-e., where the measure-based bounds converge to the
optimum value of (5.1). We note that the optimum solution to (5.2) (and thus
the density ¢,) need not be unique. One should therefore interpret the results
and statements below as being true independently of the choice of optimum
solution.

5.2.1. A feasible point. For r € N, consider the point X = x(") € R”,
defined in terms of an optimum density ¢, € X[x]q, as:

XZ(T) = /Xxiqr(x)du(x) (1<i<n).

An immediate advantage of this approach is that x(") may easily be computed
as long as the moments of y are known. A second advantage is that x(") is a
feasible solution to (5.1) as long as X is convex.

PROPOSITION 5.3 ([dKLLS17]). If X is conver, then x") € X for all
r € N.
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Finally, if the polynomial f is also assumed to be convex on X, the value
f(x(r)) of f at x(") is at most equal to the upper bound ub(f),. This follows
readily after applying Jensen’s inequality.

ProposITION 5.4 ([dKLLS17]). Assume that X is convex and that f is
convexr on X. Then for each r € N, we have:

Fx")) < ub(f),

A consequence of Proposition 5.4 is that x(") converges to the set of min-
imizers of f.

COROLLARY 5.5. Assume that X C R" is convexr and that f is convex on
X. Write X* = {x € X : f(Xx) = fmin} for the set of minimizers of f on X.
Then we have:
lim doo (x(), X*) = 0.

T—00

x(M — x*|| .

Here, doo(x(r), X*) 1= ming-ex-

ProoF. As both X and f are convex, the set X* is convex as well. Fur-
thermore, X* C X is closed and thus compact (as X is compact). Now suppose
that lim, . doo (x(r), X*) # 0. Then there exists an > 0 and a subsequence
(ri)ien such that deo(x"),X*) > n for all i € N. Let X; := {x € X :
doo(x, X*) > n}. Then X7 is a compact subset of X which does not intersect
X*, and so:

Join J(%) > fmin.
We may conclude that liminf, . f (X(’”)) > fmin, which contradicts Proposi-
tion 5.4 (recalling that we assume that lim, oo ub(f), = fumin)- O

The assumption that f is convex on X is rather prohibitive. In the rest of
this section, we therefore explore what happens when we drop this assumption.

5.2.2. A negative result. We begin with a negative result showing that,
in general, we cannot hope that x(") approximates a minimizer x* of f if we
drop the convexity assumption on f. For this purpose, consider the interval
X = [~1,1], equipped with the Lebesgue measure and set f(z) = 1—22. Then
the minimum fi;, = 0 of f on X is attained at 2* € {—1,1}.

LEMMA 5.6. Let r € N. There exists an optimum solution ¢, € X[x]a, to
the program (5.2) which is an even function, i.e., satisfying ¢ (x) = ¢r(—x)
for x € R.

PROOF. Let ¢, € X[z, be any optimum solution to (5.2). Consider the
polynomial ¢, € R[z] given by:

7.(2) + G(—)

qr(z) = 9
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Clearly, g, € X[z]s, is an even function. Furthermore, using the fact that
f(x) =1 — 2?2 is even, we have:

1 1
[ r@atein = [ fa)ieds = ().
Thus, ¢, is an optimum solution to (5.1), as desired. O

Now suppose that we select our optimum density ¢, for each r as in
Lemma 5.6. Then, since ¢, is even, the candidate solution x( is given for
each r by:

1
x( = / zqr(z)dr = 0.
-1

We thus obtain no information on the minimizers {—1,1} of f in this case.

5.2.3. A positive result. As the following proposition shows, when f
has a unique minimizer x* on X, asymptotic convergence of x(M to x* is
guaranteed. This may be seen as a generalization of Corollary 5.5.

ProrosiTION 5.7. If X is compact and f has a unique minimizer x* € X,
then we have:

lim x(") = x*.
r—00

We recall that x) is defined in terms of an optimum density ¢, € X [x]or
in (5.2) by x\") = [y xigr(x)dp(x), 1 <i<n.

LEMMA 5.8. Forx € R" andn € R, let D(x,n) :={y € R" : ||x — y||oc <71}
Let X C R™ be compact and assume that f has unique minimizer x* on X.
Then for any n > 0, the optimum densities q, in (5.2) satisfy:

lim gr(x)dp(x) = 0.
e JX\D(x* 1)

PROOF. Suppose not. Then there exists a subsequence (r;);cny and an
€ > 0 so that:

[ o > e
X\D(x*,n)

for all + € N. By compactness of X and uniqueness of the minimizer x*, we
have:

min X) > fmin-
xeX\D(x*,n) f( ) f
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But this implies that:

ab(F)e; = [ ar )£ (x)
S RCCTCRS SRR A

X\D(x*m)

> (1 —¢)fimin +€- min X),
(1-2)f im0

= Jmin + € - min X) — Jmin
f (XEX\D(X*,n) f( ) f )

for all 7 € N, contradicting the fact that lim, o ub(f); = fuin- O

PROOF OF PROPOSITION 5.7. Let ¢ > 0 and fix an i € [n]. As X is
compact, there exists p > 0 such that |x; — x}| < p for all x € X. For r € N,
let ¢, € X[x]2, be an optimum density in (5.2). Then we have:

tim (" =t = lim | [ (x = x)a(00du()

T—00 r—00
< lim | (xi — x7)qr (x)dp(x)|
7—00 D(x*,z—:)
+ | (x; — x7)gr(x)dp(x)|
X\D(x*,e)
<e+plim | (xi — x7)gr(x)dp(x)| = ¢,

o0 X\ D(x* )
making use of Lemma 5.8 (with n = ¢) for the last equality. We have thus
shown that lim,_,. x(") = x*. O

5.2.4. A quantitative result. We may bound the rate of convergence
of x(") to x* in terms of the convergence rate of ub(f), to fmin. This rate will
depend on the local behaviour of f near x*.

PROPOSITION 5.9. Assume that X is compact and that f has a unique
minimizer x* € X. Assume further that there exist ¢ > 0 and k € N such that:

Fx) = ex —x*|* + f(x) (x € X).

Then we have:
1

b, — foi))

Here, diamq (X) := maxy yex [|X — ¥|lco < 00.

diam (X)
c

1) — x| < 2(

LEMMA 5.10 (See also Lemma 3.2 in [SL20]). Suppose the conditions of
Proposition 5.9 are met. Then, for any € > 0, we have:

Ub(f)r - fmin
/X\D(x*,e) wx)dntx) = =
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PROOF. By assumption, we have f(x) > c£¥ 4 fuin for all x ¢ D(x*,¢).
Therefore, we find that:

Wb (f)r — fouin = /X (F) = fmin)ar () dp(x) > e / 4 (X)du(x).

X\ D(x*,e)
O
PROOF OF PROPOSITION 5.9. Let € > 0 and fix i € [n]. We have that:
= = | [ = 3 (o) ()
< I/ (xi — x7)qr (x)dp(x)| + | (xi = x7)qr (x)dp(x)]
D(x*e) X\D(x*.e)
< e + diamyo (X) / qr(x)dpu(x)
X\ D(x*,e)
b r — Jmin
<e+ diamoo(X)u(f)—kf,
ce
making use of Lemma 5.10 for the last inequality. Now set:
diamq, (X) 1/(k+1
e = (R ub(f)r — fuin)) Y
to finish the proof. O

We note that the rate we obtain in Proposition 5.9 for the convergence of
x(") to x* is likely far from best-possible.

5.2.5. Sampling from the optimum density. One may also obtain
feasible points x € X by sampling X according to an optimum density
¢r € X[x]2, coming from the relaxation (5.2). This idea is explored in some
detail in [dKLS17, dKLLS17]. The main advantage of this approach is that
such points x satisfy E[x] < ub(f), (without the need of any convexity as-
sumptions). Indeed, this is by definition of the program (5.2). Furthermore,
in certain cases, one may sample relatively efficiently using the method of con-
ditional distributions, see [dKLS17] for details. Therefore, one may obtain a
good feasible point x with high probability after generating several samples.

5.3. Numerical examples

In this section, we illustrate the practical behaviour of the bounds
ub(f), and ub( f)?f using some numerical examples. Following earlier
works [dKLS17, dKL18, dKLLS17], we mostly consider the test functions
listed in Table 5.1, which are well-known in optimization. We compute the
bounds using the eigenvalue reformulations, and solve the resulting eigenvalue
problems using the linear algebra module of the SciPy package [VGO™20].
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Name Formula Smin

Booth | fuo(x) = (10x1 + 20x2 — 7)% + (20x1 + 10x2 — 5)2 | fro (5. 130) 0
Matyas | fma(x) = 26(x} + x3) — 48x1%2 fma(0,0) =

Camel | fea(x) = 50x7 — 2025x] 4 150258 4 25 x5 + 25%3 | fea(0,0) =0
Motzkin | fio(x) = 64x7x3 —l— 64x3x3 — 48x3%x3 + 1 fmo(£3,£2) =0

TABLE 5.1. Polynomial test functions. In each case, fun is
the global minimum of f on [—1,1]2.

5.3.1. Comparison of ub(f), and ub(f)rpf for polynomial test func-
tions. First, we compare the bounds ub(f), and ub(f )?f directly for the test
functions f € {fvo, fmas feas fmo} ON the unit box [—1,1]? and the unit ball B2
(w.r.t. the Lebesgue measure). Recall from (5.4) that ub(f).q < ub(f)?f for
d = deg(f), i.e., that the regular bound ub(f), is (asymptotically) stronger
than the push-forward bound ub(f)2'.

For 1 < r <20, we compute the values of the fraction:

ub ()P — funin
Ub(f)r - fmin )

So, Values of ratio( f), smaller than 1 indicate good performance of the bounds

ratio(f), :=

ub(f )T in comparison to ub(f),. The results can be found in Figure 5.3. Re-
markably, it appears that the performance of the bound ub( f )r is comparable
to (or better than) the performance of ub(f), in each instance, except for the
Camel function. Additionally, we note that the performance of ub( f)?f for
the Motzkin polynomial is comparatively much better on the unit ball than
on the unit box. Figure 5.1 shows a plot of the Camel func‘mon as well as
the sum-of-squares densities corresponding to ub(f)s and ub(f )6 on the unit
box.

Note that while the density corresponding to ub(f)s resembles the Dirac
delta function centered at the global minimizer (0,0) of the Camel function,
the density corresponding to ub( f )Gf instead mirrors the Camel function itself.
This is not suprising, as the densities considered in the program (5.3) defining
ub(f)P! are of the form ¢(x) = u(fea(x)).

5.3.2. Comparison of ub(f), and ub(f)?f for a special class of poly-
nomials. Next, we consider the polynomials f(z) = 22 for & > 1 on the
interval [—1,1], which were treated in Section 4.3. Recall that this class of
polynomials was used to show a large separation between the bounds ub(f),

and ub( f )r ; namely we showed that for these polynomials, we have:

ratio(f), := W = Q(r2F3),
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In Figure 5.4, the values of ratio(f), are shown for 1 < r < 20 and
1 < k < 5. It can be seen that the performance of ub( f)}?f is compara-
ble to the performance of ub(f), for k& = 1 (indeed, in this case we have
ub(f)EF = ub(f)s,), but it is much worse for k > 1, which matches our earlier
findings in Section 4.3. In Figure 5.2, the optimal sum-of-squares densities
o (corresponding to ub(f),) and op¢ (corresponding to ub(f)E') are depicted
for k = 1,3,5 and » = 6. Note that while the density o changes very little
as we increase k, the density oy grows increasingly ‘flat’ around the mini-
mizer 0 of f (mirroring the behavior of f itself). As such, the density op¢ is a
comparatively much worse approximation of the Dirac delta function centered
at 0 than o. Note also that in this instance ub(f), = ub(f),4+1 for even r,
explaining the ‘zig-zagging’ behaviour of the ratio ratio(f),.

Comparison of ub(f )?f and ub(f), for random instances of maximum
cut. Finally, we consider some polynomial maximization problems on [—1, 1]
coming from small instances of MAXCUT. An instance of MAXCUT with
vertex set [n| and edge weights w;; > 0 can be written as:

1
opt 1= xer[ri?(l}n f(x), where f(x):= 1 Z wij(x; — %)% (5.10)
i,j€[n]
Note that while f is usually maximized over the discrete cube {—1,1}", the
formulation (5.10) is equivalent as f is convex.

Following [Las11], we create our instances by setting w;; = 0 with proba-
bility p, and sampling w;; uniformly from [0, 1] otherwise. In Table 5.2, we list
values of ub( f)?f and ub(f), for a few such random instances with p = 1/2
and n = 8. In each case, ub(f)' provides a better bound than ub(f),. In
Table 5.3, we list the average over 50 randomly generated instances of the
ratios:

opt — ub(f),
opt

opt — ub(f)?"
opt

Error = and  Errorps =

forr <4andp e {1/4, 1/2, 3/4}. Although it seems ub(f)lﬁf is more sensitive
to changes in the density of the instances, we find again that it provides a
better bound in general than ub(f),.

5.3.3. Comparison of ub(f,X, u), for different sets X and mea-
sures p. Finally, we compare the behaviour of the error Error(f;X, u), for
the test functions of Table 5.1 on different sets X; namely the hypercube,
the unit ball, and a regular octagon in R?. On the unit ball and the regular
octagon, we consider the Lebesgue measure. On the hypercube, we consider
both the Lebesgue measure and the Chebyshev measure. In each case, we
compute the Lasserre bounds of order r in the range 1 < r < 20, correspond-
ing to sos-densities of degree up to 40. For the hypercube, simplex and unit
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r=1|r=2|r=3|r=4|r=5|r=6| opt
g | WP()r | 158 | 206 | 2.45 | 2.82 | 316 | 346 | . o
X .

ub(f)P' | 1.98 | 2.65 | 3.20 | 3.67 | 4.06 | 4.38

o | WP(r | 220 | 277 | 3.27 | 373 | 416 | 454 |
ub(f)P' | 2.61 | 3.41 | 4.11 | 472 | 5.25 | 5.71

g | WP(r | 208 | 256 | 3.02 | 343 | 381 | 414 |
ub(f)P' | 2.46 | 3.19 | 3.81 | 4.34 | 4.79 | 5.15

g | WD)y | 159 | 205 | 244 | 281 | 313 | 3.42 5 80
ub(f)?' | 1.98 | 2.62 | 3.15 | 3.60 | 3.97 | 4.28

TABLE 5.2. Values of ub(f), and ub(f) for randomly gener-
ated instances of MAXCUT (n =8, p =1/2).

r=1|r=2|r=3|r=4
Error 0.72 | 0.65 | 0.59 | 0.53

p=1/4
Errorpe | 0.66 | 0.57 | 0.48 | 0.40
Error 0.73 | 0.65 | 0.59 | 0.53

p=1/2
Errorpe | 0.68 | 0.56 | 0.47 | 0.39
Error 0.73 | 0.64 | 0.57 | 0.49

p=3/4
Errorpe | 0.65 | 0.53 | 0.43 | 0.35

TABLE 5.3. Average performance of the bounds ub(f), and
ub(f)P" for random instances of MAXCUT (n = 8).

ball, closed form expressions for these moments are known (see, e.g., Table 1
in [dKL19]). For the octagon, they can be computed by triangulation.

5.3.4. The linear case. We consider first the case of a linear polyno-
mial f(x) = fi(x) = x; on X = [~1,1]%, equipped with the Lebesgue
measure. Figure 5.5 shows the values of the parameters Error(fy;X), and
Error(fii; X), - 2. In accordance with Theorem 3.17 (and 3.16(ii)), it ap-
pears indeed that Error(fij; X), = O(1/r?), as suggested by the fact that the
parameter Error(fi; X), - 72 approaches a constant value as 7 grows.

The unit ball. Next, we consider the unit ball B2, again equipped with the
Lebesgue measure. Figure 5.6 shows the values of the ratio:

Error(fy; B%),/Error(f.; [—1,1]%), (5.11)



82 5. COMPUTATIONAL ASPECTS OF MEASURE-BASED BOUNDS

FIGURE 5.1. The Camel function (left) and its sum-of-squares

densities corresponding to ub(f)g (middle) and ub(f )gf (right)
on the unit box.

a0
35

30 - g 30 = g
25 = Opfm 25 === Opfm
20 20 7\

L Sl s

-100 -0.75 -0.50 -025 000 025 050 075 LO( -100 -0.75 -050 -025 000 025 050 075 100 -100 -075 -0.50 -025 000 025 050 075 100

FIGURE 5.2. The functions f(z) = 2?* and their sum-of-

squares densities corresponding to ub(f)g and ub( f)gf on the
interval [—1,1] for £ = 1 (left), ¥ = 3 (middle) and &k = 5
(right).

for * € {li,qu, bo, ma, ca, mo}. Here, fq, € R[x] is the quadratic polynomial:
fqu(x) =x1 + x3.

In each case, the ratio (5.11) appears to tend to a constant value, suggesting
that the error Error(fi; X), has similar asymptotic behaviour for X = [—1, 1]
and X = B?. This matches the result of Theorem 3.19 both in the case of a
minimizer on the boundary (x € {li,qu}) and in the case of a minimizer in the
interior (x € {bo, ma,ca, mo}).

5.3.5. A regular octagon. Consider now a regular octagon:
1 1
Oct = conv{(%1,0), (0, £1), (15\/5,15\/5)} C [-1,1)? (5.12)

equipped with the Lebesgue measure. This is an example of a convex body
that is not ball-like (see Definition 3.22). Note that as a result, the strongest
theoretical guarantee we have shown for the convergence rate of the Lasserre
bounds on Oct is in O(log?r/r?) (see Theorem 4.2). Figure 5.7 shows the
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F1GUuRE 5.3. Comparison of the bounds ub(f), and ub(f)‘r)f
for the four functions in Table 5.1, computed on the unit box
(left) and unit ball (right).
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FIGURE 5.4. Comparison of the bounds ub(f), and ub(f)E!
for functions of the form f(x) = 22* on the interval [—1,1].

values of the ratio:

Error(f.; Oct), /Error(f.; [—1,1]%), (5.13)

for * € {li, qu, bo, ma, ca, mo}. As for the unit ball, the ratio (5.13) seemingly
tends to a constant value for each of the test polynomials. This indicates a
similar asymptotic behaviour of the error Error(f,; X), for X = [~1,1]? and

X = Oct, and suggests that the convergence rate guaranteed by Theorem 4.2
might not be tight in this instance.

5.3.6. The Chebyshev measure. Finally, we consider the Chebyshev
measure du(x) = (1 —x3)~Y2(1 — x3)~1/2dx on [~1, 1]?, which we compare
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0.5 a3
. -
&0 9 o
— &0
—_ —
| —
- 0.25 | 1
= o
5 =
— -
2 =
0 ‘ » B | | |
1 5 10 15 20 1 ) 10 15 20
T T

FIGURE 5.5. The error of the upper bounds ub(f), for
f(x) = x; computed on [~1,1]? w.r.t. the Lebesgue measure.

to the Lebesgue measure. Figure 5.8 shows the values of the fraction:
Error(fi; [—1, 1]27 1) /Error(fi; [—1, 1]2)r (5.14)

for « € {li,qu,bo, ma,ca, mo}. Again, we observe that the fraction (5.14)
appears to tend to a constant value in each case, matching the result of The-
orem 3.17.

Acknowledgements. We thank Utz-Uwe Haus and Angelika Wiegele for
several discussions and their valuable suggestions. We also thank HPE Cray
for making available their high-performance computing architecture.
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—e— Linear —= Quadratic —e— Booth
—— Matyas —+— Camel - -Motzkin

FIGURE 5.6. Comparison of the errors of the upper bounds
ub(f), for the functions in Table 5.1 computed on [—1,1]? and
the unit ball B? w.r.t. the Lebesgue measure.
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—e— Linear —=— Quadratic —e— Booth |
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F1GURE 5.7. Comparison of the errors of the upper bounds
ub(f), for the functions in Table 5.1 computed on [—1,1]? and
the regular octagon Oct (see (5.12)) w.r.t. the Lebesgue mea-
sure.
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—e— Linear —= Quadratic —e— Booth
31— Matyas—+- Camel -e-Motzkin -

Error(fy; [—1,1]?, u),«/Error(f*; [—1,1]?),

FiGURE 5.8. Comparison of the errors of the upper bounds
ub(f), for the functions in Table 5.1 computed on [—1, 1] w.r.t.
the Lebesgue and Chebyshev measures.
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CHAPTER 6

The polynomial kernel method

One of these days, I'm gonna get
organezized.

From Taxi Driver
This chapter is based in part on my work [Slo22].

Let f be a polynomial of degree d. We consider the polynomial optimiza-
tion problem:

Jmin = ;rélg f(X),
where X C R" is a compact semialgebraic set, defined by polynomials g1, ..., gn €
R[x] as:
X={xeR":g;j(x) >0 (1<j<m)}.

Recall from Chapter 2 that the cone P, (X) of nonnegative polynomials on
X may be approximated by the quadratic module Q(X) and the preordering
T(X) of X:

Q(X) := {Zajgj :0j € B[x]} (where gg := 1),
=0

T(X):={ Z 079505 € X[x]} (where g; ::ng).

JC[m] jeJ

By considering degree-restricted versions of the quadratic module and pre-
ordering, we obtain corresponding hierarchies of lower bounds on the global
minimum f;, of f on X:

Ib(f, QX)) :=sup{AeR: f— X € Q(X)a},
Ib(f, T(X)), :=sup{AeR: f—AeT(X)2}

—~

o
[N
— —

Y

89



90 6. THE POLYNOMIAL KERNEL METHOD

as well as upper bounds:

an(r X, =t { [ reueoae s [ aau=1f. 03
(0000, = _int / Fae)du() - [ oG =1}, (640)

ub(f, T(X), p)r := quir(l)f()zr{/Xf(X)q(X)du(X) 1 /Xq(X)du(X) =1}~ (6.5)

Outline. In this chapter, we present a unified approach to establish con-
vergence rates for the lower bounds on certain structured sets X. Namely,
we show a connection between the behaviour of the lower bounds defined in
(6.1), (6.2), the upper bounds defined in (6.3), (6.4), (6.5), and the Christoffel-
Darbouz kernel introduced in Chapter 1. As we explain in Section 6.1, this
connection relies on an application of the polynomial kernel method, employ-
ing a perturbed version of the Christoffel-Darboux kernel. Following this ap-
proach, we are able to show strong convergence results in upcoming chapters
for the lower bounds on the binary cube {0, 1}" (Chapter 7), the unit ball and
the standard simplex (Chapter 8), and the unit box [—1,1]" (Chapter 9).
The Christoffel-Darboux kernel has recently seen increased interest in
the context of (polynomial) optimization [dCGHL21, LP19, MPW*21,
PPL21|. Of particular relevance is the recent work of Lasserre [Las21], where
a link is established between this kernel and the hierarchy of lower bounds (6.1)
(although this link is entirely different from the one we present below).
Essentially as a side result of our proof technique, we also obtain conver-
gence rates for the corresponding hierarchies of upper bounds in these settings.
Indeed, as we explain in Section 6.2, our approach actually makes this rather
elementary. As we will see, however, the obtained rates mostly do not improve
upon existing results. The exception is the binary cube (see Chapter 7).
Finally, our approach allows us to nicely present some known and new
connections between the sum-of-squares hierarchies and bounds for polynomial
optimization problems based on cubature rules. This is the topic of Section 6.3.

6.1. The polynomial kernel method

Here, we present the technique we use to prove the main results of Chap-
ter 7, Chapter 8 and Chapter 9. It is inspired by the strategy used to prove
convergence results for the lower bounds (6.1) on the hypersphere in [FF21].

Let f € R[x] be a polynomial of degree d € N. Assume for simplicity that
we are interested in analyzing the Putinar-type bound 1b(f, Q(X)), for the
minimization of f over a semialgebraic set X. We then wish to show for each
r € N that:

f = fmin +€ € Q(X)2,
for some small ¢ = ¢(r) > 0. Up to translation and scaling, we may assume
that fmin = 0 and that || f||x := maxxex |f(z)] = 1. Recall from Chapter 1
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that P(X) denotes the space of polynomials on X. Suppose that we are able to
construct an (invertible) linear operator K : P(X); — P(X)g which satisfies
the following three properties:

K(1) =1, (P1)
Kp € O(X)s for all p € Py (X)g (P2)
max K™ f(x) - f(x)| <. (P3)

We claim that we then have f + ¢ € Q(X)s,. Indeed, since f is nonnegative
on X by assumption, we know that f(x) + e > ¢ for x € X. By properties
(P1) and (P3), it follows that K=1(f + ¢) € P, (X). Using property (P2), we
may thus conclude that:

fre=K(K(f+¢) € QX)a,

meaning that fmin —1b(f, Q(X)), <e.

We may thus establish convergence rates for the Putinar-type bounds (6.1)
by showing the existence (for each r € N) of an operator K which satisfies
(P1), (P2) and (P3) with ¢ = &(r) small. We summarize this observation in
the following Lemma for future reference.

LEMMA 6.1. Let X C R" be a compact semialgebraic set and let f be a
polynomial on X of degree d. Suppose that there exists a nonsingular linear
operator K : P(X)g — P(X)q which satisfies the properties (P1), (P2) and
(P3) for certain e > 0. Then fuin — 1b(f, (X)), <e.

Note that by replacing the quadratic module Q(X) by the preordering
7 (X) in the above, we may use the exact same technique to establish conver-
gence rates for the Schmiidgen-type bounds (6.2). For clarity, we will use the
quadratic module throughout this chapter, but all results carry over immedi-
ately.

6.1.1. Constructing a linear operator. In light of Lemma 6.1 above,
we wish to construct linear operators that satisfy (P1), (P2) and (P3). For
this purpose, we apply the polynomial kernel method. Let us recall the setup
for kernel operators from Chapter 1.

Let K: X x X — R be a polynomial kernel on X, meaning that K(x,y)
is a polynomial in the variables x,y. After choosing a finite, Borel measure
p supported on X, we have an inner product (-,-), on the space P(X) of
polynomials on X given by:

Q) = /X P(E)gx)du(x) (p.q € P(X)).

Using this inner product, we may associate a linear operator K : P(X) — P(X)
to K by setting:

Kp(x) == (K(%, ), p)u = /X K, y)p(y)duly) (p€R).  (6.6)
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It turns out the operator K associated to a kernel K via (6.6) satisfies (P2)
if the polynomial x — K(x,y) lies in Q(X)q, for all fized y € X.

LEMMA 6.2. Let X C R" be a compact semialgebraic set, and let p be a
finite measure supported on X. Let Q C R[x] be a conver cone, and suppose
that K : X x X = R is a polynomial kernel for which K(-,y) € @Q for each
y € X fized. Then if p € R[x] is nonnegative on X, we have Kp € Q. That
is, when selecting Q = Q(X)ay, the operator K associated to K satisfies (P2).

PRrROOF. Let {(y;,w;) : 1 <i < N} C X x Ry be a cubature rule (see
also Section 6.3 below) for the integration of polynomials of degree up to
deg(p) + deg(K) over X w.r.t. the measure p, whose existence is guaranteed
by Tchakaloff’s Theorem [Tch57] (see also [dKL19]). Then by definition, we
have:

Kp(x) = /X K,y )p(3)dy) = S Kl yiwp(ys) (x € X).
=1

Asw;p(y;) > 0and K(-,y;) € Q for all 1 < ¢ < N, this shows that Kp € Q. O

Recall the Christoffel-Darbouz kernel CDa, of degree 2r, which is defined
in Chapter 1 in terms of a (graded) orthornormal basis { P, : « € N"} for P(X)
w.r.t. (-, ), as:
CDQT(XaY) = Z Pa(X)Pa(Y)'
|a|<2r
The operator CDg, associated to CDg, via (6.6) reproduces the space of poly-
nomials of degree up to 2r, i.e., it satisfies:

CD2rp(X) = p(X) (X €X, pe€ R[X]Qr)'

In other words, it is diagonal w.r.t. the basis {P,}, and its eigenvalues are
all equal to 1. The idea now is to choose our kernel K by perturbing the
Christoffel-Darboux kernel, that is, to consider a kernel of the form:

K(x,y) = CD2(x,y; ) i= Y AaPa(x)Paly) (Mo €R), (6.7)

|a| <27

whose associated operator K has eigenvalues equal to the coefficients A,. It
then remains to select these coefficients in such a way that the properties (P1),
(P2) and (P3) are all satisfied.

6.1.2. Choosing the coefficients. Consider a kernel K(x,y) =
CDa,(x,¥; ), together with its associated operator K. As we have:

K(1) = Ao,
it is clear that K satisfies (P1) if and only if A\ = 1. As we explain now,
(P3) is satisfied when the coefficients A, |@| < d are sufficiently close to 1.

Recall that we consider in (P3) a polynomial f on X of degree d, whose sup-
norm ||f|lx over X is at most 1 by assumption, and that we wish to bound
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IK~1f — fllx. As the polynomials {P, : |a| < d} form a basis of P(X)4, we

may write:
= Z Ja(x)
la|<d
where f, € span{P,}. Assuming that \o =1 and A\, # 0 for |a| < d, we then
have K1 f = ZZ _o(1 =1/X4) fa and so:

K= fllx =1 Y (1 =1/Aa) fallx < maXIIfaHx D 1=1/Xa] (6.8)
la|<d lof<d
In light of (6.8) and Lemma 6.2, we thus want to find coefficients A = (Aa)|a|<2r
such that:
(1) do=1and A\, = 1 for all |a] < d;
(2) z— K(x,y) = CDa(x,y; A) € Q(X)2, for all y € X.

How one might find A simultaneously satisfying these both conditions de-
pends on the structure of X. Roughly speaking, one may distinguish three
cases: a) the binary cube and unit sphere; b) the unit ball and the standard
simplex; and ¢) the unit box [—1,1]™. These cases are discussed in detail in
their respective chapters. Here, we sketch the main ideas.

The binary cube and unit sphere. On the binary cube and the unit sphere,
the Christoffel-Darboux kernel may be written in a particularly simple form
using addition formulas for Krawtchouk and Gegenbauer polynomials, respec-
tively. Let us use the unit sphere to illustrate. As we saw already in Chapter 1,
the Christoffel-Darboux kernel there is of the form:

CDQT X y ng (69)

Therefore, we should define our kernel K by
n 3
K(Xv y) CDQT X y7 Z )‘kgk ) )

Note that with respect to (6.7), we write here Ala] = Aa = Ag whenever
la| = |B]. It is not hard to see that K(-,y) € Q(X)2, when the univariate

polynomial:
n 3)
Z NG, 2

is a sum of squares of degree 2r. It thus remains to find a such a univariate
q € X[z], for which \y = 1 and A\ = 1 for all 0 < k < d. This is precisely
what Fang and Fawzi do in [FF21], and what we will do (in the context of the
binary cube) in Chapter 7. As we explain in more detail there, the problem
of finding an optimal ¢ in fact reduces to analyzing a univariate instance of
the upper bounds (6.3). This reduction relies on the fact that the Gegenbauer
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polynomials form an orthogonal basis for R[x|, and the coefficients A are thus
given (up to scaling) by:

e 2
Al X G, * (x2)q(z)(1 —27) 2 dx.
—1

(Note in particular that the condition Ao = 1 means that ¢ is a density!).
As we have seen in Chapter 2 and Chapter 3, the upper bounds may be
analyzed in the univariate case by considering the roots of the respective or-
thogonal polynomials. As these roots are well-understood for Gegenbauer
and Krawtchouk polynomials, this yields the convergence rate O(1/r2) for the
lower bounds Ib(f, Q(S™ 1)), in [FF21], and the convergence rate of Theo-
rem 7.1 for 1b(f, ©Q({0,1}")),, respectively.

The unit ball and the standard simplex. For the unit ball B and the
standard simplex A", expressions of the Christoffel-Darboux kernel as nice
as (6.9) are not available. Fortunately, we can make use there of alternative
expressions (8.17), (8.19) due to Xu [Xu99, Xu98|. These expressions are
more complicated than (6.9), but they retain a key property; namely they
allow CDy,(x,y;\) to be written as the composition of a (relatively simple)
multivariate polynomial with a univariate polynomial ¢ of degree 2r. The
coefficients A are then again related to the decomposition of ¢ into the basis of
Gegenbauer polynomials. Although it will be slightly more involved to show
this, it turns out again that CDg,(x,y; A) lies in Q(B™)a, (resp. T(A™)y,) if
q is a sum of squares of degree 2r. From there, the rest of the analysis is very
similar to the case of the unit sphere. In Chapter 8, this yields convergence
rates in O(1/r?) for the lower bounds 1b(f, Q(B™)), and Ib(f, T (A")),.

The unit box [—1,1]|". Finally, we treat the unit box [—1,1]” in Chapter 9.
Our strategy there is a bit different. Namely, we make use of the so-called Jack-
son kernel K5 on the interval [—1,1]. This kernel is equal to the perturbed
Christoffel-Darboux kernel CDa,(x,y; A) on [—1, 1] with respect to the Cheby-
shev measure p for a certain choice of coefficients A\. These coefficients are
known to tend to 1 at a rate in O(1/72?). As mentioned in Chapter 2, this fact
was already exploited in [dKHL17] to obtain convergence rates for the upper
bounds ub(f, 7([-1,1]"), u),. Furthermore, it is known that K} (z,y) > 0
for all 2,y € [~1,1], which immediately implies that K(-,y) has a represen-
tation in 7 ([—1 1]) or (see Section 9.2). As we will see in Chapter 9, in order
to move from the univariate to the multivariate case, one should then consider
the kernel:

K¢ (x,y) HKJac Xi, Yi)-

6.1.3. The harmonic constant. We have so far conveniently ignored
the constants || fo||x that occur in (6.8). Using only the equivalence of norms
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on finite-dimensional vector spaces, one may say immediately that there exists
a constant (depending on n and d) so that || fo||x < ¢||f||x for all polynomials
f of degree d. In the special cases we consider, however, one can say more.
We will go into this in quite some detail in upcoming chapters. Roughly
speaking, one may show for the unit sphere and the binary cube that these
constants may be bounded independently of the dimension n, see [FF21] and
Section 7.4, respectively. For the unit ball, the standard simplex and the
box [—1,1]", the constants may be shown to depend polynomially on n (for
fixed d) and polynomially on d (for fixed n), see Section 8.3.1 and Section 9.3,
respectively. As we discuss later, it is an open question whether a bound
independent of the dimension may be shown in these cases as well.

6.2. Analysis of the hierarchies of upper bounds

In this section, we explain how to use the polynomial kernel method devel-
oped in this chapter to obtain convergence results for the upper bounds (6.4),
(6.5). As we have seen in Chapter 4, one method of analyzing the behaviour of
the upper bounds (employed, e.g., in [dKHL17, dKL10, dKL18, dKLS17,
SL20]) is to exhibit an explicit probability density o € R[x] on (X, u) which
lies in the appropriate cone, and for which the difference:

/ F()0(x)Ap(x) — Funin
X

can be bounded from above. We exhibit such a ¢ here based on the perturbed
Christoffel-Darboux kernels (6.7) constructed in Section 6.1.

Write K(x,y) = CDa,(x,y; A) for such a kernel. Assume that the associ-

ated operator K satisfies (P1) and that:

mae [K (%) — [(x)] <. (6.10)
for some ¢ > 0. The difference with (P3) is that we consider there the inverse
kernel operator K~1. As we explained though, we establish (P3) by showing
that the eigenvalues A of K are sufficiently close to 1, in which case (6.10) also
holds. For details, see Section 7.2.

Assume finally that K(-,y) € Q(X)g, for all y € X (which we recall is
the condition we use to show that K satisfies (P2) in Lemma 6.2 above). Let
x* € X be a global minimizer of f over X, and consider the polynomial o
given by:

o(x) =K(x,x") (xeX).
By assumption, o € Q(X),,. As K satisfies (P1), we have:

[ oGt = K1) = 1,
X
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meaning that o is a probability density on X w.r.t. p. The polynomial o is
thus a feasible solution to (6.4). Furthermore, by (6.10) we have:

/X )0 () dp(x) — fuin = KF(x") — F(x7) < e.

We may thus conclude that ub(f, Q(X), i), < e. By replacing Q(X) by 7(X)
in the above, the same argument works for ub(f, 7(X), ).

The upshot is that whenever we apply the polynomial kernel method in
future chapters to obtain convergence rates for the hierarchies of lower bounds,
we more or less automatically obtain rates for the corresponding upper bounds
as well. As we have mentioned, these rates are usually not better than the
ones yielded by a direct analysis.

6.3. Sum-of-squares hierarchies and cubature rules

To close this chapter, we present some connections between sum-of-squares
hierarchies and cubature rules. Let X C R" be a compact set equipped with
a measure p. Let r € N. We say that:

W= {(xj,wj) : 1<j<N}CX xR (6.11)

is a cubature rule for (X, ) of power r and size N if:

N
/ p()dp(x) = 3 wip(x;)
X i=1

for all polynomials p € P(X) of degree r. We say that W is positive when
wj >0forall 1 <j<N.

6.3.1. An upper bound. Let us move back to the context of minimizing
a polynomial f of degree d over X. Given a cubature rule W for (X, u) as
in (6.11), one may naturally define an upper bound on the global minimum
fmin of f by setting:

= i i) 2 Jmin-
Ub(fa X7 W)cub lgjl'lSnN f(xj) - f

Indeed, we have simply sampled the feasible region X. The point is that when
W is positive and has power at least 2r+d, the resulting bound ub(f, X, W)cup
is at least as good as the measure-based upper bound ub(f, X, u),. This
fact was first pointed out in [MPSV20]. It was used by de Klerk and Lau-
rent [dKL19] to show tightness of their analysis in [dKL20b] of the measure-
based bounds on [—1, 1]". Some further implications can be found in [dKL19]
as well. It can be proven as follows. Let o* € X[x], be an optimum solution
to the program (6.3) defining ub(f, X, it),, meaning o* is a density and

/X F()0* (x)dp(x) = ub(f, X, ).
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Using the definition of a cubature rule, the fact that deg(c*) = 2r and the
fact that w; > 0, we see that:

Ub(f,X;M)r:/Xf(X)U* ijf x;j)o"(x;)

> 1gu<an X;) Zw] (x5) = ub(f, X, W)cub.
A similar argument works for the bounds ub(f, Q(X), i), ub(f, T (X), ), and
the push-forward bound ub(f, X, u),.

Optimizing over gridsets. Having seen that optimizing over the points of
a cubature rule on X yields a good upper bound on fu,, it is natural to
ask what happens when we optimize instead over a simpler subset of X, and
indeed, this question has been considered in the literature. For example, op-
timizing over the mesh G, = {i/r : 0 < ¢ < r}" C [0,1]", r € N yields an
upper bound which is within O(1/r2) of the true minimum of a polynomial
f on [0,1]", see [dKLLS17]. An analogous statement holds on the simplex,
see [dKLVS17]. These upper bounds thus have the same asymptotic error in
r as Lasserre’s measure-based upper bounds. Importantly, though, we should
note that for fixed » € N, the set G, (used for the hypercube) is of expo-
nential size (r + 1)", whereas the measure-based bounds may be computed in
polynomial time.

6.3.2. A lower bound. One may also use cubature rules to define lower
bounds on fmin. As we will see now, though, this is a bit more involved. We
begin with a slight reinterpretation of the polynomial kernel method above.
Let K be a polynomial kernel on X whose associated operator K satisfies
properties (P1) and (P2). Consider the parameter:

Ib(f, X, K)harm := xmel)lg K f(x). (6.12)

As the notation suggests, this parameter is a lower bound on fui,. In fact, it
is a lower bound on 1b(f, Q(X)),. Indeed, the function

L = b(f, X K narm
is nonnegative on X by definition. By (P1) and (P2), we thus have:
f = (£, X, K)harm = K(K ™ f = Ib(f, X, K)harm) € Q(X)a2r,
showing that (cf. (6.1)):
Ib(f, X, K)harm < 1b(f, Q(X))r < finin- (6.13)

This gives us the following (informal) reinterpretation of Lemma 6.1 (which
we find rather clarifying).
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REMARK 6.3. Let € > 0, and suppose that we are able to find a kernel K
on X which satisfies (P1), (P2) and for which:

fmin - lb(f, X, K)harm <e. (614)
Then fmin - lb(f, Q(X))r <e.

In light of this remark, all that remains to analyze 1b(f, Q(X)), is thus to
construct kernels K for which fuin —Ib(f, X, K)parm is small, which is precisely
what we will do in upcoming chapters.

From a practical point of view, the problem with the bound Ib(f, X, K)parm
is that it is not clear how one may compute it. Indeed, even if one is able to
evaluate the function K~!f(x) for all x € X, one still has to determine the
minimum (6.12). We can address this problem using a cubature rule; which
is an idea due essentially to Christancho and Velasco [CV22] (who consider
specifically the case X = S"1). Let W = {(xj,w;) : 1 < j < N} again be a
positive cubature rule for (X, u) of power 2r 4+ d. Consider the parameter:

- ; -1 .
lb(fv Xa Ka W)Cub = lgju<nNK f(Xj)7

which may be computed by evaluating K~!f(x) at only N points x € X.
Again, as our notation suggests, this parameter is a lower bound on fii,.
More precisely, we have:

lb(fv X7 K)harm < 1b<f7 X7 K7 W)Cub < 1b(f7 Q(X))T < fmin~ (615)

The first inequality is by definition. The second inequality follows in a way
similar to (6.13) (the attentive reader may also recognize the argument from
the proof of Lemma 6.2): Note that K~ f(x;) — Ib(f, X, K, W)eup > 0 for all
1 < 7 < N by definition. Assuming that K(-,y) € Q(X)g, for all y € X, it
follows that:

f(X) - 1b(f7 X, K7 W)Cub = KK_l (f(X) - lb(fv X, K7 W)cub)

K(Xa Y) (K_lf(Y) - lb(fa X7 Ka W)Cub)d:u(Y)

T

N
= Z I{(X7 Xj)wj (Kilf(Xj) — 1b<f, X, K, W)cub)
j=1

which shows that f(x) — Ib(f, X, K, W)cup lies in Q(X)s,, and thus that:
1b(f7 X7 K') W)cub S 1b(f7 Q(X)>7’

In upcoming chapters and in the work [FF21] on S"~!, convergence rates
for the sum-of-squares bounds 1b(f, Q(X)), are always shown by constructing
kernels K, in Q(X)s, of increasing degree r for which the (weaker) bounds
Ib(f, X, K; )harm are close to fmin. By (6.15), this immediately implies conver-
gence rates for the bounds Ib(f, X, K, W)cup as well.



6.4. DISCUSSION 99

The hypersphere. Consider the special case of minimization of a polynomial
f over the unit sphere S"~!. In [FF21], the authors construct kernels K, in
Q(S™ )9, that satisfy (6.14) with e = O(1/r?), thereby showing that the
bounds 1b(f, Q(S™ 1)), converge to fmin at a rate in O(1/r?). By (6.15),
this directly implies the same convergence rate for the cubature based bounds
Ib(f, S 1 Ky, W)eup- In light of this fact, it would be interesting to actually
compute these bounds. There are two potential obstacles in doing so. First,
one needs to be able to evaluate K, !f(x) for x € X. Second, one needs a
(preferably small) positive cubature rule W of power 2r + deg(f) for S"~1
(w.r.t. the uniform measure). As the kernels K, are of the form (6.7), the first
obstacle can be overcome using the formula (6.9). In [CV22], the authors
overcome the second obstacle in part by using numerically stable cubature
rules of size N =~ r”. Fixing n, this results in an alternative hierarchy of
tractable lower bounds on fu, which may be computed without the need to
solve any semidefinite programs.

6.4. Discussion

We have presented a unified approach to prove convergence rates for the
lower bounds based on kernel operators, and the Christoffel-Darboux kernel
in particular. In upcoming chapters, we specialize our method to particular
sets X, which include the binary cube, the unit ball, the standard simplex and
the box [—1,1]".

Connecting different hierarchies. Our method also reveals some connec-
tions between upper and lower bounds using sums of squares and bounds
using cubature rules, which we have presented in Section 6.2 and Section 6.3.
They may be summarized as follows. Let X be a compact semialgebraic set
equipped with a measure p. Suppose we have a kernel K on X in Q(X)s, and
assume that its associated operator K satisfies K(1) = 1. Furthermore, let
W = {(xj,w;) : 1 < j < N} be a positive cubature rule for (X, ) of power
2r + deg(f). Then we have:

lb(fa X, K)harm < lb(fv X, K, W)cub < 1b(f7 Q(X))T < fmin < Ub<f~, X, W)cub < Ub(f: X)T < Kf(X*)

Il Il Il Il
IN

. -1 . —1 . * . . .
min K™ f(x) \in K f(x5) f(x") \ning f(x5) min K f(x)

Possible extensions. In Part 1 of this thesis, we saw that one can show
(near) tight convergence rates for the measure-based upper bounds in a very
general setting. Obtaining such general results for the lower bounds using
our method of proof seems difficult; so far it can only be applied to highly
structured sets X, where the Christoffel-Darboux kernel admits a nice expres-
sion. It is an important open question whether one may adapt our method to
settings with less structure.
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In regards to the lower bounds based on cubature rules discussed in Sec-
tion 6.3, it should in principle be possible to perform explicit computations
on some of the sets we consider in future chapters. In order to do so, one
would have to adapt the ideas used in [CV22] for the hypersphere S™. Most
importantly, one would need to find good cubature rules for these sets.

Acknowledgments. We thank Monique Laurent and Mauricio Velasco for
fruitful discussions on the presentation of the material and the connection to
cubature rules.



CHAPTER 7

Application: The binary cube

I have completely forgotten the symbolic
calculus.

Emily Noether

This chapter is based on my joint work [SL21b] with Monique Laurent.

We consider the problem of minimizing a polynomial f € R[x] of degree
d < n over the n-dimensional binary hypercube B" = {0,1}", i.e., of comput-
ing:

fmin := min f(x). (7.1)

xeBn

This optimization problem is NP-hard in general. Indeed, as is well-known,
one can model an instance of MAX-CUT on the complete graph K, with edge
weights w = (w;;) as a problem of the form (7.1) by setting:

F) == > wi(xi—x))%
1<i<j<n
As another example one can compute the stability number a(G) of a graph
G = (V, E) via the program

a(G@) = max in— Z XiX;j.
9%

BIVI 4
= lij)eE

One may replace the binary cube B" = {0, 1}" by the discrete cube {£1}", in
which case maximizing a quadratic polynomial x" Ax has many other appli-
cations, e.g., to MAX-CUT [GW95], to the cut norm [AINO04], or to correlation
clustering [BBCO04]. Approximation algorithms are known depending on the
structure of the matrix A (see [AN04, CW04, GW95]|), but the problem
is known to be NP-hard to approximate within any factor less than 13/11
[ABH*05].

Sum-of-squares hierarchies on the binary cube. The binary cube is a
semialgebraic set, with description:
B" = {x?—x;=0:1<i<n}.

101
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The space P(B") of polynomials on {0, 1}" is given by R[x|/Z, where T is the
ideal generated by the polynomials x; — x2,...,%, — x2. Alternatively, we
have:

[\

P(B") = span{x® : a € {0,1}"}.

Lower bounds. The quadratic module Q(B"™) and preordering 7 (B™) in this
case are rather special; namely, we have:

Q(B") =T (B") = {p € R[x] : p is a sum of squares on B"}.

Here, ‘p is a sum of squares on B™’ means that there exists a sum of squares
q € X[x] such that p(x) = ¢g(x) for all x € B"; or alternatively that p — ¢ lies
in the ideal Z. The lower bounds Ib(f, Q(B™)), and Ib(f, 7 (B™)), on fui, are
therefore equal, and given by:

sup {f — A is a sum-of-squares of degree at most 2r on B"}.
AER
For simplicity, we will write Ib(f), for these bounds throughout this chapter.
Another peculiarity of this setting is that the bounds Ib(f), have finite
convergence: 1b(f), = fmin for r > n [Las01, Lau03a]. In fact, it has been
shown in [STKI17] that the bound 1b(f), is exact already for 2r > n+d— 1.
That is:

ID(f)y = funin for r > %‘H.

In addition, it is shown in [STKI17] that the bound lb(f), is exact for
2r > n+d — 2 when the polynomial f has only monomials of even degree.
This extends an earlier result of [FSP16] shown for quadratic forms (d = 2),
which applies in particular to the case of MAX-cUT. Furthermore, this result
is tight for MAX-CUT, since one needs to go up to order 2r > n in order to
reach finite convergence (in the cardinality case when all edge weights are 1)
[Lau03b]. Similarly, the result (7.2) is tight when d is even and n is odd
[KLM16].

(7.2)

Upper bounds. Let u be the uniform probability measure on B". In addition
to the lower bound 1b(f),, we also consider the measure-based upper bound
ub(f, B™, ), on fumin, which we recall is defined as follows:

ub(f, X, p)y := inf { - f(x) - s(x)du(x) : /n s(x)dp(x) = 1} . (7.3)

SEX[x]2r

Throughout this chapter, we shall simply write ub(f), for this bound. The
bound ub(f), also converges to fmin in finitely many steps [Las11]; in fact it
is not difficult to see that it is exact at order r = n and that this is tight (see
Section 7.3).
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Outline. The main contribution of this chapter is an analysis of the quality
of the bounds lb(f), for parameters r,n € N with 2r < n+d—1, i.e., for which
the bounds are not exact. The following is our main result, which expresses
the error of the bound Ib(f), in terms of the roots of Krawtchouk polynomials,
which we recall from Chapter 1 are classical univariate orthogonal polynomials
with respect to a discrete measure on the set {0,1,...,n} (see also Section 7.1
below).

THEOREM 7.1. Fizd < n and let f € R[x] be a polynomial of degree d. For
r,n € N, let &' be the least root of the degree r Krawtchouk polynomial (7.11)
with parameter n. Then, if (r +1)/n < 1/2 and d(d+1) - &' /n < 1/2, we
have:

fminH;Hlb(f)r <2Cq- &l /0. (7.4)

Here Cy > 0 is an absolute constant depending only on d and we set || f||co :=
maxyep |f(x)].

The extremal roots of Krawtchouk polynomials are well-studied in the
literature. The following result of Levenshtein [Lev98] shows their asymptotic
behaviour.

THEOREM 7.2 ([Lev98]|, Section 5). Fort € [0,1/2], define the function

o(t) =1/2 — V1 —1). (7.5)

Then the least root £ of the degree r Krawtchouk polynomial with parameter
n satisfies

& /n < p(r/n) +c- (r/n)~V0 0727 (7.6)

for some universal constant ¢ > 0.

Applying (7.6) to (7.4), we find that the relative error of the bound Ib(f),
in the regime r ~ ¢ - n behaves as the function p(t) = 1/2 — \/t(1 —t), up
to a term in O(1/n?/3), which vanishes as n tends to co. As an illustration,
Figure 7.1 in Section 7.5 shows the function ¢(t).

As we explain below, we will use the polynomial kernel method of Chap-
ter 6 to prove Theorem 7.1. As we saw in Section 6.2, we can show the
following analog of Theorem 7.1 for the upper bounds ub(f), as a side result.
To our knowledge this is the first analysis of the upper bounds on B™.

THEOREM 7.3. Fix d < n and let f € R[x] be a polynomial of degree d.
Then, for any r,n € N with (r +1)/n < 1/2, we have:

ub(f)r - fmin
[1f 1l

where Cyg > 0 is the constant mentioned in Theorem 7.1.

S Cd : évq}—l—l/na
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Note that the above analysis of ub(f), does not require any condition on
the size of {' | as was necessary for the analysis of Ib(f), in Theorem 7.1.
Indeed, as will become clear later, the condition put on & ; follows from a
technical argument (see Lemma 7.13), which is not required in the proof of
Theorem 7.3.

Asymptotic analysis for both hierarchies. The results above show that
the relative error of both hierarchies is bounded asymptotically by the function
©(t) from (7.5) in the regime r ~ ¢ - n. This is summarized in the following
corollary, which can be seen as an asymptotic version of Theorem 7.1 and
Theorem 7.3.

COROLLARY 7.4. Fix d <n and for n,r € N write

By (n) = S {Fmin = 16(F)r 2 | flloo = 11,

EM(n) = sup {ub(f)r — fauin : [Ifllcc = 1}.
JER[]q
Let Cy be the constant of Theorem 7.1 and let p(t) be the function from (7.5).
Then, for any t € [0,1/2], we have:
lim E(n) < Cy- ()

r/n—t
and, if d(d+ 1) - p(t) < 1/2, we also have:
lim E(r) (n) <2. Cd : go(t).

r/n—t
Here, the limit notation r/n — t means that the claimed convergence holds
for all sequences (nj); and (r;); of integers such that lim;_,oon; = oo and
limj_mo rj/nj =1.

We close with some remarks. First, note that ¢(1/2) = 0. Hence Corollary
7.4 tells us that the relative error of both hierarchies tends to 0 as r/n — 1/2.
We thus ‘asymptotically’ recover the exactness result (7.2) of [STKI17].

Our results in Theorems 7.1 and 7.3 and Corollary 7.4 extend directly to
the case of polynomial optimization over the discrete cube {#1}" instead of
the binary cube B™ = {0, 1}", as can easily be seen by applying a change of
variables x € {0,1} +— 2z — 1 € {£1}. In addition, as we show in Appendix
7.5, our results extend to the case of polynomial optimization over the g-ary
cube {0,1,...,qg — 1}" for ¢ > 2.

Overview of the proof. As mentioned, we follow the proof strategy of Chap-
ter 6. For convenience, we sketch here the specialization of this method to the
setting of the binry cube. Let f € R[x]|; be the polynomial with degree d
for which we wish to analyze the bounds 1b(f), and ub(f),. After rescaling,
and up to a change of coordinates, we may assume w.l.o.g. that f attains
its minimum over B™ at 0 € B™ and that fim = 0 and fiax = 1. So we
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have || f||co := maxxepn | f(x)| = 1. To simplify notation, we will make these
assumptions throughout this chapter.

Let u be the uniform probability measure on B™. A kernel K : B” x B” — R
induces a linear operator K on the space of polynomials P(B") by:

Ko(x) = [ py)KGy)duty) = 57 3 pyKxy).
yeBn

Recall from Chapter 6 that in order to analyze the lower bounds Ib(f),, it
suffices to construct a kernel K whose associated operator K is invertible and
satisfies:

K(1) =1, (P1)
Kp € Q(B"), for all p € P4 (B")y (P2)
max K f(x) - f(x)] <e. (P3)

LEMMA 7.5 (Specialization of Lemma 6.1). Let K be a kernel whose asso-
ciated operator satisfies (P1), (P2) and (P3). Then we have fumin —1b(f), < e.

PRrOOF. Writing f(x) = f(x) + &, we have:

K™ = Flloe = K7 = flloc < ellflloc =&

where we use the fact that K(1) =1 = Ktl(l) for the first equality and (P3)
for the inequality. We then see that K1 f(x) > f(x) — e = f(X) > fmin =0
on B”, and so (P2) implies that:

f(x)+e=KK!(f+¢) € Q(B"),
or in other words that fuin — Ib(f), < e. O

As we see below, the key feature of this setting is that the Christoffel-
Darboux kernel CDg, is given by:

2r
CDor(x.y) = Y K (d(x.y)) (x,y € B,
k=0

where IC,E;n) is the Krawtchouk polynomial of degree k, and d(x,y) = |[|[x—y|1
denotes the Hamming distance between x and y. The idea is then to consider
a kernel K on B" of the form:

K(x,y) = u’(d(x,y)),

where u € R[z], is a univariate polynomial of degree at most r. This kernel
clearly lies in Q(B"™)q, for fixed y € B". By Lemma 6.2, this implies that
its associated operator K satisfies (P2). Furthermore, if we write u?(x) =
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irzo AkK,gn)(x) in the basis of Krawtchouk polynomials, we then have:

2r
K(x,y) = u*(d(x,y)) = > MK (d(x,y)) = CDa(x, y3 \),
k=0

where CDg,(x,y;A) is the perturbed Christoffel-Darboux kernel (6.7). The
eigenvalues of K are thus equal to Ag, A1, ..., Ao. As we have seen in Chap-
ter 6, K therefore satisfies (P1) if A\ = 1, and (P3) if \y = 1 for 1 <k <d
(we make this precise in Section 7.2).

Interestingly, the problem of finding a polynomial u for which the co-
efficients A satisfy these properties reduces to analyzing the quality of the
measure-based upper bounds in a particular univariate setting. In order to
perform this analysis and conclude the proof of Theorem 7.1, we make use of
the connection between the upper bounds and roots of orthogonal polynomials
(in this case the Krawtchouk polynomials) mentioned first in Chapter 2.

Organization. The rest of the chapter is structured as follows. We review the
necessary background on Fourier analysis on the binary cube in Section 7.1.
Then, in Section 7.2, we give a proof of Theorem 7.1. In Section 7.3, we
discuss how to generalize the proofs of Section 7.2 to obtain Theorem 7.3. In
Section 7.4, we give the proof of a technical lemma needed in the proof of The-
orem 7.1. Finally, we we indicate in Section 7.5 how our arguments extend to
the case of polynomial optimization over the g-ary hypercube {0,1,...,q — 1}"
for ¢ > 2.

7.1. Preliminaries

In this section, we cover some standard Fourier analysis on the binary
cube, most of which can also be found in Chapter 1. We also prove some
small statements on Krawtchouk polynomials that we will need later.

7.1.1. Notations. For n € N, we write B” = {0,1}" for the binary
hypercube of dimension n. We let i denote the uniform probability measure on
B", given by p = 2% > xepn Ox; Where 0y is the Dirac measure at x. Further, we
write [x| =) . x; = [{i € [n] : x; = 1} for the Hamming weight of x € B", and
d(x,y) = |{i € [n] : x; # yi}| for the Hamming distance between x,y € B".
We let Sym(n) denote the set of permutations of the set [n] = {1,...,n}.

We consider polynomials p : B® — R on B". The space P(B") of such
polynomials is given by the quotient ring of R[x] over the equivalence relation
p ~ q if p(x) = ¢(x) on B". In other words, P(B") = R[x|/Z, where 7 is
the ideal generated by the polynomials x; — x? for i € [n], which can also be
seen as the vector space spanned by the (multilinear) polynomials [, ; x; for
I C[n].

For a < b e N, we let [a : b] denote the set of integers a,a + 1,...,b.
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7.1.2. The character basis. Let (-,-), be the inner product on P(B")
given by:
1
= | PR = 5 3 ).
xeBn
The space P(B") has an orthonormal basis w.r.t. (-,-), given by the charac-

ters:
Xa(¥) = (-1)**= J[ @ -2%x;) (ae€B"). (7.7)
ia;=1
In other words, the set {x, : @ € B"} of all characters on B" forms a basis for
P(B") and

1
(X Xb)u = 5 D Xa(X)X5(X) = dap  Va,bEB". (7.8)
xeBn"
Then any polynomial p € P(B") can be expressed in the basis of characters,
known as its Fourier expansion:

px) = 3 Bla)xalx) Vx € B (7.9)
acBn
with Fourier coefficients p(a) := (p, Xa)u € R.

The group Aut(B") of automorphisms of B" is generated by the coordinate
permutations, of the form x + o(x) 1= (Xg(1), - - -, Xo(n)) for o € Sym(n), and
the automorphisms corresponding to bit-flips, of the form x € B" — x®a € B”
for a € B"™. If we set

Hy, = span{xa : |a| = k} (0 <k< n),

then each Hy, is an irreducible, Aut(B")-invariant subspace of P(B") of dimen-
sion (). Using (7.9), we may then decompose P(B") as the direct sum:

P(B")=Hy L H L---1H,,
where the subspaces Hj, are pairwise orthogonal w.r.t. (-,-),. In fact, we have

that P(B")y = Hop L H; L --- L Hy for all d < n, and we may thus write any
p € P(B")4 (in a unique way) as

p=po+pi+---+pi (px € Hy).

The polynomials py € Hy (k = 0,...,d) are known as the harmonic compo-
nents of p and the decomposition (7.1.2) as the harmonic decomposition of p.
We will make extensive use of this decomposition throughout.

Let St(0) € Aut(B") be the set of automorphisms fixing 0 € B", which
consists of the coordinate permutations x — o(x) = (Xy(1);---,Xs(n)) for
o € Sym(n). The subspace of functions in Hj, that are invariant under St(0)
is one-dimensional and it is spanned by the function

X% = 3 xal). (7.10)

la|=k
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These functions X are known as the zonal spherical functions with pole
0 € B

7.1.3. Krawtchouk polynomials. For k € N, the Krawtchouk polyno-
mial of degree k (and with parameter n) is the univariate polynomial in z
given by:

k
[T\ [(n—2x
K (@) = Z(—D’(.) <k ) (7.11)
pa i —1
The Krawtchouk polynomials form an orthogonal basis for R[z] with respect

to the inner product given by the following discrete probability measure on
the set [0:n] ={0,1,...,n}:

w = 2% iw(m)égg, with w(z) = (’;)

t=0
Indeed, for all k, k" € N we have:

n n n n
I K = 2n21€ (@)K (2)w ()zak,k(k). (7.12)

The following (well-known) lemma explains the connection between the
Krawtchouk polynomials and the character basis on P(B").

LEMMA 7.6. Let x € [0 : n] and choose x,y € B" so that d(x,y) =
Then for any 0 < k < n we have:

= Z Xa(X)Xa(Y)’ (713)
la|=k
In particular, we have:
D(z) = xa(170777) = X5, (170"7), (7.14)

la|=k
where 170"~% € B" is given by (1°0"*); =1 if 1 <i <z and (170" %); =0
ife+1<i<n.

PRrOOF. Noting that xq(X)xa(¥) = Xo(x +¥) and |x + y| = d(x,y) = z,
we have:

k
> xa®)xay) =Y (—1) - #{lal =k :a- (x+y) =i}
jal=k i=0
k
_ i(T\(n—2\ _
=3 (5) () =
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From this, we see that any polynomial p € P(B"), that is invariant under

the action of St(0) is of the form Zzzl /\lefﬁn)(|x|) for some scalars A\, and
thus p(x) = u(|x|) for some univariate polynomial u € R[z]4.

It will sometimes be convenient to work with a different normalization of
the Krawtchouk polynomials, given by:

Kp(z) == KM (@) /KM (0) (k€ N). (7.15)
So IEQ(O) = 1. Note that for any k& € N, we have

n n n n n
K = K = () = K100

meaning that K7'(x) = K (2)/] K12,
Finally we give a short proof of two basic facts on Krawtchouk polynomials
that will be used below.

LEMMA 7.7. We have:
Kji(z) < Kg(z) =1
for all0 <k <n and x € [0 : n].

PRrROOF. Given = € [0 : n| consider an element x € B" with Hamming
weight z, for instance the element 170"~* from Lemma 7.6. By (7.14) we have

K@) = 3 xalx) < (Z) = K" (0),

la|=k
making use of the fact that |y, (x)| =1 for all a € B". O
Lemma 7.8. We have:
-~ = 2k
Ko@) -Rp@+ 1< 2 @=01,...,n-1)
" 16)
R ok (7.

for all 0 < k <n.

PRrROOF. Let x € [0: n — 1] and 0 < k < d. Consider the elements 170" *
and 127107"=*=1 of B” from Lemma 7.6. We have:

n n 7.14 . - M
K (@) — K @+ 1)) 2V ]S v (170777) — o (17 on )

la|=k

—1
§2-#{aEIB%”:|a|:k,am+1:1}:2<z_1>a

where for the inequality we note that y, (170" ~%) = x(1*T10"~*~1) if a1 = 0.
As KM (0) = (1), this implies that:

i) - R0l <232 (1) =2
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This shows the first inequality of (7.16). The second inequality follows using
the triangle inequality, a telescope summation argument and the fact that
Kp(0) =1. O

7.1.4. Invariant kernels and the Funk-Hecke formula. Given a uni-
variate polynomial u € R[z| of degree r with 2r > d, consider the kernel
K :B"” x B" — R defined by

K(x,y) := v?(d(x,y)). (7.17)

A kernel of the form (7.17) coincides with a polynomial of degree 2deg(u) in
x on the binary cube B", as d(x,y) = >, (x; +y; — 2x;y;) for x,y € B™.
Furthermore, it is invariant under Aut(B"), in the sense that:

Kx,y) =K(n(x),7(y)) Vx,y € B", 7w € Aut(B").

The kernel K acts as a linear operator K : P(B") — P(B") by:

Kp(x) = /np(Y)K(x,Y)du(y) = Qin > p(y)K(x,y).
yebn

We may expand the polynomial u? € R[]z, in the basis of Krawtchouk poly-
nomials as:

2r
w?(2) = S Mk (@) (A €R). (7.18)
k=0

As we show now, the eigenvalues of the operator K are given precisely by the
coefficients A\, occurring in this expansion. This relation is analogous to the
classical Funk-Hecke formula for spherical harmonics, see also Chapter 1.

THEOREM 7.9 (Funk-Hecke). Letp € P(B")q with harmonic decomposition
p=po+pi+---+ps. Then we have:

Kp = Aopo + Mip1 + - + Agpa. (7.19)
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PRrOOF. It suffices to show that Kx. = A x. for all z € B". So we
compute for x € B™:

K00 = 5 D0 vee(eey) 2 3 x ch )

yeBn yeBn
713
( )ZA S Y xa)xaly)
= yeB® |a|=1i

YA Y (3 )

=0 |a|=t yeB"

2r
_8) 2% Z >\z Z 2n5z,aXa(X)

=0 |a|=1
= )\|Z|XZ(X).
]

Finally, we note that since the Krawtchouk polynomials form an orthogonal
basis for R[z]|, we may express the coefficients A\ in the decomposition (7.18)
of u? in the following way:

M= (K0 a2y, /KD )2 = (K ). (7.20)

~

In addition, since in view of Lemma 7.7 we have ICZ(I‘) < Ki(x) for all z €
[0 : n], it folllows that

Me < Ao for 0 <k <2r. (7.21)

7.2. Proof of main result

We consider a polynomial f of degree d € N to be minimized over B",
which we assume w.l.o.g. to satisfy fmin = f(0) = 0 and ||f|lcc = 1. Let
u € R[z] be a univariate polynomial of degree r (which we select later) with
2r > d. Recall that we decompose 12 in the basis of Krawtchouck polynomials
as:

2r
=Y Mk (@) (O €R). (7.22)

Consider the kernel K(x,y) = u?(d(x,y)) and its associated linear operator
K, which has eigenvalues Ao, A1, ..., A2, by the Funk-Hecke formula (7.19). In
order to prove Theorem 7.1, it suffices to show that u may be chosen so that
K satisfies (P1), (P2) and (P3).

Let us first note that the polynomial x — K(x,y) lies in Q(B")a, for each
y € B" by definition. Therefore, K always satisfies (P2).
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LEMMA 7.10 (Specialization of Lemma 6.2). Let K be a polynomial kernel
on B™ and assume that K(x,y) lies in Q(B™)a, for each'y € B™. Then the
associated operator K satisfies (P2).

PROOF. Let p € R[x] be a polynomial, and assume that p(x) > 0 for all
x € B". Then we have:

Kp(x) = 5 3 Kix,y)p(y)

YEB" co@mn) >0

which lies in the cone Q(B")a,. O

Next, we note that K(1) = Ao, and so (P1) is satisfied precisely when

Ao = 1. It remains to consider (P3). Recall that we are interested there in
bounding the quantity:

max [K™f(x) - f(x)]

xcBn
Our approach consists of two parts. First, we relate this quantity to the
coefficients Ay in the decomposition (7.22). Then, using this relation and the
connection between Lasserre’s upper bounds and extremal roots of orthogonal
polynomials outlined in Section 2.2, we show that u may be chosen such that
the quantity is of the order & ;/n, where £ | is the smallest root of the
degree r + 1 Krawtchouk polynomial (with parameter n).

7.2.1. Expressing (P3) in terms of the coefficients \;. We need the
following technical lemma, which bounds the sup-norm |[|pg ||~ of the harmonic
components py of a polynomial p € P(B") in terms of ||p||oc, the sup-norm of
p itself. The key point is that this bound is independent of the dimension n.
We delay the proof which is rather technical to Section 7.4.

LEMMA 7.11. There exists a constant vg > 0, depending only on d, such
that for any p=po+p1+ ...+ pq € P(B")q, we have:

1Pk loo < vdllplloo for all 0 < k < d.

COROLLARY 7.12. Assume that \g =1 and A\ # 0 for 1 < k < d. Then
we have:

d

-1 — < . = 71— . .
max [K~£(x) = £(3)| < 74+ A, where A ;m 1 (7.23)

PRroOF. By assumption, the operator K is invertible and, in view of Funk-
Hecke formula (7.19), its inverse is given by: K~lp = Z?:o )\i_lpk for any
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p=po+pi+...+pq€E P(B") For each x € B", we therefore have:

K™ f(x) I—IZ |<ZM‘ = Ul frlloo
sZ\A;l—lr'vd,
k=1

where we use Lemma 7.11 for the last inequality. O

The expression A in (7.23) is difficult to analyze. Therefore, following
[FF21], we consider instead the simpler expression'

]\::Z(l—/\k )=d— Z%

k=1

which is linear in the Ag;. Under the assumptlon that \g = 1, we have
Ak < Ao =1 for all k (recall relation (7.21)). Thus, A and A are both mini-
mized when the A\; are close to 1. The following lemma makes this precise.

LEMMA 7.13. Assume that Ao = 1 and that A < 1/2. Then we have
A < 2A, and thus that:

m%X]K LEx) — f(x)] < 274 - A.
xeB"

PROOF. As we assume A < 1/2, we must have 1/2 < A\ < 1 for all k.
Therefore, we may write:
d d
A= Z AN —1) = Z (L= M)/ Akl =D (1= M) /A <2 (1= M) =2A,
k=1 k=1 k=1
O

7.2.2. Optimizing the choice of the univariate polynomial u. In
light of Lemma 7.13, and recalling (7.20), we wish to find a univariate poly-
nomial v € R[], for which:

o = (1,u%), =1, and

d d
A=d- Z A =d— Z<I€Z7U2>w is small.
= k=1

Unpacking the definition of (-, )., we thus need to solve the following opti-
mization problem:

ur { [o@) w@)inta) / u(2)de(z) = 1} |

d
where g(x) :=d — Z
k=1

(7.24)
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(Indeed [ gu?dw = (g,u?), = A and [u?dw = (1,u?),.) We recognize that
this is exactly! the program that defines the upper bound ub(g, [0 : n],w), for
the minimization of g on [0 : n]! Hence the optimal value of (7.24) is equal
to ub(g), := ub(g, [0 : n],w), and, using Lemma 7.13, we may conclude the
following.

THEOREM 7.14. Let g be as in (7.24). Assume that ub(g), < 1/2. Then
there exists a polynomial u € R[z], such that Ao = 1 and:

max [K~1£(x) — £(x)| < 274 ub(g),.
xeB”
It remains, then, to analyze ub(g),. For this purpose, we follow a technique

outlined in Section 2.3. Note that gmin = g(0) = 0. We first show that g can
be upper bounded by its linear Taylor approximation at x = 0.

LEMMA 7.15. We have:
g(x) <g(z) :==d(d+1)-(z/n) Vae|0:n].

Furthermore, the minimum Gmin of g on [0 : n| clearly satisfies Gmin = g(0) =
9(0) = Jmin-

PRrOOF. Using (7.16), we find for each k < n that:

KZ(:C)ZEZ(O)—; r=1-""-2 Vzel0:n]
Therefore, we have
d_ o
= ZICZ Z;-xzd(d—kl)-(z/n) Vo e [0:nl.
=1 k=1

LEMMA 7.16. We have:
ub(g), < d(d+1) - (5?-5—1/”),

where £, ¢ is the smallest root of the Krawtchouk polynomial lei)l.

Proor. This follows immediately from Proposition 1.2, noting that the
Krawtchouk polynomials are indeed orthogonal w.r.t. the measure w on [0 : n]
(cf. (7.12)). O

Putting things together, we may prove our main result, Theorem 7.1.

1Technically, the density should be allowed to be a sum of squares, whereas the pro-
gram (7.24) requires it to be an actual square. This is no true restriction, though, since, as a
straightforward convexity argument shows, the optimum solution to (2.6) can in fact always
be chosen to be a square [Las11].
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PROOF OF THEOREM 7.1. Assume that r is large enough so that
d(d+1)- (&' /n) <1/2. By Lemma 7.16, we then have

ub(g)r < d(d+1)- (&1 /n) < 1/2.

We are thus able to choose a polynomial u € R[z], whose associated operator
K satisfies K(1) = 1 and

max [K™'f(x) = f(x)] < 274 - d(d + 1) - (&1 /7).
That is, we may construct an operator K satisfying (P1), (P2) and (P3) with
€=2yq-d(d+1)-(§/n). We may use Lemma 7.5 to obtain Theorem 7.1
with constant Cy := 4 - d(d + 1).
O

7.3. The upper bounds

We turn now to analyzing the hierarchy ub(f), of upper bounds defined
in (7.3) for a polynomial f € R[x|s on the binary cube, whose definition is
repeated for convenience:

ub(f), ;== inf { f(x) - s(x)dup : / s(x)dp = 1} > fmin-
s€X[x], | Jpn B

In principle, our analysis follows immediately from the proof of Theorem 7.1;
see Section 6.2. For exposition, we provide here a more direct argument.

As before, we may assume w.l.o.g. that fu,in = f(0) = 0 and that fia.x = 1.
To facilitate the analysis of the bounds ub(f),, the idea is to restrict in (7.3)
to polynomials s(x) that are invariant under the action of St(0) C Aut(B"),
i.e., depending only on the Hamming weight |x|. Such polynomials are of the
form s(x) = wu(|x|) for some univariate polynomial v € R[x]. Hence this leads
to the following, weaker hierarchy, where we now optimize over univariate
sums-of-squares:

an(pm = nt {60 ulxaneo s [ ulixhante) =1}
ueX(x]y B» B"
By definition, we must have ub(f)7?"™ > ub(f); > fmin, and so an analysis of
ub(f)7?™ extends immediately to ub(f),.
The main advantage of working with the hierarchy ub(f);?™ is that we
may now assume that f is itself invariant under St(0), after replacing f by its
symmetrization:

> flof

o€St(0)

I()
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Indeed, for any u € X[x|s,, we have that:

FE)u(lx))du(x) Z / flo o (x))dp(o(x))

oeSt(0
/Bn S0

So we now assume that f is St(0)-invariant, and thus we may write:

Z flo(x))u([x|)dp(x).

7€S4(0)

f(x) = F(|x]|) for some polynomial F(z) € R[z]4.

By the definitions of the measures p on B™ and w on [0 : n] we have the

identities:
u(|xdu(x) = u(x)dw(x),

/B F(xl)u(fx])du(x) = /[0 | Flpuaa).

Hence we get

ub(f)P™ = inf {/[Om} F(z) - u(x)dw(zx) :/

u€X[z]ar [0:n]

u(z)dw(x) = 1}
= ub(F,[0: n],w),.

In other words, the behaviour of the symmetrized hierarchy ub(f)?"™ over the
binary cube w.r.t. the uniform measure u is captured by the behaviour of the
univariate hierarchy ub(F, [0 : n],w), over [0 : n] w.r.t. the discrete measure w.

Now, we are in a position to make use again of the technique we employed
at the end of Section 7.2. First we find a linear upper estimator F' for F' on
[0:n].

LEMMA 7.17. We have

F(z) < F(z) :=d(d+1)-vq-2/n Yz e[0:n],

where vq 1s the same constant as in Lemma 7.11.

PROOF. Write F(z) = Zizo )\kI%Z(ac) for some scalars \;. By assumption,
F(0) =0 and thus ZZ:O A = 0. We now use an analogous argument as for
Lemma 7.15:

d d d
N (7.16) 2k
TL TL
— _ < . i
D e(Kq () <Y MR () - 1] < max | A| - 2
— k=0 k=0
did+1
< max | . dd+1)
As || fllso = 1, using Lemma 7.11, we can conclude that:

Akl = max [MKE(2)] < 74
x€[0:n]
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which gives the desired result. U

In light of Lemma 7.16, we may now conclude that:
Wb(F,[0 s 1), )y < d(d+ 1)+ €04 /.

As ub(f), < ub(f)?™ = ub(F, [0 : n],w),, we have thus shown Theorem 7.3
with constant Cy = d(d 4+ 1)74. Note that in comparison to Lemma 7.16, we
only have the additional constant factor ~y.

7.3.1. Exactness of the inner hierarchy. As is the case for the outer
hierarchy, the inner hierarchy is exact when r is large enough. Whereas the
outer hierarchy, however, is exact for r > (n+d — 1)/2, the inner hierarchy is
exact in general if and only if r > n. We give a short proof of this fact below,
for reference.

LEMMA 7.18. Let f be a polynomial on B™. Then ub(f), = fmin for all
r>n.

PROOF. We may assume w.l.o.g. that f(0) = fuin. Consider the interpo-
lation polynomial:

s(x) = \/27”1_[(1 —x;) € R[x]p,
i=1
which satisfies s2(0) = 2" and s?(x) = 0 for all 0 # x € B". Clearly, we have:

F(2)s2(x)dp(x) = £(0) = fin and / $2(x)dp(x) = 1,
.

n

and so ub(f), = fmin- O

The next lemma shows that this result is tight, by giving an example of
polynomial f for which the bound ub(f), is exact only at order r = n.

LEMMA 7.19. Let f(x) = |x| =x1+...+Xpn. Then ub(f)r — fmin >0 for
all v <n.

PROOF. Suppose not. That is, ub(f), = fmin = 0 for some r <n — 1. As
f(x) > 0= fin for all 0 # x € B", this implies that there exists a polynomial
s € R[x], such that s? is interpolating at 0, i.e. such that s?(0) = 1 and
s2(x) = 0 for all 0 # x € B". But then s is itself interpolating at 0 and has
degree r < n, a contradiction. O

7.4. The harmonic constant

In this section we give a proof of Lemma 7.11, where we bound the sup-
norm ||px|lec of the harmonic components py of a polynomial p by v4||plcc
for some constant 4 depending only on the degree d of p. The following
definitions will be convenient.
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DEFINITION 7.20. Forn > d > k > 0 integers, we write:

Y(B™")ak :=sup{||pklloc : P =po+p1+ - +pa € PB")a, |Ipllec <1}, and

B™),; := B™), ...
¥(B")a Orgggdv( )k

We are thus interested in finding a bound 4 depending only on d such that:
Ya = v(B")q for alln € N.

We will now show that in the computation of the parameter v(B")4, we may
restrict to feasible solutions p having strong structural properties. First, we
show that we may assume that the sup-norm of the harmonic component pj
of p is attained at 0 € B".

LEMMA 7.21. We have:

YB")ar = sup {px(0): [|pllec < 1} (7.25)
pEP(B™)q

PROOF. Let p be a feasible solution for v(B")4 and let x € B" for which
pr(x) = ||pklleo (after possibly replacing p by —p). Now choose o € Aut(B")
such that 0(0) = x and set p = poo. Clearly, p is again a feasible solution for
¥(B™)q%. Moreover, as Hy, is invariant under Aut(B"), we have:

[1Pklloc = PE(0) = (po )k(0) = (pr © 0)(0) = [[Pkloo;

which shows the lemma. O

Next we show that we may in addition restrict to polynomials that are highly
symmetric.

LEMMA 7.22. In the program (7.25) we may restrict the optimization to
polynomials of the form:

d

d
p(x) =" > xax) =Y N (1x])  where i € R.

i=0  |a|=i i=0

PROOF. Let p be a feasible solution to (7.25). Consider the following
polynomial p obtained as symmetrization of p under action of St(0), the set
of automorphism of B" corresponding to the coordinate permutations:

1
= St0)] Z (poo)(x).
o€eSt(0)

Then ||p]leo < 1 and pr(0) = pr(0), so p is still feasible for (7.25) and has the
same objective value as p. Furthermore, for each ¢, p; is invariant under St(0),
which implies that p;(x) = AiXi(x) = Ai }2|q=; Xa(X) = /\ilCz(n)(]xD for some
Ai € R (see (7.10)). O
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A simple rescaling A\; < A; - (7;) allows us to switch from ngn) to
lEf = ICZ(n) /(’}) and to obtain the following reformulation of v(B™) 4 as a linear
program.

LEMMA 7.23. For any n > d > k we have:

Y(B")ar = max A

d
~ 7.26
st —1< Y ANKM( <1 (t=0,1,...,n). (7.26)
1=0

7.4.1. Limit functions. The idea now is to prove a bound on v(B")q
which holds for fixed d and is independent of n. We will do this by considering
‘the limit’ of problem (7.26) as n — co. For each k € N, we define the limit
function:

K2(t) == lim K}(nt),
n—oo
which, as shown in Lemma 7.25 below, is in fact a polynomial. We first present
the polynomial K2°(t) for small k as an illustration.

ExXAMPLE 7.24. We have:
Kint) =1 = K(t) =1,
Kint) = —2t+1 = KP(t) = =2t + 1,
K2 (nt) = A2t () K(t) = 42 — 4t +1 = (1 - 2t)

(5)

LEMMA 7.25. We have: K°(t) = (1 — 2t)* for all k € N.

PRrOOF. The Krawtchouk polynomials satisfy the following three-term re-
currence relation (see, e.g., [MS83]):

(k + DKL (0 = (0= 20K (1) = (0~ k+ DR, ()
for 1 < k <n — 1. By evaluating the polynomials at nt we obtain:
(k+ 1)K, (nt) = (n = 20)C (nt) — (n — k + DK, (nt),

—  (k+1) <k _’”: 1) K7, (nt) = (n— 2nt) (Z) Kr (nt)

n

—(n—k+ 1)<k - 1) Kr_y (nt),

— Rl =" R - R (o)
— K3 = (1 - 20K (1),
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As Ego(t) = 1land //C\fo(t) = 1—-2¢ we can conclude that indeed /E,C;o(t) = (1 —2t)F
for all k£ € N. O

Next, we show that solutions to (7.26) remain feasible after increasing the
dimension n.

LEMMA 7.26. Let A = (Ao, A1, ..., Aq) be a feasible solution to (7.26) for a
certain n € N. Then it is also feasible to (7.26) for n + 1 (and thus for any
n' > n+1). Therefore, Y(B" ) yr > v(B")ax for alln > d > k and thus
Y(B Yy > v (B™)g for all n > d.

PROOF. We may view B" as a subset of B"*! via the map a ~ (a,0),
and analogously P(B") as a subspace of P(B"*1) via y, + X(a,0)- Now for
m,i € N we consider again the zonal spherical harmonic (7.10):

m
Xi - E Xa.
la|=ti,acB™

Consider the set St(0) C Aut(B"!) of automorphisms fixing 0 € B"*!, i.e.,
the coordinate permutations arising from o € Sym(n + 1). We will use the
following identity:

1 Xr X
Q0| Z nl ©0 = nl+1 :
|St(0)| o€St(0) (z) ( i )
To see that (7.27) holds note that its left hand side is equal to

1 1
CESTIGINP NP DI RGP DR

v/ geSym(n+1) a€B”,|a|=i beB™t1 |b|=i

(7.27)

where N;, denotes the number of pairs (0,a) with o € Sym(n + 1), a € B,
la| = i such that b = o(a,0). As there are (") choices for a and i!(n + 1 — i)!
choices for o we have Ny, = (7)i!(n+ 1 —i)! and thus (7.27) holds.

Assume \ is a feasible solution of (7.26) for a given value of n. Then, in
view of (7.13), this means

‘ d )\i-XZn(X)‘

SRy,

7=
Using (7.27) we obtain:

<1 forall zeB”, and thus for all x € B"".

LX) s, 1 X7 (0(x))
‘;)‘i (n-li-].) ‘ - ‘;)\z' ISt (0)] e (’Z‘) ‘
1 o xr
B ‘(rswm szu (20 ‘”’) o] <1

for all x € B"™!. Using (7.13) again, this shows that A is a feasible solution
of program (7.26) for n + 1. O
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EXAMPLE 7.27. To illustrate the identity (7.27), we give a small example

with n =1 = 2. Consider:
X3 = Z Xa = X11-
la|=2,a€B?

The automorphisms in St(0) C Aut(B3) fizing 0 € B* are the permutations of
xl,wg,aﬁg So we get:

Z X2 oo = Xuo + X101 + X110 + X011 + X101 + Xo11)
O'GSt (0)
2

—(x110 + X101 + X011) =

1
— - X3
6 29

3
and indeed (3)/(3) =1/3.

LEMMA 7.28. For d > k € N, define the program:
Vdk = max Mg

d
st —1<> NKEP(@) <1 (2 €0,1)). (7.28)
i=0

1=
Then, for any n > d, we have: Y(B™)ar < Ya k-

PROOF. Let A be a feasible solution to (7.26) for (n,d, k). We show that
A is feasible for (7.28). For this fix ¢t € [0,1]N Q. Then there exists a sequence
of integers (nj); — oo such that n; > n and tn; € [0,n;] is integer for each
J € N. As n; > n, we know from Lemma 7.26 that ) is also a feasible solution
of program (7.26) for (nj,d, k). Hence, since n;t € [0 : n;] we obtain

d
Y NKE (i) <1 Vi €N,
i=0
But this immediately gives:

|Z)\IC°° |—hm|Z)\IC"J nit)] < 1. (7.29)

J]—00

As [0,1]NQ lies dense in [0, 1] (and the K°’s are continuous) we may conclude
that (7.29) holds for all ¢ € [0, 1]. This shows that X is feasible for (7.28) and
we thus have v(B")qr < Vik, as desired. O

It remains now to compute the optimum solution to the program (7.28).
In light of Lemma 7.25, and after a change of variables, this program may be
reformulated as:
max | Ag]

d
st —1<Y Na' <1 (ze[-1,1)). (7.30)
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In other words, we are tasked with finding a polynomial p(x) of degree d
satisfying |p(x)| < 1 for all # € [—1, 1], whose k-th coefficient is as large as
possible in absolute value. This is a classical extremal problem solved by
V. Markov.

THEOREM 7.29 (see, e.g., Theorem 7, pp. 53 in [Nat64]). For m € N,
let Tpp(x) = Y 1% tmix" be the Chebyshev polynomial of degree m. Then the
optimum solution X\ to (7.30) is given by:

Ed:)\-xi ) Ty(x) if k=d mod 2,
T | Tua(x) ifk#d mod 2.

In particular, vq, is equal to |tqx| (resp. |[ta—1kl)-

As the coefficients of the Chebyshev polynomials are known explicitely,
Theorem 7.29 allows us to give exact values of the constant -, appearing in
our main results (see Table 7.1). Using the following identity:

d
S ltasl = 20 vVRY 4 L1 - VR < (14 V)
=0

we are also able to concretely estimate:

< < (1 2)4.
Ya < r?f?z”d”“ < (1+ \f)

7.5. The g-ary cube

In this section, we indicate how our results for the binary cube B"” may be
extended to the g-ary cube (Z/qZ)" = {0,1,...,q— 1}" when ¢ > 2 is a fixed
integer. Here Z/qZ denotes the cyclic group of order ¢, so that (Z/qZ)" = B"
when ¢ = 2. The lower bound lb(f), for the minimum of a polynomial f over
(Z/qZ)™ is defined analogously to the case ¢ = 2; namely we set

Ib(f), :=sup{A: f(x) — A is sos of degree at most 2r on (Z/qZ)"},
AER

where the condition means that f(x) — A agrees with a sum of squares s €
Y[x]or for all z € (Z/qZ)" or, alternatively, that f — A — s belongs to the ideal
generated by the polynomials x;(x; — 1)...(x; — ¢+ 1) for i € [n]. Similarly,
the upper bound ub(f), is defined as in (7.3) after equipping (Z/qZ)" with
the uniform measure p. The parameters lb(f), and ub(f), may again be
computed by solving a semidefinite program of size polynomial in n for fixed
r,q € N, see [Lau07a].

As before d(x,y) denotes the Hamming distance and |x| denotes the Ham-
ming weight (number of nonzero components). Note that, for x,y € (Z/qZ)",
d(x,y) can again be expressed as a polynomial in x,y, with degree ¢ — 1 in
each of x and y.

We will prove Theorem 7.32 below, which can be seen as an analog of
Corollary 7.4 for (Z/qZ)". The general structure of the proof is identical to
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that of the case ¢ = 2. We therefore only give generalizations of arguments as
necessary. For reasons that will become clear later, it is most convenient to
consider the sum-of-squares bound 1b(f), on the minimum fy;, of a polyno-
mial f with degree at most (¢ — 1)d over (Z/qZ)", where d < n is fixed.

7.5.1. Fourier analysis on (Z/qZ)" and Krawtchouk polynomials.
Consider the space

P(Z/q2)") = C[x]/(xi(x; — 1) ... (x; —q+ 1) : 1 € [n])

consisting of the polynomials on (Z/qZ)™ with complex coefficients. We equip
P((Z/qZ)™) with its natural complex inner product:

ade= [ S0 = 3 Fxla)
(Z/qZ)™ q x€E(Z/qZ)"

where p is the uniform measure on (Z/qZ)". The space P((Z/qZ)") has di-
mension |(Z/qZ)"| = ¢" over C and it is spanned by the polynomials of degree
up to (¢—1)n. The reason we now need to work with polynomials with complex
coefficients is that the characters have complex coefficients when ¢ > 2.

Let ¢ = *™/4 be a primitive ¢-th root of unity. For a € (Z/qZ)", the
associated character x, € P((Z/qZ)"™) is defined by:

Xa(X) =" (x € (Z/qZ)").

So (7.7) is indeed the special case of this definition when ¢ = 2. The set of all
characters {x, : a € (Z/qZ)"} forms an orthogonal basis for P((Z/qZ)") w.r.t.
the above inner product (-, -),. A character y, can be written as a polynomial
of degree (¢ — 1) - |a| on (Z/qZ)", i.e., we have xo € P((Z/qZ)")(g—1)|a| for all
a€ (Z/qZ)".

As before, we have the direct sum decomposition into pairwise orthogonal
subspaces:

P(Z/qZ)") = Ho L Hy L .-+ L Hy,

where H; is spanned by the set {x, : |a|] = i} and H; C R[x],_1);- The
components H; are invariant and irreducible under the action of Aut((Z/qZ)"™),
which is generated by the coordinate permutations and the action of Sym(q) on
individual coordinates. Hence any p € P((Z/qZ)") of degree at most (¢ — 1)d
can be (uniquely) decomposed as:

p=po+p1+---+ps (pi €H).

As before St(0) C Aut((Z/qZ)"™) denotes the stabilizer of 0 € (Z/qZ)"™, which
is generated by the coordinate permutations and the permutations in Sym(q)
fixing 0 in {0,1,...,¢ — 1} at any individual coordinate. We note for later
reference that the subspace of H; invariant under action of St(0) is of dimension
one, and is spanned by the zonal spherical function:

Xi=> xa€H. (7.31)

la|=1
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The Krawtchouk polynomials introduced in Section 7.1 have the following
generalization in the g-ary setting:

K@) = K () = §<—1>i<q -0 () (3 20)

Analogously to relation (7.12), the Krawtchouk polynomials IC,(:") (0<k<n)
are pairwise orthogonal w.r.t. the discrete measure w on [0 : n] given by:

o(a) = 2 > wlei, with u(e) = (g - 17 (")

X

To be precise, we have:

Z/c @ia-17(?) = seta -7 ()
As IC,(Cn) 0)=(¢-D*F) =K n)H2 we may normalize ICIEJ”) by setting:

K@) = K (@) /K7 (0) = K7 (@) /112,
so that EZ satisfies max”_, ICZ(:E) = ICQ(O) =1 (cf. (7.15)).

We have the following connection (cf. (7.14)) between the characters and
the Krawtchouk polynomials:

S xax)=K)  forx e (Z/qZ)" with x| =i (7.32)
a€ (2 /qZ)"|al=k

Note that for all a,x,y € (Z/qZ)", we have:

Xa ' (%) = Xa(®¥) = Xa(=%);  Xa(X)Xa(y) = Xa(x + ).
Hence, for any x,y € (Z/qZ)", we also have (cf. (7.13)):
> = Y xx-y) = K70
a€(Z/qZ)":|al=k a€(Z/qZ)":|al=k
when d(x,y) = |x —y| =i.
7.5.2. Invariant kernels. In analogy to the binary case ¢ = 2, for a
degree r univariate polynomial u € R|z], we define the associated polyno-

mial kernel K(x,y) := v?(d(x,y)) (z,y € (Z/qZ)") and the associated kernel
operator:

_ 1 _
Kp(x) = /W) PVK (X, y)duly) = wyeg/;@f(y”“"’” (v € P(Z/qZ)"™)).

Note that K(x,y) is a polynomial on (Z/qZ)" with degree 2r(q—1) in each of x
and y. Let us decompose the univariate polynomial u(x)? in the Krawtchouk
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basis as
2r
)2 = nik (@)
i=0

Then the kernel operator K acts as follows on characters: for z € (Z/qZ)",
Kx. = )\|Z|X27

which can be seen by retracing the proof of Theorem 7.9, and we obtain the
Funk-Hecke formula (recall (7.19)): for any polynomial p € P((Z/qZ)")(q-1)d
with Harmonic decomposition p = pg + ... + pg,

Kp = Xopo + - - - + A\apa-

7.5.3. Performing the analysis. It remains to find a univariate poly-
nomial u € Rlz] of degree r with u?(z) = 327 )\iICZ(n) (x) for which A\g =1
and the other scalars \; are close to 1. As before (cf. (7.20)), we have:

A = (K a2y JIEM)12 = (K2, u)..

So we would like to minimize Zi:l(l — ;). We are therefore interested in the
inner Lasserre hierarchy applied to the minimization of the function g(x) =

d— ch‘lzo ﬁf(az) on the set [0 : n] (equipped with the measure w from (7.5.1)).
We show first that this function g again has a nice linear upper estimator.

LEMMA 7.30. We have:
2k

Ki(z) - Kp@+1)] <=, (@=0,1,...,n-1)
_ ok (7.33)
Ki(z) =1 < —-2  (2=0,1,....n)

for all k < n.

PRrROOF. The proof is almost identical to that of Lemma 7.8. Let x €
[0:n—1 and 0 < k < d. Consider the elements 120"~ 1#+lgn—2-1 ¢
(Z/qZ)™ from Lemma 7.6. Then we have:

|IC,(€n)( ) ’C(n)(l‘—l-l :3 | Z Xa 1m0n x _Xa(lcc+10n—x—1)|

la|=Fk
<2-#{a€(Z/qL)" : |a| = k,az+1 # 0}

SRR (]

where for the inequality we note that x,(170""7") = Xa(1w+10n—m—1) ifagi = 0.
As IC](:L)(O) = (¢ — 1)*(}), this implies that:

i - Rl <2 (321 )/(3) = 2
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This shows the first inequality of (7.33). The second inequality follows using
the triangle inequality, a telescope summation argument and the fact that
Kp(0) =1. O

From Lemma 7.30 we obtain that the function g(z) = d — Z?:o I/C\?(x)
admits the following linear upper estimator: g(xz) < d(d+ 1) - (z/n) for x €
[0:n]. Now the same arguments as used for the case ¢ = 2 enable us to
conclude:

Ub(f)(q—l)r - fmin <Cq- fffﬂ,q/n
and, when d(d + 1)&,, ,/n < 1/2,

Jmin — lb(f)(q—l)r <2Cq- g’?—i—l,q/n'
Here Cy is a constant depending only on d and &', , is the least root of the

Krawtchouk polynomial ’szt)l,q' Note that as the kernel K(x,y) = v?(d(x,y))
is of degree 2(¢—1)r in x (and y), we are only able to analyze the corresponding
levels (¢ — 1)r of the hierarchies. We come back below to the question on how
to show the existence of the above constant C}.

But first we finish the analysis. Having shown analogs of Theorem 7.1 and
Theorem 7.3 in this setting, it remains to state the following more general
version of Theorem 7.2, giving information about the smallest roots of the
g-ary Krawtchouk polynomials.

THEOREM 7.31 ([Lev98|, Section 5). Fizt € [0, %]. Then the smallest
roots &', of the g-ary Krawlchouk polynomials IC( rq Satisfy:

lim & /n = pq(t) i= -1 (q_2 t4 = \/q—l 1—t>

r/n—t q

Here the above limit means that, for any sequences (nj)j and (rj); of integers
such that limj_,oonj = 0o and limj_,o 75/nj = t, we have limj_, 5,7].",(1/71]- =
Pq(t).

Note that for ¢ = 2 we have @,(t) = 3 — \/t(1 — t), which is the function
(t) from (7.5). To avoid technical details we only quote in Theorem 7.31 the
asymptotic analog of Theorem 7.2 (and not the exact bound on the root &g
for any n). Therefore we have shown the following g-analog of Corollary 7.4.

THEOREM 7.32. Fiz d <n and for n,r € N write

Egy(n) = sup  {fuin —I(f)r 2 [[fllo = 1},
JERX](4—1)a
EO(m):= sup  {ub(f)r = fuin : [ ]l = 1}.

FERX](4—1)a
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There exists a constant Cq > 0 (depending also on q) such that, for any

telo, %], we have:

lim B (n) < Cy - @4(t)

r/n—t
and, if d(d+ 1) - p4(t) < 1/2, then we also have:
lim E((q—l)r) (n) <2 Cd : cpq(t).

r/n—t

Here @4(t) is the function defined in (7.31). Recall that the limit notation
r/n — t means that the claimed convergence holds for any sequences (n;);
and (r;j); of integers such that lim;_,oo nj = 0o and lim;j_, 7j/nj; =t.

For reference, the function ¢4(t) is shown for several values of ¢ in Fig-
ure 7.1.

@q(t)

1
08 -
06 —q=4
0.5 —q=5
0.4
0.3
0.2
0.1

|
>

0.1 02 03 04 05 06 07 08 09 1

FIGURE 7.1. The function ¢,(t) for several values of g. Note
that the case ¢ = 2 corresponds to the function ¢(t) of (7.5).

7.5.4. A generalization of Lemma 7.11. The arguments above omit
a generalization of Lemma 7.11, which is instrumental to show the existence
of the constant Cy claimed above. In other words, we still need to show
that if p : (Z/qZ)" — R is a polynomial of degree (¢ — 1)d on (Z/qZ)"™ with
harmonic decomposition p = pg + . .. + pg, there then exists a constant v4; > 0
(independent of n) such that:

1pilloo < 7allplloo for all 0 <i < d.

Then, as in the binary case, we may set Cy = d(d 4 1)74. The proof given in
Section 7.4 for the case ¢ = 2 applies almost directly to the general case, and
we only generalize certain steps as required. So consider again the parameters:
Y(Z/qZ)")aj = sup{||pklloc : p =po + P14+ + Pa € R[X](g-1)a; [Plloc < 1},
Z/qZ)") g := Z/qZ)"™) g -
Y(Z/42)")a = max 1(Z/4Z)")ax
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Lemmas 7.21 and 7.22, which show that the optimum solution p to y((Z/qZ)")q,k
may be assumed to be invariant under St(0) C Aut((Z/qZ)"™), clearly apply
to the case ¢ > 2 as well. That is to say, we may assume p is of the form?:

d

p(x) =D AXi(x) (N €R)

=0

where X; = 37,1, Xa € H; is the zonal spherical function of degree (¢—1)i (cf.
(7.31) and (7.10)). Using (7.32), we obtain a reformulation of v((Z/qZ)")a
as an LP (cf. (7.26)):

Y(Z/qZ)")a = max Ay

Kl () <1 (z=0,1,....n).

. - k
For k € N, let K°(x) := lim, 00 K (nz) = (1 - qﬁ—lw) and consider the
program (cf. (7.28)):

Vi = max Ay
d ~
st —1<Y ANKEP(@) <1 (€ (0,1)).
=0

As before, we have Y((Z/qZ)")ar < 7k, noting that (the proofs of)
Lemma 7.26 and Lemma 7.28 may be applied directly to the case ¢ > 2.
From there, it suffices to show 7,4 < 0o, which can be argued in an analogous
way to the case ¢ = 2.

7.6. Discussion

Using the polynomial kernel method introduced in Chapter 6, we have
shown a theoretical guarantee on the quality of the sum-of-squares hierarchy
Ib(f)r < fmin for approximating the minimum of a polynomial f of degree d
over the binary cube B". As far as we are aware, this is the first such analysis
that applies to values of r smaller than (n + d)/2, i.e., when the hierarchy is
not exact. Additionally as we explained in Section 6.2, our guarantee may be
extended to the measure-based hierarchy of bounds ub(f), > fuin. Our result
may therefore also be interpreted as bounding the range ub(f), —lb(f),. Our
analysis also applies to polynomial optimization over the cube {£1}" (by a
simple change of variables) and over the g-ary cube.

2Note that as p is assumed to be real-valued, the coefficients \; must be real. Indeed,
for each a € (Z/qZ)"™, we have (p, Xa)u = )\‘a‘||xa||2 = )\|a|||xg1|\2 = (D, Xa)u = (D, Xa)u-
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Analysis for small values of r. A limitation of Theorem 7.1 is that the
analysis of Ib( f), applies only for choices of d, r, n satisfying d(d+1)§, ; < 1/2.
One may partially avoid this limitation by proving a slightly sharper version
of Lemma 7.13, showing instead that A < A/(1 — A), assuming now only that
A < 1. Indeed, Lemma 7.13 is a special case of this result, assuming that
A< /2 to obtain A < 2A. Nevertheless, our methods exclude values of r
outside of the regime r = Q(n).

The constant ~,;. The strength of our results depends in large part on the
size of the constant Cy appearing in Theorem 7.1 and Theorem 7.3, where
we may set Cq = d(d + 1)74. Recall that v, is defined in Lemma 7.11 as a
constant for which [|p||co < 74l|P|loo for any polynomial p = pg + p1 + ... + pa
of degree d and k < d on B”, independently of the dimension n. In Section 7.4
we have shown the existence of such a constant. Furthermore, we have shown
there that we may choose 74 < (14+/2)%, and have given an explicit expression
for the smallest possible value of 7,4 in terms of the coefficients of Chebyshev
polynomials. Table 7.1 lists these values for small d.

d \1 234 5 6 7 8 9 10

ya|1 2 4 8 20 48 112 256 576 1280
TABLE 7.1. Values of the constant ~,.

Computing extremal roots of Krawtchouk polynomials. Although
Theorem 7.2 provides only an asymptotic bound on the least root & of IC,En),
it should be noted that £ can be computed explicitely for small values of r, n,
thus allowing for a concrete estimate of the error of both Lasserre hierarchies
via Theorem 7.1 and Theorem 7.3, respectively. Indeed, as we have seen, the

root &', is equal to the smallest eigenvalue of the (r + 1) x (r 4 1) matrix J
(aka Jacobi matrix), whose entries are given by J; j = (2K} (), K7 (2)). for
i,j €{0,1,...,7}. See also [Sze75] for details.

Matrix-valued polynomials. The results of this chapter carry over to the
setting of matriz-valued polynomials. Indeed, the proof technique we use may
be applied there rather straightforwardly. This was already noted in [FF21] in
the context of polynomial optimization on the hypersphere S"~!. As matrix-
valued polynomials fall outside the scope of this thesis, we refer the reader to
our paper [SL21b] (on which this chapter is based) for details.

Acknowledgments. We wish to thank Sven Polak and Pepijn Roos Hoefgeest
for several useful discussions.






CHAPTER 8

Application: The unit ball and standard simplex

Als je het opschrijft, staat het meteen op
papier ook.

Gerard Reve
This chapter is based on my work [Slo22].

In this chapter, we apply the method of Chapter 6 to obtain convergence
rates for sum-of-squares hierarchies on the unit ball B" and on the standard
simplex A™. Let us briefly recall the setup. Let f € R[x] be a polynomial of
degree d. We consider the polynomial optimization problem:

fmin = minf(x)v

xeX

where X = B™ or X = A™. The unit ball and the standard simplex are both
semialgebraic sets, with description:

n
"={xeR: 1 x|P=1-) x7 >0},
=1

n
:{xeanl—inZO, x; >0 (1<i<n)}.
i=1
We may thus define lower bounds Ib(f, Q(X)),,1b(f, T (X)), on the minimum
fmin using the (truncated) quadratic module Q(X)s, and preordering T (X)a,,
respectively. See Section 2.1 for the definitions. We note that since B" is
defined using only a single inequality constraint, we have Q(B™)q, = T (B™)a,
for each r € N, and the Putinar- and Schmiidgen-type bounds for B™ thus
coincide:
Ib(f, Q(B"))r =1Ib(f, T(B"))x-
If X is equipped with a finite Borel measure u, we also have corresponding
hierarchies of upper bounds on fui, (see Section 2.1), which are given by:

wn(f, o)., = int | [ f9aexdnGo [ abxidno =1},
(T, = nt / Faea)du(x) - [ oGt =1} 5.
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Main results. The main contribution of this chapter is to show a convergence
rate in O(1/r?) of the lower bounds Ib(f, 7 (X)), to the global minimum fiin
of a polynomial f on the unit ball X = B" or on the standard simplex X = A",
These rates match the best-known rates for the hypersphere S"~! of [FF21],
see also Table 2.1. For the unit ball, no (specialized) rates were known before.
For the simplex, we improve upon the previously best known bound in O(1/r)
due to Kirschner & de Klerk [KdK21].

THEOREM 8.1. Let X = B" = {x € R" : ||x||* < 1} be the n-dimensional
unit ball and let f € R[x] be a polynomial of degree d. Then for any r > 2nd,
the lower bound Ib(f, T (X)), for the minimization of f over B™ satisfies:

fmin - lb(f, T(X))r < CB£Z7 d) : (fmax - fmin)-

Here, Cp(n,d) is a constant depending only on n,d. This constant depends
polynomially onn (for fixred d) and polynomially on d (for firedn ). See relation
(8.28) for details.

THEOREM 8.2. Let X =A"={xecR":1-%.x; >0, x>0} be the n-
dimensional standard simplex and let f € R[x] be a polynomial of degree d.
Then for any r > 2nd, the lower bound 1b(f, T (X)), for the minimization of
f over A" satisfies:

Ca(n,d)
72 ‘

fmin - lb(f, T(X))r S (fmax - fmin)-

Here, Ca(n,d) is a constant depending only on n,d. This constant depends
polynomially on n (for fixred d) and polynomially on d (for firedn). See relation
(8.29) for details.

As we have seen in Section 6.2, we may obtain a convergence rate in
O(1/r?) for the upper bounds ub(f, T(X), ux ), on the unit ball and simplex
essentially as a side result of our main proof technique. The reference measures
up and pa are defined below in (8.16) and (8.18). However, the obtained
rates do not improve meaningfully upon previous results. Indeed, we showed
in Chapter 3 that even the weaker bounds ub(f, X), already converge to the
global minimum at a rate in O(1/r?) for these sets (although for different
reference measures).

THEOREM 8.3. Let X = B™ be the n-dimensional unit ball equipped with
the measure up defined in (8.16). Let f € R[x] be a polynomial of degree d.
Then for any r > d, the upper bound ub(f, T(X), p), for the minimization of
f over B™ satisfies:

Cp(n,d)

Ub(f, T(X)7 N)T’ - fmin < 22

Here, Cp(n,d) is the constant of Theorem 8.1.

: (fmax - fmin)'
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THEOREM 8.4. Let X = A" be the n-dimensional standard simplex equipped
with the measure pua defined in (8.18). Let f € R[x] be a polynomial of degree
d. Then for any r > d, the Lasserre-type upper bound ub(f, T (X), u), for the
minimization of f over A" satisfies:

C d
Wb, T(X), 1)y — fin < 202D

Here, Ca(n,d) is the constant of Theorem 8.2.

: (fmax - fmin)-

Outline of the proof. We outline how the polynomial kernel method of
Chapter 6 specializes to this setting. Let f € R[x] be a polynomial of degree
d € N. We wish to show that

f - fmin +ec€ T(X)QT

for some small € > 0. Up to translation and scaling, we may assume that
fmin = 0 and that ||f||x := maxxex |f(z)] = 1. Let ¢ > 0. Recall that
we wish to construct an (invertible) linear operator K : R[x]q — R[x]; which
satisfies the following three properties:

K(1) =1, (P1)
Kp e T(X)y forall pe Py(X)g (P2)
max K f(x) - f(x)] <e (P3)

As we saw in Section 6.1, the existence of such an operator implies that f + ¢ €
T(X)2,. Indeed, since f is nonnegative on X by assumption, we know that
f(x)+¢e > ¢ for x € X. By properties (P1) and (P3), it follows that K—!(f +
) € P4+(X). Using property (P2), we may thus conclude that:

fre=KK'(f+e) e T(X)a

meaning that fmin — Ib(f, 7(X)), <e.

The statements of Theorem 8.1 and Theorem 8.2 may thus be proven by
showing the existence (for each r € N large enough) of an operator K which
satisfies (P1), (P2) and (P3) with ¢ = O(1/7?). We summarize this observation
in the following Lemma for future reference.

LEMMA 8.5. Let X C R" be a compact semialgebraic set and let [ be a
polynomial on X of degree d. Suppose that there exists a monsingular linear
operator K : R[x]; — R[x]q which satisfies the properties (P1), (P2) and (P3)
for certain e > 0. Then fumin — Ib(f, T(X)), < e.

We use the polynomial kernel method to construct operators that satisfy
(P1), (P2) and (P3) is: Let K : X x X — R be a polynomial kernel on X,
meaning that K(x,y) is a polynomial in the variables x,y. After choosing a
measure u supported on X, we may associate a linear operator K : R[x| — R[x]
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to K by setting:

Kp(x) == /X K(x, y)p(y)du(y) (p € R[x]). (8.2)

By Lemma 8.8 the operator K satisfies (P2) if the polynomial x — K(x,y)
lies in 7 (X))o, for all fized y € X. Furthermore, (P1) and (P3) may be verified
by analyzing the eigenvalues of K; roughly speaking, K satisfies (P1), (P3) if
its eigenvalues are sufficiently close to 1.

It remains, then, to construct a suitable kernel K on X. For this purpose,
we consider the (perturbed) Christoffel-Darboux kernel:

2r
CDar(x,y;A) == Z MCDP(xy) (M eR, 0<k<2r), (8.3)
k=0
whose associated operator has eigenvalues equal to Ag, . .., Ao, (with multiplic-

ity). See also (6.7). In Chapters 1 and 7, we saw that this kernel is given on
the binary cube {0, 1}" by:

CDa, (%, y; A ZA;JC (|x — yl|1). (8.4)

The idea there was to select a univariate polynomial ¢ € R[x], of degree r and
consider the kernel:

K(x,y) = ¢*(jx = yh),
which clearly lies in Q({0,1}"). Using the closed form expression (8.4), the

eigenvalues of the operator K associated to K are given by the coefficients Ax
in the expansion:

ZAIJC (Ix = yl1)-

Therefore, the analysis could be concluded by finding a ¢ for which these
coefficients are sufficiently close to 1.

The closed form expression of the Christoffel-Darboux kernel on the binary
cube follows from a classical summation formula for the Krawtchouk polyno-
mials, see Section 1.1 and also Section 7.1. As we saw in Chapter 1, a similar
summation formula is available for Gegenbauer polynomials, which yield a
closed form of the Christoffel-Darboux kernel on the hypersphere S*~!. Fang
and Fawzi [FF21] in fact used this closed form to analyze the lower bounds
on S"1,

In this chapter, we shall use different summation formulas for Gegenbauer
polynomials due to Xu [Xu99, Xu98|, which yield closed form expressions of
the Christoffel-Darboux kernel on the unit ball and on the standard simplex.
These expressions are significantly more complicated than the ones for {0,1}"
and S™~!, but they are nonetheless very useful.
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Organization. The rest of this chapter is organized as follows. In Section 8.1,
we introduce some notations and cover the necessary preliminaries on orthog-
onal (Gegenbauer) polynomials. In Section 8.2, we present closed form expres-
sions of the Christoffel-Darboux kernel and use them to obtain kernels whose
associated operators satisfy (P2) and whose eigenvalues are given by the co-
efficients of a univariate sum of squares in an appropriate basis of orthogonal
polynomials. In Section 8.3, we show how to choose this sum of squares so that
(P1), (P3) are satisfied and finish the proof of Theorem 8.1 and Theorem 8.2.
In Section 8.4, we extend our proof technique to the upper bounds to obtain
Theorem 8.3 and Theorem 8.4.

8.1. Preliminaries

8.1.1. Notations. We write R|z] for the univariate polynomial ring, while
reserving the bold-face notation R[x] = R[x1, X2, ...,X,] to denote the ring
of polynomials in n variables. We denote ||p||x := maxxex |p(x)| for the
supremum-norm of p € R[x] on X. We call a univariate polynomial p even if
p(z) = p(—x) for all x € R, and odd if p(x) = —p(—=) for all z € R. Finally,
we write [x| := > | x; for x € RZ,.

8.1.2. Gegenbauer polynomials. We recall some properties of the
Gegenbauer polynomials (also known as wltraspherical polynomials), intro-

duced in Chapter 1. For n > 2, let w,(z) := ¢,(1 — mz)nTﬂ, where ¢,, > 0 is

chosen so that:
1
/ wyp(x)dr = 1.
1

n—2
The Gegenbauer polynomials {QIET) : k € N} are defined as the set of

orthogonal polynomials on [—1,1] w.r.t. the weight function w,. That is,
n 2
)

the polynomial gk is of exact degree k for each k£ € N, and the following
orthogonality relations hold:

/ T ()60 T (@wn(a)dr =0 (k £ K). (8.5)

For notational convenience, we adopt the normalization in this chapter for
which:

n—2 —(n—2 n 2

6. @) =62 18 7 @) (@weR), (8.6)

~(n—2

where Q;T) is the orthonormal Gegenbauer polynomial of degree k, i.e.,
satisfying:

/ G ()60 (@wn(w)de = e (kK € N).
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We have that max,¢c_q ] |gk ( )| = Qk ( ), and so it will also be con-
venient to write:

.. gli:i)(m g’ ’;’( 2)
¢y ¢

for the normalization of the Gegenbauer polynomials which satisfies:

@ =3 (1) =1 (keN).

)

G’

(x € R)

n 2)
[0,

The upshot is that for these choices of normalization, we have:

/gkn P @ge T @ dx_/ G )G,

D (@) wn(@)dz = S

(8.7)
We will make use of the expansion:
d n—2
S NG P @) (weR) (8.8)
k=0

of a univariate polynomial ¢ of degree d in the basis of Gegenbauer polynomi-
als. Using (8.7), the coefficients A\ in (8.8) are given by:

L _(n-2
A = /_1 G, * (x)q(x)w,(z)dr (0 <k <d). (8.9)

n22)

Using (8.9) and the fact that G, ?
and k € N, we find that:

() < gon 2)( ) =1 for every x € [—1,1]

M <A (1<k<d) (8.10)

whenever ¢ is nonnegative on [—1,1]. Furthermore, we note that if ¢ is an
even polynomial of degree 2d, we may write:

ZA%Q(" V2) (zeR). (8.11)

Indeed, as the odd degree Gegenbauer polynomials are odd functions, the
integral (8.9) vanishes for odd & in this case.

8.2. Construction of the linear operator

In this section, we explain how to construct a suitable linear operator K.
We recall briefly the setup of kernel operators. Let X C R™ be a compact set
and let p be a measure whose support is exactly X. We may define an inner
product (-,-), on the space P(X) of polynomials on X by setting:

P, Q) = /X P(E)a(X)dp(x)  (p,q € P(X)).
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We write {FP, : @« € N"} for an orthonormal basis of P(X) w.r.t. this inner
product, ordered so that P, is of exact degree |o| = > 1" | o for all & € N™.
The Christoffel-Darboux kernel CD, : X x X — R of degree r € N for (X, p)
is then defined as:

=Y Pax)Paly) (xy €X), (8.12)

aeND

From the orthonormality of the P,, it follows that the operator CD,. associated
to the Christoffel-Darboux kernel CD, via (6.6) acts as the identity on P(X),.
That is, we have:

CD,p(x / CD, (%, y)p(y)duly) = p(x) (x € X, p € P(X),).

For k € N, we write Hy, := span{P, : |a| = k} for the subspace of P(X)
spanned by the P, of exact degree k. Note that we may equivalently define
Hy, as:

Hy, :={p € P(X)x : (p,q)u = 0 for all ¢ € P(X)p—1}.

In particular, we see that Hj does not depend on our choice of basis {P,},
but only on the measure p. In light of this fact, it is convenient to adopt the
vector-notation:

Pr(x) := (Pa(x))jaj=r (K €N).

The kernel CD®)(x,y) := Py (x) "Px(y) does not depend on the choice of basis
{P,}, and its associated operator reproduces the subspace Hy. That is, if we
decompose a polynomial p € P(X) as:

deg(p)

p(x) = > pr(x) (px € Hy), (8.13)

k=0

we then have that:
CDWp(x) = /X Pr(x) " Pe(y)p(y)du(y) = pe(x) (x€X, keN). (8.14)

After regrouping the terms in (8.12), we can express the Christoffel-Darboux
kernel as:

=3 cpW(x,y) = Z]Pk ) Pe(y (8.15)
k=0

As we have seen, a closed form expression for CD, may be derived based
on the regrouping (8.15) on the binary cube and the unit sphere. See rela-
tions (1.15) and (1.17). In these special cases, the term Py (x) Py (y) may
be expressed by composing a univariate polynomial with a relatively simple
multivariate polynomial.

As we see now, such expressions also exist for the unit ball and the simplex.
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8.2.1. A closed form for the unit ball. Consider the unit ball B" :=

{x € R": ||x||? < 1} € R", which we equip with the O(n)-invariant probability
measure pup given by:

dup (x) = a1 = ||x]*)"2dx  (x € B"), (8.16)

with ¢, > 0 a normalization constant. As B" is full-dimensional, we have
P(B") = R[x]. Xu derives the following closed form of the Christoffel-Darboux
kernel on B".

THEOREM 8.6 (Xu [Xu99], Theorem 3.1). Let {FP, : a« € N} be an or-
thonormal basis of P(B™) w.r.t. ug. Then the P, satisfy the following sum-
mation formula in terms of the Gegenbauer polynomials® (8.5):

1 n—2
Pyx) P(y) = 5 (G 7 (x-y +VI- XPVI- yIP) +
6,7 (xy —VT- KBV = Iy P)

(x,y € B").

(8.17)

Using (8.17), we have the following closed form of the Christoffel-Darboux
kernel CD,.:

r

1 n—2
CD(xy) =53 (67 Gy +VI= IXPVI=yIP) + .y
k=0 x,y € B").

0 (xy — VI- [XEVI= yID)

8.2.2. A closed form for the standard simplex. Consider the stan-
dard simplex:

"={xeR":x>0, 1—-|x|] >0} CR".
We equip A" with the probability measure pua given by:
dup(x) = cnxl_l/ZXQ_l/2 LoxV2(1— x)) TV 2dx (x e A, (8.18)

where ¢, > 0 is a normalization constant. As the simplex is full-dimensional,
we have P(A™) = R[x]. Xu derives the following closed form of the Christoffel-
Darboux kernel.

THEOREM 8.7 (Xu [Xu98|, Corollary 2.4). Let {P, : a« € N} be an or-
thonormal basis of P(A™) w.r.t. pu,. Then the P, satisfy the following sum-
mation formula in terms of the Gegenbauer polynomials (8.5):

(2= 2 n+1

Pk(X)TPk(y):Qnil > 47 Z«/Xiiyiti) (x,y € A™). (8.19)

te{—1,1}n+1 i=1

INote that the Gegenbauer polynomial of degree k in [Xu99] differs by a factor
(k+ 251)/252 from the one used here (compare (2.10) in [Xu99] to (8.6)).
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Here, we write Xp41 := 1 — |X|, ynt1 := 1 — |y|. Using (8.19), we have the
following closed form of the Christoffel-Darbouz kernel CD,.:

CD,(x,y) 2n+1Z > Q%? Z\/xmt (x,y € A™).

k=0  te{—1,1}n+1 i=1

8.2.3. Sum-of-squares representations. Based on the closed forms of
the Christoffel-Darboux kernel derived above, we may define kernels K(x,y)
for the unit ball and simplex whose associated operators satisfy property (P2).
Recall from Lemma 6.2; that it suffices for (P2) to hold that x — K(x,y) lies
T (X))o, for all y € X fixed.

LEMMA 8.8 (Restatement of Lemma 6.2). Let X C R" be a compact semi-
algebraic set, and let p be a finite measure supported on X. Let Q C R[x]
be a convex cone, and suppose that K : X x X — R is a polynomial kernel for
which K(-,y) € Q for each y € X fized. Then if p € R[x] is nonnegative on
X, we have Kp € Q. That is, when selecting QQ = T (X)a, the operator K
associated to K satisfies (P2).

In Chapter 7, it was very straightforward to see that the kernel K(x,y) =
¢*(|x —y|1) lies in Q({0,1}")a, for any polynomial g € R[x] of degree at most
r. Turning now to the unit ball and simplex, the situation is slightly more
complicated.

The unit ball. Let ¢ € X[x], be a univariate sum of squares, with expansion

n—2
q(z) = Zr:o Akg,i 2 )(x) in the basis of Gegenbauer polynomials (8.8). In
light of the closed form (8.17) of the Christoffel-Darboux kernel on the unit
ball, we have:

CD2(x,y3A) = 5 ( Xy + V1= X2V - [lyl?) +

g(x-y — V1= [IxI2v1 - [ly]?)

(x,y € B").

(8.20)
LEMMA 8.9. Let g € X[x]a, be a univariate sum of squares. Then the kernel

CDa,(x,y; A) in (8.20) satisfies CDa; (-, y; A) € T(B"); for fired y € B". As
a result, its associated operator satisfies (P2) by Lemma 8.8.

n—2
The simplex. Let q(z) = Y1, Akg,i 2 )(x) again be a univariate sum of
squares, now of degree 4r. Using (8.11), we have:

Geven () 1= ()— ZA%Q(" “T)(z) (z€R). (8.21)
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In light of the closed form (8.19) of the Christoffel-Darboux kernel on the
simplex, we find:

n+1

1
CDQT(X, y: )\even) = W Z QGven( Z vV XiYiti) (X, y € An) (822)
i=1

te{-1,1}n+1

Here, )\even = ()\2k)0§k§2r and Xn+1 = 1— |X|7 Ynt+1 = 1-— |Y|

LEMMA 8.10. Let g € X[x]sr be a univariate sum of squares of degree 4r,
and let Qeven be as in (8.21). Then the kernel CDay(X,¥; Aeven) in (8.22) sat-
isfies CDoy (-, ¥; Aeven) € T (A™)a, for fired y € A™. As a result, its associated
operator satisfies (P2) by Lemma 8.8.

For the proof of Lemma 8.9 and Lemma 8.10, we need the following lemma.

LEMMA 8.11. Let p € Rlx| be a univariate polynomial of degree r. Let
u,v be formal variables. Then the polynomial p(u +v)? + p(u — v)? admits a
representation:

2 2

p(u + V)2 +p(u - V) - V2hodd(ua V2)2 + heven(ua V2) ,

where Vhoaa(w, v?) and heyen(u, v?) € R[u,v] are polynomials of degree 7.

PRrROOF. For convenience, let u € R[u, v] be given by u(u,v) = u+ v, so
that:

p(u+v)® +pu—v)? = p(u(u,v))? + p(u(u, =v))* = h(u,v)* + h(u, —v)%,

where h = powu € R[u,v],. If we expand h in the monomial basis of R[u, v]
as:

h(u,v) = Z hijuivj (hij S R),
i+j<r
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we may perform the following computation (where all summations are taken
over i +j <r):

h(u,v)? + h(u, —v)?
= (3 hiyuv?) 4+ (3 b’ (=v)7)°
= ( Z hijuivj + Z hijuivj)Z + ( Z hijui(—v)j -+ Z hijlli(—V)j)2

7 odd j even j odd J even
= ( Z hijuivj + Z hijuivj)Q + (— Z hijuivj + Z hijuivj)2
7 odd j even 7 odd J even
= ( Z hijuivj)Q + ( Z hijuivj)Q + 2( Z hijuivj)( Z hijuivj)
7 odd Jj even 7 odd j even
+ ( Z hijuivj)z -+ ( Z hijuivj)Z — 2( Z hijuivj)( Z hijuivj)
j odd Jj even 7 odd J even
= 2( Z hileiV‘j)2 + 2( Z hijuivj)2
j odd J even
= 2V2< Z hijuivj_l)z + 2( Z hijuivj)Q.
j odd Jj even

But now we see that there exist hodd, heven € R[u, V] of appropriate degree
such that:

plu+ v)2 +p(u— v)2 = h(u, v)2 + h(u, —v)2 = v2hodd(u, v2)2 + heven (U, v2)2

9

as required. O

PROOF OF LEMMA 8.9. We may assume w.l.o.g. that ¢ = p? is a square.
For x,y € B", write u = x -y and v = /1 — ||x][2y/1 — [ly|?, so that:

CDa,(x,y; A) = p(u+v) +p(u—v)*.
By Lemma 8.11, there exist hodd, heven € R[V, u] of appropriate degree so that:
CDQ’I’(X7 Yy )\> = V2hodd<u7 V2)2 + heven(ua V2>27
which lies in 7 (B")a, fory € B" asu =x-y and vZ = (1 — [|x]|?)(1 — [ly||?).
]
PROOF OF LEMMA 8.10. Note first that geven(z) = %(q(z) + ¢(—2)) is

itself a sum of squares. In view of (8.22), it now suffices to show that for any
square p? of degree 4r, the kernel:

n+1

K(x,y) = Z pQ(Z VXiyiti)

te{—1,1}n+1 =1

lies in T (A")q, for fixed y € A™ (recall that we write x,41 =1 — |X|,ypn+1 =
1 — |y|). We prove this by successive application of Lemma 8.11. Set first
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) = >y /Xiyiti and Vo) = /X, 11Ynt1- Then Lemma 8.11 tell us that:

Kx,y) = Z P (11(0) + Vvoytn+1)
te{—1,1}n+!

= Y (P + v() + P (1) — Vi)
te{-1,1}"

- Z (V%o)hO(u(o)’V(Qo))Q+h1(“(0)7v?0)>2)’
te{—1,1}»

for polynomials hg, hy of appropriate degree. We may set u(; =y 11 VXiyiti
and v(;) = y/Xpyn and proceed to find:

Kxy)= Y (vipho(uw)viy)® +hi(ug), viy)?)

te{—-1,1}"
= > <V?o>(h3(w1>+V(1>aV?o>)+h3(U() V1), V(o))
te{—1,1}n—1

+ h%(U(l) -+ V( ) (0)) + h (U(l) — V 1),V(0)

= > 1<V?0>V?1>h?>o(w1>7v?1)aV?oﬂ+V< yhor (), Vs vio))
te{—1,1}"—

for polynomials hgo, ho1, h1o, h11 of appropriate degree. After n applications
of this procedure, we find that:

Kx,y)= > Hv% ha (Vi) -+ Vi) (8.23)

ac{0,1}n+1 i=0
for polynomials h, of appropriate degree, where V%i) = Xpt1-iYnt+1—i for 0 <
i<n As A" ={x € R":x;, >0 (1 <i < n+1)}, this means that
K(x,y) € T(A™)g, for y € A" fixed. Take note that while the summands in
(8.23) are of degree 4r in the variables v(yy,...,Vv(,), they indeed have degree
2r in the variables x1,...,x,. [l

8.3. Analysis of the linear operator

For X = B",A™ and r € N, let K = CDg,(A) : P(X)2, — P(X)a, be the
operator associated to the perturbed Christoffel-Darboux kernel CDy,(x,y; \)
defined in (8.3). As we have shown in Lemma 8.9 and Lemma 8.10 above, the
operator K satisfies (P2) for Q@ = T(X)2, if A = (Ax) (resp. Aev = (Aax)) is
given by the coefficients of a univariate sum of squares ¢ € o|x]o, in the expan-

n—2
sion ¢q(z) = ir:o )\kg,i 2 )(:1:) in the basis of Gegenbauer polynomials (8.8).
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We now expand on the second claim made in Section 8; namely that (P3) may
be expressed in terms of the difference between the Ax and 1.

n—2

Let ¢q(z) = Zi:o r/\kQ,iT)(x) be a univariate sum of squares. In the
above, we have shown that the operator K corresponding to the perturbed
Christoffel-Darboux kernel (8.20) on the ball (resp., (8.22) on this simplex)
satisfies (P2).

Recall from (8.14) that for any polynomial p on X of degree d, we have
Kp = Zgzo A\iPr, where p = ZZ:U pr is the decomposition of (8.13). We see
immediately that K satisfies (P1) if and only if Ay = 1 (i.e., when K(1) =
Ao = 1). We now expand on the second claim made in Section 8; namely that
(P3) may be shown for the operator K by analyzing the difference between
the coefficients A\j and 1.

Recall that we consider in (P3) a polynomial f on X of degree d, whose
sup-norm || f||x over X is at most 1 by assumption, and that we wish to bound
IK=1f — fllx. Assuming that \g = 1 and A\ # 0 for 1 < k < d, we have

K f =30 (1 =1/M\) fx and so:

d d
K f = fllx = 11D _(1 =1/ ) fllx < max | fillx - > =1/l
=i k=1

k=1
We have shown the following.

LEMMA 8.12. Let K be the operator associated to the perturbed Christoffel-
Darbouz kernel K(x,y) := CDar(x,y; A) defined in (8.3) of degree 2r for cer-
tain A = (Ap)o<k<zr. Then K satisfies (P1) if Ao = 1, and it satisfies (P3)
with:

d
6=1rgg§d!fk|!x-;\1—1/kk\- (8.24)

We now work to bound the quantity (8.24).

8.3.1. The harmonic constant. In light of the factor maxj<x<q || fx||x
in (8.24), we define the parameter:

Y(X)g := max max IPxllx

— . (8.25)
peR[x] 0<k<d ||p|lx

for any compact semialgebraic set X (equipped with a measure p). Recall
that we already studied this parameter for X = B” in Chapter 7. Note that
maxi<j<d || fx]|x < 7(X)q by definition. Let us first remark that v(X); < oo.
Indeed, this follows immediately from equivalence of norms on the finite-
dimensional vector space P(X)4. In particular, v(B™)4 and y(A")4 are finite
constants depending only on n and d.
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For special cases of X, more can be shown. For instance, when X is the
hypersphere or binary cube, the constant v(X); may be bounded indepen-
dently of the dimension n [FF21, SL21b]. For the unit ball and simplex, we
have the following.

PROPOSITION 8.13. Let ~v(B™)q and v(A™)y be the constants of (8.25)
on the unit ball and simplex, respectively. Then v(B™)g and v(A™)y depend
polynomially on n (when d is fized) and polynomially on d (when n is fized).

Proor. Let X = B"™ A", equipped with the probability measure ux =
uB, pA, respectively. Let p € R[x]s be a polynomial of degree d and assume
that ||p]|x = 1. For k < d, we know from (8.14) that:

pi(x) = CD®p( / CD® (x, y)p(y)dux(y) (x € X).

Using the fact that ||p||x = 1 and ux is a probability measure, as well as the
Cauchy-Schwarz inequality, we find for x € X that:

Ik (x I/ CDW (x, y)p(y)dux (v)|?
< /X CD® (x, y)2dpix (y) - /X p(y)2dpix (y)

< / cD® (x, y)2dux (y)
X

Using (8.14) again, we have:
L/cmﬂgdﬁmquzcwmgm)(xexy (8.26)
X

It follows that:
X)2 < D® :
¥(X)a < max max CD(x, x)
The closed forms (8.17) and (8.19) of CD®) allow us to bound (8.26). On the
ball, we have:

CDW(x,x) = 5 (607 () +6. 7 @lxI2 1)) (xe BY).

1
2
In particular, we have:
B")3 < CcD®
Y(B")g < max, (max (x,%))
n 2)

1L m - (*z=)
< _ = '
- oglgd( 1% ng (z)]) = max G (1)

On the simplex, we similarly have:

DW= gy 3 Gt (Soxit) (xe A"

te{—1,1}n+1 i=1
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and so:

A™M2 < cD*)
Y(A")g < mex (max (x,%))
(2:2 n—2
< 2 _ 2
< goax (_max |Gy *(0)]) = mmax Gy

)
(1)
Finally, we note that (see, e.g., (2.9) in [Xu99]):

2k ).<k+z—2> (n.k € N).

We conclude that the constant v(B"™)y satisfies:

(E:Z

G2 (1) =1+

n—1

—2

v(B™)?2 < max Q,(:T)(l) = max (1 + 2k ) (k tn- 2)_

~ 0<k<d 0<k<d n—1 k

The constant v(A™)y similarly satisfies:

n—2

n—2 4k 2k -2
(A™)?% < max gé,j’ )(1) = max (1 + ) - < o >

0<k<d 0<k<d n—1 2k

O

8.3.2. Selecting a univariate square. The final ingredient we need
for the proof of our main theorems is the following result of Fang and Fawzi
[FF21].

LeMMA 8.14 ([FF21], Theorem 6). Let n,d € N. Then for every r >

n—2
2(n + 1)d there exists a univariate sum of squares q(x) = Zr:o G ? )(:U)
of degree 2r with A\g = 1 and:

d
2(n +1)%d?
1—1/ X < ——.
2;;‘ / k‘—— r2

We outline how to obtain this result here, following the strategy of [FF21].
It is quite similar to what happens in Section 7.2. We emphasize again a con-
nection to the upper bounds in a univariate setting which was only implicitely
present in [FF21]. We also state the intermediary result Lemma 8.16, which
we need to prove Theorem 8.3 and Theorem 8.4 in Section 8.4. The first step
of the argument is to linearize the quantity Zi:l 1 —1/\g|

n—2
LEMMA 8.15. Let n,d,r € N and let q(z) = iT:O /\kg,g 2 )(x) be a sum
of squares. Assuming that Ao =1 and A\, > 1/2 for 1 < k < d we have:

d d
S/ <2 (1- M)
k=1 k=1
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PROOF. As ¢ is nonnegative on [—1,1], we know that Ay < A\g = 1 by
(8.10). As Ay > 1/2 for each k, we have:

d d ‘1_)%’ d d
D=L = 3 Tz 2y e =23 (1 M),
k=1 k=1 k=1 k=1

O

It remains to choose a sum of squares ¢ minimizing Zgzl(l — Ag). This
turns out to reduce to analyzing a univariate instance of the upper bounds (2.6).

LEMMA 8.16. Let n,d € N. Then for every r > d there exists a univariate

n—2
sum of squares q(x) = ZT:(] /\kg,i 2 )(:c) of degree 2r with A\g = 1 and:

d
(n+1)2d>
;(1 — Ag) < 2

n—2
PROOF. For a univariate sum of squares q(z) = ?:0 Akg,g 2 )(33), the
coefficients )\ are equal to (see relation (8.9)):

A= / U (@)q(@)wn(@)dr (0 <k < 2r),

where Qk ) is the normalization of the Gegenbauer polynomial of de-

n 2

_(n=2
gree k satlsfymg max_j<z<i |Qk ( )N = G, ° )(1) = 1. Let h(z) =
d—>9_ Qk = )(a?) Note that:

1 d
/ h(z)q(z)wy,(x)dx = d — Z A
k=1

-1

Selecting ¢ optimally is thus equivalent to solving the optimization problem:

1 1
inf {/ h(zx)q(z)w,(x)dz :/ q(z)wp(z)dr = 1}. (8.27)
geX(z]2r 1 ]

We recognize the program (8.27) as the upper bound ub(h), of (2.6) on the
minimum Amin = A(1) =0 on [—1, 1] w.r.t. the measure du(z) = wy,(x)dx.

As we have mentioned several times, the behaviour of the upper bounds
in this univariate setting is well-understood. It is known that for the linear
polynomial u(z) = z, the bounds have error ™ — i = (&41 + 1), where

n—2

&r41 1s the smallest root of the Gegenbauer polynomial QT 41~ of degree r + 1

[dKL20b]. These roots satisfy (£,41-+1) = O(1/72). The error h") —hy;, may
then be bounded by considering the linear Taylor estimate of A at 1, which
satisfies (1) + h'(1)z > h(x) for all x € [-1,1]. See [FF21] for details. [
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8.3.3. Proof of Theorem 8.1 and Theorem 8.2. We have now gath-
ered all tools required to prove our main results. First, let X = B™ and let f
be a polynomial on X of degree d. Recall that we may assume w.l.o.g. that
fmin = 0 and that || f||x = 1. We show how to construct an operator K satisfy-
ing the properties (P1), (P2) and (P3) for appropriate € > 0, whose existence
will immediately imply Theorem 8.1 by Lemma 8.5. See also Figure 8.1.

For r > 2(n + 1)d, we select a univariate sum of squares:

2r s
a(@) =3 NGy 2 (@)
k=0

as in Lemma 8.14, i.e., such that \g = 1 and Z‘,ﬁzl |1 —1/\g| is small. Consider
the kernel K(x,y) := CDa,(x,y;A) of (8.20). By Lemma 8.9, we know that
the operator K associated to K satisfies (P2). Furthermore, Lemma 8.12 tell
us that K satisfies (P1) and that it satisfies (P3) with:

2(n +1)%d?

d
e = max || fellx - D> _ 11— 1/M| < ¥(B")a- 5

1<k<d r
k=1

Here, we use (8.25) and Lemma 8.14 for the inequality. We may thus apply
Lemma 8.5 to conclude the statement of Theorem 8.1 with constant:

Cp(n,d) = 2(n +1)%d*y(B")q. (8.28)

In light of Proposition 8.13, this constant has the promised polynomial depen-
dence on n (for fixed d) and on d (for fixed n).
The proof of Theorem 8.2 for X = A" is nearly identical. The only differ-

n—2
ence is that we should now select a sum of squares ¢(z) = irzo )\kng) (x) of
degree 4r by applying Lemma 8.14 for d < 2d, r < 2r and consider the kernel
K defined in (8.22). The associated operator satisfies (P2) by Lemma 8.10.
By Lemma 8.12, it satisfies (P1) and (P3) with:

2(n + 1)%(2d)?
(2r)?

2(n + 1)%d?

e <A 2

=v(A")a -

)

using (8.24), Lemma 8.14 and (8.21). We may apply Lemma 8.5 to conclude
the statement of Theorem 8.2 with:

Ca(n,d) = 2(n+ 1)2d*~v(A™)q, (8.29)

which also has the required dependencies on n and d by Proposition 8.13.

8.4. The upper bounds

We apply the method of Section 6.2 to extend our results to the hierarchies
of upper bounds Ib(f, 7 (X)), on the unit ball and the simplex. Recall that in
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2 AT @) = g e Sl
(8.17) (8.20) Lem. 8.9

CD2r(x,y; ) = K(x,y) € T(B")2
Lem. 8.14

Choose g s.t. \p =1 and -
Zzzl ’1 - 1/Ak‘ = O(l/rQ) (8.2) Lem. 8.8

Lem. 8.12 + Prop. 8.13

(P1) + (P3) K (P2)

F1GURE 8.1. Overview of the construction of a a linear op-
erator K : R[x]; — R[x]q satisfying the properties (P1), (P2),
(P3) of Section 8 for the unit ball. The construction for the
standard simplex is analogous.

order to analyze these bounds, it is enough to exhibit an explicit probability
density o € R[x] on (X, ) which lies in 7 (X)a,, and for which the difference:

[ 1606au0) ~ o
X

can be bounded from above. We exhibit such a ¢ here for X = B", u = up
based on the perturbed Christoffel-Darboux kernels constructed in Section 8.2.

Write K(x,y) = CDa,(x,y;A) for such a kernel, where X is chosen as in
Lemma 8.16. Let x* € X be a global minimizer of f over X, and consider the
polynomial o given by:

o(x) = K(x,x") (xeX).
By Lemma 8.9, 0 € T(X)s,. For any polynomial p € R[x]4, we have:

d
/ o(x)p(x)dpu(x) = Kp(x*) = > Mep(x*)  (px € Hy),
X k=0

by definition. Therefore, as A\g = 1, ¢ is a probability density on X. The
polynomial o is thus a feasible solution to the program (2.8) defining the
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bound Ib(f, 7(X)),. Furthermore, we have:
d
| F600(x)u60) = fuin = K 7 < 3711 = M) fel)|
k=1
Z’l_/\k‘<7 (X)g M

We find that 1b(f, 7(X))r — fmin < 7(X)a- (n+1)%d%/r%. Theorem 8.3 follows
immediately. For X = A", an analogous construction yields Theorem 8.4.

8.5. Discussion

We have shown a convergence rate in O(1/r?) for the Schmiidgen-type
hierarchy of lower bounds 1b(f, 7(X)), for the minimization of a polynomial
f over the unit ball or simplex. Our result matches the best known rates for
the hypersphere [FF21] and the hypercube (see Chapter 9). As a side result,
we show similar convergence rates for the upper bounds (8.1) on these sets
as well (w.r.t. the measures pup and pa). We repeat that convergence rates
in O(1/r?) for the upper bounds on B"™ and A" were already available (but
w.r.t. different reference measures).

Putinar- vs. Schmiidgen-type certificates. In light of the recent re-
sult [BM21], there is no longer a (large) theoretical gap between the best
known convergence rates for the Putinar- and Schmiidgen-type hierarchies
(see also Chapter 2). On the other hand, specialized convergence result for
the Putinar-type bound Ib(f, Q(X)), are so far available only in those cases
where Q(X)a, = 7 (X)a,, i.e. where the Putinar- and Schmiidgen-type bounds
coincide (which is the case on the binary hypercube, the hypersphere and the
unit ball). It is an interesting open question whether specialized results for
Ib(f, Q(X)), can be shown in non-trivial cases as well, for instance on the sim-
plex and hypercube (see Chapter 9). It seems unclear whether the techniques
of the present chapter may be applied to the Putinar-type bounds on the sim-
plex. This would require an analog of Lemma 8.10 showing membership of the
kernel in the quadratic module rather than the preordering. Such an analog
seems difficult to prove using the representation (8.22), and no obvious other
representation is available.

The harmonic constant. We have shown in Proposition 8.13 that (B")q4
and v(A™); depend polynomially on n (for fixed d) and on d (for fixed n).
As we have seen, the corresponding constants v(S" 1)y and ~({0,1}")4 for
the sphere and binary cube may actually be bounded independently of the
dimension n for fixed d € N. It is an interesting open question whether this is
true for v(B™)4 and y(A™)4 as well. In a forthcoming paper, we will study the
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constants v(X), in more generality, focusing in particular on its asymptotic
properties.

Acknowledgments. We wish to thank Monique Laurent for helpful sugges-
tions on the presentation of the material, and Fernando Oliviera for fruitful
discussions about kernels on the unit ball.



CHAPTER 9

Application: The unit box [—1,1]"

Intelligence is the ability of a living
creature to perform pointless or
unnatural acts.

Arkady Strugatsky, Roadside Picnic

This chapter is based on my joint work [LS21] with Monique Laurent.

Consider the problem of computing the global minimum:

fmin == min f(X)

x€[—1,1]"

of a polynomial f of degree d € N over the unit box [—1,1]" C R™. The set
[—1,1]™ has the semialgebraic description:

11" = {x €R": g;(x) := (1 —x?) >0 Vi€ [n]}
The (truncated) preordering T ([—1,1]™), is then defined as:

T(=1,1")r :={)_ 0sg9s: 05 € T[x], deg(osgs) <7} (97 =[] 99)-
JC[n] jeJ
The preordering satisfies 7 ([—1,1]"), C Py([-1,1]") for all r € N, where
P+ ([—1,1]") denotes the cone of polynomials nonnegative on [—1,1]". For
ease of exposition, we depart slightly from our earlier notation in this chapter
and define the Schmiidgen-type lower bounds on fi, as:

Ib(f, T(—1,1]")), :=sup{A e R: f =X e T([-1,1]"),} (9.1

(note that usually, we allow f — X € T([—1,1]")2,). The reason for this small
change is our later application of Theorem 9.8 below. As this is the only
type of lower bound we consider in this chapter, we shall also write simply

Ib(f)r = Ib(f, T([—1,1]")),. By definition, we have fyin > Ib(f)r+1 > Ib(f),

for all » € N. Furthermore, we have lim, o, Ib(f); = fiin, which follows
directly from the following special case of Schmiidgen’s Positivstellensatz.

THEOREM 9.1 (Special case of Schmiidgen’s Positivstellensatz [Sch91]).
Let f € Py([—1,1]") be a polynomial. Then for any n > 0 there exists an
r € N such that f+n € T([-1,1]"),.

151
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Outline. In this chapter, we show a bound on the convergence rate of the
lower bounds Ib(f), to the global minimum fi, of f over [~1,1]™ in O(1/72).
Alternatively, our result can be interpreted as a bound on the degree r in
Schmiidgen’s Positivstellensatz of the order O(1/,/m) of a positivity certificate
for f+mn when f € Py([-1,1]").

THEOREM 9.2. Let f be a polynomial of degree d € N. Then there exists
a constant C(n,d) > 0, depending only on n and d, such that:

C(n,d)
2

frmin = Ib(f) (rr1yn < (fmax — fmin)  for all v > wdv/2n.
Furthermore, the constant C(n,d) may be chosen such that it either depends
polynomially on n (for fized d) or it depends polynomially on d (for fized n),
see relation (9.13) for details.

COROLLARY 9.3. Let f € Po([—1,1]™) with degree d. Then, for anyn > 0,
we have:

1
f+n € T([=1,1") 4 1yn for all r > max {ﬂ’d\/ 2n, ﬁ\/C(n, d)( fmax — fmin)},
where C(n,d) is the constant from Theorem 9.2. Hence we have f +n €
T([-1,1]"), forr=0O(1/\/7).

PRrROOF. Let n > 0 and set Cy := C(n,d) - (fmax — fmin). Pick an integer
r > max{ndv2n,/Ct/n}. Then we have:

C C
f 0= =)y + (D) yn — Fonin + 4 ) + frin + (1= ),
N , r N r
GT([_lul}n)(rJrl)n >0 by Theorem 9.2 20 >0
which shows f +n € T([~1,1]")11)n- O

Overview of the proof. Let f € R[x] be a polynomial of degree d. To
simplify our arguments and notation, we will work with the scaled function:

f_fmin
Fi=-—""""
fmax_fmin’

for which Fiuin = 0 and Fihax = 1. Since the inequality (9.2) is invariant under
a positive scaling of f and adding a constant, it indeed suffices to show the
result for the function F'. To prove Theorem 9.2, we apply the method of
Chapter 6. We outline the specialization of the method to this setting for
convenience.

Let £ > 0 and consider the polynomial F := F+e. Let r > d. Suppose that
we are able to construct a (nonsingular) linear operator K, : R[x], — R[x],
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which has the following two properties:

K, (1) =1, (P1)
K,pe T([—l, 1]n>(r+1)n for all p € 7)4.([ 1 1] (PQ)
[P = Pl = o K F(x) — Folze e

Then, by (P3), we have K, 'F' € P, ([~1,1]")4. Indeed, as F is nonnegative on
[—1,1]", F(x) = F(x) +¢ is greater than or equal to ¢ for all x € [~1,1]", and
so (P3) tells us that after application of the operator K; !, the resulting poly-
nomial K;-'F is nonnegative on [—1,1]". Using (P2), we may then conclude
that F = K,«(K;IF) S T([—l, l]n)(r—i-l)n' It follows that Finin — F((r-i—l)n) <e¢
and thus foin — b(f)rrin < € (fmax — fmin). We collect this in the next
lemma for future reference.

LEMMA 9.4. Assume that for some r > d and € > 0 there exists a non-
singular operator K, : R[x], — R[x], which satisfies the properties (P2) and
(P3). Then we have:

fmin - 1b(f)(r+1 (fmax fmin)~

In what follows, we will construct such an operator K, for each r > wdv/2n
and the parameter ¢ := C(n, d) /r?, where the constant C(n, d) will be specified
later. Our main Theorem 9.2 then follows after applying Lemma 9.4.

We make use of the polynomial kernel method for our construction: after
choosing a suitable kernel K, : R™ x R” — R, we define the linear operator
K, : R[x], — R[x], via the integral transform:

Km@w:/‘ K, (x, y)p(y)du(y) (p € Rix],).
[~1,1]"

Here, p is the Chebyshev measure on [—1,1]" as defined in (9.2) below. A
good choice for the kernel K, is a multivariate version (see Section 9.2) of
the well-known Jackson kernel K3*¢ of degree r (see Section 9.1.3). For this
choice of kernel, the operator K, naturally satisfies (P2) (see Section 9.2.1).
Furthermore, it diagonalizes with respect to the basis of R[x| given by the
(multivariate) Chebyshev polynomials (see Section 9.1.2). Property (P3) can
then be verified by analyzing the eigenvalues of K., which are closely related
to the expansion of KJ* in the basis of (univariate) Chebyshev polynomials
(see Section 9.3). We end this section by illustrating our method of proof with
a small example.

EXAMPLE 9.5. Consider the polynomial f(x) = 1 — 22 — 23 + 2*, which
is nonnegative on [—1,1]. For r € N, let K, be the operator associated to the
univariate Jackson kernel (9.6) of degree r, which satisfies (P2) (see Section
9.2.1). Forn = 0.1, we observe that applying K;l to f+n yields a nonnegative
function on [—1,1], whereas applying Kgl does not (see Figure 9.1). Applying
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l l l

-1 —0.5 0 0.5 1

FIGURE 9.1. The polynomial f(x)-+n of Example 9.5 and its trans-
formations under the inverse operators K5 ' and K; ! associated to
the Jackson kernels of degree 5 and 7.

the arguments of Section 9, we may thus conclude that f +mn € T([—1,1]")s,
but not that f+n e T([—1,1]")s.

9.1. Preliminaries

9.1.1. Notation. We write R[z] for the univariate polynomial ring, while
reserving the bold-face notation R[x] = R[x1,X2,...,X,] to denote the ring
of polynomials in n variables. Similarly, ¥[z] C R[z] and X[x] C R[x] de-
note the sets of univariate and n-variate sum-of-squares polynomials, respec-
tively, consisting of all polynomials of the form p = p? + p2 + --- + p2, for
certain polynomials p1,...,p, and m € N. For a polynomial p € R[x], we
Write Pmin, Pmax fOr its minimum and maximum over [—1,1]", respectively,
and [|p[|e 1= Supxe[—1,1n [p(x)| for its sup-norm on [—1,1]™.

9.1.2. Chebyshev polynomials. We recall some properties of the Cheby-
shev polynomials, introduced in Chapter 1. Let p be the normalized Chebyshev
measure on [—1,1]", defined by:

. dX1 dxn
B m/1-x2  m/1-x2

Note that p is a probability measure on [—1, 1]", meaning that f[_l 1 du = 1.

(9.2)

dp(x)

We write (-, ), for the corresponding inner product on R[x], given by:

o= [ 19000
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For k € N, let Cj, be the univariate Chebyshev polynomial of degree k, defined
by:

Ci(cos®) := cos(kf) (0 € R).
Note that |Cx(z)| < 1 for all x € [—1,1] and that Cy = 1. The Chebyshev
polynomials satisfy the orthogonality relations:

1 0 a#b,
Cartilu= | Culo)Cufa)dule) =1 a=b=0, (93
- 1 a=b#0.
A univariate polynomial p may therefore be expanded as:
deg(p)
p=po+ Z 2prCr, where py := (C, D) -
k=1

For k € N", we consider the multivariate Chebyshev polynomial Cy, defined
by setting:

Cr(x) == [ ] Cr(x0).
=1

The multivariate Chebyshev polynomials form a basis for R[x]| and satisfy the
orthogonality relations:

0 o # B,
Corlila= [ ClIC = {1 a=p=0, (94
Sl 2-w(e) o= #0.
Here, w(a) := [{i € [n] : o # 0}| denotes the Hamming weight of oo € N".
We use the notation N C N" to denote the set of n-tuples o € N" with
laf =3, @; < d. As in the univariate case, we may expand any n-variate
polynomial p as:

p= Z QM(H)pﬁcm where p; 1= <Cmp>/ﬁ' (95)

HeNgeg(p)

9.1.3. The Jackson kernel. For r € N and for coefficients )\](:) € R to
be specified below in (9.7), consider the kernel K)*“ : R x R — R given by:

K (a,y) =142 A C(2)Cu(y). (9.6)
k=1
Note that K3*(z,y) = CD(z,y; A(") thus equals the perturbed Christoffel-
Darboux kernel for [—1,1] w.r.t. the Chebyshev measure defined in (6.7). We
associate a linear operator K3*“ : R[z], — R[z], to this kernel by setting:
1

Ki“p(z) == / K@ yp@)du) (b € Rla)).
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Using the orthogonality relations (9.3), and writing Aj := 1, we see that:

1

KECu(o) = [ K@ )Cul)duly) = NiCele) (0 k< 1),

In other words, KJ;naC is a diagonal operator with respect to the Chebyshev
basis of R[z],, and its eigenvalues are given by A\j = 1, )\(17"), e ) n what
follows, we set:

sin(k0,)
sin(6,)

)\](;) S ((r +2 — k) cos(kb,) +

ot 2 cos(d;)) (1<k<r), (9.7)

with 6, = % We then obtain the so-called Jackson kernel (see, e.g.,

[WWAFO06]). The following properties of the Jackson kernel are crucial to
our analysis.

PROPOSITION 9.6. For every d,r € N with d < r, we have:

(i) K¥*(2,y) > 0 for all 2,y € [-1,1],
(ii)) 1 > /\,(cr) >0 forall0<k<r, and

r T w2d2
(iii) [1 =AY =12 < Z5s forall0<k < d.

PRrROOF. Nonnegativity of the Jackson kernel is a well-known fact, and is
verified, e.g., in [dKHL17]. We check that the other properties (ii)-(iii) hold
as well.

Second property (ii): Note that when k£ < (r 4+ 2)/2, both terms of (9.7)

are positive, and so certainly )\,(:) > 0. So assume (r +2)/2 < k < r. Set
h=r+2—k, sothat k0, =7 —hé,,2 < h < (r+2)/2, and

sin(hb,)

(sin6,)

(r+2)A") = —hcos(hf,) + cos(6,) (9.8)

It remains to show that the RHS of (9.8) is positive for all 2 < h < (r +2)/2.
Note that 1 > cos(6,) > 0, sin(f,) > 0 and that sin(h8,) > 0 for all 2 < h <
(r +2)/2. We proceed by induction. For h = 2, we compute:

sin(h6,)

—hcos(hb,) + sin(0,)

cos(f,) = —2(2cos?(6,) — 1) + 2 cos*(6,)

= —2cos?(6,) +2 >0,
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which settles the base of induction. For h > 2, we compute:

—(h+1)cos((h+ 1)8,) + sin((h + 1)6,) ZTSEZ?
— —(h+1)( cos(hb,) cos(6,) — sin(hé,) sin(6,.))
+ (sin(h6,) cos(6,) + cos(hb,) sin(6,)) ZTE((Z;
= —hcos(hf) cos(6,) + (b + 1) sin(ho,) sin(6,) + b;ﬁf(h:)) cos?(6,)
= cos(6)  — heos(f) + S;?n(g)) cos(6)) +(h -+ 1) sin(h8, ) sin(6,)

>0 >0
>0 by the induction assumption

> 0.

We conclude that )\,(:) > 0 for all k£ € [r]. To see that )\,(Cr) < 1, note that for
all k € N, Cp(z) <1for —1 < <1 and Ci(1) = 1. We can thus compute:

-1

1 1

KE“(Ly)CuW)dn() < | K (Loddu(y) =2 =1,
-1

making use of the nonnegativity of KI*(z,y) on [~1,1]2 for the inequality.

Third property (iii): Using the expression of A¥ in (9.7) we have

r+2—k 1 sin(k6,) cos(6,)

1-MN=1- L) —
Ar r 42 cos(ké) r 42 sin(6,)

We now bound each trigonometric term using the fact that:

1 1
cos(z) >1— 5:52, T — gxg <sin(z) <z (r €R). (9.9)

When k£ =1 we immediately get:

2 d*n?
< .
2(r+2)2 = (r+2)?

1
1- A =1—cos8,) < 593 =

Assume now 2 < k < d. Using (9.9) combined with cos(6,.), sin(6,), sin(k6,) >
0 we obtain:

k k2

3p3 _l2l V2 N
62) (1 29T)9T2k: 50 (1+3)

sin(k0,) cos(6,)
sin(6,)

1
6

> (ker -
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and thus:
r+2—k k202 1 k k2
1A <1— 1=y (k:——021 7)
T r+ 2 ( 2) 4+ 2 2r(+3)
2 — k k202 k k2
_ G 02 (14 —)
r—+ 2 2 2(r+2) 3
N— —— T
<1 <1/2 <EkZif k>2
d?7?
< k202 < .
- " (r+2)?2
This concludes the proof if k& > 2. O

9.2. Construction of the linear operator

As noted before, in order to prove Theorem 9.2 it suffices to construct
a linear operator K, : R[x|, — R[x], that is nonsingular and satisfies (P1),
(P2) and (P3). For this purpose we define the multivariate Jackson kernel
K#: R™ x R® — R by setting:

KJaC X y HKJaC x’“yl

where KJ* is the (univariate) Jackson kernel from (9.6). Now let K, be the
corresponding kernel operator defined by:

K., p(x) = / K (x, y)p(y)du(y)  (» € R[x],).
ye[-1,1]"

The operator K, is diagonal w.r.t. the (multivariate) Chebyshev basis, and

its eigenvalues can be expressed in terms of the coefficients /\,(:) of the Jackson
kernel, as the following lemma shows.

LEMMA 9.7. The operator K, is diagonal w.r.t. the Chebyshev basis for
R[x],, and its eigenvalues are given by:

A =T[AY (ke Np).

Proor. For k € N, we see that:

K,Cy(x) = / K (x,y)Cp (y)dp(y)
ye[-1,1]

( / Ks':“*C(xi,yi>cm<yi>du<yi>>
yiE[_LH

ADC, (i) = A C(x),

i

N

-
Il
A

as required. ]
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Note that Ki#¢(x,y) = CD(x, y; A(")) is thus the perturbed Christoffel-Darboux
kernel for [-1.1]" w.r.t. the Chebyshev measure defined in (6.7). It follows
immediately from Proposition 9.6(ii) that K, has only nonzero eigenvalues
and thus is non-singular. As )\(()T) = 1, we also have K, (1) = 1, meaning K,
satisfies (P1). We show that it further satisfies (P2) and (P3).

9.2.1. Verification of property (P2). Consider the following strength-
ening of Schmiidgen’s Positivstellensatz in the univariate case.

THEOREM 9.8 (Fekete, Markov-Lukacz (see [PROO])). Let p be a univari-
ate polynomial of degree r, and assume that p > 0 on the interval [—1,1].
Then p admits a representation of the form:

p(x) = ao(x) + o1 (2)(1 - 2?), (9.10)
where 0g,01 € X[z] and o9 and o1 - (1 — 22) are of degree at most r + 1. In
other words, in view of (9), we have p € T([—1,1])p41.

By Proposition 9.6(i), for any y € [—1, 1], the polynomial = — KJaC(m y) is
nonnegative on [—1, 1] and therefore admlts a representation of the form (9.10).
This implies directly that the multivariate polynomial x — Ki*(x,y) =
[Tim, K (x4, y:) belongs to T([—1,1]")(41), for all y € [-1,1]".

LEMMA 9.9 (Specialization of Lemma 6.2). The operator K, satisfies prop-
erty (P2), that is, we have K,p € T([~1,1]")y1)n for all p € P ([-1,1]").

PROOF. One way to see this is as follows. Let p € P4 ([—1,1]") and let
{yi i € [N]} € [-1,1]" and w; > 0 (i € [N]) form a quadrature rule
for integration of polynomials up to degree r + deg(p) over [—1,1]"; that is,
S a(x)du(x) = L, wig(yi) for any g € R[x], acg(). Then, we have
K,p(x) = Zf\il K, (x,y:)p(y:)w; with p(y;)w; > 0 for all i, which shows that

K,pe T([—l, 1]n)(r+1)n' O

9.3. Analysis of the linear operator

We may decompose the polynomial F' = F + ¢ into the multivariate Cheby-
shev basis (9.5):

F=e+ Y 2"WEC,,  where F, = (F, T,),.
KENT
By Lemma 9.7, we then have:
”K;lﬁ - FHOO = Z (1/Af(ir))2w(ﬁ)F"‘€C’i - 2w(K)FnCHHoo
RENY

< Y 2YWE1-1/AY),

RENY

(9.11)
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making use of the fact that \g = 1 and |Cx(x)| < 1 for all x € [—1,1]". It
remains to analyze the expression at the right-hand side of (9.11). First, we
bound the size of |F}| for k € N™.

LEMMA 9.10. We have |F,| = |(F,Cy),| < 27°®)/2 for all k € N".

PROOF. Since p is a probability measure on [—1,1]", we have ||F|, <
| F|loo < 1. Using the Cauchy-Schwarz inequality and (9.4), we then find:

(F,Co)p < WFellpllCll < NICkll = g~w(k)/2
O

To bound the parameter |1 — 1/)\,({74) |, we first prove a bound on |1 — A |, which
we obtain by applying Bernoulli’s inequality.

LEMMA 9.11 (Bernoulli’s inequality). For any x € [0,1] and t > 1, we
have:

1—(1—2)<tr. (9.12)
LEMMA 9.12. For any k € N} and r > wd, we have:
2 72
nmod
-a0 < T

PrOOF. By Proposition 9.6, we know that 0 < v := (1—)\,(:)) < m2d?/r? <
1 for 0 < k < d. Writing v := maxg<k<q Yk, We compute:

(r A0 - nmd”
1—)\;::1—1_[)\;@::1—H(1—7m)§1—(1—7)n§7w§ RO
=1 =1
making use of (9.12) for the second to last inequality. O
LEMMA 9.13. Assuming that r > wd+/2n, we have:
2nm2d?
- < 2

ProOOF. Under the assumption, and using the previous lemma, we have
|1 — )\,(.f)| < 1/2, which implies that AT > 1/2. We may then bound:

NG 2 12
1—10] = 122 <o — a0y < 2
AL r

O

Putting things together and using (9.11), Lemma 9.10 and Lemma 9.12 we
find that:
K F = Flloo < > 228 E 1= 1/A0)]
KENT
2 12 2 12
< 3 uirz, 2 AT Nm g )2 20T
- r2 = KENT
HENZ

r2
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Hence K, satisfies (P3) with e = C(n, d)/r?, where:
C(n,d) := |N| - max 2°)/2 . 2nx2d?,
KENT

In view of Lemma 9.4, we have thus proven Theorem 9.2. Finally, we can
bound the constant C'(n,d) in two ways. On the one hand, we have:

n+d Srd4i
Ny| = = <(d+1)" and <
= (") [[%5 = @+ 10" and i) <
resulting in a polynomial dependence of C'(n,d) on d for fixed n. On the other
hand, we have:

NG| = <n 2; d> <(n+ 1)d and Eé%%w(/i) <d,
resulting in a polynomial dependence of C'(n,d) on n for fixed d. Namely, we
have:

C(n,d) < 2r2d*n2"?(d +1)" and C(n,d) < 2r2d*n2¥%(n+1)%.  (9.13)
9.4. Discussion

We have shown that the error of the degree r 4+ 1 Lasserre-type bound
(9.1) for the minimization of a polynomial over the hypercube [—1,1]" is of
the order O(1/r?) when using a sum-of-squares decomposition in the truncated
preordering. Alternatively, if f is a polynomial nonnegative on [—1,1]" and
n > 0, our result may be interpreted as showing a bound in O(1/,/7) on the
degree of a Schmiidgen-type certificate of positivity for f+mn. The dependence
on the dimension n and the degree d of f in the constants of our result is both
polynomial in n (for fixed d), and polynomial in d (for fixed n).

Earlier results. A convergence rate in O(1/r) for the lower bounds 1b(f),
was already known in the literature [dKL10]. This rate holds in fact for a
weaker hierarchy of bounds obtained by restricting in (9.1) to decompositions
of the polynomial f — X\ involving factors o; that are nonnegative scalars
(instead of sums of squares), also known as Handelman-type decompositions
(thus replacing the preordering 7 ([—1,1]™), by its subset H, of polynomials
having a Handelman-type decomposition). The analysis in [dKL10] relies on
employing the Bernstein operator B,, which has the property of mapping a
polynomial nonnegative over the hypercube to a polynomial in the set H,,, C

T([=1,1]")rn.

An application of our main result. As we discussed in Section 2.3,
Baldi & Mourrain [BM21] have recently improved the previously best-
known convergence rate of [NS07] for the Putinar-type bounds on a general
Archimedean semialgebraic set X. Roughly speaking, their method of proof
relies on embedding X in a box [—R, R]"™ of large enough size R > 0, and then



162 9. APPLICATION: THE UNIT BOX [-1,1]™

relating positivity certificates on X to those on [—R, R|™. Our present result
on [—1,1]™ then allows them to conclude their analysis. Their argument relies
on the fact the constant C(n,d) in Theorem 9.2 may be chosen to depend
polynomially on the degree d of f. Such a dependence was not shown in the
earlier work [dKL10].

The harmonic constant. A question left open in this work is whether it is
possible to show Theorem 9.2 with a constant C(d) that only depends on the
degree d of f, and not on the number of variables n (cf. (9.13)). This question
is motivated by the fact that for the analysis of the analogous hierarchies for
the unit sphere in [FF21] and for the boolean hypercube in Chapter 7 the
existence of such a constant (depending only on d) was in fact shown.

Improving upon the Jackson kernel. We choose to use the (multivari-
ate) Jackson kernel in this chapter mostly because its relevant properties are
well-understood and it is thus easy to analyze. In principle, there could be
other kernels that would yield better convergence guarantees. In particular,
it would be nice to have kernels that lie in the quadratic module Q([—1,1]"),
(instead of the preordering), thereby allowing an analysis of the Putinar-type
bounds. In their recent work [KdK22]|, the authors show how to construct
non-negative kernels numerically whose associated operators converge to the
identity quickly. Their results could potentially be used to analyze the lower
bounds. However, one would probably first have to find analytical expressions
for their kernels (after which it might be possible to show membership in the
preordering or quadratic module).

The upper bounds. As we explain in Section 6.2, our method of proof in
this chapter would in principle allow us to obtain convergence rates for the
upper bounds ub(f, 7 ([-1,1]"),u), as well. In fact, this is precisely what
Hess, de Klerk and Laurent do in [dKHL17]. There, they implicitely use the
polynomial kernel method, and the Jackson kernel in particular, to obtain a
convergence rate in O(1/r?) for these bounds.
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CHAPTER 10

A recursive theta number for geometric
hypergraphs

It seems all paths lead to V!

Michel Goemans

This chapter is based on my joint works [CSAOFSV21, CSAOFSV22] with
Fernando de Oliveira, Davi Silva and Frank Vallentin.

Let G = (V, E) be a (finite) graph. A subset S C V is called a stable (or
independent) set if no two vertices v,w € S are adjacent, i.e., if {v,w} & E
for all v,w € S. The stability number (or independence number) a(G) of G is
equal to the largest cardinality of a stable set in G. Computing the stability
number of a graph is a classical NP-hard problem [Kar72].

The celebrated Lovdsz theta number 9(G) of G satisfies o(G) < ¥(G) <
x(G), where a(G) is the independence number of G and x(G) is the chromatic
number of the complement of G. That is, the edges of G are the non-edges
of G and vice versa. Crucially, the theta number can be computed efficiently
using semidefinite programming.

Originally, Lovész [LovT79] introduced 9 to determine the Shannon ca-
pacity of the 5-cycle. The theta number turned out to be a versatile tool in
optimization, with applications in combinatorics and geometry. It is related to
spectral bounds like Hoffman’s bound, as noted by Lovész in his paper (cf. Ba-
choc, DeCorte, Oliveira, and Vallentin [ BDdOFV14]), and also to Delsarte’s
linear programming bound in coding theory, as observed independently by
McEliece, Rodemich, and Rumsey [MRR78] and Schrijver [Sch79].

One way to define J(G) is to consider the following formulation of a(G)
as an integer program:

(@) = xe%a}ﬁv{i;xi xxj =0 V{i,j} € E}. (10.1)

The feasible solutions of (10.1) are precisely the incidence vectors xg of stable
sets S C V, defined by (xg); = 1 if i € S and 0 otherwise. For such a feasible
solution xg, the positive semidefinite matrix X = xgx1/|S| satisfies X;; = 0
for {i,7} € F and Tr(X) = 1. Furthermore, if J is the all-ones matrix, we

165
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have (X, J) := Tr(XJ) = 37, .y Xij = [S|. Therefore, we get:
a(G) < 9(G) = max {(X,J) : Te(X) = 1, X; =0 ¥{i,j} € B}.

Bachoc, Nebe, Oliveira, and Vallentin [BNdOFV09] extended ¢ to infi-
nite geometric graphs on compact metric spaces. They also showed that this
extension leads to the classical linear programming bound for spherical codes
of Delsarte, Goethals, and Seidel [DGS77]; the linear programming bound of
Cohn and Elkies for the sphere-packing density [CE03] can also be seen as
an appropriate extension of ¥ [dLdOFV14, dOFV19]. These many applica-
tions illustrate the power of the Lovasz theta number as a unifying concept in
optimization; Goemans [Goe97| even remarked that “it seems all paths lead
to V7.

Outline. In this chapter, we show how a recursive variant of ¥} can be used
to find explicit upper bounds for the independence ratio of certain geometric
hypergraphs on the sphere and on the Euclidean space; this will lead to new
bounds for a problem in Euclidean Ramsey theory. As we discuss at the end of
the chapter, our recursive ¥-number may also be applied to geometric graphs
on the binary cube {0,1}". Analysis of the resulting upper bounds, however,
is more difficult in that setting.

10.1. Overview of the construction

Let us begin by giving a high-level overview of the construction of our
recursive theta number. Let G = (V, E) be a (finite) graph. For k > 2, we
say a subset S C V contains a k-clique if there are k vertices vy,...,vp € S
such that {v;,v;} is an edge for all distinct 4, j € [k]. That is, the complete
graph K}, is a subgraph of the induced graph G[S]. One may then consider
the parameter:

k) = : tai k-cli .
a(GL k) gngac{\S\ S contains no k-clique}

Note that for £ = 2, we simply have the independence number a(G, 2) = a(G),
and that o(G,1) = 0 by definition. The parameter a(G, k) can also be seen
as the independence number of the (regular) hypergraph with vertex set V'
whose hyperedges are the k-cliques of G.

The key observation is the following. Suppose S C V contains no k-clique,
and let v € S. Write Ng(v) = {w € V : {v,w} € E} for the neighboorhood
of v in G. Then the intersection S N Ng(v) cannot contain a (k — 1)-clique.
Indeed, the union of such a clique with v would form a k-clique in S. Therefore,
the incidence vector xg of S satisfies:

(xs)o- Y. (x9)i <a(G[Ng(v)], k—1) (veV). (10.2)

1€ENG(v)
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The constraints (10.2) allow us to formulate a semidefinite upper bound on
a(G, k) in terms of the parameters o(G[Ng(v)],k — 1), which takes a sim-
ilar form to 1. The issue is that these parameters are not known to us.
Note however, that we may replace the RHS of (10.2) by any upper bound
on a(G[Ng(v)], k—1). For instance, we could replace it by the upper bound
arising from the inequalities (10.2) for a(G[Ng(v)], k—1) itself (thus in terms
of parameters of the form a(-, k —2)). After recursively applying this proce-
dure k£ — 2 times, we end up with a bound in terms of parameters of the form
a(+, 2) = «a(+), which we may upper bound using the (regular) theta number!
This finally leads to a semidefinite upper bound on «(G, k). If k € N is fized,
this bound may be computed in polynomial time, see [CSAOFSV22].

The approach outlined above may be formulated entirely in the language
of (regular) hypergraphs. Furthermore, it can then be shown that some of
the fundamental geometrical properties of the feasible region of the program
defining the classical theta number are preserved for our recursive bound. This
is the main subject of the work [CSAOFSV 22|, which we do not cover fully in
this thesis. Rather, we focus here on an application of the idea presented above
to geometric graphs, particularly on the hypersphere and on the Euclidean
space. As we shall see below, the symmetry exhibited by these graphs allows
us to formulate our recursive 1 number in a very elegant way, permitting us
to find analytical expressions for the resulting upper bounds.

10.2. Main results

10.2.1. The unit sphere. We call a set {x(1) ... x(®} of k > 2 points
in the (n — 1)-dimensional unit sphere S" ! = {x € R" : |x]| = 1} a
(k,t)-simplex if x . xU) = ¢ for all i # j. Note that a (k,t)-simplex
has dimension k — 1. There is a (k,t)-simplex in S"~! for every k < n
and t € [-1/(k —1),1).

Fixn >k >2and t € [-1/(k —1),1). A set of points in S ! avoids
(k,t)-simplices if no k points in the set form a (k, t)-simplex. We are interested
in the parameter

a(S" 1k t) = sup {w(I): I is measurable and avoids (k,t)-simplices },
1CSn—1
where w is the surface measure on the sphere normalized so the total measure
is 1. This is the independence ratio of the hypergraph whose vertex set is S
and whose edges are all unit (k, t)-simplices.

In Section 10.3 we will define the parameter ¥(S™ !, k,t) recursively as

the optimal value of the problem

SUP [gn-1 [gn-1 (X ¥) dw(y)dw(x)

f) =1
f(t) < 19(5'”_27]{; - 1,t/(1 + t))7
f € C([-1,1]) is a function of positive type for S"~1
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for k > 3 (see Section 10.3 for the definition of functions of positive type). The
base of the recursion is k = 2: ¥(S™~!,2,) is the optimal value of the problem
above when “f(t) < 9(S" 2k —1,t/(1+1t))” is replaced by “f(t) = 0".

From Theorem 10.3 below it follows that J(S" % k,t) > a(S"L,k,t).
Using extremal properties of Gegenbauer polynomials, an explicit formula can
be computed for this bound, as shown in Theorem 10.5.

10.2.2. The Euclidean space. Transferring these concepts from the
compact unit sphere to the non-compact Euclidean space requires a bit of
care; this is done in Section 10.4.

A unit k-simplez in R” is a set {x(1),...,x®} of k < n + 1 points such
that [|x(®) — x| =1 for all i # j. As before, note that the dimension of a
unit k-simplex is k — 1. A set of points in R"™ avoids unit k-simplices if no k
points in the set form a unit k-simplex. We are interested in the parameter

a(R", k) = sup{ §(I) : I C R"™ is measurable and avoids unit k-simplices },

where 0(X) is the upper density of X C R", that is,

. L vol(X N [-T,T]")
e S| o

Again, this parameter has an interpretation in terms of the independence
ratio of a hypergraph on the Euclidean space and again we can bound the in-
dependence ratio from above by an appropriately defined parameter 9(R", k).
Theorem 10.7 below gives an explicit expression for ¥(R™, k) in terms of Bessel
functions and Gegenbauer (ultraspherical) polynomials.

The key point is that the maximum density a(R", k) of unit k-simplices
in R is related to the maximum density a(S" 1, k —1,1/2) of (k — 1,1/2)-
simplices in the hypersphere. This is made precise in Theorem 10.3 below.

10.2.3. Euclidean Ramsey theory. The central question of Euclidean
Ramsey theory is: given a finite configuration P of points in R” and an in-
teger r > 1, does every r-coloring of R™ contain a monochromatic congruent
copy of P?

The simplest point configurations are unit k-simplices, which are known to
have the exponential Ramsey property: the minimum number y(R", k) of col-
ors needed to color the points of R™ in such a way that there are no monochro-
matic unit k-simplices grows exponentially in n. This was first proved by
Frankl and Wilson [FW81] for £ = 2 and by Frankl and Rodl [FR87]
for k > 2. Results in this area are usually proved by the linear algebra method;
see also Sagdeev [Sagl8al].

Recently, Naslund [Nas20] used the slice-rank method from the work of
Croot, Lev, and Pach [CLP17] and Ellenberg and Gijswijt [EG17] on the



10.2. MAIN RESULTS 169

cap-set problem! to prove that
x(R™,3) > (1.01466 + o(1))".

This is the best lower bound known at the moment.

For simplices of higher dimension there are also explicit lower bounds.
Currently, the best such bound was obtained by Sagdeev [Sagl8b] using a
quantitative version of the Frankl-Rodl theorem:

1 n
X(Rﬂ k‘) Z (1 + W + 0(1)> .

Denote by H(n, k) the unit-distance hypergraph, namely the k-uniform hy-
pergraph whose vertex set is R™ and whose edges are all unit k-simplices. The
parameter x(R"™, k) is the chromatic number of this hypergraph. A theorem of
de Bruijn and Erdés [dBE51] shows that computing x(R"™, k) is a combina-
torial problem: the chromatic number of H(n, k) is the maximum chromatic
number of any finite subgraph of H(n, k).

The combinatorial nature of the chromatic number makes it hard to use
analytical tools in its study. This led Falconer [Fal81], in the case k = 2,
to introduce the measurable counterpart of x(R™, k), denoted by xm(R"™, k),
by requiring the color classes to be Lebesgue-measurable sets. Of course,
Xm(R™, k) > x(R™, k), but it is not known whether the two numbers differ.

The restriction to measurable color classes is natural and allows us to use
the analytical tools developed in this chapter. Since

(R, k)xm(R", k) > 1,

any upper bound for «(R", k) gives a lower bound for x, (R™, k), hence
Xm(R", k) = [1/9(R"™, k)].

In Section 10.5 we analyze the upper bounds ¥(S™"~!, k,t) for simplex-
avoiding sets on the sphere and ¥(R", k) for simplex-avoiding sets on the Eu-
clidean space by using properties of Gegenbauer (ultraspherical) polynomials,
obtaining the following theorem.

THEOREM 10.1. If k > 2, then:

(i) for everyt € (0,1), there is a constant ¢ = c(k,t) € (0,1) such that
IS Lk, t) < (c+o0(1));
(ii) there is a constant ¢ = c¢(k) € (0,1) such that 9(R™, k) < (¢4 o(1))".

From this theorem we get an exponential lower bound for x, (R™, k). Rig-
orous estimates of the constant ¢ then yield significantly better lower bounds
for xm(R™, k) than those coming from x(R", k).

IThe slice-rank method is only implicit in the original works; the actual notion of slice
rank for a tensor was introduced by Tao in a blog post [Taol6].
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Indeed, in the case k = 3 we obtain (see Section 10.5.1)
a(R",3) < (0.95622 + o(1))",
and so
Xm(R",3) > (1.04578 + o(1))".
We also obtain the rougher estimate

a(R", k) < (1 - g(kil)g + o(l))n,

valid for all £ > 3, which immediately implies

Xm(R", k) > <1 + g(kl_l)z + 0(1)> .

Though our lower bounds for xm,(R", k) do not necessarily hold for x(R", k),
they do imply some structure for general colorings. If a coloring of H(n, k)
uses fewer than 1/a(R™, k) colors, then the closure of one of the color classes
is a measurable set with density greater than «(R", k), and so it contains a
unit k-simplex. This means that in such a coloring there are monochromatic
k-point configurations arbitrarily close to unit k-simplices.

10.2.4. Notation and preliminaries. We will denote the Euclidean
inner product between x, y € R"” by x-y. The surface measure on the sphere
is denoted by w and is always normalized so the total measure is 1.

We always normalize the (left-invariant) Haar measure on a compact group
so the total measure is 1. By O(n) we denote the group of n x n orthogonal
matrices. If X C S"! is any measurable set and if y is the Haar measure
on O(n), then for every e € S~ we have

u{T €0O(n) :Tee X }) =w(X).

We will need the following technical lemma, which will be applied to the
sphere and the torus. For a proof, see Lemma 5.5 in DeCorte, Oliveira, and
Vallentin [DAOFV20].

LEMMA 10.2. Let V be a metric space and I' be a compact group that acts
transitively on V' ; let v be a finite Borel measure on V that is positive on
open sets. Denote by u the Haar measure on I'. If the metric on V and the
measure v are I'-invariant and if f € L*>(V;v), then the function K: V xV —
R such that

K(x,y) = /F f(o%)f(oy) du(o)

1S continuous.
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10.3. Simplex-avoiding sets on the sphere

We call a continuous kernel K: S"~! x §"~1 — R positive if for every
finite set U C S™! the matrix (K(x,y))xyeU is positive semidefinite. A

continuous function f: [~1,1] — Ris of positive type for S*~! if the kernel K €
C(8" 1 x 8"71) given by K(x,y) = f(x -y) is positive.

Fixn >k >3 and t € [-1/(k —1),1). For any v > 0, consider the
optimization problem

f) =1, (10.3)
f(t) <,
f € C([~1,1]) is a function of positive type for S™~1.
The following theorem is the main technical result required to derive our
recursive theta number for S”~! in Theorem 10.4 below.

THEOREM 10.3. Fixn >k >3, t € [-1/(k—1),1). If v > a(S" 2,k —
1,t/(1+t)), then the optimal value of (10.3) is an upper bound for a(S™ 1, k,t).

PROOF. Let I C S™"~! be a measurable set that avoids (k,t)-simplices and
assume w(I) > 0. Consider the kernel K: S"~! x S"~! — R such that

K(x,y) = /O () D),

where y7 is the characteristic function of I and where p is the Haar measure
on O(n).

By taking V = S" ! and I' = O(n) in Lemma 10.2, we see that K is contin-
uous. By construction, K is also positive and invariant, that is, K(Tx,Ty) =
K(x,y) for all T € O(n) and x, y € S"!. Such kernels are of the form
K(x,y) = g(x -y), where g € C([—1,1]) is of positive type for S"~!. Note
that

K(xx) = [ a(Tx)dulT) = w(D)
O(n)

so g(1) = w(I) > 0.
Set f=g/g(1 ) Immediately we have that f is continuous and of positive
type and that f(1) = 1; moreover

/5[5 £6x- ) day)deo(x) = (D).

Hence, if we show that f(t) <+, the theorem will follow.

If x € S"!is a point in a (k,t)-simplex, all other points in the simplex
lie in the link Uxy = {y € S" ! :y-x =t}. Note that Ux; is an (n — 2)-
dimensional sphere with radius (1 — t2)'/? (see also Figure 10.1); let v be the
surface measure on Uy ; normalized so the total measure is 1.

If T € O(n) is any orthogonal matrix, then 77 avoids (k,t)-simplices.
Hence if x € T1, then TI N Ux; cannot contain £ — 1 points with pairwise
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0

FIGURE 10.1. The link Ux; = {y € S"! 1y -x =t}
Note that cosf = t, implying that Ux; has radius sinf =
V1 —cos20 =1 —t2.

inner product ¢, and so v(TI N Ux;) < a(S" 2k —1,t/(1 +1)) < ~. Indeed,
the natural bijection between Uy, and S™ 2 maps pairs of points with inner
product ¢ to pairs of points with inner product t/(1 + t), and so T'1 N Uy is
mapped to a subset of S?~2 avoiding (k — 1,/(1 + t))-simplices.

Now fix x € S"7! and note that g(t) = K(x,y) for any y € Uxs. An
averaging argument now shows that:

olt) = /U Ky dvly /U ) / H(TX)xH(Ty) du(T)dv(y)

[ o) [ty dy)dn)
O(n) Ux,t
< yw(I),
whence f(t) = g(t)/w(I) < 7, and we are done. O

One obvious choice for v in Problem (10.3) is the bound given by the same
problem for (k — 1,¢/(1 + t))-simplices. The base for the recursion is k = 2:
then we need an upper bound for the measure of a set of points on the sphere
that avoids pairs of points with a fixed inner product. Such a bound was
given by Bachoc, Nebe, Oliveira, and Vallentin [BNdOFV09] and looks very
similar to (10.3). They show that, for n > 2 and t € [-1, 1), the optimal value
of the following optimization problem is an upper bound for a(S"~!,2,¢):

sup fSn—l fSn—l f(x-y) dw(y)dw(x)

f) =1,
f(t) =0,
f € O([~1,1]) is a function of positive type for S7~!.

Combining this with Theorem 10.3 yields the following.
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THEOREM 10.4. Let 9(S™"1,2,t) denote the optimal value of the opti-
mization problem above, so 9(S"1,2,t) > a(S""1,2,t). Fork >3 andt €
[~1/(k—=1),1), let 9(S™ 1, k,t) be the optimal value of Problem (10.3) when y =
I(S"2 k—1,t/(1+1)). We then have

(S k) > (ST K t).
There is actually a simple analytical expression for 9(S™ "1 k. t), as we see
7)

_(n=3
now. Forn > 2 and j > 0, let Q(. 2 7 denote the Gegenbauer polynomials

n—3
with parameter o = (n — 3)/2 and degree j, normalized so g( )(1) =1, see

Chapter 1.
In Theorem 6.2 of Bachoc, Nebe, Oliveira, and Vallentin [BNdOFV09] it
n n—3
is shown that for every ¢ € [—1,1) there is some j > 0 such that g )( t) < 0.

Theorem 8.21.8 in the book by Szegé [Sze75] implies that, for every t €
(_17 1)’
(n 3) -
lim G, 2 “(t) = 0.

j—)OO

Hence, for every ¢t € (—1,1) we can define

_(n=3
M, (t) =min{G\ (1) : j > 0}, (10.4)
and we see that M, (t) < 0. With this we have [BNdOFV09, Theorem 6.2]
—M,(t)
I(S" 2t =
(s )= 1 — M,(t)

The expression for ¥(S" "1 k,t) is very similar, but requires some work to
derive.
THEOREM 10.5. If n >k >3 and ift € [-1/(k —1),1), then
V(S" 2k — 1,t/(1+t)) — My(t)
1 — My(t) '
The proof requires the following characterization of functions of positive

type (see the beginning of Section 10.3 above) due to Schoenberg [Sch42]|. A
function f: [~1,1] — R is continuous and of positive type for S~1 if and only

IS k) = (10.5)

if there are nonnegative numbers fy, f1, ...such that Z;io fj < oo and
(n 3
Z 19 7 (),
with uniform convergence in [—1, ] Compare to the summation formula (1.15).

PrROOF OF THEOREM 10.5. Using the orthogonality of Gegenbauer poly-
nomials (see also (1.15)), we see that for any i # j:

/S" 1/Sn . CS Y)g(n Dixy) duoly)do(x) =
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_(n=3
As gé z) _ 1, this implies in particular that, if j > 1, we have:

/Sn1 /SM EE'HT%)(X 1) dw(y)dw(x) = 0.

We may use this and Schoenberg’s characterization of positive type functions
to rewrite (10.3) with v = 9(S" 2k — 1,t/(1 + t)), obtaining the equivalent
problem:

sup fo
oo
Zj:() fj = 1)

n—3
S0 £V T (1) <972 k= 1,8/(1+ 1),
fj >0 forall j > 0.

It remains to solve this problem. Note that
o)
> fiG )
j=0

n—3

is a convex combination of the numbers EET)(t) We want to keep this

convex combination below 9(S" 2 k — 1,t/(1 +t)) while maximizing fo. The
best way to do so is to concentrate all the weight of the combination on fj

n—3

and fj=, where j* is such that EE*T) (t) is the most negative number appearing
_(n=3
in the convex combination, meaning gg* ? )(t) = M,(t).

That is, we may assume that the only nonzero variables in an optimum
solution are fo and fj«. It thus remains to maximize fy under the conditions
that fo + fj+ =1, and:

_(n=3
Jo+ 2G5 (1) = fo+ fi Mat) S 9(S™ 2 k= 1,t/(1+ 1),

which precisely yields the optimal value in the statement of the theorem. [J

The expression for 9(S™ !, k, 0) is particularly simple. Indeed, for n > 2 it
follows from the recurrence relation for the Jacobi polynomials that M, (0) =

_(nz=3
gé 2 7(0) = —1/(n — 1), whence
I(S" 1k, 0) = (k—1)/n.
Figure 10.2 shows the behavior of 9(S"1,3,¢) for a few values of n as t
changes. Plots for k > 3 are very similar.
10.4. Simplex-avoiding sets in Euclidean space

An optimization problem similar to (10.3) provides an upper bound for a(R", k).
To introduce it, we need some definitions and facts from harmonic analysis
on R™; for background, see e.g. the book by Reed and Simon [RS75].
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A A

0.66

0.66+

0.5 0.29+

>
v T

T
1 —0.5

FIGURE 10.2. Plots of 9(S"1,3,t) for t € [-0.5,1] and n = 3
(left) and 5 (right).

A continuous function f: R™ — R is of positive type if for every finite
set U C R™ the matrix (f(x — y))xyeU is positive semidefinite. Such a
function f has a well-defined mean value

. 1
MUY= i ST /[Tﬂn flox) dx.
We say that a function f: R"™ — R is radial if f(x) depends only on [|x||. In
this case, for t > 0 we denote by f(t) the common value of f for vectors of
norm ¢.
Fix n > 2 and k£ > 3 such that k < n + 1. For every v > 0, consider the
optimization problem

sup M(f)
f(0) =1,
10.6
) <7, (10.6)
f: R™ — R is continuous, radial, and of positive type.

We have the analogue of Theorem 10.3:

THEOREM 10.6. Fiz n > 2 and k > 3 such that k < n+ 1. Ify >
a(S" Yk —1,1/2), then the optimal value of (10.6) is an upper bound
for a(R"™, k).

We need a few facts about periodic sets and functions. A set X C R”
is periodic if it is invariant under some lattice A, that is, if X +v = X for
all v € A. Similarly, a function f: R"™ — R is periodic if there is a lattice A
such that f(x +v) = f(x) for all v € A. We say that A is a periodicity lattice
of X or f. A periodic function f with periodicity lattice A can be seen as a
function on the torus R™/A; its mean value is

1
e R

=

v
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PrROOF OF THEOREM 10.6. Let I C R™ be a measurable set of positive
upper density avoiding unit k-simplices. The first step is to see that we can
assume that [ is periodic. Indeed, fix R > 1/2. Erase a border of width 1/2
around IN[—R, R|" and paste the resulting set periodically in such a way that
there is an empty gap of width 1 between any two pasted copies. The resulting
periodic set still avoids unit k-simplices and is measurable. Its upper density
is

volI N[-R+1/2,R—1/2]")
vol[—R, R]" ’

by taking R large enough, we can make this density as close as we want to the
upper density of I.

Assume then that I is periodic, so its characteristic function y; is also
periodic; let A be a periodicity lattice of 1. Set

9(x) = Vd(ﬂi% /Rn/A xr(y)xr(x+y)dy.

Lemma 10.2 with V' =T = R"/A applied to x; implies that ¢ is continuous.
Direct verification yields that g is of positive type, g(0) = §(I), and M(g) =
o(I)2.

Now set

f(x) = 5(1)! /O 9T dut),

where 1 is the Haar measure on O(n). Note that f is continuous, radial, and of
positive type. Moreover, f(0) = 1 and M (f) = &(I). If we show that f(1) < 7,
then f is a feasible solution of (10.6) with M(f) = &(I), and so the theorem
will follow.

To see that f(1) <+, note that if x is a point of a unit k-simplex in R",
then all the other points in the simplex lie on the unit sphere x+5"~! centered
at x. Hence if x € I, then I N (x 4+ S"7!) is a measurable subset of x + S"~!
that avoids (k — 1,1/2)-simplices, and so the measure of I N (x + S~ !) as a
subset of the unit sphere is at most a(S" ',k —1,1/2). Hence if £ € R" is
any unit vector, then

() =3(1)! / 9(T€) du(T)
O(n)
_ < —1 1
N 6(1) /O(n) VOl(R”/A)
1

D7 TR oy X109 [ a0 D)

<a($"hE—1,1/2) <7,

/ X)X (T€ + x) dxdp(T)
R" /A

|

as we wanted. O
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Denote by 9J(R™ k) the optimal value of (10.6) when setting v =
9(S" 1k —1,1/2). Then 9(R", k) > a(R", k).

An expression akin to the one for 9(S" 1, k,t) can be derived for 9(R", k).
For n > 2 and u > 0, let

Qu(u) = T(n/2)(2/u) "2, g (),
where J, is the Bessel function of the first kind with parameter a. Let m,
be the global minimum of ,,, which is a negative number (cf. Oliveira and
Vallentin [dOFV10]). The following theorem is the analogue of Theorem 10.5.
THEOREM 10.7. For n > 2 we have
IS Lk —1,1/2) —my,

Q9(IRna]€) = 1—m

The proof uses again a theorem of Schoenberg [Sch38], that this time
characterizes radial and continuous functions of positive type on R"™: these are
the functions f: R™ — R such that

flx) = /0 0z x]) do(2) (10.7)
for some finite Borel measure v.

ProoF. If f is given as in (10.7), then M (f) = v({0}) (see e.g. Section 6.2
in DeCorte, Oliveira, and Vallentin [DdOFV20]). Using Schoenberg’s theo-
rem, we can rewrite (10.6) (with v = 9(S"~1 k —1,1/2)) equivalently as:

sup v({0})
v([0,00)) =1,

fOOO Qn(z) dl/(z) < ﬂ(snilv k— 1? 1/2)7
v is a Borel measure.

We are now in the same situation as in the proof of Theorem 10.5. If z* is
such that m,, = Q,(z*), then the optimal v is supported at 0 and z*. Solving
the resulting system yields the theorem. O

Table 10.1 contains some values for J(R", k).

10.5. Exponential density decay

In this section we analyze the asymptotic behavior of 9(S™! k,t)
and Y(R™, k) as functions of n, proving Theorem 10.1.
The main step in our analysis is to understand the asymptotic behavior of

_(n=3
M,(t) =min{ G\ 2 (1) : j > 0},
_(n=3
as defined in (10.4). For ¢ € [—1,0) we have M,(t) < g§ 2 )(t) = t, and

so My(t) does not approach 0. We have seen in Section 10.3 that M, (0) =
—1/(n — 1), so for t = 0 we have that M, (¢) approaches 0 linearly fast as n
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/ k 3 4 5 6 7 8 9 10 11
2 0.64355 — — — — — — —
3042849 0.69138  — — — — — — —
4 029346 049798 0.73225 ~ — — — — — —
5 020374 0.36768 0.55035 0.76580  — — — — —
6 0.15225 0.28471 0.42777 0.60262 0.79563  — — — —
7 0.11866 0.22740 0.34071 0.48493 0.64681 0.81972  — - -
8 0.09339 0.18405 0.27471 0.39559 0.53374 0.68268 0.83882  — —
9 0.07387 0.15030 0.22864 0.33042 0.44903 0.57816 0.71431 0.85537  —
10 0.05846 0.12340 0.19194 0.27851 0.38158 0.49496 0.61521 0.74026 0.86882

TABLE 10.1. The bound ¢(R", k) forn =2, ..., 10 and k = 3,
..., 11, with values of n on each row and of k£ on each column.

grows. Things get interesting when ¢t € (0,1): then M, (¢) approaches 0 expo-
nentially fast as n grows.

THEOREM 10.8. For every t € (0,1) there is c € (0,1) such that
[My(t)] < (¢ +o(1)",

We will need the following lemma showing that, for every ¢ € (0,1),

n—3
if 7 = Q(n), then |§§T)(t)| decays exponentially in n. The statement of the
lemma is quite a bit more precise than that, since we later want to do a more
detailed analysis of the base of the exponential. The proof is a refinement of
the analysis carried out by Schoenberg [Sch42].

LEMMA 10.9. If for 0 € (0,7) and 6 € (0,7/2) we write
C = (cos? 0 + sin? fsin? ) /2,
_(n=3 .
then |Q’§ 2 )(cos 0)] < /2 cos™ 3§ + CJ for all n > 3.

PROOF. An integral representation for the ultraspherical polynomials due
to Gegenbauer (take A = (n —2)/2 in Theorem 6.7.4 from Andrews, Askey,
and Roy [AAR99]) gives us the formula

?;T)(cos 0) = R(n)~" /7r F(¢)? sin 3 ¢ do,
0

where

F(¢) = cosf +isinf cos ¢ and R(n) = / sin™ 3 ¢ dg.
0

Note that |F(¢)|? = cos? 8 +sin? § cos? ¢ and that |F(¢)| < 1. Split the in-
tegration domain into the intervals [0, 7/2 — 0], [7/2 — 6, 7/2 + 6], and [7/2 + 6, 7]
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to obtain

n—3

07 (cost)] < ROm) ™ [ IP(0) s 6 do
0
w/2—6
<2R(n)"! / sin 3 ¢ dp
0
w/24+0 )
+R(n)t / |F (o)) sin™ 2 ¢ dep.
w/2—8
For the first term above, note that

B /20 (n/2 — 1)
B = w12

Take x = (n —2)/2 and a = 1/2 in (7) of Wendel [Wen48] to get
R(n)™' <7 12((n—2)/2)'? < n!/2.

Now
T/2—0

w/2—8
2R(n)~* /0 sin" 3 ¢ dp < 2n!/? /0 sin" (7 /2 — 8) d¢
=22 (7 )2 — §) cos" 3§
< /2 cos™ 3 6.

For the second term we get directly

/240 ] w248 )
R [ @) s gds < Ry [T oS gdo <
w/2—8 w/2—0
and we are done. O

We can now prove the theorem.

PrROOF OF THEOREM 10.8. Our strategy is to find a lower bound on the

_(n=3
largest jo such that Q§ 2 )(t) > 0 for all j < jo. Then we know that M, (t) is

attained by some j > jp, and we can use Lemma 10.9 to estimate |M,,(1)].

n—3

Recall [SzeT5] that the zeros of agT) are all in [—1,1] and that the

. For
convenience, let C;‘ denote the Gegenbauer polynomial with shifted parame-
ter A — 1/2 and degree j, so

(25

rightmost zero of ?;E is to the right of the rightmost zero of G ;

C(n—2)/2 (1)

(L*?’

g = (10.8)
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Let z; be the largest zero of Cj‘. Elbert and Laforgia [EL90, p. 94] show
that, for A > 0,

TN
If for a given j we have that

324 2]

G+A? 7

then we know that the rightmost zero of C’jA is to the left of ¢, and so C;‘(t) > 0.

Note that the left-hand side in (10.9) is increasing in j. Let us estimate
the largest j for which (10.9) holds. We want

(10.9)

P4 —t2G+N2<o.

The left-hand side above is quadratic in j, and since t?> < 1 the coefficient of 52
is positive. So all we have to do is to compute the largest root of the left-hand
side, which is 2a(t)\, where a(t) = ((1 —t2)~1/2 —1)/2.

Hence for j < 2a(t)\ we have C’j‘(t) > 0. From (10.8) we see

that G0 7 (1) > 0 if
Jj <a(t)n —2a(t).

Now plug the right-hand side above into the upper bound of Lemma 10.9 to
get

|My,(£)] < (7n!/? cos™ §) cos™ § 4+ Co)n—2a(t)
= O(n1/2) cos™ & + O(1)(C'a(t))n7

with C as defined in Lemma 10.9 with cos # = ¢. For any choice of 6 € (0,7/2),
we have that cosd, C' € (0,1), and since a(t) > 0 for all t € (0, 1), the theorem

follows.
O

Proof of exponential decay. We now get exponential decay for 9(S"~1, k, t)
for any £ > 3 and ¢ € (0,1). Indeed, consider the recurrence Fy =t and F; =
Fi—1/(1+F;_1) fori > 1, whose solution is F; = t/(1+it). Using Theorem 10.8
to develop our analytic solution (10.5), we get

o
[\

9(S" L k) Z\Mn ; | M, _i(t/(1+it))],

[e=]

j=
where a,, ~ b, means that hmn_,oo an/b, = 1. Since t/(1 4 it) > 0 for all 4,
each term decays exponentially fast, and so we get exponential decay for the
sum.
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A

0.9383 1

FiGUuRE 10.3. The best constant ¢ obtained in our proof of
Theorem 10.8, for each value of ¢t € (0,1).

We also get exponential decay for ¢(R™, k) for any k£ > 3. Indeed, from

Theorem 10.7 we have that

k-3

I(R™ k) ~ [ma| + Y [Mpi(1/(2+1))].

i=0
From Theorem 10.8 we know that every term in the summation above decays
exponentially fast. Bachoc, Nebe, Oliveira, and Vallentin [BNdOFV09] give
an asymptotic bound for |m,| that shows that it also decays exponentially
in n, namely

Imn| < (2/e 4 0(1))"? = (0.8577... + o(1))™.
This finishes the proof of Theorem 10.1.

10.5.1. Explicit bounds. We now compute explicit constants c(k, t) and
¢(k) which can serve as bases for the exponentials in Theorem 10.1, in partic-
ular obtaining the bounds advertised in Section 10.2.3.

The constant ¢ given in Theorem 10.8 depends on . Following the proof,
we can find the best constant for every t € (0,1) by finding § € (0,7/2) such
that cosd = C*®) that is, by solving the equation

cost 6 = (2 + (1 — %) sin2 §) (117171 (10.10)

and taking ¢ = cosd > 0.

For any given ¢ € (0,1) it is easy to solve (10.10) numerically. For ¢t = 1/2
we get cosd = 0.95621 ... as a solution, and so |M,(1/2)| < (0.95622+0(1))",
leading to the the bound

I(R™,3) ~ | My (1/2)] < (0.95622 + o(1))".

Figure 10.3 shows a plot of the best constant ¢ for every ¢ € (0, 1).
With a little extra work, it is possible to show that, for all k£ > 2,

Mo (1/k)| < (1 - 9—112 + 0(1)> , (10.11)
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whence
OB )~ 1M1/~ 1)) < (1= gty + o)

for all £ > 3.

Direct verification shows that (10.11) holds for k = 2, so let us assume
k > 3. Writing ¢ for the (unique) positive solution cosd of (10.10) and tak-
ing # € (0,7/2) such that cos§ = t, we can rewrite (10.10) in the more

convenient form

C4sin9/(1—sin9) 2

=1—c?sin?0.

Now say ¢ =1 — z and use Bernoulli’s inequality (1 + z)" > 14 rz to get
; ; 4sin 6
1 4sinf/(1-sin0) - 1_
( z) - 1 —sinf
1—(1—2)%sin?0 <1— (1 —2x)sin?4.
Equating the left-hand sides of both inequalities above and solving for x, we
get,

xr and

sinf(1 — sin6)
4+2sinf(1 —sinf)’
In particular, when cosé = 1/k we get

ML (1/R)] < (1

c=1—x<1-—

1 n
TR0 R 2 0(1)>

<(1--L 1o
= 92 ¢
for all k > 3.

10.6. Triangle-avoiding sets in the binary cube

For an integer n > 1, consider the binary cube B"™ = {0, 1}" equipped with
the Hamming distance, which for x, y € B"™ is denoted by d(x,y) and equals
the number of bits in which x and y differ. A classical problem in coding
theory is to determine the parameter A(n,d), which is the maximum size of a
subset I of B" such that d(x,y) > d for all distinct x, y € I.

If we let G(n,d) be the graph with vertex set B" in which x, y € B" are
adjacent if d(x,y) < d, then A(n,d) = a(G(n,d)). A simple variant of the
Lovéasz theta number of G(n,d) then provides an upper bound for A(n,d),
which is easy to compute given the abundant symmetry of G(n,d). This
bound, known as the linear programming bound, was originally described by
Delsarte [Del73]; its relation to the theta number was later discovered by
McEliece, Rodemich, and Rumsey [MRRT78] and Schrijver [Sch79].

Now let s > 1 be an integer. Three distinct points x, x@ x6) ¢ »
form an s-triangle if d(x(®,x\7)) = s for all i # j. It is easy to show that there
is an s-triangle if and only if s is even and 0 < s < [2n/3]. We want to find



10.6. TRIANGLE-AVOIDING SETS IN THE BINARY CUBE 183

the largest size a(B", 3, s) of a set of points in B" that avoids s-triangles. This
is thus the analogue of the problem we have so far considered on S™~!, but
restricted to 3-simplices (i.e., triangles).

We sketch how to obtain the corresponding recursive theta number;
the idea of the construction is exactly the same as for S"~!.  See
also [CSdOFSV22].

The functions of positive type on B" are of the form:

£ =Y aky @),
k=0

where f,(cn) is the Krawtchouck polynomial of degree k and ag, ..., a, > 0.
Compare to the summation formula (1.17). In light of this characterization,
we get the following upper bound on a(B", 3, s):
Y(B", 3, s) := max 2"ay
2 k=0 Ok :( 1)’
—(n B

D=0 weKy, " (s) < [BY|THI(BY),

ag, ..., ap > 0.
Here, B” is the the link of 0 € B", which consists of the set of all words
of weight s (the weight of a word is the number of 1s in it); two words are
adjacent in BY if they are at distance s and ¥(BY) is the regular theta number.
As before, the program (10.12) admits a simple analytical optimum solution.

THEOREM 10.10. Write M} (s) = min{ K}'(s) : k=0, ..., n} for s > 0.
Ifn > 1 is an integer and 0 < s < [2n/3] is an even integer, then we have:
M (s) — By |~19(B2)
Mp(s) —1

(10.12)

a(B",3,s) < J9(B",3,s) =2"

To compute ¥(BY) we again use symmetry. Let A: B? x B! — R be a
matrix. If A is Iso(B)-invariant, then A(x,y) depends only on d(x,y), and
so we write A(t) for the value of A(x,y) when d(x,y) = t. The matrix A is
Iso(BY)-invariant and positive semidefinite if and only if there are numbers ay,
..., ag > 0 such that

Alt) =D axQy (t/2)
k=0

(note that Hamming distances in BY are always even), where @," is the Hahn
polynomial of degree k, which for an even integer ¢t > 0 is such that

=3 ()7 ()R CT0)

The polynomials are normalized so Q"°(0) = 1; if Ey(x,y) = Q" (d(x,y)/2),
then (E), E;) = 0 whenever k # [ (see Delsarte [Del78], in particular Theo-
rem 5, and Dunkl [Dun?78]).
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With this characterization, (J, A) = [B”|?ag since Ey = J. We see that 9(B?)
is the optimal value of the problem

max |B?|ag
2 k=0 @k = 1,
D k0w @y (5/2) = 0,
ag, ..., as > 0.
With Mg(s) = min{ Q"°(s/2) : k=0, ..., s}, we have the following
analogue of Theorem 10.10.

THEOREM 10.11. If n > 1 is an integer and 0 < s < [2n/3] is an even

integer, then (5
MPB(s

I(B) = |BY|— 2.

) = B 37—

Putting things together, we obtain an expression for J(B", 3, s) in terms of
M (s) and Mg (s) (similar to the one we derived earlier for simplex-avoiding
sets on S"1).

Using this expression, one could attempt to analyze how the density of a
subset of B" that avoids s-triangles behaves as n goes to infinity. For a fixed s,
this question is not interesting, as |B?| is exponentially smaller than |[B"|.
Therefore, we should consider a regime where s tends to infinity as well. For
instance, what if we take as s the even integer closest to n/c for some ¢ > 17
Numerical evidence (Figure 10.4) suggests that 9J(B",3,s)/2" decays expo-
nentially fast in n for all ¢ > 2; for ¢ = 2, there seems to be no exponential
decay.

The open problem, which we leave for future work, is whether an analytical
proof for this exponential decay may be given similar to the one presented
above for 5"~ 1. It has so far proven difficult to analyze the parameters M2 (s)
and Mg(s) It does not seem possible to transport the techniques we used for
the Gegenbauer polynomials directly. In particular, we lack a suitable integral
representation for the Krawtchouk and (especially) the Hahn polynomials.

10.7. Discussion

We have defined a recursive theta number for (geometric) hypergraphs,
which allows us to bound the size of simplex-avoiding sets on the hyper-
sphere S"~1. We express the resulting bound in terms of a parameter related
to Gegenbauer polynomials. After careful analysis of this parameter, we are
able to show exponential decay of the density of simplex-avoiding sets as n
tends to infinity. This in turn allows us to show an improved version of an
existing result in Euclidean Ramsey theory. Furthermore, we have seen that
our approach may be applied to obtain bounds on the size of triangle-free
sets in the binary cube, which may similarly by expressed in terms of param-
eters related now to Krawtchouk and Hahn polynomials. These parameters,
unfortunately, appear to be much harder to analyze.



10.7. DISCUSSION 185

—2.3 q..~.
?‘ ® % o.ﬁ. -~
® Vo v, 0~.’§.~.
%t P
e ¥ Y P _
\:\
s,
oo %0,
\oﬁ.. o
.
.‘.o
.‘\\\
[ S,
‘\~\.’o’.
0.0.
IR
y 0’

g WY

\ °
o,
s

—11.4 esconse
I I I
20 85 150

FIGURE 10.4. The plot shows, for every n = 20, ..., 150 on the
horizontal axis, the value of In(J(B", 3,s)/2") on the vertical
axis, where s is the even integer closest to n/2 (in green), n/3
(in red), and n/4 (in blue).

A recursive theta body for hypergraphs. The theta body of a graph
is a convex relaxation of the independent-set polytope, defined by Grotschel,
Lovész, and Schrijver [GLS88]. As the name suggest, it is closely related to
the theta number. Indeed, ¥ is obtained by optimizing a linear function over
the theta body. In the work [CSAOFSV22], we recursively extend the theta
body to uniform hypergraphs, using ideas similar to the ones presented in this
chapter. We show that some of the nice structural properties of the regular
theta body are preserved in this setting.

Relation to other bounds. Finally, let us compare our recursive theta num-
ber to some similar, existing bounds in the literature. First, there is the
classical Hoffman bound h(G), which bounds the stability number a(G) of a
regular graph G in terms of the smallest eigenvalue of its adjacency matrix.
The theta number is known to be a tighter bound on «(G) than the Hoff-
man bound: «(G) < J(G) < h(G) for regular graphs G [Lov79]. Filmus,
Golubev, and Lifshitz [FGL21]| extend the Hoffman bound to the setting of
(edge-weighted) hypergraphs, and give applications in extremal combinatorics.
As we show in [CSAOFSV22], our resursive theta number is always at least
as tight as their high-dimensional Hoffman bound.

Second, there are the semidefinite hierarchies of so-called k-point bounds,
which may be thought of as higher levels of a Lasserre-type hierarchy of bounds
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on a(G) (just as ¥ may be thought of as the first level of a Lasserre hierarchy).
These have been applied succesfully to geometrical problems on S"~! and R"
(see, e.g., [BVO8] and [dLMdOFV21]), although it is only known how to
compute the resulting bounds for small values of k. They may also be applied
to bound the size of codes on the binary cube, see, e.g, [Sch05], [Lau07b],
[Pol19]. The k-point approach can probably be adapted to yield bounds for
the parameters we consider in this chapter as well, especially for a(B", 3, s)
(with k& = 3). We are not aware of the relation between such bounds and
the ones we have derived here, but it would be interesting to compare them.
Furthermore, it would be interesting to see whether the k-point approach leads
to bounds with nice analytical expressions similar to the ones we have seen in
this chapter.

Acknowledgments. We would like to thank Christine Bachoc for helpful
discussions and comments at an early stage of this work.
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The goal of a mathematical optimization problem is to maximize an objective
(or minimize a cost) under a given set of rules, called constraints. Optimization
has many applications, both in other areas of mathematics and in the real world.
Unfortunately, some of the most interesting problems are also very hard to
solve numerically. To work around this issue, one often considers relaxations:
approximations of the original problem that are much easier to solve. Naturally, it
is then important to understand how (in)accurate these relaxations are.

This thesis consists of three parts, each covering a different method that uses
semidefinite programming to approximate hard optimization problems.

In Part 1 and Part 2, we consider two hierarchies of relaxations for polynomial
optimization problems based on sums of squares. We show improved guarantees
on the quality of Lasserre’s measure-based hierarchy in a wide variety of settings
(Part 1). We establish error bounds for the moment-SOS hierarchy in certain
fundamental special cases. These bounds are much stronger than the ones
obtained from existing, general results (Part 2).

In Part 3, we generalize the celebrated Lovdsz theta number to (geometric)
hypergraphs. We apply our generalization to formulate relaxations for a type
of independent set problem in the hypersphere. These relaxations allow us to
improve some results in Euclidean Ramsey theory.
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