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1. INTRODUCTION

In this monograph we are mainly concerned with a dynamic system which
at times t = 0,1,... is observed to be in one of a possible number of
states. Let E denote the countable space of all possible states. If at time
t the system is observed in state i then a decision must be chosen from a
given set P(i). The probability that the system moves to a new state j (the
so-called transition probability) is a function only of the last observed
state 1 and the subsequently taken decision. In order to avoid an over-
burdened notation we shall identify the decision to be takén with the prob-
ability measure on E that is induced by it. Thus for each i € E the set
P(i) consists of probability measures p(i,.).*) Let P be the set of all
stochastic matrices P with p(i,.) € P(i) for each i ¢ E. Hence P has the
product property: with P, and P_ the set P also contains all those P with

1 2 th

for every i € E in the ith row of P either the ith row of P1, or the i

row of P2.

A policy R for controlling the system is a sequence of decision rules
for the times t = 0,1,..., where the decision rule for time t is the in~
struction at time t which prescribes the decision to be taken. This in-
struction may depend on the history i.e. the states and decisions at times
051s...,5=1 and the state at time t. When the decision rule is independent
of the past history except for the present state then it can be identified

with a P € P. A memoryless or Markov policy R is a sequence P ,P1,... e P,

0
where Pt denotes the decision rule at time t. Pt also gives the transition

probabilities at time t.

In this monograph there are only a few places where non-memoryless
policies are used. We need them to show that the value function is cp-super-
harmonic (see theorem 3.1). Theorem 13.2 says that when P contains all
randomizations then the supremum over all memoryless policies equals the
supremum over all policies. Hence in this case the value function may be

defined as the supremum over the memoryless policies.

Since the law of motion of the dynamic system can be described by a

non-stationary Markov chain when a memoryless policy is used, we prefer to

*)

We allow that with positive probability the system "breaks down" or
"disappears", so p(i,j) 2 0, i,j € E and p(i,E) := ) p(i,j) <1, i ¢ E.
JeE




introduce a decision process as a collection of non-stationary Markov
chains (for a more general foundation of decision processes see
[Hindererl). A memoryless policy which takes at all times the same decision
rule i.e."P°° i= (P,P,...), Pe P is called a stationary policy and induces

8 stationary Markov chain.

One of the features of this monograph is the generalization of well-
known resﬁlts for one Markov chain to a collection of Markov chains. We
give some examples. In theorem 8.6 it is proved that the maximal average
expected reward does not dépend on the initial. state given that the system
is recurrent. This is a direct generalization of fhe well-known theorem

that each excessive function on a recurrent chain is constant.

The main assumption in theorem 5.1 {relation 5.1.1) is nothing else
then a condition guaranteeing that all Markov chains are uniformly positive
recurrent. This condition is a direet generalization to a collection of
Markov chains of a so-called Foster criterion or a Liapunov function crite-

rion as it is called elsewhere (see subsection 2.7).

Finally the simultaneous Doeblin condition (see section 11) is a
straightforward‘extension to a collectidn of Markov chains of the well-

known Doeblin condition.

Nowadays potential theory for Markov chains is well developed. A
systematic treatment of potential theory for dynamic systems would in our
opinion be desirable. Although the second part of the title of this mono-
graph suggests more, our contribution to potential theory for dynamic sys-—
tems consists only in the introduction of some useful terminology and the
derivation of some interesting results (sections 2 and 7). The reason is
that we were mainly interested in dynemic programming. It seems that many

interesting questions were left untouched.

When in state i decision p(i,.) is taken then an immediate cost de-
- . 3 - * . - 3
pending on i and p(i,.) is incurred . ). Let cP(l) be the immediate cost
th row of matrix P) in state i and write

(i). Note that if P,Q e P with

when taking decision p(i,.) (the i

cp for the vector with ith component ¢

p(i,.) = g(i,.) then cP(i) = cQ(i).

P

The expectation of the cost at time n when starting in state i at time

)

It is common to minimize when speaking of costs. We shall always maxi-
mize. The reason is that along with a cost structure also a reward
function shall be used (see section 3).




zero and using policy R = (PO’P1"") will be denoted by E; c(;n), where
k]

R
*) . . S

X ) is the state at time n. E c(gn) denotes the vector with ith compo-

nent Ei,R c(gn

I%m[...]). It is easily seen that

) (for stationary policy P we write EP[...] instead of

IE!Rc(:_cn)=POP1...P e, -

In some of the following sections it is assumed that the cost function
is a charge structure (see definition 2.12). In dynamic programming a
weaker assumption like "all relevant expectations do not attain the value
plus infinity" could be used. Our gain is a greater simplicity in the
statements of the results. Also a nice implication is that the well-known
theorem in optimal stopping remains valid: the value function is the mini-

mum of the excessive functions that majorize the reward function.

The basic reason for taking the state space a countable set was that
many of the problems which arise in general state spaces already appear in
the countable state space. The countable state space does not have the
"compactness" properties of the finite state space and with the countable
state space one avoids the "measurability" questions of more general state
spaces. As to the generalization of the results of this monograph, some can
be generalized in a straightforward way, some results cannot be generalized

and for the other results we do not know.

In an important part of the litersture on Markovian decision processes
it is assumed that for each state the set of available decisions in that
state is a finite set. Usually randomized decisions i.e. convex combina-
tions of the available decisions with a corresponding convex combination of
the costs as the immediate cost, are allowed. We prefer to start with gen-—
eral sets of decisions P(i), i € E, which may contain all randomizations.
As long as there are no constraints introduced the distinction between
rendomized and non-randomized decisions is in our opinion not very im-

portant (cf. section 13).

In several places we need a notion of convergence on P. A sequence

*)

Random variables are underlined.




Pn’ n=1,2,... 1is convergent to P if 1lim pn(i,j) = p(i,j) for all i and
e
j. In this case, we shall say that lim Pn = P. P with this topology is a

. . N
metric space (see section 13).

The ideéntification of the set of actions with the set of probability

measures and several notations are adopted from [Batherl].

The number of papers on dynamic progremming is overwhelming. Only
those books or papers referred‘to in this monograph, or those that proved
important for the author's study of these topicé are included in the
bibliography.

It is difficult to provide a readable and consequent notation for the
topics studied. The list of notations may be helpful to overcome possible

notational shortcomings.




2. POTENTIALS AND EXCESSIVE FUNCTIONS

The aim of this section is twofold. First to generalize some well-
known theorems in Markov potential theory (theorems 2.9 and 2.20 to 2.23).
The second intention of this section is to introduce notions which, in our
opinion, are basic in the study of discrete time dynamic programming prob-
lems. Further we collect in this section definitions and results which play

an important role throughout this monograph.

Each function used in this monograph is assumed to be a finite and
real valued function. Moreover when writingIEP f(gn) or P'f it is tacitly

assumed that

I p7(1,3)|£(3)] < = for a1l i ¢ E.
J

2.1. DEFINITION. Function w is a charge with respect to P if
n
B, | lwx)| = ] 2] <o

n=0 n=0

2.2. DEFINITION. Function f is a potential w.r.t. P if there exists a
charge w w.r.t. P such that

So function w is called a charge if the sum zz=0 P is well-defined. This

sum is then a potential.

2.3. DEFINITION. Function f Zs a

c - super 2
c ~ harmonic function w.r.t. P if £ = ¢ + Pf.
c - sub <

2.4, DEFINITION. Function f is a c -excessive function w.r.t. P if

(2.4.1) ¢ 28 aq charge w.r.t. P
0 n

(2.4.2) L Plest

(2.4.3) ¢+ Pfsf.

So a c~superharmonic function with c¢ a charge satisfying relation (2.4.2)




is a c-excessive function. To see that c-excessive functions form an in-
teresting class one should realize that when f is the value function of a
stopping problem for a Markov chain with matrix of transition probabilities
P and "cost" function ¢ then relations (2.4.2) and (2.h.3) are Fulfilled.
This can be seen by noting that the left-hand side of (2.4.2) denotes.the
"return" in case we will never stop which is less than the value furction.
The left-hand side of (2.4.3) denotes the "return' if we wait one period

and then continue in an optimal way. This may be a sub—optimal policy.

2.5. THEOREM. Function f is a potential w.r.t. P iff wp 1= f-Pf Z8 a

charge w.r.t. P and lim P'f = 0.
n-ee

PROOF. Suppose w is a charge such that f = z:=0 P%. Then by interchanging

the order of summation (w is a charge) it follows that

o

+
epr= J (PP = .
n=0
Hence Wy = w and consequently Yp is a charge. By iterating the equality
W, + Pf =7

P
N times we find the equality

(2.5.1) o+ P b ..+ PNWP + P e o g,

Since f = Zw

 P%_, it then follows that lim P°f = 0.*)
n=0 P n->o0

is a potential since w,

To show the converse, we note that Z:=O in P

P
is a charge. Moreover, it follows from (2.5.1) and,lim}Pnf = 0 that this
s

potential equals f. [J

It can be seen from the above proof that a potential uniquely deter-

mines its charge (if f is a potential then f-Pf is its charge).

*)

For fn’ n=1,2,... a sequence of functions, we write lim fn =0 if

. . . N0
lim £ (i) = 0 for all i € E.
nre B




2.6. THEOREM. If to c 2 0 there exists a nonnegative c - superharmonic
function v w.r.t. P then ¢ is a charge w.r.t. P and ZZ‘O PPe < v.

PROOF. The definition of a c-superharmonic function gives
c + Pvsv.

By iterating this inequality N times we find

c+Pc+ ... + PNc + PN+1V < v,

Since v =2 0 it follows then

0
2 Pnc Sy <
n=0

and consequently c is a charge. O

As an illustration of theorem 2.6 we shall prove that relation (2.7.1)
is sufficient for a Markov chain to be positive recurrent. In this way we
recover the condition for positive recurrence as can be found in [Foster,
theorem 2]. For a countable state space a condition similar to (2.7.1) can
be found in [Kushner, theorem 8.6.5.7, p. 211]. There the condition is

called a Liapunov function criterion.

2.7. FOSTER CRITERION - LIAPUNOV FUNCTION CRITERION

The Markov chain with transition matvix P is positive vecurrent if

there exists a state i and a nonnegative solution ¥y of the inequalities

0

(2.7.1) e+ By <y,

where e is defined by e(i) = 1 for all i and P is the columm-vestriction
of P to E\{io} Z.e.

. 0 for j= io
P(isj) =

p(i,3) for j # 1.




PROOF. Let T denote the reentry time of'{io}, i.e. T is the least n > O
if any with x = io, and T = » if there is no such n. Then it is an easy
check that

(2.7.2) Pt >0l = Ple(i).
According to a well-known lemma

(2.7.3) E.[t] = Z P.[t > n].
i = i =
n=0

By (2.7.2) and (2.7.3) we have
(2.7.4) Elxl = ] Ple(i).
The Markov chain is a positive recurrent class ([Chung, p. 311) if

(2.7.5) E&[IJ < o for all i € E.

To prove this it is by (2.7.4) sufficient to show that Z;=o Ple < o (i.e.
all components are finite). Now theorem 2.6 says that relation (2.7.1)

implies that e is a charge w.r.t. . O

A Ligpunov function criterion for the existence of an invariant prob-
ability measure in the case of a Markov process with a metric state space

is given in [Hordijk and Van Goethem].

2.8. THEOREM. If there exists a c - superharmonic funetion f w.r.t. P, for

¢ a majorant of a charge then

a. h := lim P'f ewists and - < h(i) < » for qll i € E
I
b. <f h(i) > —= for all i ¢ E then c is a charge w.r.t. P

)

e. Zfh =20 *) then £ is c -excessive w.r.t. P.

*)

We write x 2 y if x(i) = y(i) for all i and denote 0 for the vector with
each component equal to O.




PROOF. a. Let w be a charge such that w < c¢. For Wp 1= f-Pf it holds that

o= - > - >
CP : WP w 2 WP c 2 0 and

(2.8.1) w+e, + Pf=F,

P
By iterating this equality N times we find

N N+1
(2.8.2) ) Pn(w+cP) + P f=f,

n=0
w is a charge and cp 2 0 so lim ZN_ Pw+e_ ) (i) exists (and cannot be ~=)
N> ~0=0 P

and consequently also lim PNf(i) exists (and cennot be +»), for each i e E.
N»co

I

b. If lim PNf(i) is finite for all i € E then zm_ P'c, < » and it follows
Moo n=0 P

that the nonnegative function c_ i1s a charge and so is w,. Let

P P

ef = max{c,0) and ¢ = - min(c,0).

Since w, w, are charges and w < ¢ < WP, we have

P
(2.8.3) Z Pnc— < z in_ < ©
n=0 n=0
(2.8.4) Z Pnc+ < z PnW; < o,
n=0 n=0

Relations (2.8.3) and (2.8.4) together imply that Z:=O P%|e| < » and hence

¢ 1s a charge.

¢. By iterating the inequality ¢ + Pf < f we find

N
Y Pl + PV e < g,
n=0

If 1im PPFf 2 0 then we have that
n-+o

7 P < £
n=0

Consequently c and f satisfy the relations (2.4.1), (2.4.2), (2.4.3) and

f is a ¢ - excessive function w.r.t. P. [
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With ¢ E\O, the following theorem is similar to a theorem in classical

potential theory due to M. Riesz (see [Helms, theorem 6.18]).

2.9. THEOREM. A c¢ -excessive function w.r.t. P is the sum of a potential
w.r.t. P with charge not less than c and a nomnegative harmonic function
w.r.t. P.

PROOF. Let v 1S f-Pf for f a c-excessive function w.r.t. P. Then f is

a wr—harmonic function and v Z c. Relation (2.4.2) implies that

PNf 2 Pl\I Z Ple = Z Ple.

n=0 n=N
This yields that (theorem 2.8 shows’'the existence of the limit)
1lim PNf 2 0 and we conclude by theorem 2.8 that Vp is a charge. From
Nreo . . . © . .
wP+Pf = £ it follows by iteration f = 2n=0 in + hy with h = 1im PNf.

P
. Noroo
Since

£- ) PPl <Prcr+ § PN,
& P = P
n=0 n=0
it follows by the dominated convergence theorem that Ph = h and consequent-

1y h is a harmonic function. [

We note that the above representation of a ¢ -excessive function as
the sum of a potential and a harmonic function is unique. Indeed, if

f= 2:=0 Py + h, with w a charge and h a harmoniec function. Then

Pf = Zm P’ + Ph = f-w. Hence w = £-Pf and the potential zw_ Pw is
n=1 .. bn=0

uniquely determined by f. And so is h = f - Zz=0 Py,

2.10. THEOREM. If ¢ 28 a charge and f is a c¢ -superharmonic function w.r.t.
P then the following assertions arve equivalent
a. lim P'f 2 0
n>
b. 1lim P =0
heix o
c. f 28.a c -excessive function.

PROOF. According to theorem 2.8 we have that condition a implies condition

c. Ir J_ PP < £ then -f < ] P'(-c). Hence




1

(-0 < (7 Peedt < ] (P-e))Ts ] PR(-e)t
= n=0

n=0 n=0
Using that for arbitrary function g it holds that (—g)+ = g we have
o< £ < § P .
n=0
Since ¢ is a charge it follows then
1im PPf < 1in P* J P = 1im J P = 0.
fagard nre k=0 n>e k=n
Hence ¢ implies b.

To conclude we note that according to theorem 2.8 lim Pf exists and
n-ree

. . . . . +
hence condition b implies lim P'f = 1im PUf = 0.
n-oe 11>

2.11. THEOREM. If f is ac - superharmonic function with ¢ a charge w.r.t.

P then the following assertions are equivalent

a. limP'r =0

feuad
b. lim P7|f]
oo
¢. T is a potential.

PROOF. According to theorem 2.8 11m Pf does exist and llm P'r = 0 implies

that f is a ¢ - excessive functlon. Theorem 2.10 then glves lim PP = o.
nre
Together with lim P'f = lim P" (f -f ) = 0 this implies that lim 2 f = 0.
) N0 N~y n->0
. . + - oy . .
Consequently lim Pn|f| = 1im PP(£ +f ) = 0 and so condition a implies con-
N0 n>eo

dition b. Since f is also a (f~Pf)-superharmonic function and ¢ < f-Pf it
follows from theorem 2.8 that condition a implies that f-Pf is a charge.

By theorem 2.5 it then follows that f is a potential. As b implies a, we now
have that g implies ¢, Also from theorem 2.5 we have that condition c¢ im-

plies condition a. O

In the following sections we want to study Markov decision processes.
Since each stationary policy corresponds to a Markov process we will extend
the notions charge, potential and excessivity to collections of Markov

processes.
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2.12. DEFINITION. - When for each P element of a collection of Markov ma-
trices P we have a function cp we will speak of a cost structure cp.*) The

cost structure c, 18 a charge structure i1f

o o

Bp I olelx)l= I By B ey | <o
n=0 n=0 n

for each R = (PO,P ).

'ERRE

2.13. DEFINITION. For cp a cost structure we call function f a

¢p - super >
cp - harmonie function if £ = cp + Pf fbr'aZZ PeP.
cp - 8ub <

2.14, DEFINITION. Function f is a cP-excessive function <f

(2.14.1) cp 18 a charge structure
(2.14.2) By L _ c(x ) < £ for all R
(2.14.3) cp + Pf < f for all P.

2.15. DEFINITION. Function T is a potential w.r.t. P if there exists a
charge structure p such that

oo
£ =E ) c{x ) for all R.
n=0
At first sight this definition looks very restrictive. In section T
(theorem 7.3) it is shown that there are natural examples of potentials
w.r.t. P.

2.16. THEOREM. Function T 1s a potential w.r.t. P Zff S :=f-Pf, P ¢ P,
defines a charge structure and limiER f(gn) = 0 for each R. '
N> : .

PROOF. Suppose c¢_ is a charge structure such that f =iER Z:—O c(gn) for all

P

*
In the following sections c_{(i) will denote the cost when choosing the
action or decision p(i,.) in state i.
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R. In particular for R = (P,P,...) it then follows that f = Z:=O PncP and

consequently (cf. theorem 2.5) ep = f-Pf. Hence Vp T Cp for all P € P and

therefore Wp is a charge structure w.r.t. P. By definition we have

v + Pf = £ for all P ¢ P. By iterating this equality we find

N
(2.16.1) Z Py rrr Byq ¥p * By e-e Byf =t
n=0 n

For arbitrary policy R = (PO,P ..) we conclude from (2.16.1) that

127

(2.16.2) f = Z Py ... B w, =E ] wix) iff
n=0 n n=0
limP, ... P Ff=1linE_f(x ,.)=0.10
. 0 n Lsoo R 7 'en+l

2.17. THEOREM. If cp is a charge structure and T is a cp-superharmonic

function then the following assertions are equivalent

a. lim B, f(;n) >0 for all R
n>w
b. limE_ f (gn) =0 for all R
=¥ .
¢c. fisa cP-emcessive function.
-‘= — - =
PROOF. Let Wp : f-pPf Cp then Wy, Z 0 and

+ + = .
CP WP Pf £ for all P

By iterating this equality we find

N

(2.17.1) I Pyeoo P _j(ep+wg ) + P ... Pf = £
n=0 n n

Since cp is a charge structure and Vo 2 0 for all P the first term in re~

lation (2.17.1) has a limit. This implies that for policy R = (PO’P1"">

limE_ f(x ) =1im P_ ... P _f exists. Hence we conclude that limE_ f(x )
N0 R -1 n->co 0 n-1 n->oo R -n
exists for all policies R. If moreover condition a is satisfied then we
have

o0 0

< <

(2.17.1) L Py P jep s ] Py ..o P leghwy) < F

n=0 n=0




1k

b < ] = ] 1=
and consequently Ep Zn=0 c(gn) < f for arbitrary R (PO,P «.). By defi

1°°
tion it follows that f is a cP-excessive function.

Assume c, then E z:=0 C(En) < f for all R. Rewriting this for
R = (PN’PN+1"") we have
®
HZN Pyoeee Py % < f.

Similar to the proof of theorem 2.10 we conclude from this

Py +eo Py f <SPy ... Pp o ) Po...P o
n=N n

Since p is a charge structure we have that the right-hand side of this in-
equality tends to zero as N tends to infinity. From this it follows that
condition b is satisfied. It is obvious that condition b implies condition

a. [

Theorems 2.16 and 2.17 are similar to theorems 2.5 and 2.10. Also a

theorem similar to theorem 2.11 can be proved.

The remaining theorems of this section for the case of a cost struc-
ture identically zero and a collection P consisting of one Markov matrix
(so in the casé of a Markov process) are well-known in Markov potential

theory (see [Blumenthal and Getoor], [Dynkin and Juschkewitschl, [Hunt]).

2.18. THEOREM. If f is a potential w.r.t. P and 1 is a Markov time then
for arbitrary R

(2.18.1)  E, £(x,) =E, HZT w(_)_cn) with w, := £-Pf, P e P.

PROOF. For arbitrary policy R = (PO’P1"") we write Rn = (Pn’Pn+1"")'

Since T is a Markov time we have that

(2.18.2) E, [w(gm) | £, x=n] =
- % LR Pn+k—1(j’m) WPn+k(%) - Ej,Rn[W(Ek)]'

Summing this for k¥ = 0 to « and using theorem 2.16, in particular relation

(2.16.2), we find
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(2.18.3) Zo E, [w(%+k)|x =j, t=n] = £(J)
Now
© (‘]) LY ©
Eg L Z w(;n)] = Z Z]PR [x,=j, z=n] E ) w(_:gr_l_k)lx =j, t=n] =
n=t n=0 J —_ =0 - =

™
=
e
~—
M
1
L]
~
il
=]
d
L[}

=E. f(zl),

where equality (1) comes from taking the expectation of the conditional
expectation w.r.t. (_JET,’_[_), equality (2) follows from Fubini's theorem on
interchanging the order integration (or summation), equality (3) is direct

from relation (2.18.3). O

From relation (2.18.1) it follows for .f a potential w.r.t. P and

* 3
T £ 1 Markov times that for arbitrary R and charge structure Cp

-1 T*—1
(2.18.4) ]ER [_Z C(En) + f(-}-{'f)] —]ER [_Z c(_}gn) + f(gT*)] =
n=0 - n=0 —_
et
=]ER [nZT (W()_cn)—c(ggn))].

For the case that f is cP—superharmonic we have W'(_}gn)—c(l{n) > 0. Sub-
stituting this in (2.18.4) we find that the second term on the left-~hand
side of (2.18.4) is less than the first term. This important property will
be proved for excessive functions in the next theorem.

*)

2.19. LEMMA. For each policy R and bounded Markov time T ' we have for an

*)

We call a Markov time T bounded when there exists an integer N such
that T < N.
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arbitrary function r

-1
(2.19.1)  r=E; [Z (x) + r(
n=0

)1,

where W, = r-Pr for all P e P.
PROOF. The proof is given by induction on the upper bound of the Markov
times. Suppose (2.19.1) is valid for all policies R and all Markov times
T with T < N. Now let T < N+1 and R = (P sPos e ..) and R, = (P1,P2,...). We
prove (2.19.1) for arbitrary state i. Slnce T is a Markov time we have on
the event X, = i whether T = 0 or 1 > 0. When T = 0 then relation (2.19.1)
is obvious for starting state i. When T > O on X, = i, we define a new
stochastic variable

) - 1.

) = r(i,iLi

*, . -
(2.19.2) 1(10,11,... = oi,d,0,,. ..

* ., . * . .
It is easy to check that T 1s a Markov time and T < N. By the induction

hypothesis we then have
*
T -1
(2.19.3) ‘ ?=ER1 [ng W(En) + r(gc_i*)].

Now

"
™
~
+
o~
L)
o
—
e
-
&
=)
r1
M
N
~—
B
H
—~
»
*
—
]
|

O J Js 1

WP (i) + Z po(19j) r(j) = I‘(i),
0 J
where the first equation follows from (2.19.2) with the Markov property,
the second from (2.19.3) and the third from the definition of Vp - a

Py
2.20. THEOREM. If r <s a cP—emcessive function and T, _T_* are Markov times

with T < l* then
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*
=1 T -1
>
(2.20.1) ]ER [_Z c(_}_cn) + r(lc,r)] _ER[ X c(zn) + r(;T*)],
n=0 e n=0 —_—
for each policy R.
PROOF. For any int Nlet T, =7 ANand 1. =1 AN. Th a
. For any eger et Ty =T and T, = T - Then T and T are
bounded Markov times. Lemma 2.19 yields
*
iuz” —Tﬂz“
E_ L wix ) +r(x )I=E_L wix ) + r(x )71,
R n=0 O Iy R n=0 Y
where Vp = r~Pr for all P € P. Rearranging this equation, wrrr:i'.i::i.n&r 1
. . . N oelx)
r(x ) x{zsW) + r(x) x(z>N) for r(x ) and inserting sums like 2n=0 “n
N N
on both sides we find
*
( ) lN; ZN; *
2.20.2 E. I elx ) + r(x_ ) x(zsN) - elx ) - r(x ) x{(z gm)] =
R n=0 o _lN n=0 o —IN
*
5 .
"B O (elx)-elx,) + 2l (M) - x(2m)).

The limit as N + @ of the first half of this equation is just the differ-
ence of the first and second term of (2.20.1). Hence we have to prove that
this limit is nonnegative. Since r is cP-superharmonic we have that

Wp=Cp 2 0 for all P € P and this implies that the first term of the right-
hand side of (2.20.2) has a nonnegative lim inf as N > . According to

theorem 2.17 it follows with T 2 T that
. * . -
Lim inf By [r(x)(x(z>W) - x(z>N)12 - Lin B r(x) = 0.
N0 Nreo
Consequently both terms on the right-hand side have a nonnegative lim inf
and the proof is. complete. [J

We state & direct consequence of this theorem.

2.21. THEOREM. If r is a cp—eaccessive funetion then for each Markov time T

T=1
(2.21.1) r 2 sup B [_E elx,)) + {
R n=0

)]

X
=
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PROOF. Substitute T = 0 in (2.20.1) then
r 2B, [;Zo clx )+ r(zc,_r-*)],

. 3 * - .
for each policy R and Markov time T . Upon taking the supremum over all R

the above inequality is relation (2.21.1). O

2.22. THEOREM. Ifr is a cp—enceessive function then for arbitrary Markov
time T
1

T
£ o= sup]ER [_z C(En) + r(
R n=0

)]

EX
18 also a cP—excessive funetion.

PROOF. To prove that f is a cp—excessive function we have to check the
relations (2.1L.1), (2.14.2) and (2.1L4.3). The proof of (2.14.3), i.e. the
proof that f is a cp - superharmonic function, is postponed to the proof of
theorem 3.1. There a slightly more general result has to be proved. By
definition c¢p is a charge structure and hepce*relation (2.14,1) is satis~
fied. To prove relation {2.1L4.2) substitute T = « in (2.20.1) then

-1 . © )
f2E, [;Zo elx ) + r(%—)] 2E, EHZO c(x )] for all R. 0

2.23. THEOREM. [Let T, be the entry time of set A, i.e. T is the least
n 2z Oif'anywith_:gn € A, and_'r_A=°°ifther'e 18 no such n. If r is a
cp - excessive function then

lA—1
Zo C(gc_n) +r(x ))

fi=suwE_[
R = Ia

n

18 the minimum of the cP—excessive functions that majorize r on A.

PROOF. According to theorem 2.22 f is a cP—excessive function. From the

definition of 1, it follows immediately that £ = r on A. Suppose g is a

A
cp-excessive function that majorizes r on A. Then for each policy R we

have E ) 2B 1’.'()_(_T }. Since g is cP—excessive it follows from

glx
R =Ty Ip

theorem 2.21 that




'I'A—1
supE_ [ ] elx) +glx )]
R R onzZo ©° I

[0}
v
I\

TA-—1

supE, [ ] clx )+ r(x )]
R R np=o P a

I\

I

£,

Hence f is the minimum of the cp—excessive functions that majorize r on

A. O

19
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3. ON THE VALUE FUNCTION OF AN OPTIMAL CONTROL PROBLEM

In the sections 3 and 4 we deal with the optimal control problem:
given a cost structure cp which is a charge structure and given a reward
function r with Eg ir(_}_(T)l < © for all R and T, find a policy R and stop-
ping time T (T = « with positive probability is admissible, with zero re-

ward) such that

=1
ER [—E c(gn) + r(gT)]
n=0 -
is maximized. In this section we investigate properties of the value func—

tion

)+ r(x )1

-1
(3.0.1) v := sup IIER [;ZO c(gn

R,T
We assume that -» < v(i) < += and P}v|(i) < +* for all i € E and all
P ¢ P. In section 13 we give some conditions implying thése assumptions
(ef. lemma 13.4).

As far as the author knows this general problem has not been studied
previously. Related work can be found in [Bellman], [Blackwell (1967)]
[Dubins and Savage], [Dynkin and Juschkewitschl], [Hinderer] and [Strauchl.
The sections 3 and 4 extend the work of Dynkin and others on optimal stop-
ping problems to allow for control of the transitions of the Markov process
as well as its stopping time. They extend the work of Dubins and Savage
and others on gambling models to allow for a cost structure along with a

reward function.

3.1. THEOREM. The function v is the minimum of the cP-emcessive Functions
that majorize r.

PROOF. We first prove that v is a cP-excessive function by verifying that
the relations (2.14.1), (2.1Lh.2) and (2.14.3) are satisfied. Relation
(2.14.1) is true by definition. Relation (2.14.2) follows upon substituting
T £ » from (3.0.1). To prove that v is a cp - superharmonic function we

choosean € > 0. Then there exist policies R, and stopping times I ieE,

such that
T.~1
I
(3.1.1) Ei,R. ) c(gn) + r(gT_)] 2 v(i) - €.
1 n=0 -1
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Define

(i ..)=1+1i(i1,i2,...),

s1iis-
1
0 1
then T is a Markov time. For P an arbitrary element of P let R be the
policy that chooses decision rule P at time 0 and uses policy Ri from time

1 when the state at time 1 is 1. For a more formal definition of R let

Ri = (PiO’PiT"")’ i € E, then the decision rule at time n+1 given the
history )_co = 10, 51 = 11,..., }—(n+1 = 1n+1 is Pi nt It is important to

realize that R is not a memoryless policy and as such rather unique in this
monograph. Now by the definition of v, the Markov property and relation

(3.1.1) we have

=1
v(i) ZEi,R [.z C(l(.n) + r(g,r)] =
n=0 -
T.~1
~J
= cp(i) + [ p(L,) By o [ ] elx) +rlx )2
J J n=0 —J

v

ep(i) + ] p(i,3) v(i) - e,
J
since sz(i,j) < 1. Because € and P were arbitrarily chosen, this means

that v is a cP—superharmonic function.
Substituting T = 0 in (3.0.1) gives v 2 r and hence v majorizes r.

To prove that v is the minimum of the cP—excessive functions that majorize
r we suppose that a certain function g is cp—excessive and majorizes r.

Then according to theorem 2.21 and the fact that g =2 r

-1
= >
gz sup]ER [—Z c(gn) + g(g'[)] >v. 0O
R,T n=0 -
We call a policy R together with a stopping time T a sirategy. In many
cases an optimal strategy, i.e. a strategy (R,T) such that
= -1
v = ]ER L =0 -
is known. So it is important to characterize the function v. We gave in the

c(;n) + r(_)gT)], can be determined when the value function v

sbove theorem a characterization. Scme more theorems which may be helpful

in computing v will be given below.
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3.2. DEFINITION. Let T : x =+ Tx be the operator defined by

*)
Tx := r V sup (cP+Px).

3.3. DEFINITION. The optimal control problem is stable w.r.t. x if

1lim TNX = v.

N0
3.4. THEOREM. Suppose the problem is stable w.r.t. x. If v 2 x then v is

the minimum of the cP—-superharmonic Ffunctions that majorize x v r.

PROOF. Suppose g 2 x V r and is cP-—superharmonic. Then g 2 Tg = Tx which

implies by iterating these inequalities that g = TNx for all N. Thus

g2 v=1lim TNx. Since v majorizes x V r if v 2 x this proves the theorem. []
N->oo

3.5. THEOREM. The value function v is a solution to Bellman's optimality

equation
(3.5.1) v =17V sup (cP+Pv).
P
REMARK. The above assertion can also be stated as: v Zs a fixed point of T.

PROOF. Since v is a cP—excessive function and v majorizes r (see theorem
3.1) we have by relation (2.14.3) that '

(3.5.2) vzrVsup (c +Pv).

o P

To prove the reverse inequality, note that given any € > 0 and any state 1

there exists & strategy (R,T) with R = (PO’PT"';) such that
-1 ’ ' ‘
>, 3 -
(3.5.3) Ei,R [;ZO c(gn) + r(gl)] = v(i) - €.

)

For ﬁectors x and y the vector x V y resp. x Ay has ith component
max (x(1),y(i)) resp. min (x(i), y(i)).
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Since ¥ is a Markov time we have on the event X, = i whether T = 0 or
T > 0. When T = 0 then from (3.5.3) r(i) 2 v(i)-e. When T > 0 on x, =1

we define a new stochastic variable

x,. . ..
T (i ,i ,...) = x(i,i

01 sl seea) = 1.

0"

* ., . .
Then Tt 1s a Markov time and 1t follows from the Markov property and the

definition of v when R1 1= (P1’P2"") that
gl
N . ..
v(i)-e < ¢, (1) + f po(l,a) Ej,R L z c(g_n) +r(x )] <
0 J 1 n=0 —
s e (1) + ] py(i,3) v(j).

Hence we conclude that
v(i) < r(i) v sup (cP+Pv)(i) + e
P
Since € and i were arbitrarily chosen it follows that

(3.5.4) v <r Vv sup (cP+Pv).
P

The relations (3.5.2) and (3.5.4) together prove the theorem. [

The next theorem gives conditions under which the supremum of
cP+Pv, P € P, is actually attained.
3.6. THEOREM. Suppose P <s compact and cp 18 upper semicontinuous (i.e.
cP(i) s an upper semicontinuous function of P for all 1 € E). For v to be

a solution of the functional equation

(3.6.1) v =r V max (e _+Pv),
P P

each of the following four conditions is sufficient

a. ¢, + Pv 8 an upper semicontinuous function of P

P
. + +
b. lim sup Pv < POV for all PO e P

P+PO




c. Except for at most a finite number of states the function v is non—
positive
X + .
d. lim Pe = Poe for all PO € P and v g bounded from above or v <s uni-
P+PO

formly integrable w.r.t. P(i), where
(3.6.2) P(i) := {p(i,.):P e P}, i € E,

PROOF. Let w := SBP (cP+Pv). A well-known theorem says that an upper semi-
continuous function attains its supremum over a compact set. Hence condi-
tion a implies the existence of a Q with‘cQ+Qv = w. The proof proceeds now
by proving that the other three conditions imply the upper semicontinuity
of Pv and hence of cP+Pv.

There is also a well-known theorem which says that the limit of a
nonincreasing sequence of upper semicontinuous functions is again upper-
semicontinuous. For any state j is p(i,j) v(j) a continuous function of P.
Hence P(-v ) is upper semicontinuous. By assumption b then also Pv' is upper

semicontinuous and consequently so is Pv.

It is easily seen that condition c¢ implies condition b. According to

a theorem due to [Scheffé] (see also lemma 4.11)

Lin § pisd) = ] py(isd)

P+PO J J
implies that the convergence of p{i,j) to po(i,j) is uniformly in j € E.
Hence v+ bounded or uniformly integrable w.r.t. Pi’ i€ B, is sufficient for

condition b. [

3.7. DEFINITION. Function T has the property awme (asymptotic nonnegative
expectation) if

(3.7.1) lim inf ]ER f(_}_cn) z 0 for all R.

We proved in theorem 2.17 that if f is a cp-—superharmonic function

then for all R

(3.7.2) iiﬁ E, f(gn)
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exists. Moreover, relation (3.7.1) is equivalent to the cp - excessivity of

f. Thus we have the following theorem.

3.8. THEOREM. Let f be a.cp-superharmonic Ffunction. The function £ has the

property anne i1f and only if £ is a cP-excessive function.

3.9. THEOREM. The value function v is the minimum of the cP-—superharmonic
functions that majorize r and have the property awme. The value function v
is the minimum of the solutions of Bellman's optimality equation that have

the property ame.

PROOF. Since v is according to theorem 3.1 the minimum of the cP-excessive
functions that majorize r, the first assertion follows from theorem 3.8.
Since a solution of (3.5.1) is a cP-superharmonic function that majorizes
r, the class of solutions of the optimality equation is a subset of the
cP-superharmonic functions that majorize r. Hence the second assertion is

a consequence of the first assertion and theorem 3.5. [

It may be difficult to check whether a solution of the optimality
equation has property anne. In the case one knows that v’ 2 0 it is perhaps
easier to use the following consequence of theorem 3.9: v is the smallest

nonnegative solution of the optimality equation.

3.10. THEOREM. Suppose the problem is stable w.r.t. X. If v £ x then V is
the unique solution of the optimality equation that minorizes x and has the

property anne.

PROOF. Suppose g < x and Tg = g and g has property anne. We will show that

g = v. Indeed, according to theorem 3.9 we have v < g. To prove the reverse

inequality we use the fact that T is a monotone operator, i.e. if x £y

then Tx < Ty. Hence g = lim TNg < lim TNx = v, the last equality is from
N->o N0

the stability w.r.t. x. [

The discounted dynamic programming problem (see section 6) with bound-
ed cost structure is stable w.r.t. x for each bounded function x. Moreover,
each bounded function has the property anne. This means that according to
theorem 3,10 the value function v is the only bounded solution of the op-

timality equation.
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It follows from a result of [Schél] that the negative dynamic program-
ming problem (see section 6) is stable w.r.t. O when P is compact and cp is
continuous (i.e. cP(i) is a continuous function of P, for all i € E). In
view of theorem 3.10 we then have that v is the only nonpositive solution

of the optimality equation with the property anne.
3.11. THEOREM. Suppose the value function v Zg a bounded solution of
(3.6.1). If each P € P is absorbing (i.e. Lin Pl = 0 for each P € P) then

v 28 the unique bounded solution to (3.6.1).

PROOF. Suppose w is another bounded solution of (3.6.1), then v-w is bound-

ed. Hence there exists a constant b with |v-w] < be. Let v = r Vv (cP +P1v)

and w =1 V (cP +P2W). Since w. is a solution of (3.6.1) we have T

2
wr V'(cP +P1w). Hence it follows
1
(3.11.1) v-w < P1|v—w|.
Similarly we have

(3.11.2) w-v < P2|V—WI.

From the fact that P has the product property it follows that there exists

a matrix Q € P such that

(3.11.3)  Qlv-ul = B |vew| v B, |v-v].

The relations (3.11.1), (3.11.2) and (3.11.3) together imply
|v7w1 < Ql%—w[.

Tterating this inequality and using lv—w‘ < be yields
Iv;w] S'QNbe for N = 1,2,... .

We assumed that @ is absorbing and hence




Iv—w[ < ﬁig QNbe = 0.

Consequently v

w and the theorem follows. [

et
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4. EXISTENCE OF OPTIMAL STRATEGIES

In this section we investigate the existence of optimal strategies of
the optimal control problem introduced in section 3. The notions
"to conserve", "to equalize" and "thrifty" are adepted from [Dubins and
Savagel. The relation with previous work is indicated in the introduction

of section 3.

As in section 3 we assume that cp is a charge structure and
E, |r(§%)| < » for all policies R and all Markov times 1. In this section
we assume for the value function v that ER |v(£1_)| < « for each strategy
(Rs1). In section 13 we give some conditions implying this assumption (cf.
lemma 13.4). )

We shall systematically use the notation

W, 1= v-Pv, P e P,

where v 1s the value function.

To make certain that expectations and sums are well-defined when using
wp as cost structure, we show that wp is a charge structure. According to

the theorems 3.1 and 2.17 and relation 2.17.1 we have that

(4.0.1) ER Z w(gn) < v,
n=0
Since v is cP-superharmonic, it follows that W, = v-Pv 2 Cps P e P,
Hence w; < c; for all P ¢ P, which implies
o ©
(%.0.2) E, Z vi(x) <Eg ] < (x).
n=0 n=0

Because v < ®» and cp is a charge structure we obtain
o + 0
- <
ER oW (gn) < = and B nZO W (gn) ©,

n=0

According to definition 2.12 Vp is a charge structure.
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4.1. THEOREM. Suppose Q ¢ P Zs such that

(.1.1) i) + qQv(i) = v(i)

cQ(
when i € T i= {i : v(i) = v(i)}. Let Q be the policy (Q,Q,...) and Ir

the entry time of set T. Each of the following two conditions is sufficient
for' strategy (Qm,_r_r) to be optimal

a. value function v 18 a potential w.r.t. Q
b. there exists a constant c such that IS¢ ]PQ almost surely.

PROOF. Let us first show that conditions a and b both imply

lr_1
(L.1.2) v=E_ L Z wix ) + vix_ )1
@ <o T “Ir

As to condition b relation (k.1.2) is direct from lemma 2.19. If we assume
a and take for collection P in theorem 2.18 the set {Q} then relation

(L4.1.2) follows from relation (2.18.1).
By the definition of T we have

]EQ [r(_}glr)] =IE1Q [v(%r)].

From relation (L4.1.1) it follows that WQ(i) = ¢ (i) as i ¢ T'. Hence

Q
ll-'_1 lI'_1
E L Z c()_(n)]=IE [ Z w(

).
Q n=0 Q n=0

X
X
Substituting the above equalities in (L.1.2) yields
11"_1
v =]EQ [nzo c(lc_n) + 1'(§T )3,

Thus strategy (Qw,:r_r) is optimal. [

In order to make a more thorough investigation of the existence of

optimal strategies we introduce the following notions.

4.2, DEFINITION. P conserves v if cp = v-Pv. Strategy (R,1), where
R = (PgsP,s-- p, (1) = v(i) - P v(i),

where Em 1= {3 :]PJL,R [§m=3, ™mnl > 0 for some % € El.

.)s conserves v If i € B implies ¢

When the policy maker (or gambler or manager) chooses decision rule

P at time O and proceeds optimally thereafter then the expectation of his
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earnings is c_+Pv. It is clear that this can not be larger than the maxi-

P
mum of the expected return, i.e. v (in mathematical terms v is cp - super-

harmonic). When c_+Pv < v then the decision rule P cannot be a part of an

P
optimal strategy. The decision maker made an irremediable mistake.

Strategies not containing such mistakes are v conserving.

4.3. DEFINITION. Strategy (R,t) is thrifty if (R,1) is Vv conserving and

ER r(gi) = F

v(gT).

R

In a state where r(i) < v(i) it is suboptimal to choose the stopping
decision, because stopping gives r(i) and one might expect to receive v(i).
So a strategy for which the policy R does not make irremediable decisions
and for which the stopping time 1 does not give irremediable losses is
called thrifty. Intuitively it is clear that an optimal strategy must
have this property. As we shall show the following converse is true., If
(R,1) is thrifty and T is bounded then (R,T) is optimal. In the case of an
unbounded stopping time T we also need that the amount we actually receive
in the time period up to time N has limit v as N tends to infinity. One
might say that here the "actually received" and the "promised" earnings

equalize. This property can be formalized in the following way.

L. 4, DEFINITION. Strategy (R,t) is equalizing if lim B [v(gn) x(z>n)] = 0.

N

4.5. THEOREM. Strategy (R,1) s thrifty if and only if

T—1 =1
(4.5.1) Eg [;Zo c(gsn) + r(zl)] =E, [;ZO W(gn) + v(x )1,

X
=

PROOF. The value function v is cP-—superharmonic and majorizes r. Hence

w, = v-Pv 2 c_, P e Pyband v = r. These inequalities imply that relation

P P
(4.5.1) is equivalent to the following relations (4.5.2) and (4.5.3) to-

gether
T-1
(k.5.2) ER [;Zo (w(gn)—c(gn))] =0

(4.5.3) E_ [v(

= ) - r(gT)] = 0.

X
X

Relation (L4.5.2) is equivalent to the assertion that (R,T) conserves v and

the theorem is proved. [
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L.6. THEOREM. Strategy (R,1) is optimal if and only <f (R,1) is thrifty
and equalizing.

PROOF. For N = 1,2,... let EN denote T A N. Given any strategy R we have

T-1 EN_1
(h.§.1) JER [;ZO c(&n) + r(:_cl)] = ];::]ER [nZO c(;c_n) + r(gc_l) x(zsN)].

We rewrite the right-hand side of this equality. Using relation (2.19.1)

with function v instead of r, i.e.

IN_1
v=E [ Z wix )+ vix )1,
n=0 —N

and using the relation

E [v(g,r )] = Ep [v(

R T ) x{t=w)] +?ER [v(gN) x(z>N)]

X
-

ve obtain for the second part of equality (L4.6.1)

IN—1
lim {v - E_ [ (w(x )-elx )1+
Niilv ano T

This limit equals

-1
(4.6.2) v - Ep Y (w(
n=0

gn)—C(zn))J - Eg [v(gcl)-r(%_)] +

- 1imE_ [v(x ) x(>N)].
Jow BN XS
If (R,1) is thrifty then the second and third term of expression (4.6.2)
are zero. If (R,t) is in addition equalizing then also the fourth term of
(4.6.2) is zero and the expression equals v. Hence (R,T) is optimal. To

prove the converse we note that according to the theorems 3.1 and 2.17

limiER [v(zﬂ) x(1>N)] 2 - limIER [V-(EN)1 = 0.

oo o0
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This means that the fourth term in relation (L4.6.2) is nonnegative. It is
easy to verify that the second and third term are also nonnegative. If
(R,1) is optimal then the sum of the last three terms is zero and conse-

quently they are all three zero. Hence (R,I) is thrifty and equalizing. [

Using the above theorem it is rather easy to deduce sufficient con-
ditions for (Qm,lr) as introduced in relation (L4.1.1) to be an optimal
strategy. These are given in the next two theorems.

L.7. THEOREM. Strategy (QM,IT) s optimal i1f and only if %im an = 0, with
~ =00
Q the restriction of Q to the complement of T, Z.e.
(i) ifidTand j4 T
(b.7.1) a(i,j) :=
0 otherwise.

PROOF. From (4.1.1) we see that Q conserves v outside of I'. Thus (QW,ET)
conserves v. Since v = r on I' it follows then that (Qw,IT) is thrifty.

Hence (Qw,g.) is optimal if and only if (Qw,IT) is equalizing.

T
From the definition of entry time I (ET is the least n 2 0 if any
with x € Iy and 1, = © if none) and relation (4.7.1) we have for

T
N=1,2,...
E [v(x) x(oM)] = Q.
Q " &y XL
From this relation the theorem is obvious. [0

4.8. THEOREM. FEach of the following two conditions ensures that (Qw,IT)

s optimal ’
a.  the value function v is bounded andIPi Q Lz, <=l =1 for all i ¢ T

b. the value funetion v is bounded and Q is absorbing.

o . . . . N ~N
PROOF. According to theorem 4.7 it is sufficient to show that &1m Qv =0.
i 00

Since v is bounded it is sufficient to show that lim aNe = 0.
N->co

b. Because Q is absorbing we have

lim aNe < lim QNe = 0.
N0 N
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a. From

By [z, > ¥ = e,

the second part of condition a and P, [IT=O] =1if i e T, we find

»Q

lim aNe = lim {e —‘PQ [IT < N1} =0.0
o0 e
In most cases it is difficult to determine the value function. Some-
times one can make a guess at the optimal strategy and one is able to com~
pute the expected reward for that strategy. In such a case one can use the
following theorem with f the expected return. If the conditions of the
theorem are satisfied then the theorem guarantees that the guess was

correct and one knows the optimal strategy and the value function.

4.9. THEOREM. Suppose f is a cP-—superharmonic function that majorizes r
and has property anne. Suppose Q € P is such that

cQ(i) +Qf(i) = FA) ZF 1 4T = {1 : r(i) = £(i)}

and lim aNf = 0 with Q the restriction of Q to the complement of T (see

<]

Nroo
4.7.1). Then £ = v and (Q ,T.

F) i8¢ an optimal strategy.

PROOF. According to the theorems 3.8 and 3.1 we have that f 2 v. Similarly
as in the proof of theorem 4.7 one can show that
..T_Fi 1

(k.9.1) f=E [ e(x ) + r(x ).

Q n=0 - r
Hence f € v, since v is not less than the expected return of (Qm,IT). We
conclude that £ = v and then it follows with (4.9.1) that (Qw,IT) is op-
timal. O

Throughout the sections 3 and 4 we assumed that Cp is a charge struc-
ture and?ER Ir(zT)l < o for all R and all t. These assumptions are super-
fluous in the next theorem because they follow from the assumptions of the

theorem.
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4.10. THEOREM. Suppose P is compact and cp 8 continuous. If there exists

a function y 2 |r| such that

in

(%.10.1) |cPl + Py €y,

"

(k.10.2) lim PNy 0 for all P ¢ P and
N>

(k.10.3) lim Py =Py for all P e P

0 0
. P—>P0

then cp 18 a charge structure and there is a strategy (QM,ET) as in

(4.1.1) which is optimal.

In the proof of this theorem we need the following result: if

0<x<y then‘(h.10.3) implies 1im Px = P_x. In order to prove this we

0
first state three lemmas. P+PO

L1, LEMMA. If an(i) > 0, i=1,2,... and n=1,2,..., lim an(i) = aw(i),

. . P Sy oo . . N
i=1,2,... and iig.zi=1 ah(l) zi=1 a (i) < = then

lim ) a (i) = ] a/(i)
n>o ieB ieB

uniformly for each subset B of the positive integers.
PROOF. The assertion of this lemma is equivalent to
(3.11.1)  Lim ] [a (i)-a (i)] = 0.
nre i=1
Suppose (4.11.1) is false. Then A
(h.11.2) ¢ := lim sup -Z lan(i)—am(i)l > 0.
no i=1

Take N such that

.ZN a,(i) < 3.

Since

© © N-1 ©
1lim Z a (i) = 1im [ X a (i) - X a (1)1 = z a (i),
pse i=N P e i=1 O i=1 {=

there exists an no such that for n 2 n,
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and

i£1 lan(i)_a"“(i)l < %"

Hence, for n 2 n

© N-1 ©
Y la (i)-a ()] < ] ]an(i)—aw(i)f + 'Z (a (1)+a,(i)) < c.

i=1 i=1 1=N

This is in contradiction with (k.11.2). O

4,12, LEMMA. If O < bn(i) < an(i), i=1,2,... and n=1,2,...;
am(i) := l1im an(i) and b (1) := lim bn(i);

n*e o
and

then

nsw i

PROOF. Given any € > 0, let N be such that Z:=N a (i) < e. From lemma 4.11
it follows that there is an M such that ZI=N an(i) < e for n 2 M. Since

0 < bn(i) < an(i) we have then

(h.12.1) 2 bn(i) < e for n'= M,Mil,...,»,
LN

. . N . N
Since %ig Zi=1 bn(l) = Zi=

1 Po(i) the relation (4.12.1) implies that the
limitpoints of {X:=1 bn(i)}:=1 differ at most € from z:=1 bw(i).

Hence
lim § b (i) = § b (i). O
o i=1 T i=

The following lemma is for future reference stated slightly more

general than we need here.
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4.13. LEMMA. If O < Xp € ¥ps  Xpo¥p continuous in P and %ig Py, = Pmwa

then 1im Px_ = P .

oop *p *P

o0
PROOF. It is sufficient to prove that lim ) p_(i,j) x5 (3) =
nye j n n
=zj p,(i,3) X (j) for an arbitrary state i and an arbitrary sequence
[+

Pn + P_. Now substitute bn(J) 1= pn(l,J) xp (j) and an(J) 1= pn(l,J) yPn(J),

3=1,2,... and n=1,2,...,® in lemma L4 12. O "
The sbove lemma is a discrete analogue of theorem 1 in [Prattl].

PROOF OF THEOREM 4.10. From relation (4.10.1) we have that the nonnegative

function y is lCP‘ - superharmonic. Hence by theorem 3.8

£, Z Ic(gn)| <y for all R
n=0

and so °p is a charge structure. Since also y 2 lr|, it follows by (2.21.1)

=1
lv] < sup B, E;_X__O le(x )] + |r(%”,] < y.

R,T
. . . . . + +
Now according to lemma 4.13 relation (4.10.3) implies lim Pv = POV . In
PP
view of theorem 3.6 we then have that 0

v = r V max (cP+Pv).

Consequently strategy (Qw,lr) as in (L.1.1) exists. Moreover from (4.10.2)
&im Qval < %im QNy = 0 and according to theorem 4.7 the strategy (Qw,jr)
00 oo

is optimal. [

In section 5 we need the following corollary of theorem k.10,

4.14, COROLLARY. Suppose P is compact and cp s continuous. If there
exists a function y = 0 such that relations (4.10.1), (4.10.2) and (4.10.3)
hold, then there exists a stationary policy Q such that

(4.1h.1) E. [ X e(x )l =supE_L[ X e(x )1.
Q n=0 R R n=0
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PROOF. In order to make it possible to apply theorem L4.10 we introduce a
. L=

revard function r such that r:=sup Ep [Zn=0 c(gn)] - e. By theorem 4.10

the cost structure is a charge structure. Given any poliey (R,t) we have

according to theorem 2.20 with v the value function of the optimal control

problem
-1
>
v2E, D) elx )+ v(x )] =
n=0 -
-1
>
2 By [‘Z elx)) + r(x)] +Ey elx).
n=0 - -
Hence, since Markov time t = = is allowed
v=supE_[ z ce{x )1.
R ° p=0 ©°
Moreover, since I' = ¢ it follows that I, = @ and according to theorem k.10

T
Q as in (4.1.1) satisfies (4.14.1). O
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5. SEMI-MARKOV DECISION PROCESSES WITH AVERAGE RETURN CRITERION

In this section we are concerned with sequential decision processes
for which the times between transitions are random. Earlier (in section 1)
if at time t the system had been observed in state i and action p(i,.) had
been chosen, the system transferred to a state j at time t+1 with prob-
ability p(i,j). Now this transition takes place at random time t+I, where
the random time 1 only depends on i,J and P and not on the past history of
the process. Let FP(.li,j) where P is an element of P with i’® row plis.),
denote the distribution of the random time t. At time t+1 again an action

p(js.) € P(J) has to be chosen, etec.

When using a stationary policy this decision process is a semi-Markov
process.

Let X > n=0,1,..., denote the state after the nth transition. We write

e (i) for the expectation of the cost incurred between the nth and the

P
(n+1)th

transition when x = i and the action taken after the nth transition
is the ith row of P. We obtain for the expected duration of this transition

interval

tp(i) = g p(i,3) Jo ¥ dFP(y|i,j)-

It is assumed that for some positive constant a,
a < tP(i) < w, for all i and all P

(cf. [Ross (1970), condition 1, p. 157]).

The optimality criterion we use in this section is the long-run

average return per unit time. Actually we take

N
ER L e(x )
(5.0.1) 1lim sup ¥ .
P wm ) t(x)
R.n
n=0

This is the largest limit point as N + ® of the expected cost over the
first N + 1 transition intervals divided by the expected duration of the
first N + 1 transition intervals (see [Ross (1970), p. 1591 for a dis-

cussion of this criterion). The question we are mainly concerned with in
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this section is the question whether there exists an optimal policy. We
give conditions that guarantee the existence of a stationary optimal policy.
In our opinion these conditions are easy to verify. To illustrate this we

solve a walting line problem.

5.1. THEOREM. Suppose P <s compact, p 18 continuous and p(iE) = 1 for
all i and P. If there 1s some state i, and a function y 2 O such that

0
(5.1.1) [cP[ oty By <y,
(5.1.2) 1im %Ny =0 for all P ¢ P and
e -
(5.1.3) lim Py = Py for qll P_e P
0 0
P+PO

where P denotes the colum—restriction of P to E\{io} (see 2.7). Then there

exists a stationary optimal policy.

For the proof of this theorem we have to establish several results
which are interesting on their own and will be given as lemmas. In 5.3 to

5.7 the conditions of 5.1 are assumed to hold.

0 ~1) . *© ~n .
5.2. LEMMA. If for P ¢ P, Zn=0 PP ]cPl(lo) < ® op Zn=0 PP Pt (i) <o
then

N o
E; p Z le(x )] 2 o lepl (i)
. 0’ n=1 . n=0
lim ¥ exists and equals = .
N->oo ~mn .
E, Y ot(x) Y OP P (i)
1O,P n=1 n n='0 P70

PROOF. Let £ > 0. Since D& Pf(io) is the restricted expectation of f(§k+1)
when visits to state io at times 1,2,...k are excluded; we find by applying

the "last exit decomposition" of state iO (ef. [Chung. p. 461)

+1 vk ~nek
PPlle(i )= 7 p(i,i ) PP £(i).
0 kéo 00 0

Summing over n = 0 to N and changing the order of summation gives

N N-k

(5.2.1) ? PP (i) = ) plini) VO BU P or(i).
n=0 O x50 % 9 o 0

Since 0 < pk(io,io) < 1 we have, whethe1'2§=o pk(io,io) converges or not,




ko
. N,. . N k,. . -1 s .
that 1imp (i.,1. )0 p (i.,i.)) = 0. As an application of the regu-
o B Mgetg/ =g P ot
larity property of the N8rlund-means (see [Hardy, p. 64]) it follows from
(5.2.1) that

N
I e
(5.2.2)  Lim Z—o = 1 Pead)
N k. . .. m=0
z p (10310)
=0
To complete the proof we write
I olete)l T 2™ el 1
E.  elx) P e | (1)) p(i,i)
1O,P =1 ~n _ n=0 P70 x=0 00 .
N N-1 N-1 n+1
E, 5 Z t(x) E p (i,1,) Z P tp(ig)
0 n=1 =0 n=0

Next we apply relation (5.2.2) once with f = ICPI and once with f = t_ . [

P

The above lemma is called a mean ergodic theorem. It says that the
average expected absolute cost per unit time when starting in state io
equals the expected absolute cost divided by the expected length of the
time until the first return to state zero. In most proofs of this lemma it

is assumed that both expectations are finite.

5.3. LEMMA. For each stationary policy the corresponding Markov chain <is

positive recurrent.

PROOF. From t, > ae for some & > 0 and (5.1.1) it follows that

* -
Hence for y :(=a y
e + By* <y,

So according to 2.7, the Markov chain with matrix of transition probabil-

ities P is a positive recurrent chain. [J
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S.4, LEMMA. For £ 2 O

8

[

(5.4.1) ] Pree(ig) = ] BT i)
m=0 m=0

Moreover, cp, and tp are charge structures with respect to P = {B : P ¢ PI.

PROOF. By the definition of P we have

[

0

(5.4.2) y Plpr=
m=0

B
%MS

~m, . . . .

Yo (asd) pldsi,) £(4).

p 0 0
03
As p(i,E) = 1 for all i € B, we can write for the second term on the right-
hand side z:=0 Em(e—ie) f(io). According to lemma 5.3 and 2.7 we have that
Z:;O P® ¢ < © and hence this term equals f(io). Herewith relation (5.h4.1)
is proved.

Similar to theorem 4.10 the second assertion follows directly from

relation (5.1.1). O

Define -
~n
nzo P cP(lo)
(5.4.3) g, = s%p —
T OP e (i)
P70
n=0
Then in view of the lemmas 5.2 (by writing cp = c;-c;) and 5.4 we have

that g, is the supremum of the long-run average return per unit time over

the stationary policies when the system starts in state i

As in theorem 2.6 it follows from (5.1.1) that

(5.4.4) Y Pe,| <y ana J P’ t_ <y for all P.
P P
n=0 n=0
si 2 LTS By s c 1
ince tP 2 ae we have tha zn=0 p = ae. Consequently

0<g,< a.1y(i0) < =, Define

v ~n
(5.h4.5) v := s;p Z P [cP—gOtP].
n=0
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It is easy to verify that
(5.4.6) v(io) = Q.
From (5.4k.4) it follows that

Plepl+lg,ltp] < ([g,|+1)y for a1l P.

fl >~18

n=0

*
Hence, for y := (|g0|+1)y,
(5.14.7) leo-g.to| + By™ <y for a11 P
- P =0P - *

It is rather straightforward to verify that relations {(5.1.2), (5.1.3) and
(5.4.7) imply that the conditions of corollary 4.1k are satisfied. Together
with (5.4.6) the corollary kh.ih implies the existence of a policy Q@ with
v ~n .
(5.4.8) Z Q [cQ—gOtQ](lo) = 0.
n=0
In view of (5.4.3) we now have that Q is avérage—optimal in the class of
stationary policies if we start in state io.
5.5. LEMMA. There exists a stationary policy Qoo such that Q@ is optimal
with respect to the average return criterion in the class of all stationary

policies.

PROOF. It follows directly from (5.4.8) and the definition of g, that Q" is
optimal in the class of all stationary policies when the system starts in
state io. Since for each P ¢ P the state iO can be reached from each state
we obtain that the associated Markov chain does not have disjoint closed
sets. This implies, as is well-known, that the average expected return per
unit time does not depend on the starting state from which the lemma fol-
lows. O

The rest of the proof of theorem 5.1 consists of proving that the
policy Q is average-optimal in the class of all policies. The essential
part is to show that the scalar &, in combination with the function v is a
solution of the optimality equation for the average return criterion vhich

satisfies an auxiliary condition.
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5.6. LEMMA. &m(gyv)wehmm
(5.6.1) v o= s;p (cP—gotP+Pv).

Thus (go,v) 18 a solution of the optimality equation for the average return

eriterion. Moreover, Q satisfies

{5.6.2) v = t .+ Qv.

‘q ~ &"q

PROOF. We found that v is the value function of the optimal control problem
with cost function cP—gOtP. Since r = v-e (cf. h.14) it follows from
(3.5.1) that

v = s;p (cP—gOtP+§V).

In view of relation (5.4.6) we may write Pv instead of Bv and hence
relation (5.6.1) follows. For Qw, the optimal policy for the control pro-

blem, we have
~n
v = z Q {c.-g.t.).
n=0 Q0N
Hence

+ av = + Qv. O

= °q ~ &g °q ~ &otq

5.7. LEMMA. Let f be such that f(io) =1 and £(i) = 0 for i # io then

) N
. =1 .
(5.7.1) §i$:Ei,R|V(§N)l ﬁEi,R nzo £f(x )} = 0 for all i and all R.

PROOF. We first show that for each i € E

(5.7.2) 1imP_P ... B_|v|](i) =0
Hosoo 01 N
uniformly in R = (PO’P1"")' Define
* ~
= = b = 0,150,
xo y and Xn+1 s%p PXn or n sty
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*
Since by relation (5.1.1) and the definition of y

~ %

By" <y - (lep| + lggltp) < y* for all P € P,

it follows that X, < Xy

<
Now suppose X = X 1 1
- < - s > = -
X 1 = sup Px < SU.P Px 1 = x . Thus by induction x P n—0,1,..., is &

decreasing sequence of functions. Consequently x := lim X exists. It is
wre
easy to see that 0 < Xn < y*, n=0,1,... . Using dominated convergence we

find x = Px for all P ¢ P. Thus

then %xn < gxn for all P € P and hence

~

x 2 sup Px.

Next we prove the reverse inequality. Let Pn be such that

~ -1
X <P x 4+ n e.
n+1 n'n

~

Now choose a converging subsequence of Pn’ say Pn + P as k =+ (Pis com-

0
pact by the assumptions of theorem 5.1). Since %ig gn y* = §Oy* and
0<x < y*, according to lemma 4.13, we have k
X < %Ox.
Consequently
(5.7.3) x = max Px = P _x.

P 0
Relation (5.7.3) implies

~ ~] *
x = 1im Pg x € 1lim Pg ¥ = 0,

T Moo

by relation (5.1.2). By induction it is straightforward to establish that
{use |v| < ¥* and the inequality at the top of this page)

(5.7.4) Py By e PN]vl S
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for all N and all R = (PO’P1"")° But then assertion (5.7.2) follows.
Using again the "last exist decomposition" of state io (see lemma 5.2)
and recalling that v(io) = 0, we find with (5.7.4)
N

nzo [Pg...P _,](i,1)) [Pn...PN|vl](io) <

Py e PvaI(i)

N
nzo Py - By (i) xy (3)).

A

As a second application of the regularity property of the Nérlund-means it

follows then

N Pof..PN!v|(1) .
1im T = 0,
N . s

E Po---P 1 (1si0)

n=0

which is relation (5.7.1) in a different notation. [
PROOF OF THEOREM 5.1. From relation (5.6.1) we have

- + < .
cP gOtP Pv v for all P

Tterating this inequality we obtain

N
) Poe+B, 4 (cp =ggtp ) + Py vos Byv < v
n=0 n n

0 N
By rewriting this we find

N

? PO.. Pn—1 °p (i)
n=0 n <

N

) PoeesPq bp (1)

=0 n

(i) PO...PNv(l)
<gy+ | - }
0 N N
Z Po---P_4 tp (1) Z Po-e By tp (i)
n=0 n n=0 n

for all i € E.
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In order to prove that the largest limit point as N > = of the left-
hand side does not increase go we show that the term between brackets has

limit zero. Indeed, since zn o 0...P tp (i) > ©» as N > = the first term

-1
tends to zero. By lemma 5.7 the second termnconverges to zero. Consequently
goe is an upper bound of the average expected return per unit time. More-
+Qv = v 1t can be proved in a similar way that the

Q

average expected return corresponding to policy Q actually equals goe. The

over, since ¢ -got
latter was already shown in lemma 5.5. [J

5.8. WAITING LINE MODEL WITH CONTROLLABLE INPUT

The idea of "reduction of queues through the use of price" comes from
[Leeman]. Here we shall restrict ourselves to show the applicability of our
conditions (5.1.1), (5.1.2) and (5.1.3). A more detailed study of this type

of control problems can be found in [Low].

Assume that the arrival process is a Poisson process with expected num-
ber ofvarrivals per unit time Xp where p denotes the service price. Thus
the input process can be controlled by the service price. It seems reason-
able to assume that Ap decreases as p increases. Let us assume further that
the price p lies between the bounds a and b, i.e. a £ p £ b. Let F be the
distribution of the service time g. The times at which a decision on the
price has to be taken are the times a person completes service. The state
at that time is the number of people the departing customer leaves behind.

We assume that the service time is independent of p.

The transition probabilities corresponding to price p equal

0 for j < i-1,
(5.8.1) p(i,j) =
I > e
kj—i+1(P) for j = i-1,
where kr(p) denotes the probability of r people érriving during a service

period, i.e.

o —Xps r =1
(5.8.2) kr(p) = fo e (Aps) (rt)” " aF(s).

For future reference we state that (5.8.2) implies

oo

(5.8.3) X r(r-1)...(r-k+1) kr(p) = Ag E §%,

r=k
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where it is assumed that E §# exists. Since kr(p), r=0,1,..., 18 & con-
tinuous function of Aé it follows directly that P is compact if Ap is a

continuous function of p.

The following assumptions are made:

(5.8.4) o7 =1 - \,Es >0,
(5.8.5) lp is a continuous function of p for a < p < b,
(5.8.6) cP(i) is a continuous function of P for all i € E.

5.9. BOUNDED COSTS

Suppose constant 4 is such that IcPl < de for all P € P. In view of

condition (5.1.1) we need a nonnegative function y such that
.9. + + Py <
(5.9.1) |0P| tp+ Py <y

with P the column-restriction to E\{io}. Since t (i) =E 5 < » for all

P
ieE and ICPI < de it is sufficient to find a y with

(5.9.2) e + Py <y,

because in that case y* := (& +E )y will satisfy (5.9.1).

A funtion y satisfying (5.9.2) with state 0 for i_ is an upper bound

of the expected number of transitions to the state zerg (ef. 2.6 and 2.7).
Hence y(i) is equal to some constant times the number of steps to the
point zero (i.e. equal to i) seems a good candidate. We try y(i) = i, then
for service price p and 1 2 1

L)

(5.9.3) Yop(i.3)i= )
j#O J=i-1

L (p) § =

Ik (p)(r+i-1) =
r=0

i-{(1-2x Es).
P
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From assumption (5.8.4) it follows that p(1 - Ap E s) 2 1 for all p.

Hence
(5.9.4) T+ ) p(i,j)p < pi for i = 1
J#0
and y(0) := Zj#o p(0,3)pj, y(i) := pi for i 2 1 satisfies (5.9.2).

In order to verify the condition (5.1.2) we note that for T the busy
period, i.e. the return time to {0}, the inequality B, , [t] 2 1 E 5 holds.
3

Moreover, in view of (2.7.L4) and Wald's equation
E [tl=Es } Ple.
P_ —_—
n=0

Hence

k

gny < pgn § e.

He~18

k=0
Since the right-hand side tends to zero as n > = for each P ¢ P we find

that also condition (5.1.2) is true.

To check that §y depends continuously on price p it is in view of
(5.9.3) sufficient to verify that APIE 5 is a continuous function of p.'
This is a direct consequence of assumption (5.8.5). We conclude that

theorem 5.1 can be applied.

Before we treat the case of unbounded costs we state a lemma which

does not depend on any previous assumption made in this section.
5.10. LEMMA. If c 2 0 and x 2 0 are such that
(5.10.1) ¢+ Qx<x,

with HQ the columm—restriction to a certain subset H, Z.e.

Q(isj) fOY' J € H,
(5.10.2) ga(ig) =
0 for j ¢ H,

then

3] ©

(5.10.3) Yoo (i) sx(i)+ ) ) 5(5,3) x(3) for all i e E.
n=0 k=1 jeH®
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PROOF. From (5.10.1) it follows that

¥ oa N n

I @ es I Q(xpx) s

n=0 n=0

- :
sx+ ] Q7 (em@dx - @ ax.
n=1

But Qx - HQx = Qx* where x*(j) =x(j) it j € 'S and x*(j) = 0 otherwise.
Hence

N N o
* *
z Qn c £x+ z Qn x £x+ Z Qn x for all N.
n=0 n=1 n=1

This completes the proof of the lemma. [J

5.11. COSTS BOUNDED BY A LINEAR FUNCTION

Suppose for some constant d we have that |cP(i)l < di for all
ie {1,2,...} and all P ¢ P. It is now sufficient to find a function y 2 0
such that

(5.11.1) i+ ¥ p(i,g) y(3) < y(i) for al1l i.
J#0

We try y(i) = i(i+1), then for service price p and 1 2 1

(5.11.2) T p(i,3) §(3+1) = 1 k (p)(r+i-1)(r+i).
j#0 r=0 )

Since (r+i-1)(r+i) = r(r-1) + 2ir + iz—i we find, when using (5.8.3), that

. . . . . .2 ..
the right-hand side equals Ai E §? + 21 XPIE s =21 +1+ 1, Rewriting

this we find
-1 .2 2}.

(5.11.3) i(i+1) - i{2(1 —APIE_S_) - i Apm_s_

According to assumption (5.8.L4) we can find an integer io such that

-1 ,2 2 -1 . .
L11.h 21 - X Es) -i AN Es“2p fori=zi..
(5 ) ( o s) pE & o
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Then

(5.11.5) i+ ] p(i,5) 0 §(j+1) < p i(i+1) for i > i .
j#¥0
In order to find a function which satisfies (5.11.1) for all i = 1 we

apply lemma 5.10 with

B i= {0,150 .01 -1}, oli) =i, Q := B,

i.e. the column-restriction of P to E\{0} for P an arbitrary element of P,

p i(i+1) for i = io,

m for i=0,1,...,i0—1,

x(i) :=

where

m:=max {i+ ) q(i,j) e J(3+1) : i=0,1,...,i -1}.
JjeH 0

It can be verified that
c + HQx < x on E\{O}.

Hence according to (5.10.3)

(5.11.6)

I ~18

L RN dosx(d) + ] T B, x(3).
: L

n=0 n=1 jeHC

By relation (5.9.4) (ef. 2.6) we have Z;=O Zj H(i,3) < ei. Using this
inequality it follows from (5.11.6) that there is some constant p* such
that

(5.11.7)

Il ~18

Y BMi,5) § < p” i(i+1) for i = 1.
n=0 j

Define

(5.11.8) y(i) := sup
P

s

] BU(EL9)
09

It follows from theorem 13.6 that the supremum in (5.11.8) equals the

supremum over all policies. According to theorem 2.22 with T = = we then
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have that y is superharmonic, i.e.

~

(5.11.9) i+ X p(i,3) y(j) < y{(i) for all i and all P.
J

Thus y is a function that satisfies (5.11.1). Moreover, since (5.11.7) was

deduced for an arbitrary P we have by (5.11.7)
(5.11.10)  y(i) < o~ i(i+1) for i = 1.

To check condition (5.1.2) we note that

N, . . .
L P (i,3) = 2i(i+),
J

i1 ~18

n=0

since the system must pass the states i,i-1,...,1 to reach state 0 from

. 1 1. . *%
state i and Zk=1 k = 3i(i+1). Hence for i = 1 and some constant p

" *%
y(i) <o

Il o~18

L pN(1,3) 3.
n=0 j

Since the series on the right-hand side converges we have

I BR(E.3) v(3) = 0™ T TP G
J =n J

and this tends to zero as n ~ ». Finally by (5.11.2), (5.11.3) and condi-
tion (5.8.5)

J 3(i,3) §(3+1)
d
is a continuous function of the price p. By lemma 4.13 also

Z P(isj) y(J)
fl
depends in a continuous way on p. Herewith the conditions (5.1.1), (5.1.2)

and (5.1.3) are verified and theorem 5.1 can be applied.

5.12. REMARKS

As in section 5.11 it can be proved that for a quadratic cost function

we can apply theorem 5.1 if the third moment of the service time exists.
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ThusIE]§J3 < o implies the existence of a stationary optimal policy with
respect to the average return per unit time. In general it seems that in
addition to the assumptions already made in this section the finiteness of
the (k+1)th absolute moment of s implies the existence of an optimal

stationary policy when the cost function is bounded by a polynomial of

degree k.
Condition (5.1.1) for bounded costs and tP = e, P € P, is equivalent to:
There ig some state io and a function 0 <y < « such that for all P ¢ P

(5.12.1) e + Py < v,

with P the colum—-restriction to E\{io}.

In the case that P consists of one element, say P, this condition re~
duces to the Foster or Liapunov function criterion of section 2. It turns
out that in waiting time models when the embedded Markov chain approach is
used, the Foster criterion is very useful in proving ergodicity. In many
cases however one needs a weaker condition than given by [Foster]. Such
conditions can be found in several places in the literature: [Moustafa,
theorem 2.I], [Crabill, theorem 1], [Pakes, theorem 1 and theorem 2],
[Cohen, ii, p. 251, [Kushner, theorem 7, p. 211]. The weakest form can al-

ready be found in [Moustafal, in our notation:

If for some € > O there exist a fumction y = 0 and a state io such that

I p(i3) v(3) s y(i) - ¢ for & > iy
j:o .

and

P(isj) v(3) <= for i< i03
0

It ~18

J
then the irreducible Markov chain is positive recurrent.

With the use of [Chung, theorem 3, p. 477 and our lemma 5.10 the above

condition can be slightly weakened to:

If for some € > O and some finite set H there exists a function y = 0 such
that
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1 op(i,3) y(3) < y(i) - € for all i,
At
then the <rreducible Markov chain is positive recurrent.

Indeed by lemma 5.10 we have for P the column-restriction to E\{io}

(ef. 2.7)

e 1 Jplpd s 11 P v
- n=0 ] n=0 jeH

o
Since H is finite and Xn=0 pUi,j) < » for each j (cf. [Chung, p. 47]1) we
have that the right-hand side of this inequality is finite. Hence the ex-
pectation of the return time to {io} is finite (ef. 2.7) and the chain is

positive recurrent.

In lemma 5.3 we proved that condition (5.12.1) implies the Markov
chain is positive recurrent for each P € P. Since state io can be reached
under each P we have (when we forget about transient states) that for each
P ¢ P the Markov chain consists of one positive recurrent class. The
question then is whether the converse of the above assertion is also true,
i.,e. if P is compact and each P € P consists of one positive recurrent
class then there exists a function y satisfying (5.12.1). [Fisherl] showed
by an ingenious proof that the answer is "yes" when in each state there is

n, n

only a finite number of possible decisions. In general the answer is "no

which 1s shown by the following counterexample.

COUNTEREXAMPLE .

P={P,P,s...5P 13

E = {0,1,2,...1;

i

pk(n+1,n) =1 for ke {1,2,...,2} and n € {0,1,...};

for k € {1,2,...},

o8 for 1 <n <k,

Pk(oan)
o7k (hk-k)'1 for k+1 £ n < hk;

p (0,n) = 2™ for all n e {1,2,...}.

©
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The expectation of the return time to 0 under Pk (notation uk(0,0)) equals

@0

1+ ) p (0sn)n-=
& k
n=1

(0,0)

Yy

k

k i

1+ ) 2o+ 2 FF) ) a
n=1 n=k+1

Since the third term on the right-hand side goes to infinity as k + «
we have %im uk(o,o) # 1_(0,0) which is the sum of the first two terms
after the equality sign. Finally it is easily checked that 1lim P, = P_ and

ks K @
thus P is compact. Since condition (5.12.1) should imply

uk(0,0) £y for all k € {0,1,...,%}

we find that such a function y does not exist.

In verifying the conditions (5.1.1), (5.1.2) and (5.7.3) for the
waiting line model it turned out that conditions (5.1.2) and (5.1.3) were
relatively easily checked. Condition (5.1.1) seems to be the most important
one. May the other two conditions be omitted in theorem 5.1%? A counter-
example of [Fisher and Ross] and the result of [Fisher] show that the

answer is negative.

Ergodic theorems have been known for a long time in probability theory.
The use of an ergodic theorem to convert a Markov decision problem with
average return criterion into one with total return criterion, the author
learned from [Breiman]. In [Lippman] the same technique is used. The re-
sults in this section are related to those of [Lippman]. There the state
space is a Borel subset of a metric space. For the case of a countable

state space our conditions are more general.
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6. DISCOUNTED AND NON-DISCOUNTED DYNAMIC PROGRAMMING

In this section we return to the optimal control model of sections 3
and 4. Again it is assumed that cp is a charge structure. In this section
we focus on strategies with stopping time T equal to infinity. So the de-
cision-maker is not allowed to stop the system. Hence the value function
becomes

(6.0.1) v = sup]ER[ E elx ).

X
R n=0
In order to make it possible to use results from the sections 3 and L4 we
introduce a reward function r with r := v-e. Then v equals the value func-
tion of the optimal control problem with cost structure cp and reward
function r (cf. the proof of 4.1L). Moreover, the interesting stopping
times will automatically be equal to infinity. The results of this section

are direct consequences of theorems in the sections 3 and L.

As for the cases of discounted dynamic programming, positive dynamic
programming and negative dynamic programming they are known (see
[Blackwell (1965)1, [Blackwell (1967)1, [Hinderer] and [Strauchl). The

other results seem to be new.

As a consequence of 3.1 and 2.17 we have that for all policies
limZER V(EN) exists and, moreover, this 1limit is nonnegative.
Nroo
6.1. THEOREM. The value function v 18 a solution to Bellman's optimality

equation

(6.1.1) v = sup (cP+Pv).
k 4

Moreover, if P i1g compact, °p is upper semicontinuous and

1lim sup P <PV for all P, e P,
0 0
P+PO

then v satisfies

(6.1.2) v = max (c_+Pv).
P P
PROOF. Since v > r relation (6.1.1) follows immediately from (3.5.1).

Relation (6.1.2) is an implication of theorem 3.6. [
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Next we introduce some useful terminology. The above model will be

called:

discounted dynamic programming (d.d.p.) with discount factor 0 < o < 1 if
p(i,E) = o for all i and all P; ‘
positive dynamic programming (p.d.p.) if cP(i) 2 0 for all i and P;

v

negative dynamic programming (n.d.p.) if (i) <0 for all i and P.

6.2. THEOREM. In d.d.p. with bounded cost structure, i.e. for some con-
stant b

(6.2.1) lep(i)] < b for all i and P,

if P is compact and cp 18 upper semicontinuous then the value function v is
the unique bounded solution of (6.1.2).

PROOF. If o is the discountfactor then from (6.0.1) and (6.2.1) we have
[v] < be(1—a)_1,thus v is bounded. Since P"e = o'e we have, moreover, that
each P ¢ P is absorbing and the assertion is an implication of theorem 3.11

and theorenm 6.1. [

We note that using a well-known result on contraction mappings the
following generalization of theorem 6.2 can be proved.
In d.d.p. with bounded cost structure the value funétion 18 the unique
bounded solution of (6.1.1) (see [Denardo]).

If for some Q ¢ P it holds that ¢ .+Qv = v then we say that Q satisfies

Q
the optimality equation. We remark that inview of theorem 3.6 for n.d.p. with
P compact and cp upper semicontinuous such a Q always exists. By the fol-

lowing theorem then Q is optimal.

6.3. THEOREM. If Q satisfies the optimality equation then each of the
following assumptions tmply that policy Q is optimal:
a. lim QNv <0
N0
b. d.d.p. with bounded cost structure

e. value function v is nonpositive

d. n.d.p.
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R v(gn) always

exists and, moreover, is nomnegative. Since Q satisfies the optimality

PROOF. At the beginning of this section we noted that 1im E
n>x

equation it follows with v > r that Q in combination with stopping time

I, = » satisfies relation (4.1.1). According to theorem 4.7 we have that

policy Q°° is optimal if and only if lim QNV = 0. Since lim QNV > 0 it fol-
N->oo

Noo

lows that

(6.3.1) 1im QNv <0
N>

is a criterion for the optimality of Qw. It is straightforward that assump-
tions a, ¢ and 4 (in n.d.p. we have v < 0) imply relation (6.3.1).

In the proof of theorem 6.2 we showed that in d.d.p. with bounded cost
structure the function v is bounded and each P is absorbing. Hence

lim QNV = 0 which is stronger than relation (6.3.1). O
oo

As a consequence of the above theorem we have

6.4. THEOREM. In d.d.p. with bounded cost structure there exists an

optimal stattonary policy if P is compact and cp 18 upper semicontinuous.
PROOF. By the theorems 6.2 and 6.1 the value function v satisfies

v = max (c_+Pv).
P
P
Since P has the product property it follows now that there is a Q such that
v = cQ+QV; According to theorem 6.3 policy Q@ is optimal. [1

In [Hordijk and Tijms (1972)] it is shown by means of a counterexample

that the boundedness condition in the above theorem cannot be omitted.

The following notation is introduced
e .
n
Vp 1= 2 P Cp-
n=0

6.5. THEOREM. Policy Qw 18 optimal if and only if q has the property anne

{definition 3.7) and, moreover, satisfies

(6.5.1) o = m;x (cP+PVQ).
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PROOF. Suppose Q is optimal. Then v = 4 = cQ+QvQ and hence with (6.1.1)

it follows that v, satisfies relation (6.5.1). Moreover, by the theorems

Q
3.1 and 3.8 the function vQ = v has the property anne. To prove the con-

verse we note that (6.5.1) implies that v, is a\cP-—superharmonic function.

Q ,
If VQ has in addition the property anne then in view .of theorem 3.8 VQ is
cP-excessive. By the definition of the value function we have vQ < v,

Hence according to theorem 3.1 we conclude that v

Q

= v and conseguently

Q is optimal. [

6.6. THEOREM. In d.d.p. with bounded cost structure and in p.d.p. the
stationary policy Q is optimal if and only if q satisfies relation
(6.5.1).

PROOF. This assertion follows immedistely from theorem 6.5 if we show that
vQ has the property anne. Now in p.d.p. this is obvious. In order to show
it for d.d.p. with bounded cost structure, let ]cP(i)I < b for all i and
all P and some constant b, then ‘VQ! < (1—&)-1 be and hence

ER IvQ(gn)[ < an(1—a)_1 be when a is the discountfactor. Thus

lim B vQ(gn) = 0 and o has the property anne. 0

n—)oo

6.7. THEOREM. If for some function T with the property anne and some
policy Qoo we have that

(6.7.1) s;p cP+Pf < f= cQ+Qf

and if in addition lim Q°f < 0, then £ = v = v, and Q@ is optimal.
10

Q
PROOF. Relation (6.7.1) implies that f is qp-superharmonic. Since f has

the property anne it follows by theorem 3.8 that f is cP-excessive. Con-
sequently, according to theorem 3.1 we have v < f. Iterating the equality

c +Qf = £ we obtain

Q

7

N
+
b Qe + Qe = g

n=0

Q

With 1im Q'f < 0 we find

n-»co




Hence f = v

v, and Qw

Q

is optimal. [
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T. ON POTENTIALS, ABSORBING POLICIES AND CHARGE STRUCTURES

In section 2 we defined a potential w.r.t. P. By introducing this
analogue of a well-known notion a natural question is raised. If f is a
potential w.r.t. P for each P € P is it then true that f is a potential
w.r.t. P? Only for a particular case we are able to answer this question
(theorem 7.1). Similar results for absorbing and transient policies are
obtained in the theorem§ 7.3 and T.4. Together with the two corollaries
7.5 and 7.6 they generalize results of [Veinott (1969)1.

In this section we assume that P is compact.

T7.1. THEOREM. If f Zs a potential with nonnegative charge w.r.t. P for
each P € P then f is a potential w.r.t. P.

PROOF. Define Wip 1= f-Pf, P € P, then since Vo is the charge of f w.r.t. P
we have that v, > 0 for all P € P and £ 2 0. Iterating the equality

: N _
wP+Pf = f we find that En=0 PO...Pn_1 W, + PO...PN f=1f for all N,

P
n

P ) £ f£. Consequently Vi is a charge

‘oo
A | R Ln=o V(X
structure and so is ~Wp. Let us study the n.d.p. problem with cost struc-

P and hence Sﬂp E

ture “Vps then the value function is defined as

v = supZER 2 -wix ).

.5
R n=0

Since £ = 0 it holds that Pf is a lower semicontinuous function and hence

- 3 . - - - Lad - 3
w_, 1s upper semicontinuous. According to section 6 there is a Q which is

P
optimal.
Now since f is a potential with charge ki w.r.t. Q we conclude that
v = -f, As a consequence of theorem 2.17 we obtain lim E v_(xN) =
e R =]

= 1im E f(zw) = 0 and by theorem 2.16 f is a potential w.r.t. P. [

N R
7.2. DEFINITION. Poliecy R = (P

it is transient if Z:

0
...Pn(i,j) < ® for qll i,j.

,P1,...) ie absorbing if %ig P...Pye = 03

=0 PO

T.3. THEOREM. If each stationary policy is absorbing then each policy is

absorbing and e is a potential w.r.t. P.
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PROOF. For each P € P we have that the function e is an excessive function

w.r.t. P. Since in addition lim P'e = 0 it follows that e is a potential
el

w.r.t. P. Thus we can apply theorem 7.1 and find that e is a potential

w.r.t. P. By theorem 2.16 we obtain lim E = 0 for each policy R. [1
n-reo ;

g e(zy)
It is well-known that if a stationary Markov chain is absorbing then
it is transient. We do not know whether this is also true for non-station-

ary policies.

T.4. THEOREM. If each stationary policy is absorbing and ©f lim Pe = Poe

for all P € P then each policy is transient. By

PROOF. As in the first part of the proof of lemma 5.7 it can be shown that

for each 1 ¢ E

(7.%.1) limIEi,R e(gN) =0,

N>

uniformly in R. Hence for arbitrary state j there is an integer m such that

(7.4h.2) E e

<
isR ) < a

X
x
for some a < 1 and all policies R.

Let (PO’P1"") be an arbitrary policy, then for LA e-Pne,
n=0,1,..., we have

m
(7.4.3) kZ1 Pn+1"'Pn+k—1 Vo= € Pn"°Pn+m e for all n.

From (7.4.2) and (7.4.3) we find

m

(7.4.4) } P_.....P

j) 2 1-a > .
-y n+1 (3) 1-a > 0 for all n

n+k-1 "n+k
The probability that the system "breaks down" before time t+1 when at time
t decision p(i,.) is taken in state i equals 1 - 2@ p(i,j). The probability
that the system is in state j at time n and "breaks down" between times

n+1 and m is not larger than the probability that the system "breaks down"

between times n+1 and m. Hence
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m

(7.4.5) ) [Py B 1(E,§) [P oonP oo ow, 3(5) <
k=1
m
< Z PO"'Pn+k-1 wn+k(1).

k=1

From (7.4.%4) and (7.4.5) we obtain

.. -1 2 .
Py.- P (i,3) < (1-a) kZ1 Py« P (i).

0 n+k-1 "n+k
Consequently
3 . < _ - .
(7.4.6) z PO...Pn(l,J) < (1-a) Z Z PO"'Pn+k—1 wn+k(1)'
n=0 n=0 k=1 )
Since zn=0 PO"'Pn+k-1 wn+k(1) denotes the probability that the system

"breaks down" after time k, we find from (7.4.6)
° 1
Y P _...P (i,j) < m(1-a)” < =,
0 n
n=0
This proves the assertion. [1

7.5. THEOREM. If E has a finite number of states and if each stationary
policy is transient then each policy 18 transtent.

PROOF. We use a well-known argument. If E is finite and P is transient then
E:=O pn(i,j) < « for all j and hence 22=0 P'e < ». It follows that

%ig PNe = 0 and thus P is absorbing. The rest of the proof follows from
theorem T.4. O

As a direct conseguence we state the following theorem.

7.6. THEOREM. If E has a finite number of states and if each stationary
policy is transient then each bounded cost structure is a charge structure.
Moreover, for each upper semicontinuous cost structure there is a stationary

optimal policy (strategy).

2 P

- n=0 0"’

i,j. Hence ) __ P _...P le | < » from which the first assertion follows.
n=0 "0 n Pn+1

PROOF. According to theorem 7.5 we have that 2 .Pn(i,j) < » for all
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To prove the second statement we note that automatically the value function
v is bounded and each P is absorbing. Thus lim.PNv = 0 and according to

[—>-00
the theorems 6.1 and 6.3 there exists a statiohary optimal policy

(strategy). O
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8. RECURRENCE FOR A DECISION PROCESS

In this section we generalize the notion of recurrence for one Markov
chain to a collection of Markov chains. It seems to us that the extension.
of well-known theorems for one Markov chain to a collection of Markov
chains has important implications in the theory of Markov decision pro-
cesses. ]

The term communicating system stems from [Bather]. His paper makes it
clear that similar to the minimal closed sets in a Markov chain the notion
of communicating system plays a basic role in Markov decision processes es-—

pecially when the average return criterion is used.

In [Hordijk (1972)] an earlier version of several theorems of this
section can be found. There the less striking name C-minimal closed set
instead of communicating system was used. Theorem 8.6 for finite E was ob-

tained independently in [Bather].

8.1. DEFINITION. For A < E let fP(i,A) denote the probability of reaching
subset A from state 1 for the Markov chain with matriz of transition prob-
abilities P. We take for all P ¢ P, fP(i,A) =14f1i e A and write fP(i,i)
for fP(i,{i}).

Subset A < E 7s called a communicating class w.r.t. P
if
fP(i,Ac) =0 foralliech, allPeP
and 1Lf

for each pair of states i,J € A there is a matrix P ¢ P and a

nonnegative integer n such that p (i) > 0.

If state space E is a communicating class w.r.t. P then we speak of

the commnicating system (E,P).

State j is recurvent w.r.t. P if for each i € E with fP(j,i) > 0 for
some P ¢ P, it holds that sup fP(i,j) = 1.
P

If A is a communicating class w.r.t. P and ©f each element of A is a
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recurrent state w.r.t. P then we call A a recurrent class w.»r.t. P.

If state space E is a recurrent class w.r.t. P then we speak of the

recurrent system (E,P).

The following two theorems are generalizations to collections of
Markov chains of the theorems I.8.5 and I.8.6 in [Chung]l. Note that an ex-

cessive function is a cP-—excessive function with cp = 0.

8.2. THEOREM. a) If u 18 an excessive function w.r.t. P and if u(j) > 0
then

(8.2.1) u(i)/u(j) = sgp fP(i,j).

b) If

(8.2.2) w(i) := sgp fP(i,j) for all i € E.
then

(8.2.3) w(i)

sup Pw(i) for i # ]
P
and

(8.2.4) w(j) = s;p Pw(j).

Hence w 18 an excessive function w.r.t. P.

PROCF, a) Define
u*(i) := u(i)/u(j) for i ¢ E;

* . . * ..
then clearly u is also an excessive function w.r.t. P, moreover u (j) = 1.
Now let us focus on the optimal control problem as introduced in section 3,

- 0 - *
with cost structure cp = 0 and r{i) = 8(i,3j). )

)

The Kronecker delta function is defined by

0 for i # J,
§(i,j) :=
1 for i = j.
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Then the value function of this problem equals
v(i) = sup £_(i,j) for all i,
R R

where fR(i,j) denotes the probability that state J is ever reached from
state i when policy R is used (fR(i,i) = 1 for all i and all R). According
to theorem 3.1 we have that v is the least excessive function with v(j) 2 1

* . .
and hence v < u . From this relation (8.2.1) follows.

b) We again consider the above introduced optimal control problem. By
theorem 13.6 it follows that sup fP(i,j) = s&p fR(i,j). Hence function w
of (8.2.2) equals the value function v. Since r(i) = 0 for i # j it follows
by theorem 3.5 that relation (8.2.3) holds. Relation (8.2.4) follows from

the fact that v is an excessive function. []

In the following two theorems it is assumed that (E,P) is a communi-~

cating system.

8.3. THEOREM. a) If E“is a recurrent system w.r.t. P, then every excessive

funtion w.r.t. P is a constant function.

b) If E s a nonrecurrent system w.r.t. P, and contains more than one state
then there exists a nomnegative, nonconstant, bounded function w satisfying
the relations (8.2.3) and (8.2.4).

PROOF. a) Suppose u is an excessive function, then u > 0. If u # 0 then
there is some state j with u(j) > 0. By (8.2.1) and the definition of re-

currence we obtain
u(i)/u(3) 2 sup £5(i,5) = 1
P

and hence u(i) = u(j) for all i. Consequently u(i) > 0 for all i, and by
interchanging i and j we get u(i) = u(j) for all i. Hence u is a constant

function.

b) If E is a nonrecurrent system then by definition there is a pair of

states (i,j) such that

(8.3.1) sup fP(i,j) < 1.
P
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Now we consider again the optimal control problem with cp =0 and

r(i) = 8(i,j). As shown in the proof of theorem 8.2.b we then have that the
value function v equals the function w defined in (8.2.2). In virtue of '
(8.3.1) then v(i) < v(j) = 1 and thus v is a nonconstant, bounded excessive
function. Moreover, as in the proof of theorem 8.2 the function v satisfies

(8.2.3) and (8.2.4). O

As a consequence of theorem 8.3 we state the following theorem, which
provides a criterion for recurrence w.r.t. P. It generalizes theorem 6 of
[Foster]. We note that the adjective bounded may be inserted in the crite-~

rion.

8.4, THEOREM. E Zs a nonrecurrent system w.r.t. P if and only if there

exists a nonconstant (bounded) excessive function w.r.t. P.

The next theorem is an application of theorem 8.3 to optimal control

problems.

8.5. THEOREM. If E Zg a recurrent system then for the optimal control
problem with cp =0 and r 2 0 the value function v is a constant function
with

v(i) = sup r(j) for all i.
J
PROOF. The value function is by theorem 3.1 the least excessive function
that majorizes r. According to theorem 8.3 we conclude that v is a constant
function. Consequently v is the least constant function that majorizes r

and hence v(i) = sup r(j) for all i. [
J

The above theorem remains valid for CP nonnegative. However, when

cP(i) > 0 for some i and P, it follows that v = =.

In Markov decision problems with average return criterion it is often
desirable that the "maximal" average return does not depend on the starting
state, i.e. the function

N

(8.5.1) g(i) := sup lim inf 1 Z elx )
R N0 s

-+
N+1 =0

is a constant function. The next theorem provides a condition guaranteeing

this. Although it is not uncommon to define the "maximal" average expected
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return as in (8.5.1) one might prefer to take the largest 1limit points,
i.e. limes superior instead\of limes inferior (cf. 5.0.1). Actually we are

forced to take the lim inf in the next proof.

8.6. THEOREM. If E <8 a recurrent system and if cp 28 bounded from below
then g as defined in (8.5.1) is a comstant functiom.

PROOF. Since ¢p is bounded from below there is some constant ¢ such that

g* := g+ce is nonnegative. The proof proceeds now by showing that g is

superharmonic. Then g* is a superharmonic function and hence g* is ex-—

cessive. According to theorem 8.3a then g* is a constant function and so is

g ‘
Given any € > Q there is for each 1 € E a policy Ri such that

N

N .
11§+inf T ) elx)) 2 gli)-e.

E.
n=0 l’Ri
For P an arbitrary element of P let R be the policy that chooses decision
rule P at time 0O and uses policy Ri from time 1 when the state at time 1 is
i (as in theorem 3.1 we use here non-memoryless policies to show that g is
superharmonic).

We have for R and arbitrary i € E

N
. .. 1
g(i) 2 lim inf — Z . c(x ) =
¥ N+1 n=0 1,R -
e (i) N-1
. P .. 1
= lim inf { + ) p(i§) [== ) E. e(x )1},
1 N+ : Wl 2o 9sRs S
From Fatou's lemma
2‘ 1 N§1
g(i) 2 ) p(i,j) [1lim inf — ) E. e{x )l =
3 - N+1 =0 J,Rj “m

v

L p(is3) (g(i)-e).
J

Since € and P were arbitrarily chosen we conclude that g is superharmonic.

a
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As a generalization of the notation introduced in definition 8.1 let
fR(i,A) denote the probability that subset A is ever reached from state i
when policy R is used (fR(i,A) = 1 for i € A and all R; we write fP(i,A)
for me(i,A)).

8.7. THEOREM. If p(i,E) = 1 for all i and P and if for some subset A

inf sup f_(i,A) > 0.
. R
i R

then there exists a Q ¢ P with
fQ(i,A) = 1 for all 1.

PROOF. We consider the optimal control problem with cp 2 0andr= x(A),
i.e. r(i) = 1if i ¢ A, r(i) = 0 otherwise. For the value function v we
have v(i) = s%p fR(i,A) > 0 for all i. According to theorem 13.T there is

o 1

a policy Q@ and an entry time in some subset B © E, say Ips such that
(8.7.1) v, :=E [r(gT 11 2 (1-e)v,

for 0 < e < 1. Since r = 0 outside A and v(i) > 0 for all i it follows from
(8.7.1) that B ¢ A. Indeed, if i € B\A then v (i) =E. _ [r(x )] =
. Q 1,9 Ty
= = < - 1).
E; 4 [r(go)] r(i) = 0 < (1=¢) v(i) .
Suppose inf sup fR(i,A) = a > 0 then v(i) 2 a for all i. Let Q be the
i R

i
column-restriction ot Q to the complement of B (cf. 5.10); then for arbi-

trary 1 e B®

(8.7.2) Py o lg > nl= P e(i) < a7 G w(i) <
<a (=) @ v (i) =
Q
= a_1(1—e)_1 E [r(x ) x{(z, > n)]
1,Q Ty X\lg :
Since
E; o Er(X_B)] =E 4 [r(le) x(zg < n)] +E o [r(gng) x(zg>n)]
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1.9 [r(x B)] as

n tends to infinity, we find that the second term tends to zero as n

and because the first term on the right-hand side tends to E.
tends to infinity. In virtue of (8.7.2) we obtain

lim P. [z, > nl = 0.
<o i,@ —B

Since g(j,E) = 1 for all j € E we have that

tends to one as n tends to infinity. Hence fQ(i,B) = 1 and a fortiori

fQ(i,A) = 1. Since by definition f.(i,B) = 1 for i € B, this completes the

Q
proof. [

The above theorem can be seen as a generalization of theorem 1 in
[ Chung and Dermanl].

In the sequel of this section it is assumed that p(i,E) = 1 for all
ie€E and all P e P.

The next theorem shows that recurrence w.r.t. P is a class property.
* . . - *
8.8. THEOREM. TLet E be a communicating class w.r.t. P. If for some j € E

inf, - sup fR(i,j) >0
1eE R

then E* 48 a recurrent class w.r.t. P.

. . * . . .
PROOF. Let iO be an arbitrary element of E*. Since E 1s a communicating
class there exists a matrix P and a subset B = {j,i1,i2,...,in,io} such

that p(j,1i ) p(l ,1 )., p(l ) = o for some positive constant a. Since

’

0
EX is a communlcatlng class we can apply theorem 8.7 with E* for E and {3}
for A and we find a matrix Q with f (i,j) = 1 for all i € .

Define matrix Q as follows

q(isj) for i ¢ B
*,. .
g (i,j) =

p(isj) for 1 € B.
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Then

(i,B) minimum f

f *
Q 2€B, 270

(i,ig) 2 %, (2,17)

Q* Q*
The first factor on the right-hand side equals 1 and the second factor is

not less than o. Hence

inf fQ*(i,iO) 2 a.
i
* . .
Now we apply theorem 8.7 with E for E, {10} for A and with {Q"} for the

collection of Markov matrices P and find that f (i,io) =1 forallickE.

Q*
Hence the theorem follows. [
The remaining theorems of this section are corollaries of the fore-

going results. They assert the existence of optimal strategies under

various conditions.

8.9. THEOREM. If E 8 a recurrent system then theve exists a stationary
optimal strategy for the optimal control problem with cp = 0 and r such
that r(i) < r(io) for some state iO € Eand all i € E.

PROOF. By the definition of recurrence and theorem 8.7 there exists a

matrix Q with fQ(i,iO) = 1 for all i € E. The stationary policy @ in com-

bination with the entry time of {io} provides a stationary optimal strate-

gv. O

8.10. THEOREM. If B has a finite number of states and is a communicating
system then every optimal control problem with cp =0 has a stationary op-
timal strategy.

PROOF. When E is finite and a communicating system then

min sup £_(i,j) > O.
.. R
isJ R

As a consequence of theorem 8.8 we have that E is a recurrent system. Now

we can apply theorem 8.9 and the assertion is proved. [
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The following theorem can be found in [ Dubins and Savage, theorem

3.8.5, p. 561.

"~ 8.11. THEOREM. If for some optimal control problem we have that cp = 0 and
r = x(A) for a subset A and inf v(i) > 0 then there exists a stationary op-

timal strategy. *

PROOF. The value function of the optimal control problem with ¢p = 0 and
r = x{A) equals

v(i) = sup £ (i,4) for all i ¢ E.
R
Since inf v(i) > 0 it follows from theorem 8.7 that there exists a policy

© 1
Q such that fQ(i,A) = 1 for all i € E. Hence policy Q in combination with

the entry time of A is optimal. [}

The last theorem provides a sufficient condition in the case that the

cost structure is not identically zero.

8.12. THEOREM. For the optimal control problem with charge structure cps

reward function r and bounded value function v let
I :={i : r(i)=v(i)}

and

]
il

{P : cP(i) + Z p(i,j) v(j) = v(i) for i ¢ T and P ¢ P}.
d

If

inf sup fP(i,P) >0
i P

then there exists a stationary optimal policy.

*
We note that the strategies (R’IT) with R = (PO,P el )y Pn e P for

1’
n 20 and 1, the entry time of T are thrifty strategies.




PROOF. It is easy to verify that P* has the product property. By applying
theorem 8.7 with P* we find a Q e P* with £(isT) = 1 for all i ¢ . In

view of theorem b.8.a we conclude that (Q ,r,) is optimal. [

T

T3
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9. EXPONENTIALLY BOUNDED STOPPING TIMES

A property that holds for most of the sequential decision problems is
that the infimum of the sampling costs over the various experiments is
positive. This property, in combination with a boundedness condition on the
loss function (in our terminclogy the reward function) implies that the op-
timal stopping time t (or the random number of observations) is exponen-
tially bounded, i.e. there are positive constants a and b such that for

stopping time T
(9.0.1) PLz > n] £ a exp(-bn) for all n € {0;1,...}.

The "sequential probability ratio test" as introduced by [Waldl can be
identified with the optimal strategy in an optimal control problem

(ef. [Lehmann, p. 1041). Thus the well-known property that the number of
observations 1n Wald's test is exponentially bounded follows also from the
results in this section. In fact there is a wide class of problems for
which the assumptions of this section are satisfied. They all have optimal
stopping times with the nice property (9.0.1). A result related to theorem
9.5 can be found in [Ross (1971}, theorem 6.13, p. 136].

In this section we make the assumption

{9.0.2) c. := infimum - e (i) > O.
0 N P
ieE,PeP
If p(i,E) = 1 for all i € E, then the above assumption implies that
Z§=O PncP = - and ¢, is not & charge w.r.t. P. So in this section we do

not assume that cp is a charge structure.

9.1. THEOREM. If a Sstationary strategy (Qw,_T_A) with I the entry time of
A, is such that

T,-1
—A
(9.1.1) ]Ei,Q [nZOC(?_(n)+r( )1 2 r(i) for all i € A°

and 1f in addition r is bounded from below and T [r(gT )1 is bounded from

Q —A

above on AS, then T, 15 exponentially bounded under policy Q.

A




PROOF. Assumption {9.0.2) and relation (9.1.1) together imply
‘EA-. 1 o
< R .
) cye <E; Q [r(gT )1 - r(i) for all i € A .

(9.1.2)
n=0 3 —A

B q

The right-hand side is bounded from above on Ac; let constant e, be an

upper bound. The left-hand side equals constant ¢, multiplied by

0

(9.1.3) g (3] = ZJP g [z, > 0l

By the Markov inequality or alternatively directly from (9.1.3), since

Pi q [IA > n] is monotone nonincreasing in n, we have that
H

(9.1.4) B, o [x >n]_1]E’Q [z,1.

Let N be such that

(9.1.5) o = N_1c51c1 < 13

then we obtain from the relations (9.1.2), (9.1.4) and (9.1.5)

(9.1.6) P, .Q [T > a for all i e A°.

Let Q denote the restriction of Q to AS; theniby rewriting the left-hand

gide of (9.1.6) we get
(9.1.7) q e < ae.

Because

~(k-1)N

akN e = ~(k-1)N aN e < o e

Q

it is immediate from (9.1.7) that (recall that IA=O when EOEA)

-1
(9.1.8) ]PQ[_'r_>n]=E),neSa[nN 1,

where [x] denotes the largest integer not exceeding x.

75
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e o /N Y -1
Let a := o and b i= N  log o ; then from (9.1.8) we have that

(9.1.9) IPQ [t >nl £ a exp(-bn). O

The reward for stopping immediately in state i equals the right—hand
side of relation (9.1.1), whereas the left~hand side denotes the value of
strategy (QM,IA). Thus each strategy which does at least as well as
stopping immediately satisfies relastion (9.1.1).

Section 4 suggests, that (Qw,gT) is a good candidate for an optimal

strategy, if Ir is the entry time of the stopping set
(9.1.10) T ={i: r(i)=v(i)}

and Q satisfies

(9.1.11) CQ(i) + Qv(i) = v(i) for all i e Pc,

where v stands for the value function of the optimal control problem. In
particular this strategy (Qm,IT) will satisfy relation (9.1.1) if it is

optimal.

9.2, THEOREM. If the value fumetion v and EQ [r(gT )1 are bounded from
-=T

above and r is bounded from below on TC then strategy (Q?,Im) s optimal

and, moreover, the optimal stopping time t. is exponentially bounded under

T
the stationary optimal policy Q.

PROOF. As we argued sbove the only thing we have to prove in order that we
can apply theorem 9.1 is that (Qm,lT) is optimal.

Denoting Iy = Ip A N, we have according to lemma 2.19 and the
relations (9.1.10) and (9.1.11)

(9.2.1) v=E_ [ y el 11




T

Hence
Tp-T Iy
(9.2.2) E Z clx ) = lin E Z clx ) =
@p20 * e Q=9 O

=y - 1limE [v(x ) x(t.sN)] - linE. [v(x. ) x{(t.>N)].
w @ X X\ N_)ngggN X\Ip

Since v = r on T the second term on the right-hand side equals E

[r(ggr ).

q ~T

It is assumed that this expectation is finite. Further it is assumed

that v is bounded from above on T° and hence the third term has a lim sup
which is less than plus infinity. Consequently, because of °q <0

«© ll"_‘]

z Q" ¢q = JEQ z c(;cn) )

n=0 n=0

with Q@ as in 9.1, is finite. With assumption (9:0.2) we then obtain

1im 5n e = 0.
n><

Since v is bounded on I'® then also

(9.2.3) 11;1:: v = iigJEQ [v(x ) x(z>n)] = 0.
In virtue of the relations (9.2.2) and (9.2.3) we then have
111"1
JEQ EHZO c(g_(_n) + v(;lr)] = v

Since v = r on T we find that (Qm,ir.) is optimal. O

9.3. DEFINITION. Let v denote the supremum over the expected values bf'
the strategies (R,1) with T < N, Z.e.
=1
vy = sugz";;n;mIE [nZo c(gn) + r(%)].
An important tool in computing the value function is the approximation

of v by A for N sufficiently large. This can only work if lim vy =V
. >0
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9.4. DEFINITION. An optimal control problem is stable if

lim v, = v,
el N
In section 3 we defined stebility w.r.t. x.
It can be proved that (ef. [Ross (1971), p. 136]1; for the definition
of T see 3.2)

Ty = Ve
From this relation it follows easily that a stable problem is at least
stable w.r.t. all x such that

sup (cP+Px) <xand x < r.
P

Verbally, the problem is stable for all x that are cP-—superharmonic and
minorize r.

In [Starr] the rate of convergence of Yy to v for a special problem is
numerically analyzed. It is noticed that the convergence is quite rapid.

The following theorem asserts that it is exponentially fast.

9.5. THEOREM. Under the assumptions of theorem 9.2 the optimal control

problem is stable. Moreover, Vy tends exponentially fast to v as N + =,

PROOF. For (Qm,IT) as in theorem 9.2 we have with 1, = 17, A N by definition

N =T
of N that
I‘N—1
v.2E [ ] clx)+r(x )]
FoQ e N
Using the fact that ep < 0 for all P ¢ P and I 2 Iy Ve find by rewriting
the right-hand side of this inequality

IT—1

(9.5.1) szlEQ [nzo c(gc_n) +r(_}£lr)] +

- E, [r(%r) x(z>N)] +E, [r(zy) x(zp>m)1.
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Since the first term on the right-hand side is by theorem 9.2 equal‘to v
and since by definition v 2 S it is sufficient to prove that the second
term on the right-hand side has a nonpositive 1im sup and the third term
has a nonnegative 1lim inf.

Indeed in view of the Markov property the second term equals

(9.5.2) ENJEQ [r(z_{lF)],

with the same notation as in theorem 9.2. The expectation E [r(g& )1 is
bounded from above and by the relations (9.1.8) and (9.1.9) aNe t;gds ex—
ponentially fast to zero. Hence the positive part of (9.5.2) tends exponen-
tially fast to zero. In a similar way it can be proved that the negative
part of the third term on the right~hand side of inequality (9.5.1) tends
exponentially fast to zero. Consequently v, tends to v as N » « and the

N
rate of convergence is at least exponential. [

We note that in the case of a bounded reward funetion all boundedness
conditions in the foregoing theorems are satisfied. This section is con-
cluded with a theorem about the uniqueness of the value function v as so-

lution of the ‘optimality equation.

9.6. THEOREM. If the nonnegative function w satisfies

(9.6.1) W = max (r,cQO+QOw) for some Q € P
and
(9.6.2) w 2 c +Pw for all P e P

P

and if in addition the funetions w and w-v are bounded from above on the
complement of T, = {i : r{i)=w(i)}, then w is equal to v and (Q:’IT ) s
0

optimal.

PROOF. If cp is a charge structure then it follows from the theorems 3.1
and 3.8 that w = v. Since w = 0 this inequality is true in general. Indeed,
proceeding in a similar way as in lemma 2.19 one can prove that for each

policy R and bounded Markov time T
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-1
Eg [;Zo C(zn) + W(gz)] < w.

Hence we have for arbitrary Markov time T with In

and w 2 0, that

IN—1
E, L ] cf

R ) +r(x) x(z=sm)] < w.
n=0 -

Letting N tend to infinity we find that w majorizes the expected value of
an arbitrary strategy. Hence by definition of v we have v < w and conse-

el ={i:r(i)=v(i)}. Let ao be the restriction of Q to T

quently FO

T AN in view of w

c
o’

then as in the proof of theorem 9.2 it can be shown that

(9.6.3) 1im 58 e = 0.

o

From v £ W, TO q

follows that 0

(9.6.4) 0 < w-v < ao(w—v).

¢}

By assumption w-v is bounded on FO

equals w. Since lim ag v = 0 we have as in theorem 9.2 that (Q°°

n->ro

optimal. [J

cTl, ¢ +Qov < v and the relations (9.6.1) and (9.6.2) it

s T, )is
0 TO

>

and therefore by (9.6.3) and (9.6.4) v

r
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10. SUFFICIENT CONDITIONS FOR THE EXISTENCE OF AN OPTIMAL POLICY
WITH RESPECT TO THE AVERAGE RETURN CRITERION

In this section we investigate the existence of optimal policies with
respect to the average return criterion. A policy will be called optimal if
it maximizes
x )1

1
(10.0.1) 1lim inf T E r z e
Nooo

The limes inferior rather than the limes superior is chosen, in order to be
gble to prove relation (10.6.1). In section 12 we will show that under

rather general conditions the two criteria lead to the same supremum.
This section uses results from [Hordijk (1971)]1 and [Hordijk (i972)].

It is assumed in this section that cp is continuous and bounded, i.e.
(10.0.2) lcP(i)l < b for all i € E and all P ¢ P.

Furthermore it is assumed that P is compact and p(i,E) = 1 for all i ¢ B
and P ¢ P. In this section a probability measure p(.) on E is always a

proper probability measure, i.e. p(E) = 1.
Let g denote the supremum over all policies of the average expected
return

N

(10.0.3) g(i) := sup lim inf — N 1 [ Z C(X )] for i ¢ E.
R N0 n=0

In the following subsection we state several assumptions we need in

the sequel. These assumptions will be discussed afterwards.

10.1. ASSUMPTIONS

A. nP(i,j)s defined by

WP(i,j) = lim ﬁ:T 2 p*(1,3)
N-roo n=0

¢ a (proper) probability measure, Z.e. FP(i,E) =1 for all i ¢ E
and all P e P.
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B. The Cesaro-limit LS depends continuously on P, Z.e.

lim 7w, =7m, for all P, e P
PP P PO 0
0
(Z.e. 1im WP(i,j)‘= L (i,3) for all i,j ¢ E and all PO e P).
P>P 0
0
C. For each 1 € B

{NP(i,.) : P e P}

18 a tight collection of probability measures.
D. The system (E,P) is recurrent.

E. For each P € P the associated Markov chain does not have disjoint

closed sets.

F. The collection of probability measures
{p(isy.) : i e B, P ¢ P}
is tight.

It is well-known that the Cesaro-limit in 10.1.A. alwvays exists. How-
ever, it may be that wP(i,.) 1s not a probability measure. A Markov chain
for which ﬂP(i,E) =1 for all i e E is called non-dissipative
(cf. [Chungl). So assumption A can be stated in the following form: for

each stationary policy the Markov chain <s non—dissipative.

It is not difficult to construct counterexamples for which m is not

a continuous function of P. The counterexample in 5.12 provides one.

A collection of probability measures A on a metric space is called
tight if for each positive e there exists a compact set K such that
P(K) = 1-¢ for all P in A (cf. [Billingsleyl). It is obvious that the state
space E can be seen as a discrete topological space. Then each compact set
has a finite number of elements. A theorem of Prohbrov says that in a se-
parable end complete metric space collection A is tight if and only if A
is relatively compact, i.e. every sequence of elements of A contains a
weakly convergent subseguence. In the case 10.1.C this implies that if

Pn € P for all n € {1,2,...} then for each i ¢ E there exists a probability
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measure 7(i,.) such that for some subsequence n _, k=1,2,..., of the posi-

k,
tive integers

1im w (i,j) = m(i,j) for all j € E.
P
koo nk

Although it follows from the general theorem of Prohorov, this is easily

verified in our discrete state space.

It is also easy to check that assumptions A and B imply assumption C.
Alternatively this follows from the well-known fact that a continuous image
of a compact set is also a compact set., Hence for each 1 € E the collection
in assumption C is compact, so a fortiori relatively compact and thus by

Prohorov's theorem tight, if assumptions A and B are satisfied.

Under an additional assumption the converse is also true. By defini-
tion we have that C implies A and, moreover, as a corollary of the follow-
ing lemma we obtain that the assumptions C and E together imply assumption

B.

10.2, LEMMA, If lim Pn = P_ and P_ has no disjoint closed sets' then under
—>00

P P

. " .
assumption C we have lim m, = m_ .

PROOF. By assumption C there is for a fixed 1 € E a probability measure

mn(i,.) such that for some sequence of the positive integers n k=1,2,...,

(10.2.1) lim nk(i,j) = 7(i,j) for all j € E,
ko

where nk(i,j) is just another notation for m_ (i,j). It is well-known

P
that M

) m (1,2) P (2,§) = m (i,5) for all j € E.

2 e k

Letting k tend to infinity we find by lemma k4.13 that

¥ ow(i,e) p(2,3) = n(i,]) for all j € E.
2

Hence w(i,.) is an invarisnt probability measure with respect to P_. Since

P_ has no disjoint closed sets the probability measure LS (i,.) is the only

invariant probability measure for P_ and consequently
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w(1i,j) =n, (i,)) for all j € E.
Pm

The assertion follows now by relation (10.2.1)., O

The above lemma can be strengthened in the following sense. lLet nk
denote the number of minimal closed sets of P . I n < for all

ke {1,2,...} and ®» > 1im inf n, 2 n_ then lim n = and the lemma
K> k L Ko Do

remains true. So what one has to prevent is the creation of an extra

minimal closed set as k > «, Related results for finite Markov chains can

be found in [Schweitzer].

Assumption F was introduced because the assumptions B and C are

awvkward to check. We have the following connection between C and F.

10.3. LEMMA. Assumption F implies assumption C and. hence also assumption A.

PROOF. Choose any € > 0. Let K be a finite set such that

p(i,K) 2 1-¢ for all i € E and all P ¢ P.
Hence

2,. .. . .
p(i,K) = ] p(i,i) p(3K) = (1-€) p(i,E) 2 1-e
JjeE

for all i € E and all P € P. Clearly we then have

p(i,K) 2 1-¢ for all i € E, all P ¢ P and all n € {1,2,...}.

Consequently

( ,j) = 1-€ for all N

z|~
Il ~1E

)
€K 1

J

and since K is finite also the limit

¥ mp(i,§) > 1-¢ for all i € E and all P € P.
JekK

This proves the assertion. 0
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We next give the main result of this section. Since the proof is

rather long we divide it into subsections.

10.4. THEOREM. Assumptions A and B or assumptions C and D imply the

existence of a stationary optimal policy.

Condition A will be assumed in all subsections. As to the other

assumptions we will indicate where we need them.

10.5. LEMMA. Under the assumption C, there exist a and Pn with 0 < a < 1
and Pn e P for n =1,2,... such that

(10.5.1) 1lim a, =1,
n->-e

P 18 a - discounted optimal, i.e.

= T kK sk .
(10.5.2) v, = Z o Pre, = z o Eg Le(x )1 for each policy R
k=0 n k=0

(10.5.3) im P = P, for some P, € P,
n>®

(10.5.4) lim.Hn =1 for some stochastic matrix 1
n—ro

with 7(i,E) = 1 for all i € E and noi= I,
n

(10.5.5) lim (1—an) v, = x for some vector x.

n-ro
PROOF. The proof proceeds by showing that each of the above relations can
be obtained by choosing an appropriate subsequence. Suppose we have a
sequence o with %ig a = l. According to theorem 6.4 there are matrices
Pn’ n=1,2,..., such that Pn is an an—discounted optimal policy. Since P is
compact there is a subsequence of Pn’ n=1,2,..., which converges to an
element of P. Now suppose o, Pn, n=1,2,..., satisfy the relations (10.5.1),
(10.5.2) and (10.5.3). We assumed that assumption C holds. Hence by the

relative compactness there is a subsequence satisfying relation (10.5.L4).

As to relation (10.5.5) we note that by relation (10.0.2) we have

(10.5.6)  (1-0) ] B [0 c(x )] = (1-a) ] of be < be for all R.
k=0 k=0
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Hence the sequence (1-un) vn is bounded and by the diagonal procedure we

can choose a subsequence satisfying the relation (10.5.5). O

10.6. LEMMA. The supremum over the expected average return does not exceed

the vector x, 1.2. g < X.

BIYIRE
Abelian theorem or alternatively a Tauberian theorem that (for a proof see

[Hordijk (1971)1)

PROOF. For R = (PO,P P ) an arbitrary policy it follows from an

. 1 )
(10.6.1)  liminf == )} P....P_ . c (i) <
Now T 2070 Tn-1 O

< 1im inf (1-a) z o PO...Pk_1 °p (i) for all i € E.
ot k=0 k

By definition the right-hand side of this inequality does not exceed
(1-an) vn(i) when a = @ . Hence the supremum over all policies of the

left-hand side term is not larger than x(i). O

10.7. LEMMA. For I := HP we have II_x = x.

o0

PROOF. From

o x=0 O n

it is readily seen that
~ = o + - .

(10.7.1) (1 an) v, (1 an) e 3 (1 an) P oo v,
Letting n tend to infinity we find that the first term of (10.7.1) tends
to x, the second tends to zero and the third term, since (J—an) v, is
bounded, tends to P _x. Hence P_x = x and by iterating this equality we

. k
obtain P§X‘= x for all k € {1,2,...}. Consequently also % 2§=1 P x = x for
all N € {1,2,...} and hence I x = x. [

10.8. LEMMA, For c¢_ := ¢, we have lc_ = IIx.
o P o

©
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PROOF. Using the well-known relation I, P = HP for all k € {1,2,...} and
by interchanging the order of summation (this is allowed since all series

are absolute convergent) we obtain

By substituting @ for ¢ we find
I (1=a¢ ) v =1c , where ¢ := c_ .
n n’ 'n nn n

From the boundedness of (1-¢_)v_ and c_ and the faet that lim = (i,E) =
n''n n e n

= n(i,BE) = 1 for all i € E we find in view of lemma 4.13 by letting n tend

to infinity e = Ox. O

10.9. LEMMA. Under the assumptions A and B the policy (P_,P_,...) is

optimal.

PROOF. The assumptions A and B together imply C. Hence 10.4 to 10.8 are
valid. Since lig‘P = P_, we have from the assumption B that 11m H =1
and hence by (10 5.4} we obtain I_ = II. By using this equallty we obtain
from 10.7 and 10.8 that I_ c_ = x. Since

)_Cn)sgn

I_c_ =lim——E, ) cf
o S
we have x = I[_ ¢ < g < x, where the last inequality is from 10.6, Hence
Tc =g and by the definition of g we have that ﬁ: is a stationary op-
timal policy.

10.10. LEMMA. Under A and C we have II_ = I,

PROOF. From.HnPn =‘Hn by letting n tend to infinity we find IP_ = I. By

iterating this equality we find HPi =1 for all k € {1,2,...} and hence

— oo i infinity we
T §n=o TP~ =1 for all N e {1,2,...}. By letting N tend to ¥

obtain II_ = 1. [
oo

10.11. LEMMA. For i ¢ E let D, be the support of w(i,.), Z.e.
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Di ={j : w(1,j) > 0}, then Di 18 a closed set w.r.t. P and, moreover,
I «

e, equals g on D := ; Di'

©

PROOF. The first assertion is immediate from the fact that n(i,.) is for

each 1 € E an invariant probability measure w.r.t. Pco (ef. 10.10). From

10.8 and 10.10 it follows that I(x-ll_c ) = 0. From I_c_ < g and g < x

(by 10.6) we have x ~ II_c¢_ 2> 0. Hence x equals Il.c. on each D. and con-
) © o 0 o 1

sequently we have that g equals Hmcou on D. [J

It is clear from 10.9 that theorem 10.4 is true if the assumptions A
and B hold. We now prove the existence of a stationary optimal poliey under
the assumptions € and D.

10.12. PROOF OF THE THEOREM. When D = E there is nothing left to prove. By
assumption D we can apply theorem 8.7 to assert that there is a policy Qm

with fQ(i,D) = 1 for all i ¢ E. Define matrix P_ by

q(i,j) for i ¢ D,
p(1.3) =
p(i,j) for i € D.

Then the states of D are all transient states for the Markov chain with
matrix of transition probabilities gm. According to theorem 8.6 it follows
from assumption D that g is a constant function. From these facts together
with 10.11 we can see that HP ey = 8. Hence the policy (Ew’§m='°') is

L] o

optimal. O

10.13. REMARKS ON THEOREM 10.4. Under the assumptions A and B or, alternat-
ively, under the assumptions C and D, if in addition the set D contains

all positive recurrent states w.r.t. P_, the poliey (P_,P_,...) is optimal.
Hence we obtained an optimal policy as limit of discounted optimal
policies. This can have nice consequences. For example if there are dis-
counted optimal policies of (s,S3) type in an inventory model with a certain
cost structure, then there exists an (s,8) policy which is optimal with

respect to the average return criterion if our theorem applies.

The argument of 10.9 also shows that: If the assumptions A and B (or
the assumptions C and E implying the assumptions A and B) are satisfied

then each limit policy obtained from discounted optimal policies with dis—
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countfactor tending to one, is an optimal policy with respect to the

average return criterion.

For arbitrary i € ‘E the set Di contains at least one positive recur-
rent class w.r.t. P_ because 7(i,.) is an invariant probability measure.
Now let D be such a positive recurrent class. Then from 10.11 we have
Iec =gon D. If one proceeds as in subsection 10.12 for D instead of D
one finds a stationary optimal policy which has no disjoint closed sets.
Consequently: If the assumptions C and D are satisfied then there exists a
stationary optimal policy for which the corresponding Markov chain has no

disjoint closed sets.

10.14. COROLLARY. Each of the following three combinations of assumptions
is also sufficient for the existence of a stationary optimal policy: (C,E),
(D,F), (E,F).

PROOF. In view of the comments on the assumptions and lemmas 10.2 and 10.3
one easily can show that each of the above combinations implies the as-

sumptions (A,B) and/or (C,D). Hence by theorem 10.4 the assertion follows.[

10.15. AN INFINITE PERIOD STATIONARY INVENTORY MODEL WITH BACKLOGGING

We conclude this section by showing that in this model our theorem can

be applied.

Let ¥ denote the level of inventory at time t and let ét be the
amount ordered after observing Y- Assume that delivery of the ordered
units is instantaneous. Thus after the moment of ordering, the inventory

level is Xt+ét° Suppose the sequence of demands 4,, t=1,2,..., for the

__t’
product during each of the periods is a sequence of independent and iden-

tieally distributed random varigbles with

oo
Pl4,=j]=p. for j = 0,1,... with } p. = 1.
=t J iog Y
J=0
We allow negative inventory, i.e. backlogging of demand, and consequently

have a denumerable state space.

The decision which has to be made at times t = 0,1,... is the amount
to be ordered. Now let pk(i,j) denote the transition probability to in-

ventory level j when i units are available and k units are ordered. Then
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pk(i,j) =1P [demand equals i+k-j] =

P for i+k = j

itk-j

0 otherwise.

In all practical cases there will be a finite storage capacity. Also an in-
finitely large backlogging will not be convenient and so it seems that the
following condition is natural. The set K(i) of available ordering deci-
sions in state i satisfies i

(10.15.1)  K(i) ={k : a € i+k < b} for all i € E for some integers a,b.
This relation implies that the collection of probability measures

(10.15.2) {pk(i,.) :ie B, ke K(i)}

is tight, and hence assumption F is satisfied. Indeed, given any & > 0, let

n be such that

a+n
.2 1-¢
'Zo 1 ,
then
b i+k+n )
¥ op (i) = § p, 2 1-¢ for all i € E and all k ¢ K(i).
j=n K PR

It p'j > 0, j=0,1,.+., then each stationary policy has no disjoint
closed sets and assumption E is satisfied. It follows from this argument

that corollary 10.14 applies.

A stationary rule which prescribes no ordering in state i when i 2 s
and prescribes an order of S-i units when i < s is called an (s,S) policy.
It is easily seen that under an (s,S) policy the state space does not have

disjoint closed sets.

Under certain conditions on the cost function it can be proved that
there exist optimal (s,S) policies with respect to the expected discounted
return (see for instance [Johnsonl,[Tijms] and [Veinott (1966)1). According
40 theorem 10.h, under those conditions there also exists an optimal (s,S)

policy with respect to the average return eriterion.
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11. SIMULTANEOUS DOEBLINCONDITION

In this section we introduce a condition which can be seen as an ex-
tension of Doeblin's condition (ef. [Doob, p. 192]1) to a collection of

Markov chains. We call it the simultaneous Doeblincondition (sim D).

It will be shown that the condition sim D implies assumption C of
section 10 and, moreover, sim D in combination with the condition that
(E,P) is a communicating system is sufficient for the existence of an op-

timal policy with respect to the average return criterion.

In the next section it will be pointéd out that the condition sim D
gives the connection between sufficient conditions for existence of aver-
age-optimal policies, which can be found in the literature and the condi-~

tions in section 10.

Although we restrict ourselves also in this section to a countable
state space E, we shall introduce the Doeblincondition and an equivalent

one for a general measurable space (E,F).

CONDITION D (introduced in [Doeblinl). There exist a finite measure ¢, a
positive integer n and a positive real number ¢ such that, for each A ¢ F,
$(A) < € implies p (x,A) < 1-¢ for all x. s

Actually Doeblin introduced this condition with ¢ Lebesgue measure on
a Borelset with finite measure in a finite dimensional Euclidean space. In

[Doobl this is generalized to a finite measure on a measurable space.

For P a transition probability function, the formula
Pf(x) = f P(x,dy) f(y) defines a positive endomorphism on the Banach space
B of bounded measurable functions on (E,F) with [ f[| = s%p l£(x)] (ef.
[Neveu, p. 1791).

CONDITION K-B (introduced in [Kryloff and Bogoliouboffl). There exist a
compact endomorphism Q on the Banach space B and a positive integer n such
that || P7-Q] <1.

If this condition is satisfied then P is called quasi-compact.

In [Yosida and Kakutani] it is proved that the Doeblincondition with

¢ the Lebesgue measure implies the condition K-B. Moreover, they showed




92

that for a quasi-compact transition probability function P the strong er-
godic theorem holds. In [Neveu, p. 185] it is pointed out that the condi-

tions D and K-B are equivalent.

It is rather easy to verify that condition D can be given in the fol-
lowing formulstion if p{x,E) = 1 for all x € E (cf. [Neveu, p. 185]): There
exist a probability measure v on (E,F), a positive imteger n, and two real
numbere 0 < 8 < 1 and n > O such that, for F e F, u(F) 2 6 implies
P(x,F) = for all x € E.

When E is a countable set with F the o-algebra of all subsets then
this can be simplified to: There exist a finite set K, a positive integer

n, and a positive real number c such that P'(i,K) 2 c for all i € E.

Now we return to our collection of Markov matrices P and introduce the

following condition.

11.1. SIMULTANEOUS DOEBLINCONDITION (sim D). There exist a finite set X,
a positive integer n, and a positive real number c such that pH(i,K) 2 ¢
for all i € E and all P ¢ P.

It is easy to see that assumption F (section 10) implies the condition
sim D. For our discrete state space E it is possible to give a more precise

gssertion.

11.2. LEMMA. If p(i,E) = 1 for all i € E for a Markov matrix P then the
collection {p(i,.) : i € E} 48 tight if and only <f P <s (strongly) compact.

PROOF. Assume that {p(i,.) : i € E} is tight. To prove that P is compact

we have to show (by definition cf. [Neveu, p. 179]) that the unit ball of
the Banach space B has a relatively compact image under the endomorphism P.
Since in a metric space each sequentially compact set is compact, it is suf-
ficient to show that given any sequence of functions with !lfnll <1 for
n=1,2,..., there exists a subsequence fnv such that an_ converges in norm
as k + ». Indeed by the diagonal procedure there is a subsequence fnk such
that lig fnk(i) = f(i) for some function f and all i ¢ E. Given any ¢ > 0

there are a finite set K and an integer N such that

(11.2.2) p{i,K) > 1-¢ for all i € E and max [fn (5)-£(3)] < € for x > N.
Jek k
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Hence for k > N

|} p(i,3) {g, (3)-(3)} <
J k

< Y p(id) £ (3) - 7 pld.d) £ (3)] +
3 Dy jeK Oy

] 1op(,9) g (D-2(H] + | ] p(isd) £(3) -] p(is) £(3)],
Jek k JeK J
where each of the three terms on the right-~hand side of this inequality is
less than € for all i € E by relation (11.2.2) and the fact that [|f]] < 1
and ” fnklls 1 for k=1,2,... . This proves that an converges in norm to Pf.
To prove the converse let the sequence of finite subsets Kn, N=152,0 00

be such that

«©
Kn < Kn"“l’ n=1,2,..., and n21 Kn = E.

For

1 for i € K
n
£(i) =
0 for i ¢ Kn

we have that

1lim an(i) = lim p(i,Kn) = 1 for all i € E.

o o .
Since P is compact it follows that this convergence is uniform in i € E.
Consequently, given any € > O there exists a finite subset Kn with
p(i,Kn) > 1-¢ for all i € E and hence the collection {p(i,.) : i € E} is
tight. O

The infinite period stationary inventory model with backlogging, as
treated in section 10, satisfies assumption F. Consequently there are non-
trivial Markov decision processes for which sim D holds. The condition
sim D with the triple (K,n,c) implies that the finite set K can be reached
in n steps with probability at least c.
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For the waiting line model, as introduced in section §, it is clear
that to reach state n from state m for n < m takes as least m-n steps.
Hence for this problem the condition sim.D is not satisfied. However it is
our opinion that for each honest Markovian decision problem there exist a
subset A and a stationary policy R such that when using policy R outsideA
the set A the embedded Markovian decision problem on A satisfies the con-
‘dition sim D. And moreover, when using policy R outside the set A then each

(nearly-)optimal policy remains {nearly-)optimal.

In the remainder of this section we will investigate properties of
condition 11.1. As in section 10 we assume that P is compact and p(i,E) = 1

for all i € E and all P € P,

The following results are from [Hordijk (1972)] in which also an
elementary proof of the strong ergodic theorem for discrete spaces can be

found.

It is useful to have available the following notations and relations:

(11.2.3) Apn(i,B) =P, [x ¢B, x ¢A, 1Sm<n|3(_o=i]

-3

(11.2.8)  my(i,8) := ] Apn(i,E)

n=1

n,. ,c n+l,.
(11.2.5)  p(i,47) = ,p° (i,E).

For T the reentry time of subset A (i.e. T is the least n > 0, if any,
with x € A, and T =« if there is no such n) we find withIPi P [>nl =

= Apn(i,Ac) end the relations (11.2.5) end (2.7.3) that B p [x] = my(i,4).

As Apn(i,A) denotes the probability of reaching the set A for the

first time at the nth step, we have the relation

n
(11.2.6) ) Apk(i,A) + o N4i,E) = 1.

P
k=1 A
11.3. THEOREM. The following four conditions are equivalent
a. simultaneous Doeblincondition;

b. there exist a finite set K, an integer N and a positive real number
c such that

N
] g2"(iK) 2 ¢ for all i < E and all P < P;

n=1
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c. there exist a finite set K and a real number b such that
mP(i,K) S Db for all i. € E and all P ¢ P,

d. given any € > 0 there exist a finite set K(e) and an integer N(e)
such that

PN(E)(isK(S)) 2 1-¢ for all i € E and all P € P.

PROOF. Assume condition a is true for the triple (K,N,c). Then

N N
i = v p- > ¢,
(11.3.1) }—:Kp(l,K) ]Pi,P[E {x eX}] L (xek] 2 c
n=1 n=1
Hence the triple (K,N,c) satisfies condition b.
Next assume condition b is true for the triple (K,N,c). From relation
(11.2.6) it then fcllows:
N+1,.
(

P i,E) € 1-c for all i ¢ ¥ and all P ¢ P.

Since

n+m,.
(1.E)

H

I @0(1,3) (0"(5:E)

Y
K jek®

we obtain (cf. relation (9.1.8))

: -1
(11.3.2) Kpn(i,E) < (1_C)[n(N+1) ]

for all i € E, all P ¢ P and all n € {1,2,...}. Hence

o

(11.3.3)  mp(i,K) = ] (0 (5,E) < (W1)e

n=1

“1 for all i ¢ E and all P e P.

Consequently condition ¢ is satisfied for (K,(N+1)c—1).
Next assume condition ¢ is true for (K,b). Given any 6 > 0 there is an
integer M such that (recall that Kpn(i,E) is nonincreasing in n)
M+1
(

kP i,E) £ 6§ for all i € E and all P ¢ P,
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In view of relation (11.2;6) then

(11.3.4) %4 (P (1K) 2 1-8 for all i ¢ E and all P ¢ P.
n=1 :
In the beginning of section 10 we pointed out that as a consequence of tﬂe
compactness of P the collection {p(i,.) : P e P} is tight for each i ¢ E.
Moreover, since for any integer k and state i the probability measure
pk(i,.) is a continuous function of P we have that {pk(i,.) : Pe P}is
tight for all i € E and all k ¢ {1,2,...}. Because the union of a finite
number of tight collections is again a tight collection, it then follows
that {p'(i,.) : i € K, 1 < n <M and P e P} is tight. Consequently there

exists a finite set A such that
(11.3.5) pn(i,A) > 1-8 for all i € K, all n with 1 <n < M and allP eP.

Using the "first entrance decomposition" of the set K we find

M+1 M+1-n, ,
p (

M
isA) = KPM+1(iaA) + 5‘ E‘ Kpn(i:j) p JsA)-

n=1 jekK
According to the relations (11.3.4) and (11.3.5) the last term of this
relation is at least (1—6)2. Hence given any ¢ > 0, we choose § > 0 such
that (1--6)2 > 1-g,then the condition d is satisfied with N(e) = M+1 and
K(e) = A.

It is evident that the condition 4 implies the condition a. [J

With the above theorem we can prove that assumption C of section 10 is
implied by the condition sim D. We can even prove the following stronger

result.

11.4. THEOREM. The condition sim D Zmplies that the collection
{WP(i,.) : 1 e By, Pe P} s tight.

PROOF. Given any € > 0, there exist by theorem 11.3d4 a finite set K and

an integer N such that
pN(i,K) > 1-¢ for all i ¢ E and all P e P,

Hence (cf. the proof of lemma 10.3) for all n > N the same relation holds.




97

Consequently

. .1
ﬂP(l,K) = lim
k2 T n

PR(1,K) 2 1-e

I~

1

for all i € E and all P e P. [J

The following lemma is related to proposition 6.1 of [Orey, p. 291.

11.5. LEMMA. If for some subset A, some positive integer N and a positive
number ¢ 1t holds that

N

{(11.5.1) ) Apn(i,A) 2c for all i € E and all P ¢ P,
n=1

then
m n .

(11.5.2) ) 2 (1,8) > 1

n=1
wniformly in i and P as m + «, and
(11.5.3) ] ,p"(i,E)

n=1

is uniformly bounded in i and P.

PROOF. The proof proceeds similar to the proof of "b implies c¢" in theorem

11.3. Indeed, similar to (11.3.2) we have that

-1
(11.5.4) Apn(i,E) < (1-c)[n(N+1) ] for 81l i € E and all P ¢ P,

In view of (11.2.6) we then have

m-1 -1
[ R4 = 1 - (1)t
=1

for all i € E and all P ¢ P.

From this the first assertion follows.

Similar to (11.3.3) we obtain from {(11.5.4) that

X APn(i,E) < (1\T+1)c-1 for all i € E and all P ¢ P,
n=1

which proves the second assertion. [J
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As a consequence of the next lemma we have that if for some Markov
chain with matrix of transition probabilities P, some subset A can be
reached from each state i then the Doeblincondition implies relation
(11.5.1) with P = {P}. Hence the Markov chain is uniformly ¢-recurrent (in
the terminology of [Orey]) with ¢ the counting measure if all the states.
are communicating. [Orey, proposition 6.1 (p. 26) and theorem 7.1 (p. 30)]

provides then another proof of the strong ergodic theorem in this case.

11.6. LEMMA. If some set A can be reached from each state i under each

stationary policy thenm the condition sim D implies the relation (11.5.1).
PROOF. Assume that the condition sim D holds with triple (K,n,d). So
(11.6.1)  p(i,K) 2 a for all i ¢ E and all P e P.
For i ¢ E and P € P we define

n(i,P) := min {n 20 : pn(i,A) > 0}.
Tt can be seen that for each i ¢ E, n(i,P) is an upper semicontinuous
function of P and hence attains its supremum over the compact set P. For
ieE let

n{i) := max n(i,P).

Since the set A can be reached from each state i under each stationary

policy we find n(i) < « for all i ¢ E. Because the set K is finite we have

m := max n(i) < =,
1eK
The sum =1 Apk(i,A) is a continuous function of P. Moreover, from the

definition of m it follows that this sum is positive for all i € K and all

P e P. For i € X define
Tk
e(i) := min ) AP (i,A).
P k=t

Then (i) is positive for all i € K. Hence, so is
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g := min e(i).
iekK
Using relation (11.6.1) we find for arbitrary state i € E and arbitrary

matrix P € P

n+m k n m k_
Loap(i8) 2 ] pi(:§) ] 4P (3.A) 2 de.
1 jeK k=1

Hence relation (11.5.1) is satisfied with N = n+m and ¢ = de.

Using the foregoing lemmas we shall prove in the next theorem that
the condition sim D guarentees any communicating system to be a recurrent

system (ef. section 8).

11.7. THEOREM. If the condition sim D is satisfied, then the system is

recurrent i1f and only if it is commmicating.

PROOF. Since in general the property recurrent is stronger than communi-
cating we have only to prove that the latter implies the former. Assume the

system is communicating. Let 1. be an arbitrary state. Using only the as-

0
sumption that the system is communicating, we shall prove that for some
stationary policy Q" state io can be reached from each state i e E. The

proof proceeds by induction. Let E ='{io,i1,i ..} and assume that i can

2’ 0

be reached from states i ,im under policy P . Hence there are states

(called j-states)

TR

(11.7.1) jkn for k= 1,...,mand 1 £<n<n
such that

(1.7.2)  plisd ) P(JkPJkg) p(Jk(nk—T)’Jknk) p(jknk,io) > 0.

Since the system is communicating the state iO can be reached from state

im+1 under some policy P, . Now there are two possibilities:
a. Going from state im+1 to state io we reach state io without passing

any of the j-states of (11.7.1). In this case we can take matrix P** e P
(recall that P has the product property (cf. p. 1)) such that P, is equal

to P in the j-states and is equal to P, in the other states. Then iO can be

reached from states LT RIS N under policy P__.
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b. Going from state im+1 to state io we pass a j-state. Let j* be the

. . . . . . R
j-state which is passed first when going from i to 10. Because J can be

m+1

. . ¥
reached from i under policy P: and 1. can be reached from J under

mt+1 0

policy P~ we have that state io can be reached from state im+1 under the-

policy P:* as introduced under a.

This completes the proof that for some policy Qc° state io can be
reached from each state i € E. Applying the lemmas 11.5 and 11.6 for
P = {Q} (so P is a collection consisting of one element) we obtain with

A= {io}

~18

c oy n,. .oy L . . ..
fQ(l,lo) = s iOq (1,10) 1 for all i € E with i # iy

Hence the state iO is recurrent. [J

We conclude this section by collecting some other combinations of con-

ditions which imply the assumptions of theorem 10.k.

11.8. THEOREM. Fach of the following two conditions implies the existence
of a stationary optimal policy with respect to the average expected return

the system is communicating and the condition sim D holds

the assumption B of section 10 and the condition sim D hold.

PROOF. The first assertion follows from the theorems 10.4, 11.4 and 11.7.
The second assertion is & consequence of lemma 10.2 and the theorems 10.h4

and 11.4. O

It is evident that for a finite state space the condition sim D is al-
ways satisfied. As a consequence of the first part of the above theorem we
obtain that for a finite state space it is sufficient for the existence of
a stationary optimal policy that the system is communicating. This result

was obtained independently in [Batherl.
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12. CONNECTION WITH THE WORK OF DERMAN, ROSS, TAYLOR AND VEINOTT

In this section we point out some of the relations between conditions
introduced in [Derman (1966)], [Derman and Veinott], [Taylor] and
[Ross (1968)] and the assumptions made in section 10. In our opinion the-

condition sim D plays a basic role here.

In the second part of the section another assumption which implies
the existence of an average-optimal policy is given. The section concludes

by answering a gquestion raised in section 10.

12.1. In the above given references it is assumed that in each state there

is only a finite number of possible decisions. In our notation we then have
P(i) := {p(i,.) : P e P}

is a finite set of probability measures for all i € E. It is now easily

deduced that P is compact and cp is continuous.

Since all results from the literature to be cited in this section can
be generalized to infinite sets P(i) such that P is compact and cp is con-

tinuous we use these assumptions from the outset.

12.2. In [Derman (1966)] it was proved that the following four conditions
together imply the existence of a constant g and a bounded function v such

that

v = max (cP—ge+Pv).
P
In the sequel of this section we shall call the pair (g,v) a (bounded) so-
lution of the optimality equation.

I. cp 18 bounded;

II. E <s a positive recurrent class for each P € P;

III. for each P € P there exist a constant gp and bounded function Vo such
that vp = cP—gPe+PvP;

IV. there exist constants bsb
all i € E and all P ¢ P.

o Such that |gP! <bv, ad |vP(i)i < b, for
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It can also be found in [Derman (1966)] that a bounded solution of the
optimality equation implies the existence of a stationary optimal policy.

Indeed, iterating the inequality

cP-ge+Pv < v, PeP
we obtain
N
Z PO...Pn_1 (cP —ge) + PO"'PN v £ v for all PO,P1,...,PN,5 P.
n=0 n
Hence
1 N 1
(12.2.1) T nZO PoeoeP 4 an s ge+ 7 (V-PBo.. P V).

Consequently ge 1is an upper bound of the set of limitpoints of the first

term. Moreover, for

HP P=P HP = HP HP = HP.

And herice if Q satisfies the optimality equation, i.e.

c.—getQv = v,

Q
then by multiplying with HQ we obtain
I c = ge.
Q% &

From which it follows that Q°° is optimal.

12.3. From theorem 1 in [Derman and Veinott] it follows that conditions I

and II together with the condition

v. there exists some state iO such that the expected number mP(i,io) of

steps from state i to state io wnder policy P is uniformly bounded
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in i and P,

imply the conditions IITI and IV. If in addition to condition II the return-

time from state iO to state i has a finite second moment (in [Kemeny,

0
Snell and Knapp, p. 274] this is called strong ergodicity) then conversely
the conditions III and IV for every bounded cost structure imply condition

V. This can be shown by using theorem 2 of [Derman and Veinottl.

12.4. In [Taylor] the following condition is introduced (ef. [Taylor,
lemme. 3.2, p. 16841).

18 uniformly bounded in

. oy . Sy n.n
VI. Va(l) - Vd(J) with Va(l) 1= sup Z @ Pleg

i,j € Eand a € (0,1).

As follows from arguments in [Taylor] the condition VI implies the exis-
tence of a bounded solution of the optimality equation (see also [Ross
(1968)1). Indeed, since (cf. theorem 6.1)

vu(i) = m%x [cP(i) +(x§ p(i,j) Va(j)J for all i ¢ E,

we obtain by subtracting va(O) from both sides

v, (i) - v (0) =

= m;x [cP(i) - (1-a) va(O) + 0 § pli,3) (va(j)_va(O))]'

From I and VI we have that (1-o) va(O) and va(i) - va(O) are uniformly
bounded in o and i. The diagonal procedure then provides a Sequence
{an} with 0 < an <1, an + 1 as n » * and a constant g together with a

bounded function v such that

lim (1-0 ) v (0) = g and 1lim v_ (i) - v_ (0) = v(i).
n-+o n 0Ln n->e OLl'l OLn
Hence
v(i) = mex [cP(i) - g+ ) p(i,3) v(j)] for all i ¢ E.
P J

12.5. In [Ross (1968)] it is proved that the conditions I and V together
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imply the condition VI.

12.6. According to theorem 11.3 we have that condition V implies the con-
dition sim D. Moreover, under the assumption that state iO can be reachéd
from any state i under any policy P" we have in view of the lemmas 11.6
and 11.5 and relation (11.2.4) that the condition V is equivalent to the
condition sim D. From lemma 10.2 and theorem 11.L4 it follows also that the

condition V implies the continuity of II_ as a function of P. Thus theorem

10.4 applies in this case also. However? it follows from the results of
the sections 10 and 11 that the existence of a state which is always
accessible (i.e. from each state under each stationary policy) is an un-
necessarily strong assumption. It seems to us that in cases where some
state i0 is always accessible, the approach of section 5 is better. Theorem
5.1 allows unbounded cost structures as well and for bounded cost struc-
tures one does not need to be sure beforehand that state io is positive re-
current. On the contrary, relation (5.1.1) can serve as a criterion for

uniform posiﬁive recurrency (see subsection 5.13).

If sim D holds and state io is always accessible then the assumptions
of theorem 5.1 are satisfied for each bounded cost structure. Indeed,
according to the lemmas 11.6 and 11.5 and relation (11.2.4) we have for some

constant b, and all P ¢ P

1

2 %ne < b1
n=0

€,

where P denotes the column-restriction of P to E\{io} (cf. subsection 2.7).

Hence

is bounded and satisfies (ef. theorems 6.1 and 13.6)

(12.6.1) v = sup (e+By).
P

Consequently for |cP(i)! < b, for all i € E and all P ¢ P we have with

2
Y* = (b2+1)y and t, = e, PeP,

(12.6.2)  [ep| +t, + By <y for a1l P e P,
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*
Since y is bounded it is obvious that the relations (5.1.2) and (5.1.3)

are also satisfied.

The condition sim D implies (12.6.2) for some bounded function y*.
When cp is bounded away from zero (i.e. for some constant a - IcP(i)] >2a>0
for all i € E and all P € P) then also the converse is true. In this case
(12.6.2) for bounded y* implies the condition sim D. Indeed, then the
function y defined in (12.6.1) is bounded and hence mP(i,iO) is uniformly
bounded in i and P, and according to theorem 11.3 the condition sim D is

valid.

Using the following lemma we obtain in theorem 12.8 another condition
implying the existence of a stationary optimal policy w.r.t. the average re-

turn criterion.

12.7. LEMMA. If for some constant b IcP(i)| £b for all i € B and all
P e P then

(12.7.1) va(i) - vu(j) > .2p igf mR(i,j) for all o € (0,1),
where mR(i,j) denotes the expected number of steps from state i to state j

under policy R.

PROOF. This proof is related to the proof in [Ross (1968), theorem 1.L4]
(ef. [Ross (1970), theorem 6.19, p. 1481). According to definition 2.14

*
the function v is cp-excessive w.r.t. P" :={aP : P € P}. It follows then
from theorem 2.21 that for any Markov time T and policy R we have
)1,

T-1
Sy s n T
v (1) 2E; o [;ZO o elx ) + vm(zg1

For T the entry time of {j} we can weaken this inequality to

(12.7.2) v (1) - v () 2-DE, T~ (1 =F o) |v ()]

E_T
By Jensen's inequalityiER ) R and also 1 - o~ < (1-0a)x for x 2.1

and 0 < o < 1, thus
T

(12.7.3) (1 - Eg o) € (1-a) Ep 1.
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Because (1-o) Iva(j)l < b we then find by substituting (12.7.3) in (12.7.2)
the relation (12.7.1). 0O

This lemma is used in theorem 12.8 to provide another condition im-

plying the condition VI.
12.8. THEOREM. If cp is bounded and for some constant a
(12.8.1) inf m.(i,j) < a for all i,j < E,

R

then there exists a bounded solution of the optimality equation and hence a

stationary optimal policy.

PROOF. It is evident from lemma 12.7 that the assumptions of the theorem

imply the condition VI. The rest of the proof proceeds as in 12.4 and
12.2. 0

12.9. REMARK. If E is a finite set and for some policy R state J can be
reached from each state i € E then mR(i,j) < = for all i € E. Hence for
a communicating system and finite set E we have (cf. the proof of theorem

11.7)
(12.9.1) max inf m_(i,j) < =.
i,jeE R R

Consequently in this case theorem 12.8 applies.

12.10. REMARK, It can be seen from the subsectioné 12.2 and 12,& that under
the conditions I, II and VI we have for each sequence of discountfactors

tending to one, a subsequence {an} such that

N

. . . 1 .
1im (1-0 ) v (i) = sup lim sup —IE. L z ce(x )1 =10 c (i)
n>o n % R N0 N1 1R n=0 Qe

for some Q ¢ P and all i € E. Hence lim (1-a) va(i) exists for all i € E

. 41
and does not depend on 1. ¢

In the rest of this section we shall prove
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N
. . 1 .
(12.10.1)  sup lim inf ——E, _L[ 2 elx )1 = 1im (1-a) v (i) =
R N N+1 Ti,R n=0 ~n ot 1 o
.
= sup lim sup — 1B, _[ e(x )]
R oo N+1 71,R n=0 -n

for all i € E (and li? (1-a) va(i) does not depend on i), under weaker
o

conditions. We assume in the sequel of this section that cp is bounded.
12.11. LEMMA. If

(12.11.1)  sup inf mR(i,j) <o for all j € B
ieE R

then

N
. 1 .
(12.11.2) sup lim sup = E_ [ z elx )] £ 1lim inf (1-a) v .
+
R I TR o, Tm atl o
PROOF. Given an arbitrary state J we choose the sequénce {un} of discount-

factors such that

(12.11.3)  1im (1-o ) v_ (J) = 1im inf (1-a) v (J).
n’ o o
nre n ot
According to lemma 12.7 the difference va(i) - va(j) is bounded uniformly
*
in @ € (0,1). Consequently, there is a subsequence {am} of {an} such that

for some constant g and some function v

S (12.11.1) ii2~(1—a;) v(i)=¢g

and

(12.11.5)  1lim {v (i) = v (j)} = v(i) for all i € E,
m m
mre
where vm(i) = va;(i).
In view of (12.11.1) and lemma 12.7 we find that v is bounded from
below. Hence for each P € P we have Pv. < © and Pv can be defined as

Pv' - Pv_ and is possibly +o. As in 12.4 we obtain that

(12.11.6) cp-getPv < v for all P ¢ P
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(hence Pv < @)}, This relation implies (12.2.1) and hence (recall that v is
bounded from below) for an arbitrary policy R it holds that

: N
1
(12.11.7) lim sup — L Z e(x )] < g.
oo N+1 ]ER =0 =n
The relations (12.11.3), (12.11.4) and (12.11.7) together imply (12.11.2)

since state j and policy R were arbitrarily chosen. [

12.12. COROLLARY. If (E,P) <s a communicating system and each P ¢ P satis-
fies the Doeblincondition then the relation (12.11.2) is true.

PROOF. We shall show that relation (12.11.1) is satisfied. Given any state
j there is a stationary policy Qm such that j can be reached from each
state 1 € E under policy QOo (see the proof of theorem 11.7). Since Q satis-
fies the Doeblincondition it follows from the lemmas 11.6 and 11.5 and the
relation (11.2.4) with P = {Q} and A = {j} that sup mQ(i,j) <o, [

1
12,13, THEOREM. If (E,P) Zs a commnicating system and if the condition
sim D holds then the relation (12.10.1) <s valid.

PROOF. It is straightforward from lemma 12.7 that

1im (1-0) [v (i)=v (j)] = 0 for all i,j € E.
a a
ati
Consequently the function x as introduced in theorem 10.4 is a constant
function. It follows from the proof of theorem 10.4, in particular the sub-
sections 10.10 and 10.11, that (cf. {10.0.3))

N
. . 1 .
(12.13.1)  sup liminf ——E_[ ) e(x )] = x.
R . N+1 "R ‘p=0 B
Because we can start in subsection 10.5 with an arbitrary sequence of dis-
countfactors tending to one, it follows from (12.13.1) that li? (1-0) v,
at !
exists and equals the left-hand side of (12.13.1). In view of the relation

(12.11.2) we obtain that the relation (12.10.1) is valid. O
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12.14, REMARK. Define for N = 0,1,...

N
1
Ve TS9P T By L Z c(gn)]‘
R n=0

In [Hordijk (1973)] it is proved that if for constants c and %

l(1—a1) va1(i) - (1—a2) vae(i)| < [a1-a2[c

for all 1 € E and all @50, with a, < ai <o, < 1, which is certainly satis-

fied if (1-a) v, has a bounded derivative with respect to a, then lim.wn
. 00
exists and, moreover, o

1lim v, o= 1lim (1-a) V-
n>e ot
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13. RANDOMIZATION AND NEARLY OPTIMAL POLICIES

In this section we will collect several results on various topics

which were needed in the foregoing sections.

We write £ for the set of all stochastic matrices on state space E.

Let the function d on pairs (P1,P2) € E be defined by
ae,p) = § 2”3 |y (5,50, (1,)]
1252 L Pyils P2 s 3

i,J :
where for convenience we have identified the state space E with the set of
positive integers. It can be seen that this function d defines a metric on
P and, moreover, that P with this metric is a separable metric space. The
weak convergence defined in section 1 is convergence with respect to this

metric.

As usual, we will call an element of the smallest O-algebra containing

all open subsets of E, a Borel set. We assume that P is a Borel set.

For notational convenience we introduce a set A of actions such that
there is a one-to-one correspondence between A and P. We use the set A to
index P, i.e. Pa’ a € A, is that P which is in correspondence with a. Then
(A,F), with F the Borel subsets of A, is a measurable space and P, is a

measurable mapping.

We write M(A) for the set of all probability measures on (A,F). Define
P=Ap : p(i,.) = f p (i,.) au.(a), -
a i
A
ui(.) e M(A) for all i € E}.

Verbally ﬁ(i) = {p(i,.) : P e P} can be described as the set of all ran-
domizations of the decisions in state 1.

If P(i) is a compact set then using the metric induced by d on P(i),
it can be seen that P(i) is a compact, separable metric space. ﬁ(i) is a
gquotient space (cf. [Kelley, p. 971) of the space of all probability
measures on P(i), say M(P(i)). It follows from a theorem of Prohorov {(cf.
[Billingsley, p. 37J1) that M(P(i)) is relatively compact. By definition,
M(P(i)) is closed and thus compact. Hence ﬁ(i) is compact. Consequently, if
P is compact then P(i) is compact for all i € E, hence ﬁ(i) is compact for

all i ¢ E and according to a theorem of Tychonoff (cf. [Kelley, p. 1431)
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P is compact with respeet to the metrie 4.

In the introduction we have identified the decision to be taken with
the probability measure on E that is induced by it. In practical problems
there may be several decisions with the same probability measure but dif-
ferent costs. In order to fit our model we then have to choose an appropri-
ate cost and to assign this cost to the probability measure. Since costs are
maximized in our model, it is obvious that the supremum over the different

costs is appropriate here.

We proceed in a similar way when allowing randomizations. For each

i€ E let EP(i) be the minimum of the concave functions on P that majorize

-~

cP(i) on P. Then under reasonable regularity conditions for PO € P (we
write ca(l) resp. ca(l) for p (i) resp. 5 (i))
a a
(13.0.1)  ©°_ (i) = supv{f c (i) au(a) : u e M(a)
PO A @

and p,(i,.) = JA p (i,.) au(a)}

and

(13.0.2) EPO(i) > IA Ea(i) au(a)

for all u e M(A) with po(i,.) = J p (i,.) au(a).
L e

We shall investigate whether the value function of an optimal control

problem remains the same when allowing randomizations of decision rules.

13.1. THEOREM. If

(13.1.1)  w := supIIER b7 (
R n=0

X ) < e
=1

and £ s a cP-excessive function, then f Zs also a Eﬁ-emcessive funetion.

PROOF. According to definition 2.14 we have to verify that

(13.1.2) EP’ P ¢ P, is a charge structure w.r.t. P;

~ < A.
(13.1.3) nzo P---P_, an < f for all PsP 5.0 € P;
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(13.1.4) G, + Pf < £ for all P ¢ P.
For an arbitrary function g (with Plg] < © for all P e P) and v € M(a) it
holds that

C{13.1.5) f e (i) au I X p, (1,3) &(§) au(a) < s%p (cp(i)+Pe(i))
A
for all i € E. Hence with (13.0.1) we obtain

(13.1.6) ¢

+ Pg < sup {(c,+Pg) for all P ¢ ?.
P P P

Relation (13.1.4) is a direct consequence of {13.1.6) and the fact that f
is cP-superharmonic.
By (13.1.1) and theorem 2.22 (with TZ~) we have that w is c;-super~

harmonic, i.e.

(13.1.7) c; + Pw < w for all P ¢ P.

Since cp < EP for all P ¢ P,

EP + Pvw < w for all P ¢ P.

Hence from (13.1.5) with w instead of g we find

g; + Pw < w for all P ¢ ﬁ.

Iterating this inequality we find for each positive integer N

cee ° cen < e ?.
) Pee+P 4 8 + P ...Ppw <w for all P,...,Bp € P

Consequently for each R = (PO’PT"") with P e P for all n
[++]
, _—
(13.1.8) Z Py-oB, 4 Cp =W

Now assume that relation (13.1.2) does not hold. Then for some (PO’P1"

-~

with P e P for all n and some state iO we have in view of (13.1.8)

.)
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[++] N+ . 0 - .
nZO Py 1 % (10) = = Z P....P T (i)

Choose N, such that

0
N
0
Z PO...Pn__1 cp (10) > f(1o) + W(lo).
n=0 n
Define
N
Xy = sup { Z PO...Pn 1 °p PO, .,PN e P}
n=0 n
and
N -
%, = sup { Z Pye--P Sy 2 Pys...,Ppc P3.
n=0 n

It can be shown by induction on‘N that xg . = sup (cP+PxN) and
2N+1 = sup (EP+PXN) for all N ¢ {1,2,...}. Hence with X, = io = 0 and using
(13.1.6) it follows by induction on N that Xy = iN for all N € {0,1,...1}.
In particular XNO = iNO and consequently there are matrices QO,...,QN e P
such that

N

0
7 oQ....Q ,c. > f(E) +wl(i).
n=0 0 n-1 "Q 0

0
n

Given any sequence QN +1’QN 4pore € P we have by (13.1.1)
0 0

> £(i.).

Z Q....Q c
n=0 0 n-1 Qn 0

This is in contradiction with the fact that f is a cP-excessive function.
Hence relation (13.1.2) is true.

Define
v=supE, [ 2 e(x )1
R R n=0 —n

and

L

v* = supIER Z IC(
R n=0

).

X
-In

Note that the assumptions of this lemma imply -* < v(i) < +* and
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* .
= < vy (i) < +°, According to the theorems 2.22 (with T=®) and 2 21 and
the nonnegativity of ICPI we find
*
(13.1.9) P ...P v < v* for all n e {0,1,2,...}

8 a
0 n

and all & 0°21°
according to theorem 2.17 sufficient to show that for each sequence

ByaPyseee € p

-.+»a € A. In order to prove the relation (13.1.3) it is

(13.1.10) 1lim P P_...P f = 0.
1o 01 n
Since f is cp -excessive we have by (2.14.2) v £ f and hence £ < v . In-

stead of (13.1.10) we shall prove the stronger relation

(13.1.11) 1im PP ...P v =0 for all P_,P_,...
e 01 n 0* 1

-~ PN

Choose an arbitrary sequence PO’P1’
R := (§0,51,...) is a fixed policy. For n = 0,1,2,... let ﬁn be obtained

from u I ieE, 1.e.

.. € P. In the rest of this proof

(13.1.12) pn(l,.) = fA pa(i,.) duni(a) for all i € E.

We introduce the probability product space {ef. [Neveu, proposition V.1.1,

p. 1621])
(13.1.13) ( g A, ng Ft’ u)s

where (At F.)s t=0,15..., are copies of (A,F) and the restriction of

u to H§=O At is determined by the probabilities on rectangles H =0 Ft'

These probabilities are given by

f f ) o (%) 7, (1g0i,) duy; (a)) oo
F o) T

0 1,...,1N

(l ,i)dU~( )a
Pay_ W= Twi oW

with iO some fixed state in E. Next we define a sequence of measurable
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functions on this product space by

gn(ao,a1,...,an,...) 1= Pa Pa ...Pa v (10).
0 1 n

According to the theorems 2.22 (with 1Ze) and 2.17 (cP is a charge struc-
ture because -» < v* < +») we have lim g = 0 for all elements of ]I°° A .
e I =0

Using a bounded convergence theorem on the product space we find with

- *
v. £v and (13.1.9)

(13.1.14) 1im f g (w) au(w) = o.
n-»ee -] n
Ti=oft

The relation (13.1.1L) in the usual notation is

lim P_...P v (i) = o.
1o n

This completes the proof. 0

In section 3 we proved that the supremum of the expected return over
all policies including the non-memoryless is a cP-excessive function
(theorem 3.1). According to theorem 13.1 the function v is also a Eﬁ-—ex—
cessive function when relation (13.1.1) is true. Consequently, including
all policies defined on ?, i.e. all randomized policies, does not increase

)

the value function when (13.1.1) is satisfied.

The following theorem, which is adapted from [Derman and Strauchl] and
[Derman (1970)], makes it evident why we focussed attention on memoryless

policies.

13.2. THEOREM. Assume that P contains all randomized decision rules (Z.e.

P=P). Given any sequence of policies RysRysees and any sequence of non-
a; = 1 there exists for each

i=1
state io € E a memoryless policy R, such that

negative real numbers Bys8ps- .- with X

(13.2.1) ZPRO [§n=i’xn€FI§0=iO] = k£1 akIPRk [5n=i,xneF]go=iO]

for all i € By all F e F and all n € {0,1,2,...}; ¥, denotes the decision

at_time n.

*)

Randomization becomes important when constraints are introduced. Cf,
Neyman-Pearson lemma [Lehmann, p. 631 and [Dermen (1970), chapter T73.
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PROOF. For any nonnegative integer n and each state i ¢ E we define a

randomized decision by

(13.2.2) uni F)

= { z a 1P [x =i eFIx =3 ]}
ot kTR Fn ey

Ly a, Pp [x) 1lx =i ]} 1
k=1 R, o
when the denominator is positive; otherwise let uni(.) be an arbitrary
probability measure on (A,F). For n e {0,1,...} let ﬁn be the associated

decision rule, i.e.

(13.2.3) ﬁn(i,.) = f pa(i,.) duni(a) for all i.
A

Define RO as (PO’P1"")'

The proof of relation (13.2.1) proceeds by induction on n. For n = 0

and i # iowboth sides of equality (13.2.1) are equal to zero. If i = iO

then

]PR [_}go=1o,XOeFl§_o=1O] =]P [XOsle =i ]

| ~18

= uO(Fllo) = L akZTRk [Ebzl’XCEFi50=10]'

Assume that relation (13.2.1) holds for n = m, i.e.

(13.2.4) kZ1 ay PRk [x =i xmeFix =i ] mi(F) PO"'Pm—1(iO’1)'
We first prove that
(13.2.5) } aklPR [X .. 31 =1 =B ...B (i),

k=1

Since
JPRk (%4173 |2g=1 % =1y, =a] = p_(i,3)

for all k € {1,2,...} we find (by conditioning on X Ly and (13.2.4)) that
the left-hand side of (13.2.5) equals
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-~

g PO...Pm_1 (10,1) JA pa(l,J) dumi(a). :

Hence with (13.2.3) the relation (13.2.5) follows.

According to relation (13.2.2) we have

o

= u(m+1)j(F) kZT

akﬁPRk [§m+1=3]50=1o].

In view of (13.2.5) the second part of this equality can be written as

PoeeoB (io,j) u(m+1)j(F).

This equals

"x, [ 1=3 sy <F l35=107- O

We call a cost structure cp concave if for each i € E and u € M(A) it

holds that

P A

(13.2.6) ¢ O(i) P JA ca(i) du(a) with po(i,.) = J pa(i,.) du(a).

13.3. COROLLARY. If cp €8 a concave charge structure and P contains all

randomized decision rules, then

(13.3.1) suplER[,Z lc(én)|3<°°-
R n=0

PROOF. Assume that the relation (13.3.1) does not hold. Then there is a

*
state iO and a sequence of policies Rk such that

(13.3.2) B, _« L[} |e(x)|]> oK,
n=0

ooy

’ - *
Next we apply theorem 13.2 with a = 2 k and Rk = Rk for ¥k = 1,2,... and

we obtain a policy R, satisfying (13.2.1). In view of (13.2.6) it follows

that

0

) 2 ) 2R E. le(x )] for all n € {0,1,...}.

*
1 19oRy

X
-
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Hence with (13.3.2) we have

©

E. felx )] = =.
nZO 1R, “a

This is in contradiction with the assumption that cp is a charge structure.[

A similar reasoning as in corollary 13.3 shows that the relation
(13.1.1) is a necessary condition for Eﬁ to be a charge structure w.r.t. P.
Hence the relation (13.1.1) is a necessary and sufficient condition for the

cP-—excessive function f to be 3?-—excessive.

The results of this section are also true for the optimal control
problem. In section 6 we treated the total return model by introducing an
auxiliary function r. Here we show that the converse is also true. Each
optimal control problem can be converted into a total return model by in-
troducing an auxiliary state s and defining pa(s,s) = 1 and ca(s) = 0,

a € A. So s is an absorbing state. Further we introduce a new action or
decision T which we identify with the stopping decision, i.e. pT(i,s) =1
and cr(i) = r(i), i € E. Then a stationary strategy for the optimal control

model becomes a stationary policy for the total return model.

13.4. LEMMA., If P contains all randomized decision rules, cP 18 a concave

charge structure and sup Ep lr(;_t)| < « for all policies R, then

-1
(13.4.1) ¥ := sup Ep [ ] Jelx )] + |r(x )] < .
R,T n=0 -

Moreover, for each policy R and each Markov time 1 it holds that
(13.h.2) T, v*(_}%_) < @,

REMARK. There is an asymmetry in the assumptions of this lemma. As to the
policies we assume that the expectations of the absolute costs are finite
for all policies, as to the Markov times we assume that the supremum of the
absolute reward over all Markov times is finite. To get rid of this asym~
metry one cen use randomized Markov times. A randomized Markov time (stop-
ping time) ié obtained if at each ﬁime t one performs an auxiliasry random
experiment depending on Xx sXqs e aXy in order to decide whether to stop or

._O
not. IfIER ]r(gv)l is finite for all randomized Markov times o then the
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supremum of‘ER Ir(gT)l over all Markov times is finite and conversely.

PRbOF. Converting the optimal control problem into a total return model,
it is straightforward from corollary 13.3 and the above remark that the
relation (13.4.1) is true.

Now suppose Ej p(i,j) v*(j) = » for some state i and matrix P. Then
the policy R, as in the proof of theorem 3.1, would have an infinite ab-
solute return, contradicting the relation (13.L4.1). Hence
(13.4.3)  Pv’ < oandw, :=v" - Pv" > 0 for all P ¢ P.

With (13.4.3) it can be proved that for each bounded Markov time 1T (use
induction on the upper bound of the Markov times and proceed as in lemma
2.19)

Te 1
* * ..
(13.4.4) v -ZER [;ZO wx )+ v (;T)] for all policies R.

For arbitrary policy R and Markov time 1 we have from (13.4.4) and the
second part of (13.4.3)

) x(z=0)1 £ v* < w. 1

* . *
E, v ( )—llm]ER[v(% e

R ¥ X
- benad
This section is concluded with an investigation of nearly optimal
policies. The results collected here are adapted from [Blackwell (1967)1,
[Blackwell (1970)] and [Ornstein]. They are stated for the total return
model. Using conversion of models it is obvious that analogue results hold

for the optimal control problem. In the rest of this section we assume

supE_ L[] |elx)|1<e
R R "p=0 -

(consequently c, is a charge structure). For notational convenience we

P

write

<
1

T-1 K
=Ep () elx)ls vg s=Ep [ ] elx)ls
n=0 n=0

<
i

va and v := s;p VR;
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13.5. DEFINITION. Policy R s e-optimal in state i if vp(i) 2 v(i) - e.

If for any € > 0 and any state i there is a statilonary policy Q" such that

VQ<i) 2 v(i) - e, then we say that there exist stationary weak nearly op-

timal polictes. .
Policy R is e—optimal if vR(i) > v(i) -e for all i € E. If for any

e > 0 there is a stationary policy Q which is e~optimal, then we say that

there exist stationary strong nearly optimal policies.

13.6. THEOREM. Each of the following three conditions is sufficient for
the existence of stationary weak nearly optimal policies '
a. Sup z:=0 Ple < » gnd 1im sup P'v £ 0 for all P € P;

P e

ol n - .
b. s%p Zn=0 nP p < @ gnd cp 8 bounded;

¢. the cost structure is nonmegative.

PROOF. Assume condition a is valid. According to theorem 6.1 v satisfies

Bellman's optimality equation
v = sup (e +Pv).
P
Now given any € > O and any initial state iO choose Q such that

(13.6.1) c

+ Qv 2 v - Se,

Q

with

(13.6.2) 8 := e(sup z Pne(io))"1.
n=0
By iterating the inequality (13.6.1) we obtain

N
+ @y 2 v 6 ) QB for all N € {1,2,...}.
n=0

N
(13.6.3) ) Q"

n=0

Q

Because of lim sup Q°v < 0, (13.6.2) and (13.6.3) imply

n-w

X anQ(io) > v(io) - €.
n=0

Hence Q is e-optimal in state io.
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Assume condition b is true. Given any € > 0 and any initial state i

let policy R be such that

0

=|m

VR(iO) > v(io) -

Let 0 < ao < 1 be such that

Ei R F Z ot c(gn)] > v(io) - %
0 n=0

for all o with ao <a <1, Let a, with 0 < a1 < 1 be such that

) sup J nPYel(i) <

£
(13.6.4) (1-a w L plig >

1

Choose an @ with max (ao,a }) £ a < 1. We apply the first part of the

1
theorem for the discounted dynamic programming problem with discountfactor

a. Hence there exists a Q with

i 0

E. [] o clx )] >E,
O,Q n=0 - 1

R [ Z ot c(gn)] -5 v(i ) - g .
0 n=0

Because of (1—an) € (1-a)n for 0 < o < 1 and n = 1,2,..., we have with

(13.6.4)

¥ Q% - ") < (1-a) ] n@c. << .
n=0 Q Q n=0 @ 2
Consequently
B o L] ()12 vl -

n=0
and Qm is e-optimal in state io.
Assume condition c¢ is satisfied. Given any € > 0 and any initial state

io let R be such that

vR(iO) > v(io) -

o

Let Ek’ k= 1,2,..., be finite subsets of E with Ek c Ek+1’ k=1,2,...,
and U:=1 Ek = E. For X the exit time of Ek’ k= 1,2,..., we have that
1lim I = Hence

k-0
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1im v = v
v R,gk R
and consequently for some k_ we have v (i) > w(i.) - £ . Let us con-
0 R,T 0 0 2
. "ko
sider now the total return model with finite state space Ek . For this

problem the cost structure is bounded. Since the cost function is non-

negative condition b is satisfied. Hence there exists a Q such that

. . €
stlk (10) > vRaIk (10) -5
0 0
Hence
vQ(iO) > VQ’Ek (io) = v(io) - €

and Qm is e-optimal in state io..D

As noted in the beginning of section 6 lim PPv with P ¢ P always
nreo
exists and this 1limit is nonnegative. Hence the condition lim sup PPv <o
N0
for all P € P is not weasker than assuming that lim Pv = 0 for all P ¢ P.
n>oe

13.7. THEOREM. If c, 20 for all P e P then given any € > O there exists
a stationary policy Q such that

(13.7.1) vQ(i) 2 (1-€) v(i) for all i ¢ E.

If v 28 bounded then there exist stationary strong nearly optimal policies.

PROOF. The second assertion is an immediate consequence of the first one.
Choose an € with 0 < € < 1. Let the elements of E be indexed by the

positive integers, i.e. E = {i1,i }. To prove the first assertion we

PEIRE
show the existence of sets Ek with k = 1,2,..., and matrices Pk € P with
k = 1,2,... such that ik € Ek for k = 1,2,...,

(13.7.2) pn(l,.) = pm(l,.) for a1l i € E_ n Em

and for T , the exit time of E ,
-n n
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. ‘
(13.7.4) e = e(§'+ ve. F ;E)'

Let us assume for the moment that the relations (13.7.2) and (13.7.3) are

proved. Define Q as follows

a(i ,.) +=p (i ,.) for n = 1,2,...

Then

v

Q

(im) 2y

Q (i) =vp (1) = (1-e) v(1 )

T
mom

I
for all m € {1,2,...} and consequently, Q satisfies relation (13.7.1). The
proof of (13.7.2) and (13.7.3) proceeds by induction on n. Assume Eise-sE

and P,,..,P  are known and satisfy (13.7.2.) and (13.7.3). Define

n

12

Pn = {P : p(i,.) = pk(i,.) itie E_for k = 152,..,0},

let Cn be the set of policies with decision rules in Pn and take

v. = sup V_.
ReC R
n

Under the assumption that
(13.7.5) v, =z (1-€ ) v,

we shall show that relations similar to (13.7.2), (13.7.3) and (13.7.5)
can be established for n+1.

According to theorem 13.6 there is a Pn+ € Pn such that

1

(13.7.6) v, (i )

) = 1-62 i
» (1-6%) v_(

n+1 ln+1

with
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(13.7.7) & = 2~(m+2) ¢

Define

(13.7.8) B ={1i : p (i) < (1-68) vn(i)}
n+1

and

(13.7.9) E_,. = E\B.

Then En+1 and Pn+1 satisfy (13.7.3) for n+1 as will be proved. Indeed, by
(13.7.6) we have that the expected return when starting in in+1 and using
policy Pn+1 until entering B plus the expected return thereafter together

exceed (1—52) v (1

N ln+1)' Hence with 1

the exit time of E we have
—n+1 n+

1

(13.7.10) v (i, + } P, [x, =31vp, (J)=

LR L jeB  n+1°Tntd

2 .
z (1-67) vn(1n+1

).

By the definition of En+1 we have

(13.7.11) Vo (3) = (1=8) Vn(J) for all J € En+1'
n+1

Since v, is the value function corresponding to Cn it follows from the

theorems 3.1 and 2.21 (note that cP is a charge structure since

SEP:ER [Zn=0 c(gn)l < ) that for any policy R ¢ C, and any Markov time T

(13.7.12) v > vR,T +IER vn(gl

).

Substituting Pn+ and T, . in (13.7.12) gives

1 +1

) = v

(13.7.13) vn(i P

(i )+ ) P, [x =31v (3j).
o+ T L 1 S PR R S n

Substituting (1-6) vn(j) for Vo (j) in the second term of (13.7.10), we
nt1

find with (13.7.8) and (13.7.13)
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(13.7.14) ] P, [x.  =351v (3) <év (i ).
= +
jEB Tn+1’Tn+1  “ntl n n ot
Since v < v a similar relation with v instead of v_ in the left-
Pn+1 n Pn+1 n

hand side holds. Together with (13.7.10) this yields

(13.7.15) v (i )= (1-28) v (i .).

i i
Pn+1’1n+1 n+1 n' n+l

Since

(13.7.16) (1—26)(1—en) > (1 )

_€n+1
it follows with (13.7.5) that relation (13.7.3) is satisfied for n+i.

In the remainder of the proof we establish relation (13.7.5) for n+1.
Define

={P :Pe¢ Pn and p(i,.) = pn+1(1,.) for i € En+ 1,

n+1 1

let C be the policies with decision rules in P and take
n+1 n+1

n+1

By relation (13.7.11) we have that

Y s (1 . .
vh+1(1) > (1-8) Vn(l) for all i € En+1'

To prove that a similar inequality also holds outside En+ we proceed as

1
follows. Given any state i there exists in view of theorem 13.6 a policy

P ¢ P such that
n
(13.7.17) vp(i) 2 (1-8) v (i).

Let R be the policy that chooses decisions aeccording to Puntil the entry of

E and uses decision rule Pn+ thereafter. Then with ¢ the entry time

n+1

of En+1 we have

1

(13.7.18) vp(i) = vy (i) + 1 By p Ix=id vy (9.
- JeEn+1 - n+1
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Using the relations (13.7.11) and (13.7.17) we derive from (13.7.18)

v

v (i) vP’g_(‘i) + %Pi,P (2,30 vp(3) - 8v (1) =

vP(i) - GVn(i).
Finally with (13.7.16) and (13.7.17) we obtain

v (1) = vR(i) > (1-e ) v(i). O

n+1 n+1

We conclude this section by proving that in the positive dynamic pro-
gramming case the existence of an optimal policy implies that some sta-
tionary policy is optimal. For the negative dynamic programming problem
this is almost an immediate consequence of theorem 4.6. Indeed, when policy

R is optimal then the decision rule for time 0, i.e. P_, conserves v. Hence

0

P; is thrifty; since v £ 0 we have that each policy is equalizing. Conse-

quently PZ is optimal.

13.8. THEOREM. If cp 2 0 for all P e P and there exists an optimal policy
then there exists a stationary optimal policy.

PROOF. According to theorem 4.6 (in fact the analogue of theorem 4.6 for
the total return model) there is also an optimal policy R such that each
decision rule of R is v conserving. Hence without loss of generality we
can assume that P consists of v conserving matrices. According to theorem

13.7 there exists a Q such that for some a > O

Hence
1 vk
lim an < Py lim.Qn 2 Q cQ = 0.
n->e n-> k=0

Thus Qco is also equalizing and in view of theorem 4.6 we have that QOo is

optimal. [1
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X, ¥» £> g ete.

x{i)

sup (e +Px)
P top
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real-valued functions (also called vectors) on the

state space E
ith component of vector x
vector with all components equal to 1

the real number zero and the vector with sll
components equal to zero
. .th . .
vector with i~ component max (x(i),y(i))}
vector with ;th component min (x(i),y{(i))
xVv o0
-(xA0)
x(i) < y(i) for all i ¢ E
X <yandy < x
x(i) < = for all i € E
see page 1
. .yth . .
(i,3) entry of stochastic matrix P

ith row-vector of P

Zje

summation over all j € E

A P(iaj)

vector with i‘h component Zj p(i,3) =(3)

matrix with (i,j)th entry

12 - po(1,21) p1(l1,22)
ek

Pn<'ansJ)

vector with ith component

sup [ey(i) + ] p(i,§) x(§)]
P J

vector with i°h component lim sup xn(i)

n-re
plisj) ~ po(i,j) for all i,j € E; see page 1

stationary policy (P,P,...)
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policy see page 1

strategy see page 21

entry time see page 18

reentry time see page 8

cP—excessive, see the definitions in section 2. If cp = 0 for

cP—superharmonic, etc. all P € P we write excessive, superharmonic, etc.

¢, is continuous if lim e (i) = c_ (i) for all i ¢ E and all P_ ¢ P

P P P 0

P+PO 0
cp is upper semicontinuous if lim sup cP(i) < ep (i) for all i ¢ E and
P 0 a1l Py e P
AC the complement of subset A < E
fR(i,A) see page 69
fP(i,A) see page 6L
f?(i,j) see page 6L
E. c(gn) for R = (PO’P1"") equal to the vector
PO...Pn_1cP
th »
Ei,R c(gn) the i component»of the vector :ER c(gh), for
R = (PO,P1,...) equal to
)  Po(Es2,) 2y (80585) e pp (8 1sf ) ep (2))
Liyeeerd n
1 n
EP [...] abbreviation foerEPoo [...1]
N
iati + +P P +...4P ...
Z PO Pn—1cP abbreviation for [cP ?OCP PO 1cP PO PN—1CP ]
n=0 n 0 1 2 N
I Markov time or stopping time, T equal to infinity
is admissible

x(oul) is equal to one on the event (...) and equal to .
zero otherwise

f(gl) is equal to f(gn) for T = n; n € {0,1,2,...} and
equal to zero for T = », equivalently f(;T) is

- T
o equal to f(;l) x{x<=)
E. [—2 c(zk)] denotes for R = (P, .,P,,...) the conditional ex-
R o 0™ 1 -1

pectation given x, = i of L cPk(zk) under policy R
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SUMMARY

This text contains the material presented in 1973 in the Colloquium
on Probability Theory organized jointly by the Mathematical Centre and the
Institute for Applications of Mathematics of the University of Amsterdam.

The central theme is the investigation of the existence of optimal
policies or optimal strategies in various discrete time dynamic pro-

gramming problems.

In section 2 some well-known theorems in Markov potential theory are
generalized to collections of Markov chains. Most of the definitions and

results in this section also play an important role in the sequel.

In sections 3 and 4 a discrete time optimal control problem is in-
vestigated. It is proved that the value function is the minimum of the
cp - excessive functions that majorize the reward function. Further it is
shown that a strategy is optimal if and only if it is thrifty and equal-
izing.

Section 5 deals with a semi-Markov decision process having at least
one state for which the expected cost until the system enters this state
is uniformly bounded over all policies. Using results from the foregoing
sections, we obtaln a rather general condition guaranteeing the existence

of optimal policies with respect to the average return criterion.

In section 6 some theorems on dynamic programming problems with total

return criterion are collected.

Using results from section 6, we answer in section T some questions
raised in connection with the notions introduced in section 2. The section
is concluded with a theorem on the existence of optimal strategies for

problems with a finite state space.

In section 8 the notions communicating and recurrent system are in-
troduced. Similar to the notions communicating and recurrent class for one

Markov chain, they play a basic role in Markov decision processes.

It is proved in section 9 for a wide class of sequential decision
problems that the optimal stopping time is exponentially bounded under the
optimal policy.
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In section 10 we investigate again the discrete time dynamic program-
ming problem with the supremum of the expected return per unit time as op-
timality criterion. If the invariant probability measures depend continu-
ously on the decision rule or if they form a tight collection and the sys-

tem is recurrent then there exists a stationary optimal policy.

A simultaneous Doeblincondition is investigated in section 11.

In section 12 it is pointed out that this notion provides the connec-
tion between conditions given in the literature and those of the sections

10 and 11.

In section 13 we collect several results announced in the foregoing
sections. It is proved there that randomization does not increase the value
function. Finally some theorems on the existence of weak and strong nearly

optimal policies are given.




Stellingen bij het proefschrift Dynamic program-
ming and Markov potential theory van A. Hordijk

Een topologisch halflichaam is een commutative topologische ring
E, met een deelverzameling K die voldoet aan de volgende axioma's:

1. K+K

n

K; K.K © K (K is de afsluiting ven K).

2. K-K = E,

3. McKen N =n{K+x : xeM} = N = §§ of N = K+y voor een y € K.

4. a,b € K= ax = b voor een x € K.

5. K n (-K) = {0}.

6. Voor a € E zij Fa = {xeE : axeK}; de verzamelingen b+Fa, a,b € E,

vormen een subbasis voor de gesloten verzamelingen in E.

We noemen de axioma's 1-6 het axiomastelsel A. Axiomastelsel B wordt
uit A verkregen door axioma 1 te vervangen door het zwakkere axioma
1. K+K c K; K.K € K

en toe te voegen het axiomsa

7. x € K en x is inverteerbaar = x € K.

*
Axiomastelsel C bestaat uit de axioma's 1, 2, b, 5, 6 en de vol-
gende verscherping van axioma 3
3. McRenN=n{Rex : xeM} = ¥ = § of ¥ = K+y voor een y ¢ K;

indien M ¢ K dan y € K.

De axiomastelsels A, B en C zijn equivalent.

Uit: Axiom systems for topological semifields,
A. Hordijk. Nieuw Archief voor Wiskunde (3), XV, 140-1k5.

I1I

7Zij I de verzameling van alle idempotente elementen van het topo-

logisch halflichaam E. Voor e e, € I zij
= {eel : e-e €K en e -eek}.
e1,e2 1 2




Deze verzamelingen vormen een subbasis voor de gesloten verzame-

lingen van de relatieve topologie in I.

Uit: Enige eigenschappen van topologische halflichamen,
A. Hordijk. Rapport nr.1, Wiskundig Seminarium der

Vrije Universiteit.

III

Als de funktie f: [0,1] + 1R analytisch voortzetbaar is op een vol-
doend grote omgeving van het interval [0,1] in het complexe vlak,
dan geldt voor ieder driehoekig’ schema van punten uit [0,1] dat de
bijbehorende rij van interpolatiepolynomen uniform op [0,1] naar
convergeert (zie: Interpolation and approximation, P.J. Davis).

De volgende omkering geldt: indien de interpolatiepolynomen

voor ieder driehoekig schema van punten uit [0,1] unifoz;m naar

f convergeren op [0,1] dan is f analytisch op (0,1).

v

Als LY rij van onderling onafhankelijk stochastische
variabelen is met een tweemaal differentieerbare verdelingsfunktie

F en als ¢ een monotoon naar oneindig stijgende funktie is met

Lim [1 + Edx)(1-F(x))

2
1 ¢
. (5 (x))? !

1 =
(X)) - O,

dan geldt voor iedere rij {xn} met x = 0(¢(n))

]P[{max(51,...gc_n)—bn}nF'(bn) > xn]

lim = 1.
o Pz > xn]

Hier is z een stochastische varisbele met kansverdeling

exp [-exp(-x)] en is b, gedefinieerd door F(bn) = 1-1/n.




Indien F de normale verdeling is dan geldt bovenstaande bewering

voor iedere rij met x, = o (log n)?).

Uit: The rate of growth of sample maxima,
L. de Haan en A. Hordijk. Ann. Math. Statist. 43, 1185-1196.

v

Voor H1 € A en H2 € A waarbij A het aantrekkingsgebied van de dub-

belexponentigle verdeling is, zij

A (x) = fx (1-H, ())at/x(1-H, (x)), i= 1,23

e(x) = A1(x)/A2(x) en d(x) = (1—H1(x))/(1—H2(x))-

Elk van de condities lim e(x) = 1, lim d{x) = 0 en lim d(x) = =
is een voldoende voorwaarde voor H1H2 € A. Omgekeerd is het moge-
1ijk dat H1 € A, H2 € A, H1H2 € A terwijl noch e(x) noch d(x) een

limiet heeft als x > «.

Uit: Products of distribution functions attracted to extreme
value laws,
§.J. Resnick. J. Appl. Prob. 8, 781-793.

VI

Een stationair Markov proces kan op verschillende manieren gedefini-
‘s . : n

eerd worden. Het schijnt dat een stationair Markov proces op R met

continue paden een sterk Markov proces is indien de Markov eigenschap

geldt voor alle tijden van eerste binnenkomst in Borelverzamelingen.

Zie: Generalized Markovian Decision Processes, Part II,
G. de Leve. Mathematical Centre Tracts L, 2nd edition,

errata and addenda.




VIiI

Een deeltje beweegt zich volgens een rechtscontinu, sterk Markov
proces in Rn. Voor U < Rn en gesloten ziJ q een overgengswaarschijn-
1lijkheidsfunktie van (U,BnU) naar (U°,B”n0%). We veronderstellen
dat U een "reflecterende'" verzameling is. Tedere keer dat het deel-
tje in U binnenkomt, wordt het op stochastische wijze volgens q(u,.)
teruggekaatst als u het trefpunt is met U. Ter bestudering van de

bewegingswetten van het "

gestoorde" proces voeren we enkele begrip-
pen in. Zij {Po(t,x,B) : O<t<e, xR, BeB"} de bewegingswet beho-
rende bij het proces dat verkregen wordt door het oorspronkelijke
te "stoppen" op de eerste binnenkomsttijd van U. Veronderstel dat
Po(t,x,U) voor x € US als funktie van t hoogstens eindig veel dis-
continuiteiten in een eindig interval heeft. Neem aan dat

%%% h_1PO(h,x,B) bestaat (notatie pO(O,x,B)); zij, voor t > 0O,
Po(t,st) = IUC Po(tsxsdy) PO(OQYaB) en
p.(t,x,B) = P _(t,%x,B) - lim P_(t-h,x,B)
d 0 he0 0
c bl
voor alle x € U en alle B ¢ B nU.
De kans dat het deeltje in het gestoorde proces zich op tijdstip

s+t in de verzameling B ¢ B™nU® bevindt indien het op tijdstip s

zich in toestand x € US bevindt, wordt gegeven door

oo

P(Jc sXsB) = Xk=0

Pk(t,x,B)

met

t
Pk(t,X,B) = 4(0 dT(JU PO(TSX’du) [fUC Q(u:dy) Pk-1 (t—T:ysB)] ) +

* Z fU Pd(T’xadu) [J'Uc. Q(u:dY) Pk_1(t‘T5y,B)]-

o<t<t

De overgangswaarschijnlijkheidsfunkties
{P(t,x,B) : O<t<w, erc, BeB nUC} voldoen aan de Chapman-Kolmogorov

vergelijkingen.




VIIit

Beschouw een speriodieke, irreducibele Markov keten X n=043T3000y
met aftelbaar veel ergodische toestanden. Laat p de matrix van over-
gangswaarschijnlijkheden en m de invariante kansmaat zijn. Als T
een niet-negatieve funktie op de toestandsverzameling van de Markov

keten is en I het tijdstip van eerste binnenkomst in {i}, dan geldt:

iiziE[f(x ) x{ >n}]

is een voldoende voorwaarde voor

1im]Ef(§n) = Z w(3) £(3).
e 3

Indien Zj m(J) £(j) < = dan is bovenstaande voorwaarde ook noodzakelijk.

Uit: On the convergence of moments in stationary Markov chains,
P.J. Holewijn en A. Hordijk. Verschijnt in: Stoch. Proc. Appl.

X

Een mogelijke veralgemening ven het eerste gedeelte van stelling
luidt: Zij x(t) een meetbaar regeneratief proces opJR1 met t de
"vernieuwingstijd". Als t een verdeling F heeft met verwachting n
die geen rooster-verdeling is en als voor de niet-negatieve funktie
f geldt dat ELf(x(t)) —{t>t}] als funktie van t direct Rlemann—lnte—
greerbaar is dan bestaat %1mIEf(x(t)) en is gelijk aan iE[f" f(x(t))atdl.

X

Het eerste gedeelte van het bewijs van stelling I.15.3 (pag. 93 e.v.)

uit Chung's boek Markov chains with stationary transition probabilities
d
(2"

heid van Wald voor een speciaal geval.

edition), is een ingewikkelde afleiding van de bekende geliljk-

Relatie (9) uit deze stelling kan door gebruik te maken van taboo-

kansen, eenvoudiger bewezen worden.




XI

Het 12 jaar geleden door Iglehart geulte vermoeden dat voor het klas—
sieke voorraadmodel van Arrow, Harris en Marschak de minimale kosten
over de eerste n perioden minus n maal de minimale gemiddelde verwach-
te kosten per tijdseenheid convergeren als n naar oneindig gaat, kan

voor een discrete vraagverdeling in bevestigende zin beantwoord worden.

Uit: Convergence results and approximations for optimal (s,S)
policies,

A. Hordijk en H.C. Tijms. Verschijnt in: Management Sci.

XII

Als P een compacte verzameling van Markov matrices is, zoals geintro-
duceerd in 4it proefschrift, met de toestandsverzeameling een aperio-
dieke positief-terugkerende klasse voor iedere P € P en als het in~

fimum over alle Markov matrices van de verwachting van het aantal
transities nodig om van toestand i naar toestand j te komen, een be-
grensde funktie van i en j is, dan geldt voor zekere begrensde funk-—

ties g(j) en v(i,j) dat

lim {supremum ) 2 (1,20 P (4,8 )00 (% »3) - ne(§)} = v(i,j)
nreo PO,...,PneP 12,1,...,!,n 0 1‘ e non

voor alle i en j.

XIII

Voor iedere o met 0 < a < 1 zij T, een contractie~afbeelding van IRk
k ..

naar R met contractiemodulus o en dekpunt m(wa). Als voor zekere con—

stante b geldt || m(a)-m(8)|| £ |a-B|b voor o en B in een voldoend

kleine linkeromgeving van 1 en als o, een monotoon naar 1 stijgende

rij is met

oo

n
M a =0 en lim X (a.enva Ma,-a. .} =0
n=1 ° e j=2 dJ n’ g g-1
dan geldt
. ko
1im T o T ° .. o T o x = 1im m(a) voor alle x e R .
o @

n>o n n-1 1 ot




XTIV

Voor een Markov proces op een separabele metrische ruimte E met over-
gangswaarschijnlijkheidsfunktie p, een compacte verzameling A en een

niet-negatieve reelwaardige funktie ¢ op E veronderstellen we

1+ f plx,dy) oly) < ¢(x) voor alle x e A°
AC

en

J p{x,dy) ¢(y) is begrensd op A.
ac

Als bovendien voor iedere begrensde continue en redelwaardige funk-
tie T op E ook de funkties Sp(x,dy) f(y) en fA p(x,dy) f(y) continu

zijn dan heeft het Markov proces een invariante kansverdeling.

Ult: 4 criterion for the existence of invariant probability
measures in Markov processes,
A, Hordijk en P. Van Goethem. Mathematisch Centrum
Rapport SW 22.

Xv

Derman gebruikt in zijn boek Fimite state Markovian decision processes
het volgende, intuitief aannemelijke argument. Indien zekere strategie
minimale verwachte kosten per tijdseenheid heeft dan blijft dit zo in-
dien de verzameling van beslissingen uitgebreid wordt, mits de aan de
toegevoegde beslissingen verbonden kosten voldoende groot genomen

worden. Dit argument is onjuist.

XVl

Beschouw de rij van a posteriori-kansen in het sekwente toetsings-
probleem met enkelvoudige nulhypothese tegen een enkelvoudige al-
ternatieve hypothese. De klasse van alle continue harmonische funkties
voor dit stochastische proces is precies de verzameling van alle line-

aire funkties van [0,1] naar IR1.

Uit: 4 Bayes process, K.M. van Hee en A. Hordijk.
Mathematisch Centrum Rapport SW 23.




XVIT

Beschouw een optimasal stopprobleem op IN met niet-negatieve opbrengst-
funktie r. Als de waarde van het spel v een eindigwaardige funktie is
dan geldt voor iedere € met 0 < e < 1 en s de binnenkomsttijd in

{ieW : r(i)=(1-e)v(i)}, dat

E; [r(_}g_r }1 2 (1-€) v(i) voor alle i € m.
e

Als r bovendien begrensd is dan geldt ]Pi[le<°°] = 1 voor ledere i ¢ W.

XVIII

De door Dunford en Schwartz gegeven adstructie van de toepasbaarheid
van Markov processen zeght meer over Dunford en Schwartz dan over Markov

processen.,

Zie: Linear Operators, N. Dunford en J.T. Schwartz.’
Part I (1958) pag. T30.

XIX

Bij de wetenschapsbeoefening is de oefening vaak belangrijker dan de

resultaten.
XX

In oude kulturen placht men tijdens het gehele leven een gedeelte
ven de dag te besteden aan het vertellen en aanhoren van verhalen.

De "&ducation permanente’ is een terugkeer tot deze goede gewoonte.

XXI

De metrobouw in Amsterdam is een stadsondermijnende aktiviteit.




